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Group gradings on classical Lie superalgebras

Caio De Naday Hornhardt and Mikhail Kochetov

Abstract. We classify, up to isomorphism, the group gradings on the non-exceptional
classical simple Lie superalgebras, except for type A.1; 1/, over an algebraically
closed field of characteristic zero. To this end, we study graded-simple and graded-
superinvolution-simple associative superalgebras satisfying the descending chain
condition on graded left superideals, which allows us to classify Abelian group grad-
ings on finite-dimensional simple and superinvolution-simple associative superalge-
bras over an algebraically closed field of characteristic different from 2.
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1. Introduction

The use of group gradings in Lie theory traces back to 1888 (see [35]), when W. Killing
introduced the root space decomposition of complex semisimple Lie algebras. Later, Z2-
gradings appeared in E. Cartan’s work on real semisimple Lie algebras (see [12]). Inter-
est in gradings intensified in the 1960s through works of J. Tits, I. L. Kantor, and M.
Koecher (see [34, 36, 46]). Systematic classification of group gradings on Lie algebras
began with [41] and remains an active research area in Lie theory and representation the-
ory. Building on the work of several authors, including [6–11, 29], all group gradings for
classical simple Lie algebras (series A, B , C , D) over an algebraically closed field of
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characteristic different from 2 were classified up to isomorphism in [2], while fine grad-
ings were classified up to equivalence in [17] (see also [18] and references therein). These
classifications are also known over the field of real numbers [3, 21].

The first appearances of Lie superalgebras were related to cohomology [23,25,26,38],
but they were independently introduced in physics in relation to supersymmetries, see, for
instance, [24, 37, 39]. V. Kac classified the finite-dimensional simple Lie superalgebras
over an algebraically closed field of characteristic 0, see [33], dividing them into two types:
classical and Cartan type (see also [44]). The classical Lie superalgebras are divided into
the series A.m;n/, B.m;n/, C.n/,D.m;n/, P.n/, andQ.n/, as well as three exceptional
cases: F.4/, G.3/, and the family D.2; 1; ˛/ with a scalar parameter ˛ ¤ 0;�1. The Lie
superalgebras of Cartan type are divided into the series W.n/, S.n/, QS.n/ and H.n/.

The Z-gradings on classical Lie superalgebras where classified in [32]. In [45], grad-
ings by finite cyclic groups were considered and the corresponding twisted loop superal-
gebras were classified. Fine gradings on the exceptional classical simple Lie superalgebras
were classified up to equivalence in [15].

Classifications of all group gradings up to isomorphism on Lie superalgebras were
first obtained in [5] for the series Q, in [31] for the series P and partially A (what we call
type I gradings), and in [13] for the series B .

In the present work, our main goal is to classify, up to isomorphism, the group grad-
ings on non-exceptional classical Lie superalgebras. To this end, we study graded-simple
and graded-superinvolution-simple associative superalgebras that are (left) graded-Arti-
nian (i.e., satisfy the descending chain condition on graded left superideals). Our method
is a combination of [18], where graded-simple Artinian associative algebras and their anti-
automorphisms were studied, and of [42], which classified primitive associative super-
algebras with superinvolution that have a minimal one-sided superideal. In particular,
this method allows us to classify Abelian group gradings on finite-dimensional simple
and superinvolution-simple associative superalgebras over an algebraically closed field of
characteristic different from 2. Taking advantage of the fact that the non-exceptional clas-
sical Lie superalgebras in characteristic 0 of type different from A.1; 1/ can be realized in
terms of skew elements in superinvolution-simple associative superalgebras in such a way
that the automorphism groups match, we can then transfer the classification of gradings
from the associative to Lie superalgebras. This gives a uniform classification of grad-
ings for all types other than A.1; 1/. This latter has an exceptionally large automorphism
group, so our transfer approach does not apply. Group gradings on exceptional classical
Lie superalgebras as well as A.1; 1/ were classified up to isomorphism in [1].

The paper is structured as follows. In Section 2, we establish basic definitions and nota-
tion, as well as some preliminary results. Section 3 develops the theory of graded-simple
graded-Artinian associative superalgebras over a field F , concluding with the classifica-
tion of Abelian group gradings on finite-dimensional simple associative superalgebras for
algebraically closed F , char F ¤ 2. For superalgebras with superinvolution, Section 4
presents the general theory of graded-superinvolution-simple graded-Artinian superalge-
bras, which is applied in Section 5 to finite-dimensional superinvolution-simple superal-
gebras for algebraically closed F such that char F ¤ 2. Finally, Section 6 transfers these
classifications to non-exceptional classical Lie superalgebras for algebraically closed F
with char F D 0.
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2. Preliminaries

2.1. Gradings and superalgebras

To discuss gradings on (super)algebras, we start with gradings on vector spaces.

Definition 2.1. Let G be a group. A G-grading on a vector space V is a direct sum
decomposition

� W V D
M
g2G

Vg ;

indexed by the elements of G. If � is fixed, we say that V is G-graded or simply graded
if G is understood from the context. The support, denoted either by supp� or supp V , is
the subset ¹g 2 G j Vg ¤ 0º � G. The subspaces Vg are called homogeneous components
and their elements are called homogeneous elements. If 0¤ v 2 Vg , we say that the degree
of v is g and write deg v D g.

Given two G-graded vector spaces V D
L
g2G Vg andW D

L
g2GWg , a linear map

f W V ! W is said to be a homomorphism of G-graded vector spaces if it is degree-
preserving, i.e., if f .Vg/ � Wg for all g 2G. A subspace U � V is said to be a graded
subspace if

U D
M
g2G

Ug ; where Ug WD U \ Vg :

Then the decomposition above is aG-grading onU such that the inclusion map U ,! V is
a homomorphism ofG-graded spaces and, also, V=U becomes aG-graded vector space in
such way that the natural map V ! V=U is a homomorphism of G-graded vector spaces.
Furthermore, we consider V ˚W and V ˝W as G-graded vector spaces by defining

.V ˚W /g WD Vg ˚Wg

and by setting, for all nonzero homogeneous elements v 2V and w 2W ,

deg.v ˝ w/ WD .deg v/.degw/:

Definition 2.2. AG-grading on an algebraA is a grading �WAD
L
g2G Ag on its under-

lying vector space with the extra condition that

8g; h2G; AgAh � Agh;

i.e., the multiplication map A˝ A! A is a homomorphism of G-graded vector spaces.

A homomorphism of G-graded algebras is a degree-preserving homomorphism of
algebras. A graded subalgebra (respectively, graded ideal ) is a subalgebra (respectively,
ideal) that is a graded subspace. A G-graded algebra A is said to be graded-simple if
AA ¤ 0 and the only graded ideals are 0 and A.

In the study of superalgebras, there is a canonical grading by Z2, which we will dis-
tinguish from other gradings by using superscripts instead of subscripts; there is also
special terminology associated with this grading. Thus, a vector superspace, or simply
superspace, is a Z2-graded vector space, U D U N0 ˚ U N1, where the elements of U N0
and U N1 are said to be, respectively, even and odd, so the degree for this grading is called
parity. We will write juj D i if 0 ¤ u 2 U i .
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Definition 2.3. A G-grading on a superspace U is a grading �WU D
L
g2G Ug on its

underlying vector space that is compatible with the canonical Z2-grading in the sense that
every homogeneous component is a Z2-graded subspace, i.e.,

8g 2G; Ug D .Ug \ U
N0/˚ .Ug \ U

N1/;

or, equivalently, U N0 and U N1 are G-graded subspaces. A superalgebra is a Z2-graded
algebra A D A N0 ˚ A N1, and a G-grading on a superalgebra A is one that makes A both a
G-graded algebra and a G-graded superspace.

Remark 2.4. Letting G# WD G �Z2, we note that a G-graded superspace (superalgebra)
is the same asG#-graded vector space (algebra), with U.g;i/ WD Ug \U i for all g2G and
i 2Z2.

We consider homomorphisms of (G-graded ) superalgebras to be homomorphisms
of .G�/Z2-graded algebras. Similarly, we define (G-graded ) subsuperalgebras (respec-
tively, superideals) as .G�/Z2-graded subalgebras (respectively, ideals), and finally, sim-
ple (G-graded ) superalgebras as simple .G�/Z2-graded algebras.

The above definitions do not address a crucial aspect of “super” structures, known
as the sign rule, which is relevant to the identities imposed on multiplication to define
classes of superalgebras such as Lie superalgebras. Many definitions in algebra (for exam-
ple, the definition of anti-automorphism) involve interchanging the position of elements
('.ab/ D '.b/'.a/). In the “super” context, a minus sign is introduced if odd elements
are interchanged with each other. This procedure can be formalized through the concept
of symmetric monoidal category (see, e.g., Chapter 3 of [48]), but in this work it will
be sufficient to apply the sign rule on a case-by-case basis, as in Definitions 2.5 and 2.6
below.

Definition 2.5. Let R and S be (G-graded) superalgebras. A super-anti-isomorphism is
an isomorphism of (G-graded) superspaces 'WR! S such that

8a; b 2R N0 [R N1; '.ab/ D .�1/jajjbj'.b/'.a/:

If R D S , we say that ' is a super-anti-automorphism. If, further, '2 D id, we say that '
is a superinvolution.

We note that, if char F D 2, then Definition 2.5 reduces to the definition of anti-iso-
morphism, anti-automorphism, and involution. Thus, we are mainly interested in the case
char F ¤ 2.

A G-grading on a superalgebra with super-anti-automorphism .R; '/ is a G-grading
onR for which ' is degree-preserving. A homomorphism between .G-graded ) superalge-
bras with super-anti-automorphism is a homomorphism preserving parities, (degrees) and
the super-anti-automorphisms. A (G-graded) superalgebra with superinvolution .R; '/ is
said to be (graded-)superinvolution-simple if RR ¤ 0 and the only '-invariant (graded)
superideals are 0 and R.

Definition 2.6. A superalgebra L D L N0 ˚ LN1 with product Œ � ; � �WL � L! L is said to
be a Lie superalgebra if, for all nonzero homogeneous elements a; b; c 2L, we have:1

1Additional conditions are often required if char F D 2 or 3 (e.g., Section 1.2 of [4]).
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(i) Œa; b� D �.�1/jajjbjŒb; a� (super-anti-commutativity),
(ii) Œa; Œb; c�� D ŒŒa; b�; c�C .�1/jajjbjŒb; Œa; c�� (super Jacoby identity).

Given an associative superalgebra R, we define the Lie superalgebra R.�/ to be the
same superspace as R but with product given by the supercommutator:

8a; b 2R N0 [R N1; Œa; b� WD ab � .�1/jajjbjba:

If ' is a super-anti-automorphism on R, then we also define the Lie subsuperalgebra

Skew.R; '/ WD ¹r 2R j '.r/ D �rº � R.�/:

For the main results in this work, we assume that the grading group G is Abelian. In
our context, this is, without loss of generality, because the group generated by the support
is Abelian for graded-simple Lie algebras (see Lemma 2.1 in [10], Proposition 1 in [16], or
Proposition 1.12 in [18]) and for graded-involution-simple associative algebras (see The-
orem 1 in [7] or Proposition 2.49 in [18]), and the same proofs work in the superalgebra
setting.

To close this section, we define isomorphism of gradings.

Definition 2.7. Let V be an (ungraded) object in the category of vector spaces, super-
spaces, algebras, superalgebras or superalgebras with super-anti-isomorphisms, and let �
and � be G-gradings on V . We say that � is isomorphic to �, denoted by � ' �, if
.V; �/ ' .V;�/ as G-graded objects.

2.2. Homogeneous maps, elementary gradings and graded modules

Homomorphisms are not the only maps that interest us. Some maps that do not preserve
degrees are of fundamental importance when dealing with gradings:

Definition 2.8. Let V and W be G-graded vector spaces and let f W V ! W be a linear
map. We say that f is homogeneous of degree g 2G, and write f 2 Hom.V;W /g , if

8h2G; f .Vh/ � Wgh:

The subspace
L
g2G Hom.V; W /g of Hom.V; W / is G-graded and will be denoted by

Homgr.V; W /. As before, we will use the word parity instead of degree in the case of
canonical Z2-gradings of superspaces.

Note that, for non-Abelian G, Definition 2.8 depends on the convention of writing
functions on the left of their arguments. The evaluation map Homgr.V; W / ˝ V ! W

becomes a (degree-preserving) homomorphism of G-graded vector spaces. If V is finite-
dimensional, it is easy to check that Homgr.V;W / D Hom.V;W /.

In the case V D W , the associative algebra Endgr.V / becomes a G-graded algebra.
When V is finite-dimensional, the G-gradings on End.V / that arise from G-gradings on
V in this way are called elementary.

A basis of V composed of homogeneous elements (with potentially distinct degrees)
is called a graded basis. Given a graded basis B D ¹v1; : : : ; vnº and defining gi WD degvi
for all 1� i � n, we may identify End.V /with the matrix algebraMn.F/. The elementary
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grading on Mn.F/ is determined by assigning degree gig�1j to the matrix unit Eij (i.e.,
the matrix with 1 in the position .i; j / and 0 elsewhere) for all 1 � i; j � n. We say that
this is the elementary grading associated to the tuple .g1; : : : ; gn/ 2 Gn. Clearly, for any
tuple in Gn, we could define a grading on Mn.F/ via this construction.

Definition 2.9. LetRD
L
g2G Rg be aG-graded associative (super)algebra and let V DL

g2G Vg be a G-graded vector (super)space. We say that V is a G-graded left module V
if it is a left R-module and

8g; h 2 G; Rg �Mh �Mgh:

Similarly, we say that V is a G-graded right module V if it is a right R-module and

8g; h 2 G; Mh �Rg �Mhg :

A homomorphism of G-graded left (right) R-modules is a degree-preserving R-linear
map. If S is a G-graded (super)algebra and V is a .R; S/-bimodule, we say that V is a
G-graded bimodule if it is G-graded as both a left R-module and a right S -module.

If V and W are G-graded right R-modules, then HomR.V; W / \ Homgr.V; W / is a
graded subspace of Homgr.V;W /, which we denote by Homgr

R.V;W /. To make this work
for left modules, one should write homomorphisms on the right and define their degree
accordingly.

Definition 2.10. Let �WV D
L
h2G Vh be a grading on a vector space V . Given an element

g2G, the right shift of � by g, denoted � Œg�, is obtained by declaring elements of degree
h2G to have degree hg, i.e., � Œg�WV D

L
h2G V

0
h
, where V 0

h
WD Vhg�1 for all h 2 G. If �

is fixed, we denote by V Œg� theG-graded vector space V endowed with � Œg�. The left shift
of � by g is defined similarly.

Note that, for every g 2G, Endgr.V / D Endgr.V Œg�/ as G-graded algebras.

Definition 2.11. Letm;n 2 Z�0. We denote by Fmjn the superspace whose even and odd
components are Fm and Fn, respectively. Note that the canonical basis of Fmjn' FmCn is
graded. We denote by M.m; n/ or Mmjn.F/ the matrix superalgebra, which is MmCn.F/
with the corresponding elementary grading. In block notation,

M.m; n/N0 WD

²�
A 0

0 D

� ˇ̌̌
A2Mm.F/; D 2Mn.F/

³
;

M.m; n/N1 WD

²�
0 B

C 0

� ˇ̌̌
B 2Mm�n.F/; D 2Mn�m.F/

³
:

Given 
 N0 2G
m and 
 N1 2G

n, we can endow M.m; n/ with an elementary G-grading
compatible with the structural Z2-grading by taking 
 2GmCn to be the concatenation
of 
 N0 and 
 N1, and consider on MmCn.F/ the elementary grading associated to 
 . We will
refer to this grading as the elementary grading on M.m; n/ associated to .
 N0; 
N1/.

We use the opportunity to define an important subsuperalgebra (i.e., a subalgebra that
is Z2-graded subspace) of M.n; n/.
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Definition 2.12. The queer associative superalgebra Q.n/ is defined by

Q.n/ WD

²�
A B

B A

� ˇ̌̌
A;B 2Mn.F/

³
�M.n; n/:

Note that Q.n/N0 ' Mn.F/ and Q.n/N1 D uQ.n/N0, where u D
� 0 In
In 0

�
is an odd central

element with u2 D 1, so Q.n/ can be alternatively defined as Mn.F/˚ uMn.F/.

We will follow the convention of writingR-linear functions between left (respectively,
right)R-modules on the right (respectively, left). This is especially important in the caseR
is a superalgebra, because of the rule of signs: if we change the positions of a function and
its argument, we may have to change the sign.

Definition 2.13. Let R be a (G-graded) superalgebra, let U and V be (G-graded) left R-
modules, and let  WU! V be a nonzero homogeneous R-linear map, hence written on
the right, i.e., we write .u/ rather than  .u/. We define  ıWU! V to be the following
map, written on the left:

8u2U N0 [U N1;  ı.u/ D .�1/j jjuj.u/ :

It is easy to see that  ı is not necessarily R-linear. Actually, it satisfies

(2.1) 8r 2R N0 [R N1; u2U;  ı.ru/ D .�1/j jjrjr ı.u/:

Further, given another homogeneous R-linear map � WV ! W , we have

(2.2) . �/ı D .�1/j jj� j�ı ı:

2.3. Super-anti-automorphisms and supersymmetric bilinear forms

We have defined super-anti-automorphisms in Section 2.1; here is an example:

Definition 2.14. The supertranspose of a matrix in M.m; n/ is given by�
A B

C D

�sT

WD

�
AT �C T

BT DT

�
:

Note that it is a super-anti-automorphism of order 4 if mn ¤ 0.

Definition 2.15. LetU be a superspace and let h � ; � iWU �U ! F be a bilinear form which
has parity, i.e., is homogeneous of some degree p0 2Z2 when regarded as a linear map
U ˝ U ! F . Explicitly, this means

hU i ; U j i D 0 if i C j ¤ p0:

We say that h � ; � i is supersymmetric if

8u; v 2U N0 [ U N1; hu; vi D .�1/jujjvjhv; ui;

and super-skew-symmetric if

8u; v 2U N0 [ U N1; hu; vi D �.�1/jujjvjhv; ui:
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If U is finite-dimensional, then any nondegenerate h � ;� i defines a unique linear operator '
on End.U / that sends any T 2 End.U / N0 [ End.U / N1 to '.T /, defined by

8u; v 2U N0 [ U N1; hT .u/; vi D .�1/jT jjujhu; '.T /.v/i:

We will call this map ' the superadjunction with respect to h � ;� i.

The superadjunction is always a super-anti-automorphism, and it is a superinvolution
if and only if h � ; � i is supersymmetric or super-skew-symmetric. Since a super-skew-
symmetric bilinear form on U is the same as a supersymmetric bilinear form on the
parity-reversed superspace U Œ N1� (a special case of shift, see Definition 2.10), we can
restrict our attention to the supersymmetric ones.

Definition 2.16. Let R be a superalgebra. We define the superopposite superalgebra Rsop

to be R as a superspace but with a different product. When an element r 2R is regarded
as an element of Rsop, we will denote it by Nr . The product on Rsop is defined by

8r; s 2 R N0 [R N1; Nr Ns D .�1/jrjjsj sr:

Note that if G is Abelian and R is G-graded, and if we consider Rsop as the same
G-graded superspace, then Rsop is also a G-graded superalgebra. In particular, the con-
struction below is a source of G-graded superalgebras with superinvolution.

Definition 2.17. Let S be a superalgebra and set R WD S � S sop. We define the exchange
superinvolution on R to be the map 'WR! R, given by

8s1; s2 2S; '.s1;xs2/ D .s2;xs1/:

Unless stated otherwise, we will always consider R D S � S sop to be endowed with
exchange superinvolution.

It is straightforward to verify that S � S sop is graded-superinvolution-simple if and
only if S is graded-simple.

Example 2.18. The simplest possible example is to take S D F . If char F ¤ 2, then we
have S � S sop D F Œ��, where � D .1;�1/ and the exchange superinvolution is given by
'.1/ D 1 and '.�/ D ��. Note that F Œ�� ' FZ2 with the trivial superalgebra structure,
i.e., .FZ2/

N0 D FZ2 and .FZ2/
N1 D 0.

Example 2.19. Consider S D Q.1/ (see Definition 2.12), so S N0 D F1 and S N1 D Fu,
where u2 D 1. Note that S is isomorphic to FZ2, but this time with the superalgebra
structure given by its natural Z2-grading. If char F ¤ 2, we claim that R WD S � S sop is
isomorphic to FZ4. Indeed, the element ! WD .u; Nu/ 2 S � S sop has order 4 and generates
S � S sop: !2 D .1;�1/, !3 D .u;�Nu/ and !4 D .1; 1/. Hence, R N0 D F1 ˚ F!2 and
R N1 D F! ˚ F!3. Moreover, the exchange superinvolution on R is given by '.1/ D 1,
'.!/ D !, '.!2/ D �!2 and '.!3/ D �!3.

The following is the graded version of a result in [42].

Proposition 2.20. Let .R;'/ be a graded superalgebra with superinvolution. Then .R;'/
is graded-superinvolution-simple if and only if either R is a graded-simple or .R; '/
is isomorphic to S � S sop with the exchange superinvolution, for some graded-simple
superalgebra S .
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Proof. Suppose that .R; '/ is graded-superinvolution-simple but R is not graded-simple.
Let 0 ¤ I ¨ R be a graded superideal. Note that '.I / is also a graded superideal, hence
I \ '.I / and I C '.I / are '-invariant graded superideals. Since I \ '.I / � I ¤ R, we
have I \ '.I / D 0, so we can write I C '.I / D I ˚ '.I /. Since 0 ¤ I � I ˚ '.I /, we
conclude that R D I ˚ '.I /. Clearly, this implies that .R; '/ is isomorphic to I � I sop

with exchange superinvolution.

2.4. Center and supercenter

In the context of superalgebras, we have not only the usual concept of center but also the
concept of supercenter.

Definition 2.21. Let R be an associative superalgebra. The center of R is the set

Z.R/ D ¹c 2R j cr D rc for all r 2Rº;

i.e., the center of R seen as an algebra, and the supercenter of R is the set sZ.R/ WD
sZ.R/ N0 ˚ sZ.R/ N1, where

sZ.R/i D ¹c 2Ri j cr D .�1/i jrj rc for all r 2R N0 [R N1º; i 2Z2:

It is well known thatZ.Mn.F//D F1, and one can check that sZ.Mn.F//D F1. For
the associative superalgebra Q.n/ D Mn.F/ ˚ uMn.F/, we have that Z.Q.n// is the
subspace spanned by 1 and u (so Z.Q.n// ' Q.1/), while sZ.Q.n// D F1.

Lemma 2.22. Let G be an Abelian group and let R be an associative G-graded superal-
gebra. Then the center Z.R/ and the supercenter sZ.R/ are G-graded subsuperalgebras
of R.

Proof. We consider R as a G#-graded algebra. Let c 2Z.R/ and write c D
P
g2G# cg ,

where cg 2Rg for all g 2G#. For every homogeneous r 2R, we have� X
g2G#

cg

�
r D r

� X
g2G#

cg

�
:

Comparing the components of degree ghD hg, where hD deg r , we conclude that rcg D
cgr for all g 2G#. By linearity, rcg D cgr for all r 2R, hence cg 2 Z.R/.

The same argument works to show that sZ.R/ N0 is graded and, with straightforward
modifications, to show that sZ.R/ N1 is graded.

