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Cohomogeneity one manifolds with singly generated
rational cohomology 11

Jason DeVito

Abstract. We classify cohomogeneity one actions on smooth, simply connected, closed manifolds
with the rational cohomology of a sphere. In particular, we show that such a manifold is diffeo-
morphic to a sphere, a Brieskorn variety, the Wu manifold SU(3)/SO(3), one of two homogeneous
spaces of the form G, /SU(2), or a member of a particular four-parameter family of 7-manifolds.

1. Introduction

Cohomogeneity one manifolds, that is, manifolds admitting an action by a Lie group with
a one-dimensional orbit space, are of fundamental importance in Riemannian geometry,
especially in the study of non-negative and positive curvature. For example, Grove and
Ziller [23] have shown that all closed cohomogeneity one manifolds admit Riemannian
metrics of non-negative Ricci curvature, and that such a manifold admits a metric with
positive Ricci curvature if and only if it has finite fundamental group. In addition, a closed
cohomogeneity one manifolds always admit metrics of almost non-negative sectional cur-
vature [34]. Cohomogeneity one manifolds are also crucial in the construction of the most
recently discovered Riemannian manifold with positive sectional curvature [8,20] and
have also been used to construct metrics of non-negative sectional curvature on many of
the exotic 7-spheres [22]. A generalization of this construction has recently been used [16]
to equip all exotic 7-spheres with non-negatively curved Riemannian metrics.

Manifolds of non-negative sectional curvature are expected to have a relatively simple
topology. For example, a theorem of Gromov [17] gives a universal bound (depending
only on the dimension) on the total sum of Betti numbers of a non-negatively curved
manifold and the Bott conjecture predicts that a non-negatively curved manifold should
be rationally elliptic, that is, that the rational homotopy groups 7x (M) ® Q are trivial
for k > 2dim M. As such, in the search for new candidates for interesting curvature
properties, one typically looks at manifolds with simpler topologies.

From the perspective of rational homotopy theory, simply connected manifolds whose
rational cohomology ring is generated by a single element are the simplest — these are the
spaces with precisely one non-trivial rational homotopy group in odd degree. For homo-
geneous spaces, and more generally biquotients (the other main sources of non-negatively
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curved manifolds), Kapovitch and Ziller [26] classified all the simply connected examples
whose rational cohomology ring is singly generated. For cohomogeneity one manifolds,
the even-dimensional case has recently been solved by Kennard and the author [10]. We
also point out that Wang [39] classified cohomogeneity one actions on standard spheres
(with one family missing) but only provides a full classification when the dimension is
even, but not 4, or larger than 31. Straume [36, 37] has classified cohomogeneity one
actions on homotopy spheres, and Asoh [1,2] has classified cohomogeneity one actions
on Z/27-homology spheres. In this paper, we generalize the work of Asoh, Straume, and
Wang, and complete the classification in the odd-dimensional case.

Theorem 1.1. Let M" be a simply connected, closed manifold with the rational cohomol-
ogy of 8™ and suppose G is a compact Lie group acting via a cohomogeneity one action.
Then, up to orbit equivalence, M and the action are one of the following:

(1) a sphere with a linear action,

(2) a Brieskorn variety Bﬁmfl with a standard action, where m > 3, d > 2, and where
either m is even or d is odd,

(3) the Wu manifold W>=SU(3)/SO(3) with one of infinitely many actions by S>x S',

(4) one of two 11-manifolds of the form G,/SU(2); fori = 1 or i = 3, with action
by SU(3) x SU(2), or

(5) a7-manifold M(p_ 4 ) (p,.q.) Where p_qy # piq_, with an action by S3 x §3.

Conversely, each of these listed manifolds is a simply connected closed cohomogeneity
one rational sphere.

We actually prove a slightly stronger result. Namely, we recover the action up to so-
called normal extensions and ineffective kernel. Given a cohomogeneity one G-action on a
manifold M, if G’ C G is a normal subgroup of G for which the restriction of the G-action
to G’ is still cohomogeneity one, then we say that the G-action is a normal extension of
the G’-action.

The linear actions of Case (1) are classified by Straume [36]; see also [1, Theorem 6.1]
for the complete list. We also note that if M is even dimensional, it must fall into this case
[10].

Regarding Case (2), the Brieskorn varieties B;m_l [6] are defined as the intersection
of the zero set of the complex polynomial zg + >0 Zi2 = 0 with a small sphere about the
origin in C™*!, Writing Z = (z1, ..., Z,), up to finite cover, the group SO(2) x SO(m)
acts via (z, A) * (zo, Z) = (z%z¢, zZA"). When m = 8, the restriction of this action to
SO(2) x Spin(7) is still cohomogeneity one, as is the action by SO(2) x G, whenm = 7.

When d = 1, B#™~! is equivariantly diffeomorphic to $?™~! with a linear action
and when d = 2, B>~ is diffeomorphic to T''S™. When m is even H™(B3""!) =
7./d 7 while B>"~! is a homotopy sphere if both m and d are odd. For completeness, we
note that if m is odd and d is even, then B;m_l has the integral cohomology groups of
S™m=1 % §™ and when m = 2 and d > 1, then Bfl is not simply connected. We compute
these cohomology groups in the appendix.
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In Case (3), W? is simply connected with cohomology determined by
Hy(W>,Z) = Z,.

Apart from S2, it is the only example which is not 2-connected, and the only example
which is not spin.

For Case (4), the index i on SU(2) refers to its Dynkin index. The two SU(2); are
the two non-trivial normal subgroups of SO(4) € G». In both cases, SU(3) x SU(2)4—;,
acts on G, /SU(2); by (A4, B) x g SU(2); = AgB~! SU(2);. The ineffective kernel of the
action is Z/2Z generated by (I, —1I). The space G,/SU(2); is diffeomorphic to 71 S°.
Topologically, G, /SU(2)3 is the most interesting: with Z /27 coefficients, its cohomol-
ogy ring is isomorphic to that of §° x §¢, while with Z /37 coefficients, it is isomorphic
that of S® x H P2 [28]. Every other manifold M appearing in Theorem 1.1 is highly con-
nected, and, moreover, for each m € Z, H*(M ; Z,) is isomorphic to either H*(S™; Z,)
orto H*(S§®#=1D/2 y §+1/2. 7

Finally, in Case (5), the manifolds M(,_ 4 ) (p, 4,) are found in both [12,21]; these
are the P manifolds of [24]. Each M(,_ 4 ) (p4.q+)» 1S tWo-connected with third homol-
ogy group isomorphic to Z, [21, Theorem 13.1] where r = p2g% — p3 ¢ # 0. The Py
candidates for positive sectional curvature are the subfamily consisting of the manifolds
M,1),k—1,2k+1)-

As mentioned before, the case of rational spheres of even dimensions has already
been solved [10]. This work differs from the even-dimensional case in two ways. First,
the even-dimensional examples always have positive Euler characteristic, which forces
the existence of a singular orbit with odd codimension. Looking at Theorem 2.7, this
assumption leaves a limited number of possibility for the homotopy fiber of the inclusion
of a principal orbit into the manifold. This also forces at least one singular isotropy group
to have full rank, with already significantly reduces the possibilities. Second, Frank [15]
has already classified the so-called primitive cohomogeneity one manifolds of positive
Euler characteristic. While we do show that a cohomogeneity one rational sphere must
be primitive (Theorem 2.9), this result is less useful in the odd-dimensional case since
there is no known classification of primitive cohomogeneity one manifolds when the Euler
characteristic is zero. The observation that these actions must be primitive does, however,
turn out to be frequently used.

We conclude this section with an outline of the proof. Recall also that cohomogeneity
one manifolds whose orbit space is an interval can be classified in terms of their so-called
group diagrams [30]. A group diagram is a collection of four compact Lie groups H, K*,
and G satisfying two properties: that H € K* C G and that both K*/H are diffeomor-
phic to sphere S+, possibly of different dimensions, with both £+ > 1.

In dimension at most 7, we use Hoelscher’s [24] classification, together with coho-
mology ring calculations of Escher and Ultman [12] to check which examples are rational
spheres. In higher dimensions, we work as follows. Let ¥ denote the homotopy fiber of
the inclusion of a principal orbit G/H into M. According to Grove and Halperin [18],
the rational homotopy type of ¥ is determined up to finitely many possibilities by the
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orientability of the singular orbits G/ K and their codimensions, naturally falling into
6 possibilities, see Theorem 2.7. It turns out two of these possibilities can only occur in
dimension at most 7.

The remaining four possibilities are handled one at a time. The first such family occurs
when precisely one singular orbit is non-orientable. In this case, we use the constrained
topology of the orbits to compute the diffeomorphism types of the singular and principal
orbits. Then a simple Mayer—Vietoris argument shows that this case can only arise for
actions on homotopy spheres, whose classification is already complete [36]. This is done
in Section 4.

In Section 5, the second and third cases are dealt with. While the second case is trivial,
the third requires significantly more work. We first use the constrained topology to prove
the groups H, K*, G must fall into precisely 5 possibilities. It turns out that each of these
possibilities is encountered in [39]; we adapt his arguments to handle this case.

We complete the proof of Theorem 1.1, in Section 6, we handle the last case, which
natural splits into two subcases depending on whether the two integers £1 have same
parity or not. When they have the same parity, we again follow an approach of Wang to
give a short proof that M must be diffeomorphic to a standard sphere with linear action.
Lastly, we turn to the subcase where £, and £_ have different parities. This turns out to
be the most interesting and most difficult case, making up roughly half of this article. It
is within this case that the Brieskorn examples in dimension 4n — 1, the actions on the
homogeneous quotients of G», and some linear actions on spheres arise. The proof in
this case begins with a computation of the rational topology of the singular and principal
orbits. This knowledge, together with known classification results on the topology of Lie
groups and homogeneous spaces, allows us to narrow down the form of the Lie group G
and the conjugacy classes of the various isotropy groups to a point where we can fully
classify them. We are then able use Asoh’s classification [1] to show that this information,
in most cases, determines the cohomogeneity one manifold up to equivariant diffeomor-
phism. For the remaining cases, we classify the group diagrams and identify them with
known cohomogeneity one actions.

Finally, in the appendix, we compute the cohomology groups of Brieskorn varieties.

2. Preliminaries

2.1. Cohomogeneity one manifolds

A smooth manifold M with a smooth action of a Lie group G is said to be a cohomo-
geneity one G-manifold if the orbit space M/G is one-dimensional. This is equivalent to
requiring the principal orbit to have codimension 1. We will always restrict to the case
where the manifold M is closed (compact and boundaryless) and simply connected, and
where G is compact and connected. A fundamental structure result of Mostert [30] asserts
the following.
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Theorem 2.1. Suppose M is a simply connected closed cohomogeneity one manifold
under the action of a compact Lie group G. Then M /G is homeomorphic to [—1, 1] and

e points in (—1, 1) correspond to principal orbits G/H,
e the boundary points %1 € [—1, 1] correspond to singular orbits G/ K+,
e both K*/H =~ S are diffeomorphic to spheres of positive dimension £+, and

o M is equivariantly diffeomorphic to the union of two disk bundles D(G/K*)
G X+ D=+ oyer G/K* glued together along their common boundary G/H
G Xg+ S+ via the identity map.

I

Conversely, a group diagram H € K* C G with K* /H = S with both £+ > 1 uniquely
determines a cohomogeneity manifold M = D(G/K*) Ug/y D(G/K™).

We say M is a double disk bundle as it can be expressed as a union of two disk bun-
dles glued along their common boundary. This decomposition of M will be frequently
used in combination with the Mayer—Vietoris sequence in cohomology to relate the rel-
atively simple topology of M with that of the principal and singular leaves. To that end
note that D(G/K¥) is homotopy equivalent to G/K*, with a deformation retract given
by contracting the fiber disks to a point. The composition G/H =~ G xg+ K*/H C
D(G/K*) — G/K*¥ is simply the canonical projection map G/H — G/K®*. In partic-
ular, whenever we apply the Mayer—Vietoris sequence to the double disk bundle decom-
position of M, we will always identify the disk bundles D(G/K*) with G/K* and the
inclusion G/H — D(G/K%*) with the projection G/H — G/K*.

We allow the G-action to have non-trivial ineffective kernel, so we can always pass to
a cover of G. For the duration of the article, we will adopt the following convention.

Convention 2.2. These assumptions and notations will be used without further comment:
e G = Go x T* is isomorphic to the product of a simply connected Lie group G,

* H C G will always denote the principal isotropy group.

o K¥* C G will denote the two singular isotropy groups.

{1 will denote the dimension of the fiber spheres K*/H =~ S+

*  No proper normal subgroup of G acts with the same orbits as the G-action.

» The phrase “M is a rational sphere” is an abbreviation for “M" is a closed smooth

simply connected manifold whose rational cohomology is isomorphic to H*(S™;Q)”.

We remark that in terms of the group diagram, the condition that no normal subgroup
of G acts with the same orbits is equivalent to requiring that the projection of H to any
simple factor of G is not surjective. This also implies that the ineffective kernel of the
action is at most finite.

We will occasionally need to deal with disconnected Lie groups. In this case, we use
the notation L° to denote the identity component of a Lie group L.

The pair of integers £4 will play an important role in what follows, so we record some
preliminary information regarding them. See, e.g., [21, Lemma 1.6] for a proof.
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Proposition 2.3. Suppose M is a closed simply connected G-manifold with G a compact

Lie group acting via a cohomogeneity one action. Then we have the following.

o IfG/K% is not simply connected, then £+ = 1.

e In particular, if both {+ > 2, the all three orbits G/K* and G/H are simply con-
nected, and H and K= are connected.

s Inaddition, ifl, = landl_ > 1,then H = H® - Z;, KT = H°.S' = H - S!, and
K= = (K7)- 7.
If one wants to classify actions up to G-equivariant diffeomorphism, it is important

to be able to recognize when two diagrams correspond to G-equivariantly diffeomorphic
manifolds. This problem is solved in [21], see also [24, Proposition 1.3].

Proposition 2.4. Suppose H € K* C G is a group diagram. Then any combination of
the following modifications to the diagram gives rise to an equivalent G -manifold.

o Switching K and K~.

*  Conjugating each group in the diagram by the same element of G.

*  Replacing K~ withaK—a™! for any a € N(H)o, the identity component of the nor-
malizer of H in G.

Conversely, two diagrams describing G-equivariantly diffeomorphic manifolds must
be related by some combination of these three operations.

2.2. Important groups and subgroups

In this subsection, we record several results which will be used repeatedly. The first, due
to Borel [4], is the classification of transitive actions of compact Lie groups on spheres.

