Rev. Mat. Iberoam. 42 (2026), no. 5, 1953—-1995
DOI 10.4171/RMI/1637

©2026 Real Sociedad Matemética Espaiiola
Published by EMS Press and licensed under a CC BY 4.0 license

Schatten class properties of weighted commutators

Yong Jiao, Hongli Tian, Dmitriy Zanin and Dejian Zhou

Abstract. In this paper, we establish the Schatten class properties of the commutator
My, (—A)%] of a power 0 < ¢ < 1 of the Laplacian with the multiplication operator
on weighted spaces. For instance, we show that this commutator belongs to the weak
Schatten class &£ ;£ 00 associated with the weighted Hilbert space L 2(R ,w(x)dx)
if and only if f is from the homogeneous Sobolev space W d (R ). Our results
generalize the recent result due to Frank, Sukochev and Zanin. =

1. Introduction

Foreach 1 < j <d, denote by R; the j-th Riesz transform on R4, d € N.Fora locally
integrable function f', the commutator [My, R;] is defined by

[My,Rj] = MyRj — R; M.

Here, My is the operator of multiplication by f, that is, Myg = fg. In the remark-
able paper [9], Coifman, Rochberg, and Weiss proved that the commutator [My, R;] is
bounded on L, (R%), 1 < p < oo, if and only if /€ BMO(R?), the class of functions of
bounded mean oscillations. Moreover, the commutator is compact on L, (R) if and only
if £€ VMO(R?). These theorems were extended into a weighted setting in [4,22, 28].

In the present paper, we mainly concern the Schatten properties of commutators.
In [26], Janson and Wollff established that, for d > 2 and d < p < o0, the commuta-
tor [Myr, R;] belongs to the Schatten class &£ (Lz(Rd)) if and only if f belongs to a
homogeneous fractional Sobolev space Wd/ p (]R{d) for 0 < p < d, they showed that
[My,Rj] e £ (Lz(Rd)) if and only if f is constant. We refer the reader to [25, 42]
for alternative proofs. At the critical index p = d, there exists a cut-off phenomenon:
Connes, Sullivan, and Teleman [10] established that the commutator [My, R;] belongs to
the weak Schatten class éﬁd,oo(Lz(]R{d)) if and only if f is in the homogeneous first-order
Sobolev space Wdl (R?) (see [17,35] for alternative proofs). While for the case d = 1
and 0 < p < oo, the commutator of the Hilbert transform [My, H] € £,(L>(R)) if and
only if f isin a Besov space, see, e.g., [40] and Theorem 5.7 in [41]. Recently, the above
mentioned results were also extended into a weighted setting, see, e.g., [19,29,30].
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We continue this line of research to study the Schatten properties of the commutator
[Mr,(=A)2], &€ (0,1),

defined on L, (R%). Let us formulate precisely the previous results on such commutators.
The boundedness was first studied by Murray [38] for dimension d = 1, and by Janson
and Peetre [25] for general dimension d > 1. Its weighted extension is referred to [7].
Moreover, in [25], the authors showed that, for each ¢ € (0,1) and d/(1 —¢) < p < o0,

(1.1) My, (—A)5] € £,(Lo(RY)) > f e WEts(RY)

and
[My.(-A)2] € £ (L(R%) <= f is constant.

Only very recently, the “cut-off phenomenon” of the commutator [My, (—A)2] was dis-
covered by Frank, Sukochev and Zanin [ 18] via the powerful technique of double operator
integrals. Precisely, it was proved in Theorem 1.1 of [18] that foreachd > 1 and e € (0, 1),
one has

(1.2) My (=2)%] € £.4 0o(La(RY) = [ €W}y RY),
as well as
. 1—¢ &
(1.3) tll)lgot T g (LY T [Mp, (=8)2]) = cael fllw, ®d).
T—¢

Here, ? = g (1,®d)) (#, x) denotes the singular value function of x € Loo(La(R?)).

Note that the Schatten classes mentioned above are defined based on the Hilbert space
L>(R?) associated with the usual Lebesgue measure. In this paper, our aim is to study the
sufficient and necessary condition on f such that the commutator [My, (— A)?] belongs
to the (weak) Schatten classes £ (Lz(]R{d w(x)dx)) or £ 4 oO(Lz(]R“’ w(x) dx)) with
respect to the weighted Lebesgue space L,(R?, w(x) dx) Our main results concern
weighted generalizations of (1.1), (1.2) and (1.3). The notation Az(Rd) denotes the Muck-
enhoupt A, weight class defined on R¢.

Theorem 1.1. Letd > 1, w € A>(R?), fe LY(R9), e (0, 1) and p > 1L—s'
Q) If feWErS (RY), then [My, (—A)5] € £,(L2(R?, w(x) dx)) and
1My, (=)l (oo dny < Cwpdiell £ 1P @ey-

(i) If My, (—A)3] € £,(La(RY, w(x) dx)), then f € W;+%(Rd) and

d &
I/ s 7 ey < Cw,paaell My, (=8)21ll £, (L, R w(x) dx))-

Theorem 1.2. Letd > 1, w € A2(R?), fe LY(R¥), and ¢ € (0, 1).
i) Iffer (RY), then [My,(—=A)2] € £ 4 oo(L2(RY, w(x) dx)) and

I[My, (—A)2] |2 4 L@ w(x)d) = < des||f||W1 (Rd)

1—.
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(i) If [Mp. (~A)3]€ £ & oo(La(RY, w(x) dx)), then f € Wlldj (RY) and

1A i, @y < cwaellMr. (=D)21lg ,  (La@we)dx)-
T— >

T—¢

Theorem 1.3. Letd > 1, w € Ay (R%) and £ € (0, 1). For every f € Wll% (R?), there exists
the limit ’

[Jim 7 T o (La®4 () dxy (1 (M (= A)2]) = cq, s||f||W1 ®):

Note that Theorem 1.2 and Theorem 1.3 imply the * constant phenomenon” That is,
fors € (0,1) and 0 < p < 7%, the commutator [My, (—A)2 2led (Lz(]R{d w(x) dx))
yields that f is constant. Indeed in this case, the commutator [My, (—A)2 2] belongs to the
separable part of the ideal £ < oo(L2(R?, w(x) dx)). This means f € W d (]Rd) (by
Theorem 1.2 (ii)) and that the hnnt in Theorem 1.3 is zero. By Theorem 1.3, the Sobolev
semi-norm of f is 0, which further yields the constancy of f.

Let us now discuss the proofs of these theorems. The approach used in [18] based on
the double operator integrals does not seem applicable in the weighted setting. Our proofs
of Theorems 1.1 and 1.2 are essentially motivated by [10, 16, 42]. Generally speaking,
Rochberg and Semmes [42] described Schatten £, 4 (L2 (R?)) properties of a commutator
[Mg, T] (where T is a singular integral operator) in terms of the membershlp of f in
suitable oscillatory spaces Oscp 4. The identification Oscy oo = Wd is due to Connes,
Sullivan and Teleman [10]. Recently, Frank [16] provided a new elementary proof of the
latter identification.

We adapt the approach of Rochberg and Semmes to the weighted setting and charac-
terize those f satisfying [My, (=A)3] € f&m(Lz(]R{d, w(x) dx)) in terms of certain
oscillation spaces. However, those oscillation spaces differ from the ones which appear
in [16]. Hence, another result identifying the Sobolev and oscillation spaces is required,
see Theorem 3.1 below.

Similarly, we characterize those f satistying [M, (— A)iled p,oo(Lz(Rd, w(x)dx)),
p> 1L—s’ in terms of an oscillation space. After that, we identify those oscillation spaces
with fractional Sobolev spaces, see Theorem 3.2.

We expect that (both statements and proofs of) Theorems 3.1 and 3.2 allow further
generalization and applications. For example, Frank’s characterization [16] was recently
extended into metric space and Muckenhoupt weight setting, see [24,44].

As for the proof of Theorem 1.3, we apply the approximation argument, which is based
on an observation that for each weight w € A,(R%), we have log(w) € BMO(R?). This
allows us to show Theorem 6.1, which is the key result to prove Theorem 1.3. Indeed, it is
the crucial ingredient in the proof of the approximation presented in Theorem 7.1. Theo-
rem 1.3 immediately follows from Theorem 7.1 combined with the asymptotic result (1.3)
of Frank, Sukochev and Zanin.

The following commentary serves as a supplement to the discussion above.

Remark 1.4. (i) The study of commutators in harmonic analysis goes back at least to
Nehari [39] and Calderdn [5]. It has deep connections and applications to non-commu-
tative analysis, complex analysis, operator theory, martingale theory and PDEs, see [6, 8,
27,40]. The recent advance of Schatten properties of commutators defined on Heisenberg
group, stratified Lie group or metric spaces can be found in [13, 14,34] and so on.



Y. Jiao, H. Tian, D. Zanin and D. Zhou 1956

(ii) The “cut-off phenomenon™ also appears in other many other problems, see, for
instance, [2, 11, 15].

(iii) Note that (1.1) and (1.2) also hold for ¢ € (—d /2, 0), see [18,25]. Our theorems
are not in this range because, in the proofs of Theorems 3.1 and 3.2, we used Theorem
2.11, which limits us.

(iv) Even though for singular integral operators 7', the boundedness of commutators
[My, T]is well studied in two-weight setting [4,22,28], it seems that, until now, the bound-
edness for [Myr, (—A)2 2] is only investigated in the one weighted case, see, for instance,
Theorem 1.4 in [7].

The organization of the paper is as follows. Basic symbols and notations used through—
out the paper are collected in Section 2. In Section 3, we describe Sobolev spaces W RY)
and WS (R?) in terms of oscillations of a function on cubes. These results are useful to
prove our main results. We provide the proofs of Theorem 1.1 and Theorem 1.2 in Sec-
tions 4 and 5. Finally, in the last two sections, we prove our third main result Theorem 1.3.

2. Preliminaries

In this section, we collect basic notations and results used throughout the paper.

2.1. Standard conventions

Throughout this paper, Z, Z 4+ and N denote the integer set, nonnegative integer set and
positive integer set, respectively. We denote by ¢ some absolute positive constant, which
can vary from line to line, and we denote by cx the constant depending only on K. The
symbol A < B stands for the inequality A < c¢B or A < cx B. If we write A ~ B, then it
stands for A < B < A.

Denote a measure space by (X, v). Define the non-increasing rearrangement function
of a measurable function f as follows:

MLoxy(@ f)=inf{A>0:v(xe X :|f(x)|>A) <t}, t>0.

