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Inverse spectral problem for Hamiltonians
of interacting fermionic systems in almost-periodic media

Victor Chulaevsky

Abstract. We consider the inverse spectral problem for two classes of Hamiltonians of inter-
acting Fermi particles on an integer lattice of arbitrary dimension subject to a common almost-
periodic potential. We show first that the inverse problem can be solved with the help of the
KAM (Kolmogorov–Arnold–Moser) techniques from Craig (1983) and Pöschel (1983), initially
developed for single-particle models, for a particular class of limit-periodic potentials, and then
comment on the adaptations to make in the case of quasi-periodic potentials. The solution is
obtained in the class of Hamiltonians with a small amplitude of the kinetic energy operator (i.e.,
with a low mobility of the particles) featuring a uniform exponential decay of all eigenfunctions
which prove to be unimodal.

1. Introduction

1.1. Motivation

The beginning of 1980’s was marked by a wave of mathematical papers on the
Anderson localization phenomenon. Since then, a majority of papers on spectral prob-
lems (mostly the direct ones) explored the properties of Hamiltonians of non-interact-
ing quantum particles subject to an external ergodic potential V.x; !/ with strong
stochastic properties. For example, a popular class of lattice models operated with
IID (independent and identically distributed) values of the potential.

Nevertheless, it is worth emphasizing that the models with almost-periodic poten-
tials, having very weak stochastic properties, made an essential contribution to shap-
ing a new area of spectral analysis. In particular, one can hardly overestimate the
role of the celebrated “Maryland model” introduced and analysed initially by phys-
icists [18, 19]. In the wake of the papers on the direct spectral problem, the inverse
problem was solved for quasi-periodic and limit-periodic Hamiltonians on the lattice
Zk of arbitrary dimension; see [3, 14, 22] and references therein.
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A rigorous analysis of n-particle Hamiltonians involving non-trivial inter-particle
interactions in a disordered environment had to wait some three decades; the first
papers [1, 11, 12] in this direction appeared in 2008–2009, a few years after the
physical works [2, 21]. These and several subsequent mathematic papers devoted to
interacting quantum particles treated only the direct spectral problem, and only in
presence of a disordered media-particle potential with strong stochasticity (IID, in the
lattice case). Somehow, one overlooked an opportunity to explore the inverse spectral
problem with the help of a suitable adaptation of the techniques from [14, 22]. The
goal of the present paper is precisely to make up for this regrettable omission.

Comparing the two main results of [14, 22], viz. [22, Theorems A and B], one
can see that the hypotheses of Theorem A (cf. Theorem 3 in Section 6) for the inverse
spectral problem are considerably simpler to check in a given model than for the direct
problem (cf. [22, Theorem B]). Specifically, to be able to solve the inverse problem
for a given diagonal matrixƒwithƒxx D �x , �WZk!R, it suffices that the function
� be “distal” in the sense of the (unnumbered) definition given in [22, Section 1]. This
gives rise to a larger class of explicit examples than in the case of the direct spectral
problem where � is required to be “stable distal” (cf. [22, Section 1, the paragraph
following Theorem B]).

The aforementioned simplification is particularly pronounced in the case of n-par-
ticle Hamiltonians; n> 1. We note in passing that the hypotheses of [14,22], resulting
in a uniform exponential localization of eigenfunctions (ULE; cf. [15, Appendix 3]),
cannot be true for random potentials featuring a sufficiently strong stochasticity,
for the latter gives rise to a semi-uniform (SULE) but not uniform localization. We
addressed the direct spectral problem in a separate work [10], building on the tech-
niques developed in earlier publications [8, 9] which are considerably more involved,
and using some general ideas from the well-known work by Y. G. Sinai [24]. In the
present paper, we also make use of some techniques from [8, 9], but an essential part
of technical work is now more transparent.

The analytic core of the works [14, 22] is a linear variant of the KAM (Kolmo-
gorov–Arnold–Moser) method, which is itself a particular case of the general
Newton–Raphson method, albeit formulated in a specific, non-traditional way. Here,
too, we would like to stress that the first strong result on spectral properties of quasi-
periodic differential Schrödinger operators, viz. existence of absolutely continuous
spectrum for energies not too close to some “resonant” values, was proved in [16]
with the help of the KAM method. A completion of the latter work by Eliasson [17]
was, too, based on the KAM-type techniques.

We do not have to enhance in the present work the principal analytic techniques
of [14, 22] which are quite general and efficient.

However, a direct, formal application to fermionic Hamiltonians of the statement
of [22, Theorem A] is far from obvious, for several reasons.
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• Firstly, in order to formulate either the direct or the inverse spectral problem,
in view of finding the solution by successive approximations, one has to find first a
suitable, efficient initial approximation. More to the point, in the general framework of
interactive disordered quantum particle systems, one can start either with the purely
kinetic component of the full Hamiltonian, or with the Hamiltonian of the system
of non-interacting particles. The latter option requires, of course, solving the single-
particle problem first. The former one seems tempting but proves to be more complex
on the technical level, as evidences a thorough analysis of the early works [1,12]. This
is why in the present paper, we start with the n-particle system with no interaction
and make use of the results and techniques on the single-particle system in an almost-
periodic environment. Consequently, the full Hamiltonian H is decomposed in the
sum Hnon-int C U , where U is the inter-particle potential energy operator. Naturally,
the initial orthonormal basis is the eigenbasis for Hnon-int, and the off-diagonal matrix
elements of U decay exponentially fast away from the diagonal. Diagonalization of
H is achieved with the help of a linear KAM method.

• Secondly, to overcome the usual problems due to the “small denominators” (cf.
Section 2.6) invariably appearing in the KAM-type methods, one has to define a very
special norm in the space of operators, since the decay of the aforementioned small
denominators is strongly anisotropic in the fermionic configuration space, unlike the
1-particle case. It turns out that the lower bounds on the small denominators that
one can prove decay much faster in some directions; too fast for the Craig–Pöschel
technique (outlined in Section 6) to apply directly.

Nevertheless, we show that the latter, thorny technical problem can be circum-
vented, so that a suitable adaptation of the Craig–Pöschel techniques still applies to
the fermionic Hamiltonians. To this end, we introduce in the fermionic configuration
space a new metric (not a pseudo-metric like, e.g., in [1, 11, 12]), better adapted to
the localization analysis of interactive Hamiltonians than those used in prior works on
n-particle Anderson localization.

This requires a number of preliminary considerations and estimates, which
explains why the statement of the main result appears only in Section 4, after a rather
long Section 2 and a brief construction in Section 3 of a class of explicit examples
of limit-periodic external, media-particle potentials giving rise to “distal” eigenvalue
generating functions.

It is worth emphasizing that, as evidences the experience of the early years of
multi-particle Anderson localization, the choice of a suitable, efficient metric (or
pseudo-metric) in the n-particle space is not a banality, and it can be crucial for
the analytic techniques to apply. It was indeed a pseudo-metric, not a genuine one,
which proved to be the key to a quite complex technical spectral analysis of inter-
active Hamiltonians. Curiously, in the framework of a significantly simpler, algebraic
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approach, in essence going back to [3, 14, 22, 23], the pivot element of the technical
analysis is a function, denoted d.�; �/ in Appendix A, verifying the triangle inequal-
ity and symmetric. As to the condition d.a; a/ � 0, it actually is almost irrelevant,
because the values on the “diagonal”, viz. d.a; a/, are of little importance. Using
d.�; �/ as a new metric in the fermionic configuration space, we obtain vital bounds on
small denominators compatible with the Craig–Pöschel approach.

To keep the size of the present paper within the limits it deserves, we do not
include any reasonably complete survey of the prior publications on the applications
of the KAM techniques to direct and inverse spectral problems for disordered operat-
ors, nor on the spectral analysis of interacting disordered quantum particle systems.
Interested readers can find more information on these subjects in [10].

2. Preliminary considerations

2.1. Fermionic spaces

The spectral problems for n > 1 fermions in a lattice Zk can be formulated in several
ways. For example, once n is fixed, one can consider the Cartesian power .Zk/n D
¹x D .x1; : : : ; xn/º and restrict a Hamiltonian H to the subspace (“fermionic sector”)
of anti-symmetric functions of the variables xj . Naturally, for a consistent modelling
of Fermi systems, the Hamiltonian H has to be permutation-symmetric.

However, such a traditional representation brings up some considerable technical
problems in the proofs of Anderson localization, for it gives rise to strong “phantom
resonances” between the eigenstates with identical (due to the symmetry of H) eigen-
values. In terms of the inverse spectral problem that we address here, one has to face
the problem of exactly vanishing spectral spacings (“small denominators”). Clearly,
this purely formal problem has nothing to do with the modelled physical system, and
yet, it cannot be simply ignored. This is why the first papers [1, 12] used a specific
pseudo-metric (Hausdorff metric) on the product configuration space .Zk/n, which
did not solve, alas, all the technical problems encountered on that way.

