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Epstein surfaces, W-volume, and the Osgood—Stowe differential

Martin BRipgGEMAN and Kenneth BROMBERG

Abstract. In a seminal paper, Epstein introduced the theory of what are now called Epstein
surfaces, which construct surfaces in H? associated to a conformal metric on a domain in C.
More recently, these surfaces have been used by Krasnov—Schlenker to define the W-volume and
renormalized volume associated with a convex co-compact hyperbolic 3-manifold. In this paper,
we consider Epstein surfaces, W-volume and renormalized volume in two main parts. In the first,
we develop an alternate construction of Epstein surfaces using the Osgood—Stowe differential, a
generalization of the Schwarzian derivative. Krasnov—Schlenker showed that the metric and
shape operator of a surface in hyperbolic space is naturally dual to a conformal metric and shape
operator on a projective structure via the hyperbolic Gauss map. We show that this projective
shape operator can be derived from the Osgood—Stowe differential. This approach allows us
to give a comprehensive and self-contained development of Epstein surfaces, W-volume, and
renormalized volume. In the second part, we use the theory developed in the first to prove a
number of new results including a generalization of Epstein’s univalence criterion, a variational
formula for W-volume in terms of the Osgood—Stowe differential, and a use of W-volume to
relate the length of the bending lamination of the convex core to the norm of the Schwarzian
derivative of the associated univalent map on the conformal boundary.
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1. Introduction

In [10], Epstein gave a beautiful construction of a surface in H3 associated to
a conformal metric on a domain Q C C = 9H?3. This construction has been very
influential. For example, in a pair of follow-up papers [8, 9], Epstein used these surface
to give a new univalence condition for conformal maps of the disk. More recently, these
surfaces have been used to define the renormalized volume of a convex co-compact
hyperbolic 3-manifold.

In Epstein’s original construction, the surface was described as an envelope of
horospheres. Epstein gave parametric equations for these Epstein surfaces and then
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from this parameterization was able to calculate the first and second fundamental forms
of the surface. Here, will we give an alternate construction of Epstein’s surfaces. In
our approach, rather than calculating the first and second fundamental forms from
a parameterization of the surface, motivated by the work of Krasnov—Schlenker, we
describe them as “dual” to certain forms on the domain €2 (or more generally on a
complex projective structure). These forms satisfy the classical surface equations of
Gauss and Codazzi and therefore are realized as surfaces in H?3.

The pair of forms on €2 are a conformal metric and the metric’s Osgood—Stowe
differential (see [21]), which plays the role of the second fundamental form. The
Osgood-Stowe differential generalizes the Schwarzian quadratic differential—if the
conformal metric is the hyperbolic metric then the Osgood—Stowe differential is exactly
the Schwarzian differential of the uniformizing map.

After developing the theory of Epstein surfaces, we then revisit Epstein’s univalence
criteria, giving new proofs that also generalize Epstein’s results.

In recent work motivated from physics, Krasnov—Shlenker [15] introduced the
notion of W-volume for convex, compact hyperbolic 3-manifolds. Via Epstein surfaces,
W-volume can be interpreted as a smooth functional on the space of conformal metrics
on the boundary of conformally compact but infinite volume hyperbolic 3-manifold.
In [15, 26], they prove many fundamental properties of W-volume and the related
functional, renormalized volume V. These include a variational formula for W-volume
and a new proof that d Vg is the Schwarzian derivative of the uniformization map for the
conformal boundary. Our approach to Epstein surfaces naturally gives a new variational
formula for W-volume in terms of the Osgood—Stowe differential from which the
properties of W-volume developed by Krasnov—Schlenker can easily be extended. In
particular, we give a new inequality bounding the L2-norm of the Schwarzian derivative
of a projective structure by the length of its associated bending lamination.

The paper has two parts, in the first we develop an alternative approach to the
subject, and in the second we apply this new approach to prove a number of new results.
In the first, we introduce a new framework for examining the interconnected areas of
Epstein surfaces, W-volume, and renormalized volume. This framework facilitates
a straightforward and comprehensive approach to the topic, enabling us to provide
proofs of the main results found in [8—10, 15]. For completeness, we include a number
of proofs of classical theorems such as Bonnet’s theorem on immersed surfaces. In
the second part, we use the framework developed in the first to establish several new
results. These include a generalization of Epstein’s univalence criterion, a variational
formula for W-volume in relation to the Osgood—Stowe differential, and a bound on
the norm of the Schwarzian derivative in terms of the length of the bending lamination.
We also mention recent work of Quinn who has extended many of these ideas in higher
dimensions (see [24]).
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2. Results

We now describe the main results of the paper. As well as these, we will also use
our approach to give elementary proofs of many of the fundamental results on Epstein
surfaces and W-volume. Our hope is that this will give a self-contained description to
both subjects as well as a unifying approach.

2.1. Duality, Osgood—-Stowe differential. If S is a surface embedded in a hyperbolic
3-manifold, then the induced metric on g and shape operator B: T'S — T'S satisfy the
Gauss—Codazzi equations. Conversely, if g is metric and B a bundle endomorphism
that satisfy the Gauss—Codazzi equations then, by a classical theorem of Bonnet, they
are the metric and shape operator of a surface in a hyperbolic 3-manifold. Here, we will
develop a parallel theory for conformal metrics on complex projective structures where
our replacement for the shape operator will be a tensor developed by Osgood—Stowe
in [21]. Moreover, we will see that there is a duality between these two theories.

If g is Riemannian metric, then any conformally equivalent metric can be written
as e2? g, where ¢ is a real valued function. The Osgood—Stowe tensor is the traceless
part of the Hessian of ¢ and can be considered a measure of the difference between the
two metrics. While this is defined in all dimensions here, we will restrict to the case of
conformal metrics on a Riemann surface where the tensor can be naturally identified
with a quadratic differential on the surface. One very concrete example is when €2 is
a hyperbolic domain in C. Then, the Osgood-Stowe tensor between the hyperbolic
metric on 2 and the Euclidean metric on C gives the Schwarzian derivative of the
conformal map uniformizing 2. A slight variation of these ideas gives a version of the
Osgood-Stowe tensor for any conformal metric on a complex projective structure on a
surface.

We will see that this tensor plays a role similar to that of the second fundamental
form of a surface embedded in a space. Namely, if g is a conformal metric on a
projective structure X then we can define a projective shape operator B(X, g) via the
Osgood-Stowe tensor. Then, the projective Gauss—Codazzi equations are

dVB =0 (Codazzi),
Tr(B) = —2K(g) (Gauss),

where K(g) is the Gaussian curvature of g, V the Riemannian connection for g, and
dV is defined on an endomorphism 4 : T'S — T'S by

dVA(X.Y) = Vx(A(Y)) — Vy (A(X)) — A([X. Y)).

We prove the following.
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Theorem 2.1. A pair (g, B) on a surface S satisfies the projective Gauss—Codazzi
equations if and only if there exists a projective structure 3 on S such that g is a
conformal metric on ¥ and B = B(X, g). Furthermore, X is unique.

Before describing the duality, we review the classical theory of immersed surfaces.
Let M be a hyperbolic 3-manifold with Levi—Civita connection V and S an immersed
surface in M with induced metric g. Then, the shape operator of S is the endomorphism
B : TS — TS of the tangent bundle T'S of S defined by B(v) = V,n, where n is
a choice of unit normal vector field to S. For S, the boundary of a manifold N our
convention will be to let # be the outward normal’.

The shape operator B is symmetric with respect to the metric g and its eigenvalues
at a point are the principal curvatures. The pair (g, B) satisfy the Gauss—Codazzi
equations in H?> given by

dVB =0 (Codazzi),
det(B) = K(g) +1 (Gauss).
A classical result due to Bonnet, referred to as the fundamental theorem for immersed

surfaces, gives the following converse.

Theorem 2.2 (Bonnet). If S is simply connected and the pair (g, B) satisfy the Gauss—
Codazzi equations in H3, then there is an immersion

f:S - H?

withg= f* g]%l and shape operator B. Furthermore, [ is unique up to post-composition
with isometries of H?3.

In [15], Krasnov—Schlenker show that the image of an immersed surface in H?
under the hyperbolic Gauss map to C defines a pair (g, B ) which satisfy the projective
Gauss—Codazzi equations. There is a natural duality of pairs (g, B) < (g, §) which
can be defined by

$(X.(Id + B)Y) =2g((d + B)X.Y), (Id+ B)(Id + B) = 21d.
Equivalently, we can write the duality as
$(X,Y)=g(@d+ B)X,(ld+ B)Y), B =(d+ B)"'(1d— B)
and
g(X,Y) = %g((ld + B)X,(dd + B)Y), B=(Id+ B)"'(1d - B).

We have the following.

IThe standard convention is to define B(v) = —%vn, where 7 is the inward normal, which is equivalent.
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Theorem 2.3 (See also Schlenker [27]). Let (g, B) and (g, §) be dual. Then, (g, B)
satisfies the Gauss—Codazzi equations in H?> if and only if (&, B) satisfy the projective
Gauss—Codazzi equations.

Observe that a local diffeomorphism f: S — C defines a projective structure
> = (S, f)on S.If g is a conformal metric on X with B = B(=, g) the projective
shape operator, then by the theorem of Bonnet there is an immersion fy: S — H?3
with metric and shape operator (g, B) that is dual to (g, B ). On the other hand, with
the exact same setup, Epstein [10] described a map fe,: S — H?3 as an envelope of
horospheres. We show that these surfaces are the same.

Theorem 2.4. Let X = (S, f) be a simply connected projective structure and g a
conformal metric on X. Then, fo = fep.

2.2. Univalence criteria. A pair of papers (see [8, 9]) used (what are now called)
Epstein surfaces to give new univalence criteria for conformal maps of the disk to
C as well as a criterion for when the conformal map extended to a quasiconformal
homeomorphism of the Riemann sphere. These criteria generalized Nehari’s univalence
condition (see [18]) as well as the Ahlfors—Weill extension theorem (see [1]). Osgood—
Stowe in [20] and subsequently Chuaqui in [5], reinterpreted Epstein’s univalence
criteria in terms of the Osgood—Stowe differential and proved generalizations. Using a
different approach, we give the following further generalization of Epstein and those of
Osgood—Stowe and Chuaqui. Our results are most conveniently stated in terms of the
Schwarzian tensor Q(X, g) which is a complexification of the Osgood—Stowe tensor.

Theorem 2.5. Let g be a complete metric on A, f: A — Ca locally univalent map
and ¥ = (A, f) the associated projective structure on A.

D If |
l0(2. ) = —;K@).

then f is univalent and extends continuously to A.
@ If |
102, )l < ~3K(@).

then f extends to a homeomorphism of C.
(3) IfK(g) < 0and
4102, _
K@@
then, f extends to a quasiconformal homeomorphism with beltrami differential
1tlloo < k.

k<1,
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Setting & = g2, then we will see that Q (X, gp2) = —%S 'f so the univalence critg-
rion above gives Nehari’s univalence criterion that a locally univalent map f : A — C
is univalent if the Schwarzian ||Sf||co < %
rion similarly generalizes the Ahlfors—Weill extension theorem, which proves that
if |Sf]loo < % < 1 then f extends toa (1 + k)/(1 — k)-quasiconformal homeomor-

phism (see [1]).

(see [18]). The quasiconformal crite-

2.3. W-volume. If X is a compact, hyperbolizable 3-manifold with boundary, then
given any metric g on X there is a complete hyperbolic structure on X (the interior
of X) that is conformally compactified by a conformal structure in the conformal class
of g. The conformal boundary of this structure also determines a projective structure
on 39X so there is a projective shape operator B = B(dX, §). The dual pair (g, B)
will determine a surface in X . For now, we will assume that the surface is embedded
and therefore bounds a compact submanifold N C X. Then, the W-volume of N is
defined by

W(N) = V(N) — %/BN HdA,

where H is the mean curvature of the boundary d/N. The W-volume can be considered
as a functional on the space of smooth metric on X (again here we are ignoring some
technicalities that arise when the surface determined by (g, B) is not embedded). If v is
a variation of g, then we have a formula for the variation d W(v) which will be in terms
of the Schwarzian tensor Q(dX , &) for the projective boundary, the Beltrami differential
w(v) which describes the infinitesimal change of conformal structure induced by v,
and dK (v), the infinitesimal change in curvature induced by v.

Theorem 2.6. The variational formula for W is given by

1 = .
dW() = 1 /a;? dK(v)dAs; —2Re /3)? 000X,8) - u).

For two metrics in the same conformal class, the underlying hyperbolic 3-manifolds
will be isometric. In each conformal class, there is a unique hyperbolic metric so by
restricting to these metrics we get a function on €€ (X)) the space of convex co-compact
hyperbolic metrics on X. This is the renormalized volume, denoted by Vg. Then, our
variational formula reduces to the well-known variational formula for Vg first proved
by Takhtajan—Zograf and Takhtajan—Teo (see [29,31]) in their work on the Liouville
action. A proof of the variational formula for Vg using methods similar to those in this
paper was given by Krasnov—Schlenker in [15].

Theorem 2.7 ([15,29,31]). The variation of Vg on €€(X) is given by

(dVR)(v) = Re /8 0.8 ulw).
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2.4. W-volume for pairs, projective structures. Given two conformal metrics g, &
on 0X it is natural to define the W-volume of the pair as

W(g,h) = W(h) = W(g).

One motivation for defining this is that it can be extended to projective structures. In
particular, if §(X) is the space of smooth conformal metrics on a projective structure
3 on a closed surface S of genus g > 2 then for g, h € §(X) we define W(g, h). This
W-volume for pairs agrees with the W-volume for pairs on X by taking ¥ = Zy.

In [15], Krasnov—Schlenker proved a monotonicity property of W-volume, that if
g < h pointwise and both have non-positive curvature, then W(g) < W(h) or equiva-
lently that W (g, h) > 0. We generalize this monotonicity property as well as the scaling
property of W-volume in the below theorem. If g is a smooth metric, then we define
the curvature form by Q, = K(g)dAg and Qg (f) = [ fQg for f : £ — R.

Theorem 2.8. Let g, h € §(X) with h = e?*g. Then,

Wig.h) =5 [ 1@y + ) = ~5(@ + ) lox(h /).

In particular, for g < h pointwise and both non-positively curved, W(g, h) > 0.

In [15], Krasnov—Schlenker proved that, in the quasi-Fuchsian case, the hyperbolic
metric had maximal W-volume over all conformal metrics with the same area. We
prove the following generalization, which gives a new proof of the original maximality
property of Krasnov—Schlenker.

Theorem 2.9. Let g, h € §(X) with h = e** g such that g, h have the same area and
g has constant curvature. Then,

1
Wig.h) =~ Vull
where V is the gradient of g. In particular, h = g is the unique maximum.

2.5. Schwarzian derivatives and bending laminations. Thurston showed that com-
plex projective structures on a surface are parameterized by pairs (g, 1), where g is a
hyperbolic metric and A is a measured lamination. When X is the conformal boundary
of a hyperbolic 3-manifold then g is the metric on the boundary convex core facing £
and A is the bending lamination (see [14] for details). Also, associated to the projec-
tive structure is the Schwarzian quadratic differential ¢5. Using W-volume, given a
projective structure ¥ we show the following surprising relation between the norms
=12, 9= |lco, and the length L(Ax) of the bending lamination Ay, of ¥ given by its
Thurston parametrization.
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Theorem 2.10. Suppose that 3. be a projective structure with Thurston parameteriza-
tion (Y, Ay). Then,
¢zllz = (1 + lIgslloc) v L(Ax).

By Nehari (see [18]), if X is the quotient of a domain in C, then 9 lloo < 3/2.
Therefore, we obtain the following corollary.

Corollary 2.11. Let X be the quotient of a domain in C. Then,

5
o=l < 3V L(Ax).

For example, this situation arises when X is an incompressible boundary component
of a convex co-compact hyperbolic 3-manifold.

3. The Osgood-Stowe differential

If (M, g) is a Riemannian manifold and f: M — R is a smooth function, then the
Osgood—Stowe differential OS(f; g) is the traceless part of the 2-tensor

Hess f — df ® df.
If M is Riemann surface and g is a conformal metric, then there is nice formula for
OS(f: g) in local coordinates.

Proposition 3.1. Let Q be a domain in C and g4 = e?? g.uc a conformal metric on
Q. If f:Q — R is a smooth function, then

0S(f:8¢) = O(f:8p)dz*> + O(f:g)dZ>,

where

O(f:8¢) = fzz —2¢: 1z — (fz)z-

Proof. By Lemma A.1 a symmetric traceless 2-tensor is of the form Qdz2 + Qdz? so
to find OS(f'; g4), we only need to find OS(f; g¢)(9z,0;) = Q. By Proposition A.6,
we have

Hess f(0;,0;) = fzz —2¢. f=.

