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A Peter–Weyl theorem for compact group bundles and the
geometric representation of relatively ergodic compact

extensions

Nikolai Edeko, Asgar Jamneshan, and Henrik Kreidler

Abstract. We show that a relatively ergodic extension of measure-preserving dynamical systems
has relative discrete spectrum if and only if it can be represented as a skew-product by a bundle
of compact homogeneous spaces. Our result holds without restrictions on the acting group or the
underlying probability spaces. This generalizes previous work by Mackey, Zimmer, Ellis, Austin,
and the second author and Tao, and is inspired by the Furstenberg–Zimmer and Host–Kra structure
theories for actions of uncountable groups. Our approach uses a natural model to answer the ergodic-
theoretic question with the help of structure theory for topological dynamical systems. A key step
in our argument is establishing a Peter–Weyl-type theorem for bundles of compact groups which
might be of independent interest.

1. Introduction

There are numerous interactions between topological dynamics and ergodic theory, some
heuristic and others explicit (see, e.g., [24, 28, 31, 32, 43, 54]). This paper strengthens one
of these structural analogies into a precise correspondence. Specifically, we develop a
geometric representation theory for extensions of topological dynamical systems with rel-
ative discrete spectrum. Our work yields a geometric representation of measure-preserving
dynamical systems with relative discrete spectrum in settings that are non-ergodic and
involve uncountable groups and inseparable probability spaces, aligning with recent efforts
to extend ergodic-theoretic structural results to such settings (see, e.g., [18, 45, 48, 51]).

One motivation for our study comes from seeking uncountable and non-ergodic ver-
sions of the Furstenberg–Zimmer [27, 74, 75] and Host–Kra structure theories [5, 42, 47,
73], which are relevant, for example, in combinatorial and ergodic applications involving
ultraproducts (see, e.g., [11, 46, 50, 68, 71]) or Stone–Čech compactifications (see, e.g.,
[39, 40, 57]) that naturally yield uncountable groups and inseparable spaces.

Before detailing our contributions, we first summarize prior results and methodologies
related to the Mackey–Zimmer representation theorem.
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1.1. Related literature

For the sake of the discussion, let us recall the classical Mackey–Zimmer representa-
tion theorem [55, 75]. Let G be a (discrete) countable group, let X D .X; †X ; �X / be a
Lebesgue probability space, and let 'X WG � X ! X , .t; x/ 7! .'X /t .x/ be an ergodic
measure-preserving near-action, i.e., .'X /1DidX almost everywhere and .'X /stD.'X /s ı
.'X /t almost everywhere for s; t 2 G (see [75, Definition 3.1], and see [21] for a general
introduction). An extension qW .X; †X ; �X ; 'X /! .Y; †Y ; �Y ; 'Y / of such systems is
said to have relative discrete spectrum if L2.X/ is the closure of all finitely generated
invariant L1.Y/-submodules of L1.X/, where L1.Y/ embedded in L1.X/ by pullback
acts on it by multiplication.1

The Mackey–Zimmer theorem now states that any ergodic extension with relative dis-
crete spectrum has the following geometric representation. There are a compact groupH ,
a closed subgroup U � H and a cocycle cWG � Y ! H such that q is isomorphic (as
extension of measure-preserving systems) to the skew-product extension q0WY Ìc H=U !
.Y;†Y ; �Y ; 'Y /, see [30, Section 3.5] for notation and [30, Theorem 9.14] for a textbook
proof, see also [70] for a streamlined proof. The converse statement, namely that a skew-
product extension has relative discrete spectrum, follows from the Peter–Weyl theorem
(for this direction, no ergodicity assumptions are needed).

We now discuss two extensions of the Mackey–Zimmer representation theorem that
are relevant to this work. Ellis [24] extends the theorem to ergodic actions of arbitrary (not
necessarily countable) discrete groups on general (not necessarily separable) probability
spaces by passing to a topological model and using tools from topological dynamics,
see also [45, 48] for an alternative measure-theoretic proof. In another direction, Austin
[4] relaxes the ergodicity assumption by extending the theorem to the relatively ergodic
case, that is, when the invariant sets of X are (up to null sets) given by the preimages
of invariant sets in Y. More precisely, he establishes that a relatively ergodic extension
with relative discrete spectrum is isomorphic to a skew-product, where the homogeneous
space is allowed to vary measurably along the fibers in the ergodic decomposition of the
base space. Similarly to the original result of Mackey and Zimmer, his theorem holds for
actions of countable groups on standard Lebesgue spaces.

A main goal of this article is to join both these extensions and prove a geometric rep-
resentation of relatively ergodic extensions with relative discrete spectrum for actions of
arbitrary groups on general probability spaces. A relatively ergodic version of the clas-
sical Halmos–von Neumann theorem [36], a precursor of the Mackey–Zimmer theorem,
was established by the first author in [17].

The formal statement of our extension of the Mackey–Zimmer theorem is inspired
by Austin’s statement, although our methods are different. Indeed, Austin’s proof relies
on measurable selection theorems and the ergodic decomposition both of which break

1Other authors say that the extension is compact or relatively compact, e.g., see Furstenberg in [28,
Chapter 6]. Our terminology is borrowed from Zimmer [75].
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down for actions of uncountable groups on inseparable probability spaces. Our approach
to pass to a natural topological model and studying the problem in topological dynamics
is inspired by Ellis’ investigation of the Mackey–Zimmer theorem.

For the action of uncountable groups on inseparable spaces a canonical disintegra-
tion is available after passing to a suitable topological model, see [24, Theorem 2.3] and
see [49, Section 7] for background and proof. However this disintegration is in general
not an ergodic decomposition, see the counterexample constructed in [49, Appendix B].
Therefore, the relatively ergodic case imposes serious formal and technical difficulties.
We suggest a framework, where we can work simultaneously in all the “fibers” over the
invariant factor. To this end, it is essential to revisit the classical Peter–Weyl theorem and
develop an analogous representation theorem for compact group bundles which may be of
independent interest (see also [7] for a different version of the Peter–Weyl theorem in the
situation of “groupoids with dominant restriction maps”, see also [2]). This along with the
geometric representation theory of relatively ergodic isometric extensions in topological
dynamics form the main results of this paper. Next, we state precisely these results and
discuss our innovations.

1.2. Innovations and main results

Our general approach to the classification result is the following: Instead of working di-
rectly within the setting of measure-preserving transformations, we use topological mod-
els (see Section 5.1) to transform the classification problem for extensions with relative
discrete spectrum into a question of topological dynamics, i.e., the study of continuous
actions 'WG � K ! K, .t; x/ 7! 't .x/ of a topological group G on compact spaces
K (here, G will be discrete). This idea is quite old and already applied effectively by
Ellis [24] (see also the proof of the Halmos–von Neumann theorem given in [13, Theo-
rem VIII.4], as well as [37, Section 3]). However, we highlight that even in the case of
ergodic systems considered by Ellis, our methods yield a new proof of the classification
result avoiding the Choquet theoretic techniques used in [24].

Due to this bridge between topological dynamics and ergodic theory, we first study
extensions qW .KI '/! .LI / between topological dynamical systems which are “rela-
tively ergodic” and “have relative discrete spectrum” in a topological sense. We also have
the crucial additional conditions (coming from the topological models) that q is an open
map and that L is a Stonean (i.e., extremally disconnected compact) space.

Similar to the measure-theoretic situation described above, a typical example for an
extension with relative discrete spectrum in this topological framework is a skew-product
extension qc W .L �H=U I 'c/! .LI / constructed from the following data: a topolog-
ical dynamical system .LI /, a compact group H , a closed subgroup U � H , and a
continuous cocycle G � L! H into H . The action of G on L �H=U is then given by
.'c/t .l; xU / WD . t .l/; c.t; l/xU / for .l; xU / 2 L �H=U and t 2 G.

We generalize this construction to obtain a relative skew-product extension qc W .L�Lfix

H=U I'c/! .LI / by considering “relativized” data with respect to the invariant factor
Lfix of .LI /, i.e., the maximal factor on which the dynamics is trivial. These consist of
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a compact group bundle pWH ! Lfix, a closed subgroup bundle pjU WU ! Lfix, and a
relative cocycle cWG � L! H into H (see Section 4.2 for the definition).

Theorems 4.7 and 4.23 then provide the following result on topological extensions
with relative discrete spectrum which depends on certain openness conditions for the
involved bundles (cf. Remark 4.28).

Theorem 1.1. For an open relatively topologically ergodic extension qW .KI'/! .LI /

with L being Stonean consider the following assertions.

(a) q has relative discrete spectrum.

(b) There are

(i) an open compact group bundle pWH ! Lfix,

(ii) a closed subgroup bundle pjU WU ! Lfix of p, and

(iii) a relative cocycle cWG � L! H ,

such that the induced relative skew-product extension qc is isomorphic to q.

Then (a) implies (b). Conversely, if (b) holds and the subgroup bundle pjU WU ! Lfix in
(ii) can also be chosen to be open, then (a) holds.

In fact, assuming (a), one can even achieve that the closed subgroup bundle pjU WU !
Lfix and the relative cocycle cWG �L!H in (b) satisfy certain irreducibility conditions,
see Theorem 4.23 below for the details.

A relative skew-product extension induced by an open compact group bundle pWH !
Lfix admits a canonical unique and fully supported relatively invariant measure induced
by the Haar bundle of pWH ! Lfix. This allows to “lift” any invariant measure of .LI /.
Thus, topological skew-product extensions also give rise to measure-preserving ones. It
is the main result of this article that, up to an isomorphism, the relative skew-product
extensions (induced by open bundles) are precisely the relatively ergodic extensions with
relative discrete spectrum (see Theorems 5.2 and 5.4). Here, measure-preserving systems
on general probability spaces and their extensions are defined operator theoretically, or
equivalently in terms of homomorphisms of measure algebras, see Section 5.1 below.

Theorem 1.2. For a relatively ergodic extension J W .YIS/!.XIT / of measure-preserving
systems the following assertions are equivalent.

(a) J has relative discrete spectrum.

(b) There are

(i) a topological dynamical system .LI /,

(ii) an open compact group bundle pWH ! Lfix,

(iii) an open closed subgroup bundle pjU WU ! Lfix of p,

(iv) a relative cocycle cWG � L! H , and

(v) a fully supported invariant measure �L 2 P .L/ on L,

such that the induced relative skew-product extension Jqc is isomorphic to J .
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Again, one can achieve that the closed subgroup bundle and the relative cocycle in (b)
are irreducible, and in addition the measure �L can be chosen to be normal (meaning that
L is the Stone space of the induced measure space), see Theorem 5.11 below.

The proofs of Theorems 1.1 and 1.2 require relative versions of several known con-
cepts and results which we now briefly discuss.

As indicated above, the proof that a skew-product extension has relative discrete spec-
trum rests on the Peter–Weyl theorem stating, in particular, that for a compact group H
the space C.H/ of continuous functions on H is generated by the (finite-dimensional)
subspaces of representative functions RŒ�� of Œ�� 2 yH , where yH is the unitary dual of H
(see, e.g., [26, Theorem 5.12]). To prove that every topological, and then also measure-
preserving, relative skew-product extension (induced by open compact group bundles)
has relative discrete spectrum, we therefore first establish a Peter–Weyl theorem for open
compact group bundles as well as for the induced bundles of homogeneous spaces.

As a first step, we introduce the dual OpW yH!M of such an open compact group bundle
pWH !M . Inspired by the classical connection between representations of locally com-
pact groups and the associated C�-algebras (as discussed, e.g., in Dixmier’s book [14]), as
well as earlier work of Muhly, Renault and Williams (see [58] and also [63]) and Goehle
(see [35]), we do so via the group bundle C�-algebra2 C�.H/ associated to p. In this way
we obtain yH as a locally compact (Hausdorff) space (see Proposition 3.16) fibered over
M which admits “many” local continuous sections y� WO ! yH (see Theorem 3.18). We
can then define corresponding bundles of representative functions Ry� ! M which turn
out to be locally trivial vector bundles overM (see Theorem 3.22). By replacing the space
of continuous functions on a compact group from the classical Peter–Weyl theorem by the
Banach bundle of continuous fiber maps Cp.H/ WD

S
m2M C.p�1.¹mº//!M , we then

prove the following (see Theorem 3.25 for a more detailed formulation).

Theorem 1.3. Let pWH ! M be an open compact group bundle. Then Cp.H/! M is
generated by the locally trivial vector bundles Ry� ! O defined by all local continuous
sections y� WO ! yH .

This and similar results (see Theorem 3.26, as well as Theorems 3.30 and 3.31 for
bundles of homogeneous spaces) are purely abstract harmonic analytic statements and are
of independent interest. However, applied to topological dynamics and ergodic theory,
they show that relative skew-product extensions (induced by open group bundles) have
relative discrete spectrum.

In order to go in the converse direction and represent topological extensions via rel-
ative skew-products, we rely on the concept of uniform enveloping semigroupoid intro-
duced by the first and the third author in [19]. They are inspired by the classical notion
of enveloping semigroups due to Ellis (see [23]). For a topological dynamical system
.KI '/ with discrete spectrum it is known that the uniform enveloping semigroup given
by the closure Eu.KI '/ WD ¹'t j t 2 Gº � C.K;K/ with respect to the topology of uni-

2This is a special case of the more general construction of groupoid C�-algebras, see [61].
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form convergence (i.e., the compact-open topology) is a compact group. In the situation of
extensions qW .KI'/! .LI / we obtain a similar statement if we consider the so-called
uniform enveloping semigroupoid Eu.q/ which is constructed in the space of continuous
fiber maps Cqq.K; K/ WD

S
m;m02L C.q�1.¹mº/; q�1.¹m0º//. This provides a canonical

way to construct compact groups from extensions with relative discrete spectrum. Com-
bined with a continuous selection theorem due to Gleason (see [34]), the uniform envelop-
ing semigroupoid is the key for representing extensions via relative skew-products.

The last essential ingredient in the proof of Theorem 1.2 is a thorough inspection of
relatively invariant measures and their connections to usual invariant measures. Given an
extension of topological dynamical systems qW .KI '/! .LI / and an invariant normal
measure�L 2 P .L/we show that the measures�K 2 P'.K/with q��K D�L are in one-
to-one correspondence with the relatively invariant measures of q (see Proposition 4.21).
This observation rests on the previously mentioned canonical disintegration result already
used by Ellis in [24] which works without any countability assumptions. With this bijec-
tion, one can readily check that the topological model of a relatively ergodic extension
with relative discrete spectrum is not only topologically a relative skew-product exten-
sion, but also measure-theoretically. This is the main step for deducing Theorem 1.2 from
Theorem 1.1.

Organization of this paper

Our article is arranged into four parts: a preliminary section on topological bundles, a
section on compact group bundles and their representations, a section on structured exten-
sions in topological dynamics over Stonean spaces, and finally a section on structured
extensions in ergodic theory. We briefly give an outline of these different parts.

In Section 2 we first discuss some basic concepts concerning topological bundles, i.e.,
continuous surjections pW�!M from a topological space� (usually carrying additional
algebraic structure) to a topological (usually compact or locally compact) space M (see
Section 2.1). To study structured extensions in ergodic theory and topological dynamics,
we then “relativize” notions of continuous functions (Section 2.2) and probability mea-
sures (see Section 2.3). Finally, the important case of so-called Banach bundles (i.e., a
relative notion of a Banach space) is considered in Section 2.4. This first section is both
an introduction to topological bundles and a toolbox for subsequent sections.

Section 3 is devoted to an extensive study of compact group bundles and their repre-
sentation theory. We first recall the concepts of compact group bundles and their associated
homogeneous spaces (Section 3.1) and the induced C�-algebras (see Section 3.2). We
then develop the representation theory of compact group bundles involving the definition
of their duals and a study of their representative functions in Sections 3.3, 3.4, and 3.5.
This culminates in Peter–Weyl type theorems for compact group bundles and bundles of
homogeneous spaces (see Sections 3.7 and 3.8).

The results of the second part are applied in Section 4 to structured extensions in
topological dynamics. We recall basic concepts and set up the notation in Section 4.1.
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Relative skew-product extensions are defined in Section 4.2 and then shown to have rela-
tive discrete spectrum (see Section 4.3). The main result of the second part is a converse
result: A topological Mackey–Zimmer representation theorem for structured extensions
over Stonean spaces (see Section 4.6). This requires the concepts of uniform enveloping
semigroupoids and relatively invariant measures, which are treated in Sections 4.4 and 4.5,
respectively.

Finally, in Section 5 the topological results of the fourth section are transferred to
ergodic theory. To do so, we recall in Section 5.1 (among other basic concepts for measure-
preserving systems) the important notion of topological models. In Section 5.2 we estab-
lish that every topological skew-product extension gives rise to a measure-preserving
extension with relative discrete spectrum. To show our main result, representing every
structured ergodic extension as a relative skew-product, we first construct a canonical
model of an extension in Section 5.3. We can then apply the topological results of the
previous part and obtain the Mackey–Zimmer-type representation theorem in Section 5.4.

1.3. Convention and notation

We assume that all compact and locally compact spaces are Hausdorff and all vector
spaces are complex. Moreover, we write L.E; F / for the space of all bounded linear
operators between normed spaces E and F and abbreviate L.E/ WD L.E; E/ and E 0 WD
L.E;C/.

2. Topological bundles

2.1. Basic concepts

We start by recalling the concept of topological bundle: A topological bundle is a con-
tinuous surjection pW� ! M between topological spaces � and M , called the total
space and base space, respectively. The base space M will often be locally compact. We
sometimes refer to � as the bundle and suppress the map p if it is understood from the
context. Usually, we consider open bundles, i.e., the map p is open. Moreover, we write
�m WD p

�1.¹mº/ for the fiber over a point m 2M .
With this notation, we state the following characterization of openness in terms of an

approximation property (see [1, Theorems 17.7 and 17.19]). This will be used at many
occasions throughout the article.