We circumvent the aforementioned formal issue in a formal way by using a differ-
ent, albeit equivalent, representation of fermionic configuration spaces. Specifically,
a convenient mathematical tool for representing finite systems of indistinguishable
lattice particles is the so-called “symmetric power” of graphs.

Below we often denote by ha;bi a pair of distinct elements a;b of whatever nature.
For the indicator functions of various sets A, we use notations like 1A.

Let .G ; E/ be an at-most-countable graph without loops, with vertex set G and
edge set E , endowed with the canonical graph-distance .x; y/ 7! dG .x; y/ = minimal
length of the paths over the edges connecting x to y. We denote by BR.x/ the ball
¹y 2 G W dG .y; x/ � Rº.
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Fix an integer n � 2. The n-th symmetric power of G is the graph with

• the vertex set G .n/ formed by all subsets x D ¹x1; : : : ; xnº of G of cardinality
exactly n, i.e., with no duplicates;

• the vertex set E.n/ formed by all pairs .x; y/ such that the symmetric difference
(recall: x and y are sets!)

x	 y ´ .x n y/ [ .y n x/ � G

has cardinality 2, i.e., x	 y D ¹u; vº with u ¤ v, where ¹u; vº is an edge of G :

x	 y D ¹u; vº 2 E:

(We use an ad hoc notation “	” for the symmetric difference, because a more
traditional one,4, can be easily confused with the Laplacian �.)

Therefore, d.u; v/ D 1 (hence .x; y/ is an edge) if and only if y is obtained from
x by removing exactly one point u 2 x and replacing it with a point v ¤ u adjacent
to, but not included in, x:

y D .x n ¹uº/ [ ¹vº; d.v;x/ D 1; v ¤ u:

An equivalent representation of fermionic configurations, helpful in the proof of
an important Lemma 2.1, is given by the so-called “occupation numbers” functions

nxWy 7!
X
x2x

1x.y/; y 2 G :

Clearly, the mapping OWx 7! nx is an injection of G .n/ into the linear space of func-
tions on G , and its range Ran O is characterised by easily verified conditions

Ran nx D ¹0; 1º; card supp nx D

X
x2x

1 D n: (2.1)

To inverse O on its range, it suffices, for any � 2 Ran O, to set

x D O�1.�/´ supp� � G

noting that Ran� D ¹0; 1º and card supp� D n by (2.1).
Obviously, an adaptation to bosonic particle systems requires a slightly different

construction of the underlying graph. Specifically, instead of the formal linear com-
binations of vertices x 2 G with coefficients cx 2 ¹0; 1º obeying

P
x2x cx D n, one

has to work with coefficients cx 2 ŒŒ0;n��´ Œ0;n�\Z subject to the same constraintP
x2x cx D n.
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In the particular case where k D 1, there is a simpler, and well-known, realization
of Z.n/ as a subgraph of Zn:

Z.n/ Š ¹.x1; : : : ; xn/ 2 Zn
W x1 < � � � < xnº:

In the general case k � 1, we denote .Zk/.n/ by Z2.
We focus on the case n D 2 revealing in fact the main techniques extendable to

any n � 2, and comment where necessary on some adaptations to be made in the
general case. In particular, in Section 5 we prove for n D 2 a simpler version of the
following technical result valid for any n > 1. In its intended application, it leads to a
conclusion that, to some extent, multi-particle configurations labelling the uniformly
localised, unimodal eigenstates, can be treated as the 1-particle ones: if x ¤ y , then
there are some effective degrees of freedom in the “disorder” affecting much stronger
the respective eigenvalue �x than all the other eigenvalues �y . This is a weaker yet
efficient analog of a trivial fact widely used in the localization analysis of 1-particle
lattice Anderson models with IID external potential. However, finding the required
degrees of freedom is a more complex task for the almost-periodic potentials featuring
a very weak stochasticity.

Lemma 2.1. Let be given a countable graph G and n > 1. For any x 2 G .n/ and
y 2 G .n/ n ¹xº, there exist Ox 2 x n y , Oy 2 y n x, and some subsets X;Y � G with
card X D card Y D n � 1 such that

x D ¹ Oxº [X; y D ¹ Oyº [ Y; (2.2)

Ox 62 X [ ¹ Oyº; Oy 62 Y [ ¹ Oxº: (2.3)

Proof. Fix any x ¤ y . The mapping f W G 3 z 7! nx.z/ � ny.z/ 2 ¹�1; 0; 1º is
not identically zero, for nx � ny would imply x D y . Also,

P
z f .z/ D 0, sinceP

z nv .z/ D n for any v 2 G .n/. Hence, there exist some lattice points Ox ¤ Oy with
f . Ox/ D 1 and f . Oy/ D �1: otherwise, f would not change sign on G without being
identically zero, in contradiction with

P
z f .z/ D 0. Further, card x D card y D n

implies that X ´ x n ¹ Oxº and Y ´ y n ¹ Oxº have cardinality n � 1, and Ox 62 X,
Oy 62 Y. It is plain that

Ox 2 x n y ; Oy 2 y n x:

This proves (2.2). The assertion (2.3) follows from (2.2) combined with Ox¤ Oy, Ox 62X,
Oy 62 Y.

2.2. Fermionic Hamiltonians

In this subsection, we do not discuss dependence of Hamiltonians and their compon-
ents upon any parameters. Ensembles of Hamiltonians relative to some probability
spaces will be introduced later.
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In the case, which we do not consider in the present paper, where the quantum
particles are distinguishable, thus can be numerated in some way, the n-particle states
form a tensor product Hilbert space H D

Nn
jD1 H j , where H j are replicas of the

1-particle quantum state space, e.g., H D `2.Zk/ for the lattice particles in dimen-
sion k. Given a 1-particle Hamiltonian H acting in H , its counterpart for n non-
interacting (again, distinguishable) particles is given by

Hni
D

nX
jD1

j � 1 factors‚ …„ ƒ
1˝ � � � ˝ 1˝H ˝

n� j factors‚ …„ ƒ
1˝ � � � ˝ 1 ;

but the case of indistinguishable particle, bosonic or fermionic, is a bit more del-
icate. As was explained in the previous subsection, we are compelled to avoid a
standard approach with a restriction of the Hamiltonian to the subspace of symmet-
ric/antisymmetric functions, and work in the space of square-summable functions on
the n-th symmetric power .Zk/.n/. While the numeration of the particle positions
x1; : : : ; xn may occasionally prove useful, it is preferable to define the Hamiltonians
and their components in an invariant way, without any particle numeration.

The kinetic energy operator H0. It is usually assumed to be the sum of kinetic
energies of all particles. In the lattice models, one often works with a finite-difference
operator whose off-diagonal entries represent the “hopping” amplitudes, measuring
the mobility of the particles. For example, H0 can be the (negative) canonical graph
Laplacian �� on Zn, but it will become clear that a much richer family of “hopping”
operators of finite and infinite range can be allowed without compromising the applic-
ability of the techniques from [14,22]. Clearly, this definition operates with unordered
subsets x � Zk with card.x/ D n.

The media-particle interaction operator V . Let be given a function V WZk ! R

representing the single-particle external energy potential, i.e., a media-particle inter-
action potential, common for all particles. Its n-particle counterpart V is the operator
of multiplication by the function

Zn
3 x 7!

X
x2Zk

nx.x/V .x/ D
X
x2x

V.x/;

which, by a slight abuse of notations, we also denote by V ; a similar remark can be
made about the function U in (2.4). Again, this construction makes no reference to
any specific particle numerations, being permutation-invariant.

The inter-particle interaction operator U . We focus on a particular but physically
relevant case of a two-body interaction. It has some technical advantages making
some graphical classifications and calculations easier, but this concerns mostly the
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direct spectral analysis. Let be given a function uWN ! R called the “two-particle
interaction potential”. The total inter-particle interaction energy is the operator U of
multiplication by the function

U Wx 7!
X

hx;yi2.Zk/2

nx.x/nx.y/u.jx � yj/ D
X
hx;yi2x

u.jx � yj/: (2.4)

It will not appear in the main body of the proofs of the principal results, but we shall
need it in a useful example given below. To make the example simpler, let u be a
“fermion contact” potential vanishing for any pair of particle positions hx; yi with
jx � yj ¤ 1. A genuine on-site contact case x D y is impossible for the fermions,
so we allow interactions between nearest neighbors x and y in Zk . The reader will
see below that an extension to a more general case where card supp u < C1 is not
difficult. The case where u decays exponentially at infinity is slightly more delicate,
for the decay exponent of u may interfere with other key parameters in the KAM-type
induction.