As
df ® df(az’ dz) = (fz)z’

the proposition follows. |
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Let go and g; be conformal metrics on a Riemann surface X. Then, g; = ¢2?gy
for some real valued function ¢. We then define

0S(go,g1) = OS(¢; go) and  Q(go.g1) = Q(P; go)-

The tensor Q is the Schwarzian tensor and has been studied in related papers by
Dumas and Schlenker among others (see [6,27]). The Schwarzian tensor is a quadratic
differential, i.e., a section of the tensor product of the holomorphic cotangent bundle
of X with itself. Holomorphic quadratic differentials appear frequently in Teichmiiller
theory, and will play a special role here, but in general the Schwarzian tensor will not
be holomorphic. We now state some basic properties of the Schwarzian tensor and
include the proofs for completeness.

Proposition 3.2. The Osgood—Stowe differential satisfies the following:

e 0S(go.81) + OS(g1. 82) = OS(go. &2) (cocycle property);

o O0(eues f*geue) = 351

o OS(geuc, &) =0if g isaEuclidean metric on C \ {z}, a complete metric of constant

curvature on a round disk, or a metric of constant positive curvature on C.

Proof. We first prove the cocycle property when go = geues 1 = €21 geue and g =
ez¢2g1 = 2@ Jr‘1’2)geuc. By Proposition 3.1, we have

Q(geuc’ gl) = (¢1)zz - (¢1)§,
0(g1,82) = ($2)z2 — 2(¢1)2(h2)z — (¢2)2,
O(Geucs 82) = (1 + $2)zz — (¢1 + $2)2,

and the sum of the first two lines equals the third. This proves the cocycle property in
this case.
Note that if g = g1 = g2, we see that OS(geuc, &) = —OS(g, Zeuc). Therefore,

0S(go. g1) + OS(g1.82) = OS(go, g1) + OS(g1. euc)
+ OS(geuc» g1) + OS(g1, g2)
= 08S(g0, geue) + OS(geuc, g2)
= 08(go. &2).

and we have the cocycle property in general.
For the second property, we observe that

‘ 2

* lo 2
f 8euc = € el/z 8euc = € ¢geuc’
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where ¢ = % - (log f; + log f3). As log f; is anti-holomorphic, our formula for Q
O g = (1 22) = (L. L2) 2 Ly
8euc, J  8euc 27 . 21 TReA

For the last property, in all cases the isometries of g are restrictions of Mobius

gives

transformations and the stabilizer of any point is the full rotation group of the circle.
By the cocycle property,

Os(geuc» f*geuc) + Os(f*geum f*g) = Os(geuc, f*g)

If £ is an isometry (and therefore a Mobius transformation), then S/ = 0 so the first
term is zero. As g = f*g, this gives

Os(f*geumg) = OS(geuc» &)

50 OS(geuc, g) is invariant under the action of the isometry group of g:

08 (geue: ) (fx X, fxY) = OS(f " gewe, /) (X, Y) = OS(gewe, §)(X. Y)

so at each point z, OS(geuc. g) is invariant under a faithful S'-action. As OS(geuc, &)
is traceless, this implies that it is zero. ]

3.1. The Osgood—Stowe differential for projective structures. We now show how
the Osgood—Stowe differential can be used to define a differential associated to complex
projective structures on a Riemann surface.

A complex projective structure ¥ on a surface S is an atlas of charts to C with
transition maps restrictions of Mobius transformations. A map between projective
structures is an isomorphism if in every chart it is the restriction of a Mobius transfor-
mation. One way to define a complex projective structure is as a pair (S, f), where S
is a surface and f is an immersion of S into C. Then, two pairs (So, fo) and (S1, f1)
are equivalent projective structures if there is a homeomorphism ¢: So — S; and an
element y € PSL(2,C) such thaty o fy = f1 0 ¢.

Not every projective structure 3 can be written as such a pair, however, one sufficient
condition is for S to be simply connected. In particular, ¥ is a projective structure
on S then it lifts to a projective structure S on § and this projective structure can
be represented by a pair (S, ). As ¥ is the lift of a projective structure on % the
map f will have a certain equivariance. That is, there will be a homomorphism
p:71(S) — PSL(2, C) such that for all 8 € 71(S) we have f o 8 = p(8) o f. Then,
f is the developing map for ¥ and p the holonomy representation. The developing
map will be unique up to post composition of maps in PSL(2, C). Post composing f
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with y € PSL(2, C) will have the effect of conjugating the holonomy representation p
by y.

A projective structure ¥ also determines a conformal structure X on S. Let g
be a conformal metric on X. Let (U, ¥) be a projective chart for ¥ and assume
that the image of U is in C. Then, OS(Y* geuc, g) defines a 2-tensor on U C X. By
Proposition 3.1, this 2-tensor does not depend on the choice of chart and determines a
2-tensor OS(X, g) on all of X with associated quadratic differential O (X, g). We note
that if X is a projective structure given by locally univalent map f : A — C , then

O(%. g12) = Of - g322) = ~ 082, f ") = ~55

If ¥y and X; are two different projective structures and (U, ¥¢) and (U, 1) are
charts for the same neighborhood U, then OS(V/{ geuc, V1 &euc) defines a 2-tensor on
U. This does not depend on the choice of chart and gives a global tensor OS(Zg, 1)
on X with associated quadratic differential Q(X¢, X1).

Theorem 3.3. If 3o and X are projective structures on a conformal structure X, then
0(XZ0, X1) is a holomorphic quadratic differential. Furthermore, for any projective
structure Xy and any holomorphic quadratic differential Q on X there is a unique
projective structure X1 with Q(Zg, X1) = Q.

Proof. In a neighborhood U of X with charts (U, o) and (U, Y1), Q(Zo, X1) is the
Schwarzian of ¥y o ¥y ! and hence holomorphic.

For the second statement, we use that for any chart (U, ) for X there is a locally
univalent map

fivoU) - C

such that the Schwarzian Sf is 2Q on U. Furthermore, f is unique up to post-
composition by a Mobius transformation so if we let ¥y = f o v then (U, 1)
defines a projective atlas on X. ]

3.2. The projective second fundamental form. We define a projective second fun-
damental form of (X, g) as

(X, g) =208(%, g) — K(g) - &
where K(g) is the curvature. We also define the projective shape operator
B(2,9):TE—>TX

as
(X, ¢)(X.Y) = g(B(X,8)X.Y).
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We will see that the second fundamental form for a projective structure plays a similar
role as the second fundamental form for an immersed surface in a hyperbolic 3-manifold.
If
B:TS - TS

is a bundle endomorphism, we define the covariant derivative as
dYB(X.Y) = Vx(B(Y)) = Vy (B(Z)) — B(IX.Y)).
Then, the projective Gauss—Codazzi equations are
dVB =0 (Codazzi),
Tr(B) = —2K (Gauss).
We first make a preliminary calculation in a local conformal chart.

Lemma 3.4. Let g = 2% g... be a conformal metric on an open neighborhood U in
C. Let

T =r(z)dz*> +r(z)dz? —s(z) - g
and B the bundle endomorphism of TU ® C with T = g - B. Then, d¥ B = 0 if and
only if

2r; = —szez¢.

Proof. Note that dV B is alternating so we only need to evaluate (d ¥ B)(d;, d;) and
this is determined by its inner product with 3, and 9. Furthermore, as both " and g
are C-linear extensions of R-linear tensors, we have

g((dVB)(d;.9z),0z) = g((dV B)(9z,0;). 3).

Therefore, dV B = 0 if and only if the above expression is zero.

We can now compute. By the definition of dV B, we have
g((dV B)(9z,0z).92) = g(Va. B(3z).9z) — g(Va. B(d:), 9:)
as [0z, dz] = 0. To compute the first term, we first observe that
1
9:8(B(9z),9;) = 3,T(93,0;) = —E(szezd’ + 5(2¢,e*?)),
and by the compatibility of V with the metric

9:8(B(02),0:) = g(Vy. B(3z),9z) + g(B(92), Vp, 0:)
= g(VaZB(ag), az) + 2¢z T(ag, az)

= g(Vy.B(0z),0;) + 2¢; (—%ez¢).
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Setting the two equations for d,g(B(dz), d;) equal to each other and solving for
g(Vy_B(0z), 0;) give )
g(Vy.B(0z),0;) = —Ezez‘f’.

Applying a similar strategy, we find
g(Vaf B(az), az) =Tz

sodV B = 0 is equivalent to
2r; = —s,e%?. ]

We now restate and prove Theorem 2.1.

Theorem 2.1. A pair (g, B) on a surface S satisfies the projective Gauss—Codazzi
equations if and only if there exists a projective structure X on S such that g is a
conformal metric on ¥ and B = B(X, g). Furthermore, X is unique.

Proof. First, assume that g is a conformal metric on a projective structure X with a
projective shape operator B(X, g). If we write Il (g) in a local chart as in Lemma 3.4,
then by the definition of IIx(g), we have

s=K = —4e_2¢¢25
(since right-hand side is the formula for the curvature) and
r=20(.8) = 2(¢z: — ¢2).
As —Tr(B) = s, the Gauss equation holds. It also follows that
2r; = —sze2¢,

and therefore, by Lemma 3.4, d ¥ Bx(g) = 0. Therefore, the pair (g, B(X, g)) satisfies
the projective Gauss—Codazzi equations.
Now, assume that the pair (g, B) satisfies the projective Gauss—Codazzi equations.
We again use the local representation of B from Lemma 3.4. Then, —2 Tr(B) = s
and by the Gauss equation, we have

s =K =—4e?¢,;.
By the Codazzi equation and Lemma 3.4, we also have
2r; = —s,e2?.

Now, choose any projective structure > on the conformal structure X given by the
pair (S, g). Then, (g, Bx,(g)) satisfies the projective Gauss—Codazzi equations so
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the Z-derivative of 2Q (2o, g) is equal to the z-derivative of —2Ke?? = —25¢2%. In
particular, it is equal to r3, so

r—20(%o,g)

is a holomorphic quadratic differential. Then, by Theorem 3.3, there exists a unique
projective structure ¥ on X with

20(%0.%) =71 —20(%0. 8).

The cocycle property (Proposition 3.2) then implies

20(%,8) =20(%,%0) +20(X%0.8) =1,
so B = B(X%,9). [
We also note that the following is a direct corollary of Lemma 3.4.

Corollary 3.5. Let g be a conformal metric on a projective structure ¥. Then, Q(X, g)
is holomorphic if and only if g has constant curvature.

Proof. In a local chart, Q(X, g) is of the form rdz?. By Lemma 3.4, we have that
2r; = —K,e?®, where g = e?®g. in the chart. Therefore, r; = 0 if and only if
K; = 0. However, K is real valued so K; = 0 if and only if K is constant. [ ]

We define the norm of the Schwarzian tensor by

ol
oz o) = 1281

Then, we have the following description of the eigenvalues of B(XZ, g).

Lemma 3.6. The eigenvalues of B(XZ, &) are
—K(§) £4110(%. 9.
Proof. We have, by definition, II(Z, &) = ¢ - B(Z, &), where
(X, 8) =208(2.8) - K(8)8.
Therefore,
Tr(B(Z,8)) = —2K(§) and det(B(Z,§)) = K(§)> —16[|0(Z, d)|>.
It follows that the eigenvalues of Bx(g) are

—K(g) £ 410X, 2. u
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4. The Gauss-Codazzi equations in H3

Let the pair (g, B) be a metric on S and symmetric bundle map B: TS — T'S that
satisfy the Gauss—Codazzi equations in H3:

dVB =0 (Codazzi),
det(B) = K +1 (Gauss),

where V is the Levi-Civita connection for g and K is the curvature.

If S is an immersed surface in H (or any hyperbolic 3-manifold) with (g, B),
the induced metric and shape operator, then it is a classic fact that (g, B) satisfies
the Gauss—Codazzi equations in H?3. Conversely, if (g, B) is a pair that satisfies the
Gauss—Codazzi equations in H? then (locally) (g, B) is the induced metric and shape
operator of an immersion. We will derive both of these facts in the course of our
discussion.

We will see that there is a natural dual pair (g, §) that satisfies the projective
Gauss—Codazzi equations.

4.1. Dual pairs. Let (g, B) be a metric and tangent bundle isomorphism and assume
that —1 is not an eigenvalue of B. We define

g=(>Id+ B)g,
and we also define (if —1 is not an eigenvalue of B)
B=(1d+ B)"'(1d - B).
This can be inverted. Namely,
g = %(Id + B)*g
and
B = (Id + B)~'(1d — B).

We then have the following fact that was also proven independently by Schlenker in a
recent preprint (see [27]).

Theorem 4.1. The pair (g, B) satisfy the Gauss—Codazzi equations in H3 if and only
if the dual pair (g, B) satisfy the projective Gauss—Codazzi equations.

In [15], Krasnov—Schlenker proved that if (g, B) satisfy the Gauss—Codazzi equa-
tions in H3 then (&, E) satisfies the projective Gauss—Codazzi equations. We essentially
make the same observation as in [27] that their proof works to give both implications.
The following lemma will be key to the proof of this.
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Lemma 4.2. Let (M, h) be a Riemannian manifold with Levi-Civita connection V. If
A:TM — TM

is a bundle isomorphism and
hgy = A*h,
then
VY = AN (VX A(Y))

is a connection on M compatible with h4. Furthermore, V4 is torsion free (and hence
the Levi-Civita connection for hy) if and only if d¥A = 0. If dV A = 0, we also have
dV'A = o. Finally, if M is a surface and A is symmetric, then

K

Ki= ——,
47 det(A)

where K and K4 are the curvature of h and hy.

Proof. Tt is easy to check that the operator V4 defined by the above formula is a
connection and is compatible with the metric 4. We also observe that

ANVEY —VEX —[X,Y]) =dVA(X,Y),

so V4 is torsion free if and only if dV A = 0. If we rearrange the formula relating the
two connections to
VxY = A(Vx A71(Y)),

. . . o A
then as V is torsion free the previous statement implies that 4V~ A~ = 0.
To find the curvature, we first observe that if R and R4 are the curvature tensors,
then Ry = A" RA, giving

ha(RA(X,Y)Z, W) = h(R(X,Y)(AZ), (AW)).

If M is 2-dimensional and A is symmetric, then we can choose X and Y to be
eigenvectors of A. Note that they will be orthogonal with respect to both /# and /4.
Then,

_ ha(Ra(X,Y)X,Y)

© ha(X, X)ha(Y,Y)

_ h(R(X,Y)(AX), AY)
 det(A)2h(X, X)h(Y,Y)

_ det(4) h(R(X,Y)X,Y)
T det(4)2  h(X,X)h(Y.Y)
K

"~ det(4)

K4
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Proof of Theorem 4.1. Let A = 1d + B and let (g, B) satisfy the Codazzi equation.
Then, dVA =dVId + dY B = 0 (since d V1d = 0). Applying Lemma 4.2, this implies
mmwmI—OBm%A1_@+B)k4m+BmemﬂB—0hmmM
that (g, B) satisfies the Codazzi equation. Letting A = (Id + B) /2 the same argument
gives that if (g, l§) satisfies the Codazzi equation, then so does (g, B).

‘We note that, for A a 2 x 2 matrix,

Tr(A
Tr(at) = A
det(A)
Therefore, as (Id + B)~! = (Id + B)/2,
N . 2Tr(d + B)
24 Tr(B)=Tr(ld+ B) = —.
+IB) =Trld+ B) = 1 oa B

Solving, we get

2(Tr(Id + B) —det(Id + B)) _ 2(1 — det(B))
det(Id + B) ~ det(Id+ B)

Applying the curvature formula from Lemma 4.2, this becomes

A~

Tr(B) =

n@%:za—daw»-g,
and therefore, Tr(ﬁ) = —2K if and only ifdet B — 1 = K. ]
We observe the following lemma.
Lemma 4.3. Let (g, B) satisfy the Gauss—Codazzi equgtions in H3 and (g, B ) be its
dual pair. Let ¢ = sgn(det(Id + B)) = sgn(det(Id + B)). Then,
M@Mgzﬁ@M%,H@M%=ZG—®MNWM
where K(g)dAg and K(g)d Ay are the curvature forms of the metrics and H(g) =

Tr(B)/2 is the mean curvature of g.

Proof. We note that the equality of the curvature forms follows from Lemma 4.2, but
we will give a proof of both that shows they are dual. As (Id + B)(Id + B) = 2Id, by
symmetry, we have

~ 2(1—det(B))

Tr(B) = and Tr(B) = w

det(Id + B) det(Id + B)
Then, as

1 ~
dAg = |det(Id + B)|dAg, dAg = Z|det(Id + B)|dA;,
therefore,
Tr(é)dAg, =2¢(1 —det(B))dAg; Tr(B)dAg = g(l — det(ﬁ))dA§.

We then apply the Gauss equations det(B) — 1 = K(g) and Tr(§) =-2K(g). =
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4.2. Bonnet’s theorem. We now prove Bonnet’s theorem that a pair (g, B) on a
simply connected surface S represents an immersion in H? if and only if they satisfy
the hyperbolic Gauss—Codazzi equations. This proof was told to us by F. Labourie,
see [17, Section 2] for his original argument in the context of real projective structures
and cubic differentials. Among its advantages, this approach gives an elegant description
of the variation of the fundamental pair of an immersion under normal flow.

