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On the dynamics of quasi-periodic Schrodinger cocycles
for positive measure sets of frequencies

Kristian Bjerklov

Abstract. We consider the family of one-frequency quasi-periodic Schrodinger coycles G, £,
parametrized by the energy E. For potential functions v(x) = Avg(x), where v € C2(T,R) is
a Morse function with finitely many critical points and A > 0 is large, we show that, for any value
of E € R and for any phase x™ € T such that |vg(x™) — E/A| is not too small, there exists a set
of frequencies Q = Q(E, x™) of positive measure such that the following hold: (1) for every w €
Q, the upper Lyapunov exponent of the cocycle G, g is = log A and x™ is (essentially) a typical
point in Oseledets’ theorem; (2) either G, g is uniformly hyperbolic, or there exists a phase
xo € T such that E is an eigenvalue of the corresponding discrete Schrodinger operator Hy, ¢ -

In memory of Misha Goldstein

1. Introduction

For several decades, the quasi-periodic Schrodinger cocycle has attracted much atten-
tion in the literature. This is because its close connection to the one-dimensional
discrete Schrodinger operator with a quasi-periodic potential; but also because it has
shown to be a natural model-problem in the theory of dynamical systems. We refer to
the excellent articles [8, 18] for an overview of this rich subject.

1.1. The cocycle
Assume that vg € C(T,R) and let

0 1

Apa(0) = (—1 Avo(x) — E

) e SL(2,R), E,AeR.
Given an irrational w € T, let the Schrodinger cocycle G, g a: T x R? — T x R?
be given by

Go,ea(x,u) = (x + 0, Ag 1 (X)u). (1.1)

Mathematics Subject Classification 2020: 37D25 (primary); 37C60, 47B36 (secondary).
Keywords: Schrodinger cocycle, quasi-periodic, Lyapunov exponents.


https://creativecommons.org/licenses/by/4.0/

K. Bjerklov 1034

In this paper, we shall focus on the dynamics of G, g for large coupling con-
stants A. We thus assume that A > 0 is fixed and sufficiently large (depending on vy),
and we use I, w as the parameters. For this reason, we do not explicitly write out the
dependence on A, but write only Ag and G, .

We define the transfer matrix (or fundamental solution) AZ), g €SL2,R)(neZ)
by

Ag(x + (n — Dw) - Ag(x), n=>1
wEX) =11, n =0,
Ap(x +no) ' - Ap(x —w)™, n < -1,

Then, we can write
w (X u) = (x +no, Ay, g(x)u), neZ.

The growth of the norm || A7 g (x)]| is measured by the (upper) Lyapunov expo-
nent L(w, E), defined by

1
L. £) = fim - [ 1og]l4} 5 ()] dx =0,
T

where the limit exists by sub-additivity. This is one of the main objects in the present
paper.

In general, it is difficult to obtain non-trivial lower bounds of L(w, E) (for E in the
range of Avg), even showing positivity. The main reason is essentially the following: if
A is large, then the matrix A g (x) is strongly hyperbolic for all x outside a tiny region
where Avg(x) — E is close to zero; close to these zeroes A g (x) acts a rotation (which
can interchange expanding and contracting directions). This causes major problems
in estimating the growth of A”(x). In fact, this is a central problem in dynamics.

If L(w, E) > 0, it follows from Oseledets’ theorem (note that the transformation
X +— x + o on T is (uniquely) ergodic with respect to the Lebesgue measure) that
there exists a measurable splitting W (x) @ W~ (x) = R? such that for a.e. x € T
we have

1
lirf —log|A? p(x)u| = L(w)  forall0 # u € W+ (x) (1.2a)
n—>xtoo N ’
and
1
lirf —log|Al p(x)u| = —L(w) forall0 # u € W™ (x). (1.2b)
n—>xoo N ’

The cocycle G, £ is said to be uniformly hyperbolic if there exist a continuous
splitting W (x) @ W~ (x) = R? and constants C, @ > 0 such that for every x € T
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and n > 1 there holds:
|Ag g (Du| < Ce™"|u| foru € W™ (x),

|4, g (u| < Ce™"|u| foru € W (x).

It is well known that an equivalent definition of uniform hyperbolicity is that there
exist constants C, 8 > 0 such that

1A £ (x)]| = CeP" forallx € T andn > 1. (1.3)

One of the connections between the dynamics of the cocycle G, g and the cor-
responding Schrodinger operator Hy ,: £2(Z) — €(Z), given by

(Hx,w@)n = —(an+1 + an—1) + Avo(x + (n — Dw)an, (1.4)

is Johnson’s theorem [15] which states that G, g is uniformly hyperbolic if and only
if E is not in the spectrum of the operator H 4 (it is well known that the spectrum of
H, 4., as a set, is independent of the phase x).

We say that G, g is non-uniformly hyperbolic it L(w, E) > 0 and G, g is not
uniformly hyperbolic.

1.2. Related results

‘We now summarize some of the main results concerning, in particular, positivity of the
Lyapunov exponent for the one-frequency Schrodinger cocycle G, g . As mentioned
above, we focus on the case when the coupling constant A is large (large disorder);
there is also a rich theory (many times based on KAM theory) for the case when A is
small; and there are also more global results [1,2]. (There is a huge literature on quasi-
periodic Schrodinger operators and cocycle. We refer to the overview articles [8, 18]
for a more complete discussion.)

In the case when the function vy is real-analytic, it is possible to complexify the
problem and use powerful tools from, among others, harmonic analysis. Herman [13]
showed that if vg is a non-constant trigonometric polynomial, then, for any irrational
w €T, wehave L(w, E) Z log A uniformly for all £ € R; and Sorets and Spencer [21]
extended this result to the case of vy being non-constant and real-analytic.

A control on the Lyapunov exponents (for example, positivity on some interval)
is many times the starting point for a finer analysis of more delicate properties of the
cocyle (1.1) and the operator (1.4). This includes: regularity of the Lyapunov exponent
and the integrated density of states, existence of eigenvalues, presence of Anderson
localization, structure of the spectrum. Remarkable results have been obtained via
such an approach, in particular in the real-analytic case. We mention the seminal
works [6,9,11, 12].
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Under a Gevrey assumption on vy (and a Diophantine-type assumption on w), it
is possible to extend the techniques from the real-analytic case and show (for large
enough A) uniform (in E) positivity of the Lyapunov exponent and Anderson localiz-
ation [16]. Very related results (pure-point spectrum) are also obtained in [9] by other
methods.

To investigate the cases when vy is of lower regularity, there are so-far two direc-
tion: consider “simple” vy, or start excluding parameters. In the first direction, most
results concerning uniform (in E) non-trivial lower bounds of the Lyapunov exponent
are for vy € C2(T,R) with exactly two critical points [5,24] (closely related to the
seminal works [10,20] on the Schrédinger operator (1.4); see also [17] and references
therein for recent developments for this class of vg).

Concerning the parameter exclusion, one way is to fix either w (irrational, or sat-
isfying some Diophantine condition), i.e., the base dynamics is fixed, and excludes
parameters E from some interval, or £ and excludes (resonant) frequencies w. We
also mention the technique in [7, Theorem 1.2], where one, for a large class of 7y €
C3(T,R) and A > 1, can perform small changes in 7y and obtain a vy such that for
alarge set of w € T one has L(E) = logA for all E € R.

For a fixed irrational w, and under very mild assumptions on vy (bounded and
measurable), one has L(E) 2 log A for all E € R outside an exceptional set of expo-
nentially small (in A) measure [19,22] (see also [23] for related results).

In the present paper, we will show that if vy € C2(T, R) is a Morse function
with finitely many critical points and if A > 1, then for any £ € R we can construct
a positive measure set of w (depending on E) such that for all such w we have a
very good control on the dynamics of the cocycle G, g ; see Theorem 1 below. This
includes that a chosen xg € T (such that |vg(x) — E/A| is not too small) can be shown
to be “typical” in the sense of the Oseledets’ theorem (1.2) (the excluded set of w also
depends on xg).

This extends the results in [4] (see also [7, Theorem 1.1], [26], and [25]), in that
every E € R can be considered. In the latter paper(s), one considers vg € C'(T,R)
and restricts to energies E for which E/A € &, where & C R is such that |vj(x)| > s
on vy ' (&) for some s > 0.

The general approach used in the proof is based on the seminal paper [3] by Bene-
dicks and Carleson. This kind of approach was first used in the cocycle case in [25]
(not for Schrodinger cocyles; but it is possible to adapt to this class, see [26]). We will
build on the techniques from [4, 5].

We end by mentioning that the methods in [4] have been used to analyze more
general quasi-periodically forced circle maps [14]. Similarly, the techniques in the
present paper could be extended to more general systems.
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1.3. Main results

We are now ready to formulate the main results in this paper. First, we shall make
precise the assumptions on vg; and we shall introduce the first critical set 1y, as well
as the set 2 of frequencies.

1.3.1. Assumption on vg. Assume that vg € C?(T,R) has a finite number of critical
points c1,...,cq € T and that

ve(cj) #0 foralll < j <d. (1.5)

1.3.2. Definition of 2 and the definition of the critical set Iy. Let w, be the
minimum distance (on T') between any two distinct critical points c;, ¢; and let

Q = {0 0] < Onu)- (1.6)

Remark 1. The reason for this set is that v/(x — w) and v'(x + w) have different
signs if x is close to a critical point and & < |®| < wmax — € (see Figure 1). This will
guarantee that certain “bad sets” move with @ (like a “twist condition™). In fact, this
is only needed in the cases when the parameter E is close to Av(c;) (1 <i < d).
However, to get an easier formulation of the main theorem we focus only on w € 2.

We also introduce the critical set /¢ defined by
Io = Io(E, L) = {x € T : [Avo(x) — E| < 3A%/4). (1.7)

Moreover, if S C T is a Lebesgue measurable set, we denote by |S| the Lebesgue
measure of S.
With these assumptions and definitions, we can now formulate the main theorem.

Theorem 1. There is a Ao = Ao(vo) > O such that, for all A > Ly, the following hold.
Forevery E € R and every x* € T \ Io(E), there exists a set Qoo = Qoo(E,Xx*) C Q
(10| > Q] — A71/90) such that, for every w € Quo, the conditions below are met.

(1) L(w, E) > 2log))/3.
(2) There exist two one-dimensional subspaces W+ C R? such that
wtew™ =R?
and, for alln > 1, we have
|A" (x*)u| < A7"3u| forallu e W™,
A" (x*Yu| < A7"3u| forallu e WT.
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(3) Either the cocycle Gy g is uniformly hyperbolic, or there exist an xo € T
and a unit vector ug € R? such that | A" (xo)uo| < 2472173 for all n 0.
Moreover, the latter case holds if E € [A minvg + 4)3/4 L max vy — 4/\3/4].

Remark 2. (a) From (1), it follows that (1.2) hold for a.e. x € T. However, if we pick
an x € T, we do not know if this point is typical in the sense of (1.2). Condition (2)
says that the chosen point x* is (close of being) a typical point in Oseledets’ theorem.
(Another situation when a prescribed point is shown to be typical for the dynamics
can be found in [3, Theorem 5].)

(b) In (3), if the cocycle G, £ is not uniformly hyperbolic, it follows from the
definition of the cocycle that if (Z‘l)) = Uy, then (a;’il) = A" (X())(Z?) (n € Z) satis-
fies —(an1 + an—1) + Avo(xo + (n — )w)a, = Ea,. Thus, (a,) € £>(Z) is an
exponentially decaying (at d-oo) eigenfunction of the Schrodinger operator Hy,
defined in (1.4).