Now, let us show that, if the single-particle Hamiltonian H features a uniform
exponential localization of eigenfunctions (ULE, which “. . .fails in many models”, as
was observed long ago in [15, Appendix 3]), then the matrix of an interaction operator
(of the above form) in the orthonormal basis of eigenstates of the Hamiltonian Hni

features a strongly anisotropic decay of a specific kind. To this end, assuming that
n D 2, k D 1, and the eigenbasis of Hni is formed by factorised functions  x D

 x1 x2 , x D ¹x1; x2º, where

j x.y/j � e��jy�xj; � > 0;

assess the matrix elements of the operator U as follows:

jh x j U j  yij �

X
Z3z1;z2Wz1<z2

j x1.z1/ x2.z2/u.jz2 � z1j/ y1.z1/ y2.z2/j

�

X
z2Z

j x1.z/ x2.z C 1/ y1.z/ y2.z C 1/j

�

X
z2Z

e��f.x;y;z/;

f .x; y ; z/´ jx1 � zj C jx2 � .z C 1/j C jy1 � zj C jy2 � .z C 1/j: (2.5)

As shown in Appendix A, this implies the bound of the form

jh x j U j  yij � C�e�
�
2 d.x;y/;

where the symmetric function

Z2
�Z2

3 .x; y/ 7! d.x; y/´ kx � yk1 C diam.x/C diam.y/ 2 RC
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verifies the triangle inequality, albeit it is not a metric, as diam.x/ C diam.x/ > 0

for all x D ¹x1; x2º 2 Z2, hence with x1 ¤ x2. Its strict positivity does not pose
any problem. It merely provides stronger estimates of the diagonal matrix elements,
reflecting the nature of the matrix U in the basis formed by the functions  �.

The exponential decay of the matrix elements provided by e�
�
2 kx�yk1 is to be

expected, and it is isotropic in R2 � Z2 (with either x or y fixed), but e�
�
2 .;.x/C;.y//

breaks the isotropy. For any fixed y , the decay of x 7! jUxy j is stronger in the direction
orthogonal to the diagonal ¹.x1; x2/ W x1 D x2º (which is actually excluded from the
fermionic lattice). Of course, the roles of x and y can be reversed.

This strong anisotropy is quite fortunate for the localization analysis of our model,
for our lower bounds on the spectral spacings j�x � �xj deteriorate as diam.…/C
diam.…y/!C1.

Remark 2.1. Observe that the rate of decay of the matrix elements of U is determined
not by that of the two-body potential r 7! u.r/ (which is compactly supported!) but
by the decay of the 1-particle eigenfunctions, provided that u decays faster than expo-
nentially. As a result, the matrix norms used in the Craig–Pöschel scheme impose the
off-diagonal decay of the principal matrices which can be made as fast as one pleases,
provided the 1-particle localization is strong enough. As is well known, one sufficient
condition for such a scenario is a strong disorder or, equivalently, low mobility of the
particles� small amplitude h of the 1-particle kinetic energy operator .�h�/.

We are working with the case n D 2, but, speaking more generally, the con-
figurations x of large diameter are characterised by a long-distance clustering of
sub-systems (singletons), for n D 2. This is exactly the area where the lower bounds
on “small denominators” j�x ��y jmay be much smaller, but it is also the area where
localization of the sub-systems has to be treated in a more efficient way, as was the
case in the works [1, 12] and subsequent papers.

A conclusion one can draw from this discussion is that, treating the matrix of
Hni relative to its eigenbasis as an analog of the diagonal matrix D in Section 6,
and considering the matrix of U in the eigenbasis for the non-interacting system, one
should privilege the off-diagonal matrices (analogous to P in Section 6) featuring an
anisotropic decay of the form discussed above.

It is to be stressed that we do not prove here a uniform exponential decay of the
eigenfunctions of the 1-particle Hamiltonian with a given limit-periodic potential, nor
do we have to, for this is the subject of the direct spectral problem. However, this was
proved in a recent paper [13].
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2.3. Matrix spaces and algebras

First, consider the vector space of all matrices labelled by the n-th symmetric power
Zn
´ .Zk/.n/,

Mat.Zn/ D ¹.Ax;y/x;y2Znº;

which can be chosen to be real or complex.
Let be given a function dWZn

�Zn
! RC satisfying the triangle inequality

d.x; z/ � d.x; y/C d.y; z/ for all x; y; z 2 Zn; (2.6)

albeit not necessarily a metric. Anticipating Definition 2.2, we assume d to be sym-
metric, but in the strict context of the present subsection, symmetry, while being
welcome in general, is not necessary.

For the lack of a better word, and for the sake of terminological brevity, we call
such functions d.�; �/ orthometrics. There is indeed some vague affinity of our main
example of d.�; �/ with the so-called “orthometric height” used in cartography. Its
structure can be illustrated as follows. In R2, one can decide to measure the length
of the shortest path between x D .x1; ; x2/ and y D .y1; ; y2/ involving the segments
issued from x and from y orthogonal to the line L D ¹.u1; u2/ W u2 D 0º, or the
length of the shortest path from x to y merely incidental to L. In both cases, the
“heights” of x and y over the baseline L make a considerable contribution to the
Euclidean distance kx � yk for x and/or y far away from L. In the present paper,
such a contribution is vital for circumventing some serious problems caused by the
small denominators.

With a fixed orthometric d.�; �/ and any t > 0, introduce in Mat.Zn/ the norm

A 7! jjjAjjjt ´ sup
x2Zn

X
y2Zn

etd.x;y/jAx;y j

and consider the vector space Mt of all A 2 Mat.Zn/ with jjjAjjjt < C1. A simple
calculation (cf. (A.4), Appendix A) shows that Mt with the matrix multiplication is
a Banach algebra. This fact was used in prior works [3, 14, 22], where the underlying
vertex set was a periodic lattice, and d.�; �/ was a bona fide metric.

Further, introduce the vector spaces of diagonal and of off-diagonal matrices:

D iag´ ¹A 2 Mat.Zn/ W for all x ¤ yAx;y D 0º;

Off-diag´ ¹A 2 Mat.Zn/ W for all x 2 ZnAx;x D 0º:

Endowing the linear space ¹A 2 Off-diag W jjjAjjj� < 1º with the norm jjj � jjj�, we
obtain a Banach space (but not an algebra) which we shall denote Off-diag� .

D iag is a commutative Banach algebra with the norm

jjjAjjj1´ sup
x2Zn

jAx;xj:
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2.4. Approximation functions and distal functions

Following [22], denote by S� the set of all non-negative decreasing real sequences
.�l/�1 with

P
l �l � � .

Definition 2.1 (cf. [14, 22, 23]). A continuous function aW Œ0;C1/ ! Œ1;C1/ is
called approximation function if, for some 
 > 0, the two functions

0 < � 7! ˆ.�/´ ��4k sup
r�0

a.r/e��r (2.7)

0 � � 7! ‰.�/´ inf
S�

1Y
lD0

.ˆ.�l//
2�l�1 (2.8)

take finite values for any � > 0.

The factor ��4k is adapted, as in [22], to the case of the lattice Zk . Some minor
re-calculations are required in a more general case of graphs with a polynomial rate
of growth of balls of radius r as r !C1.

Two most popular classes of approximation functions were mentioned in [14,22]:
a.r/ D rb with b > 0, and a.r/ D e�r

c
, c 2 .0; 1/. In the present paper, we need

the latter form of a, since we are compelled to allow for the decay rate of small
denominators faster than inverse polynomial.

Definition 2.2. Let be given a countable graph .G ;E/ endowed with some symmetric
orthometric d.�; �/. A function f W G ! C, is called distal (or d-distal) if, for some
approximation function a.�/, the cocycle generated by f , of the form

sf W .x; y/ 7! fx � fy ; x; y 2 G ;

admits the bound

jsf .x; y/j � a.d.x; y// for all hx; yi 2 G 2:

The reader can see that omitting in the definition of orthometric the usual con-
dition d.x; x/ D 0 is fully warranted in the intended application to measuring the
decay of spectral spacings, where �x � �x is of no importance, while the symmetry
of jsf .�; �/j makes natural the symmetry condition for d.�; �/.

For the above definition to be adapted to the Craig–Pöschel analysis, one has to
assume the graph to admit a polynomial upper bound on the growth of balls, as in the
periodic lattices Zk; this is the case with our model of fermionic space.

2.5. Ergodic ensembles of Hamiltonians

In the framework of a direct spectral problem on a periodic lattice, one would have to
describe the dependence of some class of operators upon a parameter ! 2 �, where
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.�;B;P / is a probability space on which the lattice, viewed as an abelian group, acts
by isomorphisms ¹T x W�! �º, and the dynamical system is ergodic. In the case of
the so-called “diagonal disorder”, the potential energy is a random field on Zk relative
to�. The off-diagonal disorder corresponds to randomness incorporated in the kinetic
operator, and both kinds of disorder may be present.

We are concerned with the inverse spectral problem, so “disorder”, or “random-
ness”, is encoded in the !-dependence of a diagonal matrix ƒ D ƒ.!/ which one
intends to transform by a conjugation into another matrix KC V.!/, where the form
of K is fixed and V.!/ is diagonal. Therefore, it is the !-dependence of ƒ.�/ that has
to be defined constructively.

We consider in detail ergodic ensembles of diagonal matrices ƒ.�/ related to
limit-periodic functions used in [13] to generate limit-periodic external potentials.
Another class of diagonal matrices, generated in a similar way by some quasi-periodic
ensembles of functions in [9], can also be used. The key estimates on the small denom-
inators, established in Section 5, were obtained in the quasi-periodic case in [9] and
applied to the direct spectral analysis of fermionic operators in [10].