We usually write w (¢, f') whenever there is no confusion. For each p > 0, define
1
[Nz, e0 = sUPt? Upoxn (@5 f)-
t>0

The set of all measurable function f with || f|z, . < oo is called a Lorentz space, which
is denoted by Ly oo (X, V).

Throughout, we work on Euclidean space R? for some fixed d € N equipped with
Lebesgue measure m. Let D be the collection of cubes of the shape

27(0, )% +n), nez? rez.

For every cube I € D, we denote by m([) its Lebesgue measure, and by s(7) its side
length. It is immediate that m (/) = s(I)?. For any x e R and r > 0, set

B(x,t) := {yeRd y — x| <t}
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Denote by L (R?) the set of all locally integrable functions on R¢. For each f € Ll (R%)
and each cube I € RY orball B C RY, write

1 1
fi = mflf(x) dx. fp = W/Bf(x) i,

Given fe Llloc(Rd), let

)0 = /(). 1>0.xeR".

be the dilation function of f.

The space of all functions whose k-th derivative exists and is continuous on R¥ is
denoted by C*¥(R%), k € N, and the space of all infinitely differentiable functions on R¢
by C°°(R?). Similarly, we define C¥(B) and C*°(B) on every ball B, respectively. The
space of smooth functions with compact support on R is denoted by C > (R%). Moreover,
for each measurable function f defined on measure space (X, v), we define

.1
(Lp,oo)o(X,v) :={f € Lpoo: ull)n;oup/LLoo(X,,,)(u,f) =0}, 0<p<oo.

2.2. A, weights

The notion of usual A, weights defined on R4 is well known, see, e.g., Definition 9.1.3
in [20]. To simplify the discussion, we here use an equivalent definition of A, weights
which is taken from Exercise 9.2.3 (a) in [20].

Recall that

1
1 llmsome) = Sup — / 16— drl.
1 | Jr

where the supremum is taken over all cubes in R¢.
Definition 2.1. Denote by ®(R?) the space consisting of all ¢ € LllOC (R?) such that

1
m([l)

”¢”<I>(]Rd) = sup /€|¢(x)_¢1| dx < o0,
I I

where the supremum is taken over all cubes / C R%.

Clearly, if ¢ € ®(R?), then also ¢ € BMO(R?). Conversely, by the John—Nirenberg
inequality, for every ¢ € BMO(R?), there is a 0 # ¢ € R such that c¢ € ®(R?).
Now, we give the definition of A, weight as follows.

Definition 2.2 (Exercise 9.2.3 (a) in [20]). For ¢ € L'*(R?), we say e? is an A, weight
if and only if ¢ € ®(R?). Denote by A, (R?) the collection of A, weights on R?, that is,

Ar(RY) = {e? : ¢ € D(RY)).

Recall that for each w € A,(R¥) there exists r > 1 such that w” € A,(R?), see, for
instance, Theorem 9.2.5 in [20]. Hence, the following lemma holds.

Lemma 2.3. If ¢ € ®(R?), then there exists a constant r > 1 such that r¢ € ®(R?).
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2.3. Schatten classes

For a separable Hilbert space H, denote by £, (H ) the space of all bounded linear oper-
ators on H. Let K (H) denote the ideal of compact operators on H. Given T € KX (H),
define the singular value function (-, T') by setting

wu(t, T) = inf{||T — R| s : rank(R) <t}, ¢>0.

For 0 < p < oo, the Schatten class £, (H ) is the set of operators T € K (H ) such that
(mm, T)nez, €1p.If 1 < p < 00, define the &£,(H) norm by

17Ny = 0201 Tneze N, = (32 . T)7) 7.
n=0

Analogously, for 0 < p < oo, the weak Schatten class &£, o (/) is the set of operators
T € K(H) such that (u(n, T))nez, €lpoo. Weequip £, 00(H) with the quasi-norm

1
1Tl £, 000ery = sup(n + 1) 7 pu(n, T).
n>0

2.4. Nearly weakly orthonormal sequences
The following definition is a slightly modified formula of (1.4) in p. 239 of [42].

Definition 2.4. Consider a sequence of functions {e7};ep C Lo(R%). We say that the
sequence {er e is nearly weakly orthonormal (NWO) if, for every f e L,(R%), we
have the estimate ||g|2 < || f||2, where the function g is defined by the formula

g(t) = supm(I)"2|(f.er)|, 1€R?,
I>t

where the supremum is taken over all cubes 7 € D.

For I € D, denote by JI, J € 2N + 1, the dilation of the cube I with respect to its
center. In order to facilitate our calculation, we need the following results.

Lemma 2.5 ([42], p. 287). Letr > 1 and n € 2N + 1. If {ej };ep is such that:
(1) ey is supported in nl for every I € D,
(i) llerllp,,md) < m(1)217_%f0r every I € D,

then there exists a constant ¢y , g such that the sequence cy , gier}rep is NWO.

Lemma 2.6. If {e;} and { f1} are two NWO sequences, then

I(Ter, fi)}ieoll, @) < pllT g, ey, 1<p <oo,
4

and
I{(Ter, f1)}1enlli, 0(0) < cp”T”,fp,oo(Lz(]Rd))v 1 <p<oo.

Proof. The first inequality is stated in p. 242 of [42], and the second one follows from the
first inequality by real interpolation. |
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The following lemma is taken from Corollary 2.8 in [42].

Lemma 2.7. If {e;}1cp and { f1}1cp are NWO sequences and if

K(X,y): Zklel(x)fl(y)v x,yeRd,
IeD

then, for the operator T with integral kernel K, we have the estimates
1Tl g,z,@®ey = cpaliritrenli,@). 0<p <oo,

and
||T||$p,co(L2(Rd)) = Cp,d||{)tl}le§0||lp,oo(i))7 0<p<oo.
The following result is a consequence of Lemma 2.5 and Lemma 2.7.

Corollary 2.8. Let r > 1 and n € 2N + 1. Let {ef}ren.{ fi}1ep C Lar(R?). Suppose
that ey and f7 are supported in nl for every I € D. If

K(x,y) =Y Arer(x) fi(y), x,yeR?,
1€D

then, for the operator T with integral kernel K and 0 < p < oo, we have the estimates
_1
1T, Loy = Cparma [{Arm D7 ller L, @y /1,0 @) )} el o)
and
_1
1Tl g, L@y < ormd [{ArmD)' 77 ller L, @a)ll /11l @)} en ||1p!w(g))-

Proof. For each x and y, write

1 1 1 1
1 m(I)zr"2er(x) m(1)zr~2 f1(y)
K(x.y) =Y dm(D)'" " ller || p,, wayl f1111,, e :
= lerllz,, ma) I /1112, e

By Lemma 2.5,

{mu)z‘r—%e,(x)}
lerllr,, may '1eD

{mu)z‘r—%f](y)}
I /1llL, ®ay '1eD

are both NWO sequences associated with a constant. Thus, the desired assertion follows
from Lemma 2.7. |

Corollary 2.9. Letr > 1 andn € 2N + 1. Let {e;}1ep . { f1}1ep C Lr+1(R?). Suppose
that ej and f1 are supported in nl for every I € D. Set

K(x.y) =Y Arer(x) fi(y). x.y€eR%
1eD
If
am(D' 7 et @yl L, @) ep € Upoo)o(D),
then the operator T with integral kernel K belongs to (é(’,p,oo)o(Lz(Rd)).
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Proof. Let {G;};>0 be an increasing sequence of subsets in O such that card(G;) = j
for j > 0and | J;59 G; = D (here card(-) denotes the cardinality of a set). Let

Ki(x.y) = Y Arer(x) fi(y). x.yeR?,
I1€Gj

and let 7; be the operator with the integral kernel K;. Clearly, rank(7;) < j and the
integral kernel of T' — T is given by the formula

x.y) > Y Arer(x)fi(y). x.yeR?
I1eD\G;

Applying Corollary 2.8 with (r + 1)/2 instead of r, we obtain

1T = Tjlle, wromay
1—-2_
= ¢p gt ga[{AmD " ez, @) | /1L, @) reon, i, o)

By assumption, the right-hand side tends to 0 as j — oco. Hence, so does the left-hand
side. Since rank(7;) < j for every j > 0, the assertion follows. [

2.5. Sobolev spaces

The basic notions and results of Sobolev spaces are available in, e.g., [1,12,31].
In this paper, V is the gradient of R9, that is,

LI

idx; i0xp idxy

(V)0 xa) =

In addition, given a set I C R¥, we denote by C(I) the vector space of all continuous
bounded functions on /.

Definition 2.10. Let 1 < p < oo and let s € (0, 1).

(i) The homogeneous Sobolev space W 1(R?) consists of functions f € L10C (R?) with
all partial derivatives in L, (RY). 1t 1s equipped with the natural semi-norm

1 iy ey = 1V F L, ®a)-

(ii)) The 1nhom0geneous Sobolev space W), 1(R?) consists of fe Lp(]Rd) such that
fe W 1(R?). 1t is equipped with the natural norm

1f lwy ey = 1/ L, ®ay + 11/ i) (may-
(iii) The homogeneous Sobolev space Wps (R%) consists of f e LY (R?) such that

T def |f) — fO)IPdxdy
W5 ®9) R xR |x — y|sp+d
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(iv) The inhomogeneous Sobolev space WS(Rd) consists of fe L (Rd) such that
fe WS (R%). It is equipped with the natural norm

1 lwsay = 17 1y ay + 1f s ey

Similarly, we define homogeneous Sobolev spaces on every ball B.

To prove our main theorems, we need the following result. It is certainly known to
experts, however we were unable to find the particular statement in the literature and have
included the proof for the reader’s convenience.

Theorem 2.11 (Sobolev embedding theorem). Let B be a unit ball in R?. If f e WPS (B),
s €(0,1], and ps > d, then f e C(B) and
If = /BllLcsy < Cp,s,d”f”WI;(B)-

Proof. We prove the assertion for s € (0, 1). The proof for s = 1 is similar.
If x, y € B, then |x — y| < 2. Thus,

()~ f(3)|Pdxdy
1 Wy = [,

[x — y|sptd

= [ po— o dsay
=2t [ ([ 17w - soray)ax.

