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Group gradings on classical Lie superalgebras

Caio De Naday Hornhardt and Mikhail Kochetov

Abstract. We classify, up to isomorphism, the group gradings on the non-exceptional
classical simple Lie superalgebras, except for type A(1, 1), over an algebraically
closed field of characteristic zero. To this end, we study graded-simple and graded-
superinvolution-simple associative superalgebras satisfying the descending chain
condition on graded left superideals, which allows us to classify Abelian group grad-
ings on finite-dimensional simple and superinvolution-simple associative superalge-
bras over an algebraically closed field of characteristic different from 2.
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1. Introduction

The use of group gradings in Lie theory traces back to 1888 (see [35]), when W. Killing
introduced the root space decomposition of complex semisimple Lie algebras. Later, Z,-
gradings appeared in E. Cartan’s work on real semisimple Lie algebras (see [12]). Inter-
est in gradings intensified in the 1960s through works of J. Tits, I. L. Kantor, and M.
Koecher (see [34, 36, 46]). Systematic classification of group gradings on Lie algebras
began with [41] and remains an active research area in Lie theory and representation the-
ory. Building on the work of several authors, including [6—11,29], all group gradings for
classical simple Lie algebras (series A, B, C, D) over an algebraically closed field of
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characteristic different from 2 were classified up to isomorphism in [2], while fine grad-
ings were classified up to equivalence in [17] (see also [18] and references therein). These
classifications are also known over the field of real numbers [3,21].

The first appearances of Lie superalgebras were related to cohomology [23,25,26,38],
but they were independently introduced in physics in relation to supersymmetries, see, for
instance, [24, 37, 39]. V. Kac classified the finite-dimensional simple Lie superalgebras
over an algebraically closed field of characteristic 0, see [33], dividing them into two types:
classical and Cartan type (see also [44]). The classical Lie superalgebras are divided into
the series A(m,n), B(m,n), C(n), D(m,n), P(n), and Q(n), as well as three exceptional
cases: F(4), G(3), and the family D(2, 1, @) with a scalar parameter & # 0, —1. The Lie
superalgebras of Cartan type are divided into the series W (n), S(n), S(n) and H(n).

The Z-gradings on classical Lie superalgebras where classified in [32]. In [45], grad-
ings by finite cyclic groups were considered and the corresponding twisted loop superal-
gebras were classified. Fine gradings on the exceptional classical simple Lie superalgebras
were classified up to equivalence in [15].

Classifications of all group gradings up to isomorphism on Lie superalgebras were
first obtained in [5] for the series Q, in [31] for the series P and partially A (what we call
type I gradings), and in [13] for the series B.

In the present work, our main goal is to classify, up to isomorphism, the group grad-
ings on non-exceptional classical Lie superalgebras. To this end, we study graded-simple
and graded-superinvolution-simple associative superalgebras that are (left) graded-Arti-
nian (i.e., satisfy the descending chain condition on graded left superideals). Our method
is a combination of [18], where graded-simple Artinian associative algebras and their anti-
automorphisms were studied, and of [42], which classified primitive associative super-
algebras with superinvolution that have a minimal one-sided superideal. In particular,
this method allows us to classify Abelian group gradings on finite-dimensional simple
and superinvolution-simple associative superalgebras over an algebraically closed field of
characteristic different from 2. Taking advantage of the fact that the non-exceptional clas-
sical Lie superalgebras in characteristic 0 of type different from A(1, 1) can be realized in
terms of skew elements in superinvolution-simple associative superalgebras in such a way
that the automorphism groups match, we can then transfer the classification of gradings
from the associative to Lie superalgebras. This gives a uniform classification of grad-
ings for all types other than A(1, 1). This latter has an exceptionally large automorphism
group, so our transfer approach does not apply. Group gradings on exceptional classical
Lie superalgebras as well as A(1, 1) were classified up to isomorphism in [1].

The paper is structured as follows. In Section 2, we establish basic definitions and nota-
tion, as well as some preliminary results. Section 3 develops the theory of graded-simple
graded-Artinian associative superalgebras over a field IF, concluding with the classifica-
tion of Abelian group gradings on finite-dimensional simple associative superalgebras for
algebraically closed IF, char F # 2. For superalgebras with superinvolution, Section 4
presents the general theory of graded-superinvolution-simple graded-Artinian superalge-
bras, which is applied in Section 5 to finite-dimensional superinvolution-simple superal-
gebras for algebraically closed F such that char F # 2. Finally, Section 6 transfers these
classifications to non-exceptional classical Lie superalgebras for algebraically closed F
with charF = 0.
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2. Preliminaries

2.1. Gradings and superalgebras
To discuss gradings on (super)algebras, we start with gradings on vector spaces.

Definition 2.1. Let G be a group. A G-grading on a vector space V is a direct sum

decomposition
r:v=g.
geG

indexed by the elements of G. If T is fixed, we say that V' is G-graded or simply graded
if G is understood from the context. The support, denoted either by supp I" or supp V, is
the subset {g € G | V; # 0} C G. The subspaces V, are called homogeneous components
and their elements are called homogeneous elements. If 0 # v € V,, we say that the degree
of v is g and write degv = g.

Given two G-graded vector spaces V = @,eq Vg and W = P, We, alinear map
f:V — W is said to be a homomorphism of G-graded vector spaces if it is degree-
preserving, i.e., if f(Vy) € Wy forall g € G. A subspace U C V is said to be a graded
subspace if

U= @ Ug, whereUg :=UNV;g.
geG
Then the decomposition above is a G-grading on U such that the inclusion map U < V' is
a homomorphism of G-graded spaces and, also, V/ U becomes a G-graded vector space in
such way that the natural map V' — V/U is a homomorphism of G-graded vector spaces.
Furthermore, we consider V @ W and V ® W as G-graded vector spaces by defining

VeW) =V, W,
and by setting, for all nonzero homogeneous elements v € V and w € W,
deg(v ® w) := (degv)(degw).

Definition 2.2. A G-grading on an algebra A is a grading T': A = P
lying vector space with the extra condition that

¢eG Ag onits under-

Vg, heG, AgAp C Agn,
i.e., the multiplication map A ® A — A is a homomorphism of G-graded vector spaces.

A homomorphism of G-graded algebras is a degree-preserving homomorphism of
algebras. A graded subalgebra (respectively, graded ideal) is a subalgebra (respectively,
ideal) that is a graded subspace. A G-graded algebra A is said to be graded-simple if
AA # 0 and the only graded ideals are 0 and A.

In the study of superalgebras, there is a canonical grading by Z,, which we will dis-
tinguish from other gradings by using superscripts instead of subscripts; there is also
special terminology associated with this grading. Thus, a vector superspace, or simply
superspace, is a Z,-graded vector space, U = U ‘U i, where the elements of U9
and U1 are said to be, respectively, even and odd, so the degree for this grading is called
parity. We will write |u| =i if 0 # u € U’.
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Definition 2.3. A G-grading on a superspace U is a grading [': U = @geG Ug on its
underlying vector space that is compatible with the canonical Z,-grading in the sense that
every homogeneous component is a Z,-graded subspace, i.e.,

VgeG, U, = (U, NUY @ U, NU),

or, equivalently, U 0 and U 1 are G-graded subspaces. A superalgebra is a Z,-graded
algebra A = A% @ A!, and a G-grading on a superalgebra A is one that makes A both a
G-graded algebra and a G-graded superspace.

Remark 2.4. Letting G* := G x Z,, we note that a G-graded superspace (superalgebra)
is the same as G*-graded vector space (algebra), with Uz ;) := U, N U' forall g € G and
i€ Zz.

We consider homomorphisms of (G-graded) superalgebras to be homomorphisms
of (G x)Z,-graded algebras. Similarly, we define (G-graded) subsuperalgebras (respec-
tively, superideals) as (G x)Z,-graded subalgebras (respectively, ideals), and finally, sim-
ple (G-graded) superalgebras as simple (G x)Z,-graded algebras.

The above definitions do not address a crucial aspect of “super” structures, known
as the sign rule, which is relevant to the identities imposed on multiplication to define
classes of superalgebras such as Lie superalgebras. Many definitions in algebra (for exam-
ple, the definition of anti-automorphism) involve interchanging the position of elements
(p(ab) = p(b)¢p(a)). In the “super” context, a minus sign is introduced if odd elements
are interchanged with each other. This procedure can be formalized through the concept
of symmetric monoidal category (see, e.g., Chapter 3 of [48]), but in this work it will
be sufficient to apply the sign rule on a case-by-case basis, as in Definitions 2.5 and 2.6
below.

Definition 2.5. Let R and S be (G-graded) superalgebras. A super-anti-isomorphism is
an isomorphism of (G-graded) superspaces ¢: R — § such that

Va,be ROURY,  ¢(ab) = (=1)""Plob)¢(a).

If R = S, we say that ¢ is a super-anti-automorphism. If, further, (p2 = id, we say that ¢
is a superinvolution.

We note that, if char[F = 2, then Definition 2.5 reduces to the definition of anti-iso-
morphism, anti-automorphism, and involution. Thus, we are mainly interested in the case
charF # 2.

A G-grading on a superalgebra with super-anti-automorphism (R, ¢) is a G-grading
on R for which ¢ is degree-preserving. A homomorphism between (G-graded) superalge-
bras with super-anti-automorphism is a homomorphism preserving parities, (degrees) and
the super-anti-automorphisms. A (G-graded) superalgebra with superinvolution (R, ¢) is
said to be (graded-)superinvolution-simple if RR # 0 and the only ¢-invariant (graded)
superideals are 0 and R.

Definition 2.6. A superalgebra L = L9 @ L1 with product [-,-]: L x L — L is said to
be a Lie superalgebra if, for all nonzero homogeneous elements a, b, ¢ € L, we have:!

! Additional conditions are often required if charF = 2 or 3 (e.g., Section 1.2 of [4]).
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(i) [a,b] = —(=1)19"®1[b, a] (super-anti-commutativity),
(i) [a,[b,c]] = [[a.b].c] + (=D)14I[b [a, c]] (super Jacoby identity).

Given an associative superalgebra R, we define the Lie superalgebra R to be the
same superspace as R but with product given by the supercommutator:

Va,be ROU R, [a,b] :=ab — (—1)“Plpq.
If ¢ is a super-anti-automorphism on R, then we also define the Lie subsuperalgebra
Skew(R,¢) :={reR | ¢(r) = —r} € RO.

For the main results in this work, we assume that the grading group G is Abelian. In
our context, this is, without loss of generality, because the group generated by the support
is Abelian for graded-simple Lie algebras (see Lemma 2.1 in [10], Proposition 1 in [16], or
Proposition 1.12 in [18]) and for graded-involution-simple associative algebras (see The-
orem 1 in [7] or Proposition 2.49 in [18]), and the same proofs work in the superalgebra
setting.

To close this section, we define isomorphism of gradings.

Definition 2.7. Let V' be an (ungraded) object in the category of vector spaces, super-
spaces, algebras, superalgebras or superalgebras with super-anti-isomorphisms, and let I"
and A be G-gradings on V. We say that I' is isomorphic to A, denoted by I' >~ A, if
(V,T) ~ (V, A) as G-graded objects.

2.2. Homogeneous maps, elementary gradings and graded modules

Homomorphisms are not the only maps that interest us. Some maps that do not preserve
degrees are of fundamental importance when dealing with gradings:

Definition 2.8. Let V and W be G-graded vector spaces and let f:V — W be a linear
map. We say that f* is homogeneous of degree g € G, and write f € Hom(V, W),, if

VheG, [f(Vih) S Wep.

The subspace @geG Hom(V, W), of Hom(V, W) is G-graded and will be denoted by
Hom# (V, W). As before, we will use the word parity instead of degree in the case of
canonical Z,-gradings of superspaces.

Note that, for non-Abelian G, Definition 2.8 depends on the convention of writing
functions on the left of their arguments. The evaluation map Hom®*'(V, W) ® V — W
becomes a (degree-preserving) homomorphism of G-graded vector spaces. If V' is finite-
dimensional, it is easy to check that Hom® (V, W) = Hom(V, W).

In the case V = W, the associative algebra End®' (1) becomes a G-graded algebra.
When V is finite-dimensional, the G-gradings on End(V) that arise from G-gradings on
V in this way are called elementary.

A basis of V' composed of homogeneous elements (with potentially distinct degrees)
is called a graded basis. Given a graded basis 8 = {vy, ..., v,} and defining g; := degv;
forall 1 <i <n, we may identify End(V') with the matrix algebra M, (). The elementary
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grading on M, (IF) is determined by assigning degree g; gj_1 to the matrix unit £;; (i.e.,
the matrix with 1 in the position (i, j) and 0 elsewhere) for all 1 < i, j < n. We say that
this is the elementary grading associated to the tuple (g1, - .., gn) € G". Clearly, for any
tuple in G”, we could define a grading on M,,(IF) via this construction.

Definition 2.9. Let R = P geG Rg be a G-graded associative (super)algebra and let V' =
@geG Vg be a G-graded vector (super)space. We say that V' is a G-graded left module V
if it is a left R-module and

Vg, h € G, Rg - My C Mgy
Similarly, we say that V' is a G-graded right module V if it is a right R-module and
Vg,hGG, Mh-Rgthg.

A homomorphism of G-graded left (right) R-modules is a degree-preserving R-linear
map. If S is a G-graded (super)algebra and V is a (R, S)-bimodule, we say that V' is a
G-graded bimodule if it is G-graded as both a left R-module and a right S-module.

If V and W are G-graded right R-modules, then Homg(V, W) N Hom®(V, W) is a
graded subspace of Hom®' (V, W), which we denote by Homi@r (V, W). To make this work
for left modules, one should write homomorphisms on the right and define their degree
accordingly.

Definition 2.10. LetI': V = @, ; Vi be a grading on a vector space V. Given an element
g € G, the right shift of T by g, denoted '€, is obtained by declaring elements of degree
h € G to have degree hg, ic., eV = Dreg Vy» where V) := Vyo1 forallh € G.If T
is fixed, we denote by V8] the G-graded vector space V endowed with I'(&]. The left shift
of T by g is defined similarly.

Note that, for every g € G, End® (V) = End® (V¢]) as G-graded algebras.

Definition 2.11. Letm,n € Zx(. We denote by F™I" the superspace whose even and odd
components are F” and F”, respectively. Note that the canonical basis of 7" ~ Fm+7 jg
graded. We denote by M (m,n) or M, (IF) the matrix superalgebra, which is M, 1, (IF)
with the corresponding elementary grading. In block notation,

M(m,n)0 = {(g—%) ( A€ My(F), D eM,,(]F)},
M(m, )l .= {(%—g) ‘ B € Myyn(F), D eM,,Xm(IF)}.

Given y5 € G™ and y; € G", we can endow M (m, n) with an elementary G-grading
compatible with the structural Z,-grading by taking y € G™ '™ to be the concatenation
of y5 and yji, and consider on M,,,(IF) the elementary grading associated to y. We will
refer to this grading as the elementary grading on M (m, n) associated to (yg, yi)-

We use the opportunity to define an important subsuperalgebra (i.e., a subalgebra that
is Z»-graded subspace) of M (n, n).
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Definition 2.12. The queer associative superalgebra Q (n) is defined by

0(n) := {(%’%) ‘ A Be M,,(]F)} < M(n,n).

Note that Q(n)0 ~ M, (F) and Q(n)! = u Q(n)°, where u = (%’%) is an odd central
element with u? = 1, so Q(n) can be alternatively defined as M, (F) @ uM, (F).

We will follow the convention of writing R-linear functions between left (respectively,
right) R-modules on the right (respectively, left). This is especially important in the case R
is a superalgebra, because of the rule of signs: if we change the positions of a function and
its argument, we may have to change the sign.

Definition 2.13. Let R be a (G-graded) superalgebra, let U and 'V be (G-graded) left R-
modules, and let ¢: U — 'V be a nonzero homogeneous R-linear map, hence written on
the right, i.e., we write (1) rather than v (u). We define ¥°: U — 'V to be the following
map, written on the left:

VueUouul, yow) = (~H¥M @)y,
It is easy to see that ¥ ° is not necessarily R-linear. Actually, it satisfies
2.1 VreROUR uel, v°(ru) = =) Iryew).
Further, given another homogeneous R-linear map 7: V — ‘W, we have

2.2) (Y1)° = (=D)VIFlzoye,

2.3. Super-anti-automorphisms and supersymmetric bilinear forms
We have defined super-anti-automorphisms in Section 2.1; here is an example:

Definition 2.14. The supertranspose of a matrix in M (m,n) is given by

A| B\ AT | -CT
(¢t5) =(5ri o)
Note that it is a super-anti-automorphism of order 4 if mn # 0.

Definition 2.15. Let U be a superspace and let (-,-): U x U — T be a bilinear form which
has parity, i.e., is homogeneous of some degree pg € Z, when regarded as a linear map
U ® U — F. Explicitly, this means

(UL, UMY =0 ifi+j # po.
We say that (-, -) is supersymmetric if
Yu,veUOU UL,  (u,v) = (=DM, u),
and super-skew-symmetric if

Vu,ve U U UL,  (u,v) = —(=D)MPHy u).
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If U is finite-dimensional, then any nondegenerate (-,-) defines a unique linear operator ¢
on End(U) that sends any 7' € End(U)° U End(U)! to ¢(T), defined by

Vu,veUOU UL, (T@),v) = (=1, o(T)(v)).
We will call this map ¢ the superadjunction with respect to (-,-).

The superadjunction is always a super-anti-automorphism, and it is a superinvolution
if and only if (-,-) is supersymmetric or super-skew-symmetric. Since a super-skew-
symmetric bilinear form on U is the same as a supersymmetric bilinear form on the
parity-reversed superspace U (a special case of shift, see Definition 2.10), we can
restrict our attention to the supersymmetric ones.

Definition 2.16. Let R be a superalgebra. We define the superopposite superalgebra R*°P
to be R as a superspace but with a different product. When an element r € R is regarded
as an element of R%P, we will denote it by 7. The product on R*P is defined by

vr.s e ROURL, 75=(-1)rlslgz,

Note that if G is Abelian and R is G-graded, and if we consider R%P as the same
G-graded superspace, then R*? is also a G-graded superalgebra. In particular, the con-
struction below is a source of G-graded superalgebras with superinvolution.

Definition 2.17. Let S be a superalgebra and set R := § x S°°P. We define the exchange
superinvolution on R to be the map ¢: R — R, given by

VSI,SzeS, (/)(Sl,Ez) = (Sz,El).

Unless stated otherwise, we will always consider R = S x S%P to be endowed with
exchange superinvolution.

It is straightforward to verify that S x $%°P is graded-superinvolution-simple if and
only if S is graded-simple.

Example 2.18. The simplest possible example is to take S = F. If char ' # 2, then we
have S x %P = F[{], where { = (1, —1) and the exchange superinvolution is given by
¢(1) = 1 and ¢(¢) = —C. Note that F[¢] ~ [FZ, with the trivial superalgebra structure,
ie., (FZ,)0 =FZ, and (FZ,)! = 0.

Example 2.19. Consider S = Q(1) (see Definition 2.12), so S® = F1 and ST = Fu,
where u? = 1. Note that S is isomorphic to FZ,, but this time with the superalgebra
structure given by its natural Z,-grading. If char[F # 2, we claim that R := § x S*P is
isomorphic to FZ 4. Indeed, the element @ := (u,u) € S x S°P has order 4 and generates
S x §%P: 0?2 = (1,—1), w3 = (u, —it) and w* = (1, 1). Hence, R® = F1 @ Fw? and
R! = Fw & Fw3. Moreover, the exchange superinvolution on R is given by ¢(1) = 1,

o(@) = 0, p(w?) = —w? and p(v3) = —03.

The following is the graded version of a result in [42].
Proposition 2.20. Let (R, ¢) be a graded superalgebra with superinvolution. Then (R, )
is graded-superinvolution-simple if and only if either R is a graded-simple or (R, ¢)

is isomorphic to S x S*°P with the exchange superinvolution, for some graded-simple
superalgebra S.
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Proof. Suppose that (R, ¢) is graded-superinvolution-simple but R is not graded-simple.
Let 0 # I < R be a graded superideal. Note that ¢(/) is also a graded superideal, hence
I No(I)and I + ¢(I) are g-invariant graded superideals. Since I N ¢(/) S I # R, we
have I N (1) =0,s0wecanwrite [ + ¢(I) =1 & ¢(I).Since 0 £ I € I & ¢(I), we
conclude that R = I & ¢([I). Clearly, this implies that (R, ¢) is isomorphic to / x [P
with exchange superinvolution. ]

2.4. Center and supercenter

In the context of superalgebras, we have not only the usual concept of center but also the
concept of supercenter.

Definition 2.21. Let R be an associative superalgebra. The center of R is the set
Z(R)={ceR|cr =rcforall r € R},

i.e., the center of R seen as an algebra, and the supercenter of R is the set sZ(R) :=
sZ(R) @ sZ(R)!, where

sZ(R) ={ceR |cr=(=1)"rcforall re ROURYY, i€Z,.

It is well known that Z(M,,(IF)) = F1, and one can check that s Z (M, (IF)) = F 1. For
the associative superalgebra Q(n) = M, (F) & u M, (F), we have that Z(Q(n)) is the
subspace spanned by 1 and u (so Z(Q(n)) ~ Q(1)), while sZ(Q(n)) = F1.

