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On the dynamics of quasi-periodic Schrödinger cocycles
for positive measure sets of frequencies

Kristian Bjerklöv

Abstract. We consider the family of one-frequency quasi-periodic Schrödinger coyclesG!;E ,
parametrized by the energy E. For potential functions v.x/D �v0.x/, where v0 2 C

2.T ;R/ is
a Morse function with finitely many critical points and �> 0 is large, we show that, for any value
of E 2R and for any phase x� 2 T such that jv0.x

�/�E=�j is not too small, there exists a set
of frequencies�D�.E;x�/ of positive measure such that the following hold: (1) for every ! 2
�, the upper Lyapunov exponent of the cocycleG!;E is & log� and x� is (essentially) a typical
point in Oseledets’ theorem; (2) either G!;E is uniformly hyperbolic, or there exists a phase
x0 2 T such thatE is an eigenvalue of the corresponding discrete Schrödinger operatorHx0;! .

In memory of Misha Goldstein

1. Introduction

For several decades, the quasi-periodic Schrödinger cocycle has attracted much atten-
tion in the literature. This is because its close connection to the one-dimensional
discrete Schrödinger operator with a quasi-periodic potential; but also because it has
shown to be a natural model-problem in the theory of dynamical systems. We refer to
the excellent articles [8, 18] for an overview of this rich subject.

1.1. The cocycle

Assume that v0 2 C.T ;R/ and let

AE;�.x/ D

�
0 1

�1 �v0.x/ �E

�
2 SL.2;R/; E; � 2 R:

Given an irrational ! 2 T , let the Schrödinger cocycle G!;E;�WT � R2 ! T � R2

be given by
G!;E;�.x; u/ D .x C !;AE;�.x/u/: (1.1)
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In this paper, we shall focus on the dynamics of G!;�;E for large coupling con-
stants �. We thus assume that � > 0 is fixed and sufficiently large (depending on v0),
and we use E;! as the parameters. For this reason, we do not explicitly write out the
dependence on �, but write only AE and G!;E .

We define the transfer matrix (or fundamental solution) An!;E 2 SL.2;R/ (n 2 Z)
by

An!;E .x/ D

8̂̂<̂
:̂
AE .x C .n � 1/!/ � � �AE .x/; n � 1

I; n D 0;

AE .x C n!/
�1 � � �AE .x � !/

�1; n � �1:

Then, we can write

Gn!;E .x; u/ D .x C n!;A
n
!;E .x/u/; n 2 Z:

The growth of the norm kAn!;E .x/k is measured by the (upper) Lyapunov expo-
nent L.!;E/, defined by

L.!;E/ D lim
n!1

1

n

Z
T

log kAn!;E .x/k dx � 0;

where the limit exists by sub-additivity. This is one of the main objects in the present
paper.

In general, it is difficult to obtain non-trivial lower bounds ofL.!;E/ (forE in the
range of �v0), even showing positivity. The main reason is essentially the following: if
� is large, then the matrix AE .x/ is strongly hyperbolic for all x outside a tiny region
where �v0.x/�E is close to zero; close to these zeroes AE .x/ acts a rotation (which
can interchange expanding and contracting directions). This causes major problems
in estimating the growth of An.x/. In fact, this is a central problem in dynamics.

If L.!;E/ > 0, it follows from Oseledets’ theorem (note that the transformation
x 7! x C ! on T is (uniquely) ergodic with respect to the Lebesgue measure) that
there exists a measurable splitting W C.x/˚W �.x/ D R2 such that for a.e. x 2 T

we have

lim
n!˙1

1

n
log jAn!;E .x/uj D L.!/ for all 0 ¤ u 2 W C.x/ (1.2a)

and

lim
n!˙1

1

n
log jAn!;E .x/uj D �L.!/ for all 0 ¤ u 2 W �.x/: (1.2b)

The cocycle G!;E is said to be uniformly hyperbolic if there exist a continuous
splitting W C.x/˚W �.x/ D R2 and constants C; ˛ > 0 such that for every x 2 T
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and n � 1 there holds:

jAn!;E .x/uj � Ce
�˛n
juj for u 2 W �.x/;

jA�n!;E .x/uj � Ce
�˛n
juj for u 2 W C.x/:

It is well known that an equivalent definition of uniform hyperbolicity is that there
exist constants C; ˇ > 0 such that

kAn!;E .x/k � Ce
ˇn for all x 2 T and n � 1: (1.3)

One of the connections between the dynamics of the cocycle G!;E and the cor-
responding Schrödinger operator Hx;! W `2.Z/! `2.Z/, given by

.Hx;!a/n D �.anC1 C an�1/C �v0.x C .n � 1/!/an; (1.4)

is Johnson’s theorem [15] which states that G!;E is uniformly hyperbolic if and only
if E is not in the spectrum of the operatorHx;! (it is well known that the spectrum of
Hx;! , as a set, is independent of the phase x).

We say that G!;E is non-uniformly hyperbolic if L.!; E/ > 0 and G!;E is not
uniformly hyperbolic.

1.2. Related results

We now summarize some of the main results concerning, in particular, positivity of the
Lyapunov exponent for the one-frequency Schrödinger cocycle G!;E . As mentioned
above, we focus on the case when the coupling constant � is large (large disorder);
there is also a rich theory (many times based on KAM theory) for the case when � is
small; and there are also more global results [1,2]. (There is a huge literature on quasi-
periodic Schrödinger operators and cocycle. We refer to the overview articles [8, 18]
for a more complete discussion.)

In the case when the function v0 is real-analytic, it is possible to complexify the
problem and use powerful tools from, among others, harmonic analysis. Herman [13]
showed that if v0 is a non-constant trigonometric polynomial, then, for any irrational
! 2T , we haveL.!;E/& log� uniformly for allE 2R; and Sorets and Spencer [21]
extended this result to the case of v0 being non-constant and real-analytic.

A control on the Lyapunov exponents (for example, positivity on some interval)
is many times the starting point for a finer analysis of more delicate properties of the
cocyle (1.1) and the operator (1.4). This includes: regularity of the Lyapunov exponent
and the integrated density of states, existence of eigenvalues, presence of Anderson
localization, structure of the spectrum. Remarkable results have been obtained via
such an approach, in particular in the real-analytic case. We mention the seminal
works [6, 9, 11, 12].
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Under a Gevrey assumption on v0 (and a Diophantine-type assumption on !), it
is possible to extend the techniques from the real-analytic case and show (for large
enough �) uniform (in E) positivity of the Lyapunov exponent and Anderson localiz-
ation [16]. Very related results (pure-point spectrum) are also obtained in [9] by other
methods.

To investigate the cases when v0 is of lower regularity, there are so-far two direc-
tion: consider “simple” v0, or start excluding parameters. In the first direction, most
results concerning uniform (inE) non-trivial lower bounds of the Lyapunov exponent
are for v0 2 C 2.T ;R/ with exactly two critical points [5, 24] (closely related to the
seminal works [10,20] on the Schrödinger operator (1.4); see also [17] and references
therein for recent developments for this class of v0).

Concerning the parameter exclusion, one way is to fix either ! (irrational, or sat-
isfying some Diophantine condition), i.e., the base dynamics is fixed, and excludes
parameters E from some interval, or E and excludes (resonant) frequencies !. We
also mention the technique in [7, Theorem 1.2], where one, for a large class of Qv0 2
C 3.T ;R/ and �� 1, can perform small changes in Qv0 and obtain a v0 such that for
a large set of ! 2 T one has L.E/ & log� for all E 2 R.

For a fixed irrational !, and under very mild assumptions on v0 (bounded and
measurable), one has L.E/ & log� for all E 2 R outside an exceptional set of expo-
nentially small (in �) measure [19, 22] (see also [23] for related results).

In the present paper, we will show that if v0 2 C 2.T ;R/ is a Morse function
with finitely many critical points and if �� 1, then for any E 2 R we can construct
a positive measure set of ! (depending on E) such that for all such ! we have a
very good control on the dynamics of the cocycle G!;E ; see Theorem 1 below. This
includes that a chosen x0 2T (such that jv0.x/�E=�j is not too small) can be shown
to be “typical” in the sense of the Oseledets’ theorem (1.2) (the excluded set of ! also
depends on x0).

This extends the results in [4] (see also [7, Theorem 1.1], [26], and [25]), in that
every E 2 R can be considered. In the latter paper(s), one considers v0 2 C 1.T ;R/
and restricts to energies E for which E=� 2 E , where E � R is such that jv00.x/j > s
on v�10 .E/ for some s > 0.

The general approach used in the proof is based on the seminal paper [3] by Bene-
dicks and Carleson. This kind of approach was first used in the cocycle case in [25]
(not for Schrödinger cocyles; but it is possible to adapt to this class, see [26]). We will
build on the techniques from [4, 5].

We end by mentioning that the methods in [4] have been used to analyze more
general quasi-periodically forced circle maps [14]. Similarly, the techniques in the
present paper could be extended to more general systems.
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1.3. Main results

We are now ready to formulate the main results in this paper. First, we shall make
precise the assumptions on v0; and we shall introduce the first critical set I0, as well
as the set � of frequencies.

1.3.1. Assumption on v0. Assume that v0 2C 2.T ;R/ has a finite number of critical
points c1; : : : ; cd 2 T and that

v000.cj / ¤ 0 for all 1 � j � d: (1.5)

1.3.2. Definition of � and the definition of the critical set I0. Let !max be the
minimum distance (on T ) between any two distinct critical points ci ; cj and let

� D ¹! W j!j � !maxº: (1.6)

Remark 1. The reason for this set is that v0.x � !/ and v0.x C !/ have different
signs if x is close to a critical point and " < j!j < !max � " (see Figure 1). This will
guarantee that certain “bad sets” move with ! (like a “twist condition”). In fact, this
is only needed in the cases when the parameter E is close to �v.ci / (1 � i � d ).
However, to get an easier formulation of the main theorem we focus only on ! 2 �.

We also introduce the critical set I0 defined by

I0 D I0.E; �/ D ¹x 2 T W j�v0.x/ �Ej � 3�
3=4
º: (1.7)

Moreover, if S � T is a Lebesgue measurable set, we denote by jS j the Lebesgue
measure of S .

With these assumptions and definitions, we can now formulate the main theorem.

Theorem 1. There is a �0 D �0.v0/ > 0 such that, for all �� �0, the following hold.
For everyE 2R and every x� 2 T n I0.E/, there exists a set�1 D�1.E;x�/��
(j�1j > j�j � ��1=60) such that, for every ! 2 �1, the conditions below are met.

(1) L.!;E/ > .2 log�/=3.

(2) There exist two one-dimensional subspaces W ˙ � R2 such that

W C ˚W � D R2;

and, for all n � 1, we have

jAn.x�/uj � ��n=3juj for all u 2 W �;

jA�n.x�/uj � ��n=3juj for all u 2 W C:
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(3) Either the cocycle G!;E is uniformly hyperbolic, or there exist an x0 2 T

and a unit vector u0 2 R2 such that jAn.x0/u0j < 2��2jn�1j=3 for all n ¤ 0.
Moreover, the latter case holds if E 2 Œ�min v0 C 4�3=4; �max v0 � 4�3=4�.

Remark 2. (a) From (1), it follows that (1.2) hold for a.e. x 2 T . However, if we pick
an x 2 T , we do not know if this point is typical in the sense of (1.2). Condition .2/
says that the chosen point x� is (close of being) a typical point in Oseledets’ theorem.
(Another situation when a prescribed point is shown to be typical for the dynamics
can be found in [3, Theorem 5].)

(b) In (3), if the cocycle G!;E is not uniformly hyperbolic, it follows from the
definition of the cocycle that if

�
a0

a1

�
D u0, then

�
an

anC1

�
D An.x0/

�
a0

a1

�
(n 2 Z) satis-

fies �.anC1 C an�1/ C �v0.x0 C .n � 1/!/an D Ean. Thus, .an/ 2 `2.Z/ is an
exponentially decaying (at ˙1) eigenfunction of the Schrödinger operator Hx0;!

defined in (1.4).
(c) In (3), if the cocycle G!;E is not uniformly hyperbolic, then the correspond-

ing projective cocycle (which is obtained by considering the action of A.x/ on the
projective space P1, see also the map (2.1) below) is minimal. The proof of this fol-
lows the same lines as in [4] (see also [14]); however, in order to keep this article of a
reasonable length, we have omitted the proof.

(d) It should be mentioned that we have not tried to optimize any exponents in the
estimates.

1.4. Outline of the paper

As mentioned above, the overall strategy of the proof of Theorem 1 is inspired by the
seminal work by Benedicks and Carleson in [3]. We follow, in particular, the approach
in [4]. In more detail, the structure is as detailed below. In Section 2 we introduce the
projectivization F of the cocycleG, which will be the main object we work with. Ele-
mentary properties of the map F are derived, and a classification of the components
in the critical set I0 is introduced. Furthermore, a first parameter exclusion (of the fre-
quencies in �) is performed. In Section 3, we introduce the critical sets In (n � 1) of
higher order and introduce arithmetic conditions (on !) with respect to these critical
sets. Under a suitable (abstract) assumption on !, we prove the main inductive step
(Proposition 3.1) for controlling iterates of F and F �1, up to a fixed scale. We also
derive an important inclusion property (Lemma 3.3).