Lemma 2.23. Let .R; '/ be a superalgebra with super-anti-automorphism. Then Z.R/
and sZ.R/ are '-invariant.

Proof. We will prove only that Z.R/ is '-invariant, since the proof for sZ.R/ is similar.
By Lemma 2.22, we have Z.R/ D Z.R/ N0 ˚ Z.R/ N1, so it is sufficient to show that if
c 2Z.R/ N0 [ Z.R/ N1, then '.c/ 2Z.R/. Let r 2R N0 [ R N1. Since c'�1.r/ D '�1.r/c,
we can apply ' on both sides and get .�1/jcjjrjr'.c/ D .�1/jcjjrj'.c/r and, therefore,
r'.c/ D '.c/r .
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The following result is well known (see, e.g., Theorem 8.1 in [27] and Theorem 28
in [22]).

Corollary 2.24. If charF ¤ 2, the associative superalgebraQ.n/ does not admit a super-
involution.

Proof. The center of Q.n/ is isomorphic to F1 ˚ Fu, where u is an odd element with
u2 D 1. Let ' be a super-anti-automorphism on Q.n/. Since u is odd and central, '.u/ is
odd and central. Hence, there is �2F such that '.u/ D �u. Using that u2 D 1, we have
1D '.1/D '.u2/D�'.u/2D��2. But then '2.u/D �2uD�u¤ u, hence '2¤ id.

2.5. Simple superalgebras

We now present the classification of finite-dimensional simple superalgebras in the asso-
ciative, associative-with-superinvolution, and Lie cases. Throughout this subsection, we
assume that F is algebraically closed and that char F ¤ 2. For the Lie case, we will further
assume char F D 0 and limit ourselves to the non-exceptional classical Lie superalgebras.

2.5.1. Simple associative superalgebras. The classification up to isomorphism of sim-
ple finite-dimensional associative superalgebras is well known (and also follows from the
results in Section 3.1 by considering trivial G-gradings). Given m; n 2 Z�0, the asso-
ciative superalgebras M.m; n/, with m and n not both zero, and Q.n/, with n ¤ 0, are
simple. Conversely, any finite-dimensional simple associative superalgebra R is isomor-
phic to either M.m; n/ or Q.n/. These cases are mutually exclusive, and we say R is of
type M or type Q, respectively. Moreover,

• M.m; n/ 'M.m0; n0/ if and only if .m; n/ D .m0; n0/ or .m; n/ D .n0; m0/,
• Q.n/ ' Q.n0/ if and only if n D n0.

2.5.2. Superinvolution-simple associative superalgebras. The classification of finite-
dimensional superinvolution-simple associative superalgebras was obtained in [42] (and
also follows from Theorems 4.14, 4.32 and 4.50 with trivial G-grading).

If .R; '/ is superinvolution-simple but R is not simple as a superalgebra, then it
must be isomorphic to M.m; n/ � M.m; n/sop, or Q.n/ � Q.n/sop, which are mutu-
ally exclusive cases. If R is simple as a superalgebra, then R must be of type M and
.R; '/ ' .End.Fmjn/; '0/, where '0 is the superadjunction with respect to a nondegen-
erate homogeneous supersymmetric bilinear form h � ; � i on Fmjn (see Definition 2.15).
Moreover, the isomorphism class of .R; '/ depends only on m, n, and the parity of h � ;� i.
This motivates the following.

Definition 2.25. Let m; n 2 Z�0 (not both zero) and let h � ; � i be a nondegenerate super-
symmetric bilinear form on Fmjn with parity p0 2Z2. We define M �.m; n; p0/ as the
superalgebraM.m;n/' End.Fmjn/ endowed with the superinvolution given by superad-
junction with respect to h � ;� i. In matrix terms, the superinvolution ' is given by

8X 2Mmjn.F/; '.X/ WD ˆ�1X
sT
ˆ;

where ˆ is the matrix representation of h � ; � i in the standard basis. (The asterisk in the
notation M �.m; n; p0/ is a reminder that this is a superalgebra with superinvolution.)
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We note that an even nondegenerate homogeneous supersymmetric bilinear form
on Fmjn exists if and only if n is an even number. In this case, ˆ can be chosen to be

ˆ D

0@ Im 0

0
0 In=2
�In=2 0

1A :
An odd nondegenerate homogeneous supersymmetric bilinear form on Fmjn exists if and
only if m D n. In this case, ˆ can be chosen to be

(2.3) ˆ D

�
0 In

In 0

�
D

�
0 In
In 0

�
:

Definition 2.26. Let .R; '/ be a finite-dimensional superinvolution-simple superalgebra.
(i) If R is of type M , we say that .R; '/ is of type M ,
(ii) If .R;'/'M.m;n/�M.m;n/sop, for somem;n� 0, we say that .R;'/ is of type

M �M sop,
(iii) If R ' Q.n/ �Q.n/sop, for some n � 0, we say that .R; '/ is of type Q �Qsop.

We can distinguish the types using the center.

Lemma 2.27. Let .R; '/ be a superalgebra with superinvolution.

(i) If .R; '/ is of type M , then .Z.R/; '/ ' .F ; id/.
(ii) If .R; '/ is of type M �M sop, then .Z.R/; '/ is isomorphic to the two-dimen-

sional superalgebra with superinvolution in Example 2.18.

(iii) If .R;'/ is of typeQ �Qsop, then .Z.R/;'/ is isomorphic to the two-dimensional
superalgebra with superinvolution in Example 2.19.

Proof. Item (i) follows from the fact thatZ.MmCn.F//' F . To verify items (ii) and (iii),
note that Z.S � S sop/DZ.S/�Z.S/sop for any superalgebra S . Since

Z.MmCn.F//'F and Z.Q.n// ' Q.1/;

the results follow directly.

Finally, the isomorphism conditions are the following:
(i) M �.m; n; p0/ 'M

�.m0; n0; p00/ if and only if .m; n/ D .m0; n0/ and p0 D p00,
(ii) M.m;n/�M.m;n/sop 'M.m0; n0/�M.m0; n0/sop if and only if .m;n/D .m0; n0/

or .m; n/ D .n0; m0/,
(iii) Q.n/ �Q.n/sop ' Q.n0/ �Q.n0/sop if and only if n D n0.

2.5.3. Simple Lie superalgebras. We now assume that char F D 0. In this case, the clas-
sification of finite-dimensional simple Lie superalgebras was established in [33]. A simple
Lie superalgebra L D L N0 ˚ L N1 is said to be classical if L N1 is a semisimple L N0-module
and of Cartan type otherwise. The classical Lie superalgebras are divided into the series
A.m; n/, B.m; n/, C.n/, D.m; n/, P.n/, and Q.n/, as well as three exceptional cases:
F.4/, G.3/, and the family D.2; 1; ˛/ with ˛ 2 F n ¹0;�1º. In this work, we will define
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only the non-exceptional classical Lie superalgebras, as these are the ones to which our
method of classifying gradings applies. For the definitions of exceptional classical Lie
superalgebras and Cartan-type series, we refer to [33, 44].

Let m; n 2Z�0, not both zero. The general linear Lie superalgebra is M.m; n/.�/,
denoted by gl.mjn/. The supertrace of a matrix in M.m; n/ is defined by

str
�
A B

C D

�
WD trA � trD:

The special linear Lie superalgebra sl.mjn/ is the derived superalgebra of gl.mjn/ or,
equivalently,

sl.mjn/ WD ¹T 2gl.mjn/ j strT D 0º:

If m ¤ n then sl.mjn/ is a simple Lie superalgebra. However, if m D n, then

Z.sl.mjn// D F1 D

²�
�I 0

0 �I

� ˇ̌̌
�2F

³
is a nontrivial superideal. The quotient sl.njn/=F1 is a simple superalgebra if and only if
n > 1.

In the definition below, we impose m � n to avoid repetition.

Definition 2.28. Form� n, the Lie superalgebraA.m;n/ is defined to be sl.mC1 jnC1/
if m ¤ n, and psl.nC 1 jnC 1/ WD sl.nC 1 jnC 1/=F1 if m D n.

The orthosymplectic Lie superalgebra osp.mjn/ is Skew.M �.m; n; N0//. If m; n > 0,
then osp.mjn/ is a simple Lie superalgebra.

Definition 2.29. The orthosymplectic Lie superalgebras are divided into three series:
• B.m; n/ WD osp.2mC 1 j 2n/, for m � 0 and n � 1,
• C.n/ WD osp.2 j 2n � 2/, for n � 2,
• D.m; n/ WD osp.2m j 2n/, for m � 2 and n � 1.

Since C.2/ ' A.1; 0/, it is sometimes imposed n � 3 in the C.n/ case to avoid repe-
tition.

The periplectic Lie superalgebra p.n/ is defined to be Skew.M �.n; n; N1//. Unlike the
orthosymplectic case, p.n/ is not simple.

Definition 2.30. The Lie superalgebra P.n/ is the derived superalgebra of p.nC 1/.

The superalgebra P.n/ is simple if and only if n � 2.
Finally, letR denote the associative superalgebraQ.nC 1/ and consider the Lie super-

algebra R.�/. Its derived superalgebra is

R.1/ D

²�
A B

B A

�
2R.�/

ˇ̌̌
trA D trB D 0

³
;

which is not simple since Z.R.1// D F1.

Definition 2.31. The queer Lie superalgebra, also denoted by Q.n/, is R.1/=F1.

The Lie superalgebra Q.n/ is simple if and only if n � 2.
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3. Graded-simple associative superalgebras

In this section, we develop the theory of graded-simple associative superalgebras sat-
isfying the descending chain condition on graded left superideals. In Section 3.1, we
show, following [18], that any such superalgebra is of the form EndD.U/, where D is
a graded-division superalgebra and U is a graded right D-module of finite rank. Then, in
Section 3.2, we describe the structure of U and EndD.U/. The last two subsections focus
on finite-dimensional graded-simple superalgebras over an algebraically closed field F
with char F ¤ 2. Section 3.3 describes graded-division superalgebras, while Section 3.4
classifies graded-simple superalgebras. Finally, in Section 3.5, we classify G-gradings on
simple finite-dimensional associative superalgebras: Theorems 3.38 and 3.41 for type M
and Theorem 3.43 for type Q.

3.1. Graded Wedderburn–Artin theory

A cornerstone in the theory of gradings is the analog of the Wedderburn–Artin theorem
for graded-simple algebras. Special cases of this result have appeared in several works
(e.g., [6, 8, 40]). Here we follow [18].

Definition 3.1. A G-graded-division superalgebra is a unital G-graded superalgebra D

in which every nonzero G#-homogeneous element (i.e., an element homogeneous with
respect to both the G-grading and the canonical Z2-grading) is invertible. In this context,
we refer to the G-grading on D as a division grading.

Division superalgebras are the special case corresponding to trivial G (see [14, 42]),
whereas graded-division algebras are the special case corresponding to trivial Z2-grading,
i.e., D D D N0.

Definition 3.2. If D D D N0, we say that D is an even graded-division superalgebra, and
if D ¤ D N0, we say that D is an odd graded-division superalgebra.

Remark 3.3. Note that if D is odd, then for any nonzero d1 2D N1, we have D N1 D d1D
N0,

which implies that dimF D N0D dimF D N1. In particular, if D 'M.m;n/ as a superalgebra,
then D can be odd only when m D n (since dim D N0 D m2 C n2 and dim D N1 D 2mn).

A standard argument with Zorn’s lemma shows that any graded D-module U has a
basis consisting of G#-homogeneous elements. If the basis is finite, then Endgr

D
.U/ D

EndD.U/ (see Section 2.2).
Since a G-graded associative superalgebra is the same as a G#-graded associative

algebra, the following is a consequence of Theorem 2.6 in [18] (see p. 31 of [18] for the
converse).

Theorem 3.4. Let G be a group and let R be a G-graded associative superalgebra satis-
fying the descending chain condition on graded left superideals. Then R is graded-simple
if and only if there exists aG-graded division superalgebra D and a nonzero graded right
D-module U of finite rank such that R ' EndD.U/ as graded superalgebras.

Remark 3.5. The right D-module U is also a left R-module and a .R;D/-bimodule.
As a left R-module, U is graded-simple, and the representation �WD ! EndR.U/ is an
isomorphism (see Exercise 3 on p. 60 of [18]).
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Given Theorem 3.4, we will identify R with EndD.U/. An important observation is
that the centers of D andR can also be identified. This fact will be used later to determine
the type of D as a superalgebra (with or without superinvolution).

Lemma 3.6. Suppose G is Abelian and R D EndD.U/. Then the map �WZ.D/! Z.R/

given by �.d/.u/ WD ud , for all d 2Z.D/ and u2U, is an isomorphism of graded alge-
bras.

Proof. First of all, � is well defined. Indeed, �.d/WU! U is D-linear for all d 2Z.D/,
so �.d/2R. Now, if r 2R and u2U, then

r.�.d/.u// D r.ud/ D r.u/d D �.d/.r.u//:

Hence, �.d/2Z.R/. Clearly, deg �.d/ D deg d .
To show that � is an isomorphism, we identify D with EndR.U/ via � as in Remark 3.5.

Computations analogous to the ones above show that the map �0WZ.R/! Z.D/ given by
�0.r/.u/ WD r.u/ is well defined, and it is straightforward that �0 is the inverse of �.

We finish this subsection by presenting a necessary and sufficient condition for the
G-graded superalgebras EndD.U/ and EndD 0.U

0/ to be isomorphic. To this end, we
introduce the following definitions.

Definition 3.7. Let  0WD ! D 0 be a homomorphism of G-graded superalgebras, and
let U be a graded right D 0-module. We can equip U with the structure of a graded right
D-module by defining u � d WD u 0.d/, for all u2U and d 2D . We denote the resulting
graded superspace by U 0 . In the case  0WD ! D is an automorphism, U 0 is called
the twist of U by  0.

Definition 3.8. Let d 2D be a nonzero homogeneous element. We define:
(i) the inner automorphism Intd WD ! D by Intd .c/ WD dcd�1, for all c 2D ,
(ii) the superinner automorphism sIntd WD ! D to be the linear map determined by

sIntd .c/ WD .�1/jd jjcjdcd�1, for all c 2D N0 [D N1.

The next result is Theorem 2.10 in [18] with a slightly different notation.

Theorem 3.9. Let R WD EndD.U/ and R0 WD EndD 0.U
0/, where D and D 0 are graded-

division superalgebras, and U and U0 are nonzero right graded modules of finite rank
over D and D 0, respectively. Given an isomorphism  WR ! R0, there exists a triple
.g;  0;  1/, where g 2G#,  0W Œg

�1�D Œg� ! D 0 is an isomorphism of graded superalge-
bras, and  1WUŒg� ! .U0/ 0 is an isomorphism of graded right D-modules such that

(3.1) 8r 2R;  .r/ D  1 ı r ı  
�1
1 :

Conversely, given a triple .g; 0; 1/ as above, equation (3.1) defines an isomorphism
of graded superalgebras  WR! R0. Another triple .g0;  00;  

0
1/ defines the same isomor-

phism  if and only if there are t 2 supp D 0 � G# and 0 ¤ d 2D 0t such that g0 D gt ,
 00 D Intd�1 ı  0 and  01.u/ D  1.u/d for all u2U.



Group gradings on classical Lie superalgebras 1841

3.2. Graded-division superalgebras and their graded modules

We start with examples of division gradings on the superalgebras Q.1/ and M.1; 1/.

Example 3.10. Let G D hhi be a cyclic group of order 1 or 2. We can grade Q.1/ D
F ˚ Fu by declaring the G-degree of u to be h and this gives us a division grading. In
this case, G# D hhi � Z2 and the support of the grading is the subgroup h.h; N1/i ' Z2.

Example 3.11. Assume that char F ¤ 2 and let G D Z2 (so G# D Z2 � Z2). Then we
have a division-grading on M.1; 1/, sometimes called Pauli grading, with G#-degrees
given by

deg
�
1 0

0 1

�
D .N0; N0/; deg

�
0 1

1 0

�
D .N0; N1/;

deg
�
1 0

0 �1

�
D .N1; N0/; deg

�
0 �1

1 0

�
D .N1; N1/:

For any G-graded-division superalgebra D , one readily verifies that T WD supp D is
a subgroup of G#, so D can be regarded as a T -graded algebra. We will use subscripts
to refer to this T -grading, i.e., Dt refers to the homogeneous component D i

g , where t D
.g; i/ 2 T � G#.

The parity is encoded by the group homomorphism pW T � G# ! Z2, defined by
p.g; i/ D i for all .g; i/ 2 G#. We will denote the kernel of p by TC, that is, TC WD
T \ .G � ¹N0º/ D supp D N0. Similarly, we define T � WD T \ .G � ¹N1º/ D supp D N1.

Now, let U D
L
g2G# Ug be an arbitrary graded right D-module. Observe that the

D-submodule generated by a homogeneous component Ug is UgT WD
L

t2T Ugt , so it
is convenient to introduce the following.

Definition 3.12. Given a left coset x 2G=T , the corresponding isotypic component of U

is defined by Ux WD
L
g2x Ug :

Remark 3.13. The use of the term “isotypic component” here is consistent with its com-
mon use. It is easy to see that all G-graded-simple D-modules are of the form Œg�D for
some g 2G#, and Œg�D ' Œg 0�D if and only if g�1g0 2T .

Clearly, two G-graded right D-modules U and V are isomorphic if and only if the
isotypic component Ux is isomorphic to Vx for all x 2G=T .

Definition 3.14. A D-basis B of U is called a graded basis of U if all the elements in B

are G#-homogeneous (of various degrees).

Since D is a graded-division superalgebra, De is a division algebra. For all g2G#, the
graded subspace Ug is a De-submodule, and it is straightforward to check that a De-basis
of Ug is a graded D-basis of the isotypic component UgT . As a consequence, we have
the following lemma.

Lemma 3.15. (i) Every graded right D-module U has a graded basis, and all graded
bases of U have the same cardinality (so dimD U is well defined ).

(ii) Let U and V be graded right D-modules. Then, for any g 2G#, the graded D

modules UgT and VgT are isomorphic if and only if dimDe
Ug D dimDe

Vg .
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It follows that the isomorphism class of any graded D-module U with finite dimen-
sion over D is determined by the map �WG#=T ! Z�0 defined by �.x/ WD dimD.Ux/,
which has finite support. In other words, � is a finite multiset in G#=T , where �.x/
is viewed as the multiplicity of the point x. As usually done for multisets, we define
j�j WD

P
x2supp � �.x/. By definition, j�j D dimD.U/.

Definition 3.16. Given a map �WG#=T ! Z�0 with finite support, we say that a k-tuple

 D .g1; : : : ; gk/ 2 .G

#/k , where k WD j�j, realizes � if the number of entries gi with
gi 2 x is equal to �.x/ for every x 2G=T .

It is clear that, choosing any k-tuple 
 D .g1; : : : ; gk/ that realizes �, we can con-
struct the graded D-module U WD Œg1�D ˚ � � � ˚ Œgk �D , which is a representative of the
isomorphism class of graded D-modules determined by �.

Fixing a graded basis B of a graded right D-module U with k WD dimD U < 1,
we can write EndD.U/ as Mk.D/. Given a nonzero homogeneous element d 2 D and
1 � i; j � k, let Eij .d/ be the matrix with d in position .i; j / and 0 everywhere else.
Writing g1; : : : ; gk for the degrees of the elements in B, we have

degEij .d/ D gi .deg d/g�1j :

Assuming G Abelian, it follows that Mk.D/ 'Mk.F/˝D as G-graded superalgebras,
whereMk.F/ is equipped with the elementaryG#-grading associated to .g1; : : : ; gk/ (see
Section 2.2).

A standard result states that the ideals of Mk.D/ are exactly the sets Mk.I /, where I
is an ideal of D . It is straightforward to check the same is true for superideals.

Proposition 3.17. The superideals of Mk.D/ are precisely the sets Mk.I /, where I is a
superideal of D . In particular, EndD.U/ is simple as a superalgebra if and only if D is
simple as a superalgebra.

The distinction between even and odd graded-division superalgebras influences the
parameters we can use to describe a graded D-module U and, consequently, the graded
superalgebra EndD.U/.

If D is an even graded-division superalgebra, then both UN0 and U N1 are graded D-sub-
modules, and we can write

EndD.U/
N0 D

�
EndD.U

N0/ 0

0 EndD.U
N1/

�
and

EndD.U/
N1 D

�
0 HomD.U

N1;UN0/

HomD.U
N0;UN1/ 0

�
:

The isomorphism classes of the submodules U N0 and U N1 are determined, respectively,
by maps � N0; � N1WG=T ! Z�0 given by �i .x/ D dimD Ui

x for all i 2 Z2 and x 2 G=T .
Note that, in this case, G#=T D G#=TC is the disjoint union of G=T and .e; N1/ � G=T
and, clearly, �..g; i/T / D �i .gT /, for all i 2Z2 and g 2G. Selecting graded D-bases
for U N0 and U N1, we can identify EndD.U/ with matrix superalgebra Mk N0jk N1

.D/, where
ki WD j�i j D dimD Ui .



Group gradings on classical Lie superalgebras 1843

If D is an odd graded-division superalgebra and U ¤ 0, then neither UN0 nor U N1 is
a D-submodule. However, one can flip the parity of elements in any graded basis of U

by multiplying them with a homogeneous element from D N1. Consequently, it is always
possible to select an even D-basis for U, i.e., a graded D-basis consisting solely of even
elements. Using such a basis to write EndD.U/ as Mk.D/ ' Mk.F/˝D , we see that
all the information about the canonical Z2-grading is encoded in D :

Mk.D/ N0 DMk.F/˝D N0 and Mk.D/ N1 DMk.F/˝D N1:

Convention 3.18. If D is an odd graded-division superalgebra, we always choose the
graded basis B to be an even basis.

From the point of view of the map �, this convention corresponds to choosing 
 2Gj�j

to realize �. Since the map �WG=TC ! G#=T given by �.gTC/ D .g; N0/T is a bijection,
we can work with � ı �WG=TC ! Z�0, which we will, by abuse of notation, also denote
by �.

3.3. Graded-division superalgebras over an algebraically closed field

In this subsection, we will assume that the grading group G is Abelian and that F is an
algebraically closed field with char F ¤ 2. We will parametrize and classify the finite-
dimensional graded-division superalgebras and develop a theory regarding this parame-
trization. Unless stated otherwise, D will be assumed to be a fixed finite-dimensional
graded-division superalgebra.

3.3.1. Parametrization of finite-dimensional graded-division superalgebras. Picking
nonzero elements Xt 2 Dt , we have that Dt D DeXt . Since G is Abelian, the elements
XtXs and XsXt are both in Dts . Since F is algebraically closed, we have De D F for
any finite-dimensional D and, hence, XtXs is a nonzero scalar multiple of XsXt . We can
then define the map ˇWT � T ! F� by

(3.2) 8t; s 2T;8Xt 2Dt ;8Xs 2Ds; XtXs D ˇ.t; s/XsXt :

Thus, ˇ is a measure of how D fails to be commutative. In the superalgebra setting, it is
convenient to measure how D fails to be supercommutative, so we define Q̌WT � T ! F�

by

(3.3) 8t; s 2T;8Xt 2Dt ;8Xs 2Ds; XtXs D .�1/
p.t/p.s/ Q̌.t; s/XsXt :

Definition 3.19. A map bW T � T ! F� is a bicharacter if, for every t 2 T , both maps
b.t; �/WT ! F� and b. � ; t /WT ! F� are characters. We say that a bicharacter b is:

(i) alternating if b.t; t/ D 1 for all t 2T ,
(ii) skew-symmetric if b.t; s/ D b.s; t/�1 for all t; s 2 T .

