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Persistence and disappearance of negative eigenvalues
in dimension two

T. J. Christiansen, K. R. Datchev, and C. Griffin

Abstract. We compute asymptotics of eigenvalues approaching the bottom of the continuous
spectrum, and associated resonances, for Schrödinger operators in dimension two. We distin-
guish persistent eigenvalues, which have associated resonances, from disappearing ones, which
do not. We illustrate the significance of this distinction by computing corresponding scattering
phase asymptotics and numerical Breit–Wigner peaks. We prove all of our results for circular
wells, and extend some of them to more general problems using recent resolvent techniques.

In memory of Steve Zelditch

1. Introduction

The transition between discrete and continuous spectrum at low energies poses a spe-
cial challenge in two-dimensional scattering. The setting of scattering by a finite well
is important for the light it sheds here, with non-analytic behavior exhibited by the
simplest example: if " is a coupling constant tending to zero, then the ground state
eigenvalue goes to zero like e�C=j"j. This was shown in [3,29], and in [23, Section 45,
Problem 2].

The same behavior is observed for certain excited eigenvalues, while others are to
leading order linear in the coupling constant. In the examples we study, the latter kind
correspond to resonances near zero, and we call them persistent, while the former
kind do not and we call them disappearing; see Section 1.1. There we also establish a
connection between persistent eigenvalues and p-resonances and/or zero eigenvalues,
and between disappearing eigenvalues and s-resonances.

We then turn to consequences for the scattering phase. In Section 1.2 we compute
low energy asymptotics, and in Section 1.3 we interpret our results numerically in
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terms of Breit–Wigner peaks. These illustrate in a striking way the significance of a
persistent eigenvalue for the behavior of the scattering matrix at low energies.

Throughout, we focus especially on the case of a circular well, and indicate how
some results obtained in that setting by Bessel function analysis can be extended to
more general problems using resolvent techniques from [6–8].

1.1. Persistence and disappearance of eigenvalues

Consider a Schrödinger operator P D ��C V on R2, where the potential function
V is bounded, compactly supported, and real valued. Denote by V" a family of such
potentials, depending smoothly on a real parameter ". If P" D ��C V" has a bound
state at "D 0, with energyE0 < 0, then at nearby values of " there is a family of bound
states with energies E" < 0 depending smoothly on ". This is the familiar problem of
perturbation theory as discussed in [23, Section 38].

The problem becomes richer if the energy level approaches 0, which is the begin-
ning of the continuous spectrum. To analyze this case, we bring in the notion of
resonance.

In polar coordinates, a general solution to .P � �2/u D 0 has a large r expansion
of the form

u.r; �/ D
1X

`D�1

�
c`H

.1/

`
.�r/C d`H .2/

`
.�r/

�
ei`� : (1.1)

See Section 2.1 below for a review of Bessel functions; (1.1) follows from (2.1)
and (2.2). If Im � > 0, then P has an eigenvalue at E D �2 if and only if there is
a solution u 6� 0 to .P � �2/u D 0 whose expansion (1.1) has all d` D 0; see (2.4).

To introduce the notion of resonances and outgoing solutions of PuD 0, we need
to work with a larger set on whichH .j /

`
.�/, j D 1;2, is single-valued. We cut C along

the negative imaginary axis and identify this with the set
®
� 2C n ¹0º W ��

2
� arg� <

3�
2

¯
. We use the natural branch ofH .j /

`
.�/which is continuous for��

2
� arg� < 3�

2
.

As will become apparent in Section 3.2, we are essentially making a branch cut for
the logarithm in a way that suits our initial focus on eigenvalues and resonances near
the continuous spectrum, particularly in the fourth quadrant.

For � 2 C with ��
2
� arg� < 3�

2
, we say that a solution u to .P � �2/u D 0 is

outgoing if its expansion (1.1) has all d` D 0. By continuity, we extend this condition
to � D 0 by saying that a solution to Pu D 0 is outgoing if it has a large r expansion
of the form

u.r; �/ D
1X

`D�1

c`r
�j`jei`� : (1.2)

We say that � 2 C n �i.0;1/ is a resonance and uWR2 ! C is a resonant state if
u is outgoing, u 6� 0, and .P � �2/u D 0. See Section 2.3 for further details. Note
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that E D �2 is an eigenvalue if and only if � is a resonance and there is a resonant
state u 2 L2. This always occurs if Im� > 0, and it can occur for Im� � 0 only when
� D 0, and then if and only if c�1 D c0 D c1 D 0.

More precisely, given an outgoing solution to Pu D 0, one says that P has an
s-resonance, and u is an s-resonant state, if c0 ¤ 0. One says that P has a p-reso-
nance, and u is a p-resonant state, if c0 D 0 but jc1j C jc�1j > 0. One says that P
has a zero eigenvalue, and u is a zero eigenfunction, if c0 D c�1 D c1 D 0 but u 6� 0.

Let V" be a family of bounded, compactly supported potentials defined for " 2 I ,
where I is an open interval containing 0. Suppose there is a family of eigenvalues E"
of P", defined for " 2 I , " < 0, such that E" " 0 when " " 0. We say that E" persists
along I if there exists a continuous family of outgoing solutions .P" � �2"/u" D 0,
defined for all " 2 I , such that �2" D E" for " < 0 and ��

2
� arg� < 3�

2
.

Theorem 1. Let V" be a family of compactly supported real-valued radial functions
in L1.R2/, defined for " 2 I , where I is an open interval containing 0. Suppose
" 7! V" is smooth from I to L1.R2/, and that the derivative of this map at " D 0 is
a nonnegative function which is not identically zero. Suppose further that there is a
family of energy levels E" such that E" " 0 when " " 0.

(1) If there exists a corresponding family of nonradial eigenfunctions, i.e., if P0
has a p-resonance or zero eigenvalue, then E" persists.

(2) If every corresponding family of eigenfunctions is radial, i.e., if P0 has an
s-resonance but no p-resonance or zero eigenvalues, thenE" does not persist.

Our key example is the circular well, given by

V.r/ D �a21�.r/ D
´
�a2; r � �;
0; r > �;

(1.3)

for some positive a and �; then we may consider � > 0 fixed and a D a" D j � ",
where j is any zero of a Bessel function. Figure 1 illustrates persistence in the ` D
1; 2; 3 modes, while Figure 2 illustrates disappearance in the ` D 0 mode.

So far, we have ignored multiplicities. Our next theorem takes them into account
and also gives more detailed information about the behavior of the resonance near
" D 0. We work with joint eigenfunctions of P" and @� .

For real-valued V , the resonances of ��C V are symmetric in the sense that if
� D j�jei arg� is a resonance, so is j�jei.��arg�/. In the next theorem we concentrate
on resonances in the fourth quadrant for simplicity. The function W�1 appearing in
the statement of the theorem is a Lambert W function, see Section 2.2.
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Figure 1. Plot of �" in C n �i.0;1/ for a2 D j 2
`�1;1

� ", with ` D 1 (left) ` D 2 (middle)
and ` D 3 (right). The values of " range from " D �0:81 to " D 0:81. When " < 0, �" is on
the positive imaginary axis and corresponds to an eigenvalue, when " > 0, �" is in the fourth
quadrant and is a resonance.
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Figure 2. Plot of �" for ` D 0 mode, with " 2 ¹�k�" W k D 2; : : : ; 25º, with �" D 0:3 in the
first plot and �" D 0:1 in the second plot. Approx. is �" D i 2� exp
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Theorem 2. Let V" and E" satisfy the conditions of Theorem 1. Suppose for " < 0,
 " 2 L2.R/, k "k D 1, .��C V"/ " D E" ", @� " D i` ", and E" " 0 as " " 0.

(1) If j`j> 1, then P0 has a zero eigenvalue and there is a constant ˛0.`/ > 0 and
an "0 > 0 so that for 0 < " < "0, P" has a resonance in the fourth quadrant
satisfying

�" D
p
˛0.`/"CO."3=2.1C ıj`j;2 log "//:

Counting with multiplicity, there is a resonance for each ` satisfying these
conditions.

(2) If j`j D 1, then P0 has a p-resonance and there are constants ˛0 > 0, b D
Re b C i �

2
and an "0 > 0 so that for 0 < " < "0, P" has a resonance in the
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fourth quadrant satisfying

�" D exp
�
b C 1

2
W�1.2"˛0e

�2Reb/
�
.1CO."//:

Counting with multiplicity, there is a resonance for each ` satisfying these
conditions.

In fact, as we shall describe in Section 3.2, in the setting of Theorem 2 for each
such ` there are many resonances which are related to the negative eigenvalue, and
they exist for both negative and positive ". Moreover, we find explicit expressions for
˛0 in terms of the null space of ��C V0 and .@"V"/ �"D0 in the general case, see
Lemmas 14 and 15 in Section 3.2. In case V" D .�a20 C "/1�, these ˛0 can be written
in terms of � and `, see Lemmas 11 and 12 in Section 3.1. In addition, Lemmas 14
and 15 include a further term in the expansion for ` 6D ˙2 that helps explain the
difference between the center and right graphs in Figure 1.

1.1.1. Further background and context. The paper [15] surveys some results in
perturbation of eigenvalues and resonances. We mention just a few papers most closely
related to studying eigenvalues and resonances of Schrödinger operators near 0, par-
ticularly in dimension two, and direct the reader to [15] for further results and refer-
ences.

Klaus and Simon [21] and Holden [17] study the possible expansions of E" " 0
as " " 0 in any dimension and for potentials which need not be radially symmetric.
The results of [21] show that dimension 2 holds the most different possibilities. These
papers do not explore whether or not the eigenvalues persist. Compared to [21], our
results hold for a smaller class of potentials, but our leading terms are more detailed
and cover resonances as well. The paper [25] contains some nice diagrams of numeri-
cally computed eigenvalues and resonances for the Schrödinger operator with circular
well potential,��� a21�, on R2. These eigenvalues and resonances are not just those
very near 0, and the diagrams indicate how the resonances and eigenvalues move as a
varies. In [14], Grigis and Klopp study eigenvalues and resonances near the boundary
of the continuous spectrum for perturbations of Schrödinger operators with periodic
potentials. Their results do not include dimension two, but we note that their results
in even dimension at least four resemble our Lemma 14, on perturbing an eigenvalue
at 0.