In Section 4, we apply the estimates from Section 3, in order to control the geo-
metry of the iterates of certain curves (which are used to define the critical sets). This
then allows to inductively obtain (in Proposition 4.4) information about the geometry
of the critical sets (small intervals) and how they move with the parameter !.
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With the information about the critical sets In (for a fixed scale), it is possible
to estimate the measure and geometry of the set of ! which do not satisfy certain
arithmetic conditions and which will be removed. This is the content of Section 5,
and the main result is Proposition 5.1.

Finally, in Section 6, we can put the three main inductive steps (control on the
iterates, control of the geometry and the behavior of the critical sets, and the frequency
exclusion) together to obtain a set �1 � � such that, for all ! 2 �1, for a large set
of initial conditions, we have control on the iterates of F and F �1 for all time.

In Appendix A, we have collected some results of a more computational nature
which are used in the analysis.

2. Preliminaries

In this section, we shall introduce some of the main objects needed for the analysis
and derive some elementary properties about them.

2.1. Some standing assumptions

We assume that the function v0 is fixed, satisfying the assumptions in Section 1.3.1.
For simplicity, we also assume that

kv0kC0 �
1

3
:

This only scales �. Moreover, to simplify notation, we let

v.x/ D �v0.x/ �E:

(Recall that, for each fixed E, we want to construct a good set of !; so E is fixed, and
! acts as the parameter.)

We always assume that � is large enough, depending only on v0 (and, in particular,
not on E); we stress that there are only finitely many largeness assumptions on �, so
indeed there exists �0 > 0 such that everything below holds for all � > �0. Note that
this (implicit) standing assumption on the largeness of � also applies in the statements
of the lemmas and propositions below, that is, we do not explicitly write out that we
assume that � is large enough, depending on v0.

2.2. The projective cocyle

Let yR D R [ ¹1º. We note that

A.x/

�
1

r

�
D r

�
1

v.x/ � 1
r

�
:
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Thus, the skew-product map F! WT � yR! T � yR defined by

F!.x; r/ D
�
x C !; v.x/ �

1

r

�
(2.1)

is the projective action of the cocycle G! . Its inverse is given by

F �1! .x; r/ D
�
x � !;

1

v.x � !/ � r

�
:

If ! 2 T is fixed, then we use the following notation: if x 2 T , we let

xn D x C n!; n 2 ZI

if .x; r/ 2 T � yR, then we let

rn D �2.F
n
! .x; r//; n � 0I (2.2)

and, if .x; s/ 2 T � yR, then we let

sn D �2.F
�n
! .x; s//; n � 0: (2.3)

With this notation, we have

F n! .x; r/ D .xn; rn/

and
F �n! .x; s/ D .x�n; sn/; n � 0:

Here (and in the rest of the paper),

�1WT � yR! T ; �1.x; r/ D x;

�2WT � yR! yR; �2.x; r/ D r:

Remark 3. We shall always use this convention: given r (and x; !), we assume that
rn are the forward iterates of r under F , as define above; and given s (and x; !), we
assume that sn are the backward iterates of s under F (i.e., the forward iterates of s
under F �1), as above.

With this definition, we see that if .x; r/ 2 T �R, then

An.x/

�
1

r

�
D rn�1 � � � r

�
1

rn

�
; n � 1: (2.4)

By recalling (1.2), we see that the above relation gives the following result.
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Lemma 2.1. If ! 2 T is irrational and if there is a measurable set X � T , jX j > 0,
such that there for each x 2 X exists r 2 R such that

lim
n!1

1

n
log jrn�1 � � � r j > 
 > 0;

then L.!/ > 
 .

Similarly, we have that if .x; s/ 2 T �R, then

A�n.x/

�
1

s

�
D

1

sn � � � s1

�
1

sn

�
; n � 1: (2.5)

2.3. The cones P˙ and yP˙

The following regions (cones) in yR will be used frequently in the analysis.
Let

PC D ¹r 2 yR W jr j � �
3=4
º and P� D ¹s 2 yR W jsj � �

�3=4
º:

We also let

yPC D ¹r 2 yR W jr j � 2�
3=4
º and yP� D

°
s 2 yR W jsj �

1

2
��3=4

±
:

By definition, we thus have

yPC � PC and yP� � P�:

2.4. The first entry times T ˙
!

Given x 2 T and S � T , let

TC! .x; S/ D min¹m � 0 W x Cm! 2 Sº:

Here, we assume that TC! .x; S/ D1 if x Cm! … S for all m � 0. Similarly, let

T �! .x; S/ D min¹m � 0 W x �m! 2 Sº;

where T �! .x; S/ D1 if x �m! … S for all m � 0.

2.5. Basic lemmas

Here, we collect some elementary facts about iterations of F D F! . Recall the defin-
ition of the critical set I0 � T in (1.7).



K. Bjerklöv 1042

Lemma 2.2. We have that

(1) if .x; r/ 2 .T n I0/ � .yR n P�/ then r1 2 yPC;

(2) if .x; s/ 2 .T n .I0 C !// � .yR n PC/ then s1 2 yP�.

Proof. (1) Since, x … I0 we have jv.x/j > 3�3=4, and jr j > ��3=4. Hence, jr1j D
jv.x/ � 1=r j > 3�3=4 � �3=4 D 2�3=4.

(2) Since x … I0 C !, we have jv.x � !/j > 3�3=4, and jsj < �3=4. Therefore,
js1j D 1=jv.x � !/ � sj < 1=.3�

3=4 � �3=4/ D .1=2/��3=4.

We clearly have yPC � .yR n P�/ and yP� � .yR n PC/. Thus, from the previous
lemma, we immediately get the following result (which is the base case of Proposi-
tion 3.1 below).

Lemma 2.3. Assume that ! 2 T is fixed.

(1) If .x; r/ 2 T � .yR n P�/ and N D TC.x; I0/, then rk 2 yPC for all k D
1; : : : ; N .

(2) If .x; s/ 2 T � .yR n PC/ and N D T �.x; I0 C !/, then sk 2 yP� for all k D
1; : : : ; N .

2.6. Proof of Theorem 1 for jE j > �=2

We can now prove the statement in Theorem 1 in the (trivial) case jEj > �=2. The
proof consists of two parts.

Lemma 2.4. If jEj > �=2, then I0 D ;.

Proof. This follows immediately from the definition of I0 in (1.7), recalling that
kv0kC0 � 1=3.

Lemma 2.5. Assume that ! 2 T is irrational and that E is such that I0 D ;, and
assume that x� 2 T . Then, both Theorem 1 (1) and Theorem 1 (2) hold. Moreover,
G!;E is uniformly hyperbolic.

Proof. We have I0 D ;. Thus, from Lemma 2.3, we obtain that, for all .x; r/ 2 T �

PC, we get jrkj � 2�3=4, for all k � 1; and, for all .x; s/ 2 T � P�, we get jskj �
��3=4=2, for all k � 1.

Recalling Lemma 2.1, we see that L.!; E/ > 3.log �/=4. And clearly (1.3) is
satisfied, so G! is indeed uniformly hyperbolic.

It remains to verify condition (2). Although this is quite obvious, we include a
proof, since we shall make a similar approach in the proof of the general case in
Section 6.
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For each k � 1, let

Uk D �2.F
�k.x� C k!;P�//:

From the above estimates, we get UkC1 � Uk for all k � 1; and, by Lemma A.2, we
get that jUkj ! 0 as k !1. Thus, there is a unique r� 2 P� such that .x�; r�/ 2
F �k.x� C k!; P�/ for all k � 1. We conclude that r�

k
2 P� for all k � 1, so

jr � � � rkj � �
�3=4.kC1/ for all k � 1. Let W � � R2 be the line passing through the

origin which corresponds to r�. Recalling (2.4) gives one half of Theorem 1 (2).
Let Vk D �2.F

k.x� � k!; PC//. Proceeding similarly (we have VkC1 � Vk
for all k), using Lemma A.1, we get a unique rC 2 PC such that .x�; rC/ 2
F k.x� � k!; PC/ for all k � 1. Let W C be the line corresponding to rC. recall-
ing (2.5) finishes the proof of Theorem 1 (2).

2.7. A uniform lower bound for jE j � �=2

If I0 D ;, then there is nothing to do, as we have seen in Lemma 2.5. From now on,
we shall always assume that I0 ¤ ;. In particular, we assume that

jEj �
�

2
:

By this assumption on E, we have

jv.x/j �
5�

6
for all x 2 T :

We get the uniform bounds below.

Lemma 2.6. For any ! 2 T , .x; r/; .x; s/ 2 T � yR and N � 1 the following holds:

(1) if jrN j > 1=�, then jr � r1 � � � rN j > 1=�NC1;

(2) if jsN j < �, then js � s1 � � � sN j < �NC1.

Proof. To prove .1/ we only need to note that if jrj j � 1=�, then one has jrj rjC1j D
jv.xj /rj � 1j � 1 � 5=6 D 1=6� 1=�2. The proof of (2) is similar.

2.8. Classification of critical intervals

We introduce some notations and derive several estimates which will be used in later
sections. The estimates are of elementary “calculus-type,” but, since they are crucial
for the proof of Theorem 1, we have included some details.

Recalling assumption (1.5), we let � > 0 be such that

2� D min
jD1;:::;d

¹jv000.cj /jº > 0:
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For each j , there is an open interval .cj � ıj ; cj C ıj /, ıj > 0, such that jv000.x/j > �
for all x 2 Uj . If `0 > 0 is sufficiently small, then we have

¹x W jv00.x/j � `0º �

d[
jD1

�
cj �

ıj

2
; cj C

ıj

2

�
: (2.6)

The set I0 defined in (1.7) can be written

I0 D I0.E; �/ D
°
x W

ˇ̌̌
v0.x/ �

E

�

ˇ̌̌
� 3��1=4

±
:

Since v0 has d critical points, the set I0 can consist of at most d intervals. Further-
more, we have the following.

Lemma 2.7. Assume that I j0 is a component in I0.

(1) If ck 2 I
j
0 for some k, then jv000.x/j > � on I j0 .

(2) We have jI j0 j < C�
�1=8, where C D C.v0/.

Proof. (1) Since ck 2 I
j
0 , we have jv0.ck/ �E=�j � 3��1=4. Let t˙ D ck ˙ ��1=9.

Then, Œt�; tC� � .ck � ık; ck C ık/, so we have jv000.x/j > � on Œt�; tC�. This implies
that jv0.t˙/� v0.ck/j � �.t˙ � ck/2=2D ���2=9=2� 6��1=4, so t˙ … I0. We con-
clude that I j0 � Œt

�; tC�.
(2) If I j0 \ .ck � ık=2; ck C ık=2/ D ; for each k, it follows from (2.6) that

jv00j > `0 on I j0 , so jI j0 j < 6��1=4=`0. If I j0 \ .ck � ık=2; ck C ık=2/ ¤ ;, then
we must have I j0 � .ck � ık; ck C ık/ since jv000 j > � on this interval. From this, it
follows that jI j0 j < 2

p
12��1=4=� D C��1=8.

By the previous lemma, we can make the following classification of the compon-
ents in I0. Let I j0 be an interval in I0. We say that I j0 is of type

(ii)C if ck 2 I
j
0 for some k and v000 > � on I j0 ;

(ii)� if ck 2 I
j
0 for some k and v000 < �� on I j0 ;

(i)C if v00 > 0 on I j0 ;

(i)� if v00 < 0 on I j0 .

Lemma 2.8. If I0 contains k intervals of type (ii), then I0 consists of at most d � k
intervals.

Proof. Note that between any two intervals in I0 there has to be a critical point; and
there is one critical point in each interval of type (ii).

Lemma 2.9. If E 2 Œ�min v0 C 4�3=4; �max v0 � 4�3=4�, then I0 D I0.E/ consists
of at least one (in fact two) intervals of type (i).
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Proof. To get an easier notation, we assume that v0.c1/ D min v0 and v0.ck/ D
max v0, k � 2; and we assume that the critical points in between (if there are any)
are ordered as c1 < c2 < c3 < � � � < ck . Since each critical point cj is non-degenerate
(assumption (1.5)), it follows that v000.cj / and v000.cjC1/ must have different signs
for each j D 1; 2; : : : ; k � 1; and we have jv0.cj / � v0.cjC1/j > 0 for all j D
1; : : : ; k � 1. Since v000.c1/ > 0 and v000.ck/ < 0, we see that k must be even. Moreover,
v0 is increasing on Œc2i�1; c2i �.i D 1; 2; : : : ; k=2/ and decreasing on Œc2i ; c2iC1�.i D
1; 2; : : : ; k=2� 1/. From this, it follows that

Sk=2
iD1.v0.c2i�1/; v0.c2i // is a finite open

cover of .v0.c1/; v0.ck// D .min v0;max v0/. Hence, there exists � > 0 such that, for
any interval J � .min v0;max v0/ of length < � , there is an i 2 Œ1; k=2� such that
J � .v0.c2i�1/; v0.c2i //.

