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On the transportation cost norm on finite metric graphs

Georges SKANDALIs and Alain VALETTE

Abstract. For a finite metric graph X = (V, E, {), where V is endowed with the shortest
path metric, we consider the transportation cost problem associated with the distance d on V.
Namely, for f a function with total sum 0 on V', write f = ", ,cy P(a,b)(84 — 8p), where
the transportation plan P satisfies P(a,b) > 0 for (a,b) € V x V. The cost of P is W(P) :=
Y a.pey Pla,b)d(a,b) and the transportation norm of f is || f|l7c = minp W(P), where P
runs over all transportation plans for f.
In this semi-survey paper, we give short proofs for the following statements:
e There always exists an optimal transportation plan supported in V4 x V_, where Vi =
{xeV:f(x)>0tand V— ={x € V: f(x) < 0}.If X is a metric tree, we may moreover
assume that this plan involves at most | Supp( f)| — 1 transports.

e There always exists an optimal transportation plan supported in the set of edges of X.

e Better, there always exists an optimal transportation plan supported in some spanning tree
of X.

We use this to reprove known formulae for the transportation norm when X is either a tree or a
cycle.
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1. Introduction

Let (X, d) be a finite metric space. The transportation cost space of X (also known
as Arens—Eells space, Kantorovich—Rubinstein space, or Lipschitz free space') is the
space ¥ (X) of real-valued functions f on X with total mass 0, endowed with a norm
defined as follows. For such an f, set

nf={P;Xxx—>Rzo; = P(a,b)(Sa—Sb)},
a,beX

1See [4, Definition 1.1] or [12, Chapter 3]; for historical background, see the remarks in [11, Section 10.1]
and [8, Section 1.6].
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where 8, denotes the Dirac mass at x. Equivalently, P € Il if and only if

f(x) =) (P(x.a) - P(a,x))

acX

for all x € X. It is clear that ITf is non-empty, and does not depend on d . Put also
Xy ={aeV;f(a)>0} and X_={aecV; f(a) <0}

and let also
[y = {P e Iy;Supp(P) C X4 x X_}.

It is clear that IT # is also non-empty. The elements of I1¢ are transportation plans
for f and those of Iy are simultaneous transportation plans.
We take d into account by defining the cost of P € Ils as

Wx(P)= Y P(a.b)d(a.b).
a,beX

Now define the transportation cost norm of f as

| fllrcxy = min{W(P) : P € Iy},

and the simultaneous transportation cost norm of f as

I fllsTeoy = min{W(P) : P e Tis}.

Let Po € I1y. The set {P € I1s; W(P) < W(Py)} is compact, and therefore the
infimum is a minimum. When the metric space X is clear from context we drop the
subscript, both in W(P) and in || f||7c-

We recall the optimal transportation interpretation of || f||7¢: suppose that a
mass f(x) is available at points x € X, where f(x) > 0, and a mass — f(y) is in
demand at points y € X with f(y) < 0. An element P € I1; can be viewed as a
transportation plan, i.e. a way of transporting the mass from points where it is in excess
to the points where it is in demand, W ( P ) represents the physical work associated with
this transportation plan, and || f'||7¢ represents the most economical transportation
associated with f.

The following result is due to Bergman [1, Proposition 24] with a short proof
in [12, Proposition 3.16]. We will give a new proof in Section 2.

Theorem 1.1. Given any finite metric space (X,d) and any f € TC(X), we have
I/ lre = I fllsTc.
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Next we deal with X = (V, E, {) a finite, connected, metric graph. This means
that (V, E) is a simple connected graph with no loop, £: E — R~ is a function giving
a positive length to every edge, and V' becomes a finite metric space with the shortest
path metric. We define two more transportation cost norms on % (V') associated with
the graph structure.

(1) Let~ denote the adjacency relation on V', so that x ~ y ifand only if {x, y} € E.
Let Iy, g denote the set of transportation plans supported in the graph of ~in V' x V.
This corresponds to transports supported on the edges of X. We denote by || f'||7cE
the corresponding norm.