Lemma 2.1. For a continuous surjection pW�!M between topological spaces the fol-
lowing assertions are equivalent.

(a) p is open.

(b) Whenever .m˛/˛2A is a net inM converging to somem2M and x 2�m is in the
fiber over m, there is a subnet of .mˇ /ˇ2B of .m˛/˛2A and elements xˇ 2 �mˇ
such that the net .xˇ /ˇ2B converges to x.
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A (global) continuous section of pW�!M is a continuous map � WM !� such that
p ı � D idM . If O � M is any open subset, then a continuous section for the restricted
bundle pjp�1.O/Wp�1.O/! O is called a local continuous section of the original bundle
pW�!M . Suppressing p we write �.E/ for the set of continuous sections and �loc.E/

for the set of all local continuous sections of p.
Finally, for two bundles pW�!M and p0W�0 !M , we write

� �p;p0 �
0
WD
®
.x; x0/ 2 � ��0 j p.x/ D p0.x0/

¯
� � ��0

for the corresponding fiber product which is itself a bundle overM in a canonical way. We
also use the notation � �M �0 for the fiber product if the maps p and p0 are understood
from the context.

2.2. Continuous fiber maps

It is convenient to work with a space of continuous maps reflecting the fibered structure
of a topological bundle. We recall the following construction from [19, Definition 2.1].

Definition 2.2. Let pW�! M and p0W�0 ! M 0 be continuous surjections from topo-
logical spaces � and �0 to compact spaces M and M 0. The set

Cp
0

p .�;�
0/ WD

[
m2M;m02M 0

C.�m; �0m0/

is the space of continuous fiber maps. Define s.#/ WDm and r.#/ WDm0 for #2C.�m;�0m0/
� Cp

0

p .�;�
0/, wherem 2M ,m0 2M 0, and call sWCp

0

p .�;�
0/!M and r WCp

0

p .�;�
0/!

M 0 the source map and range map, respectively. If �0 D C and M 0 D ¹ptº is a singleton
set, we abbreviate Cp.�/ WD Cp

0

p .�;�
0/.

In analogy to the space of continuous maps between two topological spaces, spaces
of continuous fiber maps can be equipped with a canonical topology (see [19, Defini-
tion 2.3]).

Definition 2.3. For continuous surjections pW�!M and p0W�0!M 0 from topological
spaces � and �0 to compact spaces M and M 0, we call the topology on Cp

0

p .�; �
0/

generated by the sets

W.C;O/ WD
®
# 2 Cp

0

p .�;�
0/ j #.C \�s.#// � O \�

0
r.#/

¯
where C � � is compact andO � �0 is open the compact-open topology on Cp

0

p .�;�
0/.

From now on, we equip any space of continuous fiber maps with the compact-open
topology. Recall the following characterization of convergence with respect to the compact-
open topology from [19, Proposition 2.4].3

3In the statement of [19, Proposition 2.4] only local compactness of � is assumed, but the proof uses
compactness.
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Proposition 2.4. Let pW�!M and p0W�0 !M 0 be continuous surjections from topo-
logical spaces � and �0 to compact spaces M and M 0. Assume that � is compact. For a
net .#˛/˛2A in Cp

0

p .�;�
0/ and an element # 2 Cp

0

p .�;�
0/ the following assertions are

equivalent.

(a) The net .#˛/˛2A converges to # .

(b) The following two conditions are satisfied.

(i) lim˛ s.#˛/ D s.#/.

(ii) Whenever .#ˇ /ˇ2B is a subnet of .#˛/˛2A, and .xˇ /ˇ2B is a net in �
with p.xˇ / D s.#ˇ / for every ˇ 2 B converging to some x 2 �, then
.#ˇ .xˇ //ˇ2B converges to #.x/.

We give a simple example to illustrate this kind of convergence.

Example 2.5. Let a 2 Œ0; 1� be fixed and consider the closed subset � D ¹0º � Œ0; 1� [
.0; 1�� Œ0; a� of the unit square Œ0; 1�2. Projecting onto the first component yields a contin-
uous surjection pW�!M , where M D Œ0; 1�. The zero functions 0mW ¹mº � Œ0; a�! C,
.m;x/ 7! 0 form 2 .0; 1� converge form! 0 in the space Cp.�/ to any continuous func-
tion f W ¹0º � Œ0; 1�! C which vanishes on ¹0º � Œ0; a�. In particular, the limit is unique
(and then given by the zero function on ¹0º � Œ0; 1�) if and only if a D 1. This is precisely
the case when p is an open map.

We obtain the following important corollary (cf. [19, Remark 2.5]4).

Corollary 2.6. Let pW�! M and p0W�0 ! M 0 be continuous surjections from topo-
logical spaces � and �0 to compact spaces M and M 0. Assume that � is compact, �0 is
Hausdorff and p is open, then Cp

0

p .�;�
0/ is a Hausdorff space.

Proof. Assume that .#˛/˛2A is a net in Cp
0

p .�;�
0/ converging to two elements #; # 0 2

Cp
0

p .�;�
0/. Thenm WD s.#/D s.# 0/. For x 2�we find by Lemma 2.1 a subnet .#ˇ /ˇ2B

of .#˛/˛2A and a net .xˇ /ˇ2B in�with p.xˇ /Ds.#ˇ / for all ˇ2B such that limˇ xˇDx.
By Proposition 2.4 we then have

#.x/ D lim
ˇ
#ˇ .xˇ / D #

0.x/:

This shows # D # 0.

2.3. Fiber measures and relative measures

We need a relative version of measure theory for bundles for the study of extensions of
dynamical systems. We denote by P.�/ the space of regular Borel probability measures
on a compact space �. By the Riesz representation theorem (see, e.g., [22, Appendix E]

4In the quoted remark the Hausdorff property for �0 is missing.
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or [49, Section 5]) the map

P.�/! C.�/0; � 7!

�
f 7!

Z
�

f d�
�

is an affine bijection onto a convex subset of the dual space C.�/0 which is compact with
respect to the weak�-topology. We will often identify P.�/ with its image in C.�/0 and
write �.f / WD

R
�
f d� for f 2 C.�/ and � 2 P.�/.

Definition 2.7. Let pW�! M be a continuous surjection between compact spaces. A
measure � 2 P.�/ is called a fiber measure if its pushforward measure p�� with respect
to p is a point measure on M . We write Pp.�/ � P.�/ for the weak* closed subspace of
all fiber measures.

Remark 2.8. An equivalent condition for � 2 P.�/ to be a fiber measure is that � is
supported in a fiber �m for some m 2 M , see the proof of [12, Lemma V.3.20] or [17,
Lemma 2.16].

The push-forward of measures then defines a continuous surjection p�W Pp.�/!M ,
therefore Pp.�/ is a “topological bundle” over M .

The following result is a straightforward generalization of [19, Lemma 5.5] and will
be useful later.

Proposition 2.9. Let pW�!M be a continuous surjection between compact spaces and
let .m˛/˛2A a net in M converging to some m 2M . Assume that �˛ 2 C.�m˛ /

0 for each
˛ 2 A with lim sup˛2A k�˛k < 1 and � 2 C.�m/0. Then the following assertions are
equivalent.

(a) lim˛ �˛.f j�m˛ / D �.f j�m/ for each f 2 C.�/.

(b) lim˛ �˛.f˛/ D �.f / whenever .f˛/˛2A is a net in Cp.�/ with s.f˛/ D m˛ for
each ˛ 2 A converging to some f 2 Cp.�/.

Proof. The implication “(b)) (a)” is easy. For the converse implication “(a)) (b)” let
.f˛/˛2A be a net in Cp.�/ such that s.f˛/ D m˛ for each ˛ 2 A converging to some
f 2 Cp.�/. Choose F 2 C.�/ with F j�m D f . For every ˛ 2 A there is x˛ 2 �m˛ withˇ̌

f˛.x˛/ � F.x˛/
ˇ̌
D max
y2�m˛

ˇ̌
f˛.y/ � F.y/

ˇ̌
:

Since it suffices to show that every subnet of .�˛.f˛//˛2A has a subnet converging to
�.f /, we may assume by compactness of � that the limit x WD lim˛ x˛ 2 �m exists.
Hence,

lim̨ max
y2�m˛

ˇ̌
f˛.y/ � F.y/

ˇ̌
D lim̨

ˇ̌
f˛.x˛/ � F.x˛/

ˇ̌
D
ˇ̌
f .x/ � F.x/

ˇ̌
D 0:

Since lim sup˛ k�˛k <1, we conclude that

lim
i
�˛.f˛ � F j�m˛ / D 0:
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On the other hand, lim˛ �˛.F j�m˛ / D �.F / D �.f /. In combination, lim˛ �˛.f˛/ D

�.f / as desired.

In particular, we obtain the following consequence of Proposition 2.9. Recall that here,
Cp.�/ is a bundle overM via the source map s (cf. Definition 2.2) and hence we can form
the fiber product Pp.�/ �p�;s Cp.�/ (see Section 2.1).

Corollary 2.10. Let pW�!M be a continuous surjection between compact spaces. Then
the map

Pp.�/ �p�;s Cp.�/! C; .�; f / 7! �.f /

is continuous.

We also need the following concept of relative measure. This is the non-dynamical
version of the well-known concept of relatively invariant measure, see, e.g., [33] and Sec-
tion 4.5 below.

Definition 2.11. Let pW�! M be a continuous surjection between compact spaces. A
relative measure is a continuous section �WM ! Pp.�/, m 7! �m of p�WPp.�/!M . It
is fully supported if supp �m D �m for every m 2M . We denote the space of all relative
measures of p by RM.p/.

We again provide a simple example.

Example 2.12. In the case a D 1 of Example 2.5, the Lebesgue measure on the unit
interval induces a fiber measure on every fiber�m D ¹mº � Œ0; 1� form 2M D Œ0; 1� and
these form a relative measure for the continuous surjection pW�!M .

Note that, in general, relative measures do not need to exist (consider, e.g., the map
pW Œ0; 1�! Œ0; 1�= � identifying the two endpoints 0 and 1).

We note the following lemma for later use.

Lemma 2.13. Let pW�! M be a continuous surjection between compact spaces and
�WM ! Pp.�/, m 7! �m a fully supported relative measure. Let further r 2 Œ1;1/ and
m 2M . Then every g 2 C.�m/ has an extension h 2 C.�/ with

max
m02M

khj�m0 kLr .�m0 ;�m0 / D kgkLr .�m;�m/:

Proof. We may assume that c WD kgkLr .�m;�m/ ¤ 0. First, pick any continuous extension
g 2 C.�/. By the continuity of the relative measure, we find some neighborhood O of m
with kgkLr .�m0 ;�m0 / >

c
2

for all m0 2 O . Let f 2 C.M/ with f .m/ D 1, 0 � f � 1, and
support in O . Then

h.x/ WD

8<: cf
�
p.x/

�
g.x/

kgkLr .�p.x/;�p.x//
; if x 2 p�1.O/;

0 else;

defines an extension h 2 C.�/ with the desired property.
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The next result establishes a connection between relative and ordinary measures.Given
a continuous surjection pW�!M between compact spaces, relative measures for p allow
to “lift” measures �M 2 P.M/ to measures �� on � with p��� D �M . More is true
if �M is normal meaning that the canonical map C.M/ ! L1.M; �M / is a bijection
(hence M is isomorphic to the Stone space of the measure space .M;�M /, and in partic-
ular, a Stonean, i.e., an extremally disconnected and compact, space, see [49, Section 9]
and [22, Section 12.4]). In this case, any measure �� 2 P.�/ with p��� D �M can be
disintegrated to obtain a relative measure (cf. [24, Section 2] and [48, Section 8]).

Proposition 2.14. Let pW� ! M be a continuous surjection between compact spaces
and �M 2 P.M/ fully supported. The canonical mapZ

M

d�M WRM.p/!
®
�� 2 P.�/ j p��� D �M

¯
; � 7!

Z
M

� d�M

with .
R
M
� d�M /.f / WD

R
M
�m.f / d�M .m/ for f 2 C.�/ and � 2 RM.p/ is

(i) injective, and

(ii) bijective if �M is normal.

Proof. It is clear that the map
R
M

d�M is well defined. For (i) take �; % 2 RM.q/ withR
M
� d�M D

R
L
% d�M and f 2 C.�/. ThenZ
M

g.m/�m.f / d�M .m/ D
Z
M

�m
�
.g ı p/ � f

�
d�M .m/

D

Z
M

%m
�
.g ı p/ � f

�
d�M .m/

D

Z
M

g.m/%m.f / d�M .m/

for every g 2 C.M/. This implies �m.f / D %m.f / for almost every m 2 M . Since �M
has full support, this equality even holds for everym 2M . We conclude that �m D %m for
every m 2M and thus � D %.

For (ii) we assume that�M is normal and take a measure��2P.�/with p���D�M .
Consider the corresponding conditional expectation operator E.M;�M /W L

1.�; ��/ !

L1.M;�M /. Composing this with the inverse of the canonical isomorphism J WC.M/!

L1.M;�M / we obtain a bounded linear map J�1E.M;�M /WL
1.�;��/! C.M/ which

induces an operatorP WC.�/!C.M/. We set �m WD ım ıP 2 P.�/ for the point measure
ım 2 P.M/ and m 2 M . One can readily check that this defines an element � 2 RM.p/.
Moreover,Z

�

f d�� D
Z
M

Pf .m/ d�M .m/ D
Z
M

ım.Pf / d�M .m/ D
Z
M

�m.f / d�M .m/

for every f 2 C.�/ as desired.

Remark 2.15. The proof of part Proposition 2.14 (ii) is based on an equivalent description
of relative measures via conditional expectation operators, see [33, Proposition 3.1].
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2.4. Banach bundles

An important type of bundles are so-called Banach bundles. We recall the definition (see
[16, Definition 1.1], [29, Section 1 and Theorem 3.2] and [19, Section 4]).

Definition 2.16. A continuous and open surjection sWE ! M from a topological space
E to a locally compact space M is a continuous Banach bundle over M if

(i) every fiber Em for m 2M is a Banach space,

(ii) the maps

E �M E ! E; .v; w/ 7! v C w;

C �E ! E; .�; v/ 7! �v;

E ! RC; v 7! kvks.v/

are continuous, and

(iii) for every m 2M , the sets

V.O; "/ WD
®
v 2 s�1.O/ j kvks.v/ < "

¯
for " > 0 and neighborhoods O of m in M define a neighborhood base of the
zero vector 0Em 2 Em.

The definition of a continuous Hilbert bundle is analogous (every fiber is a Hilbert space
and the corresponding inner products on the fibers define a continuous map on the fiber
product).

The following is the most important example of a continuous Banach bundle in this
article.

Example 2.17. Let pW�!M be an open continuous surjection between compact spaces
� and M . Then the space of continuous fiber maps Cp.�/ with the compact-open topol-
ogy defines a continuous Banach bundle sWCp.�/!M over M , see [19, Example 4.5].

Continuous Banach bundles sWE ! M always admit many continuous sections: For
every v 2 E there is � 2 �.E/ with �.s.v//D v (see, e.g., [29, Theorem 3.2]). Moreover,
the space of all bounded continuous sections

�b.E/ WD
°
� 2 �.E/ j sup

m2M



�.m/

 <1±
is canonically a module over the algebra Cb.M/ of bounded continuous functions on M
by defining multiplication with functions in Cb.M/ fiberwise. Together with the complete
norm defined by k�k WD supm2M k�.m/kEm for � 2 �b.E/ the space �b.E/ is a Banach
module, i.e., kf�k � kf k � k�k for all f 2 Cb.M/ and � 2 �b.E/, see [19, Remark
4.3 (i)] and [16, Chapter 2]. In fact, there is a correspondence between continuous Banach
bundles and certain Banach modules (see, e.g., [41] and [16, Theorem 2.6]).
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However, here we only need the following Stone–Weierstrass theorem for Banach
bundles (see [29, Corollary 4.3]). For a continuous Banach bundle sWE!M over a locally
compact spaceM we call a subsetD�E fiberwise dense (resp. fiberwise total) ifD\Em
is dense (resp. total) in Em for every m 2M (see [19, Remarks before Theorem 4.8]).

Proposition 2.18. Let sWE ! M be a continuous Banach bundle over a compact space
M and � 0 � �.E/ a C.M/-submodule such that ¹�.m/ j m 2 M; � 2 � 0º is fiberwise
dense in E. Then � 0 is dense in �.E/.

In the case of Example 2.17, the space of continuous sections can be represented as
follows (see again [19, Example 4.5]).

Example 2.19. Let pW�!M be an open continuous surjection between compact spaces
� and M . Then the map

C.�/! �
�
Cp.�/

�
; f 7! Œm 7! f j�m �

is an isometric C.M/-linear bijection, where C.�/ is equipped with the multiplication
f � g WD .f ı p/g for f 2 C.M/ and g 2 C.�/.

We also need the following concept of continuous Banach subbundle.

Definition 2.20. Let sWE ! M be a continuous Banach bundle over a locally compact
spaceM . A restriction sjF WF !M to a subset F � E is a continuous Banach subbundle
if sjF is still open and Fm WD Em \F is a closed linear subspace ofEm for everym 2M .

Moreover, if O � M is an open subset, then we call a continuous Banach subbundle
of the restriction sjs�1.O/W s�1.O/ � E ! O a local continuous Banach subbundle of s
(over O).

A continuous Banach subbundle of a continuous Banach bundle is then indeed a
Banach bundle in its own right (see [29, Section 8]).

We can also extend a local continuous Banach subbundle over an open subset to a
continuous subbundle over the whole base space.

Lemma 2.21. Consider a continuous Banach bundle sWE ! M over a locally compact
spaceM and a local continuous Banach subbundle sjF WF ! O of s over an open subset
O �M . Set

FC WD F [
[

m2MnO

¹0mº � E:

Then sjFC WFC !M is a continuous Banach subbundle of s.

