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Variation of height in an isogeny class over a function field

Richard Griffon, Samuel Le Fourn, and Fabien Pazuki

Abstract. We give optimal estimates on the variation of the differential and modular heights within
an isogeny class of abelian varieties defined over the function field of a curve (in any characteristic).
We also prove a parallelogram inequality for abelian varieties in this context, and deduce corollaries
of these results.

Introduction

Let k be a field and let C be a smooth projective geometrically irreducible curve over k,
with function fieldK WDk.C /. For any abelian varietyA defined overK, we let hdiff.A=K/

denote the differential height of A (see Definition 1.2). In the context of abelian varieties
over K, this measure of height plays the analogous role as that of the Faltings height
in the setting of abelian varieties over number fields. The general theme of this paper is
to understand how the differential heights of two abelian varieties over K linked by an
isogeny are related.

The following result of [15] treats the case of abelian varieties of dimension 1 overK,
and also describes relation between the modular heights of isogenous elliptic curves. We
let h W K ! R denote the (logarithmic) Weil height on K, i.e., h.f / is the degree of
f 2 K D k.C / viewed as a morphism f W C ! P1.

Theorem ([15]). Let � W E! E 0 be an isogeny between two non-isotrivial elliptic curves
E, E 0 defined over K. If K has positive characteristic, assume moreover that E and E 0

are semi-stable. We write y� for the dual isogeny, and degins.�/ denotes the inseparability
degree of an isogeny (to be interpreted as 1 if K has characteristic 0). Then

(i) The differential heights of E and E 0 satisfy

hdiff.E
0=K/ D

degins.�/

degins.y�/
hdiff.E=K/: (Hd )

(ii) The heights of the j -invariants of E and E 0 satisfy

h
�
j.E 0/

�
D

degins.�/

degins.y�/
h
�
j.E/

�
: (Hm)
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These statements are Proposition 5.8 and Theorem A in [15], respectively. We men-
tion that the variation of the Weil height of the j -invariant in an isogeny class over number
fields has been studied in [30]. The first (and main) goal of this paper is to obtain relations
similar to (Hd ) and (Hm) for isogenies between higher-dimensional abelian varieties. If
the characteristic of K is 0 or if we restrict to isogenies of degree coprime to the charac-
teristic, (Hd ) generalizes rather directly (see the first assertion of Theorem A below). IfK
has positive characteristic p, however, the higher-dimensional statement and its proof are
more involved: in that case, indeed, the Frobenius isogeny is not necessarily ‘indecompos-
able’, thus the inseparability degrees of an isogeny and its dual are, in general, too crude
to capture the variation of the height.

In order to state our first result, we thus introduce the following two notions. For any
given nonnegative integers e; f , we say that an isogeny � between abelian varieties over
a field of positive characteristic p is a FV-isogeny of type .e; f / if � factorizes, in an
arbitrary order, as a composition of e many Frobenius isogenies, f many Verschiebung
isogenies, and any number of separable isogenies whose dual is also separable. (Every
isogeny between non-isotrivial elliptic curves is an FV-isogeny by [15, Proposition 4.7].)

Secondly, define the Frobenius height ıp.�/ of an isogeny � as the Frobenius height
of the kernel of the purely inseparable part �ins of � (see Definition 3.7), i.e., if G denotes
the kernel of �ins, ıp.�/ is the smallest integer d � 0 such that the d -th iterated Frobenius
morphism G ! G.p/ ! � � � ! G.p

d / is trivial on G. In particular, the Frobenius height
of a FV-isogeny of type .e; f / between ordinary abelian varieties satisfies ıp.�/ D e

and pıp.�/ D deg.�ins/ (see Lemma 3.13). For a general isogeny � W A ! B , we have
pıp.�/ j deg.�ins/ and deg.�ins/ j p

dim.A/ ıp.�/.
With these definitions at hand, we can now state the first main theorem.

Theorem A. Let � W A! B be an isogeny between two abelian varieties defined overK.

(1) If K has characteristic 0, or if the characteristic of K does not divide deg�, then

hdiff.A=K/ D hdiff.B=K/: (1)

(2) If K has positive characteristic p, if A is semi-stable over K, and if � is a FV-
isogeny of type .e; f /, then

hdiff.B=K/ D p
e�f hdiff.A=K/: (2)

(3) If K has positive characteristic p, if A is ordinary and semi-stable over K, then

p�ıp.
y�/ hdiff.A=K/ � hdiff.B=K/ � p

ıp.�/ hdiff.A=K/; (3)

where ıp.�/ denotes the Frobenius height of an isogeny (see Section 3.3).

Equality (1) is Theorem 2.14: it is an analogue of a result of Raynaud in [32], who
treats the number field case. Equality (2), which is Corollary 4.11, offers a direct exten-
sion in higher dimension of (Hd ) but only in a special case. The most interesting and
delicate part of the paper is inequality (3), see Theorem 5.1. We observe that both inequal-
ities in (3) of Theorem A are optimal in general: consider a separable isogeny whose
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dual is separable, and the examples of the Frobenius isogeny and its dual. In the second
item (2), the semi-stability assumption is necessary: see Example 4.5 for an instance of
FV-isogeny of type .1;0/which preserves the height. In general, one cannot relax the ordi-
narity assumption in (3): we refer to Sections 6.1 and 6.2 for a more detailed discussion.

When compared to the theorem of [15], the statement of Theorem A hints at the
appearance of new phenomena for the variation of the height through isogenies between
abelian varieties of dimension > 1 in positive characteristic p. We illustrate some of these
new behaviors with three examples of isogenies between abelian surfaces. These suggest
that there cannot exist a general relation as precise as equality (Hd ) for isogenies between
arbitrary higher-dimensional abelian varieties.

Firstly, let E be a non-isotrivial semi-stable elliptic curve defined over K and write
FrE=K W E ! E.p/ for the Frobenius isogeny of E. Set A WD E �E and B WD E �E.p/.
Proposition 4.10 below shows that hdiff.E

.p/=K/D p hdiff.E=K/. Moreover, additivity of
the differential height (see Proposition 1.4) yields

hdiff.A=K/ D 2 hdiff.E=K/ and hdiff.B=K/ D .p C 1/ hdiff.E=K/:

The Frobenius isogeny FrA=K W A! A.p/ of A, which coincides with FrE=K � FrE=K ,
factors through the isogeny � D idE � FrE=K W A! B as follows:

A B A.p/:
�DidE�FrE=K

FrA=K

We notice that, even though the isogeny � has degree p, the ratio hdiff.A=K/=hdiff.B=K/,
which equals .p C 1/=2, is not a power of p: this is in contrast with identity (Hd ) in
dimension 1. We thus need to deal with how isogenies which are factors of a Frobe-
nius isogeny ‘interpolate’ between the additive (in products) and multiplicative (through
Frobenius) behaviors of the differential height. (See Example 4.12 for more details.)

Secondly, pick a non-isotrivial elliptic curveE overK and two finite subgroup schemes
H1;H2 of E with trivial intersection, and let E 0 WD E=.H1 CH2/ be the quotient elliptic
curve. From this data, Kani constructs in [20] an isogeny � W E �E 0 ! E=H1 �E=H2
of degree deg.�/D .jH1j C jH2j/2. It is possible to chooseH1;H2 so that they both have
order coprime to p, and jH1j C jH2j is a power of p. With these restrictions, one deduces
from (Hd ) that hdiff.E �E

0/ D hdiff.E=H1 �E=H2/. One also checks that the isogeny �
is of degree a power of p and that � is minimal (in the sense that it does not factor through
any non-trivial endomorphism of E � E=H ). In this example, degins.�/=degins.y�/ is a
non-trivial power of p, even though the heights of E �E 0 and E=H1 �E=H2 are equal.
This exhibits a situation where a minimal isogeny of degree a power of p preserves the
differential height which is, again, in contrast with equality (Hd ). (See Section 6.3 for a
longer discussion.)

Thirdly, Moret-Bailly [25] manufactured an example of two non-ordinary abelian
surfaces A; B defined over K D Fp.t/, linked by an isogeny � W A ! B of degree p.



R. Griffon, S. Le Fourn, and F. Pazuki 4

Given the construction of �, one shows (see Section 6.1) that the Frobenius isogeny
FrA=K W A! A.p/ factors through �:

A B A.p/:
�

FrA=K

 

The three abelian varieties in this sequence have respective heights hdiff.A=K/ D p � 1,
hdiff.B=K/ D 0, and hdiff.A

.p/=K/ D p.p � 1/. This sequence of heights is surprising
in several respects, and obliterates the hope to directly extend (Hd ) to dimension 2: the
height decreases by p � 1 through � W A! B (even though � is purely inseparable of
degree p), the height increases by p.p � 1/ through the isogeny  W B ! A.p/ (which
has degree p too). Finally, B has height 0 even if it is isogenous to abelian surfaces with
positive height. We construct other, more general, examples of the same ilk in Section 6.2.

We also observe that Theorem A throws light on some slight discrepancies in the
analogy between the arithmetic theories of abelian varieties over number fields and that
over function fields (even in the simpler setting of characteristic 0). Compare, indeed, our
equality (1) with the analogous result in the number field realm. There, an inequality due
to Faltings (see [10, Lemma 5]) states that if � W A! B is an isogeny between abelian
varieties over a number field L, then jhFal.A=L/ � hFal.B=L/j � log

p
deg�, and there

are examples (in [41] for instance) where this inequality is essentially best possible.
As alluded to above, the proof of (1) – and that of (2) in the case of a FV-isogeny

of type .0; 0/ – is rather straightforward. Let us outline our argument for the other two
assertions in Theorem A which run in parallel and are much more delicate. We assume
that K has positive characteristic p. By a classical dévissage we are reduced, thanks to
part (1) of Theorem A, to considering isogenies � W A! B of degree a power of p. We
begin by considering an isogeny � whose kernel G is contained in the kernel AŒFrA=K � of
the Frobenius of A (i.e., G has Frobenius height � 1). Let A (resp. B) denote the Néron
model ofA (resp.B) over C and let G denote the Zariski closure ofG in A. Let B 0 denote
the fppf quotient A=G . Proposition 4.3 gives

hdiff.A=K/ D deg�.B 0=C /C .p � 1/ deg Lie.G=C /;

where �.B 0=C / is the Hodge bundle of B 0. Thanks to the semi-stability of A, we can
prove (Proposition 4.4) that B 0 and B have isomorphic neutral components. In particular,
we have deg�.B 0=C / D deg�.B=C / D hdiff.B=K/, and this leads (Proposition 4.8) to

hdiff.B=K/ D hdiff.A=K/ � .p � 1/ deg Lie.G=C /; (4)

which is key in proving Theorem A. In the special case where �D FrA=K , Proposition 3.16
asserts that deg Lie.G=C / D �hdiff.A=K/. We deduce that hdiff.B=K/ D p hdiff.A=K/,
and statement (2) in Theorem A then follows rather quickly. The proof of (3) requires three
more steps. If G D ker � is contained in AŒFrA=K �, a positivity result on Hodge bundles
of ordinary abelian varieties gives us sufficient control on the term deg Lie.G=C / in (4),
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and we prove (Proposition 5.3) that

hdiff.A=K/ � hdiff.B=K/ � p hdiff.A=K/;

which is inequality (3) for an isogeny � such that ker � has Frobenius height � 1. Sec-
ondly, we proceed by induction on the Frobenius height of ker � to obtain (3) for an
isogeny with connected kernel. Thirdly, a duality argument allows to prove (3) if ker� is
étale from the ‘connected kernel’ case. There remains to invoke the decomposition of an
isogeny in separable and purely inseparable parts to obtain (3) in general.

A few of the technical steps summarized above gave rise to questions, examples and
counterexamples, some of which we also discuss in the course of the text when relevant.
In various places, we revisit and rewrite some of the proofs in the literature (for instance
Proposition 4.1) in an effort to improve readability and to ensure that this paper is more
self-contained.

We also generalize (Hm) to higher-dimensional abelian varieties. In dimension g > 1,
the modular height as defined in Definition 1.6 is a natural generalization of the Weil
height of the elliptic j -invariant. By virtue of Moret-Bailly’s Formule Clé (see Theo-
rem 1.8), we can transfer the control given in Theorem A on the variation of the differential
height through an isogeny, into a relation between modular heights. This is the object of
the following statement.

Corollary A.1. Let � W A ! B be an isogeny between semi-stable abelian varieties
defined over K. Let � (resp. � 0) be a polarization on A (resp. on B) of degree deg �
(resp. deg � 0), and � (resp. �0) be a level-n structure on A (resp. on B). If K has positive
characteristic p, assume that A and B are ordinary. Then

p�ıp.
y�/ hmod.A; �; �/

deg �
�

hmod.B; �
0; �0/

deg � 0
� pıp.�/

hmod.A; �; �/

deg �
;

where ıp.�/ denotes the Frobenius height of an isogeny (to be interpreted as 0 if K has
characteristic 0).

The second principal result of this paper is a perfect analogue, in the function field
setting, to the parallelogram inequality of Rémond for abelian varieties over a number
field (see [34]). In Section 7, we indeed prove the following theorem.

Theorem B. Let K be the function field of a curve as above. Let A be an abelian variety
over K. If K has positive characteristic, assume that A is semi-stable. For any finite
subgroup schemes G;H of A, we have

hdiff
��
A=.G CH/

�
=K
�
C hdiff

��
A=.G \H/

�
=K
�

� hdiff
�
.A=G/=K

�
C hdiff

�
.A=H/=K

�
: (5)

Moreover, if at least one of the orders of G or H is coprime to the characteristic of K
(e.g., if the characteristic of K is 0), then (5) is an equality.

The fact that such an inequality holds for abelian varieties overK is a priori not obvi-
ous: in view of Theorem A, the differential height of the quotient ofA by a finite subgroup
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scheme G may be radically different from hdiff.A=K/, and, in the absence of constraints
on A or G, we may not know exactly how hdiff..A=G/=K/ compares to hdiff.A=K/. In
that respect, it is remarkable that Theorem B holds without an ordinarity condition on A,
or without any assumption on the subgroup schemes. Our parallelogram inequality (for
the differential height of abelian varieties over function fields) looks exactly the same as
Rémond’s (which concerns the Faltings height of abelian varieties over number fields),
and our inequality does not involve the Frobenius heights of G;H . This is surprising too
because Theorem A above shows that the differential height varies differently through an
isogeny compared to the Faltings height.

Our proof of Theorem B is different from Rémond’s proof in [34]: the latter is ‘local’
in nature, while ours follows a ‘global’ approach. We define and study parallelogram con-
figurations, and we first prove three special cases of Theorem B: namely, when G or H
is étale with étale dual, when G or H is connected, and when G or H is étale with order
a power of p. The final step is a dévissage based on a well-chosen filtration of one of the
subgroup schemes, which allows to conclude thanks to the key Lemma 7.5.

A striking consequence of the parallelogram inequality (5) is the fact that the stable
differential height is superadditive (in arbitrary characteristic) on short exact sequences of
abelian varieties 0! B ! A! A=B ! 0, where B ! A is the inclusion (the stable
Faltings height of abelian varieties over number fields also enjoys this property by [34]).
In other words, we have the following statement, which we prove with the same method
as Rémond.

Corollary B.1. Let A be an abelian variety over K. If K has positive characteristic,
assume that A is semi-stable. For any abelian subvariety B of A, we have

hdiff.B=K/C hdiff
�
.A=B/=K

�
� hdiff.A=K/: (6)

Moreover, if K has characteristic 0, inequality (6) is an equality.