(2) Recall that a spanning tree in X is a subtree of X passing through all vertices.
We denote by I,z the set of transportation plans P € ITy for which there exists a
spanning tree T such that P is supported on the edges of 7. We denote by || f || T7cT
the corresponding norm.

Assume that X is endowed with an orientation, i.e. every edge e € E has an
origin e_ end an extremity e . This allows us to define the boundary operator

:RE - RV: 6, > 8o, —8e_;
equivalently,

@) = Y d@— D dle) (weV,peRP)

eieL=v ee—=v
It is classical that the image of d is exactly the space % (V), so that the rank of 0
is | V| — 1; and that the kernel of 9 is the space Z(X) of cycles of X, so that
dim(Z(X)) = |E|—|V]|+1

(see [2, Proposition 4.3 and Theorem 4.5]). Denote by £!(E, £) the space RE endowed
with the norm

lelh = 3 Ee)lge).

ecE

Then, we have the following result.
Theorem 1.2. The following statements hold.

(1) For f € F(V), we have

| fllrc = I flltce = I fllTcr-

(2) The operator 3:RE — RV induces an isometric isomorphism from the quotient
space L\ (E, L)/ Z(X) onto TC(V).
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The first equality in the first part is proved in [10, after Remark 1.3]; the second
equality appears as [7, Theorem 10]. The latter corresponds to the intuitive idea that,
if a transportation plan involves loops in the graph, it is possible to avoid the loops
without increasing the cost.

For the second part, see [11, Proposition 10.10] for usual graphs, and [9, The-
orem 3.1] or [10, Proposition 1.5] for the general case; note that the proofs in [11]
and [9] are indirect, establishing that the transpose operator

O (F (V) = (E(E.0)/Z(X))"

is an isometric isomorphism. A short direct proof of Theorem 1.2 will be given in
Section 3.
Section 4 will be devoted to three corollaries of Theorem 1.2.

(1) Due to the presence of a minimum either in the original definition of || f || rcE,
or as a quotient norm in Theorem 1.2, for a general metric graph we do not expect
a closed formula for || f||7cg. A notable exception to this philosophy is the case of
metric frees: then an explicit formula for || f||7¢ is available. We refer to [5] for the
interesting history and two proofs of the formula; see also [6, Section 2.1].

Corollary 1.3. Let X = (V, E, £) be a finite metric tree. Fix an arbitrary orientation
of the edges. For e € E, we define S, as the vertex set of the half-tree containing e,
ie.Se ={xeV;d(x,es) <d(x,e_)}. For f € F(V), we have

(1.1) Ifllrce = D 1£(Se)lt(e).

ecE
where f(Se) = D cs, (%)
Our new, simple proof of (1.1) follows by combining Theorem 1.2 with injectivity
of d for trees; see Proposition 4.1 below.

(2) In Corollary 4.2, we provide a new proof of a formula for the transportation
cost norm on the N-cycle Cy, originally appearing as in [3, formula (4.2)].

(3) Recall that a bridge in a graph is an edge whose deletion produces a graph with
more connected components.? Deleting all bridges in a graph results in a bridgeless
graph. We show in Corollary 4.4 that, for a general finite metric graph X, solving the
TC problem is equivalent to solving it on the bridgeless part X3 of X.

Finally, Section 5 discusses some algorithmic issues in the case of metric trees. For
example, we provide an algorithmic way to find P € Ilf such that

W(P) = |fllstc and [Supp(P)| =< [Supp(f)|— 1.

2Equivalently, an edge is a bridge if it is not contained in any cycle in the graph.
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2. A new proof of Theorem 1.1

The proof will follow from the following lemma.

Lemma 2.1. If all triangle inequalities in X are strict, i.e. if for all x, y, z in X
with x # y # z, we have d(x,z) <d(x,y) + d(y,z) and W(P) = || fllTc, then
Supp(P) C X4+ x X_.