For Schrödinger operators on R3 depending on a parameter, the papers [13, 28]
study the transition from eigenvalues to resonances at the bottom of the continu-
ous spectrum. In [19], Jensen and Nenciu study the perturbation of an eigenvalue at
the bottom of the continuous spectrum using a time-dependent notion of resonances.
Their results are quite general, and apply to Schrödinger operators in dimension 3, and
to certain two channel operators in dimension 1 and 3 with potentials which decay at
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infinity but need not be compactly supported. They do not study the even-dimensional
case. In fact, near the end of [15], Harrell asks: “Can the restriction to odd dimensions
in articles such as [19] be relaxed?” Our results in Theorem 2 and Section 2.3.3 are a
step towards doing so.

Most recently, perturbations of resonances at the bottom of the continuous spec-
trum have seen applications in the study of subwavelength resonator systems; see [1]
for a review and references. In that setting, one seeks to use small objects to strongly
scatter waves with comparatively large wavelengths. In [1], and in references therein,
asymptotics are computed for resonances obtained by perturbing off of a resonance at
zero for a certain non-self-adjoint problem.

Our results in Section 3.2 use results about the resolvent expansion at 0 for a
Schrödinger operator on R2. Results in this direction include [5, 7, 18, 30, 31].

1.2. Scattering phase asymptotics

Theorems 1 and 2 examine the importance of the different kinds of resonance or
eigenvalue at zero energy for perturbation theory. If we consider a fixed circular well,
we can illustrate their importance for scattering phase asymptotics. The scattering
phase is defined by

�.�/ D 1

2�i
log detS.�/ D

X
`

�`.�/; (1.4)

where S.�/ is the scattering matrix and the �`.�/ are the phase shifts, i.e., e2�i�`.�/

are the eigenvalues of S.�/, normalized so that �`.0/ D 0. When V is radial, the
set ¹ei`�º`2Z is an orthogonal basis for S.�/, and we may take each �`.�/ to be the
phase shift corresponding to ei`� . See [11, Sections 2.6 and 3.9] for a more general
introduction.

Theorem 3. Let P D �� � a21� for some positive a and �. Let 
 D �� 0.1/ D
0:577 : : :. Then, as � # 0,

(1) if P has no resonance at zero, then there is a real b such that

� 0.�/ D �1
�

2

4.log�C b/2 C �2 CO.�/I

(2) if P has a p-resonance at zero, then

� 0.�/ D �1
�

� 2

4
�
log�C log

�
�
2

�C 
�2 C �2
C 4

4.log�C log
�
�
2

�C 
 � 1
2
/2 C �2

�
CO.�/I
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Figure 3. Graphs of � 0.�/ for �� � a211, with a2 D j 2
1;1
� " on the left (perturbing a zero

eigenvalue) and a2 D j 2
0;1
� " (perturbing a p-resonance at zero) on the right. The cases " ¤ 0

all correspond to case (1) of Theorem 3. Case (2) of Theorem 3 is " D 0 on the right and Case
(3) of Theorem 3 is " D 0 on the left. The behavior for larger � is in Figure 5.

(3) if P has an s-resonance at zero, then

� 0.�/ D �3
2
�2�CO.�3 log�/:

Theorem 23 gives an expression for the constant b, and Figure 3 provides an
illustration.

1.2.1. Further background and context. The behavior near 0 of the scattering phase
is largely determined by the presence or absence of different kinds of resonance or
eigenvalue at 0, and this, in turn, is related to the low-energy behavior of the resolvent.
This is true not only for Schrödinger operators with compactly supported potentials
(without requiring the potential to be radial), but for general self-adjoint black-box
compactly supported perturbations of �� on R2. In the absence of 0-energy eigen-
values or resonances, the proof of [6, Theorem 3] combined with [7, Theorem 2],
shows that there is a real number b such that

� 0.�/ D �1
�

2

4.log�C b/2 C �2 CO.�/: (1.5)

Here, � is the scattering phase for the black-box operator P .
For the Dirichlet Laplacian on an external domain in R2, the universal behavior

�.�/ D 1
2
.log�/�1 CO..log�/�2/ was proved first by Hassell and Zelditch in [16].

Their results were further refined in [6,24,30]. The recent work [12] provides a wealth
of numerical examples.

A Schrödinger operator on R2 generically has neither eigenvalue nor resonance
at 0, in which case again �.�/ D 1

2
.log �/�1 C O..log �/�2/. This, or at least very
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closely related results, has been observed in [4,5]; see [2,20] for further related results
and more references. Moreover, [4, 20] relate the next term in the expansion to the
scattering length.

The constant b appearing in (1.5) can be identified using the asymptotic behavior
of a function in the null space of P . Under the assumption that P does not have a
resonance or eigenvalue at 0, there is a unique function G which is locally in the
domain of P and which satisfies PG D 0 and G.x/ � log jxj D O.1/ as jxj ! 1.
Then

b D � log 2C 
 C C.P /; where C.P / D lim
x!1

.log jxj �G.x//:

For the case of scattering by a nontrivial smooth obstacle with Dirichlet boundary
conditions, C.P / is the logarithm of the logarithmic capacity of the obstacle – see [6]
for further discussion. For the case of a radial potential V withPV D��CV ,C.PV /
is the negative reciprocal of the scattering length as defined in [4]. See [4, Sections II
and VII] for a discussion of other definitions (both equivalent and not) of the scattering
length in two dimensions.

The paper [5] obtains, for much more general potentials V , expressions for the
leading term of the scattering matrix which may be used to derive the leading term of
the scattering phase (with �.0/ D 0), but with worse errors than those coming from
Theorem 3. The results of [5] allow the possibility of an eigenvalue or resonance at 0.

1.3. Breit–Wigner peaks

In this section we use Breit–Wigner formulas to illustrate the significance of a persis-
tent eigenvalue for scattering.

We begin with a one-dimensional example to set the stage. Let �.�/ be the scat-
tering phase of � d2

dx2
C V , with V compactly supported. Let L be the length of the

convex hull of the support of V , and let Res� be the set of nonzero resonances of
� d2

dx2
C V . The Breit–Wigner formula says that

� 0.�/ D �L
�
C
X

�k2Res�

� Im�k

�j� � �kj2
: (1.6)

This formula, and others like it, are deduced from factorizations of detS.�/: see [11,
Theorem 2.20] for the full-line problem, and [22, Theorem 1.1] for the half-line prob-
lem.

A simple and striking example is P D � d2

dx2
C aı1 on RC, with Dirichlet bound-

ary condition at 0. The resonances (obtained by solving .P � �2/u D 0 subject to
u.x/ D ei�x for x > 1) are given in terms of the Lambert W function (see (2.6))
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Figure 4. On the left, the first three resonances of � d2

dx2
C 10ı1 on the half line. On the right,

a graph of � 0.�/. The vertical lines are at Re �1, Re �2, Re �3, and the dashed curve is the
approximation �1

�
� Im�1
�j���1j2

.

by �k D 1
2i
.a � W�k.aea//, where k varies over the nonzero integers. The deriva-

tive of the scattering phase (obtained by solving .P � �2/u D 0 subject to u.x/ D
e�i�x C e2�i�.�/ei�x for x > 1) is given by � 0.�/D� 1

�
C 1

�
aC�2 csc2 �

.aC� cot�/2C�2
. Figure 4

shows the first three Breit–Wigner peaks, corresponding to the first three resonances.
Moreover, at low energies, up to and including the first peak, we see that � 0.�/ �
�L
�
� Im�1
�j���1j2

.

In higher dimensions, Breit–Wigner formulas are more complicated. In Rd , d � 2,
work of Petkov and Zworski [27] shows that � 0.�/DPj�k��j<1 � Im�k

�j���k j
2 CO.�d�1/

as �! C1. If d is odd, an analog of (1.6), with �L
�

replaced by a polynomial of
degree � d and with the sum

P � Im�k
�j���k j

2 modified so as to converge, follows from
the factorization of detS.�/ in [11, Theorem 3.54].

In even dimensions, the non-resonance contribution (i.e., the replacement of the
term �L

�
in (1.6)) is not known; by Theorem 3, it is sometimes singular as �! 0.

Moreover, it is not clear how to modify the sum
P � Im�k

�j���k j
2 to account for resonances

on the Riemann surface ƒ (see Section 2.3.3). Nevertheless, in Figure 5, which is
typical for the circular well family, we see that a resonance coming from a persistent
eigenvalue produces a large Breit–Wigner peak, easily seen despite the singularity
as �! 0. See also [12, Figure 2] for examples of Breit–Wigner peaks for obstacle
scattering in R2, with significant peaks corresponding to resonances generated by
significant trapping of the billiard flow.
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Figure 5. Graphs of � 0.�/ for �� � a211, with a2 D j 2
1;1
� " on the left (perturbing a zero

eigenvalue) and a2 D j 2
0;1
� " (perturbing a p-resonance at zero) on the right. The vertical

lines are at Re �", with �" as in Figure 1. Each " D 0:09 curve has a maximum when � �
Re�", with � 0.Re�"/ � 367:37 on the left, and � 0.Re�"/ � 17:048 on the right. The dashed
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p
� and � Im�"

�j���"j2
C log �, with the

non-resonance terms
p
� and log � (meant to be analogous to �L

�
in (1.6)) chosen ad hoc by

eye to improve the fit.