For an abelian subvariety B of A, the Poincaré reducibility theorem yields a quasi-
complement B 0 of B in A, that is to say, an abelian subvariety B 0 � A such that the sum
map � W B � B 0 �! A is an isogeny. Since A=B is isogenous to B 0, our Theorem A sug-
gests that the heights ofB andA=B should somehow be related to hdiff.A=K/. It strikes us
as unexpected, though, that Corollary B.1 provides such a clean inequality between these
heights: inequality (6) does not involve any terms depending on the isogeny � and requires
no ordinarity assumption. Note that inequality (6) may be strict (see Example 7.11), and
that Corollary B.1 is actually equivalent to Theorem B, see Remark 7.12.

When the base field is a number field, the analogue of Theorem B, or more precisely of
its Corollary B.1, is one of the technological jumps which made the impressive improve-
ments in the explicit bounds from [12] to [13] possible. An inequality such as (6) is indeed
a perfect tool for a proof by induction on the dimension of the abelian variety since there
are no error terms and no dependency on the dimension or the codimension. Similar Dio-
phantine applications in the case of abelian varieties over a function field are currently
under development.
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In the case of elliptic curves over K, Theorem B yields the following inequality
between the absolute heights of elliptic j -invariants.

Corollary B.2. Let E be a elliptic curve over xK, and let G;H be two finite subgroup
schemes of E. Then we have

h
�
j
�
E=.G CH/

��
C h

�
j
�
E=.G \H/

��
� h

�
j.E=G/

�
C h

�
j.E=H/

�
:

Corollary B.2 could be applied to explicit situations derived from Richelot isogenies
(see [11], for instance).

Plan of the paper. In the first two sections, we gather the necessary background on
heights of abelian varieties and on isogenies, respectively. We prove equality (1) of The-
orem A there. Section 3 focuses on the case of a positive characteristic ground field: we
introduce the Frobenius and Verschiebung isogenies there, and recall results on Hodge
bundles and group schemes of Frobenius height 1. In Section 4, we study Hodge bundles in
more depth, and relate Néron models of isogenous abelian varieties. We also describe the
behavior of the differential height for special types of isogenies (Frobenius, Verschiebung,
and FV-isogenies), i.e., we prove part (2) of Theorem A. In Section 5, we conclude the
proof of the remaining assertion of Theorem A, using the tools developed earlier, as well
as a positivity result for certain Hodge bundles. In Section 6 we provide examples and
counterexamples which illustrate some subtle properties of general isogenies in character-
istic p > 0. Finally, we prove Theorem B and its corollaries in Section 7.

General notation. In the rest of the paper,S denotes an integral locally noetherian scheme
of absolute dimension at most 1. In the applications we have in mind, S is either the
spectrum of a field, or a smooth projective curve over a field.

We also let k be a field and C be a smooth projective geometrically irreducible curve
over k. We write K D k.C / for the function field of C .

1. Preliminaries on heights

1.1. Hodge bundles and Lie algebras

Let G be a group scheme over S with neutral section e W S ! G . We let

�.G=S/ WD e��1G=S

denote the pullback by e of the sheaf of relative differential1-forms onG=S. This sheaf onS
is called the Hodge bundle of G=S . In the same setting, letting T Œ"�WDT �Spec.ZŒX�=X2/,
the group functor Lie.G=S/ defined by

T 7! ker
�
G
�
T Œ"�

�
! G .T /

�
;

is represented by a S -group scheme denoted by Lie.G=S/. We denote by Lie.G=S/ the
OS -module of sections of Lie.G=S/ viewed as a vector fibration (see [8, Exposé II, Nota-
tion 4.11.6], where the same object is denoted by Lie.G=S/).
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Proposition 1.1. If �.G=S/ is locally free of finite rank, there is an isomorphism of
OS -modules Lie.G=S/ ' �.G=S/_.

Proof. This is [8, Exposé II, Lemme 4.11.7].

1.2. Differential and stable heights

Let A be an abelian variety of dimension g defined overK. Let A! C denote the Néron
model of A=K, and write e W C ! A for its neutral section. We write

�A WD �.A=C /

for the Hodge bundle of A=C when no confusion can arise. Notice that �.A=C / is dual
to Lie.A=C / by Proposition 1.1 (the sheaf �1

A=C
is indeed a locally free OA-module of

rank g by [23, Proposition 2.5, p. 222]).
Recall that the degree of a locally free OC -module of finite rank is the degree of its

maximal exterior power.

Definition 1.2. The differential height of an abelian variety A=K of dimension g is the
degree of the Hodge bundle of its Néron model:

hdiff.A=K/ WD deg.�A/ D � deg
�

Lie.A=C /
�
:

This notion of height has first been introduced by Parshin [29] in his work on the
Mordell conjecture over function fields. Proposition 2.3 in [26, Chapitre XI] shows that,
for any abelian variety A=K and any finite extension K 0=K, we have

hdiff
�
.A �K K

0/=K 0
�
� ŒK 0 W K� hdiff.A=K/:

The proof of this inequality uses the following lemma, which describes the variation of
the degree through certain morphisms. Such a result is also relevant in the theory of the
Harder–Narasimhan filtrations for instance. We include a proof because this lemma is
needed later in this paper, and we could not find a satisfactory reference.

Lemma 1.3. The following two properties hold.

(a) For any line bundles L and L0 on C , if there is a map of line bundles L! L0

whose generic fiber is an isomorphism, then deg L � deg L0.

(b) For any vector bundles E and E 0 on C , if there is a map of vector bundles E! E 0

which is an isomorphism on the generic fiber, then deg E � deg E 0.

Proof. A map L!L0 as in (a) induces a morphism OC !L�1˝L0 which is an isomor-
phism on the generic fiber. Identifying L�1 ˝L0 with OC .D/ for some divisor D on C ,
this morphism sends the canonical trivialising section of OC to a meromorphic function
f ¤ 0 on C such that div.f / � �D. This implies that deg.D/ � 0, which translates into
deg L � deg L0. This proves (a), (b) is then a straightforward consequence (by taking
maximal exterior powers).
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If K 0 is a finite extension of K, and if A is an abelian variety over K 0, the Semi-stable
Reduction Theorem (see [17]) asserts that there exists a finite extension Ks=K 0 such that
the base changeA�K0 Ks has semi-stable reduction everywhere (see Definition 2.5 below
for a reminder of the definition). The ratio hdiff..A �K0 Ks/=Ks/=ŒKs W K� is independent
of the choice of extension Ks=K 0 over which A attains semi-stable reduction, hence it is
licit to define the stable height of A by

hst;K.A/ WD
hdiff

�
.A �K0 Ks/=Ks

�
ŒKs W K�

(for more details see [26, Chapitre XI, Définition 2.4.2]).
We recall the following classical property of the differential height.

Proposition 1.4. Let A and B be abelian varieties over K. Then we have

hdiff
�
.A � B/=K

�
D hdiff.A=K/C hdiff.B=K/:

Proof. By definition, there is a split exact sequence 0! �A ! �A�B ! �B ! 0 of
locally free vector bundles of finite rank overC . This implies (the corresponding statement
in commutative algebra is [21, Chapter XIX, Proposition 1.2]) that ^dimACdimB.�A�B/

and .^dimA�A/˝ .^
dimB�B/ are canonically isomorphic OC -modules of rank 1. In par-

ticular, these two OC -modules have the same degree.

1.3. Modular height

Let g; d � 1, and n � 3 be integers. Let Ag;d;n be the (fine) moduli space parametrizing
triples .A; �; �/ of abelian varieties A of dimension g equipped with a polarization � of
degree d2, and a level structure � of level n (see for instance [26, p. 176]). Let xAg;d;n be
a suitable compactification of Ag;d;n. We equip xAg;d;n with an ample line bundle L, as in
[26, p. 178]: this allows to define a height function hL on xAg;d;n. xK/.

For any finite extension K 0 of K, a triple .A; �; �/ over K 0 induces a K 0-rational point
on xAg;d;n, i.e., a morphism

j.A; �; �/ W Spec.K 0/ �! xAg;d;n;

as given in (3.4.3.2) of [26, p. 178].

Remark 1.5. The existence of a level structure of level n with n � 3 on an abelian variety
A0=K 0 implies that A0 is semi-stable over K 0, as remarked in [26, p. 236].

Definition 1.6. Let .A; �; �/ be a triple overK 0 as above. The modular height of .A; �; �/
is defined as

hmod.A; �; �/ WD hL
�
j.A; �; �/

�
:

Lemma 1.7. In the above context, we have hmod.A; �; �/ � 0.
Moreover, hmod.A; �; �/ D 0 if and only if A is constant i.e., there exists an abelian

variety A0 over k such that A0 �k K 0 is isomorphic to A.

Proof. This is [26, Propriété 3.2.3], see also [26, Théorème 4.5].
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1.4. Comparison of heights

The best way to compare these notions of height – in Definition 1.2 and Definition 1.6 –
is to follow Moret-Bailly, and to study his ‘Formule Clé’. We only state his key formula
in our particular case, keeping the notation from the previous paragraph.

Theorem 1.8 (Moret-Bailly’s Formule Clé). In the above context, for any point j.A;�;�/
in xAg;d;n.K 0/, we have

hmod.A; �; �/ D
4gd

2
hst;K.A/:

Proof. This is [26, Corollaire 3.1.1], see also [26, XI.3.2, Théorème 3.2].

Corollary 1.9. For any abelian variety A over K, we have hdiff.A=K/ � 0.
Moreover, for any finite extensionK 0=K such that there exists a triple .A;�;�/ overK 0,

we have hst;K.A/ D 0 if and only if the abelian variety A �K K 0 over K 0 is constant.

Proof. The result follows by combining the inequality hdiff.A=K/�hst;K.A/, Theorem 1.8,
and Lemma 1.7.

2. Preliminary results on isogenies

The proof of Theorem A is much simpler in the case of isogenies of degree coprime to the
characteristic of the base field K (equality (1), and equality (2) for FV-isogenies of type
.0; 0/). We therefore treat this case at the end of this section, in which we first introduce
the main characters of this paper, viz. isogenies.

2.1. Isogenies

We begin by recalling a few basic facts about isogenies, as well as some of their proofs,
because we found them to be somewhat scattered through the literature or difficult to
locate. Our presentation is heavily inspired by the (as of yet unpublished) book [9] by
Edixhoven, van der Geer, and Moonen. The reader is also referred to [3, Section 7.3] and
to [6, Section 2].

Definition 2.1. A homomorphism � WG!H of connected group varieties over a fieldK
is called an isogeny if it is surjective (i.e., the underlying map on sets is), and its kernel
is a finite group scheme over K. The order of the kernel of � (viewed as a group scheme
over K) is then called the degree of �.

An isogeny � is called separable if it is an étale morphism of algebraic varieties, and
purely inseparable if it is a purely inseparable (also called radicial or universally injective)
morphism of algebraic varieties (see [18, Section 3.5]).

Here are well-known criteria for a homomorphism to be an isogeny.

Proposition 2.2. Let � W A! B be a homomorphism between abelian varieties over a
field K. The following statements are equivalent:

(i) � is an isogeny,
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(ii) � has finite kernel and dim.A/ D dim.B/,
(iii) � is finite, flat, and surjective.

Proof. We prove (i),(ii) first. We have dim�.A/ D dimA� dim ker�, so that dimB D
dim �.A/ D dimA if � is an isogeny. Conversely, if ker � is finite and dimA D dimB ,
then dimB D dim �.A/ and �.A/ is a proper subvariety of B . In that case, �.A/ D B
since B is connected, and � is thus surjective. We prove (ii))(iii) next. Assuming (ii),
the same argument as above proves that � is surjective. The fibers of � are all translates
of ker.�/, so the sheaf ��OA is a locally free OB -module of finite rank r . This rank r
equals ŒK.A/ W K.B/� at the generic point of B , while r is the order of ker � at 0B by
definition. If � has finite kernel, K.A/ and K.B/ have the same transcendence degree
overK, hence dimAD dimB , and � is finite and flat [23, Chapter IV, Remark 3.11]. The
converse (iii))(ii) is immediate.

Proposition 2.3. Let � W A! B be an isogeny between abelian varieties over a field K.

(a) The degree of � equals the degree of the extension of function fields K.A/=K.B/
induced by ��.

(b) The isogeny � is separable (resp. purely inseparable) if and only if its kernel is
an étale (resp. connected) K-group scheme.

(c) The isogeny � is separable (resp. purely inseparable) if and only if the field exten-
sion K.A/=K.B/ is.

In case K has characteristic 0, this result implies that any isogeny between abelian
varieties is separable.

Proof. (a) has already been proved in the proof of the previous proposition. We now prove
(b) and (c). First, � is étale if and only if ker� is étale by equality of dimensions and [24,
Proposition 1.63]. Moreover, if it is étale, the maps between residue fields must always
be étale (i.e., finite separable), so at the generic points we obtain that K.A/=K.B/ is sep-
arable. Conversely, assume K.A/=K.B/ is (finite) separable: this implies that for some
nonempty open U of B , �j��1.U / W ��1.U /! U is étale (see e.g. [23, Chapter VI, Exer-
cise 2.9]), but U can then be translated (and by all B.Ksep/) as � is a morphism so �Ksep

is étale everywhere, and by separable descent, � itself is étale.
If � is purely inseparable, by [18, Proposition 3.7.1], the induced maps between

residue fields are purely inseparable everywhere, in particularK.A/=K.B/ is purely insep-
arable. Conversely, if K.A/=K.B/ is purely inseparable, by spreading out [16, Theo-
rem 8.10.5], there is a nonempty open subset U of B for which � restricted to ��1.U /
towards U is purely inseparable, and again this extends to all B as � is a morphism of
algebraic groups.

To finish, let us prove that � is purely inseparable if and only if ker � is a connected
group scheme. If � is purely inseparable, it is universally injective, therefore for any field
L=K, � W A.L/! B.L/ is injective, so .ker �/.L/ D ¹0Aº. In particular, ker � has only
one (closed) point which is 0A. As ker � is finite flat, define R the associated K-algebra.
It is of finite K-dimension hence artinian.
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Having assumed ker � has only one closed point, means that R is also local so it has
only one prime ideal (as in artinian rings all prime ideals are maximal). In particular, R
is irreducible so ker � is connected. Conversely, assume ker � is connected. For every
field extension L=K it stays connected by invariance by scalar extension, so by similar
arguments, R ˝K L is always local, therefore by the exact sequence 0! .ker �/.L/!
A.L/! B.L/, we have that �L W A.L/! B.L/ is always injective, hence � is purely
inseparable as it is universally injective.

We also recall the notion of dual isogeny and its relation with the Cartier dual of a
group scheme.

Proposition 2.4. Let � W A! B be an isogeny of abelian varieties over a field K. Let
A_ WD Pic0.A/ (resp. B_ WD Pic0.B/) denote the dual abelian variety of A (resp. B).

Then, the pullback map �� W Pic0.B/! Pic0.A/ induced by � is an isogeny of abelian
varieties, denoted by y� W B_ ! A_, and called the dual of �.

Moreover, the kernel ker y� is isomorphic (as a group scheme over K) to the Cartier
dual of ker�.

Proof. This is [27, Section 15, Theorem 1].

2.2. Semi-stability and extensions of isogenies to Néron models

We now specialize to the case where the base field K is the function field of a curve C
over a field k. We first recall the notion of semi-stable abelian variety.