Proposition 2.5. Suppose G is a compact Lie group acting effectively and transitively on
a sphere with isotropy group H. Then G and H are given in Table 1. Conversely, for each
pair (G, H) in the table, G acts effectively and transitively on a sphere with stabilizer H.

G H Dimension
SO(m) SO(m —1) m—1
SU(m) SU(m —1) 2m — 1
SU(m) x St SU(m —1) x S! 2m —1
Sp(m) Sp(m — 1) 4m — 1
Sp(m) x S! Sp(m —1) x S! 4m —1
Sp(m) x Sp(1) Sp(m — 1) x Sp(1) 4dm — 1
G, SU@3) 6
Spin(7) G, 7
Spin(9) Spin(7) 15

Table 1. All effective transitive actions on spheres.
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In all cases but the first in Table 1, the fact that G/H is a sphere with H acting
effectively characterizes the embedding of H into G up to conjugacy. If the first entry
(SO(m), SO(m — 1)) is lifted to the universal cover Spin(m), then the embedding of
Spin(m — 1) into Spin(m) is unique up to conjugacy except when m = 4 or m = 8. When
m = 4, (Spin(4), Spin(3)) = (SU(2) x SU(2), SU(2)), and there three such embeddings
up to conjugacy, given by mapping SU(2) in either diagonally, or into each factor. When
m = 8, Spin(7) embeds into Spin(8) in three non-conjugate ways. The action of the outer
automorphism group of Spin(8) permutes them.

Due to the exceptional isomorphisms SU(2) 2= Spin(3), SU(2)? = Spin(4), Sp(2) =
Spin(5), and SU(4) = Spin(6), we also note the following.

Proposition 2.6. If G is a simple Lie group acting transitively on two different spheres of
dimensions m < n, then the triple (G, m,n) is an element of the set

{(Spin(9), 8, 15). (Spin(7), 6, 7). (SU(2).2,3), (Sp(2).4,7). (SU(4).5.7)}.

If H is a simple Lie group appearing as the isotropy group of a transitive action of a
simple group on spheres of dimensions m < n, then the triple (H, m,n) is an element of
the set

{(Spin(7),7,15), (SU(2).3,5). (SU@3).6,7). (Sp(2). 5. 11), (SU(4).6,9)}.

Finally, we record Table 2 which will be used in two separate arguments. Table 2
consists of all pairs (G, L) where G is a simple simply connected Lie group, L is corank
2in G, L is simple, and dim 7y44(G/L) ® Q = 2. The third and fourth columns indicate
that my_(G/L)® Q #Oandmy_4¢, (G/L) ® Q # 0, and the £ column is the difference
of the previous two columns. In the last column, restrictions on m are given. We note that
in the first row with m = 4, the fourth row, the fifth row with m = 3, and the eighth

G L {_ L+ 144 I Notes
SU(m) SU(m —2) 2m—-3 2m—1 2 m=>3
SU(6) SO(6) 9 11 2
SU(6) Sp(3) 5 9 4
SU(5) Sp(2) 5 9 4
Spin2m + 1) Spin2m —3) 4m—-5 4m—1 4 m >4
Spin(9) Sp(2) 11 15 4
Spin(9) G, 7 15 8
Sp(m) Sp(m — 2) dm -5 4m—1 4 m>2
Spin(2m) Spinm —-3) 2m—1 4m-5 2m—4 m=>4
Spin(8) G, 7 7 0
Es F4 9 17 8
F4 G, 15 23 8
G, {e} 3 11 8

Table 2. Pairs (G, L) with dim 77,4q4(G/L) ® Q = 2 and L corank 2, simple.
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row with m = 3, there are non-conjugate immersions of L into G; in all other cases, the
conjugacy class of L in G is unique. The first two columns are found in [32, Table 11],
while the computations of the remaining three columns are elementary using the long
exact sequence of rational homotopy groups associated to the bundle L — G — G/L,
together with, e.g., [38, Table 4.2], which lists all the non-trivial rational homotopy groups
of simple Lie groups. If the embedding of L into G is not specified, the obvious embedding
is intended.

2.3. The Grove-Halperin model of a cohomogeneity one manifold

In [18], Grove and Halperin study double mapping cylinders from the perspective of ratio-
nal homotopy theory. Using the notation >~ to denote rational homotopy equivalence,
their main result, adapted to our situation, can be summarized as follows.

Theorem 2.7 (Grove—Halperin). Let ¥ be the homotopy fiber of the inclusion G/H — M
of the principal orbit of a cohomogeneity one manifold. Let h denote the number of non-
orientable singular orbits. Then one of the following occurs.

(1) h =2, both £y = 1, and up to finite cover ¥ has the rational homotopy type of
S3x 83 xQS7.

) h =1, both £+ = 1, and up to finite cover ¥ has the rational homotopy type of
St x 83 x QS5

B)h=1,0y =1,{_>3isodd, and F ~g S' x S?t-+1 x Q§2-+3,

4) h=0and F ~g S x §t+ x Q§t-+t++1,

(5) h=0,1y ={_iseven, and ¥ ~g S* x QS-+1,

(6) h =0, and ¥ is rationally homotopy equivalent to one of

SUQR)/T?*xQS7, Sp2)/T?xQS°, G,/T?xQS'

with{_ =404 =2,1t0Sp(3)/Sp(1)> x QS 3 with{_ =L, = 4, orto F4/ Spin(8) x
QS25 with € = £, =8,

Writing 72 (M) as shorthand for 7..(M) ® Q, it is clear that knowledge of the con-
necting homomorphism 9 : n}? (M) — 71,9_1(37 ) will directly control the topology of
G/H . Note in every case that, up to a finite cover, ¥ has the rational homotopy groups
of a closed, simply connected manifold X and a space of the form QS2¥*1. This is obvi-
ous in all cases except possibly in Case (4) when £_ + £4 + 1 is even. However in this
case, one uses the fact that Q52 ~g S~ x Q54 ~1. Combining [9, Theorem 4.11]
and [10, Corollary 2.6], we obtain the following proposition.

Proposition 2.8. For a closed, simply connected cohomogeneity one manifold M with
principal orbit G/H, and homotopy fiber ¥ as in Theorem 2.7, the connecting homomor-
phism 0044 : ngd(M ) —> ngen(? ) has rank one.

Moreover, the image of 0,44 Is supported by the loopspace factor of ¥ in the following
sense: decomposing a finite cover of ¥ as X x Q8?1 then 3,541 # 0.
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2.4. Limits on the group diagrams

In the section, we find some general necessary conditions on the diagram H € K* € G
in order for the resulting cohomogeneity one manifold to be a simply connected rational
sphere.

The main result of this subsection is that all cohomogeneity one actions on simply
connected rational spheres are primitive. Recall that a cohomogeneity one action of G
on M is called non-primitive if it has a group diagram H € K* C G for which one
can find an intermediate subgroup H € K fcL C G, and is called primitive if it is not
non-primitive.

Theorem 2.9. Suppose M is a closed simply connected cohomogeneity one manifold
under the action of a connected compact Lie group G. If the rational cohomology ring of
M is generated by one element, then the action is primitive.

This theorem was proven in [10] under the additional assumption that M had positive
Euler characteristic. Here we give a proof which handles all possibilities for the Euler
characteristic simultaneously.

Let us first setup some notation. To begin with, as usual we have the group diagram
of a non-primitive action H € K* C L C G which gives rise to two cohomogeneity one
manifolds My, and M¢. The space Mg is equivariantly diffeomorphic to G x;, M, where
G acts by left multiplication on the first factor; we have an inclusion j : M — Mg given
by j(m) = [e,m] € G xp, My.

The main technical tool for proving Theorem 2.9 is the following.

Lemma 2.10. Suppose L € G are compact Lie groups, and that L acts smoothly on a
manifold M. Choose p € My, with L, = H as principal isotropy group and let Mg =
G xp, My where g x [g1,x] = [gg1,x], 50 H = Gpe, p). Let j : My, — Mg be defined by
j(x) = [e, x]. Let Fy be the homotopy fiber of the inclusion L/H ‘£> M; and likewise,
let Fg be the homotopy fibration of the inclusion G/H e, M. Then the fibration Fj, —
L/H i, My, is the pullback of the fibration Fg — G/H U Mg¢ under j. In particular,
Iy, is homotopy equivalent to Fg.

Proof. We construct a diffeomorphism from L/H to j*(G/H) which covers the identity
map on M. Recall that by definition,

J*(G/H) = {(x,gH) € ML x G/H : j(x) = ic(gH)}.

The condition j(x) = ig(gH) is equivalent to [e, x] = [g, p] € Mg. It follows that
(x,gH) € j*(G/H) iff g € L and x = gp.

Now, we define ¢ : L/H — j*(G/H) by ¢(gH) = (i (gH), gH); it is easy to verify
that this is smooth and that is covers the identity map on My . It is also easy to verify that
¢~ (x,gH) = gH is the inverse, so ¢ is a diffeomorphism. ]

We need another lemma.
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Lemma 2.11. Suppose H € K* C G is the group diagram of a simply connected man-
ifold M. If the action is non-primitive, then there is a connected proper subgroup L
containing H, K*.

Proof. Since the action is non-primitive, there is a proper subgroup L of G containing all
of H, K*. We claim that L, the identity component of L, also contains H and both K*.
We define H* = H N (K*)°. Then, according to [24, Lemma 1.10], the fact that M is
simply connected implies H = H* - H~. Now, since H™ € (K1)° € L9, and likewise
H~ C LY, it follows that H < L9,

Now, let K be a component of either K + Because K+ /H =S bx §g connected, there
isanelementh € H N K € L%N K so K intersects L°. However, since K € L and K is
connected, it must be contained in precisely one component of L. Thus, K € L°. ]

We can now prove Theorem 2.9.

Proof of Theorem 2.9. By computing a Sullivan model, it is easy to see that H*(Mg; Q)
is singly generated and finite dimensional if and only if

dimz2 (Mg) =1 and dimzQ (Mg) < 1.

even

Suppose we have a chain of subgroups H € K* € L € G. From Lemma 2.11, we
may assume L is connected, which implies that My is connected. Then we get a fiber
bundle M;, — Mg — G/L with G/L simply connected. Because the map ﬂgd(Mg) —
ngd(G/L) is surjective (see, e.g., [10, Corollary 3.5]) and dim n(%dX > 1 for any ratio-
nally elliptic space X, it follows that G/ L also has singly generated rational cohomology.
It n;@ (G/L) # 0, it follows from [13, Theorem 32.6 (i)] that dim(G/L) = dim Mg — 1,
so M is one dimensional, and hence M; =~ S1. In this case, the homotopy fiber of the
inclusion of a principal orbit (a point) into My is homotopy equivalent to Z. On the other
hand, in Theorem 2.7, all of the homotopy fibers are connected. Thus, we have contra-
dicted Lemma 2.10, so we must have n;@ (G/L) =0.

From the classification of biquotients with singly generated rational cohomology ring
[26], it follows that m>(G/L) = 0 so that, in particular, M is simply connected, so
Proposition 2.8 can be applied. Now, suppose 7@ (Mg) # 0 with s odd and note that
s > dim Mg. From Lemma 2.10 and Proposition 2.8, it follows that ws(My) # 0 as
well. Further, since ngd(Mg) surjects onto n(%d(G/ L), and dim ngd(M(;) = 1, the map
n;@ (M) — n;Q (M) must be trivial. In particular, we conclude that ngl(G/L) # 0.
Since s + 1 iseven and s + 1 > dim Mg > dim G/ L, we have contradicted [13, Theo-
rem 32.6 (ii)]. ]

We conclude this section with one consequence of primitivity. See [21, Lemma 3.4]
for a proof.

Proposition 2.12. Suppose H € K* C G is a group diagram of a simply connected
manifold. Denote by Hx the ineffective kernel of the action of H on K* /H. If the action
is primitive, then Hy N H_ is finite.
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3. Dimensions up to seven

Cohomogeneity one actions on closed, simply connected manifolds have been classified
in dimensions at most 7 by Parker [33], Neumann [31], and Hoelscher [24]. As the case
of cohomogeneity one even-dimensional rational spheres has already been completed, we
focus on the case when n € {3, 5, 7} is odd.

In dimension 3, there is only the sphere for topological reasons. Further, the only
cohomogeneity one action is, up to equivalence, the standard 72 action on S3.

In dimension 5, Hoelscher proved that if M 5 is a rational sphere, then it is diffeomor-
phic to S> or the Wu manifold SU(3)/SO(3). Further, when M == SU(3)/SO(3), G must
always be, up to cover, isomorphic to §3 x S1.

In dimension 7, Hoelscher classified the group diagrams (see, for example, [24, Sec-
tion 1.1]). He shows that up to equivariant diffeomorphism, M7 is

(1) a symmetric space,
(2) aproduct of a cohomogeneity one manifold and a homogeneous space,
(3) a Brieskorn variety B7, or

(4) one of four primitive examples Pl ..., PZ) or one of nine non-primitive examples
N].....N/.

We must determine which of these are rational spheres. First, the classification of
symmetric spaces implies that the only one with the rational cohomology of S is the
standard S”.

As for Case (2), the factors are simply connected, closed manifolds since M is, so the
Kiinneth formula implies that M is not a rational cohomology sphere.

For Case (3), we compute more generally the cohomology of Brieskorn varieties in
the appendix. For dimension seven in particular, we have BZI is always a rational sphere
with H4(B;) ~Zg.

Finally, for Case (4), we first note that the non-primitive examples are ruled out using
Theorem 2.9. The cohomology rings of the primitive examples are computed in [12, Sec-
tion 3]. In the notation of Escher and Ultman, the four classes are called L, M, N, and O.
For the L, N, and O, classes, H2 = Z, so these are not rational spheres. The manifolds
in the M family (which are the Pg family in [24]) are parameterized by four integers
P+, g+, all congruent to 1 mod 4. Setting r = |p2q% — p3q>1/8, M(p, 4.) is a rational
sphere iff r # 0. Further when r # 0, Mp, 4. is a 2-connected rational 7-sphere with
H*>~17,.

As a quick remark, note that for any integer ¢, precisely one of £(2¢ + 1) is congruent
to 1 mod 4, and similarly for £(2¢ — 1). If we set py = £(2¢ + 1), p— = £(2¢t — 1), and
g+ = 1 with the % signs chosen to make both pt congruent to 1 mod 4, then it is simple
to verify that r = ¢. In other words, for any integer ¢, the torsion group Z/t7Z appears as
H“(Mpi,qi ; 7)) for an appropriate choice of p1 and g4.

