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Schatten class properties of weighted commutators

Yong Jiao, Hongli Tian, Dmitriy Zanin and Dejian Zhou

Abstract. In this paper, we establish the Schatten class properties of the commutator
ŒMf ; .��/

"
2 � of a power 0 < " < 1 of the Laplacian with the multiplication operator

on weighted spaces. For instance, we show that this commutator belongs to the weak
Schatten class L d

1�" ;1 associated with the weighted Hilbert spaceL2.Rd ;w.x/dx/
if and only if f is from the homogeneous Sobolev space PW 1

d
1�"
.Rd /. Our results

generalize the recent result due to Frank, Sukochev and Zanin.

1. Introduction

For each 1 � j � d , denote by Rj the j -th Riesz transform on Rd , d 2 N. For a locally
integrable function f , the commutator ŒMf ; Rj � is defined by

ŒMf ; Rj � DMfRj �RjMf :

Here, Mf is the operator of multiplication by f , that is, Mf g D fg. In the remark-
able paper [9], Coifman, Rochberg, and Weiss proved that the commutator ŒMf ; Rj � is
bounded on Lp.Rd /, 1 < p <1, if and only if f 2BMO.Rd /, the class of functions of
bounded mean oscillations. Moreover, the commutator is compact on L2.Rd / if and only
if f 2VMO.Rd /. These theorems were extended into a weighted setting in [4, 22, 28].

In the present paper, we mainly concern the Schatten properties of commutators.
In [26], Janson and Wolff established that, for d � 2 and d < p < 1, the commuta-
tor ŒMf ; Rj � belongs to the Schatten class Lp.L2.Rd // if and only if f belongs to a
homogeneous fractional Sobolev space PW d=p

d .Rd /; for 0 < p � d , they showed that
ŒMf ; Rj � 2 Lp.L2.Rd // if and only if f is constant. We refer the reader to [25, 42]
for alternative proofs. At the critical index p D d , there exists a cut-off phenomenon:
Connes, Sullivan, and Teleman [10] established that the commutator ŒMf ; Rj � belongs to
the weak Schatten class Ld;1.L2.R

d // if and only if f is in the homogeneous first-order
Sobolev space PW 1

d
.Rd / (see [17, 35] for alternative proofs). While for the case d D 1

and 0 < p <1, the commutator of the Hilbert transform ŒMf ; H � 2 Lp.L2.R// if and
only if f is in a Besov space, see, e.g., [40] and Theorem 5.7 in [41]. Recently, the above
mentioned results were also extended into a weighted setting, see, e.g., [19, 29, 30].
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We continue this line of research to study the Schatten properties of the commutator

ŒMf ; .��/
"
2 �; " 2 .0; 1/;

defined on L2.Rd /. Let us formulate precisely the previous results on such commutators.
The boundedness was first studied by Murray [38] for dimension d D 1, and by Janson
and Peetre [25] for general dimension d � 1. Its weighted extension is referred to [7].
Moreover, in [25], the authors showed that, for each "2 .0; 1/ and d=.1 � "/ < p <1,

(1.1) ŒMf ; .��/
"
2 � 2 Lp.L2.R

d // ” f 2 PW "C d
p

p .Rd /

and
ŒMf ; .��/

"
2 � 2 L d

1�"
.L2.R

d // ” f is constant:

Only very recently, the “cut-off phenomenon” of the commutator ŒMf ; .��/
"
2 � was dis-

covered by Frank, Sukochev and Zanin [18] via the powerful technique of double operator
integrals. Precisely, it was proved in Theorem 1.1 of [18] that for each d � 1 and "2 .0; 1/,
one has

(1.2) ŒMf ; .��/
"
2 � 2 L d

1�" ;1
.L2.R

d // ” f 2 PW 1
d
1�"

.Rd /;

as well as

(1.3) lim
t!1

t
1�"
d �L1.L2.Rd //.t; ŒMf ; .��/

"
2 �/ D cd;"kf k PW 1

d
1�"

.Rd /:

Here, t 7! �L1.L2.Rd //.t; x/ denotes the singular value function of x 2 L1.L2.Rd //.
Note that the Schatten classes mentioned above are defined based on the Hilbert space

L2.Rd / associated with the usual Lebesgue measure. In this paper, our aim is to study the
sufficient and necessary condition on f such that the commutator ŒMf ; .��/

"
2 � belongs

to the (weak) Schatten classes Lp.L2.Rd; w.x/ dx// or L d
1�" ;1

.L2.Rd; w.x/ dx// with
respect to the weighted Lebesgue space L2.Rd ; w.x/ dx/. Our main results concern
weighted generalizations of (1.1), (1.2) and (1.3). The notationA2.Rd / denotes the Muck-
enhoupt A2 weight class defined on Rd .

Theorem 1.1. Let d � 1, w 2A2.Rd /, f 2Lloc
1 .R

d /, "2 .0; 1/ and p > d
1�"

.

(i) If f 2 PW "C d
p

p .Rd /, then ŒMf ; .��/
"
2 �2Lp.L2.Rd ; w.x/ dx// and

kŒMf ; .��/
"
2 �kLp.L2.Rd ;w.x/ dx// � cw;p;d;"kf k PW

"C dp
p .Rd /:

(ii) If ŒMf ; .��/
"
2 �2Lp.L2.Rd ; w.x/ dx//, then f 2 PW "C d

p
p .Rd / and

kf k PW
"C dp
p .Rd / � cw;p;d;"kŒMf ; .��/

"
2 �kLp.L2.Rd ;w.x/ dx//:

Theorem 1.2. Let d � 1, w 2A2.Rd /, f 2Lloc
1 .R

d /, and "2 .0; 1/.

(i) If f 2 PW 1
d
1�"
.Rd /, then ŒMf ; .��/

"
2 � 2 L d

1�" ;1
.L2.Rd ; w.x/ dx// and

kŒMf ; .��/
"
2 �kL d

1�" ;1
.L2.Rd ;w.x/ dx// � cw;d;"kf k PW 1

d
1�"

.Rd /:
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(ii) If ŒMf ; .��/
"
2 �2L d

1�" ;1
.L2.Rd ; w.x/ dx//, then f 2 PW 1

d
1�"
.Rd / and

kf k PW 1
d
1�"

.Rd / � cw;d;"kŒMf ; .��/
"
2 �kL d

1�" ;1
.L2.Rd ;w.x/ dx//:

Theorem 1.3. Let d � 1,w2A2.Rd / and "2 .0;1/. For every f 2 PW 1
d
1�"
.Rd /, there exists

the limit

lim
t!1

t
1�"
d �L1.L2.Rd ;w.x/ dx//.t; ŒMf ; .��/

"
2 �/ D cd;"kf k PW 1

d
1�"

.Rd /:

Note that Theorem 1.2 and Theorem 1.3 imply the “constant phenomenon”. That is,
for " 2 .0; 1/ and 0 < p � d

1�"
, the commutator ŒMf ; .��/

"
2 � 2 Lp.L2.Rd ; w.x/ dx//

yields that f is constant. Indeed, in this case, the commutator ŒMf ; .��/
"
2 � belongs to the

separable part of the ideal L d
1�" ;1

.L2.Rd ; w.x/ dx//. This means f 2 PW 1
d
1�"
.Rd / (by

Theorem 1.2 (ii)) and that the limit in Theorem 1.3 is zero. By Theorem 1.3, the Sobolev
semi-norm of f is 0, which further yields the constancy of f .

Let us now discuss the proofs of these theorems. The approach used in [18] based on
the double operator integrals does not seem applicable in the weighted setting. Our proofs
of Theorems 1.1 and 1.2 are essentially motivated by [10, 16, 42]. Generally speaking,
Rochberg and Semmes [42] described Schatten Lp;q.L2.Rd // properties of a commutator
ŒMf ; T � (where T is a singular integral operator) in terms of the membership of f in
suitable oscillatory spaces Oscp;q . The identification Oscd;1 D PW 1

d
is due to Connes,

Sullivan and Teleman [10]. Recently, Frank [16] provided a new elementary proof of the
latter identification.

We adapt the approach of Rochberg and Semmes to the weighted setting and charac-
terize those f satisfying ŒMf ; .��/

"
2 � 2 L d

1�" ;1
.L2.Rd ; w.x/ dx// in terms of certain

oscillation spaces. However, those oscillation spaces differ from the ones which appear
in [16]. Hence, another result identifying the Sobolev and oscillation spaces is required,
see Theorem 3.1 below.

Similarly, we characterize those f satisfying ŒMf ; .��/
"
2 �2Lp;1.L2.Rd;w.x/dx//,

p > d
1�"

, in terms of an oscillation space. After that, we identify those oscillation spaces
with fractional Sobolev spaces, see Theorem 3.2.

We expect that (both statements and proofs of) Theorems 3.1 and 3.2 allow further
generalization and applications. For example, Frank’s characterization [16] was recently
extended into metric space and Muckenhoupt weight setting, see [24, 44].

As for the proof of Theorem 1.3, we apply the approximation argument, which is based
on an observation that for each weight w 2 A2.Rd /, we have log.w/ 2 BMO.Rd /. This
allows us to show Theorem 6.1, which is the key result to prove Theorem 1.3. Indeed, it is
the crucial ingredient in the proof of the approximation presented in Theorem 7.1. Theo-
rem 1.3 immediately follows from Theorem 7.1 combined with the asymptotic result (1.3)
of Frank, Sukochev and Zanin.

The following commentary serves as a supplement to the discussion above.

Remark 1.4. (i) The study of commutators in harmonic analysis goes back at least to
Nehari [39] and Calderón [5]. It has deep connections and applications to non-commu-
tative analysis, complex analysis, operator theory, martingale theory and PDEs, see [6, 8,
27,40]. The recent advance of Schatten properties of commutators defined on Heisenberg
group, stratified Lie group or metric spaces can be found in [13, 14, 34] and so on.
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(ii) The “cut-off phenomenon” also appears in other many other problems, see, for
instance, [2, 11, 15].

(iii) Note that (1.1) and (1.2) also hold for " 2 .�d=2; 0/, see [18, 25]. Our theorems
are not in this range because, in the proofs of Theorems 3.1 and 3.2, we used Theorem
2.11, which limits us.

(iv) Even though for singular integral operators T , the boundedness of commutators
ŒMf ;T � is well studied in two-weight setting [4,22,28], it seems that, until now, the bound-
edness for ŒMf ; .��/

"
2 � is only investigated in the one weighted case, see, for instance,

Theorem 1.4 in [7].

The organization of the paper is as follows. Basic symbols and notations used through-
out the paper are collected in Section 2. In Section 3, we describe Sobolev spaces PW 1

p .R
d /

and PW s
p .R

d / in terms of oscillations of a function on cubes. These results are useful to
prove our main results. We provide the proofs of Theorem 1.1 and Theorem 1.2 in Sec-
tions 4 and 5. Finally, in the last two sections, we prove our third main result Theorem 1.3.

2. Preliminaries

In this section, we collect basic notations and results used throughout the paper.

2.1. Standard conventions

Throughout this paper, Z, ZC and N denote the integer set, nonnegative integer set and
positive integer set, respectively. We denote by c some absolute positive constant, which
can vary from line to line, and we denote by cK the constant depending only on K. The
symbol A . B stands for the inequality A 6 cB or A 6 cKB . If we write A � B , then it
stands for A . B . A.

Denote a measure space by .X; �/. Define the non-increasing rearrangement function
of a measurable function f as follows:

�L1.X;�/.t; f / WD inf¹� > 0 W �.x 2 X W jf .x/j > �/ � tº; t > 0:

We usually write �.t; f / whenever there is no confusion. For each p > 0, define

kf kLp;1 D sup
t>0

t
1
p�L1.X;�/.t; f /:

The set of all measurable function f with kf kLp;1 <1 is called a Lorentz space, which
is denoted by Lp;1.X; �/.

Throughout, we work on Euclidean space Rd for some fixed d 2 N equipped with
Lebesgue measure m. Let D be the collection of cubes of the shape

2r .Œ0; 1/d C n/; n2Zd ; r 2Z:

For every cube I 2D , we denote by m.I/ its Lebesgue measure, and by s.I / its side
length. It is immediate that m.I/ D s.I /d . For any x 2Rd and t > 0, set

B.x; t/ WD ¹y 2Rd W jy � xj < tº:
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Denote byLloc
1 .R

d / the set of all locally integrable functions on Rd . For each f 2Lloc
1 .R

d /

and each cube I � Rd or ball B � Rd , write

fI D
1

m.I /

Z
I

f .x/ dx; fB D
1

m.B/

Z
B

f .x/ dx:

Given f 2Lloc
1 .R

d /, let

.�tf /.x/ WD f
�x
t

�
; t > 0; x 2Rd ;

be the dilation function of f .
The space of all functions whose k-th derivative exists and is continuous on Rd is

denoted by C k.Rd /, k 2N, and the space of all infinitely differentiable functions on Rd

by C1.Rd /. Similarly, we define C k.B/ and C1.B/ on every ball B , respectively. The
space of smooth functions with compact support on Rd is denoted byC1c .R

d /. Moreover,
for each measurable function f defined on measure space .X; �/, we define

.Lp;1/0.X; �/ WD
®
f 2 Lp;1 W lim

u!1
u
1
p�L1.X;�/.u; f / D 0

¯
; 0 < p <1:

2.2. A2 weights

The notion of usual Ap weights defined on Rd is well known, see, e.g., Definition 9.1.3
in [20]. To simplify the discussion, we here use an equivalent definition of A2 weights
which is taken from Exercise 9.2.3 (a) in [20].