(c) In (3), if the cocycle G, g is not uniformly hyperbolic, then the correspond-
ing projective cocycle (which is obtained by considering the action of A(x) on the
projective space P!, see also the map (2.1) below) is minimal. The proof of this fol-
lows the same lines as in [4] (see also [14]); however, in order to keep this article of a
reasonable length, we have omitted the proof.

(d) It should be mentioned that we have not tried to optimize any exponents in the
estimates.

1.4. Outline of the paper

As mentioned above, the overall strategy of the proof of Theorem 1 is inspired by the
seminal work by Benedicks and Carleson in [3]. We follow, in particular, the approach
in [4]. In more detail, the structure is as detailed below. In Section 2 we introduce the
projectivization F of the cocycle G, which will be the main object we work with. Ele-
mentary properties of the map F are derived, and a classification of the components
in the critical set [ is introduced. Furthermore, a first parameter exclusion (of the fre-
quencies in €2) is performed. In Section 3, we introduce the critical sets 1,, (n > 1) of
higher order and introduce arithmetic conditions (on w) with respect to these critical
sets. Under a suitable (abstract) assumption on w, we prove the main inductive step
(Proposition 3.1) for controlling iterates of F and F~!, up to a fixed scale. We also
derive an important inclusion property (Lemma 3.3).

In Section 4, we apply the estimates from Section 3, in order to control the geo-
metry of the iterates of certain curves (which are used to define the critical sets). This
then allows to inductively obtain (in Proposition 4.4) information about the geometry
of the critical sets (small intervals) and how they move with the parameter w.
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With the information about the critical sets [, (for a fixed scale), it is possible
to estimate the measure and geometry of the set of @ which do not satisfy certain
arithmetic conditions and which will be removed. This is the content of Section 5,
and the main result is Proposition 5.1.

Finally, in Section 6, we can put the three main inductive steps (control on the
iterates, control of the geometry and the behavior of the critical sets, and the frequency
exclusion) together to obtain a set 2o, C €2 such that, for all w € Q, for a large set
of initial conditions, we have control on the iterates of F and F~! for all time.

In Appendix A, we have collected some results of a more computational nature
which are used in the analysis.

2. Preliminaries

In this section, we shall introduce some of the main objects needed for the analysis
and derive some elementary properties about them.

2.1. Some standing assumptions

We assume that the function vy is fixed, satisfying the assumptions in Section 1.3.1.
For simplicity, we also assume that

1

v < -.

lvollco = 3

This only scales A. Moreover, to simplify notation, we let

v(x) = Avg(x) — E.

(Recall that, for each fixed E, we want to construct a good set of w; so E is fixed, and
o acts as the parameter.)

We always assume that A is large enough, depending only on vy (and, in particular,
not on E); we stress that there are only finitely many largeness assumptions on A, so
indeed there exists A9 > 0 such that everything below holds for all A > A¢. Note that
this (implicit) standing assumption on the largeness of A also applies in the statements
of the lemmas and propositions below, that is, we do not explicitly write out that we
assume that A is large enough, depending on vy.

2.2. The projective cocyle

LetR =R U {oo}. We note that

1 1
A(x)(r) = r(v(x)— %)
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Thus, the skew-product map F,,: T x R — T x R defined by

Fo(x,r) = (x 4+ w,v(x) — %)

is the projective action of the cocycle G,. Its inverse is given by

Fajl(x,r) = (x _w’v(x——la))—r)'

If w € T is fixed, then we use the following notation: if x € T, we let
Xpn =X +nw, nelr;
if (x,r) eT x R, then we let
ta=m(Fy(x,r), n=0;
and, if (x,s) € T x I@ then we let
sn = ma(F,"(x,5)), n=>0.
With this notation, we have
Fo(x,r) = (Xn,rn)

and
F,"(x,8) = (x=p,8p), n>0.

Here (and in the rest of the paper),

T x@—>T, m(x,r) = x,

7. T xR — I@, m(x,r) =r.

1040

Q2.1

(2.2)

(2.3)

Remark 3. We shall always use this convention: given r (and x, @), we assume that

rp are the forward iterates of r under F, as define above; and given s (and x, ®), we

assume that s, are the backward iterates of s under F (i.e., the forward iterates of s

under F~1), as above.

With this definition, we see that if (x,7) € T x R, then

An(x)(i) =7rp_1 ...r(rl), n>1.

By recalling (1.2), we see that the above relation gives the following result.

(2.4)
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Lemma 2.1. Ifw € T is irrational and if there is a measurable set X C T,
such that there for each x € X exists r € R such that

X| >0,

— 1
lim —log|ry—1---7| >y >0,
n—oon

then L(w) > y.

Similarly, we have that if (x,s) € T x R, then

A7 (x) ! = : ! , n>1. (2.5)
s Sp 851 \Sn

2.3. The cones Py and I”\i

The following regions (cones) in R will be used frequently in the analysis.
Let

Pr={reR:|r|=2¥* and P_={seR:|s| <217,
We also let
Py={reR:|r|=2A¥* and P_= {s eR:s| < %/X‘y“}.
By definition, we thus have

134_ C P+ and P_CP_.

2.4. The first entry times 7,

Givenx € T and S C T, let
T (x,S) = min{m > 0: x + mw € S}.

Here, we assume that 7,1 (x, S) = oo if x + mw ¢ S for all m > 0. Similarly, let
T,(x,S)=min{m >0:x —mw € S},

where T (x,S) = oo if x —mw ¢ S forallm > 0.

2.5. Basic lemmas

Here, we collect some elementary facts about iterations of F' = Fy,. Recall the defin-
ition of the critical set Iy C T in (1.7).
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Lemma 2.2. We have that

(1) if (7)€ (T \ Io) x R\ P-) then 1y € Py;

(2) if (x,s) € (T \ (Io + w)) x (R\ Py) then s; € P_.
Proof. (1) Since, x ¢ Iy we have |v(x)| > 3A3/4, and |r| > A=3/%. Hence, |r;| =
lv(x) — 1/r| > 3A3/4 — 13/4 = 2)3/4,

(2) Since x ¢ Iy + w, we have [v(x — w)| > 3434, and |s| < A3/*. Therefore,
Is1] = 1/|v(x —w) —s| < 1/(BA3* = 13/%) = (1/2)A73/4, "

We clearly have ﬁ+ - (]@ \ P_) and P.cC (I@ \ P4). Thus, from the previous
lemma, we immediately get the following result (which is the base case of Proposi-
tion 3.1 below).

Lemma 2.3. Assume that o € T is fixed.
M If (x,r) e T x (I@ \ P_) and N = T (x, Iy), then rj € 13+ for all k =

I,...,N.
Q) If(x,s) eT x(]IA%\PJr) and N = T~ (x, Iy + o), then s € P_ forall k =
I,...,N.

2.6. Proof of Theorem 1 for |E| > A/2

We can now prove the statement in Theorem 1 in the (trivial) case |E| > A/2. The
proof consists of two parts.

Lemma 2.4. If |E| > A/2, then Iy = 0.

Proof. This follows immediately from the definition of /o in (1.7), recalling that
lvollco = 1/3. n

Lemma 2.5. Assume that w € T is irrational and that E is such that Iy = @, and
assume that x* € T. Then, both Theorem 1 (1) and Theorem 1(2) hold. Moreover,
G, E is uniformly hyperbolic.

Proof. We have Iy = 0. Thus, from Lemma 2.3, we obtain that, for all (x,r) € T x
Py, we get |ri| = 243/, for all k > 1; and, for all (x,s) € T x P_, we get |sg| <
A73/4/2 forall k > 1.

Recalling Lemma 2.1, we see that L(w, E) > 3(log A)/4. And clearly (1.3) is
satisfied, so G, is indeed uniformly hyperbolic.

It remains to verify condition (2). Although this is quite obvious, we include a
proof, since we shall make a similar approach in the proof of the general case in
Section 6.
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Foreach k > 1, let
Uk = ma(F*(x* + ko, P_)).

From the above estimates, we get Uy, C Uy for all £ > 1; and, by Lemma A.2, we
get that |Ug| — 0 as k — o0. Thus, there is a unique r~ € P_ such that (x*,r7) €
F_k(x* + kw, P_) for all k > 1. We conclude that r, € P_ for all k >1, so
[re- ri| < A73/4K4D for all k > 1. Let W~ C R? be the line passing through the
origin which corresponds to r~. Recalling (2.4) gives one half of Theorem 1 (2).

Let Vi = m(F¥(x* — kw, Py)). Proceeding similarly (we have Vi, C Vi
for all k), using Lemma A.1, we get a unique r* € P4 such that (x*,rT) €
F*(x* —kw, Py) for all k > 1. Let W™ be the line corresponding to r . recall-
ing (2.5) finishes the proof of Theorem 1 (2). |

2.7. A uniform lower bound for |E| < A/2

If 1o = @, then there is nothing to do, as we have seen in Lemma 2.5. From now on,
we shall always assume that /o # @. In particular, we assume that

A
|E| < —.
2

By this assumption on E, we have
54
lv(x)] < 3 forallx € T.

We get the uniform bounds below.

Lemma 2.6. Foranyw € T, (x,7r),(x,s) € T x Rand N > 1 the following holds:
(1) if|lrn| > 1/A, then |r-ry - ry| > 1/ANT1;
() if |sn| <A, then |s-sp---sy| < ANTL

Proof. To prove (1) we only need to note that if |r;| < 1/A, then one has |rjrj 4| =
lo(xj)rj —1| > 1—=5/6 =1/6 > 1/A%. The proof of (2) is similar. ]

2.8. Classification of critical intervals

We introduce some notations and derive several estimates which will be used in later
sections. The estimates are of elementary “calculus-type,” but, since they are crucial
for the proof of Theorem 1, we have included some details.

Recalling assumption (1.5), we let ¥ > 0 be such that

2k = min {|vg(c;j)|} > 0.

gevey
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For each j, there is an open interval (¢; — 8;,c¢; + &), §; > 0, such that |vj(x)| > «
forall x € U;. If £y > 0 is sufficiently small, then we have

d

, 5; 5;
{x 1 vg(x)] < 4o} C jL;Jl(Cj - Ej,cj + 5]) (2.6)

The set /o defined in (1.7) can be written
E —1/4
Io = Io(E,2) = {x:(vo(x)—ﬂgu }

Since vg has d critical points, the set /o can consist of at most d intervals. Further-
more, we have the following.

Lemma 2.7. Assume that 1 ({ is a component in I.
1) Ifex € I({ for some k, then |vg(x)| > k on I({.
(2) We have |I({| < CA7Y8 ywhere C = C(vy).

Proof. (1) Since ¢ € 17, we have |vo(ck) — E/A| < 3474 Let 1% = ¢ £ A71/°.
Then, [, %] C (ck — 8k, ¢k + 8k), so we have |vg (x)| > k on [t~, ¢ T]. This implies
that |vo(tF) — vo(ck)| = k(T —cx)?/2=KkA72/° /2> 6474 s0t* ¢ Iy. We con-
clude that I < [t=,¢7].

) If I({ N (cx — 6k /2, cr + 8;/2) = @ for each k, it follows from (2.6) that
[l > €o on 1], so |IJ| < 6A74/L. I 1] N (ck — 8 /2. cx + 8k /2) # 0, then
we must have I({ C (ck — Ok, ck + 8k) since |vg| > « on this interval. From this, it

follows that |I]| < 2/12A=1/4/k = CA™V/3. .