We summarize all this in the following corollary.
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Corollary 3.1. If M is cohomogeneity one rational sphere with dim M € {3, 5,7}, then
up to ineffective kernel in the action, M is equivariantly diffeomorphic to one of the fol-
lowing:

(1) a standard sphere S™ with linear action,

(2) the Wu manifold W3 = SU(3)/SO(3) with an action by G = S3 x S,

(3) a Brieskorn variety B; with standard action by G = SO(2) x SO(4),

4) M, q.) where pzqi # piqi, with standard action by G = S3 x S3.

Moreover, all of these manifolds admit such a cohomogeneity one action.

4. Cases (1), (2), and (3) of Theorem 2.7

In this section, we prove Theorem 1.1 under the assumption that at least one singular orbit
is non-orientable. We recall Convention 2.2 and that n = dim M is always assumed to be
odd. The first step is to prove the following.

Proposition 4.1. Suppose M" is a rational sphere which admits a cohomogeneity one
action by a compact Lie group G such that both singular orbits are non-orientable, then
n =7 and M is classified by Corollary 3.1.

Proof. Since both singular orbits are non-orientable, this must fall into Case (1) of The-
orem 2.7. In particular, Proposition 2.8 implies that 719 (M) # 0. Since M is a rational
sphere, the result follows. [

Moving on to the case where exactly one orbit is non-orientable, we have the follow-
ing.

Theorem 4.2. Suppose M™ is a rational sphere which is a cohomogeneity one manifold
for a group action with precisely one non-orientable singular orbit. Then one of the fol-
lowing occurs

(1) M is a homotopy sphere,
(2) M = SU(3)/SO(3).

As mentioned above, Straume [36,37] has already classified the cohomogeneity one ac-
tions on homotopy spheres: such an action is orbit equivalent to a linear action on a sphere
or a standard action on a Brieskorn variety. Likewise, the Wu manifold SU(3)/SO(3) is
five-dimensional, so the cohomogeneity one actions are classified by Corollary 3.1.

The proof of Theorem 4.2 requires the rest of this section. Since precisely one singular
orbit is non-orientable, we must be in Case (2) or (3) of Theorem 2.7. Moreover, we may
assume dim M > 7 by Corollary 3.1, so by Proposition 2.8, we must be in Case (3). Thus,
for the remainder of this section, we may assume that G/ K~ is non-orientable and £ =1,
and that £_ > 3 is odd. In particular, G/ K is simply connected and K+ is connected by
Proposition 2.3.
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The proof proceeds by a sequence of propositions that compute the diffeomorphism
types of the singular and principal orbits. Once this is done, the proof of Theorem 4.2 is
an easy consequence of the Mayer—Vietoris sequence applied to the double disk bundle
decomposition of M.

Proposition 4.3. The bundle S' — G/H — G/K™ is a trivial S'-bundle and G/ K™ is
diffeomorphic to either a standard sphere S**~11, the unit tangent bundle T'S**1, or
to the Berger space Sp(2)/ Sp(1)max-

Proof. In Case (3) of Theorem 2.7, we have ¥ ~g S! x §2¢-F1 x Q§2¢-+3, Proposi-
tion 2.8 implies that dim M = 2£_ + 3 and moreover that the connecting homomorphisms
02k +1 1n the long exact rational homotopy sequence are zero if 2k + 1 # 2£_ + 3. It fol-
lows that G/H has the rational homotopy groups of §1 x §26-+1,

Now consider the bundle S! — G/H — G/K™. Since M is a rational sphere, the
map H*(G/K*;Q) — H*(G/H:;Q) in the Mayer—Vietoris sequence associated to the
double disk bundle decomposition of M must be injective. In particular, from the Gysin
sequence, the rational Euler class e € H?(G/K*; Q) must vanish. Since G/ K is simply
connected, H2(G/K™; Z) is torsion free, so it now follows that the integral Euler class
must also vanish. Thus, the bundle must be trivial.

Lastly, simply note that since 72(G/K+ x S1) =~ 72(G/H) =~ n2(52¢-+1 x §1),
it easily follows that G/ KT has the rational homotopy groups of $2¢-*1. Since G/K+ is
simply connected and spheres are intrinsically formal, we must have G/ K+ ¢ S 2bi+1,
Recalling that ¢_ is odd, the diffeomorphism calculation now follows easily from the
classification of biquotients with singly generated rational cohomology [26]. ]

Proposition 4.4. The space G/ K~ is diffeomorphic to the total space of a non-orientable
S=*1_bundle over S*.

Proof. Consider the bundle, S*- — G/H — G/K ™, it follows from the long exact homo-
topy sequence that the rational homotopy groups of G/K~ are supported in degrees
1,4_ +1,20_ + 1l and that 7, (G/K™) = m1(G/H) = m,(S' x G/K™) = Z. Note that
the map 71(G/H)g — m1(G/K™)q is an isomorphism, so the map H!(G/K~; Q) —
H! (G/H;Q) is as well. It also follows that, up to cover, G/ K~ is a rational St x §¢-+1,
Since £_ + 1 is even, from the classification of rational spheres which are homoge-
neous, we see that some cover of G/K~ is diffeomorphic to S' x §¢-+1. Specifically,
if (K™)° € K~ is the identity component, then G can be written as G’ x S, with (K ™)°
embedded into G’ with G'/(K™)° = §¢-+1. In particular, G/K~ has the structure of
bundle over S! with fiber a quotient of S¢-+1.

In fact, the fiber F must be S +1 To see this, note that from the long exact sequence
associated to F — G/K~ — S, m{(F) injects into 7y (G/K~) = Z. Thus, m{(F) is
finite and torsion free, so it must be trivial.

Finally, simply note that since the base space S is orientable, if the bundle S¢-*! —
G/K~ — S! is orientable, then so is the total space, contradicting the fact that we are in
Case (3) of Theorem 2.7. [
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Note that the non-orientability of bundle implies the map H*(S¢-*1) — H*(S¢-+1),
induced by the monodromy action, is multiplication by —1. Thus, the Wang sequence
immediately yields the following lemma.

Lemma 4.5. We have

Z *=0,1,
H*(G/K™) = 7)27. x=4L_+42,
0 otherwise.

We can now classify the diffeomorphism type of G/K ™.
Proposition 4.6. The space G/ K™ is diffeomorphic to T St+1.

Proof. From Proposition 4.3, we only need to show that G/ K™ cannot be a sphere, nor
the Berger space.

We begin by ruling out the Berger space using the Mayer—Vietoris sequence for the
double disk bundle decomposition of M. This space is a rational 7-sphere whose coho-
mology ring contains Z/10Z in H*, but no other torsion [27]. From Proposition 4.3, the
map H*(G/K*) — H*(G/H) is an isomorphism. Since H*(G/K~) = H3(G/H) =0,
the Mayer—Vietoris sequence implies H*(M ) = 0. By Universal coefficients and Poincaré
duality, H*(M) = H3(M) = H%(M), so H®(M) = 0 as well.

Thus, the map

H>(G/K")® H>(G/K™) — H>(G/H)

must be surjective. Since H>(G/K*) = 0 and H>(G/K™) = Z /27, we find that
7)27 > H>(G/H) ~ H'(S') ® H*(G/K™) = Z/10Z,

giving a contradiction.

Next, we rule out the possibility that G/K™ is a sphere. From [38, Theorem 4.8],
we may assume G has the form G = S! x G for some simple simply connected Lie
group Gy. From the bundle K=/H — G/H — G/K~, it follows easily that the iden-
tity components H° and (K~)° are subgroups of {1} x G, and Go/H® =~ §2¢-+1 and
Go/(K™)0 = §t-+1,

From Table 1, we conclude that the triple (H°, (K™)°, Gy) is one of

(Spin(3), Spin(4), Spin(5)) or (Spin(7), Spin(8), Spin(9))

with £_ = 3 or 7 respectively. Note that in both cases, the normalizer of (K™)? in Gy is
a Z/27 extension of (K ™). In addition, since G/ K~ is non-orientable, the projection of
K™ to Gy must surject onto this normalizer.

We will show that in both cases, the projection of H to Gy has image contained in
(K™). It will then follow that K~/H has more than one component, contradicting the
fact that K= /H =~ S*-.
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In the case H® = Spin(3), the fact that Go/H® = S”7 implies that embedding into
Gy = Spin(5) is the standard block embedding. Then from e.g., [40, Table B], the nor-
malizer Nspin(5)Spin(3) = Spin(4) = (K ~)O. Since the projection of H to G has image
in the normalizer of H?, the result follows in this case.

Lastly, in the case H° = Spin(7), the fact that Go/H® = S'° implies that Spin(7)
Spin(9) is embedded via the spin representation. From, [40, Table B] the normalizer of
Spin(7) in Spin(9) is a Z/27Z extension of Spin(7). Since the normalizer of Spin(7) in
Spin(8) is also a Z /27 extension, it follows that Ngin(9) (Spin(7)) € Spin(8). In particular,
the projection of H to G has image contained in (K ~)° = Spin(8) in this case as well. m

We can now conclude the proof of Theorem 4.2.

Proof of Theorem 4.2. Note that dim M = 2{_ + 3. Hence by Poincaré duality and the
resolution of the Poincaré conjecture, it suffices to prove that the reduced cohomology
groups vanish in degrees at most £_ + 2.

To do this, we use the Mayer—Vietoris sequence associated to the double disk bun-
dle decomposition of M. Propositions 4.3 and 4.6 show that G/K™ is diffeomorphic
to T71S*+1 and G/H is diffeomorphic to ' x T1§¢-*1. Moreover, Lemma 4.5 com-
putes the cohomology groups of G/K~. The only missing ingredient is knowledge of the
maps in the Mayer—Vietoris sequence. However, the projection G/H — G/K™ is bun-
dle isomorphic to the trivial product S! x G/ K+ — G/K™, while the isomorphism Z =
71(G/H) — m1(G/K™) implies the map Z =~ H'(G/K~) — H'(G/H) is an isomor-
phism, it easily follows that H* (M) = 0 for x < {_ + 1. Moreover, if HL+2(M) #0,
then it follows that H**3(M) =~ H*12(G/H) = Z/27Z. But then Poincaré duality and
Universal coefficients give

7/27 =~ H*3(M) =~ H,_ (M) =~ H- ' (M) =0,

giving a contradiction. u

5. Cases (5) and (6) of Theorem 2.7

In this section, recalling Convention 2.2, we prove the following theorem.

Theorem 5.1. Suppose M" is a rational sphere, and a compact Lie group G acts on M
via a cohomogeneity one action. If the homotopy fiber of the inclusion of a principal orbit
is either in Case (5) or Case (6) in Theorem 2.7, then M is equivariantly diffeomorphic to
a standard sphere equipped with a linear action.

We quickly prove Case (5), where £ = £ is even and F is rationally S*- x QS§¢-+1.

Proposition 5.2. Suppose M" is a rational sphere, and a compact Lie group G acts on M
via a cohomogeneity one action. If the homotopy fiber of the inclusion of a principal orbit
belongs to Case (5) in Theorem 2.7, then M is equivariantly diffeomorphic to a standard
sphere equipped with a linear action having two fixed points.
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Proof. According to [24, Propositions 1.22 and 1.23], a cohomogeneity one action with
two fixed points is equivalent to an isometric action on a standard sphere. So we need only
show the G action has two fixed points.

From Proposition 2.8, we see that n — 1 = {_. Thus we have diim G/ K* =dimG/H —
£+ = 0. Since G is connected, it follows that both G/K* are points. |

For the remainder of this section, we assume Case (6) of Theorem 2.7 occurs. Thus,
{_ =104 €{2,4,8} and ¥ has the rational type of one of

(SUB)/T?) x 287, (Sp(2)/T?) x 5%, (G2/T?) x QS"?,
(Sp(3)/Sp(1)?) x S'3, (F4/ Spin(8)) x Q52°.

We will prove Theorem 5.1 by reducing it to a theorem of Wang [39, Theorem V]. In the
proof of this theorem, Wang considers five possibilities for (G, H):

(G, H) € {(SUB),T?).(Sp(2), T?). (G2, T?), (Sp(3), Sp(1)*). (F4, Spin(8))}.

Note that for each of these five possibilities for (G, H), the values of {_ = £ constrain
K#* to both be locally isomorphic to S' x SU(2) for the first three possibilities, while
they are both locally isomorphic to Sp(2) x Sp(1) and Spin(9) in the fourth and fifth
cases, respectively.

For each of the five pairs, Wang shows that the assumption that M is a standard sphere
implies there is, up to equivalence, a unique cohomogeneity one G action on M with
principal isotropy group H . For a given (G, H), there are, of course, several inequivalent
cohomogeneity one manifolds coming from different possible embeddings of K+, but
Wang uses just two propositions [39, (6.2) and (7.5)] to rule out any actions which are not
on standard spheres. Thus, Case (6) of Theorem 2.7 will be handled if we can prove that
both [39, (6.2) and (7.5)] are valid in the case of rational spheres, and if we can show that
the setup of Case (6) implies (G, H) must be one of these five possibilities.

Wang’s [39, (6.2)], generalized to rational spheres and adapted to our notation, is as
follows.

Proposition 5.3. Suppose a cohomogeneity one G-manifold M has group diagram H C
K* C G and that both G/K* have even codimension in M. If M is a rational sphere,
then K and K~ generate G.

This proposition is, in fact, valid even without the restriction on the parity of the codi-
mensions of G/K=*. This is an immediate consequence of Theorem 2.9 above, for if the
group generated by Kt and K~ is strictly contained in G, then the action is primitive.

Wang’s [39, (7.5)], adapted to the case of rational spheres, is as follows.

Proposition 5.4. Suppose a cohomogeneity one G-manifold M has group diagram T? C
U(2),U(2) C G with G simple, simply connected, and rank 2. If for both K*, the center
Z(K#%) is contained in the semi-simple part of K, then M is not a rational sphere.
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Proof. Using the Mayer—Vietoris sequence for the double disk bundle decomposition of
M , it is enough to show that the map H*(G/KT;Q) ® H*(G/K—;Q) — H*(G/H;Q)
has non-trivial kernel. In other words, it is sufficient to show the two maps

H*(G/K*;Q) - H*(G/H;Q)

have images which intersect non-trivially.

We first note that the group generated by the centers of K*, Z(K+)Z(K ™), is a sub-
group of H. Indeed, passing to the two fold cover SU(2) x S! of KT, H, being full
rank, must lift to a subgroup of the form S! x S! with the first S C SU(2). The projec-
tion of the second S! is precisely Z(K ™), so Z(K) C H. Analogously, one sees that
Z(K™)C H,so Z(K*)Z(K™) C H. The assumption that the center of K™ is contained
in the semi-simple part of K~ implies that Z(K 1) # Z(K ™), from which it follows that
H=Z(K"Z(K").

