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On the transportation cost norm on finite metric graphs

Georges Skandalis and Alain Valette

Abstract. For a finite metric graph X D .V; E; `/, where V is endowed with the shortest
path metric, we consider the transportation cost problem associated with the distance d on V .
Namely, for f a function with total sum 0 on V , write f D

P
a;b2V P.a; b/.ıa � ıb/, where

the transportation plan P satisfies P.a; b/ � 0 for .a; b/ 2 V � V . The cost of P is W.P / WDP
a;b2V P.a; b/d.a; b/ and the transportation norm of f is kf kT C DminP W.P /, where P

runs over all transportation plans for f .
In this semi-survey paper, we give short proofs for the following statements:

� There always exists an optimal transportation plan supported in VC � V�, where VC D
¹x 2 V W f .x/ > 0º and V� D ¹x 2 V W f .x/ < 0º. IfX is a metric tree, we may moreover
assume that this plan involves at most jSupp.f /j � 1 transports.

� There always exists an optimal transportation plan supported in the set of edges of X .
� Better, there always exists an optimal transportation plan supported in some spanning tree

of X .

We use this to reprove known formulae for the transportation norm when X is either a tree or a
cycle.
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1. Introduction

Let .X;d/ be a finite metric space. The transportation cost space ofX (also known
as Arens–Eells space, Kantorovich–Rubinstein space, or Lipschitz free space1) is the
space F .X/ of real-valued functions f on X with total mass 0, endowed with a norm
defined as follows. For such an f , set

…f D

²
P WX �X ! R�0 W f D

X
a;b2X

P.a; b/.ıa � ıb/

³
;

1See [4, Definition 1.1] or [12, Chapter 3]; for historical background, see the remarks in [11, Section 10.1]
and [8, Section 1.6].
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where ıx denotes the Dirac mass at x. Equivalently, P 2 …f if and only if

f .x/ D
X
a2X

�
P.x; a/ � P.a; x/

�
for all x 2 X . It is clear that …f is non-empty, and does not depend on d . Put also

XC D ¹a 2 V If .a/ > 0º and X� D ¹a 2 V If .a/ < 0º

and let also
z…f D ¹P 2 …f ISupp.P / � XC �X�º:

It is clear that z…f is also non-empty. The elements of …f are transportation plans
for f and those of z…f are simultaneous transportation plans.

We take d into account by defining the cost of P 2 …f as

WX .P / D
X
a;b2X

P.a; b/d.a; b/:

Now define the transportation cost norm of f as

kf kTC.X/ D min¹W.P / W P 2 …f º;

and the simultaneous transportation cost norm of f as

kf kSTC.X/ D min¹W.P / W P 2 z…f º:

Let P0 2 …f . The set ¹P 2 …f IW.P / � W.P0/º is compact, and therefore the
infimum is a minimum. When the metric space X is clear from context we drop the
subscript, both in W.P / and in kf kTC .

We recall the optimal transportation interpretation of kf kTC : suppose that a
mass f .x/ is available at points x 2 X , where f .x/ > 0, and a mass �f .y/ is in
demand at points y 2 X with f .y/ < 0. An element P 2 …f can be viewed as a
transportation plan, i.e. a way of transporting the mass from points where it is in excess
to the points where it is in demand,W.P / represents the physical work associated with
this transportation plan, and kf kTC represents the most economical transportation
associated with f .

The following result is due to Bergman [1, Proposition 24] with a short proof
in [12, Proposition 3.16]. We will give a new proof in Section 2.

Theorem 1.1. Given any finite metric space .X; d/ and any f 2 TC.X/, we have
kf kTC D kf kSTC .
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Next we deal with X D .V; E; `/ a finite, connected, metric graph. This means
that .V;E/ is a simple connected graph with no loop, `WE ! R>0 is a function giving
a positive length to every edge, and V becomes a finite metric space with the shortest
path metric. We define two more transportation cost norms on F .V / associated with
the graph structure.

(1) Let� denote the adjacency relation onV , so that x� y if and only if ¹x;yº 2E.
Let …f;E denote the set of transportation plans supported in the graph of � in V � V .
This corresponds to transports supported on the edges of X . We denote by kf kTCE
the corresponding norm.

(2) Recall that a spanning tree in X is a subtree of X passing through all vertices.
We denote by …f;T the set of transportation plans P 2 …f for which there exists a
spanning tree T such that P is supported on the edges of T . We denote by kf kTCT
the corresponding norm.

