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Holder continuity of the integrated density of states
for Liouville frequencies

Rui Han and Wilhelm Schlag

Abstract. We prove Holder continuity of the Lyapunov exponent L (w, E') and of the integrated
density of states in neighborhoods of energies that satisfy L(w, E) > 4k (w, E) - B(w) > 0 for
general analytic potentials, with k(w, E) being Avila’s acceleration, and (w) measures the
closeness of w to rationals on a logarithmic scale.

In memory of Michael Goldstein

1. Introduction

We study one-dimensional quasi-periodic Schrodinger operators with analytic poten-
tials:

(Hw,9¢)n = Pnt1+ Pn—1 + (0 +nw)dy, (1.1)

in which 6 € T is called the phase, ® € T \ Q is called the frequency. Throughout
the paper, for 8 € T, ||0||T := dist(8, Z), and we shall simply write it as ||6]|.

Our result concerns the regularity of the integrated density of states in energy for
quasi-periodic Schrodinger operators. For integers a < b and interval A = [a, b] N
Z, let Hy | be the restriction of H,, ¢ to the interval A with Dirichlet boundary
condition. Let {E (v, 9)}}1\:'1 be the eigenvalues of H,, g|a. Consider

|A]

1
> XooE) (En.j(@.6)).
j=1

NA((U,E,Q) = m

It is well known that the weak limit

alir_noo dNp(w, E,0) =: dN(w, E).

b—00
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exists and is independent of 8. The distribution N (w, -) is called the integrated density
of states (IDS). It is connected to the Lyapunov exponent L(w, E), see (2.7), through
the Thouless formula:

L(w,E) = /log|E — E'|dN(w, E).

Concerning the regularity of N (w, E) in E, Craig and Simon [9] established
log-Holder continuity for general ergodic operators. Goldstein and the second name
author [13] established the first Holder continuity result for general analytic potentials
on T throughout the positive Lyapunov exponent regime for Diophantine frequencies,
as well as a weaker regularity for general T4, d > 2. The Diophantine condition
was relaxed to cover some weak Liouville @’s in [21] and then further strengthened
in [20] to cover all the w’s such that 0 < B(w) < ¢y L(w, E), where ¢, > 0 is an
implicit constant and the exponent §(w) measures the exponential convergence rate
of the continued fraction approximants to w, see the definition in (2.1). The results
of [20,21] are both for the positive Lyapunov exponent regime, and follow the scheme
of Goldstein and the second named author [13]: combining two important tools, the
large deviation estimates (LDT) and the Avalanche Principle (AP). The former was
first introduced in the seminal paper of Bourgain and Goldstein [6] with significant
further developments by Bourgain, Goldstein, and the second named author in [5,7,
8, 14, 15], and the latter was introduced in [13] and has been being greatly expanded
by Duarte and Klein [10, 11].

In the regime of small coupling constants (which is a sub-regime of the zero
Lyapunov exponent regime), 1/2 Holder continuity was established using almost
reducibility by Avila and Jitomirskaya [2] for Diophantine frequencies. For a spe-
cial family, the almost Mathieu operator with v(8) = 2A cos(276) and Diophantine
frequencies, 1/2-Holder was established in the same work for any non-critical cou-
pling constant A # 1. Recently, Avila, Last, Shamis, and Zhou [3] proved that the
regularity of the IDS for the almost Mathieu operator is only log-Hélder in the regime
B(w) > 1.5log A > 0. Recall that logA = L(w, E) on the spectrum for A > 1.

The main result of this paper deals with the opposite regime of [3], and it applies
to general analytic potentials assuming positive Lyapunov exponents.

Theorem 1.1. Let v be an analytic function on T. Let B(w) be as in (2.1), L(w, E)
be the Lyapunov exponent, and k(w, E) be the acceleration as in (2.8). Then for any
E such that

L(w, E) > 4k(w, E) - B(w), (1.2)

the integrated density of states N(w, E) is Holder continuous in a neighborhood
of E.
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Remark 1.2. Note that (1.2) holds on an open set of E due to continuity of L(w, )
and upper semi-continuity of «(w, -), see [1]. By the Thouless formula, the same
Holder continuity holds for L(w, E) on the same set of energies.

Theorem 1.1 strengthens the result of [20] by replacing the implicit condition
L(w, E) > CyB(w) there with an effective condition. The main reason for such an
improvement is the recently established connection between the LDT technology and
Avila’s acceleration in [17] and its developments in various settings [16, 18, 19]. In
addition to these ingredients, the technical core of this paper is Theorem 3.1, an effec-
tive version of the LDT for Liouville frequencies. The mechanism for bounding the
IDS proceeds as in [14] by Goldstein and the second named author: one controls the
number of eigenvalues falling into an interval / by estimating the trace of the finite
volume resolvent for energies £ = Eo + i€, where € = | ].

The following notations will be used throughout. For any R>1,let Ag :={z€C :
1/R < |z| < R} be the annulus. Let €, := {z € C : |z| = r} be the circle with radius
r > 0.Forz € C and r > 0, let B,(z) be the open ball centered at z with radius r.
For x € R, let [x] be the largest integer such that [x] < x. Throughout this paper, for
an analytic function g(z) on AR, let

g(k) = / g(e¥9)e™27k0 49 fork € Z
T
be the Fourier coefficients.
We organize the rest of the paper as follows. Section 2 covers preliminary material.