2. Preliminaries

2.1. Bessel and Hankel functions

We use the standard notation of [26, (10.2 (ii)) and (10.4.3)]:

J�.z/ D
�z
2

�� 1X
kD0

�
�z2

4

�k
kŠ�.� C k C 1/ ; (2.1a)

Y`.z/ D
1

�
@�J�.z/

ˇ̌̌
�D`
C .�1/n

�
@�J��.z/

ˇ̌̌
�D�`

; (2.1b)

H
.1/

`
.z/ D J`.z/C iY`.z/; H

.2/

`
.z/ D J`.z/ � iY`.z/: (2.1c)

If C` is one of J`, Y`, H
.1/

`
, or H .2/

`
, then C` solves the differential equation [26,

(10.2 (i))]
z2C 00` .z/C zC 0`.z/C .z2 � `2/C`.z/ D 0; (2.2)

and we also have the recurrence relations [26, (10.6 (i))]

C`�1.z/C C`C1.z/ D
2`

z
C`.z/; C`�1.z/ � C`C1.z/ D 2C 0`.z/;

C 0`.z/ D C`�1.z/ �
`

z
C`.z/; C 0`.z/ D �C`C1.z/C

`

z
C`.z/:

(2.3)
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As jzj ! 1, z 2 C n �i.0;1/, we have [26, (10.2.5) and (10.2.6)]

H
.1/

`
.z/ �

r
2

�z
ei.z�

`�
2 �

�
4 /; H

.2/

`
.z/ �

r
2

�z
e�i.z�

`�
2 �

�
4 /: (2.4)

As jzj ! 0, we have [26, (10.8)]

Y0.z/ D 2

�

h
log
�z
2

�
C 


i
CO.z2 log z/; 
 D �� 0.1/ � 0:5772; (2.5a)

Y1.z/ D � 2

�z
C z log z

�
CO.z/; (2.5b)

Y`.z/ D �
.` � 1/Š2`
�z`

� .` � 2/Š2
`�2

�z`�2
CO.z4�`.1C ı2;` log z//; ` � 2: (2.5c)

2.2. Lambert W function

If x 2 C n ¹0º, then wew D x has infinitely many solutions. Following [9], we denote
these by Wn.x/, with n varying over the integers. If n ¤ 0, then

Wn.x/ D Ln.x/ � log.Ln.x//C
1X
kD0

1X
mD1

ckm
.log.Ln.x///m

Ln.x/kCm
; (2.6)

where Ln.x/ D log x C 2�in, Im log z 2 .��; �� for z 2 C n ¹0º, and the ckm are
combinatorial coefficients (see [9, (4.20)]). The remaining solution W0.x/ is the ana-
lytic function with power series

P1
kD1.�k/k�1 x

k

kŠ
(see [9, (3.1)]).

Below we will mostly use just the following simple consequence of (2.6).

Lemma 4. For n 2 Z n ¹0º, one has lim"!0 ReWn."/ D �1, lim""0 ImWn."/ D
�.1C 2n � sgnn/, and lim"#0 ImWn."/ D �.2n � sgnn/.

Proof. By (2.6), ReWn."/� log j"j!�1 as "! 0. Meanwhile, ImLn."/! 2�nC
Im log " and Im log.Ln."//! � sgnn, as desired.

2.3. Resonances

Let V WR2 ! R be bounded and supported in ¹xW jxj � �º, and let P D �� C V .
We discuss separately resonances in the cut plane C n �i Œ0;1/, at zero, and on the
Riemann surface of the logarithm.

2.3.1. Resonances on the cut plane. Recall that in Section 1.1 we defined a reso-
nance of P to be a value of � with ��

2
� arg� < 3�

2
for which there is an outgoing

solution u 6� 0 to .P � �2/u D 0, i.e., one obeying

u.r; �/ D
1X

`D�1

c`H
.1/

`
.�r/ei`� for r > �,

where V.x/ D 0 for jxj > �.
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Lemma 5. If � 2 C n �i Œ0;1/ is a resonance, then Im� < 0 or Re� D 0.

Proof. If Im � > 0, then u 2 H 2.R2/ by the Hankel function asymptotics (2.4) and
the equation .P � �2/u D 0. Hence,

R
R2 jruj2 C .V � �2/juj2 D 0, implying that

�2 is real and Re � D 0. By Rellich’s uniqueness theorem [11, Theorem 3.33], there
are no resonances in R n ¹0º.

The proof of [11, Theorem 3.33] uses the following characterization of reso-
nances, which we will also use in Section 3.2. Let RV .�/ D .P � �2/�1WL2.R/!
L2.R/ be the resolvent, defined when Im� > 0 and �2 is not an eigenvalue. It is given
by RV .�/ D R0.�/.I C VR0.�//�1, where R0.�/ D .��� �2/�1 is the free resol-
vent and has integral kernel i

4
H
.1/
0 .�jx � yj/ (see [6, Section 2.1]). Using analytic

Fredholm theory as in [11, Section 3.2.1] shows that if � 2 C1c .R2/ and �V D �,
then the cutoff resolvent �RV .�/� continues meromorphically to C n �i Œ0;1/, and

�RV .�/� D �R0.�/�.I C VR0.�/�/�1: (2.7)

Moreover, the Birman–Schwinger principle holds in the following form: � is a pole
of �RV .�/� if and only if �1 is an eigenvalue of VR0.�/�, i.e., if and only if g D
�VR0.�/g for some g 6� 0.

Lemma 6. Let � 2 C n �i Œ0;1/ and � 2 C1c .R2/ with �V D V . Then � is a reso-
nance if and only if �RV .�/� has a pole at �.

Proof. Suppose �RV .�/� has a pole at �. Take g as in the Birman–Schwinger prin-
ciple and let u D R0.�/g. Then .P � �2/u D 0 and u is outgoing in the sense of
[11, Definition 3.32]. The equivalence of that definition with ours above follows from
the fact that, by variation of parameters, if g.r; �/D g`.r/ei`� then ŒR0.�/g�.r; �/D
�i
2

R1
0
J`.�min.r; r 0//H .1/

`
.�max.r; r 0//g`.r 0/ dr 0ei`� .

Conversely, suppose u 6� 0 is outgoing and .P � �2/uD 0. Let g D .��� �2/u.
Then VR0.�/g D V u D .� C �2/u D �g, so �RV .�/� has a pole at � by the
Birman–Schwinger principle.

2.3.2. Resonances at zero. In Section 1.1 we have already extended the notion of
resonance and resonant state to �D 0, with definitions in terms of the c` of the expan-
sion (1.2). Equivalently, we may say that P has an s-resonance at zero if Pu D 0 has
a bounded solution which is not O.jxj�1/ as jxj ! 1, that P has a p-resonance at
zero if Pu D 0 has a solution which is O.jxj�1/ but not O.jxj�2/, and that P has an
eigenvalue at zero if Pu D 0 has a nontrivial solution which is O.jxj�2/.
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2.3.3. Resonances on the Riemann surface of the logarithm. In Section 3.2 we
extend some of our results beyond the branch cut of C n �i Œ0;1/, toƒ, the Riemann
surface of the logarithm. We denote points on ƒ by � D j�jei arg�, but without iden-
tifying values of arg that differ by an integer multiple of 2� . (Identification of such
values of arg gives the universal covering ƒ! C n ¹0º.) Thus, logWƒ! C n ¹0º is
biholomorphic, and the functions H .1/

`
.�r/ and H .2/

`
.�r/ continue analytically from

C n �i Œ0;1/ toƒ, where we identify C n �i Œ0;1/ with
®
� 2ƒW��

2
< arg� < 3�

2

¯
.

Using (2.7), this implies that �RV .�/� continues meromorphically to ƒ.
The same definitions of resonances and outgoing functions from Sections 1.1

and 2.3.1 still work, and Lemmas 5 and 6 extend directly.

Lemma 7. Let � 2 ƒ and � 2 C1c .R2/ with �V D V . Then � is a resonance if and
only if �RV .�/� has a pole at �. Moreover, there are no resonances in

®
� 2 ƒW 0 <ˇ̌

arg� � �
2

ˇ̌ � �
2

¯
.

3. Eigenvalues and resonances

In this section we study eigenvalues and resonances near 0, proving Theorems 1 and 2.
We begin with the circular well case, where .�� C V � �2/u D 0 can be solved
explicitly using Bessel and Hankel functions.

3.1. The circular well

For the circular well potential, we can characterize eigenvalues and resonances as
the zeros of certain functions defined using Bessel and Hankel functions. Our main
tools are expansions near 0 of such functions, Taylor approximations, and Rouché’s
theorem. Lemmas 11 and 12 together prove Theorem 2 for the special case V" D
.�a20 C "/1�. Combined with Lemma 10 they prove Theorem 1 for this V".

We consider the circular well potential V D V.r/ D �a21� given by (1.3) with
a; � > 0. We note that some of our results hold for other values of a, but since our
main interest is tracking negative eigenvalues as they reach the continuous spectrum,
it suffices to consider a > 0. We define

� D �.�; a/ D
p
�2 C a2

where we take the square root to be positive for � > 0 and to depend continuously
on �. By the Bessel equation and the asymptotics (2.1), (2.2), and (2.5), if u2L2loc.R

2/

solves .��C V � �2/u D 0, then

u.r; �/ D
1X

`D�1

b`.u/J`.�r/e
i`� ; for 0 � r < �: (3.1)
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Using that u and @ru are continuous at r D �, this yields, when combined with (1.1),

b` D
c`H

.1/

`
.��/C d`H .2/

`
.��/

J`.��/
D �

�

c`H
.1/0

`
.��/C d`H .2/0

`
.��/

J 0
`
.��/

:

We note the following consequence if u is nonvanishing in the `-th mode:

c`.u/ 6D 0; d`.u/ D 0 () �H
.1/

`
.��/J 0`.��/ � �H .1/

`
0.��/J`.��/ D 0 (3.2)

for � 6D 0. This shall be important for our study of eigenvalues and resonances, so we
define

Q`.�; a/´ �H
.1/

`
.��/J 0`.��/ � �H .1/

`
0.��/J`.��/: (3.3)

Although Q depends on � as well, we omit this in our notation because we will not
be varying �. Using the recurrence relations (2.3) gives

Q`.�; a/ D �J`�1.��/H .1/

`
.��/ � �J`.��/H .1/

`�1
.��/; (3.4)

which for ` D 0 can also be written

Q0.�; a/ D ��J1.��/H .1/
0 .��/C �J0.��/H .1/

1 .��/: (3.5)

Now, we allow the depth of the well to depend on ", so that

a2 D a2."/ D a20 � "; a0 > 0; and set V".r/ D �a2."/1�.r/: (3.6)

Notice that " > 0 means the well is shallower than with " D 0, and " < 0 means the
well is deeper than for " D 0. We remark that we shall assume a0 > 0 throughout this
section.

Lemma 8. Let a" be as in (3.6), with a0 > 0. Suppose there is an "0 > 0 so that for
each " 2 .�"0; 0/ there exists nontrivial  " 2 L2.R2/, @� " D i` ", .��� a2"1� �
E"/ " D 0, and E" " 0 as " " 0. Then Jj`j�1.a0�/ D 0, and if ` D 0 then this means
J1.a0�/ D 0.

We shall later see that the implication goes the other way as well.