Assume now that E 2 Œ�min v0 C 4�3=4; �min v0 � 4�3=4�. Then J ´ ŒE=� �

3��1=4; E=� C 3��1=4� � .min v0;max v0/ (and clearly jJ j < � ); so, there exists
i 2 Œ1; k=2� such that J � .v0.c2i�1/; v0.c2i //. By definition, we have I0 D v�10 .J /.
Thus, there is a component of I0 in .c2i�1; c2i /.

By doing the same analysis on the arc Œck; c1�, we would get one more component
in I0 of type (i).

Lemma 2.10. If I j0 is of type (i)˙, then jv0.x/j > 2�3=4 if x 2 I j0 and jv.x/j < 1.

Proof. We write I j0 D Œa; b�. We have seen in the proof of Lemma 2.7 that either
we have jv0j D j�v00j > �`0 on I j0 , or jv00j D j�v000 j > �� on I j0 . In the first case,
there is nothing to prove. We thus assume that jv00j > �� on I j0 . By assumption,
we have jv0j > 0 on I j0 . We assume that v0 > 0 and v00 > ��; the other cases are
treated similarly. By the definition of I j0 D Œa; b� we must have v.a/ D �3�3=4 and
v.b/ D 3�3=4.

If x 2 .a; b/ is such that jv.x/j < 1, then v.x/� v.a/ > 3�3=4 � 1 > �3=4. Since
v0.a/� 0 and v00 > ��, it is easy to verify that ��.x � a/� v0.x/, and v0.t/� v0.x/�
��.x � t / for t 2 Œa; x�; so, �3=4 < v.x/ � v.a/ � v0.x/.x � a/ � ��.x � a/2=2 <
v0.x/.x � a/. Combining these two estimates yields v0.x/ >

p
���3=4 > 2�3=4.

2.9. Frequency assumptions

Recall the definition of !max and the set � in (1.6). We shall now make the first
frequency exclusion in �.

For simplicity, we shall focus only on “one half” of the set �, i.e., we shall only
consider 0 < ! < !max. The “second half”, �!max < ! < 0, is treated in the same
way. In some of the estimates, it slightly simplifies to know the “sign” of ! and not
have to consider two cases.

We let
�0 D ¹! W ��1=10 � ! � !max � �

�1=10
º � �: (2.7)
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Figure 1. Different signs of v0.x ˙ !/ for x close to a critical point.

The next lemma will be needed later (for example in Lemma 2.12) in the process
of parameter exclusion in the cases when E is such that I0 contains an interval of
type (ii). It will guarantee that we can control how things move when ! changes.

Lemma 2.11. If I j0 is of type (ii)˙ and x 2 I j0 , ! 2�0, then jv0.x˙!/j> �4=5, and
v0.xC!/ and v0.x �!/ have different signs. Moreover, we have jv.x˙!/j> 3�3=4.

Proof. We know that I j0 contains a critical point, which we denote by c. Let a and b
be the closest critical points to c such that a < c < b (a and b can be the same point
on T ). We have jc � aj; jc � bj � !max. Since jv00.c/j > 0, we must have that v0 has
different sign on .a; c/ and .c; b/; see Figure 1.

From (2.6), we see that jv00.t/j � min¹�jt � aj; �jt � bj; �jt � cj; `0º for all t 2
.a; b/. Since x 2 I j0 , we know that jx � cj < ��1=9 (recall Lemma 2.7 (2)). Thus,
if ! 2 �0, we have jx ˙ ! � cj; jx ˙ ! � aj; jx ˙ ! � bj > ��1=10 � ��1=9. We
conclude that jv0.x ˙ !/j > ��9=10=2 > �4=5.

The last statement follows since clearly x ˙ ! … I0.

We now introduce the set z�. Let

g.x; !/ D v.x/ �
1

v.x � !/
�

1

v.x C !/

and let

z� D ¹! 2 �0 W j min
x2I

j
0

g.x; !/j > 2��7=5 for each I j0 of type (ii)Cº

\ ¹! 2 �0 W j max
x2I

j
0

g.x; !/j > 2��7=5 for each I j0 of type (ii)�º: (2.8)
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Remark 4. By introducing this set z�, it will in fact be enough to keep control on the
first derivatives (with respect to x and !) of the iterates. It would be possible to work
without making this parameter exclusion, but then one would need to keep control on
the second derivatives of the iterates; and the parameter exclusion in Section 5 would
be more involved (since the endpoints of the critical intervals defined in Section 3
could move fast with !, like

p
!1 � ! for ! < !1 close to !1). However, since we

anyway will make larger parameter exclusions later, we make this simplification.
The assumption on z� will be used in the proof of Lemma 4.3, which is the base

case for Proposition 4.4.

Lemma 2.12. The set �0 n z� is either ; or consists of at most d=2 intervals, each of
length < 2��1=5. Moreover, for each fixed ! 2 z�, we have, writing g.x/ D g.x; !/,
jg0.x/j > 2��1=4 if jg.x/j � ��7=5 and x 2 I j0 where I j0 is of type (ii).

Proof. There can be at most d=2 intervals of type (ii) in I0.
We consider the case when I j0 ´ Œa0; b0� is of type (ii)C, and we denote by cj

the critical point of v in I j0 . Let z�.j / D ¹! 2 �0 W jmin
x2I

j
0

g.x; !/j > 2��7=5º,
where g.x; !/ is as above. By the estimates in Lemma 2.11, together with the fact
that jv.t/j < 5�=6 for all t 2 T and v00.x/ > �� on I j0 , we have

@!g.x; !/ > 2�
4=5�2 and @2xxg.x; !/ >

��

2
for all .x; !/ 2 I j0 ��

0: (2.9)

If v.cj / � 1, then v.x/ � 1 on I
j
0 ; thus, it follows from the estimates in

Lemma 2.11 that g.x; !/ > 1=2 for all x 2 I j0 and ! 2 �0. Therefore, z�.j / D �0.
We assume that v.cj / < 1. Since v.a0/ D v.b0/ D 3�3=4, and, thus, g.a0; !/;

g.b0; !/ > �3=4 for all ! 2 �0, it follows from the second estimate in (2.9) that
there is a unique a.!/ 2 I j0 such that @xg.a.!/; !/ D 0 for ! 2 �0. Letting h.!/ D
g.a.!/; !/, we, get from the definition of a.!/ (the point in I j0 where g.�; !/ has its
minimum) and the first estimate in (2.9), that h0.!/ > 2�4=5�2. From this, it follows
that �0 n z�.j / either is empty, or is an interval of length < 2��1=5 (since we need to
remove the ! for which jh.!/j � 2��7=5).

We turn to the second statement. Assume that! 2 z�.j / is fixed. If min
x2I

j
0

g.x/>

2��7=5, then there is nothing to prove. We therefore assume that min
x2I

j
0

g.x/<

�2��7=5. We assume that the unique minimum of g in I j0 is attained at x D a.
Assume that p 2 I j0 is such that p > a and g.p/ � ���7=5 (the case then p < a

is treated similarly). Since the second statement in (2.9) holds, we have g0.x/ �
g0.p/ � .��=2/.p � x/ on Œa; p�. Thus, we can conclude

��7=5 < g.p/ � g.a/ � g0.p/.p � a/ �
���
4

�
.p � a/2 �

g0.p/2

��
:

From this, the statement follows.
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3. Arithmetic

We recall that we have assumed that kv0kC0 � 1=3 and that v.x/´ �v0.x/ � E.
We have also assumed that I0 ¤ ;; in particular, we thus have jEj � �=2 (recall
Lemma 2.4). Note that kvkC0 � 5�=6.

By this assumption, we have the following trivial fact which we will use many
times:

if x 2 T and jr j � 1=�; then jr1j >
1

�
(3.1)

and

if x; ! 2 T and jsj � �; then js1j < �:

Indeed, we have jr1j D jv.x/� 1=r j � �=6� 1=�; and js1j D j1=.v.x � !/� s/j �
6=�� �.

3.1. Basic definitions

We shall now define some of the central objects for the analysis. This includes the
sequence of integers .Kn/, the “critical sets” .In/, and the “good starting locations”
.X˙n /. Let

K0 D Œ�
1=20� and KnC1 D Œ�

Kn=20� for n � 1; (3.2)

where Œ�� denotes the integer part. Note that the sequence .Kn/ grows very fast (since
� is large). In particular, we have

K1=2n � 12nC2 for all n � 0 (3.3)

provided that � > 0 is large enough. This fact will be used below.
Recall that the set I0 is defined in (1.7). Given ! 2 T and a sequence 0 < M0 <

M1 < � � � of integers, we inductively define

InC1 D �1.F
Mn
! .An/ \ F

�Mn
! .Bn//; n � 0; (3.4)

where
An D .In �Mn!/ � PC and Bn D .In CMn!/ � P�: (3.5)

Thus, InC1 D InC1.M0; : : : ;Mn; !/. (Of course, it also depends on E, but we have
assumed that E is fixed.)

By definition, we have
I0 � I1 � I2 � � � � :

Moreover, for any n � 0, we have

.x; r/ 2 An and x … InC1 �Mn! H) r2Mn
… P�: (3.6)
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and

.x; s/ 2 Bn and x … InC1 CMn! H) s2Mn
… PC:

Remark 5. In our application, we will have Mn � Kn. It would have been easier if
we could let Mn D Kn, but in fact we will have to vary them slightly. But we can, an
will, always take M0 D K0.

We also let X˙�1 D T and

XCn D T n
n[

jD0

ŒK
3=2

j
�[

mD1

.Ij Cm!/ and X�n D T n
n[

jD0

ŒK
3=2

j
�[

mD0

.Ij �m!/; n � 0:

(3.7)
Note that, if x 2 X�n , then TC! .x; Ij / > ŒK

3=2
j � for j 2 Œ0; n�; and if x 2 XCn , then

T �! .x; Ij C !/ � ŒK
3=2
j � for j 2 Œ0; n�.

Furthermore, for each n � 0, we let

yXn D T n
n[

jD0

[
jmj�K2

j

.Ij Cm!/: (3.8)

Clearly, we have yXn �X˙n . These sets yXn will first be used in Section 5 (and we need
them for proving that Theorem 1 (2) hold).

3.2. Arithmetic conditions

The following two conditions will be central for the analysis. The first condition is a
non-resonance condition (stronger than a Diophantine condition, since the set In need
not be a single interval):

In \

K2
n[

mD1

.In Cm!/ D ;: .NR/n

It is easy to check that .NR/n is equivalent with

In \
[

1�jmj�K2
n

.In Cm!/ D ;:

The second one is a condition on position:

In ˙Mn!; In ˙ .Mn C 1/! � X
C
n�1 \X

�
n�1: .Pos/n

Note that .Pos/0 trivially holds. (It is for this condition to hold, that we need to vary
Mn, instead of fixing it to be Kn, when n � 1.)
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3.3. Key arithmetic result

We are now ready to formulate and prove the main inductive step in the arithmetic part
of the proof of Theorem 1. Recall the definitions of the cones P˙; yP˙ in Section 2.3.
Note that we clearly have P˙ � yR n P�.

The following proposition consists of two parts, .S/n and .R/n. The fist one con-
cerns forward iterations of F ; the second one concerns backward iterations. Recall
the convention of the notation of the iterates of F in Remark 3. (In particular, recall
the notation F �n! .x; s/ D .x�n; sn/ for n � 0.)

Proposition 3.1. For all n � 0, we have the following. Assume that ! 2 T andMk 2

ŒKk; 2Kk� (kD 0;1; : : : ;n� 1) are fixed. Assume further that the following statements
holds.

.S/n. For each .x; r/ 2 X�n�1 � .yR nP�/ andN D TC.x; In/, we have the followig:

.1/n if rk … yPC for some 1 � k � N , then xk 2 T nXCn�1;

.2/n jr1 � � � rkj � �
k.2=3C1=12nC1/ for all 1 � k � N such that jrkj > 1=�.

If N <1, then we also have the following:

.3/n jrk � � � rN�1j � �
.N�k/.2=3C1=12nC1/ for all 1 � k � N � 1.

.R/n. For each .x; s/ 2 XCn�1 � .yR n PC/ and N D T �.x; In C !/ we have the
following:

.1/n if sk … yP� for some 1 � k � N , then x�k 2 T nX�n�1;

.2/n js1 � � � skj � �
�k.2=3C1=12nC1/ for all 1 � k � N such that jskj < �.

If N <1, then we also have the following:

.3/n jsk � � � sN�1j � �
�.N�k/.2=3C1=12nC1/ for all 1 � k � N � 1.

Then, ifMn 2 ŒKn; 2Kn� and if .NR/n and .Pos/n hold, we have that .S;R/nC1 hold.

Proof. We assume thatMn 2 ŒKn; 2Kn� and that ! 2T is such that .NR/n and .Pos/n
hold. Furthermore, we assume that .S/n and .R/n hold. We shall verify that .S/nC1
hold; the case of .R/nC1 is analogous.