Definition 2.5. Let A be an abelian variety over K, and let A denote its Néron model
over C . We say that A is semi-stable (over K) if, for every closed point s 2 C , the fiber
As is semi-abelian, i.e., its identity component .As/

ı is the extension of an abelian variety
by an affine torus.

Proposition 2.6. Let � W A! B be an isogeny between abelian varieties over K, with
respective Néron models A and B over C . Let ˆ W A! B denote the extension of � to
Néron models (by the Néron mapping property). Then

(a) A is semi-stable if and only if B is semi-stable.

(b) Assume that the characteristic of K is coprime to deg� or that A is semi-stable.
Then, for any closed point s 2 C , the restriction ˆs W As ! Bs of ˆ to the
fibers over s is finite and surjective on identity components. In other words,
ˆıs W A

ı
s ! Bıs is an isogeny.

(c) Assume that the characteristic of K is coprime to deg �. Then, the isogeny
ˆıs WA

ı
s !Bıs mentioned in the previous item is étale for any closed point s2C .

Proof. These assertions directly follow from Corollary 7, Proposition 6, and Lemma 2 in
[3, Section VII.3], respectively. See also [32, Section 1.1, Exemples 1.1.2] for the third
one.
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2.3. Decompositions of isogenies

In order to prove our main theorem, we will need to perform various ‘dévissages’ based,
in particular, on the fact that an isogeny factors into separable and inseparable parts.

We begin by recalling the following.

Definition 2.7. A complex 0! G1
i
�! G2

�
�! G3 of group schemes over S is a left-exact

sequence if i is a closed immersion and if, for every morphism T ! S , the sequence

0 �! G1.T / �! G2.T / �! G3.T /

is exact. Assuming that the three involved group schemes are flat of finite type over S
(hence fppf ), the complex

0 �! G1
i
�! G2

�
��! G3 �! 0

is an exact sequence if it is left-exact and if, moreover, � is faithfully flat. The condition
for the above complex to be an exact sequence is equivalent to asking that G3 represent
the fppf quotient G2=i.G1/ (see [31, Definition 5.1.18] for more details).

Proposition 2.8. For every flat, locally of finite type group scheme G over S and every
flat closed subgroup scheme H of G , the fppf quotient G=H is represented by a scheme
over S , which is a group scheme over S when H is normal in G . Furthermore, if G is
smooth, the fppf quotient G=H is also smooth and the quotient morphism G ! G=H is
faithfully flat.

Proof. The first part is [1, Theorem 4.C] since we have assumed that S is locally noethe-
rian of dimension at most 1. The second assertion is [42, Theorem 2.8].

The following statement is the so-called ‘connected-étale decomposition’ of a group
scheme.

Lemma 2.9. Let G be a finite flat group scheme over an henselian local ring R. Let Gı

be the connected component of G containing the neutral section. Then Gı is a finite flat
subgroup scheme of G over R, and the quotient scheme Gét WD G=Gı is a finite étale
group scheme over R.

In other words, there is an exact sequence of finite flat group schemes over R:

0 �! Gı �! G �! Gét
�! 0;

where Gı is connected, flat over R, and is normal in G, and Gét is étale over R.
Furthermore, this decomposition of G is unique up to isomorphism.

Proof. This is [38, Section 3, Proposition, p. 43], see also [5, Chapter V, Section 3.7].
Uniqueness follows from the fact that a group scheme which is both connected and

étale is trivial.
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We are finally in a position to state two decomposition statements (see [9, Corol-
lary 5.8]) that we will require in our study.

Proposition 2.10. An isogeny � W A! B between abelian varieties over K factors as
� D  ı �, where � W A ! A0 is a purely inseparable isogeny, and  W A0 ! B is a
separable isogeny. This factorization is unique up to isomorphism.

We call � (resp.  ) the purely inseparable (resp. separable) part of � and we denote it
by �ins (resp. �sep). We write degins.�/ D deg.�ins/ for the inseparability degree of �, and
degsep.�/ D deg.�sep/ for its separability degree. We then have j.ker�/. xK/j D degsep.�/.

Note that [15, Proposition 4.7] provides a more precise decomposition of an isogeny
in the 1-dimensional case.

Proof. For the existence part of the statement, consider the subgroup scheme G D ker �
of A, and its neutral componentGı. Let � WA! A=Gı denote the quotient isogeny. Since
Gı � G, � factors through �, and we obtain an isogeny  W A=Gı ! B . The kernel of �
is G=Gı, hence it is an étale group scheme by Lemma 2.9. Proposition 2.3 proves that �
is purely inseparable, and that  is separable (their respective kernels are connected, and
étale, respectively).

Finally, because � is purely inseparable, it must be injective on A. xK/ (being purely
inseparable is equivalent to being universally injective). In particular, .ker �/. xK/ has
the same order as .ker /. xK/. Since  is separable, its kernel is étale, so the order of
.ker /. xK/ is equal to the order of ker as a group scheme, namely deg .

As for the uniqueness part, assume that we have a decomposition � D  ı � as in the
proposition. We then have an exact sequence of group schemes over K

0 �! ker � �! ker� �! ker �! 0;

where ker � is connected, and ker étale (Proposition 2.3). This is therefore a connected-
étale sequence for ker� hence, by uniqueness of the latter, we have ker � D .ker�/ı and
ker ' .ker�/ét.

The uniqueness of � and  , up to composition by automorphisms follows.

Proposition 2.11. Any isogeny between abelian varieties factors as a composition of iso-
genies of prime power degree.

Proof. Let � W A! B be an isogeny of degree d between abelian varieties. Its kernel G
is a finite flat commutative group scheme of order d overK. We claim thatG decomposes
as a direct sum of its `1-parts over the primes `:

G D
M
` prime

GŒ`v`.d/�;

where GŒk� denotes the kernel of multiplication by k � 1 on G, and v` denotes the `-adic
valuation. Indeed, if d Dmnwithm and n coprime, write a Bézout relationmuC nvD 1.
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Then, the multiplication maps Œnv� and Œmu� project G to GŒm� and GŒn�, respectively,
because Œd �G D ¹eGº. These induce an isomorphism of group schemesG 'GŒm�˚GŒn�
(in particular GŒm� has order m and GŒn� has order n). Proceeding by induction on the
number of prime factors of d , one obtains the claimed decomposition.

Let ` be a prime factor of d D deg�, the quotient group schemeG0 WD G=GŒ`v`.d/� is
finite flat of order d 0 D d=`v`.d/. The isogeny � WA!B then factors through the quotient
isogeny �` W A! A0 D A=GŒ`v`.d/� which has order `v`.d/: we thus obtain an isogeny
�0 W A0! B of degree d 0 with kernelG0. By immediate induction on the number of prime
factors of d , we obtain that � factors as a composition �`1 ı �`2 ı � � � ı �`r of isogenies
of prime power degrees.

2.4. Biseparable isogenies

Definition 2.12. An isogeny between abelian varieties is called biseparable if it is separa-
ble with separable dual isogeny. Equivalently (Proposition 2.3), an isogeny is biseparable
if its kernel is étale and has étale (Cartier) dual.

If � is a biseparable isogeny, any isogeny appearing as a factor of � in the decomposi-
tion provided by Proposition 2.11 is also biseparable. If the base field has characteristic 0,
all isogenies between abelian varieties are biseparable. In positive characteristic, we have
the following characterization.

Proposition 2.13. If the characteristic of K is a prime p, an isogeny between abelian
varieties over K is biseparable if and only if its degree is coprime to p.

Proof. Let � W A! B an isogeny of degree d between abelian varieties overK. If p − d ,
the extensionK.A/=K.B/ induced by �� has degree d , hence is automatically separable.
By Proposition 2.3, � is therefore separable and so is its dual (which also has degree d ),
so � is biseparable.

Conversely, assume that � is biseparable. By Proposition 2.11, � factors through an
isogeny �p of degree pvp.d/, which is therefore also biseparable. The kernel G of �p
is thus a commutative étale group scheme of order pvp.d/ with étale Cartier dual G_.
Assume for a contradiction that vp.d/ is positive. After a finite extension (which preserves
étaleness and commutes with formation of duals), there exists a point x 2 G.K/ of exact
order p. This point generates a copy of .Z=pZ/K in G, and there is a monomorphism
.Z=pZ/K ! G. Taking Cartier duals, we obtain an epimorphism from the étale group
scheme G_ to .Z=pZ/_K ' .�p/K , so that .�p/K is étale too. This is a contradiction! We
conclude that vp.d/ must be 0, i.e., that p − d .

We can now prove a general version of assertion (1) in Theorem A.

Theorem 2.14. Let � W A! B an isogeny between abelian varieties overK. The follow-
ing hold:

(a) If � is separable, then hdiff.A=K/ � hdiff.B=K/.

(b) If � is biseparable, then hdiff.A=K/ D hdiff.B=K/.
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Proof. Let � W A ! B be a separable isogeny. Since � is étale, the morphism of Lie
algebras Lie.A=C /! Lie.B=C / induced by � (by functoriality) is an isomorphism at
the generic fiber. Lemma 1.3 implies that deg Lie.A=C / � deg Lie.B=C / so that, by
definition, hdiff.A=K/ � hdiff.B=K/. This proves the first assertion (a).

As for assertion (b), it remains to show that hdiff.A=K/� hdiff.B=K/. Let � WA!B be
a biseparable isogeny and let d denote its degree. Since ker� is contained in the kernel of
the multiplication-by-d map Œd �A W A! A, there exists, by [27, Section 12, Corollary 1],
a complementary isogeny  W B ! A such that  ı � D Œd �A and � ı D Œd �B (see also
[9, Proposition 5.12]). This isogeny  obviously has degree d2 dimA�1 and is therefore
biseparable: this is immediate in characteristic 0, and makes use of Proposition 2.13 in
positive characteristic. One then concludes by applying inequality (a) to  W B ! A.

Remark 2.15. One can also prove assertion (b) by adapting Raynaud’s arguments on
pp. 202–203 of [32]. Even though Raynaud assumes the base field to be either a number
field or a discrete valued field with unequal characteristic, his proof in the latter case can
be extended to our context (where the characteristic of the function field is either 0 or
prime to the degree of the isogeny).

We take advantage of the last theorem to relate the differential height of an abelian
variety to that of its dual.

Proposition 2.16. Let A be an abelian variety over a function field K D k.C /. If K has
positive characteristic, assume that A is semi-stable over K. We have

hdiff.A
_=K/ D hdiff.A=K/:

Proof. By construction, the abelian varietiesA andA_ are isogenous overK (for instance,
apply Corollary 5 on p. 122 in [27] to an ample line bundle on A). If there exists a bisep-
arable isogeny between A and A_, then hdiff.A

_=K/ D hdiff.A=K/ by Theorem 2.14 (b).
In particular, this settles the characteristic 0 case of the proposition.

To treat the general case, recall from Proposition 2.6 that, if A is semi-stable over K,
then so is its dual A_. In that situation, Lemme 2.4 in [26, Chapitre 9] states that the line
bundle .

Vg
�A/˝ .

Vg
�A_/

�1 has finite order in Pic.C /. In particular, the degrees of
�A and �A_ are equal, hence the result.

Remark 2.17. This proposition, when combined with applications of Theorem 2.14 (a) to
an isogeny and its dual, yields a second proof of Theorem 2.14 (b) in the semi-stable case.

Our proof in the semi-stable case is rather elementary. Using more sophisticated tools,
Suzuki [40] has very recently proved the invariance of differential height by duality in
general (i.e., with no semi-stability assumption). Suzuki’s paper builds on ideas found in
his previous collaboration [28] with Overkamp.

Remark 2.18. According to the Formule Clé (Theorem 1.8), the modular height is pro-
portional to the stable height. One can thus deduce from Theorem 2.14 analogous relations
between the modular heights of suitably polarized abelian varieties which are linked by a
(bi)separable isogeny.
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3. Frobenius and Verschiebung isogenies

For the duration of this section, we work over a field F of characteristic p > 0, and we
assume that the (integral locally noetherian of absolute dimension � 1) scheme S is of
characteristic p.

The zoology of isogenies between abelian varieties over a field such as F is richer than
over a field of characteristic 0, in particular because Frobenius and Verschiebung isogenies
appear. In this section, we introduce the tools we will need in the following two sections
in order to describe the variation of height in positive characteristic.

3.1. Definitions

LetF be a field of characteristic p >0. Any scheme S overF is equipped with an absolute
Frobenius morphism FrS W S ! S which acts trivially on points of S and acts as the p-th
power map on the structure sheaf OS . Let X=S be an S -scheme with structural morphism
sX=S W X ! S . Using the cartesian diagram

X X .p/ X

S S
sX=S

FrX

FrX=S

s
.p/
X=S

sX=S

FrS

one defines the so-called relative Frobenius morphism

FrX=S W X ! X .p/:

See [8, Exposé VIIA, Section 4.1].

Example 3.1. Let us write what these different definitions of Frobenius explicitly mean for
affine schemes. Let F be field of a characteristic p and SDSpecF . Let XDSpecR be an
affine scheme withRDF ŒX1; : : : ;Xm�=.f1; : : : ;fn/ for some f1; : : : ;fn2F ŒX1; : : : ;Xm�.
The absolute Frobenius onR (resp. on F ) is given by x 7! xp for all x 2 R (resp. x 2 F ).
Thus X .p/ D Spec R.p/ where R.p/ is the tensor product of the structural morphism
F ! R with the absolute Frobenius FrF W F ! F . Explicitly, we have

R.p/ D F ŒX1; : : : ; Xm�=
�
f
.p/
1 ; : : : ; f .p/n

�
;

where, for each f 2 F ŒX1; : : : ;Xn�, f .p/ is defined by raising each coefficient of f to the
power p. The canonical map from R! R.p/ is induced by f 7! f .p/ (this map is not F -
linear). The relative Frobenius FrR=F W R.p/ ! R is then given by f 7! f .X

p
1 ; : : : ; X

p
m/

(and is F -linear).
In particular, assuming f1.0/ D � � � D fn.0/ D 0, the cotangent map

MR.p/=M
2
R.p/
!MR=M

2
R
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induced by FrX=F at the maximal ideal .X1; : : : ; Xm/ is the zero map (thus the tangent
map is also trivial). Indeed, for each f 2 R.p/ with f .0; : : : ; 0/ D 0, f .Xp/ vanishes at
.0; : : : ; 0/ with order at least p � 2.

Definition 3.2. Let A be an abelian variety over F . The above construction defines a
morphism FrA=F W A! A.p/, which is an isogeny. This morphism is called the Frobenius
isogeny of A. In what follows, the kernel of FrA=F will be denoted by AŒFrA=F �.

The dual abelian varietyA_ also possesses a Frobenius isogeny FrA_=F WA_!.A_/.p/,
the dual of which (see [3, Section 7.3, Lemma 5]) is called the Verschiebung isogeny of A,
and is denoted by VerA=F W A.p/ ! A. See also [8, Exposé VIIA, Section 4.3] for a defi-
nition in a more general context.

Proposition 3.3. Let A be an abelian variety defined over F . The following hold:

(a) The Frobenius isogeny FrA=F W A! A.p/ is purely inseparable of degree pdimA.

(b) The Verschiebung isogeny VerA=F W A.p/ ! A has degree pdimA.

(c) We have Œp�A D VerA=F ı FrA=F .

(d) We have A.p/ ' A=AŒFrA=F �.

Proof. Assertion (d) is immediate from the fact that FrA=F is an isogeny A! A.p/ with
kernel AŒFrA=F �.