First, assume that S is immersed in H3. We use the Minkowski model where
]HI3 is in R3'1. We then have three Levi-Civita connections: V, V, and v for (S, g),

3 and ]R3 1. We let N be the normal vector field for S and define the vector field
X > Xi 52 in R*!. The shape operator BY = Vy N is a bundle endomorphism of
TS (Wthh we 1mphcltly identify as a sub-bundle of the restriction of TR to S).

We let E be the restriction of the tangent bundle of TR3! to S and E the restriction
of the tangent bundle TH? to S. Then, we can write E = E @ R, where the second
factor is the R-bundle spanned by X. Every section of E is a sum Z + X, where
Z is a section of E and B is a function. With this decomposition, the connection v
restricted to E satisfies

o (Z) ( VyZ + BVy X ) ( VyZ + BY )
Y = A~ = .
B —(VyZ, X) +Y(p) (Z,Y)+Y(P)
We similarly have a decomposition E = T'S @ R, where the R-bundle is spanned

by N. Then, any section of £ can be written as Z + aN, where Z is a section of T'S.
Thus, the connection V restricted to E satisfies

. Z\ _( VwZ+aVyN \ _ VyZ +aB(Y)
Y(a)_(WYZ,NHY(OO)_(—(Z,B(Y)HY(O[))'

We can then put these two computations togetheras E = E @R = (TS ®R) ® R
and we write a section of E as Z + aN + BX. Then, V restricted to E satisfies

[z VyZ +aB(Y) + BY
@.1) Vylal|l=| -z BO)) + Y()
B (Z.Y)+Y(B)

While the inner product (, ) is defined on all of E, in the above expression, we only
apply it to sections of 7'S. We also observe that instead of letting E be the restriction
of TR3! to S we can define E as the direct sum of 7'S and the trivial R?-bundle over
S. Then, if g is a metric on S and B is a tangent bundle endomorphism of 7S, then
we can use the above expression to define a connection VonE by

[z VyZ +aB(Y) + BY
Vyla |l =|—-gZ, BX)) +Y(x)
B g(Z,Y)+Y(B)
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Finally, we define an inner product on E by

Y Z
4.2) <(011), <a2)> =g, Z) + araz — B1Ba.
B/ \B2

Once we have defined the connection and metric, most of what is left is to show,
by straightforward computation, that it is flat and compatible with the metric. The final
part will be using the flat connection to define the immersion.

Denoting the curvature tensors by R, E, and ﬁ, we then write R as

R 1311 1312 1?13
R(Y.Z)=|Ra Ry R |,
R31 Rz Rss,
where 1’2\,- ;= 15,- (Y, Z) are bundle maps between the appropriate sub-bundles of E.

Lemma 4.4. If B is symmetric (with respect to g), we have the following:

« Ru(Y,Z)W = R(Y,Z)W — g(W,B(Z))B(Y) + g(W. B(Y))B(Z)
+gW,2)Y —g(W,Y)Z,

L4 ﬁ]z = dVB,

o Ru(Y.Z)W = gW.d" B(Y, Z)),

and all other I/i’\,-j =0.

Proof. The calculation is straightforward but long so we will leave out some details.

Since R is a tensor, we can assume that [Y, Z] = 0 when calculating R(Y Z). We first
have

(W VyVzW — g(W, B(Z)B(Y) + g(W, Z)Y
VyVz| 0 | = —g(VzW,B(Y)) — Yg(W, B(Z))
0 g(VzW,Y)+Yg(W,Z)

We obtain a similar formula after swapping ¥ and Z. This directly gives Ry;. For
§21 and 1/3\31 , we also need to use the compatibility of V with the metric g and the
symmetry of V.

The computation of the other 6 terms is similar by starting with computing VyVz
for the sections N and X of E. We note that the computation for R13 uses the symmetry
of V, while the computation for §31 and R 13, use the symmetry of B. We leave the
details to the reader. |

Corollary 4.5. The connection vV is flat if and only if B satisfies the Gauss—Codazzi
equations.



M. BripGEMAN and K. BROMBERG 356

Proof. By Lemma 4.4, the tensor g(R11(X,Y)Z, W) is skew-symmetric in both the
first two and the last two variables. Therefore, R1; = 0 at a point p € § if and only if
g(R11(X,Y)X,Y) =0, where X and Y are an orthonormal basis of 7}, S. However,
again applying Lemma 4.4, this second equation is equivalent to the Gauss equation.
Thus, Ry; = 0 if and only if (g, B) satisfies the Gauss equation.

Lemma 4.4 also implies that that 1312 =(0and I§21 = 0if and only if (g, B) satisfies
the Codazzi equation. ]

Lemma 4.6. The inner product (, ) is compatible with the flat connection V.

Proof. Again, the calculation is straightforward and we leave out some details. For
example, we have

Y V4
W<<O), (0)> =Wg(¥,2)=g(VwY,Z2)+ g(Y,VwZ)
0 0

(e () {(0) =)
(o) (o)) () (o)

=g(VwY,Z) + g(Y,.Vw 2).

and

This gives compatibility when we have two sections of 7S C E.
Y 0
0 0

() () )
(i) ) () ()

= —ag(Y,B(W)) +ag(Y,B(W)) = 0.

We also have

and
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This gives compatibility between a section of 7'S and a multiple of the section N. The
other 4 terms are computed similarly. |

Now that we have proven the connection is flat and compatible with the metric, we
next describe the immersion.

As E has a flat connection compatible with (, ), we have projections n,: E — E,
such that (, ) is the pullback via 7, of the restriction of (, ) to E,. Forany W € T, S
and section s: S — E, we also have a decomposition of s«(¢) W as a sum of %Ws(q)
and a vector in the kernel of ()« (s(g)). It follows that

(70 0 $)x(W) = (1) 4 (55 (W) = (70)4(Vws).

The following lemma gives our immersion as well as the immersions obtained
under normal flow.

Lemma 4.7. Let A;, B;,C;: TS — TS be tangent bundle endomorphisms given by

AW =cosht - W +sinht - B(W),
C:W =sinht - W + cosht - B(W),
B, = A7'C,,

and let s; be the section of E given by

0
s; = | sinht
cosht

Then, mtp 0 5::(S, A7 g) — (Ep. (.)) is an isometric immersion with shape operator
B;. Furthermore, (7w, 0 sy, wp © ;) = —1. In particular, 7ty 0 59: (S, g) = (Ep.(,))
is an isometric immersion with shape operator B.

Finally, let Ny : S — E be the section

0
N; = | cosht
sinh ¢

Then, mp o Ny : S — E, is the normal vector to the surface wp os; © S — Ep.

Proof. We have

0 AW
(mpost)sW = (mp)« | Vw (sinht) = (7p)« 0 ,
cosh? 0
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and therefore, since i, restricts to an isometry between fibers, we have
((p 09)xW. (1p 0 $)4T) = g(AW. A, T) = (A7) W.T).
We now show that B; is the shape operator. For the section N;, we have

(70 © 5+ (BeW) = (705) (Vi ws1)

A (B:W) cw .
= (7p)« 0 = (7p)« 0 = (7p)«(Vw (Ny))
0 0

= (mp o Np)«(W).
Note that for all W tangent to S, we have
0= (N, Viwss) = (p o Ni. 0y (Viss)) = (7 0 Ny, (1 0 51)x W),

Thus, 7, o N:(q) € E, is the normal vector to the surface w, os; : S — Ep, at mp o
5¢(q). Therefore, we define the vector field n;, to the surface in E, given by n,(r, o

5t(q)) = (7p 0 N1)(q) € Tx,o5,() Ep-

As (E,, (,)) is just another copy of the Minkowski space it also has a Levi-Civita
connection V7. In fact, this flat connection is the usual Euclidean connection, so
VPZ = Y(Z) = Z.Y.1f V7 is the Levi-Civita connection for H*> C E,, then V2 Z
is the part of 6{,’ Z that is tangent to H3. However, if  is normal to the surface and W
is tangent then @é’vn will be tangent to S, so

Vin = ﬁﬁ,n =n.(W).
Therefore,

(7p © No)« (W) = (11 0 (p 0 51)) (W)
= (10)«((p © 50)« (W)

— VP
= Vizposwom/tt:
Thus, combining, we have
(np 05¢)x(BW) = V(I;post)*(w)nty
and B, is the shape operator to 7, o5, : S — Ej,. n

We now prove Bonnet’s theorem.
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Theorem 4.8. Assume that S is a simply connected surface and the pair (g, B) is a
metric and tangent bundle endomorphism of S. Then, there is an isometric immersion

f:S - H?

with g = f*gys if and only if (g, B) satisfy the Gauss—Codazzi equations in H?3.
Furthermore, f is unique up to post-composition with isometries of H>.

Proof. We first assume that g = f*gp3, where f is an isometric immersion of S in
H3 c R3! and B is the corresponding shape operator. Then, the Levi-Civita connection
V on R3! is given by (4.1). This connection is flat (ﬁ = 0). By Lemma 4.4, R=0if
and only if (g, B) satisfy the Gauss—Codazzi equations in H?3.

If (g, B) satisfy the Gauss—Codazzi equations, then Lemma 4.7 gives an isometric
immersion of (S, g) in E, (for any p € §) with shape operator B. As (E,, (,)) isa
copy of Minkowski space and (again by Lemma 4.7) the image of immersion lies in
the hyperboloid this gives the desired immersion in H?.

Assume that S is embedded in H? c R3!. (As our calculation is local, this is
sufficient.) The bundle E is then the restriction of the tangent bundle of R>! to S.
We have two flat connections on E: the restriction of the flat connection on R3!
and the connection based on the metric and shape operator. By the discussion at the
beginning of the subsection, these two connections are the same. The Levi-Civita flat
connection on R3! is the same as the usual flat connection on R*. In particular, the
projections ,: R3! — E,, are the identity map, where E), is canonically identified
with R3!. Therefore, the map 7, o so: S — E, extends to an isometry from R3!
to E,. However, the map m, o 5o only depends on the pair (g, B) which gives the
uniqueness statement. ]

4.3. Normal flow. Let f: S — H3 be an immersion with f: S — T1H3 a choice of
lift to the unit tangent bundle over H3. Let g: T'H? x R — T'H?3 be the geodesic
flow and 7r: T'H?3 — H?3 be projection to the basepoint in H 3. We can then define the
normal flow of f to be the family of smooth maps f; = m o g; o f : S — H3.

In the Minkowski metric, a simple calculation shows that geodesic y in H? with

y(0) = p and y'(0) = v is

y(t) = cosh(z) p + sinh(¢)v.
It follows, identifying 7' H? as a subspace of TR3! = R*! x R, that
4.3) g:(p,v) = (cosh(?) p 4 sinh(¢)v, sinh(z) p + cosh(?)v).

Theorem 4.9. The metrics and shape operator for f;:S — H?3 are (g;, B;), where
gt = A;kg and Bt = (At)_ICt.
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Proof. For an immersion f : § — H?3 € R*! letn : § — R>! be a choice of unit
normal. Therefore, by the description of geodesics in H?,

fi(q) = cosh(r) f(q) + sinh(t)n(q).

By Lemma 4.7, for f = mp 059 : S — R*!, the normalisn = 7, 0o No : § — R3>L.
Therefore, by linearity of 7, on fibers,

fi(q) = mp o (cosh(t)so(q) + sinh(1) No(q)) = (7, © 51)(q).
The result then follows by Lemma 4.7. |

4.4. A flow on metrics. If g is a conformal metric on a projective structure, we can
define scaled metrics by ¢, = ¢?'g. Then, as we will see below l?, = ¢ 2! B are the
projective shape operators for g,. The formulas for the dual metrics are more involved.
We now see that the dual metrics are the normal flow immersions for the original
immersion.

Proposition 4.10. Ler ¢ be a conformal metric on a complex projective structure
3. Define the scaled metrics §; = e*' g and with projective shape operators B; and
(g:, By) be the dual pairs. Then,

Bi=e¢B, g =Ajg. Bi=(A)7'Cr.

In particular, if f : S — H?3 is an immersion with fundamental pair (g, B) dual to
(8. B) then the normal flow map f; : S — H? has fundamental pair (g;, B;) dual to
(eZtg’ e_ZtB).

Proof. As the Osgood—Stowe differential is invariant under scaling we have OS(X, g) =
OS(Z, ;) and it follows that B, = ¢~ B.
By the definition of the dual metric, we have

1 o an
gt = Z(Id + B/)*&:
1 R
= Z(Id +e 2 B)*e? g
1 R
= Z(Id +e 2" B)*e?' (Id + B)*g

1
= Ze2’(1d + B +e72(1d— B))*g
= Ajg.
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By the formula for the dual shape operator, we have

B, = (Id + B,)~'(1d — B,)
=(Id+e¥B)'(1d—e¥B)
=({d+e?(Id+ B)"'(Id— B))"'(1d — e %' (1d + B)"'(1d — B))
=(0d+ B +e?(1d— B))"'Id + B —e %' (I1d — B))
= (4:)7'Cy.

The rest follows from Theorem 4.9. n

We remark that at a given point p € S the metrics g, can be singular (not positive
definite) in which case the shape operator B; will not be defined at p. However, for
any given p this can happen at most two values of ¢.

We have the following description of the principal curvatures of f; : S — H3.

Corollary 4.11. Let f, : S — H? have principal curvatures A1(t), A»(t). Then,
tanh(z) + A; (0
o = (O + 1)
1 4 tanh(z)A; (0)
and fy is an immersion if cotanh(t) % —A;(0) fori = 1,2. Furthermore, if

A1(0) -1 242(0) -1 }

A1(0) + 1] A2(0) + 1
Proof. By Theorem 4.9, (f;)*gm3s = g+ = A; g and the shape operator for f; is
B; = A7!C;. The formula for A;(¢) follows.

The map f; will be locally convex if B; has non-negative eigenvalues. Equivalently,
this holds if B, = (Id — B,)"'(1d + B,) has eigenvalues in [-1, 1]. As B, = 2B,
then it follows that f; is locally convex if e’ > max{@l (0)], |22(0)|}. Rewriting in
terms of A;(0), we obtain the result. [

’ |

ezz > max{

then f; is locally convex.

4.5. The flow space of a pair (g, B). The one-parameter family of metrics g; can
be combined to form a 3-manifold with a (possibly singular) Riemannian metric. We
define the flow space F(g p)(I) to be the product S x I with metric g; & d?. We
have the following corollary.

Corollary 4.12. Let (g, B) satisfy the Gauss—Codazzi equations on S. Then, ¥4 py(I)
is a hyperbolic manifold wherever the metric g; is non-singular. If S is simply connected,
then there is a smooth map F : S x I — H?3 such that F*gy3s = g, ® dt? and F is
unique up to post-composition by a Mobius transformation.
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Proof. We first observe that for S simply connected then by Theorem 4.9, we have the
smooth map F : S x [ — H? defined by F(q,t) = fi(q) and F*gys = g, @ dt>.
By uniqueness of immersions, F restricted to S x {0} is unique up to post-composition
by Mobius transformation. As F is defined by normal flow on this immersion, it
follows that F is unique up to post-composition by a Mobius tranformation. If S
is not simply connected, then we obtain a hyperbolic structure on the non-singular
points of F(g p)(/) by choosing for each U C S open simply connected the map
Fy : U x I — H3. By uniqueness up to post-composition, this gives an atlas for a
hyperbolic structure on the non-singular set. ]

Next, we give conditions for the flow space to be complete.

Proposition 4.13. Let (g, B) be a metric and tangent bundle endomorphism on a
surface S that satisfy the Gauss—Codazzi equations in H3. Assume that g is complete.

o Ifthe eigenvalues of B are > —1, then ¥ (g p)([0, 00)) is a complete, hyperbolic
3-manifold with boundary.

o If eigenvalues of B are contained in the interval [—1, 1], then F(g p)(R) is a
complete, hyperbolic 3-manifold. If we further have that S is simply connected,
then ¥ (¢ gy(R) is isometric to H3.

