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Strichartz estimates for the Schrodinger equation on compact
manifolds with nonpositive sectional curvature

Xiaoqi Huang and Christopher D. Sogge

Abstract. We obtain improved Strichartz estimates for solutions of the Schrodinger equation
on compact manifolds with nonpositive sectional curvatures which are related to the classical
universal results of Burq, Gérard, and Tzvetkov (2004). More explicitly, we are able refine the
arguments in the recent work of Blair and the authors (2024) to obtain no-loss L{’ L% -estimates
on intervals of length log A - A™! for all admissible pairs (p, q) when the initial data have
frequencies comparable to A, which, given the role of the Ehrenfest time, is the natural analog
in this setting of the universal results in Burq, Gérard, and Tzvetkov (2004). We achieve this
log-gain over the universal estimates by applying the Keel-Tao theorem along with improved
global kernel estimates for microlocalized operators which exploit the geometric assumptions.

In memoriam of Steve Zelditch (1953-2022)

1. Introduction

The purpose of this paper is to improve the Strichartz estimates for the Schrodinger
equation on negatively curved compact manifolds of Blair and the authors [3], while
at the same time simplifying the arguments there.

Let us first recall the universal estimates of Burq, Gérard, and Tzvetkov [11].
If (M?,g) is a compact Riemannian manifold of dimension d > 2, then the main
estimate in [11] is that if Ay is the associated Laplace—Beltrami operator and

u(x.1) = (7% f)(x)
is the solution of the Schrédinger equation on M4 x R,

id;u(x,t) = Agu(x,t), u(x,0)= f(x), (1.1)
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then if we define

; 1/p
lullLr L araxpo,ny = (/ ||“(',f)||{§(Md) d’) ;
0

we have the mixed-norm Strichartz estimates

el e aaxiony < NS e aaay (1.2)

for all admissible pairs (p, ¢). By the latter we mean, as in Keel and Tao [17],

d(% - cl]) = % (1.3)
and

2d
2<qg<—— ifd >3,

d—2 (1.3b)
2<g<o0 ifd =2.

Also, in (1.2) H* denotes the standard Sobolev space

| flgmepaay = 1 + PY fllL2gay,  with P = /=Ag,

and “<” in (1.2) and in what follows denotes an inequality with an implicit, but
unstated, constant C which can change at each occurrence.
Note that if e; is an eigenfunction of P with eigenvalue A, i.e.,

2
—Age) = A%ey,

then
u(x,t) = e e; (x) (1.4)

solves (1.1) with initial data f = e,. Thus, unlike Euclidean space, or hyperbolic
space, one cannot replace [0, 1] by R in (1.2) due to the existence of eigenfunctions.
Also, for the endpoint Strichartz estimates where p = 2 and ¢ = 2d/(d — 2) with
d > 3, the derivative loss of 1/2 in (1.2) cannot be improved on the standard round
sphere S d by taking the initial data f to be zonal eigenfunctions. See, e.g., [3, 11]
for more details.

However, on compact manifolds with other types of geometries, (1.2) can be
improved, see e.g., [10, 12, 13] for the torus case and [3] for general compact man-
ifolds with nonpositive sectional curvatures. Also, for admissible pairs (p, q) other
than (2,2d/(d — 2)), one can have better estimates than (1.2) on the sphere as well
using the specific arithmetic properties of the distinct eigenvalues of the Laplacian
on S9. See, e.g., [11, Theorem 4].



Strichartz estimates on nonpositively curved manifolds 779

As in [3], to align with the numerology in earlier related results involving eigen-
function and spectral projection estimates, in what follows, we shall always take
d = n — 1. Our main result which improves on estimates in [3] then is the follow-
ing.

Theorem 1.1. Let M" ! be a d = n — 1 > 2-dimensional compact manifold all of
whose sectional curvatures are nonpositive. Then, for all admissible pairs (p, q),

||“||LfL§(Mn—lx[o,1]) ST+ P)YP(log2] + P))_l/pf”LZ(M"*ly (1.5)

If we let the initial data f = ej, then by (1.4) and the special case (p, q) = (2,
2d/(d —2)) of (1.5), we have

leall L2asa—2agay < A2 (1og D)2 |leall 2 ara) (1.6)

which gives a gain (log 1)~1/2

compared with the universal eigenfunction estimates
of the second author [19]. For manifolds with nonpositive curvature, (1.6) was first
proved by Hassell and Tacy [14], with similar results for all ¢ > 2(d + 1)/(d — 1).
Thus, (1.5) is a natural generalization of (1.6) for solutions of Schrédinger equation
and also provides a novel approach to get improved eigenfunction estimates.

By the Littlewood—Paley theory, we may reduce (1.5) to proving certain dyadic

estimates. More explicitly, let us fix a Littlewood—Paley bump function f satisfying

1

ﬁle«EJ» and 1=k§2mr%y s> 0. (1.7)

Then, if we set

Bo(s) = 1= B2 7Fs) e C°(RY)
k=1
and
Bi(s) = BQ27%s), k=12, ...,

we have (see, e.g., [20])

1 <g < o0. (1.8)

e N\ 1/2
Hllzoaanny = | (3 1BPIP) ] s
k=0
Trivially, ||,8()(P)€_itAg||L2(Mn—l)_>LtPLZ(Mn—1X[O,l]) = 0(1), anda SimilaﬂY9 such
results where k = 0 is replaced by a small fixed k € N are also standard. So, as noted
in [11], one can use (1.8) and Minkowski’s inequality to see that (1.2) follows from
the uniform bounds

le™ 2 BP/A) f Lz Lgun-ixtoy = CAP N f lzqan-ry, 2> 1 (19)
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Burq, Gérard, and Tzvetkov proved this estimate in [11] by showing that one always
has the following uniform dyadic estimates over very small intervals:

||e_”Agﬂ(P//\)f||L;’L§(Mn—lx[o,x—l]) = Cllfllezqpan—ry, A > 1. (1.10)

It is not hard to see that (1.10) yields (1.9), since one can write [0, 1] as the union
of ~ A intervals of length A~! and thus obtain (1.9) by adding up the uniform esti-
mates on each of these subintervals that (1.10) affords. Also, the bounds in (1.10)
cannot be improved on any manifold by taking f(x) = fi(x) = B(P/L)(x, xo),
with B(P/A)(x, y) being the kernel of the Littlewood—Paley operators. As a result,
to obtain improvements such as those in (1.5), larger time intervals must be used.
Specifically, we shall show that if M n=1 {5 as in Theorem 1.1, then we have the uni-
form bounds

le™ "2 BP/A) £l Lr L9 -1 xto, 0 a—1 < CIS l2qun—1y, A1, (L1

which is a natural extension of the uniform small-time scale estimates (1.10), and
perhaps the largest one can hope to obtain such estimates in the geometry we are
focusing on using available techniques, due to the role of the Ehrenfest time. Also,
by the above counting arguments, one obtains (1.5) from (1.11) since [0, 1] can be
covered by ~ A/ log A intervals of length log A - A1,

The bound in (1.11) improves the result in [3] in two aspects: first, it removes
the power of log A loss there; and second, it includes all admissible pairs (p, q). The
main ideas in the proof of (1.11) are similar to those in [3], both of which involve
a height decomposition. The larger values can be dealt with using kernel estimates
for certain global operators, while the smaller values involves the use of a Whitney-
type decomposition and bilinear oscillatory integral estimates of Lee [18]. Compared
to [3], we are able to improve the arguments used for the diagonal term in the Whit-
ney decomposition, which previously relied on a microlocalized version of improved
Strichartz estimates. We avoid this by applying the abstract theorem of Keel and
Tao [17] to some new Banach space with L# norm depending on the {” norm of dif-
ferent microlocalized pieces. The analogous dispersive estimate adapted to the new
space, which is necessary to apply the Keel-Tao theorem, is obtained by using the
kernel estimates involving the microlocalized operators as proved in [3].