Recall that
k�kBMO.Rd / D sup

I

1

jI j

Z
I

j� � �I j;

where the supremum is taken over all cubes in Rd .

Definition 2.1. Denote by ˆ.Rd / the space consisting of all � 2Lloc
1 .R

d / such that

k�kˆ.Rd / D sup
I

1

m.I /

Z
I

ej�.x/��I j dx <1;

where the supremum is taken over all cubes I � Rd .

Clearly, if � 2 ˆ.Rd /, then also � 2BMO.Rd /. Conversely, by the John–Nirenberg
inequality, for every � 2BMO.Rd /, there is a 0 ¤ c 2 R such that c� 2ˆ.Rd /.

Now, we give the definition of A2 weight as follows.

Definition 2.2 (Exercise 9.2.3 (a) in [20]). For � 2Lloc
1 .R

d /, we say e� is an A2 weight
if and only if � 2ˆ.Rd /. Denote by A2.Rd / the collection of A2 weights on Rd , that is,

A2.R
d / D ¹e� W � 2ˆ.Rd /º:

Recall that for each w 2A2.Rd / there exists r > 1 such that wr 2A2.Rd /, see, for
instance, Theorem 9.2.5 in [20]. Hence, the following lemma holds.

Lemma 2.3. If � 2ˆ.Rd /, then there exists a constant r > 1 such that r� 2ˆ.Rd /.
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2.3. Schatten classes

For a separable Hilbert space H , denote by L1.H/ the space of all bounded linear oper-
ators on H . Let K.H/ denote the ideal of compact operators on H . Given T 2K.H/,
define the singular value function �. � ; T / by setting

�.t; T / D inf¹kT �Rk1 W rank.R/ � tº; t � 0:

For 0 < p <1, the Schatten class Lp.H/ is the set of operators T 2K.H/ such that
.�.n; T //n2ZC 2 lp . If 1 � p <1, define the Lp.H/ norm by

kT kLp.H/ WD k.�.n; T //n2ZCklp D

� 1X
nD0

�.n; T /p
� 1
p
:

Analogously, for 0 < p <1, the weak Schatten class Lp;1.H/ is the set of operators
T 2K.H/ such that .�.n; T //n2ZC 2 lp;1. We equip Lp;1.H/ with the quasi-norm

kT kLp;1.H/ D sup
n�0

.nC 1/
1
p�.n; T /:

2.4. Nearly weakly orthonormal sequences

The following definition is a slightly modified formula of (1.4) in p. 239 of [42].

Definition 2.4. Consider a sequence of functions ¹eI ºI2D � L2.Rd /. We say that the
sequence ¹eI ºI2D is nearly weakly orthonormal (NWO) if, for every f 2L2.Rd /, we
have the estimate kgk2 � kf k2, where the function g is defined by the formula

g.t/ D sup
I3t

m.I/�
1
2 jhf; eI ij; t 2Rd ;

where the supremum is taken over all cubes I 2D .

For I 2D , denote by JI , J 2 2N C 1, the dilation of the cube I with respect to its
center. In order to facilitate our calculation, we need the following results.

Lemma 2.5 ([42], p. 287). Let r > 1 and � 2 2N C 1. If ¹eI ºI2D is such that:
(i) eI is supported in �I for every I 2D ,

(ii) keIkL2r .Rd / � m.I/
1
2r �

1
2 for every I 2D ,

then there exists a constant c�;r;d such that the sequence c�;r;d ¹eI ºI2D is NWO.

Lemma 2.6. If ¹eI º and ¹fI º are two NWO sequences, then

k¹hTeI ; fI iºI2Dklp.D/ � cpkT kLp.L2.Rd //; 1 < p <1;

and
k¹hTeI ; fI iºI2Dklp;1.D/ � cpkT kLp;1.L2.Rd //; 1 < p <1:

Proof. The first inequality is stated in p. 242 of [42], and the second one follows from the
first inequality by real interpolation.
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The following lemma is taken from Corollary 2.8 in [42].

Lemma 2.7. If ¹eI ºI2D and ¹fI ºI2D are NWO sequences and if

K.x; y/ D
X
I2D

�I eI .x/fI .y/; x; y 2 Rd ;

then, for the operator T with integral kernel K, we have the estimates

kT kLp.L2.Rd // � cp;dk¹�I ºI2Dklp.D/; 0 < p <1;

and
kT kLp;1.L2.Rd // � cp;dk¹�I ºI2Dklp;1.D/; 0 < p <1:

The following result is a consequence of Lemma 2.5 and Lemma 2.7.

Corollary 2.8. Let r > 1 and � 2 2N C 1. Let ¹eI ºI2D ; ¹fI ºI2D � L2r .Rd /. Suppose
that eI and fI are supported in �I for every I 2D . If

K.x; y/ D
X
I2D

�I eI .x/fI .y/; x; y 2Rd ;

then, for the operator T with integral kernel K and 0 < p <1, we have the estimates

kT kLp.L2.Rd // � cp;r;�;d


®�Im.I/1� 1r keIkL2r .Rd /kfIkL2r .Rd /

¯
I2D




lp.D/

and

kT kLp;1.L2.Rd // � cp;r;�;d


®�Im.I/1� 1r keIkL2r .Rd /kfIkL2r .Rd /

¯
I2D




lp;1.D/

:

Proof. For each x and y, write

K.x; y/ D
X
I2D

�Im.I/
1� 1r keIkL2r .Rd /kfIkL2r .Rd /

m.I/
1
2r �

1
2 eI .x/

keIkL2r .Rd /

m.I/
1
2r �

1
2 fI .y/

kfIkL2r .Rd /

�

By Lemma 2.5, °m.I/ 12r � 12 eI .x/
keIkL2r .Rd /

±
I2D

and
°m.I/ 12r � 12 fI .y/
kfIkL2r .Rd /

±
I2D

are both NWO sequences associated with a constant. Thus, the desired assertion follows
from Lemma 2.7.

Corollary 2.9. Let r > 1 and � 2 2N C 1. Let ¹eI ºI2D ; ¹fI ºI2D � LrC1.Rd /. Suppose
that eI and fI are supported in �I for every I 2D . Set

K.x; y/ D
X
I2D

�I eI .x/fI .y/; x; y 2Rd :

If ®
�Im.I/

1� 2
rC1 keIkLrC1.Rd /kfIkLrC1.Rd /

¯
I2D
2 .lp;1/0.D/;

then the operator T with integral kernel K belongs to .Lp;1/0.L2.Rd //.
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Proof. Let ¹Gj ºj�0 be an increasing sequence of subsets in D such that card.Gj / D j
for j � 0 and

S
j�0Gj D D (here card. �/ denotes the cardinality of a set). Let

Kj .x; y/ D
X
I2Gj

�I eI .x/fI .y/; x; y 2Rd ;

and let Tj be the operator with the integral kernel Kj . Clearly, rank.Tj / � j and the
integral kernel of T � Tj is given by the formula

.x; y/ 7!
X

I2DnGj

�I eI .x/fI .y/; x; y 2Rd :

Applying Corollary 2.8 with .r C 1/=2 instead of r , we obtain

kT � Tj kLp;1.L2.Rd //

� cp; rC12 ;�;d



®�Im.I/1� 2
rC1 keIkLrC1.Rd /kfIkLrC1.Rd /

¯
I2DnGj




lp;1.D/

:

By assumption, the right-hand side tends to 0 as j !1. Hence, so does the left-hand
side. Since rank.Tj / � j for every j � 0, the assertion follows.

2.5. Sobolev spaces

The basic notions and results of Sobolev spaces are available in, e.g., [1, 12, 31].
In this paper, r is the gradient of Rd , that is,

.rf /.x1; x2; : : : ; xd / WD
� @f
i@x1

, @f
i@x2

, . . . , @f

i@xd

�
:

In addition, given a set I � Rd , we denote by C.I / the vector space of all continuous
bounded functions on I .

Definition 2.10. Let 1 � p <1 and let s 2 .0; 1/.
(i) The homogeneous Sobolev space PW 1

p .R
d / consists of functions f 2Lloc

1 .R
d / with

all partial derivatives in Lp.Rd /. It is equipped with the natural semi-norm

kf k PW 1
p .Rd / D kjrf jkLp.Rd /:

(ii) The inhomogeneous Sobolev space W 1
p .R

d / consists of f 2 Lp.Rd / such that
f 2 PW 1

p .R
d /. It is equipped with the natural norm

kf kW 1
p .Rd / D kf kLp.Rd / C kf k PW 1

p .Rd /:

(iii) The homogeneous Sobolev space PW s
p .R

d / consists of f 2Lloc
1 .R

d / such that

kf k
p

PW s
p .Rd /

def
D

Z
Rd�Rd

jf .x/ � f .y/jp dxdy

jx � yjspCd
<1:
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(iv) The inhomogeneous Sobolev space W s
p .R

d / consists of f 2 Lp.Rd / such that
f 2 PW s

p .R
d /. It is equipped with the natural norm

kf kW s
p .Rd / D kf kLp.Rd / C kf k PW s

p .Rd /:

Similarly, we define homogeneous Sobolev spaces on every ball B .
To prove our main theorems, we need the following result. It is certainly known to

experts, however we were unable to find the particular statement in the literature and have
included the proof for the reader’s convenience.

Theorem 2.11 (Sobolev embedding theorem). Let B be a unit ball in Rd . If f 2 PW s
p .B/,

s 2 .0; 1�, and ps > d , then f 2C.B/ and

kf � fBkL1.B/ � cp;s;dkf k PW s
p .B/

:

Proof. We prove the assertion for s 2 .0; 1/. The proof for s D 1 is similar.
If x; y 2B , then jx � yj � 2. Thus,

kf k
p

PW s
p .B/
D

Z
B�B

jf .x/ � f .y/jpdxdy

jx � yjspCd

� 2�sp�d
Z
B�B

jf .x/ � f .y/jp dxdy

D 2�sp�d
Z
B

� Z
B

jf .x/ � f .y/jp dy
�
dx:

Clearly,
1

m.B/

Z
B

jf .x/ � f .y/jp dy � jf .x/ � fB j
p:

Thus,
kf k

p

PW s
p .B/
� 2�sp�dm.B/kf � fBk

p

Lp.B/
:

Hence,
kf � fBkW s

p .B/ � c
.1/

p;s;d
kf k PW s

p .B/
:

By the Sobolev extension theorem (see, e.g., Theorem 8.4 in [32]), there exists a function g
such that gjB D f � fB and

kgkW s
p .Rd / � c

.2/

p;s;d
kf � fBkW s

p .B/ � c
.1/

p;s;d
c
.2/

p;s;d
kf k PW s

p .B/
:

The assertion follows now from the Morrey’s version of the Sobolev embedding theorem
(see Theorem 7.23 in [32]).

3. Oscillation description of Sobolev spaces

In this section, we establish characterizations of the Sobolev spaces PW 1
p .R

d / and PW s
p .R

d /

in terms of oscillations of a function on cubes. These results will be used to prove our main
results Theorem 1.1 and Theorem 1.2. To prove Theorem 3.1 and Theorem 3.2, in next two
subsections, we first prove their continuous versions, and then in Section 3.3 we provide
the detailed proofs. Our proof in this section is motivated by Frank [16].
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Theorem 3.1. Let p > d , � 2 2N C 1 and f 2Lloc
1 .R

d /. The following conditions are
equivalent:

(i) f 2 PW 1
p .R

d /,

(ii) ¹m.I/
1
p�

1
d
�1
kf � f�IkL1.�I/ºI2D 2 lp;1.D/,

(iii) ¹m.I/
1
p�

1
d kf � f�IkL1.�I/ºI2D 2 lp;1.D/.

Furthermore, there exists positive constant cp;d;� such that

c�1p;d;�


®m.I/ 1p� 1d kf � f�IkL1.�I/¯I2D




lp;1.D/

� kf k PW 1
p .Rd / � cp;d;�



®m.I/ 1p� 1d �1kf � f�IkL1.�I/¯I2D




lp;1.D/

:

Theorem 3.2. Let p > d , s 2 .d=p; 1/, � 2 2N C 1 and f 2Lloc
1 .R

d /. The following
conditions are equivalent:

(i) f 2 PW s
p .R

d /,

(ii) ¹m.I/
1
p�

s
d
�1
kf � f�IkL1.�I/ºI2D 2 lp.D/,

(iii) ¹m.I/
1
p�

s
d kf � f�IkL1.�I/ºI2D 2 lp.D/.

