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Short note  An elementary proof of the symmetry
of power sum polynomials

Helmut Langer

Abstract. It is well known that the power sums 1Rl g ok=1 o pk T gre poly-
nomials py (n) of degree k in n. We provide an elementary proof of the fact that
the polynomial pg(x) is symmetric with respect to the line x = —1/2 or the point
(—1/2,0), depending on whether k is even or odd, respectively.

The power sums 1571+ 2%k=1 ... 4 nk=1 are polynomials of degree k in n. These power
sum polynomials were investigated by many mathematicians such as Johannes Faulhaber,
Jakob Bernoulli and Leonard Euler. The coefficients of these polynomials are strongly
related to Bernoulli numbers that appear, e.g., in the Taylor expansion of tangent and cotan-
gent or when computing values of the zeta function. In [6], we presented a simple recursion
for these polynomials. In the present note, we present an elementary proof of the symmetry
of power sum polynomials. For other papers on these polynomials, cf., e.g., [1-4, 6-8].

In [9], some problem concerning factors of power sum polynomials was posed. In [5],
the present author presented a partial solution to this problem. In the present note, we
elaborate some parts of this proof.

In the following, let N denote the set of all positive integers and Ny the set of all
non-negative integers and let k € N and n € Nj. Put

n
pr(n) = Zik_l.
i=1

In the sequel, we use the following observation: if p, ¢ are polynomials and p(n) = g(n)
for all n € Ny, then the polynomial p — g has infinitely many zeros and hence p —¢q = 0,
ie., p(x) = q(x) forall x € R.

The aim of the present note is to present an elementary proof (avoiding Bernoulli
numbers) of the following known symmetry result (cf., e.g., [8]).

Theorem 1. For k > 1, the power sum polynomial of degree k is symmetric with respect
to the line x = —1/2 or the point (—1/2,0) depending on whether k is even or odd,
respectively.

It should be remarked that another elementary proof of this result can be found in [3],
whereas in [8], Bernoulli numbers are used in order to obtain Theorem 1. But also this
proof can be modified in such a way that Bernoulli numbers are avoided.
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The first eight power sum polynomials are as follows:

pi1(n) =n,

p2(n) = n(n +1)/2,

p3(m) =n(m+1)(2n + 1)/6,

pa(n) = n*(n + 1)%/4,

ps(n) = n(n + 1)(2n + 1)(3n? + 3n — 1)/30,

pe(n) = n2(n + 1)2(2}12 +2n—-1)/12,

pr(n) =n(n + )2n + 1)(Bn* + 60> —3n + 1)/42,
ps(n) = n?(n + 1)2(Bn* + 6n° —n? —4n +2)/24.

We start with an easy lemma.
Lemma 2 (cf. [3,4,8]). We have

k—1

k
pe = (0 0= 1=, 5 Yo )

i=1
Proof. Using a telescopic sum and the Binomial Theorem and interchanging sum signs,
we obtain

n n k—1 k n

e o= == ()= 5 )

ji=1 j=1i=0 i=1 ji=1

k k k—1 k
=, 5 ) =, £, )it + ke, .
i=1 i=1

Corollary 3. The function py(n) is a polynomial of degree k in n with leading coefficient
1/ k. This follows from Lemma 2 by induction on k.

For the proof of the above mentioned theorem, we need a further lemma.

Lemma 4. We have
k

k :
—(=m) = Z(i N 1)(—1)'—117,-(:1).

i=1

Proof. Using again a telescopic sum and the Binomial Theorem and interchanging sum
signs, we obtain

n n k k _
B (G ) oy g g Zz(i , 1)(—1‘)'—1
j=1 j=1li=1
k

k k n ' k .
>, L)X =2 (5 e e
i=1 =1 i=1
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Now we can prove our main result.

Proof of Theorem 1. Since, according to the proof of Lemma 2 and according to Lemma 4,

k

k
x+Df—1= Z(i N 1)mx),
i=1
0ok
et =30, 5 e
i=1
hold for all x € Ny, these equalities hold for all x € R. Substituting x in the first formula
by —1/2 — x and in the second formula by —1/2 + x yields

k

k
a/2-0f 1= ( Jnc1/2-m,

i=1
k . k i—1
—a2=0t =35, 5 Jen ez e
i=1

for all x € R. By adding, we obtain

k

k .
=35 Jeez-n s o pe240)
i=1
and hence
k

k .
0= Z(,- _ 1)(171‘(—1/2 —x)+ (=)' pi(=1/2+x))

i=2

for all x € R. Since all binomial coefficients are different from 0, we conclude by induction
on k that
Pe(=1/2=x) + (=D* " pe(=1/2 4 x) = 0,
ie.,
Pe(=1/2=x) = (=D pr(=1/2+ x)

for k > 1 and all x € R, completing the proof of the theorem. ]

This symmetry is reflected by the following result.
Theorem 5 ([4]). We have

(1)  pi1 has exactly one rational zero, namely 0. It has multiplicity 1.
(i1) p2 has exactly two rational zeros, namely —1 and 0. They have both multiplicity 1.

(iii) For k > 2, k odd, py has exactly three rational zeros, namely —1, —1/2 and 0.
All of them have multiplicity 1.

(iv) For k > 2, k even, py has exactly two rational zeros, namely —1 and 0. They have
both multiplicity 2.
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