By the previous lemma, we can make the following classification of the compon-
ents in /y. Let I({ be an interval in /y. We say that / ({ is of type
(ii)* if ¢ € 1] for some k and v] > k on I
@)~ ifcg € I({ for some k and vy < —« on I({;
()T ifvy>0onl;
(i)~ ifv) <Oonly.
Lemma 2.8. If Iy contains k intervals of type (ii), then Iy consists of at most d — k

intervals.

Proof. Note that between any two intervals in [y there has to be a critical point; and
there is one critical point in each interval of type (ii). ]

Lemma 2.9. If E € [A minvg 4 41%/*, A max vo — 443/4], then Iy = Io(E) consists
of at least one (in fact two) intervals of type (i).
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Proof. To get an easier notation, we assume that vo(c;) = min vy and vo(cx) =
max vg, k > 2; and we assume that the critical points in between (if there are any)
are ordered as ¢1 < ¢ < ¢3 < --- < ¢g. Since each critical point ¢; is non-degenerate
(assumption (1.5)), it follows that vg(c;) and vg(cj4+1) must have different signs
for each j = 1,2,...,k —1; and we have |vo(c;) — vo(cj+1)| > O for all j =
1,...,k —1.Since vg(c1) > 0 and vj(ck) < 0, we see that k must be even. Moreover,
Vg is increasing on [ca;—1,¢2;](i = 1,2,...,k/2) and decreasing on [c2;, c2i +1](i =
1,2,...,k/2 —1). From this, it follows that Uffl (vo(c2i—1),vo(c2;)) is a finite open
cover of (vo(c1), vo(ck)) = (min vy, max vy). Hence, there exists 7 > 0 such that, for
any interval J C (min vy, max vg) of length < 7, there is an i € [1, k/2] such that
J C (vo(c2i—1), vo(c2:)).

Assume now that £ € [A min vy + 4A3/4, A min vy — 413/4]. Then J := [E/A —
30"Y4 E/A 4 34714] € (min vo, max vo) (and clearly |J| < 7); so, there exists
i €[1,k/2] such that J C (vo(c2i—1),vo(c2:)). By definition, we have Iy = vy (J).
Thus, there is a component of Iy in (c2;—1, C2;).

By doing the same analysis on the arc [c, ¢1], we would get one more component
in I of type (i). [ ]

Lemma 2.10. If I] is of type ()%, then [v/(x)| > 243/* if x € I] and |v(x)| < 1.

Proof. We write I({ = [a, b]. We have seen in the proof of Lemma 2.7 that either
we have |[v'| = |Avg| > ALy on 17, or [v"| = [Avg| > Ak on I({. In the first case,
there is nothing to prove. We thus assume that |v”| > Ak on I({ . By assumption,
we have |[v| > 0 on I({. We assume that v/ > 0 and v” > Ak; the other cases are
treated similarly. By the definition of / /= [a, b] we must have v(a) = —3A3/* and
v(b) = 3134,

If x € (a,b) is such that |v(x)| < 1, then v(x) — v(a) > 313/* — 1 > A3/4. Since
v'(a) > 0and v” > Ak, itis easy to verify that Ak (x —a) < v’(x),and v'(¢) < v'(x) —
Ak(x —1) for t € [a, x]; s0, A3/* < v(x) —v(a) < V' (x)(x —a) — Ak(x —a)?/2 <
v/ (x)(x — a). Combining these two estimates yields v/(x) > vVAkA3/4 > 213/4. =

2.9. Frequency assumptions

Recall the definition of w,,x and the set 2 in (1.6). We shall now make the first
frequency exclusion in 2.

For simplicity, we shall focus only on “one half” of the set €2, i.e., we shall only
consider 0 < w < wpax. The “second half”, —wn.x < © < 0, is treated in the same
way. In some of the estimates, it slightly simplifies to know the “sign” of @ and not
have to consider two cases.

We let

Q ={w: A7V <0 <wpx — A"V c Q. (2.7)
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X —w X X+

Figure 1. Different signs of v/(x £ w) for x close to a critical point.

The next lemma will be needed later (for example in Lemma 2.12) in the process
of parameter exclusion in the cases when E is such that /y contains an interval of
type (ii). It will guarantee that we can control how things move when w changes.

Lemma 2.11. If I] is of type (i)* and x € 1], @ € @', then |v/(x + )| > A*/°, and
V' (x + w) and v'(x — w) have different signs. Moreover, we have |v(x + w)| > 313/4,

Proof. We know that [ ({ contains a critical point, which we denote by c. Let a and b
be the closest critical points to ¢ such that a < ¢ < b (a and b can be the same point
on T'). We have |¢c — a|, |¢ — b| > wmax. Since [v”(c)| > 0, we must have that v’ has
different sign on (a, ¢) and (c, b); see Figure 1.

From (2.6), we see that |vy(¢)| > min{k|t —a|, k|t — b|, k|t —c|, Lo} forall ¢t €
(a,b). Since x € I, we know that |x — ¢| < A~1/? (recall Lemma 2.7 (2)). Thus,
ifweQ,wehave [x £w —c|,[x £w —al,|x £w—b| > A7V/10 A1/ We
conclude that [v/(x + w)| > kA%/10/2 > A4/5,

The last statement follows since clearly x + w ¢ I. |

We now introduce the set Q. Let

1 1
(x —w) _v(x—l-a))

gx.) = v(x) -

and let

Q ={weQ :| min g(x,w)| > 21775 for each I] of type (i)}
J

xely

N{w e Q| max g(x,w)| > 2177/3 for each I({ of type (i)~ }. (2.8)

J
x€ely



On the dynamics of quasi-periodic Schrédinger cocycles 1047

Remark 4. By introducing this set €, it will in fact be enough to keep control on the
first derivatives (with respect to x and w) of the iterates. It would be possible to work
without making this parameter exclusion, but then one would need to keep control on
the second derivatives of the iterates; and the parameter exclusion in Section 5 would
be more involved (since the endpoints of the critical intervals defined in Section 3
could move fast with w, like ,/ow; — o for < w; close to w;). However, since we
anyway will make larger parameter exclusions later, we make this simplification.

The assumption on € will be used in the proof of Lemma 4.3, which is the base
case for Proposition 4.4.

Lemma 2.12. The set Q' \ Q is either @ or consists of at most d /2 intervals, each of
length < 2).=Y5. Moreover, for each fixed w € Q, we have, writing g(x) = g(x, »),
g’ (x)| > 2474 if |g(x)| < A7/ and x € I] where I] is of type (ii).

Proof. There can be at most d /2 intervals of type (ii) in /.

We consider the case when I J = [ao. bo] is of type (ii)*, and we denote by cj
the critical point of v in IJ. Let Q(J) ={weQ :|min__,,; g(x,0)| > 21~ 7/5),
where g(x, w) is as above. By the estimates in Lemma 2.11, together with the fact
that [v(¢)| < 5A/6 forallt € T and v”(x) > Ak on 17, we have

A .
dog(x, ®) > 22*572  and 92, g(x, 0) > % forall (x,w) € I x Q. (2.9)

If v(c;j) > 1, then v(x) > 1 on [ /- thus, it follows from the estimates in
Lemma 2.11 that g(x,w) > 1/2forall x € IJ and o € . Therefore, Q(j) = Q.

We assume that v(cj) < 1. Since v(ag) = v(bo) = 313/4 and, thus, g(ag, @),
g(bo, w) > A3/* for all w € ', it follows from the second estimate in (2.9) that
there is a unique a(w) € I({ such that 0, g(a(w), w) = 0 for w € Q. Letting h(w) =
g(a(w), w), we, get from the definition of a(w) (the point in / ({ where g (-, w) has its
minimum) and the first estimate in (2.9), that 4’ (@) > 2A*/5~2. From this, it follows
that "\ Q(j) either is empty, or is an interval of length < 2A~1/% (since we need to
remove the w for which | (w)| < 2477/%).

We turn to the second statement. Assume that @ € Q( J)isfixed. If min__ 1/ g(x)>

2177/5, then there is nothing to prove. We therefore assume that min_ el g(x) <

=21~ 7/ 5. We assume that the unique minimum of g in I is attalned at x = a.
Assume that p € IO is such that p > a and g(p) > —A~ 7/5 (the case then p < a
is treated similarly). Since the second statement in (2.9) holds, we have g’(x) <
g'(p) — (kA/2)(p — x) on [a, p]. Thus, we can conclude

g'(p)?
KA

From this, the statement follows. [

A
17 < g(p) 5@ =g (PP —a) = () (p—a)? <
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3. Arithmetic

We recall that we have assumed that ||vg|co < 1/3 and that v(x) := Avg(x) — E.
We have also assumed that Iy # @; in particular, we thus have |E| < A/2 (recall
Lemma 2.4). Note that ||v||co < 51/6.

By this assumption, we have the following trivial fact which we will use many
times:

1
if x € T and |r| < 1/A, then |rq] >X 3.
and

if x, w € T and |s| > A, then |s1]| < A.

Indeed, we have |r;| = |v(x) = 1/r| > A/6 > 1/A;and |s1| = |1/ (v(x — @) —5)| <
6/A KA.

3.1. Basic definitions

We shall now define some of the central objects for the analysis. This includes the
sequence of integers (Kj), the “critical sets” (1), and the “good starting locations”
(XF). Let

Ko =[AY?°] and K,4q = [AK/?2°] forn > 1, (3.2)

where [] denotes the integer part. Note that the sequence (K ) grows very fast (since
A is large). In particular, we have

K2 > 12" foralln >0 (3.3)

provided that A > 0 is large enough. This fact will be used below.
Recall that the set [ is defined in (1.7). Given w € T and a sequence 0 < M, <
M; < .- of integers, we inductively define

Liy1 = m(FMn(4,) 0 FyMn(By)), n>0, (3.4)
where
Ap = (I, — Myw) x Py and B, = (I, + M,w) x P_. (3.5)

Thus, Iy4+1 = In+1 (M, ..., M,, ). (Of course, it also depends on E, but we have
assumed that E is fixed.)
By definition, we have
Iy D11 DI, D---.

Moreover, for any n > 0, we have

(x,r)e Apand x ¢ In4+1 — My = ram, ¢ P_. (3.6)
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and
(x,8) € Byand x ¢ I,41 + Mpw = sa2pm, & P+.
Remark 5. In our application, we will have M, ~ K. It would have been easier if

we could let M,, = K,,, but in fact we will have to vary them slightly. But we can, an
will, always take My = K.

We also let X fl =T and

n K% n K7
Xj:T\U U(Ij + mw) and X;:T\U U(Ij—mw), n>0.
j=0 m=1 j=0 m=0

3.7)
Note that, if x € X, then T} (x. ;) > [K'*] for j € [0.n]; and if x € X,}, then

Ty (x.1j + ) = [K;*] for j € [0.n].
Furthermore, for each n > 0, we let

X =T\{J UUj+mow). (3.8)

j=0 |m|<K?

Clearly, we have X, nCX ,;t These sets X » Will first be used in Section 5 (and we need
them for proving that Theorem 1 (2) hold).

3.2. Arithmetic conditions

The following two conditions will be central for the analysis. The first condition is a
non-resonance condition (stronger than a Diophantine condition, since the set /,, need
not be a single interval):
Ky
L0 JUn + mow) = 0. (NR),

m=1

It is easy to check that (NR), is equivalent with

L0 JUn + mo) = 0.

1<|m|<K3
The second one is a condition on position:
Iy £ My, I, £ (M, + Do C X7, N X,_,. (Pos),,

Note that (Pos)g trivially holds. (It is for this condition to hold, that we need to vary
M,,, instead of fixing it to be K, whenn > 1.)
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3.3. Key arithmetic result

We are now ready to formulate and prove the main inductive step in the arithmetic part
of the proof of Theorem 1. Recall the definitions of the cones P4, ﬁi in Section 2.3.
Note that we clearly have Py C R \ Px.