We present a quick proof of Theorem 1.1 in Section 3, assuming the large deviation
Theorem 3.1, whose proof is postponed to Sections 4 and 5.

2. Preliminaries

2.1. Continued fraction expansion

Given w € (0, 1), let [a1,az, .. .] be the continued fraction expansion of w. Forn > 1,
let p,/qn = [a1,az,...,ay,] be the continued fraction approximants. The following
property is well known forn > 1,

lgnowllr = min  [kolT.
1<k<gn41

The B(w) exponent measures the exponential closeness of w to rational numbers:

1 1
B(w) := limsup D8dn+1 _ limsup(—w). 2.1

n—00 dn n—o00 n
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Let
log gn+1

n

Bn(w) =
It is well known that

||61n0)|| IS ( 1 , 1 ) — (le_ﬂn(w)Qn’e_ﬁn(w)4n>.
2qn+1 qn+1 2

The following relations are standard:
dn+1 = dn41qn +4n-1,  Pn+1 = An4+1Pn + Pn-1, (2.2)

and

lgn-10ll = ant1lignell + llgnrr1]. (23)
To see the latter is true, note that by (2.2),

Gn+10 — Ppt1 = An41(gn® — pn) + (Gn-10 — pn—1),

which yields (2.3) since ||g,w|| = |gn®w — pn| and

(Gn+10 = pnt1) - (gnw — pn) <0,

forany n > 1.

2.2. Green’s function for the annulus
We state the precise Green’s kernel, which can be derived by the method of images.

Lemma 2.1 ([17, Lemma 3.1]). The Green’s function on the annulus AR is given by

Gr(z,w) = Llog|z—w| + T'r(z, w), 2.4)
where
log(lzl)log(lwl)
R
+il ( [Tie 1’1 R4kw} ‘ ﬁ? :
2r R-TTi |1 — o= wi| - |1 — = 5w

The Green’s function is symmetric and invariant under rotations:

Gr(z,w) = Gr(w,z) and Ggr(z,w) = Gr(e'®z,e'Pw).
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It is also easy to check that

log(ﬁ) log(m)

1 1 1 1
27TGR<T,t) = log‘: - ?‘ +
zZ w zZ w

2log R
TTezi |1 — e 2] |1 - zor 5
+10g( o0 1 T
R-TTi2 1 = = 52| - |1 — zai== 20|
=2nGRr(z,w). 2.5

The following integral is useful, see [17, Lemma 3.2]:

1

. log(% log R
/FR(r€2n19’w)d9 — g(R) log(|w|)_ Og .
47 log R R 2
0

Note that I'g here is Hg in loc. cit.

2.3. Cocycles and Lyapunov exponents
Let (w, A) € (T, C®(T,SL(2,R))). Let
Ap(w,0) = A0 + (n — Dw) --- A(O).

Let the finite-scale Lyapunov exponents be defined as

1
Lu(.4) i= . [ 1og 1 4,(0.0)] 0.
T
and the infinite-scale Lyapunov exponents as
L(w,A) = lim L,(w, A).
n—>oo
We denote the phase-complexified Lyapunov exponents as

Ly(w,A(-+ie)) =: Ly(w,A,e), and L(w,A(+ie)) =:L(w,A,¢),

respectively. One can rewrite the eigenvalue equation H, g¢p = E¢ of (1.1) as fol-

lows:
(1) = oo wn( ).
in which
me®) = (5770 )
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is the one-step transfer matrix. Let My, £(0) := Mg(0 + (m — Nw) --- Mg (6) be
the m-step transfer matrix. The following relation between M,, g and the Dirichlet
determinants is well known:

Mm,E(e) _ ( Pm,E (0) —Lm—1,E 6+ w))’

2.6
Prr£(0) —Przs(0+0) e

in which Py, g(0) = det(H,.¢
operator H,, ¢ to the interval [0, m — 1] with Dirichlet boundary condition. For the

[o,mn—1] — £) and Hy, g|jo,m—1] is the restriction of

given transfer matrix Mg, we denote
L(w,MEg) =: L(w, E), 2.7

for simplicity.

2.4. Avila’s acceleration

Let (w, A) € (T, C®(T,SL(2,R))). The Lyapunov exponent L(w, 4, ) is a convex
and even function in ¢. Avila defined the acceleration to be the right-derivative as
follows:

L ,A, ! _L ’A’
k(w,A,e) ;= lim @, 4.¢+¢) @ 8).

2.8
& —0+ 2w (2.8)

As a cornerstone of his global theory [1], he showed that for any analytic A with
values in SL(2, R) and irrational w, k(w, A, €) € Z is always quantized.

Recall that v is an analytic functions on T, for some g9 > 0. We may shrink &
when necessary such that

L(w,E,e) = L(w, E,0) + 27k (w, E,0) - |¢]|
holds for any |e| < g¢. For the rest of the paper, when ¢ = 0, we shall omit ¢ from

various notations of Lyapunov exponents and accelerations.

2.5. Upper semi-continuity
The following upper bound is standard.

Lemma 2.2 ([12]). For any irrational o and continuous cocycle (w, A) € (T, C(T,
SL(2,R))), for any small § > 0, and n large enough, there holds

1

uniformly in 6 € T.
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2.6. Basic estimates in large deviation estimates

Let
1
tm £ (8) = —log | M, (6)]].