Take .�; �/ 2 X�n � .yR n P�/ and let N D TC.�; InC1/. We shall assume that
N <1. (The case N D1 is handled in the same way. In that case, only .1� 2/nC1
need to be verified.) We use the notation

.�k; �k/ D F
k
! .�; �/:
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Let 0 < k1 < k2 < � � � < k` D N be the indices k 2 Œ0; N � such that xk 2 In.
Since � 2 X�n and since .NR/n holds, we have

k1 > ŒK
3=2
n � and kiC1 � ki > K

2
n; i � 1: (3.9)

If `D 1, the weaker statements .1� 4/nC1 follow from .1� 4/n. We therefore assume
that ` � 2.

We first prove that

�kiCMnC1 2
yPC for all 1 � i � ` � 1: (3.10)

Then, since �kiCMnC1 2 In C .Mn C 1/!, it follows from .Pos/n that

.�kiCMnC1; �kiCMnC1/ 2 X
�
n�1 �

yPC for all 1 � i � ` � 1: (3.11)

To show that (3.10) holds, we first note that, by applying .S/n to the point
.�; �/, we get from .1/n, combined with .Pos/n, that �k1�Mn

2 yPC. Thus, .�k1�Mn
;

�k1�Mn
/ 2 An. Since �k1�Mn

… InC1 � Mn!, we get from (3.6) that �k1CMn
…

P�; and since �k1CMn
2 In CMn!, it follows from that .Pos/n that �k1CMn

… I0.
It hence follows from Lemma 2.2 that �k1CMnC1 2

yPC. If ` D 2, we are done.
If ` > 2, we note that �k1CMnC1 2 X

�
n�1 by .Pos/n; thus, we can apply .S/n to

.�k1CMnC1; �k1CMnC1/ 2 X
�
n�1 �

yPC and proceed inductively.

Verifying .1/nC1. As we noted above, by applying .S/n to the point .�; �/, we get
from .1/n that

if �k … yPC for some 1 � k � k1; then �k 2 T nXCn�1:

Furthermore, from (3.11) we have .�kiCMnC1; �kiCMnC1/ 2 X
�
n�1 �

yPC for 1 � i �
` � 1. By applying .S/n to each of these points, we get from condition .1/n that, for
each 1 � i � ` � 1, we have that

if �k … yPC for some ki CMn C 1 � k � kiC1; then �k 2 T nXCn�1:

Thus, we have control on the intervals Œ1; k1�; Œk1 CMn C 1; k2�; : : : ; Œkl�1 CMn C

1; kl �. But note that, for each k 2 Œki C 1; ki CMn�; 1 � i � ` � 1, we have �k 2SMn

mD1.In CMn!/ � T nXCn . Thus, we conclude that .1/nC1 holds.

Verifying .2/nC1. Again, we apply .S/n to the points .�; �/, .�kiCMnC1; �kiCMnC1/,
i D 1; : : : ; ` � 1 (recalling (3.11)). We then get from .2/n that

j�1 � � � �kj � �
k.2=3C1=12nC1/ for all k 2 Œ1; k1� such that j�kj >

1

�
; (3.12)

and, for each 1 � i � ` � 1, we have

j�kiCMnC2 � � � �kj � �
.k�.kiCMnC1//.2=3C1=12

nC1/ (3.13)

for all k 2 Œki CMn C 2; kiC1� such that j�kj > 1=�.
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We shall first prove that

j�1 � � � �kj � �
k.2=3C1=12nC2/ (3.14)

for all k 2 Œ1; k1CMnC 1� such that j�kj > 1=�. For k 2 Œ1; k1�, this is just a weaker
version of (3.13). We therefore assume that k 2 Œk1C 1;k1CMnC 1� and that j�kj>
1=�. By Lemma 2.6, we have j�k1

� � � �kj > �
�.k�k1C1/. Combining this with (3.12)

(with k D k1 � 1; recall that max¹j�k1�1j; j�k1
jº > 1=�; we also know from .3/n that

�k1�1 > �
2=3), we see that (3.14) follows if we have

.k1 � 1/
�2
3
C

1

12nC1

�
� .k � k1 C 1/ > k

�2
3
C

1

12nC2

�
:

It is easy to check that this is satisfied if k1 > 12nC2Kn (consider the worst case
k D k1 CMn C 1, and recall that Mn � 2Kn). By recalling (3.9) and (3.3), we see
that this indeed is satisfied.

In the same way, for 1 � i � ` � 2, we use (3.13) to prove

j�kiCMnC2 � � � �kj � �
.k�.kiCMnC1//.2=3C1=12

nC2/

for all k 2 Œki CMn C 2; kiC1 CMn C 1� such that j�kj > 1=�. (In this situation, it
is even better, since kiC1 � ki >K2n; recall (3.9)). Combing these estimates (recalling
that jrMnCkiC1j > 1=� for all 1 � i � ` � 1, by (3.11)) finishes the proof.

Verifying .3/nC1 is similar to what we just did.

The base case for the previous proposition is the following.

Lemma 3.2. Conditions .S/0 and .R/0 hold for all ! 2 T .

Proof. This follows immediate from Lemma 2.3.

3.4. Some remarks on the inductive scheme

From Proposition 3.1, combined with Lemma 3.2, we can make the following con-
clusion. Suppose that ! 2 T is irrational and the sequence .Mn/ – where Mn 2

ŒKn; 2Kn�, for all n � 0, are such that X1´
T
n�0.X

C
n \X

�
n / – has positive meas-

ure and such that .NR/n and .Pos/n hold for all n � 0. Then, by induction, we have
that .S/n holds for all n � 0. For every x 2 X1 and r 2 PC, we have that, in par-
ticular, .x; r/ 2 X�n�1 � PC, n � 0; and, by definition of the set X1, we have that
TC.x; In/ > M

3=2
n ; n � 0. Since .S/n.2/n holds for all n � 0, we conclude that

lim
k!1

1

k
log jrk � � � r1j �

2

3
log�:
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(Recall that if jrkj < 1=� for some k, then jrkC1j � 1=�.) Thus, from Lemma 2.1,
we get that L.!/ � .2=3/ log�.

Another consequence is the following. We have seen (Lemma 2.5) that if I0 D ;,
then the cocycle G! is uniformly hyperbolic for each irrational !. In fact, this also
holds if some InD; (n� 1). More precisely, assume that there is an irrational number
! 2 T , an n � 1, and integersMj 2 ŒKj ; 2Kj �, j D 0; 1; : : : ; n� 1, such that In D ;,
the set X ´ .XCn�1 \ X

�
n�1/ contains an interval J of positive length, and such that

.NR/j ; .Pos/j hold for each j 2 Œ0; n� 1�. Then,G! is uniformly hyperbolic. Indeed,
to see this, we do as follows. As we did above, we note that .S/n holds. Moreover,
since ! is irrational and J is an (non-degenerate) interval, there exists a numberm>0
such that, for any x 2T , there is an 0� j �m such that xC j! 2 J . We now take any
x 2 T , and we take an r 2 R such that � � rj <1 (thus rj 2 PC), where 0 � j �m
is such that xj 2 J � X�n�1. By Lemma 2.6, we have

jr � � � rj j � �
�.jC1/

� ��.mC1/ and jr1 � � � rj j � �
�j
� ��mI

hence
jr j

p
1C r2

jr1 � � � rj j �
��.mC1/
p
2

(consider the two cases jr j < 1 and jr j � 1). And, by applying .S/n to the point
.xj ; rj /, recalling that TC.xj ; In/ D1, since In D ;, we get from .S/n.2/n that

max¹jrjC1 � � � rkj; jrjC1 � � � rkC1jº � �.2=3/.k�j / for all k � j C 1:

(again using that if jrkj < 1=� for some k, then jrkC1j � 1=�). Recalling (2.4), we
thus get

kAkC1k �

ˇ̌̌̌
1

p
1C r2

AkC1.x/

�
1

r

�ˇ̌̌̌
� max¹jr � � � rkj; jr � � � rkC1jº

�
��.mC1/
p
2

�.2=3/.k�m/ for all k � mC 1:

Thus, we have a uniform growth, and, therefore, by (1.3), we can conclude that the
cocycle G! is uniformly hyperbolic.

3.5. An important inclusion

We are now ready to derive an important inclusion property which will be needed to
control the geometry in the next section. Recall that yPC is strictly included in PC and
that yP� is strictly included in P�.
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Lemma 3.3. The following holds for all n � 0. Assume that ! 2 T and that Mk 2

ŒKk; 2Kk�, k D 0; 1; : : : ; nC 1, are such that .NR/i ; .Pos/i ; .S/i .1/, and .R/i .1/ hold
for i 2 ¹n; nC 1º. Then,

FMnC1�Mn.AnC1/ � .In �Mn!/ � yPC � .In �Mn!/ � PC D An

and

F �MnC1CMn.BnC1/ � .In CMn!/ � yP� � .In CMn!/ � P� D Bn:

Proof. We prove the first statement. The proof of the second one is similar.
Take .x; r/ 2 AnC1, i.e., x 2 InC1 �MnC1! and r 2 PC. Then, x 2 XCn \ X

�
n

by .Pos/nC1, and T .x; InC1/DMnC1 by .NR/nC1. Hence, by .S/nC1.1/, we get that
rk 2 yPC for all k 2 Œ1;MnC1� such that xk 2 XCn . If we can show that In �Mn! �

XCn , we are thus done (since xMnC1�Mn
2 InC1 �Mn! � In �Mn!). To see that

this indeed holds, we first note that, by .Pos/n, we have []In �Mn! �X
C
n�1 \X

�
n�1.

Secondly, by .NR/n, we have .In �Mn!/ \
SŒK

3=2
n �

mD1 .In Cm!/ D ; (since clearly
Mn; K

3=2
n � K2n). By combining these two facts, and recalling the definition of XCn ,

we see that indeed In �Mn! � X
C
n .

4. Geometry

Recall the definition of the sets An; Bn in (3.5), and the definition of the critical set
InC1 in (3.4). To control the critical set InC1, we need to control the geometry of
the set FMn

! .An/ \ F
�Mn
! .Bn/. In fact, for convenience, we will focus on the set

F
MnC1
! .An/ \ F

�MnC1
! .Bn/.

In the proofs of the statements, in this section we will apply some results from
Appendix A.

Given n � 0 and an Mn > 0, we define

'˙n .x; !/ D �2.F
MnC1
! .x �Mn!;��

3=4//

and

 ˙n .x; !/ D �2.F
�MnC1
! .x CMn!;˙�

�3=4//:

(The reason for why there is an� in the definition of '˙n is due to orientation. Recall
that PC D ¹r 2 yR W jr j � �3=4º and note that �2.F!.x; �3=4/ D v.x/ � 1=�3=4 <

v.x/C 1=�3=4 D �2.F!.x;��
3=4/).

If ! is fixed, we also write '˙n .x/ D '
˙
n .x; !/ and  ˙n .x/ D  

˙
n .x; !/.

In the next lemma, we connect the arithmetic information from Proposition 3.1
with the geometry of '˙n ;  

˙
n .
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Lemma 4.1. For each n� 0, the following holds. Assume that ! andMk 2 ŒKk; 2Kk�

(k D 0; : : : ; n) are fixed and that .NR/0, .NR/n, .Pos/n, as well as .S/n; .R/n in
Proposition 3.1, hold. Then,

'˙n .x; !/ D v.x/ �
1

v.x � !/C e˙n .x; !/

and

 ˙n .x; !/ D
1

v.x C !/ � w˙n .x; !/
;

where, for all x 2 In, we have the bounds

je˙n .x; !/j; jw
˙
n .x; !/j < �

�1=2
I (4.1)

0 < eCn .x; !/ � e
�
n .x; !/ < �

�4.Mn�1/=3; (4.2a)

0 < wCn .x; !/ � w
�
n .x; !/ < �

�4.Mn�2/=3I (4.2b)

j@˛e
˙
n .x; !/j; j@˛w

˙
n .x; !/j < �

�1=4 for ˛ D x; !: (4.3)

Furthermore, we have

FMnC1.An/ D ¹.x C !; r/ W x 2 In; '
�
n .x/ � r � '

C
n .x/º (4.4a)

F �MnC1.Bn/ D ¹.x C !; r/ W x 2 In;  
�
n .x/ � r �  

C
n .x/º: (4.4b)

Proof. We assume that In ¤ ;, since otherwise there is nothing to prove.
Let

r˙k .x; !/ D �2.F
k
! .x �Mn!;��

3=4//:

Then, by definition, we have '˙n .x; !/ D r
˙
MnC1

.x; !/. Moreover, we can write

r˙MnC1
.x; !/ D v.x/ �

1

v.x � !/ � 1

r
Ṁn�1

.x;!/

:

Thus, we let

e˙n .x; !/ D �
1

r˙Mn�1
.x; !/

: (4.5)

Since .NR/n holds, we have TC.x �Mn!; In/ D Mn for x 2 In. Moreover,
since also .Pos/n holds, and r˙0 D ��

3=4 2 PC, we can apply .S/n (to each point
.x �Mn!;r

˙
0 /, x 2 In) to conclude that the estimates Sn.1� 3/ hold for the rj .x;!/,

x 2 In, j D 1; : : : ; N , with N DMn.
By recalling the definition of the set An in (3.5), we see that the first statement

in (4.4) follows from Lemma A.1.
From Sn.2/ (with k D N � 1 DMn � 1), we get jr˙Mn�1

.x/j � �2=3 for x 2 In.
Thus, the first part in (4.1) follows from the definition (4.5).
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From Lemma A.1, we get

0 < rCMn�1
� r�Mn�1

� 2��4.Mn�2/=3�3=4:

Since jr˙Mn�1
.x/j � �2=3, we conclude that r˙Mn�1

must have the same sign. Thus, it
follows that

0 < eCn � e
�
n D

rCMn�1
� r�Mn�1

rCMn�1
r�Mn�1

� 2��4.Mn�1/=3�3=4 < ��4.Mn�1/=3;

which is the first statement in (4.2).
Finally, (4.3) follows from Lemma A.3.
The estimates of  ˙n and w˙n follow similarly by letting

s˙k .x; !/ D �2.F
�k
! .x CMn!;˙�

�3=4// and w˙n .x; !/ D �sMn�2.x; !/

and using the estimates from .R/n, combined with Lemma A.2 and Lemma A.4.