We prove (a) next, making use of the computations in the above example. Choose an
affine neighborhood U D SpecR of 0A 2 A and write R D F ŒX1; : : : ; Xm�=.f1; : : : ; fn/
with f1.0; : : : ; 0/ D � � � D fn.0; : : : ; 0/ D 0 (so that 0A has affine coordinates .0; : : : ; 0/).
The kernel of FrA=F is then SpecB with

B D F ŒX1; : : : ; Xm�=.f1; : : : ; fn; X
p
1 ; : : : ; X

p
m/:

In particular, B is finite-dimensional over F , hence AŒFrA=F � is finite. The only geometric
point of this group scheme is 0A itself, so FrA=F is purely inseparable (Proposition 2.3).
We write m�R for the maximal ideal generated by the images x1; : : : ; xm ofX1; : : : ;Xm
in R, and yR for the completion of R with respect to the ideal m. The ring yR is a complete
regular local ring of dimension g D dimA, so there is an isomorphism

' W yR
�
�! F JT1; : : : ; TgK:

Furthermore, we can choose the local parameters of R at 0A such that its first g
elements x1; : : : ; xg make up a basis of m=m2. The map ' then sends xi to Ti for
i 2 ¹1; : : : ; gº. Now, as m contains all powers of the xi ’s:

B D R˝ F ŒX1; : : : ; Xm�=.X
p
1 ; : : : ; X

p
m/

' yR˝ F ŒX1; : : : ; Xm�=.X
p
1 ; : : : ; X

p
m/

' F JX1; : : : ; XgK=.X
p
1 ; : : : ; X

p
g /

D F ŒX1; : : : ; Xg �=.X
p
1 ; : : : ; X

p
g /:
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It is apparent that B is an F -algebra of dimension pg , and therefore that AŒFrA=F � is a
group scheme of order pg .

Assertion (b) now follows, by definition of VerA=F as the dual of the Frobenius isogeny
of A_. Finally, (c) is a direct consequence of the construction of the Verschiebung isogeny
explained in [8, Exposé VIIA, Section 4.3] (which coincides with ours in this context).

Lemma 3.4. Let G be a smooth group scheme of finite type over S of characteristic p.
The Frobenius morphism FrG=S W G ! G .p/ is surjective hence faithfully flat.

Proof. By the fiber criterion for flatness, we may assume that S D Spec F for some
field F , and that G is a smooth algebraic group over F . Then G.p/ is also smooth (in
particular it is reduced), and the Frobenius map FrG=F W G! G.p/ is surjective on closed
points (because the Frobenius field morphism x 7! xp has an inverse on xF ).

Since G.p/ is reduced, we conclude by [24, Proposition 1.70] that FrG=F is indeed
faithfully flat.

The following notion will be useful in the paper.

Definition 3.5. Let � be an isogeny between abelian varieties defined over a function
field K of characteristic p > 0. We call � a FV-isogeny if � factors as a composition (in
any order) of a certain number e � 0 of Frobenius isogenies, a certain number f � 0 of
Verschiebung isogenies, and any number of biseparable isogenies. In which case, we say
that this FV-isogeny is of type .e; f /.

It follows from the definitions that the class of FV-isogenies behaves well with respect
to duality: if � is a FV-isogeny of type .e; f /, its dual y� is also a FV-isogeny and the type
of y� is .f; e/. Note that in dimension 1, any isogeny between non-isotrivial elliptic curves
is a FV-isogeny, see [15, Proposition 4.7].

3.2. Ordinarity and p-rank

Definition 3.6. Let A be an abelian variety over a field F of positive characteristic p. We
say that A is ordinary if AŒp�. xF / ' .Z=pZ/dimA (i.e., AŒp�. xF / is as large as it possi-
bly can). This condition is equivalent to the separability of VerA=F W A.p/ ! A since the
multiplication-by-p map on A factors as Œp� D VerA=F ı FrA=F by Proposition 3.3, and
because FrA=F W A! A.p/ is universally injective.

The p-rank of A is the integer f such that AŒp�. xF / ' .Z=pZ/f . This integer lies
between 0 and dimA. Note that A is ordinary exactly when its p-rank is dimA. Notice
also that pf is the separability degree of VerA=F .

It follows directly from Definition 3.6 that, if A=F is an ordinary abelian variety, then
.A �F F

0/=F 0 is ordinary for any field extension F 0=F . Also, any abelian subvariety of
an ordinary abelian variety is ordinary.

It is well known (see [27, p. 137]) that the p-rank is constant in an isogeny class. In
particular, if two abelian varieties over F are isogenous, then they are either both ordinary
or neither of them is.
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3.3. Frobenius height of p-group schemes and isogenies

Definition 3.7. Let G be a finite flat group scheme over S of characteristic p. For any
integer d � 1, define the iterated Frobenius Fr.d/

G=S
W G ! G .p

d / as the composition

Fr.d/
G=S
W G

FrG=S
����! G .p/

Fr
G .p/=S

������! G .p
2/
�! � � � �! G .p

d�1/
Fr

G .p
d�1/=S

���������! G .p
d /:

We also let Fr.0/
G=S
W G ! G be the identity morphism. Consider the increasing sequence

of closed subgroup schemes

G ŒFrG=S � � G
�
Fr.2/

G=S

�
� � � � � G

�
Fr.n/

G=S

�
� G

�
Fr.nC1/

G=S

�
� � � � � G :

We say that G has finite Frobenius height if there exists an integer d � 0 such that
G ŒFr.d/

G=S
� D G . If G has finite Frobenius height, we denote by ıp.G / the smallest such

index d � 0. In other words, G has Frobenius height d if and only if d is the smallest
integer such that Fr.d/

G=S
W G ! G .p

d / is trivial on G .

Remark 3.8. Other authors use the term ‘height’ instead of our ‘Frobenius height’, we
preferred our less standard terminology in order to avoid obvious confusion.

Moreover, if G and H are two subgroup schemes of a fixed group scheme over S , and
if both have finite Frobenius height, then one easily checks that

ıp.G CH / D max
®
ıp.G /; ıp.H /

¯
; ıp.G \H / � min

®
ıp.G /; ıp.H /

¯
: (3.1)

Note that the only group scheme of Frobenius height 0 is the trivial group scheme.

Proposition 3.9. A finite group scheme over F is connected if and only if it has finite
Frobenius height.

Proof. Let G be a finite group scheme over F (so that, in particular, G is affine). Apply-
ing the connected-étale sequence to G (Lemma 2.9), and using the functoriality of the
Frobenius, we get a commutative diagram

0 // Gı //

FrGı=F
��

G //

FrG=F
��

Gét

FrGét=F
��

// 0

0 // .Gı/.p/ // G.p/ // .Gét/.p/ // 0;

where Gı is a connected subgroup scheme of G, and Gét is an étale group scheme
over F . The Frobenius map is surjective on the ‘étale part’ Gét by [8, Corollaire 8.3.1].
If Gét ¤ ¹0º, by the same token, no iterate of the Frobenius is trivial on the whole group
scheme G. This proves that a group scheme G of finite Frobenius height must have trivial
étale part Gét and thus, be connected.

To prove the converse, recall that, if G is connected and non-trivial, FrG=K has a non-
trivial kernel (see [38, Proposition, p. 50] for instance). We conclude by using induction
on the order of G.
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The following lemma will be used in Section 5 to perform induction on the Frobenius
height.

Lemma 3.10. LetG be a finite group scheme of Frobenius height d � 2 over F . Then the
quotient group scheme G=GŒFrG=F � has Frobenius height d � 1.

Proof. Let G1 WD GŒFrG=F � be the kernel of FrG=F W G ! G.p/. Then G1 has Frobenius
height � 1 (because the Frobenius morphism of G1 is the restriction of FrG=F ), and this
group scheme fits into the exact sequence of group schemes over F :

0 �! G1 �! G �! G=G1 �! 0:

The quotientG=G1 is thus isomorphic to the image FrG=F .G/, hence has Frobenius height
d � 1. Indeed, by hypothesis, the iterated Frobenius Fr.d/

G=F
is trivial on G, so Fr.d�1/

G=F
is

trivial on the image of FrG=F .

Proposition 3.9 above (combined with Proposition 2.3) allows to introduce the follow-
ing notion.

Definition 3.11. Let � be an isogeny between abelian varieties over a field F of character-
istic p > 0. Let �ins denote the purely inseparable part of �, as defined in Proposition 2.10.
We define the Frobenius height ıp.�/ of � to be the Frobenius height of the kernel of �ins:

ıp.�/ WD ıp.ker�ins/:

Remark 3.12. By definition, the Frobenius isogeny FrA=F W A! A.p/ of an abelian vari-
ety has Frobenius height 1. For any isogeny � between abelian varieties of dimension g,
the following divisibility relations hold:

pıp.�/ j deg.�ins/ j p
g ıp.�/;

and we have 0 � ıp.�/ � logp.deg�ins/ � min¹logp.deg�/; g ıp.�/º.
It follows from the definition that the Frobenius height is ‘subadditive’ in the following

sense: for any two isogenies � W A! B and  W B ! C , we have

ıp. ı �/ � ıp. /C ıp.�/:

Note also that an isogeny � is biseparable if and only if ıp.�/C ıp.y�/ D 0.

The Frobenius height of a FV-isogeny between ordinary abelian varieties admits a
simple interpretation.

Lemma 3.13. Let K be a function field of positive characteristic p. Let � W A! B be
a FV-isogeny of type .e; f / between ordinary abelian varieties over K. Then e D ıp.�/
and f D ıp.y�/.
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Proof. Observe that a Frobenius isogeny has Frobenius height 1 (by definition), and that
a separable isogeny has Frobenius height 0 (since its kernel is étale). By the ordinarity
assumption, all Verschiebung isogenies appearing in the decomposition of the FV-isogeny
� are separable. The subadditivity of ıp (Remark 3.12) directly implies that ıp.�/ � e. To
prove the converse inequality we remark that, by definition, � factors as a composition

A D A0
�1
��! A1

�2
��! A2

�3
��! � � �

�r�1
����! Ar�1

�r
��! Ar D B:

The multiplicativity of the inseparability degrees and the fact that the Verschiebung iso-
genies among the �i ’s are separable implies that

degins.�/ D

rY
iD1

degins.�i / D .deg FrA=K/e D pe dim.A/:

On the other hand, deg.�ins/ is the order of the connected componentGı ofG D ker� (see
Proposition 2.10). By construction of the Frobenius height,Gı is contained inAŒFr.ıp.�//

A=K
�.

Hence its order jGıj D deg.�ins/ divides pıp.�/ dimA D jAŒFr.ıp.�//
A=K

�j. This proves that
e � ıp.�/ and, thus, the first equality of the lemma.

The second equality follows upon noting that the dual y� W yB! yA of � is a FV-isogeny
of type .f; e/.

The above lemma yields a direct relation between the results of the present paper and
those in [15].

Lemma 3.14. Let K be a function field of positive characteristic p. Let � W E1 ! E2
be an isogeny between two non-isotrivial elliptic curves over K. Then pıp.�/ D degins.�/

and pıp.y�/ D degins.y�/.

Proof. Proposition 4.7 in [15] shows that the isogeny � factors as

� D Ver.f /
E2=K

ı  ı Fr.e/
E1=K

;

where is biseparable, and the integers e and f satisfy peDdegins.�/ and pfDdegins.y�/.
In other words, � is a FV-isogeny of type .logp degins.�/; logp degins.y�//. Lemma 3.13
allows to conclude, since the non-isotriviality of E1 and E2 implies that both of these
elliptic curves are ordinary.

3.4. Hodge bundles and group schemes of Frobenius height 1

The goal of this paragraph is to relate the Hodge bundles of a group scheme G over S and
of its ‘Frobenius twist’ G .p/ in case G has Frobenius height 1.

Lemma 3.15. The functor G 7! Lie.G=S/ is left-exact on group schemes over S . In other
words, a left-exact sequence 0! G1 ! G2 ! G3 of group schemes over S , induces an
exact sequence 0! Lie.G1=S/! Lie.G2=S/! Lie.G3=S/ of OS -modules.
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Proof. To prove that the sequence of OS -modules is exact, it suffices to show that it is
fiberwise exact. For any point s 2 S with residue field ks , consider the following commu-
tative diagram:

0 0 0

0 Lie.G1=S/ks G1.ksŒ"�/ G1.ks/ 0

0 Lie.G2=S/ks G2.ksŒ"�/ G2.ks/ 0

0 Lie.G3=S/ks G3.ksŒ"�/ G3.ks/ 0:

Here ksŒ"� denotes the ks-algebra of dual numbers over ks . The horizontal sequences are
exact, by definition of Lie groups, and the two right-most vertical sequences are exact by
definition of exact sequence of group schemes. Simple diagram-chasing shows that the left-
most vertical arrows form an exact sequence of ks-vector spaces. (We note that an almost
identical result is stated in [7, II, Sections 4, 1.5], in terms of Lie group functors.)

Proposition 3.16. For any group scheme G over S such that �.G=S/ is locally free of
finite type, there are canonical isomorphisms of OS -modules

�.G=S/ ' �
�
G ŒFrG=S �=S

�
; and Lie.G=S/ ' Lie

�
G ŒFrG=S �=S

�
:

Proof. We start with the left-exact sequence of group schemes of finite type over S :

0 �! G ŒFrG=S � �! G
FrG=S
���! G .p/:

By [23, Proposition 6.1.24], the contravariant Hodge bundle functor from pointed
S -schemes to OS -modules is right-exact. So there is an exact sequence of OS -modules:

�.G .p/=S/ // �.G=S/ // �
�
G ŒFrG=S �=S

�
// 0:

The left-most arrow in this sequence is the cotangent map of the Frobenius FrG=S along the
zero section of G , it is thus trivial (see Example 3.1). This yields the desired isomorphism
between Hodge bundles.

The isomorphism between Lie groups is obtained by the exact same argument, using
the previous result.

When one restricts to group schemes of Frobenius height � 1, Lemma 3.15 can be
strengthened.

Proposition 3.17. The functor G 7! Lie.G=S/ is exact on finite flat group schemes over S
of Frobenius height � 1. In other words, assume that we have an exact sequence (see
Definition 2.7)

0 �! G1
f
��! G2

g
��! G3 �! 0;



R. Griffon, S. Le Fourn, and F. Pazuki 24

where G1; G2; G3 are finite flat group schemes over S of Frobenius height � 1. Then, the
induced complex of OS -modules

0 �! Lie.G1=S/
Lie.f /
�����! Lie.G2=S/

Lie.g/
�����! Lie.G3=S/ �! 0 (3.2)

is exact.

Proof. Lemma 3.15 already shows that G 7! Lie.G=S/ is left-exact, so we only need to
prove that Lie.g/ is surjective.

The three OS -modules Lie.Gi=S/ are locally free of finite rank, so it is enough to
prove that the complex is exact at every closed point s 2 S . Let us fix such a point s 2 S ,
with residue field ks . The sequence of finite group schemes of height � 1 over ks

0 �! .G1/s
f
��! .G2/s

g
��! .G3/s �! 0;

is exact. Applying the Lie functor gives rise to the complex of ks-algebras

0 �! Lie
�
.G1/s=ks

� Lie.f /
�����! Lie

�
.G2/s=ks

� Lie.g/
�����! Lie

�
.G3/s=ks

�
�! 0: (3.3)

The latter is exactly the pullback over s of the complex of OS -modules in (3.2). An
immediate consequence of the structure theorem for group schemes of height � 1 (see
[7, Théorème 4.2, p. 334]) is the fact that, for any finite flat group scheme G of Frobenius
height � 1 over a field k, the order of G is equal to pn where n D dim Lie.G=k/.