Assume that X is endowed with an orientation, i.e. every edge e 2 E has an
origin e� end an extremity eC. This allows us to define the boundary operator

@WRE ! RV W ıe 7! ıeC � ıe� I

equivalently,

.@�/.v/ D
X

eWeCDv

�.e/ �
X

eWe�Dv

�.e/ (v 2 V , � 2 RE ).

It is classical that the image of @ is exactly the space F .V /, so that the rank of @
is jV j � 1; and that the kernel of @ is the space Z.X/ of cycles of X , so that

dim.Z.X// D jEj � jV j C 1

(see [2, Proposition 4.3 and Theorem 4.5]). Denote by `1.E; `/ the space RE endowed
with the norm

k�k1 WD
X
e2E

`.e/j�.e/j:

Then, we have the following result.

Theorem 1.2. The following statements hold.
(1) For f 2 F .V /, we have

kf kTC D kf kTCE D kf kTCT :

(2) The operator @WRE ! RV induces an isometric isomorphism from the quotient
space `1.E; `/=Z.X/ onto TC.V /.
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The first equality in the first part is proved in [10, after Remark 1.3]; the second
equality appears as [7, Theorem 10]. The latter corresponds to the intuitive idea that,
if a transportation plan involves loops in the graph, it is possible to avoid the loops
without increasing the cost.

For the second part, see [11, Proposition 10.10] for usual graphs, and [9, The-
orem 3.1] or [10, Proposition 1.5] for the general case; note that the proofs in [11]
and [9] are indirect, establishing that the transpose operator

@t W .F .V //� !
�
`1.E; `/=Z.X/

��
is an isometric isomorphism. A short direct proof of Theorem 1.2 will be given in
Section 3.

Section 4 will be devoted to three corollaries of Theorem 1.2.

(1) Due to the presence of a minimum either in the original definition of kf kTCE ,
or as a quotient norm in Theorem 1.2, for a general metric graph we do not expect
a closed formula for kf kTCE . A notable exception to this philosophy is the case of
metric trees: then an explicit formula for kf kTC is available. We refer to [5] for the
interesting history and two proofs of the formula; see also [6, Section 2.1].

Corollary 1.3. Let X D .V;E; `/ be a finite metric tree. Fix an arbitrary orientation
of the edges. For e 2 E, we define Se as the vertex set of the half-tree containing eC,
i.e. Se D ¹x 2 V I d.x; eC/ � d.x; e�/º. For f 2 F .V /, we have

(1.1) kf kTCE D
X
e2E

jf .Se/j`.e/;

where f .Se/ D
P
x2Se

f .x/.

Our new, simple proof of (1.1) follows by combining Theorem 1.2 with injectivity
of @ for trees; see Proposition 4.1 below.

(2) In Corollary 4.2, we provide a new proof of a formula for the transportation
cost norm on the N -cycle CN , originally appearing as in [3, formula (4.2)].

(3) Recall that a bridge in a graph is an edge whose deletion produces a graph with
more connected components.2 Deleting all bridges in a graph results in a bridgeless
graph. We show in Corollary 4.4 that, for a general finite metric graph X , solving the
TC problem is equivalent to solving it on the bridgeless part Xb of X .

Finally, Section 5 discusses some algorithmic issues in the case of metric trees. For
example, we provide an algorithmic way to find P 2 z…f such that

W.P / D kf kSTC and jSupp.P /j � jSupp.f /j � 1:

2Equivalently, an edge is a bridge if it is not contained in any cycle in the graph.
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2. A new proof of Theorem 1.1

The proof will follow from the following lemma.

Lemma 2.1. If all triangle inequalities in X are strict, i.e. if for all x, y, z in X
with x ¤ y ¤ z, we have d.x; z/ < d.x; y/C d.y; z/ and W.P / D kf kTC , then
Supp.P / � XC �X�.

Proof. If there exists .x; y/ 2 Supp.P / with y 62 X�, then

0 � f .y/ D
X
a2X

�
P.y; a/ � P.a; y/

�
;

and since P.x; y/ > 0, there exists z 2 X with P.y; z/ > 0. Let

m D min
�
P.x; y/; P.y; z/

�
and define Q by setting

Q.x; z/ D mC P.x; z/; Q.x; y/ D P.x; y/ �m;

Q.y; z/ D P.y; z/ �m; Q.u; v/ D P.u; v/

for all other points. It is readily checked that Q 2 …f and

W.P / �W.Q/ D m
�
d.x; y/C d.y; z/ � d.x; z/

�
;

contradicting W.P / D kf kTC .
We use similar reasoning if there exist .x; y/ 2 Supp.P / with x … XC.