The following proposition consists of two parts, (S), and (R),. The fist one con-
cerns forward iterations of F'; the second one concerns backward iterations. Recall
the convention of the notation of the iterates of F' in Remark 3. (In particular, recall
the notation F_ " (x,s) = (x_,, sp) forn > 0.)

Proposition 3.1. Forall n > 0, we have the following. Assume that v € T and My €
[Ki,2K] (k=0,1,...,n— 1) are fixed. Assume further that the following statements
holds.

(S)n. Foreach (x,r) e X,_| X (]IA% \ P_)and N = T (x, I,), we have the followig:
D)y ifry ¢ ﬁ+f0rs0me 1<k <N,thenx; €T \X;'_l;
Q) |11+ 1| = AK@BH2"TY for i1 1 < k < N such that |rx| > 1/
If N < oo, then we also have the following:
Gl |1+ ry1] = AN-RCBIHI2"Y g 1 | <k < N — 1.
(R)yn. For each (x,s) € X;_l X (]@ \ Py)and N = T~ (x, I, + w) we have the
following:
(D)n ifsk ¢ ﬁ_forsome 1 <k <N,thenx_; €T\ X,_,;
Q) |51+ s < A7RCHBH2"D g0 011 | < k < N such that |sg| < M.
If N < oo, then we also have the following:
G sk -+ -Sn—1] < A"N=RC/BH12"TD fo 11 <k < N — 1.
Then, if M, € [K,,2K,] and if (NR), and (Pos), hold, we have that (S, R),+1 hold.

Proof. We assume that M, € [K,,,2K},] and that w € T is such that (NR),, and (Pos),
hold. Furthermore, we assume that (S), and (R), hold. We shall verify that (S),1
hold; the case of (R),+1 is analogous.

Take (&, p) € X, x (I@ \ P_)and let N = T+ (&, I,,;+1). We shall assume that
N < oo. (The case N = oo is handled in the same way. In that case, only (1 — 2),41
need to be verified.) We use the notation

(k. pk) = FE(E. p).
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Let 0 < ky < kp <--- < kg = N be the indices k € [0, N] such that x; € I,,.
Since £ € X, and since (NR), holds, we have

ky > [K>? and kit —ki > K2, i>1. (3.9)

If £ = 1, the weaker statements (1 — 4), follow from (1 — 4),,. We therefore assume
that £ > 2.
We first prove that

Pk +My+1 € Py foralll <i<€—1. (3.10)
Then, since &k, + m,,+1 € In + (M, + 1w, it follows from (Pos),, that
(Ek; +My+15 Ph; +My+1) € Xpy X Py forall 1 <i <€—1. (3.11)

To show that (3.10) holds, we first note that, by applying (S), to the point
(&, p), we get from (1),, combined with (Pos),, that pg, —um, € ﬁ+. Thus, (&x,—m, ,
Pky—M,) € An. Since &, _p, & Int1 — My, we get from (3.6) that pg, yur, ¢
P_; and since &, +m, € In + My, it follows from that (Pos), that &, 4ar, ¢ o.
It hence follows from Lemma 2.2 that pg, 41,41 € I3+. If £ =2, we are done.
If £ > 2, we note that & 4a,+1 € X, by (Pos),; thus, we can apply (S), to
Sk +My+1 Py +Mu+1) € X, X P, and proceed inductively.

Verifying (1),4+1. As we noted above, by applying (S), to the point (£, p), we get
from (1),, that

if pr & 13+ forsome 1 <k <k, then& €T \X,f_l.

Furthermore, from (3.11) we have (§k; + m,, 41, Pk; +M,+1) € X,_; X ﬁ+ forl <i <
£ — 1. By applying (S), to each of these points, we get from condition (1), that, for
each1 <i < { — 1, we have that

if pr ¢ 13+ forsome k; + M, + 1 <k <kj;41, then§, € T \X,f_l.

Thus, we have control on the intervals [1, k1], [k1 + M, + 1, k2], ..., [ki—1 + M, +
1, k;]. But note that, for each k € [k; + 1,k; + M,],1 <i < £ —1, we have & €
U,Anlil(ln + Muw) C T \ X, . Thus, we conclude that (1),+; holds.

Verifying (2)n+1. Again, we apply (S)y t0 the points (£, p), (5, + My +15 Phs + M-41)s
i=1,...,£—1 (recalling (3.11)). We then get from (2),, that

, 1
1+ pi| > AR@BHIN2"N porall k € [1, ky] such that |pg| > )

and, foreach 1 <i < { — 1, we have

|0k 2 -+~ pi] = AT EiHMutIC/3+1/127 (3.13)

forall k € [k; + M,, + 2, k;+1] such that |px| > 1/A.
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We shall first prove that

|p1 . Pk| > Ak(2/3+1/12”+2) (3.14)
forallk € [1,ky + M, + 1] such that |pg| > 1/A. For k € [1, k1], this is just a weaker
version of (3.13). We therefore assume that k € [k1 4+ 1,k; + M, + 1] and that |pg| >
1/A. By Lemma 2.6, we have |p, -+ px| > A~*=¥1+D_Combining this with (3.12)
(with k = ky — 1; recall that max{|px,—1], |k, |} > 1/A; we also know from (3), that
Pki—1 > A2/3) we see that (3.14) follows if we have

(kl—l)(§+12n%)—(k—k1+1)>k(§+12n%).

It is easy to check that this is satisfied if k; > 122K, (consider the worst case
k =ky + M, + 1, and recall that M,, < 2K}). By recalling (3.9) and (3.3), we see
that this indeed is satisfied.

In the same way, for 1 <i < £ —2, we use (3.13) to prove

|0k M2 -+ pie| > AE— i A Mt D)@/3+1/1277F2)
forallk € [k; + M, + 2,ki+1 + M, + 1] such that |pg| > 1/A. (In this situation, it
is even better, since k;j+1 — k; > K,f; recall (3.9)). Combing these estimates (recalling
that |rag, 4k, 41| > 1/A forall 1 <i < {—1, by (3.11)) finishes the proof.

Verifying (3),+1 is similar to what we just did. |

The base case for the previous proposition is the following.
Lemma 3.2. Conditions (S)o and (R)o hold for all w € T.

Proof. This follows immediate from Lemma 2.3. ]

3.4. Some remarks on the inductive scheme

From Proposition 3.1, combined with Lemma 3.2, we can make the following con-
clusion. Suppose that w € T is irrational and the sequence (M) — where M,, €
[Kn.2Kp], forall n > 0, are such that Xoo 1= (),,5(X,5 N X,;) — has positive meas-
ure and such that (NR), and (Pos), hold for all n_z 0. Then, by induction, we have
that (S), holds for all n > 0. For every x € X, and r € P4, we have that, in par-
ticular, (x,r) € X,_, x P4, n > 0; and, by definition of the set X, we have that
TH(x,1I,) > M,,3/2,n > 0. Since (S),(2), holds for all n > 0, we conclude that

i 11 | |>21 A
m — 108 |1k - r — 10 .
k—oo k &7k 1_3 &
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(Recall that if |rg| < 1/A for some k, then |rg4+1| > 1/A.) Thus, from Lemma 2.1,
we get that L(w) > (2/3) log A.

Another consequence is the following. We have seen (Lemma 2.5) that if 1o = @,
then the cocycle G, is uniformly hyperbolic for each irrational w. In fact, this also
holds if some I,, = @ (n > 1). More precisely, assume that there is an irrational number
w € T,ann > 1, and integers M; € [K;,2K;], j =0,1,...,n —1,suchthat I, = 9,
the set X = (X ;r_l nx n__l) contains an interval J of positive length, and such that
(NR);, (Pos); hold for each j € [0,n — 1]. Then, G, is uniformly hyperbolic. Indeed,
to see this, we do as follows. As we did above, we note that (S), holds. Moreover,
since w is irrational and J is an (non-degenerate) interval, there exists a number m > 0
such that, for any x € T, there is an 0 < j <m such that x 4+ jw € J. We now take any
x € T, and we take an r € R such that A < r; < oo (thusrj € P), where 0 < j <m
is such that x; € J C X, _,. By Lemma 2.6, we have

reeery| = A7UFD > 1D and fpy ey = A7 = AT

hence
|7 . A~ (m+1)
—|r1 ...r]l 2 J—
V1472 V2

(consider the two cases |r| < 1 and |r| > 1). And, by applying (S), to the point
(xj,r;), recalling that T (x;, I,) = oo, since I, = @, we get from (S),(2), that

max{|rj 11|, [Fjp1 e |} = ADED forallk > j 4+ 1.

(again using that if |rg| < 1/A for some k, then |rg1| > 1/1). Recalling (2.4), we
thus get

1 1
Ak+1 > Ak+1 X ( )
4541 = | s A

= max{|r---rl.|r---reqal}

A~ (m+1)
> TA(Z/B)(k—m) forallk > m + 1.

Thus, we have a uniform growth, and, therefore, by (1.3), we can conclude that the
cocycle G, is uniformly hyperbolic.

3.5. An important inclusion

We are now ready to derive an important inclusion property which will be needed to
control the geometry in the next section. Recall that P is strictly included in P and
that P_ is strictly included in P_.
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Lemma 3.3. The following holds for all n > 0. Assume that v € T and that My, €
[Ki,2Kg], k =0,1,...,n 4+ 1, are such that (NR);, (Pos);, (S); (1), and (R); (1) hold
fori € {n,n + 1}. Then,

FMutr=Mu( g, 1) C (In — Myw) x Py C (In — Myw) x Py = 4,
and
F~Mot1+Mu(p ) C (I, + Myw) x P_ C (I, + Mpw) x P_ = B,.

Proof. We prove the first statement. The proof of the second one is similar.

Take (x,r) € Apt1,1i.€., X € In41 — Mpp1w and r € Py. Then, x € X, N X,;
by (Pos)u+1, and T'(x, In+1) = Mn+1 by (NR)1. Hence, by (S)n+1(1), we get that
ry € P+ for all k € [1, My41] such that x; € X,F. If we can show that I, — My C
X"' we are thus done (since xp,  —m, € In+1 — Mpw C I, — Myw). To see that
this indeed holds, we first note that, by (Pos),, we have (1, — Myo C X, + NX,
Secondly, by (NR),,, we have (I, — M,w) N U[K" ](I +mw) =0 (smce clearly
M, K,? /2 < K,%). By combining these two facts, and recalling the definition of X+ s
we see that indeed 1, — Mo C X, n

4. Geometry

Recall the definition of the sets A,,, B, in (3.5), and the definition of the critical set
I,4+1 in (3.4). To control the critical set 7,4+, we need to control the geometry of
the set Fal,w” (Ap) N Fy Mp (By). In fact, for convenience, we will focus on the set
F" 4 (4n) 0 F Mt (By).

In the proofs of the statements, in this section we will apply some results from
Appendix A.

Given n > 0 and an M,, > 0, we define

goni(x, w) = nz(Faﬂw"H(x —M,w, :F)t3/4))
and
UE(x, w) = m(Fy Mt (x + Myw, £173/4)).

(The reason for why there is an F in the definition of ¢:F is due to orientation. Recall
that Py = {r € R : |r| > 23/4} and note that 72 (F,(x, A3/4) = v(x) — 1/A3/% <
v(x) + 1/13% = 15 (Fy(x, —x3/4))

If  is fixed, we also write ¢ (x) = ¢ (x, ) and Y7 (x) = Y2 (x, w).