Lemma 2.22. Let G be an Abelian group and let R be an associative G-graded superal-
gebra. Then the center Z(R) and the supercenter s Z(R) are G-graded subsuperalgebras
of R.

Proof. We consider R as a G*-graded algebra. Let ¢ € Z(R) and write ¢ = deG# Cg,
where ¢, € R, for all g € G*. For every homogeneous r € R, we have

(X co)r=r(X )

geG* geG*

Comparing the components of degree gh = hg, where h = degr, we conclude that rcg =
cgr forall g € G*. By linearity, rcg = cgr forall r € R, hence ¢, € Z(R).

The same argument works to show that sZ (R)‘_’ is graded and, with straightforward
modifications, to show that s Z (R)i is graded. ]

Lemma 2.23. Let (R, ¢) be a superalgebra with super-anti-automorphism. Then Z(R)
and s Z(R) are p-invariant.

Proof. We will prove only that Z(R) is ¢-invariant, since the proof for s Z(R) is similar.
By Lemma 2.22, we have Z(R) = Z(R)? @ Z(R)!, so it is sufficient to show that if
c € Z(R)O U Z(R)!, then ¢(c) € Z(R). Let r € RO U R1. Since co~'(r) = ¢~ (r)c,
we can apply ¢ on both sides and get (—1)!"lrg(c) = (—=1)/¢lI"lp(c)r and, therefore,
re(c) = ¢(o)r. u
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The following result is well known (see, e.g., Theorem 8.1 in [27] and Theorem 28
in [22]).

Corollary 2.24. If charF # 2, the associative superalgebra Q (n) does not admit a super-
involution.

Proof. The center of Q(n) is isomorphic to F1 & Fu, where u is an odd element with
u? = 1. Let ¢ be a super-anti-automorphism on Q(n). Since u is odd and central, ¢(u) is
odd and central. Hence, there is A € F such that ¢(u) = Au. Using that u? = 1, we have
1=9¢(1) =@u?) = —pu)?> = —A%. But then ¢?(u) = A>u = —u # u, hence p?> #id. m

2.5. Simple superalgebras

We now present the classification of finite-dimensional simple superalgebras in the asso-
ciative, associative-with-superinvolution, and Lie cases. Throughout this subsection, we
assume that IF is algebraically closed and that charF # 2. For the Lie case, we will further
assume char F = 0 and limit ourselves to the non-exceptional classical Lie superalgebras.

2.5.1. Simple associative superalgebras. The classification up to isomorphism of sim-
ple finite-dimensional associative superalgebras is well known (and also follows from the
results in Section 3.1 by considering trivial G-gradings). Given m,n € Zs>, the asso-
ciative superalgebras M (m, n), with m and n not both zero, and Q(n), with n # 0, are
simple. Conversely, any finite-dimensional simple associative superalgebra R is isomor-
phic to either M (m,n) or Q(n). These cases are mutually exclusive, and we say R is of
type M or type Q, respectively. Moreover,

e M(m,n) >~ M(m’,n’) if and only if (m,n) = (m’,n’) or (m,n) = (n’,m’),
e Q(n)~ Q(n')ifandonlyifn = n’.

2.5.2. Superinvolution-simple associative superalgebras. The classification of finite-
dimensional superinvolution-simple associative superalgebras was obtained in [42] (and
also follows from Theorems 4.14, 4.32 and 4.50 with trivial G-grading).

If (R, ¢) is superinvolution-simple but R is not simple as a superalgebra, then it
must be isomorphic to M(m, n) x M(m,n)*P, or Q(n) x Q(n)*°P, which are mutu-
ally exclusive cases. If R is simple as a superalgebra, then R must be of type M and
(R, @) ~ (End(F™™), ¢"), where ¢’ is the superadjunction with respect to a nondegen-
erate homogeneous supersymmetric bilinear form (-,-) on F”!" (see Definition 2.15).
Moreover, the isomorphism class of (R, ¢) depends only on m, n, and the parity of (-,-).
This motivates the following.

Definition 2.25. Let m,n € Z>¢ (not both zero) and let (-,-) be a nondegenerate super-
symmetric bilinear form on F™" with parity py € Z,. We define M*(m, n, po) as the
superalgebra M (m,n) ~ End(F™") endowed with the superinvolution given by superad-
junction with respect to (-,-). In matrix terms, the superinvolution ¢ is given by

VX € Mpu(F), o(X) ="' X" 0,

where ® is the matrix representation of (-,-) in the standard basis. (The asterisk in the
notation M *(m, n, pg) is a reminder that this is a superalgebra with superinvolution.)
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We note that an even nondegenerate homogeneous supersymmetric bilinear form
on F™I" exists if and only if n is an even number. In this case, ® can be chosen to be

In | 0
0 In)2
—in/2 0

°

An odd nondegenerate homogeneous supersymmetric bilinear form on F™/ exists if and
only if m = n. In this case, ® can be chosen to be

0|1 0 I,
2.3) qD:(I,, o)z(ln 0)'

Definition 2.26. Let (R, ¢) be a finite-dimensional superinvolution-simple superalgebra.
(1) If Ris of type M, we say that (R, ¢) is of type M,
(i) If(R,p) ~ M(m,n) x M(m,n)*P, for some m,n > 0, we say that (R, ¢) is of type
M x M*P,
(iii)) If R >~ Q(n) x Q(n)*P, for some n > 0, we say that (R, ¢) is of type Q x Q5.

We can distinguish the types using the center.

Lemma 2.27. Let (R, @) be a superalgebra with superinvolution.
1)  If (R,@)isof type M, then (Z(R), ¢) ~ (F,id).
(i) If (R, @) is of type M x M*®, then (Z(R), ¢) is isomorphic to the two-dimen-
sional superalgebra with superinvolution in Example 2.18.
(iii)) If (R, ) is of type Q x Q%P, then (Z(R), p) is isomorphic to the two-dimensional
superalgebra with superinvolution in Example 2.19.

Proof. Item (i) follows from the fact that Z(M,,+, (F)) >~ F. To verify items (ii) and (iii),
note that Z(S x §%P) = Z(S) x Z(S§)P for any superalgebra S. Since

Z(Mpin(F)) ~F and Z(Q(n)) =~ O(1),
the results follow directly. ]

Finally, the isomorphism conditions are the following:
(i) M*(m,n, po) ~ M*(m',n’, py) if and only if (m,n) = (m’,n’) and po = py,
(i) M(@m,n) x M(m,n)*P >~ M(m',n") x M(m’,n")*®P if and only if (m,n) = (m’,n’)
or (m,n) = (n',m’),
(iii) Q(n) x Q(n)*® ~ Q(n’') x Q(n")*® if and only if n = n’.

2.5.3. Simple Lie superalgebras. We now assume that char ' = 0. In this case, the clas-
sification of finite-dimensional simple Lie superalgebras was established in [33]. A simple
Lie superalgebra L = L0 @ L1 is said to be classical if L1 is a semisimple L9-module
and of Cartan type otherwise. The classical Lie superalgebras are divided into the series
A(m,n), B(m,n), C(n), D(m,n), P(n), and Q(n), as well as three exceptional cases:
F(4), G(3), and the family D(2, 1, @) with ¢ € F \ {0, —1}. In this work, we will define
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only the non-exceptional classical Lie superalgebras, as these are the ones to which our
method of classifying gradings applies. For the definitions of exceptional classical Lie
superalgebras and Cartan-type series, we refer to [33,44].

Let m, n € Zso, not both zero. The general linear Lie superalgebra is M (m, n)),
denoted by gl(m|n). The supertrace of a matrix in M (m, n) is defined by

t A|B =trA—trD
SI'CD.—I'—I'.

The special linear Lie superalgebra sl(m|n) is the derived superalgebra of gl(m|n) or,
equivalently,
sl(m|n) :={T e gl(m|n) | str T = 0}.

If m # n then sl(m|n) is a simple Lie superalgebra. However, if m = n, then

Z(sl(m|n)) = F1 = {(AO—I%) ] )LeIF}

is a nontrivial superideal. The quotient s[(n|n)/F 1 is a simple superalgebra if and only if
n>1.
In the definition below, we impose m > n to avoid repetition.

Definition 2.28. For m > n, the Lie superalgebra A(m,n) is definedtobe sl(m+1|n+1)
ifm#n,andpsl(n +1|n+1):=sl(n+1|n+1)/Flifm = n.

The orthosymplectic Lie superalgebra osp(m|n) is Skew(M*(m,n,0)). Iif m,n > 0,
then osp(m|n) is a simple Lie superalgebra.
Definition 2.29. The orthosymplectic Lie superalgebras are divided into three series:
e B(m,n) :=o0sp(2m + 1|2n),form > 0andn > 1,
e C(n) :=osp(2|2n —2),forn > 2,
e D(m,n) := osp(2m|2n),form >2andn > 1.
Since C(2) >~ A(1,0), it is sometimes imposed # > 3 in the C(n) case to avoid repe-
tition. B
The periplectic Lie superalgebra p(n) is defined to be Skew(M *(n,n, 1)). Unlike the
orthosymplectic case, p(#) is not simple.

Definition 2.30. The Lie superalgebra P (n) is the derived superalgebra of p(n + 1).

The superalgebra P (n) is simple if and only if n > 2.
Finally, let R denote the associative superalgebra Q (n 4 1) and consider the Lie super-
algebra R Its derived superalgebra is

Al B
R — {(?’7) e RO (trA —trB = 0},

which is not simple since Z(RM) = F1.
Definition 2.31. The queer Lie superalgebra, also denoted by Q(n), is RV /F1.
The Lie superalgebra Q(n) is simple if and only if n > 2.
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3. Graded-simple associative superalgebras

In this section, we develop the theory of graded-simple associative superalgebras sat-
isfying the descending chain condition on graded left superideals. In Section 3.1, we
show, following [18], that any such superalgebra is of the form Endgp(U), where D is
a graded-division superalgebra and U is a graded right -module of finite rank. Then, in
Section 3.2, we describe the structure of U and End g (U). The last two subsections focus
on finite-dimensional graded-simple superalgebras over an algebraically closed field F
with char F # 2. Section 3.3 describes graded-division superalgebras, while Section 3.4
classifies graded-simple superalgebras. Finally, in Section 3.5, we classify G-gradings on
simple finite-dimensional associative superalgebras: Theorems 3.38 and 3.41 for type M
and Theorem 3.43 for type Q.

3.1. Graded Wedderburn—Artin theory

A cornerstone in the theory of gradings is the analog of the Wedderburn—Artin theorem
for graded-simple algebras. Special cases of this result have appeared in several works
(e.g., [6,8,40]). Here we follow [18].

Definition 3.1. A G-graded-division superalgebra is a unital G-graded superalgebra D
in which every nonzero G*-homogeneous element (i.e., an element homogeneous with
respect to both the G-grading and the canonical Z,-grading) is invertible. In this context,
we refer to the G-grading on D as a division grading.

Division superalgebras are the special case corresponding to trivial G (see [14, 42]),
whereas graded-division algebras are the special case corresponding to trivial Z»-grading,
ie., D = DO.

Definition 3.2. If D = DO, we say that D is an even graded-division superalgebra, and
if D # DO, we say that D is an odd graded-division superalgebra.

Remark 3.3. Note that if i_) is odd, then for any nonzero d € DT, wehave D! = d 1 DO,
which implies that dimp D° = dimyp D!. In particular, if D >~ M(m,n) as a superalgebra,
then D can be odd only when m = n (since dim D° = m? + n? and dim D! = 2mn).

A standard argument with Zorn’s lemma shows that any graded £-module U has a
basis consisting of G*-homogeneous elements. If the basis is finite, then Endi:) W =
Endgp(U) (see Section 2.2).

Since a G-graded associative superalgebra is the same as a G¥*-graded associative
algebra, the following is a consequence of Theorem 2.6 in [18] (see p. 31 of [18] for the
converse).

Theorem 3.4. Let G be a group and let R be a G-graded associative superalgebra satis-
fying the descending chain condition on graded left superideals. Then R is graded-simple
if and only if there exists a G-graded division superalgebra D and a nonzero graded right
D-module U of finite rank such that R ~ End g (U) as graded superalgebras.

Remark 3.5. The right £D-module U is also a left R-module and a (R, £D)-bimodule.
As a left R-module, U is graded-simple, and the representation p: & — Endg(U) is an
isomorphism (see Exercise 3 on p. 60 of [18]).
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Given Theorem 3.4, we will identify R with Endg(U). An important observation is
that the centers of O and R can also be identified. This fact will be used later to determine
the type of D as a superalgebra (with or without superinvolution).

Lemma 3.6. Suppose G is Abelian and R = Endgp (U). Then the map v: Z(D) — Z(R)
given by 1(d)(u) := ud, forall d € Z(D) and u € U, is an isomorphism of graded alge-
bras.

Proof. First of all, ¢ is well defined. Indeed, ¢(d): U — U is D-linear for all d € Z(D),
sot(d) € R. Now, if r € R and u € U, then

rd)w)) =r(ud) =r)d = u(d)(ru)).

Hence, t(d) € Z(R). Clearly, deg((d) = degd.

To show that ¢ is an isomorphism, we identify & with Endg (U) via p as in Remark 3.5.
Computations analogous to the ones above show that the map ': Z(R) — Z (D) given by
U(r)(u) := r(u) is well defined, and it is straightforward that ¢ is the inverse of ¢. [ ]

We finish this subsection by presenting a necessary and sufficient condition for the
G-graded superalgebras Endg(U) and Endgp/(U’) to be isomorphic. To this end, we
introduce the following definitions.

Definition 3.7. Let ¥: D — D’ be a homomorphism of G-graded superalgebras, and
let U be a graded right H’-module. We can equip U with the structure of a graded right
D-module by defining u - d := u Yo(d), for all u € U and d € D. We denote the resulting
graded superspace by UY°. In the case yo: D — D is an automorphism, UY* is called
the twist of U by .

Definition 3.8. Let d € D be a nonzero homogeneous element. We define:
(i) the inner automorphism Intg: D — D by Inty(c) := dcd ™', forall c € D,
(i) the superinner automorphism slntg: & — D to be the linear map determined by
sIntg (¢) := (=1)14lllded =1 for all c € DO U D1,
The next result is Theorem 2.10 in [18] with a slightly different notation.

Theorem 3.9. Let R := Endgp(U) and R’ := Endgp/ (U'), where D and D' are graded-
division superalgebras, and U and U’ are nonzero right graded modules of finite rank
over D and D', respectively. Given an isomorphism y: R — R, there exists a triple
(g, Vo, Y1), where g € G*, yy: ™1 Dlel 5 D s an isomorphism of graded superalge-
bras, and ¥1: U — (U)Y° is an isomorphism of graded right D-modules such that

3.1 VreR, Y(r)=vyyoroyl

Conversely, given a triple (g, Vo, Y1) as above, equation (3.1) defines an isomorphism
of graded superalgebras ¥: R — R’. Another triple (g'. V(. V1) defines the same isomor-
phism  if and only if there are t € supp D’ € G* and 0 # d € D] such that g’ = gt,
Vo = Intg—1 o Yo and Yy (u) = Y1 (u)d for all u € U.
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3.2. Graded-division superalgebras and their graded modules
We start with examples of division gradings on the superalgebras Q (1) and M (1, 1).

Example 3.10. Let G = (h) be a cyclic group of order 1 or 2. We can grade Q(1) =
[F & Fu by declaring the G-degree of u to be h and this gives us a division grading. In
this case, G* = (h) x Z, and the support of the grading is the subgroup ((%, 1)) ~ Z

Example 3.11. Assume that char[F # 2 and let G = Z> (so G* = Z, x Z,). Then we
have a division-grading on M(1, 1), sometimes called Pauli grading, with G*-degrees
given by

w000 () })-6

deg<(1) _?) = (1,0), deg(? _(1)> =(1,1).

For any G-graded-division superalgebra O, one readily verifies that 7 := supp D is
a subgroup of G¥, so D can be regarded as a T-graded algebra. We will use subscripts
to refer to this 7-grading, i.e., D, refers to the homogeneous component D’ , where ¢ =
(g,i) e T < G*.

The parity is encoded by the group homomorphism p: T C G* — Z,, defined by
p(g,i) =i for all (g,i) € G¥. We will denote the kernel of p by T, thatis, T+ :=
T N (G x {0}) = supp DO. Similarly, we define T~ := T N (G x {1}) = supp D'.

Now, let U = P g+ Ug be an arbitrary graded right D-module. Observe that the
D-submodule generated by a homogeneous component Uy is Ugr := P, 7 Ugs, SO it
is convenient to introduce the following.

Definition 3.12. Given a left coset x € G/ T, the corresponding isotypic component of U
is defined by U, := P

gex
Remark 3.13. The use of the term “isotypic component” here is consistent with its com-

mon use. It is easy to see that all G-graded-simple D-modules are of the form #1.D for
some g € G*, and 81D ~ (819 if and only if g~1g" € T

Clearly, two G-graded right D-modules U and 'V are isomorphic if and only if the
isotypic component U is isomorphic to Vy forall x e G/T.

Definition 3.14. A D-basis B of U is called a graded basis of U if all the elements in B
are G*-homogeneous (of various degrees).

Since & is a graded-division superalgebra, D, is a division algebra. For all g € G*, the
graded subspace U, is a D,-submodule, and it is straightforward to check that a £,.-basis
of Ug is a graded D-basis of the isotypic component U, 7. As a consequence, we have
the following lemma.

Lemma 3.15. (i) Every graded right D-module U has a graded basis, and all graded
bases of U have the same cardinality (so dimgp U is well defined).

(i) Let U and 'V be graded right D-modules. Then, for any g € G*, the graded D
modules Ugr and Vg are isomorphic if and only if dimp, Uy = dimg, V,.
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It follows that the isomorphism class of any graded £-module U with finite dimen-
sion over D is determined by the map «: G*/T — Zs¢ defined by k(x) := dimgp(Uy),
which has finite support. In other words, « is a finite multiset in G*/ T, where k(x)
is viewed as the multiplicity of the point x. As usually done for multisets, we define
lic| := 3" s esupp K (X). By definition, |«| = dimgp (U).

Definition 3.16. Given a map «: G*/T — 7 with finite support, we say that a k-tuple
Y = (g1.....8%) € (G*K, where k := |k|, realizes k if the number of entries g; with
gi € x isequal to k(x) forevery x e G/ T.

It is clear that, choosing any k-tuple y = (g1, ..., gk) that realizes «, we can con-
struct the graded D-module U := Ll @ .. @ 1D, which is a representative of the
isomorphism class of graded £D-modules determined by «.

Fixing a graded basis 8 of a graded right D-module U with k := dimgp U < oo,
we can write Endgp (U) as My (D). Given a nonzero homogeneous element d € O and
1 <i,j <k,let E;;(d) be the matrix with d in position (i, j) and 0 everywhere else.
Writing g1, .. ., gk for the degrees of the elements in B, we have

deg E;j(d) = gi(deg d)gj_l.

Assuming G Abelian, it follows that My (D) ~ My (F) ® O as G-graded superalgebras,
where M () is equipped with the elementary G*-grading associated to (g1, ..., gx) (see
Section 2.2).

A standard result states that the ideals of My (D) are exactly the sets My (I), where /
is an ideal of D. It is straightforward to check the same is true for superideals.

Proposition 3.17. The superideals of My (D) are precisely the sets My (1), where I is a
superideal of D. In particular, Endg (U) is simple as a superalgebra if and only if D is
simple as a superalgebra.

The distinction between even and odd graded-division superalgebras influences the
parameters we can use to describe a graded £-module U and, consequently, the graded
superalgebra End o (U).

If O is an even graded-division superalgebra, then both U® and U are graded D-sub-
modules, and we can write

5 End g (UO 0
Endp(U)0 = ( 2 () End,@(uf))
and 2 a1
7 0 Homgp (U1, U?)
1 _ _
Endp(U)" = (Hom@(w,w) 0 )

The isomorphism classes of the submodules U® and U are determined, respectively,
by maps «, ki: G/ T — Z=o given by k;(x) = dimgp U, foralli € Z, and x € G/T.
Note that, in this case, G*/T = G*/ T is the disjoint union of G/T and (e, 1) - G/T
and, clearly, k((g,i)T) = «;(gT), for all i € Z, and g € G. Selecting graded D-bases
for U0 and U1, we can identify Endp(U) with matrix superalgebra M k; (), where
ki = |Ki| = dim@ Uut.
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If O is an odd graded-division superalgebra and U # 0, then neither U nor U! is
a D-submodule. However, one can flip the parity of elements in any graded basis of U
by multiplying them with a homogeneous element from D1. Consequently, it is always
possible to select an even D-basis for U, i.e., a graded D-basis consisting solely of even
elements. Using such a basis to write Endg (U) as My (D) ~ My (F) ® D, we see that
all the information about the canonical Z,-grading is encoded in D:

Mp(D)0 = My(F) @ DO and M (D) = M (F) ® D.

Convention 3.18. If D is an odd graded-division superalgebra, we always choose the
graded basis B to be an even basis.