If X[4,A+(0g1)—1] denotes the spectral projection operator for P = \/—_Ag asso-
ciated with the interval [A, A 4+ (log A)~!], then a simple consequence of (1.11) is that
forqe =2d/(d —2),d =n—1>3,

X0 2t Gog -1 | e aray < CAQ0g D)™V £ Nl L2 aga- (1.12)

assuming that M 4 has nonpositive sectional curvatures. This, in turn, implies the nat-
ural sharp spectral projection estimates for these operators for all ¢ > g, under these
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curvature assumptions, which are due to Bérard [1] for ¢ = oo and later generalized
by Hassell and Tacy [14]to g > 2(d + 1)/(d — 1) and d > 2.

To prove (1.12), fix a € $(R) satisfying a(0) = 1 and a(z) = 0if |z| > 1. Then,
for go and d = n — 1 asin (1.12), by Bernstein’s inequality and (1.11),

I X12 A+00e )~ 11.f Il Lae (1)

N
1, —itA
< |attog 1y~ e gﬂ(;)m,ﬁ(mgx)—l]fHL?OL?(MH@

=C22(10g )72 a(hllog e A B( T )i a v or 11 f

<CAY2(1og M) 7V2) fll L2 agn—1)-

L2L%¢(M"—1xR)

Note that this argument implies that any improvements of (1.11) to include uniform
bounds for intervals of size §(A) with §(A)/[A~! -log A] /' oo would imply sharp
spectral projection estimates associated with spectral windows of length o((log )™ 1)
for ¢ > g, under the assumption of nonpositive curvature, which, even for the case
of g = oo, seems difficult. There has been no such improvement of the sup-norm
estimates of Bérard [1] in the last five decades, and progress of this nature has been
elusive due to the role of the Ehrenfest time.

In the case of flat tori, if we fix ¢ = 2(n + 1)/(n — 1), recall the near optimal
results of Bourgain and Demeter [10] for n > 4 and Bourgain [9] forn = 2, 3,

. P
—itAg (_) ‘
”e AT/ LY (Mn=1x[0,1])

< CeA®| fllL2qun-1y. A > 1, foralle > 0. (1.13)

The proof of (1.13) is based on number-theoretic methods for n = 2, 3, while for
n > 4, the estimates were derived via £?-decoupling methods. More recently, for
n = 3, Herr and Kwak [15] obtained a lossless version of (1.13) for any time inter-
vals of length (log A)~! by using a new method based on incidence geometry, and
the length of the interval ccannot be extended further by testing against

f — Zeik-x.

ke[-1,A12NZ2

See e.g., [9] for more details.

By using the favorable properties of the universal cover R” and the fact that the
types of microlocal cutoffs, we shall employ commute well with Schrédinger prop-
agators, it seems likely that we shall be able to modify the arguments in the proof
of Theorem 1.1 to obtain no loss dyadic estimates on tori T” on intervals of length
A~ 1480 for some 0 < 8, < 1, which would be a natural generalization of the results
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in [15] for all admissible pairs (p, q) in any dimension n > 3. We hope to explore this
problem as well as possible improved Strichartz estimates for spheres in a later work.

This paper is organized as follows. In the next section, we present the main argu-
ments that allow us to prove Theorem 1.1. The proof requires local bilinear arguments
from harmonic analysis, which are discussed in Section 3.

2. Main arguments

To start, let 8 be the Littlewood—Paley bump function in (1.7), and also fix

1
neCeP((=11) withn@) =1,[f] < 3 2.1
We then shall consider the dyadic time-localized dilated Schrodinger operators
_ (N —itatag (5)
S1=n(7)e B(5): 22)

and claim that the estimates in Theorems 1.1 is a consequence of the following.

Proposition 2.1. Ler M4, d = n — 1 > 2 be a fixed compact manifold all of whose
sectional curvatures are nonpositive, and (p, q) be as in (1.3). Then, we can fix ¢y > 0
so that for large A > 1 we have the uniform bounds

ISA /L2 L9 aan—1x10,77) = CAY2|| fll2qun—1y.  if T = cologA. (2.3)

We claim that (2.3) implies Theorem 1.1. First note that, by changing scales, (2.1)
and (2.3) imply that for large enough A, we have the analog of (1.11) where the inter-
val [0,log A - A71] in the left is replaced by [0, (co/2) log A - A71], and this of course
implies (1.11) at the expense of including an additional factor of (co/2)~'/9¢ in the
constant in the right if ¢y < 2. As we indicated before, the estimate (1.11) for large
A and Littlewood-Paley theory yield Theorem 1.1, which verifies our claim regard-
ing (2.3).

Also note that if we replace [0, T] by [0, 1], then by (1.10) and a rescaling argument
we have

1S3 f I Lamn=1xt0.17 < CAYZIF L2 an1ys @2.4)

which hold on a general smooth compact manifold.
To prove (2.3), note that since the case (p, ¢) = (00, 2) is trivial, by interpolation,

it suffices to consider the (p, g) pairs which satisfy

(p.q) = (2, %) ifd > 3,

11
d(___)=2,4<q<oo ifd = 2.
2 q 4

2.5
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The condition g > 4 is equivalent to ¢ > p when d = 2, this will allow us to simplify
some of the calculations to follow.

As in [3], we need to introduce a few auxiliary operators that allow us to use
bilinear techniques. First of all, we need to compose the “global operators” S, with
related local ones. Motivated by the recent work of the authors [16], our “local” aux-
iliary operators will be the following “quasimode” operators adapted to the scaled
Schrodinger operators AD; + Ag,

~/D
0r = 0L 2[D,|2 — PIB(SE). 2.6)
where 0 € §(R) satisfies
0(0)=1 and suppé C8-[1 —38p,1+ 6] =[8 — 808,68 + 806], 2.7

with 0 < 8,80 < 1/8 to be specified later, and, also here B € C§e((1/8,8)) satisfies

,B~ =1 on [é,é]. 2.8)

Here, the properties of o, as well as the small constants § and &, are the same as those
in [3], which allows us to use the bilinear oscillatory integral estimates in [3] in the
next section. The smallness of § is also related to another initial microlocalization that
is needed for the bilinear arguments, as we shall describe below.