Proof of Theorem 1.1. For n � 1, define a distance dn on X by

dn.x; x/ D 0 and dn.x; y/ D
1

n
C d.x; y/

for x ¤ y. Write kf kTCn
for the transportation cost norm associated with dn. Let

Pn 2 …f minimize the cost for dn. By Lemma 2.1, Pn is supported in XC �X�. By
compactness, we may assume that .Pn/n>0 converges pointwise to P , also supported
in XC �X�. As .dn/n>0 converges pointwise to d , we also have

W.P / D lim
n!1

Wn.Pn/ D lim
n!1

kf kTCn
:

It remains to show that W.P / D kf kTC . To see this, let Q 2 …f be such that
W.Q/ D kf kTC . Then

kf kTCn
� Wn.Q/ � W.Q/C

1

n
kQk1 D kf kTC C

1

n
kQk1;

hence passing to the limitW.P /�kf kTC . The other inequality holds by definition.
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3. Towards Theorem 1.2

3.1. The basic construction. For every 2-element subset ¹a; bº � V , we select (arbi-
trarily if non-unique) a shortest length edge path Œa; b� joining a and b. Let "ab 2 RE

be the characteristic function of Œa; b�, defined as

"ab.e/ D

8̂̂<̂
:̂
0 if e … Œa; b�;
1 if e 2 Œa; b� and e points from a to b;
�1 if e 2 Œa; b� and e points from b to a:

To every P WV � V ! R�0, we associate �P 2 RE defined by

�P D
X
a;b2V

P.a; b/"ab:

Motivation for introducing �P comes from the following simple but crucial observation.

Basic observation. For a fixed f 2 F .V / and P � 0, we have P 2 …f if and only
if @�P D �f . Indeed,

@�P D
X
a;b2V

P.a; b/.ıb � ıa/;

so this follows from the definition of …f .

Lemma 3.1. For every P WV � V ! R�0, we have

k�P k1 � W.P /;

where k � k1 denotes the norm in `1.E; `/.

Proof. Observe that
d.a; b/ D

X
e2E

`.e/j"ab.e/j

for every a; b 2 V , hence

W.P / D
X
a;b2V

X
e2E

P.a; b/`.e/j"ab.e/j D
X
e2E

`.e/
X
a;b2V

P.a; b/j"ab.e/j

�

X
e2E

`.e/

ˇ̌̌̌ X
a;b2V

P.a; b/"ab.e/

ˇ̌̌̌
D

X
e2E

`.e/j�P .e/j D k�P k1:

Lemma 3.2. For any f 2 TC.V / and � 2 @�1.�f /, there exists P 2…f;E such that
�P D � and W.P / D k�k1.
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Proof. We define � as follows:
� if �.e/ � 0, set P.e�; eC/ D �.e/ and P.eC; e�/ D 0;
� if f �.e/ < 0, set P.eC; e�/ D ��.e/ and P.e�; eC/ D 0.

Observe that P.e�; eC/�P.eC; e�/D �.e/ for every e 2 E. Then, as P is supported
on edges, we have

�P D
X
a;b2V

P.a; b/"ab D
X
e2E

�
P.e�; eC/ � P.eC; e�/

�
ıe D

X
e2E

�.e/ıe D �:

Then @�P D �f , so P 2 …f;E thanks to the basic observation. Finally,

W.P / D
X
a;b2V

P.a; b/d.a; b/ D
X
e2E

j�.e/j`.e/ D k�k1:

3.2. Proof of Theorem 1.2, except for the equality kf kTC D kf kTCT . As @
realizes a linear isomorphism `1.E; `/=Z.X/! F .V /, we may endow F .V / with
the quotient norm k � k`1.E;`/=Z.X/. For f 2 F .V /, we compute

kf k`1.E;`/=Z.X/ D inf
�W@�D�f

k�k1

� inf
P2…f

k�P k1 � inf
P2…f

W.P /

D kf kTC � kf kTCE ;

where the first inequality follows from @�P D�f for P 2…f , and the second inequal-
ity follows from Lemma 3.1.

Now, take � such that @� D �f and kf k`1.E;`/=Z.X/ D k�k1. By Lemma 3.2,
we find P 2 …f;E such that � D �P = k�k1 D W.P /. This shows that

kf kTCE � kf k`1.E;`/=Z.X/:

At this point, we have proved

kf k`1.E;`/=Z.X/ D kf kTC D kf kTCE ;

so that Theorem 1.2 is proved except for kf kTC D kf kTCT .

