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Random 2D linear cocycles II:
Statistical properties

Pedro Duarte, Marcelo Durdes, Tomé Graxinha, and Silvius Klein

Abstract. Consider the space of two-dimensional random linear cocycles over a shift in finitely
many symbols, with at least one singular and one invertible matrix. We provide an explicit for-
mula for the unique stationary measure associated to such cocycles and establish a Furstenberg-
type formula characterizing the Lyapunov exponent. Using the spectral properties of the corres-
ponding Markov operator and a parameter elimination argument, we prove that Lebesgue almost
every cocycle in this space satisfies large deviations estimates and a central limit theorem.

1. Introduction and statements

Let v be a compactly supported measure on the space of matrices Mat,, (R), m > 2.
Consider an i.i.d. sequence of matrices {4, }»ez in Mat,, (R), with common distribu-
tion v, and the corresponding multiplicative process I1,, := A, -+ A A1. Under a gen-
eral integrability assumptions, namely | log™||A|| dv(A) < oo, by the Furstenberg—
Kesten theorem, we have that

.1
lim —log|I1,| =: L1(v) (1.1)
n—oon

exists almost surely and it is a constant. We call this constant L (v) the first Lyapunov
exponent of the multiplicative process determined by the measure v.

Some of the central problems regarding Lyapunov exponents of such processes
concern the regularity of the map v — L1(v), as well as the availability of other
probability laws. More specifically, the almost sure convergence (which implies con-
vergence in probability) in (1.1) is the multiplicative analogue of the law of large
numbers. It is then natural to ask if there is an explicit rate of convergence in prob-
ability, that is, if a large-deviations-type (LDT) estimate holds. Moreover, it is also
natural to ask if a central limit theorem (CLT) holds as well.
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Multiplicative processes as described above appear naturally in the study of the
discrete Schrodinger operator with random potential on the integer lattice (or, more
generally, on a band-integer lattice).

More precisely, let {v,},ecz be an i.i.d. sequence of real-valued random variables
and consider the operator H on [?(Z,R) given by

(Hu)p := —(Un41 +Up—1) + VplUp (1.2)

foru = {u,nez € 1>(Z,R).
The Schrodinger (or eigenvalue) equation Hu = tu becomes a first-order matrix
recurrence. Its (formal) solution is given by

Upn+1) v, —t —1 vy —t -1 751
()= )00 0)G)
thus leading to a multiplicative process in SL;(R) generated by the i.i.d. sequence of
random matrices {An}nez where 4, = (" ').

More general operators than (1.2) (e.g., Jacobi operators) or band lattice versions
thereof lead to multiplicative processes in other, more general semigroups of matrices.
Moreover, the properties of their Lyapunov exponents as discussed above (especially
their Holder continuity and the availability of large deviations) are directly relevant in
the study of the spectral properties of the corresponding operator. See the survey [9]

for a nice review of these connections.

Multiplicative processes of this or a more general type (i.e., non-independent)
can be studied in the abstract framework of linear cocycles in ergodic theory. A
base measure preserving dynamical system (X, 4, f), where X is a compact metric
space, f: X — X is continuous transformation and u is an f'-invariant, ergodic Borel
probability measure on X, together with a bounded, measurable fiber map A: X —
Mat,, (R) determine the skew-product transformation F: X x R” — X x R™,

F(x,v) = (f(x), A(fx)v).

The new dynamical system F is called a linear cocycle. Its iterates are F"(x,v) =
(f"(x), A"(x)v), where forall n € N,

A" (x) 1= A(f"x) - A(f20) A(fx).

The first Lyapunov exponent of a linear cocycle F' measures the asymptotic expo-
nential growth of its fiber iterates. It is defined via the Furstenberg—Kesten theorem as
the w-a.e. limit

o1
Li(F) = Li(4) := lim ~log|4"(x)|

provided A satisfies the integrability condition [y log™ || Al djp < .
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Moreover, if the norm (that is, the first singular value) of the fiber iterates is
replaced by the second singular value, the corresponding p-a.e. limit above still exists,
it is called the second Lyapunov exponent and it is denoted by L, (F) = L, (A).

An i.i.d. multiplicative process in Mat,,(R) can be identified with a locally con-
stant linear cocycle over a Bernoulli shift. Indeed, let A, the space of symbols (or
alphabet), be a compact metric space and let p be a probability measure on A. Denote
by X := A% the space of bi-infinite sequences @ = {wy }nez in this alphabet, which
we endow with the product measure u = pZ. Let 0: X — X be the correspond-
ing forward shift cw = {w;,+1}nez. Then (X, i, o) is a measure preserving, ergodic
dynamical system called a Bernoulli shift. A continuous function A > wy > Ay, €
Mat,,, (R) determines the locally constant fiber map A: X — Mat,,(R), A(w) = Ay,
which in turn determines a linear cocycle over the Bernoulli shift, referred to as a
(random) Bernoulli cocycle.

In this paper we restrict to the case of a finite alphabet and two-dimensional
matrices. That is, A = {1, ..., k} for some k > 2, p = (p1,..., px) is a probab-
ility vector with p; > 0 for all i, while the fiber map A is determined by a k-tuple
A= (A1,...,Ar) € Mat,(R)¥. We identify the corresponding Bernoulli cocycle with
the tuple A and denote by L;(A4) = L;(4, p),i € {1, 2}, its Lyapunov exponents.

More generally, we also consider linear cocycles over a Markov shift. That is, let
P be a (left) stochastic matrix, i.e., P = (pi;)1<i,j <k With p;; > 0 and Zle pij =1
forall 1 < j < k. Given a P-stationary probability vector ¢, i.e., ¢ = Pgq, the pair
(P, q) determines a probability measure  on X for which the process &,: X — A,
&1 (w) := w, is a stationary Markov chain in A with probability transition matrix
P and initial distribution law ¢. Then (X, o, ) is a measure preserving dynamical
system called a Markov shift.

Given a finite word (i, i1, ...,i,) € A"T! and k € Z, the set

[k;ig,i1,...,in] :={w € X:wgq; =i;forall0 <[ <n}
is called a cylinder of length n 4+ 1 in X. Its (Markov) measure is then
,LL([k, iO’ il’ e lﬂ]) = ig Pi;ig " Pin,in—1-

We will assume that the matrix P is primitive, i.e., there exists n > 1 such that
pi; > 0 for all entries of the power matrix P". Then lim, oo pj; = gi > 0 for all
1 <i,j <k and the corresponding Markov shift (X, i, 0) is ergodic and mixing,
see [25, Theorems 7.2.8 and 7.2.11].

As before, a k-tuple A = (Aq, ..., Ax) € Mat,(R)* determines a locally con-
stant linear cocycle over this base dynamics, which we refer to as a (random) Markov
cocycle. Its Lyapunov exponents are denoted by L;(4) = L;(4, P, q).
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When we restrict to invertible random linear cocycles, that is, when 4 = (4,4, .. .,
Ax) € GLy(R)¥, the problems on Lyapunov exponents formulated above are well
understood, having been the subject of many works throughout the years. See Table |
below for a more detailed picture of available results. The case when all matrices
A1, ..., A defining the cocycle A are singular (non-invertible) is treated easily.

We thus consider the case of random cocycles with both singular and invert-
ible components, and assume, moreover, that the invertible components have positive
determinant. In a recent work, see [10], we show that the first Lyapunov exponent of
such cocycles behaves rather differently from the invertible case: when it comes to its
regularity, it exhibits a dichotomy in the spirit of Bochi-Mafié’s, from being analytic
to being discontinuous, see [10, Theorem 1.1 and Corollary 1.1].

As explained in [10], random cocycles with both singular and invertible compon-
ents can be used to provide a formal model of a one-parameter family of Bernoulli
cocycles A; € Maty(R)? associated to the random Schrodinger operator H
whose potential takes two values: oo and a finite value a, as in Craig and Simon
[8, Example 3].!

Indeed, given a probability vector (p, 1 — p) with p € (0,1) and a € R, define
the random cocycle A; = (A(1), 4;(2)) € Mat,(R)? by A,(1) = (3 §) and 4,(2) =
(‘7' 9):

Moreover, let Hj be the Schrodinger operator with random potential {v; }; ez tak-
ing the value A with probability p and the value a with probability 1 — p, and denote
by S;a(j) = ("fl_t _01 ) its corresponding random Schrodinger cocycle.

Then A, is the asymptotic limit as A — oo of the rescaled random Schrédinger
cocycle Ay 3 = (A1,1(1), 41,1(2). where 4;.5,(j) = 471 S;,4(j) and A; = X or 1 with
probability p, 1 — p. Note the following relation between the Lyapunov exponents:
L1(S:,2) = ploghA + Li(4:,).

For each of the limiting cocycles A, one component is invertible and the other
one is singular. The map ¢t + L1(4,) is a.e. discontinuous on [a — 2, a + 2], the limit
(as A — 00) of the spectrum of the operator Hj. This correlates well with the fact
(proven by Craig and Simon) that the integrated density of states of the operator H is
discontinuous. See [10, Example 5.4] for more details.

The main purpose of this paper is to establish statistical properties (large-deviations-
type estimates and a central limit theorem) for random (Bernoulli and Markov) cocycles
with both singular and invertible components. Let A = Agjye U Ajpy be a partition into
two non-empty sets of the alphabet and let

M :={A = (A1,..., Ax) € Matz(R)": rank A; = 1 forall i € Aging,
det(A;) > Oforall j € Ajn}.

! Other versions of such an operator (with more values) can similarly be considered.
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The set M is an analytic manifold (see [ 10, end of Section 4]), thus it is equipped with
a Lebesgue measure.

Theorem 1.1. For Lebesgue almost every random cocycle A € M, L1(A4) > —oo and
for every ¢ > O we have

1/3

1
o € X: |~ logl 4" @)]| - Li(4)| > e} = Ceme0®
n

where C < 00, co(€) > 0 is an explicit function of € and  is the Bernoulli (or Markov)
measure on X defined above.

For the next result, in the Markov case only, we assume that the subshift of finite
type Ainy, defined by the same underlying graph but retaining only edges labelled
by invertible matrices in A, is topologically mixing. This technical condition allows
the use of Avila—Bochi—Yoccoz theory via the work in [10]. As in that work, the
assumption is purely technical: it can be removed here, in [10], as well as in Avila—
Bochi-Yoccoz, where uniform hyperbolicity is characterised by invariant multi-cones.
For simplicity, we impose it and leave the general Markov case for future work. In the
Bernoulli case, this assumption is unnecessary.

Theorem 1.2. For Lebesgue almost every random cocycle A € M, L1(A4) > —oo and
there exists o > 0 such that the following convergence in distribution to the normalised

Gaussian holds: loall 47 Lid
oelA”| = nLi(d) 4y o
o/n

We will actually prove something stronger. Given any random cocycle 4 € M

with no null words, if ¢ — A; is a one-parameter family of such cocycles passing
through A and satisfying a certain monotonicity property (positive winding), then for
almost every parameter ¢, the cocycle A4, satisfies LDT estimates and a CLT.