Writing BL for the classifying space of a Lie group L, the fact that each of H, K*
have full rank in G, implies via [35, Theorem 6.5] that we have an isomorphism

H*(G/H:Q) = H*(BH:Q)/H"(BG:Q),

and likewise with H replaced by K*. Here, H*(BG: Q) is understood as a subalgebra
of H*(BH ; Q) with inclusion induced from the inclusion H — G. Thus, it is sufficient
to show the two maps H*(BK*; Q) — H*(BH:;Q)/H*(BG; Q) have images which
intersect non-trivially. Because dim H*(BG; Q) = 1, as it is for any simple Lie group,
it is sufficient to show the two maps H*(BK*; Q) — H*(BH; Q) have images which
intersect in a two-dimensional subspace.

Since H = T2, we may identify H*(BH; Q) = Q[zy, z2] where both |z;| = 2 and
we may likewise identify H*(BK*; Q) = Q[z4, t+] with both |z+| = 2 and |t+| = 4.
Since H = Z(K1)Z(K™), it follows that up to permuting z; and z», the inclusion H —
K+ induces the map z4 + zj, and similarly, z_ + z,. The hypothesis that Z(K¥) is
a subgroup of the semi-simple part of KT implies that 7y maps to zg and 7_ maps to
z2. Thus, the two maps H*(BK*;Q) — H*(BH; Q) intersect in the two-dimensional
subspace of H*(BH ; Q) spanned by zZ and z3, completing the proof. ]

To complete the proof of Theorem 5.1, we need only show demonstrate that the only
possibilities for (G, H) which can arise in Case (6) of Theorem 2.7 are the five considered
by Wang. We use the notation " to denote one of the elements of

{SUB)/T?,Sp(2)/T?, G2/ T?,Sp(3)/ Sp(1)*, Fa/ Spin(8)}.

From Proposition 2.8, it follows that in Case (6) of Theorem 2.7 that G/H has the same
rational homotopy groups as some 5.

Proposition 5.5. If a compact Lie group G acts by cohomogeneity one on a rational
sphere M, then the rational Pontryagin classes of the principal orbit G/H must vanish.
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Proof. Leti : G/H — M be the inclusion. Since G/H is the boundary of one of the disk
bundles whose union is M, G/H has a collar, so i*(TM) = T(G/H) & 1 with 1 denot-
ing the trivial line bundle over G/H. Then i*(p(TM)) = p(i*(TM)) = p(T(G/H)).
However, since M is a rational sphere of odd dimension, p(TM) =1¢€ H*(M;Q). =

As a consequence of this proposition, it follows that in case (6), that G/H cannot be
a product of two or more homogeneous spaces of positive dimensions. For, by inspection
of the rational homotopy groups, if G/H were a product, it would be a product - x X
where X has singly generated rational cohomology and where X is not a rational sphere.
From the classification of biquotients with singly generated rational cohomology [26],
one can see that a homogeneous rational projective space always has non-zero rational
Pontryagin classes and thus, so does the product.

It now follows that G must be simple. For, if G = G| X G;, then H = H; x H, with
each H; C G; full rank [5, p. 205]. But then G/H = (G1/H1) x (G2/H>) is a product.
Both G;/H; and G,/H, have positive dimension, unless H; = G or H, = G,. But
if either of these cases occurs, then G contains a normal subgroup acting with the same
orbits, contrary to Convention 2.2.

We are now ready to compute the possibilities for (G, H), completing the analysis of
Case (6) of Theorem 2.7 and proving Theorem 5.1.

Proposition 5.6. Suppose a simple simply connected compact Lie group G acts via a
cohomogeneity one action on a rational sphere M. If the non-loop space factor ' of
the homotopy fiber of the inclusion G/H — M has the same rational homotopy groups
as an element of ' € {SU(3)/T?,Sp(2)/T?,G»/T?,Sp(3)/ Sp(1)3,F4/ Spin(8)}, then
(G, H) is one of

{(SUB).T?).(Sp(2). T?).(G2.T?), (Sp(3).Sp(1)*). (F4. Spin(8))}.

Proof. In all cases, since dim 7@, (¥') = dim@ 77,44(F"), it follows that G and H must
have the same rank.

Now, initially assume ¥’ € {SU(3)/T?2,Sp(2)/T?, G,/ T?}. Because 71(3@ (FHY#0
and G is simple, it follows that H is a torus. Since dim n;@ (¥) =2, H = T? and thus
G has rank 2. Then counting dimensions and using the classification of simple Lie groups
gives the result in this case.

Next, assume ¥’ = Sp(3)/ Sp(1)3. Since n? (") = 0, H is semi-simple. Since
dim 71? (') — dim n;Q (') = 2, H must have three simple factors. As H is the isotropy
group of the transitive K action on S, H must be locally isomorphic to Sp(1)? x H’
for some simple Lie group H’, with H’ acting trivially on K*/H . The G-action is prim-
itive (Theorem 2.9), so from Proposition 2.12, the isotropy action of H' on S* = K~ /H
must be non-trivial, so H’ maps non-trivially into SO(4). Since H' is simple, this forces
H’ = Sp(1), so H is locally isomorphic to Sp(1)? and thus, K* are both locally isomor-
phic to Sp(2) x Sp(1). Counting dimensions now shows that G = Sp(3) or G = Spin(7).
However, KT is covered by Sp(2) x Sp(1), and elementary representation theory indi-
cates the smallest orthogonal representation of Sp(2) x Sp(1) has dimension 8. Thus,
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G = Sp(3), which then implies that K* are both isomorphic to Sp(2) x Sp(1), which
then implies that H is isomorphic to Sp(1)3.

Lastly, assume ¥’ = F4/ Spin(8). Since n? (F) = rr? (') = 0, it follows that H
must be simple. Further, H must be the isotropy group of a transitive action on S%, so H
is, up to cover, Spin(8) and both K* are up to cover Spin(9). Counting dimensions now
easily gives G = Fy. Further, from [5], it follows that K* are both isomorphic to Spin(9),
which implies that H is isomorphic to Spin(8). |

6. Case (4) of Theorem 2.7

In this section, we continue to follow Convention 2.2. We assume that the homotopy fiber
of the inclusion of a principal orbit G/H into M belongs to Case (4) of Theorem 2.7.
Thus, ¥ ~g St x §t+ x Q§t-++1,

We will first show that if £_ and £ have the same parity, then M must be homeomor-
phic to a sphere. We first need a lemma.

Lemma 6.1. Suppose M™ is a rational sphere and that a compact Lie group G acts on
M via a cohomogeneity one action. If the action has no fixed points then (K¥ N K~)/H
is finite.

Proof. Assume the G action has no fixed points, so both K* are proper subgroups of G.
Set K = Kt N K~ and assume for a contradiction that K/H has positive dimension. If,
say, {4 = 1, then K must be a union of components of K+. However, from the surjective
map S =~ KT/H — K+ /K, we see that K+ /K is connected, so K = K*. But then
the action is non-primitive, with K tCcK C G. This contradicts Theorem 2.9. Thus we
must have both {4 > 1. In particular, H and K* are all connected and K is a proper
subgroup of both K.

As H is connected, we have H € K® C K+, with K° denoting the identity component
of K. Thus we have a homogeneous fiber bundle K°/H — K*/H =~ S%** — K*/K°
whose total space is a sphere S¢+. Thus, we deduce that K°/H is a homotopy S, S3, or
S7[7], and hence diffeomorphic to a sphere [3, Fact 4.61, p. 455].

Now, consider the homogeneous fibration associated to the triple

HcK°cG, K°H - G/H — G/K°.

We claim that the induced map H*(G/K°; Q) — H*(G/H; Q) is not surjective for at
least one k < dimG/H.

Momentarily believing this claim, note that both maps 7+ : G/H — G/K* factor
through G/K°. It would then follow that in the Mayer—Vietoris sequence for the double
disk bundle decomposition of M, the map

HYG/KT;Q) @ HY(G/K™;Q) — H¥(G/H; Q)

fails to be surjective. This contradicts the fact that M is a rational sphere.
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Thus, we need only demonstrate the claim. Since both G/H and G/K? are orientable,
this sphere bundle has an Euler class e € H*(G/K°; Q) for s € 2,4, 8. If the claim is
false, then it follows from the spectral sequence that cupping with e, thought of as a map
H'(G/K° Q) — H'*(G/K°; Q), must be injective for any ¢ < dim G/H . It follows
easily from this that G/K° must have singly generated rational cohomology, and hence,
that G/H is a rational sphere.

Now, the bundles S (SIN G/H — G/K £ must have trivial rational Euler classes, for
otherwise one of the maps H+11(G/Kt;Q) @ H**+t(G/K~) - H'*T(G/H; Q)
in the Mayer—Vietoris sequence for the double disk bundle decomposition of M has non-
trivial kernel, contradicting the fact that M is a rational sphere. Since G/H is a rational
sphere, it now follows that both G/K* are points. In other words, the G action has a fixed
point, giving a contradiction, and establishing the claim. ]

Proposition 6.2. Suppose M" is a cohomogeneity one rational sphere with homotopy
fiber ¥ belonging to Case (4) of Theorem 2.7. If {_ and £ have the same parity, then M
is homeomorphic to a sphere.

Proof. If the G action has a fixed point, we are done from [24, Proposition 1.28]. So, we
assume the G action has no fixed points. We will follow an approach of Wang [39, (4.7)
and (4.8)]. Consider the map f : G/H — G/K™ x G/K~ with f(gH) = (gK*,gK™).
We will show that f is a diffeomorphism.

To begin with, since £_ and £ have the same parity, Proposition 2.8 together with
the fact that 7, (QS*-1¢++1) @ Q is supported in degree 2k = £_ + £, we conclude
n=4~4_44£, —1. Thus, dimG/K* x G/K~ = dim G/H. It now follows that f is a
covering map. Indeed, being G-equivariant, f must have constant rank, but it must have
full rank at some point by Sard’s theorem. Hence, by Ehresmann’s theorem [11], f is a
fiber bundle map. Now, suppose the f(eH) = f(gH) for some g € G. Then gK ™ =eK ™t
and gK~ = eK ", thatis, g € KT N K, so the fiber is contained in (K+ N K~)/H . Since
the action has no fixed points, Lemma 6.1 shows that (K N K~)/H is finite. Thus, the
fiber is finite and so f is a covering map.

By the classification of covering maps, if we can show f induces a surjection on
fundamental groups, it will then follow that f is a diffeomorphism. Because we are in
Case (4) of Theorem 2.7, the homotopy fiber ¥ has abelian fundamental group, which
implies the fundamentals groups of G/H and both G/K¥ are abelian. In particular, we
may identify 77; with H; for G/H and both G/K*.

Using the Kiinneth theorem to identify

H(G/K* xG/K™) =~ H{(G/K")® Hi(G/K™),

it is not hard to see that the composition H,(G/H) — H{(G/K*) & H,(G/K™) is the
map appearing in the Mayer—Vietoris sequence for the double disk bundle decomposition
of M . In particular, since M is simply connected, this composition is surjective. It follows
that f is surjective on fundamental groups. As f is a covering, we therefore conclude it
is a diffeomorphism.
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To complete the proof, simply observe that for either choice of £, f gives a bun-
dle isomorphism covering the identity between the bundle S+ — G/H — G/K¥* and
G/KT - G/K* x G/K~ — G/K¥. In particular, G/ K* must be diffeomorphic to
S, G/H is diffeomorphic to S*+ x S¢-, and the projection maps G/H — G/K¥ are
the obvious ones.

Now a simple application of Mayer—Vietoris shows that M is an integral homology
sphere, and hence homeomorphic to a sphere by the resolution of the Poincaré conjec-
ture. u

We henceforth assume that £_ and £ have different parities. We will prove the fol-
lowing.

Theorem 6.3. Suppose M" is a rational sphere and that G is a compact Lie group acting
via a cohomogeneity one action on M with homotopy fiber ¥ belonging to Case (4) of
Theorem 2.7. Assume in addition that £_ and €4 have different parities. Then the action
is orbit equivalent to one of the following.

* A linear action on a standard sphere.

*  The usual action by SO(2) x SO(2k) on a Brieskorn variety B:}k_l, or, when k = 4,
the restriction of this action to SO(2) x Spin(7) € SO(2) x SO(8).

* Anaction of SU(3) x SU(2) on one of two homogeneous spaces of the form G, /SU(2).
We begin by computing the rational topology of the principal and singular leaves.

Proposition 6.4. Suppose M" is a rational sphere and that G is a compact Lie group
acting via a cohomogeneity one action on M with homotopy fiber ¥ belonging to Case
(4) of Theorem 2.7. If £_ and £ have different parities, then n = 2({— + £4) + 1 and
there are isomorphisms

H*(G/H;Q) = H*(S* x §% x §t-14+: Q)
and
H*(G/K*:Q) = H*(5'F x §-14+: Q).
Further, the corresponding rational homotopy groups are also isomorphic.

Proof. Because {_ and £, have different parities, mo; (25¢-+¢++1) non-trivial when
2k = 2(£— + £4). Now, Proposition 2.8 implies thatn — 1 = 2({— + £4), i.e., thatn =
20—+ L4) + 1.

For the rational cohomology, we use the rational Serre spectral sequence for the fibra-
tion ¥ — G/H — M. Since M is arational sphere, all differentials with domain EI(,) * for
k < n — 1 vanish for trivial reasons. Since dim G/H = n — 1, this completely determines
the rational cohomology of G/H .

For the rational cohomology of G/K*, note that the maps

H*(G/K*;Q) — H*(G/H:Q)
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must be injections, for otherwise the Mayer—Vietoris sequence associated to the double
disk bundle decomposition of M would show that M is not a rational sphere. Thus, in
rational Serre spectral sequence for the sphere bundles G/H — G/K¥*, we see the all
differentials must vanish. It follows that H*(G/H; Q) = H*(S* x G/K¥*;Q), from
which the rational cohomology ring of G/ K ¥ is easily determined.

Lastly, we prove the statement about rational homotopy groups. For the case of a
product of two spheres, it is easy to compute the minimal Sullivan model directly, giving
the result. For G/H, it follows that the map Hy_ (SL; Q) — H;_(G/H;Q) is injective,
so the Hurewicz homomorphism 7, (G/H) @ Q — Hy_(G/H; Q) is non-trivial. Then
[14, Corollary 2.78] shows that G/H has the rational homotopy type of St~ x G/K~, so
the conclusion follows. ]

We now use Proposition 6.4 to better understand the structure of H, K £ and G.