Furthermore, there exists positive constant cp;s;d;� such that

c�1p;s;d;�


®m.I/ 1p� sd kf � f�IkL1.�I/¯I2D




lp.D/

� kf k PW s
p .Rd / � cp;s;d;�



®m.I/ 1p� sd �1kf � f�IkL1.�I/¯I2D




lp.D/

:

This result may be known to the experts, but no direct proof exists in the literature.

3.1. Oscillation description of Sobolev spaces: critical case

In this subsection, we prove a continuous version of Theorem 3.1.

Theorem 3.3. Let p>d . For every f 2Lloc
1 .R

d /, the following conditions are equivalent:
(i) f 2 PW 1

p .R
d /,

(ii) the function

mf W .x; t/ 7! t
d
p�d�1kf � fB.x;t/kL1.B.x;t//; x 2 Rd ; t > 0;

belongs to Lp;1.Rd �RC;
dx dt

tdC1
/,

(iii) the function

Mf W .x; t/ 7! t
d
p�1kf � fB.x;t/kL1.B.x;t//; x 2 Rd ; t > 0;

belongs to Lp;1.Rd �RC;
dx dt

tdC1
/.

Furthermore, there exists positive constant cp;d such that

c�1p;dkMf kLp;1.Rd�RC;
dx dt

tdC1
/
� kf k PW 1

p .Rd / � cp;dkmf kLp;1.Rd�RC;
dx dt

tdC1
/
:
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The implication (iii)) (ii) is obvious. In the sequel of this subsection, we prove the
implications (i)) (iii) and (ii)) (i), respectively.

We begin with the following lemmas.

Lemma 3.4. Let r > d , and let B be a ball in Rd . Then

kf � fBkL1.B/ � cr;d m.B/
1
d
� 1r kf k PW 1

r .B/
:

Proof. Let f 2 PW 1
r .B/. The assertion is translation invariant and, therefore, we may as-

sume B D B.0; a/ for some a > 0. Take h such that f D �ah. It is immediate that

jrf j.x/ D
1

a
jrhj

�x
a

�
; x 2 Rd :

Thus,

kf k PW 1
r .B/
D
1

a

� Z
B.0;a/

jrhjr
�x
a

�
dx
� 1
r

xDay
D a

d
r �1

� Z
B.0;1/

jrhjr .y/ dy
� 1
r
D

m.B/
1
r �

1
d

m.B.0; 1//
1
r �

1
d

khk PW 1
r .B.0;1//

:

From this, using Theorem 2.11, we have

kf � fBkL1.B/ D kh � hB.0;1/kL1.B.0;1//

� c
.2/

r;d
khk PW 1

r .B.0;1//
D c

.3/

r;d
m.B/

1
d
� 1r kf k PW 1

r .B/
:

The proof is complete.

Lemma 3.5. For 0 < q <1, let g 2Lq.Rd /, and set

hq;g W .x; t/ 7! g.x/t
d
q ; x 2Rd ; t > 0:

We have

khq;gkLq;1.Rd�RC;
dx dt

tdC1
/
D d

� 1q kgkLq.Rd /;

lim
u!1

u
1
q�

L1.Rd�RC;
dx dt

tdC1
/
.u; hq;g/ D d

� 1q kgkLq.Rd /:

Proof. Denote for brevity d� D dx dt

tdC1
. We have

�.¹.x; t/ W jhq;g.x; t/j > �º/ D �.¹.x; t/ W t > �
q
d jg.x/j�

q
d º/

D

Z
Rd

� Z 1
�
q
d jg.x/j

�
q
d

dt

tdC1

�
dx

D
��q

d

Z
Rd

jg.x/jq dx D
1

d
��qkgk

q

Lq.Rd /
:

This is, obviously, equivalent to

�
L1.Rd�RC;

dx dt

tdC1
/
.u; hq;g/ D d

� 1q kgkLq.Rd /u
� 1q ; u > 0:

The desired assertions follow.
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We are now in the position to prove the implication (i)) (iii) in Theorem 3.3.

Proof of Theorem 3.3 (i)) (iii). Fix p 2 .d;1/. Let r D .p C d/=2 2 .d; p/ and q D
p=r 2 .1;1/. Set g D jrf jr and

Mg.x/ D sup
t>0

1

m.B.x; t//

Z
B.x;t/

g.y/ dy; x 2 Rd :

By Lemma 3.4, for each x 2Rd and t > 0, we have

Mf .x; t/ � c
.1/

r;d
t
d
p �

� 1

m.B.x; t//

Z
B.x;t/

g.y/ dy
� 1
r

� c
.1/

r;d
t
d
p .Mg/

1
r .x/ D c

.1/

r;d
h
1
r

q;Mg.x; t/;

where the last equality is simply the notation from Lemma 3.5. Thus, it follows from
Lemma 3.5 that

kMf kLp;1.Rd�RC;
dx dt

tdC1
/
� c

.1/

r;d
kh

1
r

q;MgkLp;1.Rd�RC;
dx dt

tdC1
/

D c
.1/

r;d
khq;Mgk

1
r

Lq;1.Rd�RC;
dx dt

tdC1
/

D c
.1/

r;d
.d
� 1q kMgkLq.Rd //

1
r

� c
.2/

r;q;d
ŒkgkLq.Rd /�

1
r D c

.2/

r;q;d
kf k PW 1

p .Rd /;

where the second inequality is due to the Hardy–Littlewood maximal inequality. This
completes the proof.

We now turn to the proof of the implication (ii)) (i) in Theorem 3.3. Let us begin
with the following lemmas.

Lemma 3.6. Let 0 < p < 1, let f 2C1.Rd /, and let g D jrf j. In the notations of
Lemma 3.5, for every ball B � Rd , there exists a constant cd depending only on the
dimension d such that

mf � cdhp;g 2 .Lp;1/0

�
B �RC;

dxdt

tdC1

�
:

Proof. To lighten the notations, we let B D B.0; 1/ and assume kf kC 2.B.0;2// D 1. Let
x 2B.0; 1/, t 2 .0; 1/ and y 2B.x; t/. It is easy to see thatˇ̌

jf .y/ � f .x/j � j.rf /.x/ � .y � x/j
ˇ̌
� c

.1/

d
t2:

Thus,ˇ̌̌ Z
B.x;t/

jf .y/ � f .x/j dy �

Z
B.x;t/

j.rf /.x/ � .y � x/j dy
ˇ̌̌
� c

.1/

d
m.B.0; 1//tdC2:

However, Z
B.x;t/

j.rf /.x/ � .y � x/j dy D cd g.x/t
dC1:
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Hence, ˇ̌̌ Z
B.x;t/

jf .y/ � f .x/j dy � cd g.x/t
dC1

ˇ̌̌
� c

.2/

d
kf kC 2.B.0;2// t

dC2:

Multiplying by td=p�d�1, we obtain

mf .x; t/ � cdhp;g.x; t/ D O.t
d
pC1/; x 2B.0; 1/; t 2 .0; 1/:

In particular,

mf � cdhp;g 2 Lp

�
B.0; 1/ � .0; 1/;

dxdt

tdC1

�
� .Lp;1/0

�
B.0; 1/ � .0; 1/;

dxdt

tdC1

�
:

On the other hand, since the set B � .1;1/ has finite measure, it follows immediately that

mf ; hp;g 2 .Lp;1/0

�
B.0; 1/ � .1;1/;

dxdt

tdC1

�
:

Combining these inclusions, we obtain

mf � cdhp;g 2 .Lp;1/0

�
B.0; 1/ �RC;

dxdt

tdC1

�
:

This completes the proof.

Lemma 3.7. Let 0 < p <1 and f 2C1.Rd /. For every ball B � Rd , we have

lim
u!1

u
1
p�

L1.B�RC;
dx dt

tdC1
/
.u;mf / D cd;pkjrf jkLp.B/:

Proof. The assertion follows by combining Lemma 3.5 and Lemma 3.6.

Lemma 3.8. Fix a positive function � 2 C1c .R
d /. For each n2N, define the mapping

An;� WL
loc
1 .R

d /! Lloc
1 .R

d / by setting

An;� W f 7! n�d
X
k2Zd

�
�k
n

�
Tk=nf;

where Tk=nf .x/ D f .x C k=n/. We have

(i) the operators ¹An;�ºn2N are uniformly bounded on L1.Rd /,

(ii) An;�f ! � � f in Lloc
1 .R

d / as n!1,

(iii) mAn;�f ! m��f pointwise as n!1.

Proof. By the triangle inequality, we have

kAn;�f kL1.Rd / � n
�d

X
k2Zd

�
�k
n

�
� kf kL1.Rd /:

Since
sup
x2Rd

�.x/ejxj
2

<1;
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it follows that

n�d
X
k2Zd

�
�k
n

�
� sup
x2Rd

�.x/ejxj
2

� n�d
X
k2Zd

e
�
jkj2

n2 � sup
x2Rd

�.x/ejxj
2

� .1C
p
�/d :

This yields the first assertion.
To see the second assertion, it suffices to prove that An;�f ! � � f in L1.Œ�m;m�d /

for everym 2N. Without loss of generality,m is so large that � is supported in Œ�m;m�d .
If �.k=n/¤ 0, then k=n 2 Œ�m;m�d . Set fm D f�Œ�2m;2m�d . On the cube Œ�m;m�d , we
have An;�f D An;�fm and � � f D � � fm.

Fix " > 0 and choose  2 C1c .R
d / such that kfm �  kL1.Rd / < ". We have

kAn;�f � � � f kL1.Œ�m;m�d /

D kAn;�fm � � � fmkL1.Œ�m;m�d /

� kAn;�fm � � � fmkL1.Rd /

� kAn;�.fm �  /kL1.Rd / C kAn;� � � �  kL1.Rd / C k� � .fm �  /kL1.Rd /

�
�
k�kL1.Rd / C sup

n2N
kAn;�kL1.Rd /!L1.Rd /

�
"C kAn;� � � �  kL1.Rd /:

Clearly, An;� ! � �  in L1.Rd /. Thus,

lim sup
n!1

kAn;�f � � � f kL1.Œ�m;m�d / �
�
k�kL1.Rd / C sup

n2N
kAn;�kL1.Rd /!L1.Rd /

�
":

Since " > 0 is arbitrarily small, the second assertion follows.
If hn ! h in Lloc

1 .R
d /, then mhn ! mh pointwise. The third assertion follows now

from the second one.

Now we finish the proof of Theorem 3.3.

Proof of Theorem 3.3 (ii)) (i). Since � is compactly supported, it follows that the sum
in the definition of An;� is actually finite. It is now immediate that

0 � mAn;�f � n
�d

X
k2Zd

�
�k
n

�
mTk=nf :

Recall that Lp;1.�/ allows an equivalent norm for p > 1 (see, e.g., p. 15 of [21]).1 Thus,

kmAn;�f kLp;1.Rd�RC;
dx dt

tdC1
/
�

p

p � 1
n�d

X
k2Zd

�
�k
n

�
kmTk=nf kLp;1.Rd�RC;

dx dt

tdC1
/
:

By translation invariance, we have

kmAn;�f kLp;1.Rd�RC;
dx dt

tdC1
/
�

p

p � 1
n�d

X
k2Zd

�
�k
n

�
� kmf kLp;1.Rd�RC;

dx dt

tdC1
/
:

1We have that
kf kLp;1 � kC�.f /kLp;1.0;1/ �

p

p � 1
kf kLp;1 ;

where C�.f /.t/ D 1
t

R t
0 �.s; f / ds.
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Since Lp;1 possesses the Fatou property,2 it follows from Lemma 3.8 that

km��f kLp;1.Rd�RC;
dx dt

tdC1
/
�

p

p � 1
k�kL1.Rd /kmf kLp;1.Rd�RC;

dx dt

tdC1
/
:

Applying Lemma 3.7 to the function � � f , we obtain, for every ball B � Rd ,

cd;pkjr.� � f /jkLp.B/ D lim
u!1

u
1
p�

L1.B�RC;
dx dt

tdC1
/
.u;m��f /

� km��f kLp;1.Rd�RC;
dx dt

tdC1
/

� k�kL1.Rd /kmf kLp;1.Rd�RC;
dx dt

tdC1
/
:

Since the right-hand side does not depend on the choice of the ball B , it follows that

cd;pkjr.� � f /jkLp.Rd / � k�kL1.Rd /kmf kLp;1.Rd�RC;
dx dt

tdC1
/
:

The assertion follows now from Lemma 6.5.4 in [36].

3.2. Continuous oscillation description of Sobolev spaces: subcritical case

The main result of this subsection is a continuous version of Theorem 3.2.

Theorem 3.9. Let p > d , s 2 .d=p; 1/. For every f 2Lloc
1 .R

d /, the following conditions
are equivalent:

(i) f 2 PW s
p .R

d /,

(ii) the function

mf W .x; t/ 7! t
d
p�d�skf � fB.x;t/kL1.B.x;t//; x 2 Rd ; t > 0;

belongs to Lp.Rd �RC;
dx dt

tdC1
/,

(iii) the function

Mf W .x; t/ 7! t
d
p�skf � fB.x;t/kL1.B.x;t//; x 2 Rd ; t > 0;

belongs to Lp.Rd �RC;
dx dt

tdC1
/.