Proof. Using the notation of (1.1), we see that we must have d`. "/ D 0, but
c`. "/ 6D 0. Using (3.2) and (3.3), we see that this can happen if and only
Q`.i

p
jE"j; a"/ D 0.

By (2.1) and (2.5), as �! 0we have jH .1/

`
.�/j / j�j�` for ` > 0 and jH .1/

0 .�/j /
j log �j. Using these and the continuity of J`, J`�1 in (3.4) shows that we must have
J`�1.��.0; a0// D J`�1.�a0/ D 0 if ` � 0. The result for ` < 0 follows from the
result for j`j.
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Lemma 8 has a natural interpretation in terms of a resonance or eigenvalue of
�� � a201� at 0.

Lemma 9. For a0 > 0 the operator �� � a201�
• has an s-resonance if and only if J1.�a0/ D 0,

• has a p-resonance if and only if J0.�a0/ D 0,

• has an eigenvalue 0 in the `th mode, j`j � 2, if and only if Jj`j�1.�a0/ D 0.

Proof. This follows by using (1.2), (3.1), the fact that the solution u and @ru must be
continuous across r D �, and (2.3).

In the remainder of Section 3.1, we prove a sequence of lemmas which, among
other things, compute asymptotics of eigenvalues and resonances as "! 0. Figures 1
and 2 illustrate these results numerically. Recalling that with V real, j�jei arg� is a
resonance of �� C V if and only if j�jei.��arg�/ is a resonance, we focus on the
region with j arg�j � �

2
.

Our first result is for the case in which ��C V0 has an s-resonance.

Lemma 10. Let a0 > 0 and suppose for �"1 < " < 0 there exists a nontrivial radial
function  " 2 L2.R2/, with .�� � a2"1� � E"/ " D 0, and E" " 0 as " " 0.
Then there are ı0; "0 > 0 such that for 0 < " < "0 the operator �� � a"1� has
no resonance in

®
� 2 C W 0 � j�j < ı0; j arg �j � �

2

¯
. Moreover, as " " 0, E" D

� 4
�2
e4=.�

2"/�2
 .1CO."//, with 
 the Euler constant as in (2.5).

We see then that in the language of the introduction a negative eigenvalue corre-
sponding to a rotationally symmetric eigenfunction (that is, one in the ` D 0 mode)
does not persist.

Proof. From Lemma 9, we see that J1.�a0/D 0. Thus, we use Taylor polynomials to
expand Q0.�; a"/ for small j�j and j"j with J1.�a0/ D 0. As preliminaries, note that

�.�; a"/ D a0 C �2 � "
2a0

� 1

8a30
.�2 � "/2 CO..�2 � "/3/;

and, using J1.�a0/ D 0, (2.3) and the Bessel differential equation (2.2),

d

d�
.�J1.��// ��Da0 D a0�J 01.�a0/ D a0�J0.�a0/;

d2

d�2
.�J1.��// ��Da0 D 2�J 01.�a0/C a0�2J 001 .�a0/ D �J0.�a0/:
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We note that here and below all errors are uniform in j arg �j � �
2

. Using these to
expand �J1.��/ in � and " yields

�J1.��/ D a0�J0.�a0/
��2 � "
2a0

� .�
2 � "/2
8a30

�
C �

2
J0.�a0/

��2 � "
2a0

�2
CO..�2 � "/3/

D � 1
2
J0.�a0/�"CO..�2 � "/3/:

This, along with the small � asymptotics of H .1/
0 .��/ and H

.1/
1 .��/ from (2.1)

and (2.5), gives

Q0.�; a"/ D
�1
2
J0.�a0/�"CO..�2 � "/3/

�
�
�
1C 2i

�
log

���
2

�
C 2i

�

 CO.�2 log�/

�
C i�

�
J0.�a0/ � J 00.�a0/

�"

2a0
CO.�2/CO."2/

�
�
�
� 2

���
CO.� log�/

�
:

Using (2.3), J 00.�a0/ D 0. Now, set

g.�; a0; "/ D J0.�a0/
��
2
"
�
1C 2i

�
log

���
2

�
C 2i

�


�
� 2i

��

�
which is chosen so that

Q0.�; a"/ D g.�; a0; "/CO.�2 log�/CO."3 log�/CO."2/: (3.7)

Set Q�" D 2
�

exp
�
2
�2"
� 
 C i�

2

�
and note that

g.�; a0; "/ D 0 () � D Q�": (3.8)

We have lim""0
Q�" D 0 but lim"#0 j Q�"j D 1.

First consider " < 0. For w 2 C with jwj small,

g. Q�".1C w/; a0; "/ D iJ0.�a0/ �
�
w".1CO.w//: (3.9)

Since " log Q�" D O.1/ and Q�" D O.e2=.�2"//, for " < 0 with j"j sufficiently small we
can apply Rouché’s theorem to the pair Q0.�; a"/ and g.�; a0; "/ on the circle with
center Q�" and radius j Q�"jj"j1=2 to see that there is an "0 > 0 so that Q0.�; a"/ has a
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single simple zero at �" satisfying �" � Q�" D O."1=2 Q�"/ when �"0 < " < 0. Writing
�" D Q�".1C f /, using (3.7) and (3.9) yields

0 D Q0.�"; a0; "/ D g. Q�".1C f /; a0; "/CO."2/
D "J0.�a0/ i�

�
f CO."f 2/CO."2/:

Since f D O."1=2/, this shows f D O."/. Since 0 < arg�" < � , �2" is an eigenvalue
of �� � a2"1�.

If " > 0 and j arg�j � �
2

, then

jg.�; a0; "/j � jJ0.�a0/j
� 2
��
� " �

�
Re log�

�
CO."/;

so that

jQ0.�; a"/j � jJ0.�a0/j
� 2
��
� " �

�
Re log�

�
CO."/CO."3 log�/CO.�2 log�/:

Hence, shrinking "0 if necessary, there is ı0 > 0 so thatQ0.�; a"/ 6D 0 for 0 < " < "0
and ¹� W j�j < ı0; j arg�j � �

2
º, giving a resonance-free region.

We remark that the only place in which the assumption on the eigenvalue E" and
eigenfunction of �� � a2"1� was used was to show J1.�a0/ D 0. Starting with that
assumption, the same proof shows that �� � a2"1� has an eigenvalue increasing to 0
as " " 0, with expansion as given. This is also true (with obvious modifications) for
the proofs of Lemmas 11 and 12.

Next we turn to the case corresponding to ��C V0 having eigenvalue 0. Here we
will focus on eigenvalues and on resonances in the fourth quadrant, but in Section 3.2
we will show that for " having either sign there are many more resonances related to
this eigenvalue at 0.

Lemma 11. Let j`j � 2, and suppose for �"1 < " < 0 there exist nontrivial  " 2
L2.R2/, @� " D i` " with .�� � a2"1� � E"/ " D 0, and E" " 0 as " " 0.
Then there is an "0 > 0 so that for 0 < j"j < "0, �� � a2"1� has a resonance satisfy-

ing � D
q
".j`j�1/
j`j
CO."3=2.1C ıj`j;2 log j"j//. Moreover, as " " 0, E" D j`j�1j`j "C

O."2.1C ıj`j;2 log j"j//.
In the language of the introduction, in this case the eigenvalue persists. For " > 0

the resonance is near the positive real axis, with negative imaginary part by Lemma 5.

Proof. We give the proof for ` � 2, as the result for �` follows from that for `.
By Lemma 8, we have J`�1.�a0/ D 0. As in the proof of Lemma 10 we expand

Q` for � and " near 0. By (2.3) and (2.1), J 0
`�1
.�a0/ D �J`.�a0/ and H .1/

`
.��/ D
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iY`.��/CO.�`/. Using this, Taylor expanding� and J`�1.��/, and using the expan-
sions (2.5) for Y`, Y`�1 yields

Q`.�; a"/ D �
i

�

°�
�J`.�a0/a0�

�2 � "
2a0

CO..�2 � "/2/
�

�
����

2

��`
.` � 1/ŠCO.��`C2/

�
� �

�
J`.�a0/CO.�2 � "/

�
�
����

2

��`C1
.` � 2/ŠCO.��`C3.1C ı`;2 log�//

�±
:

(3.10)

Now, set

g.�; a0; "/ D i�

2�

���
2

��`
.` � 2/ŠJ`.�a0/¹.�2 � "/.` � 1/C �2º (3.11)

which is chosen so that

Q`.�; a"/ D g.�; a0; "/CO.��`C4.1C ı2;` log�//CO."2��`/CO."��`C2/:
(3.12)

Set Q�" D
q
".`�1/
`

, with the branch of square root taken such that Re Q�" � 0 and

Im Q�" � 0, and note that g.�; a0; "/ D 0 if and only if � D ˙Q�". There is a C0 > 0
so that for jwj small, jg.˙Q�" C w; a0; "/j � C0j Q�"j�`C1jwj C O.jwj2j Q�"j�`/.
Since j Q�"j / j"j1=2, we can ensure that for j"j sufficiently small

jQ`. Q�" C "z; a"/ � g. Q�" C "z; a0; "/j < jg. Q�" C "z; a0; "/j; for jzj D 1:

Hence, an application of Rouché’s theorem on the circle centered at Q�" with radius j"j
shows that there is an "0 > 0 so that for 0 < j"j < "0, Q`.�; a"/ has a single simple
zero �" within j"j of Q�". Note that for " 6D 0 small enough the disk enclosed by this
circle stays away from � D 0. This zero of Q` at �" is a resonance of ��C V".

We describe how to improve the error using (3.11) and (3.12). Write �"D Q�"C f".
Then

0 D �`"Q`.�"; a"/

D i�

�

��
2

��`
.` � 2/ŠJ`.�a0/` Q�"f" CO.f 2" /CO."2.1C ı`;2 log "//;

using j Q�"j / j"j1=2. Since f" D O."/, solving for f" yields

f" D O."3=2.1C ı2;` log "//:

For " < 0, �" 2 i.0;1/, and hence �2" is a negative eigenvalue of ��� a2"1�.
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We now turn to a second kind of persistent eigenvalue.