Proof. If there exists (x, y) € Supp(P) with y & X_, then
0< f(») =) (P(y.a)— P(a.y)),

aeX

and since P(x, y) > 0, there exists z € X with P(y,z) > 0. Let
m = min(P(x,y), P(y,z))
and define Q by setting

Q(X,Z)=m+P(X,Z), Q(X,Y)Zp(x’y)—m,
O(y.z) = P(y,z2) —m, Q(u,v) = P(u,v)

for all other points. It is readily checked that Q € Il and
W(P) —W(Q) = m(d(x,y) +d(y,z) —d(x,2)),

contradicting W(P) = || fllrc.
We use similar reasoning if there exist (x, y) € Supp(P) with x ¢ X4. ]

Proof of Theorem 1.1. For n > 1, define a distance d,, on X by
1
dy(x,x) =0 and d,(x,y)=—-+d(x,y)
n

for x # y. Write || f|rc, for the transportation cost norm associated with dj,. Let
P, € Il minimize the cost for d,,. By Lemma 2.1, P, is supported in X x X_. By
compactness, we may assume that (P,),~¢ converges pointwise to P, also supported
in X4 x X_. As (dn)n>0 converges pointwise to d, we also have

W(P) = lim Wy(P,) = lim | flrc,.

It remains to show that W(P) = || f|lrc. To see this, let Q € Il be such that
W(Q) = [ fllrc- Then

1 1
1£lre, = Wa(Q) = W(Q) + 11l = I flrc + Clh.

hence passing to the limit W(P) < || f || 7c. The other inequality holds by definition. m



G. SkanNDALISs and A. VALETTE 472

3. Towards Theorem 1.2

3.1. The basic construction. For every 2-element subset {a, b} C V, we select (arbi-
trarily if non-unique) a shortest length edge path [a, b] joining a and b. Let 45 € RE
be the characteristic function of [a, b], defined as

0 ife¢la,b],
eap(e) = ¢ 1  ife € [a,b] and e points from a to b,

—1 ife € [a, b] and e points from b to a.

Toevery P:V x V — Ry, we associate ¢pp € R¥ defined by

¢p = Z P(a,b)eqp.

a,beV
Motivation for introducing ¢p comes from the following simple but crucial observation.

Basic observation. For a fixed f € ¥ (V) and P > 0, we have P € Il if and only
if dpp = — f. Indeed,

dpp = Y P(a,b)( —ba),

a,beV
so this follows from the definition of IT¢.

Lemma 3.1. Forevery P:V x V — R, we have

¢pll < W(P),
where || - ||y denotes the norm in L' (E, ().

Proof. Observe that
d(a.b) =Y _l(e)leas(e)]

ecE

for every a, b € V, hence

W(P)= " > Pa.b)(e)lea(e) =Y L) Y P(a.b)leas(e)|

a,beV ecE ecE a,beV
> le)| Y Pla.beas(e)) = Y Le)lpp(e) = |pl:- .
ecE a,beV ecE

Lemma 3.2. Forany f € TC(V)and ¢ € 3" (— f), there exists P € Iy g such that
¢p = ¢ and W(P) = ||p]|1.
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Proof. We define ¢ as follows:
o if¢p(e) >0,set Ple—,eq) = ¢p(e) and P(e4,e—) = 0;
o iffg(e) <O0,set P(es,e—) = —¢(e)and P(e—,eq) = 0.