It is easy to see that the following holds for some constant Cy,; = C(||v[/T,,) > 0

Cy
i, £(0) — Um.£ (0 + 0)| < 71 (2.9)

(Q

Consider the Cesaro average u,, ) of um,, g along the dynamics 8 — 6 + w:

2@ = ¥ L 0+ jo
lil<Q

— Z Q |./| Zﬁm E(k)ezmk(9+jw)

2
ljl<Q Q keZ

=Y iim,g (k) Fo(k)e*™ ¢ (2.10)
keZ

in which Fo (k) is the Fourier multiplier of the Fejér kernel

lil<@

The reason for introducing the Fejér kernel lies with its better averaging properties as
compared to the arithmetic mean. This feature was already exploited by Bourgain for
similar reasons, see [4]. The following estimates concerning the multiplier Fp can
be found in [20], with their proofs in [20, Appendix E]. Below, p/g is an arbitrary
continued fractional approximant of w, as in (2.1). One has

2

F in(1, ——~ 2.11
0= Fo(k) = min(1, o5 ). @.11)
3 I 2.12)

2 2 — ’ .

1<iregsa 1T € kol 0
and

Z . <2427 L (2.13)

1+ 0?ko|? ~ 0 '

Lg/d<k<{+1)q/4
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We will always use (2.11) to bound the Fejér kernel without explicitly referring to it
in Section 5. Furthermore, we will rely on the following two basic estimates for the
Fourier coefficients of u,, g. First,

Cop
k]~

[tim, (k)| < k #0, (2.14)

for some constant Cy» = C (||v||qr€0, €o0) > 0. And, second, we have the following
lemma which was first proved in [20]. It leads to gains for k& which are small relative
to m.

Lemma 2.3 ([20, Lemma 2.4]). One has

A Cvl
mpek) <————, k#O0. 2.15
v TR (2.15)

3. Holder continuity of the IDS

Our proof of Holder continuity is built on a large deviation estimate. The setup is as
follows. Let E € R be an energy such that L(w, E) > 4k(w, E) - B(w). Let g9 > 0
be such that

L(w,E,e) = L(w, E) 4+ 2nk(w, E)|e| for|e| < ep. (3.1

Let no > 0 be a small constant such that for any |n| < n¢ (recall that the acceleration
Kk is upper semi-continuous with respect to the cocycle [1])

kK, E+ine) <k(w,E,e) =k(w,E) forle| <ep,
L(w,E +in) > 4xk(w, E) - B(w).
We now state the large deviation estimates.

Theorem 3.1. Let E € R be such that L(w, E) > 4x(w, E) - B(w). Then for any
small § € (0,1/(B(w) + 1)), and for m large enough,

mes(B) i= mes{6 : [, (0) — Ln(w, E)| > 2 (@, E)B(@) + Cou8} < 75,
for some constant C,, , > 1.

As a corollary of Theorem 3.1, we have the following.

Corollary 3.2. Let E, § be as in Theorem 3.1, for large enough m, and n such that

In| < exp(=2m(k(w, E)B(w) + 2Cp »9)). (3.2)
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We have
mes(B,):=mes{l : Uy E+in(0) < L(w, E) —2k(w, E)B(w) —2Cy 8} < e 8%m.

Remark 3.3. Since «(w, -) is upper semi-continuous, k (w, E ) < k(w, E) in a neigh-
borhood of E. The same proofs of Theorem 3.1 and Corollary 3.2 yield the following
large deviation estimates: for any

1| < exp(—2m(k (@, E)B(®@) + 2Co.49)). (3.3)
we have

mes(B!) 2)i=mes{6 : lu,, 7(6)—Ln(@. E)| > (@, E)p(@) + Coob} < e,
(3.4)
for all £ ina compact interval Ig := [E — 1, E + t]and m > mo(Ig, §, w).
We give a quick proof of this corollary. Within the proof, we write k(w, E) = k
and B(w) = B.
Proof. Tt suffices to prove (B8,,)¢ € (B,)¢. Taking any 0 € (B,,)¢, we have
| Mm.£(0)]| = exp(m(Lm(w, E) — 2k — Cyp v0))
> exp(m(L(w, E) — 2k — Cy 16)). (3.5)

By telescoping and upper-semi-continuity (Lemma 2.2), we have for 7 satisfying (3.2)
that

[ Mom, e (O — | Mm,E+in( )| < [|Mm,E(0) — Mm,E+in(0) ||
< exp(m(L(w, E) + 9)) - |n]
<exp(m(L(w, E) —2kp —3C, 49)). (3.6)

Combining (3.5) with (3.6), we have

M50 )]
Moz )]
I Mo 5400 = [ M. (6)]
=uUm @)+ —logll+ : :
£(6)+ ,, tog( Vo5 O] )
2 1My O] = [ M, 59 O]
m Mo s )]

> um,E(e) -4,

1
Um,E+in(0) = um g (0) + - log

= um,E(G) -

which yields 6 € (B/})°¢. n

We postpone the proof of Theorem 3.1 to Section 5. Below we show how to utilize
it to obtain Theorem 1.1.
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Proof of Theorem 1.1

Fix any Eg such that L(w, Eg) > 4k (w, Eo) - B(w). Let Ig, be the compact interval
for which k(w, E) < k(w, Eyp), and

inf min L(w, E +in) > 4k(w, Ep)B(w),
EelE, Inl<no
for some 19 > 0. And furthermore, assume m > mo(/g,, §, w) so that the large devi-
ation estimate in (3.4) holds for all E € Ig, and m > mo(/g,, §, w).
Our goal is to analyze the following quantity for an arbitrary fixed 6 and E € I,
as N — oo:

do,N(0,E—n.E+n):= Npon-1](w, E+n,0)— Np,n-11(w, E—1,0)

