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Grand orbit relations in wandering domains

Vasiliki Evdoridou, Núria Fagella, Lukas Geyer and Leticia Pardo-Simón

Abstract. One of the fundamental distinctions in McMullen and Sullivan’s descrip-
tion of the Teichmüller space of a complex dynamical system is between discrete
and indiscrete grand orbit relations. We investigate these on the Fatou set of trans-
cendental entire maps and provide criteria to distinguish between the two types.
Furthermore, we show that discrete and indiscrete grand orbit relations may coex-
ist non-trivially in a wandering domain, a phenomenon which does not occur for
any other type of Fatou component. One of the tools used is a novel quasiconformal
surgery construction of independent interest.

1. Introduction

Given a holomorphic endomorphism f W � ! � of a Riemann surface � , we consider the
dynamical system generated by the iterates of f , denoted f n ..D f ı � � � ı f , n times.
These classes of dynamical systems appear naturally as complexifications of real analytic
iterative processes, but they are also of independent interest because of their deep connec-
tions to other areas of mathematics like analysis, topology, or number theory. We consider
two different settings: if � D yC ..D C [ ¹1º, then f is a rational map; if � D C and f
does not extend to yC (i.e., infinity is an essential singularity), then f is a transcendental
entire map.

There is a dynamically natural partition of � into the Fatou set, F.f /, defined as the
set of points z 2 � where the iterates ¹f nºn2N form a normal family in some neighbor-
hood of z, and its complement, the Julia set J.f / ..D � n F.f /, which is the locus of
chaotic dynamics. A connected component of F.f / is called a Fatou component and it is
either periodic, preperiodic, or wandering, the latter being possible only when f is trans-
cendental. For background on the dynamics of rational and transcendental maps, see, e.g.,
[5, 24].

Given a point z 2� , its orbit is the set of its forward iterates .f n.z// for n2N, while
its grand orbit is defined as

GO.z; f / D GO.z/ ..D ¹w 2 � j f n.z/ D f m.w/ for some n;m2Nº:
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The grand orbit of a set U � � , denoted by GO.U /, is the union of all grand orbits of the
points in U . The equivalence relation on V D GO.U / whose equivalence classes consist
of grand orbits is known as the grand orbit relation (or GO relation). We say it is discrete
if GO.z/ is a discrete set for all z 2V ; otherwise, we call it indiscrete.

It is not hard to show that, in the case of (pre)periodic Fatou components, after remov-
ing the grand orbits of periodic points and singular values, the nature of the grand orbit
relation depends only on the type of component considered: it is discrete in attracting
basins, parabolic basins, and Baker domains, and it is indiscrete in superattracting basins
and rotation domains [14, 23].

However, in the case of wandering domains, there are examples of both discrete and
indiscrete grand orbit relations [16]. Our goal in this paper is to further explore orbit
relations in wandering domains. More precisely, we will provide necessary and sufficient
criteria for discreteness of the grand orbit equivalence relation and, rather strikingly, prove
the existence of wandering domains in which discrete and indiscrete grand orbit relations
coexist non-trivially.

For our examples, we first construct an abstract model of the desired internal dynamics
as an infinite sequence of Blaschke products. Using quasiconformal surgery, we “paste”
this model into an actual wandering domain of an entire function. Since our quasiconfor-
mal surgery technique employs some novel techniques and is of independent interest, we
state it as a separate result.

Motivation and statement of results

It is frequently of interest to understand the conjugacy classes of dynamical systems,
where the type of conjugacies (conformal, smooth, quasiconformal, topological, meas-
urable, etc.) may depend on the particular setting. In complex dynamics, quasiconformal
conjugacies have turned out to be particularly important. We are interested in the deform-
ation space (also known as moduli space) of a given holomorphic map f , rational or
transcendental, which consists of the set of maps that are quasiconformally conjugate
to f , modulo conformal conjugacy. As in the classical case of Riemann surfaces, moduli
spaces often have orbifold singularities, and it is frequently more convenient to work with
Teichmüller spaces, constructed as marked versions of moduli spaces.

In [23], McMullen and Sullivan developed a very general framework of moduli and
Teichmüller spaces for complex dynamical systems. In addition, they showed that the
Teichmüller space of a rational map is a finite-dimensional complex manifold, naturally
factoring as the product of Teichmüller spaces associated to periodic Fatou components
and one factor corresponding to invariant line fields on the Julia set.

More precisely, given a rational or entire map f , one considers the set of (dynamically)
marked points of f , defined as

yJ .f / ..D GO.S.f / [ Per.f //;

where S.f / denotes the set of singular values of f (critical and asymptotic values, and
accumulations thereof) and Per.f / the set of periodic points. This set is a completely
invariant closed set containing the Julia set J.f /, since repelling periodic points are dense
in J.f /. Its complement yF .f / ..D C n yJ .f / is thus an open completely invariant subset
of the Fatou set, and the restriction f j yF .f /W yF .f /! yF .f / is a covering map.
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Each grand orbit V of a connected component of yF .f / contributes a factor T .V; f /

to the Teichmüller space T .f / of f in the following way: if the grand orbit relation on V
is discrete, then its grand orbit space V=f is a (connected) Riemann surface, and T .V; f /

is the Teichmüller space of V=f . If the grand orbit relation is indiscrete, then either all
components of V are punctured disks or they are all annuli of finite modulus, and the
closures of grand orbit equivalence classes consist of disjoint unions of analytic Jordan
curves. If V0 is any component of V , these curves foliate V0, and in this case T .V; f /

is the Teichmüller space of the foliated disk or annulus V0. (This construction does not
depend on the choice of the component V0.)

Lastly, there is a factor T . yJ .f /; f / supported on yJ .f /. In the case of rational maps,
T . yJ .f /; f / corresponds to the space of measurable invariant line fields on the Julia set,
and it is conjectured that it is always trivial except in the case of flexible Lattès maps.

In order to use this description of T .f / for a transcendental entire map f , it is essen-
tial to understand the nature of the grand orbit relation in the components of yF .f /. For
the components contained in basins of attraction, parabolic basins, and rotation domains,
the situation is exactly as it is for rational maps, see [16]. (The only difference is that there
may be infinitely many such grand orbits, and each one may contain infinitely many grand
orbits of singular values.)

The situation becomes more interesting if V is a subset of the grand orbit of a wande-
ring domain or of a cycle of Baker domains. In the case of a Baker domain, the grand orbit
relation is discrete, but the type of the Riemann surface V=f depends on the type of Baker
domain (hyperbolic, simply or doubly parabolic, see [14, 20]). As pointed out above, in
the case of a wandering domain, examples in [16] show that the grand orbit relation can be
either discrete or indiscrete. Given the variety of possible dynamics in wandering domains,
two natural questions arise.
Question 1. Can points with discrete and indiscrete grand orbits coexist in a single

component of yF .f /?

Question 2. Can components of yF .f / with discrete and indiscrete grand orbit relations
coexist in a single wandering domain?

We will see that the answer to the first question is “no”, and the answer to the second
one is “yes”. Note that from our definition, a set U with an indiscrete GO relation could
still contain points with discrete grand orbits. The negative answer to Question 1 shows
that this does not happen in the case where U is a component of yF .f /. (It does happen for
components of the Fatou set F.f /, which is the main reason to introduce the set yF .f /.
E.g., in the immediate basin of an attracting fixed point, almost all grand orbits are discrete,
but the grand orbit of the fixed point is indiscrete.)

The following theorem, whose proof can be found in Section 6, answers the first ques-
tion.

Theorem A (GO relations in yF .f /). Let f be an entire map and let V be the grand orbit
of a component of yF .f /. Then the following are equivalent:
(a) The grand orbit relation in V is discrete.

(b) There exists z 2V such that GO.z/ is discrete.
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(c) For each z 2 V , there exists a neighborhood U of z such that GO.z0/ \ U D ¹z0º
for all z0 2U .

If, in addition, V is contained in the grand orbit of a wandering domain, then (a)–(c)
are equivalent to

(d) there exists a simply connected domainW � V such that f jf n.W / is injective for all
n � 0.

It follows from this theorem that for any component U of yF .f /, the GO relation is
discrete on GO.U / if and only if GO.z/\U is discrete for any z 2U . Thus, from now on
we will interchangeably talk about discreteness of the GO relation in components of yF .f /
or in their grand orbits.

Before addressing the second question, let us first define the small orbit of a point z
under f as

SO.z; f / D SO.z/ ..D ¹w 2 � j f n.z/ D f n.w/ for some n2Nº � GO.z/:

As in the case of grand orbits, the small orbit SO.U / of a set U � � is the union of all
small orbits of the points in U , and the small orbit relation (or SO relation) on U is the
equivalence relation whose equivalence classes are the small orbits SO.z/ of points z 2U .
It is a simple yet important fact that in the case of a wandering domain U , small orbits and
grand orbits coincide, i.e., SO.z/ \ U D GO.z/ \ U for all z 2U .

In order to answer the second question affirmatively, we construct transcendental
entire functions with a sequence of wandering domains on which the dynamics mimics
the dynamics of a polynomial P on an increasing sequence of bounded domains contain-
ing the Julia set J.P /. These examples are constructed in such a way that the small orbit
relations on the different Fatou components of the polynomial “transfer” to the grand orbit
relation of the transcendental map on the sequence of wandering domains1.

Theorem B (Wandering domains arising from polynomial dynamics). Let P be an arbit-
rary polynomial of degree d � 2. Let .Dn/; n � 0, be a nested sequence of topological
disks bounded by simple closed curves containing J.P /, and such that P WDn ! DnC1
is proper of degree d . Then there exist a transcendental entire function g with an orbit of
wandering domains .Un/, n � 0, and a sequence of conformal maps hn WDn ! Un such
that

gjUn D hnC1 ı P ı h
�1
n :

Furthermore,

(a) for any z 2D0,

h0.SO.z; P / \D0/ D GO.h0.z/; g/ \ U0 I

(b) if P is not conjugate to z 7! zd , then h0.J.P // � yJ .g/\ U0, and the image under
h0 of every Fatou component of P contains at least one component of yF .g/.

Observe that such a sequence of topological disks .Dn/ always exists, given by do-
mains bounded by equipotentials in the basin of infinity. Actually, it is easy to see that
every such sequence is of this form.

1We thank Curtis McMullen for generously suggesting this beautiful idea to us.
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Figure 1. Sketch of Theorem B in the case where P is a quadratic polynomial with a period 3
attracting orbit (whose Julia set is commonly known as “Douady’s rabbit”).

See Figure 1 for an illustration of the statement of the theorem. Part (a) says that h0
sends the small orbit relations for P on D0 to the grand orbit relations for g on U0. Note
that the traces of J.P / in the wandering domains (i.e., the images of J.P / under hn) map
to each other under g. Hence, from Theorem A and noting that the SO relation for P is
always indiscrete on the basin of infinity while being discrete on any basin of attraction of
a finite cycle, we obtain the following corollary of Theorem B, which answers the second
question (Question 2) posed above.

Corollary C (Coexistence of different GO relations in a wandering domain). There exists
a transcendental entire function g with a simply connected wandering domain U and two
connected components W1 and W2 of U \ yF .g/ such that the grand orbit relation is
discrete on W1 and indiscrete on W2.

The corollary only states the simplest version of coexistence of discrete and indiscrete
grand orbit relations in wandering domains. However, the construction in Theorem B is
very flexible, and by choosing an appropriate polynomial P , one can obtain infinitely
many components of U \ yF .g/ in a wandering domain U , and many combinations in
terms of orbit relations. For details, see Theorem 7.3.

Observe that Theorem B provides only examples of simply connected domains. This
is not a consequence of the limitations of our technique, but rather of the non-existence of
such examples for multiply connected wandering domains. It follows from Theorem A and
the dynamics of entire functions in multiply connected wandering domains, as described
in [7], that grand orbit relations in multiply connected wandering domains are always
indiscrete; see Corollary 6.9.