From the point of view of the map «, this convention corresponds to choosing y € Gl
to realize «. Since the map 1: G/ T+ — G*/T givenby 1(gT+) = (g,0)T is a bijection,
we can work withk o 1: G/ T+ — Z >0, which we will, by abuse of notation, also denote
by k.

3.3. Graded-division superalgebras over an algebraically closed field

In this subsection, we will assume that the grading group G is Abelian and that F is an
algebraically closed field with char [F £ 2. We will parametrize and classify the finite-
dimensional graded-division superalgebras and develop a theory regarding this parame-
trization. Unless stated otherwise, & will be assumed to be a fixed finite-dimensional
graded-division superalgebra.

3.3.1. Parametrization of finite-dimensional graded-division superalgebras. Picking
nonzero elements X; € O;, we have that D; = D, X;. Since G is Abelian, the elements
X; X and X X; are both in Dy,. Since I is algebraically closed, we have D, = F for
any finite-dimensional £ and, hence, X; X is a nonzero scalar multiple of X X,;. We can
then define the map 8: T x T — F* by

3.2) Vt,s € T,VX; €D, VX5 €Dy, XiXs = B(t,5)Xs X;.

Thus, B is a measure of how & fails to be commutative. In the superalgebra setting, it is
convenient to measure how D fails to be supercommutative, so we define §: 7 x T — F*
by

(33)  Vi,seT.VX, €Dy VXs €Dy, XXy = (=1)POPOB(1 )X, X, .

Definition 3.19. A map b: T x T — F* is a bicharacter if, for every t € T, both maps
b(t,):T — F*and b(-,1): T — F* are characters. We say that a bicharacter b is:

(1) alternating if b(t,t) = 1 forallt €T,
(i) skew-symmetricif b(t,s) = b(s,t)"! forallt,s € T.
Clearly, every alternating bicharacter is skew-symmetric. The radical of a skew-sym-
metric bicharacter is the subgroup of T defined by
radb:={teT | b, T) =1}

If rad b = {e}, we say that b is nondegenerate.
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Straightforward verification shows that both § and ,3 are bicharacters, are indepen-
dent of the choice of the elements X; € {D;, and are related by the equation 8(t,s) =
(=1)PDOPS (¢, 5). Tt follows from (3.2) and (3.3) that the support of Z(&D) is rad 8, and
the support of s Z(D) is rad . ~

Note that while 8 is alternating, 8 is skew-symmetric, but not alternating if 7~ # @.
It is well known [43] and easy to check that for any Abelian group T and any skew-
symmetric bicharacter # on T, there is an alternating bicharacter 8 on T and a group
homomorphism p: T — Z5 such that ,3(t s) = (=1)?OPG B(¢, 5) forall ¢, s € T. Hence,
a pair (7, B), where ,8 is a skew-symmetric bicharacter on 7', carries the same information
as a triple (7, B, p), where B is an alternating bicharacter and p: T — Z, is a group
homomorphism. In [30] we decided to use one notation, but here we are using the other.

Proposition 3.20. The pair (T, ,5) determines the isomorphism class of a finite-dimen-
sional graded-division superalgebra . Moreover, for every finite Abelian group T and
every skew-symmetric bicharacter B: T x T — F*, there is a graded-division superalge-
bra associated with (T, B).

Proof. Since ,3~ determines B and p, this result follows from the fact that graded-division
algebras are classified by the pairs (7, 8), where T is a finite Abelian group and S is an
alternating bicharacter (see Section 2.2 of [20] or Section 2.2.3 of [30] for an alternative
proof). ]

It is known (see, e.g., Section 2.2 of [18] or Corollary 2.37 in [30]) that D is simple
as an algebra if and only if B is nondegenerate. In Proposition 3.32, we will show that O
is simple as a superalgebra if and only if B is nondegenerate.

3.3.2. Automorphisms of 9. We will need some information about automorphisms of D
as a graded superalgebra.

Lemma 3.21. An F-linear map Yo: D — D is an automorphism of D if and only if there
is y € T such that yo(X;) = y(t) Xy forallteT.

Proof. Any invertible degree-preserving linear map ¢: & — D is determined by a map
x: T — F* such that ¥ (X;) = y(t)X;, forallt € T. It is easy to see that ¥ is an auto-
morphism if and only if y is a group homomorphism, i.e., y € T'. ]

Lemma 3.22. Let ¥o: D — D be an automorphism that restricts to the identity on s Z (D).
Then Vo = sInty for some nonzero G*-homogeneous element d € D.

Proof. By Lemma 3.21, there is a character y € T such that Yo(Xy)=yx(t)X, forallteT.
Since ¥ acts tr1V1ally on sZ(D), we have y(t) = 1 forall ¢ € rad ,3

Set T := T/ rad ,3 and let 7: T — T be the quotient map. The induced bicharac-
ter b: T x T — FX, defined by b(n(s) 7(t)) := B(s,t), is nondegenerate and skew-

symmetric. Therefore, the map T — T, given byt — b(t,-), is a group isomorphism.
Since y is trivial on rad ,8 there exists a y € T such that y = y o . By nondegeneracy

of b, there is an element ¢ € T' such that b(7(¢),-) = y. A straightforward computation
shows that {¢ = sInty, where d € D is any nonzero homogeneous element of degree . m
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3.3.3. Radicals and parity elements. As we have seen, the center and supercenter of D
correspond, respectively, to the radicals of 8 and 8. From now on, we will also consider
another bicharacter 87, which is the restriction of B to T+ x T . The radical of 87 cor-
responds to the center of DO, The interplay between these three radicals will be important
in our theory.

Lemma 3.23. We haverad f = (rad ) N T'*.

Proof. Firstnote thatif 7, € 7™, then 1 ¢~radﬂ~, since ,g(tl,tl) = (=11l = —1. Now, if
to € 7:+, then B(t9,-) = B(to,-). Hence, B(to, T) = 1 if and only if B(z9, T) = 1. Thus,
(rad ) N T = (rad B) N T, concluding the proof. n

Corollary 3.24. We have sZ(D) = Z(D) N DO.

Definition 3.25. We call an element ¢, € T a parity element if ,3 (tp, 1) = (=P ® for all
t € T, and denote the set of all parity elements by 7).

Note that for a nonzero homogeneous element d € D, its G*-degree is a parity element
tp € T if and only if the super inner automorphism sInt, is the parity automorphism. As a
consequence of Lemma 3.22 and Corollary 3.24, we have the following result.

Corollary 3.26. The set T, is non-empty.

Given a parity element z,, we observe that T, = ¢, (rad B ). However, there is another
way to describe T}, relating the radicals of 8, 81 and 8.

Lemma3.27. If T~ =0, then Ty =radf =radf =rad . If T~ # 0, then T, N T+ =
(rad 1)\ (rad B) and T, N T~ = (rad B) N T .

Proof. The first assertion is trivial, so we assume 7~ # @.

Let 7o € T be any element. If 79 € T, then clearly 7 € rad BT but, for any 1, € T,
B(to, 1) = B(IO, t1) = —1, so to ¢ rad B. Conversely, if ty € rad 87 \ rad 8, then we have
that B(fo, 1) # 1 forsome t; € T~. Since 17 € T, B(to,11)* = B(to, %) = 1 and, hence,
B(to.11) = —1. Then B(to, T™) = B(to.t1 T ) = B(to.11) = —1, proving that 7y is a parity
element.

Now, let#; € T~ be any element. Then 71 is a parity element if and only if ,g(tl 1) =
(=1)P® = (—=1)?@P® for all ¢t € T, which, by the definition of B, is equivalent to
B(t1,t) = 1 forallt € T. The result follows. |

Corollary 3.28. We have that either T, CT+ or T, CT . If T, CT™, thenrad f = rad B
andrad B = (rad ) U T,. If T, € T, thenrad p = (rad B) U T, and rad B = rad B.

Proof. Since T}, is a coset of rad,é and rad,g C T, by Lemma 3.23, the first assertion
follows directly. The rest follows from Lemma 3.27. |

Restricting this discussion about radicals and parity elements to the case where ,3 is
nondegenerate, we have the following theorem.

Theorem 3.29. The bicharacter ,5 is nondegenerate if and only if |T,| = 1. In this case,
the unique parity element t, has order 2. Furthermore:
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(1) if B is nondegenerate, then ,5 is nondegenerate, t, € T and rad B+ = (1),

(i) if B is degenerate, then /§ is nondegenerate if and only if B is nondegenerate. In
this case, t, € T~ andrad B = (tp).

3.3.4. Standard realizations of O that are simple as superalgebras disregarding the
G -grading. We will now demonstrate that case (i) in Theorem 3.29 corresponds to super-
algebras of type M and case (ii) to superalgebras of type Q.

Assuming 8 is nondegenerate, we can construct a graded-division superalgebra associ-
ated to (7, B) using matrices, For that, we follow Remark 18 in [19] (see also Remark 2.16
in [18]).

First, we can decompose the group T as A x B, where the restrictions of § to each of
the subgroups A and B are trivial (see p. 36 of [18]) and, hence, A and B are in duality
by B, i.e., the map A — B given by a — f(a, -) is an isomorphism of groups (note that,
in particular, |T'| is a perfect square).

Definition 3.30. Let I be the vector space with basis {e }»<p (i.e., V is the vector space
underlying the group algebra I B). For each a € A4, define X, € End(V) by

Vb' e B, Xu(ey):= B(a,b)ey,
and, for each b € B, define X € End(V') by
Vb e B, Xb(eb’) = €épp’.

Finally, we define X5 := X, Xp, forall a € A and b € B. Then the set { X; };e7 is a basis of
End(V), and it defines a division T -grading on it. The resulting graded-division algebra
corresponds to (7, B) and is called standard realization associated to (T, B). Note that,
as an algebra, O ~ My (F), where { = \/m The partition T = T+ U T~ defines a
superalgebra structure on & corresponding to the pair (7, ). As a superalgebra, O will
be called a standard realization of type M associated to (T, B).

Now suppose that 5 is nondegenerate but 8 is degenerate. In this case, by Theo-
rem 3.29, BT is nondegenerate, so let DO be a standard realization of type M associated
with (T*, ). Since t, € T, there is an order two element i € G such that ¢, =
(h,1) € G*. We can grade Q(1) with a (h)-grading as in Example 3.10. It is easy to check
that the superalgebra D := Q(1) ® DO, graded by setting deg(a ® b) := (dega)(degb),
is associated with (7, B).

Definition 3.31. The G-graded superalgebra D := Q(1) ® D0 = DO & uDO, where we
declare the G-degree of u to be &, will be referred to as a standard realization of type Q

associated to (T, B) orto (T, B+, h). Note that D ~ Q(£), where £ = /|T+| = /|T|/2.
Proposition 3.32. As a superalgebra, D is simple if and only if ,3 is nondegenerate.

Proof. We know that D is simple as an algebra if and only if B is nondegenerate. The
construction of standard realization of type Q proves that if 8 is nondegenerate, then D
is simple as a superalgebra. It only remains the converse of this last statement.

If D ~ Q(n), then DO ~ M(n) is a graded-division algebra that is simple as an algebra
and, hence, +is nondegenerate. The result follows from Theorem 3.29. [
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3.4. Graded-simple superalgebras over an algebraically closed field

We continue assuming that I is algebraically closed and G is Abelian. If R is a finite-
dimensional graded-simple superalgebra, it follows from Theorem 3.4 that R ~End g (U),
where D and U are also finite-dimensional. Since we know how to parametrize £ and U,
we can parametrize Endgp (U). First, we will do it in terms of the group G*.

Definition 3.33. Let O be a finite-dimensional graded-division superalgebra over an alge-
braically closed field F with char ' # 2, and let U be a graded right £D-module of finite
rank. If D is associated to (T, 8) and U is associated to k: G*/T — Zso , we say that
(T, ﬁ, k) are the parameters of the pair (D, U).

Consider the usual G*-action on the functions «: G*/T — Zxo, i.e., given g € G,
set (g - k)(x) := k(g 'x) for all x € G*/T. Since G is Abelian, it is easy to see that
if k is associated to a graded O-module U, then g - k is associated to Ulel, Note that if
(g1,-..,8x) is a k-tuple realizing «, then (gg1, - .., ggk) is a k-tuple realizing g - «.

If Yo: D — D’ is an isomorphism of graded algebras and if U’ is a graded right
D’-module associated to «’, it is clear that dimg U/, = dimgp(U,)¥?, forall x e G*/ T,
and, hence, the graded £-module (U’')¥? is also associated to «’. Thus, Theorem 3.9
becomes the following.

Theorem 3.34. Let (D, U) and (D', U') be pairs as in Definition 3.33, and let (T, ,g K)
and (T', B', k') be their parameters. Then Endp (U) ~ Endg (U') if and only if T = T’,
B = B, and « and k' belong to the same G*-orbit.

In Section 3.2, we introduced different parametrizations for graded £D-modules de-
pending on whether the graded-division superalgebra D is even or odd. We will do the
same here.

Definition 3.35. Let O be a finite-dimensional graded-division superalgebra associated
to (7, B), and let U be a graded right D-module of finite rank. We parametrize the pair
(D, U) by
i) (T, B, kg, k1), if O is even and U is associated to the maps kg, k7: G/ T — Zso,
@) (T, ,3, k), if D is odd and U is associated to the map k: G/ T+ — Zxo.
In terms of this parametrization, Theorem 3.34 can be restated as follows.

Theorem 3.36. Let (D, U) and (D', U') be pairs as in Definition 3.35.
(i) Ifone of D and D’ is even and the other is odd, then End g (U) 7 Endg (U').

(ii) If both D and D' are even, let (T, B, kg, k1) and (T', B, k§, k) be the parameters
of (D, W) and (D', W), respectively. Then Endgp(U) >~ Endgp/ (W) if and only if
T =T', B =P’ andthere is g € G such that either g - k5 = kg and g - ki = Kj, or

g
) Sy
g kg =kjand g - ki = K.

(iii) Ifboth D and D' are odd, let (T, B.,x) and (T', B, k') be the parameters of (D, U)
and (D', U'), respectively. Then Endp(U) ~ Endp/ (U') if and only if T = T,
B = B', and k and k' belong to the same G-orbit.
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3.5. Gradings on simple superalgebras over an algebraically closed field

We now specialize to the case of simple superalgebras (disregarding the G-grading), i.e.,
the superalgebras of types M and Q. Let R be one of these superalgebras. Given a G-
grading on R, we have R ~ Endgp(U). Moreover, by Proposition 3.17, Endgp(U) is
simple if and only if so is &. Thus, in view of Proposition 3.32, we are considering the
case where f is nondegenerate. Moreover, by Lemma 3.6, D has the same type as R.

Recall that if D is of type M, it can be even or odd, while if D is of type Q, it can
only be odd. Standard realizations of these three cases of D are given in Section 3.3.4.
Using these realizations and elementary gradings (Section 2.2), we will construct explicit
models for the gradings on R in each of the three cases.

We start with even gradings on M (m, n), i.e., gradings for which D is even.

Definition 3.37. Let m,n € Zx, not both zero, and consider a finite subgroup 7" C G,
a nondegenerate bicharacter 8: T x T — F> and maps kg, k7: G/ T — Zx¢ with finite
support such that k5+/|T| = m and k7+/|T| = n, where k; := |«;|. Choose

(1) D to be a standard realization of type M associated to (T, B),

(ii) yg and yj to be tuples realizing « and k7, respectively.
Consider the superalgebra M (kg. k1) equipped with the elementary grading associated
to (¥, ¥7)- The even grading I'ys (T, B, k5, k1) on M (m, n) is induced by the identification
M(m,n) >~ My x; (D) = M(kg, ki) ® D via the Kronecker product. The resulting graded
superalgebra is denoted M (T, B, kg, k7).

From Theorem 3.36, we have the following result.

Theorem 3.38. Every even G-grading on M(m, n) is isomorphic to a grading of the
Sform Ty (T, B, k5. k1), as given in Definition 3.37. Two gradings T'y (T, B, kg, k1) and
Ty (T, B, Ké, k%) are isomorphic if and only if T = T', B = B’ and there is g € G such

that either g - k5 = kg and g - ki = kf, or g -k = kj and g - ki = K.

Remark 3.39. If m # n, then |ig| # |«i|, and therefore only the case g - k5 = « and
g -k = K7 is possible.

Now, let us consider the odd gradings on M (m, n), i.e., gradings for which O is odd.
It follows from Remark 3.3 that, in this case, m = n.

Definition 3.40. Let n > 0 be a natural number and consider a finite subgroup T < G¥,
T ¢ G, a nondegenerate alternating bicharacter 8: T x T — F* andamap k: G/ T+ —
Z > with finite support such that k\/m =n,wherek := |k|. Let p:G* =G x Zy — Z»
be the projection on the second component and define ,g T xT — F* by ,5 (t,s) =
(=D)“sIB(z, 5) forall t, 5 € T. Choose

(1) D to be a standard realization of type M associated to (7, ,3),
(i1) y to be a tuple realizing .

Consider the algebra My () equipped with the elementary grading associated to y. The
odd grading I'ys (T, B, k) on M (n,n) is induced by the identification M (n,n) >~ My (D) =
My (F) ® O via the Kronecker product. The resulting graded superalgebra is denoted
M(T, B, k).
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Theorem 3.41. Every odd G-grading on M(n, n) is isomorphic to T'p (T, ,5, K) as in
Definition 3.40. Two such gradings Tpg (T, B, k) and Tp (T', B, k') are isomorphic if and
onlyif T=T', 8 =0, and thereisa g € G such that g -k = «'.

Finally, we classify the gradings on the superalgebra Q (n).

Definition 3.42. Let n > 0 be a natural number and consider a finite subgroup T+ C G,
a nondegenerate bicharacter 8: T+ x T+ — F*, an element / € G such that 4> = 1 and a
map k: G/ T — Zx¢ with finite support such that k /|T | = n, where k := |«|. Choose

(i) D to be a standard realization of type Q associated to (T+, 87T, h),
(ii) y to be a tuple realizing «.

Consider the algebra My () equipped with the elementary grading associated to y. The
grading To (T, 1, h, k) on Q(n) is induced by the identification Q(n) ~ My (D) =
M (F) ® D via the Kronecker product. The resulting graded superalgebra is denoted
O(T*, Bt h,x).

Note that Q(T*, B, h, K) = M(T*,B% k) ®uM(T™, BT, k), where u? = 1 and
the G*-degree of u is 1, = (h, 1).

Theorem 3.43. Every G-grading on Q(n) is isomorphic to To(T+, B¥, h, k) as in Defi-
nition 3.42. Two such gradings To (T ™+, B+, h,k) and To (T'*, B’ 1’ k') are isomorphic
ifand only if Tt = T'*, Bt = ', h = h’ and there isa g € G such that g - k = K.

4. Graded-superinvolution-simple superalgebras

This section establishes general results on graded-superinvolution-simple associative su-
peralgebras satisfying the descending chain condition on graded left superideals. Such
superalgebras naturally split into two disjoint classes: those that are graded-simple and
those that are not. For both cases, we will need the concept of superdual of a graded
D-module, which we introduce in Section 4.1.

We first consider the non-graded-simple case, for which the classification easily re-
duces to the results of Section 3. Indeed, as shown in Proposition 2.20, these superalgebras
decompose as S x §°°P with exchange superinvolution, where S is a graded-simple super-
algebra. This case is addressed in Section 4.2. All remaining subsections are dedicated to
the graded-simple case, where a theory of super-Hermitian forms on graded £-modules
is required.

4.1. The superdual of a graded -module

Definition 4.1. Let D be a graded-division superalgebra and let U be a graded right D-
module of finite rank. The superdual of U is defined to be

U™ := Homgp (U, D).

We give U* the structure of a graded left D-module using the multiplication on D, that
is,if d € D and f € U*, we define d - f by

Yuel, - f)w) =dfu).
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Given graded right -modules of finite rank U and V, and a homogeneous D-linear map
L:U — 'V, we define the superdual of L to be the [F -linear map L*: V* — U* determined
by ) ]

ViewnPuwnl L*(f) = DHVIfo L.

It is easily seen that L* is a homomorphism of left £-modules. We extend the definition
to non-homogeneous maps in Homg (U, V) by linearity.

If 8 ={uy,...,ur}is a graded basis, then we can consider its two superdual bases
inU*: *B = {*uy,..., "ug} and B* = {ufy, ..., u;}, where *u;: U — D is defined by
*ui(u;) = 8;; and u}: U — D is defined by u; (u;) = (—1)'“"””/“81-]-. Clearly, we have
deg(*u;) = deg(u}) = (degu;)~".

Remark 4.2. In the case D = I and L: U — U, if we denote by [L] the matrix of L
with respect to the graded basis B, with even elements preceding the odd ones, then
the supertranspose [L]*T is the matrix of L*: U* — U* with respect to the superdual
basis 8*.

It is easy to see that D is also a graded-division superalgebra and, since U* is a
graded left O-module, we will regard U™ as a graded right D*°P-module by means of the
action

Vd e DOU DL, fe(UHOU UL, f-d:= D g. 7

Lemma 4.3. Let U be a G-graded D-module of finite rank.
(1) The F-linear map c: U — U** defined by

e)(f) = DM 7)), forallueU® U U and f e (U0 U (U,

is an isomorphism of graded right D-modules.

(ii)) The map Endgp(U) — Endgsew (U*) defined by L +— L* is a super-anti-isomor-
phism.

