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Geodesic flow and decay of traces on hyperbolic surfaces

Antoine Gansemer and Andrew Hassell

Abstract. We study pseudodifferential operators on a hyperbolic surface using ‘Zelditch quant-
ization’ (Zelditch, 1986). We motivate and study the trace of A�

2
A1.t/, where A2 is a fixed

operator and the Zelditch symbol of A1.t/ evolves by geodesic flow. We find conditions under
which the trace decays exponentially as t !˙1.

1. Introduction: Background and motivation

In this paper we consider traces of time-varying families of pseudodifferential oper-
ators defined on a compact hyperbolic surface. The specific time-varying family we
study is given by A1.t/ D Op.a1 ı gt / where gt is the geodesic flow on S�X , the
cosphere bundle of a compact hyperbolic surface X and the quantisation is Zelditch
quantisation, see Section 2.3. Our interest in this topic arises from the exact inter-
twining, discovered by Anantharaman and Zelditch [2], between the classical flow on
symbols of such operators (geodesic flow acting on symbols via pullback) and the
quantum flow (conjugation by the Schrödinger group eit� acting on the associated
operators). Of course, an exact intertwining only makes sense if there is an exact cor-
respondence between symbols and operators. On hyperbolic space, this is provided by
the Zelditch calculus [31], which has the key property of left-invariance, i.e. if a sym-
bol is invariant under the left action of a discrete group � , then the associated operator
is also �-invariant. Thus, the Zelditch quantization descends to compact hyperbolic
surfaces. Other quantisations such as the ‘geometric pseudodifferential calculus’ used
in [19] also have the left-� invariance property. We shall use the Zelditch quantisation
in this article.

Our main result in this note actually does not involve the Anantharaman–Zelditch
intertwining operator L at all. Nonetheless, the intertwining operator provides the
motivation for posing the question that we answer here, and we expect that the result
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presented here will be an ingredient of a larger program in which the intertwining
operator plays a leading role. Therefore, we explain some of this background and
motivation before describing the particular result we present here.

In the study of eigenvalues and eigenfunctions related to elliptic operators on com-
pact manifolds, it is natural to consider frequency intervals of approximately unit
length, independent of frequency; that is, we look at a frequency interval Œ�; �C 1�.
For example, Hörmander in his seminal article [24] obtained aO.�n�1/ kernel bound
on the spectral projectionEŒ�;�C1�.

p
�/where� is the Laplacian on a compact man-

ifold without boundary.1 This implies the optimal O.�n�1/ bound on the remainder
term in the Weyl asymptotic formula for the eigenvalue counting function N.�/, the
rank of the spectral projectionEŒ0;��.

p
�/, and also implies anO.�.n�1/=2/ bound on

theL1 norm of eigenfunctions with eigenvalue �2 (or indeed, on theL1 norm of any
spectral cluster with support in Œ�; �C 1�). This analysis is achieved by passing to an
approximate spectral projection where the indicator function 1Œ�;�C1� is smoothed to a
Schwartz function �.� � �/, such that the Fourier transform O�.t/ has compact support
in t , and then representing �.

p
� � �/ in terms of the half-wave group eit

p
�:

�.
p
� � �/ D

1

2�

Z
eit
p
�e�it� O�.t/ dt:

One then analyses the half-wave group for t in the support of O�, which can be taken
to be a small interval containing zero. The key then is to analyse the singularity of the
(distributional) trace of the half-wave kernel as t ! 0.

To do the analysis at smaller frequency scales, that is, on smaller than unit-size
intervals as � ! 1, we scale � so that it concentrates near 0 as � ! 1; dually,
O� will scale so as to have larger support. We then hit new singularities of the wave
trace, which occur at the length spectrum of

p
�; that is, at the lengths of periodic

bicharacteristics of the operator (geodesics, in the case of the Laplacian). To obtain
an improvement on the remainder term in the Weyl asymptotic formula to o.�n�1/,
or the corresponding o.�.n�1/=2/ improvement in the L1 bound on eigenfunctions,
one studies the wave group for arbitrarily long times, and (necessarily, in view of the
example of the round sphere) requires a condition on the dynamics of bicharacteristic
flow, for example, that the set of periodic bicharacteristics is measure zero in the
characteristic variety [6, 25].

To obtain a quantitative improvement on the Weyl remainder estimate, say to
O.�n�1= log�/, one needs to narrow the spectral window to Œ�; �CA= log��. Then,
taking account of the dual scaling between the function � and its Fourier transform
O�, this requires looking at the wave trace for a time scale that is logarithmic in the

1Our sign convention is that � is a positive operator
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frequency. This can be done in the case of the Laplacian on manifolds with negative
curvature (or, in the case of two dimensions, manifolds without conjugate points) [4].
See also [20] and a series of works by Sogge and co-authors, for example [5, 30]
for further results on spectral clusters associated to logarithmically narrowed spectral
windows.

To go beyond this point, i.e. to consider even narrower spectral windows, seems
very difficult in an arbitrary geometric situation due to the restriction in Egorov’s
Theorem. Egorov relates the ‘quantum flow’, that is, the half-wave group and the
‘classical flow’, that is, the geodesic flow on the cosphere bundle, but in an arbitrary
geometry it is typically only valid up to a time proportional to the logarithm of the
frequency, a time scale which is already saturated in the articles cited in the previous
paragraph. However, one might still expect that it is possible to go to finer scales in
frequency in very special geometries, such as constant negative curvature. The first
interesting case is that of compact hyperbolic surfaces.

This, then, is the (potential) significance of the Anantharaman–Zelditch intertwin-
ing operator: as an exact intertwining between the classical geodesic flow and the
Schrödinger group (which in spectral analysis can play the same role as the half-
wave group discussed above), it is in particular valid for all times and thereby avoids
the ‘Egorov restriction’ to times smaller than the logarithm of the frequency. Thus,
it provides a potential pathway to considering much smaller spectral windows and,
hence, much more precise Weyl remainder terms, more precise L1 bounds on eigen-
functions, more precise small-scale quantum ergodicity, and so on.

In the study of small-scale quantum ergodicity, say on compact hyperbolic sur-
faces to connect with the work of Anantharaman–Zelditch, one is led to the study of
time-varying families of traces of the form

TraceAheiht�=2e�h
2�Ahe

�ith�=2e�h
2�; (1.1)

where h is a semiclassical parameter, representing inverse frequency, and Ah is a
multiplication operator by a function with support in a ball around a fixed point
with a radius tending to zero as h ! 0. Here the factors of e�h

2� are a soft fre-
quency cutoff to ensure that the composition is trace class. See the works of Han [18]
and Hezari and Rivière [22], for more on small scale quantum ergodicity at log-
arithmic length scales on negatively curved manifolds; the works of Zelditch [32],
Schubert [29], Barnett [3], and Hezari and Rivière [23] are also closely related. We
use the Schrödinger propagator rather than the half-wave group to conform with the
analysis in Anantharaman–Zelditch. (The bicharacteristic flow of the Schrödinger
propagator is regular at zero frequency, which is not the case for the half-wave propag-
ator. This was important for Anantharaman and Zelditch as they were interested in
exact formulae, for which one cannot simply cut off at low frequencies.) More gen-
erally, while not the object of study in this paper, our longer term goals are to study
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traces of the form
h2 TraceBheiht�=2Ahe�ith�=2; (1.2)

where Ah and Bh are pseudodifferential operators of differential order �1 and semi-
classical order 0 on a compact hyperbolic surface. The factor of h2 in front is to cancel
the growth rate of the trace of an operator of semiclassical order zero as h! 0, which
is � h�2 in two dimensions. One can ask about the asymptotic property of such a
trace for large time t . In particular, it would be useful to understand under what con-
ditions (1.2) tends to zero as t ! 1, and if so at what h-dependent rate. We note
here that for any fixed h, the quantity (1.2) is, up to any � error, a finite sum of � h�2

oscillatory terms and hence is quasi-periodic for large t , at this fixed h. The ques-
tion is whether we can exploit some cancellation of the oscillatory terms at some
(h-dependent) time t that is longer than the Ehrenfest time.