The main tools in deriving such limit laws for random linear cocycles and other
types of dynamical systems are the spectral properties of either the Markov transition
operator or the Ruelle transfer operator associated to the system. This spectral method
goes back to the work of Nagaev [22] on CLTs for stationary Markov chains and it
is described in an abstract setting in the book [18] of Hennion and Hervé. The main
ingredient required by the method is the quasi-compactness (which is equivalent to
the spectral gap property) of the transition/transfer operator on an appropriate space
of observables.

Recently, Cai, Duarte, and Klein [7] obtained an effective abstract LDT estimate
for Markov chains under a much weaker hypothesis, a certain mixing property. The-
orem 1.1 will be established using this result, its effectiveness being crucial in our
argument. To establish Theorem 1.2 we will use an abstract CLT due to Gordin and
Livsic [17].
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R-LE LDT CLT

rank = 2 (weak) Holder” yes” yes’

rank = 1 C® ([10, Corollary 4.4])  yes (Remark 3.4) yes (Remark 3.4)
rank = 1&2  disc ([10, Corollary 1.1])  yes (Theorem 1.1)  yes (Theorem 1.2)

Table 1. Random (Bernoulli) two-dimensional cocycles.

It turns out that these abstract results are not directly applicable to cocycles A € M,
precisely because of their singularities. We will employ some rather involved para-
meter elimination arguments that eventually lead to limit laws for almost every para-
meter.

Moreover, we will also derive an explicit formula for the (unique) stationary meas-
ure of the transition operator (see Proposition 2.1) and a Furstenberg-type formula
for the first Lyapunov exponent (see Theorem 2.2). These results are crucial in the
arguments used for establishing the limit laws and also interesting in themselves. We
note, moreover, that standard results and methods of Furstenberg’s theory (such as
the formula describing the first Lyapunov exponent via stationary measures) are not
applicable in our setting of singular cocycles, and will be studied independently in
this work.

Together with the results in our first paper [10] on this topic, as well as the pre-
viously available works on invertible matrix components, we are now able to present
an almost complete picture regarding the crucial problems on Lyapunov exponents
described above, in the setting of random cocycles driven by a finitely supported
measure on Mat, (R).

The table below thus summarises what it is known regarding the minimal regular-
ity of the Lyapunov exponent (R-LE), namely its modulus of continuity’ or whether
it is discontinuous (Disc.) as well as the availability of large-deviations-type (LDT)
estimates and of a central limit theorem (CLT) for Mat; (R)-valued Bernoulli cocycles
A € Mat,(R)¥, k > 2. For the purpose of this table, we assume that L; > L, > —oo.
There are three possibilities for such a given cocycle A: rank = 2, meaning its com-
ponents are all invertible; rank = 1, meaning its components are all singular; rank =
1&2, the case treated in this paper, where some components are invertible and some
singular.

2Given a metric space (M, d), a function ¢: M — R is said to be weak-Hoélder continuous
if |p(x) — @(y)| < C exp(—a log? m) for some C < oo, a,b € (0,1] and all x,y € M.
When b = 1, this corresponds to «-Holder continuity. Moreover, if |¢(a) — ¢(x)| < Cd(a, x)*
holds for a given point a and all x, we call ¢ pointwise Hélder at a.
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The concept of projectively uniformly hyperbolic cocycle (or dominated splitting
property) is defined and characterised for this setting in [10, Section 2], extending
results of Avila, Bochi, and Yoccoz [1] for SL,(R)-valued cocycles. Recall that in
this case the Lyapunov exponent is analytic and the statistical properties hold trivially
(they are easily reduced to their classical analogues for additive i.i.d. processes).

Moreover, in this paper we show that the statistical properties on the second and
third lines of Table 1 also hold for mixing Markov cocycles. Furthermore, in this
Markov setting, the results on the first line are available only in the generic (irredu-
cible) case (see [11, Chapter 5]), but we expect them to still hold without the generic
assumption, as is the case in the Bernoulli setting, see [12].

The rest of the paper is organised as follows. In Section 2 we show that given a
random cocycle with both invertible and singular components, the induced project-
ive Markov chain is a renewal process with a unique and explicitly defined stationary
measure supported on a discrete set. Moreover, the transition stochastic kernel is uni-
formly ergodic in the sense that its iterated kernel converges to the stationary measure
in the total variation norm. Furthermore, we establish a Furstenberg-type formula
for the Lyapunov exponent. Using parameter elimination arguments, in Section 3 we
establish statistical properties (large deviations and a central limit theorem) for one-
parameter families of such cocycles satisfying a positive winding condition. This in
particular implies the availability of these limit laws for Lebesgue almost every ran-
dom cocycle in finite symbols, i.e., Theorems 1.1 and 1.2.

Dedication. The last named author would like to dedicate this paper to the memory
of Michael Goldstein, whose work has deeply influenced his own. My interest in
problems concerning the regularity of Lyapunov exponents, large deviations estim-
ates, spectral theory of Schrodinger operators and the relations between these topics,
as well as the subtleties involved in performing delicate parameter elimination argu-
ments, all stem from my exposure to Michael’s profound work (e.g. [6,15,16]), which
has permeated this and indeed most of my research alone or in collaboration with oth-
ers, throughout the years.

3Locally Holder for quasi-irreducible cocycles [11,20]; locally weak-Holder in the remain-
ing case [12]; pointwise Holder always [23].

4Locally uniform LDT of exponential type in the quasi-irreducible case [11]; locally uni-
form LDT of sub-exponential type in the remaining case [12]; non-uniform LDT of exponential
type holds always [12].

3See [3,4, 19].
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2. Stationary measures

In this section we establish formulas for the stationary measure and the Lyapunov
exponent of a random linear cocycle F: X x R? — X x R? with both singular and
invertible components.

Given a finite alphabet A = {1, ..., k} and a partition into two non-empty sets
A = Aging U Ainy, let A 1= (Ai)ien € Matz(R)k be a k-tuple such that rank 4; = 1
ifi € Agng andrank A; = 21if i € Ajy,. Note that in this section we do not make any
other assumptions on A.

Let P = {pij }1<i,j<k be a primitive left stochastic matrix (that is, p;; encodes the
transition probability from state j to state i) and let ¢ = {g; }1<; <k be its unique sta-
tionary probability vector. The triplet (A4, P, q) determines the (Markov) random lin-
ear cocycle F: X x R2 — X x R2, where X = AZ is endowed with the Markov meas-
ure p with initial distribution ¢ and transition probability given by P and F(w,v) =
(ow, A(ow)v) = (0w, Ap, V).

Let P! := P(R?) denote the projective line. An element of P! will be denoted
by ©, where v is a non-zero vector (or a one-dimensional subspace) in R2. Given an
invertible matrix A € Mat,(R), its induced projection action A:P! > Plis given by
AD := Av. If A has rank 1 (that is, if it is non-zero and non-invertible), we define its
projective action as the constant map Ab := 7, where r = Range(A). Note that we
are formally removing the discontinuity of the projective action of a singular matrix
at the kernel.

For a random cocycle A = (4;)iea € Maty(R)*, we will use the notations r;
and k; to represent, respectively, the range and the kernel of A;, as well as, when
convenient, a unit vector belonging to these one-dimensional subspaces.

Remark 2.1. In the Bernoulli case, if we consider an i.i.d. sequence of A-valued
random variables {£,},, then the sequence of return times to Ay, forms a discrete
time renewal process, see [2, Definition 2.1] for the meaning of this concept. Note
that at these return times, when &, = i € A, the projective action induced by A4 is
reset to the range of A;. This simple observation lies at the heart of all the explicit
formulas presented below. Since in the Markov case the reduction to the setting of [2]
is less evident, the results of this section will be presented for this case. The Bernoulli
case can be treated similarly, but in a much more straightforward way; moreover, all
relevant quantities have much simpler expressions.

Let L®(A x P!) be the Banach space of bounded and measurable functions
¢: A x P! — R endowed with the sup norm denoted by ||-||co-
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The cocycle (A4, P, q) determines the operator @: L®(A x P1) — L®(A x P1)
defined by

(Qp)(j. D) == ¢(i. 4;D)pi;

i€eA
= > 0l Aid)pij + Y (. Fi)pij.
iEAinv iEAsing

Moreover, we write @ = @iy + @ging, Where the operators @,y and g, are given
respectively by the two terms above.

The operator @ is clearly linear, positive and it takes the constant function 1 to
itself; in other words, it is a Markov operator. Let us recall the concept of stationary
measure for such an operator.

Definition 2.1. A measure € Prob(A x P1) is @-stationary if for all observables

@ € L®(A x P,
/(Q(pdﬂ:/(pdn.

In this case, we also call n stationary relative to the cocycle (A, P, q).

By general principles, a stationary measure always exists. In our setting it will be
shown to be unique.

Let 7: A x P! — A denote the canonical projection in the first coordinate. If 5 €
Prob(A x P!) is @-stationary, then its push-forward measure via 7 is the P-stationary
measure ¢ on A, that is, m«n = q.

Indeed, the left stochastic matrix P induces the Markov operator ¥ — u P on
L>®(A) ~ R¥. For a (column) vector ¢’, Pq’ = ¢’ if and only if uPq’ = uq’ for
every (row) vector u € R¥, so ¢’ is P-stationary if and only if it is stationary relative
to its corresponding Markov operator. Moreover, given any u € L°°(A) and applying
the fact that 7 is @-stationary to the observable ¢ := u o 7 it follows immediately
that [ uP d(mwen) = [ u d(mwsn), showing that 7.7 is P-stationary. But since P is
primitive, it has a unique stationary probability vector, so m«n = g.

Since 71 projects down via 7 to ¢, we can consider its disintegration {n; }iea C
Prob(P'), which is characterised by

/(p(i,ﬁ) dn(i,v) = Zqi/(p(l’,ﬁ) dn;(0) forallp € L®(A x P1).

AxP! 1A P!
Then

1
n= Zqi&- xn; and n;(E)=—n{i}x E) foralli € A, E C P! Borel.
4 qi
ieA
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Given n > 1, s € Agng and | € A, let B, (s, ) denote the set of words @ =
(wo, ..., wy) of length n 4+ 1 such that wg = 5, @, = [ and w; € Ay, for all i =
1,...,n — 1. For such a word we write A"(®) := Ay, ... Aw,Aw, and also put
P(C_U) = Pwnwn_1 """ Pwiwg-

With these notations, we have the following explicit formula for a (or, a-posteriori,
the) @-stationary measure.

Proposition 2.1. Letn = ;¢ 4 q;8; X nj where forall j € A,

Z qs Z Z p(@)gl"fn (C_U);S .