Proof. For (i), with routine computations using the rule of signs, one can easily check that
e(u) € U*™ (i.e., it is a H*°P-linear map from U* to NP) and that ¢ is D-linear. We note
in passing that the sign in the definition of ¢ is essential; without it, ¢ would not be well
defined in the case of odd . To see that ¢ is an isomorphism, let {u, ..., u,} be a graded
basis of U. We have that

eu(ui)(u)) = (=DM ) = 85,

ie., e(u;) = *(u]) = (*u;)*. Therefore, 94 sends a graded basis to a graded basis.

For (ii), one can easily check that the inverse of the function given is the map L +—
e loL*og, for all L € Endgsor(U*), and that (L o §)* = (=1)IEISIS* o L* for all
L.S € Endg(U)® UEndg(U)!. "

We will now find the parameters describing the G-graded superalgebra End gsop (U*).

Proposition 4.4. Suppose F is algebraically closed. Let D be associated to (T, B) and
let U be associated to k: G*| T — Zsq. Then D is associated to (T, B~1) and U* is
associated to k*: G* | T — Z g defined by k*(x) := k(x™1).
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Proof. If (T, B) is the pair associated with D, then it is clear that supp D*P = T'. More-
over,if 5,1t € T,0 # X5 € D; and 0 # X, € Dy, then, following the notation in Defini-
tion 2.16, we have

DIXXS = B, ) XX,

DI B, )X, Xy = (=11 B(s. 1) X, X

X Xe = (-
:(—

We conclude that (7, ﬁ ~1) is the pair associated to D*°P.

Since G is Abelian, G*/ T is a group and, hence, the map G*/T — G*/T given by
x > x~!is well defined. From the construction of the superdual basis, it is easy to see
that dimgp U, = dimgpsr U1, forall x € G*/T. n

It is straightforward to translate this to the maps G/ T — Z>o (even D) and G/ T+ —
Z > (odd D) associated to the G-graded module U. If D is even and kj, k7 are the maps
associated to U, then k3, k7 are the maps associated to U*. If D is odd and « is the map
associated to U, then «* is the map associated to U*.

4.2. Non-graded-simple case

Our goal now is to classify, up to isomorphism, the superalgebras of the form S x §%°P
endowed with exchange superinvolution, where S is graded-simple. We begin with a
straightforward result.

Lemma4.5. Let S and S, be graded-simple superalgebras. Then S1 x S ‘lmp ~ S5 x S;Op
as graded superalgebras with superinvolution if and only if S1 >~ S, or S1 ~ S;oP as
graded superalgebras.

When convenient, we can replace S*°P with an isomorphic graded superalgebra. Spe-
cifically, if 8: S — S’ is a super-anti-isomorphism of graded superalgebras, then S x S*°P
with the exchange superinvolution is isomorphic to S x S’ endowed with the superinvo-
lution (s1,52) — (87 '(s2), 0(s1)).

Definition 4.6. Let D be a graded-division superalgebra and let U be a graded right D-
module of finite rank. Recall that U* := Homg (U, D) is a graded right H*°P-module, and
that the map Endg (U) — Endgs (U*) given by L — L* is a super-anti-isomorphism
whose inverse is L+ * L. We define E (D, U) to be the graded superalgebra End o (U) x
Endgsor (U*) endowed with the superinvolution (L1, Ly) — (*La, LY).

Combining Theorem 3.36 and Lemma 4.5 with the description of the parameters
for H%°P and U™ at the end of the previous subsection, we obtain the following theorem.

Theorem 4.7. Let (D, U) and (D', U') be pairs as in Definition 3.35, with both D
and D" even. Let (T, B, kg, k1) and (T, B', k5, k5) be the parameters of (D, U) and
(D', W), respectively. Then E*(D, U) ~ E*(D’, W) if and only if T = T’ and one of
the following holds:
() B’ = B andthereis g €G such that either Ky =g Kpand ki = g -Ki, 0rkg = g - Ki
and K5 = g - kg,
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. Y _ a—1 . . _ _ _
(i) B’ —*,3 a7d there z;v g € G such that either ki = g - k5 and k5 = g - k7, or ki =
g ki and k] = g Kj.

Theorem 4.8. Let (D, U) and (D', W) be pairs as in Definition 3.35, with both D
and D' odd. Let (T, B,«) and (T, B, k') be the parameters of (D, U) and (D', U),
respectively. Then E*(D,U) ~ E*(D’, W) if and only if T = T’ and one of the fol-
lowing holds:

(i) B’ = B andthereis g €G suchthat k' = g -k,

(i) B’ = B~ and there is g € G such that k' = g - k*.

4.3. Super-anti-automorphisms and sesquilinear forms

We begin our study of superinvolutions on graded-simple associative superalgebras. It is
worthwhile to first consider the general case of super-anti-automorphisms, specializing to
superinvolutions at a later stage (Section 4.5).

The main result of this subsection is Theorem 4.14, but we begin with preliminary
results that are necessary for its proof. There are many technical details to pay attention
to, for example, whether maps are written on the left or the right because moving a map
from one side to the other slightly alters its definition (Definition 2.13).

Fix a graded-division superalgebra O and a G-graded £-module U of finite rank, and
set R := Endgp (U). By construction, U is an (R, P)-bimodule. In Section 4.1, we showed
that U* := Homg (U, D) is a graded right D*°P-module and a left End psop (U*)-module.
By Lemma 4.3, R**P ~ Endgsr (U*), allowing us to equip U* with a left R*P-module
structure:

@)  VreROURL feUU@UMHT, 7-fi=r(f)=)7Trof

Thus, U* becomes an (R%P, D*°P)-bimodule. Our goal is to reinterpret this as an (R, D)-
bimodule using a fixed super-anti-automorphism ¢ on R.

Lemma 4.9. (i) As a left R*°P-module, U* is graded-simple,

(ii) The representation D*°P — Endgsop (U*) corresponding to the right D*°P-action
on U* is an isomorphism.

Proof. The first assertion follows from the fact that U* is a graded-simple left module
over End psop (U*), and the second follows from Remark 3.5. [

Even though D*P is defined as the same space as D but with a different multiplication
(Definition 2.16), it will be essential to distinguish them. Indeed, using the isomorphism in
Remark 3.5, we will identify O with Endg (U) and, using the isomorphism in Lemma 4.9,
we will identify D*°P with End gsop (U*).

On the other hand, treating the super-anti-automorphism ¢: R — R as an isomorphism
R — R*°P (mapping r to ¢(r)), we use ¢ to transform the R*°P-action in equation (4.1)
into an R-action:

@.2) YreROURL fe(U"HOU UM, r-fi=0() - f =DV op@r).

Under these identifications, we obtain D*P = Endgsp (U*) = Endg(U™).
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From Lemma 2.7 in [18], R has a unique graded-simple module up to isomorphism
and shift. Thus, there exists an invertible R-linear map v: U — U*, homogeneous of
degree (go.a) € G*. Fix such a v. Since the R-action is left-sided, we adopt the convention
of writing R-linear maps on the right. The following lemma clarifies the nonuniqueness
of such maps.

Lemma 4.10. A map v': U — U* is R-linear and homogeneous if and only if v/ = vd
for some homogeneous element d € D°P = Endg(U*), where juxtaposition represents
composition of maps written on the right.

Using the identifications D = Endg (U) and D*°P = Endg (U*), define py: D — D5P
by )
VdeD, ¢o(d) = (=) v'dv,
where juxtaposition denotes composition of maps on the right. Since ¢o is an isomor-

phism, we regard it as a super-anti-automorphism ¢q: & — . This allows us to equip U*
with a G-graded right D-module structure via ¢q:

4.3) VieU.deD., f-d:=f- pod).

Thus, U* becomes a graded (R, D)-bimodule, as desired.
However, the invertible R-linear map v: U — U™ is not D-linear. To address this,
we use 0 := v° (see Definition 2.13), which reinterprets v as a left-sided map with sign

adjustments. By (2.1), 6 is not R-linear. But we can check that it is £-linear. Indeed, for
alue Uandd € O,

O(ud) = (_1)|9l(|u\+|dl)(ud)v — (_1)|9Hu| (—l)w”dl(u)(dv)
= (=) ()Pl gy (vu = dv) = (= 1)1 ) (v o (d)) = O(u) po(d).

We will now define a third map to complement v and 6. Given u € U, we have that
O(u) € U* = Homgp (U, D). For any v € U, the evaluation 6(u)(v) lies in D. This allows
us to define a bilinear map B: U x U — D via

4.4) Yu,veU, B(u,v):=0u)).

Definition 4.11. A map B: U x U — D is called a sesquilinear form on U if it is
[F-bilinear, G*-homogeneous if considered as a linear map U ® U — D, and there is
a degree-preserving super-anti-automorphism ¢q: & — D such that, for all u, v € U and
ded,

(1) B(u,vd) = B(u,v)d,
(i) B(ud,v) = (—=1)UBIFuDIdl 40 (d)B(u, v).

If we want to specify the super-anti-automorphism ¢g, we will say that B is sesquilinear
with respect to @ or that B is @g-sesquilinear. The (left) radical of B is the setrad B :=
{ueU| B(u,v) = 0forall ve U}. If rad B = 0, we say that B is nondegenerate.

It is straightforward to verify that B as defined in (4.4) is a ¢g-sesquilinear form. One
can actually prove more.
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Proposition 4.12. Fix a super-anti-automorphism @g: D — D and consider the right
D-module structure on U* given by equation (4.3). There is a bijection between @q-
sesquilinear forms B: U x U — D and homogeneous D-linear maps 6: U — U*, given
by B(u,v) = 8(u)(v). Moreover, B is nondegenerate if and only if 0 is bijective.
Remark 4.13. Let B # 0 be a sesquilinear form on U.

(i) There is a unique super-anti-automorphism o on O such that B is sesquilinear
with respect to @g.

(i) Given a homogeneous 0 # d € D, the bilinear map dB: U x U — D, given by
(u,v) — dB(u,v), is a sInty o @g-sesquilinear form, where sIntz: O — D is the
superinner automorphism slntg (c) := (=1)I¢ldlded =1, for all c € D.

(iii) The form B is nondegenerate if and only if d B is nondegenerate.

Proof. For (i), since B # 0, there are homogeneous elements u, v € U such that 0 #
B(u,v) € D. Suppose B is sesquilinear with respect to super-anti-automorphisms ¢
and ¢; on . Then, for all d € D% U D', we have

B(ud,v) = (—=1)BIFRDl o (@) B(u, v) = (—1)IBIHMDIl o () B(u, v)

and, therefore, o(d) = ¢,(d). Item (ii) is an easy computation, and item (iii) follows
from the fact that rad B = rad dB. [

We now relate the super-anti-automorphism ¢ on R to B. Using (2.1) and (4.2),

B(ru,v) = 6(ru)(v) = (=) - 6u))(v)
= (=)= O @) 0 () (v)
= (=D)"M@)(p(r)v) = (=D B, o(r)v).
We have proved one direction of the following.

Theorem 4.14. Let D be a graded-division superalgebra and U a nonzero right graded
module of finite rank over D. Given a super-anti-automorphism ¢ on R := Endgp(U),
there is a pair (g, B), where @q is a super-anti-automorphism on O and B: U x U — D
is a nondegenerate @g-sesquilinear and

(4.5) VreROURL, Vu,veUWOU UL, B(ru,v) = (=)™ B, ¢(r)v).

Conversely, given a pair (¢g, B) as above, there is a unique super-anti-automorphism ¢
on R satisfying (4.5), which we will refer as the superadjunction with respect to B. More-
over, another pair (¢, B') determines the same super-anti-automorphism ¢ if and only
if there is a nonzero G*-homogeneous element d € O such that B' = dB and, hence,

¢y = slntg o @o.

Proof. For the “conversely” part, let 8 correspond to B via Proposition 4.12. Then equa-
tion (4.5) becomes

Vre ROURL, Vu,veUO U UL, 0(ru)(v) = (=DM 8u)(p(r)v)
= (D" Bw) 0 p(r)(v),
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and, hence, equivalent to
(4.6) VreROURL, VueUu UL, 0(u)=D""0w)oe0).
Recalling the definition of superdual of an operator, (4.6) simplifies to
VreROURL YueU U U, (Bor)@) = D" (p(r)" o)),
which is the same as
VreROURL, Gor=(=D)"lgpr)*os,

yielding ) )
Vre RRURL  (p(r)* = (—=D)IMTgorop.

By Lemma 4.3, the map Endp (U) — End gsop (U*) associating an operator to its superd-
ual is invertible and, hence, ¢ is uniquely determined. Also, the properties of the superdual
imply that ¢ is a super-anti-automorphism.

For the last assertion, the “if” direction is immediate.

For the “only if” part, let 6, 8”: U — U* be defined by 6(u) = B(u,-) and 0’ :=
B’(u,-). Combining (4.2) and (4.6), we have that 8(ru) = (—1)°I"l . §(u) and similarly
for 6. Defining maps v, v': U — U*, written on the right, by (u)v = (—1)#119(x)
and (u)v' = (—1)‘"”9/|0’(1,£), it follows that both are R-linear. By Lemma 4.10, there is
d € D such that v/ = vd. Applying (2.2), this implies

' = (—1)01ldl gog.

By the definition of the left D-action on U*, we have d°Ou) = do(u), concluding the
proof. ]

Remark 4.15. If O is an odd graded division superalgebra, then a super-anti-isomor-
phism ¢ is always determined by an even sesquilinear form, since we can substitute an
odd form B by dB using some d € D1.

Definition 4.16. Let D be a graded-division superalgebra, U a G-graded right D-module
of finite rank and B a nondegenerate sesquilinear form on U. We denote by E(D, U, B)
the graded superalgebra End o (U) endowed with the superadjunction ¢ with respect to B.

We will finish this subsection with results about centers, matrix representation and
simplicity.

Recall that by Lemma 3.6 we could identify the centers of D and Endgp(U). More
precisely, we have an isomorphism of G*-graded algebras t: Z(D) — Z(R) given by
t(d)(u) := ud, for all d € Z(D) and u € U. We can extend this result to consider the
super-anti-automorphisms ¢ and ¢.

Lemma 4.17. We have ¢(1(d)) = (=1)'B114! ((¢o(d)).
Proof. Fixd € Z(D)0 U Z(D)! and let u, v € U® U UL. On the one hand,

B(ud,v) = B(u(d)(u),v) = (=DM B(u, p(u(d)v).
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On the other hand,
B(ud,v) = (=) go(d) B, v) = (=) 1P B, v) 9o (d)
= (—)IBIIFdI By o (d)) = (—1)BI4 (1)1 B(u, (9o (d)) (v)).

Since B is nondegenerate, we conclude that o (:(d)) = (—=1)'B119!  (p(d)), as desired. m

We now wish to express the super-anti-automorphism ¢ in terms of matrices over .
Let B = {uy,...,ux} be a fixed graded D-basis of U following Convention 3.18 (i.e.,
if D is odd, we take B with only even elements), and use B to identify Endp (U) with
My (D). For brevity, we denote |u;| by |i| foralli € {1, ..., k} in what follows.

Definition 4.18. For X = (x;;) € My (D), define ¢o(X) by applying ¢¢ entry-wise, i.e.,
©0o(X) := (¢o(x;7)). Moreover, we extend the definition of the supertranspose (see Defi-
nition 2.14) to matrices over D by setting X*T := ((—1){71+17Dlilx;) where i and j are
the row and column indices of X. By Convention 3.18, X*T = X (ordinary transpose)
when D is odd.

Proposition 4.19. Let ® be the matrix representing the sesquilinear form B, i.e., ®ij :=
B(u;,uj). Forr € ROU R with matrix X € My (D), let Y € My (D) represent o(r). Then,
if O is even, we have

A7) Y =0 go(XT) D,
and, if O is odd (following Convention 3.18),
(4.8) Y = (DBl o1 go(xT) @.

Proof. First, let us write (4.5) in terms of B:
4.9) Vujup € B, Blrui,uj) = (=D BGi, o(r)u)).

It suffices to consider the case where X have a single nonzero G*-homogeneous entry X,
at (p, gq). In this case, for all 1 <i < n, we have that ru; = u,xp;. In particular, |r| =
|p| + 1¢| + |xpg|. Computing both sides of (4.9), we have

B(rui.u;) = Bupxpi,uj) = (—1)BHPl g0 (6 ) By, uj)
— (_1)(|B|+|P\)|Xpi\ 00(Xpi ) Dp;

and

k k
(=DM B (ryu;) = (_1)|r||i\B<ui7 Z umj) = (= 1)(pIFlal+1xpqDlil Z D;p ).
(=1 (=1

For even D, rearranging the terms yields

k
(=) IPHIDI o (xpi)pj = ) ieyy -
=1

The left-hand side is the (i, j)-entry of ®Y. Using that X4 is the only nonzero entry
of X, the right-hand side can be rewritten as Z?:l (=1)UE+EDI g (x; ) Dy, which is the
(i, j)-entry of @o(X5T)®. Thus, @Y = ¢o(XT)®, proving (4.7).
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For odd D, we have

k
(—1)BIil 9o (xpi) @y = Z Dig yi;-
=1

Again, the left hand-side the (7, j)-entry of @Y. By the same trick as in the even case, the
right-hand side is (—1)8!xrdl ZIZ=1 @o(x¢;)®Pgj, which is the (i, j)-entry of the matrix
(—=1)!BlI" o (XT) ®. This establishes (4.8). n

Using this matrix representation, it is easy to prove the following (compare with
Proposition 3.17).

Proposition 4.20. The @-invariant superideals of My (D) are precisely the sets My (1),
where I is a po-invariant superideal of D. In particular, the superalgebra E(D, U, B)
is @-simple if and only if the superalgebra D is @g-simple.

4.4. Isomorphisms of graded-simple superalgebras with super-anti-automorphism

Now our aim is to present necessary and sufficient conditions for the graded superalgebras
E(D,U,B)and E(D’, U, B’) to be isomorphic. In Theorem 3.9, we considered the case
without super-anti-automorphisms. There, we needed isomorphisms and shifts of graded
modules. We now adapt these concepts to handle sesquilinear forms.

Definition 4.21. Let O be a graded-division superalgebra. Given graded right D-modules
U and U’ and sesquilinear forms B and B’ on U and U’, respectively, we define an
isomorphism from (U, B) to (U, B") as an isomorphism of graded £D-modules 6: U — U’
such that B’(6(u), 8(v)) = B(u,v) forall u,v € U.

Definition 4.22. Let U be a graded right $-module and B be a @g-sesquilinear form
on U. Given g € G*, we define BI&1: U8l x Ulel — D by Blgl(u, v) := (—1)*!IgI B(u, v)
for all u, v e U.

Note that deg B8] = g=2 deg B and, in particular, | B¢]| = | B|. The following can be
proved by routine computations using the rule of signs.

Lemma 4.23. For every g € G*, B8l is a homogeneous @o-sesquilinear form on U&).
Further, if B is nondegenerate, then so is B8l and the superadjunction with respect to
both is the same super-anti-automorphism ¢ on Endg(U) = Endg (UL&).

We should also consider the effect of replacing the graded-division superalgebra via
an isomorphism D — D’ (see Definition 3.7).

Lemma 4.24. Let D and D' be graded-division superalgebras and let yy: D — D’
be an isomorphism. If U is a graded right D'-module and B’ is a homogeneous ¢y-
sesquilinear form on it, then Yy Vo B’ is a homogeneous (o Lo @g © Yo)-sesquilinear
form on the D-module (U')V° of the same degree as B'. Further, if B’ is nondegenerate,
then so is Yy Vo B, and the superadjunction with respect to both is the same super-anti-
automorphism ¢’ on Endg ((U')¥°) = Endg/ (U).
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Theorem 4.25. Let D and D’ be graded-division superalgebras, let U and U be nonzero
graded right modules of finite rank over D and D', respectively, and let B and B’
be nondegenerate sesquilinear forms on U and U, respectively. If ¥: E(D, U, B) —
E(D', U, B') is an isomorphism (see Definition 4.16), then there exist g € G*, a homo-
geneous element 0 # d € D, an isomorphism Yo: D — D', and an isomorphism

ok (cu[g], dB[g]) _ ((u/)%’ 1/,0—1 ° B/)
such that

(4.10) VreR, Y(r)=yroroy;’

Conversely, for any g, d, Vo, and Y1 as above, the map defined by equation (4.10) is an
isomorphism : E(D, U, B) — E(D’, U, B’).

Proof. Given an isomorphism of graded superalgebras ¥: R — R’, we define @ := ¢! o
@' o . Then ¥ is an isomorphism (R, ¢) — (R, ¢’) if and only if ¢ = @. Since ¥ is
an isomorphism of G*-graded algebras, we can apply Theorem 3.9 to conclude that there
exist g € G*, an isomorphism of graded superalgebras ¥o: & — £’, and an isomorphism
of graded modules 1: U] — (U)¥0 such that Y (r) = Yy or o Yl forallr €R.