We now consider the following purely formal calculation. We write the trace
in (1.2) as a bilinear functional acting on the Zelditch symbols a and Nb. Notice that on
the whole of hyperbolic space, the trace would be the integral of a Nb over the cotangent
bundle, but this is not the case on a hyperbolic surface. Instead, it takes the form

TraceB�A D
Z
a.g; r/Tb.g; r/ dg dr; (1.3)

where T is a linear operator mapping symbols to distributions, such that Tb has
support on the countable number of energy shells of radius �j , where the spectrum of
�X is ¹1=4C �2j º. This identity is derived in Lemma 7.

We use the notation from [2]: V t is the action induced on the Zelditch symbol by
conjugation with the Schrodinger propagator eit� at time t . Thus, the symbol of the
operator eiht�=2Ae�ith�=2 from (1.1) is V tha. So we find that

TraceB�eith�=2Ae�ith�=2 D
Z
.V tha/.g; r/.Tb/.g; r/ dg dr:

Let L denote the Anantharaman–Zelditch intertwining operator. In fact, in his Ph.D.
thesis [13], the first named author has found that a slight adjustment of the definition
of the intertwining operator in [2] leads to L being an isometry on L2. Under some
regularity assumption on L, one would have (and this is where the argument becomes
formal)

TraceB�eith�=2Ae�ith�=2 D
Z
.LV tha/.g; r/L.Tb.g; r// dg dr: (1.4)

We now apply the intertwining property of L (see [2, Section 1.4]), namely

LV t D GtL; (1.5)
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where Gt is the geodesic flow scaled by the speed factor r on the energy shell of
radius r (this is the bicharacteristic flow for the operator eit�=2). Therefore, equa-
tions (1.4) and (1.5) would imply

TraceB�eiht�=2Ae�ith�=2 D
Z
.GthLa/.g; r/L.Tb.g; r// dg dr: (1.6)

Now, comparing this formal identity (formally derived) with (1.3), we see that this is
analogous to studying the trace of B�A.t/ where B is held fixed and the symbol of A
evolves according to geodesic flow. This is exactly the question we study here: when
B is held fixed and the symbol of A evolves according to geodesic flow, under what
additional conditions can we deduce that the trace of B�A.t/ decays, and what is the
rate of decay? Our main result, Theorem 6, is an answer to this question.

2. Preliminaries and notation

2.1. Hyperbolic space, metric, volume form, dynamics

Let us fix the upper half plane, H2, as the set ¹z D xC iy W x 2R; y > 0º and equip it
with the standard smooth (holomorphic) structure considered as an open subset of C.
Further to this, consider the standard hyperbolic metric on H2, given by

ds2 D
dx2 C dy2

y2
:

This metric induces the following volume form and (positive) Laplace–Beltrami oper-
ator, respectively:

d Vol D
dxdy

y2
; �H2 D y

2.D2
x CD

2
y/; Dx D

1

i

@

@x
; Dy D

1

i

@

@y
:

We can map H2 bijectively into the unit disk D D ¹z D x C iy W jzj < 1º using the
Cayley transform,

z 7!
z � i

z C i
:

We define this map to be a smooth isometry between H2 and D, inducing the hyper-
bolic metric on the unit disk

ds2 D 4
dx2 C dy2

.1 � x2 � y2/2
: (2.1)

The map extends smoothly to the boundary of H2, the set ¹x C iy W y D 0º, which is
mapped smoothly to @D n ¹1º. We introduce a point at infinity in the upper half-plane
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model which maps to 1 2 @D to make this a bijection between the boundaries of the
two models. We will use B to denote the boundary of hyperbolic space, in any model.

Taking a look now at the isometry group of H2, it is well known that the fractional
linear action of PSL.2;R/ on H2�

a b

c d

�
W z 7!

az C b

cz C d
;

is an isometry of H2. The isometry group of the disk model is PSU.1; 1/, which
is conjugate to PSL.2;R/ by the Cayley transform. We write G for PSL.2;R/ or
PSU.1; 1/, depending on the model of hyperbolic space we are using (and we will
often move between the two models freely), and let g or 
 denote an element of G.
It is again easy to check that PSL.2;R/ acts transitively and faithfully on SH2, the
unit tangent bundle of H2, hence we can identify SH2 with G D PSL.2;R/ with the
following identification:

PSL.2;R/ 3 g 7! .g.i/; g0.i/i/ 2 SH2;

where g0 denotes the derivative of the action of g as a fractional linear transformation
on H2. In particular, this identifies the identity element ofG with the unit vector .i; i/
based at i 2 H2 pointing upward along the imaginary axis. With this identification
of G with SH2, the geodesic flow starting at a point h 2 G after time t is denoted
by gt .h/ and is given by the right action, gt .h/ D hat , where at is the element of G
given by

at ´

�
et=2 0

0 e�t=2

�
:

The geodesics on H2 or D trace out circular arcs orthogonal to the boundary at con-
formal infinity. This fact is well known in hyperbolic geometry. See, for example, [21]
for a proof of this fact.

We define the stable horocyclic flow and the unstable horocyclic flow on G by the
right action with the elements nu and nv , respectively, where

nu´

�
1 u

0 1

�
; nv ´

�
1 0

v 1

�
:

We also define the element k� , given by

k� D

�
cos.�=2/ sin.�=2/
� sin.�=2/ cos.�=2/

�
; � 2 Œ0; 2�/;

whose right action on g, under the identification G ' SH2, fixes the base point z and
rotates by angle � in the fibre of SH2. Notice that k2� D k0 in PSL.2;R/. We can
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define global coordinates .z; �/ on G ' SD by taking .z; � D 0/ to be the unit vector
such that the geodesic emanating from this vector tends to a fixed point, say 1, on @D,
and so that the action of k� acts by .z; � 0/ 7! .z; � 0 C �/.

The group G has a bi-invariant Haar measure, which we denote dg, given by
d Vol.z/d� in .z; �/ coordinates.