Furthermore, there exists positive constant cp;d such that

c�1p;dkMf kLp.Rd�RC;
dx dt

tdC1
/
� kf k PW s

p .Rd / � cp;dkmf kLp.Rd�RC;
dx dt

tdC1
/
:

The implication (iii) ) (ii) is obvious. In what follows, we prove the implications
(i)) (iii) and (ii)) (i), respectively.

2To our surprise, we were unable to find this fact in the literature. The proof is provided below. Suppose that
kxnkp;1 � 1 for every n 2N and let xn! x pointwise. On a set of finite measure, pointwise convergence yields
convergence in measure, which, in turn, yields a pointwise convergence of decreasing rearrangements. For every
setA of finite measure, we have xn�A! x�A in measure and, therefore,�.xn�A/!�.x�A/ pointwise (except,
possibly at a countable set). On the other hand, �.t; xn�A/ � �.t; xn/ � t�1=p . Thus, �.t; x�A/ � t�1=p for
every t > 0. In other words, kx�Akp;1 � 1 for every set A of finite measure. Hence, kxkp;1 � 1.
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We begin with the following result, which is motivated by Lemma 3.4.

Lemma 3.10. Let d < p <1 and s 2 .d=p; 1/. Let also B be a ball in Rd . Then every
f 2 PW s

p .B/ is bounded on B and

kf � fBkL1.B/ � cp;s;d m.B/
s
d
� 1p kf k PW s

p .B/
:

Proof. The assertion is translation invariant and, therefore, we may assume B D B.0; a/.
Let function h be such that f .x/ D h.x=a/ for each x 2 Rd . Then

kf k PW s
p .B/
D

� Z
B.0;a/�B.0;a/

jh.x
a
/ � h.y

a
/jp dxdy

jx � yjspCd

� 1
p

D a
d
p�s

� Z
B.0;1/�B.0;1/

jh.u/ � h.v/jp dudv

ju � vjspCd

� 1
p

D
m.B/

1
p�

s
d

m.B.0; 1//
1
p�

s
d

khk PW s
p .B.0;1//

;

where we took x D au and y D av in the second equality. From this, by Theorem 2.11,
we get

kf � fBkL1.B/ D kh � hB.0;1/kL1.B.0;1//

� c
.2/

p;s;d
khk PW s

p .B.0;1//
D c

.3/

p;s;d
m.B/

s
d
� 1p kf k PW s

p .B/
:

The proof is complete.

We are now ready to prove Theorem 3.9 (i)) (iii).

Proof of Theorem 3.9 (i)) (iii). Fix " 2 .d=p; s/. By Lemma 3.10, we have

Mf .x; t/ � c
.1/

p;";d
t"�skf k PW "

p .B.x;t//
:

Thus,

kMf k
p

Lp.Rd�RC;
dx dt

tdC1
/

� .c
.1/

p;";d
/p
Z

Rd�RC

� Z
B.x;t/�B.x;t/

jf .u/ � f .v/jp dudv

ju � vj"pCd

�
t ."�s/p

dxdt

tdC1

� .c
.1/

p;";d
/p
Z

Rd�Rd

jf .u/�f .v/jp

ju � vj"pCd

� Z 1
0

� Z
B.u;t/\B.v;t/

dx
�
t ."�s/p�d�1dt

�
dudv:

By translation and dilation invariance,Z 1
0

� Z
B.u;t/\B.v;t/

dx
�
t ."�s/p�d�1dt D c";s;d;p ju � vj

."�s/p:

Thus,

kMf k
p

Lp.Rd�RC;
dx dt

tdC1
/
� .c

.1/

p;";d
/p c";s;d;p

Z
Rd�Rd

jf .u/ � f .v/jp

ju � vjspCd
dudv:

This completes the proof.
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It remains to show the implication (ii)) (i) of Theorem 3.9.
Let � 2 C1.Rd / be compactly supported in B.0; 1/. Define

(3.1) F.x; t/ D t�d .f � �t�/.x/; x 2 Rd ; t > 0:

Later, in the proof of Theorem 3.9 (ii)) (i), we take � to be radial (see, e.g., p. 90 of [21]).
However, this restriction plays no role in Lemma 3.11.

Lemma 3.11. For every x 2 Rd and for every t > 0, we haveˇ̌̌@F
@t
.x; t/

ˇ̌̌
� 2dt�d�1kf � fB.x;t/kL1.B.x;t//k�kC 1.Rd /:

Proof. Fix r > t . We have

t�d
Z
B.x;r/

.f .y/ � fB.x;r//�
�x � y

t

�
dy D t�d

Z
Rd

.f .y/ � fB.x;r//�
�x � y

t

�
dy

D F.x; t/ � fB.x;r/

Z
Rd

�.y/ dy:

It follows that

@F

@t
.x; t/ D

Z
B.x;r/

.f .y/ � fB.x;r//
@

@t

�
t�d�

�x � y
t

��
dy:

Thus, ˇ̌̌@F
@t
.x; t/

ˇ̌̌
�

Z
B.x;r/

jf .y/ � fB.x;r/j dy � sup
y2B.x;r/

@

@t

�
t�d�

�x � y
t

��
:

Clearly,

sup
y2B.x;r/

ˇ̌̌ @
@t

�
t�d�

�x � y
t

��ˇ̌̌
� dk�kC 1.Rd /.t

�d�1
C rt�d�2/:

Thus, ˇ̌̌@F
@t
.x; t/

ˇ̌̌
� dk�kC 1.Rd /

Z
B.x;r/

jf .y/ � fB.x;r/j dy � .t
�d�1

C rt�d�2/:

Passing r # t , we complete the proof.

We are ready to finish the proof of Theorem 3.9.

Proof of Theorem 3.9 (ii)) (i). Let � be radial, and let F be as in (3.1). It follows from
Lemma 3.11 that

(3.2)



@F
@t





Lp.Rd�RC;tp�ps�1dx dt/

� 4dkmf kLp.Rd�RC;t�d�1dx dt/k�kC 1.Rd /;

where s 2 .d=p; 1/.
Combining Proposition 2.2.11 and Corollary 2.2.12 in [21], we note that y� 2 �.Rd /

is radial. Define even functions h; g 2 �.R/ such that

h.jxj/ D .2�/
d
2 y�.jxj/; x 2 Rd ; g.t/ D th0.t/; t 2 R:
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Note that

F.x; t/ D t�d .f � �t�/.x/ D

Z
Rd

�.t�1z/f .x � z/ dz � t�d

zDyt
D

Z
Rd

�.y/f .x � yt/ dy D

Z
Rd

�.y/.e�iy�tr/f .x/ dy

D .2�/
d
2 .y�.tr/f /.x/ D .h.t�

1
2 /f /.x/:

Thus,
@F

@t
.t; x/ D .�

1
2 h0.t�

1
2 /f /.x/ D t�1.g.t�

1
2 /f /.x/;

which, together with (3.2), implies� Z 1
0

kg.t�
1
2 /f k

p

Lp.Rd /

dt

tpsC1

� 1
p
� 4dkmf kLp.Rd�RC;t�d�1dx dt/k�kC 1.Rd /:

The assertion follows now from the homogeneous version of Triebel’s theorem (see The-
orem A.1).

3.3. Proofs of Theorems 3.1 and 3.2

We provide the proofs of our main results (Theorems 3.1 and 3.2) in this subsection. Recall
that for any f 2Lloc

1 .R
d /, the dilation function of f is given by

.�tf /.x/ WD f
�x
t

�
; t > 0; x 2 Rd :

Now, let us first show several lemmas.

Lemma 3.12. Let h be a Borel measurable function on Rd �RC. For each I 2D , set

a.h; I / D ess sup
x2I

t2Œ
s.I /
2 ; s.I //

jh.x; t/j; b.h; I / D ess inf
x2I

t2Œ
s.I /
2 ; s.I //

jh.x; t/j;

where s.I / denotes the side length of I . Then, for each t > 0,

�l1.D/.¹b.h; I /ºI2D/ � �L1.Rd�RC;
dx dt

tdC1
/
.h/ � �2d�l1.D/.¹a.h; I /ºI2D/:

Proof. Assume without loss of generality that h � 0. For brevity, denote by � the measure
dx dt

tdC1
. For each I 2D , set

AI D I �
hs.I /
2
; s.I /

�
:

It is immediate that ¹AI ºI2D are pairwise disjoint, Rd �RC D
S
I2D AI , and

(3.3) �.AI / D
2d � 1

d
for all I 2 D :
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Hence, for every Borel measurable set B � Rd �RC, we have

�.B/ D
X
I2D

�.B \ AI /:

In particular,

�.¹.x; t/ W h.x; t/ � ˛º/ D
X
I2D

�.¹.x; t/ 2 AI W h.x; t/ � ˛º/:

On the other hand side, by the definition of a.h; I / and .h; I /, for each I 2D , we have

�.¹.x; t/ 2 AI W h.x; t/ � ˛º/ � �.¹.x; t/ 2 AI W a.h; I / � ˛º/;

�.¹.x; t/ 2 AI W h.x; t/ � ˛º/ � �.¹.x; t/ 2 AI W b.h; I / � ˛º/:

Thus, X
I2D

b.h;I/�˛

�.AI / � �.¹.x; t/ W h.x; t/ � ˛º/ �
X
I2D

a.h;I/�˛

�.AI /;

which, together with (3.3), impliesX
I2D

b.h;I/�˛

1 � �.¹.x; t/ W h.x; t/ � ˛º/ � 2d
X
I2D

a.h;I/�˛

1:

According to the definition of the decreasing rearrangement function, the desired assertion
follows immediately.

Lemma 3.13. Let f 2Lloc
1 .R

d /, � 2 2N C 1, and let the function a be as in Lemma 3.12.

(i) If mf is as in Theorem 3.3, then for each I 2D ,

a.mf ; I / � cd;p m.I/
1
p�

1
d
�1
kf � f�IkL1.�I/;

and consequently,

kmf kLp;1.Rd�RC;
dx dt

tdC1
/
� 2dC2



®m.I/ 1p� 1d �1kf � f�IkL1.�I/¯I2D




lp;1.D/

:

(ii) If mf is as in Theorem 3.9, then for each I 2D ,

a.mf ; I / � cs;d;p m.I/
1
p�

s
d
�1
kf � f�IkL1.�I/;

and consequently,

kmf kLp.Rd�RC;
dx dt

tdC1
/
� 2dC2



®m.I/ 1p� sd �1kf � f�IkL1.�I/¯I2D




lp.D/

:

Proof. We only prove (ii). The proof of (i) follows mutatis mutandis.
Take I 2D . If x 2 I and t 2 Œs.I /=2; s.I //, then B.x; t/ � 3I � �I , and hence

kfB.x;t/ � f�IkL1.B.x;t// � kf � f�IkL1.B.x;t// � kf � f�IkL1.�I/:
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By the triangle inequality, x 2 I and t 2 Œs.I /=2; s.I //, we further have

kf � fB.x;t/kL1.B.x;t// � 2kf � f�IkL1.�I/:

Therefore, for each x 2 I and t 2 Œs.I /=2; s.I //, we have

mf .x; t/ D t
d
p�d�skf � fB.x;t/kL1.B.x;t// � 2

sCdC1� 1pm.I/
1
p�

s
d
�1
kf � f�IkL1.�I/:

Since I is taken arbitrarily, the last inequality means

a.mf ; I / � cs;d;p m.I/
1
p�

s
d
�1
kf � f�IkL1.�I/ for all I 2 D :

This is the first assertion of (ii), and the second inequality of (ii) follows now from
Lemma 3.12 (with h D mf there).

Lemma 3.14. Let f 2Lloc
1 .R

d /, and let �2 2N C 1.

(i) If Mf is as in Theorem 3.3, then

®m.I/ 1p� 1d kf � f�IkL1.�I/¯I2D




lp;1.D/

� cp;d;�kMf kLp;1.Rd�RC;
dx dt

tdC1
/
:

(ii) If Mf is as in Theorem 3.9, then

®m.I/ 1p� sd kf � f�IkL1.�I/¯I2D




lp.D/

� cp;s;d;�kMf kLp.Rd�RC;
dx dt

tdC1
/
:

Proof. We only prove (ii), and (i) can be proved by the same argument.
Take I 2D . If x 2 I and t 2 Œs.I /=2; s.I //, then �I � B.x; 2J t/, and hence

kf�I � fB.x;2J t/kL1.�I/ � kf � fB.x;2J t/kL1.�I/ � kf � fB.x;2J t/kL1.B.x;2J t//:

By the triangle inequality, we have

kf � f�IkL1.�I/ � 2kf � fB.x;2J t/kL1.B.x;2J t//:

Thus, for each x 2 I and t 2 Œs.I /=2; s.I //, we have

Mf .x; 2J t/ D .2J t/
d
p�skf � fB.x;2J t/kL1.B.x;2J t//

�
1

2
min¹J

d
p�1; .2J /

d
p�sºkf � f�IkL1.�I/m.I/

1
p�

s
d :

Let h.x; t/ DMf .x; 2J t/. The last inequality implies that

m.I/
1
p�

s
d kf � f�IkL1.�I/ � cp;s;d;� b.h; I / for all I 2 D :

Therefore,

®m.I/ 1p� sd kf � f�IkL1.�I/¯I2D




lp.D/

� cp;s;d;J k¹b.h; I /ºI2Dklp.D/

� cp;s;d;�khkLp.Rd�RC;
dx dt

tdC1
/
;

where the second inequality is due to Lemma 3.12. Note that

khk
Lp.Rd�RC;

dx dt

tdC1
/
� cKkMf kLp.Rd�RC;

dx dt

tdC1
/
:

The desired assertion follows.
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Now we are ready to prove Theorems 3.1 and 3.2.