Consider ¢; : =g ogyovpand B” := 1y, ! o B'. Then define B:ulel x ‘U[g] — ZD
by B(u,v) = B" (Y1 (u), Y1 (v)) for all u, v € UL It is easy to check that B is ©g-
sesquilinear and that ¢ is the superadjunction with respect to B. Hence, applying The-
orem 4.14 for U8l and Lemma 4.23, we conclude that ¢ = @ if and only if there is a
homogeneous 0 # d € D such that B = d B8], The result follows. L]

We can interpret Theorem 4.25 in terms of group actions. For that, fix a graded-
division superalgebra $. We will define three (left) group actions on the class of pairs
(U, B), where U # 0 is a graded H-module and B is a nondegenerate sesquilinear
form. Recall that, by Remark 4.13, B is ¢p-sesquilinear for a unique super-anti-automor-
phism ¢ of D.

Let Dy := (Ugegr Dg) \ {0}, the group of nonzero homogeneous elements of D.
Givend € @gr, we define

d-(U,B):=(UdB).
Note that d B is (sIntg ogg)-sesquilinear by Remark 4.13. Let 4 := Aut(D), the group of
automorphisms of D as a graded superalgebra. Given t € A, we define

r-(U,B) = (U ', 70B).

Note that T o B is (z o g o T~ ')-sesquilinear by Lemma 4.24. Finally, consider the
group G*. Given g € G*, we define

g- (U, B) := (u'¢l, Blehy,

Note that Bl&) is ¢o-sesquilinear by Lemma 4.23.

Lemma 4.26. The three actions defined above give rise to a (i)g’} x A) x G*-action,
where A acts on SO; by evaluation.
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Proof. Letd € i);, T€eA, ge G* and u, v € U. First, note that the action of d does not

change U, so we only have to consider its effect on B. Since
(todB)(u,v) = t(dB(u,v)) = t(d)r(B(u,v)) = (t(d)(r o B))(u,v),

the JOg’;—action combined with the A-action gives us a (JOg’; x A)-action. The G*-action
commutes with the cT){;-action since

(dB)& (u,v) = (=) aB(u, v) = dBE (u, v).
Finally, the G*-action also commutes with the A-action since (‘L(’_l)[g = (ule ])’_1 and
(to B[g])(u, V) = r((—l)‘g””‘B(u, v)) = (_l)lgllul(r o B)(u,v) = (ro B)[g](u, V).
The proof is complete. |

Corollary 4.27. Under the assumptions of Theorem 4.25, if D % D', then (R, ¢) %
(R, ¢'). Otherwise, let Yo: D — D' be any isomorphism. Then (R, ¢) >~ (R, ¢') if
and only if (U)¥°, Yo' o B) is isomorphic to an object in the (Dgr x A) x G*-orbit
of (U, B).

4.5. Superinvolutions and super-Hermitian forms

In this subsection, we investigate conditions on a ¢g-sesquilinear form B to ensure that
the superadjunction with respect to B is a superinvolution.

Definition 4.28. Given a super-anti-automorphism ¢o on O and a go-sesquilinear form B
on U, we define B: U x U — D by B(u,v) := (=)l @ H(B(v,u)) forallu,v e U.

Proposition 4.29. The map B is a ®o L_sesquilinear form of the same degree and parity
as B. Further, if B is nondegenerate and ¢ is the superadjunction with respect to B,
then B is nondegenerate and ¢~ is the superadjunction with respect to B.

Proof. Checking that B is 0y _sesquilinear is a matter of routine calculations using the
sign rule. The same is true for checking that

(4.11)  VreROURL, Vu,veUWU UL, B@ru,v)= (D" Bu, ¢~ (r)v),

if we assume that @ is the superadjunction with respect to B.

Finally, equation (4.11), together with B being nondegenerate, implies that B is non-
degenerate. To see that, assume there is 0 # u € rad B. For for every r € RO U R and
v e U® U UL, we would have that B(u, ¢~ (r)v) = 0, hence B(ru,v) = 0. Since r €
RO U R and v € U0 U U were arbitrary, this implies B(Ru, U) = 0. But U is simple
as a graded R-module, so we get E(‘u, U) = 0 and, hence, B(U, U) = 0, which is a
contradiction. ]

Lemma 4.30. Let d be a nonzero G*-homogeneous element of D and consider @y =
snty o @o and B’ := dB. Then B’ = (—1)/4! p51(d) B.
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Proof. Note that ((;)6)_1 = (po_l o slnt;-1. Hence, for all u, v € UO U ‘Ui,

B'(u,v) = (=1)"Pl(p5" o sInty—1)(dB(v, u))
= (—l)lqul goo_l ((_1)|d\(|d|+|B|+|u|+|v\) d_ldB(U, M)d)
= (=DM =) o (d)pg (B, u) = (=D oo (d)B(u,v). =

Definition 4.31. We say that a sesquilinear form B on U is super-Hermitian if B = B,
and super-skew-Hermitian if B = —B.

The following is a graded version of Theorem 7 in [42] (applied to Artinian superal-
gebras). The proof is essentially the same as that of Theorem 3.1 in [21].

Theorem 4.32. Let D be a graded-division superalgebra, let U be a nonzero G-graded
right module of finite rank over D, and let ¢ be a degree-preserving super-anti-automor-
phism on R := Endg(U). Then ¢ is a superinvolution if and only if there is a super-
Hermitian or super-skew-Hermitian form B such that ¢ is the superadjunction with res-
pect to B. In this case, B is @g-sesquilinear, where @o: D — D is a superinvolution.
Moreover, for a nonzero homogeneous d € D, the sesquilinear form B’ := dB satisfies

B’ = (-1 8py(d)d~' B’

Proof. By Proposition 4.29, ¢ = ¢! if and only if B and B have the same superadjunc-
tion. By Remark 4.13, this is the case if and only if there is a G*-homogeneous element
0 # § € D such that B = §B. Hence, the “if” part is straightforward.

For the “only if” part, fix a sesquilinear for B for which B = §B, where § € {£1}.
Since B and B have the same G*-degree, it follows that § € .. By Lemma 4.30, we have

B=B=5B=(1"%0p16)B =0y (6)B = 05 (6)8B.

s0 ¢y 1 (8)8 = 1.

Let L be the subfield of the division-algebra O, generated by I and §, and denote
by o: L — L the restriction of ¢! to L. Since o fixes F and 0(§) = @51 (§) = §71, it
follows that o is an involutive automorphism of I over [F.

If 6 = id, then §~! = o(8) = § and, hence, § € {£1}. If o # id, consider the subfield
Lo:={x €L |o(x) =x} C L. Then L/ILy is a quadratic Galois extension and (o) is
its Galois group. By Hilbert’s theorem 90, there is A € . € £, such that § = Ao(1) L. If
we replace B by B’ := AB, using Lemma 4.30, we have that

B = (-)*os'MB =0(M)B =A8"'B=A8"16B =AA"'B = B/,

concluding the “only if” direction. Also, if B = §B, then we have %—1 = slntg o g = @g
by Remark 4.13.
The “moreover” part follows from Lemma 4.30. ]

Recall from Lemma 4.23 that replacing (U, B) by (U], BIg]) does not change
Endgp(U) and ¢.

Lemma 4.33. If B = 8B, then Blgl = (—1)l¢l§Ble].
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Proof. Letu,v e UO U UT. We will write 18! and v!&! for u and v when they are consid-
ered as elements of U!&). Then

Blel(ulel ylely = (_l)lu[g]\lv[g]l o5 (B (v1€] ylely)
— (_1)(|g|+|u|)(|g|+|v|) (po_l((—l)|g””‘B(v, u))
= (—1)l8Flglhl+lullv] 05 (B(v.u))
— (_1)|g|+\g|\u\ E(u, v)
— (_l)lgl(_l)lg\lul §B(u,v) = (_1)|g|83[g](u[g]’ v[g])_ -

Remark 4.34. Note that reversing parity on U does not affect the graded superalgebra
with superinvolution E(D, U, B) and changes § to —§, so we can always make B super-
Hermitian.

Combining with Proposition 2.20 and Theorem 3.4, we have the following corollary.

Corollary 4.35. Let (R, ¢) be a graded superalgebra with superinvolution and sup-
pose R satisfies the descending chain condition on graded left superideals. Then (R, @)
is graded-superinvolution-simple if and only if there exists a graded-division superalge-
bra D and graded right D-module U of finite rank such that (R, ¢) is isomorphic either
to E¥(D, W) (Definition 4.6) or to E(D, U, B) for some nondegenerate super-Hermitian
form B on U (Definition 4.16).

4.6. Parametrization and classification

In this section, we will parametrize the objects in Corollary 4.35 over an algebraically
closed field FF.

4.6.1. Parametrization of (D, @¢). Recall that the isomorphism class of a finite-di-
mensional graded-division superalgebra & is determined by a pair (7, 8), where T :=
supp & € G* is a finite subgroup and B: T x T — F* is a skew-symmetric bicharacter.
Also, recall the parity map p: T — Z, and the alternating bicharacter 8: T x T — F*
associated to S.

It will be convenient to use the following notation from group cohomology.

Definition 4.36. Let H and K be Abelian groups, and let f: H — K be any map. We
define themapd f: H x H — K by (df) (a,.b) = f(ab) f(a)~' f(b)"! foralla,h € H.

Since F is algebraically closed and O is finite-dimensional, each component D; of D
is one-dimensional, hence an invertible degree-preserving map @o: & — D is completely
determined by a map n: T — F* such that ¢o(X;) = n(¢t) X, for all X; € D;.

Proposition 4.37. Let n: T — F* be any map and let go: D — D be the linear map
determined by ¢o(X;) = n(t)X; for all t € T and X; € D;. Then ¢q is a super-anti-
automorphism if and only if

Va,beT, n(ab) = B(a,b)n(a)n(b),

or, in other words, d f = E Moreover, D admits a super-anti-automorphism if and only
if B (or, equivalently, B) only takes values +1.
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Proof. Foralla,b € T,let X, € D, and X € Dp. Then
0o(XaXp) = (=1)P@P® 04 (Xy)0o(Xa)
= n(ab) XXy = ()PP p(a)n(b) Xy Xa
> n(@b)XeXp = P(b.a)n(a@)n(h)Xa X,
= n(ab) = B(b.a)n(@)n(b).

If a and b are switched, since T is Abelian, we get n(ab) = ,B(a b)n(a)n(b), as desired.
Also, it follows that ,B(b a) = ﬂ(a b). Using that f is skew-symmetric, i.e., ,B(b a) =

,3 (a,b)™!, we have that B (a b)? = 1 and, hence, ﬂ only takes values +1, proving one
direction of the “moreover” part. The converse follows from the fact that the isomorphism
class of D is determined by (7, B~1), so if B takes only values in {&1}, there must
be an isomorphism from D to D*P, which can be seen as a super-anti-automorphism
of D. |

Corollary 4.38. A graded-division superalgebra O admits a super-anti-automorphism if
and only if t*> € rad B, forallt € T.

Corollary 4.39. Suppose n determines a superinvolution on D, that is, n takes values
in {£1}. For every element t € T, we have n(t2) = (—1)?® for all t € T. In particular;
every element in T~ has order at least 4.

It follows that we can parametrize graded-division superalgebras with super-anti-au-
tomorphism by pairs (7, ), where dn is a skew-symmetric bicharacter. But it will be
convenient to keep B as a parameter, therefore we say that (D, ¢o) is associated to the
triple (T, B, 1n).

Note that, by Propositions 3.20 and 4.37, for any finite Abelian group 7', skew-sym-
metric bicharacter f: T x T — F* and map n: T — [F* such that dn = B, there is a
graded-division superalgebra with super-anti-automorphism associated to (7, 8, ).

Remark 4.40. In the non-super setting, the map 7 is a multiplicative quadratic form (see,
e.g., Section 2.4 of [18]). This property fails in the super case, as (¢~ ') # n(t) in general.
Nevertheless, specific instances where 7 is a quadratic form remain of particular interest
and are studied in Section 4.4 of [30]. Key examples are the standard realizations D
of type M or Q, for which the queer supertranspose (Definition 2.14) corresponds to a
quadratic form.

4.6.2. Parametrization of (U, B). Let (D, ¢y) be a graded-division superalgebra with
super-anti-automorphism, and let U be a graded right £-module. Recall that the isomor-
phism class of a G-graded module U is determined by a map «: G*/T — Zx¢ with finite
support. Explicitly, k(g7) = dimgp Ug7, where U is the isotypic component associ-
ated to the coset g7'.

Let go € G* be the degree of B. For x,y € G*/ T, if B(Uyx, U,) # 0, then goxy = T.
In this case, we say the isotypic components U, and U, are paired by B. Define Vy :=
Uy + Uy (50 Vx = Uy if x =y and Vy = Uy & U, if x # y), and let By denote the
restriction of B to V. Then B is nondegenerate if and only if B, is nondegenerate for
every x € G*/T. When this holds, U and U, are dual to each other, and consequently

K(x) = K(y).
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We will reduce B to a collection of [F-bilinear forms. Fix elements 0 # X; € D, for
eacht € T, and let £&: G*/ T — G* be a set-theoretic section of the natural homomorphism
G* — G*/T. Note that Ug(x) ® D =~ Uy via the map u ® d — ud, so an F-basis of
Ug(x) is a graded D-basis for U, . In view of Convention 3.18, if O is odd, we require &
to take values in G = G x {0}.

Forall x € G*/T,set y := gg'x™1 € G*/T and 1 := go&(x)&(y) € T, and define

the vector space Vx := Ug(x) + Ug(y) and the bilinear form By: Vy x Vy — F,
Yu,velVy, Ex(u,v) = X,_IBx(u,v).

Lemma 4.41. The sesquilinear form By is nondegenerate if and only if the bilinear

form By is nondegenerate.

Let (T, ,5 , n) be the parameters of (D, ¢y). We are interested in the case where the
superadjunction is involutive. By Theorem 4.32, we can restrict our attention to the case
where ¢ is involutive. Hence, we assume that 7 takes values in {£1}.

Lemma 4.42. Let § € {+1}. Then B, = 8B, if and only if
Vu,v e VOU VI, Bi(v,u) = (=)"Ply@)s B, (u,v).
Proof. Letu,v € Vy. By the definition of B,, we have

By (u,v) = (=) o (B, (v, u)) = (—1)¥Pl o5 1 (X, By (v, u))
= (=) B, (v, w05 ' (Xr) = (=DM B (v, u)n(0) T X,

where we have used the fact that By (v,u) € F. The result follows. |

Recall the identification My (D) = My (F) ® D. In the next two propositions, we
consider two cases: an isotypic component paired to itself, and two different components
paired to each other.

Proposition 4.43. Let § € {£1}. Suppose gox% = T, and set t := go&(x)% € T. Then
pe 1= (=108 € (1)

does not depend on the choice of the section §: G*/T — G*. Moreover, the restriction By
of B to Uy is nondegenerate and satisfies By = 8By if and only if there exists a D-basis
of Uy consisting only of elements of degree &(x) such that the matrix representing By, is
given by:

() Ik(x) ® X; ifﬂx =+1,

(i) Jex) ® Xi if oy = —1, where k(x) is even and Jy(x) 1= ( 0 e )

_Ik(x)/z 0

Proof. Let g := £(x). If §': G*/ T — G* is another section, then there exists s € T such
that £’(x) = gs. Hence,

(—DEDn(got'(x)?) = (1) 5(g0g>s?)
= (—D)lelFsl (—1)lee’%l B (g0 g2, s2) n(g0g?) n(s?) = (1) n(g0g?).
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For the “moreover” part, Lemmas 4.41 and 4.42 imply that B, is nondegenerate and sat-
isfies By = 8B, if and only if Ex is nondegenerate and By (1, v) = px Bx (v, u), for all
u,v € Vy = Ug(x). Then the result follows from the well-known classification of (skew-)
symmetric bilinear forms over an algebraically closed field of characteristic different
from 2 and the fact that an IF-basis for Ug(x) is a D-basis for Us. m

Note that although p, is independent of the choice of £, the element ¢ = g £(x)? may
still depend on £.

Proposition4.44. Let § € {£1}. Suppose goxy =T for x#£y and sett :=gofE(x)E(y)eT.
Then the restriction By of B to Uy @ U, is nondegenerate and satisfies B, =8B, ifand
only if there is a D-basis of Uy with all elements having degree £(x) and a D-basis
of Uy with all elements having degree §(y) such that the matrix representing By is

0 IK(X)
((_1)s(x)|s<y),,(,)(glx(x) o) ® X

Proof. Assume that B, is nondegenerate. By Lemma 4.41, the bilinear form ByonV, =
Ug(x) & Ug(y, is nondegenerate. Consequently, the map Ug(x) — ‘ug(y) given by u —

By (u,-) is a vector space isomorphism. Fix a basis {u1, ..., uy(x)} for Ug(x) and let
{vi, ..., Uc(x)} be its dual basis in Ug(y), i.e., Bx(u;, vj) = §;;. If we further assume
that B, = 8B,, Lemma 4.42 yields B, (vi, uj) = (—1)‘5(")”5(J’)‘n(t)88,-j. This establishes
the “only if” direction. The converse is straightforward. ]

Definition 4.45. Let U # 0 be a graded H-module of finite rank and let B be a nonde-
generate gg-sesquilinear form such that B = §B for some § € {#1}. The inertia of (U, B)
is the quadruple (1, k, go. §), where 1 defines @o by @o(X;) = n(t)X;, go = deg B € G*
and k(x) = dimg U, forallx € G*/T.

The following definition summarizes the conditions that the quadruple (7, «, go, §)
must satisfy.

Definition 4.46. Given n: T — {£1}, k: G*/T — Z ¢, go € G* and § € {£1}, we say
that (1, , go, 8) is admissible if it satisfies:

() dn=4p,

(i1) « has finite support,

(i) k(x) = k(gg'x~1) forall x e G*/T,

(iv) for any x € G*/ T, if gox?> = T and u, = —1, then k(x) is even (Where iy :=

(=181 n(gog?)8 for g € x, see Proposition 4.43).

The set of all admissible quadruples is denoted by I(D) or I(7, ,3)

It is clear that for any quadruple (7, «, go,8) € I(D), we can construct a pair (U, B)
such that (1, «, go, §) is its inertia. We will give explicit constructions in Section 4.6.5.

Theorem 4.47. Suppose F is an algebraically closed field and charF # 2. Let D be a
finite-dimensional graded-division superalgebra and let ¢y be a degree-preserving super-
involution on D. The assignment of inertia to a pair (U, B) as in Definition 4.45 gives a
bijection between the isomorphism classes of these pairs and the set 1(D).
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Proof. Suppose that there is an isomorphism ¥: (U, B) — (U’, B’). Since ¢ is an iso-
morphism of graded £H-modules, U and U’ correspond to the same map k: G*/ T — Z .
Also, the compatibility condition B’ (v (1), ¥ (v)) = B(u,v) implies deg B’ = deg B = go.
Moreover, if B = 8B, for homogeneous u, v € U,

B'(Y(u), ¥ (v) = ()OI (B (g (), ¥ () = (—D) P o5 (B(v, u))
= B(u,v) = §B(u,v) = B’ (¥ (u), ¥ (v)).

By bijectivity of 1, we conclude B’ = §B’.

Conversely, assume (U, B) and (U, B’) share the same inertia (1, k, g9, 6). To show
that (U, B) and (U, B’) are isomorphic, it suffices to find graded D-bases {uq, ..., ux}
of U and {u}, ..., u}} of U such that degu; = degu;, 1 <i <k, and B and B’ are
represented by the same matrix. The existence of such bases follows from dimg (U, ) =
dimgp (U,) = k(x), for all x € G*/ T, and Propositions 4.43 and 4.44. |

4.6.3. Parametrization of (R, ¢). Combining the parameters for (D, ¢o) and (U, B),
we have the following definition.

Definition 4.48. Let D be a finite-dimensional graded-division superalgebra over an alge-
braically closed field F, char ' # 2, let U # 0 be a graded right £-module of finite rank,
and let B be a nondegenerate @o-sesquilinear form on U such that B = §B for some
§ € {£1}.1If D is associated to (7', B) and (U, B) has inertia (1,«, go, ) € (D) = KT, B),
then we say that (7, 8, 1, , go, §) are the parameters of the triple (D, U, B).

In Section 4.4, we defined actions of the groups Dy 1= (Ugzegr Dg) \ {0}, 4 1=
Aut(D) and G* on the set of pairs (U, B), which appear in Corollary 4.27. We now
translate these actions to the set I(7, §).

Lemma 4.49. Let (D', U, B') be a triple as in Definition 4.48, let D be a graded-division
superalgebra, and let Yo: D — D’ be an isomorphism. The inertias of (U, B’) and
((UHY0, Y5t o B') coincide.

Proof. Let (',«', gy, 8') be the inertia of (U, B'). By Lemma 4.24, y5' o B is (Y5 ! o
@ © Vo)-sesquilinear, where ¢; is the superinvolution given by n’. Given X; € O;, we
have ¥o(X;) € D, and, hence, ) (Vo(X;)) = 7' (1)¥o(X,). It follows that (5! o ¢} o
Vo)(X:) = n'(t) X, therefore the superinvolution (¥ o ¢ o ¥) also corresponds to
the map n: T — F*.

Since dimg U/, = dimgp (‘u;)%“, forall x € G*/ T, the graded D-module (U)¥o'
corresponds to k’. Also, it is clear that deg(y, ! o B') = g.