The elements at form a subgroup of G denoted A. Similarly, the elements nu,
nv , and k� form subgroups, denoted N , xN , andK, respectively. We define the vector
fields H , XC, X� on G ' SH2 as the infinitesimal generators of the subgroups A,
N , and xN , respectively; that is, they generate the geodesic flow, the stable horocyclic
flow, and the unstable horocyclic flow, respectively. Let us note that H , XC, and X�
are left-invariant vector fields onG because the flows they generate act as right actions
onG, and hence commute with the left action ofG on itself. The Lie brackets of these
vector fields satisfy

ŒH;XC� D XC; ŒH;X�� D �X�; ŒXC; X�� D 2H; (2.2)

which are easily derived from the matrix expressions for at ;nu, and nv .
We can visualise these three flows on G using the identification G ' SD. Please

see Figure 1.
Let us also introduce coordinates .z; b/ 2 D � B . Given .z; v/ 2 SD, there is a

unique b 2 B such that the geodesic flow applied to .z; v/, gt .z; v/ has forward (con-
formal) endpoint b 2B as t!1. In this way, the fibre SzD andB are diffeomorphic
(in a z-dependent way). Hence, we have identifications G ' SD ' D � B .

Fix a point z 2 D and b 2 B . We define the horocycle through z and tangent to b
as the limit of a family of curves through z. Explicitly, consider the curve

C.z; ˇ/´ ¹z0 2 D W distD.z0; ˇ/ D distD.z; ˇ/º

where distD.z0; ˇ/ refers to the distance on D between points z0 and ˇ induced by the
hyperbolic metric, (2.1). These are circles in the hyperbolic disk with centre point ˇ
passing through z. As ˇ tends towards the point b 2B at infinity, say along a geodesic,
the curves C.z; ˇ/ converge smoothly to a curve that we call the horocycle through
z tangent to b. In the disk model, a horocycle is a Euclidean circle passing through
z and tangent to the boundary of the disk at b 2 B . See Figure 1. For comparison,
the corresponding sets in Euclidean space Rn relative to a point ! on the sphere at
infinity are hyperplanes with normal vector !.

Let us now state the definition of an Anosov flow and present a short direct proof
that the geodesic flow on SH2 is Anosov.

Definition (Anosov flow). A smooth flow 't on a smooth manifold M is called uni-
formly hyperbolic or Anosov with respect to a smoothly varying norm j � j on the
tangent spaces ofM if, for all x 2M , there exist a splitting TxM DE0.x/˚Eu.x/˚
Es.x/which is preserved by the flow, i.e.,Ei .'t .x//D d't .x/.Ei .x// for all x 2M ,
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b

b0

g

gat

gnu

gnv gk

Figure 1. By identifying g with a point in SD, the geodesic flow, stable horocyclic flow,
unstable horocyclic flow and rotation in the fibres are represented by the right action on g by
at , nu, nv , and k� , respectively. The images of the two horocyclic flows trace out horocycles
in the base point z, which (in the disk model) are circles tangent to the conformal boundary at
the forward and backward endpoints (b and b0, respectively) of the geodesic determined by g.

.

t 2 R and i D 0; u; s, where E0.x/ is spanned by the vector field which generates 't
at x, and there exists constants C > 0, � > 0 such that

jd't .x/.v/j � Ce
��t
jvj; if v 2 Es.x/; t > 0;

jd't .x/.v/j � Ce
��jt j
jvj; if v 2 Eu.x/; t < 0:

Consequently, Es.x/ is called the stable subspace of TxM and Eu.x/ is called the
unstable subspace of TxM .

Lemma 1 (Geodesic flow on SH2 is an Anosov flow). The geodesic flow on SH2 '

G is an Anosov flow with respect to any left G-invariant norm on the tangent fibres
of SH2 ' G. The stable and unstable subspaces are spanned by the vector fields XC
and X�, respectively.

Proof. Fix a point h 2 G ' SH2 and consider the geodesic flow gt .h/ D hat . Con-
sider the two flows through h given by the unstable and stable horocycle flows,
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respectively, u 7! hnu and u 7! hnu. These flows are generated by XC and X�,
respectively, and we claim the tangent subspace over h spanned by XC and X� are
Es.h/ and Eu.h/, respectively. Let us fix a left G-invariant norm on the fibres of
TG by setting jH j D jXCj D jX�j D 1, any other left G-invariant norm are equi-
valent (as norms) to this one. We can make the explicit (matrix) computation that
nuat D atnue�t and nuat D atnuet which shows that

dgt .h/XC D e
�tXC; dgt .h/X� D e

tX�:

This shows that the line bundles Es.h/ and Eu.h/ are preserved by the gt flow and
that XC spans the stable sub-bundle and X� spans the unstable sub-bundle with Lya-
punov exponent � D 1. Hence, the geodesic flow gt on G ' SH2 is Anosov.

The splitting of the tangent bundle into stable, unstable and flow directions induces
a splitting of the cotangent bundle. These bundles are denoted E�s ; E

�
u , and E�0 and

are defined by
E�s D .Es ˚E0/

0;

E�u D .Eu ˚E0/
0;

E�0 D .Es ˚Eu/
0;

where the superscript 0 indicates the annihilator space. Recalling the symbol of a
vector field V on a smooth manifold M is defined as the function T �M 3 .x; �/ 7!
�.Vx/, where �.�/ is the linear functional defined by � 2 T �xM , these spaces can also
be defined by the following equations, where h; u; s are the symbols of H;XC; X�,
respectively:

E�s D ¹h D u D 0º;

E�u D ¹h D s D 0º;

E�0 D ¹s D u D 0º:

Then, under the bicharacteristic flow of H (that is, the Hamiltonian flow of h on the
cotangent bundle of SH2), we have Pu D u and Ps D �s, so the flow is expanding on
E�u and contracting on E�s , which explains the notation for these line bundles.

The calculation of these derivatives follows from the following identity: for any
vector field V on a smooth manifold M , if we let �.V / 2 C1.T �M/ be the symbol
of V , as defined above, then for smooth vector fields V , W on M , we have

¹�.V /; �.W /º D ��.ŒV;W �/

where ¹�; �º is the Poisson bracket and Œ�; �� is the Lie bracket. This can be proved in
local coordinates, or a proof can be found in [26, Proposition 22.19]. If we let Xh

denote the Hamilton vector field of h, then Ps D Xhs D ¹s;hº. Since h and s are the
symbols of H and X�, respectively, then ¹s; hº is also a symbol of a vector field,
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namely the symbol of �ŒX�; H �. Since �ŒX�; H � D �X� by the Lie bracket iden-
ties (2.2), we observe that Ps D �s. A similar calculation shows Pu D u. This splitting
of the cotangent bundle is important in the definition of anisotropic Sobolev spaces
(see Section 2.4).

2.2. Harmonic analysis on D

Definition (Busemann function). Given z 2D and b 2B . The Buseman function of z
and b, denoted hz; bi, is defined to be the signed distance from 0 2 D to the horocycle
through z tangent to b, with sign convention that hz; bi tends to infinity as z ! b

along any geodesic.

The family of geodesics emanating from b 2 B are orthogonal to the family of
horocycles tangent to b. The identity nuat D atnue�t has the geometric interpretation
that the signed distance between horocycles is well defined, as any geodesic segment
between the two horocycles has the same length t . In particular, it is the quantity given
by hz; bi � hw; bi where z is any point on the first horocycle and w is any point on
the other horocycle. See Figure 2.