The proof of Theorem B proceeds in two steps. We first build a sequence of Blaschke
products .bn WD ! D/ which serves as an abstract model of the desired internal dynam-
ics in the orbit of the wandering domain (see Proposition 7.1). These maps bn reflect the
dynamics ofP inside the domainsDn. (For an illustration of the construction, see Figure 3
in Section 7.) Secondly, using quasiconformal surgery, we show that the sequence .bn/
can be realized by a sequence of wandering domains of a transcendental entire map.
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Informally speaking, we start with a given map f possessing an orbit of wandering do-
mains . zUn/ such that f j zUn W

zUn! zUnC1 is proper of degree d , and we “replace” f inside
each zUn by the Blaschke product bn. In our construction, we establish uniform estimates
on quasiconformal distortion to ensure that the iterates of the modified map are uniformly
K-quasiregular for some constantK. It is then a standard result from quasiconformal sur-
gery that the new function is quasiconformally conjugate to a transcendental entire map f
with the desired properties.

This “replacement” surgery procedure in the whole wandering orbit is new and works
in a slightly more general setting, without assuming a constant degree for all Blaschke
products. However, to establish our uniform estimates, we require both sequences .bn/
and .f j zUn/ to be uniformly hyperbolic, which means that the degrees in the sequences
are uniformly bounded and that the critical points stay within bounded hyperbolic dis-
tance from an orbit (see Sections 4 and 5). The technique is of independent interest and
summarized in the following theorem.

Theorem D (A replacement surgery procedure). Let f be an entire function with an
orbit of simply connected wandering domains . zUn/ and let .bn WD ! D/ be a sequence
of Blaschke products such that 2 � deg.f jUn/ D deg.bn/ for all n � 0. Suppose both
sequences .f j zUn/ and .bn/ are uniformly hyperbolic. Then there exists an entire function g
with an orbit of simply connected wandering domains .Un/ such that the following hold:
(a) There is a sequence of conformal maps �n WUn ! D such that

gjUn D �
�1
nC1 ı bn ı �n:

(b) There are neighborhoods V and zV of C n
S
n�0Un and C n

S
n�0
zUn, respectively,

and a quasiconformal map ˆWC ! C such that

gjV D ˆ ı f j zV ıˆ
�1:

Furthermore, ˆ.@ zUn/ D @Un for all n.

We remark that this surgery operation only changes the dynamics of the original
map f inside the wandering orbit . zUn/, so the dynamics of g outside its wandering
orbit .Un/ are quasiconformally conjugate to the dynamics of f outside . zUn/. In con-
trast, for examples constructed using approximation theory, there is almost no control on
the resulting entire function outside the prescribed domains. For more information on the
use of approximation theory to construct functions with wandering domains, we refer to
the seminal paper by Eremenko and Lyubich [10], as well as to several recent interesting
constructions; see, e.g., [4, 8, 11, 22].

Combining Theorem D with results in [4], in Section 5 we prove the following realiz-
ation statement, generalizing Corollary 1.10 in [13].

Theorem E (Realization of abstract wandering sequences). Let .bn/ be a sequence of uni-
formly hyperbolic Blaschke products. Then there exist a transcendental entire function g
with an orbit of simply connected wandering domains .Un/ and a sequence of conformal
maps .�n WUn ! D/ such that

gjUn D �
�1
nC1 ı bn ı �n:
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The existence of wandering domains associated to sequences of finite Blaschke prod-
ucts can also be proved using approximation theory, see Theorem 1.5 in [12].

Structure of the article. Section 2 has definitions, notation, and some preliminary results
on holomorphic self-maps of the unit disk, while Section 3 contains results on quasicon-
formal and quasisymmetric maps needed for our quasiconformal surgery. In Section 4, we
define the notion of uniformly hyperbolic Blaschke products and prove the main properties
we will need. Section 5 deals with uniformly hyperbolic wandering domains and contains
the proofs of Theorem D and Theorem E. In Section 6, we discuss grand orbit relations
and prove Theorem A. Finally, in Section 7 we study polynomials in relation to uniformly
hyperbolic Blaschke products and give the proofs of Theorem B and Corollary C.

2. Preliminaries

2.1. Notation and basic definitions

We denote by C the complex plane and by yCDC [ ¹1º the extended complex plane. We
denote the closure of a set A (either in C or in yC) by xA. We write A� B to indicate that A
is a subset of B , including the possibility that A D B . In cases where we want to stress
that A is a proper subset of B , we use the notation A ¨ B instead. For sets A; B � C,
we write A b B to indicate that A is compactly contained in B , i.e., xA is compact and
xA � B . Given a set A � C and a constant c 2C, we write AC c ..D ¹z C c W z 2Aº for

the translate of the set A by c.
For r > 0, we denote by Dr and Sr the open disk and the circle of radius r centered

at 0, respectively. In the case r D 1, we write D ..D D1 and S ..D S1. For 0 < r < R,
Ar;R ..D ¹r < jzj < Rº is the round annulus with inner radius r and outer radius R. When
RD 1, we write Ar ..DAr;1. We refer to the conformal modulus of a topological annulusA
as mod.A/. Sequences of points, sets, and functions such as .xn/ are indexed by n � 0,
unless otherwise specified. For a simply connected domain U � C, dU .�; �/ denotes the
hyperbolic distance in U , while �U .�/ denotes the density of the hyperbolic metric.

Given domains U; V � C and a holomorphic map f WU ! V , we denote by Crit.f /
the set of its critical points and by S.f / the set of its singular (critical and asymptotic)
values. Moreover, if f is a proper map, we denote by deg.f / the topological degree of f .

Definition 2.1. Let Un � C and let fnWUn ! UnC1 be holomorphic proper maps. The
sequence .fn/ has uniformly bounded degree if there exists d 2N such that deg.fn/ �
d < 1 for all n � 0. Moreover, an .fn/-orbit (or simply an orbit when the context is
clear) is a sequence of points .zn/, zn 2Un, such that fn.zn/ D znC1.

The notions of topological and (quasi-)conformal equivalence are usually defined for
pairs of maps. In this paper, we extend this definition to sequences of maps.

Definition 2.2. Let Un; Vn � C and let fnWUn ! UnC1 and gnW Vn ! VnC1 be holo-
morphic functions. We say that the sequences .fn/ and .gn/ are topologically equivalent
if there exists a sequence of homeomorphisms hnWUn ! Vn such that

(2.1) gn D hnC1 ı fn ı h
�1
n for all n � 0:
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If, in addition, there exists K � 1 such that all maps hn are K-quasiconformal, then we
say that the sequences are (K-)quasiconformally equivalent. If all maps hn are conformal,
the sequences are said to be conformally equivalent.

Remark. Orbits and singular values are preserved under topological equivalence, that
is, if .fn/ and .gn/ are sequences of maps as in Definition 2.2 that are topologically
equivalent under a sequence of homeomorphisms .hn/, then .zn/ is an .fn/-orbit if and
only if .hn.zn// is a .gn/-orbit. Moreover, hn.Crit.fn// D Crit.gn/ and hnC1.S.fn// D
S.gn/ for all n � 0.

If f is an entire map with a wandering domain U0, we will denote by UnC1 the
Fatou component that contains f .Un/, n � 0, and say that .Un/ is an orbit of wande-
ring domains. Note that if deg.f jUn/ is finite, then UnC1 D f .Un/, and .fn ..D f jUn/ is
a sequence as above.

Finite Blaschke products are proper holomorphic self-maps of the unit disk. It is well
known that they have a finite degree d � 1 and can be written as

b.z/ D ei�
dY
kD1

z � ak

1 � ak z
,

where � 2R and jakj<1 for kD 1; : : : ;d . We will frequently work with infinite sequences
of Blaschke products .bn/, n � 0.

2.2. Estimates for holomorphic self-maps of the unit disc

For �2 .0; 1/, let

F� D ¹g WD ! D analytic,g.0/ D 0; jg0.0/j D �º:

The following is a variation of the Schwarz lemma. It follows from Corollary 2.4
in [4], but we include a direct proof for completeness.

Lemma 2.3 (Uniform Schwarz lemma). Let �; r 2 .0; 1/. Then there exists c 2 .0; 1/,
explicitly given by c D .� C r/=.1C r�/, such that jg.z/j � cjzj for all g 2F� and all
jzj � r .

In particular, if � � r , then

jg.z/j �
2r2

1C r2
< r:

Remark. The general statement without the explicit formula for c can be proved using
the Schwarz lemma and a normality argument.

Proof of Lemma 2.3. Suppose g 2F�. By composing g with a rotation, we may assume
g0.0/ D �. Define h.z/ D g.z/=z, with h.0/ D g0.0/ D �. We have to show that

jh.z/j � c D
�C r

1C r�
for jzj � r:
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The function h is an analytic map from D into itself, so by the Schwarz lemma it
satisfies

dD.h.z/; h.w// � dD.z; w/ for all z; w 2D.

Fixing jzj � r , we get that

dD.�; h.z// D dD.h.0/; h.z// � dD.0; z/ � dD.0; r/;

and thus

dD.0; h.z// � dD.0; �/C dD.�; h.z// � dD.0; �/C dD.0; r/:

Since dD.0; r/ D dD.0;�r/, and since the interval .�1; 1/ is a hyperbolic geodesic con-
taining �r , 0, and �, we get that

dD.0; �/C dD.0; r/ D dD.�r; �/:

The fact that
T .w/ ..D

w C r

1C rw

is a hyperbolic isometry gives

dD.�r; �/ D dD.T .�r/; T .�// D dD

�
0;
�C r

1C r�

�
:

Combining all the inequalities and equalities above, we get

dD.0; h.z// � dD

�
0;
�C r

1C r�

�
;

so that
jh.z/j �

�C r

1C r�
�

Finally, suppose that 0 < � � r < 1. The function

� 7! c.�/ D
�C r

1C �r

is increasing on Œ0; 1�, so

c.�/ � c.r/ D
2r

1C r2

and the result follows directly.

Corollary 2.4. Assume that 0 < � � r < 1, and g 2 F�. Then g�1.Dr / contains the
disk DR with R D

p
r=.2 � r/2 .r; 1/.

Proof. Let R D
p
r=.2 � r/. Then 0 < R < 1, and 2R2=.1 C R2/ D r , so applying

Lemma 2.3 with R instead of r gives that jg.z/j � r < R whenever jzj � R and � � R,
which is satisfied because � � r and r < R.
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3. Quasiconformal and quasisymmetric maps

In the proof of Theorem 4.6, which is the basis for Theorem D, we will require some
results on quasiconformal and quasisymmetric maps. For a general reference, see [1, 21],
and for results in the context of holomorphic dynamics, see [9].

Let X and Y be connected subsets of C, and let f WX ! Y be a homeomorphism. We
say that f is H -quasisymmetric if H � 1 is a constant such that for x1; x2; x3 2X ,

jf .x1/ � f .x2/j � H jf .x2/ � f .x3/j whenever jx1 � x2j � jx2 � x3j:

In the general theory of quasisymmetric maps on metric spaces, homeomorphisms satis-
fying this condition are usually called “weakly H -quasisymmetric”. However, by Corol-
lary 10.22 in [18], for every weakly H -quasisymmetric homeomorphism between con-
nected subsets of C, there exists a homeomorphism �W Œ0;1/! Œ0;1/, depending only
on H , such that f is strongly �-quasisymmetric, i.e.,

jf .x1/ � f .x2/j � �.t/ jf .x2/ � f .x3/j whenever jx1 � x2j � t jx2 � x3j:

With this stronger condition, it is immediate that the composition f2 ı f1 of strongly
�k-quasisymmetric homeomorphisms fk , k D 1; 2, is strongly .�2 ı �1/-quasisymmetric,
which in turn implies that the composition f2 ı f1 of Hk-quasisymmetric homeomorph-
isms fk is H -quasisymmetric, with H only depending on H1 and H2. We say that
f WX ! C is an H -quasisymmetric embedding if it is an H -quasisymmetric homeomor-
phism onto its image f .X/.