Lemma 12. Suppose that for �"1 < " < 0 there exist nontrivial  " 2 L2.R2/,
@� ".r; �/D˙i ", with .��� a2"1� �E"/ " D 0, and E" " 0 as " " 0. Then there
is an "0 > 0 so that, for 0 < j"j < "0, �� � a2"1� has a resonance satisfying

� D 2i

�
exp

�1
2
� 
 C W�1

�
"�2e�1C2


4

�
2

�
C o.j"j3=2/:

Moreover, as " " 0

E" D � 4

�2
exp

�
1 � 2
 CW�1

� "
4
�2e�1C2


��
C o."2/

D �"
W�1

�
"�2 e

�1C2


4

� C o."2/:
Proof. We give the proof for ` D 1, as the case ` D �1 then follows. The differ-
ence between this case and that of Lemma 11, with ` � 2, is that the leading term
in the expansion of H .1/

0 .�/ D H .1/

`�1
.�/ behaves like log� rather than ��`�1. Using

J0.�a0/ D 0 from Lemma 8 gives (compare (3.10))

Q1.�; a"/ D i
�
�J1.�a0/a0��

2 � "
2a0

CO..�2 � "/2/
�

�
�
� 1
�

���
2

��1
CO.� log�/

�
� �.J1.�a0/CO.�2 � "//

�
�
1C 2i

�
log

���
2

�
C 2i

�

 CO.�2 log�/

�
:

Set

g.�; a0; "/ D 2�

i�
J1.�a0/

�
log
���
2

�
� 1
2
C �

2i
C 
 C "

2�2

�
(3.13)

so that

Q1.�; a"/ D g.�; a0; "/CO.�3 log�/CO."2��1/CO."� log�/: (3.14)

Set
b D � log

��
2

�
C 1

2
C i �

2
� 
 and � D log� � b:

Then � satisfies g.�; a0; "/ D 0 if and only if 2�e2� D �"e�2b . Solutions of this
equation are given by

� D 1

2
Wn.�"e�2b/ D 1

2
Wn

�
"
�2

4
e�1C2


�
:
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The case nD 0 is not relevant for us, as lim"!0W0."/D 0. We want��
2
< Im log�D

Im � C �
2
� �

2
when " is near 0. By Lemma 4, this holds if and only if n D �1. Set

Q�" D 2i

�
exp

�1
2
� 
 C 1

2
W�1

�
"
�2

4
e�1C2


��
I

then g. Q�"; a0; "/ D 0 and Q�" ! 0 as "! 0 by Lemma 4. We use g0. Q�"/ / log Q�" to
apply Rouché’s theorem on the disk with center Q�" and radius j"j1=2j Q�"j to the pair
Q1 and g. This shows that for j"j sufficiently small Q1.�; a"/ has a zero at �" with
j�" � Q�"j < j"j1=2j Q�"j. Using (3.13) and (3.14) allows us to improve this to an error
of size o.j"j3=2/.

When " < 0, arg�" D �
2

, and �2" is an eigenvalue. When " > 0, ��
2
< arg�" < 0

and �" is near the positive real axis and is a resonance.

Lemma 15 shows that for any n 2 Z n ¹0º, 2i
�

exp
�
1
2
� 
 C 1

2
Wn."

�2

4
e�1C2
 /

�
gives the approximate location of a resonance on ƒ for sufficiently small j"j.

3.2. More general potentials and resonances on the Riemann surface of the
logarithm

In this section we turn to more general Schrödinger operators and consider resonances
and eigenvalues near 0 but with the resonances onƒ rather than on C n �i Œ0;1/; this
means allowing more general values of arg� than we did in Section 3.1.

Lemmas 14 and 15 show that if ��C V0 has either a p-resonance or an eigen-
value at 0, then for small j"j 6D 0, �� C V" has many nearby resonances. Figure 6
illustrates some resonances for a family of circular wells V".r/ D .�j 20;1 C "/11.r/.
The subset of ƒ shown is larger than that shown in the illustrations of the introduc-
tion. Here the branch cut is the brown ray in the second quadrant, so that the string
of resonances shown in the second quadrant (for varying values of ") has argument
between �4�

3
and �� . The color-coding here indicates the sign of ". These reso-

nances correspond to the ` D 1 (or ` D �1) mode and are the ones approximated in
Lemma 15.

Recall that onƒwe do not identify points with arguments that differ by a multiple
of 2� .

In this section we show that by using results about the structure of RV0.�/ near
�D 0we can obtain similar, but more general results, to those obtained in Section 3.1.
In addition to allowing more general potentials V", we also show that in the case of
the persistent eigenvalues there are, for small j"j, many associated resonances on ƒ.
For simplicity, we confine ourselves to the case of radial potentials. However, at the
end of this section we indicate how our proofs work in more generality, provided the
singularity of the resolvent RV0 at � D 0 has rank one.
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�0:5 0:0 0:5

�0:5

0:0

0:5

Re z

Im
z

Plot of � for ` D 1, a2 D j 2
0;1
� "

" > 0

" < 0

Figure 6. Plot of �" in a sheet ofƒ cut along the brown ray, with arguments ranging from �4�
3

to 2�
3

, values of " as in Figure 1.

We make the following assumptions throughout this section.

Assumption 1. There is an "� > 0 such that

.�"�; "�/ 3 " 7! V" 2 L1c .R2IR/

is C1 in ", and V" is a radial potential for each ".

These potentials are more general than those of Theorem 2, since there is no
assumption on the sign of V0. Our replacement is that we shall need a certain integral
to be nonzero. Denote

@"V" D PV"; PV0 D PV" �"D0; RV0 D @2"V" �"D0;

and note that in the circular well example considered above in (3.6) we have PV0.x/ D
1�.jxj/ and RV0 D 0.

It is easy to see using (3.15) that if k�RV0.i�/�k is bounded as � # 0 for all
� 2 C1c .R2/, then there are "0; ı0 > 0 so that for j"j < "0, ��C V" has no negative
eigenvalues with norm less than ı20 . It is well known (see, e.g., [7, Theorem 1] or [5])
that if there is a � 2 C1c .R2/ so that limj�#0 k�RV0.i�/�k D 1 then 0 must be an
eigenvalue, an s-resonance, or a p-resonance of ��C V0. Hence, our hypotheses for
each lemma will involve the existence of a certain kind of zero resonance or a zero
eigenvalue of ��C V0; compare Lemma 9. A consequence of each of Lemmas 13,
14, and 15 is that then ��C V" has negative eigenvalue approaching 0 as " goes to 0
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from one direction. These observations together with Lemmas 14 and 15 prove The-
orem 2. In fact, they prove much more: for " 6D 0 and j"j sufficiently small, there are
many resonances related to the negative eigenvalue. Combining this with Lemma 13
proves Theorem 1.

Choose � 2 C1c .R2I Œ0; 1�/ radial and such that �V D V , and note that

.��C V" � �2/RV0.�/� D �.I C .V" � V0/RV0.�/�/:
Hence, for Im� > 0,

RV".�/� D RV0.�/�.I C .V" � V0/RV0.�/�/�1; (3.15)

and the identity extends to ƒ by meromorphic continuation. As in Section 2.3, we
have the following version of the Birman–Schwinger principle: RV" has a pole at �,
a regular point of RV0 , if and only if �1 is an eigenvalue of .V" � V0/RV0.�/�.

For ` 2 Z, define P`WL2.R2/! L2.R2/ by

.P`f /.r; �/ D
1

2�

2�Z
0

f .r; � 0/e�i`�
0

d� 0ei`� :

Since V" is radial, (3.15) yields another Birman–Schwinger-type principle: RV"P`
has a pole at �, a regular point of RV0P`, if and only if �1 is an eigenvalue of
.V" � V0/RV0.�/P`�. We will use expansions ofRV0.�/ from [7] to iterate this argu-
ment and replace .V" � V0/RV0.�/P`� by a suitable rank one operator A.�; "/, and
study the zeros of det.I C A.�; "//.

Our first result in this setting parallels Lemma 10.

Lemma 13. Let V" satisfy Assumption 1. Suppose ��C V0 has an s-resonance with
corresponding resonant state .r;�/ satisfying .r;�/D 1p

2�
for r sufficiently large.

Suppose ˛0 D
R

R2
PV0.r/j .r/j2dx 6D 0. There is an "0 > 0 such that, if 0 < �˛0" <

j˛0j"0, then �� C V" has an eigenvalue at �e2=."˛0/�2˛1=˛20 .1 C O."// for some
˛1 2 R, and the corresponding eigenfunction is rotationally symmetric. Moreover,
given ' > 0, there are "00.'/ > 0, �0 > 0 such that, if 0 < ˛0" < j˛0j"00, then for any
Q� 2 C1c .R2/, Q�RV".�/P0 Q� is bounded for j arg�j < ', j�j < �0.

The proof of the lemma gives an expression for ˛1. Likewise, the proofs of Lem-
mas 14 and 15 give expressions for the constants ˛1 appearing in their statements.

Proof. By the Birman–Schwinger principle discussed above, RV"P0 has a pole at �,
a regular point of RV0P0, if and only if �1 is an eigenvalue of .V" � V0/RV0.�/P0�.
From the proof of [7, Theorem 2], since �� C V0 has an s-resonance there is an
operator B00WL2c ! H 2

loc such that

�RV0.�/P0� D �� ˝  � log�C �B00P0�CO.�2.log�/3/; (3.16)
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where u ˝ v denotes the operator taking w to hw; viu and � 2 C1c .R2/ satisfies
�V D V . Set

zRV0.�/ D RV0.�/C  ˝  
�

log� � i �
2

�
:

The operator zRV0.�/P0WL2c.R2/! L2loc.R
2/ is bounded at � D 0, and is chosen to

make it easy to see that the constant ˛1 below is real. For ' > 0 there are �0.'/;
"00.'/ > 0 such that in the region j arg�j < ', j�j < �0, j"j < "00,

I C .V" � V0/ zRV0.�/P0�

is invertible, yielding�
I C .V" � V0/RV0P0�

��
I C .V" � V0/ zRV0P0�

��1 D I C A.�; "/;
where

A.�; "/´ �.V" � V0/ ˝  �
�

log� � i �
2

��
I C .V" � V0/ zRV0P0�

��1
:

Thus, the poles of RV".�/P0 for �; " as described above equal the zeros of

Q.�; "/´ det.I C A.�; "//:

Using det.I C u˝ vT / D 1C tru˝ vT D 1C hT u; vi gives

Q.�; "/ D 1 � "
�

log� � i �
2

��
˛0 C ˛1"CO."2/CO."�2.log�/3/

�
; (3.17)

where
˛1 D �

D�
� i�
2
 ˝  C B00

�
PV0 ; PV0 

E
C 1

2
h RV0 ; i:

Since for � > 0 and � 2 C1c .R2IR/, the operator �RV0.i�/� is self-adjoint we find
from the expansion (3.16) that �

�� i�
2
 ˝  C B00

�
� is self-adjoint, implying that

˛1 is real.
The rest of the proof closely resembles that of Lemma 10. Suppose first that

˛0" > 0. Then, since Re log�< 0 for � near 0, it is easy to see from (3.17) that, shrink-
ing "00, �0 if necessary,Q.�;"/ has no zeros in jarg�j<', j�j<�0, 0<˛0"< j˛0j"00,
and hence the cutoff resolvent is bounded.