Proof of Theorem 3.1. Note that the implication (iii)) (ii) is obvious. For the implication
(ii)) (i), if (ii) holds, then, by Lemma 3.13, we have mf 2 Lp . Hence, by Theorem 3.3,
we deduce that f 2 PW 1

p .R
d /, that is, (i) holds. Similarly, the implication (i)) (iii) follows

from Theorem 3.3 and Lemma 3.14.

Proof of Theorem 3.2. Note that the implication (iii)) (ii) is obvious. And the implica-
tion (ii) ) (i) follows from Theorem 3.9 and Lemma 3.13. The implication (i) ) (iii)
follows from Theorem 3.9 and Lemma 3.14.

4. Proof of Theorem 1.1 (ii) and Theorem 1.2 (ii)

In this section, we begin to prove our main results, Theorems 1.1 and 1.2. To lighten the
notations, we introduce some symbols (recall that ˆ.Rd / was given in Definition 2.1).
For each measurable function f WRd ! C, Rf denotes the real part of f .

Notation 4.1. For every I 2D and a given measurable function f WRd ! C, let cI .f /
be a real number such that m.FI /;m.GI / � 1

2
m.3I /, where

FI D ¹x 2 3I W .Rf /.x/ � cI .f /º; GI D ¹x 2 3I W .Rf /.x/ � cI .f /º:

Notation 4.2. Let f 2Lloc
1 .R

d / and let � 2ˆ.Rd /. For "2 .0; 1/, denote

Tf D ŒMf ; .��/
"
2 �; Tf;� DM

e
1
2 �
ŒMf ; .��/

"
2 �M

e
� 12 �

:

With the above symbols at hand, we present several useful lemmas.

Lemma 4.3. If f 2Lloc
1 .R

d / and I 2D , then

kRf � .Rf /3IkL1.3I/ � cd;"m.I/
"
d jhTf �FI ; �GI ij:

Proof. If x 2 FI and y 2 GI , then it is obvious that

max¹j.Rf /.x/ � cI .f /j; j.Rf /.y/ � cI .f /jº � .Rf /.x/ � .Rf /.y/:

Also recall that the integral kernel of .��/
"
2 is

.x; y/ 7! c
.1/

d;"
jx � yj�"�d ; x; y 2 Rd :

Now, we write ˇ̌̌ Z
FI�GI

.f .x/ � f .y//jx � yj�d�" dxdy
ˇ̌̌

�

ˇ̌̌
R
� Z

FI�GI

.f .x/ � f .y//jx � yj�d�" dxdy
�ˇ̌̌

D

ˇ̌̌ Z
FI�GI

..Rf /.x/ � .Rf /.y//jx � yj�d�" dxdy
ˇ̌̌

�

Z
FI�GI

j.Rf /.x/ � cI .f /j � jx � yj
�d�" dxdy:
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On the other hand, it is clear that

jx � yj�d�" � .
p
d/�d�"m.3I /�1�

"
d for all x; y 2 3I:

Thus, ˇ̌̌ Z
FI�GI

.f .x/ � f .y//jx � yj�d�" dxdy
ˇ̌̌

� .3
p
d/�d�"m.I/�1�

"
d

Z
FI�GI

j.Rf /.x/ � cI .f /j dxdy

� c
.2/

d;"
m.I/�

"
d kRf � cI .f /kL1.FI /:

Similarly, we haveˇ̌̌ Z
FI�GI

.f .x/ � f .y//jx � yj�d�" dxdy
ˇ̌̌
� c

.2/

d;"
m.I/�

"
d kRf � cI .f /kL1.GI /:

Summing these inequalities and taking into account that

kRf � .Rf /3IkL1.3I/ � 2kRf � cI .f /kL1.3I/;

we conclude thatˇ̌̌ Z
FI�GI

.f .x/ � f .y//jx � yj�d�" dxdy
ˇ̌̌
�
1

2
c
.2/

d;"
m.I/�

"
d kRf � .Rf /3IkL1.3I/:

This is exactly the desired assertion.

Lemma 4.4. If f 2Lloc
1 .R

d /, � 2ˆ.Rd / and I 2D , then

kRf � .Rf /3IkL1.3I/ � cd;"m.I/
"
d jhTf;�.e

1
2 .���3I /�FI /; e

1
2 .�3I��/�GI ij:

Proof. By Lemma 4.3, we have

kRf � .Rf /3IkL1.3I/ � cd;"m.I/
"
d jhTf �FI ; �GI ij

D cd;"m.I/
"
d jhTf;�.e

1
2��FI /; e

� 12��GI ij

D cd;"m.I/
"
d jhTf;�.e

1
2 .���3I /�FI /; e

1
2 .�3I��/�GI ij:

Lemma 4.5. If � 2ˆ.Rd /, then the two sequences of functions

¹m.I/�
1
2 e

1
2 .���3I /�FI ºI2D ; ¹m.I/

� 12 e
1
2 .�3I��/�GI ºI2D

become NWO when multiplied by a constant c� .

Proof. Let r > 1 be from Lemma 2.3. For each I 2D , we clearly have

km.I/�
1
2 e

1
2 .���3I /�FI kL2r .Rd / � m.I/

� 12 ke
1
2 j���3I jkL2r .3I/

D m.I/�
1
2

� Z
3I

erj���3I j
� 1
2r

� m.I/�
1
2 .m.3I / � kr�kˆ.Rd //

1
2r

� c� m.I/
1
2r �

1
2 :
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It follows from Lemma 2.5 that the first sequence is NWO. The other one can be proved
similarly.

Lemma 4.6. Let f 2Lloc
1 .R

d / and � 2ˆ.Rd /. If Tf;� 2Lp.L2.Rd //, with 1 < p <1,
then 

®m.I/�1� "d kf � f3IkL1.3I/¯I2D




lp.D/

� c�;p;d;"kTf;�kLp.L2.Rd //:

If Tf;� 2Lp;1.L2.Rd //, with 1 < p <1, then

®m.I/�1� "d kf � f3IkL1.3I/¯I2D




lp;1.D/

� c�;p;d;"kTf;�kLp;1.L2.Rd //:

Proof. We only prove the first assertion as the second one follows mutatis mutandis.
Using Lemma 4.4, we write

®kRf � .Rf /3IkL1.3I/m.I/�1� "d ¯I2D




lp.D/

� cd;"


®hTf;�.m.I /� 12 e 12 .���3I /�FI /; m.I /� 12 e 12 .�3I��/�GI i¯I2D




lp.D/

:

It follows now from Lemma 4.5 and Lemma 2.6 that

®kRf � .Rf /3IkL1.3I/m.I/�1� "d ¯I2D




lp.D/

�
1

2
c�;p;d;"kTf;�kLp.L2.Rd //:

Replacing f with if , we obtain

®kIf � .If /3IkL1.3I/m.I/�1� "d ¯I2D




lp.D/

�
1

2
c�;p;d;"kTif;�kLp.L2.Rd //;

where If denotes the imaginary part of f . Observe that Tif;� D iTf;� . Hence,

kTif;�kLp.L2.Rd // D kTf;�kLp.L2.Rd //;

and consequently the desired assertion follows now from the triangle inequality.

The next fact follows from the simple observation that Mw1=2 WL2.Rd; w.x/ dx/ 7!
L2.Rd / is a unitary operator, see, for instance, Lemma 2.7 in [29] and Lemma 2.7 in [19].

Fact 4.7. If w is an A2 weight which is almost everywhere non-zero, then the following
hold:

(i) T 2L1.L2.Rd ;w.x/dx// if and only ifMw1=2TMw�1=2 2L1.L2.Rd //. More-
over,

kT kL1.L2.Rd ;w.x/ dx// D kMw1=2TMw�1=2kL1.L2.Rd //:

(ii) For each p > 0, T 2 Lp.L2.Rd ; w.x/ dx// if and only if

Mw1=2TMw�1=2 2 Lp.L2.R
d //:

Moreover,

kT kLp.L2.Rd ;w.x/ dx// D kMw1=2TMw�1=2kLp.L2.Rd //:
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(iii) For each p > 0, T 2 Lp;1.L2.Rd ; w.x/ dx// if and only if

Mw1=2TMw�1=2 2 Lp;1.L2.R
d //:

Moreover,

kT kLp;1.L2.Rd ;w.x/ dx// D kMw1=2TMw�1=2kLp;1.L2.Rd //:

Now we are ready to prove part (ii) in Theorems 1.1 and 1.2.

Proof of Theorem 1.1 (ii). Let " 2 .0; 1/ and let p > d=.1 � "/, which in turn implies
"< 1� d=p. Sincew 2A2.Rd /, we can writewD e� with � 2ˆ.Rd /. For f 2Lloc

1 .R
d /,

assume that Tf D ŒMf ; .��/
"
2 � 2 Lp.L2.Rd ; w.x/ dx//. Then Tf;� 2 Lp.L2.Rd // by

the last fact. Now item (ii) of Theorem 1.1 follows by combining Lemma 4.6 and Theo-
rem 3.2 (with s D "C d=p).

Proof of Theorem 1.2 (ii). Let " 2 .0;1/. Forw 2A2.Rd /, writewD e� with � 2ˆ.Rd /.
For f 2Lloc

1 .R
d /, assume that Tf D ŒMf ; .��/

"
2 � 2 L d

1�" ;1
.L2.Rd ; w.x/ dx//. Then

Tf;� 2L d
1�" ;1

.L2.Rd // by the above fact. Now the desired assertion follows by combin-
ing Lemma 4.6 and Theorem 3.1 (with p D d=.1 � "/ there).

5. Proof of Theorem 1.1 (i) and Theorem 1.2 (i)

In this section, we finish the proofs of Theorems 1.1 and 1.2. To this end, we first recall
the Whitney decomposition (for convenience, we provide a proof of it in Appendix B). In
what follows, for each x D .x1; : : : ; xd / 2 Rd , we write

jxj1 D sup
1�k�d

jxkj:

Lemma 5.1. Let
� D ¹.x; y/ W x; y 2 Rd ; x ¤ yº:

There exists F � D �D such that:
(i) the sets ¹I � J ºI�J2F are pairwise disjoint,

(ii)
S
I�J2F I � J D �,

(iii) s.I / D s.J / for every I � J 2F ,

(iv) for every I � J 2F , we have

jx � yj1 2 Œ2s.I /; 10s.I //; x 2 I; y 2J:

Lemma 5.2. For each " 2 .0; 1/, there exists a rapidly decreasing3 sequence ¹�kºk2Zd

such that
jxj�d�" D

X
k2Zd

�k ek.x/; jxj1 2 Œ
2
5
; 2/:

Here, ek.x/ D eihx;ki, x; k 2Rd .

3This means: for every n2N, �k D O.jkj�n/.
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Proof. Let � be a smooth function compactly supported in .�2=5; 2=5/d . Let  be a
smooth function compactly supported in .��; �/d such that  D 1 on .�2; 2/d . The
function

� W x 7! .1 � �.x// .x/jxj�d�"; x 2Rd ;

is smooth and compactly supported in .��; �/d . Thus, the Fourier coefficients ¹�kºk2Zd

of � j.��;�/d decay faster than any power. We clearly have

jxj�d�" D
X
k2Zd

�kek.x/; x 2 .�2; 2/d n .�2=5; 2=5/d :

Next, with the help of Lemma 5.1, we decompose the commutator Tf;� (see Nota-
tion 4.2) into good shape. We shall use the following notations. The number 21 below is
not that important, and actually, we only need an odd integer which is large enough.

Notation 5.3. Let f 2Lloc
1 .R

d /, � 2ˆ.Rd /, and let F be as in Lemma 5.1. For each
I 2D , set

JI D
[

J2DWI�J2F

J:

For each k 2Zd and I 2D , denote

ak;I D .f � f21I /e
1
2� e k

5s.I/
�I ; bk;I D e

� 12� e
� k
5s.I/

�JI ;

ck;I D e
1
2� e k

5s.I/
�I ; dk;I D .f � f21I /e

� 12� e
� k
5s.I/

�JI :

Denote by Ak and Bk the integral operators with integral kernels, respectively,

.x; y/ 7!
X
I2D

m.I/�1�
"
d ak;I .x/bk;I .y/; .x; y/ 7!