By Theorem 11.14 in [18], every K-quasiconformal map f WC ! C is H -quasisym-
metric withH only depending onK, and everyH -quasisymmetric f WC!C isK-quasi-
conformal, withK depending only onH . (Note that conformal maps from a bounded onto
an unbounded domain are never quasisymmetric, so the assumption that f is defined in
the whole plane is important here.)

Let 
 be a Jordan curve in C. We say that 
 is a K-quasicircle if it is the image of
the unit circle under a K-quasiconformal self-map of C. Ahlfors showed that there is a
simple geometric characterization of quasicircles, see Chapter IV of [1]. For distinct points
z;w 2 
 , let diam
 .z; w/ denote the minimum of the diameters of the two components of

 n ¹z; wº. We say that 
 is of M -bounded turning if for all distinct z; w 2 
 , we have
diam
 .z; w/ � M jz � wj. The result of Ahlfors is that every K-quasicircle is of M -
bounded turning, withM DM.K/, and that every Jordan curve ofM -bounded turning is
a K-quasicircle, with K D K.M/.

Ahlfors and Beurling gave an explicit formula showing that every H -quasisymmetric
mapping f WR! R extends to a K-quasiconformal map F WC ! C, with K depending
only onH , see Chapter IV of [1]. Combining this with the characterization of quasicircles
given above, Tukia generalized this result to show the following.

Theorem 3.1 (Quasiconformal extension of quasisymmetric embeddings of circles [25]).
Let f WS ! C be an H -quasisymmetric embedding of a circle or a line S � C. Then f
extends to a K-quasiconformal map F WC ! C, with K depending only on H . In partic-
ular, the image f .S/ is a K-quasicircle.
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Remark. In Tukia’s paper, the result is stated for quasisymmetric embeddings of the real
line. However, it is not hard to show that this result is true for arbitrary circles and lines
(and Tukia’s arguments in the proof show it as well.)

We say that two domains U and V are K-quasiconformally equivalent if there exists
a K-quasiconformal isomorphism ' WU ! V .

Theorem 3.2 (Extension of quasiconformal maps on compact sets, Theorem 8.1 in [21]).
Let  WD ! D0 be a K-quasiconformal homeomorphism between domains D;D0 � C,
and letE �D be compact. Then, there existK 0 DK 0.K;D;E/ and aK 0-quasiconformal
map ‰ WC ! C such that  D ‰ on E.

One immediate consequence of this theorem is that an embedding of a circle which
extends to a conformal map of an annular neighborhood is a quasisymmetric embedding,
in a quantitative way. The following corollary is the precise version of this statement.

Corollary 3.3 (Quasisymmetric image of a circle). Let r > 0 and 0 < t < 1, and let
 WArt; r=t ! C be a conformal embedding. Then  jSr WSr ! C is anH -quasisymmetric
embedding, where H depends only on t .

Proof. By rescaling the annulus, we may assume that r D 1. Theorem 3.2 implies that jS
has a K-quasiconformal extension to the plane, where K depends only on t . This exten-
sion is then H -quasisymmetric, with H again depending only on t , establishing the
claim.

We will also need the following interpolation result, which is a quantitative version of
Proposition 2.30(b) in [9].

Theorem 3.4 (Interpolation between boundary maps of annuli). LetK0 � 1 be a constant,
let Ar;R be a round annulus of modulus M D 1

2�
log R

r
, and let A � C be a topological

annulus whose inner and outer boundary are Jordan curves 
i and 
o, respectively, with
K�10 M �modA�K0M . Furthermore, assume that 'i and 'o are orientation-preserving
H -quasisymmetric homeomorphisms from the inner and outer boundary circles of Ar;R
to 
i and 
o, respectively. Then there exists a homeomorphism ' WAr;R �! xA which is
K-quasiconformal in Ar;R with K D K.H;K0;M/, and coincides with 'i and 'o on the
respective inner and outer boundaries of Ar;R.

Before proving this theorem, we will first need some auxiliary results. In the statement
of the following theorem, we say that a map f WX ! C on an arbitrary subset X � C
is K-quasiconformal if it extends to a K-quasiconformal embedding of a neighborhood
of X . Furthermore, for disjoint Jordan curves S; T � C, we use the notation S � T to
indicate that S is contained in the bounded component of C n T , i.e., that S is “inside” T .

Theorem 3.5 (Quantitative quasiconformal extension theorem, see 5.8 in [26]). Sup-
pose 0 < a < b < c < d and K0; M � 1 are constants. Let D D Aa;b [ Ac;d , and
let f0WD ! C be a K0-quasiconformal embedding. Assume that the images of the four
boundary circles are nested in the same way that the circles themselves are, i.e., that
f0.Sa/ � f0.Sb/ � f0.Sc/ � f0.Sd /, and that diam f0.Sd / � M diam f0.Sa/. Then
there exists aK-quasiconformal map f WAa;d ! C such that f D f0 on Sa [ Sd , where
K D K.a; b; c; d;K0;M/.
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Remark 3.6. The cited theorem actually applies to quasiconformal maps in arbitrary
dimension, in which case the constant K additionally depends on the dimension.

Corollary 3.7 (Interpolation between circle maps). Suppose 0 < r1 < r2 and H � 1 are
constants. Let fj W Srj ! Srj be H -quasisymmetric for j D 1; 2. Then there exist K D
K.r1; r2; H/, and a K-quasiconformal map f WC ! C, such that f D fj on Srj for
j D 1; 2.

Proof. By the Beurling–Ahlfors extension theorem, see Chapter IV of [1], there exists
K0 D K0.H/ such that each fj extends continuously to a K0-quasiconformal self-map
of the disk Drj , normalized by fj .0/ D 0, which can then be extended by reflection to a
K0-quasiconformal map of the plane. By Mori’s theorem, see Chapter III of [1], we have
the uniform Hölder estimates

jfj .z/ � fj .w/j �Mj jz � wj
1=K0

whenever z; w 2Drj , with explicit constants Mj D 16r
1�1=K0
j . In particular, this shows

that for any " > 0, there exists ı D ı."; rj ;K0/ > 0 such that jjfj .z/j � rj j � " whenever
jjzj � rj j � ı. (This holds without the assumption that jzj � rj , using the fact that fj is
defined by reflection for jzj > rj .) Picking " > 0 small enough such that r1 C " < r2 � ",
we use the corresponding ı (reducing it to be smaller than ", if necessary) to define the
radii to use in applying Theorem 3.5 as a D r1, b D r1 C ı, c D r2 � ı, and d D r2.
Defining

D D Ar1;r1Cı [Ar2�ı;r2

and f0 WD ! C by

f0.z/ D

´
f1.z/ for r1 � jzj < r1 C ı;
f2.z/ for r2 � ı < jzj � r2;

we have that f0 is aK0-quasiconformal embedding respecting the nesting of the boundary
circles, and that diam f0.Sr2/ D M diam f0.Sr1/ with M D r2=r1. This shows that the
assumptions of Theorem 3.5 are satisfied, so that there exists a K-quasiconformal map
f WAr1;r2 ! C such that f D f0 D f1 on Sr1 and f D f0 D f2 on Sr2 , where K D
K.r1; r2; H/. Extending f by f1 on Dr1 , and by f2 on C n Dr2 , we end up with the
claimed extension to the plane.

Lemma 3.8 (Extension of qc maps between annuli). Let 0 < r < 1, and let  WAr ! A

be a K-quasiconformal map onto an annulus A bounded by two K-quasicircles. Then  
has a K 0-quasiconformal extension to C, with K 0 only depending on K and r .

Proof. Let � i and �o denote the inner and outer boundaries of A respectively. Every
K-quasicircle � admits aK2-quasiconformal reflection (see, e.g., Section D in Chapter IV
of [1] or Proposition 4.9.12 in [19]), i.e., a K2-quasiconformal involution '� fixing every
point of � and interchanging its complementary components.2 Using the reflection with

2In fact, something slightly stronger is true: K-quasicircles always admit K-quasiconformal reflections.
However, a K2-quasiconformal reflection suffices for our purposes, and the proof of this result is much easier.
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respect to the circle of radius s > 0, �s.z/ D s2= Nz, for s D 1 and s D r , and the two
reflections '� i and '�o , we can extend  to Ar2;1=r by

y .z/ D

8̂<̂
:
 .z/ if z 2Ar ,
'�o ı  ı �1.z/ if 1 � jzj < 1=r ,
'�i ı  ı �r .z/ if r2 < jzj � r .

Then, y WAr2;1=r ! yA is aK3-quasiconformal map, where yA is a topological annulus
containing the closure of A. Applying Theorem 3.2 with D D Ar2;1=r and E D Ar , we
get the desired K 0-quasiconformal extension ‰ WC ! C, with K 0 only depending on K
and r .

We are finally ready for the proof of Theorem 3.4.

Proof of Theorem 3.4. By scaling the round annulus, we can assume that R D 1, so that
Ar;R D Ar and M D 1

2�
log 1

r
. From the condition on the moduli of Ar and A, we

know that there exists a K0-quasiconformal isomorphism  WAr ! A. Note that by The-
orem 3.1, the curves bounding A are K1-quasicircles, where K1 only depends on H . By
Lemma 3.8,  extends to a K2-quasiconformal map of the plane, with K2 only depend-
ing onK0;H andM . Then z'i D  �1 ı 'i and z'o D  �1 ı 'o are orientation-preserving
H1-quasisymmetric self-maps of the inner and outer boundary circles of Ar , withH1 only
depending on K2 and H .

By Corollary 3.7, there exists aK3-quasiconformal homeomorphism z' WAr!Ar with
boundary maps z'i and z'o, whereK3 only depends onM andH1. Defining ' ..D ı z', we
obtain the desiredK-quasiconformal map ' WAr ! xA, withK D K2 �K3 only depending
on K0, H , and M .

4. Uniformly hyperbolic Blaschke products

A Blaschke product bWD!D of degree 2� d <1 is hyperbolic if it has a fixed point z0
inside D, which by the Schwarz lemma is unique. Moreover, jb0.z0/j < 1 and z0 is a
global attractor under b. Note that we always consider Blaschke products restricted to the
unit disk. In particular, when speaking about the critical points and critical values of a
Blaschke product, we only consider those inside the unit disk.

In the following, we will normalize our Blaschke products to fix zero, so that

(4.1) b.z/ D z

d�1Y
kD1

z � ak

1 � ak z
, ak 2D:

Then, the multiplier of the fixed point at a0 D 0 is

(4.2) b0.0/ D .�1/d�1
d�1Y
kD1

ak ;

and therefore in particular jb0.0/j � mink jakj.
Hyperbolic Blaschke products of the form (4.1) satisfy the following properties.
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Lemma 4.1 (Properties of hyperbolic Blaschke products). Let b be a Blaschke product of
the form (4.1). Then the critical points of b in the unit disk belong to the hyperbolic convex
hull of its zeros ¹a0; a1; : : : ; ad�1º. Furthermore, given a radius r satisfying maxk jakj <
r < 1, then Dr ..D b�1.Dr / satisfies the following:

(a) Dr is an analytic Jordan domain and Dr � Dr ;
(b) Ar ..D Dr nDr is an annulus whose modulus satisfies

1

4�
log

1

r.2 � r/
� mod.Ar / �

d � 1

2�d
log

1

r
,

where the right equality is satisfied if b.z/ D z2.

(c) jb0.0/j < rd�1.

Proof. The fact that the critical points of b belong to the hyperbolic convex hull of the
zeros of b is a classical result by Walsh, see Theorem 6.1.6 in [17].

Corollary 2.4 shows that we have Dr �Dr , and the assumption r >maxk jakj implies
that all zeros of b are contained in Dr , hence in the connected component of Dr con-
taining Dr . Since every connected component of Dr must contain at least one zero, this
shows that Dr is connected, and by the maximum principle, it is also simply connected.
The assumption further implies that all the critical values of b are contained in Dr , thus
@Dr D b

�1.Sr / is an analytic Jordan curve.
For (b), note that b maps D nDr to D nDr with degree d . Since the latter has modu-

lus � 1
2�

log r , it follows that

mod.D nDr / D �
1

2�d
log r:

Now, by the Grötzsch principle, we have

mod.Ar /Cmod.D nDr / � mod.D nDr /;

which gives the right inequality. Observe that if b.z/ D z2, Dr D ¹jzj < r1=d º and the
modulus is directly computable. To see the left inequality, let � ..D jb0.0/j and note that
by our assumption on r , j�j < r . Corollary 2.4 implies that Ar contains the round annulus
¹r < jzj < Rº, where R ..D

p
r=.2 � r/, and the estimate follows.