In the next lemma, we connect the arithmetic information from Proposition 3.1
with the geometry of (pf, w,;t.
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Lemma 4.1. For each n > 0, the following holds. Assume that w and My, € [K,2 K]
(k =0,...,n) are fixed and that (NR)g, (NR),, (Pos),, as well as (S),, (R), in
Proposition 3.1, hold. Then,

1
v(x —w) + ef(x, )

o (x, @) = v(x) —

and

1
v(x + w) — wE(x,w)’

YE(x o) =

where, for all x € I, we have the bounds

lex (x, @), |wy (v, )] < 2717, 4.1
0<el(x,w)—e, (x,0) < A4 Mu=1/3 (4.2a)
0 < wf(x,0)—w, (x,0) < A4 M0 =2)/3, (4.2b)
10geE (x, 0)], |8ewE (x, 0)| < A7V* fora = x, . 4.3)

Furthermore, we have
FMntl4) ={(x+w,r):x € I, o, (x) <1 <@ (x)} (4.4a)
F~Mntl By ={(x+w,r):x € I,y (x) <1 < y.F (). (4.4b)

Proof. We assume that /,, # @, since otherwise there is nothing to prove.
Let
rE(x, 0) = m(FX(x — My, FA3/4).

Then, by definition, we have ¢ (x, w) = rﬂiln +1(x, ®). Moreover, we can write

1

1
vix —w) — ———
( ) r,ﬁn_l(x,w)

+
Iy +1(X, @) = v(x) —

Thus, we let
1

rﬂi,ln_l(x,a))

Since (NR), holds, we have Tt (x — M,w, I,) = M, for x € I,. Moreover,
since also (Pos), holds, and r(;—L = FA3* e P,, we can apply (S), (to each point
(x— Mo, rgt), x € I,) to conclude that the estimates .S, (1 — 3) hold for the r; (x, ®),
xel,,j=1,...,N,with N = M,.

By recalling the definition of the set A, in (3.5), we see that the first statement
in (4.4) follows from Lemma A.1.

From S,(2) (withk = N — 1 = M, — 1), we get |r}f _, (x)| = A2/3 for x € I,.
Thus, the first part in (4.1) follows from the definition (4.5).

ef(x,0) = — 4.5)
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From Lemma A.1, we get
0< r;f}n—l - ’"A_ln_l =< ) —4(Mn—2)/3-3/4

Since [rjf _;(x)] = A2/3 we conclude that ri; _, must have the same sign. Thus, it
follows that
ri — Iy
0 < e,f e = M;Jlr—l _Mn_l < 9) —4(Mp—1)/3-3/4 _ k—4(M,,—1)/3’
"M, —1"M,—1
which is the first statement in (4.2).
Finally, (4.3) follows from Lemma A.3.
The estimates of ¥F and wiF follow similarly by letting

s,f(x,a)) = nz(Fajk(x + Myw, :tk_3/4)) and wni(x,a)) = —sSpm,—2(x, @)
and using the estimates from (R),, combined with Lemma A.2 and Lemma A.4. =

Before formulating the main geometric inductive step, we will make a certain
classification. Recall that, by definition (3.4), the set I; = I1(My) depends on M,
(and w). Below, we use My = Ko and write /7 (Kj) to emphasis this choice.

Let

Qo = {w € Q : (NR), is satisfied}. (4.6)

Lemma 4.2. Assume that I, 0’ is of type (ii) and that Qo is a component in Qo Then,
either IJ N11(Ky) =B foralw e Qo, or I’ N 11(Ky) # @ forall w € Qo.

The proof of this lemma is included in the proof of Lemma 4.3 below.

We now use the previous lemma to classify the components in Qo with respect
to intervals in I of type (ii). If 7 is of type (11) we say that an interval QcQis
relevant for I] if I] N 1,(Ko) # @ forall o € Q.

Remark 6. By Lemma 4.2, we thus have that if I({ is of type (ii) and if an interval
Q c Qo is not revlevant for IOJ, then I’ N1 (Ko) = 0 forall w € .

For an interval Q C €, we let
do = do(ﬁ) = #(components of type (i) in /o)
+ 2 - #(components of type (ii) in /¢ which are relevant for Q) <d.
4.7
Note that the last inequality follows from Lemma 2.8. The number dy will in fact be
the number of components in the critical sets I, (n > 1) for “good” w in relevant sets
of frequencies.

The next lemma shows that the base case for Proposition 4.4, which is the main
geometric inductive step, hold under a condition on w.
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a{ b{ a{,l blj.l a{.z b{.z

Figure 2. The intersections.

Lemma 4.3. Let My = K¢ and assume that SAZO C 520 is an interval. Then condition
(Geo)g in proposition (4.4) holds.

Proof. Fix any w € Qo. We recall that (Pos)g, defined in Section 3.2, trivially holds;
and, from Lemma 3.2, we know that conditions (S)¢ and (R)¢ hold. Thus, we can
apply Lemma 4.1 (with n = 0) to get

1
v(x —w) + egc(x,a))

¢ (x) = v(x) -

and
1

v(x +w) — wgt(x,a))’

Y (x) =

where e(:)t, w(:)iE satisfy the estimates (4.1)g, (4.2)9, and (4.3)¢ on [y, and (4.4)¢ holds.
Moreover, from (NR)g, we have (1o & w) N Iy = @, so |v(x £ w)| > 313/4 for x € I.
As usual, we let
1 1
x—w) vix+w)

g(x) = g(x.0) = v(x) — -
We also let
0% (x) = 95 (x) =¥ (x) and  67(x) = ¢ (x) =Yg (x).
From the above estimates, we get that, for all x € [y, there holds

of (x) =@y (x) >0 and ¥ (x) — g (x) >0,
lg(x) — 6% (x)| < A2, (4.8)
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g (x) — (0F) (x)] < A7/3, (4.9)
lg(x) —v(@)| < A72 g/ (x) —v/(x)] < A7V3,

Since (4.4)¢ holds, we have
LNI ={xell:05(x) <0<06f(x). (4.10)

We shall now verify that condition (Geo)o(1) holds. Assume that / is of type (i) ™.
Then, we have v(I]) = [-3A3/4,313/4] and v/(x) > 0 on IJ. Let JJ (xel:
|v(x)] < 1}. Writing J] = la, b], we have v(a) = —1 and v(b) = 1. Furthermore,
by Lemma 2.10, we have v’(x) > 2434 on JJ Using (4.8)—(4.10), we conclude that
LnIlcJg, (ei) (x) > A3*on J/, and 9+(a) < —1/2,6y (b) > 1/2. Thus, there
are unique points al < b] in Jg J such that 9+(a ) =0y (b’ ) = 0. From this, it is easy
to see that /1 N I J [al, b! 11; see Figure 2. Recalling the definition of Bi finishes
the verification of (Geo)g( 1).

We turn to condition (Geo)((2) and the proof of Lemma 4.2. Assume that / ({ =
[aé, bé ] is of type (i)™ (the case of type (i)~ is treated analogously). We therefore
have

v(a)) = v(b}) =32** and v"(x) >« onli]. 4.11)

Since Qo - QO c €, we have (by definition (2.8) and Lemma 2.12) that either
min xel] g(x,w) > 21775 for all w € Qo, or min__,; g(x,w) < =21~ /5 for all
w € QO In the first case, it follows from (4.8) (Wthh holds for all w € QO) that
65 (x) > A~7/5/2 for all x € IJ. Recalling (4.10), we conclude that I; N I] = 0.
Assume now that the latter holds, i.e., that min_ erd g(x) < —2A77/5,

LetJ] ={x eI :|g(x)| <A~ 7/5} By LemmaZ 12, we have |g’(x)| > 24~ 1/4
on Jy. J Since (4.11) holds, J4 / must consist of two intervals, J4 S =1,2), and
g'(x) >21"Y4on JJ'" and g'(x) < =244 on J/*. By usmg the estimates (4.8)
and (4.9), it is easy to see that there exists unique points a’” < b in JJ*' such
that 05 (al’) = 65 (b") = 0 (i = 1,2). By recalling (4.10), we get I; N I] =
[al". b U [a {2, bI?]; see Figure 2. Thus, (Geo)o(2b) holds; and the proof of
Lemma 4.2 is finished. ]

We now formulate the inductive step. In the statement, we assume that

1 1
v(x—w) v(x +w)

gx) = g(x,w) = v(x) -

Proposition 4.4. For alln > 0, the following holds. Assume that My = Ko and My, €
[Ki,2Ky] (k =1,...,n)are fixed and that there exists an interval Qn C S~20 such that,
for each w € Q. the conditions (NR), (Pos)y, (S)n, and (R), (in Proposition 3.1)
hold. Moreover, assume the following.



On the dynamics of quasi-periodic Schrédinger cocycles 1059

(Geo)n. Each component I in Iy satisfies the conditions below.

(D), Ifl({ is of type (1), then, for each w € Q... we have I({ NIyt = [an+1,bn+1]

and
. ifl({ is of type (1)~, then

§0n (an+1) - wn (an+1) and Pn (b +1) - 1//n (b +1)

« if 1] is of type (i), then
‘P:(arj;+1) = Wn_(a;jﬁl) and 90;([9 +1) = Wn (b +1)
Moreover, g "(x) > Oonla ,{H,b,{H] ifl({ is of type (i)*, and g'(x) < 0 on

[ n+]’ n+1] l.fl lS Oftype (1)_

) If1] is of type (ii) and lfQ is relevant for 17, then, foreachw € Q.. we have
that 1§ N Iy consists of two disjoint components [an+1, il] (i=1,2)
and

Pn (an-i-l) = wn (an+1) and (2 (bn+1) = Wn ( +1)’
w:(a 1) - wn (an-i-l) and (/)n_(b 1) - 1//;1 (bn+1)

Moreover, g'(x) > 0 on [an+1,b£l1] and g'(x) < 0on [aiﬁl,bifl].

IfIO is of type (ii) and lan is not relevant for Ij, then, for each w € SAZ,,,
we have that I({ Nl =0.

Then, the following holds with Q= Qn

(CS),,(?Z). Either I,41(w) = @ forall o € Q, or the set In+1(w) (for each w € Q)
consist of do(ﬁ) < d intervals, and, for each of these intervals in I(®), we have

|I(w)] < A~ Kn.

Furthermore, if a(w) is an endpoint of the component I(w), then |a’'(w)| < 1 for all
weQ.

Moreover, if My41 € [Kp41,2Kn+1] and Qn+1 C Qn are such that bath (NR); +1
and (Pos), +1 are satisfied for each w € 2,41, then (Geo), +1 holds.

Proof. For each k > 0, we let

9+(x w) = ¢ Tx,w) — Vi (x,w) and 0, (x,0) = ¢ (x,0) — lp,j(x,a)).
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We shall first verify that (CS), (Q ) holds. To begin, we note that, from the state-
ments about /o N I,,+1 in assumption (Geo),, it follows from the definition of dy
in (4.7) that 1,41 consists of dy components (note that we can have dy = 0).