Proposition 6.5. Suppose a compact connected Lie group G acts via an irreducible coho-
mogeneity one action on a rational sphere M™ with the homotopy fiber of the inclusion of
a principal orbit G/H into M falling into Case (4) of Theorem 2.77. Assume £_ is odd and
Ly is even. Then G is semi-simple unless L = 1, in which case G has a one-dimensional
torus factor. Further, KT is always semi-simple, and H is semi-simple unless {4 = 2,
in which case H has a one-dimensional torus factor. Lastly, K™ is semi-simple if both
{_ > 1and Ly > 2, has a two-dimensional torus factor if {— = 1 and £+ = 2, and has a
one-dimensional torus factor otherwise.

Proof. For the claims about G and H we argue as follows. Writing G = G x T*, irre-
ducibility implies that H° C G. In particular, the map JT;Q (H) —> n;@ (G) is trivial. Since
H has finitely many components and 7,(G) = 0, the long exact sequence in rational
homotopy groups associated to the bundle H — G — G/H now gives isomorphisms

72(G) = 72(G/H) and n2(H) = n2(G/H).

The result now follows from Proposition 6.4.

To see that K™ is always semi-simple, note that from Proposition 6.4, G/K™ has
the rational homotopy groups of a product of two odd-dimensional spheres. In particu-
lar, 72, (G/K™) is trivial. Now, assume for a contradiction that H;Q(K *) is non-trivial.
Then the long exact sequence associated to the bundle K™ — G — G/K™ shows that
n;@ (KT) — n;Q (G) is injective. On the other hand as KT has finitely many components,
so the map n(lQ (G) — 71‘1@ (G/K ™) is a surjective map between vector spaces of the same
dimension, so is an isomorphism. Thus, exactness forces niQ (K*) =0, s0 KT is semi-
simple.

Lastly, for K, from Proposition 2.3, if {_ = 1, then K~ = H - S, so K~ has one
more circle factor than H. On the other hand, if £_ > 1, then G is semi-simple, so the long
exact sequence associated to K~ —>G —>G/ K~ gives m2(G/K7)®Q =71 (K7)RQ. The
result now follows since G/ K~ has the rational homotopy groups of S+ x §t-+t+.  m
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We now break the proof of Theorem 6.3 into three cases. First, we assume G is simple
and find there are precisely two actions meeting all the hypotheses of Theorem 6.3, both
of which are linear actions on standard spheres. Next, we assume G has a circle factor.
Here we show such actions are precisely the Brieskorn actions. Lastly, we assume G is
semi-simple but not simple. In this case, we find two infinite families of linear actions on
spheres and two sporadic examples on rational 11-spheres.

6.1. G has one simple factor

In this subsection, in addition to Convention 2.2, we will always assume that £_ is odd,
£ is even, and that G is simple. We prove the following.

Theorem 6.6. Suppose M is a rational sphere upon which a simple compact Lie group G
acts via a cohomogeneity one action. Suppose further that the homotopy fiber of the inclu-
sion of a principal orbit into M falls within Case (4) of Theorem 2.7, and that £_ and {
have different parities. Then either G = SU(5) and M is equivariantly diffeomorphic to
S with G acting via the representation A*>C?, or G = Spin(10) and M is equivariantly
diffeomorphic to S3' with G acting via the spin representation.

From Proposition 6.4, 7{9 (G/K™) has dimension 2 and is concentrated in odd degrees.
It follows that K has corank 2 in G and that KT is simple and non-abelian. As K /H =
S+, Table | now implies that, up to cover, K+ = Spin(£4 4 1) or, when £, = 6, that
K T = Gz.

We now turn to Table 2. Specifically, we find all entries where L is, up to cover, an
odd Spin group or G, keeping in mind that Spin(3) = Sp(1) = SU(2) and Spin(5) =
Sp(2). We discard any examples where L does not act transitively on S¢+. This leaves the
following possibilities: row 1 with m = 4, row 4, row 5 with m = 4, row 6, row 8 with
m = 4, and row 9 for all n > 4; these are all tabulated in Table 3, where “multiple” refers
to multiple non-conjugate non-trivial homomorphisms K+ — G.

G K+ l_ -+ Ly I Notes
SuU(4) SU(2) 5 7 2 multiple
SU(5) Sp(2) 5 9 4 multiple
Spin(9)  Spin(5) 11 15 4

Spin(9) Sp(2) 11 15 4

Sp(4) Sp(2) 11 15 4

Spin(2m) Spin2m —3) 2m—-1 4m—-5 2m—4 m>4

Table 3. Subset of Table 2 with KT = L acting transitively on § bt

Proposition 6.7. Except for row 2 and the m = 5 case of row 6 in Table 3, the other
possibilities do not correspond to cohomogeneity one actions on rational spheres.
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Proof. We show that in all these cases, there isno H € K+ N K~ with K*/H =~ §%.

For row 1, 3, 4, and m > 6 in row 6 of Table 3 we argue as follows. By inspection,
K+ /H = S* implies that H must be, up to cover, isomorphic to either S, or Sp(1)2, or
Spin(2m — 4). Thus, in all of theses cases, from Table 1, H does not contain the isotropy
group of any transitive action on S¢-.

For the m = 4 case of row 6, we find that up to cover, G = Spin(8), K+ = Sp(2), and
H = Spin(4) which then implies that K~ = Sp(2) x Sp(1) and where the embedding of
H into K~ must project onto the Sp(1) factor. This exact setup is found in [1, Section 7.8],
where he shows the 8-dimensional representation of H givenby H € K~ € G C SU(8)
has a different character from the representation of H given by any H € Kt C G C
SU(8). In particular, there is no copy of H = Spin(4) which lies in K+ N K~ and projects
onto the Sp(1) factor of K, so this possibility is ruled out as well. |

We conclude the proof of Theorem 6.6 by dealing with the remaining two possibilities:
(G. K™) € {(SU(5). Sp(2)). (Spin(10), Spin(7))}.

Proposition 6.8. Suppose (G, K™) € {(SU(5), Sp(2)). (Spin(10), Spin(7))}. Then, up to
equivalence, there is a unique cohomogeneity one action of G on a rational sphere M"
with KT (up to cover) as a singular isotropy group. When G = SU(5), the action on
M = S is via the representation A>C> of SU(5), and when G = Spin(10), M = S3!
and the action is via the spin representation.

Proof. Asoh [1, Sections 7.7 and 7.9] proves that for both possibilities, the data of G and
.+ determines the group diagram H C K* C G up to equivalence. So, there is, up to
equivalence, at most one cohomogeneity one action on a rational sphere M".

On the other hand, Straume [36, Table II: 8b, 9b] indicates that the representation
A2C? of SU(5) is cohomogeneity one on S, and that the spin representation of Spin(10)
on §3! is also cohomogeneity one. In addition, he finds that H = SU(2)? = Spin(4) for
G = SU(5), and that H = SU(4) = Spin(6) for G = Spin(10). Straume does not list
the £4, but one can deduce them as follows. Since H is connected, both singular orbits
must be orientable, so these examples must occur in Cases (4), (5), or (6) of Theorem 2.7.
Moreover, in Case (5), we showed that KT = K~ = G. However, G/H is not a sphere
for either pair (G, H). Also, we have already classified the possibilities for G in Case
(6) (Proposition 5.6), so this case is ruled out as well. Thus, these two representations
certainly fall with Case (4) of Theorem 2.7.

If £_ and £ have the same parity, Proposition 2.8 implies {— + £+ = n — 1, while
2(0_ 4 £4)=n—1holdsif £_ and £ have different parities. When H = SU(2)?, Table 1
shows that £ €{1, 3, 4,5}, while when H = Spin(6), we find £ 1 €{6, 9}. It is now obvious
that we must have ({_, {1 ) = (5, 4), (9, 6), for H = SU(2)2, SU(4) respectively. |

6.2. G has a circle factor

For the duration of this subsection, in addition to Convention 2.2, we will always assume
that {_ =1, £, iseven, and that G = G, x S!. The case £, = 2 impliesn = 7,s0 M is
classified in Section 3. Thus, we actually assume £4 > 4. We prove the following.
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Theorem 6.9. Suppose M" is rational sphere on which a compact Lie group G = G x S
acts via a cohomogeneity one action. Assume the homotopy fiber of the inclusion of a
principal orbit G/H into M falls within Case (4) of Theorem 2.7 with £+ > 4. Then,
M™ is orbit equivariantly diffeomorphic to a Brieskorn variety with standard action by
SO((n + 1)/2) x SO(2) or, when n = 15, by the restriction of this action to Spin(7) x
SO(2) < SO(8) x SO(2).

We begin with a classification of the relevant groups.

Proposition 6.10. Suppose G = G, x S acts via an irreducible cohomogeneity one
action on a rational sphere M. Suppose the homotopy fiber of the inclusion of a principal
orbit G/H into M belongs to Case (4) of Theorem 2.7 with {_ = 1 and £ even. Then
K= =H-S'and (Gy,(K™)°, H) is one of (Spin({4 + 2),Spin({4 + 1), Spin({+.)) or
(Spin(7), G2, SU(3)).

Proof. The fact that K~ = H - S! is from Proposition 2.3. As K= /H = S, it follows
that H acts trivially on K~ /H. Because the action must be primitive (Theorem 2.9),
Proposition 2.12 implies that no simple factor of H® can act trivially on S*+ = K+ /H.
From the classification of transitive actions on spheres in Table 1, it follows that up to
cover ((KT)%, HY) is either (Spin(£ + 1), Spin(£4)) or (G5, SU(3)).

Irreducibility implies H 0 c G4. Because H € K7 has full rank, this implies that
(K1) € Gy as well. From the covering G1/(K)? x S' — G/K™, it easily follows
from Proposition 6.4 that G1/(KT)° is a rational S¢+*1 sphere. From Table 1, we see
that for n > 3, if (K*)? is up to cover Spin({4 + 1), then G = Spin({ + 2). Further,
it follows from this that (K®) = Spin({4 + 1) and H® = Spin({, ), without the need to
pass to covers.

When n = 2 or n = 1, the exceptional isomorphisms Spin(5) = Sp(2) and Spin(3) =
SU(2) potentially give rise to the possibilities G; = Sp(3) and G; = SU(3) respectively.
However, since G1/(K1)? is a rational S*+*! with £, = 4 and 2 respectively, we con-
tradict the fact that Sp(3)/ Sp(2) = S'! and SU(3)/SU(2) = S°.

Lastly, since G, does not cover any Lie group, in the last case we have (K1)° = G,
H® = SU(3), and from the classification of transitive actions on rational spheres, that
G = Spin(7). L]

For {4 # 6, the fact that G, /(K1)? = S+ and K+ /H =~ §% determines the
embedding of H°, (K)® € G up to conjugacy. When £ = 6, there are multiple con-
jugacy classes of embeddings of Spin(7) into Spin(8), but the outer automorphism group
of Spin(8) acts transitively on them. Likewise, the embedding of G, in Spin(7) is unique
up to conjugacy, as is the embedding of SU(3) into G,. Thus, we may always assume that
(K +)0, HP, and hence the semi-simple part of K~ are embedded into G in the standard
way.

In fact, since H° is the lift of the usual block embedding SO(£) € SO({4 + 2), Hy
contains the kernel of the projection
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As such, we can and will replace the triple (Spin({4+ + 2), Spin(£4 1), Spin(£4)) with
(SOl + 2),SO(£4+ + 1),SO(£4)). For concreteness, we take SO(£+ + 1) to fix the
basis vector e; € R&+12, and we take SO(£4) to fix ey and e;.

We note that the centralizer of SO(£4+) in SO(€4+ + 2) consists of rotations in the
e1, ex-plane. For the triple (Spin(7), G2, SU(3)) we note the centralizer of SU(3) in
Spin(7) is also a circle, lifting of the center of U(3) € SO(7). In both cases, G1/Hy =
T154+1 which Zg,(Hp) acts on by rotation of the e;, e, plane. We denote this rota-
tion by R(6); note that this action is effective. Then G/K~ = (G{/Hp x S')/S! where
z = ¢'% in the S! factor of K~ acts via R(af) on the first factor, and z? on the second.
Of course, we may assume gecd(a, b) = 1.

However, as G/ K~ is simply connected by Proposition 2.3, we must, in fact, have
b = 1. Indeed, we obviously cannot have » = 0, and if b > 1, then from [26, Lemma 1.3],
G/ K~ is diffeomorphic to T'S¢++1/(Z/b7Z), the fundamental group of G/ K ~ has order
b. Hence, b = 1. Note then that the projection map p, : K~ — S has kernel H°.

Proposition 6.11. Assume K7 is connected. If a = 0, the corresponding action is not on
a rational sphere, while if a # 0, the group diagram corresponds to the usual action on
the Brieskorn variety M3£++3 with d even, a = d /2.

Proof. If a = 0, then the action is not primitive, with both K* contained in K+ x S! C
G x S'. By Theorem 2.9, M cannot be in a rational sphere in this case. On the other
hand, if @ # 0 and K is connected, the resulting group diagram is the effective version
of the Brieskorn action on M;e++3 with d even, a = d/2, found in [19]. [

Hence, for the remainder of this section, we may assume that K * is disconnected.
Since KT /H =~ S* with £, > 2, H has the same number of components as K. In
particular, H is also disconnected. Note that if H contains a non-identity element of the
form (1,z) € G; x S!, this element acts trivially on M. By passing to the quotient of
G/{(1,z)) = G, we may always assume H does not contain any elements of this form.
Then [1, Sections 7.10 and 7.12] proves that @ must be odd, and that the group diagram is
completely determined by a.

When (G1, (KT)°, Hy) = (SO({4 +2),SO({4 + 1),SO(£,)), the diagram Asoh gets
is precisely the group diagram for the usual SO(£+ + 2) x SO(2) action on the Brieskorn
variety M,l2 G473 for a odd [19]. In the special case where £+ = 6, the restriction of this
action to Spin(7) x SO(2) is also cohomogeneity one with precisely the same group dia-
gram as described above [36]. Thus, we have completed the proof of Theorem 6.9.

6.3. G is semi-simple but not simple

In this section, in addition to Convention 2.2, we assume G is not simple. If G = G; x
-+ X Gy, then we will use the notation p; : G — G; (fori = 1,..., k) for the projection to
the i th factor, and we will similarly use the notation p;; : G — G x G, for the projection
onto the first two factors, etc.
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From Proposition 6.5, if G is semi-simple but not simple, then we must have £_ > 1.
In particular, all groups H, K*, G are connected from Proposition 2.3. As {_ and £ have
different parities, we assume for the rest of this section that £_ is odd and £ is even. The
main goal of this section is to prove the following.