Proof. The only non-trivial part is to show that sjFC WFC!M is an open map. So take v 2
FC and V �E a neighborhood of v 2E. We show that s.V \FC/ is then a neighborhood
of s.v/ in M .

If v 2 F , then, since sjF WF ! O is a localy continuous Banach subbundle, the set
s.F \ V / is a neighborhood of s.v/ inO , and hence inM . Since s.F \ V /� s.FC \ V /,
s.FC \ V / is a neighborhood of s.v/ as desired.
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If v … F , then we find some m 2M nO with v D 0m. By the definition of a Banach
bundle, we may therefore assume that V D V.O 0; "/ D ¹w 2 s�1.O 0/ j kwks.w/ < "º for
some neighborhood O 0 of m D s.v/ and " > 0. But then s.FC \ V / D O 0.

In the remainder of this section we will deal with Banach and Hilbert bundles which
are locally trivial. Recall first the concept of locally trivial vector bundle (see, e.g., [52,
Chapter I], [44, Chapter 3]).

Definition 2.22. A continuous surjection sWE ! M from a topological space E to a
locally compact space M is a locally trivial vector bundle over M if every fiber Em for
m 2 M is a vector space and for every point m 2 M there are a compact neighborhood
C �M of m, some d 2 N0 and a homeomorphism ˆW s�1.C /! C �Cd such that

(i) with the projection pr1WC �Cd ! C onto the first component, the diagram

s�1.C /
ˆ //

s
""

C �Cd

pr1
{{

C

commutes, and

(ii) the restrictionˆjEm0 WEm0!¹m
0º �Cd is a vector space isomorphism for every

m0 2 C .

Notice that here the condition of “local triviality” automatically implies that the map
sWE !M is open.

We now define locally trivial Banach bundles.

Definition 2.23. A continuous Banach bundle sWE!M over a locally compact spaceM
is a locally trivial Banach bundle if s (with the given vector space structure on the fibers)
is a locally trivial vector bundle in the sense of Definition 2.22.

The next result is a consequence of [29, Proposition 10.9] and yields an automatic
compatibility with the norm. It shows that our definition of locally trivial continuous
Banach bundles is equivalent to that of [29, Section 17] and [19, Definition 4.2].

Lemma 2.24. Let sWE ! M be a locally trivial Banach bundle over a locally compact
space M and ˆW s�1.C /! C � Cd a “trivialization” as in Definition 2.22. Then there
are constants c1; c2 > 0 such that

c1kvk �


pr2

�
ˆ.v/

�

 � c2kvk for v 2 s�1.C /;

where pr2WC � Cd ! Cd is the projection onto the second component and Cd carries
the Euclidean norm.

The following Serre–Swan-type duality result (see [19, Proposition 4.13]) shows that
local triviality of a Banach bundle over a compact space is reflected nicely by its space of
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continuous sections (cf. [67]). Recall here that a module � over a ring R is projective if
there is an R-module ƒ such that � ˚ƒ is a free R-module.

Proposition 2.25. For a continuous Banach bundle sWE !M over a compact space M
the following assertions are equivalent.

(a) sWE !M is locally trivial.

(b) �.E/ is finitely generated and projective as a C.M/-module.

Obviously, every locally trivial Banach or Hilbert bundle defines, by forgetting the
norms or the inner products, a locally trivial vector bundle in the usual sense. The follow-
ing converse result is easy to prove (cf. [67, Lemma 2]).

Proposition 2.26. If sWE ! M is a locally trivial vector bundle over a compact space,
then there is a continuous map

.�j�/WE �M E ! C

turning s into a continuous Hilbert bundle over M .

A map as in Proposition 2.26 is called a continuous inner product of the locally trivial
bundle.

The following basic result on locally trivial Hilbert bundles will be of use later on (cf.
[24, Proof of Theorem 5.12]).

Proposition 2.27. Let sWE ! M be a locally trivial continuous Hilbert bundle over a
locally compact space M and d 2 N0 with dimEm D d for all m 2 M . Then there are
local continuous sections �1; : : : ; �d WO!E defined on a dense open subsetO ofM such
that ¹�1.m/; : : : ; �d .m/º is an orthonormal basis of Em for every m 2 O .

Proof. For each m 2 M , we find an open neighborhood and local continuous sections
�1; : : : ; �d such that ¹�1.m/; : : : ; �d .m/º is an orthonormal basis of Em. The result now
follows from Zorn’s lemma.

We call a collection of sections �1; : : : ; �d as in Proposition 2.27 a densely defined
local orthonormal basis of the bundle.

As a consequence of [29, Theorem 18.5] we have the following characterization of
locally trivial continuous Banach bundles.

Proposition 2.28. For a continuous Banach bundle sWE ! M over a locally compact
space M the following assertions are equivalent.

(a) sWE !M is locally trivial.

(b) All fibers Em for m 2M are finite-dimensional and the dimension map

dimWM ! N0; m 7! dim.Em/

is locally constant.
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As a corollary, we obtain the following interesting and helpful characterization of
locally trivial subbundles.

Corollary 2.29. Let sWE ! M be a locally trivial vector bundle over a locally compact
space M , and F � E a subset such that F \ Em is a linear subspace of Em for every
m 2 M . Then the restriction sjF WF ! M defines a locally trivial vector bundle if and
only if the following two conditions are satisfied.

(i) F is a closed subset of E.

(ii) The restriction sjF WF !M is open.

Proof. Since all the properties can be checked locally on M , we may assume that M is
compact. Using Proposition 2.26 we choose a continuous inner product .�j�/WE�ME!C.
If sjF is locally trivial, then condition (ii) is clearly fulfilled and (i) is a consequence of
[19, Lemma 4.16]. Now assume conversely that (i) and (ii) hold. Since the dimension ofE
is locally constant, we may assume that supm2M dim.Fm/ � supm2M dim.Em/ <1. In
view of Proposition 2.28 it now suffices to show that the dimension map dimWM ! N0,
m 7! dim.Fm/ is locally constant. Let d be the maximal dimension among fibers of F
and consider the set

Md WD ¹m 2M j dimFm D dº

which is open by [29, Theorem 18.2]. By Proposition 2.28, s�1.Md /! Md is a locally
trivial bundle over Md . We choose a densely defined local orthonormal basis

�1; : : : ; �d WO ! s�1.Md /:

Now pick a pointm 2Md �M . We then find a net .m˛/˛2A inO converging tom. Since
k�k.m˛/k D 1 for every ˛ 2 A and bounded subsets of E are relatively compact in E by
[19, Lemma 4.15], we may assume, by passing to a subnet, that the limit vi WD lim˛ �i .m˛/

exists in E and hence by (i) in F for every i 2 ¹1; : : : ; dº. But then

.vi jvj / D lim̨
�
�i .m˛/j�j .m˛/

�
D ıij

for all i; j 2 ¹1; : : : ; dº. Therefore the vectors v1; : : : ; vd form an orthonormal subset of
Fm. We conclude that dimFmD d . This shows thatMd is closed and consequently clopen
inM . By consideringE and F on the complement ofMd and iterating the previous steps,
we conclude that the dimension of F is in fact locally constant.

3. Representations of compact group bundles

3.1. Compact group bundles

To state our version of the Mackey–Zimmer theorem, we need to introduce compact group
bundles (cf. [17, Definition 2.19]).
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Definition 3.1. A continuous surjection pWH!M from a compact spaceH to a compact
space M is a compact group bundle if

(i) every fiber Hm WD p�1.m/ for m 2M is a group, and

(ii) the maps

H �M H ! H; .x; y/ 7! xy;

H ! H; x 7! x�1;

M ! H; m 7! 1Hm

are continuous.

Evidently, every compact group can be considered a compact group bundle over a
singleton. The following are further basic examples.

Examples 3.2. Let M be any compact space and H a compact group.

(i) The productM �H defines an open compact group bundle overM by project-
ing onto the first component. This is the trivial group bundle with fiber H .

(ii) If m0 2M , then the quotient of M �H given by identifying all points .m0; x/
for x 2 H defines an open compact group bundle over M . The fiber over every
point m 2M n ¹m0º is isomorphic to H , whereas the fiber over m0 is given by
a trivial group.

(iii) If m0 2M is an accumulation point of M and the group H is non-trivial, then
the subspaceM n ¹m0º � ¹1H º [ ¹m0º �H �M �H provides an example of
a compact group bundle which is not open.

Examples 3.2 (ii) and (iii) are also examples for the following concepts.

Definition 3.3. Let pWH !M be a compact group bundle over a compact space M .

(i) A restriction pjU WU ! M is a closed subgroup bundle of H if U � H is a
closed subset such that Um WD U \Hm is a subgroup of Hm for every m 2M .

(ii) If pjU W U ! M is a closed subgroup bundle of p, then the canonical map
p=U WH=U ! M , where H=U WD

S
m2M Hm=Um is equipped with the quo-

tient topology is the homogeneous space bundle induced by U . For x 2 H the
equivalence class in the quotient space H=U is denoted by xU .

The following lemma collects some basic facts about compact group bundles.

Lemma 3.4. Let pWH ! M be a compact group bundle over a compact space M , and
pjU WU !M a closed subgroup bundle.

(i) The quotient space H=U is a Hausdorff space.

(ii) For each m 2 M the subspace Hm=Um � H=U carries the quotient topology
with respect to the canonical surjection Hm ! Hm=Um.

(iii) The canonical action H �M H=U ! H=U , .x; yU / 7! xyU is continuous.

(iv) If pWH !M is open, then so is p=U WH=U !M .
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Proof. Since the equivalence relation defined by the canonical map qWH ! H=U is
closed, part (i) follows from [8, Section I.10.4, Proposition 8]. Parts (ii) and (iv) are easy
to check.

We prove (iii). By the closed graph theorem for compact spaces (see, e.g., [15, Theo-
rem XI.2.7]), it suffices to show that the map has a closed graph. So let ..x˛; y˛U//˛2A
be a net H �M H=U converging to .x; yU / such that .x˛y˛U/˛2A converges to zU in
H=U . We have to show that zU D xyU . Using compactness of H and continuity of the
quotient mapH !H=U , we may assume, by passing to a subnet, that lim˛ y˛ D y 2H .
But then lim˛ x˛y˛ D xy inH by continuity of multiplication in compact group bundles.
We conclude that lim˛ x˛y˛U D xyU in H=U and therefore zU D xyU as desired.

The following special case of a result of Renault (see [62, Lemma 1.3]) characterizes
when a compact group bundle is open, where we use the fact that a compact group bundle
is a special case of a compact groupoid (cf. Section 4.4). Here and in the following the
Haar measure of a compact group H is denoted by �H .

Proposition 3.5. For a compact group bundle pWH ! M over a compact space M the
following assertions are equivalent.

(i) The compact group bundle pWH !M is open.

(ii) The map M ! Pp.H/, m 7! �Hm is continuous, hence a relative measure.

3.2. Group bundle C�-algebras

We now consider the C�-algebra associated with an open compact group bundle (see [58,
Section 3] and [35] in the case of bundles of locally compact abelian groups), which is a
special case of the general version for locally compact groupoids with a continuous Haar
system, see [61, Definition II.1.12].

Definition 3.6. Let pWH!M be an open compact group bundle over a compact spaceM.
The space C.H/ equipped with the multiplication given by

.f � g/.x/ WD

Z
Hp.x/

f .xy/g.y�1/ d�Hp.x/.y/ for every x 2 H

for f; g 2 C.H/ and the involution defined by

f �.x/ WD f .x�1/ for every x 2 H

for f 2 C.H/ is the convolution algebra of H .

One can check that this is indeed a �-algebra, see [61, Proposition II.1.1]. The asso-
ciated C�-algebra is constructed via the representations of the convolution algebra (see
[61, Definitions II.1.3 and II.1.5]).

Definition 3.7. Let pWH!M be an open compact group bundle over a compact spaceM.
A (non-degenerate) bounded representation of C.H/ is a �-algebra homomorphism

� WC.H/! L.E/
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with E a Hilbert space such that

(i) k�.f /k � supm2M
R
Hm
jf j d�m for every f 2 C.H/, and

(ii) E D lin¹�.f /v j f 2 C.H/; v 2 Eº.

One can show that there is always a “faithful family of bounded representations”
(see [61, Proposition II.1.11]) and this enables the following definition (see [61, Defi-
nition II.1.12]).

Definition 3.8. The completion of C.H/ with respect to the norm k � k defined by

kf k WD sup
®

�.f /

 j � bounded representation of C.H/

¯
for f 2 C.H/

is called the group bundle C�-algebra associated to an open compact group bundle pWH!
M over a compact space M . We denote it by C�.H/.

In this way, every open compact group bundle gives rise to a C�-algebra. In the case of
the trivial bundle over a singleton defined by a compact group, this agrees with the usual
group C�-algebra (as defined, e.g., in [14, Section 13.9] or [26, Section 7.1]).

3.3. Representations and the dual space

The following result relates the irreducible representations of the group bundle C�-algebra
to the irreducible unitary representation of its fiber groups (see [58, Corollary 3.4] for the
case of abelian fiber groups). Recall here that a representation on a Hilbert space E is
irreducible if E is non-zero and there are no non-trivial closed subspaces of E which are
invariant with respect to the representation, see [14, Sections 2.3 and 13.1]. Moreover,
unitary representations are assumed to be continuous with respect to the strong operator
topology, and vector-valued integrals are understood in the weak sense (see, e.g., [64,
Definition 3.26]).

Proposition 3.9. LetpWH!Mbe an open compact group bundle over a compact spaceM.

(i) If m 2 M and %WHm ! L.E/ is a unitary representation of Hm on a Hilbert
space E, then there is a unique non-degenerate representation �%WC�.H/!
L.E/ with

�%.f /v D

Z
Hm

f .x/%.x/v d�Hm.x/ for every v 2 E and f 2 C.H/:

Moreover, % is irreducible if and only if �% is irreducible.

(ii) Conversely, for each non-zero irreducible representation � W C�.H/ ! L.E/

there is a unique q.�/ 2 M and a unique irreducible unitary representation
%� WHq.�/ ! L.E/ with � D �%� .

(iii) Two non-zero irreducible representations �1 and �2 of C�.H/ are equivalent if
and only if q.�1/D q.�2/ and the corresponding unitary group representations
%�1 and %�2 are equivalent.
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Note that this result is well known for compact (even locally compact) groups, see
[14, Sections 13.3 and 13.9].

Remark 3.10. The assumption of irreducibility in (ii) cannot be dropped as can be seen
easily by considering the trivial group bundle M � ¹1º ! M over a compact space M
with at least two elements.

For the proof of Proposition 3.9 we recall the concept of multiplier algebra which
is a non-commutative analogue of the Stone–Čech compactification of locally compact
spaces. The following is a possible construction (see [6, Section II.7.3], see also [10]).
Given a C�-algebra A, consider the set M.A/ of double centralizers, i.e., the set of all
pairs .L; R/ of linear maps on A with fL.g/ D R.f /g for all f; g 2 A. If .L; R/ is a
double centralizer, thenL andR are bounded operators on A with kLk D kRk. Moreover,
M.A/ becomes a unital C�-algebra when equipped with

(i) the norm k.L;R/k WD kLk for .L;R/ 2M.A/,

(ii) addition and scalar multiplication defined componentwise,

(iii) the multiplication defined by .L1;R1/ � .L2;R2/WD.L1L2;R2R1/ for .L1;R1/,
.L2; R2/ 2M.A/, and

(iv) the involution given by .L;R/� WD .R�;L�/ for .L;R/ 2M.A/, whereL�f WD
.Lf �/� and R�f WD .Rf �/� for f 2 A.

The canonical map
A!M.A/; f ! .Lf ; Rf /

with Lf g WD fg and Rf g WD gf for f; g 2 A is an embedding of the C�-algebra A onto
a closed ideal of M.A/. Moreover, every non-degenerate representation � WA! L.E/

of A on a Hilbert space E has a unique extension to a unital representation of M.A/

and this satisfies �..L; R//�.f / D �.Lf / for all .L; R/ 2 M.A/ and f 2 A (see [6,
Theorem II.7.3.9]).

Further note that a double centralizer is of the form .S; S/ for S 2 L.A/ if and only
if it is in the center of M.A/ (this can be checked easily by using the density of A in
M.A/ with respect to the strict topology, see, e.g., [10, Proposition 3.5], and [10, Proposi-
tion 2.5]). Combining this observation with [61, Proposition II.1.14] yields the following.

Lemma 3.11. Let pWH!M be an open compact group bundle over a compact spaceM.
For each f 2 C.M/ the map

Sf WC.H/! C.H/; g 7! .f ı p/ � g

has a unique extension to a bounded operator Sf 2 L.C�.H//. Moreover, the mapping

C.M/! Z
�
M
�
C�.H/

��
; f 7! .Sf ; Sf /

defines a unital �-embedding of the commutative unital C�-algebra C.M/ into the center
Z.M.C�.H/// of the multiplier algebra M.C�.H//.
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We are now ready to prove Proposition 3.9 by using ideas of the proof of [16, Theo-
rem 2.4].

Proof of Proposition 3.9. For part (i) observe that form 2M every unitary representation
%WHm ! L.E/ on a Hilbert space E gives rise to a unique non-degenerate bounded
representation � 0% of the convolution algebra C.Hm/ of the fiber group Hm via

� 0%.f /v D

Z
Hm

f .x/%.x/v d�Hm.x/ for every v 2 E and f 2 C.Hm/

by [14, Proposition 13.3.1]. Composing � 0% with the restriction map C.H/ ! C.Hm/,
f 7! f jHm , we therefore obtain a non-degenerate bounded representation �% of C.H/ in
the sense of Definition 3.7. By definition of the group bundle C�-algebra, this represen-
tation extends to a representation of C�.H/. Uniqueness is clear since C.H/ is a dense
subspace of C�.H/. Moreover, by [14, Remark 13.3.5] % is irreducible if and only if � 0%
is irreducible which is the case if and only if �% is irreducible.