Lastly, (c) follows directly from (4.2).

Next we consider sequences .bn/ of Blaschke products. For any such sequence, we
denote by an0 D 0; a

n
1 ; : : : ; a

n
dn�1

the zeros of bn, where dn ..D deg.bn/. Sometimes, it will
be convenient to think of the domains and ranges of the maps bn as distinct copies of the
unit disk D.n/, where bn WD.n/ ! D.nC1/ for any n � 0.

Definition 4.2 (Uniformly hyperbolic sequence of Blaschke products). We say that a
sequence .bn/ of hyperbolic Blaschke products of the form (4.1) is uniformly hyperbo-
lic if .bn/ has uniformly bounded degree and there exists 0 < r < 1 such that jan

k
j < r for

every 0 � k < deg.bn/ and every n2N.

Remark. Recall that, by definition, hyperbolic Blaschke products are of degree at least 2,
and so if .bn/ is uniformly hyperbolic, then 2 � minn deg.bn/ � maxn deg.bn/ <1.
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As a consequence of Lemma 4.1, uniformly hyperbolic sequences of Blaschke prod-
ucts have the following properties. Recall that for a sequence .bn/ of Blaschke products,
we denote by Bn WD.0/ ! D.n/ the composition of the n first maps; that is, Bn ..D bn�1 ı

� � � ı b0, n � 1.

Lemma 4.3 (Properties of uniformly hyperbolic sequences of Blaschke products). Let .bn/
be a sequence of uniformly hyperbolic Blaschke products and let 0 < r < 1 be a radius
provided by Definition 4.2. For n � 0, let

(4.3) An
..D Arn

..D b�1n .Dr / nDr � D.n/:

Then, the following hold:
(1) Bn.z/! 0 as n!1 for all z 2D.

(2) For each n� 0, An is an annulus, and there exist constantsm;M 2 .0;1/, indepen-
dent of n, such that m � modAn �M .

(3) For each z 2D, there exists at most one n2N such that Bn.z/2An.

Proof. Note that, for each n, �n ..D jb0n.0/j � r
dn�1 by Lemma 4.1. Hence, we have

that
P
n.1 � �n/ D 1 and so (1) holds, see Theorem 2.1 in [4]. Item (2) is a direct

consequence of Lemma 4.1. To see (3), fix z 2D and assume that Bn.z/ 2 An. Then
BnC1.z/2 bn.An/ � Dr . By the Schwarz lemma, bj .Dr / � Dr for every j � 0, hence
BnCk.z/2Dr for all k � 1. Since Dr \ An D ;, this establishes (3).

A priori, it is not obvious that uniform hyperbolicity is preserved under conformal
equivalence, but the following theorem provides alternative characterizations, which are
more convenient in this respect.

Theorem 4.4 (Characterization of uniformly hyperbolic sequences of Blaschke products).
Let .bn/ be a sequence of Blaschke products of uniformly bounded degree fixing 0. Then
the following are equivalent:
(a) .bn/ is uniformly hyperbolic.

(b) There exists s 2 .0; 1/ such that Crit.bn/ � Ds for all n.

(c) Given any orbit .zn/, there exists a constant C such that dD.n/.zn; c/ � C for all
c 2 Crit.bn/.

(d) There exist an orbit .zn/ and a constant C such that dD.n/.zn; c/ � C for all
c 2 Crit.bn/.

Proof. Equivalence of (b) and (c) is immediate from the fact that jznj � jz0j for all n by
the Schwarz lemma. The equivalence between (c) and (d) follows from the fact that the
hyperbolic distance between orbits is a decreasing function of n.

Condition (a) implies (b) since the critical points of bn are contained in the hyper-
bolic convex hull of its zeros, see Lemma 4.1. It remains to prove that (b) implies (a).
We will prove this claim by contradiction. Assume that there exists a constant s 2 .0; 1/
such for all n, Crit.bn/ � Ds , but that the sequence .bn/ is not uniformly hyperbolic. Let
cn1 ; : : : ; c

n
dn�1

denote the critical points of bn (not necessarily distinct) while, as usual, we
denote the zeros of bn by an0 ; a

n
1 ; : : : ; a

n
dn�1

. By passing to a subsequence, we may assume
that
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• the sequence .bn/ has constant degree d � 2,
• the limits limn!1 c

n
k
D ck exist for all k D 1; : : : ; d � 1, with jckj � s,

• the limits limn!1 a
n
k
D ak exists for all k D 1; : : : ; d � 1, with jakj � 1, and

• jakj D 1 for at least one index k.
Then

bn.z/ D z

d�1Y
kD1

z � an
k

1 � an
k
z
�! b1.z/ D z

d�1Y
kD1

z � ak

1 � ak z
for n!1;

locally uniformly in D. For any k for which jakj D 1, the factor .z � ak/=.1 � ak z/ is a
constant equal to �ak , so b1 is a Blaschke product of degree 1 � d1 � d � 1. However,
by Hurwitz’s theorem, b1 has d � 1 critical points c1; : : : ; cd�1 in the unit disk, which
implies that the degree of b1 is d , a contradiction.

Using the characterization of uniformly hyperbolic Blaschke products provided by
Theorem 4.4(c), we deduce that uniform hyperbolicity is preserved under quasiconformal
equivalence.

Corollary 4.5 (Uniform hyperbolicity is a quasiconformal invariant). Let .bn/ and . Qbn/
be two sequences of Blaschke products fixing zero that are quasiconformally equivalent.
Then .bn/ is uniformly hyperbolic if and only if . Qbn/ is uniformly hyperbolic.

Proof. Note that it suffices to prove one direction, since the inverse of aK-quasiconformal
map is K-quasiconformal. Suppose .bn/ is uniformly hyperbolic. By assumption, there
exists K � 1 and a sequence of K-quasiconformal maps .hn/ such that

bn D hnC1 ı Qbn ı h
�1
n for all n.

Since Crit. Qbn/ D hn.Crit.bn// for all n and since the family of K-quasiconformal maps
is equicontinuous on D with respect to the hyperbolic metric (see, for example, The-
orem 4.4.1 in [19]), it follows from Theorem 4.4(c) that . Qbn/ is uniformly hyperbolic.

We conclude the section with the following theorem, which plays a crucial role in the
proof of Theorem D. Roughly speaking, it tells us that any two sequences of uniformly
hyperbolic Blaschke products are K-quasiconformally equivalent near the boundary of
the unit disk, or more precisely, in the sequence of annuli D.n/ n .Dr [ An/, where the
constant K is independent of n. In the statement and proof of the following theorem, we
again use the notations D.n/ and zD.n/ to denote different copies of D.

Theorem 4.6 (K-quasiconformal equivalence of uniformly hyperbolic Blaschke prod-
ucts). Let .bnWD.n/ ! D.nC1// and . QbnW zD.n/ ! zD.nC1// be two sequences of uniformly
hyperbolic Blaschke products with deg.bn/ D deg. Qbn/ D.. dn. Then there exist r 2 .0; 1/,
K � 1 and a sequence of K-quasiconformal maps hnWD.n/ ! zD.n/ such that, for each
n2N,

(a) hn.z/ D z for jzj � r ;
(b) bn D h

�1
nC1 ı

Qbn ı hn on the annulus Cn ..D D.n/ n b�1n .Dr /.
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bn

zbn

hn  n

Cn
An

AnC1

r

rn r2

hnC1

zCn

zAn

Figure 2. Illustration of the sets and maps involved in the proof of Theorem 4.6. The annulusAn and
its images under hn and Qbn are depicted in dark gray, while Cn and its images are shown in light
gray. The map  n sends Ar2=dn , whose inner boundary is drawn with dotted lines, conformally
to Qb�1n .Ar2/.

Proof. It suffices to show that the theorem holds when the maps bn are of the form bn.z/D

zdn , with 2 � dn � maxn dn D.. d <1. Let us assume .bn/ is of such form, and let . Qbn/
be any other sequence of uniformly hyperbolic Blaschke products as in the statement. For
an illustration of the construction in the following proof, see Figure 2.

By Lemma 4.1, there exists r 2 .0; 1/ such that all zeros, critical points, and critical
values of all bn and Qbn are contained in Dr2 . Note that the preimage of the circle Sr
under bn is the circle Srn with radius rn ..D r1=dn , and similarly, the preimage of the
circle Sr2 under bn is the circle Sr2n . We then have the uniform bounds

(4.4) 0 < r � r1=2 � rn � r
1=d < 1:

With our assumption on the form of bn, we have that for all n � 0,

An
..D b�1n .Dr / nDr D Sr [Ar;rn and Cn D Arn [ Srn :

Likewise, let
zAn

..D Qb�1n .Dr / nDr and zCn
..D zD.n/

n Qb�1n .Dr /;

and observe that with this notation, the domain and codomain of hn can be written as the
unions

D.n/
DDr [ int.An/[Srn [ int.Cn/ and zD.n/

DDr [ int. zAn/[ Qb�1n .Sr /[ int. zCn/:
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Then, for all n � 0, we define the restriction of hn to each of those subsets of D.n/ as
follows:

(1) hnWDr ! Dr is defined as the identity.
(2) hn W Srn ! Qb

�1
n .Sr / is defined as one of the dn maps satisfying the functional

equation

(4.5) Qbn ı hn.z/ D hnC1 ı bn.z/ .D bn.z// :

The procedure to define such a map is standard: if we choose the image of one point,
say hn.rn/, to be one of the d points in Qb�1n .bn.rn//, the map hn is defined in the whole
of Srn by lifting (4.5).

(3) hn W int.An/! int. zAn/ is a K-quasiconformal map defined by interpolation be-
tween its boundary maps defined in (1) and (2), hnjSrn and hnjSr , using Theorem 3.4.

Claim. The constant K can be chosen independent of n.

Proof of Claim. To see this, we must check that the constants H , K0, and M appearing in
the assumptions of Theorem 3.4 can be chosen uniformly, i.e., independent of n. From the
uniform bounds (4.4), the annuli Ar;rn have moduli uniformly bounded above and below,
and by Lemma 4.1, the same is true for the annuli zAn. It remains to show that the inner
and outer boundary maps areH -quasisymmetric, with a constantH independent of n. For
the inner boundary maps, the identity, this is trivially true, so we only need to establish
it for the outer boundary maps. To do so, we will show that hnjSrn is the restriction of a
conformal map defined on an annular neighborhood of Srn , and apply Corollary 3.3.

Observe that by our choice of r ,

bn W b
�1
n .Ar2/! Ar2 and Qbn W Qb

�1
n .Ar2/! Ar2

are analytic dn-to-1 covering maps. Hence, the branch of  n ..D Qb�1n ı bn which agrees
with the map hn on Srn , as chosen in (2), is a conformal map from Ar2n to Qb�1n .Ar2/, with
 njSrn D hn. Again using the uniform bounds (4.4), we see that choosing t D r1=d 2 .0;1/,
we have

r2n � t � rn and
rn

t
� 1:

Hence, Atrn;rn=t � Ar2n , which is the domain of  n. From Corollary 3.3 we conclude that
hn D  njSrn is H -quasisymmetric, with H depending only on t D r1=d , which in turn is
independent of n. 4

(4) hn W int.Cn/! int. zCn/ is defined iteratively, using that hn has been defined in Drn

for all n: notice that for every n � 0, the maps

bn W b
�1
n .AnC1/! AnC1 and Qbn W Qb

�1
n . zAnC1/! zAnC1

are covering maps of degree dn between annuli (belonging to D.n/ and D.nC1/, zD.n/

and zD.nC1/, respectively). Hence, the K-quasiconformal map hnC1 WAnC1 ! zAnC1 can
be lifted to aK-quasiconformal map hn Wb�1n .AnC1/! Qb

�1
n . zAnC1/, so that the functional

equation

(4.6) Qbn ı hn.z/ D hnC1 ı bn.z/;

is satisfied for every n � 0.
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Once this is done, we proceed in the same way to extend hn to the next sequence of
annuli b�1n .b�1nC1.AnC2//�D.n/. It follows from Lemma 4.3(3) that in D.n/, these annuli
are disjoint from the previous ones. Iterating this process infinitely many times, and since
all points in Cn are eventually mapped to Aj for some j � n, we extend hn to the whole
of Cn for every n.