By applying Lemma 4.1, we get that

1
v(x —w) + ef(x,w)

o (X, 0) = v(x) —
and

viE = :
Tov(x o) - wE(x,w)

satisfy (4.1),—(4.3), and (4.4), on I, D I+, foreach w € ﬁ
Note that, from the assumptlons in (1),, we have 9+(an 1) =0 (b) +1) =0 and
1) = 9+(bn+1) = 0and
g'(x) <Oonla),, n+1] if I is of type (i)~. And from assumption (2),, we have
that if Ioj is of type (11) and Q,, is relevant for 1§, then 9+(an+1) =0, (bn+1) =0
and g '(x) > 0 on [a’ n+1, bi’ﬂ] and 0, (an+1) = 9+(bn+1) =0and g'(x) <0on

g'(x) > 0on [an+1, +1] if 7] is of type (i)*; and 6, (a

a1 bt o

We can now apply Lemma A.5 with o = ¢, y* = yF, I = [a,’l+1,b2+l] and
e = A™*Kn=2)/3 1p each of the cases above, we then get the bound |/ | < eA™5/* «
A~ Kn We also get the estimate of the w-derivative of the endpoint of the intervals.
Thus, we can conclude that (CS),, (Q ) indeed holds.

We now turn to the second statement in the proposition. We therefore assume
that My, 1 € [Kp+1,2Kn+1] and §n+1 - ﬁn are such that (NR);, +1, (Pos),+ are
satisfied for each w € Qn+1. We shall check that (Geo),,+1 holds.

From Lemma 4.1 and Lemma 3.3 (which implies both that FMr+1(4,) is
strictly included in FMr—1+1(4, ;) and that F~M»+1(B,) in strictly included in
F~Mn1t1(B, 1)), we get

O (X) < @i (%) < 9,11 (X) < o (x) (4.122)
and
Yy () <Y (0) <Y (0) <Y (X)X € Ingar. (4.12b)
Moreover,
1
+ — —
i (5,0) = 0 = e
and

1

v(x +w)— w,:ﬁrl(x, )

+ _
1//n+1 -

satisfy (4.1 1—(4-4)ns1 on Lys1.
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Verifying (1)n41. We assume that Ioj is of type (i)*. By assumption (1),, we have
(an_l_l) =y, (an+1) and ¢, (b;) +1) =y, (b) +1)- Thus, by the inclusion in (4.12),
we have

‘Pn+1(an+1) < 1/’n+1(‘1n+1) and ‘Pn+1(bn+1) > ‘/’n+1(b +1)

that is 9n+1(an+1) <0Oand 9n+1(b,i+1) > 0. By applying Lemma A.5 with % = ¢F,
vE =y  and I = [a] Ayyqs n+1] we get that the statement in (1), 4+ holds.

Verifying (2)n+1. We assume that I({ is of type (11)Jr If 1/ is not relevant for €, 41,
then, by (2),,, we have that ,, N I({ =@ forallw € Qu41 C Qp. Thus, by definition,
we get that I, 11 N IJ cl,n ]0’ =0.

Assume now that I 7 s relevant for Q n+1- By proceeding as we did in the previous
case on each of the intervals [a)” s b,’ljrl] (i = 1,2), using the inclusion (4.12) and
Lemma A.5, we see that the statement in (2), 41 holds. ]

5. Excluding frequencies

Let

go=CA™Y% and g =A"Ki—1 >,
where C > 0 is the constant in Lemma 2.7 (so the length of each component in I is
less than gg).

In the proposition, below we shall use the following notation. If we have / ,f =
I¥ (@) = [ak (), b ()], we let

Jk(s,a)) = [ak(a)) — s,bk(a)) +¢] fore>0;

and if 1, (w) = k A k(w), we let J, (g, w) = ZO=1 JK (e, w). Thus, we make the
intervals in [, a bit wider.

Recall the definition of the sets X » in (3.8). Moreover, let x* be as in Theorem 1,
ie,x*e T\ Ip.

Proposition 5.1. For all, n > 0 the following holds. Assume that Q n C T is an inter-
val and that My = Ko and M; € [K;,2K;], j = 1,...,n, are such that (CS); (2,)
(in Proposition 4.4) hold for j € [0, n], and such that (Pos),,

x* e X,, (5.1)
and
K7
Ji2e;) N J(Jj2e)) + mow) =0 foreach j € [0.n] (5.2)
m=1

hold for all ® € Q.
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Then, there exists a set R, 41 C Qn, such that

|Rni1| < and #Rn41 < Ko,

1/3

n+1
and, for every interval SAZ,,_H in SAZ,, \ Ry+1, there isan My 41 € [Kyp+1,2K,4+1] such
that, for every w € Qp41, we have that (Pos)y+1, (5.1)n+1, and (5.2),+1 hold.

Proof. From the assumption that (CS); (Qn) holds for 0 < j < n, we know that the
sets ;11 (w) consist of dy < d intervals, each of length < 17K/ = ¢, for each
j €]0,n] and each w € Q. If Ins1 =0 forallw € Q,, we can just let R,4+; = @.
If this does not hold, we have (by the (CS);) I,+1 # @ forallw € SAZ,,. From now on,
we assume that this is the case. Letting / /k (w) = [a;.c (), b:‘ (w)] denote the intervals
in /;, there holds (by the (CS);)

(@Y (@) <1 foralloeQy1<k<do andje[l.n+1]. (53)

Recalling the definition of J; above, we note that each interval in J; (2¢;) (0 <
J < n+ 1)haslength < 5¢;.
Since (5.1), holds and 7,,+1 C I, we have that (5.1), 41 holds if

{x*}n U(1n+1 + mw) = 0;
K,%‘f'lflmlSK,%J,_l

and, since (5.2), holds and J,,+1(2e,+1) C J»(2¢,), we see that (5.2),,4+1 holds if

2
Kn—i—l

Int1Qens1) O JUni1Qentr) + mo) = 0. (54)
m=K2+1

Constructing the set R, C ﬁn. We denote [wg, w1] = ﬁn. Take m € [K,% + 1,
K,%H]. For each i, k € [1, dy], we want to construct a set R,41(i, k,m) C @, such
that

Tl Qeng1) N (JK,  2engr) + mo) =@ forevery w € Qp, \ Rug1 (i, k,m).
(5.5)
For simplicity, we also denote the corresponding lifts by a,’j 1 ail 41- Let

h(w) = afLH(a)) +mow — afzﬂ(a)).

Since (5.3), hold we have that | ([wo, w1])] < (m + 2)(w1 — wo) and A’ (w) > m — 2.
Thus, h([wg, w1]) can intersect at most [(m + 2)(w; — wp)] + 2 different intervals of
the form [p, p + 1], p € Z. We conclude that the set

Rup1(, k,m) = {w € [wy, w1] : qirelg |h(w) —q| < 5en+1}
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consists of at most [(m + 2)(w; — wp)] + 2 intervals, each of which of length

<10&y,41/(m—2). We see that, by definition, (5.5) holds for all w € SAZ,,\R,,H (i,k,m).

Note that this estimate also holds in the case i = k (and then i (w) = mw).
Similarly, for KZ + 1 < |m| < K2, and k € [1, dy], we want a set

Ruy1(x* k,m) C Q,
such that
{x*}nN (I 11 tTmw) =0 foreveryw € Q, \ Ryyr1(x*, k,m).
We let h(®) = a¥, | + mo — x* and define
Rpp1(x* k.m) == {w € [wo, w1] iqigg |h(@) —q| < eny1}.
In the same way as above, R, +1(x*, k,m) consists of at most [(|m|+2) (w1 —wo)]+2

intervals, each which of length < 2,41 /(|m| — 2).
We now let

do d() n+1

do
Rin=(UU U RenGm)ul]) R km).

i=1 k=1 m=K2+1 k=1 K2+1<|m|<K?
From the estimates above, we get (recall the definitions of ¢,4; and K, +1)
1/3
|Rps1] < 100d%K2, 6041|100 < K, 1)

and
Kot
#Ryiq < 10d22m|ﬁn| <K},
m=1
Since, by (5.2)n, Ju(2e4) N (Jn(2en) + K2w) = @ for all w € Q,, we must have
Q0] < 1/K.

Choosing M, 1. Let Qn-}—l be an interval in Qn \ Ry+1. By the above observation,
we get that (since (5.4) hold)

|Qn+1| < (5'6)

2
Kn+1

Claim. Foreachw € §n+1 and any interval I C T of length < &, there are at least
K2(1— IOKO_I/Z) integers M in [Kpy1, Kyt1 + K2] such that
w17
I+Mo I+M+DocT\| ) (JUieE) +mo). (5.7)
j=0 m=—[K}"?]
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To prove this claim, we do as follows. Fix j € [0, n]. Since || < &, < g, we
note that if 7 N (J(¢;) + mw) for some m, then I C J(2¢;) + mw. Hence, we get
from (5.2); that in any interval [¢, g + K].Z], q € Z, there are at most 2[K].3/2] +3

indices £ such that
[K}21+1

(I + tw) N (i (ej) + mow) # @
m=—[K3/?]-1
and, in any interval [¢,q + K ].2], q € 7, there are at most 2[Kj3/ 2] + 3 indices £ such

that
[K}21+1

(I —tw) N J; () + mo) # 0.

m=—[K}*]-1
From this, we get that, in any interval [q, g + K?2], there are at most
2(1K2/ K2+ DQIK;?] +3) < 9K2K; /2

indices £ such that
[K}21+1

(I = tw) U (I + L)) n| () + mo) # 0.
m=—[K}/?]-1

We conclude that, in any interval [¢, g + K?2], there are at most

n o0

—1/2 —-1/2 —1/2

OK2 D K '? < 9Kk2> KM < 10K2K,
j=0 j=0

incides M such that (5.7) does not hold. Thus, the claim holds.

Letw € Qn+1 be the midpoint of the interval. Since I,,+1 = I,,+1(®) consists of
at most d intervals, each of a length < &, it follows from the above claim that we
can find an M, € [Kn+1, K41+ Kr%] C [Kn+1, 2Kn+1] such that

Int1(0) £ My110, L41(@) £ (My41 + Do
L
cT\|J Ui +mo). (5.8)

j=0 m=—[K;"?]
Since (5.3) and (5.6) hold, we have, for all w € §n+1 andalll <j <n+1,

; : _ 1
|a’ () — a} (Omia)| < |0 — 0] < ——5— KL &n

2K2,
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and

My 1| — o] < < &p.

n+1

Thus, recalling the definitions of X ,j': in (3.7), we see that (Pos),,+1 follows from (5.8),
combined with the last observation. ]

Let My = K. Note that condition (Pos)g is void (since Xfl = ), and I con-
sists of at most d intervals. Thus, we can use the next lemma as the base step for
Proposition 5.1.

Lemma 5.2. The set
Qo ={weQ: (5.1)and (5.2)y holdy C Qg
. 214 S -1/3
satisfies #Q2o < 2d“ Ky and || > |2] — K, "7 /10.

Proof. We first observe the following trivial fact. If p € T is a given point and |m| # 1
is an integer, then the set {w € T : |p + mw| < &} consists of |m| intervals of length
g/|m|. And if U C T is an interval, the set {w € U : |p + mw| < &} consists of at
most |m| + 1 intervals, and the total measure is < . The last estimate is of course
very rough if the length of U is small.

Recall the definition of the set Q' in (2.7). Let d; < d be the number of intervals
in Jo = Jo(2&9). We have

di di K

Q’\Qo=(UU U{wesz’:Jof'm(Jg+mw);é®})
i=1j=1m=1
dj

U (U Jlw e @ :x* € (14 —I—mw)}).

i=1 1<|m|<K3

Recall that we have assumed x’_k ¢ Io. By Lemma 2.7 and the definition of &9, we have
|JJ| < eo. Denoting JJ = [p§,q}], we have

{weQ :J N +mw)#0) Cl{weQ :|(ph— pl) +mo| < e
and
{weQ 1 x*e(Il+mw) CloweQ :|(ph—x*)+mo| < e).