X
I2D

m.I/�1�
"
d ck;I .x/dk;I .y/:

Lemma 5.4. Let f 2Lloc
1 .R

d / and let � 2 ˆ.Rd /. Let the sequence ¹�kºk2Zd be as in
Lemma 5.2. We have

Tf;� D cd;"
X
k2Zd

�k.Ak � Bk/:

Proof. Recall that the integral kernel of the operator .��/
"
2 is given by the formula

.x; y/ 7! c
.1/

d;"
jx � yj�d�":

Hence, the integral kernel of Tf;� WDMe�=2 ŒMf ; .��/
"
2 �Me��=2 is given by the formula

Kf;� W .x; y/ 7! c
.1/

d;"
e
1
2�.x/

f .x/ � f .y/

jx � yjdC"
e�

1
2�.y/:

We claim that for each .x; y/ 2 � (the set � is from Lemma 5.1),

e
1
2�.x/

f .x/ � f .y/

jx � yjdC"
e�

1
2�.y/

D 5�d�"
X
k2Zd

�k
X
I2D

m.I/�1�
"
d .ak;I .x/bk;I .y/ � ck;I .x/dk;I .y//:
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The right-hand side formula will be denoted by RHS.x; y/. The desired assertion of the
lemma (with cd;" D 5�d�" c

.1/

d;"
) would follow from the claim.

For each I 2D , if x 2 I and y 2 JI , then (provided that JI ¤ ¿) it follows from
Lemma 5.1 (iv) that ˇ̌̌x � y

5s.I /

ˇ̌̌
1
2 Œ2=5; 2/;

and consequently, by Lemma 5.2, we haveX
k2Zd

�kek

�x � y
5s.I /

�
D

ˇ̌̌x � y
5s.I /

ˇ̌̌�d�"
:

Note that for each k 2Zd and I 2D ,

ak;I .x/bk;I .y/ � ck;I .x/dk;I .y/

D e
1
2�.x/Œf .x/ � f .y/� e�

1
2�.y/ � �I .x/�JI .y/ � ek

�x � y
5s.I /

�
:

If f .x/ D f .y/, it is clearly that the claim holds true. If f .x/ ¤ f .y/, then, for each
.x; y/ 2 �, we have

RHS.x; y/

e
1
2�.x/Œf .x/�f .y/�e�

1
2�.y/

D 5�d�"
X
k2Zd

�k
X
I2D

m.I/�1�
"
d �I .x/�JI .y/ �ek

� x�y
5s.I /

�
D 5�d�"

X
I2D

ˇ̌̌x � y
5s.I /

ˇ̌̌�d�"
�m.I/�1�

"
d �I .x/�JI .y/

D jx � yj�d�"
X
I2D

s.I /dC"m.I/�1�
"
d �I .x/�JI .y/

D jx � yj�d�"
X
I2D

�I .x/�JI .y/

D jx � yj�d�"
X

I�J2F

�I .x/�J .y/ D jx � yj
�d�":

This proves the claim, and hence the proof of the lemma is complete.

Lemma 5.5. Let f 2Lloc
1 .R

d / and let � 2ˆ.Rd /. For each I 2D and k 2Zd , the func-
tions ak;I , bk;I , ck;I and dk;I are supported in 21I . Moreover, if r > 1 is as in Lemma 2.3,
then

kak;IkL2r .Rd / � m.21I /
1
2r e

1
2�21I kf � f21IkL1.21I/kr�k

1
2r

ˆ.Rd /
;

kbk;IkL2r .Rd / � m.21I /
1
2r e�

1
2�21I kr�k

1
2r

ˆ.Rd /
;

kck;IkL2r .Rd / � m.21I /
1
2r e

1
2�21I kr�k

1
2r

ˆ.Rd /
;

kdk;IkL2r .Rd / � m.21I /
1
2r e�

1
2�21I kf � f21IkL1.21I/kr�k

1
2r

ˆ.Rd /
:
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Proof. Take I 2D and k 2Zd . By definition (see Notation 5.3), ak;I and ck;I are sup-
ported in I , hence in 21I . By definition, bk;I and dk;I are supported in JI . By Lem-
ma 5.1 (iv), JI � 21I , and thus bk;I and dk;I are supported in 21I . By Lemma 2.3, we
have

e�
1
2�21I kak;IkL2r .21I/ � kf � f21IkL1.21I/ke

1
2 .���21I /kL2r .21I/

D kf � f21IkL1.21I/ �
� Z

21I

erj���21I j
� 1
2r

� kf � f21IkL1.21I/ � .m.21I /kr�kˆ.Rd //
1
2r :

This delivers the estimate for ak;I . The estimates for bk;I , ck;I and dk;I are similar.

Lemma 5.6. Let f 2Lloc
1 .R

d / and let � 2ˆ.Rd /. We have

max¹kAkkL d
1�" ;1

.L2.Rd //; kBkkL d
1�" ;1

.L2.Rd //º

� c�;d;"


®m.I/� "d kf � f21IkL1.21I/¯I2D




l d
1�" ;1

.D/
:

Similarly, for p > d=.1 � "/, we have

max¹kAkkLp.L2.Rd //; kBkkLp.L2.Rd //º

� c0�;d;"


®m.I/� "d kf � f21IkL1.21I/¯I2D




lp.D/

:

Proof. Let r > 1 be as in Lemma 2.3. Using Corollary 2.8 and Lemma 5.5, we write

kAkkL d
1�" ;1

� c d
1�" ;r;d



®m.I/� "d � 1r kak;IkL2r .Rd /kbk;IkL2r .Rd /

¯
I2D




l d
1�" ;1

.D/

� 21
d
r c d

1�" ;r;d
kr�k

1
r

ˆ.Rd /



®m.I/� "d kf � f21IkL1.21I/¯I2D




l d
1�" ;1

.D/
:

The other inequalities can be proved similarly.

Lemma 5.7. Let f 2Lloc
1 .R

d / and let � 2 ˆ.Rd /. Then

kTf;�kL d
1�" ;1

.L2.Rd // � c�;d;"kf k PW 1
d
1�"

.Rd /:

Similarly, for p > d=.1 � "/, we have

kTf;�kLp.L2.Rd // � c�;d;"kf k PW
"C dp
p

:

Proof. Recall that L d
1�" ;1

is a Banach space (equivalence constant between the norm and
the quasi-norm is at most 2). We can, therefore, use the triangle inequality and write, using
Lemma 5.4,

kTf;�kL d
1�" ;1

� 2cd;"
X
k2Zd

�k.kAkk d
1�" ;1

C kBkk d
1�" ;1

/:

Using Lemma 5.6, we write

kTf;�kL d
1�" ;1

.L2.Rd //

� 4cd;" c
0
�;d;"

X
k2Zd

�k �


®m.I/� "d kf � f21IkL1.21I/¯I2D




l d
1�" ;1

.D/
:
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By Theorem 3.1,

kTf;�kL d
1�" ;1

.L2.Rd // � 4c
0
d;" c

0
�;d;"

X
k2Zd

�k � c
00
d;"kf k PW 1

d
1�"

.Rd /:

Taking into account that
P
k2Zd �k depends only on d and ", we complete the proof of

the first inequality. Similarly, by using Theorem 3.2, the second inequality can be also
proved.

Now we turn back to prove part (i) of Theorems 1.1 and 1.2.

Proof of Theorem 1.1 (i). Write w D e� with � 2ˆ.Rd /. The assertion follows by com-
bining Lemma 5.7 and Fact 4.7 (ii).

Proof of Theorem 1.2 (i). Write w D e� with � 2ˆ.Rd /. The assertion follows by com-
bining Lemma 5.7 and Fact 4.7 (iii).

6. From BMO to the separable part of l1;1

The main result of this section is Theorem 6.1, which will be used to prove Theorem 1.3.
In this (and the next) section, for each sequence a 2 l1, we simply write �.a/ instead
of �l1.a/. For each n 2 Z, we denote

Dn D ¹I 2 D W m.I/ D 2�nd º:

Theorem 6.1. Let I0 2 D and let � 2 BMO.Rd /. Then

¹k� � �21IkL1.21I/ºI2D
I�I0

2 .l1;1/0.D/:

In this section, the cardinality of a finite set A is denoted by card.A/. To prove this
theorem, we need several lemmas.

Lemma 6.2. Fix I0 2D0. Let A � D such that I � I0 for every I 2A. If

card.A \Dn/ D o.2
nd /; n!1;

then ¹m.I/ºI2A 2 .l1;1/0.D/.

Proof. Fix k 2N. By the assumption, there exists n.k/2ZC such that

card.A \Dn/ � 2
.n�k/d ; n � n.k/:

Without loss of generality, we may assume that n.k/ � k. Define a set Ak such that A �
Ak � D , I � I0 for every I 2Ak , and

card.Ak \Dn/ D 2
.n�k/d ; n � n.k/:

Define a set Bk � D such that I � I0 for every I 2Bk , such that Bk \Dn D Ak \Dn

for n � n.k/, and Bk \Dn D ¿ for n < k. It is immediate that

�.¹m.I/ºI2Bk / D 2
�kd�.¹m.I/ºI2D

I�I0

/:



Schatten class properties of weighted commutators 1981

Thus,
lim sup
t!1

t�.t; ¹m.I/ºI2Bk / � 2
�kd
k¹m.I/ºI2D

I�I0

kl1;1 :

Note that A � Ak and the sets Ak and Bk differ only by finitely many elements. Thus,

lim sup
t!1

t�.t; ¹m.I/ºI2A/ � lim sup
k!1

t�.t; ¹m.I/ºI2Ak / � 2
�kd
k¹m.I/ºI2D

I�I0

kl1;1 :

Letting k !1, we infer

lim sup
t!1

t�.t; ¹m.I/ºI2A/ D 0:

This is exactly the required assertion.

Lemma 6.3. Fix I0 2 D0. Let ¹aI ºI2D be a bounded sequence. IfX
I2Dn

I�I0

jaI j D o.2
nd /; n!1;

then
¹aIm.I/ºI2D

I�I0

� .l1;1/0.D/:

Proof. Without loss of generality, assume that 0 � aI � 1 for every I 2D and aI D 0 for
every I 6� I0. Fix " > 0 and consider the set

A D ¹I 2 D W I � I0; aI > "º:

It is immediate that

lim sup
t!1

t�.t; ¹aIm.I/ºI2D
I�I0

/

� 2 lim sup
t!1

t�.t; ¹m.I/ºI2A/C 2" lim sup
t!1

t�
�
t; ¹m.I/ºI2D

I�I0

�
:

By the definition of A, we have

card.A \Dn/ D
X

I2A\Dn

1 � "�1
X

I2A\Dn

aI � "
�1

X
I2Dn

I�I0

aI D o.2
nd /; n!1:

Hence, the set A satisfies the assumptions in Lemma 6.2. Applying Lemma 6.2, we con-
clude that

lim sup
t!1

t�.t; ¹aIm.I/ºI2D
I�I0

/ � 2" lim sup
t!1

t�.t; ¹m.I/ºI2D
I�I0

/:

Since " > 0 is arbitrary, it follows that

lim sup
t!1

t�.t; ¹aIm.I/ºI2D
I�I0

/ D 0:

This is exactly the required assertion.
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Lemma 6.4. Fix I0 2D0: For every � 2Lloc
1 .R

d /; we haveX
I2Dn
I�I0

k� � �21IkL1.21I/ D o.1/; n!1:

Proof. Without loss of generality, we take I0 D Œ0; 1�d :
Fix " > 0 and choose  2Lip.Œ�2; 2�d / such that k� � kL1.Œ�2;2�d / � ": Obviously,

k� � �21IkL1.21I/ � 2k� �  kL1.21I/ C k �  21IkL1.21I/:

Hence,X
I2Dn

I�I0

k� � �21IkL1.21I/ � 2
X
I2Dn

I�I0

k� �  kL1.21I/ C
X
I2Dn

I�I0

k �  21IkL1.21I/:

Note that X
I2Dn

I�I0

k� �  kL1.21I/ � 21
d
k� �  kL1.Œ�2;2�d / � 21

d":

Thus, X
I2Dn
I�I0

k� � �21IkL1.21I/ � 2 � 21
d"C

X
I2Dn

I�I0

k �  21IkL1.21I/:

We have

k �  21IkL1.21I/ �
1

m.21I /

Z
21I�21I

j .y/ �  .z/j dydz:

Clearly,

j .y/ �  .z/j � k kLip � jy � zj1 � 21 � 2
�n
k kLip; y; z 2 21I:

Thus,
k �  21IkL1.21I/ � 21

dC1
k kLip � 2

�n.dC1/:

Consequently, X
I2Dn

I�I0

k� � �21IkL1.21I/ � 2 � 21
d"C 21dC1k kLip � 2

�n:

Passing to the limit n!1; we obtain

lim sup
n!1

X
I2Dn

I�I0

k� � �21IkL1.21I/ � 2 � 21
d":

Since " > 0 is arbitrarily small, the assertion follows.
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Now we are ready to prove Theorem 6.1.