Clearly,
ﬁ/Bv(x)—f(y)V’dy > | £(x) — fal?.
Thus,
105y = 27" mBS = flIT, )
Hence,

If - fB”W,,(B) sd”f”Wp(B)

By the Sobolev extension theorem (see, e.g., Theorem 8.4 in [32]), there exists a function g
such that g|p = f — fp and

lelwsmay < esrall f = follwsm < o g e 1 f iy sy
The assertion follows now from the Morrey’s version of the Sobolev embedding theorem
(see Theorem 7.23 in [32]). ]

3. Oscillation description of Sobolev spaces

In this section, we establish characterizations of the Sobolev spaces Wpl (R%) and WPS RY)
in terms of oscillations of a function on cubes. These results will be used to prove our main
results Theorem 1.1 and Theorem 1.2. To prove Theorem 3.1 and Theorem 3.2, in next two
subsections, we first prove their continuous versions, and then in Section 3.3 we provide
the detailed proofs. Our proof in this section is motivated by Frank [16].
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Theorem 3.1. Let p > d, n€2N + 1 and f € L11°C(]Rd). The following conditions are
equivalent:

O feW, R,
Q) Am(D 7T = forlloamn}ren € p.oo(D),

1_1
(i) {m(D)> 4| f = farlLewmn}ieD € lpoo(D).
Furthermore, there exists positive constant ¢, g 5 such that

-1 1_1
Cp’d’r, || {m([)p d ”f - fnl “LOO(”I)}IGZ) ||lp’oo(°@)

= ”f”Wpl(]Rd) = cp,d,n” {m(l)%_%_lﬂf - f171||L1(771)}Iei) "Zp,w(i))'

Theorem 3.2. Let p > d, s€(d/p,1), n€2N + 1 and f e Lll"C(IRd). The following
conditions are equivalent:

() feWsRY),
Q) {m(DP IS = forllan e € L (D),
i) {m(D7 TN f = forllwmnren € 1 (D).

Furthermore, there exists positive constant ¢, s g n such that

|{m(1)%_%”f_nt“Loo(?ﬂ)}Iei)”lp({D)

1_s_
|{m(1)1’ d 1||f_fn1||L1(n1)}1e£)”l,,(ﬂ))'

-1
Cp.s,d.n

< 1/ lvirs ey < Cpusdan

This result may be known to the experts, but no direct proof exists in the literature.

3.1. Oscillation description of Sobolev spaces: critical case
In this subsection, we prove a continuous version of Theorem 3.1.

Theorem 3.3. Let p>d. Forevery f € L\* (R?), the following conditions are equivalent:
i) feW,RY),
(i1)  the function

d_g_
wy (x5, 0) B2 TN f = e lniBey), x € RY >0,

belongs to Ly 0o(R? x R, ‘ff;ff),

(iii) the function

d_
My 2 (x,0) > 12 f = fBenlLwBa), *€RY >0,

belongs to Lp,oo(Rd xRy, ‘ff;flt)

Furthermore, there exists positive constant ¢, g such that

-1
Cp,d”m}f ”Lp,oo(RdXRhff_flt = ”f”WI}(Rd) = CP’d||mf||Lp,oo(Rde+,:lj‘—+dl’)'
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The implication (iii) = (ii) is obvious. In the sequel of this subsection, we prove the
implications (i) = (iii) and (ii) = (i), respectively.
We begin with the following lemmas.

Lemma 3.4. Let r > d, and let B be a ball in R?. Then
1_1
If = fBllLa®) < cram(B)™7 || fllyin (my-

Proof. Let fe€ er (B). The assertion is translation invariant and, therefore, we may as-
sume B = B(0, a) for some a > 0. Take & such that f = o,h. It is immediate that

IV fl(x) = éwm(;—‘), x e RY,

Thus,

iz = Zt(/za(o,a)'Vh'r(g) dx)%
,

1 1_1
x=ay d_, / , 1 m(B)7
= ar IVh"(y)dy)" = ————— Ikl .
( B(0,1) ) m(B(0, 1))}—% W, (B(0,1))

By

From this, using Theorem 2.11, we have
If = fBllLey = 1 — hBo,1) | Lo (B(0,1))
< 2Nl oy = MBI f i s)-
The proof is complete. ]
Lemma 3.5. For0 <qg <oo,letgel, (R%), and set
heg:(x.0) > g(x)td, xeR t>0.

We have

_1
drdty = d ||g||Lq(Rd)»

||hq,g HL‘!:OO(RdXRJ”r

. 1 _1
ulggo”“MLw(Rde+,%)(”7hq,g) =d gl m®e)-

Proof. Denote for brevity dv = ‘tifff . We have

V{0, 0) : Jhgg ()] > AN = v({(x, 1) 11 > Ad|g(x)| 74 })

/ </~oo di )dx
RIS gy d 17F!

-4

A 1
- - q — )14 q
== [ 8 dx = 2278} .

This is, obviously, equivalent to
_1 _1
MLOO(RdeJr,%)(“vhq,g) =d gl mayu 7. u>0.

The desired assertions follow. ]
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We are now in the position to prove the implication (i) = (iii) in Theorem 3.3.
Proof of Theorem 3.3 (i) = (iii). Fix pe(d,o0). Letr = (p +d)/2€(d, p) and ¢ =
p/re(l,00).Set g = |V f|" and

1
Mg(x) =sup———— g(ydy. xeR?
1>0 M(B(x,1)) JB(x,1)

By Lemma 3.4, for each x € R4 and ¢ > 0, we have

1
m(B(x,1)) Jpx.

1.4 1 1,1t
<D v Mgy (x) = c ) hl y (x0),

1
d T
My (x.0) <)o ( g(y)dy)

where the last equality is simply the notation from Lemma 3.5. Thus, it follows from
Lemma 3.5 that

)7
||5mf||L,,,oo(Rde+,%) =Cq ”ht;,Mg ||Lp,w(Rde+,f;f{)

_ v
=Cd lhg.mg ||Lq,oo(RdXR+’;iL;f1t)

1 _1 1
= Ci; (d™a|[Mgll,®a))"

5 1 2
< e gL, mal” =% 4 1f i @ays

where the second inequality is due to the Hardy—Littlewood maximal inequality. This
completes the proof. ]

We now turn to the proof of the implication (ii) = (i) in Theorem 3.3. Let us begin
with the following lemmas.

Lemma 3.6. Let 0 < p < 00, let fe C®(R?), and let g = |V f|. In the notations of
Lemma 3.5, for every ball B C R?, there exists a constant cq depending only on the
dimension d such that

dxdt
my —cghpg € (Lp,oo)o(B xRy, W)

Proof. To lighten the notations, we let B = B(0, 1) and assume || f'||c2(p(0,2)) = 1. Let
x€B(0,1),t€(0,1) and y € B(x,t). It is easy to see that

/) = = (V) - (v = 0| < cPe2
Thus,

[ o= seldy= [ (900 0= 0l dy] < PmB0. 1))
B(x,t) B(x,t)

However,

/B L EHE 09l = cagrtt
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Hence,
[ 1700 = 1@ldy - cag@r? ] < @ lermoan
B(x,t)
Multiplying by 14/P=4=1 we obtain
1wy (v, 1) — cahpg(x.t) = 05T, xeB(0.1), 1€ (0,1).

In particular,

dxdt dxdt
wy = cahpg € Ly(BODx 0.1, 575 ) € (Lpoodo(BO.D x 0.1, 557,

On the other hand, since the set B x (1, c0) has finite measure, it follows immediately that

dxdt).

wy hpg € (Lpeo)o(BO.1) x (1.00). T35

Combining these inclusions, we obtain

dxdt>.

wy = Cahpg € (Lpoco( BO.1) x Ry, T

This completes the proof. ]

Lemma 3.7. Let 0 < p < oo and f € C®(R?). For every ball B C R?, we have
1

uli)rgoupﬂLm(BxRJr,%)(u’mf) = Cd,p|||vf|”L,,(B)-

Proof. The assertion follows by combining Lemma 3.5 and Lemma 3.6. ]

Lemma 3.8. Fix a positive function ¢ € C° (R%). For each n € N, define the mapping
Apg: L (RY) — LY(R?) by setting

Ang: fon? Y ¢(§)Tk/,,f,
kezd
where Ty f(x) = f(x + k/n). We have
(i)  the operators {An ¢ }neN are uniformly bounded on L, (R%),
(i) Angf — ¢* fin LR asn — oo,

iii) m — Mgy £ pointwise as n — o<Q.
Ang f ¢xf P

Proof. By the triangle inequality, we have

_ k
lnofla@n <1~ Y2 ¢(=) 1/ I, @ay.

kezd

Since X
sup ¢(x) el < oo,

xeR4
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it follows that
k _k?2
i Y (5) = sup @0 3T e < sup g (1 4+ V),
kezd xeR? kezd xeR4

This yields the first assertion.

To see the second assertion, it suffices to prove that A, 4 f — ¢ * f in Ly ([—m, m]?)
for every m € N. Without loss of generality, m is so large that ¢ is supported in [—m,m]?.
If¢p(k/n) #0,thenk/n € [-m,m]¢. Set f, = S X(=2m,2m1a - On the cube [—m,m]¢, we
have Ay ¢ f = Angpfmand @ x [ = ¢ x f5.

Fix ¢ > 0 and choose ¢ € Ccc’o(Rd) such that || f, — ¥ ||, ra) < & We have

[4ngf — ¢ * flL,(emm)

= [|4n. fm — ¢ * fmllL, (=m,m)d)
< An.g fm — @ * fmlL, ra)
< N Ang(fm — YL, ®e) + 1 Ang¥ — ¢ x ¥llL, ey + 110 * (fn — V)L, ®e)
< (Il ®ey + sulg”An,qﬁ||L1(Rd)—>L1(]Rd))8 + | Anp¥ — & * VL, wa)-
ne

Clearly, A, 4 — ¢ * ¥ in L1(R¥). Thus,
limsup||An.g f — ¢ * fllL, (=mmdy < (1912, ey + SUII:IHAn@||L1(Rd)»L1(Rd))8'
n—-oo ne

Since ¢ > 0 is arbitrarily small, the second assertion follows.
If iy — hin LY(R9), then my, — wy, pointwise. The third assertion follows now
from the second one. u

Now we finish the proof of Theorem 3.3.