S€Asing n=1 WEBy(s,])

1
T g

Then 1 is an (A, P, q)-stationary probability measure on A x P!,

Proof. We first show that for all j € A,

Yoasd. D pl@ =g 2.1)

SEAsing n=1 weB, (Syj)

This will then imply that 7; is a probability measure on P! for all j € A, hence 7 is
a probability measure on A x P!,

Indeed, given j € A, consider the cylinder [0; j] determined by the word (),
so u([0; j]) = g;. This cylinder is partitioned, modulo a zero measure set (mod 0),
into cylinders [—n; sw’j], determined by words (s, @', j) where s € Agne and @’ =
(w1,...,wp—1) With w; € Ay forall 1 <i <n —1,n > 0 (whenn = 1, the word
(s,’, j) is simply (s, j)). That is,

o:j1=1] LI |_|[=n:50'j]  (mod0).

SEAsing n=1 (u=(S,C_z),,j)€'Bn (S>j)

The cylinders [—n; s@’j] are mutually disjoint because s € Agine and w; € Ajpy
for all i. Modulo a zero measure set, their union is [0; j] since, by the mixing of the
Markov shift determined by (P, ¢), almost every infinite word starting with the sym-
bol j contains in its past a symbol s € Aging. Moreover, u([—n;s@’ j]) = gqsp(s, @', j)
which establishes the identity (2.1).

It remains to verify thatn = > jend d; x n; is @-stationary, that is, that

/@wdn=/<pdn

forall o € L®(A x P1).
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Firstly, note that if j € Agng, then 17, = 8 . Indeed, for all n > 1, s € Agipg,
w € B, (s, j) we have An (w)7s = A Awlrs = 7}, so using the identity (2.1),

qu Z Y P(@)8 ey,

seAbmg n=1 weB,(s,])

( > g5 Z Zp(w))

SE€EAsing h= 1 weByu(s,7)

Secondly, for any observable ¢ € L®(A x P1), we write
[oan="3a [ o5
JEA
= z:inv((p) + Esing((p)’

where
Zn(@) = Y0y [ 0.9 dny9)
jeAinv
o0
Yoo X e ) D p@el, A (@)
je-Ainv SEAsing n=1 QE‘Bn(S,j)
and

Zing (@) := qu-/m',ﬁ) dnj(®) = > qje(j.#).

jEAsing je-Asing

Recall that
Qo = Qinvp + (Qsing§0a

where
Qinvp(J, V) = Zpijfp(l', Aid),
iEAinv
Quing(j. D) = > pijli. 7).
i €Asing
Then,

/ Qo dn = Sun(@¢) + Tung(@)

= 2:inv(@'inv(p) + Zinv(@'singﬁp) + Esir1g((=(2ir1v§0) + Esing(@sing¢)'
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We evaluate each of the four terms above separately. We have

S (@) = D > D> g5y > p@)pijeli. A AN (@)F)

JE€Ainy i €Ainy SE-Asing n=1 C_UGBn (S,j)

oo

=3 Y ad Y p@)e A@)i)

1 €Ainy SEAsing n=1 QU/EBn+1(S,i)

=Y Y Y Y e @i,

i€Ainy SE€Asing n=2 weBy,(s,i)

The first line turned into the second by adding the letter i to the end of the word w €
Ba(s, j) with j € Ajpy, so that @ := (@, 1) € By11(s,1); note that p(o”) = pij p(@).
Similarly,

S @aing®) = D D D dsy. D p@)pieli,F)

JE€Any iEAsi|1g se-Asing n=1 L_UGBn (Syj)

oo

=Y Yad. D p@)e.i)

ieAsing SEAsing n=1 L_L)/EBn+] (S,i)

= > Dasy. Y p@el.h).

1 €Asing S€EAsing n=2 we€B,(s,i)

Then,

Zing (Uin) = D7 ) piyolis Aify)

je-A-sing i €Ainy

= D D4 Y p@el. A @)

i€Ainy SE€EAsing WEB(s,1)

where in passing from the second to the last line we changed the index j for s and
used the fact that (s, i) is the only word w € B;(s,7) and in this case p(w) = p;s and
A'(w) = A;. Finally,

Esing(@sing(p) = qu Zpij(p(i’ ft)

je-Asing ieAsing

=3 Y4 Y r@elh.

i€Asing SE€EAsing wEB(s,1)

Note that
z:inv(czinv(p) + Esing(ézinv(/)) = z:inv((p)
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and using again (2.1),

z:inv(@sing(p) + 2sing(@sing(p) = Z ( qu Z Z p(@))@(iv fl)

ie‘Asing S€EAsing n=1 QE'Bn(S:i)

= Zqi(p(l',fi) = z:sing((p)’

i E-Asing
which concludes the proof. ]

Theorem 2.1. If the cocycle (A, P, q) has both singular and invertible components,
then the corresponding Markov operator @ is uniformly ergodic, i.e., there exist con-
stants C < oo and a > 0 such that

HC‘Z”w _ [ 0 dnH < Ceg]los

foralln € N and ¢ € L®(A x P), where n is any Q-stationary measure.

Proof. Note that L>°(A) ~ R, seen as the subspace of observables ¢ that do not
depend on the projective variable, is invariant under the Markov operator @; when
restricted to this subspace, @ becomes the operator u — u P induced by the left
stochastic matrix P. Recall also that 1 projects down to g, the stationary probabil-
ity vector of P. Since P is primitive, for some constants C < oo and ¢ € (0, 1) (these
constants may change a few times throughout the argument)

[uP" —u-qllc = Co™[[ufloo 2.2

foralln € N and u € RF ~ L®(A).
We show that for all n € N there is a linear operator Tj,: L= (A x P1) — L%®(A)
such that for all ¢ € L®(A x P1),

Q" = Q5,0 + Tho. 2.3)

In other words, @"¢ — @} ¢ does not depend on the projective variable.
Indeed, whenn =1,
Qy = Qg + @singws

where
Quing0(j. 0) = Y _ (. 7#1)pij =: T19(j)
i €Aging
does not depend on v. By induction, if we assume that for all observables ¢ we can
write Q"¢ = Q! ¢ + T, ¢ with T,,¢ not depending on the projective variable, then

mnv

Q""y = Q") = AQ}¢ + Tue) = AQ}9) + A(Tp)

1 mv

= Qin(QL,0) + Quing(Q1,0) + (Tup) P = QT o + Thii0,
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where
Th19 = Qaing(Qf1,0) + (Thp) P 24

does not depend on the projective variable, thus establishing (2.3).

We show that @[ eventually contracts, so @/ ¢ converges exponentially fast
to 0, while 7, ¢ converges exponentially fast to a constant (in the sup norm), which
immediately imply the conclusion of the theorem.

Since the stochastic matrix P is primitive, there is N > 1 such that Pi?’ > 0 for
alli, j € A.In particular, since PV is also stochastic,

Op := max ZPZ.?’ <L

JEA .
1€Ainy

We show that @Y is a contraction on L>(A x P!). Indeed, given any observable

¢ and (j,0) € A x P!, clearly
ANeG.0)= > > ei. AN (@)D p).

i€Aiw weBN(Jj,i)
Then,

l@felleo

mnv

IA

I lloc max DI I)

i€Ainy w€BN (J:i)

= llglloo max > D (et

i€ Ainv @' eAlN 1
<llgpllomax Y~ Y p(je'i)
JEA

i €Ainy Q/E.AN_I

N
= liglloo max D Pij = 00/¢loo-

i€Ainy

Given any integer n, we write n = mN + r with 0 < r < N and use the fact that
the operator norm of @, is equal to 1 to conclude that there are C < oo, o € (0, 1)
so that foralln € N and ¢ € L®(A x P1),

Qi @lloo < Co™[|@]l0o- (2.5)

mv

From (2.4) and (2.5), we get that for alln € N,

1Tn419 = (Th@) Plloo = [ Qsing(Qipy@)lloo < 1@y lloc = Co" @]l oo

1 Tnt20 — (Tn@) P*lloo < 1 Tnt29 — (Tnt19) Plloo + |(Tnt19 — (Tr@) P) P |l oo
< C(0" + "™ ¢lloo-
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and proceeding inductively, for all n, k € N,
1 Twti9 = (T29) PX oo < C'0™ (|6 ]|co-
In particular,
17209 = (Ta@) P" loo < C'0"[|¢loo- (2.6)
By (2.2),
(Ta@) P" — (Tng) - qlloo < Co™ [(Tne)lloo = 2C0" [|9]lco- 2.7

We have Q"¢ = @I} ¢ + T,¢. Since the measure 7 is @-stationary and it projects
down to ¢, it follows that

‘/wdn—(Tnfp)-q‘ = ‘/@”fpdn—/wdn‘
’/ ll’lV(pdr)

Combining (2.6), (2.7), and (2.8), we conclude that

Bw—/ﬁdw < C"0" 9l

o0

which, together with (2.5) establishes our result (after choosing the constants C, a
appropriately). |

Corollary 2.1. Ifthe cocycle (A, P, q) has both singular and invertible components,
then it admits a unique stationary measure.

Proof. 1f n; and 5, are @-stationary, then Theorem 2.1 above applies to each of them,
so for any ¢ € L®(A x P!), @"¢ converges uniformly to [ ¢ dn; and to [ ¢ dns.

Thus, [ ¢ dni = [ ¢ dn, for all observables ¢, showing that n; = 1>. ]
Lemma 2.1. Given rank one matrices By, Ba, ..., B, and a unit vector rg, we have
that

n
|Ba--- Biroll = [TIBir- Il

=1
where r;_ is a unit vector in the range of Bj_1.
Proof. We write Byrg = Aqry, thus |A{| = || B1ro||. It follows that By Birg = A1 Bory,

SO
| B2Biro|| = |A1|l|B2ri|l = || Barilll| Birol-
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From here,
| Bn+1Bn(Bn—1-- Biro)|| = || Bat17n ||| Ba Bp—1 -+ Biro|
and the conclusion follows by induction. |

Next we derive a closed-form expression for the Lyapunov exponent which,
together with the explicit formula for the stationary measure in Proposition 2.1 will
eventually lead to a Furstenberg-type formula.

Lemma 2.2. [f the random cocycle (A, P, q) has both singular and invertible com-
ponents, then

o0
Lid=) > Y > apr@logld @)ril.
iEAsingjeAsing n=1 w€B, (i,j)

Proof. Consider the cylinders

C = [O;i]
with i € Agpe and their union
C:= U Ci,
iEAsing

the set of all (bi-infinite) words with a singular symbol at the zeroth position. Then
go:=pn(C) = > qi.
iEAsing

Moreover, let

Cij = U U[O:C_U]~

n=1weB,(i.j)
By the mixing of the Markov shift, these sets give rise to the following partitions
modulo a zero measure set (mod 0):

o0
C = UCi,j = U U U[O;(i)]
J €Asing JE€Asing n=1 w€B,(i,])
and

c= Uai=U U G Jio; 0.

jeﬂsing iEAsing ieAsing jEAsing n=1 weB,(i,j)

Let g: C — C be the first return map to the cylinder C, given by g(») = 07 (w),
where 7(w) = min{k > 1: 0¥ (w) € C}. The map g preserves the induced measure

fic = () ule = Lule-
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We define the induced cocycle Fc: C x R? — C x R2, given by Fc(w,v) :=
(g(w), €(w)v), where €(w) := A" ().