1
N : #{U(Hw,e

o, N—11) N[E =1, E + 1)}

1
= Ntr(P[E—n,E-i-n)(Hw,O [0,N—1])) 3.7

in which H,, g|jo,n—1] i H,, ¢ restricted to the interval [0, N — 1] with Dirichlet
boundary conditions. Throughout the rest of this section, we shall omit w in various

notations. Let § > 0 be small such that

1 minj,<p, L(w, E + in) — 4k (o, Eo)ﬂ(w))
B(w)+ 1 10Cq ’

0<§< min( (3.8)

in which C,, , is the constant in Theorem 3.1. We proceed as in [14], bounding (3.7)
via the trace of the Green’s function using the well-known relation

2n? 1
B <————=2n-Im( ——— ).
XIE—n,E+n)(X) = 2+ (x — E)2 n m(x_(E+i;7))

This implies that

2 .
dn (6. E = . E + ) < JIm(r(Gig 17,6

N-1

2 i

= T\? Y (G " (0: k. k), (3.9)
k=0

in which G[]gjvizl](G) = (Hpljo.n—1] — (E + in))~! is the Green’s function.

For n > 0 small, let m € N be chosen such that

N ~k(Eo).p.w.8 EXP(—m(4k(Eo)B + 12C4 8 + 28%))
< exp(—4m(k (Eg)B(w) + 2Cp 8)). (3.10)



Holder continuity of the integrated density of states for Liouville frequencies 1091

We say that k is good, denoted by k € @,,, if
0 ¢ (£2m g +mo—ko). (3.11)

Otherwise, we say that k is bad. Since 7 satisfies (3.3) for 2m in place of m, see (3.10)
above, we conclude from Corollary 3.2 that

mes(£2m g) = e~ 28'm, (3.12)

Note that (2.6) together with (3.11) implies that for each good k € @,,, there exists
my € {2m,2m — 1,2m — 2} and s € {0, 1} such that

log V2
2m
> L(E) —2k(Eg)B —3Cy»6. (3.13)

1 .
> log |P,fk+”7(9 + ko + skw —mw)| > usm E+in(0 + ko —mw) —

For each good k € @,,, we let [k + sy —m, k + sp — m + my — 1] =: [ag, bi].
Distinguishing the good from the bad k’s in (3.9), and bounding the bad terms using
the trivial bound

GEXT (0:k 0] < IGER (@) <n7".

we obtain the upper bound

m—1 N—-1 N—-1-m N—-1-m

2
sﬁ"( + + + Z JIn(Gpe N (65K, k)
k=0 k=N-m k=m k=m
k¢ m eam
N—-1-m N—1-m
—+— Z 181 E+mw(9+kw)+— Y Im(G "0k k).
ke_@m

(3.14)

For N large enough, we can invoke the ergodic theorem and (3.12) to see that

N—-1-m
Z Xs1, +mw(«9 +kw)<2- mes(£2m g +tmw)+n

<2¢728%m 4
Hence, (3.14) turns into

dy(0.E — 1. E + 1) <2725 45+ 29 e (G "y (0:K.K)). (3.15)
€E&m
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E+i , ~
Next, we study G[OJJIF\,’L](Q; k,k) for good k’s. Let Hgljo,n—-11,k = Holjo,n—1] — Tk,

where 'y is a N x N matrix such that

1 if (]’6) = (akvak - 1): (ak - 1’ak)v (bk7bk + 1)’ (bk + 1,bk),
0 otherwise.

L. ) = {

Clearly, 7]

Hylla, b1 and  Hyljo,N—1]\[ag bk ]

Let G W7 () =

[O.N-1]. (E +in))~ L. By the resolvent identity,

Gty © = Gt 1 (0) = =G "1 (0) Tk - Gy (0).

This implies that

ONl

= G "1 (0: k. k)

ZGﬁTJ”l](@ k. j)-Te(i.0) - GERT L (0:4.k)

E+lT] ](0 k k)

= GE+’” 1(0: k. k)

[ax,bk]
— GO ka — 1) - GET L (6:ax. k)
ﬁ}’"l](e k,bg +1)- {;;:;;1](9 b, k)

= G[ﬁlj;'; (0 + kw3 0,0)
~ Gty Oik.ar —1)- G (0 + kwiax —k,0)
— GOk b+ 1) -G (0 + ko b — k. 0). (3.16)

We now bound the last two product terms above as follows:

max(|Gig N0k — DI (G ¥, Ok b + D) < G 5" 4O < 07
(3.17)

Using (3.13) and Cramer’s rule, we obtain that for each good k (recall ap = k + s —
m),

P50 + (k + Do)l

E+i
|Pmk ”](0 + akw)|
< em(L(E+in)+8) . e—2m(L(E)—2K(E0),B—3Cw“v8)

Gt (0 + kwsax —k,0)| =

< ¢ M(L(E)=4k(E0)p—8Cu v8) (3.18)
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A similar estimate holds for |6[]2:21]—k(9 + kw; by — k, 0)| as well. Combining

(3.17) and (3.18) with (3.16), we infer that

|Glo 1y (6: K. K)]