Before formulating the main geometric inductive step, we will make a certain
classification. Recall that, by definition (3.4), the set I1 D I1.M0/ depends on M0

(and !). Below, we use M0 D K0 and write I1.K0/ to emphasis this choice.
Let

z�0 D ¹! 2 z� W .NR/0 is satisfiedº: (4.6)

Lemma 4.2. Assume that I j0 is of type (ii) and that y�0 is a component in z�0. Then,
either I j0 \ I1.K0/ D ; for all ! 2 z�0, or I j0 \ I1.K0/ ¤ ; for all ! 2 z�0.

The proof of this lemma is included in the proof of Lemma 4.3 below.

We now use the previous lemma to classify the components in z�0 with respect
to intervals in I0 of type (ii). If I j0 is of type (ii), we say that an interval y� � z�0 is
relevant for I j0 if I j0 \ I1.K0/ ¤ ; for all ! 2 y�.

Remark 6. By Lemma 4.2, we thus have that if I j0 is of type (ii) and if an interval
y� � z�0 is not revlevant for I j0 , then I j0 \ I1.K0/ D ; for all ! 2 y�.

For an interval y� � z�0, we let

d0 D d0. y�/ D #.components of type (i) in I0/

C 2 � #.components of type (ii) in I0 which are relevant for y�/ � d:
(4.7)

Note that the last inequality follows from Lemma 2.8. The number d0 will in fact be
the number of components in the critical sets In .n � 1/ for “good” ! in relevant sets
of frequencies.

The next lemma shows that the base case for Proposition 4.4, which is the main
geometric inductive step, hold under a condition on !.
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1

'C
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'C
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Figure 2. The intersections.

Lemma 4.3. Let M0 D K0 and assume that y�0 � z�0 is an interval. Then condition
.Geo/0 in proposition (4.4) holds.

Proof. Fix any ! 2 y�0. We recall that .Pos/0, defined in Section 3.2, trivially holds;
and, from Lemma 3.2, we know that conditions .S/0 and .R/0 hold. Thus, we can
apply Lemma 4.1 (with n D 0) to get

'˙0 .x/ D v.x/ �
1

v.x � !/C e˙0 .x; !/

and

 ˙0 .x/ D
1

v.x C !/ � w˙0 .x; !/
;

where e˙0 ; w
˙
0 satisfy the estimates (4.1)0, (4.2)0, and (4.3)0 on I0, and (4.4)0 holds.

Moreover, from .NR/0, we have .I0˙!/\ I0D;, so jv.x˙!/j>3�3=4 for x 2 I0.
As usual, we let

g.x/ D g.x; !/ D v.x/ �
1

v.x � !/
�

1

v.x C !/
:

We also let

�C.x/ D 'C0 .x/ �  
�
0 .x/ and ��.x/ D '�0 .x/ �  

C
0 .x/:

From the above estimates, we get that, for all x 2 I0, there holds

'C0 .x/ � '
�
0 .x/ > 0 and  C0 .x/ �  

�
0 .x/ > 0;

jg.x/ � �˙.x/j < ��2; (4.8)
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jg0.x/ � .�˙/0.x/j < ��1=3; (4.9)

jg.x/ � v.x/j < ��2; jg0.x/ � v0.x/j < ��1=3:

Since (4.4)0 holds, we have

I1 \ I
j
0 D ¹x 2 I

j
0 W �

�
0 .x/ � 0 � �

C
0 .x/º: (4.10)

We shall now verify that condition .Geo/0.1/ holds. Assume that I j0 is of type (i)C.
Then, we have v.I j0 / D Œ�3�

3=4; 3�3=4� and v0.x/ > 0 on I j0 . Let J j0 D ¹x 2 I
j
0 W

jv.x/j � 1º. Writing J j0 D Œa; b�, we have v.a/ D �1 and v.b/ D 1. Furthermore,
by Lemma 2.10, we have v0.x/ > 2�3=4 on J j0 . Using (4.8)–(4.10), we conclude that
I1 \ I

j
0 � J

j
0 , .�˙0 /

0.x/ > �3=4 on J j0 , and �C0 .a/ <�1=2; �
�
0 .b/ > 1=2. Thus, there

are unique points aj1 < b
j
1 in J j0 such that �C0 .a

j
1 /D �

�
0 .b

j
1 /D 0. From this, it is easy

to see that I1 \ I
j
0 D Œa

j
1 ; b

j
1 �; see Figure 2. Recalling the definition of �˙0 finishes

the verification of .Geo/0.1/.
We turn to condition .Geo/0.2/ and the proof of Lemma 4.2. Assume that I j0 ´

Œa
j
0 ; b

j
0 � is of type (ii)C (the case of type (ii)� is treated analogously). We therefore

have
v.a

j
0 / D v.b

j
0 / D 3�

3=4 and v00.x/ > � on I j0 : (4.11)

Since y�0 � z�0 � z�, we have (by definition (2.8) and Lemma 2.12) that either
min

x2I
j
0

g.x; !/ > 2��7=5 for all ! 2 y�0, or min
x2I

j
0

g.x; !/ < �2��7=5 for all
! 2 y�0. In the first case, it follows from (4.8) (which holds for all ! 2 y�0) that
��0 .x/ > ��7=5=2 for all x 2 I j0 . Recalling (4.10), we conclude that I1 \ I

j
0 D ;.

Assume now that the latter holds, i.e., that min
x2I

j
0

g.x/ < �2��7=5.
Let J j0 D ¹x 2 I

j
0 W jg.x/j � �

�7=5º. By Lemma 2.12, we have jg0.x/j > 2��1=4

on J j0 . Since (4.11) holds, J j0 must consist of two intervals, J j;i0 (i D 1; 2), and
g0.x/ > 2��1=4 on J j;10 and g0.x/ < �2��1=4 on J j;20 . By using the estimates (4.8)
and (4.9), it is easy to see that there exists unique points aj;i1 < b

j;i
1 in J j;i0 such

that �C0 .a
j;i
1 / D ��0 .b

j;i
1 / D 0 (i D 1; 2). By recalling (4.10), we get I1 \ I

j
0 D

Œa
j;1
1 ; b

j;1
1 � [ Œa

j;2
1 ; b

j;2
1 �; see Figure 2. Thus, .Geo/0.2b/ holds; and the proof of

Lemma 4.2 is finished.

We now formulate the inductive step. In the statement, we assume that

g.x/ D g.x; !/ D v.x/ �
1

v.x � !/
�

1

v.x C !/
:

Proposition 4.4. For all n� 0, the following holds. Assume thatM0 DK0 andMk 2

ŒKk; 2Kk� (kD 1; : : : ;n) are fixed and that there exists an interval y�n� z�0 such that,
for each ! 2 y�n, the conditions .NR/n, .Pos/n, .S/n, and .R/n (in Proposition 3.1)
hold. Moreover, assume the following.
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.Geo/n. Each component I j0 in I0 satisfies the conditions below.

.1/n If I j0 is of type (i), then, for each ! 2 y�n, we have I j0 \ InC1 D Œa
j
nC1; b

j
nC1�

and

• if I j0 is of type (i)�, then

'�n .a
j
nC1/ D  

C
n .a

j
nC1/ and 'Cn .b

j
nC1/ D  

�
n .b

j
nC1/I

• if I j0 is of type (i)C, then

'Cn .a
j
nC1/ D  

�
n .a

j
nC1/ and '�n .b

j
nC1/ D  

C
n .b

j
nC1/:

Moreover, g0.x/ > 0 on ŒajnC1; b
j
nC1� if I j0 is of type (i)C, and g0.x/ < 0 on

Œa
j
nC1; b

j
nC1� if I j0 is of type (i)�.

.2/n If I j0 is of type (ii) and if y�n is relevant for I j0 , then, for each ! 2 y�n, we have
that I j0 \ InC1 consists of two disjoint components Œaj;inC1; b

j;i
nC1� (i D 1; 2)

and

'�n .a
j;1
nC1/ D  

C
n .a

j;1
nC1/ and 'Cn .b

j;1
nC1/ D  

�
n .b

j;1
nC1/;

'Cn .a
j;2
nC1/ D  

�
n .a

j;2
nC1/ and '�n .b

j;2
nC1/ D  

C
n .b

j;2
nC1/:

Moreover, g0.x/ > 0 on Œaj;1nC1; b
j;1
nC1� and g0.x/ < 0 on Œaj;2nC1; b

j;2
nC1�.

If I j0 is of type (ii) and if y�n is not relevant for I j0 , then, for each ! 2 y�n,
we have that I j0 \ InC1 D ;.

Then, the following holds with y� D y�n.

.CS/n. y�/. Either InC1.!/ D ; for all ! 2 y�, or the set InC1.!/ (for each ! 2 y�)
consist of d0. y�/ � d intervals, and, for each of these intervals in I.!/, we have

jI.!/j < ��Kn :

Furthermore, if a.!/ is an endpoint of the component I.!/, then ja0.!/j < 1 for all
! 2 y�.

Moreover, ifMnC1 2 ŒKnC1; 2KnC1� and y�nC1 � y�n are such that bath .NR/nC1
and .Pos/nC1 are satisfied for each ! 2 y�nC1, then .Geo/nC1 holds.

Proof. For each k � 0, we let

�C
k
.x; !/ D 'C

k
.x; !/ �  �k .x; !/ and ��k .x; !/ D '

�
k .x; !/ �  

C

k
.x; !/:
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We shall first verify that .CS/n. y�n/ holds. To begin, we note that, from the state-
ments about I0 \ InC1 in assumption .Geo/n, it follows from the definition of d0
in (4.7) that InC1 consists of d0 components (note that we can have d0 D 0).

By applying Lemma 4.1, we get that

'˙n .x; !/ D v.x/ �
1

v.x � !/C e˙n .x; !/

and

 ˙n D
1

v.x C !/ � w˙n .x; !/

satisfy (4.1)n–(4.3)n and (4.4)n on In � InC1 for each ! 2 y�n.
Note that, from the assumptions in .1/n, we have �Cn .a

j
nC1/D �

�
n .b

j
nC1/D 0 and

g0.x/ > 0 on ŒajnC1; b
j
nC1� if I j0 is of type (i)C; and ��n .a

j
nC1/ D �

C
n .b

j
nC1/ D 0 and

g0.x/ < 0 on ŒajnC1; b
j
nC1� if I j0 is of type (i)�. And, from assumption .2/n, we have

that if I j0 is of type (ii) and y�n is relevant for I j0 , then �Cn .a
j;1
nC1/ D �

�
n .b

j;1
nC1/ D 0

and g0.x/ > 0 on Œaj;1nC1; b
j;1
nC1�; and ��n .a

j;2
nC1/ D �Cn .b

j;2
nC1/ D 0 and g0.x/ < 0 on

Œa
j;2
nC1; b

j;2
nC1�.

We can now apply Lemma A.5 with '˙ D '˙n ,  ˙ D  ˙n , I D ŒajnC1; b
j
nC1� and

" D ��4.Kn�2/=3. In each of the cases above, we then get the bound jI j < "��5=4 �
��Kn . We also get the estimate of the !-derivative of the endpoint of the intervals.
Thus, we can conclude that .CS/n. y�n/ indeed holds.

We now turn to the second statement in the proposition. We therefore assume
that MnC1 2 ŒKnC1; 2KnC1� and y�nC1 � y�n are such that .NR/nC1; .Pos/nC1 are
satisfied for each ! 2 y�nC1. We shall check that .Geo/nC1 holds.