We have now defined maps hnWD.n/ ! zD.n/, continuous by construction, K-quasi-
conformal for some uniform K by (3), and so that (a) and (b) in the statement of the
theorem hold by (1) and (4), respectively, which concludes the proof.

5. Uniform hyperbolicity in wandering domains

In Section 4, we introduced the notion of uniform hyperbolicity for sequences of Blaschke
products. In this section, we define this concept for the restriction of an entire map to an
orbit of wandering domains, discuss the relation between the two definitions, as well as
with the notion of strong contraction, and prove Theorem D and Theorem E.

Definition 5.1 (Admissible orbit of wandering domains). Let f be an entire function
with an orbit of wandering domains .Un/. We say that this orbit is admissible if each Un
is simply connected, and the degrees dn D deg f jUn satisfy 2 � dn � d <1 for some
d 2N and all n.

Note that any entire function with an admissible orbit of wandering domains .Un/ has
an associated sequence of finite Blaschke products .bn ..D 'nC1 ı f ı '

�1
n /, which can be

chosen to fix 0 by considering suitable Riemann maps ('n).

Definition 5.2 (Uniform hyperbolicity in wandering domains). Let f be an entire func-
tion with an admissible orbit of wandering domains .Un/. We say that .f jUn/ is uniformly
hyperbolic if there exist an orbit .znD f n.z0// and a constantC such that dUn.zn; c/ � C
for all c 2 Crit.f jUn/ and all n � 0.

As a direct consequence of Theorem 4.4 and the invariance of the hyperbolic metric
under conformal maps, we have the following.

Theorem 5.3 (Equivalence of definitions). Let f be an entire function with an admissible
orbit of wandering domains .Un/. Let .bn/ be a sequence of Blaschke products fixing zero
associated with .f jUn/. Then .f jUn/ is uniformly hyperbolic if and only if .bn/ is uni-
formly hyperbolic. Furthermore, if .f jUn/ is uniformly hyperbolic, and if .zn/ is any orbit
in .Un/, then there exists a constant C such that dUn.zn; c/ � C for all c 2 Crit.f jUn/
and all n � 0.

One possible classification of orbits of wandering domains, .Un/, is proven in [4],
in terms of the sequence of hyperbolic distances dUn.zn; z

0
n/ between points in different

orbits .zn/ .z0n/, giving rise to three types: contracting, semi-contracting and eventually
isometric. One can give an even finer classification in the contracting case according to
the rate of contraction with which iterates cluster together. More precisely, we say that
.f jUn/ is strongly contracting if there exists c 2 .0; 1/ such that

(5.1) dUn.f
n.z/; f n.z0// D O.cn/ for one pair (and hence for all pairs) z; z0 2U0;
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see Definition 1.2 in [4]. The following proposition shows that uniform hyperbolicity is a
strictly stronger condition than strong contraction.

Proposition 5.4 (Uniform hyperbolicity implies strong contraction). Let f be an entire
function with an admissible orbit of wandering domains .Un/. If .f jUn/ is uniformly
hyperbolic, then .f jUn/ is strongly contracting. The converse is in general not true, i.e.,
there exist entire functions f such that .f jUn/ is strongly contracting, but not uniformly
hyperbolic.

Proof. It is proven in Theorem B and Lemma 3.1(b) of [4] that strong contraction is
equivalent to requiring that

(5.2) lim sup
n!1

1

n

nX
kD1

jb0k.0/j < 1;

for any (and hence all) Blaschke sequences fixing 0 associated to .Un/. If we assume that
.f jUn/ is uniformly hyperbolic, then it follows from Lemma 4.3 and Theorem 5.3 that
for any associated sequence of Blaschke products .bn/ that fix 0, there exists r < 1 such
that jb0n.0/j � r for all n, which implies that the average in (5.2) is smaller than r < 1.

In order to construct an example for which the reverse implication fails, consider first
the sequence of Blaschke products

bn.z/
..D

´
z2; for n D 2k � 1; k � 1;
z zCan
1Canz

; for n D 2k; k � 1;

where an 2 .0; 1/, a2 D 1=2, and an ! 1 for n!1. We have that

bn.0/ D 0; b02k�1.0/ D 0 and b02k.0/ D a2k ! 1:

Let cn be the critical point of bn, and note that c2k ! �1 as k !1. Now let Dn ..D ¹z W

jz � 4nj<1º and let fn WDn!DnC1 be defined by fnDTnC1 ı bn ıT �1n , where Tn.z/D
zC 4n. Finally, letBnD bn ı � � � ı b1 and FnD fn ı � � � ı f1. We apply Theorem 5.3 in [4]
to obtain a transcendental entire function f with an orbit of simply connected wandering
domains .Un/ such that the following hold:

(1) f .4n/D 4.nC 1/, f n.1=2/DFn.1=2/, f .Cn/D fn.Cn/, and f 0.Cn/D f 0n.Cn/D
0 for n � 1, where Cn D cn C 4n.

(2) dUn.f
n.0/; f n.1=2// < Kn � dDn.Fn.0/; Fn.1=2// for some Kn > 1 with Kn ! 1

as n!1.
(3) Un is asymptotically equal to Dn (as n!1).

Since bn.0/ D 0 and b2k D z2, it follows by the Schwarz lemma that

dist.Fn.0/; Fn.1=2// D dist.0; Fn.1=2// <
1

2n
�

Since dD.0; z/ D log.1C jzj/=.1 � jzj/ we deduce that there exists 1 < c < 2 such that

dDn.0; Fn.1=2// D dD.0; Bn.1=2// <
1

cn
,
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for n sufficiently large. It now follows by (3), together with (5.1), that .f jUn/ is strongly
contracting. Moreover, by (1), f .Cn/ D fn.Cn/. Since c2k ! �1 as k !1, we deduce
by (3) that C2k ! @U2k . Also, since f .4n/ D 4.n C 1/ (again by (1)), we have that
dU2k .8k; C2k/ ! 1. Since C2k is the critical point of f in U2k , we deduce by The-
orem 5.3 that .f jUn/ is not uniformly hyperbolic.

Observation 5.5 (Wandering domains arising as lifts). A well-known method for obtain-
ing wandering domains is by lifting invariant components of a self-map F of C n ¹0º by
the exponential map. Namely, for any such F , there is a (non-unique) transcendental entire
function f such that exp ıf D F ı exp; see p. 3 of [4] for more details. Suppose that F
has an invariant Fatou component � and f has an orbit of wandering domains .Un/, so
that exp.Un/ D � for all n. If � is a (super)attracting basin, then .f jUn/ is uniformly
hyperbolic, whereas if � is a parabolic basin, .f jUn/ is not uniformly hyperbolic, as it
is not strongly contracting; see Corollary 3.5 in [4]. If � is a Siegel disk or a univalent
Baker domain, .f jUn/ is not uniformly hyperbolic either, since deg f jUn D 1 for all n.
Finally, if � is a Baker domain where F has finite degree greater than one, then � has
finitely many critical points cj ; j D 1; : : : ; n, and since for any z 2�, F n.z/!1, we
have d�.F n.z/; cj /!1 for all j as n!1. Since the hyperbolic metric is conformally
invariant, in particular under the inverse branches of exp, it follows by Theorem 5.3 that
.f jUn/ is not uniformly hyperbolic.

We are now ready to prove Theorem D, using the tools developed in the previous sec-
tions. Given an orbit of wandering domains . zUn/ such that .f j zUn/ is uniformly hyperbolic
and a sequence of prescribed uniformly hyperbolic Blaschke products .bn/, we will per-
form surgery to “change” the map f in . zUn/, so that .bn/ becomes an associated Blaschke
sequence of the new wandering orbit.

Proof of Theorem D. Let . Qbn/ be a sequence of Blaschke products fixing zero associated
with .f j zUn/. In particular, each Qbn is of degree dn ..D deg.f j zUn/ D deg.bn/ and by The-
orem 5.3, . Qbn/ is uniformly hyperbolic. Denote by 'n W zUn ! D the Riemann maps such
that

Qbn ı 'n D 'nC1 ı f; for n � 0:

By Theorem 4.6, applied with the roles of . Qbn/ and .bn/ reversed, there exist K � 1,
0 < r < 1 and a sequence of K-quasiconformal maps hn WD ! D such that hn is the
identity on Dr and

Qbn D h
�1
nC1 ı bn ı hn on Cn

..D D n Qb�1n .Dr /:

Note that if An ..D Qb�1n .Dr / n Dr , then D D Dr [ An [ Cn for each n. Define a new
sequence of maps

gn W D �! D;
z 7�! h�1nC1 ı bn ı hn.z/:

By construction, gn is K2-quasiregular on D but furthermore, for each n � 0,

gn D bn on Dr and gn D Qbn on Cn.

Moreover, the sequences .gn/ and .bn/ are quasiconformally equivalent on D.
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Using the sequence .gn/, we modify the initial map f by defining

F.z/ ..D

´
f .z/; if z …

S
n�0
zUn;

'�1nC1 ı gn ı 'n.z/; if z 2 zUn:

Notice that continuity of F is ensured by construction, since gn.z/ D Qbn.z/ for all
z 2Cn, which implies that f .z/ D F.z/ on a neighborhood of @ zUn.

Letting  n ..D hn ı 'n for n � 0, the following diagram commutes:

� � � zUn zUnC1 � � �

� � � D D � � �

F F

 n

F

 nC1

bn�1 bn bnC1

Note that F is K2-quasiregular, and holomorphic outside the topological annuli

An
..D '�1n .An/ D '

�1
n .g�1n .Dr / nDr /; n � 0:

Moreover, note that for every k � 0 and z 2Uk , the iterates of F satisfy

F n.z/ D  �1nCk ı bn�1Ck ı � � � ı bk ı  k.z/; n2N;

and hence they are uniformly K2-quasiregular.
This is enough to conclude, by Sullivan’s straightening theorem, see Theorem 5.6

in [9], that there exists an entire function g quasiconformally conjugate toF under a global
quasiconformal homeomorphism ˆWC ! C, exhibiting an orbit of wandering domains
.Un/ with Un Dˆ. zUn/. Nevertheless, in order to show that .bn/ is an associated Blaschke
sequence of g in .Un/, we shall look more closely into the construction of ˆ.

We can define a complex structure �, which has bounded dilatation and is F �-invar-
iant. For details on the following kind of construction, see Section 1.5 of [9]. Let U ..DS
n�0
zUn and define

� ..D

8̂<̂
:
 �n .�0/ on zUn for every n � 0;
.Fm/�� on F �m.U / n F �mC1.U / for every m � 1;
�0 on C n

S
m�0 F

�m.U /;

where �0 � 0. It is easy to check that
(1) � is F -invariant on U by definition of F , and hence F �� D � by construction;
(2) � D �0 on '�1n .Dr / for all n, since  n D 'n is conformal on this domain;

(3) � has dilatation at most K in zUn for any n � 0, since the maps  n are uniformly
K-quasiconformal. Therefore� has dilatation at mostK in the whole complex plane,
since all the pullbacks under F are made by holomorphic maps.