Proof. For both the first and second bullets, the restrictions on the eigenvalues of B
imply that A; (and hence g;) is non-singular. Thus, the flow space is a hyperbolic
manifold. We now show completeness.
Let (p;i, t;) be a Cauchy sequence in F(4 py(/), where I = [0, 00) or R. The
projection
Fle.pyI) =1

given by taking the last coordinate is 1-Lipschitz, which implies that the sequence #;
is convergent and lies in some bounded interval I N [—T, T]. We also have that the
projection

"F(g,B)(I N [—T, T]) - S

to the first coordinate is e” -Lipschitz to the g metric on S. To see this let A; be the
eigenvalues of B then the eigenvalues of A; are A;(¢) = cosht + A; sinh ¢ and the
Lipschitz constant is bounded by the reciprocal of the minimum of the eigenvalues for
telIN[-T,T].ForI =[0,00),wehave A; > —l andfor I = R, A; € [-1,1]. In
both cases, we have fort € I N [T, T],

Ai(t) = cosht + A; sinhz > cosht — sinh¢ > e T,

In particular, p; is convergent in S, so (p;, t;) is convergent in F (¢ g)(/). Thus, in
both cases, F (g p) (/) is complete.
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Finally, if S is simply connected and the eigenvalues are in the interval [—1, 1]
then F(4 p)(R) is a simply connected, complete hyperbolic manifold. Therefore, by
Corollary 4.12, we have a local isometry F : § x R — H?3. As a local isometry between
complete hyperbolic manifolds is a covering map, then as S x R is simply connected,
F must be an isometry. u

We can also recover a result of Epstein.

Corollary 4.14 (Epstein [10, Theorem 3.4]). Let
f:S - H?

be an immersion and assume that g = f* g%l is a complete metric on S. If the absolute
values of the eigenvalues of the shape operator B are < 1, then the map f is an
embedding and S is homeomorphic to an open disk.

Proof. The pair (g, B) will satisfy the Gauss—Codazzi equations in H? so by Proposi-
tion 4.13 there is an isometry F from the flow space F(g p)(R) to H?. The restriction
Jo of F to S x {0} is an immersion of S with metric g and shape operator B, so by
Theorem 4.8, we have that fy is equal to f after possibly post-composing with an
isometry of H3. Since f; is an embedding, so is f. ]

4.6. The hyperbolic Gauss map. We now take the limit of the geodesic flow to obtain
the hyperbolic Gauss map. Namely, as t — o0, g;(p) limits to dH3 = C, so we define
the hyperbolic Gauss map
Goo: T'H? — C
by setting
Qoo = lim m o g;.
—>00
The map g is particularly simple in the Minkowski model. We let £ C R*! be

the light cone
E={xeR¥»|(x,x) =0, x #0}.

If H3 € R3! is the hyperboloid, then the Klein model is P (H?) € RIP3, the projective
hyperboloid with boundary P (&), the projective light cone. Then, by the equation for
geodesic flow in H3 (see equation (4.3)):

Goo(¢, v) = lim [cosh(r)g + sinh(r)v] = [g + v].
We therefore define §oo : 71 H> — £ by

doo(q.v) =g + v.
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The identification 9H? = C is then given by the map p: £ — S? C R3,

p(x1.X2,x3,x4) = (X1/X4,X2/X4,X3/X4),

which descends to a homeomorphism on P (&£). Therefore, goo : 71 H? — C satisfies
Goo = P © §oo-
We will need the following lemma.
Lemma 4.15. If v, w € T(x, x5 x3,x4) L then
1
<U, w) = —2<p*U, p*w)euc'
X4

Proof. Foru = (uy,u2,u3,us) € R¥ letit = (uy,us,u3) € R3. Thus, ifu € T, &

()AC’)%)euc Xq, <ﬁ’;€)euc = U4qXy, (wv)aeuc = WqX4
Thus,
1/, va, . w4,
(P, PsW)eye = — (0 — =X, — —2

X 4 4 Jeuc
1 ~ A W4 , 0 ~ Vg , ~ A VW4 , A A

= E (07 w)euc X4 <U7x)euc x_<w7 x)euc X‘% (x’ x)euc
1 . . 1

= _2((1)7 w)euc — Vawy) = _2<U1 U)). u
X X

For an immersion f with f : S — T1H?3 a choice of lift to the unit tangent bundle
over H?, the composition

foozgooof

gives a map from S to C called the Gauss map of f. We now consider the pushforward
of g by the Gauss map f, and show that it is conformal on C and can be described in
terms of the visual metric.

For each p € H?, the sphere Tp1 H?3 has an invariant metric (under isometries of
H?3 that fix p) that is unique up to scale. This is a spherical metric and we fix the scale
so that the sphere has radius 1. The visual metric v, based at p is the push-forward of
this measure via the hyperbolic Gauss map.
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Lemma 4.16. Let f:S — H?3 be an immersion with shape operator B and let f be
the lift to TYH?3. We also let g = f*gus. If foo = Goo © f, then foo is an immersion
at p € S if and only if —1 is not an eigenvalue of B at p. Furthermore, at p, we have

g =(>Id+ B)"g = (fo) (Vs (p)):

50 foo is a conformal map from g to C.

Proof. By definition of f,, we have
foo:gooofzpoé(ooof-
Let f : § — TR*! be given by f(q) = (f(q).n(q)). Then,

@oo)s (@, w) =v 4w (F)alv) = (fu(v), fo(Bv)),

and therefore,

(G0 © £)s(v) = fu(v) + fi(Bv) = fu((d + B)v).

By post-composition by an isometry, we can assume that f(g) = (0,0, 0, 1). Then,
Vr(q) is the restriction of the Euclidean metric to S2. Therefore,

g(w,w) = g((dd + B)v,(Id + B)w)
= (f«((d + B)v), fu((Id + B)w))
= (P« (f«((Id + B)v)), p+(f5((dd + B)w)))y
= ((fo0) v, (foo) W) eye

= (foo)* (Vr(g)) (v, w). .
‘We can also set
§-0o = lim mogy,
and let
f—oo = Q-00 © f

By reversing the orientation of S and observing that this reverses the sign of the shape
operator, we see that f_, is conformal for the metric

§¢=(0d-B)"g.
We note that as ¢ = (Id + B)*g, then

&= (1d+ B)"'(Id — B))*s = B*2.



M. BripGEMAN and K. BROMBERG 366

4.7. The hyperbolic Gauss map and projective structures. We have seen that given
a conformal metric ¢ on a simply connected projective structure X = (S, f) we get
a pair (g, B) that is dual to (g, §), where B is the projective shape operator of g.
Then, by Theorem 4.8, there is an immersion fy: S — H?> with g = 0 g%l and shape
operator B. This is the dual immersion for the pair (g, E). We can also consider it as
the dual immersion for the pair (g, X).

The dual immersion fj also has a Gauss map foo: S — C. By Lemma 4.16, f
is a conformal map for ¢ and hence an immersion. Therefore, X, gy = (S, foo) is a
projective structure on S that is in the same conformal class as ¥. We will show that
L= X,B)-

Theorem 4.17. Let g be a conformal metric on a simply connected projective structure
=S, 1) If B is the projective shape operator, let (g, B) be the pair dual to
(g, E) Then, X(g, By = X and there is a unique choice for isometric immersion f
with associated Gauss map foo such that foo = f.

Proof. The proof has three steps.

(1) Let g¢ be another conformal metric on X that agrees with ¢ on an open neighbor-
hood. If By is its projective shape operator and (gg, Bo) the pair dual to (g, §0),
then % g, ) = (g9, B0)-

(2) If there is an open neighborhood where ¢ is the restriction of the hyperbolic metric
on a round disk, then ¥ = ¥, 5.

(3) For any metric ¢ on X, there is another conformal metric g¢ such that & and g
agree on open neighborhood and there is an open neighborhood where gy is the
restriction of a hyperbolic metric on a round disk.

Assuming this, we can prove the theorem. By (3), we have a conformal metric go on X
that agrees with ¢ on a open neighborhood and on another open neighborhood is the
restriction of the hyperbolic metric on a round disk. Therefore, (g, B) and (2o, Bo)
agree on an open neighborhood so by (1), we have X By = X(g,,B,)- By (2), we have
Y= E(go,Bo)' It follows that ¥ = E(g,B).

‘We now prove the individual statements.

Proof of (1). By Lemma 4.16, the metrics ¢ and go are conformal on X, py and
X (g0,Bo)- As & = go on an open neighborhood U, we have that (g, B) = (80. Bo) on
U. It follows that (g, B) = (go, Bo) on U. Therefore, by Theorem 4.8 the isometric
immersions for (g, B) and (go, Bo) can be chosen to agree on U and therefore so will
their Gauss maps. The Gauss maps are conformal maps from ¢ to C soif they agree on
an open neighborhood, they agree everywhere. This implies that X gy = X(¢,.B,)-
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Proof of (2). We first observe a domain Q C Cisa projective structure and if g¢ is a
conformal metric on  then there is a dual immersion r: Q — H?3 for the pair (22, go).
Furthermore, if U is an open neighborhood of ¥ = (S, f) and ¢ = f*g¢ on U then
we can choose the isometric immersion fj of (X, 2) such that fo =ro fonU.

We also observe that if Q is a round disk and g is the hyperbolic metric then
r: Q — H? can be chosen such that Gauss map for r is the identity. Our assumption is
that there is an open U, where ¢ = f*go (with g¢ the hyperbolic metric on a round
disk). Then, on U the Gauss map f for fy is the composition of f with the Gauss
map for r so f = fo on U. Two conformal maps that agree on an open set agree
everywhere so f = foo and X = X(; p).

Proof of (3). Fix a point p € ¥ and let ¥: ¥ — [0, 1] be a smooth function that is
1 in a neighborhood of p and has support contained in a round disk D. If gp is the
hyperbolic metric on D, weletgo =¥ - gp + (1 — ) - 8.

Finally, we note that in (2) we showed that f could be chosen such that f = f
in the case when on an open neighborhood ¢ is the restriction of a hyperbolic metric
on a round disk. In (1), we showed that the two Gauss maps can be chosen to agree.
Together this implies that we can chose fj so that f = foo in the general case. ]

In what follows, we will always choose the dual immersion fp such that its Gauss

map foo has the property f = foo.
We also have an equivariant version of Theorem 4.17.

Corollary 4.18. Let g be a conformal metric on a simply connected projective structure
¥ =(S, f). Ifl? is the projective shape operator, let (g, B) be the pair dual to (g, é).
Let

f()l S — H3

be the unique isometric immersion for (g, B) such that fso = f. If T is a deck action
on S, g is U-invariant and
p:I' - PSL(2,C)

a homomorphism with f oy = p(y)o f forally € T then fyoy = p(y) o fo.

4.8. Epstein surfaces. Note that if 2 is a domain in C then the identity map gives 2
a projective structure. If g is conformal metric on €2, then the pair (€2, &) determines a
dual immersion. Epstein (see [10]) also gave a construction of an immersed surface in
H?3 associated to a conformal metric on 2. We will show that the Epstein surface is
equal to the dual immersion of the pair (€2, g).

In [10], Epstein restricts to conformal metrics & on domains 2 C C. However,
the construction works just as well if we have a metric ¢ on a surface S and a map
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f:S— C that is conformal with respect to &. We will work in this setting. If S was a
domain in C, then f would be the inclusion map.

If g is a conformal metric at a point z € C, then we let § ¢ (2) be the set of points
p in H3, where the visual metric vp agrees with ¢ at z. Then, bz (z) is a horosphere.
Given an immersion

f:S—>@

and a metric ¢ such that f is locally conformal on (S, ¢), Epstein constructs an

immersion
Jep: S — H3

such that f = goo © fep and (fep)« TS is tangent to h« 5 (f(2)). This is the Epstein
surface for (f, g).

As before, we can multiply g by e’ to get a family &, = e?'§ of metrics and
associated Epstein surfaces.

Theorem 2.4. Let X = (S, f) be a simply connected projective structure and g a
conformal metric on X. Then, fo = fep.

Proof. Note that we have chosen the isometric immersion fq such that f = fo., where
Joo is the hyperbolic Gauss map for f. Then, (fo)«(7,S) is tangent to a horosphere
h based at f(p) = foo(p). By Lemma 4.16 at p, we have & = (foo)* (V£ (p)), Which
implies that ) = Hr+z so fo = fep. ]

5. Univalence, quasiconformal extension, and convexity

5.1. Univalence and quasidisk criteria after Epstein. Given a locally univalent map
fiA— C, two classical questions are what criteria on f imply univalence and what
criteria imply its image is a quasidisk. In a sequence of important papers (see [7-10]),
Epstein introduced a new approach to these problems using the theory of immersed
surfaces in H3—the Epstein surfaces that we have been discussing. Following Epstein’s
basic approach, we reprove and strengthen Epstein’s results. These types of problems
have a long history which we discuss at the end of this section.

Theorem 5.1. Let ¢ be a complete metric on A, and f: A — Ca locally univalent
map such that

1
10(27.8)ll = —3K(@).

Then, the map | is univalent. Furthermore, if (g, B) is the pair dual to (g, §) there is
a unique isometry F: F (4 p)(R) — H3 which extends continuously to A x {oo} with

F(z,00) = f(2).
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Proof. By Lemma 3.6, the eigenvalues of B = B(Xr,g)are —K(g) £ 4[1Q(Zr, 2|,
and so, are negative by hypothesis. Thus, the eigenvalues of B are in the interval
(—1, 1]. By assumption, ¢ is complete. Therefore, as g = %(Id + E)*g, and B has
non-negative eigenvalues, then g is also complete. Therefore, by Proposition 4.13,
there is an isometry
F: ¥ 5 ([R) - H.

As a space F(, gy (R) is homeomorphic to A x R and F maps this space to H?>, we
can add A x {400} to the space and then continuously extend F to a map from
A x (=00, 4+00] to H3 U C. The extension is the hyperbolic Gauss map for the
immersion obtained by restricting F' to A x {0}. Therefore, by Theorem 4.17, we
have F(z,+00) = f(z). As map F is injective on A x R and locally injective on
A x {400}, this implies that f is injective, proving univalence. ]

Remark. We note that in the above theorem we only need that the dual metric g is
complete but stating the theorem in this generality gives a more complicated statement
as it would have conditions on both metrics g, g.

The following is a more refined statement and has a more involved proof.

Theorem 5.2. Let & be a complete metric on A, f: A — Ca locally univalent map
and B = B (27, &) be the projective shape operator.

M If |
12(r. )] = =7 K(®).
then f is univalent and extends continuously to the boundary of A.
@ It |
I05r. ) <~ K@),
then f extends to a homeomorphism of C and f(A) is a Jordan domain.
(3) If K(g) < 0, and there is a 0 < k < 1 such that

3,8
9Bl _,
4K(8)
then, f extends to a quasiconformal homeomorphism with beltrami differential

[illoo < k.

There are a number of natural approaches to the proof of this theorem. One involves
showing that the embedding f extends continuously to the boundary by considering
the limiting behavior of curves in H?3 of curvature < 1. Instead, we follow a more
classical approach using Carathéodory’s theory of prime ends which we now briefly
describe.
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5.1.1. Extension of univalent maps, prime ends. The following theorem due to Marie
Torhorst describes precisely when a univalent map of the disk extends continuously to
its boundary.

Theorem 5.3 (Torhorst [30], see also [23]). Let f : A > U C C be a univalent map.
Then, f extends continuously to A if and only if dU is locally connected.

This theorem was proven using the theory of prime ends developed by Carathéodory
(see [23] for details). We now briefly describe this.

WeletU € C bea simply connected domain in C. A crosscut C of U is a simple
arc in U with C = C U {a, b} for some a, b € AU (possibly equal).

A null chain of U is a sequence {C, };>, of crosscuts of U such that

4 Cn N 6n+1 = 0,
e (, separates Cyp from Cy, 41,
e diam(C,) — 0.

If C, is a null-chain, then we define V,, to be the component of U — C,, not containing
Co. Thus, V}, are a decreasing collection. Two null-chains C,, D,, are equivalent if for
sufficiently large m there exists an n such that

Dy, separates C,, from Cy, C,, separates D, from Dy.

The equivalence class of null-chains is called a prime end of U. Given a prime end
p = [C,] then the impression of p is the compact set

I(p) = m I7vn
n=1

This is well defined. If /(p) is a single point, then p is called degenerate.
Using the theory of prime ends, we have the following classical description of
univalent maps with continuous extension due to Carathéodory and others.

Theorem 5.4 (See [23]). Let f : A — U be a univalent map. Then, f extends contin-
uously to A if and only if all prime ends of U are degenerate.

It follows from the above theorems that U being locally connected is equivalent
to U having only degenerate prime ends and it was this that Torhorst actually proved.

5.1.2. Continuous extension and quasidisk criterion. We let g be a complete metric
onA, f1A— Ca locally-univalent map with projective shape operator B = B(%,$)
having non-negative eigenvalues. Then, we have f is univalent with image U = f(A)
and there is an isometry F: F(; p)(R) — H? which extends continuously to f on
A x {o0}.
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We let G(H?) be the space of oriented geodesics in H?> and identify it with
GMH?) =C?—{(z,z) | z € C).

The space G(H?) is naturally compactified by C2.

Given map F: F(, p)(R) — H?3, we define map F:A— G(H?3) by letting ﬁ(z)
be the oriented geodesic F({z} x R). In particular, F (z) = (f(2), h(2)) for some
h: A — C continuous.

Lemma 5.5. The map F:A— G(H?3) is proper and a homeomorphism onto its
image. Furthermore, ﬁ(zi) — (p, p) ifand only if f(z;) > p € U.