Write pn1 , pn2 , and pn3 for the orders of G1, G2, and G3, respectively (recall that
these group schemes are flat over S ). The dimensions of their Lie algebras over ks are
thus n1, n2, and n3, respectively. By exactness of the group scheme sequence, we have
n2 D n1 C n3. Therefore the complex of Lie algebras in (3.3), which is already exact on
the left, must also be exact on the right by comparison of dimensions. This concludes the
proof.

Proposition 3.18. Let G be a group scheme over S with structural morphism � W G!S

and neutral section e W S ! G . There is a canonical isomorphism of Hodge bundles
over S :

�.G .p/=S/ ' Fr�S �.G=S/:

Proof. By construction of FrG=S, theS-group scheme G .p/ is the fiber product of � W G!S
with FrS W S ! S . Hence its structural morphism �.p/ W G .p/ ! S has neutral section
e.p/ D FrG=S ı e. Here is a diagram of the situation:

G

G .p/ G

S S

�

FrG=S

FrG

fp

�.p/ �

FrS

e

e.p/

e
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Notice that fp ı e.p/ D e ı FrS , and [23, Proposition 6.1.24] yields a canonical isomor-
phism �1.G .p/=S/ ' f �p �

1.G=S/. By definition of the Hodge bundles of G .p/=S and
of G=S , we now have

�.G .p/=S/ D .e.p//��1.G .p/=S/ ' .fp ı e
.p//��1.G=S/

D .e ı FrS /��1.G=S/ D Fr�S
�
e��1.G=S/

�
D Fr�S �.G=S/:

4. Hodge bundle and heights

We now restrict our attention to the case where the base function field K has positive
characteristic p, and S is a scheme over Fp . Moreover, all the isogenies we consider in
this section have degree a power of p.

Our main result in this section is Corollary 4.11 which describes the variation of dif-
ferential height through a FV-isogeny.

4.1. Lie algebras of quotient group schemes

We state and prove a variant of Theorem 2.9 of [42].

Proposition 4.1. Let A be a smooth flat commutative group scheme of finite type over S ,
G be a finite flat subgroup scheme of A of Frobenius height 1, and B 0 WDA=G denote the
fppf quotient group scheme over S . We then have an exact sequence

0 �! Lie.G=S/ �! Lie.A=S/ �! Lie.B 0=S/ �! Fr�S Lie.G=S/ �! 0:

Proof. We essentially rewrite the proof of [42] here, in particular because the assumptions
there are slightly different from ours, but the majority of the arguments transpose smoothly
to our setting.

First, by construction of B 0 and by definition of Frobenius morphisms, the commuta-
tive diagram in the (abelian) category of fppf group schemes over S

0 // G //

FrG=S
��

A

FrA=S

��

// B 0

FrB0=S
��

// 0

0 // G .p/ // A.p/ // .B 0/.p/ // 0;

has exact rows. Applying the snake lemma yields a long exact sequence

0 �! G ŒFrG=S � �! AŒFrA=S � �! B 0ŒFrB0=S � �! coker.FrG=S /

�! coker.FrA=S / �! coker.FrB0=S / �! 0:

Since G has Frobenius height 1, we have G ŒFrG=S �D G , and the cokernel of FrG=S is G .p/

itself, while the cokernel of FrA=S is trivial because A is smooth (see Lemma 3.4). The
above long exact sequence thus simplifies to the exact sequence:

0 �! G �! AŒFrA=S � �! B 0ŒFrB0=S � �! G .p/ �! 0:
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The four terms in this sequence are all finite flat group schemes of Frobenius height � 1:
exactness of the Lie functor on those group schemes (Proposition 3.17) implies that the
sequence

0 �! Lie.G=S/ �! Lie
�
AŒFrA=S �=S

�
�! Lie

�
B 0ŒFrB0=S �=S

�
�! Lie.G .p/=S/ �! 0

is exact. Finally, Lie.AŒFrA=S �=S/ (resp. Lie.B 0ŒFrB0=S �=S/) canonically identifies to
Lie.A=S/ (resp. Lie.B 0=S/), by Proposition 3.16. Recalling from Proposition 3.18 that
Lie.G .p/=S/ ' Fr�S Lie.G=S/ concludes the proof.

Remark 4.2. At first sight, one could hope to partly extend Proposition 4.1 to arbi-
trary finite flat subgroup schemes G of A by writing G ŒFrG=S � instead of G in the exact
sequence, and possibly adding some errors terms (or not requiring exactness on the right).
However, as the following example shows, G ŒFrG=S � is not necessarily flat (even if G is).

Let K D F3.t/, and consider the Igusa curve E W y2 D x3 C x2 � t�3 over K. One
checks that this elliptic curve has j -invariant t3, and that the point P D .�t�1; t�1/ has
exact order 3 on E. Let � W E ! P1 denote the Néron model of E. The fiber above t D 0
of � is a supersingular elliptic curve over F3 (with j -invariant 0). Hence the image of
P in this fiber must be the neutral element. Let G denote the Zariski closure in E of
the subgroup of E generated by P (G is then a finite flat subgroup of E). The generic
fiber of G is isomorphic to .Z=3Z/K (which is étale), and its fiber at t D 0 is isomorphic
to �3 (which is connected). The previous computation shows that the subgroup scheme
G ŒFrG=P1 � of G is trivial at the generic fiber, but has order 3 at t D 0. In particular, G ŒFrG=S �

is not flat over P1!

Proposition 4.1 applies to our height computation as follows.

Proposition 4.3. Assume that S D C is a smooth projective curve over a field k of char-
acteristic p > 0. Let A be a smooth commutative group scheme of finite type over C ,
G be a finite flat subgroup scheme of AŒFrA=S � of Frobenius height � 1, and B 0 WD A=G

be the (fppf) quotient group scheme. Then, we have

deg�.B 0=C / D deg�.A=C / � .p � 1/ deg Lie.G=C /: (4.1)

Proof. Proposition 2.8 ensures that B 0 is also smooth over C . Hodge bundles being dual
to the corresponding Lie algebras (Proposition 1.1), it is enough to prove that

deg Lie.B 0=C / D deg Lie.A=C /C .p � 1/ deg Lie.G=C /:

Proposition 4.1, together with additivity of the degree in exact sequences of line bun-
dles (Lemma 3.15), yields

deg Lie.G=C / � deg Lie.A=C /C deg Lie.B 0=C / � deg
�
Fr�S Lie.G=C /

�
D 0:

Proposition 3.18 asserts that deg.Fr�C Lie.G=C //D p deg Lie.G=C /. The conclusion fol-
lows by combining the last two equalities.
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While crucial to our argument, the above result does not conclude the proof of The-
orem A for two main reasons. First, the degree of Lie.G=C / which appears in (4.1) is
difficult to control (its sign is already not obvious), even if one adds constraints on G .
Secondly, equality (4.1) is not exactly what we are looking for: in Theorem A, one starts
with an isogeny � W A! B between abelian varieties over K, and one wishes to compare
their differential heights, i.e., compare degrees of line bundles coming from the Néron
models of A and B . However, the Néron model of B is not necessarily the quotient group
scheme A=G as above. To overcome these difficulties, we make additional hypotheses: in
the remainder of this section we focus on FV-isogenies (and prove (2) in Theorem A), in
the next section we add an ordinarity condition (in order to prove (3) in Theorem A).

4.2. Néron models and quotient by subgroups

Let G be a smooth group scheme over S . Recall (see [8, Exposé VIB, Théorème 3.10])
that the neutral component G ı of G is the open smooth subgroup scheme such that, for
every s 2 S , .G ı/s is the neutral component of Gs .

Proposition 4.4. Let A be a semi-stable abelian variety over K, and G be a finite sub-
group scheme of A. Let � W A ! A=G denote the corresponding quotient isogeny. Let
A ! C be the Néron model of A, and B ! C be the Néron model of the abelian
variety B WD A=G. Let G denote the Zariski closure of G � A in A, and B 0 denote
the fppf quotient of A by G . Then the identity map idB induces a morphism of group
schemes ‰ WB 0!B, which restricts to an isomorphism between the neutral components
‰ı W .B 0/ı

�
�! .B/ı.

Proof. Note that B 0 is smooth (by Proposition 2.8) and that the generic fiber of B 0 is B .
The Néron mapping property then allows to uniquely extend the isogeny � W A! B (resp.
idB W B ! B) to a group scheme morphism ˆ W A! B (resp. ‰ W B 0 ! B). We denote
the quotient morphism by � W A! A=G D B 0. These morphisms fit in a commutative
triangle:

A
ˆ //

� ""

B:

B 0
‰

<<

Since A is semi-abelian by assumption, ˆ is finite and fiber-by-fiber surjective on neutral
components (see Proposition 2.6 (b)). For dimension reasons, the map ‰s W B 0s ! Bs is
quasi-finite for each s 2 C . So, for each s 2 C , the restriction ‰ıs W .B

0
s/
ı ! .Bs/

ı is
surjective.

On the other hand, for any closed point s 2 C , the ring R WD OC;s is a DVR, so by
Zariski’s main theorem (see [3, Section 2.3, Theorem 2’]) applied to X D B 0R, Y D BR

and above the generic fiber (which is dense open in SpecR), we obtain that‰s WB 0s!Bs

is an open immersion. Its restriction ‰ıs W .B
0/ıs ! Bıs is also an open immersion.

Thus, for every closed point s 2 C , the map ‰ıs W .B
0/ı ! .B/ı is a surjective open

immersion, hence an isomorphism.
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Example 4.5. Let E be the elliptic curve defined over Fp.t/ by the affine equation
E W y2 D x3 C t . This is an nonconstant but isotrivial elliptic curve (with j -invariant
0). Applying Tate’s algorithm, one shows that E has additive reduction of type II at
(the place corresponding to) t D 0. The model y2 D x3 C t is minimal at this place.
One also checks that E has additive reduction of type II� at the place 1. The min-
imal discriminant divisor of E is therefore �.E/ D 2 .0/ C 10 .1/, this shows that
hdiff.E=K/ D .deg�.E//=12 D 1.

By definition, the Frobenius twist E.p/ of E is the elliptic curve given by the model
y2 D x3 C tp . Let b 2 ¹1; 5º be the integer such that p � b mod 6. One shows that E.p/

has additive reduction at 0 and 1: the fiber at 0 has type II (resp. type II�) if b D 1

(resp. b D 5); the fiber at 1 has type II� (resp. type II) if b D 1 (resp. b D 5). The
minimal discriminant divisor of E.p/ is then�.E.p// D 2b .0/C 2.6� b/ .1/, and thus
hdiff.E

.p/=K/ D 1.
Let R0 denote the local ring of Fp.t/ at 0, and let E ! SpecR0 denote the Néron

model of E above R0. If b D 5, the above computation of the reduction types of E and
E.p/ at 0 (type II and II� respectively) shows that .E/.p/ is not isomorphic to the Néron
model of E.p/!

We now focus on the case where b D 1, and we set k D .p � 1/=6. By the previous
paragraph, E is given by®�

Œx W y W z�; t
�
W y2z � x3 � tz3 D 0

¯
X
®�
Œ0 W 0 W 1�; 0

�¯
� P2Fp �A1Fp :

By the Néron property, the Frobenius isogeny FrE=Fp.t/ W E ! E.p/ ' E induces a map
F W E ! E given by F W .Œx W y W z�; t/ 7! .Œtkxp W yp W t3kzp�; t /.

On the special fiber of E (which is irreducible), this map induces Œx W y W z� 7! Œ0 W y W 0�,
and this is obviously not an isomorphism. This last remark proves that the semi-stability
hypothesis in Proposition 4.4 cannot be relaxed.

The above proposition directly implies.

Corollary 4.6. Let A=K be a semi-stable abelian variety, and G be a finite subgroup
scheme of A. Let A! C be the Néron model of A, and denote by G the Zariski closure
of G in A. Let B 0 denote the fppf quotient A=G . Let B ! C be the Néron model of quo-
tient abelian variety B D A=G. Then there is an isomorphism Lie.B 0=C / ' Lie.B=C /
of Lie algebras. Hence there is an isomorphism �.B 0=C / ' �.B=C /. In particular, we
have deg�.B 0=C / D deg�.B=C /.

Remark 4.7. Keep the same notation as in the above corollary. If A is not assumed to
be semi-stable, one can still relate deg�.A=G / to deg�.B/ albeit in a weaker form:
Theorem 2.6 in [42] indeed shows that

deg�.B 0=C / � deg�.B=C /

(see also Lemma 1.3 for a detailed proof).
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We can now state the main result of this paragraph, which will be crucial in the rest of
this work.

Proposition 4.8. Let A=K be a semi-stable abelian variety and let G � A be a finite
subgroup scheme of Frobenius height � 1 with Zariski closure G in the Néron model of A
over C . We then have

hdiff
�
.A=G/=K

�
D hdiff.A=K/ � .p � 1/ deg Lie.G=C /:

Proof. By definition of the differential height, this follows from Proposition 4.3, Proposi-
tion 4.4, and Corollary 4.6.

Remark 4.9. Lemma 4.12 in [36] proves that the differential height is constant through
an isogeny A! A=G whose kernel is a finite flat closed subgroup scheme G which is
multiplicative (hence diagonalisable by [36, Lemma 4.11]).

4.3. Variation of height by Frobenius and Verschiebung

Using the results gathered this far, we are now able to tackle one further case of Theo-
rem A. We first describe the variation of differential height through the Frobenius isogeny.

Proposition 4.10. Let K be a function field of positive characteristic p. For any abelian
variety A over K, we have

hdiff.A
.p/=K/ � p hdiff.A=K/:

Furthermore, if A is semi-stable over K, this is an equality.

This result is a direct generalization of Lemma 5.6 in [15]. Just as in the case of elliptic
curves, note that the inequality may be strict without the semi-stability assumption: it is
possible for hdiff.A=K/ and hdiff.A

.p/=K/ to be equal, as shown in Example 4.5.

Proof. Let A be an abelian variety over K, and A, B be the Néron models of A and A.p/

over C , respectively. The identity morphism idA.p/ W A
.p/ ! A.p/ extends by the Néron

property to a morphism A.p/ ! B which, in turn, induces a morphism of Lie algebras
i W Lie.A.p/=C /! Lie.B=C /. This morphism is an isomorphism on the generic fibers
so, by Lemma 1.3, we have deg Lie.A.p/=C / � deg Lie.B=C /. Proposition 3.18 then
yields

�p hdiff.A=K/ � �hdiff.A
.p/=K/;

which is the desired inequality.
Assume now that A is semi-stable over K. Lemma 3.4 then asserts that the Frobenius

morphism FrA=C W A! A.p/ is faithfully flat. Its kernel G D AŒFrA=C � is a finite flat
group scheme over C . Consequently, A.p/ identifies with the fppf quotient A=AŒFrA=C �.
Moreover, since A is semi-stable, Proposition 4.4 ensures that the neutral component of
A=AŒFrA=C � is isomorphic to Bı. In particular, i is then an isomorphism of Lie algebras
Lie.A.p/=C / ' Lie.B=C /. The desired equality follows by taking degrees.
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Alternatively, one can also apply Proposition 4.4 to the subgroup scheme AŒFrA=K �.
The Zariski closure of G D AŒFrA=K � in A is then G DAŒFrA=C �, as we have shown, and

deg Lie.G=C / D deg Lie
�
AŒFrA=C �=C

�
D deg Lie.A=C / D �hdiff.A=K/;

by taking degrees in Proposition 3.16.

