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Short note  Separation of even and odd terms for
solving quartic equations

Raghavendra G. Kulkarni

1 Introduction

The quartic equation was first solved by the Italian mathematician Ferrari in 1545. There-
after, several methods of solving quartic equations have appeared in the literature like
Descartes’ method, Tschirnhaus’ method, Euler’s method, and so on; see [1-0].

In this note, a different method of solving quartic equation is presented, in which the
variable of the quartic equation is split into a sum of two unknown numbers. The terms
containing the odd powers of one unknown are collected and equated to zero, leaving
behind the equation, which now contains only the even powers of the unknown. Elimina-
tion of this unknown from the two equations results in an even powered sextic equation,
which is known as the resolvent cubic equation; solving it leads to determination of the
two unknowns, and thereafter the solution to the given quartic equation is obtained. We
solve one numerical example using the proposed method.

2 The proposed method

Since a general quartic equation u* + Au3 4+ Bu? + Cu + D = 0 can be reduced to
a depressed one (in which the third power term is absent), by means of a simple lin-
ear transformation u = x — (A/4), we consider the following depressed quartic equation,
without loosing any generality:

x*+ax’+bx+c=0, (1)

where a, b, and ¢ are the coefficients in (1) and bc # 0. Splitting the variable x in (1) as
the sum of two unknown numbers d and f', as shown below,

x=d+f )
and using it in (1) yields

d* +4d3 f + (6f%* +a)d* + (Af3 +2af +b)d + f*+af>+bf +c=0. (3)
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We now form an expression by collecting the odd power terms of d in (3), and equating it
to zero:
4d3 f 4+ (Af3 + 2af + b)d = 0. 4)

Consequently, (3) becomes an equation containing only the even power terms of d,
d*+ (6> +a)d*+ f*+af*>+bf +c=0,

which is a quadratic equation in d2, solving which we obtain

1
d? = J[-(6f*+a) £ V(6,2 + ) = 4(f* +af?> + bf +0)]. )
Observe that, from (4), an expression for d? is obtained as

d*> = —(4f3 +2af +b)/4f. (6)

Equating (5) and (6) and simplifying the resulting expression yields an even powered sextic
equation in f,

FO+(a/2) f* +[(a*—4c)/16] > — (b*/64) = 0, 7

which is a cubic equation in f2, and it is known as the resolvent cubic equation. Solving
(7) yields three values of f 2 and thereafter six values of f are determined. Using (6), we
determine d? for each value of £, so two values of d are obtained for each value of f.
We note that, using any one value of 2 (and the corresponding two values of f), we
obtain all the four solutions of (1) from relation (2). For example, let the three solutions of
the resolvent cubic equation (7) be f2, /%, and f;*. Consider f}?; taking its square root,
we obtain two solutions, say f1; and fi,. Using f1; in (6), we determine d?; let us call
it dlzl. Taking square root of d 121 yields two solutions d11; and dj12. Now, using (2), we
determine two solutions of the given quartic equation (1),

x1=din+ fuu and x =diz + fir.

Similarly, using f12 in (6), we determine d2, and let us term it as d?2,. Taking square root
of d122 yields two solutions d1,; and dj3,. Now, using (2), we determine the remaining
two solutions of the given quartic equation (1),

x3 =di21 + fi2 and x4 = di2 + fi2.

Notice that one solution (either f2, f;*, or f§) of the resolvent cubic equation is enough
to determine all the four solutions of the given quartic equation (1). A numerical example
is solved below illustrating the proposed method.

3 Numerical example

Consider the quartic equation x* — 73x2 — 252x — 180 = 0. The resolvent cubic equation
in f2 is obtained from (7) as ¢ —36.5f% + 378.0625f2 — 992.25 = 0. Solving it yields
three values of f2:20.25, 12.25, and 4. Choosing f2 = 4, we obtain two values of f: £2,
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and corresponding to f = 2, the parameter d? is determined from (6) as 64, and so two
values of d are obtained as 8 and —8. Hence the two solutions of x* — 73x2 — 252x —

180 = 0 are determined from (2) as x; = 10 and x, = —6.

To determine the remaining two solutions, we choose f = —2, and using this value
in (6), we get d> = 1 andsod = £1. Usingd = £1 and f = —2 in (2), the remaining
two solutions are obtained as x3 = —1 and x4 = —3.

Conclusion

In conclusion, this note has presented a new and simple method of solving quartic equa-
tions, in which the variable in the quartic equation is split as a sum of two unknown
numbers. The even powered terms and the odd powered terms in one of the unknowns
are separated, which results in a resolvent cubic equation, and thereafter leads to the solu-
tions of the quartic equation. The method proposed here enables teachers of pre-university
education with a material on classroom projects of solving quartic equations by several
methods.

Acknowledgements. The author thanks the anonymous reviewers for their valuable sug-
gestions.

Funding. This work is supported by PES University.

References

[1] J. Bewersdorff, Galois theory for beginners: A historical perspective. Student Math. Library 35, American
Mathematical Society, Providence, RI, 2006 Zbl 1114.12002 MR 2251389

[2] G. Birkhoff and S. Mac Lane, A survey of modern algebra. Third edn., The Macmillan Company, New York;
Collier Macmillan Ltd., London, 1965 MR 177992

[31 W. S. Burnside and A. W. Panton, The theory of equations: With an introduction to the theory of binary
algebraic forms. Dover Publications, Inc., New York, 1960 Zbl 0093.01802 MR 115987

[4] W. Dunham, Euler and the fundamental theorem of algebra. Coll. Math. J. 22 (1991), no. 4, 282-293.
Zbl 1547.97077

[5] L. Halbeisen and N. Hungerbiihler, Solving the quartic by conics. Open Math. 23 (2025), no. 1, article no.
20250132, 11 MR 4895806

[6] L. Matthiessen, Grundziige der antiken und modernen Algebra der litteralen Gleichungen. B. G. Teubner,
Leipzig, 1878 Zbl 10.0047.01

Raghavendra G. Kulkarni

Department of Electronics and Communication Engineering
PES University

100 Feet Ring Road, BSK III Stage

Bengaluru 560085, India

raghavendrakulkarni @pes.edu, dr_rgkulkarni @yahoo.com


https://doi.org/10.1090/stml/035
https://zbmath.org/?q=an:1114.12002
https://mathscinet.ams.org/mathscinet-getitem?mr=2251389
https://mathscinet.ams.org/mathscinet-getitem?mr=177992
https://doi.org/10.1137/1003055
https://doi.org/10.1137/1003055
https://zbmath.org/?q=an:0093.01802
https://mathscinet.ams.org/mathscinet-getitem?mr=115987
https://doi.org/10.1080/07468342.1991.11973397
https://zbmath.org/?q=an:1547.97077
https://doi.org/10.1515/math-2025-0132
https://mathscinet.ams.org/mathscinet-getitem?mr=4895806
https://doi.org/10.3931/e-rara-78944
https://zbmath.org/?q=an:10.0047.01
mailto:raghavendrakulkarni@pes.edu
mailto:dr\protect _rgkulkarni@yahoo.com

	1 Introduction
	2 The proposed method
	3 Numerical example
	Conclusion
	References