Clearly, every alternating bicharacter is skew-symmetric. The radical of a skew-sym-
metric bicharacter is the subgroup of T defined by

rad b WD ¹t 2T j b.t; T / D 1º:

If rad b D ¹eº, we say that b is nondegenerate.
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Straightforward verification shows that both ˇ and Q̌ are bicharacters, are indepen-
dent of the choice of the elements Xt 2 Dt , and are related by the equation Q̌.t; s/ D
.�1/p.t/p.s/ˇ.t; s/. It follows from (3.2) and (3.3) that the support of Z.D/ is radˇ, and
the support of sZ.D/ is rad Q̌.

Note that while ˇ is alternating, Q̌ is skew-symmetric, but not alternating if T � ¤ ;.
It is well known [43] and easy to check that for any Abelian group T and any skew-
symmetric bicharacter Q̌ on T , there is an alternating bicharacter ˇ on T and a group
homomorphism pWT ! Z2 such that Q̌.t; s/D .�1/p.t/p.s/ˇ.t; s/ for all t; s 2T . Hence,
a pair .T; Q̌/, where Q̌ is a skew-symmetric bicharacter on T , carries the same information
as a triple .T; ˇ; p/, where ˇ is an alternating bicharacter and pW T ! Z2 is a group
homomorphism. In [30] we decided to use one notation, but here we are using the other.

Proposition 3.20. The pair .T; Q̌/ determines the isomorphism class of a finite-dimen-
sional graded-division superalgebra D . Moreover, for every finite Abelian group T and
every skew-symmetric bicharacter Q̌WT � T ! F�, there is a graded-division superalge-
bra associated with .T; Q̌/.

Proof. Since Q̌ determines ˇ and p, this result follows from the fact that graded-division
algebras are classified by the pairs .T; ˇ/, where T is a finite Abelian group and ˇ is an
alternating bicharacter (see Section 2.2 of [20] or Section 2.2.3 of [30] for an alternative
proof).

It is known (see, e.g., Section 2.2 of [18] or Corollary 2.37 in [30]) that D is simple
as an algebra if and only if ˇ is nondegenerate. In Proposition 3.32, we will show that D

is simple as a superalgebra if and only if Q̌ is nondegenerate.

3.3.2. Automorphisms of D . We will need some information about automorphisms of D

as a graded superalgebra.

Lemma 3.21. An F -linear map  0WD !D is an automorphism of D if and only if there
is �2 yT such that  0.Xt / D �.t/Xt for all t 2T .

Proof. Any invertible degree-preserving linear map  WD ! D is determined by a map
�W T ! F� such that  .Xt / D �.t/Xt , for all t 2 T . It is easy to see that  is an auto-
morphism if and only if � is a group homomorphism, i.e., �2 yT .

Lemma 3.22. Let 0WD!D be an automorphism that restricts to the identity on sZ.D/.
Then  0 D sIntd for some nonzero G#-homogeneous element d 2D .

Proof. By Lemma 3.21, there is a character �2 yT such that 0.Xt /D�.t/Xt for all t 2T .
Since  0 acts trivially on sZ.D/, we have �.t/ D 1 for all t 2 rad Q̌.

Set NT WD T= rad Q̌ and let � W T ! NT be the quotient map. The induced bicharac-
ter bW T � T ! F�, defined by b.�.s/; �.t// WD Q̌.s; t/, is nondegenerate and skew-
symmetric. Therefore, the map NT ! yNT , given by t 7! b.t; �/, is a group isomorphism.

Since � is trivial on rad Q̌, there exists a N�2 yNT such that �D N� ı � . By nondegeneracy
of b, there is an element t 2 T such that b.�.t/; �/ D N�. A straightforward computation
shows that 0D sIntd , where d 2D is any nonzero homogeneous element of degree t .
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3.3.3. Radicals and parity elements. As we have seen, the center and supercenter of D

correspond, respectively, to the radicals of ˇ and Q̌. From now on, we will also consider
another bicharacter ˇC, which is the restriction of ˇ to TC � TC. The radical of ˇC cor-
responds to the center of D N0. The interplay between these three radicals will be important
in our theory.

Lemma 3.23. We have rad Q̌ D .radˇ/ \ TC.

Proof. First note that if t1 2T �, then t1 … rad Q̌, since Q̌.t1; t1/ D .�1/jt1j D �1. Now, if
t0 2 T

C, then Q̌.t0; �/ D ˇ.t0; �/. Hence, Q̌.t0; T / D 1 if and only if ˇ.t0; T / D 1. Thus,
.rad Q̌/ \ TC D .radˇ/ \ TC, concluding the proof.

Corollary 3.24. We have sZ.D/ D Z.D/ \D N0.

Definition 3.25. We call an element tp 2 T a parity element if Q̌.tp; t / D .�1/p.t/ for all
t 2T , and denote the set of all parity elements by Tp .

Note that for a nonzero homogeneous element d 2D , itsG#-degree is a parity element
tp 2T if and only if the super inner automorphism sIntd is the parity automorphism. As a
consequence of Lemma 3.22 and Corollary 3.24, we have the following result.

Corollary 3.26. The set Tp is non-empty.

Given a parity element tp , we observe that Tp D tp.rad Q̌/. However, there is another
way to describe Tp relating the radicals of ˇ, ˇC and Q̌.

Lemma 3.27. If T �D;, then Tp D rad Q̌ D radˇD radˇC. If T �¤;, then Tp \ TCD
.radˇC/ n .radˇ/ and Tp \ T � D .radˇ/ \ T �.

Proof. The first assertion is trivial, so we assume T � ¤ ;.
Let t0 2 TC be any element. If t0 2 Tp , then clearly t0 2 radˇC but, for any t1 2 T �,

ˇ.t0; t1/ D Q̌.t0; t1/ D �1, so t0 … radˇ. Conversely, if t0 2 radˇC n radˇ, then we have
that ˇ.t0; t1/ ¤ 1 for some t1 2T �. Since t21 2T

C, ˇ.t0; t1/2 D ˇ.t0; t21 / D 1 and, hence,
ˇ.t0; t1/D�1. Then ˇ.t0; T �/D ˇ.t0; t1TC/D ˇ.t0; t1/D�1, proving that t0 is a parity
element.

Now, let t1 2 T � be any element. Then t1 is a parity element if and only if Q̌.t1; t / D
.�1/p.t/ D .�1/p.t1/p.t/ for all t 2 T , which, by the definition of Q̌, is equivalent to
ˇ.t1; t / D 1 for all t 2T . The result follows.

Corollary 3.28. We have that either Tp � TC or Tp � T �. If Tp � TC, then radˇD rad Q̌

and radˇC D .rad Q̌/ [ Tp . If Tp � T �, then radˇ D .rad Q̌/ [ Tp and radˇC D rad Q̌.

Proof. Since Tp is a coset of rad Q̌ and rad Q̌ � TC, by Lemma 3.23, the first assertion
follows directly. The rest follows from Lemma 3.27.

Restricting this discussion about radicals and parity elements to the case where Q̌ is
nondegenerate, we have the following theorem.

Theorem 3.29. The bicharacter Q̌ is nondegenerate if and only if jTpj D 1. In this case,
the unique parity element tp has order 2. Furthermore:
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(i) if ˇ is nondegenerate, then Q̌ is nondegenerate, tp 2TC and radˇC D htpi,

(ii) if ˇ is degenerate, then Q̌ is nondegenerate if and only if ˇC is nondegenerate. In
this case, tp 2T � and radˇ D htpi.

3.3.4. Standard realizations of D that are simple as superalgebras disregarding the
G -grading. We will now demonstrate that case (i) in Theorem 3.29 corresponds to super-
algebras of type M and case (ii) to superalgebras of type Q.

Assuming ˇ is nondegenerate, we can construct a graded-division superalgebra associ-
ated to .T; Q̌/ using matrices, For that, we follow Remark 18 in [19] (see also Remark 2.16
in [18]).

First, we can decompose the group T as A � B , where the restrictions of ˇ to each of
the subgroups A and B are trivial (see p. 36 of [18]) and, hence, A and B are in duality
by ˇ, i.e., the map A! yB given by a 7! ˇ.a; �/ is an isomorphism of groups (note that,
in particular, jT j is a perfect square).

Definition 3.30. Let V be the vector space with basis ¹ebºb2B (i.e., V is the vector space
underlying the group algebra FB). For each a2A, define Xa 2 End.V / by

8b0 2B; Xa.eb0/ WD ˇ.a; b
0/eb0 ;

and, for each b 2B , define Xb 2 End.V / by

8b0 2B; Xb.eb0/ WD ebb0 :

Finally, we defineXab WDXaXb , for all a2A and b2B . Then the set ¹Xtºt2T is a basis of
End.V /, and it defines a division T -grading on it. The resulting graded-division algebra D

corresponds to .T; ˇ/ and is called standard realization associated to .T; ˇ/. Note that,
as an algebra, D ' M`.F/, where ` D

p
jT j. The partition T D TC [ T � defines a

superalgebra structure on D corresponding to the pair .T; Q̌/. As a superalgebra, D will
be called a standard realization of type M associated to .T; Q̌/.

Now suppose that Q̌ is nondegenerate but ˇ is degenerate. In this case, by Theo-
rem 3.29, ˇC is nondegenerate, so let D N0 be a standard realization of type M associated
with .TC; ˇC/. Since tp 2 T �, there is an order two element h 2 G such that tp D
.h; N1/2G#. We can gradeQ.1/ with a hhi-grading as in Example 3.10. It is easy to check
that the superalgebra D WDQ.1/˝D N0, graded by setting deg.a˝ b/ WD .dega/.deg b/,
is associated with .T; Q̌/.

Definition 3.31. TheG-graded superalgebra D WDQ.1/˝D N0 DD N0˚ uD N0, where we
declare the G-degree of u to be h, will be referred to as a standard realization of type Q
associated to .T; Q̌/ or to .TC;ˇC;h/. Note that D 'Q.`/, where `D

p
jTCj D

p
jT j=2.

Proposition 3.32. As a superalgebra, D is simple if and only if Q̌ is nondegenerate.

Proof. We know that D is simple as an algebra if and only if ˇ is nondegenerate. The
construction of standard realization of type Q proves that if Q̌ is nondegenerate, then D

is simple as a superalgebra. It only remains the converse of this last statement.
If D 'Q.n/, then D N0'M.n/ is a graded-division algebra that is simple as an algebra

and, hence, ˇC is nondegenerate. The result follows from Theorem 3.29.
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3.4. Graded-simple superalgebras over an algebraically closed field

We continue assuming that F is algebraically closed and G is Abelian. If R is a finite-
dimensional graded-simple superalgebra, it follows from Theorem 3.4 thatR'EndD.U/,
where D and U are also finite-dimensional. Since we know how to parametrize D and U,
we can parametrize EndD.U/. First, we will do it in terms of the group G#.

Definition 3.33. Let D be a finite-dimensional graded-division superalgebra over an alge-
braically closed field F with char F ¤ 2, and let U be a graded right D-module of finite
rank. If D is associated to .T; Q̌/ and U is associated to �WG#=T ! Z�0 , we say that
.T; Q̌; �/ are the parameters of the pair .D ;U/.

Consider the usual G#-action on the functions �WG#=T ! Z�0, i.e., given g 2G#,
set .g � �/.x/ WD �.g�1x/ for all x 2 G#=T . Since G is Abelian, it is easy to see that
if � is associated to a graded D-module U, then g � � is associated to UŒg�. Note that if
.g1; : : : ; gk/ is a k-tuple realizing �, then .gg1; : : : ; ggk/ is a k-tuple realizing g � �.

If  0WD ! D 0 is an isomorphism of graded algebras and if U0 is a graded right
D 0-module associated to �0, it is clear that dimD 0 U

0
x D dimD.U

0
x/
 0 , for all x 2G#=T ,

and, hence, the graded D-module .U0/ 0 is also associated to �0. Thus, Theorem 3.9
becomes the following.

Theorem 3.34. Let .D ;U/ and .D 0;U0/ be pairs as in Definition 3.33, and let .T; Q̌; �/
and .T 0; Q̌0; �0/ be their parameters. Then EndD.U/ ' EndD 0.U

0/ if and only if T D T 0,
Q̌ D Q̌0, and � and �0 belong to the same G#-orbit.

In Section 3.2, we introduced different parametrizations for graded D-modules de-
pending on whether the graded-division superalgebra D is even or odd. We will do the
same here.

Definition 3.35. Let D be a finite-dimensional graded-division superalgebra associated
to .T; Q̌/, and let U be a graded right D-module of finite rank. We parametrize the pair
.D ;U/ by
(i) .T; ˇ; � N0; �N1/, if D is even and U is associated to the maps � N0; �N1WG=T ! Z�0,

(ii) .T; Q̌; �/, if D is odd and U is associated to the map �WG=TC ! Z�0.

In terms of this parametrization, Theorem 3.34 can be restated as follows.

Theorem 3.36. Let .D ;U/ and .D 0;U0/ be pairs as in Definition 3.35.

(i) If one of D and D 0 is even and the other is odd, then EndD.U/ 6' EndD 0.U
0/.

(ii) If both D and D 0 are even, let .T; ˇ; �N0; � N1/ and .T 0; ˇ0; �0N0; �
0
N1
/ be the parameters

of .D ;U/ and .D 0;U0/, respectively. Then EndD.U/ ' EndD 0.U
0/ if and only if

T D T 0, ˇ D ˇ0, and there is g2G such that either g � �N0 D �
0
N0

and g � � N1 D �
0
N1
, or

g � � N0 D �
0
N1

and g � � N1 D �
0
N0
.

(iii) If both D and D 0 are odd, let .T; Q̌; �/ and .T 0; Q̌0; �0/ be the parameters of .D ;U/

and .D 0;U0/, respectively. Then EndD.U/ ' EndD 0.U
0/ if and only if T D T 0,

Q̌ D Q̌0, and � and �0 belong to the same G-orbit.
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3.5. Gradings on simple superalgebras over an algebraically closed field

We now specialize to the case of simple superalgebras (disregarding the G-grading), i.e.,
the superalgebras of types M and Q. Let R be one of these superalgebras. Given a G-
grading on R, we have R ' EndD.U/. Moreover, by Proposition 3.17, EndD.U/ is
simple if and only if so is D . Thus, in view of Proposition 3.32, we are considering the
case where Q̌ is nondegenerate. Moreover, by Lemma 3.6, D has the same type as R.

Recall that if D is of type M , it can be even or odd, while if D is of type Q, it can
only be odd. Standard realizations of these three cases of D are given in Section 3.3.4.
Using these realizations and elementary gradings (Section 2.2), we will construct explicit
models for the gradings on R in each of the three cases.

We start with even gradings on M.m; n/, i.e., gradings for which D is even.

Definition 3.37. Let m; n 2Z�0, not both zero, and consider a finite subgroup T � G,
a nondegenerate bicharacter ˇW T � T ! F� and maps �N0; � N1WG=T ! Z�0 with finite
support such that k N0

p
jT j D m and kN1

p
jT j D n, where ki WD j�i j. Choose

(i) D to be a standard realization of type M associated to .T; ˇ/,
(ii) 
 N0 and 
 N1 to be tuples realizing � N0 and � N1, respectively.

Consider the superalgebra M.k N0; k N1/ equipped with the elementary grading associated
to .
 N0; 
 N1/. The even grading �M .T;ˇ; �N0; � N1/ onM.m;n/ is induced by the identification
M.m;n/'Mk N0jk N1

.D/DM.kN0;k N1/˝D via the Kronecker product. The resulting graded
superalgebra is denoted M.T; ˇ; � N0; �N1/.

From Theorem 3.36, we have the following result.

Theorem 3.38. Every even G-grading on M.m; n/ is isomorphic to a grading of the
form �M .T; ˇ; � N0; � N1/, as given in Definition 3.37. Two gradings �M .T; ˇ; � N0; � N1/ and
�M .T

0; ˇ0; �0
N0
; �0
N1
/ are isomorphic if and only if T D T 0, ˇ D ˇ0 and there is g 2G such

that either g � � N0 D �
0
N0

and g � � N1 D �
0
N1
, or g � � N0 D �

0
N1

and g � � N1 D �
0
N0
.

Remark 3.39. If m ¤ n, then j� N0j ¤ j� N1j, and therefore only the case g � � N0 D �0N0 and
g � � N1 D �

0
N1

is possible.

Now, let us consider the odd gradings on M.m; n/, i.e., gradings for which D is odd.
It follows from Remark 3.3 that, in this case, m D n.

Definition 3.40. Let n > 0 be a natural number and consider a finite subgroup T � G#,
T 6� G, a nondegenerate alternating bicharacter ˇWT � T ! F� and a map �WG=TC !
Z�0 with finite support such that k

p
jT j D n, where k WD j�j. Let pWG# DG �Z2! Z2

be the projection on the second component and define Q̌W T � T ! F� by Q̌.t; s/ WD
.�1/jt jjsjˇ.t; s/ for all t; s 2 T . Choose

(i) D to be a standard realization of type M associated to .T; Q̌/,
(ii) 
 to be a tuple realizing �.

Consider the algebra Mk.F/ equipped with the elementary grading associated to 
 . The
odd grading �M .T; Q̌; �/ onM.n;n/ is induced by the identificationM.n;n/'Mk.D/D

Mk.F/ ˝ D via the Kronecker product. The resulting graded superalgebra is denoted
M.T; Q̌; �/.
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Theorem 3.41. Every odd G-grading on M.n; n/ is isomorphic to �M .T; Q̌; �/ as in
Definition 3.40. Two such gradings �M .T; Q̌; �/ and �M .T 0; Q̌0; �0/ are isomorphic if and
only if T D T 0, Q̌ D Q̌0, and there is a g 2G such that g � � D �0.

Finally, we classify the gradings on the superalgebra Q.n/.

Definition 3.42. Let n > 0 be a natural number and consider a finite subgroup TC � G,
a nondegenerate bicharacter ˇWTC � TC! F�, an element h2G such that h2 D 1 and a
map �WG=TC! Z�0 with finite support such that k

p
jTCj D n, where k WD j�j. Choose

(i) D to be a standard realization of type Q associated to .TC; ˇC; h/,
(ii) 
 to be a tuple realizing �.

Consider the algebra Mk.F/ equipped with the elementary grading associated to 
 . The
grading �Q.TC; ˇC; h; �/ on Q.n/ is induced by the identification Q.n/ ' Mk.D/ D

Mk.F/ ˝ D via the Kronecker product. The resulting graded superalgebra is denoted
Q.TC; ˇC; h; �/.

Note that Q.TC; ˇC; h; �/ D M.TC; ˇC; �/˚ uM.TC; ˇC; �/, where u2 D 1 and
the G#-degree of u is tp D .h; N1/.

Theorem 3.43. Every G-grading onQ.n/ is isomorphic to �Q.TC; ˇC; h; �/ as in Defi-
nition 3.42. Two such gradings �Q.TC;ˇC;h;�/ and �Q.T 0C;ˇ0C;h0; �0/ are isomorphic
if and only if TC D T 0C, ˇC D ˇ0C, h D h0 and there is a g 2G such that g � � D �0.

4. Graded-superinvolution-simple superalgebras

This section establishes general results on graded-superinvolution-simple associative su-
peralgebras satisfying the descending chain condition on graded left superideals. Such
superalgebras naturally split into two disjoint classes: those that are graded-simple and
those that are not. For both cases, we will need the concept of superdual of a graded
D-module, which we introduce in Section 4.1.

We first consider the non-graded-simple case, for which the classification easily re-
duces to the results of Section 3. Indeed, as shown in Proposition 2.20, these superalgebras
decompose as S � S sop with exchange superinvolution, where S is a graded-simple super-
algebra. This case is addressed in Section 4.2. All remaining subsections are dedicated to
the graded-simple case, where a theory of super-Hermitian forms on graded D-modules
is required.

4.1. The superdual of a graded D-module

Definition 4.1. Let D be a graded-division superalgebra and let U be a graded right D-
module of finite rank. The superdual of U is defined to be

U?
WD HomD.U;D/:

We give U? the structure of a graded left D-module using the multiplication on D , that
is, if d 2D and f 2U?, we define d � f by

8u2U; .d � f /.u/ D df .u/:
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Given graded right D-modules of finite rank U and V , and a homogeneous D-linear map
LWU!V , we define the superdual ofL to be the F -linear mapL?WV?!U? determined
by

8f 2 .V?/ N0 [ .V?/ N1; L?.f / D .�1/jLjjf jf ı L:

It is easily seen that L? is a homomorphism of left D-modules. We extend the definition
to non-homogeneous maps in HomD.U;V/ by linearity.

If B D ¹u1; : : : ; ukº is a graded basis, then we can consider its two superdual bases
in U?: ?B D ¹?u1; : : : ;

?ukº and B? D ¹u?1 ; : : : ; u
?
k
º, where ?ui WU! D is defined by

?ui .uj / D ıij and u?i WU! D is defined by u?i .uj / D .�1/
jui jjuj jıij . Clearly, we have

deg.?ui / D deg.u?i / D .degui /�1.

Remark 4.2. In the case D D F and LWU! U, if we denote by ŒL� the matrix of L
with respect to the graded basis B, with even elements preceding the odd ones, then
the supertranspose ŒL�sT is the matrix of L?WU? ! U? with respect to the superdual
basis B?.

It is easy to see that D sop is also a graded-division superalgebra and, since U? is a
graded left D-module, we will regard U? as a graded right D sop-module by means of the
action

8d 2D N0 [D N1; f 2 .U?/ N0 [ .U?/ N1; f � Nd WD .�1/jd jjf jd � f:

Lemma 4.3. Let U be a G-graded D-module of finite rank.

(i) The F -linear map "WU! U?? defined by

".u/.f / D .�1/jujjf j f .u/; for all u2U N0 [U N1 and f 2 .U?/ N0 [ .U?/ N1,

is an isomorphism of graded right D-modules.

(ii) The map EndD.U/ ! EndDsop.U?/ defined by L 7! L? is a super-anti-isomor-
phism.

Proof. For (i), with routine computations using the rule of signs, one can easily check that
".u/2U?? (i.e., it is a D sop-linear map from U? to D sop) and that " is D-linear. We note
in passing that the sign in the definition of " is essential; without it, " would not be well
defined in the case of odd D . To see that " is an isomorphism, let ¹u1; : : : ; ukº be a graded
basis of U. We have that

"U.ui /.u
?
j / D .�1/

jui jjuj j u?j .ui / D ıij ;

i.e., ".ui / D ?.u?i / D .
?ui /

?. Therefore, "U sends a graded basis to a graded basis.
For (ii), one can easily check that the inverse of the function given is the map L 7!

"�1 ı L? ı ", for all L 2 EndDsop.U?/, and that .L ı S/? D .�1/jLjjS jS? ı L? for all
L; S 2 EndD.U/

N0 [ EndD.U/
N1.

We will now find the parameters describing the G-graded superalgebra EndDsop.U?/.