From Lemma 4.1 and Lemma 3.3 (which implies both that FMnC1.An/ is
strictly included in FMn�1C1.An�1/ and that F �MnC1.Bn/ in strictly included in
F �Mn�1C1.Bn�1/), we get

'�n .x/ < '
�
nC1.x/ < '

C
nC1.x/ < '

C
n .x/ (4.12a)

and

 �n .x/ <  
�
nC1.x/ <  

C
nC1.x/ <  

C
n .x/; x 2 InC1: (4.12b)

Moreover,

'˙nC1.x; !/ D v.x/ �
1

v.x � !/C e˙nC1.x; !/

and

 ˙nC1 D
1

v.x C !/ � w˙nC1.x; !/

satisfy (4.1)nC1–(4.4)nC1 on InC1.
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Verifying .1/nC1. We assume that I j0 is of type (i)C. By assumption .1/n, we have
'Cn .a

j
nC1/D 

�
n .a

j
nC1/ and '�n .b

j
nC1/D 

C
n .b

j
nC1/. Thus, by the inclusion in (4.12),

we have

'CnC1.a
j
nC1/ <  

�
nC1.a

j
nC1/ and '�nC1.b

j
nC1/ >  

C
nC1.b

j
nC1/;

that is �CnC1.a
j
nC1/ < 0 and ��nC1.b

j
nC1/ > 0. By applying Lemma A.5 with '˙ D '˙n ,

 ˙n D  
˙
n , and I D ŒajnC1; b

j
nC1�, we get that the statement in .1/nC1 holds.

Verifying .2/nC1. We assume that I j0 is of type (ii)C. If I j0 is not relevant for y�nC1,
then, by .2/n, we have that In \ I

j
0 D ; for all ! 2 y�nC1 � z�n. Thus, by definition,

we get that InC1 \ I
j
0 � In \ I

j
0 D ;.

Assume now that I j0 is relevant for y�nC1. By proceeding as we did in the previous
case on each of the intervals Œaj;inC1; b

j;i
nC1� .i D 1; 2/, using the inclusion (4.12) and

Lemma A.5, we see that the statement in .2/nC1 holds.

5. Excluding frequencies

Let
"0 D C�

�1=8 and "j D �
�Kj�1 ; j � 1;

where C > 0 is the constant in Lemma 2.7 (so the length of each component in I0 is
less than "0).

In the proposition, below we shall use the following notation. If we have I kn D
I kn .!/ D Œa

k
n.!/; b

k
n.!/�, we let

J kn ."; !/ D Œa
k
n.!/ � "; b

k
n.!/C "� for " > 0I

and if In.!/ D
Sd0

kD1
I kn .!/, we let Jn."; !/ D

Sd0

kD1
J kn ."; !/. Thus, we make the

intervals in In a bit wider.
Recall the definition of the sets yXn in (3.8). Moreover, let x� be as in Theorem 1,

i.e., x� 2 T n I0.

Proposition 5.1. For all, n � 0 the following holds. Assume that y�n � T is an inter-
val and that M0 D K0 and Mj 2 ŒKj ; 2Kj �, j D 1; : : : ; n, are such that .CS/j . y�n/
(in Proposition 4.4) hold for j 2 Œ0; n�, and such that .Pos/n,

x� 2 yXn; (5.1)

and

Jj .2"j / \

K2
j[

mD1

.Jj .2"j /Cm!/ D ; for each j 2 Œ0; n� (5.2)

hold for all ! 2 y�n.
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Then, there exists a set RnC1 � y�n, such that

jRnC1j <
1

K
1=3
nC1

and #RnC1 < K4nC1

and, for every interval y�nC1 in y�n nRnC1, there is anMnC1 2 ŒKnC1; 2KnC1� such
that, for every ! 2 y�nC1, we have that .Pos/nC1, (5.1)nC1, and (5.2)nC1 hold.

Proof. From the assumption that .CS/j . y�n/ holds for 0 � j � n, we know that the
sets IjC1.!/ consist of d0 � d intervals, each of length < ��Kj D "jC1 for each
j 2 Œ0; n� and each ! 2 y�n. If InC1 D ; for all ! 2 y�n, we can just let RnC1 D ;.
If this does not hold, we have (by the .CS/j ) InC1 ¤ ; for all ! 2 y�n. From now on,
we assume that this is the case. Letting I kj .!/ D Œa

k
j .!/; b

k
j .!/� denote the intervals

in Ij , there holds (by the .CS/j )

j.akj /
0.!/j < 1 for all ! 2 y�n; 1 � k � d0; and j 2 Œ1; nC 1�: (5.3)

Recalling the definition of Jj above, we note that each interval in Jj .2"j / (0 �
j � nC 1) has length < 5"j .

Since (5.1)n holds and InC1 � In, we have that (5.1)nC1 holds if

¹x�º \
[

K2
nC1�jmj�K

2
nC1

.InC1 Cm!/ D ;I

and, since (5.2)n holds and JnC1.2"nC1/ � Jn.2"n/, we see that (5.2)nC1 holds if

JnC1.2"nC1/ \

K2
nC1[

mDK2
nC1

.JnC1.2"nC1/Cm!/ D ;: (5.4)

Constructing the set RnC1 � y�n. We denote Œ!0; !1� D y�n. Take m 2 ŒK2n C 1;
K2nC1�. For each i; k 2 Œ1; d0�, we want to construct a set RnC1.i; k; m/ � y�n such
that

J inC1.2"nC1/ \ .J
k
nC1.2"nC1/Cm!/ D ; for every ! 2 y�n nRnC1.i; k;m/:

(5.5)
For simplicity, we also denote the corresponding lifts by aknC1; a

i
nC1. Let

h.!/ D aknC1.!/Cm! � a
i
nC1.!/:

Since (5.3), hold we have that jh.Œ!0; !1�/j < .mC 2/.!1 � !0/ and h0.!/ > m� 2.
Thus, h.Œ!0; !1�/ can intersect at most Œ.mC 2/.!1 � !0/�C 2 different intervals of
the form Œp; p C 1�, p 2 Z. We conclude that the set

RnC1.i; k;m/´ ¹! 2 Œ!0; !1� W inf
q2Z
jh.!/ � qj � 5"nC1º
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consists of at most Œ.m C 2/.!1 � !0/� C 2 intervals, each of which of length
<10"nC1=.m�2/. We see that, by definition, (5.5) holds for all!2 y�nnRnC1.i;k;m/.
Note that this estimate also holds in the case i D k (and then h.!/ D m!).

Similarly, for K2n C 1 � jmj � K
2
nC1 and k 2 Œ1; d0�, we want a set

RnC1.x
�; k;m/ � y�n

such that

¹x�º \ .I knC1 Cm!/ D ; for every ! 2 y�n nRnC1.x�; k;m/:

We let h.!/ D aknC1 Cm! � x
� and define

RnC1.x
�; k;m/´ ¹! 2 Œ!0; !1� W inf

q2Z
jh.!/ � qj � "nC1º:

In the same way as above,RnC1.x�; k;m/ consists of at most Œ.jmjC2/.!1�!0/�C2
intervals, each which of length < 2"nC1=.jmj � 2/.

We now let

RnC1 D
� d0[
iD1

d0[
kD1

K2
nC1[

mDK2
nC1

RnC1.i; k;m/
�
[

d0[
kD1

[
K2

nC1�jmj�K
2
nC1

RnC1.x
�; k;m/:

From the estimates above, we get (recall the definitions of "nC1 and KnC1)

jRnC1j < 100d
2K2nC1"nC1j

y�nj < K
�1=3
nC1

and

#RnC1 < 10d2
K2

nC1X
mD1

mj y�nj < K
4
nC1:

Since, by (5.2)n, Jn.2"n/ \ .Jn.2"n/ C K2n!/ D ; for all ! 2 y�n, we must have
j y�nj < 1=K

2
n .

Choosing MnC1. Let y�nC1 be an interval in y�n n RnC1. By the above observation,
we get that (since (5.4) hold)

j y�nC1j <
1

K2nC1
: (5.6)

Claim. For each ! 2 y�nC1 and any interval I � T of length < "n, there are at least
K2n.1 � 10K

�1=2
0 / integers M in ŒKnC1; KnC1 CK2n� such that

I ˙M!; I ˙ .M C 1/! � T n
n[

jD0

ŒK
3=2

j
�[

mD�ŒK
3=2

j
�

.Jj ."j /Cm!/: (5.7)
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To prove this claim, we do as follows. Fix j 2 Œ0; n�. Since jI j < "n � "j , we
note that if I \ .J."j /C m!/ for some m, then I � J.2"j /C m!. Hence, we get
from (5.2)j that in any interval Œq; q C K2j �, q 2 Z, there are at most 2ŒK3=2j � C 3

indices ` such that

.I C `!/ \

ŒK
3=2

j
�C1[

mD�ŒK
3=2

j
��1

.Jj ."j /Cm!/ ¤ ;

and, in any interval Œq; q CK2j �, q 2 Z, there are at most 2ŒK3=2j �C 3 indices ` such
that

.I � `!/ \

ŒK
3=2

j
�C1[

mD�ŒK
3=2

j
��1

.Jj ."j /Cm!/ ¤ ;:

From this, we get that, in any interval Œq; q CK2n�, there are at most

2.ŒK2n=K
2
j �C 1/.2ŒK

3=2
j �C 3/ < 9K2nK

�1=2
j

indices ` such that

..I � `!/ [ .I C `!// \

ŒK
3=2

j
�C1[

mD�ŒK
3=2

j
��1

.Jj ."j /Cm!/ ¤ ;:

We conclude that, in any interval Œq; q CK2n�, there are at most

9K2n

nX
jD0

K
�1=2
j < 9K2n

1X
jD0

K
�1=2
j < 10K2nK

�1=2
0

incides M such that (5.7) does not hold. Thus, the claim holds.

Let x! 2 y�nC1 be the midpoint of the interval. Since InC1 D InC1.x!/ consists of
at most d intervals, each of a length� "n, it follows from the above claim that we
can find an MnC1 2 ŒKnC1; KnC1 CK

2
n� � ŒKnC1; 2KnC1� such that

InC1.x!/˙MnC1 x!; InC1.x!/˙ .MnC1 C 1/x!

� T n
n[

jD0

ŒK
3=2

j
�[

mD�ŒK
3=2

j
�

.Jj ."j ; x!/Cmx!/: (5.8)

Since (5.3) and (5.6) hold, we have, for all ! 2 y�nC1 and all 1 � j � nC 1,

jaij .!/ � a
i
j .!mid/j < j! � x!j <

1

2K2nC1
� "n
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and
MnC1j! � x!j <

1

KnC1
� "n:

Thus, recalling the definitions ofX˙n in (3.7), we see that .Pos/nC1 follows from (5.8),
combined with the last observation.

Let M0 D K0. Note that condition .Pos/0 is void (since X˙�1 D ;), and I0 con-
sists of at most d intervals. Thus, we can use the next lemma as the base step for
Proposition 5.1.

Lemma 5.2. The set

�0 D ¹! 2 z� W (5.1)0 and (5.2)0 holdº � z�0

satisfies #�0 < 2d2K40 and j�0j > j z�j �K
�1=3
0 =10.

Proof. We first observe the following trivial fact. If p 2T is a given point and jmj ¤ 1
is an integer, then the set ¹! 2 T W jp Cm!j � "º consists of jmj intervals of length
"=jmj. And if U � T is an interval, the set ¹! 2 U W jp C m!j � "º consists of at
most jmj C 1 intervals, and the total measure is � ". The last estimate is of course
very rough if the length of U is small.

Recall the definition of the set �0 in (2.7). Let d1 � d be the number of intervals
in J0 D J0.2"0/. We have

�0 n�0 D
� d1[
iD1

d1[
jD1

K2
0[

mD1

¹! 2 �0 W J
j
0 \ .J

i
0 Cm!/ ¤ ;º

�
[

� d1[
iD1

[
1�jmj�K2

0

¹! 2 �0 W x� 2 .I i0 Cm!/º
�
:

Recall that we have assumed x� … I0. By Lemma 2.7 and the definition of "0, we have
jJ
j
0 j < "0. Denoting J j0 D Œp

j
0 ; q

j
0 �, we have

¹! 2 �0 W J
j
0 \ .J

i
0 Cm!/ ¤ ;º � ¹! 2 �

0
W j.pi0 � p

j
0 /Cm!j � "0º

and

¹! 2 �0 W x� 2 .I i0 Cm!/º � ¹! 2 �
0
W j.pi0 � x

�/Cm!j < "0º:

Thus,
j�0 n�0j � d

2K20"0 C 2dK
2
0"0 � K

�1=3
0 =20
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and

#.�0 n�0/ � d2
K2

0X
mD1

.mC 1/C 2d

K2
0X

mD1

.mC 1/ <
3

2
d2K40 :

To finish, recall the definition of z� � �0 in (2.8). By Lemma 2.12, we know
that �0 n z� consists of at most d=2 intervals, each of length < 2��1=5. From this,
combined with the estimates above, the statement of the lemma follows.

6. Putting everything together

We now have everything needed to prove Theorem 1. First, we will combine the
inductive steps from Sections 3–5.