3.3. Spanning trees and the proof of kf kTC D kf kTCT . The next lemma appears
as [7, Theorem 3 (ii)], with a very similar proof.

Lemma 3.3. For every f 2 F .V /, there exists � 2 @�1.f / realizing the minimum
of ¹k k1 W @ D f º and such that, for every cycle C in X , the function � vanishes
on at least one edge of C ; equivalently, � is supported in some spanning tree T of X .
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Proof. Take any �0 realizing the minimum of the `1-norm on @�1.�f /. Let C be any
cycle inX ; recall the definition of the characteristic function �C (taken from [2, p. 23]):
Choose one cyclic orientation for C and define, for e 2 E:

�C .e/ D

8̂̂<̂
:̂
0 if e … C ;
1 if e 2 C and e is coherent with the orientation of C ;
�1 if e 2 C and e is not coherent with the orientation of C :

Define then �t D �0 C t�C for t 2 R. Observe that �t 2 @�1.�f / as @�C D 0. The
function

t 7! k�tk1 D
X
e2E

`.e/j.�0 C t�C /.e/j

is convex and piecewise affine; it is affine at every t such that �t does not vanish on C .
So the minimum of k�tk1 is attained for a t0 such that �t0 vanishes at some edge in C .
Note that k�t0k1 D k�0k1 by minimality of k�0k1.

Choosing now � 2 @�1.�f / realizing the minimum of the `1-norm and with
minimal support, the above argument shows that the support of � cannot contain any
cycle, i.e. it is a forest, which is of course contained in some spanning tree.

End of proof of Theorem 1.2. For T a spanning tree in X , we denote by dT (resp. @T )
the distance (resp. boundary operator) of T . Fix f 2 F .V /. For a; b 2 V , we have

d.a; b/ � dT .a; b/;

hence WX .P / � WT .P / for every P 2 …f , and

kf kTC.X/ � kf kTC.T /:

To show that the equality is realized by some spanning tree, by the part already
proved of Theorem 1.2, we find � 2 `1.E; `/ such that

@� D �f and kf kTC.X/ D k�k1:

By Lemma 3.3, we may assume that � is supported on some spanning tree T in X , so
that the `1-norms of � on E and E.T / are equal. Since @T � D �f , we have

kf kTC.X/ D k�k1 D kf kTC.T /:

Remark 3.4. Let us come to the general case, where .X; d/ is a finite metric space.
Let f 2 F .V /. By Theorem 1.1, we already know that kf kTC does not change if we
replace .X;d/ by .Supp.f /; d/. Consider the complete graph with vertex set Supp.f /,
whose path length is given by d . Theorem 1.2 then implies that there is a spanning tree
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realizing the optimal transportation, in particular at most jSupp.f /j � 1 transports are
needed.

Note that the number jSupp.f /j � 1 is generically optimal since, writing f D@.P /,
we see that the dimension over Q of the space of linear combinations with coefficients
in Q of ¹f .u/I u 2 V º, is at most jSupp.P /j.

Remark 3.5. In the proof of Lemma 3.3, we see that the derivative of t 7! k�tk1
at any regular point is

P
e˙�C .e/`.e/. In a generic case (in particular, whenever all

the `.e/’s are linearly independent over the rational numbers), this derivative cannot
be 0 and it follows that t 7! k�tk1 has a unique minimum at t D 0, so that �0 is
automatically carried by a spanning tree. We can then give another proof of the equality
kf kTC D kf kTCT in the spirit of our proof of Theorem 1.1: approximate ` by a
sequence `n such that, for all n, the family .`n.e//e2E is linearly independent over Q.

4. Corollaries of Theorem 1.2

4.1. The case of trees. We improve formula (1.1) by finding an explicit function �f
with @.�f / D �f , and an explicit P 2 …f with W.P / D kf kTC .

Proposition 4.1. Let X D .V;E; `/ be a finite metric tree, and f 2 F .V /.
(1) Set �f .e/WD�f .Se/D�

P
x2Se

f .x/; then �f is the unique solution of @�D�f .
(2) We have

kf kTCE D k�f k1 D
X
e2E

jf .Se/j`.e/

(which is exactly formula (1.1)).
(3) Define P WV � V ! RC by P.a; b/ D jf .Se/j if either

e� D a; eC D b and f .Se/ < 0I

or
e� D b; eC D a and f .Se/ > 0I

and P.a; b/ D 0 in all other cases. Then P 2 …f and W.P / D kf kTC .