We can then apply the measurable Riemann mapping theorem (see, e.g., Theorem 5.3.2
in [2] or Theorem 1.28 in [9]) to obtain a quasiconformal homeomorphismˆWC!C such
thatˆ��0 D � and an entire map g.z/ ..Dˆ ı F ıˆ�1.z/ such that Un ..Dˆ. zUn/, n� 0,
is an orbit of wandering domains.
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Now consider the maps

�n
..D  n ıˆ

�1
W Un ! D;

which are K-quasiconformal. Then, the following diagram commutes:

� � � Un UnC1 � � �

� � � zUn zUnC1 � � �

� � � D D � � �

g g g

F

ˆ

F

 n

F

 nC1

ˆ

bn�1 bn bnC1

Moreover,
��n .�0/ D .ˆ

�1/�.. n/
�.�0// D .ˆ

�1/�� D �0:

Hence, by Weyl’s lemma, �n is conformal for all n and the proof is complete.

We would like to use Theorem D to prove Theorem E, which claims the existence
of entire maps with an orbit of wandering domains with a prescribed uniformly hyper-
bolic Blaschke sequence. In view of Theorem D, given such a Blaschke sequence .bn/
with uniformly bounded degrees .dn/, we only need to construct an entire function f
such that .f j zUn/ is uniformly hyperbolic in an orbit . zUn/ of wandering domains with
matching degrees, i.e. such that, deg.f j zUn/ D dn for all n. The function f is provided by
Theorem 5.3 in [4], as shown in the following lemma.

Lemma 5.6 (Existence of uniformly hyperbolic .f j zUn/ with prescribed degrees). Let
.dn/ be a sequence of natural numbers with 2 � dn � d for some d 2N and all n2N.
Then there exists an entire function f with an orbit of simply connected wandering do-
mains . zUn/ such that .f j zUn/ is uniformly hyperbolic and deg.f j zUn/ D dn for all n.

Proof. Let .bn/ be a sequence of uniformly hyperbolic Blaschke products of the form (4.1)
with deg.bn/ D dn, such that bn has dn � 1 critical points, say ckn , 1 � k � dn � 1, of
multiplicity 1 in D. Note that such a sequence always exists, see, for example, Theorem 1
in [27]. It follows from Theorem 4.4(b) that there exists s 2 .0; 1/ such that ckn 2Ds for
all n and k.

Now letDn ..D ¹z W jz � 4nj < 1º and let fnWDn!DnC1 be defined by fn D TnC1 ı
bn ı T

�1
n , where Tn.z/D z C 4n. We apply Theorem 5.3 in [4] to obtain a transcendental

entire function f with an orbit of simply connected wandering domains . zUn/ such that
the following hold:

(1) f .4n/D 4.nC 1/, and f 0.C kn /D 0 for n2N, 1� k � dn � 1, whereC kn D c
k
n C 4n.

(2) deg.f j zUn/ D dn for all n2N.

(3) zUn is asymptotically equal to Dn (as n!1).
Note that by (1) and (2), Crit.f j zUn/ D

S
k C

k
n for every n. Since ckn 2 Ds for all n; k we

deduce that C kn 2Dn;s ..D ¹z W jz � 4nj < sº. It now follows by (3) that there exists C > 0

such that d zUn.4n; C
k
n / � C . We conclude that .f j zUn/ is uniformly hyperbolic.
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Proof of Theorem E. Let .bn/ be a given sequence of uniformly hyperbolic Blaschke prod-
ucts, and let dn ..D deg.bn/ for each n. Finally, let f be the entire map with wandering
domains . zUn/ provided by Lemma 5.6, such that .f j zUn/ is uniformly hyperbolic and
deg.f j zUn/ D dn. Applying Theorem D to f and .bn/, we obtain an entire function with
the desired properties.

6. Grand orbit relations

In this section, we discuss properties of grand orbit relations and prove Theorem A. We
start by giving several characterizations of yJ .f /. Let f be an entire map, and define

yS.f / ..D GO.S.f //:

Recall from the introduction that yJ .f / denotes the closure of the grand orbits of its sin-
gular values and periodic points. Note that J.f / � yS.f /, and that any (super)attracting
cycle also belongs to yS.f /, since it must be contained in the accumulation set of the orbit
of some singular value. Thus, we have that

(6.1) yJ .f / D yS.f / [ GO.Per.f // D GO.S.f / [ ¹Siegel periodic pointsº/:

For the rest of the section, we fix an entire function f and write

yJ ..D yJ .f /; and yS ..D yS.f /:

Before proceeding, we need some basic facts on holomorphic motions.

Definition 6.1. Let U ¨ C be a simply connected domain, �0 2U , and E � yC be an
arbitrary set. A holomorphic motion of E over .U; �0/ is a function H WU �E ! yC such
that

(a) for any z 2E, the map � 7! H.�; z/ is holomorphic in U ;
(b) for any �2U , the map z 7! H.�; z/ is injective in E;
(c) H.�0; z/ D z for all z 2E.

Remark. Typically, holomorphic motions are defined over D with basepoint �0 D 0.
However, composition (in the �-variable) with a Riemann map of U onto the unit disk
shows that the theory with our slightly more general definition is completely equivalent to
the one in the literature.

Mañé, Sad, and Sullivan introduced the concept of holomorphic motions and proved
the following remarkable �-lemma:

Theorem 6.2 (Theorem 12.1.2 in [2]). Let H be a holomorphic motion of a set E over
.U; �0/. Then H has a unique extension to a holomorphic motion of the closure xE (taken
in yC/ such that

(a) .�; z/! H.�; z/ is jointly continuous in U � xE, and

(b) for each � 2 U , the map z 7!H.�; z/ is a quasisymmetric embedding of xE into yC.
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Remark. Złodkowski later proved a stronger version of the �-lemma, which says that H
actually extends (non-uniquely) to a holomorphic motion of yC. For more background and
proofs, see Chapter 12 of [2] and Section 5.2 of [19].

The key fact to proving Theorem A is the following lemma.

Lemma 6.3 (Holomorphic motions of grand orbits). LetU �C n yJ be a simply connected
open set and let �0 2U . Then there exists a unique holomorphic motion

H W U � GO.�0/ �! yC;
.�; z/ 7�! H.�; z/ D.. hz.�/;

such that H.�; �/ maps GO.�0/ to GO.�/, preserving orbit relations, i.e., if z 2 GO.�0/
with f n.z/ D f m.�0/, then f n.H.�; z// D f m.�/.

Proof. If z2 GO.�0/, we have that f n.z/D f m.�0/ for some n;m 2N. Since z;�0 … yS ,
we know that .f n/0.z/¤ 0, so there exists a holomorphic branch g of f �n in a neighbor-
hood of �m D f m.�0/ such that g.�m/ D z. With this branch, we define hz D g ı f m,
so that hz is a holomorphic branch of f �n ı f m, defined in a neighborhood of �0, with
hz.�0/D z. Now let 
 be any continuous path in U starting at �0. Since Um D f m.U / is
disjoint from yS , every point in Um is a regular value for f n. In particular, this implies
that every local holomorphic branch of f �n can be analytically continued along any
continuous path in Um. In particular, the branch g of f �n has an analytic continuation
along 
m D f m ı 
 , so hz D g ı f m has an analytic continuation along 
 . Since U
is simply connected, the monodromy theorem then shows that hz extends to a holo-
morphic function inU . By the uniqueness theorem, this analytic continuation is the unique
holomorphic branch of f �n ı f m in U satisfying hz.�0/ D z. It satisfies the functional
equation f n.hz.�// D f m.�/ for all �2U , so this construction uniquely defines a func-
tion H.�; z/ D hz.�/ for .�; z/2U � GO.�0/ with the following properties:

• for each z 2 GO.�0/, the function � 7! H.�; z/ is holomorphic in U ,
• if f n.z/ D f m.�0/, then f n.H.�; z// D f m.�/.

The second assertion implies in particular that for any �1 2U we have H.�1;GO.�0// �
GO.�1/. We claim that, in fact, equality holds. In order to show this, let z 2 GO.�1/.
Then there exist m;n2N with f n.z/ D f m.�1/. Repeating the argument above with �1
instead of �0, we obtain a unique holomorphic branch h1z of f �n ı f m in U , satisfying
h1z.�1/ D z. Defining z0 D h1z.�0/ 2 GO.�0/, the function h1z is also the unique holo-
morphic branch of f �n ı f m with h1z.�0/ D z0, so by construction we have that z D
hz0.�1/ 2H.�1;GO.�0//, establishing the opposite inclusion GO.�1/�H.�1;GO.�0//
and hence the equality H.�1;GO.�0// D GO.�1/.

We still need to show that the map H.�; �/ is injective for every � 2 U . Suppose
to the contrary that H.��; �/ is not injective for some �� 2U . Then there exist distinct
z1; z2 2 GO.�0/ with z� D hz1.�

�/ D hz2.�
�/. By construction, hz1 is a holomorphic

branch of f �n1 ı f m1 for some m1; n1 2N, so that f n1 ı hz1 D f
m1 . Similarly, there

exist m2; n2 2N with f n2 ı hz2 D f
m2 . Composing either of these functional equations

with a suitable iterate of f , we may assume that m1 D m2, so that

(6.2) f n1.hz1.�// D f
n2.hz2.�// D f

m.�/
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for all � 2 U . Since hz1.�0/D z1 ¤ z2 D hz2.�0/, we have that �� is an isolated solution
to the equation hz1.�/ D hz2.�/. We now distinguish two cases.

Suppose n1 D n2 D n. Then, since hz1.�/ ¤ hz2.�/ in a punctured neighborhood
of ��, it follows that z� is a solution of multiplicity � 2 of f n.z/ D f m.��/ and hence
.f n/0.z�/D 0. Thus z�2 yS , which implies that ��2U \ yS (because f m.��/D f n.z�/),
a contradiction.

It is enough then to deal with the case n1 > n2, since the reverse case is symmetric.
In this situation, (6.2) with � D �� implies that f n2.z�/ is periodic of period n1 � n2,
and hence z� is preperiodic (maybe periodic, if n2 D 0). Thus, both z� and �� are in yJ ,
leading to a contradiction.

As a first consequence, we have that either all or none of the grand orbits of points in
a component of C n yJ are discrete.

Corollary 6.4 (No coexistence of discrete and indiscrete grand orbits). Let U be a com-
ponent of C n yJ . Given any �0; �1 2 U , GO.�0/ is discrete if and only if GO.�1/ is
discrete.

Proof. Let �0; �1 2 U and let V � U be an open simply connected set containing �0
and �1. By Lemma 6.3, there exists a holomorphic motion H W V � GO.�0/! C, and
H.�1;GO.�0// D GO.�1/. By the �-lemma, H.�1; �/ is a homeomorphism and hence
the image of a discrete set must be a discrete set, which concludes the proof.

In addition, we are able to prove that discreteness of orbits is equivalent to this seem-
ingly stronger notion.

Definition 6.5 (Strongly discrete GO). We say that the grand orbit of a point z 2C n yJ is
strongly discrete if there exists a neighborhood U of z such that GO.z0/ \ U D ¹z0º for
every z0 2 U .

Observation 6.6. The definition of GO.z/ being strongly discrete is independent of the
representative of GO.z/ for which such a neighborhood U exists. In other words, the
grand orbit of z is strongly discrete if and only if for all w 2 GO.z/, there exists a neigh-
borhood Uw of w such that GO.w0/\Uw D ¹w0º for every w0 2Uw . To see this, suppose
that GO.z/ is strongly discrete and let Uz be a neighborhood of z such that

(6.3) GO.z0/ \ Uz D ¹z0º for every z0 2Uz :

Assume for the sake of contradiction that there is w such that f n.w/ D f m.z/ for
some n; m � 0, and so that in any neighborhood W of w, there are at least two ele-
ments of the same grand orbit. But for W of sufficiently small diameter, we have that
f m.W / � f n.Uz/, and by (6.3), f n.Uz/ contains a unique representative of each grand
orbit of the points it comprises. This means that deg.f mjW / � 2 for any neighborhoodW
of w, which contradicts the fact that since w … yJ , f m is a local homeomorphism in some
neighborhood of w.