We now prove (ii) and let � W C�.H/ ! L.E/ be a non-zero irreducible represen-
tation of the group bundle C�-algebra C�.H/. Then � is non-degenerate and therefore
has a unique extension to an irreducible unital representation of the mutilipier algebra
M.C�.H//, which we also denote by � , and this satisfies �..L; R//�.f / D �.Lf / for
every f 2 C.H/. We first show that � induces a representation of the convolution algebra
C.Hm/ of a fiber group Hm for some m 2M .

For f 2 C.M/ we obtain with Lemma 3.11 that �..Sf ; Sf // is in the center of the
image �.M.C�.H///. But the latter is given by ¹zIdE j z 2 Cº � L.E/ since the repre-
sentation � is irreducible, see [14, Section 2.3]. We conclude that there is a multiplicative
linear functional �WC.M/! C with �..Sf ; Sf // D �.f /IdE for all f 2 C.M/. As � is
unital, we have

�..S1; S1// D �..IdC�.H/; IdC�.H/// D IdE :

Thus, �.1/D 1, and hence � is a point evaluation (see, e.g., [22, Lemma 4.10]). Therefore,
there is a unique m 2M such that �.Sf ; Sf / D f .m/IdE for every f 2 C.M/.

We now show that k�.g/k �
R
Hm
jgj d�Hm for every g 2 C.H/. So take g 2 C.H/

and a neighborhood O of m in M . We then find f 2 C.M/ with 0 � f .m0/ � 1 for all
m0 2M and support in O such that f .m/ D 1. Since k�.h/k � supm02M

R
jhj d�Hm0 for

every h 2 C.H/, we obtain

�.g/

 D 

��.f ı p/g�

 � sup
m02M

Z
Hm0

f .m0/jgj d�Hm0 � sup
m02O

Z
Hm0

jgj d�Hm0 :

Thus, k�.g/k �
R
Hm
jgj d�Hm as desired by continuity of the Haar system (see Proposi-

tion 3.5). In particular, � factors through the quotient

C.Hm/ Š C.H/=
®
f 2 C.H/ j f jHm D 0

¯
:

We conclude that � induces a non-degenerate �-algebra representation � of the con-
volution algebra C.Hm/ on E which admits no non-trivial closed invariant subspaces
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and is bounded with respect to the L1-norm on C.Hm/. By [14, Proposition 13.3.4 and
Remark 13.3.5] there is a unique irreducible representation % of Hm such that

�.g/ D %.gjHm/ D

Z
Hm

f .x/%.x/ d�Hm.x/ D �%.g/ for every g 2 C.H/

and this shows (ii).
Finally, part (iii) is an easy consequence of the uniqueness properties in (i) and (ii).

Recall that for a C�-algebra A, the spectrum yA are equivalence classes of non-zero
irreducible representations of A (see [14, Chapters 2 and 3]). Proposition 3.9 motivates
the following definition (cf. [58, Section 3]).

Definition 3.12. Let pWH !M be an open compact group bundle over a compact space
M . The dual yH of H is the spectrum of the C�-algebra C�.H/.

In view of Proposition 3.9, yH is (as a set) in a one-to-one correspondence with the
union

S
m2M

yHm, where yHm is the unitary dual of the compact groupHm for eachm2M
(cf. [26, Sections 7.1 and 7.2] and [14, Chapter 18]). In the following we will identify
elements of yH with their counterparts in

S
m2M

yHm. Moreover, we denote the canonical
mapping yH !M by Op.

3.4. Positive definite functions

For a better understanding of the dual of an open compact group bundle, we recall the
concept of positive definite function (see, e.g., [14, Section 13.4]). Given a compact group
H , a unitary representation � WH !L.E/ ofH on a non-zero Hilbert spaceE, and v 2E
with kvk D 1 we call the mapping

f WH ! C; x 7!
�
�.x/vjv

�
a normalized positive definite function associated with � . Note that if the vector v 2 E is
cyclic, i.e., lin¹�.x/v j x 2 H º is dense in H , then by [14, Theorem 13.4.5] the unitary
representation � is determined by the induced map f up to equivalence. A normalized
positive definite function is pure if it is associated with an irreducible unitary represen-
tation � WH ! L.E/. We write Pos1.H/ for the set of all normalized positive definite
functions associated to unitary representations of H and PPos1.H/ for the subset of pure
ones.

Now if pWH !M is an open compact group bundle over a compact spaceM , we set

Pos1.H/ WD
[
m2M

Pos1.Hm/;

PPos1.H/ WD
[
m2M

PPos1.Hm/;

and equip these spaces with the subspace topology induced by Cp.H/.
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Similar to the case of locally compact groups, we can relate the space of normalized
positive definite functions with the state space of the corresponding C�-algebra (cf. [14,
Theorem 13.5.2 and Remark 18.1.3]). Recall that here, in analogy to the definition of
positive definite functions above, for a C�-algebra A, a non-degenerate representation
� WA! L.E/ of A on a Hilbert space E, and a vector v 2 E with kvk D 1 the map

!WA! C; f 7!
�
�.f /vjv

�
is called a state associated to � (see [14, Sections 2.1 and 2.4]). Again, if v 2 E is cyclic,
i.e., ¹�.f /v j f 2 Aº is dense in H , then by [14, Theorem 13.4.5], � is uniquely deter-
mined up to equivalence by ! (see [14, Proposition 2.4.1]). The state ! is called pure
if it is associated with a non-zero irreducible representation (see [14, Section 2.5]). The
convex set of all states is denoted by S.A/ and we equip it with the weak* topology. We
write PS.A/ for the subspace of pure states.

Proposition 3.13. Let pWH ! M be an open compact group bundle over a compact
space M .

(i) For every f 2 Pos1.H/ associated to a unitary representation % of a fiber group
there is a unique state !f 2 S.C�.H// associated to �% with

!f .g/ D

Z
Hs.f /

fg d�Hs.f /

for all g 2 C.H/.

(ii) The map

Pos1.H/! S
�
C�.H/

�
; f 7! !f

is a homeomorphism onto its range.

(iii) The restricted map

PPos1.H/! PS
�
C�.H/

�
; f 7! !f

is a homeomorphism.

The following lemma is the essential part of the proof of Proposition 3.13. It is an
analogue of [14, Theorem 13.5.2] (see also [26, Theorem 3.31]) and uses similar methods.

Lemma 3.14. Let pWH ! M be an open compact group bundle over a compact space
M . For a net .f˛/˛2A in Pos1.H/ and f 2 Pos1.H/ the following are equivalent.

(a) lim˛ f˛ D f .

(b) lim˛ �Hs.f˛/.f˛g/ D �Hs.f /.fg/ for every g 2 C.H/.

Proof. The implication “(a))(b)” is a direct consequence of Corollary 2.10. Now sup-
pose that (b) holds and write m˛ WD s.f˛/ for every ˛ 2 A as well as m WD s.f /.
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We first show that lim˛ m˛ D m. Assuming the contrary, we find a subnet .mˇ /ˇ2B
of .m˛/˛2A and a neighborhood O of m such that mˇ … O for every ˇ 2 B . Choose a
function h 2 C.M/ with support in O such that h.m/ D 1. By (b) we obtain

0 D lim
ˇ

Z
Hmˇ

fˇ � .h ı p/ � g d�Hmˇ D
Z
Hm

f � .h ı p/ � g d�Hm D
Z
Hm

f � g d�Hm

for every g 2 C.H/, hence f D 0. Since f .1Hm/ D 1, this is a contradiction.
We now check the second condition of Proposition 2.4 (b). So let .fˇ /ˇ2B be a subnet

of .f˛/˛2A and .xˇ /ˇ2B a net in H converging to some x 2 H such that p.xˇ / D s.fˇ /
for every ˇ 2 B .

Fix " > 0 and choose, using the continuity of f , a function g 2 C.H/with 0� g.y/�
1 for all y 2 H such that g.1Hm/ D 1 andˇ̌

f .y/ � 1
ˇ̌
� " for every y 2 g�1..0;1// \Hm: (3.1)

Using the continuity of the Haar system (see Proposition 3.5) and the fact that �Hm.g/¤ 0,
we choose ˇ1 2 B such that �Hmˇ .g/ ¤ 0, as well as

�Hm.g/

�Hmˇ .g/
� 1C "; (3.2)

and ˇ̌
�Hmˇ .g/ � �Hm.g/

ˇ̌
� �Hm.g/" (3.3)

for every ˇ � ˇ1. By (b) we find ˇ2 � ˇ1 such thatˇ̌
�Hm.fg/ � �Hmˇ .fˇg/

ˇ̌
� �Hm.g/" (3.4)

for every ˇ � ˇ2. For ˇ � ˇ2 we then obtainˇ̌
�Hmˇ

�
.1 � fˇ /g

�ˇ̌
�
ˇ̌
�Hmˇ .g/ � �Hm.g/

ˇ̌
C �Hm

�
j1 � f jg

�
C
ˇ̌
�Hm.fg/ � �Hmˇ .fˇg/

ˇ̌
;

hence ˇ̌
�Hmˇ

�
.1 � fˇ /g

�ˇ̌
� 3�Hm.g/" (3.5)

by inequalities (3.1), (3.3) and (3.4). Setting hˇ .y/ WD g.xˇy/ for every y 2 Hmˇ and
ˇ 2B as well as h.y/ WD g.xy/ for y 2Hm, we obtain limˇ hˇ D h in Cp.H/. Combining
this with (b) yields

lim
ˇ
.gjHmˇ � fˇ /.xˇ / D lim

ˇ
�Hmˇ .hˇfˇ / D �Hm.hf / D .gjHm � f /.x/;

see Proposition 2.9. We therefore find ˇ3 � ˇ2 such thatˇ̌̌̌
1

�Hmˇ .g/
.gjHmˇ � fˇ /.xˇ / �

1

�Hm.g/
.gjHm � f /.x/

ˇ̌̌̌
� " (3.6)
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for every ˇ � ˇ3. By [26, Lemma 3.30] the inequalityˇ̌
fˇ .y

�1xˇ / � fˇ .xˇ /
ˇ̌
�
p
2
�
1 � Re fˇ .y/

� 1
2

holds for all y 2 Hmˇ and every ˇ 2 B . Hence,ˇ̌̌̌
1

�Hmˇ .g/
.gjHmˇ � fˇ /.xˇ / � fˇ .xˇ /

ˇ̌̌̌
�

1

�Hmˇ .g/

Z
g.y/

ˇ̌
fˇ .y

�1xˇ / � fˇ .xˇ /
ˇ̌
d�mˇ .y/

�

p
2

�Hmˇ .g/
�Hmˇ

�
g
1
2 �
�
g � .1 � Re fˇ /

� 1
2
�

for every ˇ 2 B . Since

�Hmˇ

�
g
1
2 �
�
g � .1 � Re fˇ /

� 1
2
�
� �Hmˇ .g/

1
2 � �Hmˇ

�
g � .1 � Re fˇ /

� 1
2

by Cauchy–Schwarz, we obtainˇ̌̌̌
1

�Hmˇ .g/
.gjHmˇ � fˇ /.xˇ / � fˇ .xˇ /

ˇ̌̌̌
�

�
2

�Hmˇ .g/

� 1
2

�Hmˇ

�
g � .1 � Re fˇ /

� 1
2 ;

and, in view of (3.2) and (3.5),ˇ̌̌̌
1

�Hmˇ .g/
.gjHmˇ � fˇ /.xˇ / � fˇ .xˇ /

ˇ̌̌̌
�
p
6"

�
�Hm.g/

�Hmˇ .g/

� 1
2

�
p
6".1C "/; (3.7)

for every ˇ � ˇ3. Similar estimates yieldˇ̌̌̌
1

�Hm.g/
.gjHm � f /.x/ � f .x/

ˇ̌̌̌
�
p
6": (3.8)

Combining (3.6), (3.7) and (3.8) we finally obtainˇ̌
fˇ .xˇ / � f .x/

ˇ̌
�
p
6"C

p
6".1C "/C "

for every ˇ � ˇ3.

Proof of Proposition 3.13. Take m 2 M and a unitary representation %WHm ! L.E/ of
the compact group Hm on a non-zero Hilbert space E and v 2 E with kvk D 1. Let f
be the corresponding normalized positive definite function, i.e., f .x/ D .%.x/vjv/ for all
x 2 Hm. Moreover, consider the non-degenerate representation �% of C�.H/ of Proposi-
tion 3.9 (i) and the state

!f WC�.H/! C; g 7!
�
�%.g/vjv

�
:
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associated with �%. Then,

!f .g/ D
�
�%.g/vjv

�
D

Z
Hm

g.x/
�
%.x/vjv

�
d�Hm.x/ D

Z
Hm

fg d�Hm

for every g 2 C.H/. This shows existence of the desired state !f . Uniqueness is clear as
C.H/ is dense in C�.H/. Hence (i) is proved.

For (ii) we observe that the defined map is clearly injective. It follows from Lemma 3.14
that it is a homeomorphism onto its range.

Finally, part (iii) is an easy consequence of (ii) and Proposition 3.9.

3.5. Topology of the dual

The spectrum of a C�-algebra can be equipped with a topology in a natural way (see, e.g.,
[14, Chapter 3]). In particular, we obtain a topology on the dual yH of an open compact
group bundle pWH ! M over a compact space M . Combining Proposition 3.13 with
[14, Theorem 3.4.10] yields the following description of the closure with respect to this
topology (cf. [14, Chapter 18] for the case of locally compact groups). Here, we say that
f 2 PPos1.H/ is associated with an element Œ�� 2 yH (which is an equivalence class of
representations) if it is associated with some (and then every) of its representatives.

Proposition 3.15. Let pWH ! M be an open compact group bundle over a compact
space M . For a subset C � yH and Œ�� 2 yH the following assertions are equivalent.

(a) Œ�� 2 xC .

(b) One f 2 PPos1.H/ associated with Œ�� is the limit of a net .f˛/˛2A in PPos1.H/
associated with elements of C .

(c) Every f 2PPos1.H/ associated with Œ�� is the limit of a net .f˛/˛2A in PPos1.H/
associated with elements of C .

With the help of Proposition 3.15, we obtain the following important topological prop-
erties of the dual of an open compact group bundle.

Proposition 3.16. For an open compact group bundle pWH !M over a compact space
M the following assertions hold.

(i) The canonical map PPos1.H/! yH is continuous and open.

(ii) The canonical map OpW yH !M is continuous and open.

(iii) yH is a locally compact (Hausdorff) space.

(iv) The map
dimW yH ! N; Œ��! dim.�/

is continuous.

The proof of openness in (ii) is based on an idea communicated to the authors by Jean
Renault and uses the following observation (see also [63] for a different proof in the case
of bundles of locally compact abelian groups).
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Lemma 3.17. Let pWH ! M be an open compact group bundle over a compact space
M and f 2 C.H/. Then the mapping

M ! Œ0;1/; m 7! kf jHmkC�.Hm/

is lower semicontinuous.

Proof. Since compact groups are amenable, the full group C�-norm agrees with the reduced
group C�-norm for Hm (this is a special case of [72, Theorem 7.13]), thus,

kf jHmkC�.Hm/D sup
g2C.Hm/
kgkL2.Hm/

�1

sup
h2C.Hm/
khkL2.Hm/

�1

ˇ̌̌̌Z
Hm

Z
Hm

g.x/f .x�1y/h.y/ d�Hm.x/ d�Hm.y/
ˇ̌̌̌

for everym 2M . Now by Lemma 2.13 if g 2 C.Hm/ n ¹0º with kgkL2.Hm/ � 1 for some
m 2M , we find a function h 2 C.H/ with hjHm D g and

khk2 WD sup
m02M

khjHm0 kL2.Hm0 / � 1:

This implies

kf jHmkC�.Hm/ D sup
g2C.H/
kgk2�1

sup
h2C.H/
khk2�1

ˇ̌̌̌ Z
Hm

Z
Hm

g.x/f .x�1y/h.y/ d�m.x/ d�m.y/
ˇ̌̌̌

for every m 2 M . Since the pointwise supremum of continuous functions is lower semi-
continuous, it suffices to show that

M ! C; m 7!

Z
Hm

Z
Hm

g.x/f .x�1y/h.y/ d�m.x/ d�m.y/

is continuous for all g; h 2 C.H/. But this readily follows from the continuity of the Haar
system (see Proposition 3.5) and Corollary 2.10.

Proof of Proposition 3.16. Part (i) is a consequence of [14, Theorem 3.4.11] by using the
identification of PPos1.H/ with PS.C�.H// established in Proposition 3.13.

We proceed with (ii). Continuity of Op is an easy consequence of Proposition 3.15. To
show that Op is open, it suffices to show that the set Op.Vf / is open for every f 2 C.H/,
where

Vf WD
®
Œ�� 2 yH j



�.f /

 > 1¯
as these sets form a base of the topology of yH by [14, Lemma 3.3.3]. Let f 2 C.H/
and pick m 2 p.Vf /. Choose Œ�� 2 Vf with Op.Œ��/ D m, i.e., k�.f /k > 1. Then also
kf jHmkC�.Hm/ > 1 and by Lemma 3.17 there is a neighborhood O of m such that

kf jHm0 kC�.Hm0 / > 1 for every m0 2 O:

By [14, Proposition 2.7.1] we therefore find for every m0 2 O some Œ�� 2 yHm0 with
k�.f /k > 1. Hence O � p.Vf / and this shows that p.Vf / is open.
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We next prove (iii). To see that yH is a Hausdorff space, pick Œ�1�; Œ�2�2 yH with Œ�1�¤
Œ�2�. If Op.Œ�1�/¤ Op.Œ�2�/we can use (ii) to separate Œ�1� and Œ�2� by open neighborhoods.
We may therefore assume that m WD Op.Œ�1�/ D Op.Œ�2�/. But the subspace topology of
yHm � yH agrees with the topology of the dual yHm of the compact group Hm (use, e.g.,

Proposition 3.15) and the latter is discrete by [26, Proposition 7.4]. Thus, Œ�1� and Œ�2�
can also be separated in this case. We now obtain from [14, Corollary 3.3.8] that yH is
locally compact.