Proof of Theorem 6.1. We may assume without loss of generality that I0 2 D0. Set

aI D
1

m.I /
k� � �21IkL1.21I/; I 2 D ; I � I0:

Since � 2 BMO.Rd /, it follows that the sequence ¹aI ºI2D is bounded. By Lemma 6.4,
the sequence ¹aI ºI2D satisfies the conditions in Lemma 6.3. Then the desired assertion
follows from Lemma 6.3. The proof is complete.

7. Proof of Theorem 1.3

In this section, we calculate the asymptotics of the singular values. To this end, we first
prove the following theorem. Recall that the Tf and Tf;� denote the commutator operator,
see Notation 4.2 for details.

Theorem 7.1. If f 2C1c .R
d / and � 2ˆ.Rd /, then

Tf;� � Tf 2 .L d
1�" ;1

/0.L2.R
d //:

We first show a decomposition of Tf;� � Tf .

Notation 7.2. Let f 2C1c .R
d / and let � 2ˆ.Rd /. Denote

e0k;I D .f � f21I /.e
1
2 .���21I / � 1/e k

5s.I/
�I ; e00k;I D e

1
2 .���21I /e k

5s.I/
�I ;

g0k;I D .f � f21I /e k
5s.I/

�I ; g00k;I D .e
1
2 .���21I / � 1/e k

5s.I/
�I ;

f 0k;I D e
1
2 .�21I��/e

� k
5s.I/

�JI ; f 00k;I D .f � f21I /.e
1
2 .�21I��/ � 1/e

� k
5s.I/

�JI ;

h0k;I D .e
1
2 .�21I��/ � 1/e

� k
5s.I/

�JI ; h00k;I D .f � f21I /e� k
5s.I/

�JI :

The symbol JI used above is from Notation 5.3.
Denote by C 0

k
, D0

k
, C 00

k
and D00

k
the integral operators with integral kernels

.x; y/ 7!
X
I2D

m.I/�1�
"
d e0k;I .x/f

0
k;I .y/; .x; y/ 7!

X
I2D

m.I/�1�
"
d g0k;I .x/h

0
k;I .y/;

.x; y/ 7!
X
I2D

m.I/�1�
"
d e00k;I .x/f

00
k;I .y/; .x; y/ 7!

X
I2D

m.I/�1�
"
d g00k;I .x/h

00
k;I .y/:

Lemma 7.3. If f 2C1c .R
d / and � 2ˆ.Rd /, then

Tf;� � Tf D
X
k2Zd

�k.C
0
k CD

0
k � C

00
k �D

00
k/:

Here, the sequence ¹�kºk2Zd is given by Lemma 5.2.

Proof. The assertion follows from Lemma 5.4.
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We next study more properties related to C 0
k

, D0
k

, C 00
k

and D00
k

. We begin with the
following lemma.

Lemma 7.4. Let J 2D and let � 2BMO.Rd /. For every p > 1, r > 0, we have

¹m.I/
1
p�

1
rC1 k� � �21IkLrC1.21I/ºI2D

I�J

2 .lp;1/0.D/:

Proof. It is immediate that

k� � �21IkLrC1.21I/

� k� � �21Ik
1

2rC1

L1.21I/
k� � �21Ik

2r
2rC1

L2rC2.21I/

D m.21I /
r

.rC1/.2rC1/ k� � �21Ik
1

2rC1

L1.21I/
� .m.21I /�

1
2rC2 k� � �21IkL2rC2.21I//

2r
2rC1

� 21
dr

.rC1/.2rC1/ m.I/
1
rC1�

1
2rC1 k� � �21Ik

1
2rC1

L1.21I/
� .c2rC2k�kBMO.Rd //

2r
2rC1 :

Here, the very last inequality follows from the John-Nirenberg theorem (see, e.g., Corol-
lary 7.1.8 in [20]).

Hence, for each I 2D , we have

m.I/
1
p�

1
rC1 k� � �21IkLrC1.21I/

� c�;rm.I/
1
p�

1
2rC1 k� � �21Ik

1
2rC1

L1.21I/

D c�;r Œm.I /
1
p �1�

1
2rC1 � Œm.I /

1
p�1k� � �21IkL1.21I/�

1
2rC1

D c�;r Œm.I /�
.1� 1

2rC1 /�
1
p

� Œm.I /�1k� � �21IkL1.21I/�
1

2rC1 �.1�
1
p /Œk� � �21IkL1.21I/�

1
2rC1 �

1
p

� c�;r Œm.I /�
.1� 1

2rC1 /�
1
p � k�k

1
2rC1 �.1�

1
p /

BMO.Rd /
Œk� � �21IkL1.21I/�

1
2rC1 �

1
p

D c�;p;r .m.I /
1� 1

2rC1 k� � �21Ik
1

2rC1

L1.21I/
/
1
p :

Note that
¹m.I/ºI2D

I�J

2 l1;1.D/:

By Theorem 6.1, we know that

¹k� � �21IkL1.21I/ºI2D
I�J

2 .l1;1/0.D/:

The assertion follows immediately from the last argument (and the Hölder inequality).

Lemma 7.5. Let f 2 C1c .R
d / and let � 2 BMO.Rd /. For every r > 0 and for every

p > d , we have®
m.I/

1
p�

1
d
� 1
rC1 kf � f21IkL1.21I/k� � �21IkLrC1.21I/

¯
I2D
2 .lp;1/0.D/:

Proof. Fix unit cubes J1; : : : ; JK 2D such that f is supported in
SK
kD1 Jk .
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If f � f21I 6� 0 on 21I , then also f 6� 0 on 21I . This means 21I \ Jk ¤¿ for some
1� k �K. Hence, there exist 1� k �K and l 2 ¹�10; : : : ; 10ºd such that .I C ls.I //\
Jk ¤¿. This either means I C ls.I / � Jk (if s.I / � 1) or Jk � I C ls.I / (if s.I / > 1).
If s.I / � 1, then there exist4 l 2 ¹�10; : : : ; 10ºd and 1 � k � K such that I � Jk C l .
If s.I / � 1, then Jk � I C ls.I / for some l 2 ¹�10; : : : ; 10ºd and for some 1 � k � K.

Set

Ak;l D ¹I 2D W I � Jk C lº; Bk D ¹I 2D W Jk � I C ls.I /º; 1 � k �K; l 2 Zd :

In particular, for each I 2D , we have

m.I/
1
p�

1
d
� 1
rC1 kf � f21IkL1.21I/k� � �21IkLrC1.21I/

�

X
1�k�K

l2¹�10;:::;10ºd

m.I/
1
p�

1
d
� 1
rC1 kf � f21IkL1.21I/k� � �21IkLrC1.21I/�Ak;l .I /

C

X
1�k�K

l2¹�10;:::;10ºd

m.I/
1
p�

1
d
� 1
rC1 kf � f21IkL1.21I/k� � �21IkLrC1.21I/�Bk;l .I /:

If Jk � I C ls.I /, then

kf � f21IkL1.21I/ � kf kL1.21I/ C jf21I j � 2kf kL1.Rd /;

and, according to the John–Nirenberg theorem (see, e.g., Corollary 7.1.8 in [20]),

m.I/�
1
rC1 k� � �21IkLrC1.21I/ � crC1k�kBMO.Rd /:

If I � Jk C l , then

kf � f21IkL1.21I/ � 21m.I /
1
d kf kLip.Rd /:

Hence, for each I 2D , we have

m.I/
1
p�

1
d
� 1
rC1 kf � f21IkL1.21I/k� � �21IkLrC1.21I/

� 21kf kLip.Rd /

X
1�k�K

l2¹�10;:::;10ºd

m.I/
1
p�

1
rC1 k� � �21IkLrC1.21I/�Ak;l .I /

C 2crC1kf kL1.Rd /k�kBMO.Rd /

X
1�k�K

l2¹�10;:::;10ºd

m.I/
1
p�

1
d �Bk;l .I /:

It follows from Lemma 7.4 that every summand®
m.I/

1
p�

1
rC1 k� � �21IkLrC1.21I/�Ak;l .I /

¯
I2D
2 .lp;1/0.D/:

On the other hand, every summand ¹m.I/
1
p�

1
d �Bk;l .I /ºI2D 2 .lp;1/0.D/ according to

the formula

�l1.D/.¹m.I/
1
p�

1
d �Bk;l .I /ºI2D/ D ¹2

m. dp�1/ºm�0; 1 � k � K; l 2Zd :

The desired assertion follows by combining the above arguments.

4This l can be different from l in the preceding sentence.
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Lemma 7.6. Let f 2C1c .R
d / and let � 2ˆ.Rd /. Let r > 1 be as in Lemma 2.3 and let

n2N. Then

max
®
ke0k;IkLrC1.Rd /kf

0
k;IkLrC1.Rd /; ke

00
k;IkLrC1.Rd /kf

00
k;IkLrC1.Rd /;

kg0k;IkLrC1.Rd /kh
0
k;IkLrC1.Rd /; kg

00
k;IkLrC1.Rd /kh

00
k;IkLrC1.Rd /

¯
� c�kf � f21IkL1.21I/ � .e

� r�1
2.rC1/

n
�m.I/

2
rC1 C enk� � �21IkLrC1.21I/ �m.I/

1
rC1 /;

where
c� D 21

2d
rC1 kr�k

2
rC1

ˆ.Rd /
:

Proof. Note that the following elementary estimate holds:

je
t
2 � 1j � e

� r�1
2.rC1/

n
e

r
rC1 jt j C enjt j; t 2R:

Hence,

je0k;I j; jf
00
k;I j � jf � f21I j.e

� r�1
2.rC1/

n
e

r
rC1 j���21I j C enj� � �21I j/;

jf 0k;I j; je
00
k;I j � e

1
2 j���21I j;

and

jg0k;I j; jh
00
k;I j � jf � f21I j; jh

0
k;I j; jg

00
k;I j � e

� r�1
2.rC1/

n
e

r
rC1 j���21I j C enj� � �21I j:

Also recall that the support of the related functions are in 21I as proved in Lemma 5.5. The
assertion follows now from the triangle inequality and the definition of the k � kˆ.Rd /.

Lemma 7.7. Let f 2C1c .R
d / and let � 2ˆ.Rd /. Let r > 1 be as in Lemma 2.3. For

every p > d , we have®
m.I/

1
p�

1
d
� 2
rC1 ke0k;IkLrC1.Rd /kf

0
k;IkLrC1.Rd /

¯
I2D
2 .lp;1/0.D/;®

m.I/
1
p�

1
d
� 2
rC1 kg0k;IkLrC1.Rd /kh

0
k;IkLrC1.Rd /

¯
I2D
2 .lp;1/0.D/;®

m.I/
1
p�

1
d
� 2
rC1 ke00k;IkLrC1.Rd /kf

00
k;IkLrC1.Rd /

¯
I2D
2 .lp;1/0.D/;®

m.I/
1
p�

1
d
� 2
rC1 kg00k;IkLrC1.Rd /kh

00
k;IkLrC1.Rd /

¯
I2D
2 .lp;1/0.D/:

Proof. We only consider the first assertion. The argument for others follows mutatis
mutandis.

By Lemma 7.6, we have

c�1� lim sup
t!1

t
1
p�
�
t;
®
m.I/

1
p�

1
d
� 2
rC1 ke0k;IkLrC1.Rd /kf

0
k;IkLrC1.Rd /

¯
I2D

�
� lim sup

t!1
t
1
p�
�
t; e
� r�1
2.rC1/

n®
m.I/

1
p�

1
d kf � f21IkL1.21I/

¯
I2D

C en
®
m.I/

1
p�

1
d
� 1
rC1 kf � f21IkL1.21I/k� � �21IkLrC1.21I/

¯
I2D

�
� 2e

� r�1
2.rC1/

n lim sup
t!1

t
1
p�
�
t;
®
m.I/

1
p�

1
d kf � f21IkL1.21I/

¯
I2D

�
C 2en � lim sup

t!1
t
1
p�
�
t;
®
m.I/

1
p�

1
d
� 1
rC1 kf � f21IkL1.21I/k� � �21IkLrC1.21I/

¯
I2D

�
:
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By Lemma 7.5, the second limit on the right-hand side is 0. Therefore,

c�1� lim sup
t!1

t
1
p�
�
t;
®
m.I/

1
p�

1
d
� 2
rC1 ke0k;IkLrC1.Rd /kf

0
k;IkLrC1.Rd /

¯
I2D

�
� 2e

� r�1
2.rC1/

n


®m.I/ 1p� 1d kf � f21IkL1.21I/¯I2D




lp;1.D/

Th. 3.1
� e

� r�1
2.rC1/

n
� cp;dkf k PW 1

p .Rd /:

Since n2N is arbitrarily large, the assertion follows.

Lemma 7.8. Let f 2C1c .R
d / and let � 2ˆ.Rd /. We have

C 0k ;D
0
k ; C

00
k ;D

00
k 2 .L d

1�" ;1
/0.L2.R

d //:

Proof. The assertion follows from Notation 7.2, Corollary 2.9 (applied with pDd=.1�"/)
and Lemma 7.7.