The function ehz;bi coincides with the classical Poisson kernel on the disk,

ehz;bi D P.z; b/´
1 � jzj2

jz � bj2
:

In fact, by direct calculation one can verify that this function is constant on horocycles
based at b, it equals 1when z D 0, and the gradient rzhz; bi, in the hyperbolic metric,
has unit length. Using this fact about the gradient and the harmonicity of P.z; b/
(notice that harmonicity coincides for the Euclidean and the hyperbolic metric), it is
easy to check that for � 2 C and b 2 B , the function z 7! e�hz;bi is an eigenfunction
of the hyperbolic Laplacian with eigenvalue �.�� 2/. We refer to these powers of the
Poisson kernel ehz;bi as (hyperbolic) plane waves, as they are analogous to Euclidean
plane waves. Helgason used these hyperbolic plane waves to define a non-Euclidean
Fourier transform on the hyperbolic disk.

The Busemann function is also useful in linking the two coordinate systems .z; �/
and .z; b/ that we have discussed. In fact, for fixed z, we have d� D ehz;bidb. The
easiest way to derive this is to consider a harmonic function u on the disk with bound-
ary values f .b/. Then we have by the mean value theorem

u.z/ D
1

2�

Z
S1

f .b.�// d� D
1

2�

Z
B

P.z; b/f .b/ db:

This implies that the Haar measure in .z; b/ coordinates is

dg D d Vol.z/d� D ehz;bid Vol.z/db: (2.3)
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bb

z

o

w

Figure 2. On the left, a horocycle through z and b and a horocycle through w and b on the
hyperbolic disk. The so-called Busemann function, hz; bi, is the distance from the origin o to
this horocycle. hz; bi � hw; bi represents the signed distance between the given horocycles. On
the right, a family of horocycles through a single point b 2 B . Any two horocycles through the
same point b are equidistant to each other.

.

One of the important identities involving the Busemann function is how it changes
under a left action of 
 2 G (acting on both z and b, that is, using the coordinates
.z; b/ on G). We note that hz; bi is not invariant under 
 since it depends on a choice
of origin in H2. However, a difference hz; bi � hw; bi is invariant. We thus have

h
z; 
bi � h
w; 
bi D hz; bi � hw; bi for all 
 2 G:

Setting w D 0 and noting that h0; bi D 0 by definition, we find that for all 
 2 G, we
have

h
z; 
bi D hz; bi C h
0; 
bi: (2.4)

Another useful identity involving the Busemann function is


 0.b/ D e�h
0;
bi; (2.5)

which can be derived from (2.3) and (2.4) and the fact that the Haar measure dg and
the volume measure d Vol.z/ are invariant under the left action of 
 2 G. We now
state a theorem of Helgason, which defines the non-Euclidean Fourier transform, and
clarifies some of its properties.

Theorem 2 (Helgason’s non-Euclidean Fourier transform, [21, Theorem 4.2]). For
any complex-valued function f on D, define the non-Euclidean Fourier transform by

F f .b; r/´

Z
D

f .z/e.1=2Cir/hz;bid Vol.z/:
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for any b 2 B and r 2 C for which this exists. If f 2 C1c .D/, then there exists a
pointwise inversion formula

f .z/ D

Z
RC�B

e.1=2Cir/hz;biF f .b; r/dp.r/db; dp.r/´
r

2�
tanh.�r/dr: (2.6)

This non-Euclidean Fourier transform extends to an isometry of L2.D; d Vol.z// to
L2.RC � B; dp.r/db/, where dp.r/ is as in (2.6).

We state another theorem of Helgason which will be useful to us.

Theorem 3 (Boundary distribution of Laplacian eigenfunctions, [21, Theorem 4.3]).
For any r 2 C, if 'r is a (smooth) function on D which satisfies�'r D .1=4C r2/'r
and grows at most exponentially in the hyperbolic distance, dD.0; z/, i.e., j'r.z/j �
CecdD.0;z/ for every z 2 D with C; c > 0 some arbitrary constants, then there exists
a distribution T 2 D 0.B/ such that2

'r.z/ D

Z
B

e.1=2Cir/hz;biT .b/ db

Moreover, the distribution T is unique if 1=2C ir ¤ 0;�1;�2; : : : . Hence, in this
case, we may label T as T'r since T'r is uniquely determined from 'r and vice versa.

A corollary to Helgason’s theorem, Theorem 3, is information about how the dis-
tributions T 2 D 0.B/ vary under a discrete group (also called a Fuschian group) of
cocompact isometries � � G when T is the boundary distribution of an eigenfunc-
tion on the compact hyperbolic surface �nD. For T a generalised function on B , dual
to smooth densities on B , and 
 2 G, we will use T .
b/ to denote the generalised
function 
�T which acts on a smooth density f by .
�T /.f /D T ..
�1/�f /, where
.
�1/� is the pullback of f by 
�1.

Corollary 4. Let 'r 2 C1.�nD/ satisfy�'r D .1=4C r2/'r pointwise in D. Then,
for 1=2 C ir ¤ 0;�1;�2; : : : , there exists a unique boundary distribution, T'r 2
D 0.B/, such that for any 
 2 � ,

T'r .
b/ D e
.1=2�ir/h
0;
biT'r .b/:

2In this article we take T to be a distributional function, i.e., a generalised function which
is dual to smooth densities on B . This differs from the convention in [2] where it is taken to
be a distributional density (i.e., dual to smooth functions on B). This changes the form of the
transformation under 
 2 G by the Jacobian factor (2.5).
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In particular,

e.�1=2Cir/h
z;
biT'r .
b/ D e
.�1=2Cir/hz;biT'r .b/

for every 
 2 � , (using identity (2.4)), and so

e.�1=2Cir/hz;biT'r .b/ 2 D
0.�nG/;

that is, it is invariant by � and therefore forms a well-defined distribution over �nG.

Remark. We remark that Corollary 4 can be understood as the existence of an expli-
cit correspondence from quantum states 'r to classical states e.�1=2Cir/hz;biT'r .b/,
which are Pollicott–Ruelle resonant states of the geodesic flow on S�.�nD/. This
explicit correspondence between quantum states and classical states has been exten-
ded in [7] to all compact manifolds of constant negative curvature. In the setting of
convex cocompact hyperbolic surfaces, [15] prove an explicit correspondence between
quantum resonant states for the Laplacian and Pollicott–Ruelle resonant states for the
generator of geodesic flow. The work of [17] extends this correspondence in the con-
vex cocompact setting to manifolds of constant negative curvature of dimension three
and above, and [16] extends such a correspondence to all compact locally symmetric
spaces of rank one.

2.3. Zelditch pseudodifferential calculus on D

Zelditch uses Helgason’s non-Euclidean Fourier transform to define a left-invariant
pseudodifferential quantisation on D, see [31]. For any operatorAWC1.D/ 7!C1.D/,
Zelditch defines the complete symbol of A to be the function a.z; b; r/ 2 C1.D �
B �RC/ by

Ae.1=2Cir/hz;bi D a.z; b; r/e.1=2Cir/hz;bi: (2.7)

Conversely, given a smooth function a 2 C1.D � B � RC/ of at most polynomial
growth in r , one defines the operator Op.a/ acting on u2C1c .D/ (motivated by (2.7))
by

Op.a/u.z/ D
1

2�

Z
Bb�RCr

a.z; b; r/e.1=2Cir/hz;bi

�

� Z
Dw

e.1=2�ir/hw;biu.w/d Vol.w/
�
dbdp.r/; (2.8)

where dp.r/ is the same Plancharel measure as in (2.6). We remark that (2.8) is
well defined as an iterated integral for any such a, since the inner integral is rap-
idly decreasing in r for u 2 C1c .D/. The Fourier inversion formula shows that Op.a/
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has complete symbol a, hence we have an exact correspondence between functions
a 2 C1.D � B �RC/ of polynomial growth – which includes all functions in Hör-
mander-type symbol classes – and certain operators AWC1.D/ 7! C1.D/.