Proof. (1) It is readily checked that @.�f / D �f , and moreover @ is injective as X is
a tree.

(2) The formula immediately follows from Theorem 1.2.

(3) If we apply the proof of Lemma 3.2 to �f , we find that �f D �P , so thatP 2…f
and W.P / D k�f k1.
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4.2. The case of cycles. Here we provide a new proof of a formula for the transporta-
tion cost norm on the N -cycle CN , originally appearing as [3, formula (4.2)] (see
also [6, Section 2.2] for another proof).

Corollary 4.2. Let CN be the N -cycle with vertex set ¹vi I i 2 Z=NZº and edge set
E D ¹ei I i 2 Z=NZº, with the edge ei joining vi and vi�1. Let `WE ! R�C be a
function. For f 2 F .V / and k 2 ¹0; : : : ; N � 1º, set ˛k D

Pk
iD0 f .i/. Then

kf kTC D min
0�k�N�1

N�1X
iD0

j˛i � ˛kj`.ei /:

This minimum is ˛k such that

X
i2¹0;:::;N�1º;

˛i<˛k

`.ei / �
1

2

N�1X
iD0

`.ei / �
X

i2¹0;:::;N�1º;
˛i�˛k

`.ei /:

In particular, if `.e/ D 1 for every edge, we find

kf kTC D

N�1X
iD0

j˛i �Mej;

where Me denotes the median of the ˛k’s.

Proof. Choose the orientation of E by setting .ei /C D vi , and .ei /� D vi�1 and
put �.ei / D ˛i , so that @� D �f . The cycle space of CN is 1-dimensional and gener-
ated by the constant function 1 on E. By Theorem 1.2, we know that kf kTC is the
minimum of

q.t/ D k� � tk1 D
X
i

j˛i � t j`.ei /:

For t 62 ¹˛kI k 2 Z=NZº, we have

q0.t/ D
X
i W˛i<t

`.ei / �
X
i W˛i>t

`.ei /:

By convexity, the minimum of q.t/ is attained at t D ˛k , where k is characterized
by q0.t/ � 0 for t < ˛k , and q0.t/ � 0 for t � ˛k . The conclusion follows.

Remark 4.3. Assume X has just one cycle. Write

V D V 0 t ¹vi ; i 2 Z=NZº and E D E 0 t ¹ei ; i 2 Z=NZº:

Note that ¹ei ; i 2 Z=NZº is the bridgeless part of the graph.
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Let f 2 F .V /. Choose an orientation of E such that

.ei /C D vi and .ei /� D vi�1:

Take � 2 `1.E; `/ be such that @� D �f (e.g. by removing e0). All the solutions are
then � � t , where  .ei / D 1 and  .e/ D 0 if e 2 E 0. The minimum is obtained
with t D �.ek/, where �.ek/ is such that

X
i2¹0;:::;N�1º;
�.ei /<�.ek/

`.ei / �
1

2

N�1X
iD0

`.ei / �
X

i2¹0;:::;N�1º;
�.ei /��.ek/

`.ei /:

4.3. An application to arbitrary graphs. Fix an orientation of E; recall that, for
e 2 E, we defined Se D ¹x 2 V W d.x; eC/ < d.x; e�/º.

Corollary 4.4. Solving the TC problem onX is equivalent to solving it on the bridgeless
part Xb .

Proof. Fix f 2 F .V / and � 2 `1.E/ such that @� D �f . Let B denote the set of
bridges of X .

Claim. For e0 2 B , we have �.e0/ D f .Se0/.

Proof of the claim. Indeed, since e0 disconnects X , we may write

E D ¹e0º [EC [E�;

where EC is the set of edges whose endpoints are both in Se0 and E� is the set of
edges whose endpoints are both in V n Se0 .

Put D 1EC[¹e0º�. We see that @ coincides with @� D�f on Se0 and vanishes
outside Se0 [ e0�. We find

0 D
X
v2V

@ .v/ D
X
v2S

e0

@�.v/C @ .e0�/:

But @ .e0�/ D  .e0/ D �.e0/, which proves the claim.