6.1. Putting together the inductive construction

Recall that we have assumed that the first critical set I0 ¤ ;. (Otherwise, we just use
Lemma 2.5.)

Let �0 � z�0 be the set in Lemma 5.2. We thus have the estimates

j�0j > j z�j �
��1=3

10
and #�0 < 2d2K40 : (6.1)

If I0 consist only of intervals of typ (ii), let �nt
0 be the union of the components

of �0 which are relevant for a least one I j0 ; if I0 consists of a least one interval
of type (i), let �nt

0 D �0. Recall that, by Lemma 2.9, the latter case holds if E 2
Œ�min v0 C 4�3=4; �max v0 � 4�3=4�.

Lemma 6.1. If ! 2�0 n�nt
0 is irrational, then both Theorem 1 (1) and Theorem 1 (2)

hold. Moreover, G!;E is uniformly hyperbolic.

Proof. By definition, we have that I1.K0/ D I1.K0; !/ D ; for all ! 2 �0 n �nt
0 .

Moreover, since condition .NR/0 is satisfied for all ! 2 �0 it follows from Proposi-
tion 3.1 (applied with n D 0 and M0 D K0; recall Lemma 3.2) that conditions .S/1
and .R/1 hold for all ! 2 �0.

Recall the definition of the setsX˙n in (3.7). Note that we have (recall Lemma 2.7)

jXC0 \X
�
0 j � 1 � .2K

3=2
0 C 1/jI0j > 1 � const: �3=40��1=8

D 1 � const: ��1=20 > 0:

The statement of the lemma now follows from the discussion in Section 3.4.
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From now on, we focus only on �nt
0 , which we assume is non-empty (otherwise

there is nothing to do). We will consider each component in �nt
0 separately. Thus,

we fix a component �q0 � �
nt
0 . We know that I0 contains at least one component of

type (i), or I0 contains at least one interval of type (ii) which is relevant for �q0. Let
d0 D d0.�

q
0/ � 1 be as in (4.7).

By combining the inductive steps from the previous sections, we obtain the fol-
lowing statement.

Proposition 6.2. For all n � 0, we have the following. Assume that the set �qn � �
q
0

has been constructed with the properties that

.a/n j�
q
nj > j�

q
0j �

Pn
kD1K

�1=10

k
and #�qn � K41 � � �K

4
n if n � 1q;

.b/n for each component �q;`n in �qn, there are integers Mj .`/ 2 ŒKj ; 2Kj �, j D
0; : : : ; n, M0 D K0, such that (5.1)n, (5.2)n, and .Pos/k , .S/k , .R/k , and
.Geo/k hold for all ! 2 �q;`n and all 0 � k � n.

Then, the set InC1D InC1.M0.`/; : : : ;Mn.`/;!/ consists of d0 components, each
of length < ��Kn , for all ! 2 �q;`n . Moreover, there is a set �qnC1 � �

q
n such that

.a/nC1 holds and such that, for each component �q;`
0

nC1 � �
q;`
n , there is an MnC1.`

0/

such that, for Mj D Mj .`/, j D 0; 1; : : : ; n, and MnC1 D MnC1.`
0/, we have that

(5.1)nC1, (5.2)nC1, and .Pos/k , .S/k , .R/k , and .Geo/k hold for all ! 2 �q;`
0

nC1 and
all 0 � k � nC 1. Thus, in particular, .b/nC1 holds.

Before proving this statement, we note that the base case (n D 0) indeed holds
(recall that .a/0 is void),

Lemma 6.3. Condition .b/0 holds.

Proof. As always, we take M0 D K0. Since �q0 is a component of the set �0 in
Lemma 5.2, we have that (5.1)0 and (5.2)0 hold for all ! 2 �0; and .Pos/0 is trivially
satisfied. Moreover, by Lemma 3.2, we know that .S/0 and .R/0 hold. Finally, .Geo/0
hold by Lemma 4.3.

Proof of Proposition 6.2. We assume that (a)n and (b)n hold. Let �q;`n be one of the
components in�qn and assume thatMj DMj .`/ for j D 0; : : : ; n are as in .b/n. From
Proposition 4.4, we get that .CS/k.�`n/ holds for k 2 Œ0;n� (recall that condition (5.2)k
is stronger than .NR/k for all k). Applying Proposition 5.1 gives a set Rq;`nC1 � �

q;`
n

such that
jR
q;`
nC1j < K

�1=3
nC1 and #Rq;`nC1 < K

4
nC1; (6.2)

with the property that, for each component �q;`
0

nC1 in �q;`n nR
q;`
nC1, there is MnC1.`

0/2

ŒKnC1; 2KnC1� such that (5.1)nC1, (5.2)nC1, and .Pos/nC1 hold for all ! 2 �q;`
0

nC1.
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Thus, it follows from Proposition 3.1 that also .S/n�1 and .R/n�1 hold for each ! 2
�
q;`0
nC1; and, by Proposition 4.4, we get that .Geo/nC1 holds for each ! 2 �`

0
nC1.

To finish, we let

�
q
nC1 D

#�q
n[

`D1

�q;`n nR
q;`
nC1:

Then, by .a/n and (6.2), we have

#�qnC1 � #�qn �K
4
nC1 � K

4
1 � � �K

4
n

and

j�
q
nC1j > j�

q
0j �

nX
kD1

K
�1=10

k
� #�qn �K

�1=3
nC1 :

Noticing that

#�n �K
�1=3
nC1 � K

4
1 � � �K

4
n �K

�1=3
nC1 � �

.K0C���CKn�1/=5�Kn=60 < K
�1=10
nC1

provided that � is large enough, independently of n, finishes the proof.

6.2. Proof of Theorem 1

From Lemma 6.1, we know that Theorem 1 (1)–(3) hold for all irrational number
! 2 �0 n�

nt
0 .

For each component �q0 in �nt
0 we get, by combining Lemma 6.3 and Proposi-

tion 6.2, a nested sequence�q0 � �
q
1 � �

q
2 � : : : such that .a/n and .b/n hold for all

n � 0. Let
�q1 D

\
n�0

�qn:

By the estimates in .a/n, we have

j�q1j > j�
q
0j � 2K

�1=10
1 :

We also let

�nt
1 D

#�nt
0[

qD1

�q1:

Since (6.1) holds, we have #�nt
0 � #�0 < 2d2K40 . Thus, the above estimate gives

j�nt
1j > j�

nt
0 j � 4d

2K40 �K
�1=10
1 > j�nt

0 j �K
�1=9
1 : (6.3)

Finally, we let
�1 D .�0 n .�

nt
0 [Q/ [�nt

1:
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This is half of the set �1 in the statement of Theorem 1 (recall the discussion in the
beginning of Section 2.9). By the estimates in (6.1) and (6.3), we get

j�1j > j z�j �
K
�1=3
0

5
>
j�j

2
�
��1=60

2
:

It remains to show that statements (1)–(3) holds for all ! 2 �nt
1. As we will see,

the cocycle G!;E is not uniformly hyperbolic for such !.
We now fix ! 2 �nt

1. Thus, ! 2 �q1 for some q. Let d0 D d0.�
q
0/ � 1. By Pro-

position 6.2 and Lemma 6.3, there is thus a nested sequence of intervals : : : � �`2

2 �

�
`1

1 � �
q
0 such that ! 2

T1
nD1�

`n
n . Furthermore, there is a sequence .Mn.`n//

1
nD0

such that M0 D K0 and Mn 2 ŒKn; 2Kn� for each n � 1, and (5.1)n, .NR/n, .Pos/n,
.S/n, .R/n, and .Geo/n hold for all n � 0; and for each n � 1 we have that In consists
of d0 intervals, each of a length < ��Kn�1 .

Proof of (1). Let

X1 D
\
n�0

.XCn \X
�
n / D T n

1[
jD0

[
jmj�ŒK

3=2

j
�

.Ij Cm!/:

(Recall the definition of X˙n in (3.7).) By the estimates above, and recalling the defin-
ition of .Kn/ in (3.2), and that jI0j < C��1=8, we have

jX1j � 1 �

1X
nD0

.2ŒK3=2n �C 1/jInj > 1 � 3C�
�1=20

�

1X
nD1

��Kn�1=2

which is close to 1 since � is large.
If .x; r/ 2 X1 � .yR n P�/, we can apply .S/n.2/ for each n � 0 (recall the state-

ment after equation 3.7) and get

jr1 � � � rkj � �
2k=3 for every k � 1 such that jrkj > 1=�:

(Recall (3.1)). Since jX1j > 0, it thus follows from Lemma 2.1 that L.E; !/ �
.2=3/ log�.

Proof of (3). By Lemma 3.3, we have

FMnC1.AnC1/ \ F
�MnC1.BnC1/ � F

Mn.An/ \ F
�Mn.Bn/ for all n � 0:

Since these sets are closed, and since ; ¤ InC1 D �1.FMn.An/ \ F
�Mn.Bn// for

all n � 0, we can take

.x0; r0/ 2

1\
nD0

.FMn.An/ \ F
�Mn.Bn// ¤ ;:
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Let s0 D r0. By definition, we have

.x�Mn
; sMn

/ 2 An and .xMn
; rMn

/ 2 Bn for all n � 0:

Thus, for each fixed n� 0we have, by the definition ofAn;Bn and the fact that .Pos/n
holds, that .x�Mn

; sMn
/2X�n�1 �PC and .xMn

; rMn
/2XCn�1 �P�; and, since .NR/n

holds, we have that TC.x�Mn
; In/ DMn and T �.xMn

; In C !/ DMn � 1.
For each n � 0, we can therefore apply .S/n.3/ to the point .x�Mn

; sMn
/, and

.R/n.3/ to the point .xMn
; rMn

/. Thus, we can conclude that

js1 � � � skj � �
2k=3 for all k � 1

and

jr2 � � � rkj � �
�2.k�1/=3 for all k � 2:

In particular, we have js1j � �2=3 and jr2j � ��2=3. Since .I0 � !/ \ I0 D ; and
.I0 C 2!/ \ I0 D ; (by .NR/0), and since x�1 2 I0 � ! and x2 2 I0 C 2!, we get
js0j D jv.x�1/� 1=s1j 2 .�

2=3;�/ and jr1j D jv.x1/� r2j�1 < ��2=3. We hence have

js0s1 � � � skj � �
2.kC1/=3 for all k � 0

and

jr1 � � � rkj � �
�2k=3 for all k � 1:

Now, let

u0 D
1q
1C s20

�
1

s0

�
:

Since r0 D s0 and �2=3 < js0j < �, it follows from the above estimates, combined
with the formulae (2.4) and (2.5), that

jA�k.x0/u0j < 2�
�2k=3 for all k � 1

and

jAk.x0/u0j < 2�
�2.k�1/=3 for all k � 1:

Proof of (2). We turn to Theorem 1 (2). We need to construct the subspaces W ˙.
Since (5.1) holds for each n � 1, we have that

x� 2
\
n�0

yXn D T n
1[
jD0

[
jmj�K2

j

.Ij Cm!/µ yX1:

Note that yX1 � X1.



On the dynamics of quasi-periodic Schrödinger cocycles 1071

To simplify notation, we let X�1 D T and

Xn´ X�n \X
C
n D T n

n[
jD0

[
jmj�ŒK

3=2

j
�

.Ij Cm!/:

Sublemma 6.4. For every n � 0, if jkj < K2n � ŒK
3=2
n � and x� C k! 2 Xn�1, then

x� C k! 2 X1.

Proof. Since x� 2 yX1, we must have x� C k! 2 T n
S1
jDn

S
jmj�ŒK

3=2

j
�
.Ij Cm!/.

SinceX1 D
�
T n

S1
jDn

S
jmj�ŒK

3=2

j
�
.Ij Cm!/

�
\Xn�1, the statement follows.

This lemma implies, in particular, that x� C k! 2 X1 for all jkj < K20=2 (recall
that X�1 D T ).

Sublemma 6.5. For every n � 0 we have that if K2n=2 � k < K2nC1=2, then there
exists ` 2 Œk � 3K3=2n ; k� such that x� C `! 2 X1, and, if �K2nC1=2 < k � �K

2
n=2,

then there exists ` 2 Œk; k C 3K3=2n � such that x� C `! 2 X1.

Proof. We prove the first statement. By the previous sublemma, we are done if we
can find an ` 2 Œk; k � 3K3=2n � such that x� C `! 2 Xn.

Since .NR/j holds for all j � 0, we know that in any interval of length K2j , there
are at most .2ŒK3=2j �C 1/ indices i such that x� C i! 2

S
jmj�ŒK

3=2

j
�
.Ij Cm!/.

Thus, in an interval of length 3ŒK3=2n � there are at most

.2ŒK3=2n �C 1/C

n�1X
jD0

�3ŒK3=2n �

K2j
C 1

�
.2ŒK

3=2
j �C 1/ <

5

2
K3=2n

indices i such that x� C i! 2 T nXn. Therefore, we can find an ` as in the statement
of the lemma.

We shall now construct the subspace W � � R2 and show that the first half of
Theorem 1 (2) holds.