Proof of Theorem 3.3 (ii) = (i). Since ¢ is compactly supported, it follows that the sum
in the definition of A, 4 is actually finite. It is now immediate that

_ k
O<my,,r=n ¢ Z ¢<;>mTk/nf'
kezd

Recall that L, »(2) allows an equivalent norm for p > 1 (see, e.g., p. 15 of [21])." Thus,

_ k
||mA,,¢f||L (]RdX]R dxdt) E P n d Z ¢<—)||mTk/nf||L (RdX]R M)
’ P,00 +od+1 p—1 n P,00 +od+1
kezd
By translation invariance, we have
14 —d k
”mAn,de||Lp,oo(Rde+,:1jff) = b1 n Z ¢)<;) . ||mf”Lp,oo(RdXR+,ffff)'

kezd

'We have that »
1A 1Lpeo = NERINIL 000,000 = ﬁ”f”Lp,m,

where €u(f)(1) = § [ (s, f) ds.
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Since L, o possesses the Fatou property,” it follows from Lemma 3.8 that

sl mixrs, asiry < —— ¢l @olvrll,  gisg, -
P,00 +od+1 p_] 1 p.oo(RE X +std+1)

Applying Lemma 3.7 to the function ¢ % f, we obtain, for every ball B C R,

. 1
capllV@* N,y = Hm u?p; g, dran)@. Mgsr)
t

Uu—>00

IA

g £l oo xR 4 20

= ||¢"L1(Rd)”mf ||Lp,oo(RdXR+,fdxff)'

Since the right-hand side does not depend on the choice of the ball B, it follows that
Cd,p|||v(¢ * f)|”LP(]Rd) = ||¢||L1(Rd)||mf||Lp’w(Rde+,%)-

The assertion follows now from Lemma 6.5.4 in [36]. [

3.2. Continuous oscillation description of Sobolev spaces: subcritical case
The main result of this subsection is a continuous version of Theorem 3.2.

Theorem 3.9. Let p > d, s€(d/p,1). Forevery f € LllOC (R?), the following conditions
are equivalent:

(i) feW;RY),
(ii)  the function

d_g_
pds

wy o (x,1) >t If = feenllL ey, x€RY >0,

belongs to L,(RY x R, %),

(iii) the function

d_
My (x,0) > 12 5| f = fBanlLades), X €RY >0,

belongs to L,(RY x R, ‘fol’).

Furthermore, there exists positive constant cp g such that

-1
Cpd ||gnf||LP(Rde+,%) = ”f”W[f(Rd) = CP’d||mf”Lp(Rde+,f;f1’ .

The implication (iii) = (ii) is obvious. In what follows, we prove the implications
(i) = (iii) and (i1) = (i), respectively.

2To our surprise, we were unable to find this fact in the literature. The proof is provided below. Suppose that
|21 | p,00 < 1 forevery n € N and let x, — x pointwise. On a set of finite measure, pointwise convergence yields
convergence in measure, which, in turn, yields a pointwise convergence of decreasing rearrangements. For every
set A of finite measure, we have x,, y4 — X y4 in measure and, therefore, p(x, y4) — p(x y4) pointwise (except,
possibly at a countable set). On the other hand, u(f, xp x4) < ju(t,xp) < t=1/P_ Thus, u(t, xy4) < t~1/? for
every t > 0. In other words, ||x x4[|p,co < 1 for every set A of finite measure. Hence, ||x|p,c0 < 1.
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We begin with the following result, which is motivated by Lemma 3.4.

Lemma 3.10. Lerd < p <ooands€(d/p,1). Let also B be a ball in R4, Then every
S € W;(B) is bounded on B and

s_1
I1f = fBllLowB) = pus.a mBYE7|Lf Iy (i)-

Proof. The assertion is translation invariant and, therefore, we may assume B = B(0, a).
Let function 4 be such that f(x) = h(x/a) for each x € R¢. Then

1 fll B ( |h(Z) —h($)|? dXdJ’)%
Wi B\ Jp0.a)xB(0.a) |x — y|sptd

i 1h(u) — h(v)|? dudvy
=ar ( d )
B(0,1)xB(0,1) lu —v|sP+

L
- 1_s WS (B(0,1))°
m(B(0, 1)); £ 5 (B(0,1))
where we took x = au and y = av in the second equality. From this, by Theorem 2.11,
we get

If = /BllLosy = IIh = hBo,1) | Lo (B0.1)

e LI = ey ym(B)YI | £

— “p,s,d W5 (B(0,1)) — “p,s,d W5 (B)*
The proof is complete. ]

We are now ready to prove Theorem 3.9 (i) = (iii).
Proof of Theorem 3.9 (i) = (iii). Fix ¢ € (d/p,s). By Lemma 3.10, we have
1 _
My (1) < 524 171 S Dig ey

Thus,
)12

LP(RdXR+’;1;flt)

< (W )p[ (/ | f(u) — f(U)|pd“dU>t(e—s)p dxdt
= ped’ Jpasr, \ BB lu — ver+d rd+1

M \p |f(u)— f()|? /oo / (e—s)p—d—1
<@ ) /R W ( i ( S dx)z dt) dudv.

By translation and dilation invariance,

o0
/ (/ ci>c>t(‘9_s)1’_d_1 dt = cega,plu — | 9P,
0 B(u,t)NB(v,t)

— p
o, |7 f) = f@)]

1) \p
=<(c c
Ly(RIxR .y, 4edt) = (€pea)” Cosd.p Rixrd U — v|PTd

Thus,

dudv.

This completes the proof. u



Schatten class properties of weighted commutators 1969

It remains to show the implication (ii) = (i) of Theorem 3.9.
Let ¢ € C®(R%) be compactly supported in B(0, 1). Define

(3.1) F(x,1) =t7%(f % oy¢)(x), xeR? t>0.

Later, in the proof of Theorem 3.9 (ii) = (i), we take ¢ to be radial (see, e.g., p. 90 of [21]).
However, this restriction plays no role in Lemma 3.11.

Lemma 3.11. For every x € R? and for every t > 0, we have
oF —d—
|57 0] = 2a770f = fon s 9l @ay:

Proof. Fix r > t. We have

—d xX—=y
GO e d(

t

x=)
t

Jay = [ (F0)= faer ()

= F(x,1) — [B(x.r) /;gd é(y)dy.

It follows that
aF 0/ _g.(X—Y
—(x,t) = — fBe.ry) =1t dy.
=[O o g (o () v
Thus,
oF i xX—y
—(x,0)] < — Feem|dy - — (¢ )
‘8t (x )‘ _fB(x’r)If(y) IBxnldy yej?u(g,r) at( ¢( ; ))
Clearly,
O —a (XY —d—1 —d—2
— (¢ <d t t .
L [ (18(575)) | = diler a0t )
Thus,
oF —d—1 —d-2
S0 = dllerwe [ 170) = fagpldy (7 40,
Passing r | f, we complete the proof. ]

We are ready to finish the proof of Theorem 3.9.

Proof of Theorem 3.9 (ii) = (i). Let ¢ be radial, and let F be as in (3.1). It follows from
Lemma 3.11 that

<4d|mysllp, xR, —d-1axanllPllcrway

3.2) H oF
’ At 1L, RIxRy tp—Ps—1dxdr) —

where s € (d/p, 1).
Combining Proposition 2.2.11 and Corollary 2.2.12 in [21], we note that ¢ € S(R?)
is radial. Define even functions %, g € S (R) such that

h(lx)) = @m)2(x)), x €RY, g(t) =th(t), t€R.
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Note that
F(x,t) =t (f x0:¢)(x) = fR T f(x —z)dz 4
=4 f $() f(x — yi)dy = [ $ () (e Y) £(x) dy
R4 R4
= 2m) 2 (PUV) )(x) = (h(EA>) f)(x).
Thus,

oF L, 1 _ 1
E(I,X)=(A2h(tA2)f)(X)=t "(g(tA2) f)(x),
which, together with (3.2), implies

1

*© 1 dt 7
(/0 ||g(lA2)f||fp(Rd)W) < 4d|wmysllL,®ixr, ~d-1axdn 19llc1®aey-

The assertion follows now from the homogeneous version of Triebel’s theorem (see The-
orem A.1). [

3.3. Proofs of Theorems 3.1 and 3.2

We provide the proofs of our main results (Theorems 3.1 and 3.2) in this subsection. Recall
that for any f € L* (R?), the dilation function of f is given by

@) = f(3). 1>0.xer’
Now, let us first show several lemmas.

Lemma 3.12. Let h be a Borel measurable function on RY x R4. Foreach I € D, set

a(h,I) = esssup |h(x,t)|, b(h,I)= essinf |h(x,1)|,
xel xel
rel*9, (1) (el 5)

where s(I) denotes the side length of I. Then, for eacht > 0,
i@ (D(h, 1)} 1ep) < MLOO(RdeJ”%)(h) < 0 (@) ({alh, I}ren).

Proof. Assume without loss of generality that 7 > 0. For brevity, denote by v the measure

dxdt
prEaal For each I € D, set

s(I)
A] =1x I:T,S(I))
It is immediate that {A };cp are pairwise disjoint, RY x Ry = Ujep A1, and

d _

2
(3.3) v(4y) = forall I € .
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Hence, for every Borel measurable set B C RY x R4, we have
v(B) =) v(BNA.
IeD
In particular,
v({(x.0) th(x.) = ad) = Y v({(x.1) € Ap th(x.1) = o).
1€D
On the other hand side, by the definition of a(h, 1) and (h, I), for each I € O, we have

v({(x,t) € Ay : h(x,t) > a}) <v({(x,t) € A; s a(h, I) > a}),
v({(x,t) € A7 : h(x,t) > a}) > v({(x,t) € A; : b(h, 1) > a}).

Thus,
Y vAD =v(G h( =) < Y v(AD.
IeD I1eD
b(h,])>a a(h,l)>a

which, together with (3.3), implies

Yo ois=v(@ ik zap <29 YL
I1€D I1€D
b(h,I)>«a a(h,l)>a

According to the definition of the decreasing rearrangement function, the desired assertion
follows immediately. ]

Lemma 3.13. Let f € LIIOC(R”Z), n € 2N + 1, and let the function a be as in Lemma 3.12.
(i) If wy is as in Theorem 3.3, then for each I € D,

1_1_
a(uy, 1) < cqpm)? 4 f = forllL,mi)-
and consequently,
d+2 =71
Il @ sr, gtt) =2 [{m@?= a7 f = farlleianteol, o)
(ii) If my is as in Theorem 3.9, then for each I € D,

1_s_
a(my,l) <csqpm(l)r 4 1||f_fn1||L1(n1)’

and consequently,

1_s_q

d
47 g i gty < 275280 F = forlzian) reo iy o

Proof. We only prove (ii). The proof of (i) follows mutatis mutandis.
Take I e D.Ifx el andt €[s(1)/2,s(])), then B(x,t) C 3] C nl, and hence

| fBGe,) — forllLaBaey < S — farllLiBeyy <N = farleion-
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By the triangle inequality, x € [ and ¢t € [s(1)/2, s(I)), we further have
I/ = fBeollLi@en =21 = frllean-
Therefore, for each x € I and ¢ € [s(I)/2,s([)), we have

4—da- d+1-1 15
wmyp(x, 1) =17 N f = fpeen ey < 27T I mD) T f = forllian-
Since [ is taken arbitrarily, the last inequality means
1_s_
a(my. 1) < csgpm(N? "3 f = fyrllL,qn forall I € D.