<|GEH (0 + ka;0,0)] + 2~ e mEE e EDB=8CaB) (3 19)
Once again, by Cramer’s rule,
E+i E+i
~Etin [P0 + aro)| - | Py 5T (0 + (k + Do)
|G[ak,bk]—k(9 + kw;0,0)| = i
|Pmk (0 + akw)l

< 2m(L(E+in)+8) | ,~2m(L(E)~2kc(Eo)B~3C) v6)

< 4mk(E0)B+3C0 v8) (3.20)

where we used (3.13) as before to estimate the denominator. Combining (3.19) with
(3.20) yields the following bound:

E+i
sup Im(G[O’lel](H;k,k))
ke@,,

< AMK(EDB+3C08) | 91 p=m(L(E)~46(E)B-8C 1)

Plugging this into (3.15), and noting that we use the smallness of § as in (3.8), we
arrive at the following conclusion:

< De~28%m N + 2nedm«(En)f+3Cw.v8) | gp=m(L(E)=4x(E0)p~8C0.v6)

< 3¢728%m 4 3 p4mlc(E0)B+3C0.08)
Y L
§K(E0),ﬂ,v,w,8 772K(EO)B+7CH,,U8’

provided that 7 ~(gy),8,v.0.5 €EXp(—m(4k(Eo)B + 12Cq 8 + 28%)), as N — oo.
This implies

54
N(E =1, E + 1) Sk(Eo).pov.ws N7 FOPTTCoE,

due to weak convergence, thus completing the proof of Theorem 1.1.

4. Fourier coefficients of u,, g

Clearly, (3.1) implies for any 0 < &1 < &5 < &y,

L(w,E,e5)— L(w, E,e1) =2nk(w, E)(e2 — &71). 4.1
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Hence, for any § > 0, for m large enough, we have
Ln(@, E, €0) — Lm (a) E, %") < neok(w, E) + 8. 42)
One key new ingredient in this paper, in addition to the recent developments in [16,
17], is the following effective bound on Cy 3, see (2.14).

Lemma 4.1. For any § > 0, for m large, we have

k(w,E)+ 48

] + Cw,,,,g,R_‘kl/2 Jorany k # 0,

|ttm, £ (k)| <

in which Cy 43 = C(w,v,80) > 0and R = e27eo,

Proof. As a preparation, we start off by discussing the Riesz representation of U, .

4.1. Control of Riesz mass of u,, g

The first subsection focuses on the control of Riesz mass of u,, g. This part is analo-
gous to [17, Section 5], with an improvement due to Lemma 4.4 below.

Lemma 4.2 ([17, Lemma 3.2]). For 1/R <r < R and w in the annulus AR, we have

! _ log(rR) log‘g‘ if lw| > r,
2 / Gr(re?™ w)dd = (2log R)™! ; R
0 10g<§) log|wR| if|w| <r.

Theorem 4.3. The Riesz representation of U, g yields
u£2) = [ 27 GRE0) £ (@0) + i 22, 43)
AR

GRr is as in (2.4) and the harmonic part satisfies hR m.E = Um,E on dhg. We have
for any § > 0, for m large enough,

£ (A g) < 2(0. E) + 5.

Proof. Within the proof, we shall omit w in various notations. We first show an ana-
logue of [16, Lemma 4.7].

Lemma 4.4. There exists b € R such that

/hR,m,E(ezﬂi(“"S)) o = b.
T
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Proof. Let
IS(E.¢) = / / 271G RO+ w1y £ (dw) dO
T Agr

and

IMNE. &) := /hR,m,E(ezﬂi“’“s))de.
T

Since AR m, g is a harmonic function, its integral along an arbitrary circle centered at
0 is a radial harmonic function, which implies

I,Z(E,s) =qae+b forsomea,b eR. 4.4)

Next, we show 17171; (E, ¢) is an even function in &. This follows from the evenness of
L, (E,¢), see (4.6), and I,g (E,e), see (4.10) below.
Since the potential function v(e27?) is real-valued for 6 € T, we have

v(z) = v(%) for z € Apg.
This implies, since E € R,
Um E (e2mi0Fie)y — um,E(ez’”(e_iE)) for || < &, 4.5)
and hence
Ln(E,e) = Ly, (E,—¢), (4.6)
as well as
/um’E(eZHi(G-‘ria))e—ZnikG 40 — /um,E(eZni(e—ia))e—zmkG 0. @7
T T

We will use (4.7) and (4.11) below in Section 4.2.
Since Uy, E(z) = um,g(1/2), and Auy g = [im,E, the measure [, g exhibits
the same reflection symmetry as up, g in (4.5):

pom,£(d2) = [im,E (d(%)) (4.8)

This implies that

. o 1
/ zﬂGR(ezm(G—He)’ w) om. E (dw) — / ZJTGR(€27”(9+18), w) . E (d(:))
w
AR AR
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|
— /ZHGR(eZ”’(9+’8), :) Um, E (dw)
w
AR

_ / 270G (@O~ ) 1 5 (dw), (4.9)
AR

in which weused Gr(1/z,1/w) = Gg(z,w) as in (2.5), in the last inequality. Clearly,

(4.9) implies
IG(E &) = IS(E, —e), (4.10)
as well as
/(/2]TGR(62ni(9+is),w)Mm’E(dw))e—ZnikO 40
T AR
:/(/2JTGR(62ni(9_iS),w) Mm,E(dw))e—zﬂik" deé. (4.11)
AR

Combining (4.6) with (4.10), we have 1 ,f’z (E,e) =1 ,f’l (E, —e) which further implies
IM(E.&) = b,
when combined with (4.4). This is the claimed result. ]