Now, consider the case ˛0" < 0. Define

g.�; "/´ 1 � "
�

log� � i �
2

�
.˛0 C ˛1"/;

and note
g.�; "/ D 0 () � D Q�";
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where
log Q�" D i �

2
C 1

"˛0 C "2˛1 :

Thus, j Q�"j D e1=˛0"e�˛1=˛20 .1CO."// and arg Q�" D �
2

. Apply Rouché’s theorem on
the circle j� � Q�"j D jQ�"jj"j1=2 to see that, if 0 < �˛0" is sufficiently small, then
Q.�; "/ has a zero at a single point �" satisfying log �" D log Q�" C O."1=2/. This
zero is a resonance of �� C V". Using the expansion (3.17) improves the error to
log �" D log Q�" CO."2/. Since �" is in the physical space ¹� 2 ƒW 0 < arg � < �º,
�2" corresponds to an eigenvalue of ��C V".

To compare this result with Lemma 10, we note that if V0.r/ D �a201�.r/, with
J1.a0�/ D 0 and PV0 D 1�, then the  of Lemma 13 is

 .r/ D .
p
2�J0.�a0//

�1J0.ra0/ for 0 < r < �,

and, by [26, (10.22.7)], ˛0 D �2

2
.

The next lemma extends Lemma 11. In addition to allowing more general poten-
tials, it shows that on ƒ there are many resonances near 0 for both positive and
negative values of ".

Lemma 14. Suppose V" satisfies Assumption 1, �� C V0 has an eigenvalue at 0,
with a corresponding eigenfunction  , @� D i` , j`j � 2, and k kL2.R2/ D 1. Use
the notation

O 0m."; `/ D ıj`j;2Om." log j"j/COm.j"j2�ı/
for arbitrary ı > 0. If ˛0´

R
R2 j .r; �/j2 PV0.r/dx 6D 0, then there is an ˛1 2 R such

that, for each m 2 Z, there is an "0 D "0.m/ > 0 such that if 0 < j"j < "0, then there
is a resonance at �".m/ satisfying

j�".m/j D
p
j"˛0 C ˛1"2j C j"j1=2O 0m."; `/

and

arg�".m/ D �
�
mC 1 � sgn."˛0/

4

�
CO 0m."; `/

where sgn.x/D x
jxj

. WhenmD 0 and 0 < �˛0" < j˛0j"0, the resonance corresponds
to a negative eigenvalue of ��C V" at

"˛0 C "2˛1 CO
�
"2.j"j1�ı C ıj`j;2 log j"j/�:

In each case, the resonance or eigenvalue corresponds to a pole of RV"P`.

By including the ˛1 term, we see that the resonances lie quite close to arg�Dm�
or arg � D .mC 1

2
/� when j`j > 2; compare the numerically computed resonances

for `D 2 and `D 3 in Figure 1. If j`j D 2, we can take ˛1 D 0 since the error is larger
than the correction made by including ˛1.
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Proof. The proof of this lemma begins in a manner similar to that of Lemma 13.
We first consider the case j`j > 2. From the expansions of the resolvent from [7,
Theorem 1] and using that the potential V0 is rotationally symmetric, we see that if
j`j > 2,

RV0.�/P` D �
1

�2
 ˝  C B0;0P` CO.j�j2�ı/ (3.18)

where B0;0WL2c.R2/!H 2
loc.R

2/ and the error is as an operator L2c.R
2/!H 2

loc.R
2/.

The error is uniform in a finite range of arg �. By the Birman–Schwinger principle,
RV" has a pole at �, a regular point of RV0 , if and only if �1 is an eigenvalue of
.V" � V0/RV0.�/P`�.

Set zRV0.�/ D RV0.�/ C ��2 ˝  . For arg � in a bounded set and j�j; j"j
sufficiently small, zRV0.�/Pl is analytic away from � D 0, bounded at � D 0, and
I C .V" � V0/ zRV0.�/Pl� is invertible. Thus, as in the proof of Lemma 13, we reduce
the problem to that of studying the zeros of

Q.�; "/´ det
�
I � .V" � V0/ 1

�2
 ˝  �I C .V" � V0/ zRV0Pl���1�: (3.19)

Away from � D 0, this is an analytic function of � in this region. Using that we are
taking the determinant of the identity plus a rank one operator as in Lemma 13, the
expansion (3.18) shows that

Q.�; "/ D 1 � "

�2

�
˛0 C "˛1 CO."2/CO."j�j2�ı/

�
; (3.20)

where ˛1 D �hB00 PV0 ; PV0 i C 1
2
h RV0 ;  i. Because B00P` is self-adjoint, ˛1 is

real.
Set

g.�; "/ D 1 � "

�2
.˛0 C "˛1/:

Fix m 2 Z, and let Q�".m/ 2 ƒ be the continuous function of " satisfying Q�2".m/ D
"˛0 C ˛1"2 (so that g. Q�"; "/ D 0) and

ˇ̌
arg Q�".m/ � m� � �

4

ˇ̌ � �
4

. Notice that, if
˛0" > 0 then arg Q�".m/ D m� , and if ˛0" < 0, then arg Q�".m/ D m� C �

2
when j"j

is sufficiently small. We identify
®
� 2 ƒ W ˇ̌arg � � ��mC 1

4

�ˇ̌
< �

2

¯
with a subset

of C. For w 2 C, jwj small compared to j Q�"j, j. Q�" C w/2g. Q�" C w; "/j � 2j Q�"wj C
O.jwj2/. Using this, (3.20), and Rouché’s theorem applied to the pair �2Q and �2g
shows thatQ has a simple zero, and hence��C V" has a resonance, at a point �".m/
satisfying j�".m/ � Q�".m/j D O."/ when j"j is sufficiently small, depending on m.
Using (3.20) allows us to improve the error to Om.j"j5=2�ı/.

If 0 < �˛0" is sufficiently small, then arg.�".0// D �
2

and �� C V" has an
eigenvalue at .�".0//2 D ".˛0 C ˛1"/ C O.j"j3�ı/. This completes the proof for
j`j > 2.
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If j`j D 2, the expansion (3.18) must be replaced by

RV0.�/P` D �
1

�2
 ˝  CO.log�/:

Again, for j�j and j"j sufficiently small, the poles of RV" away from � D 0 are given
by the zeros of the function Q defined in (3.19), but the expansion (3.20) must be
replaced by

Q.�; "/ D 1 � "

�2
.˛0 CO." log�//

and we take ˛1 D 0 for simplicity. The proof proceeds as in the j`j > 2 case, except
that we use g.�; "/ D 1 � "˛0

�2
, Q�".m/2 D "˛0, and get a worse error.

Suppose `� 2 and V"D .�a20C "/1�.r/, with J`�1.a0�/D 0 so that��CV0 has
an eigenvalue at 0. Then, in the notation of Lemma 14, using [26, Section 10.22.38],

 l.r; �/ D

8̂̂̂̂
<̂
ˆ̂̂:
r
` � 1
�`

1

�J`.a0�/
J`.a0r/e

i`� ; 0 < r < �;r
` � 1
�`

1

�

� r
�

��`
ei`� ; r � �;

and ˛0 D `�1
`

.
The next lemma extends Lemma 12, and shows that not only does a family of

negative eigenvalues in the ` D ˙1 mode persist, but that it corresponds to many
resonances for both signs of ". Since log � is a natural coordinate to use on ƒ and
because log� naturally arises in the proof of Lemma 15, we use log� in the statement
of the lemma.

Lemma 15. Let V" satisfy Assumption 1. Suppose ��C V0 has a p wave resonance
with corresponding resonant states  ˙ satisfying  ˙.r; �/ D e˙i�

r
p
2�

for r sufficiently
large, and define

˛0´
Z

R2

PV0.r/j ˙.r; �/j2dx

and

b D log 2 � 
 C i �
2
C lim
�0!1

� Z
jxj<�0

j ˙j2dx � log �0
�
:

If ˛0 6D 0, then for each n 2 Z n ¹0º there is an "0 D "0.n/ > 0 so that if 0 < j"j < "0,
��C V" has a resonance at a point �".n/ satisfying

log�".n/ D b C 1

2
Wn
�
2".˛0 C ˛1"/e�2Reb�C o.j"j/:
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When "˛0 < 0, the n D �1 resonance corresponds to �� C V" having a negative
eigenvalue given by

.�".�1//2 D e2b exp
�
W�1.2".˛0 C ˛1"/e�2Reb/

�
.1C o."//

D � 2".˛0 C ˛1"/.1C o."//
W�1.2".˛0 C ˛1"/e�2Reb/

:

In each case, RV".�/P˙1 has a pole at � D �".n/.
We note that, by Lemma 4, lim˛0""0 Im log �".n/ D

�
�
2

�
.2 C 2n � sgn n/ and

lim˛0"#0 Im log�".n/ D
�
�
2

�
.1C 2n � sgnn/.