This is the first assertion of (ii), and the second inequality of (ii) follows now from
Lemma 3.12 (with & = my there). [ ]

Lemma 3.14. Let f € LY(R?), and let n € 2N + 1.
(i)  If My is as in Theorem 3.3, then

1_1
{7720 f = farlewan)ren 1, oy = panl Py, @ixr,, 2itr)-

(ii) If My is as in Theorem 3.9, then

1_s
” {m(I)P d ”f - .nt ”Loo(nl)}le.f[) Hlp(:D) = Cp,s,d,n”mf”Lp(RdX]RJ”%)-

Proof. We only prove (ii), and (i) can be proved by the same argument.
Take [ e D.If xel andt e[s(1)/2,s(])), then nI C B(x,2Jt), and hence

| for = B 20| Lon) S 1 = fBGe290) ILactnD) < I f — fBx200) | Lo (B(x,271)) -

By the triangle inequality, we have

ILf = far ety < 21 = fBx200 Lo (B(x,200))-
Thus, foreach x € I and t € [s(1)/2, s(])), we have

My (x.21) = QI f = foxinlLa@ean
= Smintd 5L @D~ futlln m(D)P
Let h(x,t) = Mys(x,2Jt). The last inequality implies that
m(I) 74 Nf = far L) < Cpsan b D) forall ] € D.
Therefore,
[ {m(l)%_%”f - nt“Loo(nI)}Iei)Hlp(;D) < ¢p5,a, g IR0, D} 1en i, 0)
< CpdnllhlL, g, 2520

where the second inequality is due to Lemma 3.12. Note that

”h”LP(Rdx]R_,_,%) = CK||wf”Lp(Rde+,fjff :

The desired assertion follows. ]
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Now we are ready to prove Theorems 3.1 and 3.2.

Proof of Theorem 3.1. Note that the implication (iii) = (ii) is obvious. For the implication
(ii) = (i), if (ii) holds, then, by Lemma 3.13, we have my € L,. Hence, by Theorem 3.3,
we deduce that f' € Wp1 (R9), that is, (i) holds. Similarly, the implication (i) = (iii) follows
from Theorem 3.3 and Lemma 3.14. ]

Proof of Theorem 3.2. Note that the implication (iii) = (ii) is obvious. And the implica-
tion (ii) = (i) follows from Theorem 3.9 and Lemma 3.13. The implication (i) = (iii)
follows from Theorem 3.9 and Lemma 3.14. ]

4. Proof of Theorem 1.1 (ii) and Theorem 1.2 (ii)

In this section, we begin to prove our main results, Theorems 1.1 and 1.2. To lighten the
notations, we introduce some symbols (recall that ®(R¢) was given in Definition 2.1).
For each measurable function f:R¢ — C, R f denotes the real part of f.

Notation 4.1. For every / € D and a given measurable function f:R?¢ — C, let c;(f)
be a real number such that m(Fy), m(Gy) > %m(31), where

Fr={xe3l:(Rf)x) =cr(f)}), Gr={xe3l:(R)x) =c(f)}
Notation 4.2. Let f € L'**(R) and let ¢ € D(R¥). For ¢ € (0, 1), denote

Ty = My, (=8)2), Trp =M 1, [Mp, (=D)3]IM _y,.
With the above symbols at hand, we present several useful lemmas.

Lemma4.3. [f fe L' (R9) and I € D, then

IR%f — R )srll,an < caemDaNTrxE,. x6,).
Proof. If x € Fy and y € Gy, then it is obvious that

max{|(Rf)(x) —cr (N IGRY) —er (NI} = (R x) = ().

Also recall that the integral kernel of (—A)? is
X, V) —~ Wiy — —e=d  y y eRY.
y d,e Y y

Now, we write
[ = pes =y dxdy
2[n( [, = oDl )]
= [ O = BN oI ]|

> / (R F)x) = er(f)] - |x — y[~4~¢ dxdy.
F[XG]
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On the other hand, it is clear that
|x — y|7d78 > (ﬁ)fdfsm(ﬂ)*l*% forall x,y € 31.
Thus,

| /F U@ = fONl =y x|

> (VA4 (1)1~ / (RF)(0) — 1 (f)] dxdy

FixGy
> czlm(l)_ﬁ RS —cr(H)llL,rn-

Similarly, we have
[ = oy dxdy| 2 RIS (D
1XGy

Summing these inequalities and taking into account that

IR —Rf)srlle, e <20Rf —cr(Hle,cn.

we conclude that
—d—s 1 _e
[ 0= ol =y dray] = 3 Qm D EIRS — @l
1xXGy

This is exactly the desired assertion. ]
Lemmadd. If feL™[RY), ¢ € ®(R?) and I € D, then
IRf — R )arllLaar < caemDT (T2 @90 yp) o2 @178y )|,
Proof. By Lemma 4.3, we have
IRf = Rf)arllLen < caem)a Ty xr . x6,)|
= ca.em()d|(Typ(e2? 1) 72 16, )|
= cqem()i|(Typ(e2 @™ 1), 2@y ). m
Lemma 4.5. If ¢ € ®(R?), then the two sequences of functions
tm(1)"2e297 90y e, m(1) 7229 y6, e
become NWO when multiplied by a constant cg.

Proof. Letr > 1 be from Lemma 2.3. For each I € D, we clearly have

1 l¢ep_ _1 114
Im(1)"2ez9@=3D yp ||, gay <m(I)"2[lez=%21N)| )

1
= m([)—%(/ er|¢—¢31\)2'
31

<m(I)"2(mBI) - |ré|loma) >

< com(l) 3,
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It follows from Lemma 2.5 that the first sequence is NWO. The other one can be proved
similarly. ]

Lemma 4.6. Let f € L' (RY) and ¢ € ®(RY). If Ty € £p(La(R?)), with 1 < p < 00,
then

im0 f = f1ll6n} rep ) =< €o.pael| Troll 2, wa@ay):

If Trg € ‘fp,OO(L2(Rd)), with 1 < p < oo, then

[{m(D)™ 4N f = farllien e I o) = o0 el Trpll 2, wira@ay-

Proof. We only prove the first assertion as the second one follows mutatis mutandis.
Using Lemma 4.4, we write

£

{19 = & NarlenmD ™7}, ol o)
< Cd,e”{(Tf,qb(m(l)_%e%(¢_¢31)XF1)» m(I)_%e%(¢31_¢)XGI>}I€i)Hlp(i)).

It follows now from Lemma 4.5 and Lemma 2.6 that

_1_= 1
%S = RPr s mID 0ol o) = 5 CopaelTrslywaeey:

Replacing f with i f, we obtain

e 1
o o —1—-£
“ {”“Sf - (‘Sf)?’l ||L1(31) m(l) d }IEI) ”lp(i)) = E C¢,P,d,8||7—‘if,¢”:CP(LZ(]R‘I'))’
where 3 f denotes the imaginary part of /. Observe that T;r4 = iT74. Hence,

ITitoll 2,y = 1Trolle, @4y
and consequently the desired assertion follows now from the triangle inequality. ]

The next fact follows from the simple observation that My,1/2: L, (R4 w(x) dx)
Lz(Rd) is a unitary operator, see, for instance, Lemma 2.7 in [29] and Lemma 2.7 in [19].

Fact 4.7. If w is an A, weight which is almost everywhere non-zero, then the following
hold:

() T € Lool(La(R? w(x)dx))ifandonly if My12TMy-1/2 € Loo(La2(R?)). More-
over,
1T oo (LR, w(x)dxyy = 1Mw2TMy=112|lg (1, ®dY)-

(i) Foreachp >0,T € &, (L2(R?, w(x) dx)) if and only if
My12TMy,-1/2 € étip(Lz(]R{d)).
Moreover,

1T W, Lo®e,wexyaxy = M2 TMw=12] g, 1, @)
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(iii)) Foreach p > 0,T € cfl,,’oo(Lz(]R”l, w(x) dx)) if and only if
My12TMy,-1/2 € éﬁp,oo(Lz(Rd)).

Moreover,

1T g, o(Lo@®d,wx)ax)) = IMw12TMw-12\g, (1,®a))-

Now we are ready to prove part (ii) in Theorems 1.1 and 1.2.

Proof of Theorem 1.1 (ii). Let ¢ € (0, 1) and let p > d/(1 — ¢), which in turn implies
e<1—d/p.Since w € Ay(R?), we can write w = e® with ¢ € ®(R?). For f € Lll"c(]Rd),
assume that Ty = [My, (=A)3] € £, (La(RY, w(x) dx)). Then Try € £p(L2(RY)) by
the last fact. Now item (ii) of Theorem 1.1 follows by combining Lemma 4.6 and Theo-
rem 3.2 (with s = ¢ + d/p). L]

Proof of Theorem 1.2 (ii). Lete € (0,1). Forw € AZ(R ), write w = e? with ¢ € ®(R?).
For fe L\*(RY), assume that Ty = [My.(—A)2] € £ 4_oo(L2(R?, w(x) dx)). Then
Trg € £ 4 Oo(Lz(}Rd)) by the above fact. Now the desned assertion follows by combin-
ing Lemma 4.6 and Theorem 3.1 (with p = d /(1 — &) there). |

5. Proof of Theorem 1.1 (i) and Theorem 1.2 (i)

In this section, we finish the proofs of Theorems 1.1 and 1.2. To this end, we first recall
the Whitney decomposition (for convenience, we provide a proof of it in Appendix B). In

what follows, for each x = (x1,...,x4) € R4, we write
|xX[oo = sup |xgl.
1<k<d

Lemma 5.1. Let
Q:{(x,y):x,yE]Rd,x;éy}.
There exists ¥ C D x D such that:
(1)  the sets {I X J}rxjeg are pairwise disjoint,
(i) Urxjes I xJ =8,
(i) s(I) =s(J) foreveryl x J € F,
(iv) forevery I x J € ¥, we have

|x — y]oo € [25(1),10s(])), x€l,yelJ.

Lemma 5.2. For each ¢ € (0, 1), there exists a rapidly decreasing’ sequence {Ay }ezd
such that

77 = 3 e (), Ixloo € [2,2).

kezd
Here, ey (x) = ¢/K) x k eR4.

3This means: for every n € N, 1 = O([k|™").