Theorem 6.12. Suppose M is a rational sphere and G is a non-simple semi-simple com-
pact Lie group acting via a cohomogeneity one action on M. Assume the inclusion of a
principal orbit G/H — M has homotopy fiber occurring Case (4) of Theorem 2.7, with
{_ > 3 odd and £ even. If the action is not orbit equivalent to a linear action on a stan-
dard sphere, then ({—, 1) = (3,2), and the action is orbit equivalent to an action by
SU(3) x SU(2) on one of two rational 11-spheres of the form G, /SU(2).

Suppose L € G x G,. We say a subgroup L’ C L is diagonally embedded if L' is
a normal connected subgroup of positive dimension and both projections L' — G; for
i = 1,2 have finite kernel.

We establish the following notation: If L € Gy x -+- x Gy, wewrite L =Ly ----- Ly -
L' tomean Ly x --- X Ly x L' is a finite cover of L for which the image of Ly in L is
equal to the kernel of the projection map p» . x|z, with the corresponding definition for
each L;, and with the image of L’ in L diagonally embedded. Occasionally, we will refer
to bundles of the form, e.g., L' — (G1/L1 x --- x G/ Ki) — G/ L. Strictly speaking, the
fiber is finitely covered by L’, but is not typically diffeomorphic to L’. As the arguments
will only really need the rational homotopy groups of L', we will still write bundles in this
form.

Proposition 6.13. If L € G; x G; is a connected Lie group which has no diagonally
embedded subgroup, then L is a product L = L1 x L, with L; C G;.

Proof. Let [ C g1 @ g» denote the Lie algebras of L and G X G;. Set [; C [ to be the
kernel of the projection map [ — g, and likewise, set [, to be the kernel of the projection
map to g1. Then obviously [; & [, C [. Since L has no diagonally embedded subgroups,
any ideal n of [ must either lie in g; or in g,. Since [ is a sum of its ideals, [ C [; & [,.
Thus, [ = [; & [,, and then after exponentiating, we see L = L; x L, where L; is the
unique connected subgroup of G; with Lie algebra [;. ]

Proposition 6.14. Suppose G is a compact connected Lie group, G = G x G, with both
G; non-trivial. Suppose G acts on a rational sphere M via a cohomogeneity one action
for which the homotopy fiber of the inclusion of a principal orbit falls within Case (4) of
Theorem 2.7, and for which £_ and £ have different parities. Then at least one of K*
must have a diagonally embedded factor.

Proof. Assume for a contradiction the proposition is false. From Proposition 6.13, we may
write K~ = K, x K, with each K; € G;, and similarly K™ = L, x L,. Since H has full
rank in K+, H = H, x H, with H; C K; N L;. Further, since S*+ >~ K*/H =~ L,/H, x
L>/H,, it follows that up to swapping G, and G, that H; = L, and L,/H, = St+.
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It follows that H, K¥ C K; x G,. Thus, the action is not primitive, contradicting
Theorem 2.9, unless K; = G;. Now, St~ =~ K~ /H = G,/Hy x K,/H,. We note that
H; # G because the action is irreducible, so we must have H, = K>, so St~ G/H.. 1t
follows that H, K= C G; x L,, which again gives a non-primitive action unless L, = G,.

But now we reach a contradiction: G/H = G1/Hy X Go/H, = St x St contra-
dicting the rational cohomology calculation in Proposition 6.4. |

Remark 6.15. In the proposition above, the G; are not necessarily simple factors.

From [38, Theorem 4.8], as dim ngd(G/H ) = 3 and since H does not project onto
any simple factor of G (Convention 2.2), it follows that G has at most three simple factors.
Since dim ngd(G/K_) — dim ngen(G/K_) =1, K~ has corank 1 in G.

We may now deal with the case where G has three simple factors.

Proposition 6.16. Suppose G is a compact Lie group acting via a cohomogeneity one
action on a rational sphere M. Suppose the homotopy fiber of the inclusion of a principal
leaf falls within Case (4) of Theorem 2.7, and that {_ is odd and £ is even. Then G
cannot be a product of three simple factors.

Proof. We write G = Gl XG2XG3,K+ = Ll 'L2'L3'L/,K_ = K] 'KZ'K_?,'K/,
and H =H1'H2'H3'H/.

We first claim that K+ must be diagonally embedded, i.e., that L’ # 0. To see this,
assume it is false. Then Proposition 6.14 implies that K’ # 0. As K~ has corank 1 in G, it
follows that K’ projects non-trivially to precisely two factors of G, say G, and G3. Then
with respect to this decomposition of G into two factors as G; x (G2 x G3), K~ has no
diagonally embedded subgroup, contradicting Proposition 6.14. Thus, L’ # 0.

We next claim that foreachi = 1,2,3, L; £ G;. To see this, assume for a contradiction
that it is false, so, without loss of generality, that L; = G;. Since H C K * has full rank,
each H; € L; and H’ C L’ have full rank. Now, H; € L1 = G; since the action is
irreducible. As K /H = S+ is, up to cover, diffeomorphic to L/H; x Ly/Hy x L3 x
H; x L'/H' and Hy # L1, it follows that Hy = Ly, H3 = L3, H' = L'.Since H C K,
it now follows that K* C G, x p23(K 7). Since the action is primitive (Theorem 2.9), we
must have p,3(K™) = G, x G3.

Now, there is an obvious map K~ /H — p»3(K~)/p23(H) which is a fiber bun-
dle with fiber K; - H/H. As K~ /H = S*, it follows from [10, Corollary 2.5] that
dim 7ro44(p23(K7)/p23(H))<1.By [38, Theorem 4.8], this can only happen if H projects
surjectively onto at least one of G, or G3, contradicting irreducibility. Thus, we conclude
that each L; C G; is proper.

Now, if L’ does not project surjectively onto some G;, then again by Totaro’s theorem,
dim 734(G/K~) ® Q > 3, contradicting Proposition 6.4. Thus, L’ projects surjectively
onto, say, Gz, which implies L3 = H3 = 0. Irreducibility implies H’ < L', which then
implies, as above, that H; = L; and Hy = L,. Now, either L’ projects non-trivially to
two factors of G, or it projects non-trivially to all three factors of G. We conclude the
proof by handling each of these cases separately.
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Assume initially that L’ projects non-trivially to exactly two factors, say, G, and G3.
Interpreting G as a product of two factors G x (G2 x G3) and using Proposition 6.14,
it follows that K’ must have non-trivial projection to G;. Now, since H; = L and L’
has trivial projection to Gy, it follows that K= C (K - p;(K’)) x G, x G3. Primitivity
forces Ky - p1(K’) = G1, and, as p;(K’) is non-trivial, it now follows that K; = 0, so
L= H; C K; =0aswell.

Thus, H = H, - H' with H’ diagonally embedded in G, and G3, while K~ = K, -
K3 - K’ with K’ diagonally embedded in G; and some other G;. As H projects trivially
to G, it must also project trivially to K’, so H € K, x K3. Thus K~ /H =~ St ~
(K2 x K3)/H) - K'. Since K’ is non-trivial, K = SU(2) and H = K, x K3. But this
contradicts the fact that H’ is diagonally embedded in G, x G3. This concludes the case
where L’ projects to exactly two factors of G.

Thus, the only remaining case is when L’ projects non-trivially to all three G;. It
follows that L’ has rank 1 and, since KT is semi-simple, that L' = SU(2) up to cover.
This is implies that Gz = SU(2) as well. Then G/K+ =~ G,/L x G2/ L,. Since both
L; SG;and H*(G/K+:Q) = H*(S% x §*+:Q), it follows that both G; / L; are rational
spheres, of dimension £_ and £_ + £.. Since L’ = SU(2) projects non-trivially to both
G, and G, it follows that L; € G; extends to L; - SU(2) C Gy, which implies that both
£_ and {_ + £ are congruent to 3 mod 4. Thus, £ is divisible by 4. On the other hand,
if L' = SU(2), then H' = S'. From Proposition 6.5, it follows that {4 = 2, giving the
final contradiction. u

We henceforth assume G = G; x G5 has precisely two simple factors. We will write
K =K xKy)-K',KT =(LyxL,)-L',and H = (H, x H,) - H’, with the primed
groups diagonally embedded.

Proposition 6.17. Under the assumptions of Theorem 6.12 with £ even and £_ odd, at
least one of the two projections p; : K¥ — G; has finite kernel.

Proof. Write G = Gy X Go, KT = (L1 X Ly)- L', K~ = (K1 x K3) - K/, and H =
(Hy x Hy) - H'. We must prove that at least one L; is trivial.

So, assume for a contradiction that both L; and L, are non-trivial. Since K7 is
semi-simple from Proposition 6.5, it follows that n? (Gi/L;i) = 0. From the long exact
sequence in rational homotopy groups associated to the bundle

L' - G{/Li xGy/L, - G/K™,

we deduce that if L’ # 0, then n? (G/K™T) # 0, contradicting Proposition 6.4. Thus,
L' = 0, so by Proposition 6.13, we may write K™ = L x Ly € G| x G».

Since H has full rank in K7, it now follows that H’ = 0, and St ~ (L1/Hyp) %
(L,/H>3). Thus, we may assume without loss of generality that H; = L;.

Since L’ = 0, Proposition 6.14 implies K’ # 0. Since H' =0and H € K—, H C
K1 x K». Then S =~ K=/H =~ ((K; x K»)/H) - K'. Tt follows that H = K; X K,.In
particular, H acts trivially on both S%+, contradicting Proposition 2.12. ]
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We henceforth assume that L, = 0. This implies that H, = 0 as well, so K t=L,-L
and H = H; - H'. We now break into further subsections, depending on whether or nor
(€—,24+) = (3,2) or not.

6.3.1. The case where (£_,£+) = (3,2). The main goal of this subsection is to classify
all actions on rational spheres of dimension 11 for which G is a product of two simple
factors and (¢, £4) = (3,2). In order to state the main result, recall that G, contains
subgroups (unique up to conjugacy) which are isomorphic to SU(3) and SO(4). Writing
the double cover of SO(4) as SU(2); x SU(2)3 (with the subscript referring to the Dynkin
index of SU(2); € G»), we have a natural action of SU(3) x SU(2); on G2/SU(2)4—;
given by (A, B) * C SU(2)4—; = ACB~1SU(2)4_;. Since the two SU(2)s in SO(4) cen-
tralize each other, this action is well defined.

Theorem 6.18. Suppose G = G x G, is a product of two non-trivial compact simple
simply connected Lie groups and that G acts on a rational sphere M '! with homotopy
fiber ¥ of the inclusion G/H — M of a principal orbit falling into Case (4) of The-
orem 2.7 with £_ =2 and £ = 3. Then G = SU(3) x SU(2) and, up to equivalence,
the action is one of three possibilities: the tensor product action of SU(3) x SU(2) on
S c C3 ® C?2, or the above SU(3) x SU(2); action on G, /SU(2)4_; fori = 1,2. Con-
versely, these three actions are all cohomogeneity one actions meeting all the hypothesis
in the first sentence.

We will prove this by a series of proposition. We first classifying the groups which can
appear in a group diagram of an action as in Theorem 6.18, finding that all the groups are
determined up to cover. We then study the problem of the embeddings of H, K into G.
We will find that, up to equivalence, there are precisely five cohomogeneity one actions
which need to be considered. We finally show that two of them correspond to actions
on spaces which are not rational spheres, while the remaining three correspond to the
possibilities listed in Theorem 6.18.

Proposition 6.19. Suppose a compact Lie group G = G1 x Gy, with both G; simple,
acts on a rational sphere M with homotopy fiber ¥ ~q S? x S3 x QS°. Then G =
SU@3) x SU(2), Kt = SU(2), and up to cover K~ = S x SU(2). Further, up to con-
jugacy, K* is embedded into G as either A SU(2) € SU(2) x SU(2) or ASU(2) C
SO(3) x SU(2), and K~ is embedded up to conjugacy as either (z, A) — (diag(zA,z2, A))
or A — (diag(z® A, 22, diag(z?, z?))) for relatively prime integers a and b.

Proof. Since n;@(G/H) ~ JT?(S2 x §3 x S?) has dimension 2 and G = G x G, with
both G; simple, it follows that H must be a torus. Since 71,(G/H) ® Q =~ Q, H = S'.
Since G/H has dimension 10, we conclude from the classification of simple groups that
G = SU(3) x SU(2), from which it easily follows that, up to cover, KT is isomorphic to
SU(2) and K~ is isomorphic to S x SU(2).

We now focus on the embeddings. Since K+ = L - L’ = SU(2), p1(K™) is non-
trivial. Recalling that there, up to conjugacy, precisely two non-trivial maps from SU(2)
to SU(3), being the block embedding, and the double cover SU(2) — SO(3) < SU(3), it
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follows that p; (K™) is, up to conjugacy, one of these two options. As p;(H) € p;(K™),
it now follows that p; (H ) is conjugate to a subgroup of the form diag(z,z 7!, 1) forze S*.

We next claim that p, (K ™) is also non-trivial. For it is trivial, then H' = L’ = 0, from
which it follows that H C K. Since K~ /H is an odd-dimensional sphere, we conclude
that K; = S! and K’ = SU(2). This must centralize p; ({1} x SU(2)), so it follows that K
must be conjugate to diag(z, z, z~2). This contradicts the fact that K; = H is conjugate
to diag(z, z71, 1). It now follows that K is isomorphic to SU(2). In summary, up to
conjugacy, we must have Kt = ASU(2) € SU(22) x SU(2) € G or Kt = ASU(2) C
SO(3) x SU(2) € G.

‘We now work towards obtaining the embedding of K~. We first claim that p; is non-
trivial on the SU(2) factor of K. For if this is not true, then p1 (K™) € p1(H) C p1(K™T).
This follows as the projection of H to the circle factor of K™ is surjective, for otherwise
m1(K~/H) would be infinite. Thus, if SU(2) € K~ is in the kernel of p;, the action is
non-primitive, being contained in p; (K1) x SU(2) € G.

Moreover, in fact, p; must be injective on the SU(2) factor of K~. For otherwise,
since SO(3) € SU(3) is maximal, it would follow that K~ is a product SO(3) x S! in
SU(3) x SU(2). But then the long exact sequence in homotopy groups shows that the
quotient K—/H = S3 is not simply connected, giving a contradiction. Thus, the SU(2)
factor in K~ maps, up to conjugacy, as the usual SU(2) in SU(3). Further, since the S!
factor of K~ centralizes it, p;(K~) must have the form diag(z%A4, z72%) for (z, A) €
S x SU(2).