Proof. We first prove properness. Let F (zi) — L and choose y € L. Then, as F isa
homeomorphism, there is a unique x = (z,¢) with F(x) = y and therefore y € F (2).
We choose a neighborhood W C A of z, then F maps a neighborhood W x R of
x homeomorphically to a neighborhood of y. Thus, geodesic F (zi) = F({zi} x R)
intersects F (W x R) for i large. As F is a homeomorphism this implies z; € W. Thus,
z; — z and by continuity L = F (2). Thus, Fis proper and therefore a homeomorphism
onto its image. The second item follows also. ]

We use the above to prove continuous extension.

Theorem 5.6. Let g be a complete metric on A, and f: A — Cbea locally uni-
valent map such that the projective shape operator B = B(Xr, &) has non-negative
eigenvalues. Then, the map [ is univalent and f extends continuously to its boundary.

Proof. We have already proven f is univalent and by Carathéodory, it suffices to prove
that the prime ends of dU are degenerate.

We let F: F(; p)(R) — H? be the isometry which extends continuously to f on
A x {o0}. Let p = [Cy] be a prime end of U. The crosscut C, can be extended to a
disk E, in H3. Explicitly we let B, = f~!(C,) and E,, = F(B, x R). Thus, E, is a
disk in H? with 0E,, C C and dE, NU = C,. We consider z,, € B, such that (after
reducing to a subsequence) F (zn) converges. If F (zn) = L, then by Lemma 5.5 we
have z, — z € A with L = ﬁ(z). Therefore, by continuity f(z,) — f(z) € U. As
f(zn) € Cy then f(z) € dU a contradiction. Thus, ﬁ(zn) — (w, w) withw € dU and
therefore f(z,) — w. It follows that as diam(C,) — 0 then diam(E,) — 0, where
the diameter for E,, is with respect to the Euclidean metric on the unit ball. We further
have dE, consists of C,, with endpoints dC,, = {a,, b, } joined by a continuous arc in
the complement of U. Thus, dE, separates V;, from Cy. It follows that diam(V;) — 0,
and therefore, the impression 7(p) = N3, V,, is a single point. Thus, all the prime
ends of U are degenerate. It follows from Theorem 5.4 that f extends continuously to
its boundary. |
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‘We now prove our quasidisk criterion. We will need to use a converse of the Jordan
curve theorem due to Schoenflies. If U is open in @ then a set K is accessible from U
if for every point p € K there is a simple arc « : [0, 1] — C such that (1) = p and
a(t) € U fort € [0,1). Clearly, K C U but in general, it may not be true that dU is
accessible from U although it is true for Jordan domains. We have the following.

Theorem 5.7 (Schoenflies [19, Theorem VI.16.1]). Let K C C be closed with com-
plement two disjoint open simply connected sets U,V such that K is accessible from
both U and V. Then, K is a Jordan curve.

We apply this to show that when the shape operator has eigenvalues in (—1, 1) then
the image of dA is a Jordan curve.

Theorem 5.8. Ler ¢ be a complete metric on A, and f: A — Ca locally univalent
map such that B = B(Xy, &) have positive eigenvalues. Then, U is a Jordan domain
and f extends to a homeomorphism on A.

Proof. As B has positive eigenvalues then F extends to a map A x [—oo, oo] —
H3 U C with F(z,00) = f(z) and F(z,—00) = h(z), where f is conformal with
respect to ¢ and A is conformal with respect to g. Further, U = f(A) and V = h(A)
are disjoint as if f(z) = h(w) then the geodesic F(z) and F (w) are asymptotic. Then,
we can choose sequence z; — z such that geodesics F (w), F (z;) intersect. But F (2)
foliates H3. Thus, z = w.

Let p € (U U V). Then, we can find w; € H?3 such that w; — p. Weletw; € 13(2,-).
If (after reducing to a subsequence) F (zi) = L, then by Lemma 5.5 z; — z with
L= 13(2). As w; is on geodesic ﬁ(z,-), then p is an endpoint of L. Thus, p = f(z) or
p = h(z) contradicting p € (U U V)¢. Thus, F(zi) = (p. p) and by Lemma 5.5 p €
dU and similarly p € dV. Thus, dU =9V = (U U V)¢ and U U V U U is a disjoint
decomposition. It follows that dU is closed and as both maps f', / extend continuously
to dA, then dU = 9V is accessible from both U and V. Thus, by Schoenflies, converse
of the Jordan curve theorem (Theorem 5.7), dU is a Jordan curve. ]

‘We can now prove the more refined univalence result.

Proof of Theorem 5.2. By Lemma 3.6, the eigenvalues of B are —K(g)£4[10(Zr, 2.
Therefore, B having non-negative eigenvalues is equivalent to item 1. Therefore, f is
univalent as before.

If B satisfies items 2 or 3, then B has positive eigenvalues. Therefore, we have
two hyperbolic Gauss maps f : A — U and h : A — V, where f, h are conformal
with respect to ¢, g, respectively. Further, by Theorem 5.8, U, V are disjoint with
dU = 9V = S aJordan curve. Furthermore, f, & extend to homeomorphisms on the
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closed disk A. To show they agree on dA let p € dA and f(p) = a, h(p) = b. We
choose z; — p and ﬁ(zi) — (a,b). As f(z;) > a € dU, thenby Lemma 5.5a = b
and the maps agree on JA.

Thus, combining the two extensions, we obtain an extension fe of f to C. Explic-
itly, we let fu(z) = f(2) for z € A and fu(2) = h(1/Z) forz € A* = {z ¢ C |
|z| > 1}. By the above, fe is a homeomorphism extending f.

Now, if (3) holds, we show that f is a quasiconformal map. A standard property
of quasiconformal mappings is if U, V C C are openand g : U — V is a homeomor-
phism which is quasiconformal on U — £ for some line £ then ¢ is a quasiconformal
homeomorphism on U (see [13, Proposition 4.27]). Thus, as 0A is locally a line, it
suffices to show f.y is a quasiconformal on A U A*.

This follows as F is conformal with respect to ¢ on A x {oo} and conformal
with respect to § = B*$ on A x {—oo}. Therefore, as B has eigenvalues —K (&) +
4|0 (Zr, &)|l then foy is k-quasiconformal with

_ —K@+49Es 9l
—K@) - 40Er. DI
Thus, fe has beltrami differential y with
= K21 40Cs D1
+1 —K(g)
5.2. Quasi-conformal reflections. A Jordan curve y admits a quasiconformal reflec-

k <1. ]

tion if there is an orientation reversing quasiconformal homeomorphism 7 : C—->C
fixing y and interchanging the two components of its complement. In [2], Ahlfors gave
a characterization for which Jordan curves admit a quasiconformal reflection. Epstein
noted [8] that his quasidisk criterion also gave a criterion for a Jordan curve to admit a
quasiconformal reflection. We make the same observation in the following immediate
corollary to Theorem 5.2.

Corollary 5.9. Let & be a complete metric on A, f: A — Ca locally univalent map
and B = B(Xy, &) be the projective shape operator. If & is negatively curved and
there isa 0 < k < 1 such that

k
I &)l = —5K(@.

then U = f(A) is a Jordan domain such that 0U admits a quasiconformal reflection
with beltrami differential ||[t] oo < k.

Proof. We keep the same notation in case 3 of Theorem 5.2 above. Then, we let
H:C — Cbegivenby H = fo, 0 C o f.-!, where C(z) = 1/Z. Trivially, H(z) = z

ext °
on dU and as one of either fe or f

is conformal in the composition at any point in
the complement of U, we have the beltrami differential bound the same as for fo,;. =



M. BripGEMAN and K. BROMBERG 374

5.2.1. History. The study of these two problems has a long history. Two foundational
results are the Nehari univalence criterion that if ||.Sf | co < % then f is univalent

(see [18]) and the Ahlfors—Weill extension theorem that if ||Sf ||cc < ’% < % then f

extendstoa K = % quasiconformal homeomorphism (see [1]). These results can
be obtained by letting g be they hyperbolic metric in Theorems 5.1 and 5.2.
In [8], Epstein proved Theorem 5.1 under two extra conditions. Namely, he assumed

that § = e?® gpp2 is negatively curved (rather than just non-positively curved) and that

60101 = ) = emax(jul. 57
2|w|

In [22], Pommerenke replaced this latter condition with the weaker assumption that
¢ = log|h'|, where h : A — C is conformal. We also note that these two authors did
not state their conditions in terms of the Osgood—Stowe differential, so their expressions
appear different (and significantly longer).

In [20], Osgood—Stowe were the first to state a univalence criteria in terms of their
differential and their criteria also applied in higher dimensions. In our setting they
showed that if ¢ is a geodesically convex conformal metric on A with

R 1
5.) 10CE7.D)lleo =~ K.

then the map is univalent. A crucial difference is that they do not require the metric g
to be complete (for example, it could be the Euclidean metric on the disk) and they get
better estimates when the diameter is finite. However, the sup-norm bound is a stronger
assumption than the pointwise bound in Theorem 5.1. Stronger statements of this type
were later proved by Chuaqui (see [5]).

As we noted above, when ¢ is the hyperbolic metric (3) of Theorem 5.2 is the
classical result of Ahlfors—Weill [1]. When g is is hyperbolic (2) was proven by
Pommerenke—Gehring [11]. Under the extra technical assumptions on the metrics
described above, Theorem 5.2 was proved by Epstein in [8].

As well as generalizing Epstein’s criteria, our approach is short (sections 4 to 6 of
this paper), proving the main results of [§—10] and does not require the use of Epstein’s
unpublished paper [7] where he proved a version of Shur’s Lemma for hyperbolic space.
Also, as Epstein’s first paper [10] (where he introduced Epstein surfaces and proved
many of their properties) remains unpublished, we hope that this paper will bring the
results in this important paper to a wider audience.

5.3. Example f(z) = z¢. We now consider the above univalence condition for the
projective ¥ = (f, H?) given by f(z) = z¢ on the upper half plane. We choose a
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general conformal metric § = 2% g., which is invariant under the action of R of
t -z = e'z. Then, in polar coordinates,

¢ = —log(r) + h(0)

for some function /(). In local coordinates, the univalence condition is

1
0(2.2)] = ;A9

After computing, we get

1
O(2.8) = —(H'(6)> —1"(6) + ¢?),
4z2
and the univalence criterion becomes
|h'(0)> + ¢* — h"(0)] < h"(0).

Letting £(0) = —log(sin(#)) gives the hyperbolic metric, and therefore, we obtain
Nehari’s condition ||S(f)||eo < 1/2 or equivalently |c> — 1] < 1.
We now let 1(0) = —21log(sin(#)). Then, we have

|4 cotan?(6) 4 ¢? — 2 cosec?(6)| < 2cosec?(h).
After simplification, this reduces to
lc2 —2| < 2.

To compare, this gives a better univalence condition than the Nehari inequality |c? —
1| < 1 and is a closer approximation to the full set of univalent maps of the form z¢
which is the set |c — 1| < 1 (see Figure 1).

6. The hyperbolic extension of a projective structure

If a projective structure ¥ is not simply connected, the dual immersions will not
map to H3. Instead, we replace H?3 with ext(X), the hyperbolic extension of X.

We first define this when ¥ is simply connected. In the general case we will take a
quotient.

Let the pair X = (S, f) define a projective structure with f: S — C and immersion.
Then, U C S is a round disk in ¥ if f(U) is a round disk. For each round disk U, let
Hy = U x[0,1] and Hy = U x [0, 1). We then fix a continuous map Fy: Uy ——>
H3 U C such that Fy (z,1) = f(z) and Fy restricted to Hy is a homeomorphism
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FIGURE 1
Comparing univalence conditions for f(z) = z€.

to a closed hyperbolic half-space in H3. If Uy and U, are round disks in ¥ with
Uo N U # 9, then we define (2o, o) ~ (21, 1) if Fy,(z0.t0) = Fy,(z1, t1). This
defines an equivalence relation of the disjoint union of Hy and the projective extension
ext(X) of X is the quotient of this union by the equivalence relation ~. Similarly,
we define ext®(X) as the subspace of ext(X) given by the equivalence relation on
the disjoint union of Hy. Then, ext(X) is homeomorphic to S x [0, 1] and there is
amap F:ext(X) — H3 U C such that on each Uy we have F = Fy. In particular,
F(z,1) = f(z). Note that F pulls back a hyperbolic metric to ext®(X) but the boundary
is not smooth. Instead, S x {0} is a locally convex pleated surface. We also note that
while if (zg, 1) ~ (z1, 1) then #; = 1 in general the equivalence relation does not
respect the product structure on the Uz . For further details, see [14].

If X is a projective structure on a surface S that does not come from a pair (S, f ),
then we can lift ¥ to a prOJectlve structure ¥ on the universal cover S of S. Then,
does come from a palr (S ), and furthermore, the deck action on  will extend to a
deck action on ext(E), where the action on the hyperbolic part of ext(X) will be by
isometries. Then, the quotient of ext(Z) by this deck action will be ext().

6.1. Embedding the flow space in ext(X). We consider conformal metrics ¢ on X
such that the dual pair (g, B) locally convex surfaces. We show that then the associated
flow space F (4, B)([0, 00)) isometrically embeds in ext®(X). Further, using this, we will
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show that for two such metrics g1, &> with g1 < &> then F (g, 5,)([0, 00)) isometrically
embeds in F (g, B,)([0,00)).

Proposition 6.1. Let & be a conformal metric on a projective structure 3 on a surface
S with projective shape operator B and dual pair (g, B). If g is complete and the
eigenvalues B are between (=1, 1], the flow space F (g B)([0, 00)) isometrically embeds
in ext’(X).

The intersection of X x {0} with the internal boundary of ext(X) is a union of
plaques.

Proof. First, assume that ¥ is simply connected. By Proposition 4.13, since g is
complete the flow space F(¢ p)([0, 00)) is complete and any piece of a hyperbolic
plane tangent to ¥ x {0} will extend to an immersed copy of H?. The local isometry
from the flow space to H3 this plane will be embedded and hence it must be embedded
in the flow space. In particular, it will extend to a round disk U in X. One can then
construct the flow space similarly to the construction of ext(X) however rather than
take all round disks in X we just take those that arise from tangent planes to X x {0}.
Then, the resulting quotient space will be a subspace of ext(X). On the other hand,
this quotient space will be isometric to the original flow space F(, p)([0, 00)) so the
flow space isometrically embeds in ext®(X).

Note that the construction of ext(X) and the flow space is canonical so any deck
action that preserves both the projective structure and the metric ¢ will extend to
isometries of ext(X) and the flow space. In particular, the quotient of the flow space
(which will be the flow space of the quotient) will isometrically embed in the quotient of
ext(X) (which will be the extension of the quotient). Therefore, to prove the proposition
when ¥ is not simply connected we lift to the universal cover, construct the embedding,
there and then take the quotient. |

There is a natural metric on X closely associated to ext(X). As before, assume that
¥ is simply connected. If U is a round disk, let gy be the hyperbolic metric. Then,
Thurston defines the projective metric gx to be the infimum, at each point z € X of
gu at z, where U varies over all round disks that contain z. If X is hyperbolic, then
the infimum is realized and gy, is everywhere positive. We note that while this metric
will be continuous, it will not be smooth. If ¥ is not simply connected, we observe
that the projective metric on the universal cover will be equivariant and descend to a
metric on X. This is the projective metric gy on X.

An important special cases is when X is an open domain in C.Thatis, @ =C ~ A
for some closed set A in C. The convex hull of A in H?3 is the smallest, closed convex
set whose closure in C = 9H? is A. The convex hull is the intersection of all half
spaces in H3 whose closure in C contains A. Then, by definition ext(X) is the union
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of the complementary half-spaces. It follows that ext(X) is the complement of the
interior of the convex hull.

Let X be a projective structure on a simply connected surface S determined by an
immersion foo: S — C. We can assume that the restriction of F: ext(X) — H3 U C
to X is foo. If b is a horoball in ext(X) based at z € X, then F(}) is a horoball in H?3
based at w = foo(z). Then, F(h) = bhg, (w), where gy, is a conformal metric for the
tangent space T,C.If g is conformal metric on ¥ and § = (foo)*gw at z, then we
write bz (z) = b.

The next lemma gives a condition on the conformal metric ¢ for the horoballs
h;(z) to embed in ext(Z).

Lemma 6.2. If g is a conformal metric on a simply connected projective structure X
with § > gx, then the horoball Y4 (z) is contained in ext(X) for all z € X.

Proof. By the definition of the projective metric for any z € X, there is a round disk U
in X such that gy < g at z. Then, the half space Hy will isometrically embed in ext(X)
and the horoball g, (z) will be contained in Hy and therefore will be contained in
ext(X). As gy < g at z we also have that )z (z) is contained in g, (z) so h;(2) is
contained in ext(X). [

Proposition 6.3. Let g1 and g, be conformal metrics on a smzply connected projective
structure and assume that both projective shape operators Bl, 32 have eigenvalues
in the interval (=1, 1]. If g1 < &2, then the flow space F (g, B,)([0, 00)) isometrically
embeds in the flow space ¥4, B,)([0,00)).