Schatten class properties of weighted commutators 1977

Proof. Let ¢ be a smooth function compactly supported in (—=2/5,2/5)%. Let ¥ be a
smooth function compactly supported in (—, 7)? such that ¥ = 1 on (-2, 2)?. The
function

0:x> (1—p)Y(x)|x|"4%, xeR¢,
is smooth and compactly supported in (—, 7)¢. Thus, the Fourier coefficients {Az } kezd
of 0](_y r)¢ decay faster than any power. We clearly have

K79 = 3 dper (), x € (=2.2)%\ (=2/5.2/5)%. -
kezd

Next, with the help of Lemma 5.1, we decompose the commutator 774 (see Nota-
tion 4.2) into good shape. We shall use the following notations. The number 21 below is
not that important, and actually, we only need an odd integer which is large enough.

Notation 5.3. Let f e LY(R%), ¢ € ®(R¥), and let ¥ be as in Lemma 5.1. For each

1 €D, set
n= U
JeD:IXJeF
For each k € Z4 and I € D, denote
A1 = (f—lel)e%qbe k_XI by =e 2¢ XJ
5 TU) ’ 5 —m I

1 _1
cer=ePe i yr. dig=(f— fune Pe__x_yu,.
5s(1) 5s(1)
Denote by Ay and By the integral operators with integral kernels, respectively,

.y) = Y m(D) T T ag (b (). (y) e Y m)T T e (x)dir ()

I1€D I1€D

Lemma 54. Let f € Llloc(Rd) and let ¢ € ®(RY). Let the sequence {Ay}yeza be as in
Lemma 5.2. We have

Trg =cae Y Mc(Ax — Bp).
kezd
Proof. Recall that the integral kernel of the operator (=A)3 is given by the formula

(x.y) = e =y

Hence, the integral kernel of Ty := Mee/2[My, (—A)2]M,-o/2 is given by the formula

) Sx) = f(»)
Krp : (x,y) = ¢y e2¢(x)—|x_ e 260,

We claim that for each (x, y) € Q2 (the set 2 is from Lemma 5.1),

2¢(x) fx)— f()’) 1o

|x— |d+s

=577 3" e Y m() 7T (@, (O)bir () — ket (i1 (0)).

kezd IeD
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The right-hand side formula Wlll be denoted by RHS(x, y). The desired assertion of the
lemma (with ¢4 , = = 5d—e( de ) would follow from the claim.

For each I € D, if x € I and y € Jy, then (provided that J; # @) it follows from
Lemma 5.1 (iv) that

‘5s(1) €12/5.2),

and consequently, by Lemma 5.2, we have

xX—y —d—¢
kEXZ:d Ake"(s (1)) 55(1) '

Note that foreach k € Z¢ and [ € D,

a1 (X)bi,1(y) — ck,1 (X)die,1(y)

= MO0 = 0N 1010, 0) (57 )

If f(x) = f(y), it is clearly that the claim holds true. If f(x) # f(y), then, for each
(x,y) € Q, we have

RHS()C, y) —d— -
=577 Y e > mD T x5
1 _1 1
eHPOf(x) = f()]e 20 vezi <D >s(D)
—d— xX—y|-d-¢ _j_t
=5y om0 ()
v 5s5(1)
= x—y["E > s EmI) T () x, ()
1€D
= x =y x5 )
I1€D
=lx—y[™ > uxs) =lx—y[
IxJe¥F
This proves the claim, and hence the proof of the lemma is complete. ]

Lemma 5.5. Ler f € L11°°(]Rd) and let ¢ € D(R?). For each I € D and k € 74, the func-
tions ag.1, bx,1, ck,1 and di, are supported in 211. Moreover, if r > 1 is as in Lemma 2.3,
then

1 1 1
lag,zllz,, may < mQ1I)2r 29| f — for |Zoo@1D 17 1l g gay:

||bk,1||L2, R4) = m(211)f3—§¢211 ||r¢||q>(Rd)’

Ikt s, oy < QLD 3021 g3

1
ldk,1llL,, @ay = mQ11)% e~2%20|| f — J211 o@D 7 ¢l g gay-
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Proof. Take I € O and k € z4. By definition (see Notation 5.3), ay,; and cg, ; are sup-
ported in /, hence in 21/. By definition, by ; and di ; are supported in J;. By Lem-
ma 5.1 (iv), J; C 211, and thus by ; and dy ; are supported in 21/. By Lemma 2.3, we
have

_1 1h—
e 2% lay 1|, i < 1f — farllLw@inlle2®™20 |1, oin

1
— 2r
=1/ = Pt lliwern - / erlo—tu])
211

1
<\f = farlleeein - (mQ1ID|ré | omay) > -

This delivers the estimate for ay, ;. The estimates for by, ck,; and di, ; are similar. [
Lemma 5.6. Let f € L'(R%) and let ¢ € ®(R?). We have
max{|| A ”:Cl%’oo(Lz(Rd))v || B ||x%m(L2(Rd))}

< e[ im0 f = foarlliwein) ol (D)-

d
m,oo
Similarly, for p > d /(1 — ¢), we have
maX{”Ak”;cp(Lz(Rd)y ||Bk||;cp(L2(Rd))}
= c;;’d,g ” {m(])_ﬁ ”f - f211 ”LOO(ZII)}IEQ Hlp(i))'

Proof. Letr > 1 be as in Lemma 2.3. Using Corollary 2.8 and Lemma 5.5, we write

1
r

”Ak”étilioo = C%’r,d ”{m(l)_ﬁ_ ”ak,I“Lz,(Rd)”bk,I”Lz,(]Rd)}[ei)”] 4 (D
—& & 14500
d % _£
<21r C&,r,d ||r¢||q>(]Rd) H {m(l) d ”f - f211 “LOO(ZII)}IEJD ”ll%,oo(i))'
The other inequalities can be proved similarly. ]

Lemma 5.7. Let f € L'(R¥) and let ¢ € ®(R?). Then

||Tf,¢||$i (L2 (R%)) =< C¢,d,a||f||W1d (R4):
T—e°>® T

I—¢
Similarly, for p > d /(1 — €), we have
et d
1 Troll e, @ay = coaelflliy 7.

Proof. Recall that £ d_  is a Banach space (equivalence constant between the norm and
the quasi-norm is at most 2). We can, therefore, use the triangle inequality and write, using
Lemma 5.4,

<240 ) Ml Akl g oo + 1Bill 2 o)

ITrglle 4
1—¢’
kezd

o0

Using Lemma 5.6, we write

ITrolle o a@ay
1—¢’

<dcacch g, O M [Im(DTNf = Parliwein)t ol
kezd

(D)

d
1>
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By Theorem 3.1,

ITrolle 4 _womaiy =4CaeCpae 2 Mol Sl 4 R
1—-¢>
kezd e

Taking into account that ) ", .4 Ax depends only on d and &, we complete the proof of
the first inequality. Similarly, by using Theorem 3.2, the second inequality can be also
proved. ]

Now we turn back to prove part (i) of Theorems 1.1 and 1.2.

Proof of Theorem 1.1 (i). Write w = e® with ¢ € ®(R?). The assertion follows by com-
bining Lemma 5.7 and Fact 4.7 (ii). ]

Proof of Theorem 1.2 (i). Write w = e? with ¢ € ®(R%). The assertion follows by com-
bining Lemma 5.7 and Fact 4.7 (iii). [

6. From BMO to the separable part of /; o,

The main result of this section is Theorem 6.1, which will be used to prove Theorem 1.3.
In this (and the next) section, for each sequence a € /,, we simply write (a) instead
of uy (a). For each n € Z, we denote

Dy ={l €D:m(I)=2"%.
Theorem 6.1. Let Iy € D and let ¢ € BMO(R?). Then

g —d21rll,21n} 1€D € (I1,00)0(D).
I1Cly

In this section, the cardinality of a finite set A is denoted by card(A). To prove this
theorem, we need several lemmas.

Lemma 6.2. Fix Iy € Dg. Let A C D such that I C Iy forevery I € A. If
card(A N Dy,) = 0(2"?), n — oo,
then {m(I)}1ea € (I1,00)0(D).
Proof. Fix k € N. By the assumption, there exists n(k) € Z 4+ such that
card(A N Dy,) <2004y > n(k).

Without loss of generality, we may assume that n(k) > k. Define a set Ay such that A C
A C D, 1 C Iy forevery I € Ay, and

card(Ax N D) =204 5 > n(k).

Define a set By C & such that I C I for every I € By, such that By N D, = A N Dy,
forn > n(k), and By N D, = @ for n < k. It is immediate that

pwlm(@)}res,) = 2% pm)} rep).
ICly
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Thus,
limsup t0(t. {m(I)}1ep,) < 2754 |{m(I)} reo 1y -
t—>00 ICly

Note that A C A and the sets Ay and By differ only by finitely many elements. Thus,

limsup t6(t, {m(I)}1ea) < limsuptp(t, {m(I)}rea,) < 2% m(}reo Iy -
t—>00 IClIy

k—o0

Letting k& — oo, we infer
limsupzu(t, {m(I)}req) = 0.
t—>00

This is exactly the required assertion. ]
Lemma 6.3. Fix Iy € Dy. Let {aj}rep be a bounded sequence. If

Z lar| = 02", n — oo,

1€D,

ICly
then

{arm(I)}1ep C (l1,00)0(D).

ICly

Proof. Without loss of generality, assume that 0 < ay < 1 forevery I € O and a; = 0 for
every I ¢ Iy. Fix ¢ > 0 and consider the set

A={le€D: I Cly,ar > ¢}
It is immediate that

limsuptu(t,{aym(I)}rep)
I1Cly

—>00

<2limsupru(t, {m(I)}rea) + 2elimsuptiu(r, {m(I)} rep)-
t—>00 t—>00 I1Cly

By the definition of A, we have
card(A N Dy) = Z 1 <e! Z ar <¢! Z ar = o0(2"), n — oco.
IeAND, I€EAND, 1D,

ICly

Hence, the set A satisfies the assumptions in Lemma 6.2. Applying Lemma 6.2, we con-
clude that

limsupru(t.{arm(I)}jep) < 2elimsupru(t, {m(I)}1ep)-
t—>00 I1ClIy t—>00 ICly

Since ¢ > 0 is arbitrary, it follows that
limsuptu(t, {aym(I)}jep) = 0.
t—>00 I1ClIy

This is exactly the required assertion. ]
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Lemma 6.4. Fix Iy € Dy. For every ¢ € Llloc(Rd), we have

> 16— ¢airllz, i = o). n— oo

1€D,
IClIy

Proof. Without loss of generality, we take Iy = [0, 1]¢.
Fix £ > 0 and choose ¥ € Lip([—2, 2]¢) such that ||¢ — VL, (=2,21¢) < & Obviously,

¢ — 211l 1) <210 — Ve, 1) + 1Y — V2urlle, 1 -

Hence,
Yol —¢arllein <2 Y 16— Vlein+ Y, 1V =Yl ein-
1€D, 1€D, 1€D,
IClIy I1Cly I1Cly
Note that
Yol =Vl <2146 = Vllz, 200 < 217
I1€D,
ICly
Thus,
doll¢—darlein £2-21%+ Y v —YaurllLein-
1€D, I1€D,
I1Cly ICIy
We have
1
¥ —¥2urle, i) < —= Y (y) —¥(z)|dyd:z.
O =011 oo
Clearly,
W) =¥ @] < VllLp -1y = 2zloo <21-27" ¥ |lLip, ¥,z €211.
Thus,
¥ —¥orllz,eiry < 219 | Y |up - 27"@HD,
Consequently,

g —barrliein <2-21% + 219 [y - 27"

1€D,
ICly

Passing to the limit 7 — 0o, we obtain

limsup Y [l — po1sllL,21r) < 2-21%.
n—>00 I1€D,
IClIy

Since ¢ > 0 is arbitrarily small, the assertion follows. [
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Now we are ready to prove Theorem 6.1.