Integrating (4.3) along w € €, and €,,, with 1 < r; < r, < R, and subtracting
one from the other yields that
logrs log ry
Lo (E —2g ) . Lm(E, —2g )

T T
1 1

= /um,E(rzez’”g) dQ—/um,E(rleZ”ie) do
0 0
1

1
= / (/ZnGR(rzeZniG,w) d9—/‘2nGR(rlezm'9,w) d0) o ()
AR 0 0
: 1
+/hR,m,E(r262”i9) d@—/hRm,E(rleZm‘e) do
0

0
1 1

= / (/271GR(r232”i0,w) d@—/ZnGR(rleZ”ie,w) dQ);Lm,E(dw),
Ar 0 0
4.12)

where we used Lemma 4.4 in the last equality.
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The rest of the proof is completely analogous to that of [17, Theorem 5.1]. By
(4.2), for m large, for ry = VR = e™0 and ry = R = ¢27¢0,

Ln(E, €0) — Lm (E %0) < weok (0, E) + £08. (4.13)

By Lemma 4.2, we have forany 1 <r; <r; <R,

1 1
/2nGR(r282”i0,w) de—/ZJTGR(rlez”ie,w) dé
0 0

logr, —logry [w] :
——— log— lf|w| > 12,
2log R R
log(%2 1 R
— g(R) 1Og|wR| _ &Ulogm_l ifrl < |w| <, (414)
2log R 2log R R
1 —1
wlongm) if |z] < ry.
2log R

By (4.8) and (4.14), we conclude that

log r, — logry |w| /
—= = > " log— d
/ JlogR R Mm,E (dw) +

> —1
lw|>r |w‘§r2

=0, (4.15)

logr, —logr

1 R d
Tiog i 10E(WIR) o (dw)

as well as

log(“2) log(r1R) . |w|
log [wR| — 812 140 21 d
/(ZIOgR og|wR| =10 R 98¢ R )’“L"“E( w)

ri=lwl<rz
/ logry —logr;

1 R d
roak  loewl Ry £ (w)

r2_1<|w|§rl_1

_ /<log(%) log [wR| — log(r1 R) o |w|

2logR ¢ 2logR ¢ R
ri<lwl<ry
logry —logry R
———— log — d
r
= / log |ﬁum,ﬂdw), (4.16)

r1<|lw|<rz
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and

logr, —logr
/ 0872 — 1081 1 o (| R, ()

2log R
1<|w|<ry

logry —logr;

—— 1 R d

| B ol R) a0

rr1<|w\<1

logr, —logr
+/%Mm£(dw)
lw|=1
logr, —logr
_ ogrn—loen . £ (r). (4.17)

2
Combining (4.13), (4.15), (4.16), and (4.17) with (4.12), one obtains

TTE R
meok (@, E) + €08 ZTOMm,E(AJE) +/log—um,E(dw)

VR=<|w|<R vl
=t (A R).
This yields
wm,E (A yg) < 2k(w, E) + 6,
as claimed. ]

4.2. Proof of Lemma 4.1

In this subsection we use the Riesz representation of u, g on 4 VR whose Riesz
mass is controlled by Theorem 4.3. Throughout the rest of the paper, for simplicity,
denote ~/R =: Ry. We have

Um,g(2) = GR,,m,E(2) + hr, m,E(2),
where
Gtym(2) = [ 276, 0) e (d).
AR,
We will prove the Fourier decay of Gr, £ and hg, m E separately.
Lemma 4.5. Fork € Z \ {0},

Mm,E('A’Rl)

—lkl
1+ R .
SRR

G Rym.E (k)| <
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Proof. 1t suffices to prove

7GR, (. w) k)| < ﬁ(l + R,

This follows from explicit computations: if w = re2mi® then
1 d

1 2mwif —2mik6 do = 1 2mwif —27ik6 dé
/ ogle wle ik d9(0g|e w|)e
T

T

_ 1 rsin2r (60 — ¢)) —27ik6
ik / 1—2rcos(27r(9—¢))+rze a0
T

1 —zmk¢/ r sin(2w0) =27k gp

T 1 —2rcos(2n ) + r2
T
k .
_ sgn(k)e—Znide rl | ifr <1, (4.18)
—2k R i > 1.

Recall the definition of Gg, (z, w) in (2.4); we have

2rGRr, (,w) (k) = /log|e2’”9 — wle~2mikO gg

T
= 1
+ /10 ‘ezm'o _ ‘e—2nik0 a6
;T ® R{'w
> w
T lo ‘eZHiO _ _‘e—zmke 46
P
> w
2mif —27ik6
_ZZ/log‘e —W)e do
=17
> 1
2mi6 —2mik0
- T

Note that we have converted each of the integrals above into the form of (4.18). Then
directly applying (4.18), with w = re?™'?, yields

2GR, (. w)" (k) =

sgn(k) _rrikg rlklifr <1,
——e
—2k rek i e > 1

sgn(k) onikg (L 1 el . Il
T Z(Rulkl _R(4e—z)|k|)(r )
=1 1 1
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sgn(k) _5rikg rlklifr <1,
= "¢
—2k rlk i > 1
Sgn(k) e—2nik¢ r‘kl + r_‘kl

k| k| —Ikl
2kR! RM 4 R;
Here we used that R*~2 min(|w|, [w™"[) > 1 for w € Ag, . This implies

1 _
2GR, (- w) (k)| < g+ R Ik,

as claimed. n

As an immediate corollary of Theorem 4.3 and Lemma 4.5, one has the following
result.