Finally, using that Y5 ! o g o ¥ and ¢ are involutive, we have that

W' o B)(u,v) = (=D Plyg o 9o 0 Yo) (g " © B)(v.u))
= 95 (=DM oo (B(v, ) =5 (B, v) =5 §B(u, v)) =8( " © B)(u, v),
forallu,ve‘uﬁu‘ui. [

The Dy -action is defined by d - (U, B) = (U, dB). Let (', ', g, ') denote the
inertia of (U, dB).
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* Since dB is (sIntg o ¢g)-sesquilinear, 1’ corresponds to this composition, yielding
n'(s) = B(t,s)n(s) forall s € T, where f := degd.

e As U remains unchanged, ¥’ = «.
* Clearly, g, = deg(dB) = tgo.
« By Theorem 4.32, dB = (—1)"l (1) §(dB), and hence §' = (—1)1*I5(1)6.

The parameters (7', k', g, 6") depend only on ¢ € T. Thus, the Dg-action on (7, B)
factors through the quotient 7' ~ D /F*.

Next, by Lemma 4.49, A acts trivially on I(7, B). Finally, consider the G*-action. Let
g€ G and let (1, &, g}, §') be the inertia of g - (U, B) = (U'¢], Bl&l),
« By Lemma 4.23, B8] is go-sesquilinear, so 7/ = 1.
* By the definition of U1, k' = g -k, where (g - k)(x) := (g~ x) forall x e G*/ T
+ We have g = deg Bl8] = gog™2.
* From Lemma 4.33, §' = (—1)l8l§.
Thus, the group T x G* acts on I(7,, B) via

t-(n,k.80,8) == (B(t.)n, k. tgo, (=D)I3(1)8),

4.12) 2, "
g-(n.k.80.8) :=(n, gk, gog ~, (=1)*¢15),

forallteT, ge G*, and (n,«,g0,0) € (T, ,3) Corollary 4.27 can be restated as follows.

Theorem 4.50. Let (D, U, B) and (D', W', B') be as in Definition 4.48, with parameters
(T, B. 0.k, go.8) and (T', B'. ', k', g4, 8'). Then E(D,U, B) ~ E(D', W, B') if and
onlyif T=T', =B and (1.x,go.8) and (i, k', 8y, 0') lie in the same orbit under the
T x G*-action on I(T, B) defined by (4.12).

4.6.4. Simplifying the parametrization of (R, ¢). We can simplify Theorem 4.50 by
reducing the complexity of both the parameter set I(7, §) and the acting group. To this
end, we will repeatedly employ the following straightforward observation.

Lemma 4.51. Let H be a group, let X and Y be H-sets, and let w: X — Y be an
H -equivariant map. For any y € Y, the H-action on X restricts to a Stabg (y)-action
on V() and, ifthe H-action on Y is transitive, the inclusion map n~'(y) < X induces
a bijection between Staby (y)-orbits in 7= (y) and H -orbits in X.

First, consider the case where D is odd. Recall from Remark 4.15 that we may assume
the sesquilinear form B is even by changing B to d B for some homogeneous 0 # d € D1
if necessary. In terms of parameters, this means that we can choose the inertia (1, k, go,§) €
I(T, B) with |go| = 0. Thus, by Lemma 4.51, it suffices to restrict the action defined
by (4.12) to a T x G*-action on the subset

KT, B)5 := {(n.x,80,8) €T, B) | |go| = O}.

In the case where D is even, we keep

I(T, B)g := K(T. p).

We now address the parameter 7. Consider the following equivalence relation.
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Definition 4.52. Let 5, n': T — {+1} be maps satisfying dn = d/ = B. We say 1 and 1’
are evenly equivalent and write 1 ~5 7' if there exists 1 € T such that ' = B(z,-)n.

For a fixed map 7, let Y3 denote its equivalence class with respect to ~5. Consider
the T x G*-action on X, := {(n', k, g0.8) € (T, B)g | W' € Yy} € I(T, B)- Applying
Lemma 4.51 and recalling that rad é C T* (Lemma 3.23), we get that the Tt x G*-orbits
in X, are in bijection with the rad 8 x G*-orbits in

KT. B, = {(k. £0.8) | (n.%.80.8) €X(T. B)g}.

Note that by choosing a representative 7 for each equivalence class, we now consider a
collection of rad B x G*-actions. In the next section (Proposition 5.3 and Lemma 5.20),
we will see that if (D, @g) is a superinvolution-simple superalgebra, then we have at most
two equivalence classes.

Finally, we wish to fix § = 1, which corresponds to choosing B super-Hermitian, as in
Remark 4.34. Note that in every rad 8 x G*-orbit in I(T, B, We have a triple (k, g0, §)
with § = 1, since the action by (e, 1) € G* = G x Z, changes the sign of §.

To apply Lemma 4.51, let 7: I(T, ,g)(—)’n — {%1} be the projection on the third entry.
The action by rad 8 x G* on {£1} is given by

t-8:=n(t)8, g-8:=(=1)%ls,

forall t € radﬁ, g €G* and § € {£1}. It is well defined since 7 is fixed and 7 [ g is a
group homomorphism. Taking y := +1, we reduce to the action of

(4.13) Gy = 1{(1,g) € (rad B) x G* | n(1) = (=1)'¢}
on

(4.14) K(T.B)g 4 = {(k.g0) | (k.g0.1) €K(T. B)5 ,}.
given by

(4.15) t-(k.go) = (k.1g0). &-(K.g0) = (g-K.g0g 7).

From Theorem 4.50, we conclude the following.

Corollary 4.53. Let (T, B) be the pair associated to a graded-division superalgebra D,
and let {n; }ie1 be a choice of representatives for each equivalence class of superinvolu-
tions on D (Definition 4.52). Then the map sending («, go) € I(T, B)o,n,+ to E(D, U, B),
with parameters (T, B, 7, k, go, +1) as in Definition 4.48, induces a bijection between the
collection of the orbits of the Gy, -actions on (T, B)g ,, ., as defined in (4.13)~(4.15), and
the isomorphism classes of E(D’, U, B") with D ~ D'.

4.6.5. Construction of (U, B). To conclude this section, for a given graded-division
superalgebra with superinvolution (D, ¢o), associated to (7, 8, 7), and a given (k, go) €
I(T, B)6,y,+» we will show how to construct a pair (U, B), and hence the graded-super-
involution-simple superalgebra E (D, U, B). To this end, as done in Section 4.6.2, we fix
elements 0 # X, € D, forevery ¢ € T, and a set-theoretic section £: G/ T+ — G of the
natural homomorphism G — G/ T ™.
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Definition 4.54. Let gg € G* and let k: G*/T — F* be a map with finite support. Recall
from Section 3.2 that we reinterpret « as follows: for even D, as two maps kg, ki: G/ T
— F*; for odd D, asamap k: G/T+ — F*. We will say that («g, k1) or k (depending
on the case) is go-admissible if (k, go) € (T, B)d,5,+-

We have three cases to consider: even O and even B, even D and odd B, and odd O
and even B. We will spell out the go-admissibility conditions for each case below.

Even O and even B. If T = T and go = (ho, 0), where hg € G, then (kg, k1) s
go-admissible if and only if, foralli € Z, and x e G/ T":
(i) Ki(x) = «i(hg'x7),
(i) if hox? = T and n(hog?) = —(—1)! for some (and hence any) g € x, then ; (x) is
even.

Given such a pair (kg, k1), define

VieZ,, U= P (DW)EDL

X ESupp K

We will define the matrix ® € My k; (D), with k; := |k;|, representing the sesquilinear
form B as follows. For x, y € supp k; satisfying hoxy = T, set t := hoé(x)E(y) e T.
If x = y, define ®(7, x) as the «; (x) X k;(x)-block given by

@) Lo ® Xe if (=1)'5(0) =1,

.. 0 I . ;
(i) Jex) ® X¢, where Jy, (x) 1= (—In- s 109/2) if (—1)i () = —1 (recall that k; (x)
is even in this case by Definition 4.54).

If x # y, define (i, x) as the 2k; (x) x 2k; (x)-block with entries in D:

0 IKi(X)
(111) ((—l)iﬂ(t)lx,-(x) 0 ) ® Xt.

Then we define ® as the block matrix:

<I>((_),x1)

@((_), X¢-)

0

<I>(i,x'1)

o(1,x;)

where ¢; is the number of pairs x, y € supp «; satisfying hoxy = T.

Even ©® and odd B. If T = T and go = (ho, T), where ho € G, then (kg, k1) is
go-admissible if and only if k7 (x) = /c()(halx_l) for all x € G/T. In particular, i is
determined by «g. Given any kg, we set

U= @ (DOED and UT = (UO"HPa'],

X Esupp K



Group gradings on classical Lie superalgebras 1869

and define B: U x U — D by
Vug, ujs € U, uz, uj € UL, B(ug + uj. uy +uj) 1= ug(ug) + o (ug)).

For any graded basis B of U, B U B* is a graded basis of U, and the matrix represent-
ing B is given by

011
= “) € Myp (D). where k := |ig)-
Ik | 0

Odd D and even B. If T # T+ and go = (ho,0) € G*, then k: G/ T+ — Zx¢ is go-
admissible if and only if, for all x € G/ T+,

(D) k(x) = k(hg'x7"),

(2) if hox? = T and n(hog?) = —1 for some (hence any) g € x, then «(x) is even.
Given such «, we define
U = @ (@K(X))[S(x)]
X E€supp K

and the matrix ® € My (D), with k := |k|, representing the sesquilinear form B by

(0, x1)
[0 = s
fD((_), xl)

where the blocks ®(0, x) are as above and £ is the number of pairs x, y € supp « satisfying
hoxy =TT,

5. Gradings on superinvolution-simple associative superalgebras

In Section 4, we established classification theorems for graded-superinvolution-simple
superalgebras. In this section, we specialize these results to obtain a classification of G-
gradings on the finite-dimensional superinvolution-simple superalgebras, under the as-
sumption that I is algebraically closed and char[F # 2.

Section 5.1 is dedicated to the superinvolution-simple superalgebras of type M, cul-
minating in Theorem 5.9. For the superalgebras of types M x M*°P and Q x Q*°P, treated
in Section 5.2, the classification naturally separates into gradings that make the super-
algebra graded-simple and those that do not. The latter is simpler, and it is handled in
Section 5.2.1: the classification for type M x M*P is given by Theorem 5.10, and for
type O x Q%°P by Theorem 5.11. For the graded-simple case, we begin by analyzing the
graded-division superalgebras in Section 5.2.2, where the key result is Theorem 5.21.
Finally, in Section 5.2.3, we complete the classification with Theorem 5.28 for even grad-
ings, i.e., those for which the graded-division superalgebra D is even (possible only for
type M x M*°P), and Theorem 5.30 for odd gradings, i.e., those for which D is odd (pos-
sible for both M x M*°P and Q x Q*°P).



C. De Naday Hornhardt and M. Kochetov 1870

5.1. Simple superalgebras of type M with superinvolution

Let (R, ¢) be a finite-dimensional graded superalgebra with superinvolution of type M .
Then (R, ¢) ~ E(D, U, B) for some triple (D, U, B) as in Definition 4.48, with D
also of type M. Let o be the superinvolution on D such that B is @o-sesquilinear and
let (T, B, 1, K, go, ) be the parameters of (D, U, B).

5.1.1. (D, ¢¢) as a matrix superalgebra with superinvolution. Since (D, ¢o) is of
type M, we have important restrictions on (7, 8). The next result can be found in Theo-
rem 4.3 of [47] (assuming that G is finite and char F = 0).

Lemma 5.1. Let D be a finite-dimensional graded-division superalgebra of type M. If D
admits a degree-preserving superinvolution, then D is even and T = T is an elementary
2-group. In particular, B = B.

Proof. By Proposition 3.32 and Corollary 4.38, we have that 2 € rad ,3 ={e}forallteT,
so T is an elementary 2-group. Hence, by Corollary 4.39, T~ is empty. ]

We can write D explicitly as a matrix algebra with involution by revisiting Sec-
tion 3.3.4. Decompose T as A x B, where (A, A) = B(B, B) = 1, and indentify £ with
the corresponding standard realization Endy (N ), where N is a vector space with a fixed
basis {ep }»ep- Then the transposition on D = End(N), seen as a matrix algebra by means
of this basis, is the adjunction with respect the symmetric bilinear form determined by

: — i
(5.1) Vb.b € B. (ep.ey) =1 TE=P
0 ifb#£b.

Lemma 5.2. The transposition in the standard realization O = Endp(N) is given by
X], = PB(a,b)Xyp1, forallac Aandb € B.

a

Proof. Leta € A. For all b’,b” € B, the following is true since its nonzero only if b = &':
(Xaep, epr) = Bla,b'){ew, epr) = Bla,b"){ew, epr) = {er', Xaepr).
Hence, X] = X,. Now consider b € B. For all ', b" € B,
(Xpew, epr) = (enpr, epr) = (e, ep-1pr) = (e, Xp-1€p7),
s0 X} = Xp-1. Finally,
Xop=(XaXp)'= Xp1 Xa= (b7 a) X X1 = B(b.a) ™ Xgp-1= B(a.b) Xgp1. m

When T is an elementary 2-group, Lemma 5.2 tells us that the transposition is a
degree-preserving superinvolution, with n(ab) = B(a,b) foralla € Aand b € B.

Proposition 5.3. There is a unique equivalence class with respect to ~g (see Defini-
tion 4.52) of maps n: T — F* such thatdn = 8 = B.

Proof. Letn':T — F* be amap corresponding to another degree-preserving involution ¢
on D. Clearly, ¢ is the transposition composed with a degree-preserving automorphism
of D, so, by Lemma 3.21, ' = xn, for some y € T. Since B = B is nondegenerate, there
isar € T = T such that y = fB(z,-), and hence n’ ~5 7. |
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51.2. E(D, U, B) as a superalgebra with superinvolution. Disregarding the G-
grading, E(D, U, B) is a simple (super)algebra equipped with a superinvolution. Our
goal now is to write it as a superalgebra of [F-linear operators Endp (U), and to find a
bilinear form (-,-) on U whose superadjunction corresponds to ¢.

We will identify O with Endp (N ), where N = N9. Since N is a left D-module, we
can define U := U ® p N. It follows that U is a superspace, with U? = U® @ o N and
Ul = Ul ®p N, but it is not G-graded since N is not G-graded.

The following two lemmas are standard, so we omit the proofs.

Lemma 5.4. If {uy,...,ur} is a graded D-basis of U and {v,, ..., ve} is an F-basis
of N, then{u; o vj | 1 <i <kandl < j <{}isanF-basis of U.

Lemma 5.5. The map y:Endgp(U) — Endp(U) = Endp(U ®9p N) given by (L) :=
L ® 9 idy is an isomorphism of superalgebras.

Having established the isomorphism v : Endgp (U) — Endp (U), we can transfer the
superinvolution ¢ on Endg (U) to a superinvolution on Endp (U) by taking v o ¢ o ¢~ 1.
This sends L ® p idy to ¢(L) ® o idy. We now wish to transfer the sesquilinear form B
on U to a bilinear form on U. Recall that B = §B, where § € {£1}.

First, let us consider the involution ¢y on & = Endp(N). It is well known (and also
follows from Theorem 4.32) that there is a bilinear form (, )y: N x N — [ such that ¢,
is the adjunction with respect to (, ) 5. Since ¢y is an involution, (, )y is either symmetric
or skew-symmetric. We will write §; := 1 in the former case and § := —1 in the latter.

Lemma 5.6. There is an [ -bilinear map (,)y:U x U — F determined by
Uupv,u' @p vy := (v, Blu,u')v')y,

forallu,u’ € U and v,v’ € N. This bilinear map is supersymmetric if §§5 = 1 and super-
skew-symmetric if 86y = —1. Moreover, ¢ ® idy is the superadjunction with respect
to ( s )U-

Proof. For every u € U, let C,,: U x N — F be defined by C,(u’,v") := B(u, u')v'.
Clearly, C,, is F-bilinear and £D-balanced. Hence, there is a unique [F-linear map U Q p
N — N, which we will also denote by Cy,, such that u’ ® p v’ > B(u,u’)v’. It is easy to
see that the mapping U — Homp (U ® N, N) given by u — C,, is also F-linear.
Now let u’ ®p v' € U ®p N be fixed, and let C’ = Cyrg i U x N — T be given
by
C/(uv U) = (U, Cu(u/v U/))N,

ie., C'(u,v) = (v, Bu,u’)v’) y. Clearly, C' is F-bilinear. It is -balanced since, for all
ueUOU UL, veN andd € D = DO,
C'(ud,v) = (v. Bud.u)v')y = (v, (=D P 94 (@) Bu,u'yo') v
= (v, po(d) B(u,u")v') N = (dv, Bu,u')v')n.
It follows that there exists a unique [F-linear map U ® p N — F such that u ®p v —

C'(u,v) = C,;,&@v,(u, v). We conclude that the F-bilinear map (,)y: U x U — F is
well defined.
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The form (, )y is supersymmetric or super-skew-symmetric, depending on 83y, since

W ®p v, u®gp vy = (v, B u)v)y = v, (=D)M¥I§ go(Bu,u'))v)y
= (DMMIS(Bu,u), v)y = (~DMMI88y (v, Bu,u')v')§
= (_1)\"”1/\881\[ (u Ro v, u Ro v’)U,

forallu,u’ € UOU Ul andve N = NO.
For the “moreover” part, recall from Lemma 5.5 that every element in Endp (U) is of
the form L ® o idy for some L € Endgp(U). Hence,

(L®pidy)(u ®p v),u’' ®p v')uv = (L(u) ®p v.u' Qp v')y = (v, B(L(u),u')v')n
v, (D)E B, (L) (u)v') y
DEM G @0 v, (L)) ®p VU

=
= (
= (DM ®@p v, (p(L) ®p idy) W ®p v))u,

for all L € Endgp (U)® U Endg(U)!, u,u’ € UO U U and v, v’ € N. [

Proposition 5.7. As a superalgebra with superinvolution, E(D, U, B), with B = §B, is
isomorphic to M*(m,n, py), where po := |B| and

() if 88y =1, thenm = dimUO @9 N andn := dimU! ®gp N,
(i) if 88§ = —1, thenm := dimU! ®p N and n = dimU° ® o N.

Proof. 1t is clear that the bilinear form (, )y: U x U — F defined in Lemma 5.6 has the
same parity as B, which is pg. If 86y = —1, as noted in Section 2.3, we can replace U
by Ulll, so (, )y becomes supersymmetric. By Propositions 4.43 and 4.44, we can find
a (Z,-graded) basis of U where the matrix representing ¢ ® o idy is the one as in Def-
inition 2.25, so (Endp(U), ¢ Q®p idy) >~ M*(m, n, pg). By Lemma 5.5, we have the
desired result. ]

5.1.3. Parametrization of gradings on M*(m, n, pg). We are now in a position to
define explicit models for gradings on M *(m, n, po). For each pair (T, §), where T is
a finite 2-elementary subgroup of G and B: T x T — F* is a nondegenerate alternating
bicharacter, we set f := f and fix a standard realization D = End(N) of type M (Defi-
nition 3.30) associated to (7, ).

Let ¢o: D — D be the transposition on D and let n: T — F* be the map correspond-
ing to it. Recall that we have a unique equivalence class of ~g (Proposition 5.3), and
that g is the adjunction with respect to the symmetric bilinear form in (5.1), so §y = 1.
By Remark 4.34, we can always choose § = 1, so 665y = 1 and we are in item (i) of
Proposition 5.7. Therefore, we are aligned with all the simplifications of parameters done
in Section 4.6.4.

Definition 5.8. Let 7 C G be a finite 2-elementary subgroup, let §: T x T — F* be
a nondegenerate alternating bicharacter, let go = (ho, po) € G* and let (kg, k7) be a
go-admissible pair of maps G/T — Zx¢ (Definition 4.54). Construct the correspond-
ing graded H-module U and nondegenerate sesquilinear form B: U x U — D as in
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Section 4.6.5. We denote the G-graded superalgebra with superinvolution E£(D, U, B)
by M*(T, B. kj, ki. o). By choosing a graded basis for U, we get an isomorphism
E(D,U, B) >~ Mig|k; (D), with k; := |k;|. Then, via Kronecker product, this becomes the
superalgebra with superlnvolutlon M*(m,n, pg), where m := kg \/_| and n 1= kj \/lT
(compare with Definition 3.37), endowed with the superinvolution ¢ given by

VXeM@m,n), ¢X):=o X7,

where @ is the matrix representing B with respect to the chosen basis (interpreted as a
matrix with entries in IF rather than D).

Note that, in the case |go| = 1, the matrix ® € M (n, n) takes a specially simple form,
given in (2.3).

With this parametrization in hand, we can state the classification of gradings on the
simple superalgebras of type M equipped with a superinvolution.