Proposition 6.7 (Discrete grand orbits are strongly discrete). Let z 2C n yJ . The grand
orbit of z is discrete if and only if it is strongly discrete.
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Proof. By Observation 6.6, it is immediate that strongly discrete implies discrete.
Now suppose that �0 2C n yJ and GO.�0/ is discrete but not strongly discrete. Then,

since GO.�0/ is discrete, there exists a simply connected neighborhood U0 of �0 such that
GO.�0/\ U0 D ¹�0º, and two sequences .xn/ and .x0n/ in U0 such that x0n 2 GO.xn/ for
all n � 0 and xn; x0n ! �0 when n!1.

By Lemma 6.3, there exists a holomorphic motionH.�;z/, whereH WU0 �GO.�0/!
C. In particular, H.xn;GO.�0// D GO.xn/. By the �-lemma (Theorem 6.2), H extends
to a holomorphic motion of the closure.

Hence, for every n � 0 we may choose zn 2 GO.�0/ such that

H.xn; zn/ D x
0
n:

Observe that zn … U0 for any n� 0, since GO.�0/\U0 D ¹�0º. Since yC nU0 is compact,
there exists a convergent subsequence

znk ! z1 2 GO.�0/ n U0 as k !1:

But we know that xn ! �0. Hence, as k !1

�0  � x
0
nk
D H.xnk ; znk / �! H.�0; z1/ D z1 … U0;

where the right-hand side follows from H being jointly continuous and H.�0; �/ being
the identity. This is a contradiction and hence the Proposition is proven.

As a consequence, we obtain the following criterion for discreteness of grand orbits.

Corollary 6.8 (Discreteness criterion). Let z 2C n yJ . The grand orbit of z is discrete if
and only if there exists a neighborhood U of z such that f n.U / \ f m.U / D ; for all
n ¤ m and f jf n.U / is injective for all n � 0.

Proof. If the grand orbit of z is discrete, then it is strongly discrete, and so there exists
a neighborhood U � C n yJ of z such that every point is the unique representative of
its grand orbit in U . By contradiction, suppose w 2 f n.U / \ f m.U /, for some m > n.
This implies there exists w0 2 f n.U / such that f m�n.w0/ D w: Note that w ¤ w0, since
periodic points belong to yJ . Hence, w and w0 are in the same grand orbit, and so are
their (distinct) preimages in U under f n, a contradiction. Likewise, if f jf n.U / was not
injective for some n � 0, there would exist two distinct points w; w0 2 f n.U / mapping
to the same point in f nC1.U /, and hence belonging to the same grand orbit. Taking their
preimages under f n in U leads again to a contradiction.

Now suppose that the disjointness and injectivity conditions are satisfied for a certain
neighborhood U , and assume by contradiction that the grand orbit is not discrete. It fol-
lows by Proposition 6.7 that the grand orbit is not strongly discrete, i.e., that U contains
two points w;w0 2U such that f n.w/ D f m.w0/ D.. w� for some m; n2N. If n D m,
this violates the injectivity of f jf k.U / for some k � n � 1, so it is not possible. If, say,
m > n, then w� 2 f n.U / \ f m.U /, a contradiction.

We can now easily deduce Theorem A.
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Proof of Theorem A. Let V be the grand orbit of a component of yF .f / for an entire
map f . Recall that we defined the orbit relation in V to be indiscrete if GO.z/ is an
indiscrete set for some z 2 V . Since, by Corollary 6.4 and by Proposition 6.7, either the
grand orbit of all or of none of the points in V is discrete, and being discrete is equivalent
to being strongly discrete, the equivalence between (a), (b) and (c) follows. Suppose that,
additionally, V is in the grand orbit of a wandering domain U , and let z 2V . By passing
to an iterate, we may assume that z 2U . Let W ..D U \ V , which contains the point z.
Then, since f n.U / \ f m.U / D ; for all n ¤ m, f n.W / \ f m.W / D ; for all n ¤ m,
and (b) and (d) are equivalent by Corollary 6.8.

In [7], a thorough description of the dynamics of entire maps in multiply connected
wandering domains is provided. The combination of the findings in [7] with Theorem A
results in the following concise proof of the fact that the orbit relation is always indiscrete
in such domains.

Corollary 6.9 (GO relations in multiply connected wandering domains). Let f be an
entire map with a multiply connected wandering domain U . Then, the grand orbit relation
in every component of GO.U / n yS.f / is indiscrete.

Proof. Let zU be a connected component of U n yS , and, for each n � 1, denote UnC1 ..D

f .Un/, with U0 D U . Let V � zU be any simply connected domain. Then, by The-
orem 1.3 in [7], there exists N 2 N and a sequence of round annuli .Cn/ such that
f n.V / � Cn � Un for all n � N . Let D ..D f N .V /. It follows by Theorem 5.2 in [7]
that for every m � 0, there exists a round annulus Am � CN � D in UN such that for
every z2Am andm2N, f m.z/D qm � .'m.z//dm ;where qm > 0, 'm is a conformal map
on Am such that j'm.z/j ! jzj asm!1 and dm 2N is such that dm!1 asm!1.

Let us fix any arc, ˛, of points of the same modulus contained in D. Then, for each m
sufficiently large, there exists a curve 
m � D such that 'm.
m/ D ˛. In addition, by
increasingm if necessary, since dm!1, f m.
m/D qm.'m.
m//dm is a circle traversed
at least twice. This implies that f jf NCj .V / is not injective for some 1 � j � m, and so by
Theorem A, the orbit relation in zU is indiscrete.

To conclude this section and our general discussion on discreteness of grand orbit
relations, we show in the following lemma how (grand and small) orbit relations may vary
(or be preserved) under conjugation via sequences of homeomorphisms. This is actually
all we will need for the proof of the second part of Theorem B.

Lemma 6.10 (Orbit relations under topological equivalence). Let f and g be entire or
rational maps and suppose that .fn ..D f jf n.U // and .gn ..D gjgn.V // are topologically
equivalent for some connected domains U � yC n yJ .f / and V � yC n yJ .g/. I.e., assume
that there exists a sequence .hnW f n.U /! gn.V // of homeomorphisms such that

(6.4) gn D hnC1 ı fn ı h
�1
n for all n � 0:

Assume further that the domains gn.V / are pairwise disjoint. Then, for any z 2U ,

(6.5) h0.SO.z; f / \ U/ D GO.h0.z/; g/ \ V D SO.h0.z/; g/ \ V I

Consequently,
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(a) the SO relation for f on U is discrete if and only if the GO relation for g on V is
discrete.

(b) the type of GO relation for f on U is the same as that for g on V , except when U
is contained in the grand orbit of a rotation domain, in which case the GO relation
is indiscrete for f on U and discrete for g on V .

Proof. The equalities in (6.5) are immediate from the commutative diagram and the fact
that on an orbit of disjoint domains grand orbits and small orbits coincide. Part (a) follows
from (6.5) and the fact that the maps hn are homeomorphisms, thus preserving discrete-
ness and indiscreteness of sets. Part (b) is immediate in the case that the sets .f n.U // are
disjoint (and hence GO and SO coincide). Otherwise, U belongs to a preperiodic Fatou
component of f , and we may assume without loss of generality that it is periodic. If U
is part of an attracting or parabolic basin, or a Baker domain, then the GO relation on U
for f is discrete and hence so is the SO relation. If U is part of a superattracting basin, it
is easy to see that both are indiscrete; see Section 6 of [23] or Section 4 of [16] for details.
Lastly, if U is part of a rotation domain, the GO relation for f on U is indiscrete while
the SO relation is discrete, since f is univalent on U .

7. Coexistence of different orbit relations in wandering domains

The goal of this section is to prove Theorem B and Corollary C. That is, given a poly-
nomial P of degree d � 2, we wish to construct an entire function g with an orbit of
wandering domains .Un/, so that .gjUn/ is conformally equivalent to .P jDn/ for all n,
where .Dn/ is an increasing sequence of topological disks bounded by equipotentials. We
will then use Lemma 6.10 to transfer the grand orbit relations for P on the domains Dn
to those for g on the wandering domains.

We will construct g in two steps. First we define a sequence of uniformly hyperbolic
Blaschke products .bn/ reflecting the dynamics ofP onDn (Proposition 7.1). Then we use
Theorem D to insert the Blaschke sequence inside a wandering orbit of an appropriately
chosen function f (Propositions 7.2).

Given a polynomial P of degree d � 2, by Böttcher’s theorem (see, e.g., Section 9
in [24]), there exists a conformal map ' in a neighborhood of1, with '.1/ D 1, con-
jugating P to w 7! wd , i.e., satisfying the functional equation '.wd / D P.'.w//. Fix
R > 1 such that the domain of ' contains yC nDR and, for each n2N, define

(7.1) Rn
..D Rd

n

; 
n
..D '.SRn/ and Dn

..D int.
n/;

where int.
n/ denotes the bounded connected component of C n 
n. Note that for all n� 0
we have that Dn � DnC1, J.P / and all critical points of P are contained in Dn, and the
restriction P jDn WDn!DnC1 is a proper map of degree d . Note that we can view .P jDn/
as a sequence of proper holomorphic maps in the sense of Definition 2.1.

Proposition 7.1 (The prescribed Blaschke sequence). Let P be a polynomial of degree
d � 2 and let .Dn/ be defined as in (7.1). Then there exists a sequence .bn/ of uniformly
hyperbolic Blaschke products of degree d conformally equivalent to the sequence .P jDn/
under a sequence of conformal maps . n WDn ! D/.
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Figure 3. Illustration of the construction of the sets .Dn/ and the associated sequence of Blaschke
products .bn/ for the polynomial P.z/ ..D z2 C c, with c D �0:123C 0:745i (Douady’s rabbit).

See Figure 3 for an illustration of the construction of the sets Dn and the associated
Blaschke sequence .bn/.

Proof. By conjugating with an affine transformation, we may assume that P.0/ D 0. For
each n � 0, choose a conformal map  nWDn ! D, normalized so that  n.0/ D 0; and
define the degree d Blaschke product

(7.2) bn.z/
..D  nC1 ı P ı  

�1
n .z/; for z 2D:

We claim that the sequence .bn/ is uniformly hyperbolic. Indeed, by Theorem 4.4(d),
it suffices to show that there exists a constant C such that dD.0; c/� C for all c2 Crit.bn/
and all n. Recall that Crit.P / � D0 and that  n.Crit.P // D Crit.bn/ for all n. Since
Dn �DnC1, we have �Dn.z/ > �DnC1.z/ for all z 2Dn by the Schwarz–Pick lemma (see
Theorem 10.5 in [3]), while the maps  n preserve hyperbolic distances. In particular, for
any c 2 Crit.P /,

dD.0;  n.c// D dDn.0; c/ � dDnC1.0; c/ D dD.0;  nC1.c//:

The claim now follows with C ..D maxz 2 Crit.b0/ dD.0; z/.
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We aim to use Theorem D to insert the sequence of Blaschke products .bn/ obtained
in Proposition 7.1 inside an orbit of wandering domains . zUn/ of a function f (the tem-
plate function) such that deg.f j zUn/ D d . Since in this case the sequence deg.f j zUn/ is
constant, f may be chosen to be a lift of a self-map of C n ¹0º, as explained in Obser-
vation 5.5. Using this procedure and unlike in Lemma 5.6, where f is obtained via
approximation techniques, the grand orbit of the singular set S.f / of f is known. The
following is an appropriate choice of f , a reformulation of Proposition 4.1 in [13], in a
version that fits our purposes.