Proof. We give the proof for the `D1mode; the case `D�1 follows. We set  D C.
From [7, Theorem 1], there is an operator B00WL2c ! H 2

loc such that near � D 0

�RV0.�/P1� D �
� 1

.log� � b/�2 ˝  C B00P1
�
�CO..log�/�1/: (3.21)

We set
zRV0.�/ D RV0.�/ �

1

log� � b ˝  :

As in the proofs of Lemmas 14 and 13, to study the resonances with j arg�j < ' and
0 < j�j, for j�j, j"j sufficiently small, it suffices to study the zeros of

Q.�; "/´ det
�
I C 1

.log� � b/�2 .V" � V0/ ˝ .I C .V" � V0/
zRV0.�/P1�/�1

�
:

Using (3.21) yields

Q.�; "/ D 1C "

.log� � b/�2
�
˛0 C ˛1"CO.".log�/�1/CO."2/� (3.22)

where
˛1 D �hB00 PV0 ; PV0 i C 1

2
h RV0 ; i 2 R:

Now, set
g.�; "/ D 1C "

.log� � b/�2 .˛0 C ˛1"/: (3.23)

Solving g.�;"/D 0 as in Lemma 12 leads for n2Z n ¹0º to solutions Q�".n/ satisfying

log Q�".n/ D b C 1

2
Wn
�
2".˛0 C ˛1"/e�2Reb�:

Apply Rouché’s theorem to the pair g,Q on the curve j Q�".n/� �jDj"j1=4j Q�".n/j.
This shows that for each n 2 Z n ¹0º there is an "0.n/ so that there is a zero �".n/ of
Q.�;"/within j"j1=4j Q�".n/j of Q�".n/when j"j< "0.n/. Using (3.22) and (3.23) shows
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that we can improve the error to log �".n/ � log Q�".n/ D o."/, or �".n/ � Q�".n/ D
o.j"j3=2/.

If n D �1 and "˛0 < 0, then Lemma 4 shows that the resulting pole of R"P1
corresponds to an eigenvalue, since the pole lies in the physical space.

Above we have restricted our considerations to the radially symmetric case in an
effort to make the paper as readable as possible. However, radial symmetry is not
really essential to the proofs. What is essential is the ability to reduce the problem to
the study of a family of operators of � and " with a singularity of rank 1 at � D 0

when " D 0. For the radial case, we did this by projecting I C .V" � V0/RV0.�/ onto
a Fourier mode. If the operator RV0.�/ has a singularity of rank 1 at � D 0, there
is no need for a projection, and so no need for an assumption of radial symmetry.
As an example, we include the following lemma which is an analog of Lemma 14
without the assumption of radial symmetry. Analogs of Lemmas 13 and 15 are equally
possible, though in general one should expect the errors to be worse than in those
lemmas.

Lemma 16. Suppose V" is a family of compactly supported real-valued functions
in L1.R2/ which depend in a C1 way on ". Suppose 0 is a simple eigenvalue of
��C V0 and ��C V0 has neither an s-wave resonance nor a p-wave resonance,
and suppose  2 L2.R2/ satisfies .��C V0/ D 0, k k D 1. If

˛0´
Z

R2

j .x/j2 PV0.x/dx ¤ 0;

then for each m 2 Z there is an "0 D "0.m/ > 0 such that if 0 < j"j < "0, then there
is a resonance at �".m/, satisfying

j�".m/j D
p
j"˛0j COm.j"j3=2 log j"j/

and

arg�".m/ D �
�
mC 1 � sgn."˛0/

4

�
COm.j"j log j"j/:

When m D 0 and 0 < �˛0" < j˛0j"0, the resonance corresponds to a negative
eigenvalue of ��C V" at "˛0 CO."2 log j"j/.

4. The scattering matrix and scattering phase for the circular well

In this section we return to the circular well potential, V D�a21�, with a; � > 0 fixed,
and study the derivative of the scattering phase, � 0.�/, as � # 0, proving Theorem 3.
Because the potential is radial, the scattering matrix S.�/ is diagonal when using the
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eigenfunctions ei`� as a basis. The eigenvalue S` of S.�/ associated with ei`� is the
ratio of the outgoing amplitude to the incoming amplitude for elements of the null
space of P � �2:

S` D
c`

d`
D �B

.2/

`

B
.1/

`

;

B
.k/

`
.�; �; a/´ H

.k/

`
.��/C A`H .k/

`
0.��/;

A`.�; �; a/´ �
�

�

J`.��/

J 0
`
.��/

:

We note that S�` D S` for all .�; �; a; `/ since C�`.z/ D .�1/`C`.z/. Thus, (1.4)
becomes

�.�/ D 1

2�i

1X
`D�1

logS` D �0 C 2
1X
`D1

�`; (4.1)

where the �` are given by �`.0/ D 0 and the following lemma, which among other
things proves that the sum in (4.1) converges very rapidly.

Lemma 17. For every ` 2 N0, � 2 ƒ, a > 0, and � > 0, we have

� 0` D �
a2

�2
2

�2�

1 � `2

.��/2
A2
`

.J`.��/C A`J 0`.��//2 C .Y`.��/C A`Y 0`.��//2
: (4.2)

Moreover, given �0 > 0, a0 > 0, and �0 > 0, there is `0 > 0 such that

j� 0`.�/j .
`3

�2�

���e
2`

�2`
; (4.3)

uniformly for ` � `0, � 2 .0; �0�, a 2 .0; a0�, and � 2 .0; �0�.
Proof. We have

2�i� 0`.�/ D
@�B

.2/

`

B
.2/

`

� @�B
.1/

`

B
.1/

`

D B
.1/

`
@�B

.2/

`
� B.2/

`
@�B

.1/

`

B
.1/

`
B
.2/

`

: (4.4)

To simplify the denominator, we expand by writing the Hankel functions in terms of
J` and Y`:

B
.1/

`
B
.2/

`
D .J`.��/C A`J 0`.��//2 C .Y`.��/C A`Y 0`.��//2:

As for the numerator we first use Bessel’s equation on A0
`
:

A0` D
�a2
�3

J`.��/

J 0
`
.��/

� �
2�

�2
C �2�

�2

J`.��/J
00
`
.��/

.J 0
`
.��//2

D �1
�

J`.��/

J 0
`
.��/

� �
2�

�2

�
1C

�J`.��/
J 0
`
.��/

�2�
1 � `2

.��/2

��
:
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Using Bessel’s equation on the Hankel functions, we combine in a similar manner for
@�B

.2/

`
to get

@�B
.2/

`
D � �A`

�
1 � `2

.��/2

�
H
.2/

`
.��/ � �A2`

�
1 � `2

.��/2

�
H
.2/

`
0.��/

C a2�

�2
H
.2/

`
0.��/:

Multiplying by B.1/
`

gives us the expanded form

B
.1/

`
@�B

.2/

`

D ��A`
�
1 � `2

.��/2

�
H
.2/

`
.��/H

.1/

`
.��/ � �A2`

�
1 � `2

.��/2

�
H
.1/

`
.��/H

.2/

`
0.��/

C a2�

�2
H
.1/

`
.��/H

.2/

`
0.��/ � �A2`

�
1 � `2

.��/2

�
H
.1/

`
0.��/H

.2/

`
.��/

� �A3`
�
1 � `2

.��/2

�
H
.1/

`
0.��/H

.2/

`
0.��/C A`

a2�

�2
H
.1/

`
0.��/H

.2/

`
0.��/:

The product B.2/
`
@�B

.1/

`
is given by the same form as above but swapping .1/$ .2/

in the superscripts of the Hankel functions, so we get

B
.1/

`
@�B

.2/

`
� B.2/

`
@�B

.1/

`

D
h
��A2`

�
1 � `2

.��/2

�
C a2�

�2
C �A2`

�
1 � `2

.��/2

�i
�
h
H
.1/

`
.��/H

.2/

`
0.��/ �H .1/

`
0.��/H

.2/

`
.��/

i
D 2i

h
�A2`

� `2

.��/2
� `2

.��/2

�
C a2�

�2

i
ŒJ 0`.��/Y`.��/ � J`.��/Y 0`.��/�:

Using Wronskian identities on the remaining Bessel functions, we get

B
.1/

`
@�B

.2/

`
� B.2/

`
@�B

.1/

`
D � 4i

���

h
�A2`

� `2

.��/2
� `2

.��/2

�
C a2�

�2

i
D 4i

��

h .a`/2
.���/2

A2` �
a2

�2

i
D � a

2

�2
4i

��

�
1 � `2

.��/2
A2`

�
:

Combining the two expressions forB.1/
`
@�B

.2/

`
�B.2/

`
@�B

.1/

`
andB.1/

`
B
.2/

`
with (4.4)

yields (4.2).
To prove (4.3), we use the notation f � g to mean f . g and g . f . By Olver’s

uniform large order Bessel function asymptotics (see e.g., [10, (A.7)]), for every
x0 > 0 there is `0 > 0 such that

J`.x/ � xJ 0`.x/; �Y`.x/ � xY 0`.x/ � `�1=2 exp.`�/;
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� D
1Z

x=`

p
t�2 � 1dt D log

`

x
C log 2 � 1CO

�x2
`2

�
;

uniformly for x 2 .0; x0� and ` � `0. Hence,

�A` � ��;

and

j� 0.�/j . `2

�2�Y`.��/2
.

`3

�2�

���e
2`

�2`
:

This proves (4.3). Note that, for �; �; a fixed, we can get (4.3) from the simpler large
order, fixed argument, asymptotics of [26, Section 10.19 (i)].

We remark that (4.3) implies that

� 0.�/ D � 00.�/C 2
1X
`D1

� 0`.�/ D � 00.�/C 2
`0X
`D1

� 0`.�/CO.�2`0C1/ as �! 0

when `0 is sufficiently large.
In this section we prove an expansion for � 0.�/ for small �. We will use repeatedly

the general property that

r.x/ D o.f .x//

H) 1

f .x/C r.x/ D
1

f .x/
� r.x/

.f .x//2
CO

�� r.x/

.f .x//2

�2�
: (4.5)

We begin with � 00.