Finally, we show part (iv). Ifm 2M , Œ�� 2 yHm and f is a normalized positive definite
function associated with Œ��, thenZ

Hm

jf j2 d�Hm D
1

dim.�/

by Schur’s orthogonality relations (see [26, Result 5.8]). Continuity of the dimension map
is thus a consequence of Proposition 3.15.

3.6. Continuous sections of the dual

After establishing the basic topological properties of the dual of an open compact group
bundle, we are now ready to prove the following powerful selection theorem. Recall here
the definition of local continuous sections from Section 2.1 above.

Theorem 3.18. Let pWH !M be an open compact group bundle over a compact space
M . For every Œ�� 2 yH there is a local continuous section y� of the bundle OpW yH !M with
y�. Op.Œ��// D Œ��.

For the proof of Theorem 3.18 we need the following lemma.

Lemma 3.19. Let pWH!M be an open compact group bundle over a compact spaceM.
Then each Œ�� 2 yH has a neighborhoodO such thatO \ yHm has at most one element for
each m 2M .

Proof. Let Œ�� 2 yH and f 2 PPos1.H/ associated with Œ��. By Schur’s orthogonality
relations (see [26, Result 5.8]) and Corollary 2.10 the set

W WD
®
.f1; f2/ 2 PPos1.H/ �M PPos1.H/ j �s.f1/.f1f2/ ¤ 0

¯
is an open neighborhood of .f;f / in PPos1.H/�M PPos1.H/. We therefore find a neigh-
borhood V of f in PPos1.H/ such that V � V \ .PPos1.H/ �M PPos1.H// � W .

We claim that the imageO of V with respect to the canonical surjection PPos1.H/!
yH has the desired property. Note first that by Proposition 3.16 (i) the set O is actually

a neighborhood of Œ��. Now take Œ�1�; Œ�2� 2 O with m WD p.Œ�1�/ D p.Œ�2�/. We then
find normalized positive definite functions fi associated with Œ�i � such that fi 2 V for
i D 1; 2, hence .f1; f2/ 2 W . Consequently,Z

Hm

f1f2 d�Hm ¤ 0;

and again by Schur’s orthogonality relations (see [26, Result 5.8]) we obtain Œ�1�DŒ�2�.
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Proof of Theorem 3.18. Let Œ�� 2 yH and apply Lemma 3.19 to find an open neighborhood
O of Œ�� such that

OpjO WO ! Op.O/; Œ%� 7! Op
�
Œ%�
�

is bijective. By Proposition 3.16 (ii) its inverse is a local continuous section y� of Op with
y�. Op.Œ��// D Œ��.

The following example shows that one cannot expect to obtain global sections in The-
orem 3.18.

Example 3.20. Consider the compact spaceM D Œ0; 1�, the cyclic group of two elements
H D ¹�1; 1º, and the open compact group bundle from Example 3.2 (ii) pWM �H=�!
M obtained from the trivial bundle M �H by identifying the two points over 1 2 M .
Then for every m 2 Œ0; 1/ the element of the dual defined by the character

idmW ¹mº � ¹�1; 1º ! C; .m; x/ 7! x

is not contained in the image of a global section of the dual.

3.7. Peter–Weyl theory for compact group bundles

Recall that for a compact group H and an element of the dual we can consider the space
of associated representative functions (cf. [26, Section 5.2], [38, Section 27]): For an irre-
ducible unitary representation � WH ! L.E/ and an orthonormal basis e1; : : : ; edim� of
E we obtain a dim.�/� dim.�/-matrix .� ij /i;j of continuous functions onH defined by

� ij WH ! C; x 7!
�
�.x/ej jei

�
for i; j 2 ¹1; : : : ; dim.�/º. We call such a matrix a matrix representation of Œ��. Note
that this notion does not depend on the concrete representative of the equivalence class.
Moreover,

RŒ�� WD lin
®
� ij j i; j 2

®
1; : : : ; dim.�/

¯¯
� C.H/

is the space of representative functions associated with Œ��. This is independent of the
concrete choice of a matrix representation of Œ��. By the Peter–Weyl theorem [26, Theo-
rem 5.12] we obtain the following.

Theorem 3.21. Let H be a compact group. Then the union
S
Œ��2 yH

RŒ�� of the finite-

dimensional subspaces RŒ�� for Œ�� 2 yH is total in C.H/.

We prove a version of Theorem 3.21 for open compact group bundles. If pWH ! M

is an open compact group bundle over a compact space M , and y� WO ! yH is a local
continuous section we write

Ry� WD
[
m2O

Ry�.m/:
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Theorem 3.22. Let pWH !M be an open compact group bundle over a compact space
M and y� WO ! yH a local continuous section of the dual. Then sjRy� WRy� ! O , f 7! s.f /

is a locally trivial vector bundle.

The proof of Theorem 3.22 requires some preparations. The first is the following addi-
tional description of the topology on the dual based on [14, Proposition 18.1.9].

Proposition 3.23. Let pWH ! M be an open compact group bundle over a compact
spaceM and consider the clopen subset yHd WD ¹Œ�� 2 yH j dim.�/D dº � yH for d 2N.
For C � yHd and Œ�� 2 yHd the following are equivalent.

(a) Œ�� 2 xC .

(b) For every matrix representation .� ij /i;j of Œ�� there is a net of matrix represen-
tations ..� ij˛ /i;j /˛2A of elements of C such that lim˛ �

ij
˛ D �

ij in Cp.H/ for all
i; j 2 ¹1; : : : ; dº.

Proof. Observe that the implication “(b))(a)” is a consequence of Proposition 3.13 as
the diagonal entries of a matrix representation are normalized positive definite functions.

Now assume that (a) holds and let P WD .� ij /i;j be a matrix representation associated
with Œ��. By [14, Theorem 3.5.8] and Proposition 3.9 we find a net of matrix representa-
tions .P˛/˛2A WD ..�

ij
˛ /i;j /˛2A associated with elements of C such that

lim̨
Z
H Op.Œ�˛�/

f� ij˛ d�H Op.Œ�˛�/ D
Z
H Op.Œ��/

f� ij d� Op.Œ��/ (3.9)

for every f 2 C.H/ and all i; j 2 ¹1; : : : ; dº. We set m˛ WD Op.Œ�˛�/ for every ˛ 2 A and
m WD Op.Œ��/. As explained above, we already know from Proposition 3.13 that lim˛ �

i i
˛ D

� i i in Cp.H/ for every i 2 ¹1; : : : ; dº and thus, in particular, lim˛ m˛ D m in M .
To check the second condition of Proposition 2.4 for the off-diagonal entries consider

a subnet .Pˇ /ˇ2B of .P˛/˛2A and a net .xˇ /ˇ2B in H with limˇ xˇ D x 2 H . We show
that limˇ Pˇ .xˇ /v D P.x/v for every v 2 Cd which implies that limˇ �

ij

ˇ
.xˇ /D �

ij .x/

for all i; j 2 ¹1; : : : ; dº. It suffices to consider vectors v D
R
Hm

f .y/P.y/w d�Hm.y/ for
some f 2 C.H/ andw 2Cd , since, by irreducibility of � , the whole space Cd is spanned
by such vectors. We define gˇ 2 C.Hmˇ / by gˇ .y/ WD f .x�1ˇ .y// for every y 2Hmˇ and
g 2 Cp.Hm/ by g.y/ WD f .x�1y/ for all y 2 Hm. Then limˇ gˇ D g in Cp.H/. Noting
that all matrix coefficients of unitary representations are uniformly bounded by 1, we can
apply Proposition 2.9 componentwise in Cd to obtain

lim
ˇ

Z
Hmˇ

gˇ .y/Pˇ .y/w d�Hmˇ .y/ D
Z
Hm

g.y/P.y/w d�Hm.y/:

But this means

lim
ˇ
Pˇ .xˇ /

�Z
Hmˇ

f .y/Pˇ .y/w d�Hmˇ .y/
�
D P.x/v:



N. Edeko, A. Jamneshan, and H. Kreidler 32

On the other hand, (3.9) also yields

lim
ˇ

Z
Hmˇ

f .y/Pˇ .y/w d�Hmˇ .y/ D
Z
Hm

f .y/P.y/w d�Hm.y/ D v;

and hence,

lim
ˇ





Pˇ .xˇ /v � Pˇ .xˇ /�Z
Hmˇ

f .y/Pˇ .y/w d�Hmˇ .y/
�



 D 0:

We conclude that limˇ P.xˇ /v D P.x/v as desired.

We shall prove the following lemma with the help of Proposition 3.23. Recall the
notion of continuous Banach bundles and their local subbundles from Section 2.4 above.

Lemma 3.24. Let pWH ! M be an open compact group bundle over a compact space
M and y� WO ! yH a local continuous section of the dual. Then sjRy� WRy� ! O is a local
continuous Banach subbundle of the continuous Banach bundle sWCp.H/!M .

Proof. We only have to show that sjRy� WRy� ! O is open. By [1, Theorem 17.7] this is the
case if and only if the multivalued map

O ! P
�
Cp.H/

�
; m 7! Ry�.m/

to the power set P .Cp.H// of Cp.H/ is lower hemicontinuous which is equivalent to[
m2 xZ\O

Ry�.m/ �
[
m2Z

Ry�.m/

for every subset Z � O . So take Z � O andm 2 xZ \O . We choose a matrix representa-
tion .� ij /i;j of Œ�� WD y�.m/. Since y�. xZ \O/ � y�.Z/, we can apply Proposition 3.23 to
find a net ..� ij˛ /i;j /˛2A of matrix elements associated with elements of y�.Z/ \ yH dim.�/

such that lim˛ �
ij
˛ D �

ij in Cp.H/ for all i; j 2 ¹1; : : : ;dim.�/º. But this already implies
that each element of RŒ�� is a limit of elements in the union

S
m02Z Ry�.m0/ as desired.

We finally prove Theorem 3.22.

Proof of Theorem 3.22. The dimension of the fibers of the Banach bundle sjRy� is locally
constant by Proposition 3.16 (iv). Hence, the Banach bundle is locally trivial by Proposi-
tion 2.28.

Using Theorem 3.18 and the classical Peter–Weyl result (Theorem 3.21), we obtain the
following Peter–Weyl-type theorem for open compact group bundles. Recall the notion of
fiberwise dense and total subsets from Section 2.4.

Theorem 3.25. Let pWH !M be an open compact group bundle over a compact space
M . Then the union

S
y�2�loc. yH/

Ry� defined by the locally trivial vector bundles sjRy� WRy� !

O for local continuous sections y� WO ! yH is fiberwise total in Cp.H/.
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We state another version of Theorem 3.25. For an open compact group bundle pWH !
M and a local continuous section y� WO ! yH of the dual, we say that f 2 C.H/ is a
relative representative function with respect to y� if

(i) f jHm 2 Ry�.m/ for every m 2 O , and

(ii) f jHm D 0 for every m 2M nO .

The space of these relative representative functions is denoted by �y� � C.H/.

Theorem 3.26. Let pWH !M be an open compact group bundle over a compact space
M . Then the union

S
�2�loc. yH/

�y� is total in C.H/.

Proof. Let y� WO! yH be a local continuous section of the dual. The bundle sjRy� WRy� !O

can be extended trivially to a continuous Banach subbundle sjEy� WEy�!M of sWCp.H/!
M (see Lemma 2.21) and the canonical isometric isomorphism C.H/! �.Cp.H// of
C.M/-modules from Example 2.19 then maps �y� to the C.M/-submodule

ƒy� WD
®
� 2 �

�
Cp.H/

�
j �.m/ 2 .Ey� /m for every m 2M

¯
� �

�
Cq.H/

�
:

Using that every element of a Banach bundle is in the image of a continuous section, we
conclude that Ry� �Ey� D ¹�.m/ jm 2M; � 2ƒy�º. Hence, ifƒ is the sum of the modules
ƒy� for local continuous sections � WO ! yH , then ¹�.m/ j m 2 M; � 2 ƒº contains the
union

S
y�2�loc. yH/

Ry� and thus is fiberwise dense in Cp.H/ by Theorem 3.25. By the
Stone–Weierstrass theorem for bundles (Proposition 2.18), we conclude that ƒ is dense
in �.Cp.H//. The sum of the modules �y� for y� 2 �loc. yH/ is therefore dense in C.H/ as
desired.

3.8. Peter–Weyl theory for homogeneous space bundles

We now turn to representative functions on homogeneous space bundles. For a compact
group H , a closed subgroup U � H and Œ�� 2 yH we write

RŒ��;U WD
®
f 2 RŒ�� j f .xy/ D f .x/ for all x 2 H; y 2 U

¯
� C.H/;

for the corresponding space of representative functions, cf. [38, Section 28.72] (see also
[25]). Each f 2 RŒ��;U defines a continuous function f 0 2 C.H=U / and we set

R0Œ��;U WD ¹f
0
j f 2 RŒ��;U º � C.H=U /:

We then obtain the following Peter–Weyl type theorem for homogeneous spaces

Theorem 3.27. Let H be a compact group and U � H a closed subgroup. Then the
union

S
Œ��2 yH

R0
Œ��;U

of the finite-dimensional subspaces R0
Œ��;U

for Œ�� 2 yH is total in
C.H=U /.

Proof. Recall that the spaces RŒ�� for Œ�� 2 yH are pairwise orthogonal subspaces of
L2.H/ and invariant with respect to multiplication from the right. This implies that a
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function f 2 lin
S
¹RŒ�� j Œ�� 2 yH º satisfies f .xu/ D f .x/ for all x 2 H and u 2 U

if and only if f 2 lin
S
¹RŒ��;U j Œ�� 2 yH º. The result therefore follows from [38, Sec-

tion 30.60 (a)].

In analogy to the previous section we write, for an open compact group bundle

pWH !M;

a closed subgroup bundlepjU WU!M and a local continuous section y� WO! yH of the dual,

Ry�;U WD
[
m2O

Ry�.m/;Um � Cp.H/;

R0
y�;U
WD

[
m2O

R0
y�.m/;Um

� Cp=U .H=U /:

The following result shows that these constructions yield locally trivial bundles if and
only if the closed subgroup bundle is open. (In the following we will often speak of “open
closed subgroup bundles” pjU WU !M of open compact group bundles pWH !M . Note
that the term “open” refers to the map pjU being open, whereas “closed” refers to U �H
being closed in H .)

Theorem 3.28. Let pWH!M be an open compact group bundle over a compact spaceM.
For a closed subgroup bundle pjU WU !M the following assertions are equivalent:

(a) The map pjU WU !M is open.

(b) sjRy�;U W Ry�;U ! O is a locally trivial vector bundle for every local continuous
section y� WO ! yH .

(c) sjR0
y�;U
W R0
y�;U
! O is a locally trivial vector bundle for every local continuous

section y� WO ! yH .

For the proof of Theorem 3.28 we again need some preliminary results. The first is the
following generalization of Lemma 3.24.

Lemma 3.29. Consider an open compact group bundle pWH ! M over a compact
space M , a closed subgroup bundle pjU WU ! M and a local continuous section of the
dual y� WO ! yH . Then sjRy�;U WRy�;U ! O is a local continuous Banach subbundle of the
continuous Banach bundle sWCp.H/!M .

Proof. As in the proof of Lemma 3.24 it suffices to show that for every subset Z � O the
inclusion [

m2 xZ\O

Ry�.m/;Um �
[
m2Z

Ry�.m/;Um

holds in Cp.H/. So pick Z � O and m 2 xZ \ O . We choose a matrix representation
.� ij /i;j of Œ�� WD y�.m/ such that

RŒ��;U D lin
®
� ij j 1 � i � dim.�/; 1 � j � d

¯
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for some d 2 ¹1; : : : ; dim.�/º (see [38, Section 28.72] (b)). Since y�. xZ \ O/ � y�.Z/ \
yH dim.�/, we can apply Proposition 3.23 to find a net ..� ij˛ /i;j /˛2A of matrix represen-

tations associated with elements of y�.Z/ such that lim˛ �
ij
˛ D � ij in Cp.H/ for all

i; j 2 ¹1; : : : ; dim.�/º. We write .m˛/˛2A for the net of corresponding base points in
Z (which then converges to m).