The above discussion allows to prove assertion (2) of Theorem A.

Corollary 4.11. LetKDk.C / be a function field of positive characteristic p, and e; f �0
be integers. Let � W A! B be a FV-isogeny of type .e; f / between semi-stable abelian
varieties over K. Then we have

hdiff.B=K/ D p
e�f hdiff.A=K/:

Proof. Apply Proposition 4.10 and Theorem 2.14 repeatedly, the identity ensues.

The previous corollary is a direct generalization of Proposition 5.8 of [15] to higher-
dimensional abelian varieties. This result implies that, given a semi-stable abelian variety
A over K, we have®

hdiff.B=K/ s.t. there exists a FV-isogeny A! B
¯
� pZ hdiff.A=K/:

However, in contrast to the dimension 1 case, not all isogenies are FV-isogenies in higher
dimensions, as can be seen in the following simple example.

Example 4.12. Choose a non-isotrivial semi-stable elliptic curve E defined over the sub-
fieldKp ofK and an integer g � 2, and setADEg . We have hdiff.A=K/D g hdiff.E=K/.
For any integers i; j 2 ¹0; : : : ; gº such that i C j � g, define the product

Ai;j WD .E
.p//i � .E.1=p//j �Eg�i�j :

Consider the isogeny �i;j W A! Ai;j given by the Frobenius FrE=K W E ! E.p/ on the
first i factors of A, by the Verschiebung VerE=K W E ! E.1=p/ on the next j factors, and
by idE W E! E on the remaining factors. Among the various isogenies �i;j , the only FV-
isogenies are �0;0, �0;g , and �g;0 (which are of type .0; 0/, .0; 1/, and .1; 0/ respectively).

For any choices of i; j as above, it is clear that deg �i;j D piCj . Given the relation
between the heights of a semi-stable abelian variety and its Frobenius/Verschiebung twists,
the target abelian variety Ai;j of �i;j has differential height

hdiff.Ai;j =K/ D i p hdiff.E=K/C j p
�1 hdiff.E=K/C .g � i � j / hdiff.E=K/

D hdiff.A=K/C
�
.p � 1/i C .p�1 � 1/j

�
hdiff.E=K/:

It follows that hdiff.Ai;j =K/=hdiff.A=K/D1C
i
g
.p � 1/C j

g
.p�1�1/. If the isogeny �i;j

is not a FV-isogeny (i.e., if .i;j /…¹.0;0/; .0;g/; .g;0/º), the ratio hdiff.Ai;j=K/=hdiff.A=K/

is not a power of p.
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Note that, for any integers i; j as above, we have

p�1 hdiff.A=K/ � hdiff.Ai;j =K/ � p hdiff.A=K/;

(the extreme cases being obtained for .i; j /D .0; g/ and .g; 0/). One checks that ıp.�i;j /
and ıp.b�i;j / are both � 1, so the above inequalities are consistent with the third assertion
of Theorem A.

Proposition 4.10 also allows to describe the variation of modular height (see para-
graph 1.3 for more details on the context) through the Frobenius isogeny.

Proposition 4.13. Let K 0=K be a finite extension. For any point j.A; �; �/ 2 Ag;d;n.K
0/

induced by a semi-stable abelian variety A=K 0 equipped with a polarization � and level
structure �, we let j.A.p/; �.p/; �.p// 2Ag;d;n.K 0/ denote the moduli attached to the p-th
Frobenius twist A.p/ of A equipped with the naturally associated polarization �.p/ and
level structure �.p/. We then have

hmod
�
A.p/; �.p/; �.p/

�
D p hmod.A; �; �/:

Proof. By application of the Formule Clé (Theorem 1.8), the modular height is propor-
tional to the stable differential height, hence the claimed equality may be deduced from
Proposition 4.10.

5. End of the proof of Theorem A

In this section we gather the various ingredients introduced in the last two sections in order
to finish the proof or our main theorem. Theorem 2.14 and Corollary 4.11 already prove
parts (1) and (2) of Theorem A, only the third assertion remains to be treated in the case
of a positive characteristic base field.

For convenience, let us recall the statement we are aiming at.

Theorem 5.1. LetK be a function field of positive characteristic p. Let � W A! B be an
isogeny between two semi-stable ordinary abelian varieties defined over K. Then

p�ıp.
y�/ hdiff.A=K/ � hdiff.B=K/ � p

ıp.�/ hdiff.A=K/;

where ıp.�/ denotes the Frobenius height of the kernel of the isogeny.

In the special case where dimAD dimB D 1, Lemma 3.14 allows to rewrite the above
inequalities in the form:�

degins.y�/
��1 hdiff.A=K/ � hdiff.B=K/ � degins.�/ hdiff.A=K/:

This should be compared to the semi-stable case of Proposition 5.8 in [15], which gives
the more precise equality

hdiff.B=K/ D
degins.�/

degins.y�/
hdiff.A=K/:
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5.1. Isogenies of finite Frobenius height

Recall the following positivity results for Hodge bundles of abelian varieties over K.

Proposition 5.2. Let A be an abelian variety over K. Then the line bundle
VdimA

�A
is nef. Moreover, if A is ordinary then the Hodge bundle �A itself is nef, therefore all its
quotients are also nef.

Proof. The line bundle
VdimA

�A has nonnegative degree by Corollary 1.9, hence is nef.
The nefness of �A in the ordinary case has been proven by Rössler in [35, Theorem 1.2]
in case k is algebraically closed. That result extends to arbitrary k by noticing that nefness
of a vector bundle is invariant under scalar field extension. Nefness of vector bundles is
also stable by quotient [22, Theorem 6.2.12], hence the final assertion.

The nefness property of the Hodge bundle in the ordinary case implies the following,
which is the final key ingredient in our argument.

Proposition 5.3. Let A be a semi-stable ordinary abelian variety. Let G be a finite sub-
group scheme ofA with ıp.G/� 1. Let � WA!B WDA=G be the corresponding isogeny.
We have

hdiff.A=K/ � hdiff.B=K/ � p hdiff.A=K/:

Before starting the proof, let us remark that this inequality is best possible in general:
consider indeed the subgroup scheme G D AŒFrA=K � with Frobenius height 1, in which
caseB DA=AŒFrA=K � is isomorphic toA.p/ and so has height hdiff.B=K/D p hdiff.A=K/

by Proposition 4.10.

Proof. Let A and B be the respective Néron models of A and B over C , let G denote
the Zariski closure of G in A (note that G � AŒFrA=C �). We let Q WD AŒFrA=C �=G . By
Proposition 4.8, the desired inequality is equivalent to

0 � � deg Lie.G=C / � hdiff.A=K/: (5.1)

We now set out to prove this. By Definition 2.7, the sequence

0 �! G �! AŒFrA=C � �! Q �! 0

of finite flat group schemes of Frobenius height � 1 over C is exact. In this context,
�.G=S/ is locally free of finite rank. Indeed, given the shape of O.G / asserted by the
equivalence (iii),(vi) in [7, II, Section 7, Théorème 4.2], one sees that the fiber of
�.G=S/ above any field is a vector space of dimension jG j.

Using the exactness of the Lie functor for those sequences (Proposition 3.17) and
dualizing (Proposition 1.1), we obtain an exact sequence of Hodge bundles

0 �! �.Q=C / �! �
�
AŒFrA=C �=C

�
�! �.G=C / �! 0: (5.2)

The Hodge bundle of G is thus a quotient of �.A=C /: as such, it has nonnegative degree
by Proposition 5.2. This shows that�deg Lie.G=C /� 0, which is the left-most inequality
in (5.1).
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The neutral components of A=G and B are canonically isomorphic (by Proposi-
tion 4.4) because A is semi-abelian. Moreover, both AŒFrA=C � and Q are connected group
schemes, so that AŒFrA=C � is contained in the neutral component Aı of A, and Q canon-
ically identifies with a closed subgroup scheme of Bı (in particular, of B). The abelian
variety B is ordinary (because it is isogenous to A, which is ordinary). In particular, the
Hodge bundle �.B=C / is nef (see Proposition 5.2), hence its quotient �.Q=C / also is.
We thus have � deg Lie.Q=C / D deg�.Q=C / � 0.

Using the exact sequence (5.2) of Lie algebras, together with additivity of degrees
(Lemma 1.4), we obtain

hdiff.A=K/ �
�
� deg Lie.G=C /

�
D �

�
deg Lie

�
AŒFrA=C �=C

�
� deg Lie.G=C /

�
D � deg Lie.Q=C / � 0:

This is the right-most inequality in (5.1).

We now extend Proposition 5.3 to isogenies with connected kernel.

Proposition 5.4. Let A be an ordinary semi-stable abelian variety over K, and let G be
a finite connected subgroup scheme of A. Let  W A! B WD A=G be the corresponding
quotient isogeny. Then

hdiff.A=K/ � hdiff.B=K/ � p
ıp. / hdiff.A=K/:

Proof. SinceG is connected, it has finite Frobenius height d (see Proposition 3.9), and the
isogeny is purely inseparable. We argue by induction on d � 1: if d � 1, we have already
proved the desired bounds in the previous proposition. Assume thus that the statement of
Proposition 5.4 holds for all subgroup schemes with given Frobenius height d � 1 of
semi-stable ordinary abelian varieties over K.

LetG�A be a group of finite Frobenius height d C 1 in a semi-stable ordinary abelian
variety A over K. Lemma 3.10 states that the quotient group scheme G0 WD G=GŒFrG=K �
has Frobenius height d . It is also clear that the subgroup scheme GŒFrG=K � of G has
Frobenius height 1. Let A0 denote the quotient A0 WD A=GŒFrG=K �, and B 0 denote the
quotient of A0 by its subgroup scheme G0. Then B 0 D .A=GŒFrG=K �/=.G=GŒFrG=K �/ is
isomorphic to A=G D B . The kernel G=GŒFrG=K � of the isogeny A0! B 0 has Frobenius
height d : we deduce from the induction hypothesis that

hdiff.A
0=K/ � hdiff.B

0=K/ � pd hdiff.A
0=K/:

Applying Proposition 5.3 to the isogeny A! A0 (whose kernel GŒFrG=K � has Frobenius
height 1) yields

hdiff.A=K/ � hdiff.A
0=K/ � p hdiff.A=K/:

Combining the two bounds leads to hdiff.A=K/ � hdiff.B=K/ � p
dC1 hdiff.A=K/, as was

to be shown.
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5.2. Proof of Theorem 5.1

With the results of the last subsection, we can now prove the main result of this section.
Let � W A! B be an isogeny between two non-isotrivial abelian varieties defined overK.

Without loss of generality, we may and do assume that the degree of � is a power of p.
Indeed, in the factorization of � as in Proposition 2.11, all the factors except the one of
degree a power of p are biseparable and thus preserve the differential height (see Theo-
rem 2.14 (b)). Furthermore, the isogeny � decomposes as �sep ı �ins by Proposition 2.10
with �sep W A

0 ! B separable and �ins W A! A0 purely inseparable. The separable part
�sep must have purely inseparable dual (since �sep is separable of degree a power of p).
Notice that �_ D .�ins/

_ ı .�sep/
_, so that the kernel of the purely inseparable part of �_

contains the kernel of .�sep/
_. Hence ıp..�sep/

_/ � ıp.�
_/. On the other hand we have

ıp.�/ D ıp.�ins/ by definition. To conclude the proof of the theorem, it is thus enough to
prove that

hdiff.A=K/ � hdiff.A
0=K/ � pıp.�ins/ hdiff.A=K/;

and that
hdiff.B=K/ � hdiff.A

0=K/ � pıp..�sep/
_/ hdiff.B=K/:

Applying Proposition 5.4 to  D �ins W A! A0 and  D .�sep/
_ W B_ ! .A0/_ yields

both of the above inequalities (the semi-stability assumption ensures that hdiff.B
_=K/ D

hdiff.B=K/ and hdiff..A
0/_=K/ D hdiff.A

0=K/ by Proposition 2.16).
The above paragraph also concludes the proof of Theorem A.

6. Examples and counterexamples

The first four paragraphs of this section present interesting cases inspired from Moret-
Bailly’s, Kani’s, and Helm’s respective works in characteristic p > 0. The last paragraph
gives an application of Theorem A to the study of quotients of abelian surfaces that are
products of elliptic curves.

6.1. Moret-Bailly’s example

This paragraph discusses a classical construction by Moret-Bailly: we refer to pp. 128–
129 and p. 138 in [25] for details and proofs. All the abelian surfaces considered here will
be in the isogeny class of a constant abelian surface, in particular they are all semi-stable.

Choose two supersingular elliptic curves E1 and E2 defined over an algebraically
closed field k of characteristic p > 2, and letA0DE1 �E2 be the product abelian surface,
polarized by the line bundle L0 D O.E1 � ¹02º C ¹01º � E2/

˝p . The group scheme
K.L0/ is then E1Œp� � E2Œp�. There exists a subgroup scheme G � K.L0/ which is
totally isotropic with respect to the Weil pairing, and which is such that G ' p̨ and
G?=G ' p̨ � p̨ . On the quotient abelian surface A WD .E1 � E2/=G, the line bundle
L0 descends to a symmetric line bundle L which satisfies K.L/ ' p̨ � p̨ .
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In this paragraph, we let S D P1
k

. Denote by A D A �k S the (constant) abelian
surface over S deduced from A, and let L D L �k S be the corresponding line bundle on
A. By construction, there is an isomorphism � WK.L/

�
�!. p̨ � p̨/S . Write . p̨ � p̨/S as

. p̨ � p̨/S D Spec.OS Œ˛; ˇ�=.˛p; ˇp//. The group scheme K.L/ contains a subgroup
scheme H over S isomorphic (via �) to the subgroup of . p̨ � p̨/S given by the equation
˛ X � ˇ Y D 0. This finite flat subgroup scheme H is not constant but, for every closed
point s 2 S , Hs ' . p̨/s .

Let H denote the generic fiber of H . The second abelian variety of interest is the
quotient B WD A=H , with quotient isogeny � W A! A=H .

Lemma 6.1. In the above situation, we have hdiff..A0/K=K/ D hdiff.AK=K/ D 0, and
hdiff.B=K/ D .p � 1/.

Proof. Both .A0/K and AK are constant over K, Corollary 1.9 directly yields the values
of their differential height. Proposition 4.8 states that

hdiff.B=K/ D hdiff.AK=K/ � .p � 1/ deg Lie.H=P1k / D 0C .p � 1/;

where the last equality is a consequence of the fact, proved in [25, Section 1.4], that
Lie.H=P1

k
/ ' OS .�1/.

This example, where hdiff.B=K/ > p hdiff.A=K/, visibly contradicts the right-most
inequality in Proposition 5.4. This shows that the ordinarity assumption cannot be relaxed
for this inequality to hold.

In fact, Moret-Bailly’s construction also provides a counterexample in the non-ordinary
case to the left-most inequality of Proposition 5.4. Indeed, consider the dual isogeny
y� W B_ ! A_. Its kernel is isomorphic to ˛_p D p̨ by Proposition 2.4, hence is also
connected. Now,

hdiff.B
_=K/ D hdiff.B=K/ D .p � 1/ and hdiff.A

_=K/ D hdiff.A=K/ D 0

by Proposition 2.16. Therefore y� W B_! A_ is an isogeny with connected kernel and we
have hdiff.B

_=K/ > hdiff.A
_=K/, i.e., the differential height decreases through y� .