Let us write

N
I =Y Bj(x.D). (2.9)

Jj=1

where each B; € § {)’0 (M"~1) is a standard pseudo-differential operator with sym-
bol supported in a small conic neighborhood of some (x;, £;) € S*M. The size of
the support will be described later; however, these operators will not depend on our
parameter A 3> 1. Next, if ﬁ is as in (2.8), then the dyadic operators

~/P
B =Bjs=Bjo ﬁ(T) (2.10)
are uniformly bounded on L7, i.e.,
||B||LP(M"_1)—>LP(M"_1) = 0(1) for 1 < P < o0. (211)

Also, note that since 0 € §(R) a simple calculation shows that if 1 is an eigenvalue
of P

(1 —5(%)) (A2 - )&k),g(%) =0 NA+ A +z))7N) forall N.
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Consequently,
lox = B(P/A) © 0l 2 pan—1x0, 71> L7 L M1 x10,77) = OAN)  forall N.
Thus, if B; is as in (2.9) and B; ) is the corresponding dyadic operator in (2.10),
1Bjos = B a0allL2an—1 x10,1) L2 14 n=1xjo,ry = OA™Y)  forall N, (2.12)

since operators in SY ;(M"~1) are bounded on L? for 1 < p < oo.
We need one more result for now about these local operators.

Lemma 2.2. If S as in (2.2), o), is as in (2.6) and (p, q) are as in (1.3), then
I(I —0on) o S fllLrLamn—1xo,1y) = CTVP=1 212 £, (2.13)

We also have
loaFliprre < CAYPIIF 2 . (2.14)

Lemma 2.2 is a simple generalization of the results in [3, Lemmas 2.2 and 2.3]
to all admissible pairs (p, g). Using the local dyadic Strichartz estimates (1.10), the
proof of Lemma 2.2 follows from the same arguments as in [3], so we skip the details
here.

For a given B = B ; asin (2.10), let us define the microlocalized variant of 0 as

05 =Booy, B=Bj;,
and the associated “semi-global” operators as
§ L =0308;.

By (2.9), (2.12), and (2.13), in order to prove Proposition 2.1, it suffices to show
that if T = cg log A with ¢y > 0 sufficiently small (depending on M"~1), then, if all
the sectional curvatures of M”~! are nonpositive, for (p, g) be as in (2.5), we have

IS5 £ lLr e an-1xq0,07y < CAYPILf - (2.15)

As we shall see, in order to prove (2.15), we shall need to take § and g in (2.7)
and (2.8) to be sufficiently small for each j; however, since, by the compactness of
M"~1 and the arguments to follow, the sum in (2.9) can be taken to be finite, we can
take these two parameters to be the minimum over what is needed for j = 1,..., N.
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2.1. Height decomposition

Next, we set up a variation of an argument of Bourgain [8] originally used to study
Fourier transform restriction problems, and, more recently, to study eigenfunction
problems in [2,7,21]. This involves splitting the estimates in Proposition 2.1 into two
heights involving relatively large and small values of | S, f(x,1)|.

To describe this, here and in what follows we shall assume, as we just did, that f
is L2-normalized, that is

| fll2=1. (2.16)

Then, we shall prove the estimates in Proposition 2.1, using very different techniques
by estimating L? L% bounds over the two regions

Ay ={(x,t) e M" ' x [0, T] : |S; f(z,x)| = A= D/4Feny

~ 2.17
A_={(x,1) e M" V' x [0, T] : |S) f(x,1)| < An=D/4Feny, @10

Due to the numerology of the powers of A arising, the splitting occurs at height
A=D/4+e1 where £; > 0 is a small constant that may depend on the dimension
d = n — 1. As we shall see later in (3.8) and (3.30), we can take & = 1/100 for
n —1 > 3 while for n — 1 = 2, the choice of ¢; depends on the exponent ¢ for
admissible pairs (p, q), with ¢ — 0 as ¢ — oo. The transition occurring at, basi-
cally, A=1/4 s natural and arises due to Knapp-type phenomena, both in Euclidean
problems, as well as the geometric ones that we are considering here.

Thus, to prove Proposition 2.1, it suffices to prove the analog (2.15) for the two
regions in (2.17).

2.2. Estimates for relatively large values: Proof of (2.15) on the set A ;

We first note that, by Lemma 2.2 and (2.11), we have
150 fr2gcary < IBSiSLprgca, +CTYP72207,

and, since p > 2 for (p, q) as in (2.5), (2.15) would follow from

1~
IBS:fllLrreayy < cAMr 4+ EHS)Lf”LfL?C(A_,_)' (2.18)

To prove this, we shall adapt an argument of Bourgain [8] and more recent variants
in [2,21] . Specifically, choose g(x,t) such that

”g”L{)/L?(/(A+) =1

and
185, upasny = [ BSif - Tas @i dvar.
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Then, since we are assuming that || f'||> = 1, by the Schwarz inequality,

1BSf 7 rraay = (/f(X) (§*B*) (14, - 9)(x) dX)2
< [1575" e, - P dx
= [[ #5757 0, - )0 TG0 d s
= [[BoLie B, o0, 26D dx ar

+ / (BoGyoB*)(1a, -g)(x,t)(1ay -g)(x,t)dxdt
= I+11, (2.19)

where L} is the integral operator with kernel equaling that of S, S} if [ —s| < 1 and
0 otherwise, i.e.,

(SaS))(x.1:y.5)

Li(x.t:y,5) =1 = n(%)n(%)(ﬂZ(g)e—iU—m‘le)(x,y), if [t —s| <1,
0 otherwise.
(2.20)

Since p > 2, it is straightforward to see that (2.4) and (2.22) below yield

LAl oM7),

LY Ly >1Pre =
If we use this, along with Holder’s inequality and (2.11), we obtain for the term I
in (2.19)
1< IBL2B" (Lay - ©)llzrrg - Iay -8l g
SILAB Ay - prg - Iay -8l g
< Az/p||3*(]1A+ 'g)”Lg”Lg’ L4y 'g”L{”Lz’

< Az/p||g||if,L%,(A+) = )2/P, (2.21)

To estimate the other term in (2.19), II, we need the following kernel bound which
is [3, Proposition 4.1]:

1(S38)(x, 15 p,5)] < CAO™D2)p — 5|7 =D/2 exp(Cpr|t —s]), if |t —s| < 2T.
(2.22)
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The proof of (2.22) follows from arguments in Bérard [1], and also in [6, 22], and
other related works, which use the Hadamard parametrix and the Cartan-Hadamard
theorem to lift the calculations that will be needed up to the universal cover (R*~!, &)
of (M™1,g).

If we choose ¢y small enough so that if Cyy is the constant in (2.22),

exp2CyT) < A®', if T =cologAand A > 1.