Lemma 18. For �! 0, we have the following asymptotic expressions for � 00.�/:

� 00.�/ D

8̂̂̂<̂
ˆ̂:
��

4

8
�3 CO.�5 log�/; J1.a�/ D 0;

� 2
�

4
�
log �

2
C C.�; a/C 
�2 C �2 CO

� �

.log�/2

�
; J1.a�/ ¤ 0;

where

C.�; a/ D log �C 1

a�

J0.a�/

J1.a�/
:

Compare [6, (1.11)], for asymptotics of the derivative of the scattering phase in
the Dirichlet obstacle case.
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Proof. First we assume J1.a�/ ¤ 0. Using

J 00.z/ D �J1.z/; Y 00.z/ D �Y1.z/ (4.6)

and expanding the two terms in the denominator of (4.2) using (2.5) yields

.J0.��/ � A0J1.��//2 D 1CO.�2/;

.Y0.��/ � A0Y1.��//2 D
h 2
�
.log

�
��2

�C 
/C 2

�a�

J0.a�/

J1.a�/
CO.�2 log�/

i2
D 4

�2

�
log

�

2
C 
 C C.�; a/

�2
CO.�2 log2 �/:

Putting this into (4.2) we get

� 00.�/ D �
a2

�2
2

�2�

1

1C 4
�2

�
log �

2
C 
 C C.�; a/�2 CO.�2 log2 �/

: (4.7)

Using (4.5) gives

��2.�/ D 1

a2
� �

2

a4
CO.�4/:

Applying these observations to (4.7) yields

� 00.�/ D �
2

�2�

h 1

1C 4
�2

�
log �

2
C 
 C C.�; a/�2 CO

� �2

.log�/2

�i
D

�2
�

4
�
log �

2
C 
 C C.�; V /�2 C �2 CO

� �

.log�/2

�
:

Now, consider the case J1.�a/ D 0. Here we again use (4.6), and multiply both
the numerator and denominator of (4.2) by �2.J1.��//2 to get

� 00.�/ D �
2a2

�2�

.J1.��//
2

D1.�; �/
; (4.8)

where

D1.�; �/ D .�J1.��/J0.��/ � �J0.��/J1.��//2
C .�J1.��/Y0.��/ � �J0.��/Y1.��//2:

Since, in this case,

J1.��/ D J 01.a�/
��2

2a
CO.�4/ D �J0.a�/��

2

2a
CO.�4/; (4.9)
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we get from the expansions (2.5)�
�J1.��/J0.��/ � �J0.��/J1.��/

�2 D O.�4/ (4.10a)�
�J1.��/Y0.��/ � �J0.��/Y1.��/

�2 D �2J0.�a/
��

CO.�2 log�/
�2
: (4.10b)

Using (4.9) and (4.10) in (4.8) gives the result when J1.a�/ D 0.

We give an alternate expression for � 0
`
. Using the recurrence relations (2.3), we

find

�2.J 0`.��//
2 � `

2

�2
J`.��/

2

D �2
h�
J`�1.��/ �

`

��
J`.��/

�2
� `2

.��/2
.J`.��//

2
i

D ��2J`�1.��/J`C1.��/: (4.11)

Multiplying the numerator and denominator in (4.2) by .�J 0
`
.��//2 and using the

identities (2.3) and (4.11), yields that for ` � 1

� 0`.�/ D
2a2

�2�

J`�1.��/J`C1.��/

D2.�; �/
; (4.12)

where

D2.�; �/ D .�J`�1.��/J`.��/ � �J`.��/J`�1.��//2
C .�J`�1.��/Y`.��/ � �J`.��/Y`�1.��//2:

This expression shows perhaps more explicitly than equation (4.2) why we should
expect different behavior in the three cases J`C1.a�/ D 0, J`�1.�a/ D 0, and
J`�1.�a/J`C1.�a/ 6D 0.

The next lemma will be used to study � 0
`
.�/ for ` � 1 when J`�1.�a/ 6D 0.

Lemma 19. If ` � 1, then, if J`�1.�a/ 6D 0, then as �! 0

� 0`.�/D
� �

Œ.` � 1/Š�2J`�1.�a/
���
2

�2`�1
CO.�2`C1/C ı`;1O.�3 log�/

�
J`C1.��/:

Proof. The assumptions J`�1.�a/ 6D 0 and ` � 1 ensure that the leading term in the
denominator of (4.12) as �! 0 is determined by �J`�1.��/Y`.��/. We have

�J`�1.��/Y`.��/ � �J`.��/Y`�1.��/

D aJ`�1.a�/
�
� .` � 1/Š

�

�� 2
��

�`
CO.��`C2/C ı1;`O.� log�/:
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The asymptotics of J`, J`�1 at 0 yield

�J`�1.��/J`.��/ � �J`.��/J`�1.��/ D O.�`/:

Using these gives, with D2 from (4.12),�
D2.�; �/

��1 D �2

ŒaJ`�1.�a/.` � 1/Š�2
���
2

�2`
CO.�2`C2/C ı1;`O.�4 log�/:

Putting this in (4.12) proves the lemma.

We prove an expansion for A` which will be helpful in the ` � 1, J`�1.�a/ D 0
case.

Lemma 20. For ` � 1, if J`�1.a�/ D 0 then

A`.�/ D
��

`
� .��/

3

2`2
CO.�5/

Proof. Using the recurrence relations (2.3) we obtain

A`.�/ D
���
`

J`�1.��/C J`C1.��/
J`�1.��/ � J`C1.��/

D ���
`

�
�1C 2J`�1.��/

J`�1.��/ � J`C1.��/
�
:

We will use, again from (2.3),

J`�1.a�/ D 0 H) J 0`�1.�a/ D �J`.�a/ D �
�a

2`
J`C1.�a/:

Then, since, for smooth f , f .��/ D f .a�/C f 0.a�/�.� � a/C O..� � a/2/, we
get

A`.�/ D
���
`

�
�1C 2J 0

`�1
.a�/

J`�1.a�/ � J`C1.a�/
�.� � a/CO..� � a/2/

�
D ���

`

�
�1C .��/2

2`
CO.�4/

�
:

Lemma 21. For �! 0, we have the following asymptotic expressions for � 01:

� 01.�/ D

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

�2
�

4
�
log ��

2
� 1
2
C 
�2 C �2 CO

� �

.log�/2

�
; J0.a�/ D 0;

�4

8
�3 CO.�5 log�/; J2.a�/ D 0;

J2.a�/

J0.a�/

�2

2
�CO.�3 log�/; otherwise:
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Proof. First we consider the case J0.�a/ D 0. For this, we use for ` � 1

C`.��/C
��

`
C 0`.��/ D

��

`
C`�1.��/ (4.13)

where C` is J` or Y`. Using this and Lemma 20,

Y1.��/C A1Y 01.��/ D ��Y0.��/ �
.��/3

2
Y 01.��/CO.�3/

D 2

�
��
h
log

��

2
C 


i
� ��
�
CO.�3 log�/:

Similarly,

J1.��/C A1J 01.��/ D ��J0.��/ �
.��/3

2
J 01.��/CO.�5/

D ��CO.�3/:

Using these and Lemma (20) in (4.2) completes the proof for this case.
For the remaining cases we use Lemma 19. If J0.�a/J2.�a/ 6D 0, we get the third

case immediately from Lemma 19. To handle the remaining case, the second one, note
that, if ` � 1 and J`C1.�a/ D 0, then J 0

`C1
.�a/ D J`.�a/ and

J`C1.��/ D J`.�a/
��2

2a
CO.�4/ when J`C1.�a/ D 0: (4.14)

Moreover, since J2.�a/ D 0, J0.�a/ D 2
a�
J1.�a/. Using these in Lemma 19 with

` D 1 completes the proof of the second case.

The proof of the asymptotic expansion of � 0
`

for ` � 2 is similar to the ` D 1 case
handled by Lemma 21.

Lemma 22. For � ! 0, we have the following asymptotic expressions for � 0
`

for
` � 2:

� 0`.�/ D

8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

� �

`Œ.` � 2/Š�2
���
2

�2`�3
C zO`; J`�1.a�/ D 0;

�

`Œ.` � 1/Š�2
���
2

�2`C1
CO.�2`C3/; J`C1.a�/ D 0;

J`C1.a�/

J`�1.a�/

�

Œ.` � 1/Š�2
���
2

�2`�1
CO.�2`C1/; otherwise:

where zO2 D O.�3 log�/ and zO` D O.�2`�1/ for ` � 3.
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Proof. We begin with the case J`�1.�a/ D 0. Using (4.13) and Lemma 20 gives

Y`.��/C A`Y 0`.��/

D ��

`
Y`�1.��/ �

.��/3

2`2
Y 0`.��/CO.��`C4/

D ���.` � 2/Š
`�

���
2

��`C1
� .��/

3`Š

4�`2

���
2

��`�1
CO.��`C4/C ı`;2O.�2 log�/

D �2.` � 2/Š
�

���
2

��`C2
CO.��`C4/C ı`;2O.�2 log�/:

Notice that J`.��/CA`J 0`.��/ D O.�`/. Since 1� `2

.��/2
A2
`
D .��/2

`
CO.�4/ here,

inserting these in (4.2) yields

� 0`.�/ D �
2

�

.��/2

`
CO.�4/

4Œ.` � 2/Š�2 CO.�2/C ı`;2O.�2 log�/

���
2

�2`�4
D � �

`Œ.` � 2/Š�2
���
2

�2`�3
CO.�2`�1/C ı`;2O.�3 log�/

For the remaining cases, J`�1.�a/ 6D 0. If, in addition, J`C1.�a/ 6D 0, we get
the result in the third case immediately from Lemma 19. The second case, with
J`C1.�a/ D 0, follows from combining Lemma 19 with (4.14).

The next theorem follows by combining the results of Lemmas 18, 21, and 22,
recalling Lemma 17 justifies convergence of the series.

Theorem 23. When � # 0, � 0.�/ has the following asymptotics:

• if J0.a�/ D 0,

� 0.�/ D � 2
�

4
�
log ��

2
C 
�2 C �2 C � 4

�

4
�
log ��

2
� 1
2
C 
�2 C �2 CO

� �

.log�/2

�
;

• if J1.a�/ D 0,

� 0.�/ D �3
2
�2�CO.�3 log�/;

• otherwise,

� 0.�/ D � 2
�

4
�
log �

2
C C.�; a/C 
�2 C �2 C J2.a�/

J0.a�/
�2�CO

� �

.log�/2

�
:

Here

C.�; a/ D log �C 1

a�

J0.a�/

J1.a�/
:

This theorem, when combined with Lemma 9, proves Theorem 3 and gives an
explicit expression for the constants b which appear in the statement of that theorem.
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5. Numerical Methods

The points in the plots for ` D 1; 2; 3 in Figure 1 and 6 are the values ¹sgn.k/k2�" W
k D�N; : : : ;N º, where�"D 0:0036 andN D 15. The " values for the `D 0 plot in
Figure 2 are ¹�k�" W k D 2; : : : ; N º, with N D 25 and �" D 0:1. The points on the
blue curve of each plot are the approximate formulas for �", and the points on the red
curve are the “exact” values for �" obtained by applying Newton’s method 20 times
to locate the solution to the equation B.2/

`
.�";
p
a2 � "; �/ D 0 with an initial guess

given by the approximation from the blue curve.
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