Thus,
1\ Qo < d®KZeo + 2dK2e0 < K;3/20
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and
K3 K3 3
#HQ\ Qo) <d>) (m+1)+2d) (m+1)< §d21<3.
m=1 m=1

To finish, recall the definition of QcQin (2.8). By Lemma 2.12, we know
that €'\ Q consists of at most /2 intervals, each of length < 2171/3. From this,
combined with the estimates above, the statement of the lemma follows. n

6. Putting everything together

We now have everything needed to prove Theorem 1. First, we will combine the
inductive steps from Sections 3-5.

6.1. Putting together the inductive construction

Recall that we have assumed that the first critical set Iy # 0. (Otherwise, we just use
Lemma 2.5.)
Let Qg C 2 be the set in Lemma 5.2. We thus have the estimates

-1/3

Q0] > || — and #Qo < 2d>K¢. (6.1)

If Iy consist only of intervals of typ (ii), let 2 be the union of the components
of ¢ which are relevant for a least one 7, J ; if Iy consists of a least one interval
of type (i), let QI = Q. Recall that, by Lemma 2.9, the latter case holds if E €
[Aminvg + 44374, A max vy — 413/4].

Lemma 6.1. Ifw € Q¢ \ Q7 is irrational, then both Theorem 1 (1) and Theorem 1 (2)
hold. Moreover, G, g is uniformly hyperbolic.

Proof. By definition, we have that I;(Ko) = I1(Ko, ) = 0 for all w € Q¢ \ Qf.
Moreover, since condition (NR) is satisfied for all w € 2 it follows from Proposi-
tion 3.1 (applied with n = 0 and My = Ko; recall Lemma 3.2) that conditions (S);
and (R); hold for all w € Q.

Recall the definition of the sets X ,jt in (3.7). Note that we have (recall Lemma 2.7)

X N X5 | = 1— QK+ 1)|Io| > 1 — const. A3/40)~1/8

= 1—const. A1/20 5 ¢,

The statement of the lemma now follows from the discussion in Section 3.4. [
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From now on, we focus only on Qp, which we assume is non-empty (otherwise
there is nothing to do). We will consider each component in Q' separately. Thus,
we fix a component Q¢ C Q§'. We know that /o contains at least one component of
type (i), or 1o contains at least one interval of type (ii) which is relevant for Qg. Let
do = do(Q3) > 1 be as in (4.7).

By combining the inductive steps from the previous sections, we obtain the fol-
lowing statement.

Proposition 6.2. For all n > 0, we have the following. Assume that the set Q3 C Qg
has been constructed with the properties that

@n 194> |10 =0, K" and #Q8% < K} K2 ifn > 1¢;

(b),, for each component QZ’ in Qf, there are integers M;({) € [K;,2K;], j =
0,....n, My = Ky, such that (5.1),, (5.2)n, and (Pos)i, (S)x, (R)x, and
(Geo)y. hold for all € Q& and all 0 < k < n.

Then, the set I,+1 = I4+1(M (K) ., M, (£), w) consists of dy components, each
of length < A= Kn for all w € Qq’ Moreover there is a set Qq_H C Q¥ such that
(2)n+1 holds and such that, for each component Qn_H C Qn , there is an My 11 (£')
such that, for Mj = M;(£), j =0,1,...,n, and Mp41 = My+1({'), we have that
5. Dpt1, G-2)n+1, and (Pos)g, (S)x, (R)g, and (Geo)y hold for all w € Qq+1 and
all 0 < k <n + 1. Thus, in particular, (b),1 holds.

Before proving this statement, we note that the base case (n = 0) indeed holds
(recall that (a)g is void),

Lemma 6.3. Condition (b)g holds.

Proof. As always, we take My = K. Since Q¢ is a component of the set Qg in
Lemma 5.2, we have that (5.1)9 and (5.2)¢ hold for all w € ¢; and (Pos) is trivially
satisfied. Moreover, by Lemma 3.2, we know that (S)o and (R)¢ hold. Finally, (Geo)g
hold by Lemma 4.3. ]

Proof of Proposition 6.2. We assume that (a),, and (b),, hold. Let QZ’Z be one of the
components in 27 and assume that M; = M; ({) for j =0,...,n are as in (b),. From
Proposition 4.4, we get that (CS)x (Qfl) holds for k € [0, n] (recall that condition 5.2
is stronger than (NR)j for all k). Applying Proposition 5.1 gives a set R7E ni1 C QZ’Z
such that

IR | < K, 1 and #R‘I+1 <K}, (6.2)

with the property that, for each component Q@Y a1 iD QP 4 \ Rn 'r1» there is My, 1 (€' ) €
[Kn+1,2Ky+41] such that (5.1),41, (5.2)p+1, and (Pos),+1 hold for all w € Qn+1
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Thus, it follows from Proposition 3.1 that also (S),—; and (R),—; hold for each w €
QZ’_fl; and, by Proposition 4.4, we get that (Geo), 1 holds for each w € Qf;/ 11

To finish, we let
#Q4

£
n+1 = U Qp \Rn+1
=1

Then, by (a),, and (6.2), we have

4 4 4
#Q ) S#QL Ky, < K K

and

—-1/10 1/3
|Q 41l > |Qq|— E K, / —#Q] - n+/1 .
k=1

Noticing that

R R o S

provided that A is large enough, independently of n, finishes the proof. |

6.2. Proof of Theorem 1

From Lemma 6.1, we know that Theorem 1 (1)—(3) hold for all irrational number
w € Qo \ Q.

For each component Q¢ in Q' we get, by combining Lemma 6.3 and Proposi-
tion 6.2, a nested sequence ¢ D Q7 > Q7 > ... such that (a), and (b), hold for all

n>0.Let
Ql, =)L

n>0

By the estimates in (a),, we have
—1/10
Q4| > Q8] - 2K, 1.
We also let
#Q[‘)t
n = Jed.
qg=1
Since (6.1) holds, we have #QSt < #Qy < 2d 2K(‘)t . Thus, the above estimate gives

Q0| > QN —4d2KE - K70 > Q) — k7. (6.3)

Finally, we let
Qoo = (R0 \ (R UQ) U QY.
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This is half of the set 2 in the statement of Theorem 1 (recall the discussion in the
beginning of Section 2.9). By the estimates in (6.1) and (6.3), we get

Qo] > 1€2] -

K0—1/3 N ﬂ B A—1/60
5 2 2

It remains to show that statements (1)—(3) holds for all ® € Q1. As we will see,
the cocycle G, g is not uniformly hyperbolic for such w.

We now fix @ € Q. Thus, w € QY& for some q. Let dy = do(Q@) > 1. By Pro-
position 6.2 and Lemma 6.3, there is thus a nested sequence of intervals ... C ng C
Qf' C Q¢ such that w € (N2, Qﬁ”. Furthermore, there is a sequence (M, ({,))52,
such that My = K¢ and M,, € [K,,,2K}] foreachn > 1, and (5.1),, (NR),, (Pos),,
(S)n, (R)y, and (Geo),, hold for all n > 0; and for each n > 1 we have that I, consists
of dy intervals, each of a length < A Kn—1,

Proof of (1). Let

Xo=(XSnx)=T\J U+ mo).

. 3/2
n=0 j=0 Im|<[K;"?]

(Recall the definition of X ,jt in (3.7).) By the estimates above, and recalling the defin-
ition of (K,) in (3.2), and that |Io| < CA~/3, we have

[e.e] o0
[ Xool = 1= QIKY? + DIy > 1=3CA7V20 =) "y~ Kn1/2

n=0 n=1

which is close to 1 since A is large.
If (x,r) € Xoo X (R\ P-), we can apply (S),(2) for each n > 0 (recall the state-
ment after equation 3.7) and get

Ir1---re| = A%%/3  for every k > 1 such that |r¢| > 1/A.

(Recall (3.1)). Since |Xso| > 0, it thus follows from Lemma 2.1 that L(E, w) >
(2/3)logA.

Proof of (3). By Lemma 3.3, we have
FMuti (A, )N F~Met1 (B, 1) ¢ FMn(4,) N F~Mn(B,) foralln > 0.

Since these sets are closed, and since @ # 1,41 = 71 (FMn(A,) N F~Mn(B,)) for
all n > 0, we can take

oo

(x0.70) € [\ (FM"(4y) 0 F~Mn(B,)) # 0.

n=0
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Let so = ro. By definition, we have
(x—m,.5m,) € Ay and  (xp,,7m,) € B, foralln > 0.

Thus, for each fixed n > 0 we have, by the definition of A,, B,, and the fact that (Pos),
holds, that (x_»s,,.5m,,) € X,,_; X Py and (xp,,.7m,,) € X,?L_l x P_; and, since (NR),,
holds, we have that T* (x_py,,, In) = M, and T~ (xp,,, In + ©) = M, — 1.

For each n > 0, we can therefore apply (S),(3) to the point (x_pz,, Sp,), and
(R),(3) to the point (xas,, , 7ar,). Thus, we can conclude that

|51+ 8| = AZK/3 forallk > 1
and
Iraeeore] < A72&D3 forall k > 2.

In particular, we have |s;| > A2/ and |r,| < A72/3. Since (Iy —w) N Iy = @ and
(lo + 2w) N Iy = @ (by (NR)yp), and since x_; € Ip —w and x; € Iy + 2w, we get
Iso] = [v(x_1) — 1/s1] € (A%/3, 1) and |r1| = [v(x1) — r2|~! < A72/3. We hence have
5081 -+ -s| = A2EFD/3 forallk >0
and
|r1~-~rk|§/\_2k/3 forall k > 1.

Now, let

— ()
Uy = —— )
1+ s2 50

Since ro = so and A2/3 < |so| < A, it follows from the above estimates, combined
with the formulae (2.4) and (2.5), that

| A% (xo)uo| < 2472/3 forall k > 1
and
|A* (xo)uo| < 2472K=D/3 forall k > 1.

Proof of (2). We turn to Theorem 1(2). We need to construct the subspaces W,
Since (5.1) holds for each n > 1, we have that

x*eﬂfn:T\O U(Ij—|-ma)) = Xeo.

n=0 j=0 |m|<K?

Note that )?oo C Xoo.
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To simplify notation, we let X_; = T and

n
X, =X, nx, =T\ J U +mo).
j=0 Im|<[K}"?]

Sublemma 6.4. For everyn > 0, if [k| < K> — [K, 3/2] and x* + kw € Xy, then
x*+ ko € X

Proof. Since x* € Xoo, we must have x* + ko € T \U] —n U\m|<[K3/2 ; + mw).
Since Xoo = (T \U] —n U|m|<[K3/2 (Ij + mw)) N X,—y, the statement follows. m

This lemma implies, in particular, that x* + kw € X for all [k| < KZ2/2 (recall
that X_; = T).

Sublemma 6.5. For every n > 0 we have that if K3/2 < k < K}, /2, then there
exists £ € [k — 31(3/2 k] such that x* + Lw € Xoo, and, if—K,%H/Z <k <—K2/2,
then there exists £ € [k, k + 3K3/2] such that x* + Lw € Xeo.

Proof. We prove the first statement. By the previous sublemma, we are done if we
canfindan ¥ € [k, k — 3K3/2] such that x* + fw € X,,.
Since (NR); holds for all j > 0, we know that in any interval of length K 2 there

are at most (2[K; 3/2 ]+ 1) indices i such that x* +iw € | z/z](l +ma))

32 m|<[K;

Thus, in an 1nterva1 of length 3[K;,’ “] there are at most

—1 3
QK1+ 1) + Z( ”2 le)(2[1’<3/2]+1)< ~K3?
j=0 ]

indices i such that x* + iw € T \ X,,. Therefore, we can find an £ as in the statement
of the lemma. n

We shall now construct the subspace W~ C R? and show that the first half of
Theorem 1 (2) holds.