A diagonal matrix ƒ labelled by the points of Zk is uniquely defined by the
sequence of its matrix elements �WZk 3 x 7! �x D ƒxx . �� will be called 1-particle
eigenvalue function. In the case of a particle system, one also needs its n-particle
counterpart �W .x; !/ 7! �x.!/, x 2 Zn, of a summatorial form,

�x.!/ D
X
x2x

�x.!/; (2.9)

so it suffices to define a function ��.�/. The graph Zn is in general neither a periodic
lattice nor a subgraph thereof, but Zk still acts on it by the “diagonal” shifts: the
mappings

SaWx � ¹x1; : : : ; xnº 7! ¹x1 C a; : : : ; xn C aº; a 2 Zk;

form a commutative group action.
In presence of a non-trivial inter-particle interaction U , the diagonal elements

of H.�/ incorporate the terms U.x/, and the relations between the diagonal matrices
diag.V .x; �/ C U.x//x2Zn and diag.�x.�//x2Zn are too complex to specify the
impact of U on the eigenvalues�x.!/. Conversely, it seems difficult, if at all possible,
to propose a canonical form of the n-particle eigenvalue function ��.�/ corresponding
to Hamiltonians with a given interaction U . The situation is somewhat similar to that
encountered in the inverse spectral problem for 1-particle Hamiltonians H D KC V
studied in [14, 22]: for an explicitly described diagonal matrix ƒ, one can guaran-
tee that it represents indeed a diagonalised form of a Hamiltonian with a prescribed
kinetic (= off-diagonal) component K (subject to some conditions), but the resulting
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potential (= diagonal) component does not have a sufficiently explicit description.
Pictorially, “it is what it is”, or what one gets as an outcome of an infinite inductive
construction. This is apparently an unavoidable concession to make while “dressing”
a diagonal matrix ƒ with a desired off-diagonal matrix K.

With these observations in mind, we propose a variant of the inverse problem
where the starting point is a diagonal matrix ƒ.!/ with ƒx;x D �x.!/ (cf. (2.9)),
and aim to prove, for all off-diagonal matrices K from some class, the existence of
another diagonal matrix W .!/ such that KCW .!/ is unitarily equivalent to ƒ.!/:

ƒ.!/U.!/ DU.!/.KCW .!//; U|.!/U.!/ D 1; (2.10)

where .U|/xy DUyx. The column-vectors of U.!/ satisfying (2.10),

 x.!/ D .Uy;x/y2Zn ; x 2 Zn;

are normalised square-summable eigenfunctions of H.!/ D K C W .!/, and we
prove that they are uniformly exponentially decaying.

Now that the construction of suitable n-particle eigenvalue functions is reduced to
that of parametric functions ��.�/ on Zk , it makes sense to speak of usual spaces of
almost-periodic functions on Zk .

The dynamical systems T generating almost-periodic functions (��.�/, in our
case) have very weak stochastic properties, and this constitutes a significant problem
in the analysis of “small denominators”. Apart from a few very special, and remark-
able, models which we do not discuss nor review here, the first important and quite
general breakthrough was achieved in the pioneering papers [4–6] and subsequent
publications where one considered analytic functions on the torus � D T � generat-
ing the (1-particle) potential x 7! V.x; !/ D v.T x!/. It was realised that relaxing
analyticity to a finite smoothness was (and, to a large extent, still is) a formidable
challenge.

For this reason, the approach proposed earlier in [7,8] operates with a richer para-
metric space��‚, where .‚;B‚;P‚/ is an additional probability space unaffected
by the dynamical system T WZk ��! �. Building on some techniques from [7–9],
we thus work with parametric families of Hamiltonians H.!; �/, where � 2 ‚ is
an invariant of the dynamics T . In other words, we consider parametric families of
ergodic ensembles of Hamiltonians. Solving the inverse spectral problem for indi-
vidual ergodic ensembles is very tempting, but much more difficult, while it is easier
to solve it for all .!; �/ 2��‚�."/, where P‚¹‚�."/º " 1 as " # 0. In other words,
the solvability is guaranteed for entire ergodic ensembles relative to � but only for
typical values of the parameter � : the smaller " > 0, the smaller the P‚-measure of
the exceptional set ‚ n‚�."/.

Equivalently, one can say that the spectral problem can be solved for all (not just
almost all) ! 2 � and P‚-almost all � 2 ‚, but the threshold "�.�/ is not uniform
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in � : exceptional subsets of ‚, of small P‚-measure, require exceptionally small
values ".�/.

The structure of measure space on ‚ is essential to our approach, while the
dynamics T on � no longer plays a constructive role. Speaking informally, it simply
must not be destructive, and to that end, we consider dynamical systems which are
“sufficiently aperiodic”. For example, in the quasi-periodic case, one has to avoid
Liouvillian frequencies of toral rotations.

Moreover, in the case of limit-periodic eigenvalue functions ��.�/, the relevant
phase space � is a Cantor group (cf., e.g., [20]), and while it is possible to refer to
the parametric couples .!; �/ and introduce the eigenvalue functions �x.!; �/, the
reference to ! would be in fact just a fairly useless formality. For all intents and
purposes, the structure of � is encoded here in the spatial variable x, and so we write
below �x.�/ instead of �x.!; �/.

2.6. Jacobi rotations and small denominators

This subsection is addressed mainly to the readers not familiar with the general prob-
lematic of the so-called “small denominators” in the KAM variant of the Newton
method. We also explain here why we are compelled to allow in the formulation of
the main theorem some values of the spectral spacings (“small denominators”) van-
ishing (at some controllable rate) in the limit where the key smallness parameter " > 0
tends to 0.

Consider the simplest, two-dimensional example of a real symmetric matrix

H D

�
� "

" ��

�
whose diagonalization is achieved in a closed form, but the small denominators prob-
lem can already be illustrated. Introduce the matrices

M´
�
0 �

�� 0

�
; U´ eM

D

�
cos.�/ sin.�/
� sin.�/ cos.�/

�
;

let �1 D �, �2 D ��, and denote for brevity c D cos.�/, s D sin.�/, then a straight-
forward, well-known calculation shows that

AdUŒH � D

�
� � � .c2 � s2/"C sc.�1 � �2/

.c2 � s2/"C sc.�1 � �2/ � � �

�
Therefore, diagonalization is achieved when

sin.�/ cos.�/
cos2.�/ � sin2.�/

D
"

�1 � �2
: (2.11)



Inverse problem for multi-particle almost-periodic Hamiltonians 1123

In numerical methods, a vanishing denominator �1 � �2 does not constitute a
problem per se. Only the representation (2.11) is no longer valid, but a solution does
exist: � D �=4. However, in the general context of the KAM (Kolmogorov–Arnold–
Moser) approach, where a specific form of Newton’s method is used, one usually
seeks a transformation (here, a linear transformation) close to identity in a suitable
norm, and this turns out to be impossible whenever " is fixed and the denominator
�1 � �2 is too small compared to ".

This elementary example illustrates the reason why the differences of diagonal
entries of a matrix (to be diagonalised), when they are relatively small compared to
the respective off-diagonal entries, are called “small denominators”.

Remark 2.2. In Section 5, the smallness parameter " figuring in the Hamiltonians
appears also in the threshold (lower bound) for the admissible spectral spacings. This
is quite natural, as shows already the above two-dimensional example. Indeed, set
now � D �.�/ D � 2 Œ0; 1�, zƒ.�/ D diag.�;��/, then a unitary matrix transforming
ƒ by conjugation into

KC zƒ.�/; K D
�
0 "

�" 0

�
;

is close to 1 if D jv.�/ � .�v.�//j D j� � .��/j is noticeably larger than ". For
instance, take � 2 Œ0; 1� n Œ0; "1=4� with "� 1, and endow‚ with the natural structure
of probability space with the Lebesgue measure. It is plain that solving this elementary
instance of the inverse spectral problem for the pair of matrices .ƒ.�/;K/ is equivalent
to solving it for a scaled pair ."�1=4ƒ.�/; "�1=4K/, since

Uƒ.�/U�1 D KC zƒ.�/ () U"�1=4ƒ.�/U�1 D "�1=4KC "�1=4 zƒ.�/;

but, with "1=4 < � � 1, the scaled spectral matrix has the form

ƒ.�/ D

�
�� 0

0 ���

�
; ��´ "�1=4� � 1;

so the “small” denominator �� � .���/ D 2�� � 2, actually, contains no small para-
meter. The scaled off-diagonal matrix "�1=4K, on the contrary, still has a small amp-
litude Q"´ "3=4 ! 0 as " # 0. This is exactly the kind of situations where the results
of [14, 22] on solvability of the inverse problem apply directly.