By [24, Proposition 4.18 and Exercise 4.8] (it is easy to verify that these statements
also hold for Mat, (R)-valued fiber maps) its Lyapunov exponent is related to that of
the original cocycle (A4, P, q) via the expression L1 (F¢) = %Ll (A); thus it is enough
to compute L;(F¢).

The induced cocycle F¢ leaves invariant the 1-dimensional sub-bundle X > w +—
R(w) := Range(A, ). Then using Oseledets’ theorem, its first Lyapunov exponent is
the rate of exponential growth of the fiber iterates of F¢ along this sub-bundle. Thus,
for p-a.e. w € C and for a unit vector rg € R(w) = Range(Ay,),

.1 o1 z
Li(Fe) = lim ~log[€"@)ro| = lim ~log| [[€('@)ro|.  29)
=1

Givenw € C,let0 = ky < k, < --- denote all future entries to the singular part of
the alphabet, that is, k € N is such that wy € Ay, if and only if kK = k; for some / € N.
Then clearly g/ (w) = 0% (w) (whose zeroth entry is wg,) and t(glw) = kjy1 — kg
for all I € N. Moreover,

! —
B, = €(glw) — A7 w)(gla)) = Aki+1=ki (o’kla)) — AwkH_] "'Awk1+l ,

which is a rank one matrix whose range r; := Range(B;) = Ta,,, -
By Lemma 2.1,

[e" @roll = | [Tewon | =| [ | = T8l
I=n I=n =1

= [TIre(e' @)ray, I (2.10)
I=1

Consider the observable ¢: C — R,
p(@) 1= log[[E(@)ray | = log| 4™ (@)ra, .

By (2.9), (2.10) and Birkhoft’s ergodic theorem,

¢ ¢
Li(Fc) = lim — 3 Jlogl[€(g'®)ruy, || = lim 3 ¢(g'w)
=1 =1

1
/ (@) diilc(@) = — [ log € (@)roq || dj1(®).
qo P

C

Note that on each given cylinder [0; @] with @ € B, (i, j) for some i, j € Aging
and n > 1, the first return map 7 is constant and equal to n, while the observable ¢ is
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equal to log|| A" (w)re, || = log||A™ (w)r;i||, thus it is constant. Moreover, the Markov
measure of this cylinder is 1[0; w] = ¢; p(w). Since these cylinders partition (mod 0)
the set C, we conclude that

o
[e@du@ = ¥ ¥ Far@iela@nl.
C i,j€Asing n=1w€B,(i,)
which completes the proof of the lemma. ]
Consider the observable ¥: A x P! — [—o0, 00),

. [ Aiv]l
W(j.0) =" pijlog o

Z ol

We are ready to phrase and prove a Furstenberg-type formula relating the first
Lyapunov exponent of a random cocycle (4, P, g) to the integral of the observable W
with respect to the stationary measure 7 of its associated Markov operator.

Theorem 2.2 (Furstenberg’s Formula). If the random cocycle (A, P, q) has both sin-
gular and invertible components, then

L= [van

Proof. Using the explicit formula of the stationary measure 7 derived in Proposi-
tion 2.1,

/‘Ifdn=ZZpizquZ Y p(@)log TAf((C;r)rﬁ”

leA ieA sE€Asng n=1 weB,(s,])

For @ € B, (s,1) with [ € Agipg, /f"(c_u)fs = /Tl -~-14Twlfs = 7;. The expression
above can then be split into

DN ) as Y. D pwlog|Air]

IEAsingiEA S€EAsing n=1 w€B,(s,])
o0
| Ai A" (@)rs ||
EDID NN WIS WAL s
leAinwieA s€EAsng n=1 weBy(s,l)
By (2.1), we have

Y)Y, > pl@=aq

SE-Asing n=1c_u€Bn(s,l)
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which, when used in the first term above, turns the last expressions into

> Y puailogllAir|

l€AGng IEA

o0
+ Y Y pu Y as Y Y p(w)log|A;i A" (@)r]|
leAinwi€A s€EAs g n=1 weB,(s,l)
o0

= N Y e Y p@loglat(@)r|

leA;wIEA SGﬂsing n=1 weB,(s,])

= > > puqilogl|lAir||

l€Asng I€EA

o
+Y Y as Y, Y p@)log|A"(@)r]|
i€A S€EAsing n=2 @ €B;(s,i)
o0

=2 Dasd. Y p@loglA" @)l

€Ay S€EAsing n=1 we€B,(s,])

The third line above turned into the sixth because ) ;4 pi; = 1. The second line
turned into the fifth by adding the letter i to the end of the word w € B,(s,[) with
[ € Ainy, so that @ := (@,i) € By+1(s,7); note that p(@’) = p;; p(@).

The last two lines above cancel each other out partially (note the slight difference
in the ranges of the index n and the fact that the final letter in the words appearing
in the penultimate term ranges over the whole alphabet, while in the ultimate term it
ranges only over the invertible part).

The whole expression is then equal to

> puailogllAir|

l€Ang IEA
o0

+3 Y a > Y p@)loglAm @)l

iE\Asingse‘Asing n=2 Q’EBn(S,i)

-3 Y4 Y p@loglA @)l

l€Ainy SE€EAsing w€B(s,])

=3 qepislogl Azl

leA s€Asing
oo

+Y . Y asy. > p)loglA(@)r]|

le-A-sing SE-Asing n=2 L_UEB,,(S,Z)

=3 gepislogl Arrs]|

le-Ainv SEAsing
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= Z Z s pislog|| Ayrs||

lEﬂ.smg Se«Asing
oo

+5 Y a > > p@loglam @)l

leAsing Se«Asing n=2 we€B,(s,)

=Y Yasy, Y p@log|a*(@rs].

le-Asing Se-Abing n=1 Q)E‘Bn(s,l)

The first line turned into the fourth after re-denoting the index i by / and the index
[ by s; the final equality follows since (s, /) is the only word @ € B;(s,/) and in
this case p(w) = pis and A'(w) = A;. The expression in the last line is exactly the
formula obtained in Lemma 2.2 for L;(A) so the proof of Furstenberg’s formula is
complete. ]

Remark 2.2. We note that the classical Furstenberg’s formula (i.e. [13, Theorem 8.5])
for random cocycles in GL,, (R), or other more recent versions thereof, are obviously
not applicable to this singular setting. Moreover, the probabilistic approach used by
Furstenberg and Kifer to establish such results (see e.g. [14, Theorem 1.4]) is not
immediately applicable either, since the observable W is not continuous, not even
bounded on A x P!. That is why we had to employ an ad-hoc argument which uses
the explicit formula of the stationary measure.

Remark 2.3. The uniform ergodicity established in Theorem 2.1 is the strongest form
of mixing of a transition operator, see [21, Section 16.2] for a discussion of this and
other types of mixing. It is equivalent to the quasi-compactness of the operator € on
the entire space L®(A x P1).

We note that in the classical case of GL,,(R)-valued cocycles satisfying an irre-
ducibility assumption, the corresponding Markov operator was shown to be quasi-
compact on the smaller subspace of observables that are Holder continuous in the
projective variable, endowed with the stronger Holder norm, see for instance [1 1, Pro-
position 5.22]. This was then used to establish statistical properties (and the Holder
continuity) of the corresponding Lyapunov exponent.

In the setting of this paper, however, the observable W appearing in Furstenberg’s
formula does not belong to the space L>®°(A x P1), since it is not bounded. Thus, the
mixing property (i.e., the convergence Q"¢ — [ ¢ dn) does not apply to ¥, which is
what makes the establishing of statistical properties in the next section an extremely
technical matter.

Remark 2.4. The stochastic dynamical system over the alphabet A, governed by the
stochastic matrix P, induces a singular (partial) random walk on A x P!, where some
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paths terminate upon reaching the kernel of the subsequent transition matrix. In fact,
termination occurs with probability 1 whenever the cocycle A contains null words.

Nevertheless, the transition operator @: L (A x P1) — L*®(A x P'), introduced
at the beginning of this section to reflect the projective action of the Markov kernel, is
desingularised. Specifically, if i € Ajjng, the term ¢(7, /l\iﬁ), which would otherwise
exhibit a discontinuity at the kernel of A;, is replaced in the definition of the operator
by the constant function ¢ (i, 7;).

This desingularization explains why the Markov operator @ always admits sta-
tionary measures (in the sense of Definition 2.1) and it is uniformly ergodic (The-
orem 2.1). It also clarifies why Furstenberg’s formula in Theorem 2.2 remains valid
for cocycles with both singular and invertible components.

3. Statistical Properties

For simplicity of exposition, all statements in this section will be proven in the Ber-
noulli setting, but it will be clear that the arguments easily extend to the mixing
Markov shift setting. The main difference between the two models, when it comes
to these results, is the form of the transition operator and the explicit formula of its
stationary measure, which is more cumbersome in the Markov case (as seen in Pro-
position 2.1).

Let us summarise the relevant concepts in the Bernoulli setting. Given the alphabet
A ={1,...,k} and a partition A = A, U Ajy into two non-empty sets, consider
the set M* C M of all k-tuples A = (A;,..., Ax) € Maty(R)¥ such that rank A; = 1
ifi € Aging, det A; > 0if j € Ajy, and, additionally, 7; # lgj forall i, j € Aging.

Recall that we identify such a k-tuple A with the locally constant map A: X —
Matz(R), A(w) = Aw,y, Where © = {wn}nez € X = AZ.