We do not know whether the elements � ij˛ for ˛ 2 A, i 2 ¹1; : : : ; dim.�/º and j 2
¹1; : : : ; dº are contained in Ry�;U . However, as in [25] we can project them to Ry�;U and
define the functions � ij˛ 2 Ry�;U by

� ij˛ .x/ WD

Z
Um˛

� ij˛ .xy/ d�Um˛ .y/ D
dim.�/X
kD1

Z
Um˛

�kj˛ .y/ d�Um˛ .y/ � �
ik
˛ .x/

for x 2 Hm˛ , ˛ 2 A and i; j 2 ¹1; : : : ; dim.�/º. We claim that

lim̨ � ij˛ D �
ij in Cp.H/ for all i 2

®
1; : : : ; dim.�/

¯
and j 2 ¹1; : : : ; dº:

Take a subnet ..� ij
ˇ
/i;j /ˇ2B of ..� ij˛ /i;j /˛2A and a net .xˇ /ˇ2B in H with p.xˇ / D mˇ

for every ˇ 2 B converging to some point x 2 Hm. Since �kj .y/ D ıkj for all y 2 Um
and limˇ �

kj

ˇ
D �kj , we readily obtain limˇ supy2Umˇ j�

kj

ˇ
.y/� ıkj j D 0 whenever k 2

¹1; : : : ; dim.�/º and j 2 ¹1; : : : ; dº. Butˇ̌̌̌ Z
Umˇ

�
kj

ˇ
.y/ d�Umˇ .y/ � ıkj

ˇ̌̌̌
D

ˇ̌̌̌ Z
Umˇ

�
�
kj

ˇ
.y/ � ıkj

�
d�Umˇ .y/

ˇ̌̌̌
� sup
y2Umˇ

ˇ̌
�
kj

ˇ
.y/ � ıkj

ˇ̌
for every ˇ 2B , therefore also limˇ

R
Umˇ

�
kj

ˇ
.y/d�Umˇ .y/D ıkj for k 2 ¹1; : : : ;dim.�/º

and j 2 ¹1; : : : ; dº. This yields

lim
ˇ
�
ij

ˇ
.xˇ / D lim

ˇ

dim.�/X
kD1

Z
Umˇ

�
kj

ˇ
.y/ d�Umˇ .y/ � �

ik
˛ .xˇ / D

dim.�/X
kD1

ıkj�
ik.x/ D � ij .x/

for all i 2 ¹1; : : : ; dim.�/º and j 2 ¹1; : : : ; dº. We conclude that limˇ �
ij

ˇ
D � ij for all

i 2 ¹1; : : : ;dim.�/º and j 2 ¹1; : : : ; dº. By linearity this already implies that each element
of RŒ��;Um is a limit of elements in [

m02Z

Ry�.m0/;Um0 ;

which finishes the proof.

We now prove Theorem 3.28.
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Proof of Theorem 3.28. We first assume that (a) holds and show (b). In view of Corol-
lary 2.29 and Lemma 3.29 as well as Theorem 3.22 it suffices to show that Ry�;U is closed
in Ry� . Let .f˛/˛2A be a net in Ry�;U converging to some f 2 Ry� . Write m˛ WD s.f˛/ for
˛ 2 A and m WD s.f /. Now take u 2 Um and x 2 Hm. Since p and pjU are both open,
we may assume, by passing to a subnet, that there are u˛ 2 Um˛ and x˛ 2Hm˛ for ˛ 2 A
such that lim˛ u˛ D u and lim˛ x˛ D x. But then

f .xu/ D lim̨ f˛.x˛u˛/ D lim̨f˛.x˛/ D f .x/;

hence f 2 Ry�;U as desired.
Assume now conversely that (b) holds. To show (a) it suffices by Proposition 3.5

to check that the Haar measures �Um of Um for m 2 M define a relative measure for
pjU WU !M , i.e., that the map

M ! C; m 7! �Um.f /

is continuous for all f 2 C.H/. By Theorem 3.26 it is enough to show this for functions
f 2 �y� , where y� WO! yH is a local continuous section of the dual. We note that for every
m 2M the map PmWRy�.m/ ! Ry�.m/ given by

Pmg.x/ WD

Z
Um

g.xu/ d�Um.u/

for g 2 R�.m/ and x 2 Hm is precisely the orthogonal projection onto Ry�.m/;Um with
respect to the inner product of L2.Hm/ (see also [25]). Now let .m˛/˛2A be a net in M
converging to somem2M . Ifm2M nO , then lim˛ supx2Hm˛ jf .x/jD0 since f jHmD0,
and thus lim˛ �Um˛ .f / D 0 D �Um.f /. We may therefore assume that m 2 O . Since the
Haar system of pWH !M is continuous (see again Proposition 3.5) and sjRy�;U is locally
trivial, we find local continuous sections �1; : : : ; �d WV ! Ry�;U on an open neighborhood
V � O of m such that ¹�k.m0/ j k 2 ¹1; : : : ; dºº is an orthonormal basis of Ry�.m0/;Um0
with respect to the inner product of L2.Hm0/ for every m0 2 V . Thus,

Pm0g D

dX
kD1

�
gj�k.m

0/
�

L2.Hm0 /
�k.m

0/

for every g 2 Ry�.m0/;Um0 and m0 2 V . This shows

�Um.f / D Pmf jHm.1Hm/ D

dX
kD1

�
f jHm j�k.m/

�
L2.Hm/

�k.m/.1Hm/

D lim̨
dX
kD1

�
f jHm˛ j�k.m˛/

�
L2.Hm˛ /

�k.m˛/.1Hm˛ / D lim̨Pm˛f jHm˛ .1Hm˛ /

D lim̨�Um˛ .f /;

as desired.
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Finally, for the equivalence of (b) and (c) observe that for a local continuous section
y� WO ! yH of the dual and the quotient map qWH ! H=U the map

ˆWR0
y�;U ! Ry�;U ; f 7! f ı q

is a homeomorphism with ˆ ı sjR0
y�;U
D sjRy�;U and a vector space isomorphism on each

fiber. Hence, the map sjR0
y�;U
WR0
y�;U
! O is a locally trivial vector bundle if and only if

sjRy�;U WRy�;U ! O is a locally trivial vector bundle.

We have the following generalization of Theorem 3.25.

Theorem 3.30. Let pWH !M be an open compact group bundle over a compact space
M and pjU WU ! M an open closed subgroup bundle. Then the union

S
y�2�loc. yH/

R0
y�;U

defined by the locally trivial vector bundles sjR0
y�;U
WR0
y�;U
! O for local continuous sec-

tions y� WO ! yH is fiberwise total in Cp=U .H=U /.

Similar to the previous subsection, we reformulate Theorem 3.30. For an open com-
pact group bundle pWH!M over a compact spaceM, a closed subgroup bundlepjU WU!
M and a local continuous section y� WO ! yH of the dual, we call f 2 C.H=U / a relative
representative function with respect to y� if

(i) f jHm=Um 2 R0
y�.m/;Um

for every m 2 O , and

(ii) f jHm=Um D 0 for every m 2M nO .

We write � 0
y�;U

for the space of all such relative representative functions with respect to y� .
The same arguments as in the proof of Theorem 3.26 then yield the following.

Theorem 3.31. Let pWH !M be an open compact group bundle over a compact space
M and pjU WU ! M an open closed subgroup bundle. Then the union

S
y�2�loc. yH/

� 0
y�;U

is total in C.H=U /.

4. Structured extensions over Stonean spaces

In this section, we prove a representation theorem for certain structured extensions of topo-
logical dynamical systems. Throughout the whole section, G is a fixed group equipped
with the discrete topology.

4.1. Topological dynamical systems and their extensions

We start by recalling some key concepts from topological dynamics while at the same time
fixing our notation. We refer to [3] for a general introduction to topological dynamical
systems (see also [9, 12]).

Topological dynamical systems. A topological dynamical system .KI '/ is a pair of a
compact space K and a continuous group action

'WG �K ! K; .t; x/ 7! 't .x/:



N. Edeko, A. Jamneshan, and H. Kreidler 38

A morphism qW .KI '/! .LI / between topological dynamical systems is a continuous
map qWK ! L such that the diagram

K
't //

q

��

K

q

��
L

 t // L

commutes for every t 2G. If q is surjective, then the morphism is called an extension, and
in this case, .LI / is a factor of .KI'/. We say that q is an isomorphism if q is bijective
(hence a homeomorphism).

We also want to compare extensions of dynamical systems over a given factor: If
q1W .K1I '1/ ! .LI / and q2W .K2I '2/ ! .LI / are extensions between topological
dynamical systems, then a morphismˆWq1! q2 between these extensions is a morphism
ˆW .K1I'1/! .K2I'2/ of topological dynamical systems such that the diagram

.K1I'1/
ˆ //

q1 %%

.K2I'2/

q2yy
.LI /

commutes. It is an isomorphism of extensions if the underlying morphism ˆW .K1I'1/!

.K2I'2/ is an isomorphism of topological dynamical systems.

Koopman representations. Every topological dynamical system .KI'/ defines a Koop-
man representation

T' WG ! L
�
C.K/

�
; t 7! .T'/t

on the Banach space C.K/ by setting .T'/tf WD f ı 't�1 for f 2 C.K/ and t 2 G (cf.
[22, Section 4.3] and [49, Section 2]). Likewise, every extension qW .KI '/ ! .LI  /

between topological dynamical systems induces an embedding

Jq WC.L/! C.K/; f 7! f ı q

which intertwines the corresponding Koopman representations. Recall that Jq induces the
structure of a C.L/-module on C.K/: For f 2 C.L/ and g 2 C.K/ we define the product
f � g WD .Jqf /g.

The pair .C.K/I T'/ induced by a topological dynamical system .KI '/ is the proto-
typical example of a unital commutative C�-algebra and a representation of G as auto-
morphisms of this C�-algebra. By Gelfand–Naimark representation theory (see, e.g., [22,
Theorems 4.13 and 4.23]), for every pair .AI T / of a unital commutative C�-algebra A

and a representation T WG! Aut.A/ ofG there is a topological dynamical system .KI'/

such that .AI T / is isomorphic to .C.K/I T'/ (that is, there is an isomorphism of C�-
algebras I WA! C.K/ intertwining the representations). Moreover, such a system .KI'/
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is uniquely determined up to an isomorphism and can be built canonically: Take K to be
the Gelfand space consisting of all unital �-homomorphisms �WA! C equipped with the
weak* topology and let 't be the restriction of the adjoint operator T 0

t�1
2 L.A0/ toK for

t 2 G. We call the induced topological dynamical system .KI'/ the Gelfand system asso-
ciated with .AIT / and the isomorphism I W .AIT /! .C.K/IT'/ given by If .�/D �.f /
for f 2 A and � 2 K is called the Gelfand isomorphism.

Topological ergodicity. The usual concept of irreducibility in topological dynamics is
minimality (see, e.g., [3, Chapter 1]). However, here we will be concerned with the more
general concept of topologically ergodic systems and extensions. Call a factor .LI id/ of
.KI '/ trivial, if id is the trivial action of G on L. There is always a largest trivial factor
.M I id/ of .KI '/ with respect to taking extensions, i.e., if qW .KI '/ ! .M I id/ is the
corresponding extension and pW .KI '/! .LI id/ is an extension to another trivial factor
.LI id/, then there is a surjective morphism of extensions ˆW q ! p. Such a largest trivial
factor is unique up to an isomorphism and can be constructed concretely by taking the
trivial action on the Gelfand space Kfix of the fixed space

fix.T'/ WD
®
f 2 C.K/ j .T'/tf D f for every t 2 G

¯
which is an invariant unital C�-subalgebra of C.K/, and the factor map qfixWK ! Kfix

induced by the inclusion fix.T'/ ,! C.K/ (cf. [19, Section 3.3]). We call Kfix the fixed
factor of .KI'/.

If Kfix is a singleton (meaning that fix.T'/ only contains the constant functions), then
we say that the system .KI'/ is topologically ergodic. An extension qW .KI'/! .LI /

is topologically ergodic if the induced map between the fixed factors is a homeomorphism
or, equivalently, Jq.fix.T // D fix.T'/.

The notion of topological ergodicity used here is inspired by the notion of ergodicity
in ergodic theory, see also [19, Remark 3.22]. We warn the reader that some authors in
topological dynamics use a different concept of topological ergodicity which is closely
related to topological transitivity of a system.

4.2. Relative skew-products

Important examples of extensions are given by so-called skew-products.

Example 4.1. For G D Z consider the Z-action .LI / on the torus L D T WD ¹x 2 C j
jxj D 1º given by 1WT!T , x 7! ax for some fixed a 2T . By equippingK WDL�T D
T2 with the action ' induced by '1WT2! T2, .x;y/ 7! .ax;xy/ we obtain the so-called
skew-torus .T2I'/, explicitly given by

'WZ � T2
! T2; .n; x; y/ 7! .anx; a

n.n�1/
2 xny/:

Projecting onto the first component yields an extension qW .T2I'/! .T I / ofG-dynami-
cal systems.
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More generally and for arbitrary (discrete)G, let .LI / be any topological dynamical
system, H a compact group, U a closed subgroup of H and cWG � L! H a cocycle,
i.e., c is continuous and satisfies the condition

c.t1t2; l/ D c.t1; t2l/c.t2; l/ for all t1; t2 2 G and l 2 L:

We then obtain a topological dynamical system .L � H=U I 'c/, called a skew-product
system, by setting .'c/t .l; xU / WD . t .l/; c.t; l/xU / for .l; xU / 2 L�H=U and t 2 G.
By projecting onto the first component we obtain an extension qc W .L � H=U I 'c/ !
.LI / which we call a skew-product extension (cf. [22, Section 2.2.2]).

With the concept of compact group bundle from the previous section, we generalize
the construction of skew-products (cf. [4, Definitions 3.3 and 3.4]).

Definition 4.2. Let .LI / be a topological dynamical system and pWH !Lfix a compact
group bundle over its fixed factor. A continuous map cWG � L! H is a relative cocycle
over .LI / if

(i) p.c.t; l// D qfix.l/ for every t 2 G and l 2 L, and
(ii) c.t1t2; l/ D c.t1; t2l/c.t2; l/ for all t1; t2 2 G and l 2 L.

Given such a relative cocycle c and a closed subgroup bundle pjU WU !M of p, we call
the dynamical system .L �fix H=U I'c/ with

'c WG � .L �Lfix H=U /! L �Lfix H=U;
�
t; .l; xU /

�
7!
�
 t .l/; c.t; l/xU

�
the induced relative skew-product system, and

qc W .L �Lfix H=U I'c/! .LI /; .l; xU / 7! l

the corresponding relative skew-product extension of .LI /.

Notice that in the above situation the map 'c defines a continuous group action (use
Lemma 3.4), and therefore relative skew-product systems are indeed topological dynami-
cal systems.

If the system .LI / in Definition 4.2 is topologically ergodic, these concepts reduce
to the ones from Example 4.1. We give another example.

Example 4.3. Let pWH ! M be a compact group bundle over a compact space M .
Considering the trivial dynamical system .M I id/ on M , we can identify Mfix with M ,
and a relative cocycle is then a continuous map cWG �M ! H such that

(i) p.c.t;m// D m for every t 2 G and m 2M , and
(ii) the restrictions cjG�¹mºWG � ¹mº Š G ! Hm are group homomorphisms for

every m 2M .

Thus, loosely speaking, c consists of a family of group homomorphisms cmWG ! Hm to
the fiber groups Hm which depend continuously on the base point m 2 M . For a closed
subgroup bundle pjU WU ! M , the corresponding relative skew-product system is given
by fiberwise rotations via

'c WG �H=U ! H=U; .t; xU / 7! c.t; l/xU:
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For G D Z this special case has already been considered by the first author (cf. the notion
of “group rotation bundles” from [17, Definition 2.18]).

4.3. Relative discrete spectrum over Stonean spaces

To prove our version of the Mackey–Zimmer representation theorem, we first study “struc-
tured” extensions qW .KI'/! .LI / of topological dynamical systems. We focus on the
case that L is a Stonean space, i.e., an extremally disconnected compact space. From a
functional analytical perspective this means, that the corresponding C�-algebra C.L/ is
Dedekind complete, i.e., every subset of real-valued functions bounded from above has a
supremum in C.L/. Thus, C.L/ is a so-called Stone algebra (see [18, Section 1.3]). The
following basic observation will be important later.

Lemma 4.4. Let .LI / be a topological dynamical system on a Stonean space L. Then
Lfix is also Stonean and the map qfixWL! Lfix is open.

Proof. If F � fix.T / is a subset of real-valued functions which is bounded from above
and g WD supf 2F f its supremum in C.L/, then also g 2 fix.T /. This shows that fix.T'/
is also Dedekind complete, henceLfix is Stonean, and that the embedding fix.T / ,!C.L/
is order continuous, hence qfix is open (see [65, Proposition III.9.3] or [59, Satz 2.4]).

The following definition of “structured extensions” is motivated by the article [19], in
which an operator-theoretic characterization of open so-called pseudoisometric extensions
between topologically ergodic systems is shown (see [19, Theorem 7.2]).

Definition 4.5. We say that an open extension qW .KI'/! .LI / of topological dynam-
ical systems over a Stonean space L has relative discrete spectrum if C.K/ is generated as
a C�-algebra by its finitely generated, projective, closed, T'-invariant C.L/-submodules.

Remarks 4.6. We note the following:

(i) By the Stone–Weierstrass theorem, the condition in Definition 4.5 is equiv-
alent to saying that the finitely-generated, closed, projective, invariant C.L/-
submodules separate the points of the space K.

(ii) If .LI / is the trivial action of G on a point, then Definition 4.5 reduces to the
usual notion of discrete spectrum for the group representation T' as discussed
in [37] (see also [60]).

(iii) While Definition 4.5 can be written down for arbitrary compact L, it is probably
not “the correct one” in the situation of a general extension qW .KI'/! .LI /,
see also Remarks 4.9 and 4.28 below. We forgo a systematic study of structured
extensions between arbitrary topological dynamical systems here as the case of
Stonean base spaces is sufficient to cover the measure-theoretic applications of
Section 5.

We use the representation theory of compact group bundles developed in Section 3 to
show the following result on relative skew-product extensions.
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Theorem 4.7. Consider

(i) a topological dynamical system .LI / on a Stonean space L,

(ii) an open compact group bundle pWH ! Lfix,

(iii) an open closed subgroup bundle pjU WU ! Lfix, and

(iv) a relative cocycle cWG � L! H .

Then qc W .L�LfixH=U I'c/!.LI / is an open extension such that the union of all finitely
generated, projective, closed, T'c -invariant C.L/-submodules is total in C.L�Lfix H=U /.
In particular, qc has relative discrete spectrum.

We first prove the following auxiliary result based on the famous Serre–Swan duality
between locally trivial vector bundles and finitely generated, projective modules (see [67],
and also Proposition 2.25 above).