On the other hand, in order to make the measure (viz. probability) of the excluded
parameter set small, even vanishing as " # 0, one is compelled to allow some values
of � which are small, yet considerably larger than ". Without such a compromise, our
technique would merely result in an existence theorem having little to do with the
ensemble point of view on the inverse spectral problem.
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3. Covariant ensembles of limit-periodic functions

For simplicity, we consider limit-periodic functions f WZk!R only with diadic peri-
ods. Specifically, for each n � 1, consider the lattice cube of side length 2n,

Qn´ Œ�2n�1; 2n�1/k � Zk;

and introduce the product probability space .‚;B‚;P‚/, where

‚ D
1

�
nD2

Œ0; 1�Qn ;

each factor Œ0; 1� is endowed with the Lebesgue sigma-algebra and measure inherited
from R. The elements of T h has the form � D .�n;x/n�1;x2Qn . The coordinate pro-
jections ��;� form a family of IID (independent and identically distributed) random
variables on ‚ with common uniform distribution Unif.Œ0; 1�/.

Next, for each n � 1, introduce Kn D 2nk lattice functions which are 2n-periodic
in all coordinate directions on Zk , of the form

�n;y.z/´
X

`2.TnZ/k

1yC`.z/; y 2 Qn: (3.1)

In other words, �n;y is the 2n-periodic continuation in all coordinate directions of the
indicator function 1y , and its support is a coset (shifted sublattice) y C .2nZ/k .

A general case with k non-identical sequences of periods .Ti;n/n�1, 1 � i � k,
but with uniformly bounded ratios Ti;nC1=Ti;n 2 N n ¹0; 1º would not require any
major modification of the proofs. However, in absence of any restriction on the ratios,
the main results would probably become false. Pictorially, an abnormal rate of growth
of the periods, even in one dimension, is as harmless for the results on a specific
nature of the spectral measure (pure point, absolutely continuous) as an abnormally
fast rational approximation rate of the basic frequencies of quasi-periodic potentials.
In such situations, the singular continuous spectral measures have an unpleasant habit
to emerge.

The following simple observation will be useful in the proof of Lemma 5.1.

Remark 3.1. It follows directly from the definition (3.1) of the functions ��;� that the
entire cube Qn is covered without overlaps by the union of all sets Qn \ supp �n;y
with y 2 Qn, and the latter intersections have cardinality 1. As a result, every
eigenvalue �x.�/ with x 2 Qn is affected by exactly one random variable among
¹an�n;y ; y 2 Qnº. But this remains true for the points x of any shifted cube zCQnD

¹y C z W y 2 Qnº:

¹an�n;yCz; y 2 Qnº D ¹an�n;y ; y 2 Qnº for all z 2 Zk;

since the functions �n;� are 2n-periodic.
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In this section, we work with the single-particle eigenvalue functions

�x.�/ D

1X
nD1

an
X
z2Qn

�n;z�n;z.x/ D
X
n�1

an�n;Œx�n ; (3.2)

where Œx�n is the lattice point y 2 Qn such that

¹yº D .x C .2nZ/k/ \Qn:

The last equality in (3.2) follows from the definition of the functions ��;�.�/.
From this point on, by “limit-periodic” we mean a function of the above form (3.2)

unless otherwise specified explicitly.

4. Main result

The direct spectral problem for fermionic particle systems subject to a limit-periodic
potential was solved in [10]. The main technical arguments were proved first for nD 2

particles, and then it was shown how the proofs can be extended to any n > 1. In the
present paper, which is already quite technical, we keep its size within reasonable
limits by following closely the method of [14, 22], merely outlined in Section 6, so
only the case of n D 2 particles is considered. An extension to the general case n � 2

would require a more cumbersome combinatorial and measure-theoretic analysis in
the parameter space ‚.

Below, .‚;B‚;P‚/ always stands for the probability space from Section 3.

Theorem 1. Consider an ensemble of matricesƒ.�/D diag.�x.�/;x 2Z2/, Z2
D

.Zk/.2/, relative to the product probability space .‚;B‚;P‚/, where

ƒx;x.�/ D �x.�/ D
X
x2x

�x.�/; x 2 Z2;

�x.�/ D
X
n�1

an
X
y2Qn

�n;y�n;y.x/; an D
"1=4

n
e�2bn

3

; b � 2;

�n;y.x/´
X

`2.2nC1Z/d

1yC`.x/:

There exist "�; c > 0 depending upon k with the following properties.
For any " 2 .0; "�/, there exists �."/ � c ln."�="/ and a measurable subset

‚�."/ � ‚ with P‚¹‚�."/º � 1 � "
1=5 such that, for any Hermitian matrix K 2

Off-diag�."/.Z
2/ and .�/ 2 ‚�."/, ƒ.�/ is unitarily equivalent to a matrix of the
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form "KCW .�/, with W .�/ D diag.wx.�/;x 2 Z2/, so that

.KCW .�//U.�/ DU.�/ƒ.�/;

U>.�/U.�/ D 1;
(4.1)

and one has, for some C1; C2 2 .0;C1/,

sup
x2Z2
jw.�/j1 � C1"

2;

kU˙1.�/ � 1k� � C2":

(4.2)

The above theorem can be easily adapted to the case of quasi-periodic media-
particle (external) potentials of the form considered in [9]. We restrict the statement
to the case of Hermitian matrices due to the main intended application to the Hamilto-
nians of quantum systems, but, of course, the techniques of [14,22] apply also to more
general matrices.

Corollary 2. It follows from (4.1) that the column-vectors  x.�/ of U.�/ form
orthonormal eigenbases of the matrix "K CW in `2.Z2/. Moreover, owing to the
definition of the norms k�k�, � > 0, the norm-bounds (4.2) imply a uniform exponen-
tial localization of the eigenfunctions  x.�/.

It is plain that, for " small enough, a uniform exponential decay of all eigenfunc-
tions implies that all normalised eigenfunctions are unimodal, e.g., j x.x/j

2 > 1
2

.

5. Bounds on the small denominators

We work with the single-particle eigenvalue functions given by (3.2)

.x; �/ 7! �x.�/ D

1X
nD1

an
X
z2Qn

�n;z�n;z.x/ D
X
n�1

an�n;Œx�n

and their n-particle counterparts ��.�/ defined by

.x; �/ 7! �x.�/´
X
x2x

�x.�/ D
X
x2x

X
n�1

an�n;Œx�n ; x 2 Z2:

Fix any n � 2, consider the lattice cube Qn D Œ�2
n�1; 2n�1/k \Zk , and pick any

Ox 2 Qn. In the proof of Lemma 5.1, Ox will be chosen in a specific way.
We also need truncated 1-particle and n-particle eigenvalue functions:

�.N/x .�/´
X

1�n�N

an�n;Œx�n ; N � 1;

�.N/z .�/´
X
z2z

�.N/z .�/:
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A simple calculation provides uniform bounds for the truncation errors:

sup
x2Zk

sup
�2‚

j�x.�/ � �
.N/
x .�/j �

"1=4

2
ˇNaN ; ˇN ´ e�2bN

2

;

sup
x2Z2

sup
�2‚

j�x.�/ � �
.N/
x .�/j �

1

2
�R; �R ´ n"1=4ˇNaN :

(5.1)

By construction, the functions y 7! �n;y with n � N are 2N -periodic in each
coordinate direction in Zk , and so are, therefore, the truncated functions �.N/� and
�.N/� . To be more precise, the mapping x 7! �.N/x .�/ is invariant under the “diagonal”
shifts Sa, a 2 .2NZ/k , of the form

SaWx D ¹x1; : : : ; xnº 7! ¹x1 C a; : : : ; xn C aº:

Given any integer R � 1, set

Qn D Qn.R/´ min ¹n 2 N W BR.0/ � Qnº; (5.2)

so that BR.0/ � QQn.R/. Clearly, Qn.R/ � lnR. When the value of R is clear from the
context, we often write for brevity Qn instead of Qn.R/.

As was already explained, the pivot of the adaptation of the techniques from [14,
22] to our model is replacing traditional distances on the graph Z2 with a very special
function hx; yi 7! d.x; y/ verifying the triangle inequality (“orthometric”), which is
also symmetric. Consequently, the lower bounds on the absolute value of the cocycle
�a � �b in terms of the distance ja � bj, as would be required in the framework of
the Craig–Pöschel approach, are to be replaced in our paper with lower bounds on
j�x � �y j for hx; yi with d.x; y/ � R, R � 1. Furthermore, some simple arguments
show that diam.x [ y/ � d.x; y/ (cf. (A.3), Section A).

For these reasons, we prove below an efficient bound on the spacings j�x.�/ �

�y.�/j for the pairs hx; yi 2 .Z2/2 with diam.x [ y/ � R, R � 1.

Lemma 5.1. For any R � 1, there exists a subset x‚.R/ � ‚ of the form

x‚.R/ D
[

hx;yi2.Z2/2

x[y�Q QnC1

x‚x;y.R/;

where x‚x;y.R/ are B‚-measurable and admit the bounds (cf. (5.1))

inf
hx;yi2.Z2/2

diam.x[y/�R

j�x.�/ � �y.�/j � �R; for all 2 Ć n xĆxy.R/; (5.3)

P‚¹x‚.R/º � 2.QnC2/nda�1
Qn �R:
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Proof. We proceed in three steps.