Given a probability vector p = (py, ..., px) with p; > 0 for all i, the pair (4, p)
determines the random linear cocycle

F: X xR? > X xR%, F(w,v) = (ow, A(w)v) = (ow, Awyv),

where X is endowed with the product probability u = pZ. As before, we also identify
the cocycle F with the tuple A = (44, ..., Ax).
The Markov operator in this setting is @: L®(P!) — L®(P!),

Qp(d) := Y (4;D)p;.
ieA
Givenn > 0 and s € Agipg, let B, (s) denote the set of (n + 1)-tuples (sw) where

o = (w1,...,0,) € All,. For such a word we write, as before,

A" (sw) = Aw, ... Aw,Aw,
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(with the convention that A%(sw) is the identity matrix) and denote the quantity
P(@) := Poy " Pon-
Letqg := ZieAsing pi < 1 and note that

oo

Dopsd. D op@= D ps > (1—q)" =q611= L. 3.1)

SEAsing n=0 L_L)E.An SGAsing n=0

inv

With these notations, we have the following explicit formula for the unique @-sta-
tionary measure 7 € Prob(IP!) (its derivation is quite straightforward compared to the
Markov case, so we omit it):

= D D @8 gy,

Se-Asing n=0 QGBn (s)

We write @ = Qiny + Qging, With Qiny@(D) :=) ;4 @(A;9) p; and Qingp(0) =
Die Ading @(7;) pi. Note that @y, is a projection to the constant functions. This then

inv

easily implies by induction that for alln € N,
n—1
Q" = Q" + Quing (Z @’)
i=0

In particular, @" — @] , takes any observable ¢ to a constant function, which then

implies the uniform ergodicity of the Markov operator.
That is, for all n € N and ¢ € L®(P1),

Hé‘l”w—/wdnH < Ce 9] co- (3.2)

Finally, defining the observable ¥: P! — [—00, 00),
[4iv]|

Y (D) =Y pilog

b
Z ol

the Lyapunov exponent of the random cocycle A is given by

Li(4) = / ¥ (®) dn(), (3.3)

that is, a Furstenberg-type formula holds.

The goal of this section is to establish an LDT estimate and a CLT for Lebesgue
a.e. cocycle A € M. This will be obtained as a consequence of a stronger result essen-
tially saying that if ¢t —> A; € M™ is a one-parameter family of cocycles satisfying a
positive winding condition, then an LDT estimate and a CLT hold for Lebesgue a.e.
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parameter ¢. By general results, see Cai, Duarte, and Klein [7], such limit laws hold as
soon as an associated Markov operator satisfies an appropriate mixing condition. We
will use a parameter elimination argument to show that for Lebesgue a.e. parameter ¢,
the Markov operator corresponding to A; satisfies the desired condition. In order to
apply the general results in [7], we need to associate to a given cocycle 4 € M* a
Markov operator on a slightly larger space, namely @: L®(A x P1) — L®(A x P1)
defined by

k
Qp(j.0) =Y (. A;0)p;.
i=1

Consider the projection : L (A x P1) — L% (A) given by

o) = 3 pro ) = / 0, ) dp(i).

i=1

Then the Markov operators @ and @ are related as follows.

Lemma 3.1. The following diagram is commutative:

L®(A x P1) —&, (4 x P)

gl |=

LoPl) —& 5 o)
That is, 7 0 Q@ = Q o w and inductively, w o Q" =@Q"o 7 foralln € N.

Proof. Let ¢ € L®(A x P1). Then,

k
moQ(p)() =Y pi0e(j.0) = ZZp,p,so(z A;),

j=1 j=li=1
while
k k k
Qon(p)D) =Y pime(A;.0) =" p;pipli. A;0)
j=1 j=li=1
which establishes the claim. [

Corollary 3.1. The measure p X 1 is (:Q—stationary and Q is uniformly ergodic. More
precisely, there exist constants ¢ and C such that

HQ" god,udnH <Ce™"||¢|loo foralln e N,¢ € L®(A xP).

o0

In particular, p X n is the unique é—stationary measure.
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Proof. For any observable ¢ € L®(A x P1), we have
/f @o(i. $)dp(i)dn(d) = / 7 (@p) (D) dn(3) = / Q) (®) dn(d)
- / 7 (D) dn(d) = // 0(i.9) dp(i) dn(5).

which shows that p x 7 is C_‘Z-Stationary. Moreover,

k
Q" l(j.0) = QQ"p(j.0) = ) pi@"p(i. A;D)
i=1

= 1(@"p)(4;0) = Q" (rp)(4;).

Since by (3.2), the operator @ is strongly mixing, the last term converges uni-
formly and exponentially fast to [ 7w dn = [[ ¢ dp dn, thus showing the strong
mixing of @. ]

Let A C R be a compact interval (normalised to have length 1) and let A: A — M*
be a smooth map. We think of this map as a one-parameter family of random cocycles
so we use the subscript notation ¢ — A;. For its components, we write A, (i) instead
of (A;);, while the fiber iterates are denoted by

A;‘(a)) = A¢(wp) -+ Ar(w1).

For every parameter ¢t € A, denote by @, and @, the Markov operators corres-
ponding to the cocycle A; (defined as above). Moreover, let 5, € Prob(P!) be the
unique @;-stationary measure.

All the results proven above for a given cocycle 4 € M, namely the explicit
formula of the stationary measure, Furstenberg’s formula and the strong mixing of
the Markov operator, apply to A; for all # € A; since the probability vector p =
(p1, ..., pr) and the singular/invertible symbols do not change, all the mixing para-
meters are uniform in ¢. Finally, recall that the stationary measure is given by

ne= D PsY . D P@84nu-

S€Asng n=0 weAll

3.1. Assumptions

We assume that the family of cocycles 7 — A; is positively winding (see [10, Defin-
ition 4.1]) and that its singular components are constant. More precisely, we impose
the following conditions on the smooth map A > t > A; € M*:
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(A1) foralli € Agng, A; (i) = Ai;
(A2) thereis cg > O such thatforallt € A, j € Ajyy, and 0 € P!, we have
Ao A A

[A:()v |

Remark 3.1. By [5, Proposition 3.1], the quantity in (A2) above, which we refer to
as the rotation speed of the map ¢ — A;, can be characterised by

_d AG A A GHAG)w
dt || 4,(j)v] [PHONE

Remark 3.2. A more general version of the winding condition requires that the

d ~ . .
EAI(])U

inequality in assumption (A2) above holds for some iterate A7° of the cocycle. For
simplicity, we assume that ny = 1. Moreover, if the assumption (A2) holds, then there
exists ¢y > O that only depends on the family A;, such that foralln € N, w € A"

nv?
and ¥ € P!, we have
d A} (w)v

>
dt || A7 (w)v]

In other words, if A; is a family of positively winding cocycles, then so is A} for

Ct.

every n € N, with rotation speed uniformly (in ») bounded from below. For a proof
of this statement, see [5, Section 3.1, specifically Propositions 3.3 and 3.4.].

Example 3.1. Given any tuple A = (Ay, ..., A;) € M*, the one-parameter fam-
ily [-7, 7] 3 ¢ > A, € Mata(R)¥, A,(i) = A; if i € Aging and 4,(j) = A;j R, =
A j[c"” —sinf ] if j € Aiy satisfies the assumptions (A1) and (A2) above, passes

sinf cost

through A and A; € M* forallt € A.

3.2. Some technical estimates

In order to simplify the exposition in the estimates to follow, we will write a < b if
there is some absolute or at least context universal constant C < co such thata < Cb.
Moreover, for an arc [ C P!, m(i ) denotes its length, while Leb(E) stands for the
Lebesgue measure of a subset E of the real line.

Lemma 3.2. Given any & > 0, the set

IAS: = {f) e Pl HA,HU—”H < gforsomei € Asing}
v

is a finite union of arcs with m(IAg) <e
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Proof. Leti € Agpe and consider the normalised directions r; and k; of the range and
kernel of A;, respectively, such that ||k;|| = ||;|| = 1. Given any vector v € R?, we
write v = oq1r; + azk;. Then

v o
ol -
vl [[vl
Thus, | A; ”:’)—” || < ¢ in a small interval around each kernel k;. Moreover, IA‘g is a finite
union of arcs of length < 2¢ each. Hence, m(IA,;) <e. [

Lemma 3.3. Given any arc IcC PlneN, weA? andd € P! we have

mnv

~ A i
Leb{r € A: A% (w)d e Ty < ™).
C1

Proof. Since the projective line P! is one-dimensional, we may regard the map A >
t—> A /'(w)V as a real valued map, whose derivative (because of the winding condi-
tion) is bounded from below by c¢;. The result then follows using basic calculus (the
mean value theorem). ]

Consider the maps ¢;: A x P! — [—00, 00) and ¥;: P! — [—00, 00) given by

00.9) 1= tog A< and ) = 3 i 6) = [ nG5) dpi,
icA a
Let ¢ = ¢(A) be a constant that satisfies
1) e <|A:(j)|| <e‘forallt € Aand j € Ajyy,
(i) [ Ai|l < e€foralli € Agpng,
(iii) |[|A;r]| = e € foralli,/ € Agp,.

Such a constant exists by the compactness of A and the fact that 4 € M*, so
12,- # 77, thus A;r; # Oforall i,/ € Agpg. It follows that for all j € Ajpy and 0 € P!,
we have |¢;(j, V)| < c. Moreover, the upper bound ¢; (j, 9) < ¢ holds for every j € A
and 0 € P!,

Lemma 3.4. There is C < oo which depends on the constants c, c1, so only on A,
such that the following hold.
(i) ForallneN,we Al

nv’

i € Aging, V € Pl and N > 0, we have
Leb{t € Az (i, A (w)d) < =N} < Ce™V.

Moreover,

/(ptz(i,fft"(w)ﬁ) dt <C.
A
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(i) Foralln e N, w € A", i,s € Agng, and N > 0, we have
Leb{r € A:go,(i,/ft"(w)fs) <—-N}<Ce™V.

Moreover,
/q;f(i,/f;’(w)fs) dt <C.
A
(iii)) Furthermore, foralli € A, w € X, andn € N,

//wf(i,,{,”(w)ﬁ) dn:(0) dt < C.

A Pl

In particular,

/ [ Y2(AM(w)D) dne (D) dt < C.

A Pl

Proof. () If i € Aging, then ¢, (i, ) < —N holds if and only if ’|A,~”$—”H <e N By
Lemma 3.2 the set of such points W is a finite union of arcs with total measure of
order & := e~V and by Lemma 3.3 the measure of the set of parameters ¢ for which
A /' (w)0 belongs to these arcs is < . This proves the first statement in item (i).

For the second statement, note that

o0
/ﬁ(i,ﬁf@)ﬁ) dt = /Leb{t € A @i, AM(w)D) = x} dx
A 0
2¢2
= / Leb{t € A:(ptz(i,ff,”(a))ﬁ) >x}dx
0
o0
+ / Leb{t € A:@2(i, AM(w)D) > x} dx
2¢2
o0
<2c%+ / Leb{r € A:g;(i, A (w)D) < —/x} dx
2c2
o0
<c?+ / e VX dx <.
2¢2

The bound in the penultimate line above holds because A has length one and,
moreover, the upper bound ¢, (i, W) < c is valid for all 0 € P!, so that

(pt(i,fft”(a))ﬁ) <c¢ < /x whenx > 2c2.
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(ii) Note that if w € A , then the statement follows from (i). The difference here
is that we consider any word w, invertible or not, but begin with a singular vector,
namely r;.

Let o = (wo, ..., wu—1) ¢ Al . We split the argument into two cases: either
Wp—1 € Aging Or €lse w,—1 € Ajpy, but there is 0 < j < n — 2 such that w; € Ajipg.