Proof. By Proposition 6.1, the flow spaces F(g, ,)([0, 00)) embed in ext(X) and is
the union of horoballs b, (z). Since for each z € X the horoballs b4, (z) are contained
in the horoballs )z, (z) this implies that the flow space F(g,,5,)([0, 00)) isometrically
embeds in the flow space F(,,5,)([0, 00)). ]

6.2. Convexity. We derive a convexity criterion for the dual surface of a pair (g, §).

Theorem 6.4. Let (8, B) be dual to (g, B) with B = B(%, g) Let f be an immersion
into H3 with fundamental pair (g, B) and f; = w o q; o f Then, for

e > sup{|K(§)| + 4l Q(Z. &)1}

J1o is a locally convex immersion. In particular, if gs is the projective metric on X
and g is complete, then

gz = sup{|K ()| + 4[| Q(Z.2)I}&.
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Proof. As B; = ¢™2'B and B = B(Z, §) has eigenvalues —K (&) £ 4| 0(Z, 8)|,
then for
e* > sup{|K(&)| + 41 0(Z, D)},

we have ﬁ, has eigenvalues in (—1, 1). Thus, by duality, the eigenvalues of B are in
(0, 00). It follows that f; has positive principal curvatures and therefore is a locally
convex immersion.

By [4], if g is complete and pair (g, E) has locally convex immersed dual surface,
then gy < g, where gy is the projective metric on X. Therefore, for t > sup{|K(g)| +
4| 0(Z, &)}, we have gy < e?!g. Taking the infimum over all such 7, we get

gz = sup{|K(@)| + 4| 2(Z. &)I}8. -

In [4, Theorem 2.8], we prove that for g5 the hyperbolic metric, then

gz = (1 +2|¢slloc)gn-

As Q(Z, gn) = —¢x /2, we see that the above theorem is a generalization for arbitrary
conformal metrics.

7. Hyperbolic 3-manifolds

Let M be a hyperbolic 3-manifold. Then, M = H?3/T, where the deck group I'
is a discrete group of isometries of H3. The group I" will also act on dH?> = C with
domain of discontinuity 2. Then, the quotient M = (H?> U Q)/T is a 3-manifold with
boundary. If M is compact, then M is a conformally compact hyperbolic 3-manifold.
The boundary ¥ = Q/T is a projective structure and is the projective boundary of
M . While conformally compact is the usual terminology for Einstein manifolds, for
hyperbolic 3-manifolds one usually refers to M as convex co-compact because, as we
will see shortly, there are convex I'-invariant subsets of H?> with compact I'-quotient.
We will define a correspondence between convex, compact submanifolds of M and
conformal metrics on ¥ whose projective shape operator has eigenvalues in the interval
(-1,1].

We begin with the classical classification of Kleinian groups by their conformal
boundary. We will state this theorem in a somewhat unusual way that will be convenient
for our purposes.

Theorem 7.1. Let X be a smooth, compact, 3-manifold with boundary with X the
interior of X. Assume that X is homeomorphic to a convex co-compact hyperbolic
3-manifold and let & be a smooth Riemannian metric on 0X. Then, there exists a convex,
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co-compact hyperbolic 3-manifold M & and a diffeomorphism ¢ X->M & such that
the restriction of ¢ to dX is a conformal map from the conformal class of § to 9. M.

Furthermore, if §o is another Riemannian metric on X and there is a diffeomor-
phism of X to itself such the restriction to X is a conformal map from the conformal
class of g to the conformal class of 8¢ then there is an isometry from M g 10 M 3, Whose
restriction to the boundary is the given conformal map.

Let €(9X) be the space of smooth Riemannian metrics on X . Then, for § € €(3X)
we can use the diffeomorphism ¢ : X —> M to pull back the projective structure on
8M to a projective structure Xz on 0X. Let B be the projective shape operator and
5. (8X ) C §(dX) the subspace of metrics Where B has eigenvalues in the interval
(=1, 1].

The pair (g, Eg) has a dual pair (g, Bg). The dual pair determines an isometric
immersion f;: 0X - M . To construct f;, we observe that the metric g and shape
operator lift to the universal cover of each component of 3X. We can then construct
the isometric immersion on the universal cover and observe that it will descend to the
map fz by the naturality of the constructions. In fact, the same argument gives a local
isometry F: F(¢ B,)([0,00]) — Mj.

The hyperbolic manifold M = H?3/T is Fuchsian if there is a I'-invariant copy of
H? in H3. This is equivalent to the limit set of I" being contained in a round circle.
The quotient H? /T is the unique totally geodesic surface in M whose inclusion in M
is a homotopy equivalence.

A convex co-compact hyperbolic 3-manifold is Fuchsian if its limit set is a round
circle.

Lemma 7.2. Given § € §,(0X), the dual immersion
f 8- 8)? - M g

is an embedding and the image bounds a convex manifold homeomorphic to X or M. 3
is Fuchsian and [ is 2-to-1 with image a totally geodesic surface. In this last case,
Eg is the identity.

Proof. We will show that the map F: ¥ — M is an embedding unless M} is Fuchsian
and g is the hyperbolic metric. The restriction of F to X x {00} is a diffeomorphism
to M ¢ and F' is an immersion everywhere. Since X is compact, this implies that F is
an embedding on ¥ (¢ ) ([T, oo]) for large T'. Let Ty be the infimum of 7', where the
map is an embedding. Then, there must be p # ¢ in S such that F(p, Ty) = F(q, To)
and the F-image of S x {Ty} will be tangent at this point of intersection. Furthermore,
their normals will be pointing in opposite directions. Convexity then implies that the
surfaces are totally geodesic and 2-to-1 on a neighborhood of p and ¢. This open
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condition is also a closed condition so F will be totally geodesic and 2-to-1 on the
components of dX x {T,} that contain (p, Ty) and (g, Tp). Since the surfaces dX x {t}
are strictly convex when ¢ > 0, this can only happen when 7y = 0. |

We can also start with a smooth, convex submanifold N of a convex co-compact
hyperbolic 3-manifold M and produce a conformal metric g on d. M such that N = Nj.

Lemma 7.3. Let N C M be a convex, compact submanifold of a convex co-compact
hyperbolic manifold M. If ¥ is the projective boundary of M, then there is a unique
conformal metric g on X such that N3 = N.

Proof. We will assume that M = H? and N is a closed convex subset of H? with
smooth boundary and we will find a conformal metric on Q2 = C~N. Then, for each
z € Q there is a unique horosphere §j, that intersects N in a single point p. We then
let g be the conformal metric on Q with § = v, at z. Then, dN is the Epstein surface
for g. By Theorem 2.4, we have that dN is (the image of) the dual immersion for the
pair (€2, 2).

When N is a smooth, convex submanifold of a convex co-compact manifold take the
pre-image of N in the universal cover H? and apply the construction from the previous
paragraph to get an equivariant conformal metric on the domain of discontinuity. This
will descend to a metric § on M with N = N, s [

We note that the construction of the metric & works even when N is convex but
not smooth. However, in this case, ¢ will not be smooth, so we cannot construct the
dual metric g as in the smooth case. This will be discussed further below.

8. W-volume

As in the previous section, we fix a compact, hyperbolizable 3-manifold X . We first
define the W-volume on 8, (3X ). We will then extend it to € (3.X ). Recall that associated
to § € 9.(3X) we have a convex, hyperbolic 3-manifold N, ¢ that is homeomorphic X:

e Mg is a convex co-compact hyperbolic structure on X with g a conformal metric
on d.My;

~

e Bj is the projective shape operator for the metric ¢ and the projective boundary of
My,

» (g, Bg) is the pair dual to (g, Eg);

e N; is a smooth convex submanifold of My;

* the induced metric on dN; is g and the shape operator is By.
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The mean curvature Hg of 0N is one half the trace of B, and is a function on
dN; = 0X. We define the boundary term

8@ = [ Heda,.
X

where d A is the area form for g. Then, the W-volume is the function W: 6, (0X) — R
given by

W(@) = vol(Ng) — 3 B(&).

The space of metric §.(3X) is an open subspace of the space of symmetric 2-
tensors on dX with the C *°-topology. We are interested in calculating the variation
of W-volume in this topology. More explicitly, if g; is a smooth family of metrics in

6.(3X), then we want to find

d

— W(g,).
di o (&1)

The smooth family g, determines smooth families Bg;,, g, Bg,, etc., Furthermore,
if §¢ is the time zero derivative of g,, then §¢ determines the time zero derivatives
5§, 8g, 6B, etc., for the associated objects.

We begin with the generalized Schléfli formula for the change in volume of N due
to Rivin—Schlenker. They give a formula for the variation of the volume of a compact
hyperbolic n-manifold, or more generally, a compact Einstein manifold. We will only
state it in the setting we will use and include a proof due to Souam [28] for completeness.
While we only need the statement for smooth manifolds with boundary we state it for
manifolds with corners as this will come up in the proof. For a manifold with corners
at each point x in the co-dimension two face E, there is an exterior dihedral angle
Or (x).

In order to state the theorem, it is convenient to state it using a the pairing (-, )¢
between bilinear forms and linear maps defined in the Appendix (see Section A.1 for
details). We define

1
(T,B), = ETr(g_lTB)dAg.

Theorem 8.1 (Rivin—Schlenker [25] and Souam [28]). Let M be a compact hyperbolic
3-manifold with corners and §g a variation of the hyperbolic metric. Then,

1 1
§V = -Z[ §0pdE +/ (g.8B), + =(8g, B),.
2 JE M 2

Proof. We can decompose M into finitely many manifolds with corners each of which
embeds in H3. If we prove the formula for each piece, then the terms on the faces
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that are paired will cancel. The corners will come in two types: some will come from
corners of the original manifold while others will be new. In the latter case, after the
corners in the pieces are glued, they will become a smooth part of the interior, in which
cases the total angle will be 0, or a smooth part of the boundary, in which case the total
angle will be . In both cases, this implies the total change in dihedral angle is zero
and and they will not contribute to the last term of the formula.

We now assume that M is a manifold with corners that embeds in H?3. It will be
useful to think of M as both a fixed smooth manifold with corners and as a subspace of
H3. As M embeds in H?3 there is a smooth vector field £, defined on a neighborhood
of M, with flow ¢, g: = ¢} g3 and §g is the time zero derivative of g,. We also
assume that £ is non-zero on M . If it is not, by compactness, the norm of £ is bounded
on dM, so we can add an infinitesimal isometry to & that is larger than this bound.
Then, the sum will be non-zero.

The family of metrics g; on M also determines a family of shape operators B; and
second fundamental forms II, on dM . When there is a subscript, we view the object as
being on the fixed manifold M.

Fix u € TxdM and define a parameterized surface o: (—¢, £)> — H?> such that
o(s,0) € OM with

0(0,0) =x, o(s,t) = ¢:(0(s,0)), 0*(0,0)% =u.

This surface will be singular if ¥ and £ are parallel. We define the vector field n along
o such that n(s, t) is the normal vector to ¢;(dM ) at o (s, t). If we fix ¢, the covariant
derivative of n along the path s > o (s, ?) defines another vector field along o, which
we label Bu as we have

Bu(0,1) = (¢¢)«(Bsu).

We can also evaluate the curvature tensor in terms of covariant derivatives along o:

D ( Dn D ( Dn
RE wn = E(E) - d—(z)

= Ve Bu — V,,(Ven).

Note that while the parameterized surface may be singular, the vector field Buisa
well-defined vector field along the integral curve of £ through x and V¢ is a smooth
vector field on M.

We let {, ) be the usual inner product on H?3. Since we are in constant curvature
= —1, we have

REw)n = (n,E)u — (n,u)§ = (n, E)u.
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Combining this equation with the one above gives
Vgl?u = (n,§)u + Vy, Ven.

Given any vector v € Tx M, we define ¥ to be the parallel vector field on (—¢, £)?
such that 0, (0, 0)v = v. On the integral curve of £ through x this determines a vector
field which we also label ¥. We then have

g1 (u,v) = (u(¢:(x)). V(¢ (x)))

and
8g(u,v) = &(u, v) = (Veii, v) + (u, V).

As Il (u,v) = (Eu, D) at ¢4 (x), then
81(u,v) = (Ve Bu,v) + (Bu, Veb).
On the other hand,
SI(u,v) = 8(g(Bu,v)) = 8g(Bu,v) + (6Bu,v).
Combining, we get
(6Bu,v) = §ll(u,v) — 6g(Bu,v)

= (VeBu,v) + (Bu, Vi) — (Ve Bu,v) — (Bu, Vi)

= (Ve Bu, v) — (Ve Bu, v).
Substituting for Vg Bu, we get

(n,£)(u,v) = —(VaVen, v) + (Ve Bu,v) + (§Bu, v).

This expression gives a relationship between four bilinear maps in ¥ and v. We will
take the trace of each of them. For the term on the left, the trace is 2(n, £). The trace of
(Vu(Ven), v) is the divergence of Ven with respect to the induced metric on dM . For
the middle term on the right, we assume that u is an eigenvector of B with eigenvalue
of A and noting that Bu = Aii, we get

8g(Bu,u) = (Ve Bu,u) + (Bu, Vei) = 2A(Veii, u) = 2(Ve Bu, u),

and therefore, the trace of %Sg(Bu, v) is equal to the trace of (Vgl?it, v). In our
notation? from Section A.1, this gives

1 1
(£,n)dA = ) divyp (Ven)dA + (g,0B), + E(Sg, B),.

2T,B)g = L Tro(T - B)dA,.
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By the divergence theorem, we have

§V = [BM@,n)dA,

where 7 is the outward normal on dM and dA is the area form. We note that the
divergence theorem holds for manifolds with corners. Thus,

1 1
SV = /aM(_E leaM(Vég-n)dA + (g, 53)g + E((Sg’B>g)'

Finally, we consider the divergence term divyps (Ven)d A. We note thatas (n,n) = 1
then differentiating we have (Vgn,n) = 0. Thus, Vgn is a tangent vector on dM and
smooth except on the edges E. Each edge E belongs to exactly two faces F Ei whose
normal nf extends to E. Further, we define the conormal vf to E to be the normal to
E in the face F }}t Then, the divergence theorem, applied to each face, gives

/ divgns (Ven)dA = Z/ (Vent . vE) + (Veng. vp)dL.
oM E E

As (ng, ng) = cos O, differentiating, we get
(V,;njg,ng) + (n“g, Veng) = —sinO0gd0E.

Also, as njg and vg are an orthonormal basis for the 2-plane orthogonal to £ and
(Vgnz,ng) = 0, we have
+ + oyt
Veny — (Veng vg)vg
is tangent to E. Therefore, the inner product with n7 is zero, giving

(Vgnjg,ng) = (Vgng,vg)(vg,ng).

As (vg, ng) = sin(0g) (and similarly, (vE,ng) = sin(fg)), we have
—sin(fg)é0g = ((Vgng, vg) + (Veng, vg))sin(Og).
Canceling, we obtain the equation
(Venkt, vE) + (Veng. vg) = —80k.
The result follows. |

Next, we state Krasnov and Schlenker’s variation formula for W-volume in terms
of the interior data.
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Theorem 8.2 (Krasnov—Schlenker [15]). Let M be a compact hyperbolic 3-manifold
with boundary and 8g a variation of the hyperbolic metric. If W is the induced
variation of the W-volume, then

1
W =3 [ (6881, + (g Bobe.
oM

where (g, B) is the dual pair, By is the traceless part of B and §g and 6B are the
induced variations.

Proof. Let n be the tangent bundle isomorphism such that §g = 2g - 1. Then,
1
8(dAg) =Tr(n)dAg = ETrg(Sg)dAg = (6g.1d)g.

Applying the formula for V' from Theorem 8.1, we have

SW =38V —68B
_ /(g,aB)g + %(Sg, B)y — % / SHdA, + H3(dAy)
— [1.88)c + 5068 8% — 5 [ (6.5B), + H (b 10,
— 5 [ te8B) + g, B - H1a),
= 5 [e.88)5 + (5. Bo)s. .

Krasnov—Schlenker also gave a variational formula for W-volume in terms of data
at infinity. We show that this formula follows directly from Lemma A.5 comparing the
variation of a pair of metrics.

Theorem 8.3 (Krasnov—Schlenker [15]). Given § € §.(0X) and 8§ a variation of g.
If W is the induced variation of the W-volume, then

1

oW =5 [ (2.8B); + (62. Bl
X

where Eo is the traceless part of the shape operator at infinity B.

Proof. Wehave § = P*gand g = P*$, where
~ 1 A
P=Id+B and P = E(Id-i-B).

Further, as ¢ € §,(0X), then det(Id + B) > 0. Then, by Lemma A.5,

~

(g.6P)g + (82, Po)g = —(&.8P)s — (88, Po)s.
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As
[EPN ~ 1 A
Po =By, 8P =8B, Py=:By §P =8B,
then by linearity
1 A o ~ ~
(8.8B)g + (8g. Bo)g = =5 ((8.6B)g + (88 Bo)z)- .