Step 1. Fix any R � 1, let Qn D Qn.R/ as in (5.2), and set sx;y D �x � �y , s.Qn/ D

�.Qn/x � �
.Qn/
y . By (5.1), we have for any � 2 ‚:

jsx;y.�/j � js
.Qn/
x;y.�/j � �R; (5.4)

thus the lower bound jsx;y.�/j � �R holds true for any � 2 ‚ such that

js.Qn/x;y.�/j � 2�R: (5.5)

Now, we shall construct a set x‚.R/ such that (5.5) holds for all � 2 ‚ n x‚.R/.

Step 2. Reduction to the case where x [ y � QQnC1. As was said above, the trun-
cated n-particle eigenvalue functions �.Qn/� .�/ are invariant under the shifts S` with
` 2 .2QnZ/k . Fix any hx; yi 2 .Z2/2 with diam.x [ y/ � R (cf. (5.3)), then there
exists a 2 .2QnZ/k such that

dist.Sax; 0/ � QQn

since [
a2.2 QnZ/k

SaQQn D Zk :

Fix such a, and let x0´ Sax, y 0´ Say . If, in addition, diam.x [ y/ � R, hence

diam.x0 [ y 0/ � R; dist.S`.x0 [ y 0/; 0/ � diam QQn;

then x0 [ y 0 � QQnC1, since R � 2Qn, and by the aforementioned periodicity of the
truncated eigenvalues, we have the identity

s.Qn/x;y.�/ � �
.Qn/
x .�/ � �.Qn/y .�/ D �

.Qn/
x0 .�/ � �

.Qn/
y 0 .�/:

This brings us to the next, combinatorial reduction: it suffices to consider not all pairs
hx; yi with diam.x [ y/ � R but only those satisfying x [ y � QQnC1. The total
number of such pairs is bounded by .2QnC1/nk .

Step 3. Analysis of the case x [ y � QQnC1. Since x ¤ y , there exists Ox 2 x n y :
otherwise, one would have x � y , hence x D y because card x D card y . (This argu-
ment is, of course, a simpler variant of Lemma 2.1.) Fix such a point Ox 2 Zk , so that
x D ¹ Oxº [ x0, and let BQn

Ox
� B‚ be the sigma-algebra generated by

¹�n.Œ Ox�n/; n 2 ŒŒ1; Qn � 1��I �n.Œy�n/; y 2 Qn n ¹ Oxº; n 2 ŒŒ1; Qn��º:

Then we can decompose s
.Qn/
x;y.�/ as follows:

s.Qn/x;y.�/ D aQn�Qn; Ox C � Qn; Ox.�/;

� Qn; Ox.�/´
X

x2xn¹ Oxº

�.Qn/x .�/ �
X
y2y

�.Qn/y .�/;
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where � Qn; Ox is BQn
Ox
-measurable, since Ox 62 .y [ ¹x0º/. Conditional on BQn

Ox
, the ‚-ran-

dom variable aQn�Qn; Ox C � Qn; Ox.�/, with � Qn; Ox.�/ rendered constant by conditioning, has
the uniform distribution on the interval Œ� Qn; Ox; � Qn; Ox C aQn�, thus its density is bounded
by a�1

Qn
. Therefore, the probability of the event

x‚x;y.R/´ ¹� W j�
.Qn/
x .�/ � �.Qn/y .�/j � 2�Rº (5.6)

admits the bound

P‚¹x‚x;y.R/º D E‚ŒP‚¹x‚x;y.R/ j B
Qn
Oxº� � 2a

�1
Qn �R:

Now, let
x‚.R/´

[
hx;yi2.Z2/2

x[y�Q QnC1

x‚x;y.R/

then

P‚¹x‚.R/º � 2.QnC1/nd max
hx;yi2.Z2/2

x[y�Q QnC1

P‚¹x‚x;y.R/º

� 2.QnC2/nda�1
Qn �R:

By construction of the sets x‚x;y.R/ (cf. (5.6)), one has by (5.4) and (5.6):

jsx;y.�/j � js
.Qn/
x;y.�/j � �R � 2�R � �R D �R for all � 2 ‚ n x‚.R/;

which proves the claim.

Proposition 1. For some "� > 0 and all " 2 .0; "�/, there exist some c > 0 and a
measurable subset‚�."/ � ‚ such that P‚¹‚�."/º � 1� "

1=5 and one has, for any
� 2 ‚�."/ and any hx; yi 2 .Z2/2 with diam x [ y � R:

j�x.�/ � �y.�/j � "
1=3e�c

p
R:

Proof. Let
x‚�."/´

[
R�1

x‚.R/;

then, with �R D n"1=4ˇQn.R/aQn.R/, we have

P‚¹x‚�."/º �
X
R�1

P‚¹x‚.R/º �
X
R�1

2.Qn.R/C2/nda�1
Qn.R/�R

� n"1=4
X
R�1

2.Qn.R/C2/ndˇQn.R/;

where ˇQn´ e�2b Qn
2

(cf. (5.1)) and Qn.R/ � ln.R/ as R!C1 (cf. (5.2)).
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Now, let ‚�."/´ ‚ n x‚."/. Then by convergence of the seriesX
R�1

e�C ln2.R/CC 0 ln.R/

for any C;C 0 > 0, and taking 0 < "� "� small enough to absorb n and other auxiliary
constants, we obtain P‚¹x‚�."/º � "

1=5, whence

P‚¹‚�."/º � 1 � "
1=5:

Proposition 1 is proved.

Proof of Theorem 1. For any � 2 ‚�."/, the eigenvalue function x 7! �x.�/ is distal
with the approximation function a.r/D e�cr

1=2
. To be more precise, we have obtained

the approximation function r 7! "1=3e�cr
1=2

dependent upon ". However, on account
of Remark 2.2 in Section 2.6, the inverse spectral problem for the matricesƒ.�/ and K
is equivalent to that for the scaled matrices tƒ.�/ and tK with any t > 0, so it suffices
to set t D "�1=3 to have the aforementioned approximation function a.r/ D e�cr

1=2
.

Therefore, Theorem 1 follows by applying the inductive scheme adapting the one
from the proof of [22, Theorem A] (outlined and commented in Section 6) to the
fermionic model with a limit-periodic single-particle potential.

6. An outline of the Craig–Pöschel induction

6.1. Preliminary observations

Since our main goal in this section is merely to outline the scheme presented in [14,
22], we shall omit a number of detailed calculations, referring the reader to the ori-
ginal papers. However, to make the principal claims precise and notations clear, we
complement Definition 2.1 of approximation functions with the following statement
from [22], where some quantities useful in the sequel are introduced.

In the right-hand side of (6.1), k stands for the dimension of the lattice Zk serving
as the 1-particle configuration space.

Lemma 6.1 (cf. [22, Lemma A.1]). Let a be an approximation function, and ˆ; ‰
are the functions associated with a via the relations (2.7)–(2.8). For any � 2 .0;C1/
such that

1

ln 2

C1Z
s

r�2 ln.a.r//dr � �

one has

‰.�/ �
� 4s

ln.a.s//

�4k
(6.1)



Inverse problem for multi-particle almost-periodic Hamiltonians 1131

and there exists a positive decreasing sequence .�l/l�0 such thatX
l�0

�l D
�

2
; ‰

��
2

�
D

Y
l�0

ˆ2
�l�1

l ; ˆl ´ ˆ.�l/:

Let a sequence .�l/l�0 as above be fixed, and set

sn D s � 2
X

0�l�n�1

�l ; n � 0;

so that s D s0 > s1 > � � � > sn ! s � � , and one has

snC1 D sn � 2�n; snC1 C �nC1 � sn � �n:

In [14, 22], one considers various matrices X 2 Mat.X/, where X D Zk , k � 1.
A careful reading of the original arguments and calculations evidences that only the
dimension k is figuring in the calculations, making some auxiliary constants in the
principal estimates k-dependent. Specifically, k enters into the estimates through [22,
Lemma 4.1] (resp. [14, Lemma 4.5]) relying on the rate of growth of balls,

r 7! sup
x2X

card Br.x/;

which, in turn, admits a uniform upper bound on the class of countable graphs with
uniformly bounded coordination numbers:

CX ´ sup
x2X

card.Br.x/ n ¹xº/:

[14, Lemma 4.5] and its counterpart [22, Lemma 4.1] operate with the norm estim-
ates of the products of matrices X; Y 2 Mat.X/; a similar estimate is used in [3],
where the general context, examples, and techniques are slightly different. An adapt-
ation to more general graphs with uniformly bounded coordination numbers is quite
straightforward.

These observations concern the proof of the main general result from [14], repro-
duced in a somewhat re-arranged form in [22] and applied to additional examples
compared to [14]. However, it was clear that, without constructive examples of distal
sequences (which we call in the present paper “distal functions”), the general res-
ults would loose a significant part of their value. And it turns out that interesting
and important examples of distal sequences can be naturally constructed on the peri-
odic lattices, owing to a well-developed theory of almost-periodic (including quasi-
periodic and limit-periodic) functions. The algebraic structure of the lattices Zk is
crucial in this respect. But once a distal sequence generating the diagonal entries of
a diagonal matrix, labelled by some countable set, is given, the rest of the inductive
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procedure can be applied in a unified way; this is a strong point of the aforementioned
works.