If wy—1 € Aging, then
Al )Fs = A(@n—1) AT (@)Fy = Aw,_ AP (@)Fs = F,_,.
Then by the choice of the constant ¢, for all parameters t € A,
0l Al @)Fs) = log| Aifw, , || = —.

so the set {r € A: ¢, (i, fl\t” (w)Fs) < —N} becomes empty for N > ¢ and the statement
follows trivially.
If wy,—1 € Ajny and @; € Aging for some index 0 < j < n — 2, let n’ be the largest

such index and let ’ := (wp/41,...,0y—1) € A:’nv” ~1 Then

~ N ~ ~ ~ 7 N A~ I N
Atn(a))rs = Atn " l(w,)Aw,,/Atn (w)is = Azn " l(a)/)ra) ,-

Thus, @;(i, A"(w)Fs) = @;(i, AP~ (©)Fa, ), With @' € A7 =1 hence (i) is
applicable and the conclusion follows.

(iii) If i € Ajyy the statement is obvious since g2 (i, W) < ¢? forall (¢, ) € A x P
Let us then fix i € Ajjpg. Using the explicit formula of , we have

/ / 020 A7 (@)9) dn,(9) di
A PI

=YY Yrw [ 02, A7 (@) 4] swhy) di

SE€EAgng  j=0 weA!

inv

= Zps Z Zp(a))/got (i, A (sww)fy) dt

S€Asing  J=0 weA/

inv

< ZPSZ Y pl@)C =C,

s€AGng  j=0 weA

inv

where the inequality in the last line follows from (ii) above and the last equality comes
from (3.1). ]

Let 7j € Prob(A x P!) be the probability measure whose disintegration relative to
the Lebesgue measure on A is {1, }, that is, the measure characterised by

/q)(z‘,f)) dn(t,v) = //(p@, D) dn,(0) dt forall g € L¥(A x P1).

A P!
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Lemma 3.5. Giveni e A,ne N, N >candw € X, let
Pinn (@) = {(1.0): 011, A (@)D) < —N}.
Then Py n (@) < Ce™
Proof. Ifi € Ajny, then ¢;(i, W) > —c¢ > —N forall © € P!, so P; , y(w) is empty.

We then fix i € Agpe and note that

F(Piwy (@) = / / 1p, . (0. 0) dne(D) dt

A P!

ZPsZ Zp(w)/ Pinn @) (7 Al (sw)Fy) dt.

J
s€Asng J=0 w€A;,

Moreover,
(1. A] (s@)7s) € Pinn(0) <= ¢i(i, A A"(w)fff' (sw)fs) < =N
— ¢;(i, A J(sa)a))rs) < —N.
By Lemma 3.4 (ii), for all j € N,

[ th1 it Al @i df = Lebles 0. A7 ww)i) < -N) 5 e
A

and the conclusion follows from (3.1). ]

Given any N > c, consider the truncation
¢s, N ‘= max{g;,—N}.

Note that ¢; y € L®(A x P1) (a property that does not hold for ¢;) and ||¢; x |lco <
N. Moreover, ¢;(i, V) = ¢, n(i, ) if and only if i € Aj,y or else i € Ay, and
@:(i,0) < —N.

Lemma 3.6. Foralli e A,n e N, N > ¢, and w € X, we have
[ [ 106, 3219 - pun . A @) dn @) e < e,
A Pl

Proof. The statement is obvious when i € Ajyy, since in this case ¢, (i, W) = ¢; v (i, W)
forall v € P'.
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We fix i € Agine and recall that ¢, (i, fft”(w)f)) # o N (0, /T,"(a))f)) if and only
if (i, fft”(a))f)) < —N, that is, if and only if (¢, V) € P, n(®w) =: Py, which by
Lemma 3.5, is a set of i-measure < e~ . Then

/ / (gei. AT (@)D) — gy i, AT @)D)] dif(9) d
A P1
- / (e, A% (@)D) — o (. A2 (@)D)|Lpy (1. D) dii(2. D)
AxP!
< g0, 9)ll 2y (P2

where g(t,0) := ¢, (i, /f," (@)0) — N (, /f,” (w)?) and we used Cauchy—Schwarz in
the last inequality above.
Moreover, by Lemma 3.4 (iii),

lg(t. D)2 < e A (@)Dl 26y + lleen G A (@)D L2y < V€ + N.

Thus,

/ / 102, A7 (@)9) — e (i, A7 (@))] dis (8) di < (VE + Nye ™2 < NP3,

A P!

which completes the proof. |

3.3. Large deviations estimates

In order to prove large deviations estimates for cocycles A € M*, we use the following
abstract recent result of Cai, Duarte, and Klein [7, Theorem 1.1].

Let {Z,}»>0 be a Markov chain with values in a compact space M, and trans-
ition kernel M > x + K, € Prob(M). Let Q: L*®(M) — L°°(M) be the Markov
operator corresponding to this kernel, namely Q¢ (x) = [,, ¢(y) dKx(y). If the oper-
ator Q is strongly mixing (in an appropriate sense) on some subspace of observables
(€, |I-lle), relative to a stationary measure 7, then every observable in this subspace
& satisfies (exponential) large deviations. More precisely, for all n > 1, consider the
n-th stochastic sum

Snpi=¢@oZy1+--+@oZ.

1
P{‘—Snw—/wdn
n

M

Then for all ¢ > 0,

> e} < 8ec@n, 34
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where c(¢) is an explicit rate function. This rate function is essentially of order c(g) ~
&2 ||<p||§2 See [7, Definition 1.1, Theorem 1.1, and Remark 1.1] for more details.

In this work, the Markov operator @ is uniformly ergodic (hence strongly mix-
ing) on the entire space of observables L®(A x P1) and relative to the L°-norm.
Moreover, for the remaining part of the argument, it is crucially important to note
the precise dependence of the large deviations estimate on the norm (in our case the
L°°-norm) of the observable.

We are ready to state and prove a stronger, parametric version of the large-devia-
tions-type (LDT) estimate for cocycles in M*, which will also imply the result stated
in the introduction.

Theorem 3.2. Let A: A — M* be a smooth family of cocycles satisfying Assump-
tions 3.1. Then for every ¢ > 0 and ij-a.e (t, D), there exist co(g) > 0 and ng(e,t,0) € N
such that for every n > no(e, t, 0),

1/3

1
u{w € X: |- tog] A7 @)l = L1 (41)

> 8} < e~co@)n

Moreover, for Lebesgue a.e. t € A, given any & > 0, there are co(g) > 0 and ng(e,t) €
N such that for all n > ny(e, t),

1/3

1
o € X: |- togl A7 @)]) = Li(Ap)| > e < 0@,
n

that is, a (sub-exponential) large-deviations-type estimate holds for Lebesgue almost
every cocycle along the curve t — A;.

Proof. Given a parameter ¢ € A, consider the Markov chain Z,,: X x P! — A x P!,
Zn(w,0) := (w1, A/ (w)D).
It is easy to see that its transition kernel is given by

1 A
AXP" 3 (w1,0) > p X 82[((01)13’
so that its corresponding Markov operator is precisely the operator @, defined above,
whose stationary measure is p X 1;. Recall that by Corollary 3.1, @, is strongly mix-
ing on (L®(A x P1), |I]lo0)-
For the observable ¢; (i, D) := 10g|| A,(i)”’;—”{

, we have that
L H
|4} (@)D
= log|| A7 ()0 —log| A}~ (w)d].

010 Zn1(0,9) = g1 (0n, A (©)D) = log| 4 (@)
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Thus,
1 . 1
=Snpt (0, 0) = —log|| A7 (@)v],
n n

where v is a unit vector representative of the point 0.
Moreover, by Furstenberg’s formula (3.3),

Li(4,) = / V2 (5) dne(6) = / 00, 9) d(p X 10)(0. D).

It is not difficult to verify that Lemma 3.4 (iii) implies that for Lebesgue a.e. t € A,
L1(A;) > —o0.

Our statement (in fact, a stronger version thereof) would then immediately follow
from (3.4) if the observable ¢; were bounded. That is of course not the case, precisely
because of the singular matrices. The idea is then to use the truncations ¢; y (for
which estimate (3.4) is applicable) as a substitute for ¢;, where the order N of the
truncation is adapted to the scale n at which we prove the LDT estimate.

More precisely, given any large enough scale n € N, let N, € N be a truncation
order to be chosen later (anticipating, the choice that optimises the estimates will turn
out to be N,, ~ n'/3). We will transfer the LDT estimate at scale n from ©t,N,, 10 @y
by eliminating an #j-negligible set of parameters (¢, 9).

For all n € N, define the following real-valued functions on X x A x P!:

N 1 N
Ap(w,t,0) := ;Sngol(w, ) —/(pt dp x n;
N 1 N
En(a)’t’ U) = ;Sn(ﬂt,Nn ((,l), U) - Pt,N, dp X 1t

. 1 o1 R
gn(w,t,0) := ;S,,gat(a), V) — ;Sn‘ﬂt,Nn (w, V).
Then
|An(a)’t9ﬁ) - En((,(),l, 7:})| E |gfl(a)vzv ﬁ)| + / |(pt - QDZ,an dp XNt (35)

Note that |
An(wvt’ ﬁ) = ;log“A:‘l(w)v” - LI(AI)

Moreover, given ¢ > 0, the general LDT estimate (3.4) and the comments following
it show that for every (t, ) € A x P!,

,u{a) € X:|En(w,1,0)] > %} < 8e~C0 N2, (3.6)
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where cg(g) is essentially of order £2. Using Lemma 3.6, we have

/ (/ lpr — @1.N, |dp x nz) dt

= Zl’i//th(i,ﬁ)—<pt,zv,,(i,ﬁ)| dn. (D) dt < e~ Nn/3,

ieA A P!

Moreover, we will also show that
[ 180190 dew) die. ) 5 Ve G.7)

Indeed, note that
N 1 « ~i—1, \~a ~ic1l, A
gn(@,1,8) = ~ 3 (pi(w;, A7 (@)D) = guw, (@7, 4] (@)D).
j=1

Givenw € X, if g (w,t,?) # 0, then there is 1 < j < n such that
¢i(wj. A} 71 (©)D) # ¢, (5. 4] (@)D),

that is, ¢; (w;, fftj_l(a))ﬁ) < =Ny, or (t,0) € Py, j—1,n,(®).

Thus, for (¢,9) ¢ By(w) := U;'l=1 Py, .j-1,n,(®), where 7)(Bp(w) < ne N we
have that g, (w, ¢, 0) = 0.

