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Short note A generalization of the harmonic series

Bikash Chakraborty and J. Marshall Ash

Abstract. In this note, we establish a general theorem concerning the divergence of
series. As an immediate application, this theorem demonstrates divergence for a well-
known class of slowly diverging series.

It is well known that the harmonic series
1X
nD1

1

n

diverges. For the popular proofs of the divergence of harmonic series, see [2]. Replacing n
by a sequence of positive numbers an which is satisfying the property 0< .anC1 � an/� 1,
one can easily conclude that

1X
nD1

1

an

diverges as akC1 � a1 D
Pk
nD1.anC1 � an/ � k, i.e., 1

akC1
�

1
kCa1

.
In this note, we present a test which establishes divergence for each member of a well-

known class of divergent series. One member of that class is the harmonic series itself.

Theorem 1. Let .an/ and .tn/ be two sequences of positive numbers satisfying

0 < .anC1 � an/ � tn:

If limn!1 an D1, then
1X
nD1

tn

an
D1:

Proof. Since 0 < anC1 � tn C an and the function 1
x

is convex and decreasing on .0;1/,
we have

ln anC1 � ln an D
Z anC1

an

dx

x
<

1

an
� tn (for a visual proof, see Figure 1);

i.e., ln akC1 � ln a1 D
kX
nD1

.ln anC1 � ln an/ <
kX
nD1

tn

an
;

which gives
P1
nD1

tn
an
D1.
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an anC1 tn C an

y D 1
x

Figure 1.
R anC1
an

dx
x < 1

an
� tn

Example 1. For ˛ � �1,
1X
nD1

n˛ D1:

Consider an D n and tn D n˛C1. Then 0 < anC1 � an D 1 � n˛C1 D tn.

Example 2. For 0 < p � 1,
1X
nD1

1

np
D1:

Consider anD np and tnD 1. Since 0< n
nC1

<1, thus p ln n
nC1

<0 and .1�p/ ln n
nC1
� 0.

Hence, an < anC1 and anC1 � an C 1.

Example 3. For p � 1,
1X
nD3

1

n.lnn/p
D1:

Consider an D ln n and tn D 1
n.lnn/p�1 . Then 0 < anC1 � an < 1

n
�

1
n.lnn/p�1 . (Note that

.p � 1/ ln.lnn/ � 0 as n � 3.)

Example 4. For p � 1,
1X
nD2

1

np lnn
D1:

Consider anD lnn and tnD 1
np

. Then 0< anC1 � an < 1
n
�

1
np

. (Note that .1�p/ lnn� 0
as n � 2.)

Define lnŒk� n WD ln.lnŒk�1� n/ for k D 1; 2; 3; : : : and lnŒ0� n WD n, where n 2 N.

Example 5 ([1, Corollary 1]). Let k 2 N. Choose m 2 N such that lnŒk� m > 0 but
lnŒk�.m � 1/ < 0. Then

1X
nDm

1

n lnŒ1� n lnŒ2� n : : : lnŒk� n
D1:
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Consider
an D lnŒk� n and tn D

1

n lnŒ1� n lnŒ2� n : : : lnŒk�1� n
:

Then, by the Mean Value Theorem,

anC1 � an D
1

c lnŒ1� c lnŒ2� c : : : lnŒk�1� c
for some c 2 .n; nC 1/:

Thus
0 < anC1 � an <

1

n lnŒ1� n lnŒ2� n : : : lnŒk�1� n
:

For k D 2, the choice of m is 3.

Example 6. In the above example, if we replace n by a strictly increasing sequence of
positive numbers An which is tending to infinity, then we have the following.

Let k 2 N. Choose m 2 N such that lnŒk�Am > 0 but lnŒk�Am�1 < 0. Then

1X
nDm

1

An lnŒ1�An lnŒ2�An : : : lnŒk�An
D1:
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