Then, since n(t) = 0 for |¢| > 1, it follows from (2.20) and (2.22) that

IGAllL1 (n-1 xRy > Loo (an-1xRy < CAUTD/2FeL,
As a result, since, by (2.11), the dyadic operators B are bounded on L' and L™, we
can repeat the arguments to estimate I and use Holder’s inequality to see that

| < CAB=D2)8 1, - g2

< A2y “g”ipqu, 4y ”i;”Lﬁ’( — CA=D/2) 81 14, ”IZJfLZ
t Lx

If we recall the definition of A4 in (2.17), we can estimate the last factor:
2 (n—1)/44+e1\—2| ¢ 2
”]lA'F”L;DLf\], = (A' 1) ”S’lf”L{)LZ(A+)

Therefore,

~ 1 ~ 2
- 2
S A8 1 p g asy = (50507 Nepegeany)

assuming, as we may, that A is large enough.
If we combine this bound with the earlier one, (2.21) for I, we conclude that (2.18)
is valid, which completes the proof of (2.15) on the set A . ]

2.3. Estimates for relatively small values: Proof of (2.15) on the set 4_

We now turn to the proving the L? L%(A_) estimates in (2.15). To do this, we need
to borrow the bilinear estimates from [3], which replies on the results from bilinear
harmonic analysis in [18,23].

We need to utilize a microlocal decomposition as in [3]. Recall that the symbol
B(x,§) of B in (2.10) is supported in a small conic neighborhood of some (x¢, &) €
S*M"™ ! We may assume that its symbol has small enough support so that we may
work in a coordinate chart €2 and that xo = 0, § = (0,...,0,1) and g;%x(0) = 8£
in the local coordinates. So, we shall assume that B(x, £) = 0 when x is outside a
small relatively compact neighborhood of the origin or £ is outside of a small conic
neighborhood of (0, ...,0,1).
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Next, let us define the microlocal cutoffs that we shall use. We fix a function
a € CP(R2"=2) supported in {z : |z;| < 1,1 < j < 2(n — 2)} which satisfies

Y oaz-j)=1

j eZ2(n—2)

We shall use this function to build our microlocal cutoffs. By the above, we shall
focus on defining them for (y, n) € S*Q with y near the origin and 7 in a small conic
neighborhood of (0, ..., 0, 1). We shall let

IT={y:ypn—1=0}

be the points in £ whose last coordinate vanishes. Let y' = (y1,..., yp—2) and ' =
(71, ..., Nn—2) denote the first n — 2 coordinates of y and 7, respectively. For y € IT
near 0 and 5 near (0,...,0, 1), we can just use the functions a(6~1(y’, ') — j),
j € Z*"=2) to obtain cutoffs of scale 6.

We can then extend the definition to a neighborhood of (0, (0,...,0, 1)) by setting
for (x, £) € S*Q in this neighborhood

aj(x.§) = a@' (') = J) i x5 (. §) = (v 0.0 ) with s = d (x, IT).
Here, ys denotes geodesic flow in $*Q2. Thus, a? (x, &) is constant on all geodesics
(x(5),£(s)) € S*Q with x(0) € IT near 0 and £(0) near (0,...,0, 1). As aresult,

af (1s(x.§) = a] (x.§)

for s near 0 and (x, §) € $*Q near (0, (0,...,0,1)).
We then extend the definition of the cutoffs to a conic neighborhood of (0, (0, ...,
0, 1)) in T*Q\0 by setting

af(x, £ = a]e (x,

)
p(x.§)
Notice that if (y},7}) = 6, and y; is the geodesic in S*$2 passing through (y}, 0,
n;) € S*Q withn; € S (*y,' O)Q having n} as its first (n — 2) coordinates, then
%
aj(x.§) =0 if dist ((x.£). ) = Cof.
for some fixed constant Coy > 0. Also, a]e satisfies the estimates

090%af (x.£) S 67 (x.£) e 5*Q

related to this support property.
The a]e provide “directional” microlocalization. We also need a ‘“height” local-
ization since the characteristics of the symbols of our scaled Schrédinger operators
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lie on paraboloids. The variable coefficient operators that we shall use of course are
adapted to our operators and are analogs of ones that are used in the study of Fourier
restriction problems involving paraboloids.

To construct these, choose b € CS°(R) supported in |s| < 1 satisfying Y>> b(s —
£) = 1. We then simply define the “height operator” as follows:

P
AY(P) = b(O7IATV(P — )ucf))T(x), K =1+00 |07,
where if f§ is as in (2.8), then Y € Cs°((1/10,10)) satisfies
YT(r) =1 in aneighborhood of supp ,3~ .

Thus, these operators microlocalize P to intervals of size ~ 64 about “heights”
AK? ~ A. As we shall see below, different “heights” will give rise to different “Schro-
dinger tubes” about which the kernels of our microlocalization of the operators 6, are
highly concentrated. Also, standard arguments as in [20] show that if Ag (x,y) is the
kernel of this operator, then

Ad(x,y) = 07Ny forall N, if dg(x,y) > Cof,

for a fixed constant if 6 € [A~% 1] with, as we are assuming, 8o < 1/2.
If ¥ (x) € C5°(£2) equals 1 in a neighborhood of the x-support of the B(x, &) and
AJQ (x, Dy) is the operator with symbol

AT (x.§) = Y (x)a] (x.5).
then for v = (6], 04) € 0Z2>"=2+1 we can finally define the cutoffs that we shall use:
A8 = A% (x. Dy) o AJ(P).

Let us collect several basic facts about the operators A? for later use. First, if
Af(x, £) and Ag(x, £) are the symbols of Ag and Ag, respectively, then

Ad(x, 5)A8(x,6) =0, if v —D| > Cob,

for some uniform constant Cy. Also, the principal symbol af (x,&) of Ag are all sup-
ported in a neighborhood of the support of B(x, £), and satisfies

al (xr(x.£)) = al(x.€). on supp B(x.£) if |r| < 25. (2.23)

assuming that § > 0 is small.
Besides, as operators between any L? — L9, 1 < p,q < o0, spaces we have

=Y 6145 +0(AN) forall N, (2.24)
Y
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and the A? are almost orthogonal in the sense that we have

DAk, < A1, (2.25)
v

with constants independent of 8 € [A7%0, 1].
Also, since, for each x, the symbols vanish outside of cubes of sidelength 6A
and |8§A€(x, £)] = 0((A0)7"!), we also have that their kernels are O((61)"~'(1 +

OAdg(x,y))™™) for all N and so
1A% |Lrays Loy = O(1) forall 1 < p < co. (2.26)
By interpolation, (2.25) and (2.26) imply
1ASh I rLocary S hllLoaey forall2 < p < oo. (2.27)
In view of (2.24), we have, for 8p = A 790,

GaH)? =Y (6242 H) - (524X H) + 00N H|3). (2.28)

v,V

Recall that in A%, v € 6,Z20=2+1 indexes a A~%0_separated set in R?"~3, Here,
g0 < 1/2 is small constant that we shall specify later, the choice of 9 depends on the
dimensiond = n — 1.

We need to organize the pairs of indices v, b in (2.28) as in many earlier works
(see [18,23]). To this end, consider dyadic cubes, rﬁ in R2"73 of sidelength 6 = 2k0,,
with tf denoting translations of the cube [0, 8)2" 3 by 1 € §Z2"~3. Two such dyadic
cubes of sidelength 6 are said to be close if they are not adjacent but have adjacent

3 ~ ‘L'g . We note that close cubes

satisfy dist(z?, rg ) & 6, and so each fixed cube has O(1) cubes which are “close” to

parents of length 26, and, in this case, we write t

it. Moreover, as noted in [23, p. 971], any distinct points v, D € R2"=3 must lie in a
unique pair of close cubes in this Whitney decomposition. So, there must be a unique
triple (9 = 092K, w, fi) such that (v, D) € ‘L'g X ‘Eg and rfb ~ rg. We remark that by
choosing B to have small support we need only consider § = 2K6, « 1.