Let � be a subgroup of G. The Zelditch calculus has the important property that a
Zelditch quantised pseudodifferential operator, Op.a/, commutes with � , in the sense
that it commutes with the operators T
 , 
 2 � acting by .T
f /.z/ D f .
z/, if and
only if the symbol a is �-invariant in the sense

a.
z; 
b; r/ D a.z; b; r/ for all 
 2 �; .z; b/ 2 G; r 2 RC:

See [2] for details.
Now, suppose that � is a discrete cocompact subgroup of G, that is, such that

the quotient �nD is a compact hyperbolic surface X . The invariance property just
described shows that if a is a �-invariant symbol, then Op.a/ at least formally maps
�-invariant functions to �-invariant functions, and hence induces an operator on X .

Given an operator on D with Schwartz kernel K.z;w/ that is singular only on the
diagonal and which is invariant under the left �-action of a discrete cocompact group,
i.e., K.z; w/ D K.
z; 
w/, if K.z; �/ decays fast enough (so that the series below
in (2.9) converges absolutely), we can define an induced operator on �nD which has
Schwartz kernel K� defined by the series

K�.z; w/ D
X

2�

K.z; 
w/: (2.9)

The fact that this is the appropriate induced kernel can be checked by the calculationZ
X

K�.z; w/f �.w/dw D
X

2�

Z
D

K.z; 
w/f �.w/dw

D

X

2�

Z
D

K.z;w/f �.
�1w/dw D

Z
D

K.z;w/f .w/dw;

where f � can be considered as the restriction of the �-periodic (automorphic) func-
tion f to a fundamental domain X , such thatX


2�

f �.
�1w/ D f .w/:

Rather than consider f � as a sharp cutoff of f to a fundamental domain, we could
also define f �.w/´ �.w/f .w/, where � is a smooth function on D with the prop-
erty that X


2�

�.
�1w/ D 1:
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The required decay of K.z; w/ away from the diagonal is implied by the symbol
a.z; b; r/, having an analytic continuation in r to a strip of suitable width, cf. Eguchi
and Kowata [9].

We also finally remark that through the identification of

S�X �RC ' T �Xn0

via polar coordinates in the fibres of T �X for X D �nD, we can identify

�n.D � B/ �RC ' T �Xn0

since �n.D �B/' �nG ' S�X . Consequently, the class of smooth functions on the
cotangent bundle of X , with zero section deleted, can be identified with the class of
smooth functions in coordinates z 2D; b 2 B; r 2RC which is left-�-invariant in the
.z; b/ variables. Hence, certain classes of symbols can be identified with symbols in
the Zelditch calculus. For example, the Hörmander symbol classes of order m in the
fibre, Sm1;0.T

�Xn0/ is equivalent via this identification to the left �-invariant class
of symbols, a 2 C1.�nG � RC/, where for any s 2 N and any multi-index ˛ D
.˛1; ˛2; ˛3/, there exists a constant Cs;˛ > 0 such that

j.r@r/
sH˛1X

˛2
C X

˛3
� a.g; r/j < Cs;˛.1C jr j/

m; (2.10)

see [31, Section 2]. Zelditch, in [31], goes into more detail of this pseudodifferen-
tial calculus, giving formulae for the composition, adjoints and commutators of such
pseudodifferential operators, as well as deriving an analogue of Egorov’s formula and
Friedrichs symmetrization.

2.4. Faure–Sjöstrand anisotropic Sobolev spaces

Since the geodesic flow on S�X is a contact Anosov flow, the theory of anisotropic
Sobolev spaces for contact Anosov flows, introduced by Faure and Sjöstrand [11],
will be useful to us. See also [8] for a similar microlocal construction.

We need a method to talk about the regularity of distributions appearing on S�X .
For this purpose, we will use the standard theory of microlocal (or semiclassical)
analysis onC1 compact manifolds, say as detailed in [33]. Note that this is a different
pseudodifferential calculus than the Zelditch calculus; we use the Zelditch calculus for
the exact correspondence it brings between operators onX and symbols on T �Xn0'
S�X �RC.

We recall Nonnenmacher and Zworski’s [27, Theorem 4], which will suffice for
our purposes. The proof of [27, Theorem 4] relies on the construction of an escape
function defined on T �.S�X/which strictly and uniformly decreases along (forward)
trajectories of the bicharacteristic flow of H , the generator of geodesic flow, on the
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cotangent bundle T �.S�X/, except in a conical neighbourhood of E�0 and a compact
neighbourhood of the zero section. We let G denote the Weyl quantisation of the
escape function, as in [27]. [27, Theorem 4] reads in our context as follows.

Theorem 5 ([27, Theorem 4]). Let H be the generator of geodesic flow on S�X .
Consider P D �iH as the self-adjoint operator on L2.S�X; d�/ with domain

D.P / D ¹u 2 L2.S�X/ W Pu 2 L2.S�X/º

where � is the Liouville measure on S�X . Let �0 be the minimal asymptotic unstable
expansion rate for the geodesic flow, i.e.,

�0´ lim inf
t!1

1

t
inf

x2S�X
log.det dgt jEu.x//:

For any s > 0, there exists a Hilbert space H sG .S�X/´ e�sGL2.S�X/ such that

C1.S�X/ � H sG .S�X/ � D 0.S�X/

and the operator family .P � z/�1WH sG 7! H sG is meromorphic in the half plane
=z > �s, admitting finitely many Pollicott–Ruelle resonances (poles of the resolvent
.P � z/�1) in the strip =s > ��0=2C �, for any � > 0, including a simple pole at
z D 0 where the residue is a rank one projection operator onto the eigenspace of
constants on S�X . The resolvent estimate k.P � z/�1kHsG 7!HsG � C hziN holds
for =z > �0=2, <z > C for some constants C;N > 0.

In our proof below, where G is fixed, we will simply use H s instead of H sG

to refer to this scale of anisotropic Sobolev spaces. We remark that �0 equals one
when X is a compact hyperbolic surface because the geodesic flow has constant unit
Lyapunov exponent as shown in Lemma 1. The Hilbert spaces H s are similar to
those appearing initially in Faure and Sjöstrand [11]. In particular, we can describe
the Sobolev regularity at certain regions of fibre infinity for functions in the space
H s.S�X/. Let A1 be a zeroth order pseudodifferential operator microsupported in a
small conic neighbourhood of the line bundle E�s over S�X , and elliptic at E�s . Then
there exists some C > 0 such that

C�1kA1f kH s � kA1f kHs � CkA1f kH s ;

whereH s is the standard Sobolev space over S�X of order s. A similar comparability
of norms holds if H s is replaced by H�s and A1 is instead microsupported in a
small conic neighbourhood of the line bundle E�u over S�X , and elliptic at E�u . We
colloquially say that the spaces H s are microlocally of orderH s nearE�s and of order
H�s near E�u .
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We also mention that there is a relationship between the location of the poles of
the resolvent of P and the eigenvalues of the Laplacian for all compact hyperbolic
manifolds as proved by Dyatlov, Faure, and Guillarmou in [7]. Additionally, the res-
onant states of P (the image of the residue of the resolvent at the poles) are precisely
those distributions appearing in Corollary 4 for those rj corresponding to a Laplace
eigenvalue (away from an exceptional set).