From the previous sublemma, we get an increasing sequence 0 < k1 < k2 < � � �
such that x� C ki! 2 X1 for all i � 1.

Sublemma 6.6. We have

�2.F
�kiC1.x� C kiC1!;P�// � �2.F

�ki .x� C ki!;P�// � P� for all i � 1

and
j�2.F

�ki .x� C ki!;P�//j ! 0 as i !1:



K. Bjerklöv 1072

Proof. If we take any .x; s/ 2X1 �P�, it follows from .R/n.1/, which we can apply
to .x; s/ for each n� 0, that sk 2 yP� � P� for each k � 1 such that x�k 2X1. Since
x� 2 X1 and x� C ki! 2 X1, for each i � 1, and since kiC1 > ki , we can conclude
that the first statement of the lemma holds.

That the second statement holds is a consequence of the following observation.
Take x D x� C ki!, i � 1 and s 2 P�. Then, we have ski

2 P� (in particular,
jski
j<�), as we saw above. By .R/n.2/ (take sufficiently large n), we get js1 � � � ski

j �

��.2=3/ki . Applying Lemma A.2 now gives the result.

From this last sublemma, it follows that there is a unique r� 2 P� such that

.x�; r�/ 2 F �ki .x� C ki!;P�/ for all i � 1: (6.4)

Sublemma 6.7. If r�j D �2.F
j .x�; r�//, then

jr�r�1 � � � r
�
k j � �

�.kC1/=2 for all k � 0:

Proof. We first note that r�j 2 P� for all j � 0 such that x�j 2 X1. Indeed, if we
would have r�j 2 yR n P� and x�j 2 X1 for some j � 0, it would follow from .S/n.1/
(which holds for each n), applied to the point .x�j ; r

�
j /, that r�

k
2 yR nP� for all k > j

such that x�
k
2 X1. But this would contradict (6.4).

Next, take any k � 1. If k < K20=2, then (as we saw above) x�
k
2 X1. Thus, we

have r�
k
2 P�. From .R/n.2/ (with large enough n) applied to .x�

k
; r�
k
/, we get that

jr� � � � r�
k
j < ��.2=3/.kC1/ (recall that r�; r�

k
2 P�). Assume now that K2n=2 � k <

K2nC1=2 for some n � 0. From Sublemma 6.5, we get an ` 2 Œk � 3K3=2n ; k� such that
x�
`
2 X1 (and thus r�

`
2 P�). Applying .R/m.2/ (with large enough m) to .x�

l
; r�
l
/

yields jr� � � � r�
`�1
j< ��.2=3/`; and, from Lemma 2.6(2), we get jr�

`
� � � r�

k
j< �k�`C1.

Hence,
jr� � � � r�k j < �

�.2=3/`�k�`C1 < ��.kC1/=2:

For the last inequality to hold, we need that .5=3/` > .3=2/k C 3=2. But, recalling
the estimates on k and ` above, we see that this inequality clearly is satisfied.

Finally, by letting W � � R2 be the line passing through the origin corresponding
to r� 2 yR, and noticing that (by using Sublemma 6.7 and recalling (2.4))ˇ̌̌̌

Ak.x�/

�
1

r�

�ˇ̌̌̌
D

ˇ̌̌̌�
r� � � � r�

k�1

r� � � � r�
k

�ˇ̌̌̌
< 2��k=2 < ��k=3; k � 1;

we see that the first half of Theorem 1 (2) holds.
In a similar way, we can construct the subspaceW C. From Sublemma 6.5, we get

an increasing sequence 0 < k1 < k2 < � � � such that x� � ki! 2 X1 for all i � 0.
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By using .S/n, which holds for all n, we can prove the analogue of Sublemma 6.6,
namely,

�2.F
kiC1.x� � kiC1!;PC// � �2.F

ki .x� � ki!;PC//

� .��;��3=4� [ Œ�3=4; �/ for all i � 1

and
j�2.F

kiC1.x� � kiC1!;PC//j ! 0 as i !1:

To see that the last inclusion above holds, recall that, in particular, x� � ! 2 X1.
Therefore, �2.F k1�1.x� � k1!;PC// � PC. Since I0 \X1 D ; (so x� � ! … I0),
we get �2.F ki .x� � ki!;PC// � .��;��

3=4� [ Œ�3=4; �/.
It follows that there is a unique rC 2 PC such that .x�; rC/ 2 F ki .x� � ki!;PC/

for all i � 1. And, letting sCj D �2.F
�j .x�; rC/, we get, similarly to Sublemma 6.7,

that jsC
k
� � � sCj > �.kC1/=2 for all k � 0.

A. Contraction and derivative estimates

In this appendix, we have collected some elementary results of a computational nature.

A.1. Contraction

We use the notation from Section 2.2.

Lemma A.1. Assume that n � 1 and that there is an x 2 T and ! 2 T such that, for
every r 2 PC, there holds jrn � � � r1j � �2n=3. Then,

j�2.F
nC1.¹xº � PC//j � 2�

�3=4��4n=3:

Moreover, if we let r� D �3=4 and rC D ��3=4, then

�2.F
nC1.¹xº � PC/ D Œr

�
nC1; r

C
nC1�:

Proof. Since r1 D v.x/ � 1=r , it is easy to check that

�2.F.¹xº � PC/ D Œv.x/ � �
�3=4; v.x/C ��3=4� D Œr�1 ; r

C
1 �I

and, by induction, we have the formula

rnC1 � �nC1 D
r1 � �1

rn � � � r1�n � � � �1
:

Thus, for any r; � 2 PC, we have, by using the assumption,

jrnC1 � �nC1j � jr1 � �1j�
�4n=3

� 2��3=4��4n=3:
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Since r˙nC1 must be boundary points of �2.F nC1.¹xº � PC//, we can therefore con-
clude that �2.F nC1.¹xº � PC// D Œr�nC1; r

C
nC1�, and thus

j�2.F
nC1.¹xº � PC//j � 2�

�3=4��4n=3:

We have the corresponding result for backward iterations.

Lemma A.2. Assume that n � 1 and that there is an x 2 T and ! 2 T such that, for
every s 2 P�, there holds jsn � � � s1j � ��2n=3. Then,

j�2.F
�n.¹xº � P�//j � 2�

�3=4��4n=3

Moreover, if we let s� D ���3=4 and sC D ��3=4, then

�2.F
�n.¹xº � P�/ D Œs

�
n ; s
C
n �:

Proof. We use the formula

sn � �n D .s0 � �0/.s1 � � � sn/.�1 � � � �n/:

A.2. Derivative

In this section, we assume that jEj � �=2. Thus, we have kvkC0 � 5�=6.

A.2.1. Forward. We assume that r0 is a constant and that n � 2 is fixed. For our
applications, we define

rk D rk.x; !/ D �2.F
k
! .x � n!; r0//:

Then, we have

rkC1 D v.x � .n � k/!/ �
1

rk
for k � 0: (A.1)

Lemma A.3. Assume that, for some fixed .x; !/ 2 T , the following holds for some
n � 2: jrn�1 � � � rj j � �2.n�j /=3 for all 1 � j � n � 1. Then j@˛.1=rn�1/.x; !/j <
��1=4 for ˛ D x; !.

Proof. We estimate @!.1=rn�1/. The estimate of @x.1=rn�1/ is similar.
Differentiating (A.1) with respect to ! gives

@!rkC1 D �.n � k/v
0.x � .n � k/!/C

@!rk

r2
k

: (A.2)

For the estimate, it does not matter at which points we evaluate v0, so we do not write
out explicitly at which points they are evaluated.
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By inductively using the formula (A.2), and recalling that r0 is constant, we get

@!

� 1

rn�1

�
D �

@!rn�1

r2n�1
D

2v0

r2n�1
C � � � C

.n � 1/v0

.rn�1 � � � r1/2
:

Using the assumption yields ˇ̌̌
@!

� 1

rn�1

�ˇ̌̌
< C��1=3:

A.2.2. Backward. We consider backward iterations analogously. We assume that s0
is a constant and that n � 3 is fixed. Define

sk D sk.x; !/ D �2.T
�k
! .x C n!; s0//:

Then, we have

skC1 D
1

v.x C .n � k � 1// � sk
for k � 0:

Lemma A.4. Assume that, for some fixed .x; !/ 2 T , the following holds for some
n� 3: jsn�2 � � � sj j � ��2.n�j /=3 for all 1� j � n� 2. Then, j@˛sn�2.x;!/j< ��1=4

for ˛ D x; !.

A.3. Geometry

The lemma in this section is adapted for the proof of Proposition 4.4.
As before, we let

g.x/ D g.x; !/ D v.x/ �
1

v.x � !/
�

1

v.x C !/
:

We also recall the definition of the set z�0 in (4.6).

Lemma A.5. Let ! 2 z�0 and assume that 0 < " < ��1. Assume that I D Œp; q� is
an interval in I j0 (some j ), and that the functions e˙; w˙ are C 2 in a neighborhood
of I � ¹!º and such that, for each x 2 I , there holds

je˙.x; !/j; jw˙.x; !/j < ��1=2; (A.3)

0 < eC.x; !/ � e�.x; !/ < "; 0 < wC.x; !/ � w�.x; !/ < "; (A.4)

j@˛e
˙.x; !/j; j@˛w

˙.x; !/j < ��1=4 for ˛ D x; !: (A.5)

Letting

'˙.x; !/ D v.x/ �
1

v.x � !/C e˙.x; !/
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and

 ˙.x; !/ D
1

v.x C !/ � w˙.x; !/
;

and

�C.x/ D 'C.x/ �  �.x/

and

��.x/ D '�.x/ �  C.x/;

we further assume that g0.x/ ¤ 0 on I and

�C.p/ � 0 � ��.q/ if g0.x/ > 0 on Œp; q�; (A.6a)

��.p/ � 0 � �C.q/ if g0.x/ < 0 on Œp; q�: (A.6b)

If
A0 D¹.x; r/ W x 2 I; '�.x/ � r � 'C.x/º

B 0 D¹.x; r/ W x 2 I;  �.x/ � r �  C.x/º;

then there exist p � p1 < q1 � q, q1 � p1 < "��5=4, such that �1.A0 \ B 0/ D
Œp1; q1�, and �C.p1/D ��.q1/D 0 if g0.x/ > 0 on Œp; q�, and ��.p1/D �C.q1/D 0
if g0.x/ < 0 on Œp; q�. Moreover, if � D �C or �� and if a D a.!/ 2 I is such that
�.a.!/; !/ D 0, then ja0.!/j < 1.

Proof. By the definition of the sets A0; B 0 and the functions �˙, we note that

�1.A
0
\ B 0/ D ¹x 2 I W ��.x/ � 0 � �C.x/º: (A.7)

From the assumption on !, we have that I0 \ .I0 ˙ !/ D ;. Combining this
with (A.3), we have the bounds

jv.x � !/C e˙.x; !/j; jv.x C !/C w˙.x; !/j > 2�3=4 for all x 2 I: (A.8)

Thus, we have
j�˙.x/ � g.x/j < ��2 for all x 2 I (A.9)

and, by using (A.5), we have for ˛ D x; !:

j@˛g.x; !/ � @˛�
˙.x; !/j < ��1 for all x 2 I: (A.10)

Moreover, from assumption (A.4) it follows that

0 < �C.x/ � ��.x/ < "��3=2; x 2 I: (A.11)
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We consider the case when g0.x/ > 0 on I . Note that we have

j�˙.x/j < ��2 H) .�˙/0.x/ > ��1=4: (A.12)

Indeed, if j�C.x/j < ��2, then by (A.9) we have jg.x/j < 2��2; and since (A.8)
holds, we must then have v.x/ < 1=2. If I j0 is of type (i), it follows from Lemma 2.10
that jv0.x/j > 2�3=4; we conclude that g0.x/ > �3=4. If I j0 is of type (ii), it follows
from Lemma 2.12 that g0.x/ > 2��1=4. In both cases, the statement now follows
from (A.10).

By assumption (A.6), we have �C.p/ � 0 and �C.q/ > 0; and ��.p/ < 0 and
��.q/ � 0 Since (A.10) and (A.11), hold we conclude that there are unique p �
p1 < q1 � q such that �C.p1/ D 0 and ��.q1/ D 0. Recalling (A.7), we see that
�1.A

0 \B 0/D Œp1; q1�. Furthermore, by (A.11) we have ��.p1/ >�"��3=2 >���2.
Since ��.q1/ D 0 and since (A.12) holds, we obtain the bound q1 � p1 < "��5=4.

To verify the last statement, assume that � D �C and that �.a.!/; !/ D 0. By
differentiating with respect to !, we get

a0.!/ D �
@!�.a.!/; !/

@x�.a.!/; !/
(A.13)

Since �.a.!/; !/ D 0, it follows from (A.12) that @x�.a.!/; !/ > ��1=4. Moreover,
we have j@!g.x; !/j < ��1=3=2 on I (recall (A.8)); combined with (A.10) this gives
j@!�.a.!/; !/j < �

�1=3. Plugging these two estimates into (A.13) yields the result.
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