Proposition 7.2 (The template function). Let d � 2. Then there exists an entire function f
with no finite asymptotic values and an orbit of simply connected wandering domains
yU D . zUn/n�0 such that

(a) .f j zUn/ is uniformly hyperbolic, with deg f j zUn D d for all n � 0;

(b) each zUn contains exactly one critical point cn of multiplicity d � 1, and f .cn/ D
cnC1 ;

(c) there are no critical points in GO. yU/ n yU ;

Proof. Following the proof of Proposition 4.1 in [13], consider the functions

q.z/ ..D 2 �

d�1X
jD1

�
d � 1

j

�
�
zj

j
and F.z/ ..D �z2 � exp.q.z/ � c/;

for c ..D q.�1/. The function F has two superattracting fixed points at�1 and 0, no further
critical points, and a single finite asymptotic value at 0. Moreover, the Fatou componentW
containing �1 is simply connected, and the restriction F WW !W is conjugate to z 7! zd

on the unit disk. Since F �1.0/ D ¹0º, we can lift F under the exponential map to obtain
a map f , defined by

f .w/ ..D 2w C q.exp.w// � c C �i:

Since the only finite asymptotic value of F is the fixed point at zero, which is an omit-
ted value for the exponential, the lift f does not have any finite asymptotic values (see,
e.g., Proposition 3.10 in [15]). For each k 2Z, let Wk be the connected component of
exp�1.W / containing zk D .2k� 1/�i . EachWk is a Fatou component of f (see, e.g., [6]),
and sinceW is simply connected with 0…W , eachWk is simply connected, and is mapped
conformally ontoW by the exponential function. In particular, this implies that theWk are
all distinct, i.e., Wk ¤ Wl for k ¤ l . Furthermore, since f .zk/ D z2k , we also know that
f .Wk/ D W2k , and that degf jW2k D d , with exactly one critical point zk of multiplicity
d � 1, mapping to the critical point z2k . This shows thatW0 is a fixed superattracting basin
for f , whereas for every oddm 2Z, the sequence yWm D .W2nm/n�0 is an orbit of wande-
ring domains, with yWm \ yWl D ; for m ¤ l . Since all the Wk are simply connected, and
degf jWk D d � 2, all of these orbits of wandering domains are admissible. Furthermore,
since the critical points in each yWm form a single orbit, f is uniformly hyperbolic on each
of them. Finally, choosing yU D yW1, i.e., Un D W2n for n � 0, assertion (c) follows from
the fact that all the critical points of f are contained in the disjoint union

S
m odd

yWm of
orbits of wandering domains.
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We are now ready to prove Theorem B.

Proof of Theorem B. By Proposition 7.1, we know that there exists a sequence of Blaschke
products .bn/n�0 conformally equivalent to .P jDn/n�0, under a sequence of conformal
maps  n WDn ! D.n/. Let f be the entire function from Proposition 7.2 and let zU D
. zUn/n�0 be its orbit of wandering domains. By Theorem D, we can replace the dynamics
of .f j zUn/ by the Blaschke sequence .bn/, obtaining an entire map g with an orbit of
wandering domains yU D .Un/ such that .gjUn/ is conformally equivalent to .bn/ under a
sequence of conformal maps .‚n/ and hence also to .P jDn/ under .hn ..D‚�1n ı n/. For
an illustration of the construction, see the following commutative diagram:

U0 � � � Un UnC1 � � �

D.0/ � � � D.n/ D.nC1/ � � �

D0 : : : Dn DnC1 � � �

g

‚0

g g

‚n

g

‚nC1

b0 bn�1 bn bnC1

 0

h0

P P

 n

P

 nC1

P

Since f does not have any finite asymptotic values, by Theorem D the map g does
not have any finite asymptotic values either. The only critical points of f in GO. zU/ are
the critical points of multiplicity d � 1 in each zUn. After the surgery, our new map g still
has d � 1 critical points in each Un (counted with multiplicity), given by hn.Crit.P //,
and no critical points in GO. yU/ n yU . It follows that

yS.g/ D GO.hn.Crit.P //:

We can now apply Lemma 6.10 with U D D0 and V D U0 to obtain statement (a) in
Theorem B directly from (6.5).

To prove (b), note that our assumption thatP is not conjugate to z 7! zd implies thatP
does not have any finite exceptional points (i.e., points with finite grand orbit), so that the
Julia set is the set of accumulation points of the preimages of any point in C. So if c 2 C
is a critical point of P , and z 2 J.P / is arbitrary, then there exist sequences nk ! 1
and .zk/ in D0 with zk ! z, such that P nk .zk/ D c. Using the conformal equivalence,
we have that

gnk .h0.zk// D hnk .P
nk .zk// D hnk .c/:

Since hn.c/ is a critical point of g for every n, it follows that

h0.zk/ 2 GO.Crit.g// � yS.g/:

Thus
h0.z/ D lim

k!1
h0.zk/ 2 yS.g/ � yJ .g/:

This proves that h0.J.P // � yJ .g/.
It remains to show that if V is a Fatou component of P , then h0.V / contains at least

one component of yF .g/. Define

AD ¹w 2C WPmCk.w/DP k.c/ for some m;k � 0; c 2Crit.P /º�GO.Crit.P //\D0:
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Then
yJ .g/ \ U0 D h0.A/

(see (7.3) in the proof of Theorem 7.3). Since Crit.P / is finite, GO.Crit.P // is countable,
hence so is A, and therefore h0.A/ is countable. In particular, the open set h0.V / � U0
cannot be contained in h0.A/, so we may choosew2h0.V / n yJ .g/. LetW be the connec-
ted component of yF .g/ D C n yJ .g/ containing w. Moreover, @V � J.P / and we have
already shown that h0.J.P // � yJ .g/, so

@.h0.V // D h0.@V / � yJ .g/:

Hence W cannot meet @.h0.V //, and therefore W � h0.V /. Consequently, W � h0.V /,
i.e., h0.V / contains a connected component of yF .g/.

Corollary C now follows readily, from the simplest possible instance of Theorem B.

Proof of Corollary C. Let P be a quadratic polynomial given by P.z/ ..D �z C z2 with
0 < j�j < 1, so that P has an attracting fixed point at 0 and its Julia set is a quasicircle.
Applying Theorem B for this choice of P and a sequence of domains .Dn/ as in (7.1), we
obtain a corresponding transcendental entire function g with an orbit of simply connected
wandering domains .Un/. The set yF .P /\D0 has two connected components V1 and V2,
where V1 is the attracting basin of zero with infinitely many points removed, while V2 is
the intersection of the superattracting basin of infinity with D0. The grand orbit relation
of P is discrete in GO.V1/ and indiscrete in GO.V2/, see Section 6 of [23]. By The-
orem B, h0 maps V1 and V2 into different components of yF .g/ say W1 and W2 with the
same type of GO relations as V1 and V2.

For the sake of simplicity, we chose to state and prove Corollary C for a quadratic
polynomial with an attracting fixed point. The choice of other polynomials, possibly of
higher degree, with different combinations of types of Fatou components would lead to
the existence of wandering domains that decompose into different collections of compon-
ents with discrete and indiscrete grand orbit relations, once the closure of the singular
set is removed. As a final result in our paper, we show in more detail how the different
components of yF .P / and yF .g/ correspond to each other.

Theorem 7.3 (Correspondence between components). Under the setup in Theorem B, the
conformal map h0 induces a map V 7! V � from components of yF .P / \D0 to compon-
ents of yF .g/ \ U0 such that

(a) V � h�10 .V
�/ for every component V of yF .P / \D0,

(b) for every component W of yF .g/ \ U0, there exists a component V of yF .P / \D0
with V � D W , and

(c) if V1 and V2 are different components of yF .P /\D0 with V �1 D V
�
2 , then V1 and V2

are contained in the same superattracting basin of P .

Remark. Item (a) is equivalent to the simple assertion that

yF .P / \D0 � h
�1
0 .
yF .g/ \ U0/;
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and assertions (b) and (c) say in a somewhat more precise way that the map V 7! V �

from connected components of yF .P / \D0 to yF .g/ \ U0 induced by inclusion via h0 is
onto, and that it is a one-to-one correspondence away from superattracting basins of P .
Finally, observe that the case P.z/ D zd is special because yS.P / D ¹0º and does not
contain J.P /.

In the following proof, we again adopt the notation D.n/ to denote different copies
of D.

Proof. Let S0 D GO.S.g// \ U0. Since f does not have any asymptotic values, and all
the critical points in the grand orbit of U0 are contained in the sequence .Un/, we have
that z0 2S0 if and only if there exist k;m; n � 0 and a critical point cm 2Um such that

gn.z0/ D g
k.cm/:

Since gn.z0/2Un and gk.cm/ 2 UmCk , this is only possible if n D mC k and thus

gmCk.z0/ D g
k.cm/:

Writing c D hm.cm/ and w D h�10 .z0/, this shows that z0 D h0.w/ 2 S0 if and only if
there exist k;m � 0 and c 2 Crit.P / such that PmCk.w/ D P k.c/. Since c 2D0 � Dm,
any solution w 2C of this equation (not assuming w 2 D0 a priori) satisfies

w 2 P�.mCk/.Dk/ D P
�m.D0/ � D0;

since
P�1.D0/ � D0 and P�1.DnC1/ D Dn for all n � 0.

This shows that S0 D h0.A/ for the set

A D ¹w 2C W PmCk.w/ D P k.c/ for some m; k � 0 and c 2 Crit.P /º
� GO.Crit.P // \D0;

and thus

(7.3) yJ .g/ \ U0 D yS.g/ \ U0 D xS0 D h0. xA/ � h0. yJ .P / \D0/;

where the first equality follows from the fact that U0 does not contain any periodic points
of f and the last inclusion follows from the fact that

xA � yS.P / � yJ .P /:

Taking complements and applying h�10 to both sides, we conclude that

yF .P / \D0 � h
�1
0 .
yF .g/ \ U0/;

establishing (a).
Since A contains the backward orbit of all critical points, we have that J.P / � xA, so

yJ .g/ \ U0 D h0. xA/ � h0.J.P //:
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Taking complements and applying h�10 yields

h�10 .
yF .g/ \ U0/ � F.P / \D0 � F.P /;

which shows that every component of h�10 . yF .g/ \ U0/ is contained in some Fatou com-
ponent of P .

We now treat the different types of Fatou components separately. If G is a Fatou com-
ponent of P associated with an attracting or parabolic periodic cycle, then G \ yS.P / is
a countable set, so V D G n yS.P / is connected. Let V � be the connected component of
yF .g/ \ U0 such that V � h�10 .V

�/. Then h�10 .V
�/ � G, with G n h�10 .V

�/ countable.
This shows thatG contains exactly one component V of yF .P /\D0, and h0.G/ contains
exactly one component V � of yF .g/ \ U0, establishing claims (b) and (c) for the case of
components contained in attracting or parabolic basins.

If G is a Fatou component of P associated with a cycle of Siegel disks, we claim that

xA \G D yS.P / \G:

We know that xA � yS.P /, so we only need to establish the reverse inclusion. Since

yS.P / D GO.S.P //;

it is enough to show that
GO.S.P // \G � xA:

Let z 2 GO.S.P // \G. Then there exist m; n � 0 and c 2 Crit.P / with

w� D Pm.z/ D P n.c/:

By adding an integer constant to both m and n, we may assume that w� is in the cycle of
Siegel disks. Then there exists a sequence of integers kj !1 such that

P kj .w/! w

uniformly in a neighborhood of w�. In particular, there exists a sequence wj ! w� such
that

P kj .wj / D w
�:

Since Pm is an open mapping, there exists a sequence zj ! z such that

Pm.zj / D wj ;

so that
PmCkj .zj / D P

kj .wj / D w
�
D P n.c/:

We may assume that mC kj � n for all j , so that zj 2 A for all j , and hence z 2 xA, as
claimed.

The claim directly implies that

h�10 .
yS.g/ \ U0/ \G D yS.P / \G:
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We know that
yJ .g/ \ U0 D yS.g/ \ U0

and that . yJ .P / \ G/ n . yS.P / \ G/ contains at most one point (if G contains a periodic
point which is not in yS.P /), so for every component V of yF .P /\G, there exists a unique
component V � of yF .g/ \ U0 such that either V D h�10 .V

�/, or V D h�10 .V
�/ n ¹z0º for

some z0 2 G. This establishes (b) and (c) in the case of Fatou components associated with
Siegel disks.

Lastly, ifG is a Fatou component of P associated with a superattracting basin (includ-
ing the case where G is the basin of infinity), (c) is vacuously true, and (b) follows easily
from the fact that yF .P / is open and dense in F.P /.
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