Proposition 4.4. Suppose F is algebraically closed. Let D be associated to .T; Q̌/ and
let U be associated to �WG#=T ! Z�0. Then D sop is associated to .T; Q̌�1/ and U? is
associated to �?WG#=T ! Z�0 defined by �?.x/ WD �.x�1/.
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Proof. If .T; Q̌/ is the pair associated with D , then it is clear that supp D sop D T . More-
over, if s; t 2 T , 0 ¤ Xs 2 Ds and 0 ¤ Xt 2 Dt , then, following the notation in Defini-
tion 2.16, we have

Xs Xt D .�1/
jsjjt jXtXs D Q̌.t; s/XsXt

D .�1/jsjjt j Q̌.t; s/Xt Xs D .�1/
jsjjt j Q̌.s; t/�1Xt Xs :

We conclude that .T; Q̌�1/ is the pair associated to D sop.
Since G is Abelian, G#=T is a group and, hence, the map G#=T ! G#=T given by

x 7! x�1 is well defined. From the construction of the superdual basis, it is easy to see
that dimD Ux D dimDsop U?

x�1 , for all x 2 G#=T .

It is straightforward to translate this to the mapsG=T !Z�0 (even D) andG=TC!
Z�0 (odd D) associated to the G-graded module U. If D is even and � N0; � N1 are the maps
associated to U, then �?N0 ; �

?
N1

are the maps associated to U?. If D is odd and � is the map
associated to U, then �? is the map associated to U?.

4.2. Non-graded-simple case

Our goal now is to classify, up to isomorphism, the superalgebras of the form S � S sop

endowed with exchange superinvolution, where S is graded-simple. We begin with a
straightforward result.

Lemma 4.5. Let S1 and S2 be graded-simple superalgebras. Then S1 � S
sop
1 ' S2 � S

sop
2

as graded superalgebras with superinvolution if and only if S1 ' S2 or S1 ' S
sop
2 as

graded superalgebras.

When convenient, we can replace S sop with an isomorphic graded superalgebra. Spe-
cifically, if � WS ! S 0 is a super-anti-isomorphism of graded superalgebras, then S � S sop

with the exchange superinvolution is isomorphic to S � S 0 endowed with the superinvo-
lution .s1; s2/ 7! .��1.s2/; �.s1//.

Definition 4.6. Let D be a graded-division superalgebra and let U be a graded right D-
module of finite rank. Recall that U? WDHomD.U;D/ is a graded right D sop-module, and
that the map EndD.U/! EndDsop.U?/ given by L 7! L? is a super-anti-isomorphism
whose inverse isL 7!?L. We defineEex.D ;U/ to be the graded superalgebra EndD.U/�

EndDsop.U?/ endowed with the superinvolution .L1; L2/ 7! .?L2; L
?
1/.

Combining Theorem 3.36 and Lemma 4.5 with the description of the parameters
for D sop and U? at the end of the previous subsection, we obtain the following theorem.

Theorem 4.7. Let .D ;U/ and .D 0;U0/ be pairs as in Definition 3.35, with both D

and D 0 even. Let .T; Q̌; � N0; � N1/ and .T 0; Q̌0; �0N0; �
0
N1
/ be the parameters of .D ;U/ and

.D 0;U0/, respectively. Then Eex.D ;U/ ' Eex.D 0;U0/ if and only if T D T 0 and one of
the following holds:

(i) Q̌0 D Q̌ and there is g2G such that either �0N0 D g � � N0 and �0N1 D g � � N1, or �0N0 D g � � N1
and �0N1 D g � � N0;
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(ii) Q̌0 D Q̌�1 and there is g 2G such that either �0N0 D g � �
?
N0

and �0N1 D g � �
?
N1
, or �0N0 D

g � �?N1 and �0N1 D g � �
?
N0
.

Theorem 4.8. Let .D ;U/ and .D 0;U0/ be pairs as in Definition 3.35, with both D

and D 0 odd. Let .T; Q̌; �/ and .T 0; Q̌0; �0/ be the parameters of .D ;U/ and .D 0;U0/,
respectively. Then Eex.D ;U/ ' Eex.D 0;U0/ if and only if T D T 0 and one of the fol-
lowing holds:

(i) Q̌0 D Q̌ and there is g 2G such that �0 D g � �,

(ii) Q̌0 D Q̌�1 and there is g 2G such that �0 D g � �?.

4.3. Super-anti-automorphisms and sesquilinear forms

We begin our study of superinvolutions on graded-simple associative superalgebras. It is
worthwhile to first consider the general case of super-anti-automorphisms, specializing to
superinvolutions at a later stage (Section 4.5).

The main result of this subsection is Theorem 4.14, but we begin with preliminary
results that are necessary for its proof. There are many technical details to pay attention
to, for example, whether maps are written on the left or the right because moving a map
from one side to the other slightly alters its definition (Definition 2.13).

Fix a graded-division superalgebra D and aG-graded D-module U of finite rank, and
setR WDEndD.U/. By construction, U is an .R;D/-bimodule. In Section 4.1, we showed
that U? WD HomD.U;D/ is a graded right D sop-module and a left EndDsop.U?/-module.
By Lemma 4.3, Rsop ' EndDsop.U?/, allowing us to equip U? with a left Rsop-module
structure:

(4.1) 8r 2R N0 [R N1; f 2 .U?/ N0 [ .U?/ N1; r � f WD r?.f / D .�1/ Nr
Nf r ı f:

Thus, U? becomes an .Rsop;D sop/-bimodule. Our goal is to reinterpret this as an .R;D/-
bimodule using a fixed super-anti-automorphism ' on R.

Lemma 4.9. (i) As a left Rsop-module, U? is graded-simple,

(ii) The representation D sop ! EndRsop.U?/ corresponding to the right D sop-action
on U? is an isomorphism.

Proof. The first assertion follows from the fact that U? is a graded-simple left module
over EndDsop.U?/, and the second follows from Remark 3.5.

Even though D sop is defined as the same space as D but with a different multiplication
(Definition 2.16), it will be essential to distinguish them. Indeed, using the isomorphism in
Remark 3.5, we will identify D with EndR.U/ and, using the isomorphism in Lemma 4.9,
we will identify D sop with EndRsop.U?/.

On the other hand, treating the super-anti-automorphism 'WR!R as an isomorphism
R ! Rsop (mapping r to '.r/), we use ' to transform the Rsop-action in equation (4.1)
into an R-action:

(4.2) 8r 2R N0 [R N1; f 2 .U?/ N0 [ .U?/ N1; r � f WD '.r/? � f D .�1/jrjjf jf ı '.r/:

Under these identifications, we obtain D sop D EndRsop.U?/ D EndR.U?/.
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From Lemma 2.7 in [18], R has a unique graded-simple module up to isomorphism
and shift. Thus, there exists an invertible R-linear map �WU ! U?, homogeneous of
degree .g0;˛/2G#. Fix such a �. Since theR-action is left-sided, we adopt the convention
of writing R-linear maps on the right. The following lemma clarifies the nonuniqueness
of such maps.

Lemma 4.10. A map �0WU! U? is R-linear and homogeneous if and only if �0 D � Nd
for some homogeneous element Nd 2 D sop D EndR.U?/, where juxtaposition represents
composition of maps written on the right.

Using the identifications D DEndR.U/ and D sopDEndR.U?/, define '0WD!D sop

by
8d 2D ; '0.d/ D .�1/

Nd N���1d�;

where juxtaposition denotes composition of maps on the right. Since '0 is an isomor-
phism, we regard it as a super-anti-automorphism '0WD!D . This allows us to equip U?

with a G-graded right D-module structure via '0:

(4.3) 8f 2U?; d 2D ; f � d WD f � '0.d/:

Thus, U? becomes a graded .R;D/-bimodule, as desired.
However, the invertible R-linear map �WU ! U? is not D-linear. To address this,

we use � WD �ı (see Definition 2.13), which reinterprets � as a left-sided map with sign
adjustments. By (2.1), � is not R-linear. But we can check that it is D-linear. Indeed, for
all u2U and d 2D ,

�.ud/ D .�1/j� j.jujCjd j/.ud/� D .�1/j� jjuj .�1/j� jjd j.u/.d�/

D .�1/j� jjuj.�1/j� jjd j.u/.���1d�/ D .�1/j� jjuj.u/.� '0.d// D �.u/'0.d/:

We will now define a third map to complement � and � . Given u2U, we have that
�.u/2U? D HomD.U;D/. For any v2U, the evaluation �.u/.v/ lies in D . This allows
us to define a bilinear map BWU �U! D via

(4.4) 8u; v 2U; B.u; v/ WD �.u/.v/:

Definition 4.11. A map BWU � U ! D is called a sesquilinear form on U if it is
F -bilinear, G#-homogeneous if considered as a linear map U ˝U ! D , and there is
a degree-preserving super-anti-automorphism '0WD ! D such that, for all u; v 2U and
d 2D ,

(i) B.u; vd/ D B.u; v/d ,
(ii) B.ud; v/ D .�1/.jBjCjuj/jd j'0.d/B.u; v/.

If we want to specify the super-anti-automorphism '0, we will say that B is sesquilinear
with respect to '0 or that B is '0-sesquilinear. The (left ) radical of B is the set radB WD
¹u2U j B.u; v/ D 0 for all v 2Uº. If radB D 0, we say that B is nondegenerate.

It is straightforward to verify that B as defined in (4.4) is a '0-sesquilinear form. One
can actually prove more.
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Proposition 4.12. Fix a super-anti-automorphism '0WD ! D and consider the right
D-module structure on U? given by equation (4.3). There is a bijection between '0-
sesquilinear forms BWU�U!D and homogeneous D-linear maps � WU!U?, given
by B.u; v/ D �.u/.v/. Moreover, B is nondegenerate if and only if � is bijective.

Remark 4.13. Let B ¤ 0 be a sesquilinear form on U.
(i) There is a unique super-anti-automorphism '0 on D such that B is sesquilinear

with respect to '0.
(ii) Given a homogeneous 0 ¤ d 2D , the bilinear map dBWU �U! D , given by

.u; v/ 7! dB.u; v/, is a sIntd ı '0-sesquilinear form, where sIntd WD ! D is the
superinner automorphism sIntd .c/ WD .�1/jcjjd jdcd�1, for all c 2D .

(iii) The form B is nondegenerate if and only if dB is nondegenerate.

Proof. For (i), since B ¤ 0, there are homogeneous elements u; v 2U such that 0 ¤
B.u; v/ 2D . Suppose B is sesquilinear with respect to super-anti-automorphisms '0
and '00 on D . Then, for all d 2D N0 [D N1, we have

B.ud; v/ D .�1/.jBjCjuj/jd j '0.d/B.u; v/ D .�1/
.jBjCjuj/jd j '00.d/B.u; v/

and, therefore, '0.d/ D '00.d/. Item (ii) is an easy computation, and item (iii) follows
from the fact that radB D rad dB .

We now relate the super-anti-automorphism ' on R to B . Using (2.1) and (4.2),

B.ru; v/ D �.ru/.v/ D .�1/jrjj� j.r � �.u//.v/

D .�1/jrjj� j.�1/jrj.j� jCjuj/.�.u/ ı '.r//.v/

D .�1/jrjjuj�.u/.'.r/v/ D .�1/jrjjujB.u; '.r/v/:

We have proved one direction of the following.

Theorem 4.14. Let D be a graded-division superalgebra and U a nonzero right graded
module of finite rank over D . Given a super-anti-automorphism ' on R WD EndD.U/,
there is a pair .'0;B/, where '0 is a super-anti-automorphism on D and BWU�U!D

is a nondegenerate '0-sesquilinear and

(4.5) 8r 2R N0 [R N1; 8u; v 2U N0 [U N1; B.ru; v/ D .�1/jrjjujB.u; '.r/v/:

Conversely, given a pair .'0; B/ as above, there is a unique super-anti-automorphism '

on R satisfying (4.5), which we will refer as the superadjunction with respect to B . More-
over, another pair .'00; B

0/ determines the same super-anti-automorphism ' if and only
if there is a nonzero G#-homogeneous element d 2D such that B 0 D dB and, hence,
'00 D sIntd ı '0.

Proof. For the “conversely” part, let � correspond to B via Proposition 4.12. Then equa-
tion (4.5) becomes

8r 2R N0 [R N1; 8u; v 2U N0 [U N1; �.ru/.v/ D .�1/jrjjuj �.u/.'.r/v/

D .�1/jrjjuj .�.u/ ı '.r//.v/;
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and, hence, equivalent to

(4.6) 8r 2R N0 [R N1; 8u2UN0 [U N1; �.ru/ D .�1/jrjjuj �.u/ ı '.r/:

Recalling the definition of superdual of an operator, (4.6) simplifies to

8r 2R N0 [R N1; 8u2UN0 [U N1; .� ı r/.u/ D .�1/jrjj� j ..'.r//? ı �/.u/;

which is the same as

8r 2R N0 [R N1; � ı r D .�1/jrjj� j.'.r//? ı �;

yielding
8r 2 R N0 [R N1; .'.r//? D .�1/jrjj� j � ı r ı ��1:

By Lemma 4.3, the map EndD.U/! EndDsop.U?/ associating an operator to its superd-
ual is invertible and, hence, ' is uniquely determined. Also, the properties of the superdual
imply that ' is a super-anti-automorphism.

For the last assertion, the “if” direction is immediate.
For the “only if” part, let �; � 0WU ! U? be defined by �.u/ D B.u; �/ and � 0 WD

B 0.u; �/. Combining (4.2) and (4.6), we have that �.ru/D .�1/j� jjrj r � �.u/ and similarly
for � 0. Defining maps �; �0WU ! U?, written on the right, by .u/� D .�1/jujj� j �.u/

and .u/�0 D .�1/jujj�
0j� 0.u/, it follows that both are R-linear. By Lemma 4.10, there is

Nd 2D sop such that �0 D � Nd . Applying (2.2), this implies

� 0 D .�1/j� jj
Nd j Nd ı�:

By the definition of the left D-action on U?, we have Nd ı�.u/ D d�.u/, concluding the
proof.

Remark 4.15. If D is an odd graded division superalgebra, then a super-anti-isomor-
phism ' is always determined by an even sesquilinear form, since we can substitute an
odd form B by dB using some d 2D N1.

Definition 4.16. Let D be a graded-division superalgebra, U aG-graded right D-module
of finite rank and B a nondegenerate sesquilinear form on U. We denote by E.D ;U; B/

the graded superalgebra EndD.U/ endowed with the superadjunction ' with respect toB .

We will finish this subsection with results about centers, matrix representation and
simplicity.

Recall that by Lemma 3.6 we could identify the centers of D and EndD.U/. More
precisely, we have an isomorphism of G#-graded algebras �WZ.D/ ! Z.R/ given by
�.d/.u/ WD ud , for all d 2Z.D/ and u 2U. We can extend this result to consider the
super-anti-automorphisms '0 and '.

Lemma 4.17. We have '.�.d// D .�1/jBjjd j �.'0.d//.

Proof. Fix d 2Z.D/ N0 [Z.D/ N1 and let u; v 2U N0 [U N1. On the one hand,

B.ud; v/ D B.�.d/.u/; v/ D .�1/jd jjujB.u; '.�.d//v/:
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On the other hand,

B.ud; v/ D .�1/.jBjCjuj/jd j '0.d/B.u; v/ D .�1/
.jBjCjuj/jd jB.u; v/'0.d/

D .�1/jBjjd jCjujjd jB.u; v'0.d// D .�1/
jBjjd j.�1/jujjd jB.u; �.'0.d//.v//:

Since B is nondegenerate, we conclude that '.�.d//D .�1/jBjjd j �.'0.d//, as desired.

We now wish to express the super-anti-automorphism ' in terms of matrices over D .
Let B D ¹u1; : : : ; ukº be a fixed graded D-basis of U following Convention 3.18 (i.e.,
if D is odd, we take B with only even elements), and use B to identify EndD.U/ with
Mk.D/. For brevity, we denote jui j by ji j for all i 2 ¹1; : : : ; kº in what follows.

Definition 4.18. For X D .xij /2Mk.D/, define '0.X/ by applying '0 entry-wise, i.e.,
'0.X/ WD .'0.xij //. Moreover, we extend the definition of the supertranspose (see Defi-
nition 2.14) to matrices over D by setting X sT WD ..�1/.ji jCjj j/ji jxj i /, where i and j are
the row and column indices of X . By Convention 3.18, X sT D XT (ordinary transpose)
when D is odd.

Proposition 4.19. Let ˆ be the matrix representing the sesquilinear form B , i.e., ˆij WD
B.ui ;uj /. For r 2R N0 [R N1 with matrixX 2Mk.D/, let Y 2Mk.D/ represent '.r/. Then,
if D is even, we have

(4.7) Y D ˆ�1 '0.X
sT/ˆ;

and, if D is odd (following Convention 3.18),

(4.8) Y D .�1/jBjjrjˆ�1 '0.X
T/ˆ:

Proof. First, let us write (4.5) in terms of B:

(4.9) 8ui ; uj 2B; B.rui ; uj / D .�1/
jrjji jB.ui ; '.r/uj /:

It suffices to consider the case whereX have a single nonzeroG#-homogeneous entry xpq
at .p; q/. In this case, for all 1 � i � n, we have that rui D upxpi . In particular, jr j D
jpj C jqj C jxpqj. Computing both sides of (4.9), we have

B.rui ; uj / D B.upxpi ; uj / D .�1/
.jBjCjpj/jxpi j '0.xpi /B.up; uj /

D .�1/.jBjCjpj/jxpi j '0.xpi / p̂j

and

.�1/jrjji jB.ui ; '.r/uj / D .�1/
jrjji jB

�
ui ;

kX
`D1

u`y j̀

�
D .�1/.jpjCjqjCjxpq j/ji j

kX
`D1

ˆi`y j̀ :

For even D , rearranging the terms yields

.�1/.jpjCjqj/ji j '0.xpi / p̂j D

kX
`D1

ˆi`y j̀ :

The left-hand side is the .i; j /-entry of ˆY . Using that Xpq is the only nonzero entry
of X , the right-hand side can be rewritten as

Pk
`D1.�1/

.j`jCji j/ji j'0.x`i /ˆ j̀ , which is the
.i; j /-entry of '0.X sT/ˆ. Thus, ˆY D '0.X sT/ˆ, proving (4.7).
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For odd D , we have

.�1/jBjjxpi j '0.xpi / p̂j D

kX
`D1

ˆi`y j̀ :

Again, the left hand-side the .i; j /-entry of ˆY . By the same trick as in the even case, the
right-hand side is .�1/jBjjxpq j

P
k
`D1 '0.x`i /ˆ j̀ , which is the .i; j /-entry of the matrix

.�1/jBjjrj'0.X
T/ˆ. This establishes (4.8).

Using this matrix representation, it is easy to prove the following (compare with
Proposition 3.17).

Proposition 4.20. The '-invariant superideals of Mk.D/ are precisely the sets Mk.I /,
where I is a '0-invariant superideal of D . In particular, the superalgebra E.D ;U; B/

is '-simple if and only if the superalgebra D is '0-simple.

4.4. Isomorphisms of graded-simple superalgebras with super-anti-automorphism

Now our aim is to present necessary and sufficient conditions for the graded superalgebras
E.D ;U;B/ andE.D 0;U0;B 0/ to be isomorphic. In Theorem 3.9, we considered the case
without super-anti-automorphisms. There, we needed isomorphisms and shifts of graded
modules. We now adapt these concepts to handle sesquilinear forms.

Definition 4.21. Let D be a graded-division superalgebra. Given graded right D-modules
U and U0 and sesquilinear forms B and B 0 on U and U0, respectively, we define an
isomorphism from .U;B/ to .U0;B 0/ as an isomorphism of graded D-modules � WU!U0

such that B 0.�.u/; �.v// D B.u; v/ for all u; v 2U.

Definition 4.22. Let U be a graded right D-module and B be a '0-sesquilinear form
on U. Given g2G#, we defineB Œg�WUŒg� �UŒg�!D byB Œg�.u;v/ WD .�1/jujjgjB.u;v/
for all u; v 2U.

Note that degB Œg� D g�2 degB and, in particular, jB Œg�j D jBj. The following can be
proved by routine computations using the rule of signs.

Lemma 4.23. For every g 2G#, B Œg� is a homogeneous '0-sesquilinear form on UŒg�.
Further, if B is nondegenerate, then so is B Œg�, and the superadjunction with respect to
both is the same super-anti-automorphism ' on EndD.U/ D EndD.U

Œg�/.

We should also consider the effect of replacing the graded-division superalgebra via
an isomorphism D ! D 0 (see Definition 3.7).

Lemma 4.24. Let D and D 0 be graded-division superalgebras and let  0WD ! D 0

be an isomorphism. If U0 is a graded right D 0-module and B 0 is a homogeneous '00-
sesquilinear form on it, then  �10 ı B

0 is a homogeneous . �10 ı '
0
0 ı  0/-sesquilinear

form on the D-module .U0/ 0 of the same degree as B 0. Further, if B 0 is nondegenerate,
then so is  �10 ı B

0, and the superadjunction with respect to both is the same super-anti-
automorphism '0 on EndD..U

0/ 0/ D EndD 0.U
0/.
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Theorem 4.25. Let D and D 0 be graded-division superalgebras, let U and U0 be nonzero
graded right modules of finite rank over D and D 0, respectively, and let B and B 0

be nondegenerate sesquilinear forms on U and U0, respectively. If  WE.D ;U; B/ !

E.D 0;U0; B 0/ is an isomorphism (see Definition 4.16), then there exist g 2G#, a homo-
geneous element 0 ¤ d 2 D , an isomorphism  0WD ! D 0, and an isomorphism

 1W .U
Œg�; dB Œg�/! ..U0/ 0 ;  �10 ı B

0/

such that

(4.10) 8r 2 R;  .r/ D  1 ı r ı  
�1
1 :

Conversely, for any g, d ,  0, and  1 as above, the map defined by equation (4.10) is an
isomorphism  WE.D ;U; B/! E.D 0;U0; B 0/.

Proof. Given an isomorphism of graded superalgebras  WR! R0, we define Q' WD  �1 ı
'0 ı  . Then  is an isomorphism .R; '/! .R0; '0/ if and only if ' D Q'. Since  is
an isomorphism of G#-graded algebras, we can apply Theorem 3.9 to conclude that there
exist g 2G#, an isomorphism of graded superalgebras  0WD !D 0, and an isomorphism
of graded modules  1WUŒg� ! .U0/ 0 such that  .r/ D  1 ı r ı  �11 , for all r 2R.

Consider '000 WD 
�1
0 ı '

0
0 ı 0 andB 00 WD �10 ıB

0. Then define zBWUŒg� �UŒg�!D

by zB.u; v/ WD B 00. 1.u/;  1.v// for all u; v 2 UŒg�. It is easy to check that zB is '000 -
sesquilinear and that Q' is the superadjunction with respect to zB . Hence, applying The-
orem 4.14 for UŒg� and Lemma 4.23, we conclude that ' D Q' if and only if there is a
homogeneous 0 ¤ d 2 D such that zB D dB Œg�. The result follows.

We can interpret Theorem 4.25 in terms of group actions. For that, fix a graded-
division superalgebra D . We will define three (left) group actions on the class of pairs
.U; B/, where U ¤ 0 is a graded D-module and B is a nondegenerate sesquilinear
form. Recall that, by Remark 4.13, B is '0-sesquilinear for a unique super-anti-automor-
phism '0 of D .

Let D�gr WD .
S
g2G# Dg/ n ¹0º, the group of nonzero homogeneous elements of D .