Lastly we note that since H € K~ and p,(H) is non-trivial, it follows that p,(K™) is
non-trivial. If p, is non-trivial on the SU(2) factor, then the S! factor must only embedded
into SU(3), so a # 0. But then K~ C G is independent of @, so without loss of generality,
we may assume a = 1. On the other hand, if p; is non-trivial on the S 1 factor, we get the
second listed form. m

We now fully classify the possible group diagrams. Note that changing (a, b) to
(—a, —b) does not change the image of K~ and there is an inner automorphism of G
which changes b to —b. Hence, we may assume that both a, b > 0.

Proposition 6.20. Suppose G, K* are as in the previous proposition. There, up to equiv-
alence, there are precisely five cohomogeneity one diagrams, and all five are determined
by the conjugacy class of the embeddings of H, K™ and K. These embeddings are given
in Table 4, where A, B € SU(2), z € S!, and  : SU(2) — SO(3) the usual double cover.

H K~ Kt
(diag(z2,z2%,1),diag(z.2)) (diag(z=2,zB), B) (m(A), A)
(diag(z2,z2,1),diag(z,2)) (diag(B, 1), diag(z,z)) (m(A), A)
(diag(z, z, 1), diag(z, z)) (diag(B, 1), diag(z, 2)) (diag(A4,1), A)

(diag(z, z, 1), diag(z, 2)) (diag(z=2, zB), diag(z2,7?)) (diag(4,1), A)
(diag(z2,z2,1), diag(z,2)) (diag(z~2,zB), diag(z, 7)) (m(4), A)

Table 4.



J. DeVito 32

Proof. We first prove that the diagram is determined up to equivalence solely by the con-
jugacy classes of H in K~ and both K* in G. From Theorem 2.1, we may assume the
embedding of Hand K~ are fixed. Suppose K* € G, and K C G is conjugate to K+
and contains H. We need to show the group diagram corresponding to H € K* C G is
equivalent to that of H € K—, K € G.Because KT and K are conjugate, and all copies of
H in K™ are conjugate, it follows that K = gK ™ g for some g € Ng(H). A simple com-
putation reveals that Ng (H) = T3 U 0 T3 where T3 is a maximal torus of G and o is the
Weyl group element which acts as complex conjugation on H = S!. Since K = SU(2),
the Weyl group of H € K™ contains an element p which acts as complex conjugation
on H.Then p € KT N (Ng(H)\ Ng(H)?). It follows that the Ng (H ) orbit of K (via
the conjugation action) coincides with the Ng (H)° orbit of K. Thus, we may assume
g € Ng(H)°. By Theorem 2.1, the diagram involving K is equivalent to the diagram
using K.

Now, we show that the condition that H € KT C G forms a valid group diagram
determines the conjugacy classes of H in K~ and K* in G up to precisely five possibil-
ities. Note first that elementary representation theory shows that all diagonal embeddings
of K™ into G are, up to conjugacy, the two given ones.

Assume initially that K~ is embedded into G as (diag(Z2, zB), B). Because H C
K™, every element of p;(H) has 1 as an eigenvalue. We may conjugate p;(H) into
the standard maximal torus of K, elements of the form (diag(z ™2, zw, zw), diag(w, )).
Then, we find that having an eigenvalue of 1 forces eitherz = 1, zw = 1, or zw = 1. If the
case z = 1 occurs, then H is contained in the semi-simple part of K, which contradicts
that fact that K~ /H =~ S% with {_ > 1. Thus, by replacing w with @ if necessary, we
may assume H has the form (diag(z2, z2, 1), diag(z, 2)). It follows that in this case, K+
must be embedded as A SU(2) € SO(3) x SU(2).

We may now assume K~ is embedded into G as (diag(z2%, z? B), diag(z?, z%)) with
gcd(a, b) = 1 and both a, b > 0. We know that H € KT is embedded into G, up to
conjugacy, either as (diag(1, z, Z), diag(z, 7)) or as (diag(1, z2, 72), diag(z, Z)).

We seek conditions on a, b which guarantee that H is conjugate to a subgroup of
K. To that end, notice that every element in K~ is conjugate to an element of the form
(diag(z729, z%w, z%w), diag(z?, Z%)). By replacing w with @, we must have 2a = 0 or
A = z%. In the first case, @ = 0, which then implies » = 1. In the second case, we find
that a = b or 2a = b, depending on the embedding of K™ into G. Since ged(a, b) = 1,
we musthavea = b =lor2a =b =2. L]

We will now show that the two cases of Proposition 6.20 where the circle factor of K~

is embedded only into the SU(2) factor of G correspond to actions on spaces which are
not rational spheres.

Proposition 6.21. The actions corresponding to the second two entries of Table 4 are not
actions on rational spheres.

Proof. The action given in the third row is not primitive, with both K* C p;(K™) x
SU(2). So, we focus on the case where K is embedded as K+ = (7w (4), 4) € G. We
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will show the two induced maps H>(G/K*; Q) — H*(G/H; Q) have the same image.
Assuming this for the moment, it then follows from the Mayer—Vietoris sequence for the
double disk bundle decomposition of M that H>(M; Q) # 0.

To compute the maps H*(G/K*;Q) — H*(G/H:;Q), we use the description of the
rational cohomology of a homogeneous space as found in [14, Theorem 2.71]. Let us first
setup notation.

For a Lie group L, we use the notation BL for the classifying space of L. Then we
may identify

H*(BH:Q) = Q[z2]. H*(BK":Q) = Qlys]. H"(BK™:Q) = Q[x2, x4].

and
H*(BG;Q) = Qug, us, v4]

with the subscripts denoting degrees of the elements. Further, we let s G denote H*(BG; Q)
with the degree of the generators all shifted down by one, so sG = Ag[su4, Sue, Sv4] With
|su;| =i —1.

The inclusioni : H — G inducesamap Bi*: H*(BG;Q) — H*(BH;Q). Then, [14,
Theorem 2.71] gives an isomorphism H>(G/H; Q) =~ H>(Q[z2] ® sH,d) withdz, = 0
and dsuy = Bi*(ug), dsug = Bi*(ug), and dsvg = Bi*(vy).

A simple calculation shows that

Bi*(su4) = —4z2, Bi*(sus) = —z2, and Bi*(sug) = 0.

Thus, H>(G/H ; Q) is isomorphic to Q2, generated by [sue] and [z2(4sv4 — sug)].
In a similar fashion, the inclusions i1+ : K* — G induce the following:

Bil(sus) = 4x4, Bilj(sue) =0, Bij(svs4) = x4,
Bi*(suq) = ys, Bi*(sug) =0, Bi*(svy) = y3.

It follows that in both cases H°(G/K*:; Q) = Q, generated by [su].
Now, the inclusions j+ : H — K¥* induce maps

H*(BK*:Q)® sH — H*(BH:Q) ® sH
of the form Bj+ ® 1 which, in turn, induce the obvious maps
H*(G/K*;Q) - H*(G/H;Q).
In particular, the image of both H*(G/K*;Q) in H*(G/H; Q) is spanned by [sus]. =

To complete the proof of Theorem 6.18, we show that the remaining three actions as
described in Proposition 6.20 correspond to three actions listed in Theorem 6.18.

Proposition 6.22. The first, fourth, and fifth entries of Table 4 correspond to the three
listed actions in Theorem 6.18.
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Proof. When K+ = (diag(l, A), A) and K~ = (diag(z~2, zB), diag(z, z7')), this dia-
gram is found in Asoh’s work [1, 7.13], where he shows this corresponds to the tensor
product action of SU(3) x SU(2) on C* ® C?2. We now turn to the remaining two cases.

As shown by Iwata [25], the natural SU(3) action on G,/SO(4) is cohomogeneity
one. Writing the double cover of SO(4) as SU(2); x SU(2)3, it follows immediately
that the action by SU(3) x SU(2); on G,/SU(2)4—; given by (A4, B;) * C SUQ2)4—; =
ACB 1SU(2)4_; is a cohomogeneity one action. Further, both G,/SU(2); are rational
11-spheres, as shown in, e.g., [26]. We need only to show that these two examples fall
within Case (4) of Theorem 2.7 with ({—,£4) = (3,2).

By counting dimensions, the principal isotropy group of either of these two actions
must be H = S (up to components). From Table 1, the dimension of the spheres K*/H
must be in {1, 2, 3}. On the other hand, from Proposition 2.8, the loop space factor of the
homotopy fiber of the inclusion ¥ — G/H — G,/SU(2); must either be 25°¢ or QS!!.
It now follows from Proposition 2.8 that £ = 2 and £_ = 3 and that these examples must
fall into Case (4) of Theorem 2.7. ]

Remark 6.23. In fact, the first action in Table 4 of Proposition 6.20, with
K~ = (diag(z"2,zB), B),

is the action of SU(3) x SU(2); on G,/SU(2)3. One can see using basic knowledge of G,
and the octonions O as follows. Recall G, acts transitively on S® C Im(Q) = R7 with
isotropy group at i € @ given by a copy of SU(3). This SU(3) contains SU(2);. Now, if
(A, By1) € SU(3) x SU(2); is in the isotropy group at the identity coset e SU(2)3, then there
is a matrix Bz € SU(2)3 with AB;' = Bj. Since SU(3) C G is the isotropy at i € O,
it follows that B3 fixes i. Since B3 € SU(2)s, this implies that B3 € Zgy(3)(SU(2)1).
Since A = BBy 1. it is now straightforward to see that the isotropy group at e is, up
to conjugacy, (diag(z=2, zB), B) with B € SU(2). In a similar fashion, one can verify
the other singular isotropy group occurs at g SU(2)3 where g € G, moves a point in
Im(H)t € Im(Q) to i. The identity and this g are also singular points of the SU(3) x
SU(2)3 action on G, /SU(2);.

6.3.2. The case where (£_,£4) # (3,2). In this section, we complete the proof of The-
orem 6.3 in the case where G is semi-simple but not simple. Recall that Propositions 6.16
and 6.17 imply that we may assume G = G x G, is a product of two simple groups,
andthat K¥ = L,-L’, H; - H',and K~ = (K| x K5) - K’, where the primed groups are
diagonally embedded and, e.g., K; € G and K, C G,. Moreover, from Proposition 6.14,
at least one of L’ or K’ must be non-trivial. Because the case of ({_,£;) = (3, 2) has
already been handled in Section 6.3.1, we assume K /H >~ S* and K~ /H = S* with
(€—,€4) # (3,2). Recall that £_ > 3 is odd and £+ > 2 is even. Finally, recall Conven-
tion 2.2.

We also note that from Proposition 6.4, it easily follows that K has corank 2 in G
and that K~ has corank 1 in G. This easily implies that rank K’ < 1 and rank L’ < 2.
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Proposition 6.24. Under the above assumptions, rank L’ < rank G, < 2.

Proof. The inequality rank L’ < rank G, follows since the projection p; : G — G, has
finite kernel when restricted to L', so rank(L’) = rank(p,(L’)) < rank G,.

For the other inequality, first observe that Proposition 6.4 gives H*(G/K*; Q) =
H*(S* x §*-+t+:Q), so KT has corank 2 in G. Since K* = L, - L/, p; : G — G,
has finite kernel when restricts to K+ € G. In particular,

rank(K ) = rank (pl(K+)) < rank G.
Then rank G + rank G, — 2 = rank K+ < rank G;. Thus, rank G, < 2. [

Of course, if Hy, and therefore L; are both trivial, the same proof shows that rank L’ <
rank G, < 2. We briefly handle this case in the following proposition.

Proposition 6.25. Suppose H, is trivial. Then the quadruple (H, K=, KT, G) is isomor-
phic to (Sp(1), Sp(1)*, Sp(2). Sp(2) x Sp(2)).

We will later see in Proposition 6.35 that there is, up to equivalence, a unique coho-
mogeneity one action on a rational sphere having these isotropy groups.

Proof of Proposition 6.25. As mentioned above, the hypotheses imply that both G; and
G have rank at most 2. As dim ngd(G/H) = 3, at least one G; has rank 2. Without loss
of generality, we may assume G has rank 2. We now break into cases depending on G,.

If G, = SU(2), the Proposition 6.24 implies that L’ has rank 1. As L'/H' =~ §%+,
we conclude that L’ = SU(2), H' = S!, and that £, = 2. Further, since K+ is simple,
it now follows that n;@ (G/KT) # 0. As £_ > 3 by assumption, it follows that {_ = 3,
contradicting the fact that (¢, £1) # (3,2).

Thus, G, must have rank 2. Since K1 has corank 2, it must thus have rank 2 and
act transitively on S+ It follows from Table 1 that £ € {2, 4, 6}, corresponding to K+
being, up to cover, isomorphic to SU(2) x SU(2), Sp(2), or G;.

If £+ = 2, then, as SU(2) x SU(2) does not map to SU(3) with finite kernel, both G;
{Sp(2), G3}. In particular, the odd rational homotopy groups of G occur in dimensions
which are a subset of {3, 7, 11}. Since ngd(G/ K™) is supported in dimensions {_ and
{_ + {4 ={_ 4+ 2, we have a contradiction, as no pair of elements in {3,7, 11} has a
difference of 2.

If £+ = 6, then K™ = G,. Since G, has no non-trivial maps to any rank 2 Lie group
other than itself, we must have G; = G, = G». In particular, dim ngd(G/ K™) is sup-
ported in degrees 3 and 11, which have a difference of 8 # 6. Thus, this case cannot occur
either.

So, we must be in the case where £ = 4, so K™ is covered by Sp(2) and H is covered
by Sp(1)2. Since dim n? (K™), it follows that n;@ (G/K™) is non-trivial. Since £ = 4,
ngd(G/KJr) must be supported in degrees {_ = 3 and {_ 4 £ = 7. It follows that G; =
G2 = Sp(2). As any non-trivial homomorphism from Sp(2) to itself is an isomorphism,
K* = Sp(2), from which it follows that H = Sp(1)2. Lastly, since K~ /H = S3, K~
must be isomorphic to Sp(1)3. n



J. DeVito 36

We now continue to classify the possible groups appearing in a cohomogeneity one
action on a rational sphere as in Theorem 6.3.

Proposition 6.26. We cannot have L1 = Gy.

Proof. If L1 = Gy, then L’ = 0. Since K+ = L; - L' has corank 2 in G, it now follows
that G, has rank 2. Because L’ = 0, Proposition 6.14 implies K’ # 0.

Now, since L’ = 0, it follows that both K+ C G1 X p2(K7™). This contradicts Theo-
rem 2.9, unless p>(K™) = K5 - p2(K’) = G,. Since K’ # 0, it follows that p,(K') = G,.
Since K’ has rank at most 1, we have a contradiction. [

Proposition 6.27. We cannot have H' = L'.