Observe that P(e—,e4) — P(e4+,e—) = ¢(e) forevery e € E. Then, as P is supported
on edges, we have

¢p = ) P@b)eap =) (Ple-.ex) = Ple.e))be = ) $(e)e = ¢.

a,beV ecE ecE

Then d¢pp = —f, so P € Iz thanks to the basic observation. Finally,

W(P)= Y P(a.b)d(a.b)=)_|p(e)|t(e) = [¢]. =

a,beV ecE

3.2. Proof of Theorem 1.2, except for the equality | f|lrc = | f llrcT- As 0
realizes a linear isomorphism ¢ (E, £)/Z(X) — F (V), we may endow F (V') with
the quotient norm || - |g1(g ¢/ z(x)- For f € F(V), we compute

= inf

I et 2,00z sl o1l
< inf < inf W(P
= it ¢p il < Ly (P)
=|fllrc = I flrcE.

where the first inequality follows from d¢p = — f for P € I1;, and the second inequal-
ity follows from Lemma 3.1.

Now, take ¢ such that 3¢ = —f and || f|l¢1(z,¢),zx) = [¢ll1- By Lemma 3.2,
we find P € Il g such that ¢ = ¢p = ||¢|1 = W(P). This shows that

I fllrce = 1 f lere.0zx)

At this point, we have proved

I/ et z,00zc0) = 1S llre = |1 fllrck,

so that Theorem 1.2 is proved except for || f |rc = || fllrcT-

3.3. Spanning trees and the proof of || ' ||[7c = || f lrcr- The next lemma appears
as [7, Theorem 3 (ii)], with a very similar proof.

Lemma 3.3. Forevery f € ¥ (V), there exists ¢ € 0~ f) realizing the minimum
of {I¥ll1 : 0¥ = f} and such that, for every cycle C in X, the function ¢ vanishes
on at least one edge of C; equivalently, ¢ is supported in some spanning tree T of X.
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Proof. Take any ¢ realizing the minimum of the £!-norm on 97! (— f). Let C be any
cycle in X; recall the definition of the characteristic function £¢ (taken from [2, p. 23]):
Choose one cyclic orientation for C and define, for e € E:

0 ifeé¢C,
Ecle) =11 if e € C and e is coherent with the orientation of C,

—1 ife € C and e is not coherent with the orientation of C.

Define then ¢p; = ¢ + téc fort € R. Observe that ¢, € 37! (—f) as d§c = 0. The
function

e Dol = Y @)l (@ + téc) (@)

ecE
is convex and piecewise affine; it is affine at every ¢ such that ¢, does not vanish on C.
So the minimum of ||¢, ||; is attained for a 7o such that ¢, vanishes at some edge in C.
Note that [|¢4[l1 = [[¢oll1 by minimality of [¢o][1.
Choosing now ¢ € 971 (— f) realizing the minimum of the £!-norm and with
minimal support, the above argument shows that the support of ¢ cannot contain any
cycle, i.e. it is a forest, which is of course contained in some spanning tree. |

End of proof of Theorem 1.2. For T a spanning tree in X, we denote by dr (resp. d7)
the distance (resp. boundary operator) of T. Fix f € ¥ (V). Fora,b € V, we have

d(a,b) < dr(a,b),
hence Wy (P) < Wr(P) forevery P € Il¢, and

| fllrccy < II.f lrery-

To show that the equality is realized by some spanning tree, by the part already
proved of Theorem 1.2, we find ¢ € ¢! (E, £) such that

dp =—f and | flrcx) = ol

By Lemma 3.3, we may assume that ¢ is supported on some spanning tree 7" in X, so
that the £!-norms of ¢ on E and E(T) are equal. Since d7¢ = — f, we have

I flrcx) = ol = II.f T ]

Remark 3.4. Let us come to the general case, where (X, d) is a finite metric space.
Let f € ¥ (V). By Theorem 1.1, we already know that || f||7¢ does not change if we
replace (X, d) by (Supp(f), d). Consider the complete graph with vertex set Supp( f),
whose path length is given by d. Theorem 1.2 then implies that there is a spanning tree
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realizing the optimal transportation, in particular at most | Supp( f)| — 1 transports are
needed.

Note that the number | Supp( /)| — 1 is generically optimal since, writing f = d(P),
we see that the dimension over QQ of the space of linear combinations with coefficients
inQ of { f(u); u € V},is at most | Supp(P)|.