Given d 2D�gr , we define
d � .U; B/ WD .U; dB/:

Note that dB is .sIntd ı'0/-sesquilinear by Remark 4.13. Let A WD Aut.D/, the group of
automorphisms of D as a graded superalgebra. Given � 2 A, we define

� � .U; B/ WD .U��1 ; � ı B/:

Note that � ı B is .� ı '0 ı ��1/-sesquilinear by Lemma 4.24. Finally, consider the
group G#. Given g 2G#, we define

g � .U; B/ WD .UŒg�; B Œg�/:

Note that B Œg� is '0-sesquilinear by Lemma 4.23.

Lemma 4.26. The three actions defined above give rise to a .D�gr Ì A/ � G#-action,
where A acts on D�gr by evaluation.
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Proof. Let d 2D�gr , � 2A, g 2G# and u; v 2U. First, note that the action of d does not
change U, so we only have to consider its effect on B . Since

.� ı dB/.u; v/ D �.dB.u; v// D �.d/�.B.u; v// D .�.d/.� ı B//.u; v/;

the D�gr-action combined with the A-action gives us a .D�gr Ì A/-action. The G#-action
commutes with the D�gr-action since

.dB/Œg�.u; v/ D .�1/jgjjujdB.u; v/ D dB Œg�.u; v/:

Finally, the G#-action also commutes with the A-action since .U��1/Œg� D .UŒg�/�
�1

and

.� ı B Œg�/.u; v/ D �..�1/jgjjujB.u; v// D .�1/jgjjuj.� ı B/.u; v/ D .� ı B/Œg�.u; v/:

The proof is complete.

Corollary 4.27. Under the assumptions of Theorem 4.25, if D 6' D 0, then .R; '/ 6'
.R0; '0/. Otherwise, let  0WD ! D 0 be any isomorphism. Then .R; '/ ' .R0; '0/ if
and only if ..U0/ 0 ;  �10 ı B

0/ is isomorphic to an object in the .D�gr Ì A/ � G#-orbit
of .U; B/.

4.5. Superinvolutions and super-Hermitian forms

In this subsection, we investigate conditions on a '0-sesquilinear form B to ensure that
the superadjunction with respect to B is a superinvolution.

Definition 4.28. Given a super-anti-automorphism '0 on D and a '0-sesquilinear formB

on U, we define BWU �U! D by B.u; v/ WD .�1/jujjvj '�10 .B.v; u// for all u; v 2U.

Proposition 4.29. The map B is a '�10 -sesquilinear form of the same degree and parity
as B . Further, if B is nondegenerate and ' is the superadjunction with respect to B ,
then xB is nondegenerate and '�1 is the superadjunction with respect to NB .

Proof. Checking that NB is '�10 -sesquilinear is a matter of routine calculations using the
sign rule. The same is true for checking that

(4.11) 8r 2R N0 [R N1; 8u; v 2U N0 [U N1; NB.ru; v/ D .�1/jrjjuj NB.u; '�1.r/v/;

if we assume that ' is the superadjunction with respect to B .
Finally, equation (4.11), together with B being nondegenerate, implies that xB is non-

degenerate. To see that, assume there is 0 ¤ u 2 rad xB . For for every r 2R N0 [ R N1 and
v 2U N0 [U N1, we would have that xB.u; '�1.r/v/ D 0, hence xB.ru; v/ D 0. Since r 2
R N0 [ R N1 and v 2UN0 [UN1 were arbitrary, this implies xB.Ru;U/ D 0. But U is simple
as a graded R-module, so we get xB.U;U/ D 0 and, hence, B.U;U/ D 0, which is a
contradiction.

Lemma 4.30. Let d be a nonzero G#-homogeneous element of D and consider '00 WD
sIntd ı'0 and B 0 WD dB . Then B 0 D .�1/jd j '�10 .d/ xB .
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Proof. Note that .'00/
�1 D '�10 ı sIntd�1 . Hence, for all u; v 2U N0 [U N1,

B 0.u; v/ D .�1/jujjvj.'�10 ı sIntd�1/.dB.v; u//

D .�1/jujjvj '�10 ..�1/jd j.jd jCjBjCjujCjvj/ d�1dB.v; u/d/

D .�1/jujjvj.�1/jd j '�10 .d/'�10 .B.v; u// D .�1/jd j '�10 .d/B.u; v/:

Definition 4.31. We say that a sesquilinear form B on U is super-Hermitian if NB D B ,
and super-skew-Hermitian if NB D �B .

The following is a graded version of Theorem 7 in [42] (applied to Artinian superal-
gebras). The proof is essentially the same as that of Theorem 3.1 in [21].

Theorem 4.32. Let D be a graded-division superalgebra, let U be a nonzero G-graded
right module of finite rank over D , and let ' be a degree-preserving super-anti-automor-
phism on R WD EndD.U/. Then ' is a superinvolution if and only if there is a super-
Hermitian or super-skew-Hermitian form B such that ' is the superadjunction with res-
pect to B . In this case, B is '0-sesquilinear, where '0WD ! D is a superinvolution.
Moreover, for a nonzero homogeneous d 2 D , the sesquilinear form B 0 WD dB satisfies
B 0 D .�1/jd jı'0.d/d

�1B 0.

Proof. By Proposition 4.29, ' D '�1 if and only if B and xB have the same superadjunc-
tion. By Remark 4.13, this is the case if and only if there is a G#-homogeneous element
0 ¤ ı 2 D such that B D ıB . Hence, the “if” part is straightforward.

For the “only if” part, fix a sesquilinear for B for which B D ıB , where ı 2 ¹˙1º.
Since B and B have the sameG#-degree, it follows that ı 2De . By Lemma 4.30, we have

B D B D ıB D .�1/jıj '�10 .ı/ xB D '�10 .ı/ xB D '�10 .ı/ıB;

so '�10 .ı/ı D 1.
Let L be the subfield of the division-algebra De generated by F and ı, and denote

by � WL! L the restriction of '�10 to L. Since � fixes F and �.ı/ D '�10 .ı/ D ı�1, it
follows that � is an involutive automorphism of L over F .

If � D id, then ı�1 D �.ı/ D ı and, hence, ı 2 ¹˙1º. If � ¤ id, consider the subfield
L0 WD ¹x 2 L j �.x/ D xº � L. Then L=L0 is a quadratic Galois extension and h�i is
its Galois group. By Hilbert’s theorem 90, there is � 2 L �De such that ı D ��.�/�1. If
we replace B by B 0 WD �B , using Lemma 4.30, we have that

B 0 D .�1/j�j'�10 .�/ NB D �.�/ NB D �ı�1 NB D �ı�1ıB D ���1B 0 D B 0;

concluding the “only if” direction. Also, if xB D ıB , then we have '�10 D sIntı ı'0 D '0
by Remark 4.13.

The “moreover” part follows from Lemma 4.30.

Recall from Lemma 4.23 that replacing .U; B/ by .UŒg�; B Œg�/ does not change
EndD.U/ and '.

Lemma 4.33. If NB D ıB , then B Œg� D .�1/jgj ıB Œg�.



Group gradings on classical Lie superalgebras 1861

Proof. Let u; v 2UN0 [U N1. We will write uŒg� and vŒg� for u and v when they are consid-
ered as elements of UŒg�. Then

B Œg�.uŒg�; vŒg�/ D .�1/ju
Œg�jjvŒg�j '�10 .B Œg�.vŒg�; uŒg�//

D .�1/.jgjCjuj/.jgjCjvj/ '�10 ..�1/jgjjvjB.v; u//

D .�1/jgjCjgjjujCjujjvj '�10 .B.v; u//

D .�1/jgjCjgjjuj xB.u; v/

D .�1/jgj.�1/jgjjuj ıB.u; v/ D .�1/jgjıB Œg�.uŒg�; vŒg�/:

Remark 4.34. Note that reversing parity on U does not affect the graded superalgebra
with superinvolution E.D ;U; B/ and changes ı to �ı, so we can always make B super-
Hermitian.

Combining with Proposition 2.20 and Theorem 3.4, we have the following corollary.

Corollary 4.35. Let .R; '/ be a graded superalgebra with superinvolution and sup-
pose R satisfies the descending chain condition on graded left superideals. Then .R; '/
is graded-superinvolution-simple if and only if there exists a graded-division superalge-
bra D and graded right D-module U of finite rank such that .R; '/ is isomorphic either
toEex.D ;U/ (Definition 4.6) or toE.D ;U;B/ for some nondegenerate super-Hermitian
form B on U (Definition 4.16).

4.6. Parametrization and classification

In this section, we will parametrize the objects in Corollary 4.35 over an algebraically
closed field F .

4.6.1. Parametrization of .D; '0/. Recall that the isomorphism class of a finite-di-
mensional graded-division superalgebra D is determined by a pair .T; Q̌/, where T WD
supp D � G# is a finite subgroup and Q̌W T � T ! F� is a skew-symmetric bicharacter.
Also, recall the parity map pW T ! Z2 and the alternating bicharacter ˇW T � T ! F�

associated to Q̌.
It will be convenient to use the following notation from group cohomology.

Definition 4.36. Let H and K be Abelian groups, and let f WH ! K be any map. We
define the map df WH �H !K by .df / .a; b/D f .ab/f .a/�1f .b/�1 for all a; b 2H .

Since F is algebraically closed and D is finite-dimensional, each component Dt of D

is one-dimensional, hence an invertible degree-preserving map '0WD !D is completely
determined by a map �WT ! F� such that '0.Xt / D �.t/Xt for all Xt 2 Dt .

Proposition 4.37. Let �W T ! F� be any map and let '0WD ! D be the linear map
determined by '0.Xt / D �.t/Xt for all t 2 T and Xt 2 Dt . Then '0 is a super-anti-
automorphism if and only if

8a; b 2T; �.ab/ D Q̌.a; b/�.a/�.b/;

or, in other words, df D Q̌. Moreover, D admits a super-anti-automorphism if and only
if Q̌ (or, equivalently, ˇ/ only takes values˙1.
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Proof. For all a; b 2 T , let Xa 2 Da and Xb 2 Db . Then

'0.XaXb/ D .�1/
p.a/p.b/ '0.Xb/'0.Xa/

” �.ab/XaXb D .�1/
p.a/p.b/�.a/�.b/XbXa

” �.ab/XaXb D Q̌.b; a/�.a/�.b/XaXb

” �.ab/ D Q̌.b; a/�.a/�.b/:

If a and b are switched, since T is Abelian, we get �.ab/ D Q̌.a; b/�.a/�.b/, as desired.
Also, it follows that Q̌.b; a/ D Q̌.a; b/. Using that Q̌ is skew-symmetric, i.e., Q̌.b; a/ D
Q̌.a; b/�1, we have that Q̌.a; b/2 D 1 and, hence, Q̌ only takes values ˙1, proving one

direction of the “moreover” part. The converse follows from the fact that the isomorphism
class of D sop is determined by .T; Q̌�1/, so if ˇ takes only values in ¹˙1º, there must
be an isomorphism from D to D sop, which can be seen as a super-anti-automorphism
of D .

Corollary 4.38. A graded-division superalgebra D admits a super-anti-automorphism if
and only if t2 2 rad Q̌, for all t 2T .

Corollary 4.39. Suppose � determines a superinvolution on D , that is, � takes values
in ¹˙1º. For every element t 2 T , we have �.t2/ D .�1/p.t/ for all t 2 T . In particular,
every element in T � has order at least 4.

It follows that we can parametrize graded-division superalgebras with super-anti-au-
tomorphism by pairs .T; �/, where d� is a skew-symmetric bicharacter. But it will be
convenient to keep Q̌ as a parameter, therefore we say that .D ; '0/ is associated to the
triple .T; Q̌; �/.

Note that, by Propositions 3.20 and 4.37, for any finite Abelian group T , skew-sym-
metric bicharacter Q̌W T � T ! F� and map �W T ! F� such that d� D Q̌, there is a
graded-division superalgebra with super-anti-automorphism associated to .T; Q̌; �/.

Remark 4.40. In the non-super setting, the map � is a multiplicative quadratic form (see,
e.g., Section 2.4 of [18]). This property fails in the super case, as �.t�1/¤ �.t/ in general.
Nevertheless, specific instances where � is a quadratic form remain of particular interest
and are studied in Section 4.4 of [30]. Key examples are the standard realizations D

of type M or Q, for which the queer supertranspose (Definition 2.14) corresponds to a
quadratic form.

4.6.2. Parametrization of .U; B/. Let .D ; '0/ be a graded-division superalgebra with
super-anti-automorphism, and let U be a graded right D-module. Recall that the isomor-
phism class of a G-graded module U is determined by a map �WG#=T ! Z�0 with finite
support. Explicitly, �.gT / D dimD UgT , where UgT is the isotypic component associ-
ated to the coset gT .

Let g0 2G# be the degree of B . For x;y 2G#=T , if B.Ux ;Uy/¤ 0, then g0xy D T .
In this case, we say the isotypic components Ux and Uy are paired by B . Define Vx WD

Ux CUy (so Vx D Ux if x D y and Vx D Ux ˚Uy if x ¤ y), and let Bx denote the
restriction of B to Vx . Then B is nondegenerate if and only if Bx is nondegenerate for
every x 2G#=T . When this holds, Ux and Uy are dual to each other, and consequently
�.x/ D �.y/.
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We will reduce B to a collection of F -bilinear forms. Fix elements 0 ¤ Xt 2 Dt for
each t 2T , and let �WG#=T !G# be a set-theoretic section of the natural homomorphism
G# ! G#=T . Note that U�.x/ ˝D ' Ux via the map u˝ d 7! ud , so an F -basis of
U�.x/ is a graded D-basis for Ux . In view of Convention 3.18, if D is odd, we require �
to take values in G D G � ¹N0º.

For all x 2 G#=T , set y WD g�10 x�1 2 G#=T and t WD g0�.x/�.y/ 2 T , and define
the vector space Vx WD U�.x/ CU�.y/ and the bilinear form zBx WVx � Vx ! F ,

8u; v 2Vx ; zBx.u; v/ WD X
�1
t Bx.u; v/:

Lemma 4.41. The sesquilinear form Bx is nondegenerate if and only if the bilinear
form zBx is nondegenerate.

Let .T; Q̌; �/ be the parameters of .D ; '0/. We are interested in the case where the
superadjunction is involutive. By Theorem 4.32, we can restrict our attention to the case
where '0 is involutive. Hence, we assume that � takes values in ¹˙1º.

Lemma 4.42. Let ı 2 ¹˙1º. Then Bx D ıBx if and only if

8u; v 2 V N0x [ V
N1
x ;

zBx.v; u/ D .�1/
jujjvj�.t/ı zBx.u; v/:

Proof. Let u; v 2 Vx . By the definition of Bx , we have

Bx.u; v/ D .�1/
jujjvj '�10 .Bx.v; u// D .�1/

jujjvj '�10 .Xt zBx.v; u//

D .�1/jujjvj zBx.v; u/'
�1
0 .Xt / D .�1/

jujjvj zBx.v; u/�.t/
�1Xt ;

where we have used the fact that zBx.v; u/ 2 F . The result follows.

Recall the identification Mk.D/ D Mk.F/ ˝ D . In the next two propositions, we
consider two cases: an isotypic component paired to itself, and two different components
paired to each other.

Proposition 4.43. Let ı 2 ¹˙1º. Suppose g0x2 D T , and set t WD g0 �.x/2 2T . Then

�x WD .�1/
j�.x/j�.t/ı 2 ¹˙1º

does not depend on the choice of the section �WG#=T ! G#. Moreover, the restriction Bx
of B to Ux is nondegenerate and satisfies Bx D ıBx if and only if there exists a D-basis
of Ux consisting only of elements of degree �.x/ such that the matrix representing Bx is
given by:

(i) I�.x/ ˝Xt if �x D C1,

(ii) J�.x/ ˝Xt if �x D �1, where �.x/ is even and J�.x/ WD
� 0 I�.x/=2
�I�.x/=2 0

�
.

Proof. Let g WD �.x/. If � 0WG#=T ! G# is another section, then there exists s 2 T such
that � 0.x/ D gs. Hence,

.�1/j�
0.x/j �.g0 �

0.x/2/ D .�1/jgsj �.g0g
2s2/

D .�1/jgjCjsj .�1/jg0g
2jjs2jˇ.g0g

2; s2/�.g0g
2/�.s2/ D .�1/jgj �.g0g

2/:
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For the “moreover” part, Lemmas 4.41 and 4.42 imply that Bx is nondegenerate and sat-
isfies Bx D ıBx if and only if zBx is nondegenerate and Bx.u; v/ D �xBx.v; u/, for all
u; v 2Vx D U�.x/. Then the result follows from the well-known classification of (skew-)
symmetric bilinear forms over an algebraically closed field of characteristic different
from 2 and the fact that an F -basis for U�.x/ is a D-basis for Ux .

Note that although �x is independent of the choice of �, the element t D g0 �.x/2 may
still depend on �.

Proposition 4.44. Let ı2¹˙1º. Suppose g0xyDT for x¤y and set t WDg0�.x/�.y/2T .
Then the restriction Bx of B to Ux ˚Uy is nondegenerate and satisfies Bx D ıBx if and
only if there is a D-basis of Ux with all elements having degree �.x/ and a D-basis
of Uy with all elements having degree �.y/ such that the matrix representing Bx is�

0 I�.x/
.�1/j�.x/jj�.y/j�.t/ıI�.x/ 0

�
˝Xt :

Proof. Assume that Bx is nondegenerate. By Lemma 4.41, the bilinear form zBx on Vx D
U�.x/ ˚U�.y/ is nondegenerate. Consequently, the map U�.x/ ! U�

�.y/
given by u 7!

zBx.u; �/ is a vector space isomorphism. Fix a basis ¹u1; : : : ; u�.x/º for U�.x/ and let
¹v1; : : : ; v�.x/º be its dual basis in U�.y/, i.e., zBx.ui ; vj / D ıij . If we further assume
that Bx D ıBx , Lemma 4.42 yields zBx.vi ; uj /D .�1/j�.x/jj�.y/j�.t/ııij : This establishes
the “only if” direction. The converse is straightforward.

Definition 4.45. Let U ¤ 0 be a graded D-module of finite rank and let B be a nonde-
generate '0-sesquilinear form such that xB D ıB for some ı 2 ¹˙1º. The inertia of .U;B/
is the quadruple .�; �; g0; ı/, where � defines '0 by '0.Xt / D �.t/Xt , g0 D degB 2 G#

and �.x/ D dimD Ux for all x 2 G#=T .

The following definition summarizes the conditions that the quadruple .�; �; g0; ı/
must satisfy.

Definition 4.46. Given �W T ! ¹˙1º, �WG#=T ! Z�0, g0 2 G# and ı 2 ¹˙1º, we say
that .�; �; g0; ı/ is admissible if it satisfies:

(i) d� D Q̌,
(ii) � has finite support,
(iii) �.x/ D �.g�10 x�1/ for all x 2G#=T ,
(iv) for any x 2 G#=T , if g0x2 D T and �x D �1, then �.x/ is even (where �x WD

.�1/jgj�.g0g
2/ı for g 2 x, see Proposition 4.43).

The set of all admissible quadruples is denoted by I.D/ or I.T; Q̌/.

It is clear that for any quadruple .�; �; g0; ı/ 2 I.D/, we can construct a pair .U; B/
such that .�; �; g0; ı/ is its inertia. We will give explicit constructions in Section 4.6.5.

Theorem 4.47. Suppose F is an algebraically closed field and char F ¤ 2. Let D be a
finite-dimensional graded-division superalgebra and let '0 be a degree-preserving super-
involution on D . The assignment of inertia to a pair .U; B/ as in Definition 4.45 gives a
bijection between the isomorphism classes of these pairs and the set I.D/.
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Proof. Suppose that there is an isomorphism  W .U; B/! .U0; B 0/. Since  is an iso-
morphism of graded D-modules, U and U0 correspond to the same map �WG#=T !Z�0.
Also, the compatibility conditionB 0. .u/; .v//DB.u;v/ implies degB 0D degBD g0.
Moreover, if xB D ıB , for homogeneous u; v 2 U,

B 0. .u/;  .v// D .�1/j .u/jj .v/j '�10 .B 0. .v/;  .u/// D .�1/jujjvj '�10 .B.v; u//

D xB.u; v/ D ıB.u; v/ D ıB 0. .u/;  .v//:

By bijectivity of  , we conclude B 0 D ıB 0.
Conversely, assume .U; B/ and .U0; B 0/ share the same inertia .�; �; g0; ı/. To show

that .U; B/ and .U; B 0/ are isomorphic, it suffices to find graded D-bases ¹u1; : : : ; ukº
of U and ¹u01; : : : ; u

0
k
º of U0 such that deg ui D deg u0i , 1 � i � k, and B and B 0 are

represented by the same matrix. The existence of such bases follows from dimD.Ux/ D

dimD.U
0
x/ D �.x/, for all x 2 G#=T , and Propositions 4.43 and 4.44.

4.6.3. Parametrization of .R; '/. Combining the parameters for .D ; '0/ and .U; B/,
we have the following definition.

Definition 4.48. Let D be a finite-dimensional graded-division superalgebra over an alge-
braically closed field F , char F ¤ 2, let U ¤ 0 be a graded right D-module of finite rank,
and let B be a nondegenerate '0-sesquilinear form on U such that xB D ıB for some
ı 2 ¹˙1º. If D is associated to .T; Q̌/ and .U;B/ has inertia .�;�;g0; ı/2 I.D/D I.T; Q̌/,
then we say that .T; Q̌; �; �; g0; ı/ are the parameters of the triple .D ;U; B/.

In Section 4.4, we defined actions of the groups D�gr WD .
S
g2G# Dg/ n ¹0º, A WD

Aut.D/ and G# on the set of pairs .U; B/, which appear in Corollary 4.27. We now
translate these actions to the set I.T; Q̌/.

Lemma 4.49. Let .D 0;U0;B 0/ be a triple as in Definition 4.48, let D be a graded-division
superalgebra, and let  0WD ! D 0 be an isomorphism. The inertias of .U0; B 0/ and
..U0/ 0 ;  �10 ı B

0/ coincide.

Proof. Let .�0; �0; g00; ı
0/ be the inertia of .U0; B 0/. By Lemma 4.24,  �10 ı B

0 is . �10 ı
'00 ı  0/-sesquilinear, where '00 is the superinvolution given by �0. Given Xt 2Dt , we
have  0.Xt / 2D 0t and, hence, '00. 0.Xt // D �0.t/ 0.Xt /. It follows that . �10 ı '

0
0 ı

 0/.Xt / D �0.t/Xt , therefore the superinvolution . �10 ı '
0
0 ı  0/ also corresponds to

the map �0WT ! F�.
Since dimD 0 U

0
x D dimD.U

0
x/
 �10 , for all x 2 G#=T , the graded D-module .U0/ 

�1
0

corresponds to �0. Also, it is clear that deg. �10 ı B
0/ D g00.

Finally, using that  �10 ı '0 ı  0 and '0 are involutive, we have that

. �10 ı B/.u; v/ D .�1/
jujjvj. �10 ı '0 ı  0/.. 

�1
0 ı B/.v; u//

D  �10 ..�1/jujjvj '0.B.v; u///D 
�1
0 . xB.u; v//D �10 .ıB.u; v//Dı. �10 ı B/.u; v/;

for all u; v 2U N0 [U N1.

The D�gr-action is defined by d � .U; B/ D .U; dB/. Let .�0; �0; g00; ı
0/ denote the

inertia of .U; dB/.
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• Since dB is .sIntd ı '0/-sesquilinear, �0 corresponds to this composition, yielding
�0.s/ D Q̌.t; s/�.s/ for all s 2T , where t WD deg d .