As was explained in the introductory section, the spectral problems for non-distin-
guishable interacting quantum particle systems give rise to more complex underlying
graphs than those where individual particles evolve. In the particular case of 1-dimen-
sional particles, one can represent the configuration space of an n-particle system by a
subset of .Z1/n, e.g., by ¹.x1; x2/ W x1 < x2º for nD 2, but in higher dimension, one
needs a symmetric power of Zk which does not admit such a simple representation.
Nevertheless, almost-periodicity of some kind of the media-particle interaction poten-
tial, also known as “external potential”, induces a certain form of almost-periodicity
in the fermionic configuration space. Although the latter almost-periodicity is aniso-
tropic, viz. relative to the “diagonal” shifts ¹x1; : : : ; xnº 7! ¹x1 C a; : : : ; xn C aº,
a 2 Zk , we prove that, under certain assumptions, it suffices for generating distal
eigenvalue functions, thus making applicable the general results from [14, 22].

6.2. The inductive scheme

Throughout this section, we shall be working with a matrix P 2Ms , with some s > 0,
and it will be assumed that, for some � 2 .0; s/,

kP ks � "
�
‰
��
2

���1
:

Further, once P is fixed, we define � > 0 and a positive sequence .�n/n�0 given by

�n´ c1�2
�2

kP ks
Y

0�l�n�1

ˆ2
�l�1

l ; c´ 96b6;

� ´ ckP ks‰
��
2

�
;

(6.2)

where "; b > 0 are chosen so that � � c" D 1=.3b/.

Lemma 6.2. If V; V �1 2 M� with kV ˙1 � 1k� � �
k=2b, � 2 .0; 1�, then, for any

P 2 M, the equation diag.P C AdV ŒA�/ D 0 has a unique solution A 2 M1, with
kAk1 � 2kdiag.P /k1.

Proof. By the identity A � diag.V �1AV / D diag..V �1 � 1/ŒŒ.V � 1/; A��/, we get

kA � diag.V �1AV /k1 � k.V � 1/ � ŒŒ.V � 1/; A��k0

�
2b2

�2d
kV �1 � 1k�kV � 1k�kAk1 �

1

2
kAk1;

thus for each P 2 M, the map A 7! A � diag.V �1AV / is a contraction in M1, and
its fixed point solves diag.P C AdV ŒA�/ D 0.
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Lemma 6.3. LetD be a diagonal matrix whose diagonal entries dx´Dxx are given
by a distal function d W x 7! dx with an approximation function a and the associated
functions ˆ and ‰, as per Definition 2.1. Then for any matrix Q 2 M, the problem

ŒŒD; �W ��C .Q � diag.Q// D 0;

diag.�W / D 0; (6.3)

has a unique solution �W 2M. If, in addition,Q 2Ms and 0 < � � s, then �W 2Ms��

with k�W ks�� � ��4kˆ.�/.
Proof. Since D is diagonal, one has ŒŒD; �W ��xy D .dx � dy/�Wxy , so the commutator
has the zero diagonal, and the off-diagonal entries of �W are (uniquely) well defined
for any distal function d :

�Wxy D
8̂<̂
:

Qxy

dx � dy
if x ¤ y,

0 if x D y.

The asserted norm estimates follow by straightforward calculations (cf. [22, proof of
Lemma 4.4]).

Remark 6.1. At each step of the inductive procedure, this statement provides the key
element Wn D 1C�Wn, where �Wn, with diag.�Wn/ D 0, solves equation (6.10) of the
general form (6.3), but with Q replaced with Qn (the latter is defined in the proof of
Lemma (6.4)).

Theorem 3 (cf. [22, Theorem A], [14]). Let d WZk! dx 2R be a distal function with
the approximation function a and the associated functions ˆ and ‰. Let 0 < s � 1
and 0 < � � min

�
1; s
2

�
. There exists some "� > 0 such that for any " 2 .0; "�/ and

any matrix P 2 Ms satisfying
kP ks �

"

‰.�
2
/

there exists a diagonal matrix yD and an invertible matrix V such that

AdV Œ yD C P � D D:

Furthermore, V; V �1 2 Ms�� and yD �D 2 M1 with

kV ˙1 � 1ks�� � CkP ks;

k yD �D � diag.P /k1 � C 2kP k2s ; C D "�1‰
��
2

�
:

If P is Hermitian, then V can be chosen to be unitary.
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Lemma 6.4 (Inductive estimate). Let D be a diagonal matrix generated by a distal
function x 7! Dxx , and P 2Ms . Assume that, for some n � 0 and all l 2 ŒŒ0; n��, one
has

V �1l . yDl C P /Vl D D C Pl ; (6.4)

where each yDl is diagonal, Pl admits the bound

kPlk � �
2l

l (cf. (6.2)); (6.5)

Vl 2 MslC�l is invertible, with V �1
l
2 Msl , and the following bounds hold:

kVl � Vl�1kslC�l ; kV
�1
l � V �1l�1kslC�l � �

2k�2
l�1

1 ; l � 1: (6.6)

Then there exist some matrices yDnC1 2D iag, PnC1 2MsnC1 , and an invertible mat-
rix VnC1 such that

V �1nC1.
yDnC1 C P /VnC1 D D C PnC1

and the bounds of the form (6.5)–(6.6) with l D nC 1 hold true.

Remark 6.2. It follows from the inductive argument presented in [14, 22], upon the
completion of the inductive procedure, that there exist two sequences of diagonal
matrices, .Dn/n2N and .An/n2N , such that

yD D D C
X
n�0

An; Dn D
X
l�n

Al ;

and for each n � 0, the relations (cf. [22, Section 4, p. 457])

V �1n . yD C P /Vn D D C Pn C V
�1
n DnVn (6.7)

can be re-written as in (6.4).
However, the way the inductive statement is formally presented in [14, 22], one

may wonder if the “target” matrix yD, unknown at any step l of the induction, can
indeed be constructed without referring to the results of the induction. The afore-
mentioned papers are somewhat sketchy in this respect. More precisely, it is not
completely clear from the beginning if, in the step l  l C 1, the existence (and the
value) of the next matrix AlC1 is contingent upon a specific (but unspecified) choice
of the matrix yD to be made before the induction starts. Hopefully, the reformulation
proposed in the present section can provide a possible clarification of the situation
and allow one to avoid an apparent logical problem. In essence, all it takes is moving
the last term from the right-hand side to the left-hand side of (6.7), while all the cal-
culations and main arguments remain unchanged. Actually, this is precisely how the
inductive relation is presented in a brief outline of the proof of the second main result,
[22, Theorem B], addressing the direct spectral problem.
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Proof. In the outline of the proof given below, we focus on the role and the goal of
each logical component of one step of induction.

The base of induction. Let

V0 D 1; P0 D P; yD0 D D; A�1 D 0;

then the trivial identity D C P D D C P can be re-written as

V �1n . yDn C P /Vn D D C Pn; yDn D D C
X

�1�l�n�1

Al ; n D 0:

Stage 0. We start each step n nC 1, assuming that there are finite sequences of
matrices

. yDl/l2ŒŒ0;n��; .Pl/l2ŒŒ0;n��; .Al/l2ŒŒ0;n�1��; .Vl/l2ŒŒ0;n��;

satisfying
V �1n . yDn C P /Vn D D C Pn; yDn D D C

X
�1�l�n�1

Al ; (6.8)

where yDl , Al are diagonal.

Stage 1. Pn is not assumed to be off-diagonal, so we set xPn´ Pn � diag.Pn/.