As a consequence of the claim, if @� D �f , then

k�k1 D
X
e2B

jf .Se/j`.e/C
X
e…B

j�.e/j`.e/;

so by Theorem 1.2, we have to minimize the quantity
P
e…B j�.e/j`.e/.
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We now show that this amounts to solving a TC problem on the bridgeless part Xb .
For this, define �0 2 `1.E; `/ by

�0 D

´
f .Se/ if e 2 B;
0 if e … B;

and set f0 WD f � @�0. It is clear that the equation @� D �f0 is equivalent to
@.� � �0/ D �f . But if @� D �f0, then by the claim, for e 2 B , we have

�.e/ D f0.Se/ D f .Se/ � f .Se/ D 0;

i.e. � is supported inXb , and minimizing k�k1 is equivalent to minimizing k� � �0k1,
concluding the proof.

5. Algorithmic aspects in the case of trees

In all of this section, X D .V; E; `/ denotes a metric tree with jEj � 1, and a
function f 2 F .V / will be fixed.

5.1. Computing kf kTCE with a few additions. Given f 2 F .V /, computing �f ,
and then kf kTCE D k�f k1, involves many additions (of the order of jEj jV j=2). This
can be improved.

Proposition 5.1. Let X D .V; E; `/ be a metric tree with jEj � 1, and f 2 F .V /.
One may compute kf kTCE D k�f k1 with at most 2jEj � 1 additions.

Proof. We proceed by induction on jEj, the case jEj D 1 being trivial.
For jEj > 1, let v be a leaf (D terminal vertex) of X and the corresponding edge e

is oriented with eC D v. Then �f .e/ D f .v/.
Delete the vertex v and the edge e and solve the problem for the remaining tree Y

and f1.w/ WD f .w/ for w ¤ e� and f1.e�/ WD f .v/C f .e�/ (one addition). By the
induction hypothesis, k�f1

k1 can be computed in at most 2jEj � 3 additions, and

k�f k1 D k�f1
k1 C jf .v/j`.e/:

5.2. Finding a transportation with minimal number of transports. Let f 2 F .V /.
We assume that we have already found �f (with f D @.�f /).

Question 1. Find a solution of STC involving the minimal number of transports
(namely, � jSupp.f /j � 1, see Remark 3.4).
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In other words, we want to find P 2 z…f with

W.P / D kf kTC and jSupp.P /j � jSupp.f /j � 1:

Remark 5.2. If �f .e/ D 0 for some edges, we replace E by the support E 0 of �f .
Then .V;E 0/ is a forest. Treating separately each connected component, we will find
an optimal transportation plan whose support has at most j Supp.f /j � k elements,
where k is the number of connected components that contain points of the support
of f .

Let f 2 F .V /. Using Remark 5.2, we may assume that �f .e/¤ 0 for every e 2 E.
It is convenient for what follows to change the orientation of all edges with �f .e/ < 0,
and so we assume that �f .e/ > 0 for every edge.

Then a solution P to Question 1 can be constructed algorithmically as follows.

(1) Choose arbitrarily a 2 VC.

(2) Construct a finite sequence of edges e1; : : : ; ek such that

.e1/� D a and .ej /C D .ejC1/�

for 1 � j < k, and .ek/C 2 V�.
To show the existence of this sequence, observe that

f .a/ D
X

e;e�Da

�f .e/ �
X

e;eCDa

�f .e/:

It follows that there exists e1 2 E with .e1/� D a. Assume that e1; : : : ; ej are con-
structed, since

0 < f
�
.ej /C

�
C �f .ej / �

X
e;e�D.ej /C

�f .e/;

we see that if .ej /C 62 V�, there exists ejC1 2 E with .ej /C D .ejC1/�.

(3) Setting b D .ek/C and ˛ WD min¹f .a/;�f .b/;min¹�f .ej / W 1 � j � kºº,
construct P 2 z…f with

P.a; b/ D ˛; W.P / D kf kTC ; and jSupp.P /j � jSupp.f /j � 1:

To do this, we proceed by induction on the number of elements of Supp.f /.
If Supp.f / consists only of the two points a; b, then there is only one possible

transportation plan with support equal to VC � V�, given by

P.x; y/ D

´
f .a/ if .x; y/ D .a; b/;
0 otherwise:
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Assume then that Supp.f / has � 3 points. Define:
�  WE ! RC by setting

 .e/ D

´
˛ if e 2 ¹e1; : : : ; ekº;
0 otherwise:

� h D �@ , so that h.a/ D ˛, h.b/ D �˛, h.x/ D 0 for x 62 ¹a; bº.
� g D f � h.