Corollary 4.6. For any § > 0, for m large, uniformly in k # 0, we have

k(w,E)+$

—lkl
1+ R .
a0 R

270G Ry m, £ (k)| <

Lemma 4.7. For any § > 0, for m large enough, uniformly in k # 0, we have

2L(w, E) + 2meok(w, E) + 8

Ry m,E (k)| < -
R

Proof. In the proof, we shall write AR, g as hg for simplicity. We compute for
k # 0 that, via integration by parts twice,

2r

I(E,r): = /hE(re"")e—ik@ do
0

1 o
- / (9ghg)(re'?)e % a0
T

1 o
=T /(399h5)(re’9)e"k9 do
T
1 ' . '
= k_2/[r2(arrhE)(r€19) + r(d-hg)(re'?)]e 27k g
T

= kiz(rzl,g(E, r)+rl(E.r)).

The solution to this ODE is Ix(E, ) = ar(E)r* + bi(E)r=*, where ay (E), by (E)
are constants. By (4.7) and (4.11), we have I (E,r) = Ix(E,1/r). Hence, ag(E) =
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br(E), and
Ik(E.r) = ag(E)(r* + r75). (4.19)
Since the harmonic part is equal to u,, g on the boundary dARg,, for § > 0, we have
27if 2mif €0
0 < h(R1e2™%) = u,, g (R e2™1%) < L(a),E,—?) 3 (4.20)

for m large enough, where we used the upper semi-continuity Lemma 2.2 in the last
inequality. Combining (4.19), (4.20) with (4.1), we obtain that

lax (E)|(R¥ + RT¥Y < 27 sup |h(R1e219)| < 2n(L(w., E) + meok(w. E) + §).

0eT
This implies
hgymp ()] = @) I(E. D] = 77" | (E)|
- 2L(w, E) + 2meok(w, E) + 26
= Rllkl )
as claimed. |
Combining Corollary 4.6 with Lemma 4.7, we have proved Lemma 4.1. ]

S. Large deviation estimate

In this section we prove Theorem 3.1. Within the proof, let 8 = B(w), Bn = Bn(w)
for simplicity. Let n be such that

§2(B+ 1)gn <m < 872(B + 1)qn+1- (5.1)

Let Q = [§m] and let

w2 @ =3 Qézwlum,E(Q +jw) =Y i (k) Fo (k)e?™ik?
ljl<Q keZ

be the Cesaro sum of uy, g, see (2.10).
Note that i, £(0) = L, (w, E). Fourier expansion yields (note that the zeroth
coefficient cancels):

Um £(0) = Lin(@, E) = upm £(6) —u'2L(6) =: U1(6)

m,

+ Y i g (k) Fo(k)e?™ 8 =: U, (6)
1<|k|<8—2
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+ Y g (k) Fo(k)e™*0 =1 Us(6)

82 <Ikl<qn
dn+1/(44n)
+ Y dme(lgn) Fo(Egn)e®™ i =: Uy(6)
[]=1
dn+1/(4qn)
+ > i £ (k) Fo (k)e*™ ™% =: Us(6)

=1 Lagn<lk|<(+1)gqn
+ ) lim, £ (k) Fo (k)e*™*? =: Ug(6)
Gn1/4=Ik| <e*3*m
+ ) i, () Fo (k)e2™*0 =: Uy (9).
k| ze484m

Our key new estimates are for Uy.
By (2.9), we have

(Q ~ DI/ 0
Vsl = me = p oo < Con 3555 25 < Coa o = G
ljl<@

(5.2)

Regarding U;, we infer from (2.15) that

Cul Cv18_2 1
Unllr oo < , < v . — <, 5.3
1l = 20 ol = am a5 6
1<|k|<6—2

provided m is large enough. By (2.12) and (2.14),

1 dn 3

||U3||L°°(’]I‘) < Cv,282 Z P TITORIVE < 27[Cv,252— < 27TCU,28 s
1<iki=gnsa | T @Ikl 0

5.4

where we used QO = §m > §7 !¢, due to (5.1). Regarding Us, we have by (2.13)
and (2.14) that

dn+1/(44qn)

1 1
”US”LOO(T) = 2Cv,2 Z Z E—W (5.5)
(=1  ke(qn,(t+1qn) 4n

Since £ < [gn+1/(4qn)] = an+1/4,

Ap+1

1
[€gne] < lgneoll = 7 llgn-11 (5.6)
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where we used (2.3) in the last inequality. This implies for any k € (£g,, (£ + 1)gn)
that

1 3
kol = Ik — £gn)o]| = Ignell = gl = Fllgn-10l = 7 llgn-10]l. G.7)

in which we used 0 < |k — £g,| < g, and hence ||(k — £qn) o] > ||gn-1@].
Next, we divide (£q,, (£ 4+ 1)g,) into the following two subsets:

1
K, = {k € (Ugn, (L + Dgp) : ko — [ko] € (o, E)}
1
Ky = {k € (Ugn, (L + D)gp) : ko> — [ko] € (5, 1)}
For {k1 # k,} C K;, one has
k1ol = ko] = [[(k1 — k2ol = [|gn-10]- (5.8)