Remark 3.5. In the proof of Lemma 3.3, we see that the derivative of ¢ > ||¢;];
at any regular point is ) _, +£c (e){(e). In a generic case (in particular, whenever all
the £(e)’s are linearly independent over the rational numbers), this derivative cannot
be 0 and it follows that ¢ — ||¢;||1 has a unique minimum at ¢ = 0, so that ¢ is
automatically carried by a spanning tree. We can then give another proof of the equality
|fllrc = |Ilf lrct in the spirit of our proof of Theorem 1.1: approximate £ by a
sequence £, such that, for all n, the family (£, (e)).c is linearly independent over Q.

4. Corollaries of Theorem 1.2

4.1. The case of trees. We improve formula (1.1) by finding an explicit function ¢
with d(¢y) = — f, and an explicit P € I1y with W(P) = | fllrc.

Proposition 4.1. Let X = (V, E, {) be a finite metric tree, and f € F (V).

(1) Setpr(e):=—f(Se) = =2 _yecs, f(x); then ¢y is the unique solution of ¢ = — f .
(2) We have
I fllree = Igsl = 3 1£(Se)lece)

ecE
(which is exactly formula (1.1)).
(3) Define P:V xV — R™T by P(a,b) = | f(S.)| if either

e—=a,e. =b and [f(S.) <O0;
or
e-=b,ey =a and f(S.)>0;
and P(a,b) = 0 in all other cases. Then P € 1y and W(P) = || f||rc.

Proof. (1) It is readily checked that d(¢r) = — f, and moreover 9 is injective as X is
a tree.

(2) The formula immediately follows from Theorem 1.2.

(3) If we apply the proof of Lemma 3.2 to ¢, we find that ¢y = ¢p, sothat P € Il
and W(P) = [l¢7 1. .
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4.2. The case of cycles. Here we provide a new proof of a formula for the transporta-
tion cost norm on the N-cycle Cy, originally appearing as [3, formula (4.2)] (see
also [6, Section 2.2] for another proof).

Corollary 4.2. Let Cy be the N -cycle with vertex set {v;;i € Z./NZ} and edge set
E = {e;;i € Z/NZ}, with the edge e; joining v; and vi—y. Let {: E — R be a
function. For f € ¥ (V)andk € {0,...,N — 1}, set ay = Zf:o f(@). Then

N—1
= min Z o — oy |l(e;).
Ifllre = | _min i_ol i —ax|(e)

This minimum is oy such that

N—-1
1
Y M=y lens ol
i€{0,...,N—1}, i=0 i€f{0,....,N—1},

o <0f o <ag

In particular, if £(e) = 1 for every edge, we find

N-1
Ifllre =) loi — Mel,
i=0

where Me denotes the median of the oy ’s.

Proof. Choose the orientation of E by setting (e¢;)+ = v;, and (¢;)— = v;—; and
put ¢(e;) = «;, so that d¢p = — f. The cycle space of Cy is 1-dimensional and gener-
ated by the constant function 1 on E. By Theorem 1.2, we know that || /|| 7¢ is the
minimum of

qt) =lp—tl =l —1]er).

i

Fort & {ay;k € Z/NZ}, we have

g0 =Y te)— Y L)

o<t ito >t

By convexity, the minimum of ¢ (¢) is attained at = o, where k is characterized
by ¢'(t) < 0fort < ay, and ¢’(t) > 0 for ¢ > ay. The conclusion follows. n

Remark 4.3. Assume X has just one cycle. Write
V=V U{v;,i €Z/NZ} and E = E'U{e;,i € Z/NZ}.

Note that {e;, i € Z /N Z} is the bridgeless part of the graph.
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Let f € ¥ (V). Choose an orientation of E such that
(ei)+ =v; and (ej)— = vi_1.