Taking these observations into account, as in earlier works, we conclude that the
bilinear sum (2.28) can be organized as follows:

> > > 61 ADH) - (6,49 H)

{keN:k>10 and §=2K g <1} {(w,j0):tf~Tg H{(w,D)eTf xTf}

+ > 6242 H) - (51 AX H), (2.29)

(‘L’,‘E)EEQO
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where Eg, indexes the remaining pairs such that [v — V| < 6y = A%, including the
diagonal ones where v = V.

The key estimate that we require, which follows from bilinear harmonic analysis
arguments, then is the following.

Proposition 2.3. If H = S, f isasin (2.2) and (p, q) is as in (2.5), we have

163 H |l L7904
SN2 AL Hllprgg g aun-ixqory + AP IH 2 apn-iugy- (2:30)

The notation A/?~ that we are using for the last term in (2.30) denotes A 1/p=¢ for
some unspecified & > 0. Note that since | H || ;> ~ ~TY2forH =S, f and T ~logA,
the log-loss afforded by having the last term 1nvolve this norm is more than overset
by the power gain 1/ p— of A. (2.30) is the place where we require the mixed-norm to
be taken over the set A_. As we shall see later in the proof, the upper bound of 6, H
on the set A_ will allow us to fully exploit the gain from bilinear estimates.

We shall postpone the proof of Proposition 2.3 until the next section. Let us now
see how we can use it to prove (2.15) on the set A_. Given (2.30), it suffices to show
that when M"~! has nonpositive curvature

||6)LA§OH||L;”4‘5L§7((M"—Ix[o,T]) = C)Ll/p, (2.31)

with T' = ¢ log A for ¢y > O sufficiently small.
We shall also need the following simple lemma whose proof we postpone until
the end of this subsection.

Lemma 2.4. If§ > 0in (2.7) is small enough and 6y = A~0, then we have for B as
in (2.10),
| Boy A% — BA§00A||L2 L = O(AY/P=1/242e0y (2.32)

By (2.32) along with the fact that £4 C €2 if ¢ > 2, we have
||5AA{0,°H||L;’43L§
S IBAROwH | 1reg g + II(Boa AR — BAYX o)) H |2 10 10
SIBAPOLH I pegrg + AP0 Hllg 2 (2.33)

Since the number of choices of v is O(A?"~3%0) and H is independent of v, we have
||H||€2L2 < )L(”_3/2)60||H|| 2 . Thus, if we choose g9 < 1/(2n + 1), the second

term on the right side of (2. 33) is bounded by AV P~ || H ||L2 .

On the other hand, since we are assuming f is L? normahzed in (2.16), by (2.11),
(2.27), (2.13), and the fact that H = S f, we have

||BA§O(1 - U)L)H”L;’eng(Mn—lx[o,T]) =|d _UA)H”LfL?((M”—‘ x[0,T]) = A,
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Thus, by (2.33), we would have (2.31) if
||BA§OH||L;”€3L‘7(M" ixjo.rp) <4 1,

which, by (2.11) and the fact that H = S, f, is a consequence of
1A S3 £l Lpeg 19 =1 xopy S A7 (2.34)

To prove (2.34), let us define

f = W) = (%) (40 e 8 £y o),

By applying the abstract theorem of Keel and Tao [17] and a simple rescaling argu-
ment, we would have (2.34) if

WA 202 < ClE N2 (2.35)
and

IW@OW*($)Gllggerse < CAPV2 =57 V2G|l 11 (2.36)
with

WW*G(x,t,v)
Z/ YAl I e (4%) )G (- 5,V (x) ds
= Z/[ K(x,t,v;v,5,V)G(y,s,v) dyds,
v/

where

K(x.1,v;p,5, v)—n( ) (Afoe R e (4T e,y (57 )-

It is not hard to check that (2.35) follows from (2.26) and the fact that e 7% AT1A,
is unitary, and (2.36) is a consequence of the kernel estimates

|K(x,2,v;y,5, V)| < CA@=D2|p _5=(1=D/2, (2.37)

which follows from [3, Proposition 4.2].

Here, compared with (2.22), there is no e€T loss in the above kernel estimates due
to the presence of the operators Ago. The proof of (2.37) follows from exploiting the
directional localization in the operators ASO through the use of Toponogov’s triangle
comparison theorem. See [3, Section 4], and also recent works [6, 7] for more details.
Also, note that here we take 6y = A 90, which may be much larger than 6y = A~1/8 as
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in [3]; however, the proof of the microlocalized kernel estimates extends to the larger
0o similarly, as long as we fix T = cq log A for some ¢y K &o.

This completes the proof of (2.15) on the set A_ up to proving the crucial local
estimates in Proposition 2.3, which we shall postpone to the next section.

The other task remaining to complete the proofs Theorems 1.1 is to prove the
commutator estimate that we employed.

Proof of Lemma 2.4. The proof follows from similar arguments to those in [3, Lemma
2.7]; we include the details here for completeness. Recall that by (2.10), the symbol

B(x,§) = By(x,§) € S0,

vanishes when |&| is not comparable to A. In particular, it vanishes if |§| is larger
than a fixed multiple of A, and it belongs to a bounded subset of S?,o- Furthermore,
if ag‘) (x, &) is the principal symbol of our zero-order dyadic microlocal operators, we
recall that by (2.23) we have that for § > 0 small enough

ag(x,§) = al (1-(x.£)) on supp By if |r| < 26,

where y,: T*M" 1\0 — T*M"~1\0 denotes geodesic flow in the cotangent bundle.
By Sobolev estimates for M"~! x R, in order to prove (2.32), it suffices to show
that

(VI + P24 DY) DARTVOH2TP (B 6, A — By AP0 2 Ly
= O(AV/P=1/2%280) (2.38)
Note that for (p, g) as in (2.5),

(n_1)< l)+l_l=l+l

1
2 ¢/ "2 p 2 p

and since the symbol of B) and o, are supported in |&|, |t| & A, in order to prove
(2.38), it suffices to show that

’

1Bros A = Bid0oullz oz, = 0Q7120). (2.39)

To prove this, we recall that
oy = (271)_15(%)/6(r)e’”1/2'D"l/ze_i’Pdr,

and, therefore, since e'” AL2|D 12 has L2 — L2 norm one and commutes with B
and Ago, and since 6 (r) = 0, |r| > 268, by Minkowski’s integral inequality, we would
have (2.39) if

~/D . .
sup Hﬂ(Tt)[B;Le_”PAfO — B A%
|r|<28

= O(A~112¢0) (2.40)

2 2
L x—>Lix
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Next, to be able to use Egorov’s theorem, we write
[Bre P A% — By A%e™"P] = By [(e7 P Afe ) — B AR 0 e7IE.
Since e7*"P also has L?-operator norm one, we would obtain (2.40) from

B(52)Battei? atoe™) — At = 00,

2 2
L x—>Lix

which is a simple consequence of the Egorov’s theorem, see e.g., Taylor [24, Sec-
tion VIII.1] and [3, Lemma 2.7] for more details. [