Define the plan P0, by setting P0.a; b/ D ˛ and P0.x; y/ D 0 if .x; y/ ¤ .a; b/.
Then, as in the initial step, P0 2 …h, and k k1 D W.P0/

Since  and �f �  are non-negative, k�f k1 D k k1 C k�f �  k1, in other
words kf kTC D kgkTC C khkTC . We now consider three cases.

(1) If ˛ D f .a/, then Supp.g/ � Supp.f / n ¹aº. By the induction hypothesis,
there is a transportation plan Q 2 …g with W.Q/ D kgkTC , and whose support has
at most jSupp.g/j � 1 elements. As a 62 Supp.g/, we have Q.a; b/ D 0.

(2) If ˛ D �f .b/, then Supp.g/ � Supp.f / n ¹bº. This case is similar to the
previous one.

(3) If ˛ < min¹f .a/; �f .b/º, then Supp.g/ D Supp.f /. There exists j with
˛ D �f .ej /. Now Supp.�g/ � E n ¹ej º, and .V; Supp.�g// has at least two con-
nected components, each of which has a strictly smaller number of vertices v with
g.v/ ¤ 0 (as a and b have been disconnected). By the induction hypothesis, there is
a transportation plan Q 2 z…g with W.Q/ D kgkTC , and whose support has at most
jSupp.g/j � k elements, where k is the number of connected components that contain
points of Supp.g/ D Supp.f /. Again, Q.a; b/ D 0.

In all cases, P D P0 CQ does the job, i.e. P 2 z…f , P.a; b/ D P0.a; b/,

W.P / D W.P0/CW.Q/ D khkTC C kgkTC D kf kTC ;

and jSupp.P /j � jSupp.f /j � 1.

Remark 5.3. Denote by .Vf ; EP / the graph whose vertices are the points of the
support of f and edges are the points of the support of P . One may easily check that,
in the above construction, if .Vg ; EQ/ is a forest, then .Vf ; EP / is also a forest. In
other words, our construction always yields a forest.

Acknowledgments. We thank Anders Karlsson for pointing out reference [7], and the
referee for constructive remarks.

Funding. The first author was supported by the project OpART (ANR-23-CE40-0016)
of the Agence Nationale de la Recherche.



On the transportation cost norm on finite metric graphs 481

References

[1] G. M. Bergman, Mapping radii of metric spaces. Pacific J. Math. 236 (2008), no. 2,
223–261. Zbl 1160.46051 MR 2407106

[2] N. Biggs, Algebraic graph theory. Second edn., Cambridge Math. Lib., Cambridge
University Press, Cambridge, 1993. MR 1271140

[3] C. A. Cabrelli and U. M. Molter, The Kantorovich metric for probability measures on
the circle. J. Comput. Appl. Math. 57 (1995), no. 3, 345–361. Zbl 0819.60001
MR 1335789

[4] G. Godefroy and N. J. Kalton, Lipschitz-free Banach spaces. Studia Math. 159 (2003),
no. 1, 121–141. Zbl 1059.46058 MR 2030906

[5] M. Mathey-Prevot and A. Valette, Wasserstein distance and metric trees. Enseign.
Math. 69 (2023), no. 3-4, 315–333. Zbl 1533.05079 MR 4599250

[6] F. Mendivil, Computing the Monge–Kantorovich distance. Comput. Appl. Math. 36
(2017), no. 3, 1389–1402. Zbl 1370.60005 MR 3689008

[7] L. Montrucchio and G. Pistone, Kantorovich distance on finite metric spaces: Arens–
Eells norm and CUT norms. Inf. Geom. 5 (2022), no. 1, 209–245. Zbl 1493.05068
MR 4452149

[8] S. Ostrovska and M. I. Ostrovskii, Generalized transportation cost spaces. Mediterr. J.
Math. 16 (2019), no. 6, article no. 157. Zbl 1454.46014 MR 4029537

[9] — On relations between transportation cost spaces and `1. J. Math. Anal. Appl. 491 (2020),
no. 2, article no. 124338. Zbl 1479.46012 MR 4121095

[10] — Isometric structure of transportation cost spaces on finite metric spaces. Rev. R. Acad.
Cienc. Exactas Fís. Nat. Ser. A Mat. RACSAM 116 (2022), no. 4, article no. 153.
Zbl 1505.46017 MR 4455126

[11] M. I. Ostrovskii, Metric embeddings. De Gruyter Stud. Math. 49, De Gruyter, Berlin,
2013. Zbl 1279.46001 MR 3114782