Using Fubini and Cauchy—Schwarz, it follows that

[[ |gn(w,t,ﬁ)|du<w>dﬁ(t,ﬁ>=/ (gn(@.1.9)] dif(t. 9) dpu(w)
- / 18n (@21, 0) 15, (0 (1. 9) dii(1, 9) dp()
< / 180(@. )20y T Bu (@) da(@)

< Ve [g,(@. 2y dia(o).
By Lemma 3.4 (iii), forall v € X,

/ 2wy, A7 7N (@)9) dmi(9) dit < C.

SO
1
—S,0(w, D ‘ <~C,
Hn n‘Pt( ) Lz(ﬁ)_
while |¢;, N, (i, )| < N, so
1
-S , D ‘ < N,.
Hn n(pt,Nn(w U) L2G) — n

Thus, for all w € X, ||ga(@. ")l 12¢) < +/C + Ny, which then easily implies (3.7).
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Integrating inequality (3.5) with respect to u and 7, we obtain
[ 180,18 = Ento.. 9 dni@) diie.5) < Ve,
Applying Chebyshev’s inequality to the function
5> [ 180.1.8) = En(o..)] du(@)
there is a set B, C A x P! such that 7j(B,) < /ne /¢ and if (¢, ) ¢ B,, then
/ |Ap(@,1,0) — En(w,1,0)| du(w) < e Nn/®,

Since } ., 71(Bn) < 0o, by Borel-Cantelli, 7j-almost every (¢, 9) belongs to a
finite number of sets B,,. That is, for f-a.e. (¢, V), there is no(¢, v) € N such that for
all n > no(t, 0), we have (¢,0) ¢ By, so

/ |An(a)1[’ﬁ) - En(Cl),t, ﬁ)l d’u(a)) < e_Nn/6‘

Applying again Chebyshev, we have that
plw € X:|Ap(w.1,0) — Ep(w,1,0)] > e Nn/12} < g=Nn/12,

We have shown that there is a set Q, C X with u(Q,) < e~N¥/12 such that if

w ¢ Q,, then
e
|An(w,1,0) — Ep(w,,0)] < e /12 < 5

provided n is large enough depending on (, ¥) as above and on e.

Thus, if | A, (w,t,0)| > ¢, then either w € 2, or |Ep(w,t,0)| > % the later holding
for w in a set of measure < 8¢ ~C0©N;>n by (3.6).

We conclude that for 7j-a.e.(f, 0) and for all & > 0 there is ng = no(e,t,0) € N
such that for all n > ny we have

plo: | Ap(w,t,0)] > e} < e Nn/12 4 e 0@N 2 e_c"(a)”lm,

provided we choose N, ~ n'/3. This establishes the first statement of the theorem.

In particular, by the definition of the measure 7, for Lebesgue almost every para-
meter ¢ € A and for 1,-a.e. point v this first statement of the theorem holds, namely

1 3
/L{a) eX: )— log|| A} (w)v|| — L1(A;)| > 8} < eco@n'’?, (3.8)
n

The support of the measure 7; is the set

{"thn(SC_‘))fs:s € Asinng € ‘Air:w’n € N}
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There is at least one singular symbol, s € A, and at least one invertible one
i € Ainy. By the positive winding condition,

d ~ . .
EAt(l)rs >co >0,

S0t > A, ¢ (i)Fs cannot be constant on a set of positive Lebesgue measure. Therefore,
A (i)Fs # 1 for Lebesgue almost every 7.

It follows that for Lebesgue almost every ¢ € A, the support of the measure 7, has
at least two points, étl and é,z. Thus, (3.8) holds for two linearly independent vectors
e} and e? so it must hold with the matrix norm || A” (w)||, which establishes the second
statement of the theorem. ]

Let us now derive the version of the LDT estimate stated in the introduction.

Proof of Theorem 1.1. Recall that given the partition of the alphabet A = Agjpe U Ajpny
into two non-empty sets, we denote by M the set of all cocycles A = (A4, ..., Ax) €
Mat, (R)* with rank A; = 1ifi € Asing and det(A4;) > 0if j € Aj,y. Moreover, M*
denotes the subset of cocycles in M for which 7; # lgj foralli, j € Aging.

Firstly, note that the set M \ M*, consisting of cocycles for which a kernel 7;
coincides with a range lgj for some symbols i, j € Agyg, has zero Lebesgue meas-
ure in the analytic manifold M. Secondly, by [10, Corollary 4.5], L1(A4) > —oo for
Lebesgue almost every A € M.° We may then neglect cocycles in these negligible
sets.

Given any cocycle A € M, for all parameters ¢ € [—, 7] define

Ar = (A1), ..., A (k)),

where

A; if i € Agne, —di
A,6) = i i sing and R, = Cf)St sin ¢ ‘
A;iR; ifi € Ay, sinf cost

This is an analytic family of cocycles. If A € M*, then A4, takes values in M* and
it satisfies the Assumptions 3.1; then by Theorem 3.2, A(¢) satisfies large deviations
of sub-exponential type for Lebesgue almost every ¢t € R. Therefore, since the map
M X [, 7] > M, (A.t) — A, is a submersion, Lebesgue almost every 4 € M
satisfies similar large deviations estimates. ]

®Note that the partition A = Aging U Ainy in this paper is fixed, and we use the notation M
to refer to the space that in [10] was denoted by M; with I = Agpe.
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3.4. Central limit theorem

We now establish a central limit theorem for cocycles with singular components. The
proof uses the following abstract central limit theorem due to Gordin and LivSic [17].

Let M be a compact metric space, let M > x > K, € Prob(M) be an ergodic’
transition kernel, let Q be the corresponding Markov operator and let n be a Q-sta-
tionary measure. Given an observable ¢ € L*(M, n) with [ ¢ dn = 0, if we have
> o2 oll0"¢ll2 < co, we can define g € L2(M,n) by g := Y ney O"¢. Then ¢ =
g — Qg. Leta?(p) := [|g]3 — | Qg3 € [0, 00).

Theorem 3.3 (Gordin—Livsic). Let M, Q, n, ¢ be as above and assume that

o0
D10 ¢ll2 <00 and o*(p) > 0.

n=0
Then we have the following convergence to the standard normal distribution:

Sne
O/ Nn

— N (0, 1).

Moreover, this holds not only relative to the Markov probability with initial distribu-
tion 1, but also with initial distribution 8 for n-a.e. x.

We consider as in the previous subsection a smooth family of cocycles A > ¢ +—
Ay € M* satisfying Assumptions 3.1. We also consider the special observables v/,
and ¢; from before.

We introduced two related (families of) Markov operators acting on measurable
bounded observables. They can actually be defined for arbitrary observables; namely,
if : P! — [—00, o0), we put

QY (®) =Y piy(A:(i)D)

icA
and if ¢: A x P! — [—00, 00), we put
Qip(j.0) =Y pigli, A (j)D).
ieA
Consider the projection
n: L?(Ax Pl — L2(PY)
mp(d) 1= pig(i. ).

i€eA

Using this notation, w¢; = ;. Moreover, @' t1¢(i, 1) = @?(ﬂ@)(z‘i\t @@)v).

"This automatically hods when there is a unique stationary measure.
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Lemma 3.7. For Lebesgue almost every parameter t € A, we have that

o0

2

n=0

< oQ.

Qe —/wt dpdn,

L2(pxny)

Proof. By the previous observations,

[e9)

)3

n=0

é?ﬂfﬂt —/Ql)t dpdn;

>

L2

(Q?Wz(/fz(i)ﬁ)—/% dn;
n=0

S5

L2
2 1/2
dm(ﬁ)) .

We start by showing that for every i € A, there exists o € (0, 1) such that for every

neN,
/[‘@;’wt(ﬁt(z’)ﬁ)—[% dn,
A Pl

Fix i € A and note that by Lemma 3.4 (iii) and Jensen’s inequality,

//‘@m(&(i)ﬁ)—/wt dn,

A P!

~ [ ]| Erew @i

AP 1 Qe‘Ailnv

Q?llft(lzl\t(i)ﬁ) - / Ve dny

n=0 “eA

2
dn:(0) dt < o".

2
dne () dt

Y0 Y Y p@vidl@ro| dn) ar

SE€Asing J=n QEA{HV

52// Zp(@)lwt(/fl’(@)fft(i)ﬁ)Pdﬁ(z,ﬁ)

A Pl Q€A

2 [ Ty Yr@wdwrr die.o)

A Pl s€AG Jj=n C_UGA-J

inv

S D> @+ Py D p@s-g)"

weAl s€EAgng Jj=n ‘_"EAijnv

so the claim holds witho = 1 —gq.
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By Chebyshev’s inequality,
2

Leb{teA: ‘@;’w,(fft(i)ﬁ)— Ve dn;
[lssian- |

dn: (v) > o”/z} <o"2.
Therefore, for every i € A and for each n € N, there exists a set B, (i) C A, with
Leb(B,(i)) < 0™/? such that for every ¢ ¢ B, (i),

< o2, (3.9)
L2(pxn;)

‘(:‘2?“% - / ; dp dn;
AxP!

Moreover, since there is a finite number of symbols, there exists a set B, that
satisfies the same properties for all symbols i € A simultaneously. Furthermore, since
Zf:o Leb(B,) < oo, by the Borel-Cantelli lemma, for almost every ¢ € A, there
exists ng(t) € N such that for every n > ng(t), t ¢ B,. Thus, for almost every ¢, the
inequality (3.9) holds, hence

o0

2

n=0

< 00,

é?“‘ﬂt - / @: dp dn;

L2(pxny)
which proves the lemma. |

We are ready to formulate and to prove a parametric version of the CLT for
cocycles with singular components.

Theorem 3.4. Let A: A — M* be a smooth family of cocycles satisfying Assump-
tions 3.1. Then, for almost everyt € A, there exists 0 = o (t) > 0 such that
log||A%v|| —nL1(A;) 4
oglAtl —nLi(4) 4 o
o/n
holds for n;-a.e. b € P! and, moreover,
log||A%?|| —nL1(As) 4
g7 ~nlad) 4 o
o/n

Proof. If A, is projectively uniformly hyperbolic for every ¢ € A, then the cocycle

reduces to a 1-dimensional cocycle to which the classical CLT applies. Hence, we
assume from now on that the cocycle family A; is not projectively uniformly hyper-
bolic for some ty € A. By Theorem 3.5, there exist parameters A > 1, — to for which
Ay, admits a null word, which implies a singularity L;(A4,,) = —oo.

Consider the special observable ¢; defined before and recall from Lemma 3.7 that
for Lebesgue almost every parameter ¢t € A, we have

o0

2

n=0

< 00.
L2(pxn;)

Qe — [ ¢: dp dn;
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This in particular allows us to define

oo
gi=y E‘Z?(wt —/(pt dp dm) € L*(p x ).
n=0

Then for almost every parameter ¢,
1 —/cpt dpdn; = g — Q.

Leto?(1) = o7 (¢r) := llgel3 — 11Q:2:l3 € [0, 00).

In order to apply Theorem 3.3, it remains to prove that o(¢) > 0 for almost every
t € A. We accomplish this in several steps.