Theorem 5.9. Suppose the superalgebra with superinvolution M™*(m, n, po) is endowed
with a G-grading. Then it is isomorphic, as a graded superalgebra with superinvolution, to
M*(T, B, KO,Kl ,go) as in Definition 5.8, with py = |go|. Moreover, M*(T, 3, KO,Kl,g()) ~
M*(T', ,3’, Kg, K5, 8o) if and only ifT =T', B =B and there is g € G such that kg =
g Ko kg =g- Klandgo—g 8o-

Proof. The first assertion follows from the discussion above. The isomorphism condition
follows from Proposition 3.20 and Corollary 4.53 by noting that, in this case, §, = {e} X G
(see (4.13)). [

5.2. Superinvolution-simple superalgebras of types M x M*°? and Q x QP

We now consider the case R := S x §P equipped with the exchange superinvolution ¢,
where § is a finite-dimensional simple superalgebra. When endowed with a grading,
(R, ¢) becomes graded-superinvolution-simple but not necessarily graded-simple. As in
Section 4, we will address the non-graded-simple case first as it is simpler.

5.2.1. Non-graded-simple case. By Corollary 4.35, since R is not graded-simple, we
have (R, ¢) >~ E¥(D, U). Given that S x {0} and {0} x S*°P are the only nonzero proper
superideals of R, it follows one of them must be isomorphic to Endgp(U) x {0} and the
other to {0} x Endgsop (U*). In particular, £ must be simple as a superalgebra and of the
same type as S. The results below are straightforward specializations of Theorems 4.7
and 4.8 to the simple superalgebras of types M and Q (see Section 3.5). Recall that
k*:G*)T — 7o is defined by k*(x) := k(x~1).

Theorem 5.10. Let (R, ¢) be a superinvolution-simple superalgebra of type M x M 5°P
endowed with a G-grading that does not make it graded-simple. As a graded superalgebra
with superinvolution, (R, @) is isomorphic to S x S%P with exchange superinvolution,
where either S is isomorphic to M(T, B, kg, k1), as in Definition 3.37, or S is isomorphic
to M(T, B, k), as in Definition 3.40, with these cases being mutually exclusive. Moreover,

M(T, B, kg, ki) x M(T, B, k5, k7)*P =~ M(T/,,B/,Ké,K%) X M(T’,ﬁ’,/(é,/(%)s"p
ifand only if T = T' and one of the following conditions holds:
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() B’ = B andthereis g € G such that either ki = g - k5 and ki = g - ki, 0r kg = g K7
and K% = g Kp,
(i) B’ = B! and there is g € G such that either Ky = g-ky and kj = g - KY, or kg =
g ki andkj = g - kp,
and _ ~ ~ ~
M(T,B.k) x M(T, B,k)*® ~ M(T",B', k") x M(T', B, ")*P
ifand only if T = T' and one of the following conditions holds:
(iii)y B’ = B and there is g € G such that k' = g - k,
(iv) B’ = B~ and there is g € G such that k' = g - k*.
Theorem 5.11. Let (R, ¢) be a superinvolution-simple superalgebra of type Q x Q5°P
endowed with a G-grading that does not make it graded-simple. As a graded superalgebra

with superinvolution, (R, @) is isomorphic to S x S*P with exchange superinvolution,
where S is isomorphic to Q(T ™, BT, h, k), as in Definition 3.42. Moreover,

QT ™, BT hk) x Q(T ™, BT k)™ = Q(T ™, BT, hke) x Q(T ™, BT ko)™ P

ifand only if TT = T'%, h = ' and one of the following conditions holds:
() Bt =BT andthereis g € G suchthat k' = g -k,
(i) BT = (BT) " and thereis g € G such that ' = g - k*.

5.2.2. Graded-division superalgebras of types M x M5P and Q x Q%°P. We start
with examples of division gradings on the superalgebras F x %P, Q(1) x Q(1)%P, and
M(1,1) x M(1,1)%P, all endowed with exchange superinvolution.

Example 5.12. The superalgebra with superinvolution F x [F*°P of Example 2.18 admits
a Z-grading with deg(1, 1) = 0 and deg(1, —1) = 1, which makes it isomorphic to FZ,.
The exchange superinvolution is determined by 7(0) = 1 and (1) = —1.

Example 5.13. The superalgebra with superinvolution Q (1) x Q(1)*°P of Example 2.19
admits a Z 4-grading with deg(1, 1) = 0, deg(u, %) = 1, deg(1, —1) = 2, and deg(u, —if)
= 3, which makes it isomorphic to FZ4. The exchange superinvolution is determined by
n(0)=1,7(1) =1,72) = —1,and n(3) = —1.

Example 5.14. Let O denote the superalgebra M(1, 1) x M(1, 1)*P endowed with the
Z, x Z4-grading determined by

(3 DG D)=0n (G -0 D)0
(3 G D) =00 (3 D) =00
(G 0 3= w2 )T )=
(00 70) =00 wl(F70)-(17) -0
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Then O is an odd graded division superalgebra, and the exchange superinvolution on it
preserves degrees. The corresponding map 7 takes the value 1 on (0, 0), (1,0), (0, 1), and
(1, 3), and the value —1 on (0, 2), (1, 2), (0, 3), and (1, 1).

Remark 5.15. If M(m,n) x M(m,n)**P admits an odd division grading, then the same
argument as in Remark 3.3 shows that m = n.

Given a graded-division superalgebra £, a general method to refine the grading on
D x DP into a division grading is developed in Section 4.4 of [30]. The examples above
are special cases where D is, respectively, F ~ M(1,0), Q(1) and M (1, 1), with the last
two graded as in Examples 3.10 and 3.11.

We now fix a graded-division superalgebra with superinvolution (D, ¢o) of type either
M x M*°® or Q x Q*%P. Our goal is to understand how the type is reflected in the param-
eters (7, B, n) (see Section 4.6.1).

Lemma 5.16. If (D, @o) of type either M x M*°P or Q x Q5°P, then:

(1) rad,é = (f), where f is an order 2 element such that n(f) = —1,

(i) for everyt € T™, we have t* = e, and for everyt € T~, we have t*> = f.
Proof. For item (i), recall that radﬁ is the support of the supercenter of . By Corol-
lary 3.24, the supercenter of a graded-division superalgebra is the even part of its cen-
ter, and we know the centers of superalgebras of types M x M*P and Q x Q%P by
Lemma 2.27. B

For item (ii), let # € T'. By Corollary 4.38, t2 € rad B = {e, f}. Note that, by Proposi-

tion 4.37, n(t?) = B(t.t)n(t). If t is even, then (%) = n(t)®> = 1, hence 1> = e. If t is
odd, then n(t?) = —n(t)®> = —1, hence > = f. |

As we will see in Theorem 5.21, the converse of Lemma 5.16 also holds.

Corollary 5.17. There exist exactly two parity elements tp, tl’, € T (Definition 3.25), and
they satisfy n(tp) = —n(t,).

Proof. Tt follows from the fact that the set of parity elements is the coset f,(rad ,5), SO

1, = tp f and, hence, n(t, ) = B(tp. /In(IN(tp) = —n(tp). =

Definition 5.18. The unique parity element t, € T such that n(z,) = 1 is called the n-
parity element or the @o-parity element. (Note that t, = e ifand only if 7 = T+.)

We can refine Lemma 5.16 to precisely identify the type of (D, ¢g). The labels (a),
(b) and (c) of the cases below will be used consistently for the rest of the section.
Corollary 5.19. Let t, be the n-parity element. Then:
(@) If (D, o) is even of type M x M*P, thent, = e andrad B =rad f = (f) >~ Z».

(b) If (D, o) is odd of type M x M, thene # t, € TT, rad Bt = (f,1p) >~ Zp X Z»
andrad B = (f) ~ Z».

(©) If (D, ¢o) isof type O x QP, thent, € T~ andrad B~ = (f) ~ Z, andrad p =
(lp) ~ Zq.

Proof. This follows from Lemmas 2.27 and 5.16 and Corollary 3.28. ]
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The next result will be used to simplify the parameters in Section 5.2.3. We recall
the equivalence relation ~5 on the maps 7 — [ that determine superinvolutions on
(Definition 4.52).

Lemma 5.20. Let ¢ be a superinvolution on D, corresponding to n': T — {£1}. If
(D, @p) is superinvolution-simple, then the @y-parity element is the same as the @o-parity
element if and only if ' ~g 1. In particular, we have at most two ~g-equivalence classes.

Proof. If (D, ¢p) is superinvolution-simple, then it must be of type QO x Q*® or of
type M x M*P. Hence, by Lemma 5.16, we have 1'(f) = —1. Define y: T — {%1}
by () = n(t)y/'(t) for all t € T. Since dn’ = 8 = dn, we have dy = 1, ie., y is a
character of T. Also, x(f) = 1. Hence, y induces a character of 7/(f), and since
B induces a nondegenerate skew-symmetric bicharacter on 7/(f), there exists zp € T
such that y = B(fo,-). We conclude that n’ = B(fo,-)n. If tp € T, then ' ~5 n and

1 (tp) = Blto. tp)n(tp) = 1.1 tg T, then nf g nand 1y (1) = Bto. tp)n(ty) = —1. m

The next result describes the general structure of the graded-division superalgebras we
are studying. In particular, it establishes the converse of Lemma 5.16 and Corollary 5.19.

Theorem 5.21. Let D be a graded-division superalgebra associated to (T, /§) that is not
simple as a superalgebra. Then there is a superinvolution go on D making it superinvolu-
tion-simple if and only if rad B = ( f) for an element e # f € TT, T is an elementary
2-group, and 1> = f for every t € T™. For any such ¢, let t, € T be the go-parity
element. Then there are superinvolution-simple graded-division superalgebras (€, p¢)
and (M, o) such that (D, po) ~ (€ @ M, pe ® u), where (M, p ) is of type M
and (€, pe) is as follows:

(@) Ift,=e, then(C,pe) =FZ,, whereFZ, is the even graded-division superalgebra

with superinvolution from Example 5.12, and 7., is identified with rad ,g In this case,
(D, @o) is even of type M x M.

(b) Ife#1, €T, then (€,pe) >~ O, where O is the odd graded-division superalgebra
with superinvolution from Example 5.14, and the standard generators of 7y X 74
are identified with t, and an arbitrary element t; € T~ In this case, (D, ¢o) is odd
of type M x M5P,

() Ift, e T™, then (€, pe) = FZ4, where FZ4 is the odd graded-division superalge-
bra with superinvolution from Example 5.13, and the standard generator of Zg is
identified with t,. In this case, (D, @o) is of type O x QP.

Proof. The “only if” direction of the first assertion is already established. Let us prove the
“if”” direction. Let #, € T be a parity element, which exists by Corollary 3.26.

Since T is an elementary 2-group, it is a vector space over the field with 2 elements.
Fix a basis 8 for rad 81 and complete it to a basis 8 U B’ of T*. In the case where
e#t,eTT, forany ) € T~, we can choose B’ such that 8(¢;,b) = 1 forall b € 8'.
Indeed, since #, € rad BT, if B(t1,b) = —1, we can replace b with ,b.

Let K € T be the subgroup generated by B’. Then T = (rad ) x K, and hence
BT M kxk is a nondegenerate alternating bicharacter. Let M be a standard realization of
type M (Definition 3.30) associated to (K, BT [ xxx) and consider the involution ¢
defined by transposition (Lemma 5.2).
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Now define C € T as follows:
(a) Ift, =e, take C 1= (f) =~ Z».
(b) Ife #1, € Tt take C := (tp,11) > Zp X ZLg.
(c) Ift, e T, take C := (tp) ~ Zy.

Let € be a graded-division superalgebra associated to (C, ,3 Pexc). It is easy to see that,
in each case, € is as in the statement of the theorem and, hence, it has a superinvolution ¢¢e
(see Examples 5.12-5.14). ~

By construction, we have T'= C x K and B(C, K) = 1, and it is straightforward that
this implies O ~ € ® M. Therefore, the superinvolution ge ® @ on € ® M corresponds
to a superinvolution ¢o on D.

For the second assertion, let ¢g be a superinvolution on  and ¢, the @o-parity element.
Define the subgroups K and C as above and let M and € be the corresponding graded
subsuperalgebras of . Then O ~ € ® M and ¢y restricts to each factor. The restriction
to € is as in the statement. |

Note that, in cases (a) and (c) in the proof above, we chose K to be an arbitrary
complement of rad 87 in 7. The next result shows that we can proceed similarly in
case (b), and then choose the element 1y € T~ depending on K.

Lemma 5.22. Let (T, ,g) be as in Theorem 5.21 (b), and let K C T be any subgroup
suchthat T = (rad ) x K. Then S :={t; € T~ | B(t1,K) = 1} is a coset of rad B7.

Proof. Givent; € S, itis straightforward that 7] € S if and only if 7; '#] € rad 8. Hence,

we only have to show that S # @. Let y be the character of 7+ determined by x(K) =
x(f) = land x(,) = —1, and extend y to a character of 7. Since rad 8 = ( /), x induces
a character on 7'/ rad B and, by the nondegeneracy of the bicharacter induced by 8 on
T/rad B, there is t; € T such that y = B(t1,-). Since B(t1.1p) = x(tp) = -1, 11 € T™,
and hence, since f(t1, K) = y(K) = 1,1, € S. |

In Section 3.3.4, we defined standard realizations of types M and Q. We will now
define standard realizations of types M x M*? and Q x Q%P.

Definition 5.23. Let T € G* be a finite subgroup and let ﬁ: T x T — {£1} be a skew-
symmetric bicharacter such that rad 8 = (f) for an element ¢ # f € T, TT is an
elementary 2-group, and 12 = f for every t € T~. It follows that we have precisely 2
parity elements in T'; let 7, € T be one of them, taking #, := e in the case 7 = T'*. Then
choose:

(i) asubgroup K € T suchthat (rad 7)) x K = T,
(ii) a standard realization M (Definition 3.30) of type M associated to (K, ,5 PexK),
(iii) if e # 1, € T™, an element ¢; € T~ such that B(71, K) = 1 (which exists by
Lemma 5.22).
Let ¢4 denote the transposition on M, and let (€, ¢¢) be as in Theorem 5.21. We say
that (€ ® M, pe ® gu) is a standard realization of a superinvolution-simple graded-

division superalgebra (of type M x M*°P or Q x Q*°) associated to (T, B,1,). Note that,
as a superalgebra, € ® M is isomorphic to:
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(@) My(F) x My(F)*°P, where £ = /|T|/2,ift, =e,
(b) M(L,0) x M(£,0)*P, where { = /|T|/8,ife #1, € TT,

() Q) x Q)P where { = /|T|/4,ift, € T™.

Remark 5.24. The map 1: T_— {£1} corresponding to e ® @ is characterized by the
following conditions: dn = B, n 'k is the map associated to the transposition on M, and
one of the following holds:

(a) ift, =e, thenn(f) =—

(b) ife #1, € TT, thenn(tp) = 1 and n(t;) = 1,

(c) ift, € T™,thenn(ty) = 1.
In particular, in all cases 1( f) = —1 and the chosen ¢, is the n-parity element of 7. Also,
a different choice #{ in item (iii) of Definition 5.23 leads to " = nif t] € {t1, ftpt1}, and

ton = B(tp,-)nift{ e {ft1,tpt1}; in both cases, ' M r+=1n Pr+.

In Section 3.3.4, we presented distinct standard realizations for types M and Q, where
the standard realizations for Q were defined exclusively in terms of the group G. We can
do the same for type Q x Q*°P.

Let (D, ¢o) be of type Q x Q°°P. There exists an invertible homogeneous element
w € Z(D)! of degree 1, such that go(w) = w. Then D = DO § wDO. Scaling w if
necessary, we may assume w2 = ¢, where ¢ := (1,—1) € Z(D)0. Note that (D9, ¢y }90)
is an even graded-division superalgebra of type M x M*°P. Let h € G denote the projection
of t, t0 G (i.e., t, = (h,1)). Then h2 = f and (T+, BT, e) are the parameters of DO.

Conversely, given (D9, ¢o) even of type M x M*°P associated to (T, B+, e) and an
element /1 € G such that h2 = £, let w be a new symbol of G-degree h that commutes
with every element of D0 and satisfies w? = ¢ € DO. Define D! := wDO, and extend
@o by setting ¢o(w) = w. One can check that the resulting superalgebra with superin-
volution is a graded-division superalgebra of type Q x Q**P. The parameters of (D, ¢o)
are (T, B.t,), where t, := (h,1), T := TT Ut,T*, and B: T x T — F* is given by
B(stl 11}y = (=) Bt (s.1) forall s,s € TT and i, j € Z.

As an alternative to Definition 5.23 in the case (c), we will use the following.

Definition 5.25. Let T be an elementary 2-group, 87 be an alternating bicharacter with
rad Bt = (f) fore # f € T*, and an element & € G such that h2 = f. Let D° be
a standard realization of type M x M*°P associated to (TF, 8T, e). Then DO & wDO
with ¢o as above will be called a standard realizations of type Q x QP associated to

(T, B, h). Note that D ~ Q({) x Q(¢) where £ = /|T+]|/2.

5.2.3. Graded-simple superalgebras of types M x M*°? and Q x Q*°P. Let (D, U, B)
be a triple as in Definition 4.48, with parameters (7, 8, 1, k, go, ). We now consider
the case where (R, ¢) := E(D, U, B) is a superalgebra with superinvolution of type
M x M*P or Q x Q%P. Since (R, ¢) is superinvolution-simple but not simple, Propo-
sitions 3.17 and 4.20 imply that (D, ¢o) is also superinvolution-simple but not simple.
By Lemma 3.6, Z(R) is isomorphic to Z(D), and by Lemma 2.27, different types have
nonisomorphic centers, hence (R, ¢) has the same type as (D, go). It follows that the type
of (R, ¢) can be recognized from (7, §) via Corollary 5.19.
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We will define explicit models for E(D, U, B), where D is (a) even of type
M x M*P_ (b) odd of type M x M*°P, or (c) of type O x Q*P, and proceed to clas-
sify them up to isomorphism. To this end, we will specialize simplified parametrization
defined in Section 4.6.4 to these cases. We start by noting that, by Lemma 5.20, in the
even case we have a unique equivalence class of ~g, and in the odd cases the equivalence
classes of ~g are in bijection with the set of parity elements 7, C T'. Moreover, since we
have rad 8 = (f), where f € T is such that n(f) = —1, note that the group &, defined
in equation (4.13) is

Gy = ({e} x (G x {0}) U ({f} x (G x {1})) S rad  x G*,

which does not depend on 7. _

In what follows, for each triple (7, 8,1,), we fix a standard realization (D, ¢o) as in
Definition 5.23, and for each triple (TF, 87, h), we fix a standard realization (D, @) as
in Definition 5.25. In particular, this fixes the map 1: T — F* corresponding to ¢o. The
results below are a consequence of Theorems 4.14 and 4.32 and Corollary 4.53.

We start with the case of even gradings, which exist only for type M x M 5P,

Definition 5.26. Let 7 and f be as in Definition 5.23 with T+ = T (so f = B and
tp, = e), let go € G* be any element, and let (kg, kj) be a go-admissible pair of maps
G/T — Zso (see Definition 4.54). Construct the corresponding pair (U, B) as in Sec-
tion 4.6.5. The graded superalgebra with superinvolution M **(T, 8, kg, k1, go) is defined
to be E(D, U, B). By choosing graded bases for U and U1, this becomes the graded
superalgebra M |k; (D), with kg := [k5| and k7 := |«j[, endowed with the superinvolu-
tion ¢ given by
VX € Myyi; (D), 9(X) := @ go(X*T)®,

where @ is the matrix representing B with respect to the chosen bases. Note that, as a
superalgebra with superinvolution,

M®(T, B, k5. ki, o) =~ M(m,n) x M(m,n)*P,

where m := kg+/|T|/2 and n := k7 +/|T|/2.
Remark 5.27. If m # n, then go € G* is necessarily even (see Section 4.6.5).

Theorem 5.28. Suppose the superalgebra with superinvolution M(m,n) x M(m, n)5°P
is endowed with an even G-grading making it graded-simple. Then it is isomorphic to
a graded superalgebra with superinvolution M (T, B, kg, k1, 8o) as in Definition 5.26.
Moreover, M(T, B, k., k1. 80) = Me"(T’,ﬁ’,/c(ﬁ),K%,g(')) ifandonly if T =T, B = p
and there is g € G such that one of the following conditions holds:

() «f =g kg k5 =g-«jand gy =g >go,

(ii) k5 = g Ky, k] = g - k5 and gy = fg>go.

We will now consider odd gradings.

Definition 5.29. Let T, ,3, and 7, be as in Definition 5.23 with T+ #T,let go € G be
an arbitrary element, and let x: G/ T+ — Z >0 be a go-admissible map (Definition 4.54).
Construct the corresponding pair (U, B) as in Section 4.6.5. The graded superalgebra
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with superinvolution E(D, U, B) is denoted by M (T, ,8 tp, K, go) if 1, € TT, and by
OX(T, B, ty,k, go) if t, € T™. By choosing an even graded basis for U, E(D, U, B)
becomes My (D), where k := |k|, endowed with the superinvolution ¢ given by

VX € Mi(D), ¢(X):= D lpo(X ),

where @ is the matrix representing B with respect to the chosen basis. Note that, as a
superalgebra with superinvolution, M (T, B, t,.k, go) ~ M(n,n) x M(n, n)*?, where

n:=k+/|T|/8, and Qex(T,,é,l‘p,K,go) ~ Q(n) x Q(n)*P, where n := k/|T|/4.