3. Proof of Proposition 2.3

Letus fix p =2,9 = ¢q. = 2(n — 1)/(n — 3); we shall first give the arguments for
d = n — 1> 4, and later modify it forn — 1 = 3. The case d = n — 1 = 2 follows
from similar arguments, which we shall briefly discuss at the end of this section.
To prove (2.30), the strategy is similar to [3], which is related to the ideas in Blair
and Sogge [7] and earlier works, especially Tao, Vargas, and Vega [23] and Lee [18].
We first note that if § as in (2.7) is small enough, we have

61— ) G2 AY = Ry, where |RiH || S ATV H| 2 forall N.
v

Thus, we have

(6, H)? = Z(&AAfOH)-(c}AAgOH) +OWN|H|Z, ) forall N.  (3.1)
~ 1, x
v,V
As in earlier works, let
TU(H) = ) (6240 H) - G4 H), (32)
(v,ﬁ)eEQO

and
TO(H) = (6240 H) - (624X H) + 00N 14172 ). (3.3)

.5)¢Eg,

with the last term denoting the error term in (3.1). Thus,
(6,H)* = TY(H) + Y™ (H). (3.4)

Here, the summation in Y%%¢( H) is over near diagonal pairs (v, D) € Eg, as in (2.29).
In particular, we have |v — | < C6y for some uniform constant as v, D range over
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60Z?"=3)_ The other term Y™ (H ) is the remaining pairs, which include many which
are far from the diagonal. This sum will provide the contribution to the last term
in (2.30).

The two types of terms here are treated differently, as in analyzing parabolic
restriction problems or spectral projection estimates.

We shall treat the first term in the right of (3.4) as in [2, 7] by using a variable
coefficient variant of [23, Lemma 6.1] (see also [7, Lemma 4.2]):

Lemma 3.1. If YY9¢(H) is as in (3.4) and d = n — 1 > 4, then we have the uniform
bounds

”Tdiag(H)”L}Lzﬁ/z < ||5AA30H|| + O(AI_HHHi%X) 3.5

2
L2gde Lge

We also need the following estimate for Y™ (H) which is a consequence of the
bilinear oscillatory integral estimates of Lee [18] and arguments of Blair and Sogge
in [4,5,7].

Lemma 3.2. If Y™ (H) is as in (3.3), and, as above, 8y = A%, then, for all € > 0,
we have, for H = S, f,

// IY™(H)|9/? dx dt

<. A1+8(A1_60)((”_1)/2)(q_2(n+1)/(n_1))”H”Z?x’ ifq

= M (3.6)
n

Let us postpone the proofs of these two lemmas for a bit and show how they can
be used to obtain Proposition 2.3 ifd =n —1 > 4.
If weletq = 2(n + 2)/n as in Lemma 3.2, we note that ¢ < ¢, and also

|63, H - 63 H |9 < 29/2|65 H - 65 H|9e™D/2 . (Y2 ()[9/2 4 |00 (H)[9/2).

Thus,

2/qe
||6~AH”§%L%€(A_) = /(/ |6’,1H -6‘,1H|qg/2dx) dt
. 2/qe
S /(/ |61 H -@H|<qe—q>/2|Td‘ag(H)|q/2dx) dt

+ / ( / |65, H - @H|<qe—q>/2|Tfaf(H)|q/2dx)2/qedz
=I1+1IL 3.7
To estimate II, first note that 6, H = S »fif H=S, f;wehave
1S 18, 12 - I DI o2

e - N e < 2 e e e
S Tlelamlaralie |5, fITEGE T EDITS
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where in the second line we used Holder’s inequality on the time interval [0, T'].
By (3.6) and the ceiling for A_, we have

I < T@e/a=2/9)a/qe ) (n—=1)/4+£1)(2(ge—4)/qe)
. (/\1+6(A1—80)((n—1)/2)(q—2(n+1)/(n—1)))2/qe ”H ”ié/qe . (38)

If we take €9, £1 and ¢ to be small enough, e.g.,e =1 = 1/100and g9 = 1/(2n + 2),
it is straightforward to check that

= O0W'"[|H|24/%) = 00| H2, ).
r.x r.x

2q/qe

t,x

||H||L2 ~ Tsince H=S8,f,|fl2= 1 and e~ Az i a unitary operator on L2.
Consequently, we just need to see that I'/2 is dominated by the other term on the

Here we also used the fact that | H ||2 dominates || H || , since g, > ¢g and

right-hand side of this inequality. To estimate this term, we use Holder’s inequality
followed by Young’s inequality and Lemma 3.1 to see that

. 2/qe
1=/(f |&AH.&AH|(49—‘1>/2|leag(H)|q/2dx) dt

- - e—q)/2 .
< [ ot 3 BGPTSR ) 220

5”5/1[_1 . 5)LH||(CIe—¢I)/Qe ”Tdiag(H)”q/‘Ie

LiLge’? LiLge/?
qe - q ~ 2 C] diz
< 162 H 125 g0 + - ITSECH 1 ge 2
e de
<Ie =85, HIZ, g + C(I52A% HP2 +ASHZ, )
= A2 e Ay L2490 9e L2

e

Since (ge — q)/qe < 1, the first term on the right can be absorbed into the left side
of (3.7), and this, along with the estimate for II above, yields (2.30).

Thus, if we can prove Lemma 3.1 and Lemma 3.2, the proof of Proposition 2.3
ford = n — 1 > 4 will be complete.

Proof of Lemma 3.1. To prove (3.5), let us define slightly wider microlocal cutoffs by
setting
16 0
A= Y A,
|u—v|<Cobo

We can fix Cy large enough so that

1A% — A% A% p p = O™N) forallN,if1 < p<oco.  (3.9)
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Also, like the original operators Ag", the operators /TSO are almost orthogonal,

p P P (3.10)
v

Since by (2.11) and (2.14), we have
162 Fll 2 50 an-1 0,77y < CA2IF 2

we conclude that, in order to prove (3.5), we may replace Y943 (H) by Ydiag(F)
where the latter is defined by the analog of (3.2) with A% and Ago replaced by Abo gf

6o 760 .
and A3’ A, respectively.
So, it suffices to prove

H Y (G2 A% A% H) - (5AA§O/T§0H))

e LiLge’?
(v,v)e.:ugo
SNGAARH 72400 g + O TIHIZ, ). (3.11)
We shall need the following variant of (2.32):
11624 — AXGHIFll 290 S AONF L2 - (3.12)

This follows from the proof of Lemma 2.4, (2.32), and the fact that the commutator
[B, A%] is bounded on L% (M"~1) with norm O()~17¢0). By (3.10) and (3.12), we
would have (3.11) if we could show that

H 3 (4%5, A% H) - (A;’O&AA“;‘,’OH))
(v,ﬁ)eago

< |62 A% H |

LiLge/?