Lemma 7.9. Let f 2C1c .R
d / and let � 2ˆ.Rd /. For every k 2Zd , we have

kƒkkL d
1�" ;1

.L2.Rd // � c
000
�;d;"



®m.I/� "d kf � f21IkL1.21I/¯I2D




l d
1�" ;1

.D/
;

where ƒ2 ¹C 0;D0; C 00;D00º.

Proof. The argument follows that in Lemma 5.6 mutatis mutandis.

Combining the last several lemmas, we can show Theorem 7.1.

Proof of Theorem 7.1. The assertion follows by combining Lemmas 7.3, 7.8 and 7.9.

Now, let us turn to prove Theorem 1.3.

Proof of Theorem 1.3. For w2A2.Rd /, write w D e� for some � 2ˆ.Rd /. Suppose first
f 2C1c .R

d /. Let the commutators Tf and Tf;� be as in Notation 4.2. It follows from
Theorem 1.1 in [18] (see also (1.3)) that

lim
t!1

t
1�"
d �.t; Tf / D cd;"kf k PW 1

d
1�"

.Rd /:

By Theorem 7.1, we have
Tf;� � Tf 2 .L d

1�" ;1
/0:

Using a standard lemma due to Birman and Solomyak (see, e.g., Lemma 3.1 in [17]), we
conclude that there exists a limit

lim
t!1

t
1�"
d �.t; Tf;�/ D cd;"kf k PW 1

d
1�"

.Rd /:

Let f 2 PW 1
d
1�"
.Rd /. By Theorem 11.43 in [31], there exists a sequence ¹fnºn�0 �

C1c .R
d / such that fn ! f in PW 1

d
1�"
.Rd /. By Theorem 1.2 (and Fact 4.7), we have

Tfn;� ! Tf;� in L d
1�" ;1

. By the preceding paragraph, for every n � 0, there exists a
limit

lim
t!1

t
1�"
d �.t; Tfn;�/ D cd;"kf k PW 1

d
1�"

.Rd /:
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Using another standard lemma due to Birman and Solomyak (see, for instance, Lemma 3.2
in [17]), we conclude that there exists a limit

lim
t!1

t
1�"
d �.t; Tf;�/ D cd;"kf k PW 1

d
1�"

.Rd /:

The assertion now follows from Fact 4.7.

A. Homogeneous version of Triebel’s theorem

The following theorem (for inhomogeneous spaces) can be found in p. 132 of [43]. The
proof for homogeneous spaces is known to experts, but seems not to be available in the
literature. We provide a proof for convenience of the reader. The idea of the argument
below is taken from Theorem 2.34 in [3].

Theorem A.1. Let g 2 �.R/ be even function such that g 6� 0. For every s 2 .0; 1/,
Sobolev–Slobodeckii semi-norm f 7! kf k PW s

p .Rd / is controlled by the semi-norm

f 7!
� Z 1

0

kg.t�
1
2 /f k

p

Lp.Rd /

dt

tpsC1

� 1
p
:

The following three lemmas are standard.

Lemma A.2. If f 2Lp.Rd / is such that yf is supported in B.0; 1/c , then

k.1C t2�/�1f kLp.Rd / �
c.p; d/

1C t2
kf kLp.Rd /:

Lemma A.3. If f 2Lp.Rd / is such that yf is supported in B.0; 1/, then

k�
1
2 f kLp.Rd / � c.p; d/

0
kf kLp.Rd /:

Lemma A.4. Let  2C1c .R
d /. If f 2Lp.Rd /, then


 �� 1
2

2j

�
f




Lp.Rd /

� c. ; p; d/kf kLp.Rd /:

The next lemma follows from Lemma A.3 and Lemma A.2 by dilation.

Lemma A.5. If f 2Lp.Rd / is such that yf is supported in the annulus ¹2j � jxj � 2jC1º,
then

k.1C t2�/�1f kLp.Rd / �
c.p; d/

1C t2 � 22j
kf kLp.Rd /

and
k�

1
2 f kLp.Rd / � c.p; d/

02jC1kf kLp.Rd /:

Lemma A.6. Let g 2 �.R/ be an even function. IfZ 1
0

g. t
�
/ dt

.1C t2/2
D 0

for every � > 0, then g D 0.
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Proof. Passing �!1, we obtain g.0/D 0. Since g2�.R/ is an even function, it follows
that g.t/ D O.t2/, t 2 .0; 1/.

We have Z 1
0

�2g.t/ dt

.�2 C t2/2
D 0; � > 0:

Multiplying by cos.�s/ and integrating by � from 0 to1, we obtainZ 1
0

cos.�s/
� Z 1

0

�2g.t/ dt

.�2 C t2/2

�
d� D 0; s > 0:

Since g.t/ D O.t2/, t 2 .0; 1/, it follows from Fubini’s theorem thatZ 1
0

g.t/
� Z 1

0

�2 cos.�s/ d�
.�2 C t2/2

�
dt D 0; s > 0:

It is immediate thatZ 1
0

�2 cos.�s/ d�
.�2 C t2/2

�Dtu
D

1

t

Z 1
0

u2 cos.ust/du
.u2 C 1/2

D
�

4t
.1 � st/e�st :

Thus, Z 1
0

g.t/

t
e�st dt C

Z 1
0

g.t/ d.e�st / D 0; s > 0:

Integrating by parts and taking into account that g.0/ D 0, we obtainZ 1
0

�g.t/
t
� g0.t/

�
e�st dt D 0; s > 0:

Define the odd Schwartz function h by setting h.t/ D g.t/=t � g0.t/, t 2R. The Laplace
transform of h is zero. Since the Laplace transform is injective on odd Schwartz functions,
it follows that h D 0. Solving the differential equation g.t/=t D g0.t/, t 2R, we obtain
g.t/ D ct , t 2R. Since g is a Schwartz function, the assertion follows.

Let  2 C1.R/ be supported on .1=2; 2/ and such thatX
j2Z

 
� t
2j

�
D 1; t > 0:

It is a standard fact (see, e.g., Definition 2.15 and Theorem 2.36 in [3]) that the Sobolev–
Slobodeckii space PW s

p .R
d / admits an equivalent semi-norm

f 7!
�X
j2Z

2jsp



 �� 1

2

2j

�
f



p
Lp.Rd /

� 1
p
:

Proof of Theorem A.1. By Lemma A.6, there exists � > 0 such thatZ 1
0

.��g/.t/ dt

.1C t2/2
¤ 0:
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It does not really matter if we prove the assertion for g or for ��g. Thus, we may assume
without loss of generality that Z 1

0

g.t/ dt

.1C t2/2
D 1:

We have Z 1
0

g.t�
1
2 /

.1C t2�/2
dt D ��

1
2

Z 1
0

g.t/

.1C t2/2
dt D ��

1
2 :

Thus,

 
�� 1

2

2j

�
f D

Z 1
0

�
1
2

.1C t2�/2
g.t�

1
2 / 

�� 1
2

2j

�
f dt:

By the triangle inequality, we have


 �� 1
2

2j

�
f




Lp.Rd /

�

Z 1
0




 �
1
2

.1C t2�/2
g.t�

1
2 / 

�� 1
2

2j

�
f




Lp.Rd /

dt:

Next,


 �
1
2

.1C t2�/2
g.t�

1
2 / 

�� 1
2

2j

�
f




Lp.Rd /

Lem. A.5
� c.p; d/02jC1




 1

.1C t2�/2
g.t�

1
2 / 

�� 1
2

2j

�
f




Lp.Rd /

Lem. A.5
� c.p; d/0 c.p; d/2

2jC1

.1C t2 � 22j /2




g.t� 1
2 / 

�� 1
2

2j

�
f




Lp.Rd /

Lem. A.4
� c.p; d/0 c.p; d/2 c. ; p; d/

2jC1

.1C t2 � 22j /2
kg.t�

1
2 /f kLp.Rd /:

Thus,


 �� 1
2

2j

�
f




Lp.Rd /

� 2c.p; d/0c.p; d/2c. ; p; d/ � 2j �

Z 1
0

1

.1C t2 � 22j /2
kg.t�

1
2 /f kLp.Rd /dt:

By Hölder’s inequality,


 �� 1
2

2j

�
f




Lp.Rd /

� 2c.p; d/0c.p; d/2c. ; p; d/ � 2j �
� Z 1

0

.1C t2 � 22j /
�

p
p�1 dt

�1� 1p
�

� Z 1
0

1

.1C t2 � 22j /p
kg.t�

1
2 /f k

p

Lp.Rd /
dt
� 1
p

D 2c.p; d/0c.p; d/2c. ; p; d/
� Z 1

0

.1C t2/
�

p
p�1 dt

�1� 1p
� 2

j
p

� Z 1
0

1

.1C t2 � 22j /p
kg.t�

1
2 /f k

p

Lp.Rd /
dt
� 1
p

D c. ; p; d/02
j
p

� Z 1
0

1

.1C t2 � 22j /p
kg.t�

1
2 /f k

p

Lp.Rd /
dt
� 1
p
:
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Now,

kf k
p

PW s
p .Rd /

D

X
j2Z

2jsp



 �� 1

2

2j

�
f



p
Lp.Rd /

� c. ; p; d/0p
X
j2Z

2j.spC1/ �

Z 1
0

1

.1C t2 � 22j /p
kg.t�

1
2 /f k

p

Lp.Rd /
dt

� c. ; p; d/0p �

Z 1
0

�X
j2Z

2j.spC1/

.1C t2 � 22j /p

�
kg.t�

1
2 /f k

p

Lp.Rd /
dt:

We have X
j2Z

2j.spC1/

.1C t2 � 22j /p
� c.p/t�sp�1:

Thus,

kf k
p

PW s
p .Rd /

� c. ; p; d/0pc.p/ �

Z 1
0

kg.t�
1
2 /f k

p

Lp.Rd /

dt

t spC1
�

B. Whitney decomposition

We here provide a detailed proof for Lemma 5.1.

Proof of Lemma 5.1. For each k 2Z, set

�k D ¹.t; s/ W t; s 2Rd ; 2kC2 � jt � sj1 < 2kC3º:

and
Fk D ¹I � J W I; J 2D ; s.I / D s.J / D 2k ; .I � J / \�k ¤ ¿º:

Set
F 0 D

[
k2Z

Fk :

We first show that

(B.1) � D
[

I�J2F 0

I � J:

If I � J 2 Fk for some given k 2Z, then s.I / D s.J / D 2k and there exist x0 2 I and
y0 2J such that jx0 � y0j1 2 Œ2kC2; 2kC3/. If x 2 I and y 2J , then jx � x0j1 < 2k and
jy � y0j1 < 2k . By the triangle inequality,

2s.I / D 2 � 2k � jx � yj1 < 10 � 2k D 10s.I /:

In particular, I � J � �. If .x; y/2�, then one can uniquely choose k 2Z such that

2kC2 � jx � yj1 < 2kC3:
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Now one can uniquely choose I 2D such that x 2 I and s.I /D 2k , and J 2D such that
y 2 J and s.J / D 2k . Since .x; y/2 I � J and .x; y/2�k , it follows that I � J 2 Fk .
This gives us (B.1).

Let F be the set of maximal elements in F 0. We shall show that F satisfies the desired
assertions. It is clear that (iii) and (iv) are satisfied. On the other hand, the elements in F

are pairwise disjoint. Indeed, if Q1; Q2 2 F are such that Q1 \ Q2 ¤ ¿, then either
Q1 � Q2 or Q2 � Q1. Since both Q1 and Q2 are maximal elements of F 0, it follows
that Q1 D Q2. We claim that every Q 2F 0 is contained in some R 2F . Assuming that
this claim has been proved, by (B.1), we have

� D
[
Q2F 0

Q D
[
Q2F

Q:

Now we turn to prove the claim. If Q 2F 0 is maximal, then set R D Q, otherwise
choose R 2F 0 such that Q ¨ R. For the latter case, we have s.R/ D 2s.Q/. Indeed, let
Q D I1 � J1 and R D I2 � J2. We have I1 � I2 and J1 � J2. Thus,

2s.I2/ � inf
x2I2
y2J2

jx � yj1 � inf
x2I1
y2J1

jx � yj1 < 8s.I1/;

which implies s.I2/ < 4s.I1/. Since s.I1/ and s.I2/ are powers of 2, it follows that
either s.I2/ D s.I1/ or s.I2/ D 2s.I1/. However, by the fact Q ¨ R, we only have
s.R/ D s.I2/ D 2s.I1/ D 2s.Q/. It remains to show that R 2 F . To this end, we check
that R is maximal. Actually, if there exists S 2F 0 such that R ¨ S , then, by the pre-
ceding argument, s.S/ D 2s.R/, which further implies and s.S/ D 4s.Q/. However, this
contradicts the fact Q ¨ S (which implies s.S/ D 2s.Q/). Hence, R is maximal.

The proof is complete.
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