3. Statement of the result

Let � �G be a discrete group such thatX D �nDD �nG=K is a compact hyperbolic
surface. We write d� for the Riemannian measure associated to the hyperbolic metric
on X , and write L2.X/ for L2.X; d�/.

Let a1 and a2 be symbols in the Hörmander class of type .1; 0/ and order ˛ and 0,
respectively, where ˛ � �6. (More general symbols could be considered, and �6
is not sharp, but this is sufficient for our interests, since our applications will only
require symbols of order �1.) We assume that they are both left-invariant by � ,
and have analytic continuations in r to a strip of width strictly greater than 1=2, so
that their Zelditch quantizations Op.ai / define operators A�1 and A�2 on L2.X/. We
also let A�1 .t/ be a time-evolved family of such operators, satisfying these conditions
uniformly in t , with A1.0/ D A1. Here, motivated by the right-hand side of (1.6), we
consider the family Op.a1 ı gt / where gt is the geodesic flow on S�H2 (notice that
these symbols are left-�-invariant for all t ). Our main result is the following.

Theorem 6. Let � �G be a discrete cocompact group and letX D �nD be the com-
pact hyperbolic surface induced by � . Let a1 2 S˛1;0.T

�Xn0/ and a2 2 S01;0.T
�Xn0/

be symbols in the Hörmander class of type .1; 0/ and order ˛ � �6 and 0, respect-
ively. We assume that a1 and a2, when considered as a symbol in the Zelditch calculus
in variables .g; r/ 2 �nG �RC, have an analytic continuation in r to a strip of width
greater than 1=2, satisfying the symbol estimates uniformly in this strip. We further
suppose that either a1.�; rj / or a2.�; rj / has integral zero over S�X for each j where
�j D 1=4C r

2
j is the j ’th eigenvalue of the Laplace–Beltrami operator on �nD. Let

A�1 .t/ and A�2 be the operators on L2.X/ induced by A1.t/D Op.a1 ı gt /, where gt

is the classical geodesic flow on S�H2, andA2DOp.a2/ using Zelditch quantization.
Then .A�2 /

�A�1 .t/ is trace class for each t , and

Trace.A�2 /
�A�1 .t/

decays exponentially as t !˙1.

We note that there are interesting examples of symbols which satisfy all the con-
ditions required. For example, a �-invariant symbol a.z; b; r/ D '.z; b/f .r/ where
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�nG

' D 0 and f is a smooth symbol in r which decays on RC at a polynomial rate
with an analytic extension to a strip will satisfy all the conditions of Theorem 6.

4. Proofs

Using Theorem 3, we can find an exact formula which relates hA�1 'j ; A
�
2 'liL2.X/ to

a certain bilinear form involving the Zelditch symbols a1, a2 of A�1 and A�2 .

Lemma 7. Let A�1 and A�2 be two pseudodifferential operators on a compact hyper-
bolic surface X D �nD as in Theorem 6, with �-invariant Zelditch symbols a1 and
a2, respectively. Let 'j , 'k be a pair of Laplace eigenfunctions on �nD with eigenval-
ues 1=4C r2j and 1=4C r2

k
, respectively. We take rj ; rk to be in Œ0;1/ [ i Œ�1=2; 0�.

Then,

hA�1 'j ; A
�
2 'liL2.X/ D

Z
�nG

a1.g; rj /Ej .g/

�Z
K

a2.gk� ; rl/El.gk� /d�

�
dg; (4.1)

where Ej .g/ is the �-invariant distribution on G, mentioned in Corollary 4, given by

Ej .g/ D e
.�1=2Cirj /hz;biTj .b/; (4.2)

where we use coordinates .z; b/ on G as described above, such that Tj .b/ is the
boundary distribution function for 'j , making the choice of rj 2 Œ0;1/[ i Œ�1=2; 0�.

Remark. We remind the reader that the Haar measure dg is ehz;bid Vol.z/db
(see (2.3)), accounting for �1=2 (instead of C1=2) in the exponent in (4.2). We can
interpret Ej as the j th Ruelle–Pollicott resonant state of �nG in the first band; see
[7, Section 2].

Proof. We begin with Helgason’s theorem, Theorem 3, on the integral representa-
tion for Laplace eigenfunctions. Since 'j ; 'l are Laplace eigenfunctions on �nD
with eigenvalues 1=4C r2j and 1=4C r2

l
, respectively, we can consider them as left

�-invariant (or left �-periodic) functions on D, satisfying�D'j D .1=4C r
2
j /'j and

�D'l D .1=4C r
2
l
/'l , respectively. Since �nD is compact, they are bounded func-

tions on D and hence trivially satisfy the exponential growth bound of Helgason’s
Theorem 3. Our choice of rj ; rl ensures that 1=2C irj and 1=2C irl do not belong
to the exceptional set 0;�1;�2; : : : , so we have unique boundary distributions T'j .b/
and T'l .b/ such that

'j .z/ D

Z
B

e.1=2Cirj /hz;biT'j .b/db; 'l.z/ D

Z
B

e.1=2Cirl /hz;biT'l .b/db
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for all z 2 D. We then recall that the pseudodifferential operators A1 D Op.a1/ and
A2 D Op.a2/ defined by Zelditch quantisation act on the eigenfunctions in the fol-
lowing way:

A1'j .z/ D

Z
B

a1.z; b; rj /e
.1=2Cirj /hz;biT'j .b/db;

A2'l.z/ D

Z
B

a2.z; b; rl/e
.1=2Cirl /hz;biT'l .b/db:

In fact, for real rj , rl , this follows directly from (2.7). On the other hand, both sides
of (2.7) have an analytic continuation to the strip of radius 1=2, so the equality persists
for j=r j � 1=2. Therefore, we can express hA1'j ; A2'liL2.�nD;dz/, for any j and l ,
as Z

�nD

�Z
B

a1.z; b; rj /e
.1=2Cirj /hz;biT'j .b/ db

�
�

�Z
B

a2.z; b0; rl/e.1=2Cirl /hz;b
0iT'l .b

0/ db0
�
d Vol.z/: (4.3)

Now, writing gD .z;b/, we have .z;b0/D gk� for some � D �.z;b;b0/, since the right
action of K rotates in the fibres of the cosphere bundle S�H2 keeping the basepoint
z fixed. In view of equality (2.3), dg D ehz;bid Vol.z/db D d Vol.z/d� , we have
db D ehz;bid� when z is held fixed. We can therefore express (4.3) asZ

�nG

a1.g; rj /Ej .g/

�Z
K

a2.gk� ; rl/El.gk� /d�

�
dg; (4.4)

which verifies (4.1).