Other families inspired by this construction of Moret-Bailly’s are presented in [37],
see in particular p. 100 there. Generalizing Moret-Bailly’s pencil of supersingular abelian
surfaces to higher dimensions, they construct, for each field of characteristic p > 0, a
smooth projective variety with trivial dualizing sheaf that does not lift to characteristic
zero.

6.2. A generalization of Moret-Bailly’s example

In fact, the ‘unusual’ height variation exhibited by Moret-Bailly’s isogeny is not an iso-
lated example. As we now explain, one can produce isogenies between higher-dimensional
(non-ordinary) abelian varieties for where the same behavior occurs. Let k be an alge-
braically closed field of characteristic p > 2. We start with a lemma.
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Lemma 6.2. Let G be a finite flat group scheme over P1
k

with generic fiber p̨ � p̨ . Then
there exists an integer n0 2 Z such that, for every n < n0, G admits a flat closed subgroup
scheme H � G of order p, with generic fiber p̨ , and such that Lie.H=P1

k
/ ' OP1

k
.n/.

Proof. Recall from [8, Exposé VIIA, Section 7] that the functor H 7! Lie.H=P1
k
/ is an

equivalence of categories between the finite flat commutative group schemes over P1
k

of
Frobenius height � 1 and the commutative locally free p-Lie algebras over P1

k
. If H is

such a group scheme and has order pm, then Lie.H=P1
k
/ is locally free of rankm over P1

k
.

By assumption, the generic fiber Gk.t/ is isomorphic to p̨ � p̨ , so the p-Lie algebra
structural morphism on Lie.G=P1

k
/ is trivial on its generic fiber, hence it is 0 everywhere.

As a consequence, every subvector bundle of Lie.G=P1
k
/ is automatically a sub-p-Lie

algebra of Lie.G=P1
k
/ and thus, by the equivalence of categories above, corresponds to a

finite flat subgroup scheme of G . Proving the lemma then boils down to finding a suitable
subvector bundle of Lie.G=P1

k
/ of rank 1.

By the structure theorem for vector bundles on P1
k

(see e.g. [14, Theorem 11.51]),
there exist unique integers n1 � n2 such that Lie.G=P1

k
/' OP1

k
.n1/˚OP1

k
.n2/. We now

show that OP1
k
.n1/˚ OP1

k
.n2/ contains a subvector bundle isomorphic to OP1

k
.n/ for a

suitable integer n 2 Z.
For any integers m;m0, maps of coherent sheaves OP1

k
.m/! OP1

k
.m0/ canonically

correspond to multiplication by homogeneous polynomials of degree m0 �m. Given two
integers n1; n2, let n be an integer such that n < min.n1; n2/. One can find a pair of
coprime homogeneous polynomials F1; F2 2 kŒT; U � of respective degrees n1 � n and
n2 � n. One then constructs a map of vector bundles f W OP1

k
.n/! OP1

k
.n1/˚OP1

k
.n2/

by f D f1 ˚ f2 where each of f1; f2 is multiplication by the corresponding uppercase-
letter polynomial. Proposition 5 in [2] then shows (in particular) that f is a monomor-
phism in the category of vector bundles over P1

k
. These computations mean that, for any

integer n < min.n1; n2/, Lie.G=P1
k
/ contains OP1

k
.n/ as a subvector bundle.

Therefore G contains a closed flat subgroup scheme H with Lie.H=P1
k
/'OP1

k
.n/, as

claimed. The generic fiber H of H is a subgroup scheme of order p in Gk.t/ ' p̨ � p̨ .
The p-Lie algebra of H (over k.t/) is commutative, has dimension 1 and trivial p-Lie
algebra structural morphism. Therefore H must be isomorphic to p̨ over k.t/.

From the above lemma, we deduce the following.

Proposition 6.3. Let A be a semi-stable abelian variety over K D k.t/ such that AŒp�
contains a copy of p̨ . Then, there exists an integer d0 2 Z such that, for all d � d0, the
square variety B D A � A admits an isogeny � W B ! Bd of Frobenius height � 1 and
of degree p (whose dual shares these two properties) with

hdiff.Bd=K/ � hdiff.B=K/ D d .p � 1/:

Proof. Let A be as in the statement, letG0 � A be a subgroup scheme of A withG0 ' p̨

over K. Let B be the Néron model of B D A � A over P1
k

, and let G be the Zariski
closure of G0 � G0 in B. By the previous lemma there exists an integer d0 such that for
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any d � d0, G contains a subgroup scheme Hd with generic fiber isomorphic to p̨ , and
Lie.Hd=P

1
k
/ isomorphic to OP1

k
.�d/. In particular, we have deg Lie.Hd=P

1
k
/ D �d .

Let Hd � B denote the generic fiber of Hd , and let �d W B ! B=Hd DW Bd be the
quotient isogeny. By construction, the kernel Hd of �d is isomorphic to p̨ . Hence �d
has degree p and Frobenius height 1, and the same holds for the dual of �d because p̨ is
Cartier autodual. The Zariski closure of ker �d in B is Hd , so Proposition 4.8 yields the
desired relation between hdiff.Bd=K/ and hdiff.B=K/.

This proposition allows one to reproduce, in any even dimension at least 4 and with
no isotriviality condition, the height variation observed in Section 6.1 in Moret-Bailly’s
example. Indeed, let B D A2 be an abelian variety as in Proposition 6.3 and let d be a
large enough integer. Then there is a purely inseparable isogeny �d W B! Bd of degree p
with ıp.�/D ıp.y�/D 1, even though hdiff.Bd=K/ < hdiff.B=K/. This obviously violates
the inequalities of Theorem 5.1. This shows that the ordinarity assumption in that theorem
cannot be lifted.

6.3. Kani’s construction

Assume that K has odd characteristic p. Let E be a semi-stable non-isotrivial ellip-
tic curve over K. Choose a point P on E of exact order m WD .p2 � 1/=4, and let
P1 WD Œ

pC1
2
�P and P2 WD Œp�1

2
�P . Up to a finite extension of K, we may assume that

these three points areK-rational. LetH (resp.H1,H2) denote the subgroups of E gener-
ated by P (resp. P1, P2).

Let E 0 WD E=H be the quotient of E by H and let � W E ! E 0 denote the cor-
responding isogeny. Similarly, let �i W E ! Ei WD E=Hi denote the quotient isogeny
from E to its quotient by Hi (for i D 1; 2). It is then clear that deg � D .p2 � 1/=4,
deg�1 D .p � 1/=2 and deg�2 D .p C 1/=2. These three isogenies �; �1; �2 are bisep-
arable since their degrees are coprime to p (see [15, Lemma 4.5]). Theorem 5.1 in [15]
yields

hdiff.E=K/ D hdiff.E
0=K/ D hdiff.E1=K/ D hdiff.E2=K/:

For i D 1; 2, the isogeny � factors as � D$i ı �i for some isogeny $i W Ei ! E 0 since
ker�i DHi �H D ker� . We then let WE �E 0!E1 �E2 be the isogeny given by the

matrix
�
�1 �b$1

�2 b$2

�
. Kani’s work [20, Section 2] shows that the isogeny  has degree p2.

In particular,  is not biseparable. Furthermore,  is minimal (as E is non-CM) because
gcd..p C 1/=2; .p � 1/=2// D 1, so ker is p2-primitive by [20, Corollary 2.11].

However, hdiff.E � E
0/ D hdiff.E1 � E2/ D 2 hdiff.E=K/. This gives a non-trivial

example of a non-biseparable cyclic isogeny between two semi-stable abelian surfaces
that preserves the differential height!

6.4. Helm’s example

In [19], David Helm proves the following: For each prime p, there exists a function fieldK
of characteristic p and an ordinary abelian variety A over K with no isotrivial factors,
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such that A admits an étale isogeny � W A! A of degree a power of p. This gives other
examples of non-biseparable isogenies that preserve the differential height.

6.5. Picard rank and abelian surfaces

The goal of this paragraph is to explain how knowledge on isogeny classes can help under-
stand quotients of certain abelian varieties, using previous works of Shioda on Picard ranks
of algebraic surfaces. For a surface X , we denote by �.X/ the rank of its Néron–Severi
group, this integer is called the Picard rank of X . If E and E 0 are elliptic curves, Shioda
computes in [39] the Picard rank of the product E �E 0:

• If E and E 0 are not isogenous, we have �.E �E 0/ D 2.

• If E and E 0 are isogenous and End.E/ ' Z, we have �.E �E 0/ D 3.

• If E and E 0 are isogenous and End.E/ ' Z2, we have �.E �E 0/ D 4.

• If E and E 0 are isogenous and End.E/ ' Z4, we have �.E �E 0/ D 6.

We also recall [39, Proposition 1.1].

Proposition 6.4. Let E;E1; E2 be elliptic curves such that E �E1 ' E �E2.
If �.E �E1/ � 3, then E1 ' E2.

Shioda also shows that Proposition 6.4 cannot be generalized without care, as shown in
the following example, extracted from [39]. Let k be a field of characteristic p satisfying
p D 3 mod 4. Consider the elliptic curve E=k given by the model E W y2 D x3 � x. Let
P1 D .0; 0/ 2 E and P2 D .1; 0/ 2 E. Each of the quotient elliptic curves E1 WD E=hP1i
and E2 WD E=hP2i is 2-isogenous to E. One can show that E is even isomorphic to E1
over k, and that j.E/ ¤ j.E2/ if and only if p … ¹3; 7º. Assume that p D 3 mod 4 and
p > 7: the above implies that E is not isomorphic to E2. Proposition 2.3 of [39] shows
that E � E1 ' E � E2 over k, despite the fact that j.E1/ ¤ j.E2/. This shows that,
in general, given an abelian surface A and two abelian subvarieties B1 and B2, the fact
that B1 is isomorphic to B2 does not imply that A=B1 is isomorphic to A=B2!

We now work with elliptic curves defined over a function field K. First, we remark
that Theorem A of [15] gives an easy numerical criterion to prove that �.E � E 0/ D 2:
if two non-isotrivial elliptic curves E and E 0 defined over K are such that the quotient
hmod.E/=hmod.E

0/ is not a power of p (in particular not equal to 1), then �.E �E 0/ D 2.
Exploiting this idea, we give a corollary concerning certain products of elliptic curves.

Proposition 6.5. Let E1 and E2 be two non-isotrivial elliptic curves over K such that
hmod.E1/=hmod.E2/ is not a power of p. Then, for any elliptic curveE=Kwith End.E/DZ,
the surfaces E �E1 and E �E2 are not isomorphic.

Proof. The assumption implies, by [15, Theorem A], thatE1 andE2 are not isogenous. In
particular, they are not isomorphic. Moreover, as End.E/D Z, the above mentioned work
by Shioda shows that �.E �E1/ � 3. This implies the conclusion by Proposition 6.4.

For a discussion of other illustrations of the same nature, we refer to Examples 1.8
and 1.9 in [33].
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7. The parallelogram inequality

Throughout this section, the base function field K is fixed, and we only consider abelian
varieties defined over K. To avoid overly complicated notation, we denote the differential
height (over K) of an abelian variety A defined over K by hd.A/ (instead of hdiff.A=K/

as above).
We first recall Rémond’s theorem [34] on the Faltings heights of abelian varieties over

number fields arranged in a ‘parallelogram’ configuration. Let A be an abelian variety
defined over a number field L and let G; H be two finite subgroups of A.xL/ defined
over L (i.e., stable under the action of the absolute Galois group Gal.xL=L/). Then we
have

hFal
�
A=.G CH/

�
C hFal

�
A=.G \H/

�
� hFal.A=G/C hFal.A=H/;

where hFal denotes the Faltings height (over L). We prove the exact analogue of this state-
ment in the context of abelian varieties over function fields.

Theorem 7.1. LetK be the function field of a curve as above. Let A be an abelian variety
over K. If K has positive characteristic, assume that A is semi-stable. For any finite
subgroup schemes G;H of A, we have

hd
�
A=.G CH/

�
C hd

�
A=.G \H/

�
� hd.A=G/C hd.A=H/: (7.1)

Moreover, if the order of G or H is not divisible by the characteristic of K (e.g. if the
characteristic of K is 0), then (7.1) is an equality.

The name ‘Parallelogram inequality’ stems from the commutative diagram of isoge-
nies which one gets from the data of the theorem:

A=.G \H/

A=G A=H:

A=.G CH/

Note that, in contrast to the third case of Theorem A, Theorem 7.1 does not add any
ordinarity assumption in positive characteristic. The proof of the parallelogram inequal-
ity (7.1) in the function field setting – which is quite different from that of Rémond [34]
in the number field case – occupies Sections 7.1, 7.2, and 7.3 below.

Example 7.2. There are situations in which inequality (7.1) is strict even when A is
ordinary and semi-stable; here is an example. Let K be a function field of positive char-
acteristic p over a perfect field k. Let A be a semi-stable ordinary abelian variety defined
over the subfieldKp ofK, and set B D A.1=p/ (so that A' B.p/). LetH denote the ker-
nel of the Frobenius FrA=K W A! A.p/ on A, andG denote the kernel of the Verschiebung
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VerB=K W A D B.p/! B . Both G andH are subgroup schemes of A of order pdimA, and
they are contained in the p-torsion subgroup schemeAŒp� (which is of order p2 dimA). The
group scheme H is connected, whereas G is étale: their intersection G \H is therefore
trivial. We deduce that G CH D AŒp�. These remarks imply that

hd
�
A=.G CH/

�
C hd

�
A=.G \H/

�
D 2 hd.A/:

On the other hand, Corollary 4.11 shows that

hd.A=H/C hd.A=G/D hd.A
.p//C hd.B/D p hd.A/C p

�1 hd.A/D .pC 1=p/hd.A/:

Since p � 2, we thus have hd.A=.G CH//C hd.A=G \H/ < hd.A=G/C hd.A=H/.
Here is an explanation of why inequality (7.1) is strict here (compare with the proof of

Lemma 7.7). Let H denote the Zariski closure of H in the Néron model of A, and H 0 the
Zariski closure of the image of H in the Néron model of A=G. Applying Proposition 4.8
to A! A=H and A=G ! A=.G CH/ yields

hd.A/ � hd.A=H/ D .p � 1/ deg Lie.H=C /;

hd.A=G/ � hd
�
A=.G CH/

�
D .p � 1/ deg Lie.H 0=C /:

In the current situation, deg Lie.H=C / D k is a negative integer, and H Š .H 0/.p/ so
deg Lie.H 0=C / D k=p > k. Hence we have deg Lie.H=C / < deg Lie.H 0=C /, and (7.1)
is strict.

This shows that applying an étale isogeny to a subgroup of Frobenius height � 1 can
increase the degree of the Lie algebra of its Zariski closure in the Néron model.

As a cute consequence, we explicitly state a consequence of Theorem 7.1 in dimen-
sion 1 (see Corollary B.2). For any elliptic curve E over any finite extension of K, we
let hmod.E/ denote the absolute Weil height of the j -invariant of E (see [15] for a more
precise definition).

Corollary 7.3. Let E be an elliptic curve over the algebraic closure xK of K. Let G;H
be two finite subgroup schemes of E. Then we have

hmod
�
E=.G \H/

�
C hmod

�
E=.G CH/

�
� hmod.E=G/C hmod.E=H/:

Proof. Let K 0 be a finite extension of K over which E attains semi-stable reduction.
Corollary 3.3 in [15] provides the equality hmod.E/ D 12 hdiff.E �K K

0=K 0/. The claim
thus follows from Theorem 7.1 applied to E �K K 0.