• As U remains unchanged, �0 D �.
• Clearly, g00 D deg.dB/ D tg0.

• By Theorem 4.32, dB D .�1/jt j�.t/ı.dB/, and hence ı0 D .�1/jt j�.t/ı.
The parameters .�0; �0; g00; ı

0/ depend only on t 2 T . Thus, the D�gr-action on I.T; Q̌/
factors through the quotient T ' D�gr=F

�.
Next, by Lemma 4.49, A acts trivially on I.T; Q̌/. Finally, consider the G#-action. Let

g 2G# and let .�0; �0; g00; ı
0/ be the inertia of g � .U; B/ D .UŒg�; B Œg�/.

• By Lemma 4.23, B Œg� is '0-sesquilinear, so �0 D �.
• By the definition of UŒg�, �0 D g � �, where .g � �/.x/ WD �.g�1x/ for all x 2G#=T .
• We have g00 D degB Œg� D g0g�2.
• From Lemma 4.33, ı0 D .�1/jgjı.

Thus, the group T �G# acts on I.T; Q̌/ via

(4.12)
t � .�; �; g0; ı/ WD . Q̌.t; �/�; �; tg0; .�1/

jt j�.t/ı/;

g � .�; �; g0; ı/ WD .�; g � �; g0g
�2; .�1/jgjı/;

for all t 2 T , g2G#, and .�; �; g0; ı/ 2 I.T; Q̌/. Corollary 4.27 can be restated as follows.

Theorem 4.50. Let .D ;U;B/ and .D 0;U0;B 0/ be as in Definition 4.48, with parameters
.T; Q̌; �; �; g0; ı/ and .T 0; Q̌0; �0; �0; g00; ı

0/. Then E.D ;U; B/ ' E.D 0;U0; B 0/ if and
only if T D T 0, Q̌ D Q̌0, and .�; �; g0; ı/ and .�0; �0; g00; ı

0/ lie in the same orbit under the
T �G#-action on I.T; Q̌/ defined by (4.12).

4.6.4. Simplifying the parametrization of .R; '/. We can simplify Theorem 4.50 by
reducing the complexity of both the parameter set I.T; Q̌/ and the acting group. To this
end, we will repeatedly employ the following straightforward observation.

Lemma 4.51. Let H be a group, let X and Y be H -sets, and let � WX ! Y be an
H -equivariant map. For any y 2 Y , the H -action on X restricts to a StabH .y/-action
on ��1.y/ and, if theH -action on Y is transitive, the inclusion map ��1.y/ ,!X induces
a bijection between StabH .y/-orbits in ��1.y/ and H -orbits in X .

First, consider the case where D is odd. Recall from Remark 4.15 that we may assume
the sesquilinear form B is even by changing B to dB for some homogeneous 0¤ d 2D N1

if necessary. In terms of parameters, this means that we can choose the inertia .�;�;g0; ı/2
I.T; Q̌/ with jg0j D N0. Thus, by Lemma 4.51, it suffices to restrict the action defined
by (4.12) to a TC �G#-action on the subset

I.T; Q̌/ N0 WD ¹.�; �; g0; ı/2 I.T; Q̌/ j jg0j D N0º:

In the case where D is even, we keep

I.T; Q̌/ N0 WD I.T; Q̌/:

We now address the parameter �. Consider the following equivalence relation.
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Definition 4.52. Let �; �0WT ! ¹˙1º be maps satisfying d� D d�0 D Q̌. We say � and �0

are evenly equivalent and write � �N0 �
0 if there exists t 2 TC such that �0 D Q̌.t; �/�.

For a fixed map �, let Y� denote its equivalence class with respect to � N0. Consider
the TC � G#-action on X� WD ¹.�0; �; g0; ı/ 2 I.T; Q̌/ N0 j �0 2 Y�º � I.T; Q̌/ N0. Applying
Lemma 4.51 and recalling that rad Q̌ � TC (Lemma 3.23), we get that the TC �G#-orbits
in X� are in bijection with the rad Q̌ �G#-orbits in

I.T; Q̌/ N0;� WD ¹.�; g0; ı/ j .�; �; g0; ı/2 I.T; Q̌/ N0º:

Note that by choosing a representative � for each equivalence class, we now consider a
collection of rad Q̌ � G#-actions. In the next section (Proposition 5.3 and Lemma 5.20),
we will see that if .D ; '0/ is a superinvolution-simple superalgebra, then we have at most
two equivalence classes.

Finally, we wish to fix ı D 1, which corresponds to choosing B super-Hermitian, as in
Remark 4.34. Note that in every rad Q̌ �G#-orbit in I.T; Q̌/ N0;� , we have a triple .�; g0; ı/
with ı D 1, since the action by .e; N1/2G# D G � Z2 changes the sign of ı.

To apply Lemma 4.51, let � W I.T; Q̌/ N0;� ! ¹˙1º be the projection on the third entry.
The action by rad Q̌ �G# on ¹˙1º is given by

t � ı WD �.t/ı; g � ı WD .�1/jgjı;

for all t 2 rad Q̌, g 2G# and ı 2 ¹˙1º. It is well defined since � is fixed and ��rad Q̌ is a
group homomorphism. Taking y WD C1, we reduce to the action of

(4.13) G� WD ¹.t; g/2 .rad Q̌/ �G#
j �.t/ D .�1/jgjº

on

(4.14) I.T; Q̌/ N0;�;C WD ¹.�; g0/ j .�; g0; 1/2 I.T; Q̌/ N0;�º;

given by

(4.15) t � .�; g0/ WD .�; tg0/; g � .�; g0/ WD .g � �; g0g
�2/:

From Theorem 4.50, we conclude the following.

Corollary 4.53. Let .T; Q̌/ be the pair associated to a graded-division superalgebra D ,
and let ¹�iºi2I be a choice of representatives for each equivalence class of superinvolu-
tions on D (Definition 4.52). Then the map sending .�; g0/ 2 I.T; Q̌/ N0;�;C toE.D ;U;B/,
with parameters .T; Q̌; �; �; g0;C1/ as in Definition 4.48, induces a bijection between the
collection of the orbits of the G�i -actions on I.T; Q̌/ N0;�;C, as defined in (4.13)–(4.15), and
the isomorphism classes of E.D 0;U0; B 0/ with D ' D 0.

4.6.5. Construction of .U; B/. To conclude this section, for a given graded-division
superalgebra with superinvolution .D ; '0/, associated to .T; Q̌; �/, and a given .�; g0/ 2
I.T; Q̌/ N0;�;C, we will show how to construct a pair .U; B/, and hence the graded-super-
involution-simple superalgebra E.D ;U; B/. To this end, as done in Section 4.6.2, we fix
elements 0 ¤ Xt 2 Dt , for every t 2T , and a set-theoretic section �WG=TC ! G of the
natural homomorphism G ! G=TC.
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Definition 4.54. Let g0 2G# and let �WG#=T ! F� be a map with finite support. Recall
from Section 3.2 that we reinterpret � as follows: for even D , as two maps � N0; �N1WG=T
! F�; for odd D , as a map �WG=TC ! F�. We will say that .� N0; � N1/ or � (depending
on the case) is g0-admissible if .�; g0/2 I.T; Q̌/ N0;�;C.

We have three cases to consider: even D and even B , even D and odd B , and odd D

and even B . We will spell out the g0-admissibility conditions for each case below.

Even D and even B. If T D TC and g0 D .h0; N0/, where h0 2G, then .� N0; �N1/ is
g0-admissible if and only if, for all i 2Z2 and x 2G=T :

(i) �i .x/ D �i .h
�1
0 x

�1/,
(ii) if h0x2 D T and �.h0g2/ D �.�1/i for some (and hence any) g 2 x, then �i .x/ is

even.
Given such a pair .� N0; �N1/, define

8i 2Z2; Ui
WD

M
x2supp �i

.D�i .x//Œ�.x/�:

We will define the matrix ˆ2Mk N0jk N1
.D/, with ki WD j�i j, representing the sesquilinear

form B as follows. For x; y 2 supp �i satisfying h0xy D T , set t WD h0�.x/�.y/ 2 T .
If x D y, define ˆ.i; x/ as the �i .x/ � �i .x/-block given by

(i) I�i .x/ ˝Xt if .�1/i�.t/ D 1,

(ii) J�i .x/ ˝Xt , where J�i .x/ WD
� 0 I�i .x/=2
�I�i .x/=2 0

�
, if .�1/i�.t/D �1 (recall that �i .x/

is even in this case by Definition 4.54).
If x ¤ y, define ˆ.i; x/ as the 2�i .x/ � 2�i .x/-block with entries in D :

(iii)
� 0 I�i .x/

.�1/i�.t/I�i .x/ 0

�
˝Xt .

Then we define ˆ as the block matrix:

ˆ WD

0BBBBBBBBB@

ˆ.N0; x1/
: : :

ˆ.N0; x` N0/

0

0

ˆ.N1; x01/
: : :

ˆ.N1; x0
` N1
/

1CCCCCCCCCA
;

where `i is the number of pairs x; y 2 supp �i satisfying h0xy D T .

Even D and odd B. If T D TC and g0 D .h0; N1/, where h0 2 G, then .� N0; � N1/ is
g0-admissible if and only if �N1.x/ D �N0.h

�1
0 x

�1/ for all x 2G=T . In particular, � N1 is
determined by � N0. Given any � N0, we set

U N0 WD
M

x2supp �N0

.D� N0.x//Œ�.x/� and U N1 WD ..UN0/?/Œh
�1
0 �;
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and define BWU �U! D by

8u N0; u
0
N0
2UN0; u N1; u

0
N1
2UN1; B.uN0 C u N1; u

0
N0
C u0N1/ WD uN1.u

0
N0
/C '0.u

0
N1
.u N0//:

For any graded basis B of UN0, B [B? is a graded basis of U, and the matrix represent-
ing B is given by

ˆ D

�
0 Ik

Ik 0

�
2Mkjk.D/; where k WD j� N0j:

Odd D and even B. If T ¤ TC and g0 D .h0; N0/2G#, then �WG=TC ! Z�0 is g0-
admissible if and only if, for all x 2G=TC,
(1) �.x/ D �.h�10 x

�1/,
(2) if h0x2 D TC and �.h0g2/ D �1 for some (hence any) g 2 x, then �.x/ is even.

Given such �, we define
U WD

M
x2supp �

.D�.x//Œ�.x/�

and the matrix ˆ2Mk.D/, with k WD j�j, representing the sesquilinear form B by

ˆ WD

0B@ˆ.N0; x1/ : : :

ˆ.N0; x`/

1CA ;
where the blocksˆ.N0;x/ are as above and ` is the number of pairs x;y 2 supp� satisfying
h0xy D T

C.

5. Gradings on superinvolution-simple associative superalgebras

In Section 4, we established classification theorems for graded-superinvolution-simple
superalgebras. In this section, we specialize these results to obtain a classification of G-
gradings on the finite-dimensional superinvolution-simple superalgebras, under the as-
sumption that F is algebraically closed and char F ¤ 2.

Section 5.1 is dedicated to the superinvolution-simple superalgebras of type M , cul-
minating in Theorem 5.9. For the superalgebras of typesM �M sop andQ �Qsop, treated
in Section 5.2, the classification naturally separates into gradings that make the super-
algebra graded-simple and those that do not. The latter is simpler, and it is handled in
Section 5.2.1: the classification for type M �M sop is given by Theorem 5.10, and for
type Q �Qsop by Theorem 5.11. For the graded-simple case, we begin by analyzing the
graded-division superalgebras in Section 5.2.2, where the key result is Theorem 5.21.
Finally, in Section 5.2.3, we complete the classification with Theorem 5.28 for even grad-
ings, i.e., those for which the graded-division superalgebra D is even (possible only for
typeM �M sop), and Theorem 5.30 for odd gradings, i.e., those for which D is odd (pos-
sible for both M �M sop and Q �Qsop).
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5.1. Simple superalgebras of type M with superinvolution

Let .R; '/ be a finite-dimensional graded superalgebra with superinvolution of type M .
Then .R; '/ ' E.D ;U; B/ for some triple .D ;U; B/ as in Definition 4.48, with D

also of type M . Let '0 be the superinvolution on D such that B is '0-sesquilinear and
let .T; Q̌; �; �; g0; ı/ be the parameters of .D ;U; B/.

5.1.1. .D; '0/ as a matrix superalgebra with superinvolution. Since .D ; '0/ is of
type M , we have important restrictions on .T; Q̌/. The next result can be found in Theo-
rem 4.3 of [47] (assuming that G is finite and char F D 0).

Lemma 5.1. Let D be a finite-dimensional graded-division superalgebra of typeM . If D

admits a degree-preserving superinvolution, then D is even and T D TC is an elementary
2-group. In particular, ˇ D Q̌.

Proof. By Proposition 3.32 and Corollary 4.38, we have that t2 2 rad Q̌ D ¹eº for all t 2T ,
so T is an elementary 2-group. Hence, by Corollary 4.39, T � is empty.

We can write D explicitly as a matrix algebra with involution by revisiting Sec-
tion 3.3.4. Decompose T as A�B , where ˇ.A;A/D ˇ.B;B/D 1, and indentify D with
the corresponding standard realization EndF .N /, where N is a vector space with a fixed
basis ¹ebºb2B . Then the transposition on D D End.N /, seen as a matrix algebra by means
of this basis, is the adjunction with respect the symmetric bilinear form determined by

(5.1) 8b; b0 2B; heb; eb0i WD

´
1 if b D b0;
0 if b ¤ b0:

Lemma 5.2. The transposition in the standard realization D D EndF .N / is given by
XT
ab
D ˇ.a; b/Xab�1 , for all a2A and b 2B .

Proof. Let a2A. For all b0; b00 2B , the following is true since its nonzero only if b D b0:

hXaeb0 ; eb00i D ˇ.a; b
0/heb0 ; eb00i D ˇ.a; b

00/heb0 ; eb00i D heb0 ; Xaeb00i:

Hence, XT
a D Xa. Now consider b 2B . For all b0; b00 2B ,

hXbeb0 ; eb00i D hebb0 ; eb00i D heb0 ; eb�1b00i D heb0 ; Xb�1eb00i;

so XT
b
D Xb�1 . Finally,

XT
abD .XaXb/

T
D Xb�1XaD ˇ.b

�1; a/XaXb�1D ˇ.b; a/
�1Xab�1D ˇ.a; b/Xab�1 :

When T is an elementary 2-group, Lemma 5.2 tells us that the transposition is a
degree-preserving superinvolution, with �.ab/ D ˇ.a; b/ for all a 2 A and b 2 B .

Proposition 5.3. There is a unique equivalence class with respect to � N0 (see Defini-
tion 4.52) of maps �WT ! F� such that d� D Q̌ D ˇ.

Proof. Let �0WT !F� be a map corresponding to another degree-preserving involution '00
on D . Clearly, '00 is the transposition composed with a degree-preserving automorphism
of D , so, by Lemma 3.21, �0 D ��, for some � 2 yT . Since Q̌ D ˇ is nondegenerate, there
is a t 2 T D TC such that � D Q̌.t; �/, and hence �0 � N0 �.
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5.1.2. E.D; U; B/ as a superalgebra with superinvolution. Disregarding the G-
grading, E.D ;U; B/ is a simple (super)algebra equipped with a superinvolution. Our
goal now is to write it as a superalgebra of F -linear operators EndF .U /, and to find a
bilinear form h � ; � i on U whose superadjunction corresponds to '.

We will identify D with EndF .N /, where N D N N0. Since N is a left D-module, we
can define U WD U˝D N . It follows that U is a superspace, with U N0 D UN0 ˝D N and
U N1 D UN1 ˝D N , but it is not G-graded since N is not G-graded.

The following two lemmas are standard, so we omit the proofs.

Lemma 5.4. If ¹u1; : : : ; ukº is a graded D-basis of U and ¹v1; : : : ; v`º is an F -basis
of N , then ¹ui ˝D vj j 1 � i � k and 1 � j � `º is an F -basis of U .

Lemma 5.5. The map  WEndD.U/! EndF .U / D EndF .U˝D N/ given by  .L/ WD
L˝D idN is an isomorphism of superalgebras.

Having established the isomorphism  W EndD.U/! EndF .U /, we can transfer the
superinvolution ' on EndD.U/ to a superinvolution on EndF .U / by taking  ı ' ı  �1.
This sends L˝D idN to '.L/˝D idN . We now wish to transfer the sesquilinear form B

on U to a bilinear form on U . Recall that NB D ıB , where ı 2 ¹˙1º.
First, let us consider the involution '0 on D D EndF .N /. It is well known (and also

follows from Theorem 4.32) that there is a bilinear form h ; iN WN �N ! F such that '0
is the adjunction with respect to h ; iN . Since '0 is an involution, h ; iN is either symmetric
or skew-symmetric. We will write ıN WD 1 in the former case and ıN WD �1 in the latter.

Lemma 5.6. There is an F -bilinear map h ; iU WU � U ! F determined by

hu˝D v; u0 ˝D v0iU WD hv;B.u; u
0/v0iN ;

for all u;u02U and v;v02N . This bilinear map is supersymmetric if ııN D 1 and super-
skew-symmetric if ııN D �1. Moreover, ' ˝ idN is the superadjunction with respect
to h ; iU .

Proof. For every u 2U, let CuWU � N ! F be defined by Cu.u0; v0/ WD B.u; u0/v0.
Clearly, Cu is F -bilinear and D-balanced. Hence, there is a unique F -linear map U˝D

N ! N , which we will also denote by Cu, such that u0 ˝D v0 7! B.u; u0/v0. It is easy to
see that the mapping U! HomF .U˝N;N/ given by u 7! Cu is also F -linear.

Now let u0 ˝D v0 2U˝D N be fixed, and let C 0 D C 0u0˝Dv
0 WU �N ! F be given

by
C 0.u; v/ WD hv; Cu.u

0; v0/iN ;

i.e., C 0.u; v/ D hv;B.u; u0/v0iN . Clearly, C 0 is F -bilinear. It is D-balanced since, for all
u2U N0 [U N1, v 2N and d 2D D D N0,

C 0.ud; v/ D hv; B.ud; u0/v0iN D hv; .�1/
.jBjCjuj/jd j '0.d/B.u; u

0/v0iN

D hv; '0.d/B.u; u
0/v0iN D hdv;B.u; u

0/v0iN :

It follows that there exists a unique F -linear map U˝D N ! F such that u˝D v 7!

C 0.u; v/ D C 0u0˝Dv
0.u; v/. We conclude that the F -bilinear map h ; iU WU � U ! F is

well defined.
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The form h ; iU is supersymmetric or super-skew-symmetric, depending on ııN , since

hu0 ˝D v0; u˝D viU D hv
0; B.u0; u/viN D hv

0; .�1/jujju
0jı '0.B.u; u

0//viN

D .�1/jujju
0jıhB.u; u0/v0; viN D .�1/

jujju0jııN hv; B.u; u
0/v0iN

D .�1/jujju
0jııN hu˝D v; u0 ˝D v0iU ;

for all u; u0 2 UN0 [U N1 and v 2N D N N0.
For the “moreover” part, recall from Lemma 5.5 that every element in EndD.U / is of

the form L˝D idN for some L 2 EndD.U/. Hence,

h.L˝D idN /.u˝D v/; u0 ˝D v0iU D hL.u/˝D v; u0 ˝D v
0
iU D hv;B.L.u/; u

0/v0iN

D hv; .�1/jLjjujB.u; '.L/.u0//v0iN

D .�1/jLjjujhu˝D v; '.L/.u0/˝D v
0
iU

D .�1/jLjjujhu˝D v; .'.L/˝D idN /.u0 ˝D v0/iU ;

for all L2 EndD.U/
N0 [ EndD.U/

N1, u; u0 2UN0 [U N1 and v; v0 2N .

Proposition 5.7. As a superalgebra with superinvolution, E.D ;U; B/, with NB D ıB , is
isomorphic to M �.m; n; p0/, where p0 WD jBj and

(i) if ııN D 1, then m WD dim U N0 ˝D N and n WD dim U N1 ˝D N ,

(ii) if ııN D �1, then m WD dim U N1 ˝D N and n WD dim U N0 ˝D N .

Proof. It is clear that the bilinear form h ; iU WU � U ! F defined in Lemma 5.6 has the
same parity as B , which is p0. If ııN D �1, as noted in Section 2.3, we can replace U
by U Œ N1�, so h ; iU becomes supersymmetric. By Propositions 4.43 and 4.44, we can find
a (Z2-graded) basis of U where the matrix representing ' ˝D idN is the one as in Def-
inition 2.25, so .EndF .U /; ' ˝D idN / ' M �.m; n; p0/. By Lemma 5.5, we have the
desired result.

5.1.3. Parametrization of gradings on M �.m; n; p0/. We are now in a position to
define explicit models for gradings on M �.m; n; p0/. For each pair .T; ˇ/, where T is
a finite 2-elementary subgroup of G and ˇW T � T ! F� is a nondegenerate alternating
bicharacter, we set Q̌ WD ˇ and fix a standard realization D D End.N / of type M (Defi-
nition 3.30) associated to .T; Q̌/.

Let '0WD !D be the transposition on D and let �WT ! F� be the map correspond-
ing to it. Recall that we have a unique equivalence class of � N0 (Proposition 5.3), and
that '0 is the adjunction with respect to the symmetric bilinear form in (5.1), so ıN D 1.
By Remark 4.34, we can always choose ı D 1, so ııN D 1 and we are in item (i) of
Proposition 5.7. Therefore, we are aligned with all the simplifications of parameters done
in Section 4.6.4.

Definition 5.8. Let T � G be a finite 2-elementary subgroup, let ˇW T � T ! F� be
a nondegenerate alternating bicharacter, let g0 D .h0; p0/ 2 G

# and let .�N0; � N1/ be a
g0-admissible pair of maps G=T ! Z�0 (Definition 4.54). Construct the correspond-
ing graded D-module U and nondegenerate sesquilinear form BWU � U ! D as in
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Section 4.6.5. We denote the G-graded superalgebra with superinvolution E.D ;U; B/

by M �.T; ˇ; �N0; � N1; g0/. By choosing a graded basis for U, we get an isomorphism
E.D ;U;B/'Mk N0jk N1

.D/, with ki WD j�i j. Then, via Kronecker product, this becomes the
superalgebra with superinvolutionM �.m; n; p0/, where m WD k N0

p
jT j and n WD k N1

p
jT j

(compare with Definition 3.37), endowed with the superinvolution ' given by

8X 2M.m; n/; '.X/ WD ˆ�1X sTˆ;

where ˆ is the matrix representing B with respect to the chosen basis (interpreted as a
matrix with entries in F rather than D).

Note that, in the case jg0j D N1, the matrix ˆ2M.n; n/ takes a specially simple form,
given in (2.3).

With this parametrization in hand, we can state the classification of gradings on the
simple superalgebras of type M equipped with a superinvolution.

Theorem 5.9. Suppose the superalgebra with superinvolution M �.m; n; p0/ is endowed
with aG-grading. Then it is isomorphic, as a graded superalgebra with superinvolution, to
M �.T;ˇ;� N0;� N1;g0/ as in Definition 5.8, with p0D jg0j. Moreover,M �.T;ˇ;� N0;� N1;g0/'
M �.T 0; ˇ0; �0N0; �

0
N1
; g00/ if and only if T D T 0, ˇ D ˇ0 and there is g 2G such that �0N0 D

g � � N0, �0N1 D g � � N1 and g00 D g
�2g0.