[12] N. Weaver, Lipschitz algebras. Second edn., World Scientific, Hackensack, NJ, 2018.
Zbl 1419.46001 MR 3792558

(Reçu le 27 février 2026)

Georges Skandalis, CNRS, IMJ-PRG, Université Paris Cité and Sorbonne Université,
75013 Paris, France; e-mail: georges.skandalis@imj-prg.fr
Author IDs: zbMATH skandalis.georges MR 163295 ORCID 0000-0003-2174-145X

https://doi.org/10.2140/pjm.2008.236.223
https://zbmath.org/?q=an:1160.46051
https://mathscinet.ams.org/mathscinet-getitem?mr=2407106
https://doi.org/10.1017/cbo9780511608704
https://mathscinet.ams.org/mathscinet-getitem?mr=1271140
https://doi.org/10.1016/0377-0427(93)E0213-6
https://doi.org/10.1016/0377-0427(93)E0213-6
https://zbmath.org/?q=an:0819.60001
https://mathscinet.ams.org/mathscinet-getitem?mr=1335789
https://doi.org/10.4064/sm159-1-6
https://zbmath.org/?q=an:1059.46058
https://mathscinet.ams.org/mathscinet-getitem?mr=2030906
https://doi.org/10.4171/lem/1052
https://zbmath.org/?q=an:1533.05079
https://mathscinet.ams.org/mathscinet-getitem?mr=4599250
https://doi.org/10.1007/s40314-015-0303-7
https://zbmath.org/?q=an:1370.60005
https://mathscinet.ams.org/mathscinet-getitem?mr=3689008
https://doi.org/10.1007/s41884-021-00050-w
https://doi.org/10.1007/s41884-021-00050-w
https://zbmath.org/?q=an:1493.05068
https://mathscinet.ams.org/mathscinet-getitem?mr=4452149
https://doi.org/10.1007/s00009-019-1433-8
https://zbmath.org/?q=an:1454.46014
https://mathscinet.ams.org/mathscinet-getitem?mr=4029537
https://doi.org/10.1016/j.jmaa.2020.124338
https://zbmath.org/?q=an:1479.46012
https://mathscinet.ams.org/mathscinet-getitem?mr=4121095
https://doi.org/10.1007/s13398-022-01301-w
https://zbmath.org/?q=an:1505.46017
https://mathscinet.ams.org/mathscinet-getitem?mr=4455126
https://doi.org/10.1515/9783110264012
https://zbmath.org/?q=an:1279.46001
https://mathscinet.ams.org/mathscinet-getitem?mr=3114782
https://doi.org/10.1142/9911
https://zbmath.org/?q=an:1419.46001
https://mathscinet.ams.org/mathscinet-getitem?mr=3792558
mailto:georges.skandalis@imj-prg.fr
https://zbmath.org/authors/skandalis.georges
https://mathscinet.ams.org/mathscinet/MRAuthorID/163295
https://orcid.org/0000-0003-2174-145X


G. Skandalis and A. Valette 482

Alain Valette, Institut de Mathématiques, Université de Neuchâtel, 11 Rue Emile Argand,
2000 Neuchâtel, Switzerland; e-mail: alain.valette@unine.ch
Author IDs: zbMATH valette.alain MR 176695 ORCID 0000-0002-2237-8384

Licensed under the Creative Commons Attribution 4.0 International License CC BY 4.0 (https://
creativecommons.org/licenses/by/4.0/), which permits use, sharing, adaptation, and redistribution with
appropriate credit, a link to the license, and indication of changes.

mailto:alain.valette@unine.ch
https://zbmath.org/authors/valette.alain
https://mathscinet.ams.org/mathscinet/MRAuthorID/176695
https://orcid.org/0000-0002-2237-8384
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

	1. Introduction
	2. A new proof of Theorem 1.1
	3. Towards Theorem 1.2
	3.1. The basic construction
	3.2. Proof of Theorem 1.2, except for the equality \lVert f \rVert_{TC} = \lVert f \rVert_{TCT}
	3.3. Spanning trees and the proof of \lVert f \rVert_{TC} = \lVert f \rVert_{TCT}

	4. Corollaries of Theorem 1.2
	4.1. The case of trees
	4.2. The case of cycles
	4.3. An application to arbitrary graphs

	5. Algorithmic aspects in the case of trees
	5.1. Computing \lVert f \rVert_{TCE} with a few additions
	5.2. Finding a transportation with minimal number of transports

	References