+ O(Al_||H||i?x). (3.13)

2
L2geLde

Since the operators Ago are time independent, we claim that it suffices to show
that for arbitrary 4, k3, which may depend on v and U,

| > g
(U,G)EEQO

e ( Z ||A§°hv 'Agohﬁ”qe/2 )2/qe

2
L;/CE/

2
LZe /

(vv‘j)eaeo

+0(A—N 3 ||hv||Li,||hﬁ||Lk), for all . (3.14)

(v.9)eEq,
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To verify the claim, note that if we take &, = 6, /TSO H and hy = 6, /TgOH, (3.14)
implies

| Y ba Ao m) - (e, A )|

- Lirge’?
(v,v)6390

-~ 0~ B e 2/qe
S (X 1As; Ao my - (a5, AL H)|%2,) " dr
(v.9)eEg, *
— ~ 6o~ 706,
F AN ST 1(4%6, A% H) |1 11 (A%5, A% 1)y dr.

(v.9)eEg,

~ B, —
S IAPG AL H| +OWTIHZ ). (3.15)

2
L2gde L9e
Here, we used the fact that for fixed v, the number of choices of v is finite, and, for
each pair (v, V) € Eg,,

[ 15, T ) Ao, A 1)yt
~ 0o~ 70
< / (49053 %0 H) 3 (A5, AL )] 2 dt = OIH IR, ).

If we repeat earlier arguments and use (3.9) again, we conclude that the first term on
the right side of (3.15) is dominated by the right side of (3.13).

Thus, it remains to prove (3.14). By duality, if we take r = (g./2)’ so that r is the
conjugate exponent for g. /2, (3.14) is equivalent to

) 3 //A?,Oh,,-AgOhg-de)

(v.7)€Eq,

2/qe
(D nAln, - aPhs|%)2)

L;ICe/Z
(v,v)EEgO

+ 0N Y Whllgalbsl ) i IGH =1 (316)

(v,ﬁ)GEQO

To prove (3.16), note that if x and v are fixed and § — Ago (x, &) does not vanish
identically, then this function of £ is supported in a cube Qfo (x)C Rg_l of sidelength
~ A17%0_ The cubes can be chosen so that, if 1,,(x) is its center, then 9% 7, (x) = O(1)
for all multi-indices y. Keeping this in mind, it is straightforward to construct for
every pair (v, D) € Eg, symbols b, 5(x, §) belonging to a bounded subset of S?_,
satisfying

bys(x,m) =1 if dist(n, suppg A (x, €) + suppe AL (x.£) <A1 (3.17)
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with “+” denoting the algebraic sum. Using this and a simple integration-by-parts
argument shows that, for every pair (v, V) € Eg,,

10— by 5, DY[A%A, - AP g2 < CyAN Iyl sy, forall N
(3.18)
The symbols can also be chosen so that b, 5, (x,§) and b,, 5,(x, §) have disjoint
supports if (vj,V;) € Eg,, j = 1,2 and

min(|(vi — v2, V1 — D2)|, [(vi — V2, U1 — 12)|) = Cabp

with C; being a fixed constant independent of A since all pairs in Egq, are nearly
diagonal. Due to this, the adjoints b - (x, D) are almost orthogonal in the sense that
we have the uniform bounds

>} 5(x DRI < A (3.19)

(v.5)eEq,

Since suppg A% (x,€) + suppg Ago (x, ) is contained in a cube of sidelength ~ A !0
and can be chosen to have center 7, 5(x) satisfying d%7, 5(x) = O()), we can fur-
thermore assume that we have the uniform bounds

sup by 5(x. D)hllLge < [1hllLge- (3.20)

(v,v)ec.go

We have now set up our variable coefficient version of the simple argument in [23]
that will allow us to obtain (3.16). First, by (3.18), it suffices to estimate the left side
of (3.16) with G replaced by b} - (x, D)G. By Holder’s inequality,

> // A%n, - AL h - (b} ;5(x. D)G) dx

(v.9)eEq,

/4e /
=( Z||Agohv.A§°hg||Z/jz)2 ! - ZHb:,G(X,D)GHZ;)I r

(v.1)€Eq, (v,7)eE

L)

Note that whenn — 1 > 4, g, € (2, 4], thus r € [2,00). So, if we use (3.19), (3.20),
and an interpolation argument, we conclude that

" , 1/r
D lbg s, D)GIIL;) = 0(1), (3.21)
(v.9)€8q,

for G as in (3.16). [ ]
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Proof of Lemma 3.2. To prove this, leta € Cg°((—1,1)) witha = 1in (=1/2,1/2);
then if o, (1) = a(t — m), up to alog A loss, it suffices to show that form =1,2,...,T

/ |l ()Y (H) |9 %dx dt

<, AH—S(A1—80)((n—1)/2)(t1—2(n+1)/("—1))||H”Z% ) (3.22)

This follow from [3, Lemma 3.2], where we replace A7/8 there by A%, The
proof uses bilinear oscillatory integral estimates of Lee [18] and arguments of previ-
ous work of Blair and Sogge in [4,5,7]. And this is also where we used the condition
on § and &g in (2.7), in order to apply the bilinear oscillatory integral theorems of
Lee [18], see [3, Section 3] for more details.

The constants in the right side of (3.22) is better than applying classical linear
estimate. Actually, one can also rewrite the right side as

A(n—l)/Z(q/Z—l)Aa()L1/2—30)((n—1)/2)(q—2(n+1)/n—1) ||H ||q2 .
L7’

thus if g9 < 1/2, we have a gain compared with the bound A1=1/2(a/2=1) " which
follows from applying linear estimates. ]

Modified arguments for n — 1 = 3. When n — 1 = 3, note that

2(n—1)
=—:67
qe 3
thus ;3
— () 22
r_(z)_z’

which means that we do not have (3.21) and thus Lemma 3.1 in this case, so we need
to modify the arguments above. If we repeat the previous arguments, it suffices to
estimate the first term

. 2/qe
1=/(/ |6,1H-6,1H|(‘1€_‘1)/2|Td“‘g(H)|q/2dx) dt,
where, as in (3.2),

TE(H) = Y (61 ANH) - (5, AL H).

(v.9)€Eq,

For later use, note that when n — 1 = 3, it is not hard to check that (v, V) € Eg, implies
v — | < 2136,.
Let us define
TVH =Y (5 AR H) (G, AL H),

7:(v.0) €84,
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and write

(Tdiag(H))Z _ (Z TVH)Z — Z Tvl I‘ITV2 H. (323)

Vi,V2

Now, we can employ another Whitney-type decomposition, more explicitly, the
sum in (3.23) can be organized as

> > >+ Y )TuhTwh

{keN:k>20 and 0=2% 0o <1} {(1u1,12):7f} |~ } (v v2)ETfl, xTfl, ) (1,v2)€Bq,

= YO(H) + Y9e(H), (3.24)
where rﬁ L~ rﬁz means they are adjacent cubes of distance ~ 6 and Ego denotes the

remaining pairs not included in the first sum. Here, the diagonal set 8 g, 18 much larger
than Eg,, and it is not hard to check that (vi,v2) € Eg, implies |[v; — v2| < 2230,.
By (3.24), we have

2/qe

1= /(/ |6AH-6AH|(‘1L’_q)/2|Td‘ag(H)|q/2dx) dt
o 2/qe

< /(/ |5AH-@H|<qe—q>/2|Td1ag(H)|q/4dx) dt

2/qe
+/([ |5,1H-5,1H|(qe_Q)/2|Tfar(H)|‘“4dx) dt
= A+ B.