Remark 7.4. The parallelogram inequality (7.1) can be proven more directly in case A is
a semi-stable non-isotrivial elliptic curve. Indeed, it suffices to combine the ‘FV-isogeny’
case of Theorem A (in dimension 1, all isogenies are FV-isogenies), Lemma 3.14, and
inequalities (3.1) for the Frobenius heights of sums and intersections of two finite sub-
group schemes of A.
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7.1. Parallelogram configurations

We now begin proving Theorem 7.1. Let us consider triples .AIG; H/ where A is an
abelian variety overK, which is assumed to be semi-stable ifK has positive characteristic,
and G; H are finite subgroup schemes of A. Such a triple .AIG; H/ will be called a
parallelogram configuration over K if G \H is the trivial group scheme.

Let .AIG;H/be a triple as above. Consider the quotient abelian varietyA0 WDA=G\H,
and its two subgroup schemesG0 WDG=G\H andH 0 WDH=G\H . The triple .A0IG0;H 0/
is clearly a parallelogram configuration. Assuming that the parallelogram inequality (7.1)
holds for .A0IG0;H 0/ yields

hd.A
0/C hd

�
A0=.G0 CH 0/

�
� hd.A

0=G0/C hd.A
0=H 0/:

Classical isomorphism theorems imply thatA0=.G0CH 0/'A=.GCH/,A0=G0'A=G,
and A0=H 0 ' A=H . Hence the last displayed inequality reads

hd
�
A=.G \H/

�
C hd

�
A=.G CH/

�
� hd.A=G/C hd.A=H/;

which is the parallelogram inequality for our initial triple .AIG;H/. Therefore, in order
to prove the parallelogram inequality (7.1) for all triples .AIG;H/ over K, it suffices to
do so for all parallelogram configurations over K.

The next lemma will allow us to use a suitable ‘dévissage’ to prove (7.1).

Lemma 7.5. Let .AIG;H/ be a parallelogram configuration over K (with G \H triv-
ial). Let H 0 be a subgroup scheme of H . If the parallelogram inequality holds for both
configurations .AIG; H 0/ and .A=H 0I .G C H 0/=H 0; H=H 0/, then the parallelogram
inequality holds for .AIG;H/.

A

A=G A=H 0

A=.G CH 0/ A=H

A=.G CH/

'H 0

'G
'H

 H 0

 G

�H 0�G0

 G0

 H

Proof. Let B WD A=H 0 be the quotient of A by H 0, let N WD H=H 0 be the image of H
in B , and M WD .G CH 0/=H 0 be the image of G in B . It is clear that M \ N is trivial
(because G \H , and thus G \H 0 are trivial). By classical isomorphism theorems, we
have B=N ' A=H , B=M ' A=.G CH 0/, and B=.M CN/ ' A=.G CH/. Assuming
that the parallelogram inequality holds for .AIG;H 0/ means that

hd.A/C hd
�
A=.G CH 0/

�
� hd.A=G/C hd.A=H

0/:
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Rewriting the parallelogram inequality for .BIM;N/with the isomorphisms above yields

hd.A=H
0/C hd

�
A=.G CH/

�
� hd

�
A=.G CH 0/

�
C hd.A=H/:

Summing up the two displayed inequalities and canceling some terms finally leads to the
desired parallelogram inequality for the configuration .AIG;H/.

7.2. Special cases of Theorem 7.1

We first prove three special cases of Theorem 7.1 in that many lemmas.

Lemma 7.6. Let .AIG;H/ be a parallelogram configuration over K. Assume that G or
H is étale with étale dual. Then the parallelogram inequality (7.1) holds for .AIG;H/,
and is an equality.

(Note that this lemma concludes the proof of Theorem 7.1 in the characteristic 0 case.)

Proof. The roles of G, H being symmetric, we may assume that H is étale with étale
dual. In the commutative diagram,

A

A=G A=H;

A=.G CH/

'G 'H

 G  H

the isogeny  G W A=G ! A=.G CH/ has kernel ker G D .G CH/=G. Since G \H
is trivial, this kernel is isomorphic to H , it is thus étale with étale dual. Both 'H and  G
are biseparable isogenies, so that Theorem 2.14 yields hd.A=G/ D hd.A=.G CH//, and
hd.A/ D hd.A=H/. In particular, we have

hd.A/C hd
�
A=.G CH/

�
D hd.A=G/C hd.A=H/;

which is the desired ‘parallelogram equality’.

Lemma 7.7. Let .AIG;H/ be a parallelogram configuration over K. Assume that G or
H is connected. Then the parallelogram inequality (7.1) holds for .AIG;H/.

Proof. Again, we may and do assume that H is connected. Proposition 3.9 ensures that
H has finite Frobenius height. So we can filtrate H by an increasing chain of subgroup
schemes

H0 D ¹0º � H1 � � � � � Hı D H;

in such a way that HiC1=Hi has Frobenius height 1 for each i 2 ¹0; : : : ; ı � 1º. (In other
words, Hi is the intersection of H with the kernel of the i -th iterated Frobenius Fr.i/

A=K
.)
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For any j 2 ¹1; : : : ; ı C 1º, consider the quotient abelian varieties Aj WD A=Hj�1 and
A0j WD A=.G CHj�1/, and let Aj and A0j denote their respective Néron models over C .
For j 2 ¹1; : : : ; ıº, consider the commutative diagram

Aj

A0j AjC1:

A0jC1

'j�j

 j

The kernel of 'j W Aj ! AjC1 is ker 'j ' Hj =Hj�1, and the isogeny  j W A0j ! A0jC1
has kernel

ker j D .G CHj /=.G CHj�1/ ' Hj =Hj�1:

Both ker 'j and ker j thus have Frobenius height 1. Write Hj for the Zariski closure of
ker 'j in Aj , and H 0j for that of ker j in A0j . Note that both Hj and H 0j have Frobenius
height � 1.

Consecutive applications of Proposition 4.8 yield

hd.A/ � hd.A=H/ D

ıX
jD1

�
hd.Aj / � hd.AjC1/

�
D .p � 1/

ıX
jD1

deg Lie.Hj =C /;

and

hd.A=G/ � hd
�
A=.G CH/

�
D .p � 1/

ıX
jD1

deg Lie.H 0j =C /:

On the other hand, for a given j 2 ¹1; : : : ; ıº, the canonical quotient map �j WAj !A0j
induces an isomorphism of group schemes ker 'j ! ker j (because G \H is trivial).
Extending the map �j by the Néron mapping property, and passing to the Zariski closure,
this isomorphism extends into a morphism of group schemes Hj ! H 0j , which is an
isomorphism on the generic fiber. Lemma 1.3 now implies that

deg Lie.Hj =C / � deg Lie.H 0j =C / for all j 2 ¹1; : : : ; ıº:

With the previous paragraph, this leads to

hd.A/ � hd.A=H/ � hd.A=G/ � hd
�
A=.G CH/

�
;

which is equivalent to the parallelogram inequality for the triple .AIG;H/.

Lemma 7.8. Let .AIG;H/ be a parallelogram configuration over a function field K of
positive characteristic p. Assume that G or H is étale of order a power of p. Then the
parallelogram inequality (7.1) holds for .AIG;H/.
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Proof. By symmetry, we assume that H is étale of order a power of p. The Cartier dual
H_ of H is then a finite connected subgroup scheme of the dual abelian variety A_. By
duality, the configuration .AIG;H/ gives rise to a commutative diagram

A_

.A=G/_ .A=H/_:

�
A=.G CH/

�_

d'G d'H

d G d H

Let A0 WD .A=.G CH//_, G0 WD ker c G and H 0 WD ker b H . One checks that G0 \H 0

is trivial, and that A_ is isomorphic to A0=.G0 CH 0/. In other words, the above diagram
comes from the parallelogram configuration .A0IG0;H 0/:

A0=.G0 CH 0/

A0=G0 A0=H 0:

A0
�G0 �H 0

In this diagram, the isogeny �G0 W A0 ! A0=G0 has kernel G0 D ker c G , which is Cartier
dual to ker  G . But, since G and H have trivial intersection, ker  G D .G C H/=G

is isomorphic to H . Hence �G0 has connected kernel, and we may apply the previous
Lemma 7.7 to the configuration .A0IG0;H 0/. This yields

hd.A
0/C hd

�
A0=.G0 CH 0/

�
� hd.A

0=G0/C hd.A
0=H 0/:

The definition of A0 and the three isomorphisms A0=G0 ' .A=G/_, A0=H 0 ' .A=H/_,
and A0=.G0 CH 0/ ' A_ allow to rewrite the above inequality as

hd.A
_/C hd

��
A=.G CH/

�_�
� hd

�
.A=G/_

�
C hd

�
.A=H/_

�
:

Remembering that a semi-stable abelian variety and its dual have the same height (Propo-
sition 2.16) gives the parallelogram inequality for the configuration .AIG;H/.

7.3. Proof of Theorem 7.1

As noted above, it suffices to prove the parallelogram inequality (7.1) for any parallelo-
gram configuration .AIG;H/ over K. If K has characteristic 0, we have already done so
in Lemma 7.6. We may thus assume that K has positive characteristic p.

Let .AIG;H/ be a parallelogram configuration over K. The group scheme H admits
a filtration by subgroup schemes:

0 � H ı � Hp1 � H;
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where H ı is the connected component of identity in H , and Hp1 is the p-primary part
of H (the largest subgroup scheme of H whose order is a power of p). We consider the
commutative diagram:

A

A=G

˙

1 A=H ı

A=.G CH ı/

˙

2 A=Hp1

A=.G CHp1/

˙

3 A=H

A=.G CH/

'H;1

'G 'H

 G

'H;2

'H;3

 H

In the parallelogram labeled
˙

1, the isogeny 'H;1 has connected kernelH ı. Lemma 7.7
yields the parallelogram inequality for .AIG;H ı/. In the parallelogram labeled

˙

2, the
isogeny '0H;2 has kernel isomorphic toHp1=H ı, which is étale of order a power of p. The
parallelogram inequality holds for .A=H ıI .G CH ı/=H ı; Hp1=H ı/ by Lemma 7.8. In
the parallelogram labeled

˙

3, the isogeny '0H;3 has kernel isomorphic toH=Hp1 , which
has order coprime to p so it is étale with étale dual. The parallelogram inequality for
.A=Hp1 I .G CHp1/=Hp1 ;H=Hp1/ then follows from Lemma 7.6.

Three successive applications of Lemma 7.5 finally imply that the parallelogram in-
equality (7.1) holds for the configuration .AIG;H/.

7.4. Consequence: height of abelian subvarieties

Theorem 7.9. Let K D k.C / be a function field as above. Let A be an abelian variety
over K. If K has positive characteristic, assume that A is semi-stable. For any abelian
subvariety B � A of A, we have

hd.B/C hd.A=B/ � hd.A/: (7.2)

Moreover, in case K has characteristic 0, this inequality is an equality.

Proof. We essentially rewrite Rémond’s proof of Théorème 1.2 in [34] in our context.
Choose a quasi-complement B 0 of B in A, that is to say, an abelian subvariety B 0 � A
such that B C B 0 D A, and B \ B 0 finite. Let G denote the kernel of the summation
isogeny B � B 0 ! A, and let H WD .B \ B 0/ � ¹0B 0º, where 0B 0 denotes the neutral
element in B 0. Both G and H are finite subgroup schemes of B � B 0, and one easily
shows that

G \H is trivial; and G CH D .B \ B 0/ � .B \ B 0/:
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It is clear that .B �B 0/=G ' A, and that .B �B 0/=H ' .B=B \B 0/ �B 0. The isogeny
B 0 ! A! A=B has kernel B \ B 0, so that B 0=.B \ B 0/ ' A=B . We therefore have

.B � B 0/=.G CH/ ' .B=B \ B 0/ � A=B:

Applying Theorem 7.1 to the parallelogram configuration .B � B 0IG;H/ yields

hd.B � B
0/C hd

�
.B � B 0/=.G CH/

�
� hd

�
.B � B 0/=G

�
C hd

�
.B � B 0/=H

�
:

The differential height of a product is the sum of the differential heights (see Proposi-
tion 2.16) so, with the above isomorphisms the previous inequality (which is an equality
if K has characteristic 0), becomes

hd.B/C hd.B
0/C hd

�
B=.B \ B 0/

�
C hd.A=B/ � hd.A/C hd

�
B=.B \ B 0/

�
C hd.B

0/:

Canceling terms yields the desired result.

Remark 7.10. In positive characteristic and in the ordinary case, the less precise inequal-
ity hd.B/ � hd.A/ is easier to prove, and does not require the use of Theorem 7.1. Indeed,
write B and A for the respective Néron models of B and A. Then G WD BŒFrB=C � is a
finite flat subgroup scheme of AŒFrA=C � with Frobenius height 1.

Recall that hd.B/D�deg Lie.B=C /D�deg Lie.G=C /. Inequality (5.1) in the proof
of Proposition 5.4 yields � deg Lie.G=C / � hd.A/, which is the claimed inequality.

Notice also that, if A a constant abelian variety over K, then any abelian subvariety B
of A is also constant overK (by [4, Corollary 3.21]). This is consistent with the inequality
hd.B/ � hd.A/ D 0.

Example 7.11. If K has positive characteristic p, the inequality in Theorem 7.9 cannot
always be an equality (i.e., it must sometimes be strict), as the following example shows.
Let E1 and E2 be two non-isotrivial ordinary elliptic curves over K. Assume that the
differential heights ofE1 andE2 are different. Up to replacingK by a finite extension, we
may assume that both E1 and E2 have a K-rational point of exact order p. For i D 1; 2,
pick such a point Pi 2 Ei .K/ and write hPi i for the subgroup of Ei it generates. The
quotient isogeny Ei ! Ei=hPi i is étale of degree p, so that hd.Ei=hPi i/ D p hd.Ei /.

Now, let P D .P1; P2/ be the induced p-torsion point on the product E1 � E2, and
consider the quotient abelian surface A WD .E1 �E2/=hP i. For i D 1; 2, the natural mor-
phism fi W Ei ,! E1 �E2 ! A is injective. Let Bi WD fi .Ei / � A denote its image. By
construction, Bi is isomorphic toEi . Moreover, a straightforward computation shows that
the quotient A=B1 is isomorphic to E2=hP2i and, similarly, that A=B2 ' E1=hP1i.

If inequality (7.2) were an equality for both subvarieties B1 and B2 of A, then we
would have

hd.A/ D hd.B1/C hd.A=B1/ D hd.E1/C hd
�
E2=hP2i

�
D hd.E1/C p hd.E2/;

and

hd.A/ D hd.B2/C hd.A=B2/ D hd.E2/C hd
�
E1=hP1i

�
D p hd.E1/C hd.E2/:
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This would lead to hd.E1/ D hd.E2/, contradicting our choice of E1 and E2. Therefore,
one of the inequalities hd.B1/ C hd.A=B1/ � hd.A/ and hd.B2/ C hd.A=B2/ � hd.A/

must be strict.

Remark 7.12. Rémond remarked in private communication that Theorems 7.9 and 7.1
are actually equivalent statements. To prove that Theorem 7.9 implies Theorem 7.1, notice
that any parallelogram triple .AIG;H/ gives rise to an exact sequence of abelian varieties

0 �! A=.G \H/
�
�! A=G � A=H �! A=.G CH/ �! 0;

where � is induced by the diagonal embedding G \H ,! G �H . Applying Theorem 7.9
to the abelian subvariety �.A=.G \H// of A=G � A=H , and using a classical isomor-
phism theorem and the compatibility of the height with products yield the parallelogram
inequality (7.1) for the triple .AIG;H/.
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