Proof. The first assertion follows from the discussion above. The isomorphism condition
follows from Proposition 3.20 and Corollary 4.53 by noting that, in this case, G�D¹eº �G

(see (4.13)).

5.2. Superinvolution-simple superalgebras of types M � M sop and Q � Qsop

We now consider the case R WD S � S sop equipped with the exchange superinvolution ',
where S is a finite-dimensional simple superalgebra. When endowed with a grading,
.R; '/ becomes graded-superinvolution-simple but not necessarily graded-simple. As in
Section 4, we will address the non-graded-simple case first as it is simpler.

5.2.1. Non-graded-simple case. By Corollary 4.35, since R is not graded-simple, we
have .R;'/' Eex.D ;U/. Given that S � ¹0º and ¹0º � S sop are the only nonzero proper
superideals of R, it follows one of them must be isomorphic to EndD.U/ � ¹0º and the
other to ¹0º � EndDsop.U?/. In particular, D must be simple as a superalgebra and of the
same type as S . The results below are straightforward specializations of Theorems 4.7
and 4.8 to the simple superalgebras of types M and Q (see Section 3.5). Recall that
�?WG#=T ! Z�0 is defined by �?.x/ WD �.x�1/.

Theorem 5.10. Let .R; '/ be a superinvolution-simple superalgebra of type M �M sop

endowed with aG-grading that does not make it graded-simple. As a graded superalgebra
with superinvolution, .R; '/ is isomorphic to S � S sop with exchange superinvolution,
where either S is isomorphic to M.T; ˇ; � N0; � N1/, as in Definition 3.37, or S is isomorphic
to M.T; Q̌; �/, as in Definition 3.40, with these cases being mutually exclusive. Moreover,

M.T; ˇ; � N0; �N1/ �M.T; ˇ; �N0; �N1/
sop
'M.T 0; ˇ0; �0N0; �

0
N1
/ �M.T 0; ˇ0; �0N0; �

0
N1
/sop

if and only if T D T 0 and one of the following conditions holds:
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(i) ˇ0 D ˇ and there is g2G such that either �0N0 D g � � N0 and �0N1 D g � � N1, or �0N0 D g � � N1
and �0N1 D g � � N0,

(ii) ˇ0 D ˇ�1 and there is g 2G such that either �0N0 D g � �
?
N0

and �0N1 D g � �
?
N1
, or �0N0 D

g � �?N1 and �0N1 D g � �
?
N0
,

and
M.T; Q̌; �/ �M.T; Q̌; �/sop

'M.T 0; Q̌0; �0/ �M.T 0; Q̌0; �0/sop

if and only if T D T 0 and one of the following conditions holds:
(iii) Q̌0 D Q̌ and there is g 2G such that �0 D g � �,

(iv) Q̌0 D Q̌�1 and there is g 2G such that �0 D g � �?.

Theorem 5.11. Let .R; '/ be a superinvolution-simple superalgebra of type Q �Qsop

endowed with aG-grading that does not make it graded-simple. As a graded superalgebra
with superinvolution, .R; '/ is isomorphic to S � S sop with exchange superinvolution,
where S is isomorphic to Q.TC; ˇC; h; �/, as in Definition 3.42. Moreover,

Q.TC; ˇC; h; �/ �Q.TC; ˇC; h; �/sop
' Q.TC; ˇC; h; �/ �Q.TC; ˇC; h; �/sop

if and only if TC D T 0C, h D h0 and one of the following conditions holds:
(i) ˇ0C D ˇC and there is g 2G such that �0 D g � �,

(ii) ˇ0C D .ˇC/�1 and there is g 2G such that �0 D g � �?.

5.2.2. Graded-division superalgebras of types M � M sop and Q � Qsop. We start
with examples of division gradings on the superalgebras F � F sop, Q.1/ �Q.1/sop, and
M.1; 1/ �M.1; 1/sop, all endowed with exchange superinvolution.

Example 5.12. The superalgebra with superinvolution F � F sop of Example 2.18 admits
a Z2-grading with deg.1; 1/ D N0 and deg.1;�1/ D N1, which makes it isomorphic to FZ2.
The exchange superinvolution is determined by �.N0/ D 1 and �.N1/ D �1.

Example 5.13. The superalgebra with superinvolution Q.1/ �Q.1/sop of Example 2.19
admits a Z4-grading with deg.1; 1/ D N0, deg.u; Nu/ D N1, deg.1;�1/ D N2, and deg.u;�Nu/
D N3, which makes it isomorphic to FZ4. The exchange superinvolution is determined by
�.N0/ D 1, �.N1/ D 1, �.N2/ D �1, and �.N3/ D �1.

Example 5.14. Let O denote the superalgebra M.1; 1/ �M.1; 1/sop endowed with the
Z2 � Z4-grading determined by
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Then O is an odd graded division superalgebra, and the exchange superinvolution on it
preserves degrees. The corresponding map � takes the value 1 on .N0; N0/, .N1; N0/, .N0; N1/, and
.N1; N3/, and the value �1 on .N0; N2/, .N1; N2/, .N0; N3/, and .N1; N1/.

Remark 5.15. If M.m; n/ �M.m; n/sop admits an odd division grading, then the same
argument as in Remark 3.3 shows that m D n.

Given a graded-division superalgebra D , a general method to refine the grading on
D �D sop into a division grading is developed in Section 4.4 of [30]. The examples above
are special cases where D is, respectively, F 'M.1; 0/, Q.1/ and M.1; 1/, with the last
two graded as in Examples 3.10 and 3.11.

We now fix a graded-division superalgebra with superinvolution .D ; '0/ of type either
M �M sop or Q �Qsop. Our goal is to understand how the type is reflected in the param-
eters .T; Q̌; �/ (see Section 4.6.1).

Lemma 5.16. If .D ; '0/ of type either M �M sop or Q �Qsop, then:
(i) rad Q̌ D hf i, where f is an order 2 element such that �.f / D �1,

(ii) for every t 2TC, we have t2 D e, and for every t 2T �, we have t2 D f .

Proof. For item (i), recall that rad Q̌ is the support of the supercenter of D . By Corol-
lary 3.24, the supercenter of a graded-division superalgebra is the even part of its cen-
ter, and we know the centers of superalgebras of types M �M sop and Q � Qsop by
Lemma 2.27.

For item (ii), let t 2T . By Corollary 4.38, t2 2 rad Q̌ D ¹e; f º. Note that, by Proposi-
tion 4.37, �.t2/ D Q̌.t; t/�.t/2. If t is even, then �.t2/ D �.t/2 D 1, hence t2 D e. If t is
odd, then �.t2/ D ��.t/2 D �1, hence t2 D f .

As we will see in Theorem 5.21, the converse of Lemma 5.16 also holds.

Corollary 5.17. There exist exactly two parity elements tp; t 0p 2 T (Definition 3.25), and
they satisfy �.tp/ D ��.t 0p/.

Proof. It follows from the fact that the set of parity elements is the coset tp.rad Q̌/, so
t 0p D tpf and, hence, �.tpf / D Q̌.tp; f /�.f /�.tp/ D ��.tp/.

Definition 5.18. The unique parity element tp 2 T such that �.tp/ D 1 is called the �-
parity element or the '0-parity element. (Note that tp D e if and only if T D TC.)

We can refine Lemma 5.16 to precisely identify the type of .D ; '0/. The labels (a),
(b) and (c) of the cases below will be used consistently for the rest of the section.

Corollary 5.19. Let tp be the �-parity element. Then:
(a) If .D ; '0/ is even of typeM �M sop, then tp D e and radˇC D radˇ D hf i ' Z2.

(b) If .D ; '0/ is odd of typeM �M sop, then e ¤ tp 2 TC, radˇC D hf; tpi ' Z2 �Z2
and radˇ D hf i ' Z2.

(c) If .D ; '0/ is of type Q �Qsop, then tp 2 T � and radˇC D hf i ' Z2 and radˇ D
htpi ' Z4.

Proof. This follows from Lemmas 2.27 and 5.16 and Corollary 3.28.
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The next result will be used to simplify the parameters in Section 5.2.3. We recall
the equivalence relation � N0 on the maps T ! F� that determine superinvolutions on D

(Definition 4.52).

Lemma 5.20. Let '00 be a superinvolution on D , corresponding to �0W T ! ¹˙1º. If
.D ; '00/ is superinvolution-simple, then the '00-parity element is the same as the '0-parity
element if and only if �0 � N0 �. In particular, we have at most two � N0-equivalence classes.

Proof. If .D ; '00/ is superinvolution-simple, then it must be of type Q � Qsop or of
type M �M sop. Hence, by Lemma 5.16, we have �0.f / D �1. Define �W T ! ¹˙1º
by �.t/ D �.t/�0.t/ for all t 2 T . Since d�0 D Q̌ D d�, we have d� D 1, i.e., � is a
character of T . Also, �.f / D 1. Hence, � induces a character of T=hf i, and since
Q̌ induces a nondegenerate skew-symmetric bicharacter on T=hf i, there exists t0 2 T

such that � D Q̌.t0; �/. We conclude that �0 D Q̌.t0; �/�. If t0 2 TC, then �0 � N0 � and
�0.tp/D Q̌.t0; tp/�.tp/D 1. If t0 62 TC, then �0 6� N0 � and �0.tp/D Q̌.t0; tp/�.tp/D�1.

The next result describes the general structure of the graded-division superalgebras we
are studying. In particular, it establishes the converse of Lemma 5.16 and Corollary 5.19.

Theorem 5.21. Let D be a graded-division superalgebra associated to .T; Q̌/ that is not
simple as a superalgebra. Then there is a superinvolution '0 on D making it superinvolu-
tion-simple if and only if rad Q̌ D hf i for an element e ¤ f 2 TC, TC is an elementary
2-group, and t2 D f for every t 2 T �. For any such '0, let tp 2 T be the '0-parity
element. Then there are superinvolution-simple graded-division superalgebras .C ; 'C /

and .M; 'M/ such that .D ; '0/ ' .C ˝M; 'C ˝ 'M/, where .M; 'M/ is of type M
and .C ; 'C / is as follows:

(a) If tp D e, then .C ;'C /' FZ2, where FZ2 is the even graded-division superalgebra
with superinvolution from Example 5.12, and Z2 is identified with rad Q̌. In this case,
.D ; '0/ is even of type M �M sop.

(b) If e¤ tp 2 TC, then .C ;'C /'O, where O is the odd graded-division superalgebra
with superinvolution from Example 5.14, and the standard generators of Z2 � Z4
are identified with tp and an arbitrary element t1 2 T �. In this case, .D ; '0/ is odd
of type M �M sop.

(c) If tp 2 T �, then .C ; 'C /' FZ4, where FZ4 is the odd graded-division superalge-
bra with superinvolution from Example 5.13, and the standard generator of Z4 is
identified with tp . In this case, .D ; '0/ is of type Q �Qsop.

Proof. The “only if” direction of the first assertion is already established. Let us prove the
“if” direction. Let tp 2 T be a parity element, which exists by Corollary 3.26.

Since TC is an elementary 2-group, it is a vector space over the field with 2 elements.
Fix a basis B for rad ˇC and complete it to a basis B [ B 0 of TC. In the case where
e ¤ tp 2 T

C, for any t1 2 T �, we can choose B 0 such that Q̌.t1; b/ D 1 for all b 2 B 0.
Indeed, since tp 2 radˇC, if Q̌.t1; b/ D �1, we can replace b with tpb.

Let K � TC be the subgroup generated by B 0. Then TC D .radˇC/ �K, and hence
ˇC�K�K is a nondegenerate alternating bicharacter. Let M be a standard realization of
type M (Definition 3.30) associated to .K; ˇC�K�K/ and consider the involution 'M

defined by transposition (Lemma 5.2).
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Now define C � T as follows:
(a) If tp D e, take C WD hf i ' Z2.
(b) If e ¤ tp 2 TC, take C WD htp; t1i ' Z2 � Z4.
(c) If tp 2 T �, take C WD htpi ' Z4.

Let C be a graded-division superalgebra associated to .C; Q̌�C�C /. It is easy to see that,
in each case, C is as in the statement of the theorem and, hence, it has a superinvolution 'C

(see Examples 5.12–5.14).
By construction, we have T D C �K and Q̌.C;K/ D 1, and it is straightforward that

this implies D 'C ˝M. Therefore, the superinvolution 'C ˝'M on C ˝M corresponds
to a superinvolution '0 on D .

For the second assertion, let '0 be a superinvolution on D and tp the '0-parity element.
Define the subgroups K and C as above and let M and C be the corresponding graded
subsuperalgebras of D . Then D ' C ˝M and '0 restricts to each factor. The restriction
to C is as in the statement.

Note that, in cases (a) and (c) in the proof above, we chose K to be an arbitrary
complement of rad ˇC in TC. The next result shows that we can proceed similarly in
case (b), and then choose the element t1 2 T � depending on K.

Lemma 5.22. Let .T; Q̌/ be as in Theorem 5.21 (b), and let K � TC be any subgroup
such that TC D .radˇC/ �K. Then S WD ¹t1 2 T � j Q̌.t1;K/ D 1º is a coset of radˇC.

Proof. Given t1 2 S , it is straightforward that t 01 2 S if and only if t�11 t 01 2 radˇC. Hence,
we only have to show that S ¤ ;. Let � be the character of TC determined by �.K/ D
�.f /D 1 and �.tp/D�1, and extend � to a character of T . Since rad Q̌ D hf i, � induces
a character on T= rad Q̌ and, by the nondegeneracy of the bicharacter induced by Q̌ on
T= rad Q̌, there is t1 2 T such that � D Q̌.t1; �/. Since Q̌.t1; tp/ D �.tp/ D �1, t1 2 T �,
and hence, since Q̌.t1; K/ D �.K/ D 1, t1 2 S .

In Section 3.3.4, we defined standard realizations of types M and Q. We will now
define standard realizations of types M �M sop and Q �Qsop.

Definition 5.23. Let T � G# be a finite subgroup and let Q̌W T � T ! ¹˙1º be a skew-
symmetric bicharacter such that rad Q̌ D hf i for an element e ¤ f 2 TC, TC is an
elementary 2-group, and t2 D f for every t 2 T �. It follows that we have precisely 2
parity elements in T ; let tp 2 T be one of them, taking tp WD e in the case T D TC. Then
choose:

(i) a subgroup K � TC such that .radˇC/ �K D TC,
(ii) a standard realization M (Definition 3.30) of type M associated to .K; Q̌�K�K/,
(iii) if e ¤ tp 2 T

C, an element t1 2 T � such that ˇ.t1; K/ D 1 (which exists by
Lemma 5.22).

Let 'M denote the transposition on M, and let .C ; 'C / be as in Theorem 5.21. We say
that .C ˝M; 'C ˝ 'M/ is a standard realization of a superinvolution-simple graded-
division superalgebra (of typeM �M sop orQ �Qsop) associated to .T; Q̌; tp/. Note that,
as a superalgebra, C ˝M is isomorphic to:
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(a) M`.F/ �M`.F/
sop, where ` D

p
jT j=2, if tp D e,

(b) M.`; `/ �M.`; `/sop, where ` D
p
jT j=8, if e ¤ tp 2 TC,

(c) Q.`/ �Q.`/sop, where ` D
p
jT j=4, if tp 2 T �.

Remark 5.24. The map �WT ! ¹˙1º corresponding to 'C ˝ 'M is characterized by the
following conditions: d� D Q̌, ��K is the map associated to the transposition on M, and
one of the following holds:

(a) if tp D e, then �.f / D �1,
(b) if e ¤ tp 2 TC, then �.tp/ D 1 and �.t1/ D 1,
(c) if tp 2 T �, then �.tp/ D 1.

In particular, in all cases �.f / D �1 and the chosen tp is the �-parity element of T . Also,
a different choice t 01 in item (iii) of Definition 5.23 leads to �0 D � if t 01 2 ¹t1; f tpt1º, and
to �0 D Q̌.tp; �/� if t 01 2 ¹f t1; tpt1º; in both cases, �0 �TCD � �TC .

In Section 3.3.4, we presented distinct standard realizations for typesM andQ, where
the standard realizations for Q were defined exclusively in terms of the group G. We can
do the same for type Q �Qsop.

Let .D ; '0/ be of type Q �Qsop. There exists an invertible homogeneous element
w 2 Z.D/ N1 of degree tp such that '0.w/ D w. Then D D D N0 ˚ wD N0. Scaling w if
necessary, we may assumew2 D �, where � WD .1;�N1/ 2Z.D/N0. Note that .D N0; '0�D N0/

is an even graded-division superalgebra of typeM �M sop. Let h2G denote the projection
of tp to G (i.e., tp D .h; N1/). Then h2 D f and .TC; ˇC; e/ are the parameters of D N0.

Conversely, given .D N0; '0/ even of type M �M sop associated to .TC; ˇC; e/ and an
element h 2G such that h2 D f , let w be a new symbol of G-degree h that commutes
with every element of D N0 and satisfies w2 D � 2 D N0. Define D N1 WD wD N0, and extend
'0 by setting '0.w/ D w. One can check that the resulting superalgebra with superin-
volution is a graded-division superalgebra of type Q �Qsop. The parameters of .D ; '0/

are .T; Q̌; tp/, where tp WD .h; N1/, T WD TC [ tpT
C, and Q̌W T � T ! F� is given by

Q̌.st ip; t t
j
p / D .�1/

ijˇC.s; t/ for all s; t 2TC and i; j 2Z.
As an alternative to Definition 5.23 in the case (c), we will use the following.

Definition 5.25. Let TC be an elementary 2-group, ˇC be an alternating bicharacter with
rad ˇC D hf i for e ¤ f 2 TC, and an element h 2 G such that h2 D f . Let D N0 be
a standard realization of type M �M sop associated to .TC; ˇC; e/. Then D N0 ˚ wD N0

with '0 as above will be called a standard realizations of type Q �Qsop associated to
.TC; ˇC; h/. Note that D ' Q.`/ �Q.`/ where ` D

p
jTCj=2.

5.2.3. Graded-simple superalgebras of types M � M sop and Q � Qsop. Let .D ;U;B/

be a triple as in Definition 4.48, with parameters .T; Q̌; �; �; g0; ı/. We now consider
the case where .R; '/ WD E.D ;U; B/ is a superalgebra with superinvolution of type
M �M sop or Q �Qsop. Since .R; '/ is superinvolution-simple but not simple, Propo-
sitions 3.17 and 4.20 imply that .D ; '0/ is also superinvolution-simple but not simple.
By Lemma 3.6, Z.R/ is isomorphic to Z.D/, and by Lemma 2.27, different types have
nonisomorphic centers, hence .R;'/ has the same type as .D ; '0/. It follows that the type
of .R; '/ can be recognized from .T; Q̌/ via Corollary 5.19.
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We will define explicit models for E.D ; U; B/, where D is (a) even of type
M �M sop, (b) odd of type M �M sop, or (c) of type Q � Qsop, and proceed to clas-
sify them up to isomorphism. To this end, we will specialize simplified parametrization
defined in Section 4.6.4 to these cases. We start by noting that, by Lemma 5.20, in the
even case we have a unique equivalence class of � N0, and in the odd cases the equivalence
classes of � N0 are in bijection with the set of parity elements Tp � T . Moreover, since we
have rad Q̌ D hf i, where f 2TC is such that �.f / D �1, note that the group G� defined
in equation (4.13) is

G� D
�
¹eº � .G � ¹N0º/

�
[
�
¹f º � .G � ¹N1º/

�
� rad Q̌ �G#;

which does not depend on �.
In what follows, for each triple .T; Q̌; tp/, we fix a standard realization .D ; '0/ as in

Definition 5.23, and for each triple .TC; ˇC; h/, we fix a standard realization .D ; '0/ as
in Definition 5.25. In particular, this fixes the map �W T ! F� corresponding to '0. The
results below are a consequence of Theorems 4.14 and 4.32 and Corollary 4.53.

We start with the case of even gradings, which exist only for type M �M sop.

Definition 5.26. Let T and Q̌ be as in Definition 5.23 with TC D T (so ˇ D Q̌ and
tp D e), let g0 2 G# be any element, and let .� N0; �N1/ be a g0-admissible pair of maps
G=T ! Z�0 (see Definition 4.54). Construct the corresponding pair .U; B/ as in Sec-
tion 4.6.5. The graded superalgebra with superinvolution M ex.T; ˇ; � N0; �N1; g0/ is defined
to be E.D ;U; B/. By choosing graded bases for U N0 and UN1, this becomes the graded
superalgebra Mk N0jk N1

.D/, with k N0 WD j� N0j and k N1 WD j� N1j, endowed with the superinvolu-
tion ' given by

8X 2Mk N0jk N1
.D/; '.X/ WD ˆ�1'0.X

sT/ˆ;

where ˆ is the matrix representing B with respect to the chosen bases. Note that, as a
superalgebra with superinvolution,

M ex.T; ˇ; � N0; �N1; g0/ 'M.m; n/ �M.m; n/
sop;

where m WD kN0
p
jT j=2 and n WD kN1

p
jT j=2.

Remark 5.27. If m ¤ n, then g0 2 G# is necessarily even (see Section 4.6.5).

Theorem 5.28. Suppose the superalgebra with superinvolution M.m; n/ �M.m; n/sop

is endowed with an even G-grading making it graded-simple. Then it is isomorphic to
a graded superalgebra with superinvolution M ex.T; ˇ; � N0; �N1; g0/ as in Definition 5.26.
Moreover, M ex.T; ˇ; � N0; � N1; g0/ 'M

ex.T 0; ˇ0; �0
N0
; �0
N1
; g00/ if and only if T D T 0, ˇ D ˇ0

and there is g 2G such that one of the following conditions holds:
(i) �0N0 D g � � N0, �0N1 D g � � N1 and g00 D g

�2g0,

(ii) �0N0 D g � � N1, �0N1 D g � � N0 and g00 D fg
�2g0.

We will now consider odd gradings.

Definition 5.29. Let T , Q̌, and tp be as in Definition 5.23 with TC ¤ T , let g0 2 G be
an arbitrary element, and let �WG=TC ! Z�0 be a g0-admissible map (Definition 4.54).
Construct the corresponding pair .U; B/ as in Section 4.6.5. The graded superalgebra
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with superinvolution E.D ;U; B/ is denoted by M ex.T; Q̌; tp; �; g0/ if tp 2 TC, and by
Qex.T; Q̌; tp; �; g0/ if tp 2 T �. By choosing an even graded basis for U, E.D ;U; B/

becomes Mk.D/, where k WD j�j, endowed with the superinvolution ' given by

8X 2Mk.D/; '.X/ WD ˆ�1'0.X
T
/ˆ;

where ˆ is the matrix representing B with respect to the chosen basis. Note that, as a
superalgebra with superinvolution, M ex.T; Q̌; tp; �; g0/ ' M.n; n/ �M.n; n/

sop, where
n WD k

p
jT j=8, and Qex.T; Q̌; tp; �; g0/ ' Q.n/ �Q.n/

sop, where n WD k
p
jT j=4.