Take ¢ € £1(E, {) be such that 3¢ = — f (e.g. by removing eg). All the solutions are
then ¢ — ¢, where ¥ (e;) = 1 and Y (e) = 0 if ¢ € E’. The minimum is obtained
with t = ¢ (e ), where ¢ (er) is such that

N-1
1
Y M=y lens ol
i€{0,...,N—1}, i=0 i€{0,...,N—1},
d(ei)<¢p(ex) d(ei)<¢(ex)

4.3. An application to arbitrary graphs. Fix an orientation of E’; recall that, for
e € E,wedefined S, = {x e V :d(x,eq) <d(x,e-)}.

Corollary 4.4. Solving the TC problem on X is equivalent to solving it on the bridgeless
part Xp.

Proof. Fix f € ¥(V) and ¢ € £'(E) such that ¢ = — f. Let B denote the set of
bridges of X.

Claim. For ¢® € B, we have ¢(e°) = f(S,0).
Proof of the claim. Indeed, since e° disconnects X, we may write
E={ UE, UE_,

where E is the set of edges whose endpoints are both in S,0 and E_ is the set of
edges whose endpoints are both in V' \ S,o0.

Putyy = 15 y.0y¢. We see that 9y coincides with d¢ = — f on S0 and vanishes
outside S,0 U €. We find

0= 0y = Y 0p@)+y().

veV ves,o
But 3y (e?) = ¥ (e°) = ¢(e®), which proves the claim. =
As a consequence of the claim, if d¢ = — f, then
gl =D 1£(Solele) + D Ip(e)leCe).
ecB e¢B

so by Theorem 1.2, we have to minimize the quantity ) e¢n [P(e)]L(e).
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We now show that this amounts to solving a TC problem on the bridgeless part Xp.
For this, define ¢9 € ¢! (E, £) by

do = f(S.) ifee B,
"o ife ¢ B,

and set fy := f — d¢p. It is clear that the equation d¢p = — fy is equivalent to
(¢ — ¢po) = —f. Butif d¢p = — fp, then by the claim, for e € B, we have

¢(e) = fo(Se) = f(Se) — f(Se) =0,

i.e. ¢ is supported in Xj, and minimizing ||¢||; is equivalent to minimizing ||¢ — ¢ol|1,
concluding the proof. u

5. Algorithmic aspects in the case of trees

In all of this section, X = (V, E, {) denotes a metric tree with |E| > 1, and a
function f € F (V) will be fixed.

5.1. Computing || f ||7ce with a few additions. Given /" € ¥ (V), computing ¢,
and then || f'|7ce = ||¢y |1, involves many additions (of the order of | E| [V'|/2). This
can be improved.

Proposition 5.1. Let X = (V, E, {) be a metric tree with |E| > 1, and f € (V).
One may compute | f |[rce = ||¢r|l1 with at most 2| E| — 1 additions.

Proof. We proceed by induction on | E|, the case |E| = 1 being trivial.

For |E| > 1, let v be a leaf (= terminal vertex) of X and the corresponding edge e
is oriented with e = v. Then ¢r(e) = f(v).

Delete the vertex v and the edge e and solve the problem for the remaining tree Y
and f1(w) ;= f(w) forw # e_ and fi(e—) := f(v) + f(e—) (one addition). By the
induction hypothesis, [|¢z, |1 can be computed in at most 2| E'| — 3 additions, and

Iprlle = lldr I + 1S ()I€Ce). L

5.2. Finding a transportation with minimal number of transports. Let /' € ¥ (V).
We assume that we have already found ¢ (with f* = 9(¢y)).

Question 1. Find a solution of STC involving the minimal number of transports
(namely, < | Supp(f)| — 1, see Remark 3.4).
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In other words, we want to find P € I 7 with

W(P) = |flirc and [Supp(P)| < [Supp(f)|—1.