Theorem 5.30. Let M (n,n) x M(n,n) P (respectively, Q(n) x Q(n)5°P), as a superalge-
bra with superinvolution, be endowed with an odd G -grading that makes it graded-simple.
Then it is isomorphic to a graded superalgebra with superinvolution M (T, B, tp, k, go)
(respectively, Q%*(T, ,3 Ip, K, go)) as in Definition 5.29. Moreover, the graded superal-
gebras with superinvolution M (T, /3 tp, K, go) and M*(T', ,8' 1.k, g,) (respectively,
O%(T, B. 1y, k, go) and Q*(T’, g, ty, k', gy)) are isomorphic lfand only if T =T,
,3 ,3 tp = 1, and there exists g € G such thatk’ = g -k and g, = g~ 299.

For superalgebras of type Q x Q%°P, we can use the standard realization defined solely
in terms of G € G* (Definition 5.25). We could also classify the odd gradings on super-
algebras of type M x M*°P solely in terms of G, but we exclude it from this work for
conciseness; the interested reader can find it in Corollary 4.76 of [30].

Definition 5.31. Given T, Bt and h as in Definition 5.25, consider the correspond-
ing T, B and 1,. We define Q°*(T*, BT, h, k, go) to be the graded superalgebra with
superinvolution Q%*(T, B, 1,, k., go) as in Definition 5.29.

Note that QX(T+, B¥, h,k, g0) = M(T™, BT, Kk, go) ® wM™(TT, B+, k, go),
where w? = (1,—1) € M™(T*, B*, k., g0), ¢(w) = w (see Lemma 4.17), and the G*-
degree of wis ¢, = (h, 1).

By Theorem 5.30, we have the following corollary.

Corollary 5.32. Let Q(n) x Q(n)*P, as a superalgebra with superinvolution, be endowed
with a G-grading that makes it graded-simple. Then it is isomorphic to a graded superal-
gebra with superinvolution Q™(T T, %, h, k, go) as in Definition 5.31. Also, the graded
superalgebras with superinvolution Q*(T ™, B%, h,k, go) and Q*(T'*T, B’ I’ k', gp)
are isomorphic ifand only if TT = T'Y, B+ = B'*, h = ', and there is g € G such that
k' =g-Kkand gy =g %go.

6. Gradings on classical Lie superalgebras

We finally turn to Lie superalgebras over an algebraically closed field F of characteristic
zero. In Section 6.1, we show how the classification of G-gradings on finite-dimensional
superinvolution-simple associative superalgebras carries over to non-exceptional classi-
cal Lie superalgebras, excluding type A(1, 1). In the following subsections, we adapt the
classification from the superinvolution-simple associative superalgebras to each family of
non-exceptional classical Lie superalgebras.
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6.1. Automorphism groups and transfer of gradings

6.1.1. Gradings and actions. We will now briefly review the well-known correspon-
dence between gradings by an Abelian group G and actions by the group of (multiplica-
tive) characters G := Hom(G,F*). A more detailed treatment can be found in Section 1.4
of [18]; see, in particular, Proposition 1.28 and Theorem 1.38. A more general setting in
which algebras may have any number of multilinear operations is discussed in Section 1.2
of [30].

Let A be a finite-dimensional algebra. Every G-grading I': A = P
to a G-action on A defined by

geq Ag corresponds

VyeG.geG, acA,, y-a:=y(ga.

It is straightforward that the elements of G act by automorphisms of A.

If G is finitely generated, then G is an algebraic group, and the G-action above is an
algebraic group action. If IF is algebraically closed with char F = 0, this correspondence
yields a bijection between G-gradings on A and algebraic G-actions by automorphisms
of A. Moreover, two gradings on A are isomorphic if and only if their corresponding alge-
braic representations G — Aut(A) are conjugate by an element of Aut(A). Consequently,
if A and B are finite-dimensional algebras (possibly with different sets of multilinear
operations) and there is an algebraic group isomorphism Aut(A4) — Aut(B), then this iso-
morphism induces a bijection between the sets of G-gradings on A and B, which yields a
bijection between the isomorphism classes of such gradings.

We will use this correspondence to transfer our classification of gradings from superin-
volution-simple associative superalgebras to non-exceptional classical Lie superalgebras
different from A(1, 1).

6.1.2. Automorphisms of (superinvolution-)simple associative superalgebras. We
start by listing the automorphism groups of the associative superalgebras M (m, n) and
Q(n), which are well known and can be computed from Theorem 3.9.

Every automorphism of M (m, n) is a conjugation by an invertible homogeneous ele-
ment. We define & (m, n) as the normal subgroup consisting of the conjugations by even
elements, i.e., elements of the form

6.1) (’0‘ 2) . withx e GL,, and y € GL,, .

Thus, we have
&(m,n) ~ (GL,, xGL,)/F*,

where F* is identified with scalar matrices. Odd invertible elements in M (m, n) exist if
and only if m = n; they are of the products of

(0 I
M= ( oo )
with even invertible elements. The conjugation by IT is the so-called parity transpose and
will be denoted by 7. Therefore,
&(m,n) if m # n,

Em,n)x(x) ifm=n.

Aut(M(m,n)) = {



C. De Naday Hornhardt and M. Kochetov 1882

The automorphism group of Q(n) is generated by the conjugations by invertible even
elements of Q(n), which are matrices of the form (§ %) with x € GL,, and the parity

automorphism v: Q(n) — Q(n). Thus, we have
Aut(Q(n)) = Aut(M,(F)) x (v) ~ PGL, xC,.

Now consider R = S x S%P, where S is either M(m,n) or Q(n), and let ¢p: R — R
be the exchange superinvolution. The automorphisms of (R, ¢) can be computed using
Lemma 4.5 and are either of the form

(6.2) Vx,yeS, vo(x,7):=(0(x),0()).

where 0: S — S is an automorphism, or of the form

(6.3) Vx,yeS, Yo(x.7) = (0(y),0(x)),

where 0: § — S is a super-anti-automorphism. It is straightforward to verify that equa-
tions (6.2) and (6.3) define an isomorphism Aut(S) — Aut(R, ¢), where Aut(S) is the
group of automorphisms and super-anti-automorphisms of S. Note that unless S = T,
Aut(S) is a subgroup of index 2 in Aut(S); the extension is split for type M and non-split
for type Q (Corollary 2.24). More precisely,

E(m,n) xCy if S = M(m,n), withm # n,
(6.4) Aut(S) ~ { (8(n,n) xCy)xCy if S = M(n,n),
PGL, x C4 if S = Q).

Finally, let us consider the case (R, ¢) = M*(m,n, pg). The automorphism groups
can be derived from Theorem 4.25. We have that Aut(M *(m, n, pg)) C &(m,n), i.e., it
consists of conjugations by matrices as in (6.1). For M*(m, n, ()), we have that x € O,
and y € Sp,,, thus
O x Sp,,

{£DLntn}

For M(n,n, i), we have that x € GL, can be any element, but then y = (xT)_l, thus

Aut(M*(m,n,0)) ~

GL,

Aut(M*(n,n, 1)) ~ Ea

6.1.3. Automorphisms of classical Lie superalgebras and types of gradings. The outer
automorphism groups of the finite-dimensional simple Lie superalgebras were computed
in [45]. We will compare them with those presented in Section 6.1.2 to use the transfer
strategy presented in Section 6.1.1. Note that the algebraic groups of automorphisms for
these Lie superalgebras appear in [28], whose description aligns more closely with ours.
Let L be a finite-dimensional simple Lie superalgebra in one of the series B, C, D
or P. By definition (see Section 2.5.3), L = Skew(R, )V /Z(Skew(R, ¢)()), where
(R, 9) = M*(m,n, po) for some m,n € Z>g and py € Z,. Every automorphism  :
(R, ¢) — (R, ) restricts to an automorphism of Skew(R, ¢), which in turn induces
an automorphism on Skew(R, @)V /Z(Skew(R, ¢)). This yields an algebraic group
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homomorphism Aut(R, ¢) — Aut(L). Comparing the automorphism group of (R, ¢) to
the one of L (see Theorem 1 in [45] and Theorem 4.1 in [28]), we see that the map
Aut(R, ¢) — Aut(L) above is an isomorphism.

Now we consider the case that L is a finite-dimensional simple Lie superalgebra in
either series 4 or Q. Then L = SM/Z(SM), where S is a finite-dimensional associa-
tive superalgebra of type M or Q. Analogous to the previous case, every automorphism
¥: S — S restricts to an automorphism of S, which in turn induces an automorphism
of SM /Z(SM). This yields an algebraic group homomorphism Aut(S) — Aut(L). How-
ever, comparing the automorphism group of S with the automorphism group of L, we see
that in this case the homomorphism Aut(S) — Aut(L) is injective but not surjective.

To recover all automorphisms of L, we can use another model. Consider R := S x S
and denote the exchange superinvolution by ¢. The map S — Skew(R, ¢) sending s
to (s, —5) is an isomorphism of Lie superalgebras that induces an isomorphism L —
Skew(R, )M/ Z(Skew(R, ¢)(). Now, every automorphism ¥: (R, ¢) — (R, ¢) induces
an automorphism on Skew (R, ¢)(!)/ Z(Skew(R, ¢)(V), and if L % A(1, 1), this yields an
isomorphism of algebraic groups Aut(R, ¢) — Aut(L).

Corollary 6.1. Let (R, ) be a finite-dimensional simple associative superalgebra with
superinvolution over an algebraically closed field of characteristic zero, and suppose L :=
Skew(R, @)/ Z(Skew(R, 9) V) is simple of type different from A(1,1). The G-gradings
on (R, ¢) and on L are in bijection via the map that restricts a grading on (R, ¢) to
Skew(R, @)V and then passes to the quotient modulo the center. This map also induces
a bijection between the isomorphism classes of G-gradings.

Hence, the classifications of G-gradings are the same for (R, ¢) and L, and the former
are classified in Section 5. For completeness, we will slightly adapt this classification to
the Lie case and present it in the following subsections. It is convenient to divide the
gradings into two types for Lie superalgebras in series A and Q.

Proposition 6.2. Letr S be an associative superalgebra of type M or Q, and set (R, @) =
S x 8% A grading on SMW/Z(SW) ~ Skew(R, )V /Z(Skew(R, ¢)V) is induced
from a grading on S if and only if it is induced from a grading on (R, ¢) such that R is
not graded-simple.

Proof. If R is not graded-simple, then by Proposition 2.20, the superideals S x {0} and
{0} x S%°P are both graded, so the projection R — S is a homomorphism of graded super-
algebras. The restriction of this projection to Skew(R, ¢) is the inverse of the isomorphism
SO — Skew(R, ¢), s — (s, —5). The result follows. n

Definition 6.3. Let S be an associative superalgebra of type M or Q, and set (R, ¢) =
S x §%P_ A grading on L := SM/Z(SM) is said to be of type I if it is induced by a
grading on S, and of type II if it is induced by a grading on (R, ¢) such that R is graded-
simple.

It follows that for a simple Lie superalgebra in series A or Q except A(1, 1), every
grading is either of type I or type IL. In this work, type II gradings will only be described
using the model derived from R = S x §%P. They can also be described in terms of the
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defining model L = S™M/Z(SM), but this approach is more involved. The interested
reader may consult Section 5.3 of [30] for details. For type A(1, 1), see [1].

6.2. Orthosymplectic Lie superalgebras (Series B, C and D)

The gradings on osp(m|n) correspond to the gradings on the superalgebra with superin-
volution M *(m, n,0). By Theorem 5.9, if we endow M *(m, n,0) with a grading, then it
becomes isomorphic to (R, ¢) := M*(T, B, k5. k7, £o) as in Definition 5.8, with |go| = 0.
We define osp(T, B, k. k7, o) to be the graded Lie superalgebra Skew(R, ¢). The fol-
lowing result is a direct consequence of Theorem 5.9.

Theorem 6.4. Let L be an orthosymplectic simple Lie superalgebra endowed with any
G-grading. Then L is isomorphic to some graded superalgebra osp(T, B, kg, k7, 80)-
Moreover, osp(T, B, k5, k71, 80) = osp(T", B', k5, k7, &o) if and only if T =T', B = p’
and there is an element g € G such that K(/—) =g Kp, K% = g-kjand g, = g 2g0.

It should be noted that, if we restrict ourselves only to the series B, i.e., the superalge-
bras osp(m, n) for which m is odd, since T is an elementary 2-group and m = kg \/m ,
we must have that T is trivial. Also, in this case, go is a square, so we can make go = e.
Gradings for series B were classified in [13].

6.3. Periplectic Lie superalgebras (series P)

Gradings on the Lie superalgebras in the series P were classified in [31] using a dif-
ferent method, but we can also obtain them in a manner similar to what we did for
series B, C, and D. Gradings on P(n — 1) correspond to the gradings on M *(n, n, i).
By Theorem 5.9, if we endow M *(n, n, i) with a grading, then it becomes isomorphic to
(R,¢) := M*(T, B,ky, ki, go) as in Definition 5.8, with go = (ho, 1), ho € G. Recall from
Section 4.6.5 that, in this case, k7 is determined by kg, so we denote by P (T, B, kg, ho)
the graded Lie superalgebra Skew (R, @)™,
The following result follows from Theorem 5.9.

Theorem 6.5. Let L be the simple Lie superalgebra P(n), n > 2, endowed with any G-
grading. Then L is isomorphic to some graded superalgebra P(T, B, kg, ho). Moreover,
P(T, B,k ho) = P(T', B', k5, hy) ifand only if T = T', B = B’ and there is an element
g € G such that ki = g - k5 and hy = g 2hy.

6.4. Queer Lie superalgebras (Series Q)

Gradings on the Lie superalgebra L of type Q(n) were classified in [5] by reduction to its
even part, which is the Lie algebra of type A,. Using the theory developed in this work,
the classification of gradings on L is the same as on the associative superalgebra with
superinvolution Q(n + 1) x Q(n + 1)P.

By Theorem 3.43, type I gradings on L are induced from the associative superalgebra
Q(n + 1), whose gradings are of the form [o (T, BT, h, k) (see Definition 3.42). We
denote L equipped with this grading by QO (T+, 87, h, k). Note that the classification
of these graded superalgebras follows from Theorem 5.11, not from Theorem 3.43. By
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Corollary 5.32, type II gradings on L come from graded superalgebras with superinvolu-
tion QX(T*, B, h,k, go) (see Definition 5.31). We denote L with the induced grading
by QUN(TF, BT, h, k. go).

Theorem 6.6. Letn > 2. The simple Lie superalgebra Q (n) endowed with any G-grading
is isomorphic to either Q(I)(T+, Bt h, k) or Q(II)(T+, B, h,k, go), and these cases are
mutually exclusive. Furthermore:
(Type D). QO(T+, 8%, h,k) ~ QO(T'+ B+ I &) ifand only if T'Y =T+, I’ =h,
and there exists g € G such that one of the following holds:
(i) Bt =BTandk =g-«,
() B =BT landk' =g -«k*.
(Type ID. QU(T+, BF, h,k, go) = QUW(T'*, B+, I k', gy) if and only if T'T =
T+, Bt =B, ' = h, and there exists g € G such that k' = g - k and gy = g% go.

6.5. Special linear Lie superalgebras (series A)

We break the classification of gradings on A(m, n) into two cases, m # n and m = n. We
first deal with the case m # n, since it has fewer possibilities and simpler isomorphism
conditions, solet L = sl(m + 1|n + 1).

Every grading on L, whether of type I or type II, must be even (see Remarks 3.3
and 5.15). Hence, by Theorem 3.38, type I gradings on L are induced by gradings of
the form I'ps (7T, B, k5. k1) on the associative superalgebra M(m + 1,n + 1) (see Defini-
tion 3.37). We denote L with this grading by AD (T, B, k5, k7). Note that the classification
of these graded algebras follows from Theorem 5.10, not from Theorem 3.38. By The-
orem 5.28, type II gradings on L come from graded superalgebras with superinvolution
M™(T, B, kg, k5, go) (see Definition 5.26), with gg € G = G x {0} € G* since m # n
(see Remark 5.27). We denote L with the induced grading by A(H)(T, B. k5. ki, &o)- The
classification follows from these results and Remark 3.39.

Theorem 6.7. Let m > n > 0. The simple Lie superalgebra sl(m + 1|n + 1) with any
G-grading is isomorphic to either AV(T, B, Ky, Ki) or AW(T, B, Kg. k7. o), and these
cases are mutually exclusive. Furthermore:
(Type I). AD(T, B, kg, k7) =~ AD(T', B'.kg.k7) ifand only if T' = T and there exists
g € G such that one of the following holds:
(i) B'=P k5 =g Kk5andkj =g ki,
(i) p'=B"" k=g -« and it = g - k7.
(Type ID). AT, B, k5, k7, 80) = AW(T', ', k4, g) ifand only if T' =T, B’ = B,

0
and there exists g € G such that ki = g - kg, kK§ = g k1, and g, = g72g0.

6.6. Projective special linear Lie superalgebras (series A)

Finally, consider L := ps[(n + 1|n + 1), the simple Lie superalgebra of type A(n,n). The
gradings on L can be divided into five subtypes, each of which corresponds, in view of the
bijection between gradings and actions (Section 6.1.1), to one of the five subgroups of the
Klein group Aut(L)/E(n+1,n+1) =~ C; x C; (see (6.4)) according to the image of G.
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Even type I. The even type I gradings on L are similar to the type I gradings on A(m, n)
with m # n. By Theorem 3.38, they are induced by gradings of the form I'as (T, B, k5. k1)
on the associative superalgebra M (n 4+ 1,n + 1) (see Definition 3.37). Since these grad-
ings come from an associative superalgebra of type M, we denote L endowed with such
grading by ARI}(T, B. K5, K7)-

Odd type I. The odd type I gradings on L are similar to the type I gradings on Q(n). By
Theorem 3.41, they are induced by gradings of the form 'y (7, B, k) on the associative
superalgebra M(n + 1,n + 1) (see Definition 3.40). We denote L endowed with such
grading by A(QD(T, B.K).

Recall that type II gradings on L are induced from gradings on the superalgebra
with superinvolution M(n 4+ 1,n + 1) x M(n 4+ 1, n + 1)°P, making it isomorphic to
E(D, U, B) (see Theorem 4.14 and Definition 4.16). Hence, the type II gradings can be
divided into three cases as in the construction in Section 4.6.5.

Even type II with even B. The case of even O and even B is similar to orthosym-
plectic superalgebras. By Theorem 5.28, these gradings on L come from graded superal-
gebras with superinvolution M (T, B, kg, k1, go) (see Definition 5.26), with gg € G =
G x {0} € G*. We denote L with the induced grading by AW (T, B, k5, 7, £o)-

osp

Even type II with odd B. The case of even O and odd B is similar to periplectic super-
algebras. By Theorem 5.28, these gradings on L come from graded superalgebras with
superinvolution M (T, 8, kg, k7. go) (see Definition 5.26), with go = (ho. 1) € G*. Recall
from Section 4.6.5 that, in this case, «j is determined by «j, so we denote L with the
induced grading by Agl)(T, B. kg, ho).

Odd type II. The case of odd O and even B is similar to type II gradings on queer Lie
superalgebras. By Theorem 5.30, these gradings on L come from graded superalgebras
with superinvolution M (T, B, ,, k, go) (see Definition 5.29). We denote L with the
induced grading by A(QH)(T, B.ty. K, 80).

The classification for type I follows from Theorem 5.10 (not from Theorems 3.38
and 3.41), and for type II from Theorems 5.28 and 5.30.

Theorem 6.8. Let n > 1. The simple Lie superalgebra psl(n + 1|n + 1) with any G-
grading is isomorphic to one of AZ(‘I} (T. B, k5. k7). A(QD(T, B, k), Ag;)p(T, B. k5. k7, &o),
Agl)(T, B. k5. ho), or A(QH)(T, B.tp, K, 80), and these cases are mutually exclusive. Fur-
thermore:
(Type In). AS (T, B.icg. k7) = ASNT', B/, kb, ict) if and only if T = T’ and there
exists g € G such that one of the following holds:
(i) B’ = B and either

s K5 =g kpand k; = g - ki, or
* kg =g kjand ki = g - Kg;

(i) B’ = B~ and either

. =g ky and k5 = g k7, or
— o . kX I — g . X
=g ki and k] = g - kj.

=
I~ O~

* K
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(Type Ip). A(QD(T, ,g K) ~ A(QD(T’, ,g’, k'Y ifand only if T' = T and there exists g€ G
such that one of the following holds:
() B =PBandk’ =g«
(i) /=B 'andk =g-k*.
(Type Hpsp). AE,I;) T, B.k5, k7, 80) = AE}Q T,B8 kL, kt,g0) ifand only if T = T,
yp P » 0-K1- 8 P 0 %1- 80
B = B, and there is g € G such that either:
() x5 =g kg k5 =g kyand g, = g72go, or
(i) k5 = g-kq, Kt = g k5 and gy = fg~>Lo.
(Type Lp). AR (T, B.kg. ho) = A (T", B/ k4. hy) if and only if T =T', B = f/,
and there is g € G such that either:

() «f = g-kgandhy =g 2ho, or
(i) x5 = ghy! - and hy = fg2hy.

(Type Tlg). A (T, B.1p.k.80) = AQ(T". 1)k’ .g4) if and onlyif T =T', p = B,
tp = 1, and there exists g € G such that k' = g -k and g, = g7 2go.
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