Theorem 5.30. LetM.n;n/�M.n;n/sop (respectively,Q.n/�Q.n/sop), as a superalge-
bra with superinvolution, be endowed with an oddG-grading that makes it graded-simple.
Then it is isomorphic to a graded superalgebra with superinvolution M ex.T; Q̌; tp; �; g0/

(respectively, Qex.T; Q̌; tp; �; g0/) as in Definition 5.29. Moreover, the graded superal-
gebras with superinvolution M ex.T; Q̌; tp; �; g0/ and M ex.T 0; Q̌0; t 0p; �

0; g00/ (respectively,
Qex.T; Q̌; tp; �; g0/ and Qex.T 0; Q̌0; t 0p; �

0; g00/) are isomorphic if and only if T D T 0,
Q̌ D Q̌0, tp D t 0p and there exists g 2G such that �0 D g � � and g00 D g

�2g0.

For superalgebras of typeQ �Qsop, we can use the standard realization defined solely
in terms of G � G# (Definition 5.25). We could also classify the odd gradings on super-
algebras of type M �M sop solely in terms of G, but we exclude it from this work for
conciseness; the interested reader can find it in Corollary 4.76 of [30].

Definition 5.31. Given TC, ˇC and h as in Definition 5.25, consider the correspond-
ing T , Q̌ and tp . We define Qex.TC; ˇC; h; �; g0/ to be the graded superalgebra with
superinvolution Qex.T; Q̌; tp; �; g0/ as in Definition 5.29.

Note that Qex.TC; ˇC; h; �; g0/ D M ex.TC; ˇC; �; g0/ ˚ wM
ex.TC; ˇC; �; g0/,

where w2 D .1;�N1/ 2 M ex.TC; ˇC; �; g0/, '.w/ D w (see Lemma 4.17), and the G#-
degree of w is tp D .h; N1/.

By Theorem 5.30, we have the following corollary.

Corollary 5.32. LetQ.n/�Q.n/sop, as a superalgebra with superinvolution, be endowed
with a G-grading that makes it graded-simple. Then it is isomorphic to a graded superal-
gebra with superinvolution Qex.TC; ˇC; h; �; g0/ as in Definition 5.31. Also, the graded
superalgebras with superinvolution Qex.TC; ˇC; h; �; g0/ and Qex.T 0C; ˇ0C; h0; �0; g00/

are isomorphic if and only if TC D T 0C, ˇC D ˇ0C, h D h0, and there is g 2G such that
�0 D g � � and g00 D g

�2g0.

6. Gradings on classical Lie superalgebras

We finally turn to Lie superalgebras over an algebraically closed field F of characteristic
zero. In Section 6.1, we show how the classification of G-gradings on finite-dimensional
superinvolution-simple associative superalgebras carries over to non-exceptional classi-
cal Lie superalgebras, excluding type A.1; 1/. In the following subsections, we adapt the
classification from the superinvolution-simple associative superalgebras to each family of
non-exceptional classical Lie superalgebras.
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6.1. Automorphism groups and transfer of gradings

6.1.1. Gradings and actions. We will now briefly review the well-known correspon-
dence between gradings by an Abelian group G and actions by the group of (multiplica-
tive) characters yG WD Hom.G;F�/. A more detailed treatment can be found in Section 1.4
of [18]; see, in particular, Proposition 1.28 and Theorem 1.38. A more general setting in
which algebras may have any number of multilinear operations is discussed in Section 1.2
of [30].

LetA be a finite-dimensional algebra. EveryG-grading �WAD
L
g2GAg corresponds

to a yG-action on A defined by

8�2 yG; g 2 G; a2Ag ; � � a WD �.g/a:

It is straightforward that the elements of yG act by automorphisms of A.
If G is finitely generated, then yG is an algebraic group, and the yG-action above is an

algebraic group action. If F is algebraically closed with char F D 0, this correspondence
yields a bijection between G-gradings on A and algebraic yG-actions by automorphisms
of A. Moreover, two gradings on A are isomorphic if and only if their corresponding alge-
braic representations yG! Aut.A/ are conjugate by an element of Aut.A/. Consequently,
if A and B are finite-dimensional algebras (possibly with different sets of multilinear
operations) and there is an algebraic group isomorphism Aut.A/! Aut.B/, then this iso-
morphism induces a bijection between the sets of G-gradings on A and B , which yields a
bijection between the isomorphism classes of such gradings.

We will use this correspondence to transfer our classification of gradings from superin-
volution-simple associative superalgebras to non-exceptional classical Lie superalgebras
different from A.1; 1/.

6.1.2. Automorphisms of (superinvolution-)simple associative superalgebras. We
start by listing the automorphism groups of the associative superalgebras M.m; n/ and
Q.n/, which are well known and can be computed from Theorem 3.9.

Every automorphism of M.m; n/ is a conjugation by an invertible homogeneous ele-
ment. We define E.m; n/ as the normal subgroup consisting of the conjugations by even
elements, i.e., elements of the form

(6.1)
�
x 0

0 y

�
; with x 2 GLm and y 2 GLn :

Thus, we have
E.m; n/ ' .GLm �GLn/=F�;

where F� is identified with scalar matrices. Odd invertible elements in M.m; n/ exist if
and only if m D n; they are of the products of

… WD

�
0 In
In 0

�
with even invertible elements. The conjugation by … is the so-called parity transpose and
will be denoted by � . Therefore,

Aut.M.m; n// D

´
E.m; n/ if m ¤ n;
E.n; n/ Ì h�i if m D n:
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The automorphism group of Q.n/ is generated by the conjugations by invertible even
elements of Q.n/, which are matrices of the form . x 00 x / with x 2 GLn, and the parity
automorphism �WQ.n/! Q.n/. Thus, we have

Aut.Q.n// D Aut.Mn.F// � h�i ' PGLn �C2 :

Now consider R D S � S sop, where S is either M.m; n/ or Q.n/, and let 'WR! R

be the exchange superinvolution. The automorphisms of .R; '/ can be computed using
Lemma 4.5 and are either of the form

(6.2) 8x; y 2S;  � .x; Ny/ WD .�.x/; �.y//;

where � WS ! S is an automorphism, or of the form

(6.3) 8x; y 2S;  � .x; Ny/ WD .�.y/; �.x//;

where � W S ! S is a super-anti-automorphism. It is straightforward to verify that equa-
tions (6.2) and (6.3) define an isomorphism Aut.S/! Aut.R; '/, where Aut.S/ is the
group of automorphisms and super-anti-automorphisms of S . Note that unless S D F ,
Aut.S/ is a subgroup of index 2 in Aut.S/; the extension is split for typeM and non-split
for type Q (Corollary 2.24). More precisely,

(6.4) Aut.S/ '

8̂<̂
:

E.m; n/ Ì C2 if S DM.m; n/, with m ¤ n;
.E.n; n/ Ì C2/ Ì C2 if S DM.n; n/;
PGLn �C4 if S D Q.n/:

Finally, let us consider the case .R; '/ D M �.m; n; p0/. The automorphism groups
can be derived from Theorem 4.25. We have that Aut.M �.m; n; p0// � E.m; n/, i.e., it
consists of conjugations by matrices as in (6.1). For M �.m; n; N0/, we have that x 2 Om
and y 2 Spn, thus

Aut.M �.m; n; N0// '
Om � Spn
¹˙ImCnº

�

For M.n; n; N1/, we have that x 2 GLn can be any element, but then y D .xT/�1, thus

Aut.M �.n; n; N1// '
GLn
¹˙Inº

�

6.1.3. Automorphisms of classical Lie superalgebras and types of gradings. The outer
automorphism groups of the finite-dimensional simple Lie superalgebras were computed
in [45]. We will compare them with those presented in Section 6.1.2 to use the transfer
strategy presented in Section 6.1.1. Note that the algebraic groups of automorphisms for
these Lie superalgebras appear in [28], whose description aligns more closely with ours.

Let L be a finite-dimensional simple Lie superalgebra in one of the series B , C , D
or P . By definition (see Section 2.5.3), L D Skew.R; '/.1/=Z.Skew.R; '/.1//, where
.R; '/ D M �.m; n; p0/ for some m; n 2 Z�0 and p0 2 Z2. Every automorphism  W

.R; '/ ! .R; '/ restricts to an automorphism of Skew.R; '/, which in turn induces
an automorphism on Skew.R; '/.1/=Z.Skew.R; '/.1//. This yields an algebraic group
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homomorphism Aut.R; '/! Aut.L/. Comparing the automorphism group of .R; '/ to
the one of L (see Theorem 1 in [45] and Theorem 4.1 in [28]), we see that the map
Aut.R; '/! Aut.L/ above is an isomorphism.

Now we consider the case that L is a finite-dimensional simple Lie superalgebra in
either series A or Q. Then L D S .1/=Z.S .1//, where S is a finite-dimensional associa-
tive superalgebra of type M or Q. Analogous to the previous case, every automorphism
 WS ! S restricts to an automorphism of S .1/, which in turn induces an automorphism
of S .1/=Z.S .1//. This yields an algebraic group homomorphism Aut.S/!Aut.L/. How-
ever, comparing the automorphism group of S with the automorphism group of L, we see
that in this case the homomorphism Aut.S/! Aut.L/ is injective but not surjective.

To recover all automorphisms ofL, we can use another model. ConsiderR WDS �S sop

and denote the exchange superinvolution by '. The map S .�/ ! Skew.R; '/ sending s
to .s; �Ns/ is an isomorphism of Lie superalgebras that induces an isomorphism L !

Skew.R;'/.1/=Z.Skew.R;'/.1//. Now, every automorphism W .R;'/! .R;'/ induces
an automorphism on Skew.R;'/.1/=Z.Skew.R;'/.1//, and if L 6' A.1; 1/, this yields an
isomorphism of algebraic groups Aut.R; '/! Aut.L/.

Corollary 6.1. Let .R; '/ be a finite-dimensional simple associative superalgebra with
superinvolution over an algebraically closed field of characteristic zero, and supposeL WD
Skew.R;'/.1/=Z.Skew.R;'/.1// is simple of type different fromA.1;1/. TheG-gradings
on .R; '/ and on L are in bijection via the map that restricts a grading on .R; '/ to
Skew.R; '/.1/ and then passes to the quotient modulo the center. This map also induces
a bijection between the isomorphism classes of G-gradings.

Hence, the classifications ofG-gradings are the same for .R;'/ and L, and the former
are classified in Section 5. For completeness, we will slightly adapt this classification to
the Lie case and present it in the following subsections. It is convenient to divide the
gradings into two types for Lie superalgebras in series A and Q.

Proposition 6.2. Let S be an associative superalgebra of typeM orQ, and set .R; '/D
S � S sop. A grading on S .1/=Z.S .1// ' Skew.R; '/.1/=Z.Skew.R; '/.1// is induced
from a grading on S if and only if it is induced from a grading on .R; '/ such that R is
not graded-simple.

Proof. If R is not graded-simple, then by Proposition 2.20, the superideals S � ¹0º and
¹0º � S sop are both graded, so the projection R! S is a homomorphism of graded super-
algebras. The restriction of this projection to Skew.R;'/ is the inverse of the isomorphism
S .�/ ! Skew.R; '/, s 7! .s;�Ns/. The result follows.

Definition 6.3. Let S be an associative superalgebra of type M or Q, and set .R; '/ D
S � S sop. A grading on L WD S .1/=Z.S .1// is said to be of type I if it is induced by a
grading on S , and of type II if it is induced by a grading on .R; '/ such that R is graded-
simple.

It follows that for a simple Lie superalgebra in series A or Q except A.1; 1/, every
grading is either of type I or type II. In this work, type II gradings will only be described
using the model derived from R D S � S sop. They can also be described in terms of the



C. De Naday Hornhardt and M. Kochetov 1884

defining model L D S .1/=Z.S .1//, but this approach is more involved. The interested
reader may consult Section 5.3 of [30] for details. For type A.1; 1/, see [1].

6.2. Orthosymplectic Lie superalgebras (Series B, C and D)

The gradings on osp.mjn/ correspond to the gradings on the superalgebra with superin-
volution M �.m; n; N0/. By Theorem 5.9, if we endow M �.m; n; N0/ with a grading, then it
becomes isomorphic to .R;'/ WDM �.T;ˇ; � N0; � N1; g0/ as in Definition 5.8, with jg0j D N0.
We define osp.T; ˇ; � N0; � N1; g0/ to be the graded Lie superalgebra Skew.R; '/. The fol-
lowing result is a direct consequence of Theorem 5.9.

Theorem 6.4. Let L be an orthosymplectic simple Lie superalgebra endowed with any
G-grading. Then L is isomorphic to some graded superalgebra osp.T; ˇ; �N0; � N1; g0/.
Moreover, osp.T; ˇ; � N0; �N1; g0/ ' osp.T 0; ˇ0; �0N0; �

0
N1
; g00/ if and only if T D T 0, ˇ D ˇ0

and there is an element g 2G such that �0N0 D g � � N0, �0N1 D g � � N1 and g00 D g
�2g0.

It should be noted that, if we restrict ourselves only to the series B , i.e., the superalge-
bras osp.m; n/ for which m is odd, since T is an elementary 2-group and m D k0

p
jT j,

we must have that T is trivial. Also, in this case, g0 is a square, so we can make g0 D e.
Gradings for series B were classified in [13].

6.3. Periplectic Lie superalgebras (series P)

Gradings on the Lie superalgebras in the series P were classified in [31] using a dif-
ferent method, but we can also obtain them in a manner similar to what we did for
series B , C , and D. Gradings on P.n � 1/ correspond to the gradings on M �.n; n; N1/.
By Theorem 5.9, if we endow M �.n; n; N1/ with a grading, then it becomes isomorphic to
.R;'/ WDM �.T;ˇ;�N0; � N1;g0/ as in Definition 5.8, with g0D .h0; N1/, h0 2G. Recall from
Section 4.6.5 that, in this case, � N1 is determined by � N0, so we denote by P.T; ˇ; � N0; h0/
the graded Lie superalgebra Skew.R; '/.1/.

The following result follows from Theorem 5.9.

Theorem 6.5. Let L be the simple Lie superalgebra P.n/, n � 2, endowed with any G-
grading. Then L is isomorphic to some graded superalgebra P.T; ˇ; �N0; h0/. Moreover,
P.T;ˇ; � N0; h0/' P.T

0; ˇ0; �0N0; h
0
0/ if and only if T D T 0, ˇ D ˇ0 and there is an element

g 2G such that �0N0 D g � � N0 and h00 D g
�2h0.

6.4. Queer Lie superalgebras (Series Q)

Gradings on the Lie superalgebra L of typeQ.n/ were classified in [5] by reduction to its
even part, which is the Lie algebra of type An. Using the theory developed in this work,
the classification of gradings on L is the same as on the associative superalgebra with
superinvolution Q.nC 1/ �Q.nC 1/sop.

By Theorem 3.43, type I gradings on L are induced from the associative superalgebra
Q.nC 1/, whose gradings are of the form �Q.T

C; ˇC; h; �/ (see Definition 3.42). We
denote L equipped with this grading by Q.I/.TC; ˇC; h; �/. Note that the classification
of these graded superalgebras follows from Theorem 5.11, not from Theorem 3.43. By
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Corollary 5.32, type II gradings on L come from graded superalgebras with superinvolu-
tion Qex.TC; ˇC; h; �; g0/ (see Definition 5.31). We denote L with the induced grading
by Q.II/.TC; ˇC; h; �; g0/.

Theorem 6.6. Let n� 2. The simple Lie superalgebraQ.n/ endowed with anyG-grading
is isomorphic to eitherQ.I/.TC; ˇC; h; �/ orQ.II/.TC; ˇC; h; �; g0/, and these cases are
mutually exclusive. Furthermore:

(Type I).Q.I/.TC;ˇC; h; �/'Q.I/.T 0C;ˇ0C; h0; �0/ if and only if T 0C D TC, h0 D h,
and there exists g 2G such that one of the following holds:

(i) ˇ0C D ˇC and �0 D g � �,

(ii) ˇ0C D .ˇC/�1 and �0 D g � �?.

(Type II). Q.II/.TC; ˇC; h; �; g0/ ' Q
.II/.T 0C; ˇ0C; h0; �0; g00/ if and only if T 0C D

TC, ˇ0C D ˇC, h0 D h, and there exists g 2G such that �0 D g � � and g00 D g
�2g0.

6.5. Special linear Lie superalgebras (series A)

We break the classification of gradings on A.m;n/ into two cases,m ¤ n andm D n. We
first deal with the case m ¤ n, since it has fewer possibilities and simpler isomorphism
conditions, so let L D sl.mC 1 jnC 1/.

Every grading on L, whether of type I or type II, must be even (see Remarks 3.3
and 5.15). Hence, by Theorem 3.38, type I gradings on L are induced by gradings of
the form �M .T; ˇ; � N0; �N1/ on the associative superalgebra M.mC 1; nC 1/ (see Defini-
tion 3.37). We denote L with this grading by A.I/.T;ˇ; �N0; � N1/. Note that the classification
of these graded algebras follows from Theorem 5.10, not from Theorem 3.38. By The-
orem 5.28, type II gradings on L come from graded superalgebras with superinvolution
M ex.T; ˇ; �N0; � N1; g0/ (see Definition 5.26), with g0 2 G D G � ¹N0º � G# since m ¤ n
(see Remark 5.27). We denote L with the induced grading by A.II/.T; ˇ; � N0; � N1; g0/. The
classification follows from these results and Remark 3.39.

Theorem 6.7. Let m > n � 0. The simple Lie superalgebra sl.mC 1 j nC 1/ with any
G-grading is isomorphic to either A.I/.T; ˇ; � N0; � N1/ or A.II/.T; ˇ; � N0; � N1; g0/, and these
cases are mutually exclusive. Furthermore:

(Type I). A.I/.T;ˇ; � N0; � N1/' A
.I/.T 0; ˇ0; �0N0; �

0
N1
/ if and only if T 0 D T and there exists

g 2G such that one of the following holds:
(i) ˇ0 D ˇ, �0N0 D g � � N0 and �0N1 D g � � N1,

(ii) ˇ0 D ˇ�1, �0N0 D g � �
?
N0

and �0N1 D g � �
?
N1
.

(Type II).A.II/.T;ˇ;� N0;� N1;g0/'A
.II/.T 0;ˇ0;�0N0;�

0
N1
;g00/ if and only if T 0DT , ˇ0Dˇ,

and there exists g 2G such that �0N0 D g � � N0, �0N1 D g � � N1, and g00 D g
�2g0.

6.6. Projective special linear Lie superalgebras (series A)

Finally, consider L WD psl.nC1 jnC1/, the simple Lie superalgebra of type A.n;n/. The
gradings on L can be divided into five subtypes, each of which corresponds, in view of the
bijection between gradings and actions (Section 6.1.1), to one of the five subgroups of the
Klein group Aut.L/=E.nC1; nC1/ ' C2 � C2 (see (6.4)) according to the image of yG.
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Even type I. The even type I gradings on L are similar to the type I gradings on A.m; n/
withm¤ n. By Theorem 3.38, they are induced by gradings of the form �M .T; ˇ; �N0; �N1/

on the associative superalgebra M.nC 1; nC 1/ (see Definition 3.37). Since these grad-
ings come from an associative superalgebra of type M , we denote L endowed with such
grading by A.I/M .T; ˇ; � N0; �N1/.

Odd type I. The odd type I gradings on L are similar to the type I gradings on Q.n/. By
Theorem 3.41, they are induced by gradings of the form �M .T; Q̌; �/ on the associative
superalgebra M.n C 1; n C 1/ (see Definition 3.40). We denote L endowed with such
grading by A.I/Q .T; Q̌; �/.

Recall that type II gradings on L are induced from gradings on the superalgebra
with superinvolution M.n C 1; n C 1/ �M.n C 1; n C 1/sop, making it isomorphic to
E.D ;U; B/ (see Theorem 4.14 and Definition 4.16). Hence, the type II gradings can be
divided into three cases as in the construction in Section 4.6.5.

Even type II with even B. The case of even D and even B is similar to orthosym-
plectic superalgebras. By Theorem 5.28, these gradings on L come from graded superal-
gebras with superinvolution M ex.T; ˇ; � N0; � N1; g0/ (see Definition 5.26), with g0 2 G D
G � ¹N0º � G#. We denote L with the induced grading by A.II/osp.T; ˇ; � N0; �N1; g0/.

Even type II with odd B. The case of even D and odd B is similar to periplectic super-
algebras. By Theorem 5.28, these gradings on L come from graded superalgebras with
superinvolutionM ex.T;ˇ;� N0; � N1;g0/ (see Definition 5.26), with g0D .h0; N1/ 2G#. Recall
from Section 4.6.5 that, in this case, �N1 is determined by � N0, so we denote L with the
induced grading by A.II/P .T; ˇ; � N0; h0/.

Odd type II. The case of odd D and even B is similar to type II gradings on queer Lie
superalgebras. By Theorem 5.30, these gradings on L come from graded superalgebras
with superinvolution M ex.T; Q̌; tp; �; g0/ (see Definition 5.29). We denote L with the
induced grading by A.II/Q .T; Q̌; tp; �; g0/.

The classification for type I follows from Theorem 5.10 (not from Theorems 3.38
and 3.41), and for type II from Theorems 5.28 and 5.30.

Theorem 6.8. Let n > 1. The simple Lie superalgebra psl.nC 1 j nC 1/ with any G-
grading is isomorphic to one of A.I/M .T; ˇ; �N0; � N1/, A

.I/
Q .T;

Q̌; �/, A.II/osp.T; ˇ; �N0; � N1; g0/,
A.II/P .T; ˇ; � N0; h0/, or A.II/Q .T; Q̌; tp; �; g0/, and these cases are mutually exclusive. Fur-
thermore:

(Type IM). A.I/M .T; ˇ; � N0; � N1/ ' A
.I/
M .T

0; ˇ0; �0N0; �
0
N1
/ if and only if T D T 0 and there

exists g 2G such that one of the following holds:
(i) ˇ0 D ˇ and either

• �0N0 D g � � N0 and �0N1 D g � � N1, or

• �0N0 D g � � N1 and �0N1 D g � � N0;
(ii) ˇ0 D ˇ�1 and either

• �0N0 D g � �
?
N0

and �0N1 D g � �
?
N1
, or

• �0N0 D g � �
?
N1

and �0N1 D g � �
?
N0
.
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(Type IQ). A.I/Q .T; Q̌; �/' A
.I/
Q .T

0; Q̌0; �0/ if and only if T 0 D T and there exists g2G
such that one of the following holds:

(i) Q̌0 D Q̌ and �0 D g � �,

(ii) Q̌0 D Q̌�1 and �0 D g � �?.

(Type IIosp). A.II/osp.T; ˇ; � N0; � N1; g0/ ' A
.II/
osp.T

0; ˇ0; �0
N0
; �0
N1
; g00/ if and only if T D T 0,

ˇ D ˇ0, and there is g 2G such that either:
(i) �0N0 D g � � N0, �0N1 D g � � N1 and g00 D g

�2g0, or

(ii) �0N0 D g � � N1, �0N1 D g � � N0 and g00 D fg
�2g0.

(Type IIP). A.II/P .T; ˇ; � N0; h0/ ' A
.II/
P .T 0; ˇ0; �0

N0
; h00/ if and only if T D T 0, ˇ D ˇ0,

and there is g 2G such that either:
(i) �0N0 D g � � N0 and h00 D g

�2h0, or

(ii) �0N0 D gh
�1
0 � �

?
N0

and h00 D fg
�2h0.

(Type IIQ).A.II/Q .T; Q̌; tp; �;g0/'A
.II/
Q .T 0; Q̌0; t 0p; �

0;g00/ if and only if T D T 0, Q̌ D Q̌0,
tp D t

0
p and there exists g 2G such that �0 D g � � and g00 D g

�2g0.
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