From the previous sublemma, we get an increasing sequence 0 < k1 < kp < ---
such that x* + kjw € X foralli > 1.

Sublemma 6.6. We have
o (F 7K+ (x* + ki1, P_)) C m(F % (x* 4+ kjw, P_)) C P foralli > 1

and
|mo(F7% (x* + kiw, P_))| > 0 asi — oco.
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Proof. If we take any (x, s) € Xoo X P_, it follows from (R), (1), which we can apply
to (x,s) for each n > 0, that s € P_ C P_foreachk > 1 such that x_; € X. Since
x* € Xoo and x* + k;w € X, foreach i > 1, and since k;+1 > k;, we can conclude
that the first statement of the lemma holds.

That the second statement holds is a consequence of the following observation.
Take x = x* + kjw, i > 1 and s € P_. Then, we have s; € P (in particular,
Isk; | <A), as we saw above. By (R),(2) (take sufficiently large n), we get |s1---sg; | <
A~G/3ki  Applying Lemma A.2 now gives the result. ]

From this last sublemma, it follows that there is a unique r~ € P_ such that
(x*.r7) e FRi(x* + kijw, P_) foralli > 1. (6.4)
Sublemma 6.7. If r; = m2(F/ (x*,r7)), then
Py g | < ATEED2 forall k > 0.

Proof. We first note that rj_ € P_ for all j > 0 such that xj’.‘ € Xoo. Indeed, if we
would have r;” € R \ P_ and x;‘ € Xoo for some j > 0, it would follow from (S), (1)
(which holds for each n), applied to the point (x]’-“, r;), thatr;” € R \ P_forallk > j
such that x,’: € X . But this would contradict (6.4).

Next, take any k > 1. If k < Kg/2, then (as we saw above) x; € Xoo. Thus, we
have r,” € P_. From (R),(2) (with large enough n) applied to (x;, "), we get that
[r= | < Am@EFD (recall that r~, r; € P-). Assume now that K2/2 < k <
K,f+1/2 for some n > 0. From Sublemma 6.5, we getan £ € [k — 3K,f/2, k] such that
x, € X (and thus r,;” € P_). Applying (R)»(2) (with large enough m) to (x;', r;")
yields [r™ -1, | < A~C/3E and, from Lemma 2.6(2), we get lrg -l < pLanany

Hence,
rm g | < L@/ k—t+1 g —(k+1)/2

For the last inequality to hold, we need that (5/3)¢ > (3/2)k + 3/2. But, recalling
the estimates on k and £ above, we see that this inequality clearly is satisfied. |

Finally, by letting W~ C R? be the line passing through the origin corresponding
to r~ € R, and noticing that (by using Sublemma 6.7 and recalling (2.4))

e H)|=1C-)
r r ...rk

we see that the first half of Theorem 1 (2) holds.
In a similar way, we can construct the subspace W . From Sublemma 6.5, we get
an increasing sequence 0 < ky < kp < --- such that x* — k;w € X forall i > 0.

<2A7KIZ QKB k>,
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By using (S),, which holds for all n, we can prove the analogue of Sublemma 6.6,
namely,
7o (FRi+ (x* — ki 10, Py)) C ma(F5i (x* — kjw, Py))
C (=1, =AU A4 2) foralli > 1

and
| (F¥i+1(x* —kjpw, P4))| — 0 asi — oo.

To see that the last inclusion above holds, recall that, in particular, x* — @ € Xeo.
Therefore, 7o (F¥1 71 (x* — kyw, Py)) C P4. Since Iy N Xoo = B (s0 Xx* —w & Iy),
we get 1o (FXi (x* — kjw, Py)) C (—A, —A34 U [A3/4)1).

It follows that there is a unique r+ € P+ such that (x*,rT) € Fki (x* —k;jw, Py)
forall i > 1. And, letting sj?L = m(F~/ (x*,r"), we get, similarly to Sublemma 6.7,
that [s; ---sT| > 2&FD/2 forall k > 0.

A. Contraction and derivative estimates

In this appendix, we have collected some elementary results of a computational nature.

A.1. Contraction
We use the notation from Section 2.2.

Lemma A.1. Assume that n > 1 and that there isan x € T and w € T such that, for
every r € Py, there holds |ry -+ r1| = A2"/3. Then,

|2 (F T ({x) x Py))| < 24734413,
Moreover, if we let r~ = A3/% and rt = —)\3/4, then
ma(F"H ({x}  Py) = [ ).
Proof. Since r; = v(x) — 1/r, it is easy to check that
mo(F({x} x P1) = [u(x) = A7, v(x) + 474 = [, r;

and, by induction, we have the formula
rr —p1

'n4l —Ppy1 = —————————.
Fn*T1Pn " P1

Thus, for any r, p € P4, we have, by using the assumption,

[Fns1 = put1] < |11 — pr|AT41/3 < 2273/4374n/3,
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Since r,j'irl must be boundary points of 5 (F"*!({x} x Py)), we can therefore con-

clude that o (F" 1 ({x} x Py)) = [r; . ;5 ], and thus
|2 (F" T ({x} x Py))| < 24734374013, .

We have the corresponding result for backward iterations.

Lemma A.2. Assume that n > 1 and that there isan x € T and w € T such that, for
every s € P_, there holds |s, ---s1| < A=2"/3. Then,

|2 (F7"({x} x P_))| < 2473/ ~4n/3
Moreover, if we let s~ = —273% and st = 1734 then
ma(F 7" ({x} x P-) = [s;,,5,].
Proof. We use the formula

Sp—0p = (89 —00) (81 8p) (01 -+ 0Op). [ ]

A.2. Derivative
In this section, we assume that | E| < A/2. Thus, we have ||v|co < 51/6.

A.2.1. Forward. We assume that rg is a constant and that n > 2 is fixed. For our
applications, we define

re =re(x,w) = ﬂz(FC]:(x —nw,ryp)).

Then, we have
1
re+1 = v(x —(n —k)w)— — fork > 0. (A.1)
Tk

Lemma A.3. Assume that, for some fixed (x, ) € T, the following holds for some
n>2: rpeyeori| = A20°DB forall 1 < j <n— 1. Then |05(1/rp—1)(x, )| <
A~V4 fora = x, w.

Proof. We estimate 04, (1/r,—1). The estimate of d,(1/r,—1) is similar.
Differentiating (A.1) with respect to @ gives

oris1 = —(n —k)v'(x — (n —k)w) + 8(;,;’;(' (A.2)

k

For the estimate, it does not matter at which points we evaluate v’, so we do not write
out explicitly at which points they are evaluated.
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By inductively using the formula (A.2), and recalling that ry is constant, we get

1 Owln— 20’ n—1)n
8&)( >:— wzn 1: 5 _{_..._{_(—)2.
Fpn—1 i1 i1 (rn_l---rl)
Using the assumption yields
1 ~1/3
00 (—)| < ca7. .
n—1

A.2.2. Backward. We consider backward iterations analogously. We assume that s
is a constant and that n > 3 is fixed. Define

sk = sk(x.0) = 1Ty (x + nw, 50)).

Then, we have

1
_ for k > 0.
T G —k—1)—s  FF

Lemma A.4. Assume that, for some fixed (x, ) € T, the following holds for some
n >3 sp_g-5i| <AT2ODB forall1 < j <n—2. Then, |0gSn—2(x, @) < A7V4

fora = x,w.

A.3. Geometry
The lemma in this section is adapted for the proof of Proposition 4.4.
As before, we let

1 1
v(x —w) v(x +w)

g(x) = g(x,w) = v(x) -

We also recall the definition of the set ﬁo in (4.6).

Lemma A.5. Let w € Q¢ and assume that 0 < & < A~\. Assume that I = [p. q] is

an interval in 1] (some j), and that the functions et w* are C? in a neighborhood

of I x {w} and such that, for each x € I, there holds

le* (x, )], [w* (x, )] < A7"/2, (A.3)
0<et(x,w)—e (x,w)<e, O<wh(x,w)—w (x,0) <e, (A4)
|0ge™ (x, ®)|. 9w (x, 0)| < A7V* fora =x, 0. (A.5)

Letting

1
v(x —w) + et (x, )

PF(x,0) = v(x) -
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and
1
+ _
Vo) = v(x + o) —wE(x,w)’
and
0T (x) =T (x) =¥~ (x)
and

07(x) = ¢~ (x) — ¥ (x),
we further assume that g’'(x) # 0 on I and

67 (p) <0<67(q) ifg'(x)>00n[p.ql. (A.62)
6=(p) =0=6%(q) ifg'(x) <0on[p.q]. (A.6b)

If
A ={(x,r):xel, o (x) <r <ot (x)}

B ={(x.r):xel,y (x) <r <y (x)},

then there exist p < p1 < q1 < ¢, g1 — p1 < eA™>/* such that m1(A’ N B') =

[P1.q1], and 67 (p1) = 67 (q1) = 0if g’'(x) > 0on [p,q], and 6~ (p1) = 6% (q1) =0
if g'(x) <0 on [p,q]. Moreover, if = 0% or 0~ and if a = a(w) € I is such that
f(a(w), w) = 0, then |a’(w)| < 1.

Proof. By the definition of the sets A’, B’ and the functions %, we note that
mA'NBY={xel: 0 (x)<0=<0%(x)}. (A.7)

From the assumption on w, we have that /o N (/o & @) = @. Combining this
with (A.3), we have the bounds

lv(x — @) + eT(x, o). [v(x + ) + wE(x, w)| > 213* forallx € I. (A8)

Thus, we have
0% (x) —g(x)| < A72 forallx eI (A.9)

and, by using (A.5), we have for @ = x, w:
100g(x, w) — 3,0F (x,w)| <A~! forallx e I. (A.10)
Moreover, from assumption (A.4) it follows that

0<0T(x)—0 (x) <er™?, xel. (A.11)
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We consider the case when g’(x) > 0 on I. Note that we have
0% (x)| <A72 = (0F)(x) > A7V4, (A.12)

Indeed, if |0F(x)| < A72, then by (A.9) we have |g(x)| < 2A72; and since (A.8)
holds, we must then have v(x) < 1/2.If I({ is of type (i), it follows from Lemma 2.10
that [v/(x)| > 2A%/4; we conclude that g’(x) > A3/4. If 1] is of type (i), it follows
from Lemma 2.12 that g’(x) > 21714 In both cases, the statement now follows
from (A.10).

By assumption (A.6), we have 87 (p) < 0 and 07 (¢) > 0; and 6~ (p) < 0 and
07 (q) = 0 Since (A.10) and (A.11), hold we conclude that there are unique p <
P1 < ¢q1 < q such that 7 (p;) = 0 and 0 (q1) = 0. Recalling (A.7), we see that
m1(A’ N B’) = [p1.q1]. Furthermore, by (A.11) we have 8~ (p1) > —eA™3/2 > 172,
Since 6~ (¢1) = 0 and since (A.12) holds, we obtain the bound g; — p; < eA~5/4.

To verify the last statement, assume that § = % and that 6(a(w), w) = 0. By
differentiating with respect to w, we get

dpb(a(w), )

@) == @),

(A.13)
Since 6(a(w), w) = 0, it follows from (A.12) that 0,6 (a(w), w) > A~ 1/4 Moreover,
we have |0,g(x, ®)| < A~1/3/2 on I (recall (A.8)); combined with (A.10) this gives
10,0(a(w), w)| < A71/3. Plugging these two estimates into (A.13) yields the result.
[
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