Similarly for {k1 # k>} C K5, we also have |||k1w]| — ||k2@]|| > ||gn—1@]]. Combin-
ing (5.7) with (5.8), we conclude that {||kw||}xek, (same for K3) are at least ||g,—j ||
spaced with the smallest term being at least 3||q,—1@]| /4. This implies in view of
lgn—10]l = 1/(24x), that

dn 1
ZZ T o S Z T
o 1+0 ||kw|| 1+ 02 2(||qn,21wll)
<2Z
R A
o0
1
0 1+Q (4‘])1)2
8¢n [ 1
dn
= d
) 12
0
4
= ann_ (5.9)

Combining (5.5) with (5.9) yields that

877Cv,2 R 1 1qul’l+1 qn
[Us||Loo(Ty < 0 Z 7 = < 8nCy, ZT < Sﬂcv,zﬁna <8mCy 4,
=1

where we used that Q > §m > §71(1 + B)qn > 87 Bugn, for n large.
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We also have by (2.13) and (2.14) that

4
4e47M g, 14

1Usllzoeqry <8Cua >
=1

1 3 1
1+ Q?|kol?

gni kellgn41/4,(t+Ddp41/4)

4
4648 m/4n+1

=< 8Cv,2 Z :

=1 ZCIn+1
108*m 1078*m
+—5)
dn+1 Q
< 80Cy2((B + 1)8% + 78%)
< 400Cy >0, (5.10)

(2 n 2ﬂQn+1>

< 8Cv,2(

where we used m < §72(B + 1)qn+1, O = [§m],and § < 1/(B + 1).
Regarding Uy, the following L? estimate holds by (2.14):

. 1 s
Ul = D lim s 6IPIFQUIP < €2 Y g < 2C05e™0™,
|k|>e434m |k|>e484m

The estimate of Uy is new and is the key to Theorem 3.1. This lemma is the only place
that requires the improved explicit bound in Lemma 4.1.

Lemma 5.1. For any small § > 0, for m large enough, we have
||U4||L°°(']T) < 2/{(0), E):B(w) + Ca),v,48‘
Proof. We write x(w, E) as k for simplicity. We begin by decomposing

la}35/01
Us®) = Y fim £(lqn) Fo(Egn)e®™ " (=: Uy 1(6))
|[4]=1
dn+1/(4qn) _
+ Y fime(lgn) Fo(bgn)e?™ " (=: Uy (6)).
ltI=[g,73/Q1+1

Note that by (5.6), [[€gy@|| = |€||gn@]l = |€]/(2¢n+1)- This implies, by Lemma 4.1,
that

[Us.2llLoo(T)
QI1+1/(4CI)1) )

K+ 8 _ ¢
<2 E ( + Cpp3e” ™50 qn)
Lg, 14+ O?|Lg,w|? o
€=[q,111‘31/Q]+1 4qn O?|lgnol|
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dn+1/(4qn)

4k + 8
< ("_Jr)< 3 )4 3Cae
I o (0 Qe )

o0
4(k +6) ( / 1 ) _
<—(1+ dx ) + 3C, e~ Teodn
I x(I+ 0%x2/(2qn11)?) o
[qn+1/Q]+1

1

o0
4(k +6) 1 _
V4 | ——dx) +3cC me0dn
o ( +/ A1+ 22) x)+ @03

-5
4, 51/2

1 00
4 8 1 1
< (K—H(l + / —dx + / — dx) + 3Cy p,3e” TE0I
qn X 1+ x2

4 31/2 !
< 4@k + 8)(8Bn + 4q;, ") + 3C, 3¢ 70
< 4(k + 8)3Bn + 6, (5.11)

for m large enough (when m is large, ¢, and n are also large).
Forl1 <{ < q;jr‘sl/Q, we give a more precise estimate of Fg({g,) than (2.11).
Note that for such £’s, and any |j| < Q, we have

1€ gnoll = €ljlllgne]l < £0llgno|l < 4,44

Hence, e27t/n® = | 4 O(q,. +1) Going back to its definition of Fg, we have

FQ(eqn)_ Z QQ2|J| 2m€jqnw
lil<@

-y QQZ L1+ 032,
ljl<@

=1+ 0(g,2). (5.12)

Combining Lemma 4.1 with (5.12), we have

0i3h/0)
WUarlzoomy <2 Y
=1

+ Cw v 43_”&1”60)

<2(k +8)Bn(1 —8)(1 + O(CI,,_H)) + 3Cy,p,ae” " InE0

<20k + 5),3,,(1 - g) + 8. (5.13)
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Therefore, combining (5.11) with (5.13), we have, using § < (1 + 8)~!,
[UsllLoo(ry < 2(k + 8)Ba(l + 28) + 28

<2k +8)B(1 +38) + 25

<2%B +2(B(1 +3(1+ B)™) + 1)8,
for m large enough (which implies 7 is large), as claimed. |

Combining (5.2)-(5.5) and (5.10) with Lemma 5.1, we have for m large enough,
6
lm,E = Lm — UzllLoeqry < Y U llLoo(ry < 26B + Co.58.
j=1

where C,, .5 depends on Cy 1, Cy 2 and C 4. Combining this with (5.10) and the
Chebyshev’s inequality, we have

mes{O : |um,E(0) — Lm(w, E)| > 2k 4+ 2Cp 4,58}

1
< mes{f : |Us(0)] > Cos8) < 53— U722,

2 2
Ca),v,S5
2872Cypn _a54 _s4
Ecz ,648m568m’
w,v,5

for m large enough, as claimed.
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