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Short note A generalization of the harmonic series

Bikash Chakraborty and J. Marshall Ash

Abstract. In this note, we establish a general theorem concerning the divergence of
series. As an immediate application, this theorem demonstrates divergence for a well-
known class of slowly diverging series.

It is well known that the harmonic series

n=1

diverges. For the popular proofs of the divergence of harmonic series, see [2]. Replacing n
by a sequence of positive numbers a,, which is satisfying the property 0 < (a,+1 —an) <1,
one can easily conclude that
o0
>
dpn

n=1

. _ —k . 1 1
diverges as a1 —ai = ) ,—;(@ny1 —an) <k, ie., o >

In this note, we present a test which establishes divergence for each member of a well-
known class of divergent series. One member of that class is the harmonic series itself.

Theorem 1. Let (a,) and (t,) be two sequences of positive numbers satisfying
0 < (an+1—an) < ty.

If limy, o0 a, = 00, then
o0
In

An

= 00.

n=1
Proof. Since 0 < a,4+1 < t, + a, and the function % is convex and decreasing on (0, 00),
we have

antl dx 1
Inay4+1 —Ina, = / — < — -1, (for a visual proof, see Figure 1),
an X Aan
k k ‘
ie., Inagy; —Ina; = Z(lnan_,_l —1Ina,) < =,
n=1 n=1 dn
which gives Y77 2 = oo. "


https://creativecommons.org/licenses/by/4.0/

B. Chakraborty and J. Marshall Ash 114

<
Il
"=

dap ap+1 tn +an

Figure 1. fa’“'l d7x < E tn

Example 1. Fora > —1,

Considera, =nandt, = n**t'. Then0 < a,4y1 —a, =1 <n*tl =y,
Example 2. For0 < p <1,

o0

> =

n=1 nb

Consider a, =n? and 1, = 1. Since 0 < .25 < 1, thus pln 7 <Oand (1— p)lnnJrl 0.
Hence, a, < ap4+1 and ay+1 < a, + 1

Example 3. For p <1,

A
Z n(lnn)? -

n=3
Consider a, = Inn and t,, = W Then 0 < ap4+1 —an < % < W (Note that
(p—1DlIn(lnn) <0asn > 3.)
Example 4. For p < 1,
o
; n? lnn -
Considera, =Innandf, = ;5. Then0 <ap41 —an < Lo L n,, (Note that (1 — p)Inn >0

asn >12)
Define I 57 := In(in* =Y ») fork = 1,2,3,... and In! n := n, where n € N.

Example 5 ([1, Corollary 1]). Let k € N. Choose m € N such that I  m > 0 but
Int*] (m —1) < 0. Then

(o]

1 J—
Z 2 &, = 0.
n=

_mnlnmnln n...ln
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Consider .

_ 1nlk] _
an = In"on - andfy = ninM @y k1,

Then, by the Mean Value Theorem,
1

cnMemPe . n

py1 —ap = = for some ¢ € (n,n + 1).

Thus
1

nlnMpmPy . k-,

0<a,,+1—a,, <

For k = 2, the choice of m is 3.

Example 6. In the above example, if we replace n by a strictly increasing sequence of
positive numbers A, which is tending to infinity, then we have the following.
Let k € N. Choose m € N such that In®! 4,, > 0 but In'*1 4,,_; < 0. Then

oo

1
Z Ay Il 4, 10 4, . 10l 4,

n=m

= Q.
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