Proof. Assume for a contradiction that H’ = L’. Then both K* C G x p,(K ™). This
contradicts Theorem 2.9 unless p,(K~) = G,, which then implies that either p,(K3) =
G, or p»(K') = G,. We consider both possibilities in turn.

Assume initially that K5 = p>(K3) = G», which then implies K’ = 0. Irreducibility
of the action forces p,(H’) € K». Now, from the bundle

H' — (K{/Hi) x K, > K~ /H =~ §*,
if py(H’) does not act transitively on Ky /H1, then from [38, Theorem 4.8],
dimzQ (K~ /H) > 2,

giving a contradiction. Thus, K;/(Hy - p1(H’)) must be a point, so K1 = Hy - p1(H').
But then both K* C (L; - p1(L")) x G,. Since the action is primitive and L1 € G (from
Proposition 6.26), we conclude that py (H') = p;(L’) = G, contradicting irreducibility
of the action.

So, we may assume p,(K’) = G, which then implies K, = 0. Since K’ has rank 1
and G is simple, it follows that K/ =~ G, = SU(2). Now, since K, = 0, we must have
H' C K’, and then irreducibility implies that H' = S or H’' = 0. However, H' = S
cannot occur, for otherwise,

St =K /H = K;/H, x K'/H = K;/H; x S,

giving a contradiction.

Thus, H' = L' =0.Since K~ /H = S%- . we have {_ = 3. Thus, we must have {y >4
Now, since G/K* = G1/L; x G, we conclude that G;/L is a rational S 3. Since
G is simple, it follows that L is simple. Further, since Kt /H = L, /H; = S**, we now
deduce that either L.y = G, with H; = SU(3) or L1 = Spin({+ + 1) with H; = Spin(£.).
In the first case, from, e.g., [26, Table B], we see that G, is not the isotropy group of any
transitive action on a rational sphere, so this cannot occur.

Since {4 > 4, the only rational spheres of the form G/ Spin({+ + 1) are standard
spheres, or Spin({4 + 3)/ Spin({+ + 1). However, by inspecting each one, one easily
sees that dim G/ Spin({4+ + 1) # £4 + 3, so we have a final contradiction. L]
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Since H has full rank in K7, it follows that H’ € L’ is full rank and that H; = L;.
Further, if H; is non-trivial, then Proposition 2.12 implies that H; must act non-trivially
on K~/H = S* . In particular, H; cannot be a normal subgroup of K, unless H; = 0.

Proposition 6.28. The group K| must be non-trivial.

Proof. Assume for a contradiction that K is trivial. Since L1 = H; € Kj, both H; and
L are trivial as well, and thus, by Proposition 6.25 G = Sp(2) x Sp(2). Since K’ has
rank at most one, we now see that K~ has rank at most two, contradicting the fact that
K~ has corank 1 in G. [

Proposition 6.29. If H, is non-trivial, then we must have p,(H') = po,(K™). If H; is
trivial, then both p;(H") = p; (K™).

Proof. Since H € K7, it follows that
p2(H') = p2(H) € p2(K™) = Kz - pa(K').

We must show the reverse inclusion.

When H; is trivial, Proposition 6.25 gives that H = H’ 2 Sp(1)? € Sp(2) x Sp(2),
while K~ 22 Sp(1)3. Note that for both i = 1,2, p; (H') = Sp(1)?> C Sp(2) is maximal
among connected proper subgroups. Since p;(K ™) cannot be surjective and p; (H') C
pi(K™), we must have p;(H') = p; (K™).

Thus, we may assume H; is non-trivial. We first claim that K; is not a subset of
H; - py(H') To see this, assume it is false. Since H; C K; and H; is obviously normal in
H, - py(H'),if Ky C Hy - p1(H’), then H, is also normal in K;. As mentioned above,
this cannot happen without contradicting Proposition 2.12.

Up to cover, S*~ = K~/H has the form ((K;/H;) x K» x K')/H’. The previous
paragraph establishes that the projection of the H' action onto K;/H; is not surjective.
Since dim ngd(K ~/H) =1, it now follows from [38, Theorem 4.8] that the projection of
the H' action to K x K’ is surjective. Thus, p,(K ™) is contained in p,(H'). |

We have two immediate corollaries.

Corollary 6.30. The map p,: L' — G, is an isomorphism, and G/ K = Gy /L. Further
Ly must be simple.

Proof. If H; is trivial this is clear from Proposition 6.25. So, assume H; is non-trivial.
Proposition 6.29 gives p2(H') = p2(K ™), so we see K+ C G x po(L’). Thus, the action
is not primitive, unless p>(L") = G,. However, the kernel of p, : L’ — G is finite, so
this map must be a covering. As G, is simply connected, it must be an isomorphism.
Since p, : K+ — G, is surjective with kernel L, it follows from [26, Lemma 1.3]
that G/ K™ is diffeomorphic to G /L.
The last claim follows easily since G is simple and dim 7eyen (G1/L1) @ Q = 0. =

Corollary 6.31. If H; is non-trivial, then K1 /H, = K~ /H =~ S*-.
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Proof. The projection map p, : K~ — p2(K~) € G, descends to a fiber bundle map
K=/H — p2(K™)/p2(H) with fiber K; - H/H =~ K, /H;. From Proposition 6.29, when
H; is non-trivial, p,(K™)/p2(H) is a point, so the inclusion of the fiber K;/H; is a
diffeomorphism with the total space K~ /H = S*-. ]

Summarizing the previous propositions, we have obtained the following structure
result.

Proposition 6.32. Suppose G, and G, are simple compact Lie groups and G = Gy X G,
acts via a cohomogeneity one action on a rational sphere M. Assume the homotopy fiber
of the inclusion of a principal orbit into M belongs to Case (4) of Theorem 2.7 and that
{_ and {4 have different parities. Then

e rank Gy <2
d K+=L1'L/With,EG2
e Hx~Ly-H withl'/JH = St

e« K~ = (K; xKy)-K'with py(H') = p(K~), and K;/H; = S*-.

[

Further, since G/K+ = G{/L; and H*(G/KT;Q) = H*(§% x §t-1t+:Q), it fol-
lows that L is simple. Thus, (G, L) must be in Table 2. However, most of these entries
are not valid.

Proposition 6.33. If (G1, L) is on Table 2 and corresponds to an action on a rational
sphere as in Theorem 6.3, then

(G1,Ly) = (SU(n),SU(n —2)) or (Gy.L1) = (Sp(n),Sp(n —2)).

Proof. The following three observations can be used to rule out all other possibilities.
e Since L'/H' =~ S%+ and rank L’ < 2, it follows that £ € {2,4,6}.

« Since K1/H;, = S%*, H; = L; must be the isotropy group of a transitive action on
St by a subgroup of Gy.

» Since p; : KT — G is has finite kernel, the embedding of L into G must extend to
an embedding of L - p1(L’) with L' = SU(2), Sp(2), G respectively, for £y =2,4,6
respectively.

We illustrate the argument only for the infinite families appearing in the table.

When (G, K1) = (Spin(2n + 1), Spin(2n — 3)), as £+ = 4, Spin(2n + 1) must con-
tain a copy of Spin(2n — 3) - Sp(2). However, elementary representation theory shows that
the smallest orthogonal representation of Spin(2n — 3) x Sp(2) is of dimension 2n — 3 +
5>2n+1.

When (G1, K1) = (Spin(2n), Spin(2n — 3)), we have {1 = 2n — 4 € {2,4,6}. As
n > 4 in the table, we must have n € {4,5}. When n = 4, elementary representation
theory shows that Spin(8) does not contain (up to cover) Spin(5) - Sp(2), and whenn = 5,
Spin(10) does not contain Spin(7) - Gs. ]
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To complete the proof of Theorem 6.3, for each of the pairs
(G1,Ly) = (SU(n), SU(n — 2)) and (Sp(n), Sp(n — 2)),
we classify the groups H, K*, G and embeddings.

Proposition 6.34. When (G, K1) = (SU(n),SU(n — 2)), we have G = SU(n) x SU(2),
Kt =L{-L'=SUn-2)-SUQ2), H=SUn—-2)-S,and K~ = (K; x K»)-K' =
(SU(n — 1) x {e}) - S'. When n = 3, there are, up to equivalence, precisely three group
diagrams corresponding to actions on rational spheres. When n > 4, there is, up to equiv-
alence, a unique group diagram created from these groups, corresponding to the linear
action of SU(n) x SU(2) on the unit sphere S*"~1 € C" ®c C?2.

Proof. From Table 2, when (G, K1) = (SU(n), SU(n — 2)), we must have £, = 2 and
{_=2n—3.Thus, G, = L' = SU(2) and H' = S'. Since K| /H; = St = §¢- = §2773,
we must have K; = SU(n — 1).

Whenn = 3, {_ = 3, so we are in the case ({_, £1) = (3,2), so the result follows in
this case from Theorem 6.18. Hence, we assume n > 4, so there is precisely one subgroup
of G; = SU(n) which is locally isomorphic to L1 - p1(L’) = SU(n — 2) - SU(2) and which
extends the usual SU(n — 2) C SU(n).

This situation is encountered in [1, Section 7.13], where he shows the conjugacy class
of the embeddings of H, K* determine the group diagram up to equivalence. ]

Proposition 6.35. When (G1, L1) = (Sp(n), Sp(n — 2)), we have G = Sp(n) x Sp(2),
Kt =L, -L'=Sp(n—2)-Sp(2), H=Sp(n—2)-Sp(1)?, and K~ = (K; x K»)-K' =
(Sp(n — 2) x Sp(1)) - Sp(1). For any n > 2, there is, up to equivalence, a unique group
diagram created from these groups, corresponding to the linear action of Sp(n) x Sp(2)
on the unit sphere S**~1 € H" @y H>.

Remark 6.36. As the quaternions are non-commutative, the notation H"” Q@ H?2 is to be
interpreted as follows. The skew-vector space H” has the skew-field of scalars H mul-
tiplying on the right, while H? has H multiplying on the left. Then H” ®pg H? is an
R-vector space of real dimension 8n.

Proof. When (G, L1) = (Sp(n),Sp(n —2)),then £y = 4 and {_ = 4n — 5. Thus, G, =~
L' =~ Sp(2) and H' = Sp(1)2. Since K/H; = S* and H; = L; = Sp(n — 2), we must
have K; =~ Sp(n — 1). Now

Sp(1)? = po(H') = p2(K7) = K2 - p2(K').

Since K7 C G has corank 1, p; : K~ — G; must have non-trivial kernel, so K, # 0.
Since pi(H) has full rank and p;(H) € p1(K~), we deduce that K’ # 0 as well. Tt
follows that K, = K’ 2 Sp(1). It is easy to see that the embeddings of each of H, K*
are determined up to conjugacy by these calculations.

This setup is encountered in [ 1, Section 7.15], where he shows the conjugacy classes of
the embeddings of H, K * determine the cohomogeneity one manifold up to equivalence. m
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Appendix: Homology of Brieskorn varieties

In this appendix, we compute the homology groups of the Brieskorn varieties B;m_l
appearing in Theorem 1.1. In particular, we show the following.

Proposition A.1. Foranym >3 andd > 1, Bi"~" is (m — 2)-connected. In addition, if
m is odd then H.(B3" ") = H,(S™! x 8™) for d even and H«(B7"™ ') = H,(S*™1)
for d odd. If m is even, then B, is a rational sphere whose only torsion is Hy,—1(Bg) =
7/dZ.

Recall that B jm_l is the intersection of the zero set of the complex polynomial z(‘f +
Y"1, z? with a sphere about the origin in C”*!; we always assume thatd > 1 and m > 3.

We first show that H,,_1(B,) is cyclic, and then compute the order.
Proposition A.2. The space B;’"*l is (m — 2)-connected with Hy,,—1(Bg) cyclic.

Proof. From [6], B; is (m — 2)-connected, so must only show H,,_(By) is cyclic.
As shown in [19], the group G = SO(2) x SO(m) acts via a cohomogeneity one action
with isotropy group

K~ 2 S0(2) SO(m —2) = (7%, diag (R(d0), A))

with R(#) being a standard rotation and 4 € SO(m —2). Thus, G/K~=T1'5™~ 1. Now, G/H
is a circle bundle over G/ K~ and the Euler class must vanish because H?(G/K~) = 0.
It follows that the induced map H,,—1(G/H) — Hpy—1(G/K™) is surjective and that
Hp,—»(G/H) = 0. From the Mayer—Vietoris sequence for B, associated to the double
disk bundle decomposition, it now follows that H,, 1 (By) is a quotient of H,_{(G/K™),
so we need only demonstrate this group is cyclic. Again from [19], G/K™ is either dif-
feomorphic to S! x S~ or to a Z, quotient of it with Z, acting via the antipodal map
on both factors. In the latter case, viewing this space as the total space of an S~ !-bundle
over S!, the Wang sequence easily shows that H,,—;(G/K™) = Z in all cases. |

Because By is (m — 2)-connected, Poincaré duality and the universal coefficient the-
orem completely determine H,(By) once we have determined the order of H,,—;(By).

Proposition A.3. If m is odd and d is even, then H,,_1(Bg) is infinite. If m is odd and d
is odd, then H,,—1(By) is trivial. If m is even, then H,,—1(Bg) has order d.

Proof. Via Poincaré and Alexander duality, we see that
Hp—1(Bg) = H™(Bg) = Hp (S \ Ba).

From [29, Theorem 4.8, Theorem 6.5], the space B’ := §2m+1 \ By is a fiber bundle over
S with fiber F having the homotopy type of a bouquet of spheres \/fL —1 S™. Note that
w > 1 [29, Theorem 9.1]. Applying the Wang sequence to this bundle, we deduce that
H,,(B’) is isomorphic to the cokernel of the map

hy —1dg,, 7y : Hn(F) = Z"* — Hy(F)
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where i : F — F is the monodromy of this bundle. Since H,,—;(Bg) is cyclic, it now
follows that H,,—1(By) is cyclic of order | det(h« — Idg,,(r))|, unless this determinant is
0 in which case H,,—1(By) is infinite cyclic.

Set A(t) = det(t1dg,,(r) — h«), and observe that we are interested in computing A(1).
According to [29, Theorem 9.1],

A(r) = I1 (t —w(=1)™).
weC,wi=1,0#1

If m is even, we find A(¢) - *= = 1 since the numerators are both monic degree

d polynomials whose roots are a _11 of the d th roots of unity. It now easily follows that
A(1) = d in this case.

If m is odd, we find A(—t) is computed as

[T c+o=cv( ] (t—a))) B L

t—1
wl=1,0#1 wi=1,0#1

Thus, A(f) = (=1)4~ 1Dt l)dtd L Then A(1) =0ifd isevenand A(1) = 1 if d isodd. m
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