We finally give the variational formula in terms of the Osgood—Stowe differential.

Theorem 8.4. The variational formula for W-volume on §.(3X) at a metric g is given

by
1 N N
sw = | sKaag-2xe [ (0@, n60)z.
axX X
Proof. By [15] (see also Theorem 8.3 above), we have

L[ o5 .
SW = —Z/(g,SB)g + (g, Bo);-

By the projective Gauss equation, we have Tr(é) = —2K(g), which gives
(8,8B); = %Tr(sé)dAg = —8K(8)dA;.
By Theorem 4.17, we have
I, = 208(2. ) = 20(2.8) + 20(. ).
We have 6¢ = 2¢ - n, where the strain 7 is
no = v(88)9: ® dZ +v(32)d: ® dz
and u(6g) = v(6£)0, ® dz. Thus, as I, = ¢ - By, we have by Lemma A 4

(88, Bo)z = (28 -, Bo)z = (& Bo,21);z = (Tlo, 2n0)z = 8Re(Q(, §), n(88))z-

Substituting, the variational formula follows. u

8.1. Conformal variations. If we fix the conformal class of the metric g, then we
are fixing the convex co-compact hyperbolic 3-manifold Mz so we are studying the
W-volume of convex submanifolds of M. We note that the second term in Theorem 8.4
vanishes. This will allow us to make explicit computations which will enable to us to
give a general definition of W-volume for any smooth metric on 9.X.

We now prove Theorem 2.8 but only for metrics ¢ in §.(0X) the subspace of
smooth metrics with shape operator Eé; having eigenvalues in the interval (—1, 1].
Once we have done this, we will be able to define W-volume for general metrics. For a
smooth metric g, we recall that its area form is denoted by d A, its curvature by K(g)
and its curvature form by Q; = K(g)dA;.
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Proposition 8.5. Let § € §.(3X) and u a smooth function on X such that §; = e*'*§
is in §.(0X) fort € [0, 1]. Then,

. . 1
W(e) — W) =~ [ @+ 24
Proof. Let K; = K(g;) be the Gaussian curvature of g; and d A4, be the area forms.
For this proof, we need more than the time zero derivative so we let K . dA;, etc.,

represent time ¢ derivatives. By Gauss—Bonnet,

/ thAt = 2]TX(8M),

/thAt e —/thAt

As dA; = e?™d A, we also have d}lt = 2udA;. As the family g, fixes the conformal
structure, there is only the curvature term in the formula from Theorem 8.4, and we

SO

have

. 1 . 1
Wt = —Z/thA[ = —E/MthAt
The formula for curvature under conformal change (see [3, Theorem 1.159]) gives
K; = e 72" (K(go) — tAu),

where A is the Laplacian of go. Therefore,

. 1 1 1
W, = —E/u(K(g’o) —tAu)dAg, = —E/MK(go)dAgo + EZ/uAudAg,o.

Integrating, we have
. . 1 . 1
W(gl) = W(go) — E u- K(go)dAgo + Z uA(u)dAg,O.
Then, K(81) = e 2*(K (&) — Au), giving
A N 1 . 1 R
W(g1) = W(go) — i K(g)dAz, — 1 uK(g1)dAg, .

Therefore,
o N 1
W(g1) — W(go) = —Z(le + 25, (u). n

We then get Krasnov—Schlenker’s scaling formula for metrics in €, (9X).



Epstein surfaces, W-volume, and the Osgood-Stowe differential 389

Corollary 8.6 (Krasnov—Schlenker [15]). If g € 6.(0X) and s > 0, then
W(e*§) = W(g) — smy(3X).

Proof. When s > 0, the metrics e/ g are in §.(0X) for t € [0, 1], so we can apply
Proposition 8.5 with u = s. The result then follows by observing that

/_S(ng + Qz,) = 2527y (3X))
X

by Gauss—Bonnet. ]

We can now define W-volume for an arbitrary § € €(3X) as follows. By compact-
ness, the absolute value of eigenvalues of l?g are bounded by some constant A > 1.
Then, for and s > % log A we have that the projective shape operator of the metric
€25 ¢ has eigenvalues in the interval (—1, 1) by Proposition 4.10. We then set

W(§) = W(e*§) + smx(3X),

and observe that W(g) does not depend on the choice of s by Corollary 8.6.
We now observe that the results on W-volume on .(3X) extend to §(9X). As
already noted the scaling property is due to Krasnov—Schlenker (see [15]).

Theorem 8.7. The following hold for W on € (3X).
o Ifg c9(0X)ands e R, then

W(e*g) = W(g) —smy(0X) [Krasnov—Schlenker [15]].

e The variational formula for W-volume on §(3X) at a metric § is given by

1 ~ A
SW = Z/a;? SKdA; —2Re/aY<Q(g),u(5g))g-

o Let 89,81 € §(0X) and u a smooth function on dX such that g, = e**gg. Then,

1
W)~ W) =~ [ 1@+ 2

Proof. The first item follows trivially from the definition.

For the variational formula, we let g; be a variation with go = g and W, 6K, 8¢
be the derivatives at 1 = 0. We fix s such that ¢25g; € §.(0X) fort € (—¢, €). Then,
by definition,

W(g:) = W(e* g + sy (3X).
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It follows that

1
SW = _/ SK(e**81)d A2 —2Re/ (0(e**2). 1u(8(€*°8))) 25
4 Jox 0X

We have K (e g,)=e 2 K(&;) giving K (e**§;) =e >*§K. Also, d A 25 5 =€* d A.

Further, Q(e*g) = Q(&), and p(8(e**8)) = p(8¢). Finally, (-,-)g = (-, ")e2s4 as the
pairing only depends on the conformal class of the metric. Thus,

1 n ~
SW = 7 _6KdA; —2Re/_(Q(g),/¢(5g))é;.
X X

For the last item, let §; = ¢2/*g,. By compactness of dX, we can choose a T such that

e?Tg, € 6.(0X) forall t € [0, 1]. Also, the curvature form is invariant under scaling
the metric, giving QezTg,l. = Qé’i' Thus,

. . . . 1
W@ = W(g0) = W20 - W go) =~ [ u@q, +24).  m

‘We can now prove our generalization of Krasnov—Schlenker maximality property.

Theorem 2.9. Let ¢ be a constant curvature metric on X and let h = e*§ be a
smooth metric on X with the same area as g. Then,

N A 1
W(@) = W(h) = Z|[Vuli,

where V is the gradient of g.

Proof. Assume ¢ has constant curvature K < 0. If A is the Laplacian of g, then
K(h) = e72*(K — Au). Then, by Theorem 2.8,

W) — W(h) = %/M(Qg +Q;) = —% / u(Au —2K)dA;.
Then, by the divergence theorem applied to u Vu, we have Green’s identity
0 =/V-(uVu)dAg = /uAudAg +/Vu-Vu dA; = /uAudAg + | Vul3.
Thus, as ¢ < e’ — 1 forall 7 € R and K is non-positive,
W) — Wi - gIVuld = [2udag = 5 [~ as
=§/dAhA—dA§=O

as g, h have the same area. [
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8.2. W-volume for projective structures. We now define a relative version of W-
volume and show that it naturally extends to a pair of conformal metrics on an arbitrary
projective structure. In earlier work (see [16]) Krasnov—Schlenker define this for two
conformal metrics on a projective structure where one is the projective metric.

We will see that much of the theory for W-volume for convex co-compact 3-
manifolds easily extends to this W-volume for pairs. We will also show that we can use
this W-volume for pairs to obtain a surprising bound on the L2-norm of a projective
structure in terms of the length of the associated bending measured lamination.

Let g9, 81 € 9(3X) be in the same conformal class and define

W(&o. &1) = W(g1) — W(go).

Of course, this definition makes sense for any pair of metrics in g(a)? ). However,
when the metrics are in the same conformal class Ng, and Ny, are both submanifolds
of the same convex co-compact hyperbolic 3-manifold. In fact, if Ng, C Nz, , then

1
W(&o.81) = vol(Ng, ~ Ng,) — E(B(g]) — B(%0)).

With this as motivation, we now define a relative W-volume for pairs of conformal
metrics on a projective structure. Let X be a projective structure and let (%) be
smooth conformal metrics on ¥ and §,(X) the subspace of metrics such that the
projective shape operator has eigenvalues in the interval (—1, 1]. For g € §.(%),
by Proposition 6.1, the flow space F (¢, p)([0, 00)) embeds in ext®(X) with compact
complement. We define Nz = ext®(X)\ F(,,5)((0, 00)). Then, for gr,ﬁ € §.(X), we
define :

W(g,h) = vol(N;) — vol(Ng) — E(B(h) — B(%)).

We would like to extend this definition to arbitrary pairs of conformal metrics. Our
strategy will be the same as when we were considering convex hyperbolic 3-manifolds.
In particular, the variational formulas will continue to hold with the only change being
that in the definition of W(gg, g1) the boundary 8B(gy) is positive so in the variational
formulas the term coming from the variation of g¢ will have opposite sign. It follows
that given go, &1 € §.(X) and ¢ > s > 0, we have

W(go, §1) = W(e*' §o,e*° §1) — (t — ) ().

Then, for two arbitrary smooth metrics gg, &1 € (%), we can choose s and ¢ such
that €%/ g, €254, € §,.(X) and define

W(go, &1) = W(e* g0, e*g1) — (1 = ) x().
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As before, the choice of s and ¢ are not unique but the definition of W(go, g1) is
independent of this choice.

The following properties of W-volume for pairs of metrics in §(X) follows easily
from Theorem 8.7.

Theorem 8.8. The following hold for W on §(X).
o Ifgo.g1€9(X)ands,t €R, then

W(go.81) = W(e*' §0.e*°§1) — (t —s)mx(3).
o The variational formula for W-volume at (g9, 21) € §(X) X §(X) is
1 . A
SW = Z/ESK(gl)dAél —8K(8o)dAg,.

o Let 9,81 € 9(X) and let u be a smooth function such that §, = e**&q. Then,

A 1
W(go.81) = ~7 /z u(Q2g, + Qg)).

In particular, if 8o, &1 are non-positively curved with g1 < go, then
W(go,81) < 0.
o If 8o is constant curvature and g1 = e*" go has the same area as g, then
A A 1 2
W (8o, 81) < —Z||Vu||2,
where V is the gradient for gy.
Proposition 8.9. If g¢, g1 € §.(X) with g9 < &1, then
N A 1 N N
W(go, 81) = E(O{B(go) — B(g1)).

Proof. Since o, &1 € §:(X) and g9 < & then by Proposition 6.3 Ng, € Ny, . There-
fore,

1 1
W(go. §1) =vol(Ng,) —vol(Ng,) =2 (B(&1) = B(£0)) = 5 (B(%0) ~ B(81)). =

8.3. W(gn, £x). To prove Theorem 2.10, we will obtain upper and lower bounds on
W(gn, &x). As the projective metric gy is not smooth, we first need to extend W. We
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define %(%) = 5.(X) € ¥°(2), where the closure is with respect to the sup-norm
topology on the space of continuous conformal metrics ¥°(X). In the appendix, we
will show that W extends continuously to €%(X) x §2(X) and that g5, € §2(X). This
will suffice for our purposes.

To get an upper bound, we will rescale the metrics so that they have the same area
and the use the maximality property for metrics of constant curvature. For the lower
bound, we scale the hyperbolic metric so that its Epstein surface is convex and then
we’ll apply Proposition 8.9. For the first estimate, we need a formula for the area of the
projective metric gx. For the second, we will need formulas for the areas of the scaled
metrics (£5,); and (¢x), and their Epstein surfaces. We begin with hyperbolic metric.

Lemma 8.10. Let &;, be the hyperbolic metric on X and (gp,); the dual metrics to
e?' gy,. Then, fort > %log(l + 2| P |l0o), we have

area((g;);) = —2mx(X) cosh?(t) — e || D5 ||3.

Proof. If d Ay, is the area form for (&1): and dA; is the area form for g;, then by
Proposition 4.10, we have

1 ~ o1 N ~
dA, = Z' det(Id + B,)|d A; = Z| det(Id + e~2" By)|e*'d Ay.

The determinant of Id + E, is non-negative when the eigenvalues of Et are > —1
and by Theorem 6.4 this is exactly when e?! > 1 + 2||®x||o0. Therefore, when ¢ >
% log(1 + 2||®x]le0), Wwe can drop the absolute value signs and integrate to get

1 ~ -~
area((gp);) = /dAt = Z/det(ld + e 2! By)e?'d Ay.

By Lemma 3.6, B has eigenvalues 1 &+ 2|¢x(2)|. Thus,

det(Id + e 2 By) = (1 + e 2 (1 + 2||®x|))(1 + e 2 (1 = 2||®x]))
= (1 4¢7%) — 4||Dx|?e™™.

As
area(g,) = —2m (%),

we have
_ Ly -2, Y 2
area((gn)r) = 4(6’ +e ) (27x(2) —e 7 Pxlz
= 27 x(X) cosh?(t) — e || ®x|[3. n

For the projective metric g, we have the following lemma.
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Lemma 8.11. Let X be a projective structure with Thurston parameterization (Yx, Ay).
Then, we have the following equations:

area(gx) = -2y (%) + L(Ax),
area((gz);) = —2m cosh?(¢) x(¥) + L(Ax) sinh(¢) cosh(r),
area((gz)) — area((gx);) = L(Ax)sinh(1) cosh(r) + e 7' || @53,
area((¢x),) —area((gx);) = ¢*' L(Ax).

Proof. In the Thurston parameterization of projective structures X is given by a
pair (Ys, Ax) (see [14] for a complete description of Thurston’s parametrization).
We can assume that the support of Ay is a single curve y with weight 6 so that
L(Ax) = 04y (y). The Epstein surface at time ¢ is the union of a Euclidean cylinder
of circumference £y, (y) cosh(t) and width 6 sinh(z) with the complement a sur-
face of constant negative curvature equal to tanh?(z) — 1. The area of the cylinder is
0Ly (y)sinh(¢) cosh(t) = L(Ax) sinh(?) cosh(?). By the Gauss—Bonnet formula, the
area of the remainder of the surface is —2 cosh?(¢) (X). This gives the formula for
area((gz)/).

A similar computation gives the area(gy). In this metric the annulus has circumfer-
ence Lyy,(y) and width 6 and the complementary surface is hyperbolic. The reasoning
of the previous paragraph implies the formula for area(gx).

Laminations supported on single curve are dense in the space of all measure
laminations and the lengths and areas will vary continuously. This gives the general
case. The formulas for the difference of two areas then follows easily from the prior
lemma. |

We now give an elementary bound for W(gy, gx) in terms of the length of the
bending lamination.

Lemma 8.12. We have :
W(gn.8x) < ZL(AE)-

Proof. By Lemma 8.11, we have
area(¢x) = 27 |x(2)| + L(Ax).

The maximality property of Theorem 8.8 gives that if g is smooth of the same area as
e?' g, then
W(e* gn.8) < 0.
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By Proposition B.4, W-volume is continuous on §°(X) x §°(X). Further by Proposi-
tion B.5 we have g5 € 92(X), giving

2|y (2)| + L(Ax) )
w gn &z | <0.
( 27| (2]
Combining this with the scaling property, we get
A 1 2| x(X)| + L(Ax)
W)~ 5 og( (D) =0,
2 27| x (2]
Aslog(1l + x) < x, we have
n 1 L(Ax) 1
W(gn, <-log|l+4+ —— )| < -L(Ay).
(in ) = 3 loe(1 4 5o Jala(®)] = 4LG) .

Next, we get a lower bound. The key here is that volumes are non-negative.

Lemma 8.13. We have
e 2T|®x||2  L(As)cosh(2T)
2 4

W(gn.8&x) >

3

where 2T =1 4 2||®x | oo

Proof. By Theorem 6.4, the eigenvalues for the shape operator for the Epstein surface
of (&) T are non-negative so (g5)r is the metric at infinity for a locally convex Epstein
surface. For all 1 > 0, (¢x); is the metric at infinity for a locally convex Epstein surface.
Since g, < g&x, therefore 27 g;, < 2T g5 and by Proposition 8.9, we have

W(gn.&s) = W((@&n)T. (&=)T)

1
= 5 (B((gn)r) — B(g=)7))-

\%

Applying Lemma 8.11, we have
B((gn)T) — B((g=2)T)

= %(area((g’h)T) —area((¢x)r)) — (area((gn)7) — area((gxs)r))
= —%L(Ag)e” + L(Ax)sinh(T) cosh(T) + e 2T ||®x 2
= %L(/\E)(Z sinh(T) cosh(T) — €2T) + 727 || @y 2

_ 1
= e 2T og |3 - EL()LE) cosh(27).