Remark 5.2. If ¢r(e) = 0 for some edges, we replace E by the support E’ of ¢y.
Then (V, E') is a forest. Treating separately each connected component, we will find
an optimal transportation plan whose support has at most | Supp( /)| — k elements,
where k is the number of connected components that contain points of the support

of f.

Let € ¥ (V). Using Remark 5.2, we may assume that ¢z (e) # O forevery e € E.
It is convenient for what follows to change the orientation of all edges with ¢¢(e) < 0,
and so we assume that ¢ (e) > 0 for every edge.

Then a solution P to Question 1 can be constructed algorithmically as follows.

(1) Choose arbitrarily a € V.

(2) Construct a finite sequence of edges ey, . .., ex such that

(e1)-=a and (¢)+ = (ej+1)-

forl1 < j <k,and (ex)+ € V_.
To show the existence of this sequence, observe that

flay= Y ¢r@— Y ¢rle).

e,e—=a e.eyr=a

It follows that there exists e; € E with (e;)— = a. Assume that ey, ..., e; are con-
structed, since

0<f(e)+)+¢re) = D drle),

e,e—=(ej)+
we see that if (ej)4 ¢ V_, there exists ej 11 € E with (¢j)+ = (ej4+1)—.
(3) Setting b = (ex)+ and o := min{f(a), — f(b), min{¢yr(ej) : 1 < j =< k}},
construct P € Il; with

P(a,b)=a, W(P)=|fllrc. and [Supp(P)| = [Supp(f)|—1.

To do this, we proceed by induction on the number of elements of Supp( f).
If Supp( f) consists only of the two points a, b, then there is only one possible
transportation plan with support equal to V; x V_, given by

fla) if (x,y) = (a.b).

0 otherwise.

P(x,y) = {
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Assume then that Supp( /) has > 3 points. Define:
e Y:E — R by setting

Vo) = {a ife € {e1,...,ex},

0 otherwise.
o h=—-0y,sothat h(a) = a, h(b) = —a, h(x) = 0 for x & {a, b}.
o g=f—-h

Define the plan Py, by setting Po(a,b) = o and Py(x, y) = 0if (x, y) # (a, b).
Then, as in the initial step, Py € Iy, and || ¥ ||1 = W(Po)

Since ¥ and ¢y — ¥ are non-negative, ||[¢r |1 = |V |[1 + |¢y — ¥ |1, in other
words || flrc = llgllrc + |h|lTc. We now consider three cases.

(1) If « = f(a), then Supp(g) C Supp(f) \ {a}. By the induction hypothesis,
there is a transportation plan Q € IT, with W(Q) = ||g||7¢, and whose support has
at most | Supp(g)| — 1 elements. As a & Supp(g), we have Q(a,b) = 0.

(2) If « = —f(b), then Supp(g) C Supp(f) \ {b}. This case is similar to the
previous one.

(3) If o < min{ f(a), —f(b)}, then Supp(g) = Supp(f). There exists j with
a = ¢r(ej). Now Supp(¢g) C E \ {e;}, and (V, Supp(¢g)) has at least two con-
nected components, each of which has a strictly smaller number of vertices v with
g(v) # 0 (as a and b have been disconnected). By the induction hypothesis, there is

a transportation plan Q € II ¢ With W(Q) = ||g|lT¢, and whose support has at most
| Supp(g)| — k elements, where k is the number of connected components that contain

points of Supp(g) = Supp(f). Again, Q(a,b) = 0.
In all cases, P = Py + Q does the job, i.e. P € ﬁf, P(a,b) = Py(a,b),
W(P) = W(Po) + W(Q) = |lhllrc + ligllre = I fliTc.
and | Supp(P)| < | Supp(f)| — 1.

Remark 5.3. Denote by (V¢, Ep) the graph whose vertices are the points of the
support of f and edges are the points of the support of P. One may easily check that,
in the above construction, if (Vg, Eg) is a forest, then (Vy, Ep) is also a forest. In
other words, our construction always yields a forest.
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