Stage 2. To perform the induction step, we apply Lemma 6.2 to find a bounded diag-
onal matrix An such that

diag.V �1n AnVn/ D � diag.Pn/; kAnk1 � kdiag.Pn/k1 � 2�2
n

n ;

and so
xPn D Pn C V

�1
n AnVn; diag. xPn/ D 0;

k xPnksn � kPnksn C
3b2

�2mn
kAnk1 (cf. [22]):

(6.9)

Stage 3. Further, by Lemma 6.3, there exists a solution �Wn to the problem

ŒŒD; �Wn�� D � xPn; diag.�Wn/ D 0; (6.10)

and it satisfies (cf. [22, equation (4.9)])

k�Wnksn � �3mn �2
n

1

12b
�
�mn
3b
;

kWn � 1ksn�2�n �
3

2
kWn � 1ksn � 12b

2�3mn ˆn�
2n

n ;

so that Wn ´ 1C�Wn is invertible in Msn�2�n by Neumann series (cf. [22, Lemma
4.2]). Obviously, like �Wn, it solves ŒŒD;Wn�� D � xPn.
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Conclusion. Now, set

VnC1´ VnWn; yDnC1´ yDn C An;

and let
Rn´ V �1nC1.

yD C P /VnC1;

then
Rn D W

�1
n V �1n . yDn C P /VnWn D W

�1
n .D C Pn/Wn:

By (6.10), DWn D WnD � xPn with xPn defined in (6.9), hence

W �1n DWn D W
�1
n .WnD C ŒŒD;Wn��/ D D �W

�1
n
xPn

D D �W �1n Pn �W
�1
n V �1n AnVn;

whence

Rn D D �W
�1
n Pn �W

�1
n V �1n AnVn CW

�1
n PnWn

D D CW �1n Pn.Wn � 1/ �W �1n V �1n AnVn

D D CW �1n Pn.Wn � 1/

�W �1n V �1n AnVn.1�Wn/ �W
�1
n V �1n AnVnWn

D D CW �1n Pn.Wn � 1/

CW �1n V �1n AnVn.Wn � 1/ �W �1n V �1n AnVnWn:

Next, set

PnC1´ W �1n .Pn C V
�1
n AnVn/.Wn � 1/;

yDnC1´ yDn C An;

then
Rn D D C PnC1 � V

�1
n AnVnC1;

and so we come to the identity of the form (6.8) with l D nC 1:

D C PnC1 D VnC1. yDn C P /Vn C V
�1
n AnVnC1 D VnC1. yDnC1 C P /Vn:

This completes the formal algebraic component of the step n nC 1. As the reader
can see by comparing the present reformulation of the inductive procedure with its
original form in [22], all the key objects remain the same, and so the required norm
estimates from [22], concluding the induction step, can be repeated almost verbatim.

Specifically, one proves as in [22] that

kPnC1ksnC1 � �
2nC1

nC1 :

This completes the proof of Lemma 6.4.
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To derive the claim of Theorem 3 from Lemma 6.4, it remains to take the norm-
limits of V ˙1n , Dn, yDn, and Pn, which exist due to the inductive norm-bounds. In
particular, the terms Al of the series

P
� Al have rapidly decaying norms, so we

can define a diagonal matrix yD by yD ´ D C
P
� A� . The sequence .Pn/n�0 is

norm-convergent to 0, and the transformations AdVn WX 7! V �1n XVn also converge in
norm. As noted in [14, 22], the unitarity of the limiting conjugation AdV Œ � � follows
from the fact that the column-vectors of the invertible operator V are eigenvectors of
a Hermitian operator with simple spectrum, and all required norm estimates follow
from the proof of Lemma 6.4.

A. “Orthometrics” and matrix norms

The main goal of this section is to reveal an important feature of the matrix U in the
eigenbasis of the non-interactive system: a special kind of anisotropy of the decay rate
of its matrix elements. To make presentation and basic calculation as explicit and clear
as possible, we restrict here our analysis to the case of fermions in the one-dimen-
sional lattice Z, but an extension to Zd with any d � 1 is quite straightforward.

As was shown in Section 2.2, the decay of the matrix elements of U in the eigen-
basis of the non-interacting Hamiltonian admits the bound (cf. (2.5))

jh x j U j  yij �

X
z2Z

e�tf .x;y;z/; t > 0;

where

f .x; y ; z/´ .jx1 � zj C jx2 � .z C 1/j C jy1 � zj C jy2 � .z C 1/j/:

Grouping the four terms in f .x; y ; z/ by two as below, we get

jx1 � zj C jy1 � zj � jx1 � y1j;

jx2 � .z C 1/j C jy2 � .z C 1/j � jx2 � y2j;

hence f .x; y ; z/ � kx � yk1. Now, group the same four terms in a different way and
get, by virtue of the triangle inequality jw � .z C 1/j � jw � zj � 1,

jx1 � zj C jx2 � .z C 1/j � jx1 � zj C jx2 � zj � 1; (A.1)

jy1 � zj C jy2 � .z C 1/j � jy1 � zj C jy2 � zj � 1: (A.2)
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Furthermore, for any real numbers u � v and z,

ju � zj C jv � zj D

8̂̂<̂
:̂
z � uC v � z D jv � uj if z 2 Œu; v�,

z � uC z � v D jv � uj C 2jz � vj if z > v,

u � z C v � z D jv � uj C 2jz � uj if z < u

D jv � uj C 2 dist.z; Œu; v�/;

whence, letting ;.�/´ diam.�/ and recalling Z2
3 u Š ¹u1; u2º � Z,

jx1 � zj C jx2 � .z C 1/j D jx1 � x2j C 2 dist.z; Œx1; x2�/ � 1

D ;.x/C 2 dist.z; Œx1; x2�/ � 1;

jy1 � zj C jy2 � .z C 1/j D jy1 � y2j C 2 dist.z; Œy1; y2�/ � 1

D ;.y/C 2 dist.z; Œy1; y2�/ � 1:

It is readily seen that

dist.z; Œx1; x2�/ � dist.z; Œx1; x2� [ Œy1; y2�/;

dist.z; Œy1; y2�/ � dist.z; Œx1; x2� [ Œy1; y2�/:

Let zB.x; y/ be the smallest interval containing Œx1 � 1; x2 C 1� [ Œy1 � 1; y2 C 1�,
then the sum f .x; y ; z/ of the left-hand side terms in (A.1)–(A.2) admits the lower
bound

f .x; y ; z/ � ;.x/C ;.y/C 2 dist.z; Œx1; x2�/C 2 dist.z; Œy1; y2�/

� ;.x/C ;.y/C 4 dist.z; zB.x; y//

Here, the terms .�1/ are absorbed in padding Œx1; x2�[ Œy1; y2�with a belt of width 1,
which gives rise to a larger interval zB.x; y/. Therefore,

2f .x; y ; z/ � kx � yk1 C ;.x/C ;.y/C 4 dist.z; zB.x; y//

whence

jh x j U j  yij � e�
t
2 .kx�yk1C;.x/C;.y//

X
z2Z

e�2t dist.z; zB.x;y//

� Cte�
t
2 .kx�yk1CQ%.x;y//;

Q%.x; y/´ ;.x/C ;.y/:

Obviously, the function Q%WZ2
�Z2

! RC verifies the triangle inequality:

Q%.x; z/ D ;.x/C ;.z/ � ;.x/C ;.y/C ;.y/C ;.z/

D Q%.x; y/C Q%.y ; z/
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and so does, therefore, the function

Z2
�Z2

3 .x; y/ 7! d.x; y/´ %.x; y/C Q%.x; y/;

%.x; y/´ kx � yk1:

Concluding, we have

jh x j U j  yij � Cte
� t2 .;.x/C;.y/Ckx�yk1/

D Cte�
t
2d.x;y/;

dW .x; y/ 7! kx � yk1 C Q%.x; y/;

where d.�; �/ verifies the triangle inequality.
Furthermore,

• for all .z; u/ 2 x � y ,

jz � uj � jz � x1j C jy1 � uj C jx1 � y1j

� ;.x/C ;.y/C kx � yk1

� d.x; y/;

• for all .z; u/ 2 x � x

jz � uj � ;.x/ � d.x; y/;

• for all .z; u/ 2 y � y

jz � uj � ;.y/ � d.x; y/;

yielding the bound
diam.x [ y/ � d.x; y/: (A.3)

Incidentally, Q% is symmetric, and it can be re-defined on each .u; u/ by setting
Q%.u;u/´ 0, thus becoming a bona fide metric, along with d D %C Q%. However, it is
just the triangle inequality that one needs for the mapping

Mat.Z2/ 3 A 7! jjjAjjjt ´ sup
x

X
y

e�td.x;y/jAxy j

to be a matrix (i.e., multiplicative) norm, as shows the calculation, well known in the
case where d is a genuine metric:

jjjABjjjt D sup
x

X
y

etd.x;y/j.AB/xy j � sup
x

X
y

etd.x;y/
X
z

jAxzjjBzy j

� sup
x

X
y

etd.x;z/etd.z;y/
X
z

jAxzjjBzy j (by (2.6))



V. Chulaevsky 1140

D sup
x

X
z

etd.x;z/jAxzj
X
y

etd.z;y/jBzy j

� sup
x

X
z

etd.x;z/jAxzj
�

sup
u

X
y

etd.u;y/jBuy j
�

D jjjAjjjt jjjBjjjt : (A.4)

Of course, the symmetry of d is quite welcome, as the decay of jh x j U j  yij is to
be compared to that of a symmetric function .x; y/ 7! j�x � �y j.

Remark A.1. The following geometrical observations clarify the discussion of
“orthometrics” in Section 2.3. Consider for simplicity the particular case of the
1-particle configuration space Z1. Then, for any u D hu1; u2i 2 Z2

D Z.2/, letting

cu ´
u1 C u2

2
; cu ´ .cu; cu/ 2 R2 � Z2;

we have

;.u/ D ju2 � u1j D ju2 � cuj C jcu � u1j D ku � cuk1

D dist.u;L/; L´ ¹.c; c/ 2 Z2 � R2; c 2 Zº;

and therefore,

Q%.x; y/´ ;.x/C ;.y/ D dist.x;L/C dist.y ;L/:

Acknowledgements. I thank Lana Jitomirskaya for fruitful discussions of prior res-
ults on uniform Anderson localization in disordered media.
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