Remark. We remark that whenA2 is the identity operator, hA1'j ;A2'liDhA1'j ;'li
equals the off-diagonal Wigner distributions W �

j;l
.a1/ considered by Anantharaman

and Zelditch in [2], with the diagonal Wigner distributions (with j D l) considered
previously in [1]. There, they relate these distributions to (families of) eigendistri-
butions of the geodesic flow, called Patterson–Sullivan distributions. They derive an
identity involving an intertwining operator which sends Patterson–Sullivan distribu-
tions to Wigner distributions. Their derivation of this operator involves expressing k�
in the right-hand side of (4.4) as a product nvatnu for functions v; t; u of � and then
using the invariance and eigenvariance properties of the distributions El by pullback
with respect to the right action of N and A on G, respectively. See the second proof
of [2, Proposition 5.7].
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We now verify the claim (1.3) in the introduction.

Corollary 8. Let w � 1=2 and let Sw be the strip ¹r 2 C j j=r j � wº in the complex
plane of width w. Let a1; a2 be symbols as in Theorem 6. Then the trace A�2A1 is
given by the sesquilinear pairing

ha1;Ta2i (4.5)

of a1 against a distribution Ta2 where T maps symbols to distributions on �nG �
Sw , given by

Ta2.g; r/ D
X
j

Tja2.g/ırj .r/; Tja2.g/ D Ej .g/

Z
K

a2.gk� ; rj /Ej .gk� / d�:

(4.6)
The pairing ha1;Ta2i is well defined for a1 2 S�41;0..�nG � Sw//.

Remark. We remark that a1 2 S�41;0.�nG � Sw/ means that a1 satisfies the symbol
estimates (2.10) uniformly in the strip Sw .

Proof. The formula follows immediately from Lemma 7 and the standard formula for
the trace

TraceA�2A1 D
1X
jD0

hA1'j ; A2'j iL2.X/

using the fact that the 'j are an orthonormal basis for L2.X/. We need to check that
the sum is well defined as a distribution. This follows from the estimates below which
verify that the pairing is well defined for a1 2 S�41;0..�nG � Sw//. We use rather crude
estimates for this, which accounts for the loss in the order of a1. We are unconcerned
by this as our intended application is to operators of order �1, as in (1.1).

Using work of Otal, [28], we find that Tj is the derivative of a function Fj .b/ that
is Hölder continuous of order 1=2. The Hölder 1=2-norm of F is bounded in [28]
by C.k'j k1 C kr'j k1/, where C is independent of j . Using standard estimates
of eigenfunctions on compact manifolds, for example as proved in [24], gives us an
estimate of C hrj i

3=2 for the Hölder 1=2-norm of F and a fortiori for its L2 norm.
Therefore, Tj itself is in H�1.B/ with a norm estimate C hrj i

3=2, with C uniform
in j . It follows that Ej , as a function of .z; b/, coordinates which makes sense locally
on �nG, is L1 in z with values in H�1.B/, with a norm estimate C hrj i

3=2.
We now consider the integral overK in the definition (4.6) of Ta2. Recall that this

is an expression for A2'j . Since A2 is a pseudodifferential operator of order 0, this is
L2.X/ uniformly in r (with constant depending on a finite number of seminorms of
the symbol a2, but not on j ). Viewed as a function on �nG, it is uniformly L2 in z,
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and constant in b. The product in (4.6) is therefore L2 in z with values in H�1 in b,
locally, and therefore H�1 locally, satisfying

kTja2kH�1.�nG/ � C hrj i
3=2; with C independent in j : (4.7)

As for a1, as a symbol of order �4 it is in H k.�nG/ for each fixed r , with
norm bounded by hri�4. The pairing of a1 with the j th summand of (4.6) is there-
fore O.hrj i

�5=2/, and using Weyl asymptotics, we see that this is summable in j .
This verifies the claim that the pairing hTa2; a1i is well defined for symbols a1 of
order �4.

We can interpret (4.5), at least formally, as a sum over j of the classical correlation
of the function a1.�; rj /, with the distribution Tja2. Next, we check that Tja2 has the
required regularity for which we can apply some results on decay of correlations.

Lemma 9. The distribution Tja2 in (4.6) belongs to the anisotropic Sobolev space
H�s.�nG/ described in Section 2.4 for every s � 1, and the norm of Tja2 in the
space H�s.�nG/ is bounded by C hrj i

7=2.

Proof. We have already seen, in the proof of Corollary 8, that Tja2 is in the space
H�1.�nG/ with norm bounded by C hrj i

3=2. To obtain the strengthened conclusion
that Tja2 in the space H�s.�nG/, we use the fact that Ej satisfies the equations

XCEj D 0;�
H C

1

2
� irj

�
Ej D 0:

It follows that Tja2 D .A2'j /Ej satisfies the equations

X2CTja2 D Ej .X
2
C.A2'j //;�

H C
1

2
� irj

�2
Tja2 D Ej

��
H C

1

2
� irj

�2
.A2'j /

�
:

(4.8)

To compute the norm of Tja2 in H�1.�nG/, we choose an elliptic pseudodif-
ferential operator B of variable order s, equal to the variable order of the Sobolev
space H�1.�nG/, together with an elliptic invertible operator R of order �1; then an
equivalent norm is

kBTja2kL2 C kRTja2kL2 :

Here we note that s is defined on T �.S�X/ D T �.�nG/, takes values in Œ�1; 1�, is
equal to 1 in a conic neighbourhood of the line bundle E�u and �1 in a conic neigh-
bourhood ofE�s , and is monotone increasing with respect to geodesic flow in direction
t !1.
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It is immediate that RTja2 is in L2 with a norm bound of C hrj i
3=2, using (4.7).

To analyse the other term, we observe that, except at the bundle E�s , one or the other
of the operators in (4.8) is elliptic. Using microlocal parametrices for these operators
on their respective elliptic sets, we may write

B D B1X
2
C C B2

�
H C

1

2
� irj

�2
C B3; (4.9)

where B1 and B2 have variable order s � 2, and B3 has order �1 (we may assume
without loss of generality that B3 is microsupported in a small conic neighbourhood
of E�s , where B has order �1). Then, Bi 2 ‰�1.S�X/ for i D 1; 2; 3. Using (4.8),
we find that BTja2 is indeed in L2. (The reason for using the squares of these vector
fields in (4.8) was so that we could reduce the orders of B1 and B2 by two relat-
ive to B , so that they become operators of order �1.) Moreover, the right-hand side
of (4.8) is in H�1.S�X/, with norm bounded by C hrj i

7=2, using the same argument
as in the previous proof – the extra powers of rj arise from up to two derivatives
applied to A2'j as well as the term r2j in

�
H C 1

2
� irj

�2. Thus, the expressions (4.9)

and (4.8) together show that the norm of BTja2 in L2 is bounded by hrj i
7=2.

Next, we prove a lemma which shows exponential decay of the correlation of
two functions f1 2 C1.S�X/ and f2 2 H�s.S�X/ as t ! �1. The argument is
relatively standard, but we provide the details for completeness, following the proof
of [27, Corollary 5] rather closely. Note that we use the function space H�s with
s � 1 since the distributions Ej are in this space. We will apply Theorem 5 to the
vector field �H (rather than H ) which generates the flow t 7! g�t for which all
the estimates in Theorem 5 hold with H�s in place of H s and �H in place of H .
The reason the estimates still hold under this replacement is simply that the flow g�t

reverses the role of the bundles E�u , E�s . This will mean that the correlations will
decay as t ! �1 rather than t !1.