Proof of Theorem 6.1. We may assume without loss of generality that Iy € Dy. Set
1

a=0

l¢ —d21rllL, iy, 1 €D, I Cl.

Since ¢ € BMO(R?), it follows that the sequence {a;};cp is bounded. By Lemma 6.4,
the sequence {ay}ecp satisfies the conditions in Lemma 6.3. Then the desired assertion
follows from Lemma 6.3. The proof is complete. ]

7. Proof of Theorem 1.3

In this section, we calculate the asymptotics of the singular values. To this end, we first
prove the following theorem. Recall that the Ty and T¥,4 denote the commutator operator,
see Notation 4.2 for details.

Theorem 7.1. If fe C®(R?) and ¢ € D(R?), then
Trg =Ty € (£ o Jo(L2(RY).

We first show a decomposition of Ty — T.
Notation 7.2. Let fe CX> (R?) and let ¢ € ®(R?). Denote

(g 1
ellc,l =(f—f211)(€2(¢ ¢2”)—1)e%(1))(17 ellc/,l — 2@ ¢211)ei%(1))“7

Lep—
gl/c,l = (f—fzu)e%(l))(l, gl/c/,l = (62(¢ $211) _ De « 1,

5s(1)

1 _ 1 _
fig=ex® wE—%XJ[’ = (f = fan)(ez@1=9 — 1)6_%(1))(11»

1 —
=29 e oy Wl =(f = fane_ & i
, S ; ERIp)

The symbol J; used above is from Notation 5.3.
Denote by C;, D;, C{ and Dj/ the integral operators with integral kernels

@) Y om0, @) e Y mD)T g (Oh (),

I1€eD I1€eD
) Ym0 ) Y mI)T T a gl (k) ().
I€eD I€eD

Lemma 7.3. If f€C>®(R?) and ¢ € D(RY), then

Try— Ty = Z A (Cl + D; —C! — D}).
kezd

Here, the sequence {Ay }ycza is given by Lemma 5.2.

Proof. The assertion follows from Lemma 5.4. ]
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We next study more properties related to C;, Dy, C;' and D;/. We begin with the
following lemma.

Lemma 7.4. Let J € D and let ¢ € BMO(R?). For every p > 1, r > 0, we have
11
{m(I)?" || — dour ||Lr+1(211)}§e,3) € (Ip,00)o(D).
c
Proof. It is immediate that

¢ —d21rllL, s 210
1 _2r
< 16— b1 1750 1y 9 — 211 1011
r 1 _ 1 _2r
= mQU) T ¢ — darr |l 51y - MR ™ 72| — P11 15,12 211) 7
__dr 11 S or
< 210H0C+D (1) 71~ 27 1 || ¢ — oy ||z’1Ja”) . (62r+2”¢”BMO(Rd))2r+1 .

Here, the very last inequality follows from the John-Nirenberg theorem (see, e.g., Corol-
lary 7.1.8 in [20]).
Hence, for each I € D, we have

1_ 1
m(1)?" 1 |¢ — d211llL, .1 11)
1__1 ot
< cprm(l)r 2+l ¢ — ¢2””L1(211)
1.1 1_ _1
= g [m(I)7]" "2 (1) 7§ — dorrllz, 1] 7T
= cgrlm(D)] 47

1

_1 -1 .
(D)7 = darllL, i) 7P l¢ = darrlln,@in] T

1= 1 3.1 (=3 1
< cg (D)7 ¢l nomay” 16 — b211llL,1n] 17

=

1 s 1
= cppr (1) "7 | — 111751 1) 7 -

Note that
{m)}rep € l1,00(D).
IcJ

By Theorem 6.1, we know that
{l¢ — da1s ||L1(211)}§e£lj) € (l1,00)0(D).
c

The assertion follows immediately from the last argument (and the Holder inequality). =

Lemma 7.5. Let f€ CC"O(Rd) and let ¢ € BMO(R?). For every r > 0 and for every
p > d, we have

1_1_ 1
{m@D)?~ 471 f = ot Lwinld — ¢211 L, 1210 } o € Upioso)o(D).

Proof. Fix unit cubes Jq, ..., Jx € D such that f is supported in Ule Jr.
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If f— f2171 #00n21/,thenalso f % 0on21/. This means 21/ N Ji # & for some
1 <k < K.Hence, thereexist 1 <k < K and! € {—10,..., 10}d such that (1 +Is(1)) N
Jr # @. This either means [ + [s(1) C Ji (ifs(/) < 1D)orJpy CI +Is({) (fs({) > 1).
If s(1) < 1, then there exist* [ € {—10, ..., lO}d and 1 <k < Ksuchthat I C J; + I.
Ifs(I) > 1,then Jx C I + Is(I) for some [ € {—10,...,10}¢ and for some | <k < K.
Set
A= eD: ICh+1}, Bi={UecD:Jycl+Is()), 1<k<K, ez
In particular, for each I € D, we have

1_1_ 1
m(I)r— a7+ f — fHurlleecinlle — é21rllL, 40210

1_1_ 1
< Y m7 T f = farlieeinll = 211llL, @i xag, (1)

1<k<K
le{—10,...,10}¢

1_1_ 1
+ > mD)7 I f = fourllw@inlle — a1rllL, @i X8, ().

1<k<K
le{-10,...,10}¢4

If J €I +1s(]),then
If = farr L1y S 1 flLwe@iny + 1 f21r] < 201 f il 4
and, according to the John—Nirenberg theorem (see, e.g., Corollary 7.1.8 in [20]),
1
m(1)" 1 |¢ — da1rllL, . @10 = cr+1lPllsmo®ay-
If I C Ji + 1, then
1
If = farrllLewein = 21m(D) @ || f || Lipmwa)-
Hence, for each I € D, we have
1_1_ .1
m(I)r~ a7 f — Hurlleeeinlle — 211l i

1_ 1
<2 fllupway D, mD? ¢ —darrllL, @i xar, ()

1<k<K
le{-10,...,10}¢
1_1
+ 2¢r41 1S | oo ey 19 [ BMORY) Z m(1)? 4 yp, , (I).
1<k<K
le{-10,...,10}¢

It follows from Lemma 7.4 that every summand

11
{m(D)?7 ¢ — darllz, i1 X4k, (D} e € Up,oo)o(D).

On the other hand, every summand {m(I)%_%XBkJ (D)} reon € (Ip,00)o(D) according to
the formula

1_ 1 d_
Lo @) (m(D)? ™4 yp, (Direp) = 12" Vymso. 1<k <K, leZ

The desired assertion follows by combining the above arguments.

4This [ can be different from / in the preceding sentence.
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Lemma 7.6. Let f < Ccc’o(Rd) and let ¢ € D(R?). Let r > 1 be as in Lemma 2.3 and let
neN. Then
maX{”ellc,I ”Lr+1(Rd)||fk/,I ||Lr+l(Rd)’ ”el/c/,l ||Lr+1(Rd) ”fk/tl ||Lr+1(Rd)’
[E s Y L L P Con L A e o L d e oY
__r—1 2 1
<cllf — forrllLwein - (€7 20+0" - m(1) 71 + " ||p — o117 ||, 1 210y - m(1)7HT),
where
g
Cp = 21r+1 ”r¢”¢.(Rd)'

Proof. Note that the following elementary estimate holds:

|e% -1 < ¢~ 3AD" gl +e"t], reR.

Hence,
__r=1_ I |h—
lep s 1A S 1S = farrl(em 20 et =2l 4o |g — gy ),
1yp__
|fk/51|, |€1Z,1| < e21¢—0211l
and

__r=1_ T |
sl g L <1 f = fourle Vgl g | < em 200" e T 0monil ol — gy ).

Also recall that the support of the related functions are in 217 as proved in Lemma 5.5. The
assertion follows now from the triangle inequality and the definition of the || - [ pga). ™

Lemma 7.7. Let f € Cf(Rd) and let ¢ € ®(R?). Let r > 1 be as in Lemma 2.3. For
every p > d, we have

[N,

1_1_ 2
{m(D)»~ 77 et Iz, @1 1L @) rep € (Upoc)o(D).

U

1_1_ 2
{mD)>~ 47 ey fllr, @)l 1 @) ep € Up.oo)o(D),

U

1_1_ 2
{m(I)P r ”g;c,l ||L,+1(]Rd)||h;¢,1“L,H(]Rd)}lei) € (Ip,co)o(D),

U

1_1__2
{m(I)P T ”g;c/,l ||Lr+1(Rd)||hZ,I ”Lr+1(Rd)}Iei) € (Ip,00)o (D).

Proof. We only consider the first assertion. The argument for others follows mutatis
mutandis.
By Lemma 7.6, we have

1. 1 1_1_2 ., ,
¢ lltrgsoliptw(t, {m)?~ 27 e @I, ®e ) ren)

. 1 __r=1_ 1_1
<limsupz7pu(t,e” 200" {m(1)? "4 || f = farzllLweiD)}ep
t—>00

1_1_ 1
+ " {m() 2" 47| f = forrlie@inlle — b1l i} ep)

Sl 1 1_1
<2e 20" limsup 17 (e, im(D)? "2 || f = forr|Lw@iD }jep)
t—>00

) 1 1_1_ 1
+2¢" limsup 7 p(t, {m(1)»~ 37| f — forrllLeeinlld — 211, eiD ) ep)-

t—>00
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By Lemma 7.5, the second limit on the right-hand side is 0. Therefore,

<2e 2("“)” ” {m(])E_E I f — farr ||Loo(211)}1€50 ||1P (D)

Th. 3.1
< e 2(r+1) CPad”f”Wpl(Rd)'

Since n € N is arbitrarily large, the assertion follows. ]
Lemma 7.8. Let f € CX(R¥) and let p € D(R?). We have
Cii- D G D} € (£ 4 Jo(L2(RY)).