For the diagonal term A, note that whenn — 1 = 3, g./4 € [1, 2], if we repeat the
proof of Lemma 3.1, it is not hard to show the following analog of (3.5):

X (hy)| 2 < l624% H|

L:/2L16/4 ~

Laggerse T OQTIHIE ). (3.25)
To prove this, we just need to define the auxiliary operator b, ., (x, D) in (3.17) such
that its frequency support is essentially the algebraic sum of the frequency support of
four nearby operators ASO (x, D), and the remaining arguments can be carried over in
the same way.

By (3.25), if we use Holder’s inequality followed by Young’s inequality,

. 2/qe
A= /(/ |5AH-@H|<qe—4>/2|leag(H)|q/4dx) dt

< [ - G IS s

qe/2 qe/4
X X

~ ~ (@e—q)/qe | Apdi q/2q
< |61 H - UAH||L;LL§I(e/2e||T lag(H)”Ltl/ZeLzeM
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q ~diag 1/2
< —
= C] ”OAH”LZL"" e ”T (H)”L:/ZL%‘?M

qe

~ ~ 460 17112 1- 2
Lo H 22 g0 + CUGLADL H 220 g0 + AT IHIZ: ).

which is what we desired, since the first term in the right can be absorbed to the left
side of (3.7).

To control the off-diagonal term B, first we note that by the Cauchy—Schwarz
inequality,

Ty, hTy H| < c( Z|&,1A€?H|2)( Z|&AA§‘§H|2). (3.26)

1:[91—v <2136 Dp:|Fa—va <2136

Since for fixed vy, v,, the number of choices of vy, v, is finite, (3.26) implies that

> > ITy, HT,, H]

{Germ2):tfy ~h, Hvva)erf xTfl) )

< > > 1A% H - ARG H2.

O ,Mz)ile fotz}{(lu ,vz)Gful Xfuz}

Here ‘L’M . and ‘E , are the cubes with the same centers but 11/10 times the side length

of Tu , and tm, respectively; we used the fact that the side length of Tg s> 2290,
50 0.1 * side length > 2136,.
Furthermore, we have for a given fixed co = 270, my € N, and pair of dyadic
9

P ) _ ok
cubes fm, T, with T ™~ Tho and 0 = 2%6,,

~_ 16, 2 |~ A6 2

D 624N H|? 15, A% H]|
1.v2)€Tf, xT,

= ) 1540 AL H P 15, AD A% H P4+ 00N | H ),

(v1.v2)€Tf X7l f;', nzf, #9

‘09(”“275@

(3.27)

if ¥ and % , are the cubes with the same centers but 12/10 times the side length of

1
rﬁ , and rm, respectrvely, so that we have dist(7? ‘L' ,) > 0/2 when r ~ r . This

w1’
follows from the fact that for co small enough the product of the symbol of A 0 and
A, 0 vanishes identically if ‘L’M 9n tm =f@andv; € tﬁl, since 6 = 2K 6, with k > 20.
Also, notice that we then have for a fixed co = 27" which is sufficiently small,

0 0 . 0 -0 0 =
d1st(rc9 ,‘Cc(/) ) e [4716,4%0], if ‘E;(/: N1, #@and 1';2 Nt,, #0.

Also, for each ji1, there are O(1) terms p; with ‘C;(/:e N fgl £ 0, if cg is fixed.



Strichartz estimates on nonpositively curved manifolds 803

If the cubes r;‘,’ o r;()e satisfy the conditions above, we have the following bilinear-
2

type estimate which is a consequence of [3, Proposition 3.3]:
/ 162,48 Hy - 6, 4900 H, |92 dx dt
< )&1+6(2k0 l)((" 1)/2)(g—2(n+1)/(n— 1))||H ||q/2 ||H2||<I/2 ] (3.28)

The proof of (3.28) is obtained by using the Hadamard parametrix to rewrite the
~ cob . . . ..
operators 0 Ay’ , v = 1, 2 as oscillatory integral operators with explicit kernels
and then applying Lee’s oscillatory integral estimate [18]. The assumption that ¢ is
small enough is crucial to ensure the separation conditions in [18, Theorem 1.1], see
the proof of [3, Proposition 3.3] for more details.
Note that by (3.24) and (3.27), we have

Y™ (H))|

= 2 2 2 2.¢

. —9k .0 .0 I~ I~ c 9 -
{keN:k>20and 6=2%0p <1} {(U«I’MZ)-TMI ‘[Mz}(vl,vz)erulxtuz ru(,) M1¢®
C 9 -
0 ,lL27ég
—N 4

+ O HI3), (3.29)

where

= |52450" AN HI? - 52450 AR H.

It is not hard to see that the number of terms in the sum is O (A2773%0) = Q(15%0),
and by (3.28), we have for each term in the right side of (3.29),

2/qe
/(/mﬂ 53 H|4e=D/2| |5, AC°9A90H|2 6,4 ”°9A9°H| |q/4dx) dt
2(ge e 0 [4 e
SIS IZEGD " 1@ A AL H) - G2 A7 AR DT 412

— g 2(qe— e 0 ~ 0 e
< Tl 2/q>q/qe||sxf||L§z(;W N @A AR H) - G AL AR DT o
< T@e/q=2/9)q/qe ) (n=1)/4+21)(2(ge—4)/qe)

. (A1+6(2k/x1—50)((n—1)/2)(q—2(n+1)/(n—1)))2/qe ”H”i%/qe' (3.30)

Asin (3.8), if we take ¢, g9, and & to be small enough, e.g., e = g9 = &1 = 1/100, it is
straightforward to check that the right side of (3.30)is O(A!=%% || H ||2 2 ), using the

fact that ||H||2 dominates ||H||2‘I/qe since we are assuming f is 1.2 normalized.
t,.x

This implies that

_ 2/(16
p= | ( / |qu'an|‘qe—q>/2|Tf“<H>|q/4dx) di 5 NSO,

which finishes the proof of Proposition 2.3 forn — 1 = 3.
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Remarks about n — 1 =2. The arguments for n —1 =2 is similar to the case n —1 =3.
Recall that when n — 1 = 3, we are essentially doing another round of bilinear esti-
mates within the diagonal terms in the Whitney decomposition due to the fact that
ge =2(n—1)/(n —3) =6 > 4. When n — 1 = 2, g can be arbitrary large, if ¢ €
[2k+1 2k+2] for some k € N1, then one can repeat the above arguments k times,
the resulting diagonal term will involve a product of 2k+1 terms of type o AgOH ,
and it satisfies the natural analog of Lemma 3.1 since ¢/2¥*! € [1,2]. And there are
off-diagonal terms each time we run the Whitney decomposition, those terms can be
treated as in (3.30) by using bilinear estimates. The main difference is, as ¢ — oo,
unlike (3.8) and (3.30), we have to take ¢ and €; to be small enough depending on ¢,
instead of some fixed small constant.

Funding. The first author was supported in part by an AMS-Simons travel grant. The
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was at the University of Maryland.
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