Lemma 10. Let f1 2 C1.S�X/ and f2 2 H�s.S�X/ be such that one of them has
mean zero. Assume that 1 � s � 2, and let 0 < ˛ < 1=2, N 2 N; � > 0 be such that
the resolvent is holomorphic for �˛ < =� < 0 and there is a polynomial bound on
the growth of the resolvent of P D iH on the anisotropic space H�s in the region
=� > �˛; j�j > � as in Theorem 5:

k.P � �/�1kH�s!H�s � C h�i
N ; =� > �˛; j�j > �:

Then there is a constant C˛ such that for all t > 0,Z
�nG

f1.ga�t /f2.g/dg � C˛e
�˛t
kf1kHNC4kf2kH�s :
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Remark. Before we prove this lemma, we remark that Faure and Tsujii have stronger
results. From their works [12, 14], it seems from their proof of the band structure of
the Pollicott–Ruelle spectrum, that they get a uniform estimate of the resolvent in the
strip =� � �˛ (away from the pole at � D 0) on certain anisotropic Sobolev spaces
zH s that are slightly different from those considered here. If this is so, then an abstract
result in semigroup theory, the Gearhart–Prüss–Greiner theorem, see [10, p. 302],
shows that the semigroup is exponentially decaying, that is, there exists C˛ > 0 such
that

ke�tHf k zHs � C˛e
�˛t
kf k zHs

for all t > 0 and for all f 2 zH s with mean zero (i.e., on the orthogonal complement
in zH s to the constant functions). This implies an improvement of the result claimed
in the lemma, the correlation would then have the following bound with the HNC4

norm replaced by the zH s norm:

he�tHf1; f2i � ke
�tHf1k zHskf2k zH�s � C˛e

�˛t
kf1k zHskf2k zH�s :

The proof we present of Lemma 10 below is a cruder proof sufficient for our
purposes where we only require that a spectral gap for the resolvent .iH � �/�1

exists with a polynomial growth bound on the resolvent asymptotically in the spectral
gap.

Proof. Observe that, by the density of L2 \H�s in H�s , it is sufficient to prove the
estimate for f2 2 L2 \H�s . Assuming this, we write the correlation using L2-spec-
tral theory for the self-adjoint operator P D iH on L2.S�X/ with domain D.P / D
¹f 2 L2 j Pu 2 L2º. We will also pedantically write Ps for iH on the space H�s

with domain D.Ps/ D ¹f 2 H�s j Pu 2 H�sº.
Applying L2-spectral theory for the self-adjoint operator P and the functions

f1; f2 2 L
2, we have

heitPf1; f2iL2.�nG/ D

Z
R

eit�d hf1; E.�1; �/f2i

where E.I / is the spectral projector for P onto the set I � R. To gain a decay factor
in this integral, we exploit the fact that f1 is smooth. We let f1 D .P C i/NC2f1,
which is C1, and has mean zero if f1 does, since hP jf1; 1i D hf1; P j 1i D 0. We
can express the correlation as

heitPf1; f2iL2.�nG/ D

Z
R

eit�

.�C i/.NC2/
d hf1; E.�1; �/f2i: (4.10)
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Next, we use Stone’s formula to express the spectral measure in terms of the
resolvent. We can write (4.10) as

lim
�&0

1

2�i

Z
R

eit�

.�C i/.NC2/
hf1; .P � � � i�/

�1f2i d�

� lim
�&0

1

2�i

Z
R

eit�

.�C i/.NC2/
hf1; .P � �C i�/

�1f2i d�:

The second term is zero, as we see by shifting the contour of integration to=�D c, c <
0 and sending c!�1. For this, we simply need the estimate k.P � �/�1kL2!L2 �
j=�j�1.

To deal with the first term, where we cannot shift the contour to =� < 0 because
of the spectrum of P along the real line, we pass to the operator Ps , as we may since
f2 2 H�s . We thus have

heitPf1; f2iL2.�nG/ D
1

2�i

Z
R

eit�

.�C i/.NC2/
hf1; .Ps � �C i�/

�1f2i d�: (4.11)

The resolvent of Ps has a meromorphic continuation to the half-space =� > �1=2,
with a pole at the origin, [7]. The pole is simple with residue being the projection
on to constants. Since either f1 or f2 has mean zero, the inner product in (4.11) is
holomorphic across zero so the contour can be pushed down to =� D �˛, using the
decay factor .�C i/�.NC2/ which overcomes the h�iN growth of the resolvent. Doing
so picks up a decay factor e�˛t and we obtain the required estimate by estimating

jhf1; .Ps � �� i˛/
�1f2ij � C h�i

N
kf1kHskf2kH�s � C h�i

N
kf1kHNC4kf2kH�s ;

and integrating in �. The last inequality follows from the embedding of H 2 into H s ,
since 1 � s � 2.

Now, we are in a position to prove the main theorem.

Proof of Theorem 6. A pseudodifferential operator on a compact manifold is trace
class provided it has order strictly less than minus the dimension of the manifold.
Since we have assumed that A1 has order � �6 and A2 has order zero, the evolved
operator A1.t/ also has order � �6, so A�2A1.t/ has order � �6 and is trace class.

We first prove the exponential decay of the trace of A�2A1.�t / as t !1.
By Corollary 8, the trace of A�2A1.�t / is given by a sumX

j

h.g�t /�a1.�; rj /;Tja2i
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of distributions Tja2 depending on a2.�; rj / applied to .g�t /�a1.�; rj /. We first
consider an individual term in this sum. By Lemma 9, the distribution Tja2 is in
the anisotropic Sobolev space H�s for s � 1, with norm in this space O.hrj i

7=2/.
Provided that a1 is a symbol of order �6 or below, the norm of a1.�; rj / in any stand-
ard Sobolev space Hm is O.hrj i

�6/, from the symbol estimates, showing that each
term in the sum is O.hrj i

�5=2/. Using Weyl asymptotics, we see that rj is bounded
above and below by a multiple of

p
j as j !1, hence the sum is absolutely con-

vergent. Moreover, according to Lemma 10, each term in the sum is bounded by

C˛e
�˛jt j
ka1.�; rj /kHNC4kTja2kH�s

for some 0 < ˛ < 1=2. Removing the exponentially decaying factor in time, we can
sum the series, leading to the conclusion that the trace decays exponentially in time.

We next briefly discuss the trace of A�2A1.t/ as t !1. Observe first that there
is nothing in the statement of the theorem to suggest that one direction of time is
favoured over another. Examining the proof, we see that in considering ‘plane waves’
of the form e.1=2Cir/hz;bi, we made a choice to use plane waves that are constant
on forward horocycles. One can equally well consider plane waves that are constant
on backward horocycles; these are just the previous plane waves composed with the
inversion map, which is the group element�

0 1

�1 0

�
2 PSL.2;R/;

that is, the element of the subgroup K that rotates by � in the fibres. If we do that,
then we find that the corresponding Ruelle–Pollicott resonant states yEj , as in (4.2), are
invariant under the generator X� of unstable horocycle flow rather than the generator
XC of stable horocycle flow as is the case for Ej . Correspondingly, the yEj are in
the opposite anisotropic space, that is regular at the stable line bundle E�s and rough
at the unstable bundle E�u . This leads to exponential decay as t !1. We omit the
details.
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