We recall the following definitions and results. A cocycle is said to be projectively
uniformly hyperbolic if it admits a dominated splitting [10, Definition 3.1].

In the Bernoulli case, an invariant multi-cone is a non-empty, non-dense open sub-
set M C P! such that A; M C M for every i € A. In [10, Theorem 3.1] we proved that
a cocycle A is projectively uniformly hyperbolic if and only if it admits an invariant
multi-cone.

Assume now that the invertible cocycle Ainy = (4;)ieA4,, 1S projectively uniformly
hyperbolic, and let M be an invariant multi-cone. Define

o0
keo=()  Jdi, - 4n00),

n=0 iy,...,ip €Ay
o0

K = Ui, - 4™ @'\ M),
n=0 ig,..., in €Ainy
These sets are, respectively, the closures of the unstable and stable Oseledets dir-
ections of Aj,y (see [10, Proposition 3.1]).

Definition 3.1. A smooth family of cocycles A: A — Mat;r (R)* is called rich if for
every po € A there exists a smooth curve ¢ — «(¢) € A through pg such that the
one-parameter family A(c(¢)) is positively winding.

The following theorem was proved in [ 10, Theorem 4.1].

Theorem 3.5. Let A: A — Mat; (R)* be a rich smooth family of cocycles on an open
set A € R™, and suppose there exists i € {1, ..., k} such that rank(A;(t)) = 1 for
everyt € A. Then, for eacht € A, either A(t) is projectively uniformly hyperbolic, or
there exists a sequence t, — t in A such that A(t,) has a periodic null word, hence
L1(A(t;)) = —oo foralln € N.

For the Markov case, we refer to the companion paper [ 10, Definitions 3.1 and 3.5,
Proposition 3.1, and Theorem 1.1].
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Lemma 3.8. Let J be the set of parameters t € A such that the corresponding
cocycle A; is projectively uniformly hyperbolic. For Lebesgue, almost every t € JH,
the corresponding stationary measure p X 1; has infinite support.

Proof. Firstly, note that if the parameter ¢t € J is such that 4, is diagonalizable,
then the ranges of the singular matrices and the unstable directions of the invertible
matrices are aligned. Therefore, the support of the corresponding stationary measure
has only one point. However, this case only happens with zero measure, since this
alignment will be undone by the winding property as the parameter ¢ varies. Note that
singular matrices remain constant in the process.

Hence, we only need to consider the case in which the cocycle A; is not diagon-
alizable. Note that if A; is projectively uniformly hyperbolic, then so is its invertible
u

part Ainy(¢) := (A:(i));ean,,- Hence, we can define K|

mnv?

the set of unstable Oseledets
directions E*(w) of the cocycle (4;)ie4;, over the set of points w € A%v. We divide
the proof in two cases: #Kr = 1 and #K} > 1.

First, we suppose that #K = 1. Since we assume that A, is not diagonalizable,
there is no range in K . Therefore, the iterates of the ranges are going to spread
into infinitely many different points in the projective space by the projective uniform
hyperbolic dynamics (in fact, the iterates will converge to K ). Since the correspond-
ing stationary measure p X 1, is discrete and gives positive weight to every pair of
the form (, fl\’,’ (w)Fs), we conclude that the support of 7, is infinite.

Now, suppose that #K;7 > 1. In this case, K;7, is in fact infinite, as it is the limit
set of a contracting iterated function system; it may be a Cantor set, an interval, or a
combination of both.

If any range lies outside K"

&+ the proof proceeds as in the previous case, so we

may assume that every range r; is contained in K/ .
Moreover, since Ajyy is projectively uniformly hyperbolic (and topologically mix-
ing in the Markov case), for any 0 € K% and any point in an invariant multi-cone of

Ay, in particular for any range 7;, there exists an admissible word w € Af?fv such that

U = lim fft”(a))f,-.
n—>oo
Hence, by a suitable choice of w, one can iterate any range r; by A% (w) so as to con-
verge to any prescribed element of K . Since the corresponding stationary measure
p X n; is discrete and gives positive weight to every pair of the form (J, f/l\;' (w)Fs),
we conclude that the support of 7, is infinite. [

Lemma 3.9. For Lebesgue almost every parametert € A, the observable ¢; cannot
be p X n; constant.
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Proof. By Theorem 3.5, for every ¢t € A, either A, is projectively uniformly hyper-
bolic or it can be approximated by cocycles that admit null words. The proof is then
divided into two cases.

First, let us consider the set B of parameters ¢ € A such that A, is not projectively
uniformly hyperbolic. Note that there exists ¢ > 0 such that for every 1 € B and all
Jj € Aandi € Agpg, it holds that |¢;(j, 7;)| < c. Moreover, by Theorem 3.5, there
exists ¢’ arbitrarily close to # such that 4,/ has a null word. Hence, by continuity, there
exists some range r, and a finite word w such that || A} (w)r || is arbitrarily small, thus
|@¢| > c. Therefore, we conclude that for every ¢ € B, ¢; is not constant.

By Lemma 3.8, we have that for Lebesgue almost every t € #, there are infinitely
many points in the support of the corresponding stationary measure p x 1;. Moreover,
@r 1s p X n;-constant if and only if it takes the same value at every point in the support
of p x n;. The only way for this to happen is if A; had a conformal word (with a pair
of non-real eigenvalues). In fact, the presence of a conformal word implies that this
word is projectively elliptic, hence not projectively uniformly hyperbolic. Therefore,
we conclude that for almost every ¢ € J, the observable ¢; is not p x 1, constant,
which finishes the proof. ]

The next lemma establishes the positivity of the variance-type quantity o2(¢) for
almost every ¢ € A by an adaptation of the proof of [7, Proposition 2.2]. We note that
this proposition is a version of the abstract CLT of Gordin and LivSic, which is more
applicable to dynamical systems.

Lemma 3.10. For almost everyt € A we have o2(t) > 0.
Proof. Consider the family of Markov operators

Q;: L®(A x P!y - L®(A x P,
given by

(@) (j. D) = Y _ (i A (j)D) pi

i€A

and the corresponding family of Markov kernels
K; A xP! — Prob(A x P1).

Recall that the measure p x 7; is K;-stationary, in the sense that (K;)«p X n; =

P XNz
Fix any € A. Assume by contradiction that 02 (¢) = 0. Then

0< / @18:(x) — g0(1)) d Ko () dp x 00 (x)

= /{((s_?zgz(?f))2 +(2:(0))? = 28(1) Qg1 (x)} d Ky x () dp X 1 (x)
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= /{(gz(y))2 —(Q:8/(x))*} d K x(y) dp x 1,(x)
= g3 — ||(:tht||§ =0%(1) =0.
We then conclude that g;(y) = @, g, (x) for p x n;-a.e x and K, x-a.e y.In particular,
define .
Xj(w) = Af (0)F,
where w € AN isa periodic admissible word with wg = wy,, =i € Agjng. Then

n—1

togll47(@)ri| ~nLi(4) = Yl (% @) = [ g0 dp ]
=0
n—1
= [g:(X; (@) — (Qrg) (X (@))]
j=0

n—1
= Z[g,(Xj (@) — g1(Xj+1(w))]

j=0
= g1(Xo(®)) — &:(Xn(w)) = 0.

This telescoping sum shows that for every n-periodic orbit w containing the singular
symbol i € Ay, its dominant eigenvalue satisfies

Mmax(A’tl(w)” = enLl(ét)-
In particular, for the fixed point w =i,
B i= lirs, Air)| = et140

is independent of the parameter . Consequently, for any admissible n-periodic orbit
o withwy = w, =1,
log |[(ri, A} (w)ri)| = nlogp.

Observe that the left-hand side defines a non-constant harmonic function of ¢, except
possibly at its singularities where vanishing words occur (see the beginning of this
proof). Therefore, the above equality can only be satisfied for a discrete set of para-
meter values ¢ € A. For all other values of ¢, the equality fails, yielding a contradiction.
It follows that for a.e. t € A,

o2(t) > 0,

as claimed. n
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Theorem 3.3 is then applicable to the Markov kernel K, on A x P! and the
observable ¢;, for Lebesgue almost every t € A. We then conclude that for 7;-a.e.
point ¥ € P!,

log||ATv|| —nLi(As) 4
ogllApvll —nLi(4) 4 o
o/n

thus establishing the first statement of the theorem.

To prove the second statement, with ||A7v|| replaced by || A% ||, we choose a unit
vector v for which the CLT holds and note that

log|| A7 [l —nL1(Ar) _ log|Afv]| —nLi(A) n log|| A7 || — log|| A7 v||
on oJn on )

We claim that the sequence log|| A7 || — log|| A} v|| is almost surely bounded, hence

the last term above converges to 0 almost surely, which would then conclude the
argument via Slutsky’s theorem.

The claim clearly follows from the a.s. boundedness from below by a positive con-
47 ]l
i 1471

of the matrix A. By the Pythagorean’s theorem,

|47 @)l _
147 @l =

stant of the sequence . Let v(A) denote the most expanding singular direction

[v- (47 (@) = [v-0F(4)) ().

The limit direction ¥*°(A;)(w) exists almost surely by arguments in the proof
of Oseledets’ theorem (see for instance [11, Proposition 4.4]) and 9 (4;)(w)* =
E?(w), the stable subspace in the Oseledets theorem (see for instance the beginning
of the proof of [11, Theorem 4.4]).

We must have that |v - 9°°(A4;)(w)| > 0 almost surely (which then establishes the
claim). Otherwise, on a set of positive measure we would have that v € (4, )(w)* =
E*(w), which is not possible. Indeed, E*(w) consists of the pre-images of the kernel
ke, via matrix products A7 (w), for some n € N such that w, € A, and o, .. .,
Wy—1 € Ainy. On the other hand, 9 is in the support of 7;, which consists of images
of ranges iy via matrix products A} (y). Thus, v € E*(w) would imply the existence
of null words, and in particular the fact that L{(A4;) = —oco. But those parameters ¢
form a zero measure set. ]

Theorem 1.2, the non-parametric version of the CLT stated in the introduction, can
be derived from the parametric version exactly the same way the non-parametric LDT
Theorem 1.1 was derived from the parametric LDT Theorem 3.2. Thus, Theorem 1.2
holds as well.

Remark 3.3. We note that the statistical properties derived above are sensitive to
perturbations of the cocycle, that is, the parameters appearing in these estimates are
not locally uniform.
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Remark 3.4. Projectively uniformly hyperbolic cocycles automatically satisfy uni-
form LDT estimates and a CLT, since these properties can be immediately reduced to
the corresponding limit laws for i.i.d. additive processes in classical probabilities. In
particular, by [10, Theorem 4.2], if all components of A € Mat,(R)* are singular and
L1(A) > —o0, then A satisfies uniform LDT estimates and a CLT.
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