Lemma 4.8. Let p1WL!M and p2W�!M be continuous surjections between compact
spaces and assume that p2 is open. IfE �Cp2.�/ is such that the restriction sjE WE!M

is a locally trivial vector bundle, then

�E WD
®
f 2 C.L �M �/ j fl 2 Ep1.l/ for every l 2 L

¯
;

where fl .x/ WD f .l; x/ for x 2�p1.l/, l 2 L and f 2 C.L�M �/, is a finitely generated,
projective, and closed C.L/-submodule of C.L �M �/ with Ep1.l/ D ¹fl j f 2 �E º for
every l 2 L.

Proof. For each l 2 L the map C.L �M �/ ! C.�p1.l//, f 7! fl is continuous and
Ep1.l/ �C.�p1.l// is closed (since it is finite-dimensional). We conclude that �E is closed
as an intersection of closed sets. We now apply the Serre–Swan duality theorem to see
that it is also finitely generated and projective. We observe that the pullback bundle given
by L �p1;s E ! L, .l; v/ 7! l is a locally trivial vector bundle over L (see, e.g., [44,
Chapter 3, Proposition 3.1]). With the projection map pr1WL �M �! L onto the first
component, which is continuous and open, consider

ˆWL �p1;s E ! Cpr1.L �M �/; .l; f / 7! f l ;

where f l .l; x/ D f .x/ for f 2 E and .l; x/ 2 L �M � with s.f / D p1.l/ D p2.x/.
Then ˆ is a homeomorphism onto its range. Since ˆ is also fiberwise linear, we conclude
that F WD ˆ.L �p1;s E/ is also a locally trivial vector bundle over L. By the Serre–Swan
duality theorem (see [67]), the space of its continuous sections �.F / is a projective and
finitely generated C.L/-module.

We show that the canonical isomorphism C.L �M �/ ! �.Cpr1.L �M �// from
Example 2.19 maps �E to �.F / showing that also �E is a finitely generated and projec-
tive C.L/-module. In fact, if f 2 �E and l 2 L, then the corresponding section � WL!
L �M � given by �.l/.l; x/ D f .l; x/ for .l; x/ 2 L �M � satisfies �.l/ D .fl /l 2 F
for every l 2 L. Conversely, assume that for f 2 C.� �LM/ the corresponding section
� WL! L�M � belongs to �.F / and take l 2 L. Then there is g 2 Ep1.l/ with �.l/D gl
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and therefore

fl .x/ D f .l; x/ D �.l/.l; x/ D g.x/ for all x 2 �p1.l/;

hence fl D g 2 Ep1.l/. This shows f 2 �E as desired.
Finally, we take l 2 L and show that Ep1.l/ D ¹fl j f 2 �E º for every l 2 L. If

g 2 Ep1.l/, then gl 2 F and we therefore find � 2 �.F / with �.l/ D gl . But then the
corresponding function f 2 �E satisfies fl .x/ D �.l/.l; x/ D g.x/ for all x 2 �l , i.e.,
g D fl . Thus, Ep1.l/ D ¹fl j f 2 �E º for every l 2 L as claimed.

We now prove Theorem 4.7.

Proof of Theorem 4.7. We first check that qc is open. By assumption p is open, and hence
also p=U WH=U ! Lfix is open (see Lemma 3.4 (iv)). Thus, if .l; xU / 2 L �Lfix H=U

and .l˛/˛2A is a net in L converging to l , we may assume, by passing to a subnet, that
there is a net .x˛U/˛2A in H=U converging to xU with p=U .x˛U/ D qfix.l˛/ for each
˛ 2 A. But then the net ..l˛; x˛U//˛2A in L�Lfix H=U converges to .l; xU / and satisfies
qc..l˛; x˛U// D l˛ for each ˛ 2 A. This shows that qc is open.

Now let � be the linear span of all finitely generated, projective, closed, T'c -invariant
C.L/-submodules of C.L �Lfix H=U /. In view of the canonical isomorphism

C.L �Lfix H=U /! �
�
Cq.L �Lfix H=U /

�
and the Stone–Weierstrass theorem for Banach bundles (Proposition 2.18) it suffices to
show that ¹f j¹lº�Hqfix.l/=Uqfix.l/

j f 2�º is dense in C.¹lº�Hqfix.l/=Uqfix.l// for every l2L.
Equivalently and with the notation of Lemma 4.8, we have to show that �l WD ¹fl j f 2 �º
is dense in C.Hqfix.l/=Uqfix.l// for each l 2 L.

By Theorem 3.30 it is enough to prove the inclusion R0
y�.m/;Um

� �l for every l 2 L

and each local continuous section y� WO ! yH of the dual defined on an open neigh-
borhood O of m WD qfix.l/. Since Lfix is Stonean by Lemma 4.4, we may assume (by
restricting the section) that O � Lfix is clopen. Then the locally trivial vector bundle
sjR0
y�;U
WR0
y�;U
! O can be extended trivially to a continuous Banach subbundle sjE WE !

M of sWCp=U .H=U /!Lfix (see Lemma 2.21). But sinceO is clopen, the extended bundle
is still locally trivial and hence �E � C.L �Lfix H=U / is a finitely generated, projective,
and closed C.L/-submodule of C.L �Lfix H=U / with R0

y�.m/;Um
D Em D ¹fl j f 2 �E º

by Lemma 4.8. It is easy to see that �E is also T'c -invariant since R0
y�.m0/;Um0

is invariant
with respect to the left regular representation of Hm0 on C.Hm0=Um0/ for every m0 2 O .
Thus, R0

y�.m/;Um
� �l as desired.

Remark 4.9. We note that for the proof of Theorem 4.7 it is actually enough to assume
that Lfix is totally disconnected.

Our goal is now to prove a converse result of Theorem 4.7 which represents a given
extension with relative discrete spectrum over a Stonean space as a relative skew-product
system. To do so, we first discuss some further concepts.
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4.4. Uniform enveloping semigroupoids

As a key tool to study structured extensions in topological dynamics we recall the con-
cept of uniform enveloping semigroupoid introduced in [19]. Semigroupoids generalize
semigroups in that the multiplication is only partially defined (see [19, Definition 1.1]).

Definition 4.10. A semigroupoid consists of a set S, a subset S.2/ � S � S and a map
�W S.2/ ! S which is associative in the sense that if .#1; #2/; .#2; #3/ 2 S.2/, then also

.#1 � #2; #3/; .#1; #2 � #3/ 2 S.2/ and .#1 � #2/ � #3 D #1 � .#2 � #3/:

If S is equipped with a topology such that the map �W S.2/ ! S is continuous, then the
semigroupoid is called a topological semigroupoid.

We refer to [56, Section 2.1.1] for an introduction as well as basic properties and
simple examples of semigroupoids. Here, we only need the following observation (cf.
[19, Remark 2.2 and Section 3]): If qWK ! L is an open continuous surjection between
compact spaces, then the space of continuous fiber maps Cqq.K; K/ equipped with the
compact-open topology, the set of composable pairs

Cqq.K;K/
.2/
WD
®
.#1; #2/ 2 Cqq.K;K/

2
j r.#2/ D s.#1/

¯
as well as the multiplication

� WCqq.K;K/
.2/
! Cqq.K;K/; .#1; #2/ 7! #1 ı #2

is a Hausdorff topological semigroupoid.
Based on the classical enveloping semigroup introduced by Ellis (cf. [23]), we define

the uniform enveloping semigroupoid of an extension in the following way (see [19, Def-
inition 3.3]).

Definition 4.11. For an open extension qW .KI'/! .LI / consider the set

S.q/ WD ¹'t jKl WKl ! K t .l/ j t 2 G; l 2 Lº � Cqq.K;K/:

The smallest closed subsemigroupoid of Cqq.K;K/ containing S.q/ is called the uniform
enveloping semigroupoid and denoted by Eu.q/.

Remark 4.12. It should be pointed out that in Definition 4.11 Eu.q/ is not always given
by the closure of S.q/ as this might not be a subsemigroupoid (see [19, Remark 3.9 and
Example 3.10]).

In the situation of extensions with relative discrete spectrum, the next result shows
that the uniform enveloping semigroupoid is actually a compact groupoid (see [19, Defi-
nition 1.1] or [56, Section 2.1.2] for the definition of groupoids). It is a consequence of an
Arzelà–Ascoli type theorem (see the implication “(d))(a)” in [19, Theorem 4.14] which
actually does not rely on topological ergodicity of .LI /).
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Proposition 4.13. Assume that qW .KI '/! .LI / is an open extension such that C.K/
is generated as a C�-algebra by its finitely generated, projective, closed, T'-invariant
C.L/-submodules. Then Eu.q/ is a compact groupoid, i.e.,

(i) Eu.q/ is a compact space,

(ii) every # 2 Eu.q/ is bijective with inverse #�1 2 Eu.q/, and

(iii) the map
Eu.q/! Eu.q/; # 7! #�1

is continuous.

We compute the uniform enveloping semigroupoid explicitly in an example (see [19,
Example 3.7]).

Example 4.14. Let G D Z and qW .T2I '/! .T I / be the skew-torus extension from
Example 4.1 defined by an element a 2 T which is not a root of unity. Then the uniform
enveloping semigroupoid Eu.q/ consists of all “rotations between fibers”

#x1;x2;b W ¹x1º � T ! ¹x2º � T ; .x1; y/ 7! .x2; by/;

where x1; x2; b 2 T . In fact, it is easy to check that

E WD ¹#x1;x2;b j x1; x2; b 2 Tº � Cqq.T
2;T2/

is a closed subsemigroupoid of Cqq.T2; T2/ containing S.q/, and thus Eu.q/ � E. On
the other hand, for x1; x2; b 2 T we find by minimality of the skew-torus (see, e.g., [22,
Corollaries 10.9 and 10.18]) a sequence .nk/k2N in Z with

lim
k!1

�
ankx1; a

nk.nk�1/

2 x
nk
1

�
D lim
k!1

'nk .x1; 1/ D .x2; b/:

But this implies #x1;x2;b D limk!1 'nk j¹x1º�T in Cqq.T2; T2/, and hence #x1;x2;b 2
Eu.q/.

Thus, in Example 4.14 the uniform enveloping semigroupoid is in one-to-one corre-
spondence with the set T � T � T . This is reflected by an irreducibility condition of the
corresponding cocycle

cWZ � T ! H; .k; x/ 7! a
k.k�1/
2 xk :

We make this precise in the following definition. Note here that if pWL! M is a con-
tinuous surjection between compact spaces and H is a compact group bundle over M ,
the compact space .L �M L/ �M H canonically becomes a compact topological semi-
groupoid by setting�

.L �M L/ �M H
�.2/
WD
®�
.l; l2; x/; .l1; l; y/

�
j l; l1; l2 2 L; x; y 2 H

¯
and .l; l2; x/ � .l1; l; y/ WD .l1; l2; xy/ for ..l; l2; x/; .l1; l; y// 2 ..L �M L/ �M H/.2/.
It is even a compact groupoid with inverses .l1; l2; x/�1 WD .l2; l1; x�1/ for .l1; l2; x/ 2
.L �M L/ �M H .
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Definition 4.15. Let .LI / be a topological dynamical system and pWH ! Lfix a com-
pact group bundle over its fixed factor Lfix. A relative cocycle cWG � T ! H is ergodic
if the smallest closed subsemigroupoid of .L �Lfix L/ �Lfix H containing®�

l;  t .l/; c.t; l/
�
j l 2 L; t 2 G

¯
is already the whole space .L �Lfix L/ �Lfix H .

For certain relative skew-product extensions induced by ergodic relative cocycles we
now obtain a description of the uniform enveloping semigroupoid which is analoguous
to the one of Example 4.14. Call a closed subgroup bundle pjU WU ! M of a compact
group bundle pWH !M core-free if Um is a core-free subgroup of Hm for m 2M , i.e.,
the only normal subgroup of Hm contained in Um is the trivial one. In the case of an
abelian group Hm this means that Um is itself trivial. Moreover, define homomorphisms
and isomorphisms of topological semigroupoids and groupoids in the obvious way, see
[19, Definition 1.7].

For relative skew-product extensions we obtain the following consequence.

Proposition 4.16. Let

(i) .LI / be a topological dynamical system,

(ii) pWH ! Lfix an open compact group bundle,

(iii) pjU WU ! Lfix a closed subgroup bundle, and

(iv) cWG � L! H a relative cocycle.

Then

ˆW .L �Lfix L/ �Lfix H ! Cqcqc .L �Lfix H=U;L �Lfix H=U /; .l1; l2; x/ 7! #l1;l2;x

with #l1;l2;x.l1; yU / WD .l2; xyU / for l1; l2 2 L and x; y 2 H is a homomorphism of
topological semigroupoids with Eu.qc/� ran.ˆ/. Moreover, the following assertions hold.

(1) If pjU WU ! Lfix is core-free, then ˆ is injective.

(2) If c is ergodic, then Eu.qc/ D ran.ˆ/.

In particular, if pjU is core-free and c is ergodic, then ˆ defines an isomorphism between
the compact groupoids .L �Lfix L/ �Lfix H and Eu.qc/.

Proof. The map

ˆW .L �Lfix L/ �Lfix H ! Cqcqc .L �Lfix H=U;L �Lfix H=U /; .l1; l2; x/ 7! #l1;l2;x

is a homomorphism of semigroupoids. Continuity readily follows from Lemma 3.4 and the
characterization of convergence in Cqcqc .L �Lfix H=U; L �Lfix H=U / of Proposition 2.4.
The image of ˆ is then a compact, hence closed subsemigroupoid of Cqcqc .L �Lfix H=U;

L �Lfix H=U / containing S.qc/ and therefore Eu.qc/ � ran.ˆ/ by the definition of the
uniform enveloping semigroupoid.
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For (1) assume that pjU is core-free. Pick .l1; l2; x/; .l1; l2; y/2.L�LfixL/�LfixH

with #l1;l2;x D #l1;l2;y . Then .y�1x/zUqfix.l1/ D zUqfix.l1/ for every z 2Hqfix.l1/. But since
Uqfix.l1/ is a core-free subgroup of Hqfix.l1/, the group Hqfix.l1/ acts effectively on the quo-
tient Hqfix.l1/=Uqfix.l1/. This shows x D y and hence ˆ is injective.

To show (2) we assume that c is ergodic. Then the set S WD ¹.l1; l2; x/ j #l1;l2;x 2
Eu.qc/º is a compact, hence closed subsemigroupoid of .L�Lfix L/�Lfix H containing the
set ¹.l; t .l/; c.t; l// j l 2L;t 2Gº. Since c is ergodic, we obtain SD .L�Lfix L/�Lfix H .

Finally, if pjU is core-free and c is ergodic, then ˆW .L �Lfix L/ �Lfix H ! Eu.qc/

is a bijective continuous map between compact spaces, and thus a homeomorphism. This
implies that is an isomorphism of compact groupoids in that case.

In Example 4.14 the uniform enveloping (semi)groupoid acts transitively onK D T2,
i.e., every point of K can be reached from any other point in K via a map in Eu.q/.
The following result gives a general description of the orbits of the action of the uniform
enveloping semigroupoid, provided that it is a compact groupoid. A proof can be found
in [19, Lemma 5.10 (ii)] (the cited result covers the case of pseudoisometric extensions,
but its proof only uses the fact that the uniform enveloping semigroupoid is a compact
groupoid).

Proposition 4.17. Take an open extension qW .KI '/! .LI / of topological dynamical
systems and write qfixWK ! Kfix for the factor map to the fixed factor Kfix of .KI '/. If
Eu.q/ is a compact groupoid, then

q�1fix

�
qfix.x/

�
D
®
#.x/ j # 2 Eu.q/ with s.#/ D q.x/

¯
for every x 2 K.

We only need the following consequences for topologically ergodic extensions.

Corollary 4.18. Let qW .KI '/! .LI / be an open topologically ergodic extension of
topological dynamical systems such that Eu.q/ is a compact groupoid.

(i) For l1; l2 2 L the following assertions are equivalent.

(a) qfix.l1/ D qfix.l2/.

(b) There is # 2 Eu.q/ with s.#/ D l1 and r.#/ D l2.

(ii) For x; y 2 K with q.x/D q.y/ there is # 2 Eu.q/ with s.#/D r.#/ D q.x/D
q.y/ and #.x/ D y.

Proof. For part (i) take l1; l2 2 L. If (a) holds, take xi 2 K with q.xi / D li for i D
1; 2. Then also qfix.x1/ D qfix.x2/ by topological ergodicty of q and by Proposition 4.17
we find # 2 Eu.q/ with s.#/ D q.x1/ D l1 and #.x1/ D x2, hence r.#/ D q.x2/ D l2.
Conversely, if (b) holds, we pick any x 2 Kl1 and an element # 2 Eu.q/ as in (b). Then
qfix.x/ D qfix.#.x// by Proposition 4.17 and thus also

qfix.l1/ D qfix
�
q.x/

�
D qfix

�
q
�
#.x/

��
D qfix

�
r.#/

�
D qfix.l2/:
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For (ii) observe that if x; y 2 K with q.x/ D q.y/, then also qfix.x/ D qfix.y/ by
topological ergodicity of q. Hence, Proposition 4.17 yields the claim.

4.5. Relatively invariant measures

We have already discussed relative measures in Section 2.3. We now recall the dynamical
version of this concept (cf. [33], [12, Section V.3.19] and [19, Section 5]).

Definition 4.19. Let qW .KI '/! .LI / be an extension of topological dynamical sys-
tems. A relative measure � 2 RM.q/ is a relatively invariant measure5 for q if it is
equivariant, i.e., if .'t /��.l/ D �. t .l// for every l 2 L and every t 2 G. We denote
the space of all relatively invariant measures of q by RIM.q/.

Remark 4.20. For open pseudoisometric extensions between topologically ergodic sys-
tems there is always a unique relatively invariant measure and this is fully supported (see
[19, Theorem 7.3]). We will obtain the same statement for open topologically ergodic
extensions with relative discrete spectrum over Stonean spaces in Corollary 4.24 below.