Proof. The assertion follows from Notation 7.2, Corollary 2.9 (applied with p =d /(1 —¢))
and Lemma 7.7. ]

Lemma 7.9. Let f € CC"O(Rd) and let ¢ € ®(R?). For every k € Z2, we have
”Ak“j‘jlioo(Lz(Rd)) <cga MmN S = farrllLw@in}ren . (0
) 15500

where A € {C’,D',C", D"}.

Proof. The argument follows that in Lemma 5.6 mutatis mutandis. ]
Combining the last several lemmas, we can show Theorem 7.1.

Proof of Theorem 7.1. The assertion follows by combining Lemmas 7.3, 7.8 and 7.9. =
Now, let us turn to prove Theorem 1.3.

Proof of Theorem 1.3. For w € A>(R?), write w = e? for some ¢ € ®(R?). Suppose first
fecCx (R9). Let the commutators Ty and Ty 4 be as in Notation 4.2. It follows from
Theorem 1.1 in [18] (see also (1.3)) that

e
lim ¢ @ (e, Ty) = Cd,e||f||W1L(Rd)'

1—¢
By Theorem 7.1, we have
Tﬂ,ﬁ — Tf € (ef%,oo)o.

Using a standard lemma due to Birman and Solomyak (see, e.g., Lemma 3.1 in [17]), we
conclude that there exists a limit

.1
tILIgOI d /"L(Iv Tf,¢) = Cd"g”f”WiL(Rd)'

Let f € W 4 (R?). By Theorem 11.43 in [31], there exists a sequence { fn}n>0 C
C>®(R%) such 'that fo— f in Wd (R%). By Theorem 1.2 (and Fact 4.7), we have
Tf,.9 = Trg in £ 4. By the precedmg paragraph, for every n > 0, there exists a
limit

. 1—¢
d = -
i 17 101 ) = cacll i, oy
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Using another standard lemma due to Birman and Solomyak (see, for instance, Lemma 3.2
in [17]), we conclude that there exists a limit

. 1=
Jim 7 (1, Trg) = Cd,s”f”Wll%(Rd)'

The assertion now follows from Fact 4.7. [

A. Homogeneous version of Triebel’s theorem

The following theorem (for inhomogeneous spaces) can be found in p. 132 of [43]. The
proof for homogeneous spaces is known to experts, but seems not to be available in the
literature. We provide a proof for convenience of the reader. The idea of the argument
below is taken from Theorem 2.34 in [3].

Theorem A.1. Let g € S(R) be even function such that g # 0. For every s € (0, 1),
Sobolev-Slobodeckii semi-norm f + || f ||pr (®Rd) I8 controlled by the semi-norm

*© 1 P dt %
£ (] 1s@AD 7 oy rr)
The following three lemmas are standard.
Lemma A.2. If feL, (R%) is such that f is supported in B(0, 1), then

- c(p.d)
I+ 287 fllp, @ay < W”f”LP(Rd)'

LemmaA3. If feL, (R?) is such that fis supported in B(0, 1), then

1
IAZ £, @ay < c(p.d) Il fllL, ey

Lemma A4. Let y € CC""(]Rd). If fe LP(Rd), then

(5)s

The next lemma follows from Lemma A.3 and Lemma A.2 by dilation.

L@ =c. p. I f L, ®e)-

LemmaA.S. If feL, (R?) is such that fis supported in the annulus {27 < |x| <2/+1},

then (p.d)
2 Ay—1 cip.
I+ 28 S, ey = 15557 1 e

and : '
1A2 fllp, ®ey < (P d) 2 f I, ®a)-
Lemma A.6. Let g € S(R) be an even function. If
[ g(hydr _
o (1+12)?
for every A > 0, then g = 0.
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Proof. Passing A — oo, we obtain g(0) = 0. Since g € § (R) is an even function, it follows
that g(t) = O(t?),t € (0, 1).

We have
/°° A2g(t) dt
o (AZ+12)2
Multiplying by cos(As) and integrating by A from 0 to oo, we obtain

/Ooocos(ls)</ooo ();{(L—t)tj)tz> dr =0, s>0.

=0, A>0.

Since g(t) = O(t?),t € (0, 1), it follows from Fubini’s theorem that
o0 A2 cos(As) d A
t ——————)dt =0, 0.
[, <o), GErms) '
It is immediate that

/°° A% cos(As) dA j=ru 1 /°° u®cos(ust)du  m
0 0

= U COSUSDAU _ T (1 _gt)e>".
(02 + 12)2 ‘ wErnz g ose

Thus,
o0 t o0
/ @e‘”dt—k/ ¢)d(e ™) =0, s>0.
0 0

Integrating by parts and taking into account that g(0) = 0, we obtain

/oo(@ - g’(t))e_” dt =0, s>0.
0

t

Define the odd Schwartz function & by setting 2(z) = g(¢)/t — g’(¢), t € R. The Laplace
transform of / is zero. Since the Laplace transform is injective on odd Schwartz functions,
it follows that & = 0. Solving the differential equation g(¢)/t = g’(¢), t € R, we obtain
g(t) = ct, t €R. Since g is a Schwartz function, the assertion follows. ]

Let ¢ € C°(R) be supported on (1/2,2) and such that
t
Zx/x(i) —1, 1>0.
JEZ

It is a standard fact (see, e.g., Definition 2.15 and Theorem 2.36 in [3]) that the Sobolev—
Slobodeckii space Wy (R?) admits an equivalent semi-norm

P (S 3 )

27
Proof of Theorem A.1. By Lemma A.6, there exists A > 0 such that

/°° (o28)(2) dt
o (1+12)?

£0
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It does not really matter if we prove the assertion for g or for o) g. Thus, we may assume

without loss of generality that
/°° g)ydr
o (I1+122

~ _g(tA?) [T s@) -
|, armapi=at [ ghaa-att
w(%)#/om(lf%wg(z by () s ar

By the triangle inequality, we have

”1//(%) Ly(R4) — / H (1+t2A)2 gl 7)1/f )fHL (]Rd)

Next,

[oap reabn(5)s
Lem. A5

< g 1 )

We have

Nf=

Thus,

L,(R?)

Lem. A5 , 2
S C(p’ d) C(p’ d) (1 + 12 22])2 Hg( Z)w( >f Lp(Rd)
Lem. A4 /1

= c(p.d)c(p.d) ey, p.d) IIg(lN)fllL,,(Rd)-

(1+412.2%/)2
Thus,

Az
[v(5) /)., e
. o0 1 1
) 1
<2c(p,d)c(p.d)c(y. p.d)-2/ '/0 m|'g(tA2)f||Lp(Rd)dt'

By Holder’s inequality,

1

HW fH <2c(p.d)c(p,d)ec(y, p.d)-27- (/oo(l +42 ,fj)‘ﬁdt)

Lp(R9)
(/(; m”g(A )f||L (R4) )

= 2c(p.aye(pdyeupd)( [+ )

1

r

1

i *° 1 Vi
([ e Ah 1L g dr)

/ L o 1
=c(1p,p,d)2ﬂ(/0 m”g(fA )f”L (Rd) )

1
p
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Now,

p

. Az
i = 227 [v(57)
170 e = )/ Ly(R9)

o0
<c(y, p.d)P Zz]’(SP+1) /

1
= o (I4+12.22/)p

2J(sp+1)

<cwpar [ (% T 1D T e d

We have

2J(sp+1) —spm1.
Z(1+z2 22y = <)
Thus,
p > 1 P dt
1 gy = €00 2o )ep)- | 8UADFI] oy s .

B. Whitney decomposition

We here provide a detailed proof for Lemma 5.1.

Proof of Lemma 5.1. For each k € Z, set

Q= {(t,s) 11,5 €R?, 2K+2 < |1 — 5], < 2F+3),

and
Fre={IxJ:1,JeD, s(I)=s(J)=25 (I xJ)NQ # o).
Set
=J #.
keZ
‘We first show that
(B.1) Q= J 1xJ.
IxXJeF'

If I x J € F; for some given k € Z, then s(1) = s(J) = 2* and there exist xo € I and
yo € J such that |xg — yo|oo € [2¥72,253) . If x € I and y € J, then |x — Xg|oo < 2% and
|y — Yoloo < 2%. By the triangle inequality,

25(1) =2-2%F < |x — y|oo < 10-2% = 10s(1).
In particular, / x J C Q.If (x, y) € 2, then one can uniquely choose k € Z such that

2k+2 < 2k+3'

|x — Yoo <
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Now one can uniquely choose / € D such that x € I and s(I) = 2¥, and J € D such that
yeJ and s(J) = 2k. Since (x,y) €I x J and (x, y) € Q, it follows that [ x J € F.
This gives us (B.1).

Let  be the set of maximal elements in ¥'. We shall show that ¥ satisfies the desired
assertions. It is clear that (iii) and (iv) are satisfied. On the other hand, the elements in
are pairwise disjoint. Indeed, if Q1, O, € ¥ are such that Q1 N O, # &, then either
Q1 C Qs o0r QO C Qy. Since both Q1 and Q, are maximal elements of %', it follows
that Q1 = Q5. We claim that every Q € ¥ is contained in some R € ¥ . Assuming that
this claim has been proved, by (B.1), we have

e=|Jo= o

Qe¥F’ Qe¥F

Now we turn to prove the claim. If Q € ¥’ is maximal, then set R = Q, otherwise
choose R € ¥/ such that Q < R. For the latter case, we have s(R) = 2s(Q). Indeed, let
Q=11 xJiand R = I, x J,. Wehave I; C I, and J; C J,. Thus,

2s(12) < inf |x — yloo < inf |Xx — y|oo < 8s(11),
x€l, x€ly

yeJs yedy

which implies s(I2) < 4s(/;). Since s(/1) and s(I) are powers of 2, it follows that
either s(12) = s(I1) or s(I2) = 2s(I1). However, by the fact Q € R, we only have
s(R) = s(I2) = 2s5(I1) = 25(Q). It remains to show that R € ¥ . To this end, we check
that R is maximal. Actually, if there exists S € ¥’ such that R € S, then, by the pre-
ceding argument, s(S) = 2s(R), which further implies and s(S) = 4s(Q). However, this
contradicts the fact @ € S (which implies 5(S) = 2s(Q)). Hence, R is maximal.

The proof is complete. ]
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