Therefore, it follows that

L(Ax)
2

A 1( _
W(gn. 8x) > 5(6 2T||q>z||§ — cosh(2T)). -
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We now prove Theorem 2.10.

Theorem 2.10. Let us assume that X be a projective structure with Thurston parame-
terization (Yx, Ax). Then,

[Pz]2 = (1 + [Pxlloo) vV L(Az).
Proof. Combining Lemmas 8.12 and 8.13, we get

—2T 2
e ||2<I>2||2 B L(Ayx) c:sh(ZT) < }LL(/\E)

giving
1 1
@3 < SL(w)e* (1 + cosh(2T)) = Z L(Az)(* + ).

Applying e?T = 1 4 2||®x |, We obtain
[®sll2 = (1 + [Pzlloo) v L(Az). =

A. Linear algebra

As we will be working with conformal metrics on Riemann surfaces, it will be
natural to describe tensors and forms in terms of the underlying complex structure even
when the objects are R-linear. We now describe the elementary linear algebra needed
to do this.

Let J be the standard (almost) complex structure on R2. If 9, and 0, are the
standard basis of R2, then

1 1
0, = E(ax —idy) and 0; = E(ax +idy)
are a basis of R? ® C. If dx and dy are the dual basis (with respect to R) of R, then
dz =dx+idy and dzZ=dx—idy

are the dual basis (with respect to C) to d, and 0. Note that both dz and dZ are
R-linear on R? ® C but when restricted to R?, dz is C-linear with respect to the
complex structure (R?, J) and dZ is C-anti-linear. It will be useful to write objects in
complex coordinates (even if they are not C-linear with respect to (R2, J)).

The following “dot” notation will be useful. Let T be an R-linear 2-tensor and B
an R-linear map. Then, define the 2-tensor T - B, by

T-B(X.Y)=T(BX.Y).
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If we fix a metric on g on R?, we can use this to change the type of a tensor: if we
are given either 7" or B, the formula

T=g-B

determines the other.

We can then define the trace of T by Trg (T') = Tr(B). As B depends on the metric
so will Trg (7T"). The metric g is conformal (with respect to the complex structure
(R2,J))if J is an isometry. This is equivalent to being a multiple of the usual Euclidean
metric geyc. We note that Trg,  (7') = 0 if and only Try(7') = 0 for all conformal
metrics.

Both 2-tensors on R? and linear maps of R? to itself have unique C-linear exten-
sions to R? ® C. If the R-linear versions of T', B and g satisfy the equation 7 = g - B,
then so will their C-linear extensions. The change of basis from complex coordinates
to real coordinates is given by the matrix

/2 1/2
a2
—i/2 i/2
so if T is written as a matrix in the basis {0y, d } then its matrix representation in the

complex basis {d,, d5} is
AT A.

For example, the usual Euclidean inner product g.,. on R? is given by the identity
matrix in the real basis so its C-linear extension in the complex basis is given by

v [0 12
,A,Id,A_(l/z 0).

In particular, geyc(0z,0;) = Zeuc(9z,93) = 0 while geyc (92, 0z) = geuc(9z,9;) = 1/2.

More generally, if
T — (x +y r+ s) ’
r—s x-—y

1 . .
A’TA=—~<y l.r x+l.s)'
2 \x—is y+ir

then

This gives us the following lemma.

Lemma A.l. Let T be a C-bilinear tensor on R? ® C that is real on R? @ R and g
a conformal metric. If T is symmetric and traceless over R? ® R, then

T = Qdz*> + Qdz>,
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where 1
Q= 3 (T'(0x, 0x) —iT(0x, dy)).
We also get formulas for the trace.

Lemma A.2. Let T be a C-bilinear tensor on R? ® C that is real on R? @ R and g
a conformal metric. Then,

T(827 82) + T(azv aZ)

Tr T - )
<) ¢(02. )
and if T is symmetric,
Tr, (T) = 2Re L\0z:02)
& g(aZ’ 82) '

Given a conformal metric g = A - gqy, the area form is the alternating 2-tensor

(59

in the basis {0y, dy} for R2. In complex coordinates we then have the following.

given by the matrix

Lemma A.3. Let g be a conformal metric. Then, the area form for g is
dAg =2g(0;,0z)dx ANdy =ig(0;,0z)dz ndzZ.

A.1. Pairing. We define a pairing between 7 and B by
1
(T.B)g = ETrg(T -B)dAg,

where g is any conformal metric with respect to J. It is clear that the definition is
independent of the conformal metric g chosen and the pairing is R-linear in both 7
and B. We will drop the subscript when the conformal class is obvious. Choosing
g = Zeuc, by Lemma A.2, we get

(T, B) = (T(0;, Bds) + T(d3, Bd;))dx A dy.
Our normalization is chosen such that
(dzz, 0, ®dz) =dx Ndy.

This pairing is the usual pairing between quadratic differentials and Beltrami differ-
entials from Teichmiiller theory. The following is an immediate consequence of the
definition.
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Lemma A.4. Let g be a conformal metric and A, B linear maps. Then,
1
(§-A,B)=(g-B,A) = 5Tr(AB)arAg.
Furthermore, if T is symmetric and traceless, then
(T, B) = (T, Bo).
Proof. As(g-A)-B =g -(AB)and Trg(g - M) = Tr(M), we have
1 1 1
(g-A,B) = 3 Tre((g-A)- B)dAg = 3 Trg(g-(AB))dA, = 3 Tr(AB)dA,.

The first result follows by symmetry and the second by orthogonality. u

A.2. Variations. If X; is a one-parameter family of tensors, then its time zero deriva-
tive 8X is a tensor of the same type. Then, §X is a variation of X . Often a variation of
X will induce a variation of another tensor and we will use the §-notation to refer to
the variation of this other tensor. For example, if P is a linear isomorphism and Pis
its inverse the variation P of P will induce a variation § P of P and by the product

rule, we have
PP + PSP =0.

We now show that the pairing for two metrics satisfy a variational property.

Lemma A.5. Let g, § be metrics on R? related by g = P*g, where P is symmetric
with respect to g. Equivalently, g = p* g, where P is symmetric with respect to g and
PP =1d. Then, under a smooth variation of (g, P),

(.8P); + (88. Po)g = —sgn(det(P))((g,8P)g + (8. Po)g).
where Py, 130 are the traceless part of P, P, respectively.

Proof. We differentiate P P = 1d. This gives
§P = —P715PP7L.
By the Cayley—Hamilton theorem for linear maps on R2,
P? —Tr(P)P + det(P)Id = 0.
Multiplying by P!, we get

P =2Py +det(P)P~!, det(P)(P 1)y =—Py, Id=2PyP ! +det(P)P 2.
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As P = P!, then

~ T det(P)

Py =

As § = P*g and P is symmetric with respect to g, then § = g - P2. We define linear
maps 1,7 by g = g - 1,88 = & - 7). Then, differentiating § = g - P? gives

8¢ =8g- P>+ g-(SPP + PSP) =g - (nP? 4+ 8PP + PSP).
Asbg = g-1n=g-(P?7), we get
=P 2yP?>+ P25PP + P 1§P.
By definition of the pairing (, )z,
(8,8P); + (88, Po)s = %Tré(gﬁﬁ +88- Po)dA; = %Tr((?ls + 71Po)d Ag.
By definition of the area form, we have
dAg = |det(P)|dAg = sgn(det(P))det(P)dA,.
Applying Tr(XY) = Tr(YX) and the Cayley—Hamilton theorem, we get

Tr(8P + 7jPp)d Az = —sgn(det(P)) Tr(SP(2Po P~" + det(P) P™2) + nPy)dAg
= —sgn(det(P)) Tr(SP + nPy)dAg.

The result then follows. n

A.3. Metric variations and the strain tensor. If g is a metric in the conformal class
of the usual complex structure on R? and §g is a variation of g, then we define the
linear map 1: R? — R? as

g =2g-n.

A simple calculation shows that the variation of the area form d A satisfies
8(dAg) = Tr(n)dAg.

The traceless part 1o of 7 is the strain of the variation and it measures the change of
conformal structure. If we complexify, by Lemma A.1, we see that

N =vd, ®dz+vd; ®dz

for some v € C. We then define the Beltrami differential for the metric variation by
w(ég) =vi, Rdz.
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A.4. Linear algebra on the complexified tangent bundle. We can extend this dis-
cussion to the tangent bundle 77X of a Riemann surface X . Namely, the one complex
dimensional subspaces spanned by d, and d; are invariant under automorphisms of
the almost complex structure (R2,J).In particular, the bundle 7X ® C has a decom-
position into complex line bundles 71-°X and T%! X, where the former is spanned
by 0, and the latter by d;. We will only use when X is a domain in C, where using
complex coordinates will greatly simplify some computations.

For example, if f: X — R is a smooth function, then we can take the usual
differential df which is R-valued 1-form (a section of the co-tangent bundle) and
extend it to a section of the dual bundle (over C) of TX ® C by declaring it to be
C-linear. With this extension, we have that

df = fzdz + fzdZz

is a section of the dual bundle of 7X ® C that when restricted to 7X =~ 7TX ® R this
section is R-valued and is the usual differential of f.

Let g4(, ) = 2%(,) be a conformal metric on X, where (, ) is the usual Euclidean
inner product on R2. Let V¥ be the Levi-Civita connection for gs. These both extend
to TX ® C by declaring them to be C-linear. Then, in real coordinates, the gradient is

VOf = e (fedx + fdy).
Using the matrix #4~! to change to complex coordinates, this becomes
VP [ =2e72(f0: + f20:),
which naturally is a section of 7X ® C. We have the following elementary calculations.

Proposition A.6. Let g4 = e?? goue with Levi-Civita connection V. Then, the follow-
ing statements hold.

o VY = VxY 4 X(@)Y + Y($)X — geuc(X, Y) V.

© V50, =2¢.0, V) 0z = 2$:0: V] 9z = VJ 9. = 0.

e Hess f(9z,0;) = fzz —2¢: /.

Proof. We take the equation relating V¢ and V as the definition of V¢. One then
checks that (1) it is a connection, (2) it is torsion free and (3) it is compatible with the
metric g4. Therefore, it must be the Levi-Civita connection. Once we have verified
this over R then the formula extends over C.

The formulas for the covariant derivatives of d, and d5 then follow where we are

llSng that geuc(aZ’ 8Z) = gcuc(827 82) = 0 and geuc(aZa 82) = geuc(ai» az) = 1/2
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To calculate the Hessian, we use the formula
Hess f(X,Y) = g4(VEV? £, Y).

To evaluate this when X = Y = 0d,, we only need to know the 0 term of Vg’z vef
and by the previous formulas, this is

27 (=2¢; fo + f2)0z.

and therefore,

Hess f(3;,0;) = 2e 2% (=2¢, fz + f22)84(37,02) = foz — 2¢2 f. n

B. W-volume for non-smooth metrics

B.1. Hyperbolic manifolds. As we noted above, a convex submanifold N of a convex
co-compact hyperbolic 3-manifold M determines a conformal metric & on dM . We
would like to define the W-volume for ¢ (and N) even when g is not smooth. While
the volume term (the volume of ) is still well defined, the integral of mean curvature
is not.

For these non-smooth convex manifolds, it will be convenient to fix the ambient
convex co-compact hyperbolic 3-manifold M. In Lemma 7.3, we saw that convex
submanifolds of M determine conformal metrics on d. M. We let ;eg’(a)? ;M) be
the space of such metrics. This will contain the space of smooth metrics denoted
6.(0X; M). As all metrics are conformally equivalent, given ¢ and h in g0 0X: M),
we have /i = ¢2¥ g for some continuous function u. We then define the sup-norm by
||§—ﬁ||oo = ||u]|oo. We also have h > gifu > Oandh < g ifu <O.

When 9N is not smooth, the integral of mean curvature is not defined but the area
of AN is. The following proposition will then be useful for defining W-volume for
non-smooth metrics.

Proposition B.1 ([4, Lemma 3.1]). Let & be a smooth conformal metric on a projective
structure . and assume that the eigenvalues of the shape operator B for Epstein
surface are non-negative. If g is the Epstein metric, then

1
/ HdA = 3 area(g) — area(g) — nx(X),
b

where H = % tr B is the mean curvature.
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With this proposition as a motivation, we can define
A 1 R 1 T _
W(g) = vol(Ng) — Z area(g) + > area(g) + EX(BX)

for g € §° (0X). When g € §.(0X), this agrees with our original definition. For this
definition to be useful, we need it to be continuous. We prove this next.

Proposition B.2. Let M be a convex co-compact hyperbolic structure on X. Then,
the W-volume is continuous on §°(3X ; M) with the sup-norm topology.

Proof. Let & be a metric in §) (0X; M) and N = N the corresponding convex
submanifold of M. Then, for t > 0, we have g; € gg’(a)?) as N; = Ng, is the ¢-
neighborhood of N. We also have that area(g;), area(g;) (where g; is the induced
metric on dN;) and vol(NN,) are continuous in ¢. Therefore, for £ > 0 we can choose
aé > Osuchthat§ < ¢, |area(g) — area(g,s)| < ¢, | area(g) — area(g,s)| < ¢ and
| vol(N) — vol(Nas)| < e.

Now, assume that /; € 6.(0X) with g < h < &25. Then, area(g) < area(ﬁ) <
area(g,s). We also have that N C N; C Nas which implies that vol(N) < V(N;) <
vol(Ns) and, as the nearest point projections of IN; to N and Ny, to IN; are area
decreasing, area(g) < area(h) < area(g,s). It then follows that

A e 3e
B(g)—BMh)| < = = —,
B@) - B <3 +e=7
and therefore,
o A 3e Te
IW(g)—W(h)| <e+ T = T

Next, we assume that /i € &, (0X) with ||g — ﬁ||Oo < 4. Let ﬁg = ¢2%}, and we
have ¢ < hg < g,5. Then, by the above,

. N Te
W)~ Wihs)| < 7
Since W(ﬁ(g) = W(ﬁ) + 87 |x(3X)| and § < e, this implies that
. A Te — 7 _
W@ = W] = 7 +exlx0)] = (§ + 71205 )

Continuity follows. ]

To extend our results for smooth metrics to continuous metrics, we further need to
know that smooth metrics are dense in §2(X; M).

Proposition B.3. §.(0X; M) is dense in §°(3X; M).
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Proof. Fix g € §%(0X; M) and let p: M — [0, 00) be the distance from Ng C M. This
function is convex along geodesics and is nowhere-constant on geodesics in M ~ Ng.
Therefore, p? is strictly convex on M ~ N, ¢ and by [12, Theorem 2], we have that 0?
can be approximated by smooth, strictly convex functions. In particular, for all £ > 0,
we can find a smooth convex function f: M ~ N — R such that || f — p? e < £2/4.
Note that N,2¢; is the e-neighborhood of Ng, and we have that f > 3¢%/4 on ON,2¢ 8
and f < &?/4 on dN;. Therefore, S = f~'(¢%/2) will be a smooth convex surface
in Ng2:5 ~ Ny and it will separate dNg from dN,2¢z. This implies that S bounds a
smooth, convex submanifold N’ in M. Finally, we note that if h is the metric for N’
then & < h < e2® g. To see this (after lifting to the universal cover) any horoball ) that
is tangent to N’ will be disjoint from N and intersect with N,2. ;. Therefore, §) will be
nested between the horoballs, based at the same point as Iy, tangent to N ¢ and tangent
to N,20;. This gives the estimate and that [|§ — h|loo < &. As & > 0 was arbitrary and

h is smooth, the proposition follows. ]

B.2. Projective structures. As above, we will now extend W on §,(X) x §.(X) to
general locally convex metrics. By Proposition B.1, we have for g, h € §.(X),

A 1 1 1 ~ 1
W(g,h) = vol(N;) — vol(Ng) + 1 area(g) — 3 area(g) — 1 area(h) + 3 area(h).

We define §2(X) to be the closure of g, (%) in the sup-norm topology on §°(X). Then,
repeating the proof of Proposition B.2, we have the following.

Proposition B.4. Ler 3 be a projective structure on a closed surface S. Then, W
extends continuously to gco(E) X ;900 (X) in the sup-norm topology.

Finally, we show that g5, € §2(X).
Proposition B.5. If T is a projective structure, then s € §°(X).

Proof. The proof follows that of Proposition B.3 using Greene—Wu, except now we do
our analysis on ext(X). Let p: ext(X) — [0, 0o) be the distance to X x {0} C ext(X).
This function is convex along geodesics and is nowhere-constant on geodesics in X x
(0, 00). Therefore, ,o2 is strictly convex on ¥ x (0, co) and by [12, Theorem 2] we have
that p? can be approximated by smooth, strictly convex functions. We choose a smooth
convex function X x (0, 00) — R such that || f — p?||ec < £2/4. As in Proposition B.3,
the surface S = f~1(s2/2) will be a smooth convex surface approximating ¥ x {0}
in the & neighborhood of ¥ x {0}. Specifically, the metric g on S will have dual metric
g with [|g — gzl <e. L
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