The following is a dynamical version of Proposition 2.14. Here, for a topological
dynamical system .KI'/, we denote by P'.K/�P.K/ the closed subspace of measures�2
P.K/which are invariant with respect to ', i.e., which satisfy .'t /��D� for every t 2G.

Proposition 4.21. Let qW .KI'/! .LI / be an extension of topological dynamical sys-
tems and �L 2 P .L/ a fully supported invariant measure. The canonical mapZ

L

d�LWRIM.q/!
®
�K 2 P'.K/ j q��K D �L

¯
; � 7!

Z
L

� d�L

with .
R
L
� d�L/.f / WD

R
L
�l .f / d�L.l/ for f 2 C.K/ and � 2 RIM.q/ is

(i) injective, and

(ii) bijective if �L is normal.

Proof. It is clear that the map is well defined, i.e.,
R
L
� d�L 2 P'.K/ for every � 2

RIM.q/. Moreover, it is injective by Proposition 2.14 (i). Now, if �L is normal and �K 2
P'.K/, we find � 2 RM.q/ with

R
L
� d�L D �K by Proposition 2.14 (ii). For t 2 G we

observe that
%WL! Pq.K/; l 7! .'�t /�� t .l/

is also a relative measure with�Z
L

% d�L

�
.f / D

Z
L

� t .l/.f ı '�t / d�L.l/ D
Z
L

�l .f ı '�t / d�L.l/

D �K
�
.T'/tf

�
D �K.f /

for every f 2 C.K/. Again by Proposition 2.14 (i) we obtain � D % which shows � 2
RIM.q/.

5In our terminology, “equivariant relative measure” would be more fitting, but the term “relatively
invariant measure” is standard in topological dynamics.
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We now discuss the existence and uniqueness of relatively invariant measures for
relative-skew products. Here and in the following we write �H=U for the normalized Haar
measure of the homogoneous space H=U of a compact group H with respect to a closed
subgroup U .

Theorem 4.22. Let

(i) .LI / be a topological dynamical system,

(ii) pWH ! Lfix an open compact group bundle,

(iii) pjU WU ! Lfix a closed subgroup bundle of p, and

(iv) cWG � L! H a relative cocycle.

Then
ıL ˝ �H=U WL! Pqc .L �Lfix H=U /; l 7! ıl ˝ �Hqfix.l/=Uqfix.l/

with

.ıl ˝ �Hqfix.l/=Uqfix.l/
/.f / D

Z
Hqfix.l/=Uqfix.l/

f .l; xUqfix.l// d�Hqfix.l/=Uqfix.l/
.xUqfix.l//

for each f 2 C.L �Lfix H=U / and l 2 L is a relatively invariant measure of qc with
full support. If pjU is core-free and c is ergodic, then ıL ˝ �H=U is the only relatively
invariant measure of qc .

Proof. To see that ıL˝�H=U is continuous, it suffices, by the Stone–Weierstrass theorem,
to prove continuity of the functions

L! C; l 7! .ıl ˝ �Hqfix.l/=Uqfix.l/
/.g ˝ h/

with g 2 C.L/ and h 2 C.H=U /, where .g˝ h/.l; xU / WD g.l/ � h.xU / for all .l; xU / 2
L �Lfix H=U . But this is a direct consequence of the continuity of the Haar system (see
Proposition 3.5). It is clear that ıL ˝ �H=U is equivariant, hence a relatively invariant
measure, and that it has full support.

Now assume that pjU is core-free and c is ergodic, and take any relatively invariant
measure � 2 RIM.qc/. The set

S WD
®
# 2 Eu.qc/ j #��s.#/ D �r.#/

¯
is a closed subsemigroupoid of Eu.qc/ containing S.qc/ by Corollary 2.10, hence S D

Eu.qc/ (see also [19, Lemma 5.13]). With the notation of Proposition 4.16, we obtain
in particular for each l 2 L that .#l;l;x/��l D �l in P.¹lº � Hqfix.l/=Uqfix.l// for every
x 2 Hqfix.l/ which implies �l D ıl ˝ �Hm=Um by uniqueness of the Haar measure.

4.6. A topological Mackey–Zimmer type representation theorem

We are now in the position to prove a Mackey–Zimmer type representation result for topo-
logically ergodic, open extensions with relative discrete spectrum over a Stonean space.
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Theorem 4.23. Let qW .KI'/! .LI / be an open, topologically ergodic extension with
relative discrete spectrum over a Stonean space L. Then there is

(i) an open compact group bundle pWH ! Lfix,

(ii) a core-free closed subgroup bundle pjU WU ! Lfix, and

(iii) an ergodic relative cocycle cWG � L! H ,

such that q is isomorphic to the relative skew-product extension qc W .L �fix H=U I 'c/!

.LI /.

In view of Theorem 4.22, we obtain the following consequence of Theorem 4.23.

Corollary 4.24. Every open topologically ergodic extension qW .KI'/! .LI / with rel-
ative discrete spectrum over a Stonean space L has a unique relatively invariant measure
and this is fully supported.

If we assume that the systems are topologically ergodic (instead of the extension), then
the representation result simplifies considerably.

Corollary 4.25. Let qW .KI'/! .LI / be an open extension with relative discrete spec-
trum between topologically ergodic systems with L Stonean. Then there is

(i) a compact group H ,

(ii) a core-free closed subgroup U � H , and

(iii) an ergodic cocycle cWG � L! H ,

such that q is isomorphic to the induced skew-product extension qc W .L �H=U I 'c/!
.LI /.

An important ingredient of the proof of Theorem 4.23 is the following classical result
of Gleason (see [34]).

Theorem 4.26. Every continuous surjection from a compact space to a Stonean space
has a continuous section.

As a first step towards the proof of Theorem 4.23, we prove that under certain assump-
tions the existence of an ergodic relative cocycle already forces the corresponding compact
group bundle to be open.

Lemma 4.27. Consider a topological dynamical system .LI  / and a compact group
bundle pWH ! Lfix. Assume that

(i) there is an ergodic relative cocycle cWG � L! H ,

(ii) qfixWL! Lfix is open, and

(iii) Lfix is Stonean.

Then p is open.

Proof. We prove that the Haar measures �Hm for m2Lfix define a relative measure for p.
By Proposition 3.5 this is equivalent to p being open.
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For a fiber measure � 2 Pp.H/ and x 2Hp�.�/ we write x�� for the push-forward of
� with respect to the left rotation Hp�.�/ ! Hp�.�/, y 7! xy. We first show that

C WD
®
� 2 Pp.H/ j c.t; l/�� D � for all .t; l/ 2 G � L with qfix.l/ D p�.�/

¯
:

is a closed subset of Pp.H/. So pick a net .�˛/˛2A in C converging to � 2 Pp.H/. We
abbreviate m˛ WD p�.�˛/ 2 Lfix for ˛ 2 A and m WD p�.�/ 2 Lfix. Let t 2 G and l 2 L
with qfix.l/ D m. We have to show that .c.t; l/��/.f / D �.f / for every f 2 C.H/.

Since qfix is open, we may assume, by passing to a subnet, that there is a net .l˛/˛2A
in L with qfix.l˛/ D m˛ for every ˛ 2 A and lim˛ l˛ D l . Then lim˛ c.t; l˛/ D c.t; l/

since c is continuous. Now if f 2 C.H/, consider the net .g˛/˛2A in Cp.H/ defined
by g˛.x/ WD f .c.t; l˛/x/ for x 2 Hm˛ and ˛ 2 A. Then lim˛ g˛ D g in Cp.H/, where
g 2 C.Hm/ is given by g.x/ WD f .c.t; l/x/ for x 2 Hm. By Corollary 2.10,�
c.t; l/��

�
.f / D �.g/ D lim̨�˛.g˛/ D lim̨

�
c.t˛; l˛/��˛

�
.f / D lim̨�˛.f / D �.f /:

We conclude that C is indeed closed in Pp.H/ and hence compact. The Haar measure
�Hm of Hm is contained in C for every m 2 Lfix. Hence the restriction p�jC WC ! Lfix

is a continuous surjection. By Theorem 4.26 we find a continuous section �WLfix ! C ,
m 7! �m of p�jC . In particular, � is a relative measure. Applying Corollary 2.10 once
again, the set

S WD
®
.l1; l2; x/ 2 .L �Lfix L/ �Lfix H j x��qfix.l1/ D �qfix.l1/

¯
is a closed subsemigroupoid of .L �Lfix L/ �Lfix H . Since c is ergodic, we obtain S D

.L �Lfix L/ �Lfix H . But this shows x��m D �m for every x 2 Hm and m 2 Lfix. Thus,
�m D �Hm for every m 2 Lfix.

Note that by Lemma 4.4 assumptions (ii) and (iii) of Lemma 4.27 are automatically
satisfied if L itself is a Stonean space.

Before showing the general version of Theorem 4.23, let us briefly sketch the proof
in the case of topologically ergodic systems considered in Corollary 4.25. So assume
that qW .KI '/ ! .LI  / is an open extension with relative discrete spectrum between
topologically ergodic dynamical systems and assume that L is a Stonean space. Then, if
we choose any point x0 2 K and write l0 WD q.x0/, the compact group

H WD
®
# 2 Eu.q/ j s.#/ D r.#/ D l0

¯
acts transitively on the fiber Kl by Corollary 4.18 (ii), and hence gives rise to a homeo-
morphism H=U ! Kl0 , where U is the stabilizer group at x0 (which is core-free since
the action is effective).

The uniform enveloping semigroupoid Eu.q/ also allows us to “switch between fibers”:
By Corollary 4.18 (i) we find for every point l 2 L some # 2 Eu.q/ with s.#/ D l0 and
r.#/ D l , i.e., the restriction of the range map r WEu.q/! L to the closed subspace

C WD
®
# 2 Eu.q/ j s.#/ D l0

¯
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is surjective and therefore admits a continuous section %WL! C by Theorem 4.26. We
then obtain a homeomorphism

ˆWL �H=U ! K; .l; #U / 7! %.l/
�
#.x0/

�
:

By setting c.t; l/ WD %. t .l//�1 ı 't ı %.l/ 2 H for .t; l/ 2 G � L we obtain a cocycle
cWG �L!H and one can check thatˆ then defines an isomorphism between the induced
skew-product extension qc and q and that c is ergodic.

In the general situation of a topologically ergodic extension, we have to perform the
constructions relative to the fixed factor. This will now be done in detail.

Proof of Theorem 4.23. Using Theorem 4.26 and Lemma 4.4 we find continuous sections
� WL! K and � WLfix ! L for qWK ! L and qfixWL! Lfix, respectively. The set

C WD
®
# 2 Eu.q/ j s.#/ D �

�
qfix
�
r.#/

��¯
� Eu.q/

is closed in Eu.q/, hence defines a compact subspace. Consider the restricted range map
r jC WC ! L, # 7! r.#/ and claim that this is surjective. By Corollary 4.18 (i), for every
point l 2 L, we find some # 2 Eu.q/ with s.#/ D �.qfix.l// and r.#/ D l such that
qfix.l/D qfix.�.qfix.l///. Hence, # 2C with r.#/D l . Applying Theorem 4.26 once more,
we choose a continuous section %WL! C for r jC WC ! L.

With the continuous sections � , � and % at hand, we now construct the desired objects.
The closed subspace

H WD
®
# 2 Eu.q/ j s.#/ D r.#/ 2 �.Lfix/

¯
of Eu.q/ defines a compact group bundle

p WD qfix ı sjH D qfix ı r jH WH ! Lfix

over Lfix. Moreover,

cWG � L! H; .t; l/ 7! %
�
 t .l/

��1
ı 't ı %.l/

is a relative cocycle over .LI /. Now consider the continuous map

ˆWL �Lfix H ! K; .l; #/ 7!
�
%.l/ ı #

��
�
�
�
�
qfix.l/

���
:

Then ˆ defines an morphism of topological dynamical systems as

ˆ
�
 t .l/; c.t; l/#

�
D
�
%. t .l/

�
ı %
�
 t .l/

��1
ı 't ı %.l/ ı #

��
�
�
�
�
qfix
�
 t .l/

����
D
�
't ı %.l/ ı #

��
�
�
�
�
qfix.l/

���
D 't

�
ˆ.l; #/

�
for all .l; #/ 2 L �Lfix H and t 2 G.

To show that ˆ is surjective, observe first that Hm acts transitively on the fiber K�.m/
by Corollary 4.18 (ii) for every m 2 Lfix. Now take x 2 K and set l WD q.x/ and m WD
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qfix.l/. Then %.l/�1.x/;�.�.m// 2K�.m/ and we therefore find # 2Hm with #.�.�.m///
D %.l/�1.x/. This means

ˆ.l; #/ D
�
%.l/ ı #

��
�
�
�.m/

��
D x:

Hence, ˆ is a surjection.
Let Um WD ¹# 2 Hm j #.�.�.m/// D �.�.m//º be the stabilizer group of the group

action Hm � K�.m/ ! K�.m/, .#; x/ 7! #.x/ at �.�.m// for m 2 Lfix. Since the action
is effective and transitive, the subgroup Um is core-free in Hm for every m 2 Lfix. We
conclude that the union U WD

S
m2Lfix

Um defines a core-free closed subgroup bundle
pjU WU ! M of p. Moreover, for .l1; #1/, .l2; #2/ 2 L �Lfix H we have ˆ.l1; #1/ D
ˆ.l2; #2/ if and only if l1 D l2 and #�12 ı #1 2 Uqfix.l1/ D Uqfix.l2/. Thus,ˆ induces an iso-
morphism .L�Lfix H=U I'c/! .KI'/ which then also defines an isomorphism between
the extensions qc and q.

To finish the proof we show that the relative cocycle c is ergodic which, by Lemma 4.4
and Proposition 4.27, also implies that p is open. Let S be the smallest closed subsemi-
groupoid of .L �Lfix L/ �Lfix H containing the set®�

l;  t .l/; c.t; l/
�
j l 2 L; t 2 G

¯
:

Then
T WD ¹# 2 Eu.q/ j .s.#/; r.#/; %.r.#//

�1
ı # ı %.s.#/// 2 Sº

contains S.q/ by definition of the relative cocycle c. Moreover, T is a closed subsemi-
groupoid of Eu.q/ by definition of S. We conclude that T D Eu.q/. Now pick .l1; l2; 
/ 2
.L �Lfix L/ �Lfix H . Then

# WD %.l1/ ı 
 ı %.l2/
�1
2 Eu.q/ D T

and hence
.l1; l2; 
/ D

�
s.#/; r.#/; %

�
r.#/

��1
ı # ı %

�
s.#/

��
2 S:

Thus S D .L �Lfix L/ �Lfix H showing that c is ergodic.

Remark 4.28. The main results of this section are not entirely satisfying: By Theo-
rem 4.23, every open topologically ergodic extension qW .KI '/! .LI / with relative
discrete spectrum over a Stonean space can be represented as a skew-product extension
induced by an open compact group bundle pWH ! Lfix and a closed subgroup bundle
pjU W U ! Lfix. On the other hand, in Theorem 4.7 we have only shown that relative
skew-product extensions associated to open closed subgroup bundles pjU WU ! Lfix have
relative discrete spectrum. So it is a natural question whether this openness assumption
in Theorem 4.7 can be dropped. In fact, there are simple examples showing that open-
ness of pjU WU ! Lfix is not necessary for the skew-product extension to have relative
discrete spectrum. However, in the measure-theoretic applications of the next section, this
issue does not occur as the closed subgroup bundles in the representation theorem will
automatically be open (see Theorem 5.11 below).
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5. The Mackey–Zimmer representation theorem for ergodic
extensions

In this final section, we use the topological results of Section 4 to show our version of
the Mackey–Zimmer theorem. Again, G will be a fixed group equipped with the discrete
topology.

5.1. Measure-preserving systems and their extensions

We start by recalling some basic concepts from ergodic theory. Classically, an invertible
measure-preserving point-transformation is a pair .XI '/ consisting of a measurable and
measure-preserving mapping 'WX ! X on a probability space X D .X;†X; �X/ which
is essentially invertible, i.e., there is a measurable map  WX ! X such that the identity
 ı ' D idX D ' ı  holds almost everywhere. We refer to [21, 22, 30] for a general
introduction to these systems.

Every such transformation gives rise to a Koopman operator T' 2 L.L2.X// via
T'f WD f ı ' for f 2 L2.X/. The operator T D T' is a Markov lattice isomorphism,
i.e., T is a unitary operator with jTf j D T jf j for every f 2 L2.X/ and T 1 D 1. Con-
versely, if X is a standard probability space, then every Markov lattice isomorphism T 2

L.L2.X// is in fact a Koopman operator of an essentially invertible measure-preserving
point-transformation, by a result going back to von Neumann (see [22, Proposition 7.19
and Theorem 7.20], see also [51, Proposition 3.2]). For a general probability space X, a
Markov lattice isomorphism T 2 L.L2.X// is still induced by a unique transformation
of the probability algebra associated to X (see [22, Theorem 12.10]). Studying transfor-
mations of probability algebras (see, e.g., [45, 48, 51]) or Markov lattice isomorphisms
(see [22, Section 12.3], [18]) yield two (equivalent) ways to approach ergodic theory on
general probability spaces.

Operator theoretic measure-preserving systems. Here we take the operator theoretic
path of [22, Section 12.3] and call, for a fixed groupG, a pair .XIT / a measure-preserving
system (with respect to G) if X is a probability space and T WG ! L.L2.X//, t 7! Tt is
a representation of G as Markov lattice isomorphisms on L2.X/. It is ergodic if the fixed
space

fix.T / WD
®
f 2 L2.X/ j Ttf D f for every t 2 G

¯
is one-dimensional.

An extension J W .YI S/! .XI T / between measure-preserving systems is a Markov
embedding J 2 L.L2.Y/;L2.X//, i.e., J is a linear isometry with jJf j D J jf j for every
f 2 L2.Y/, and J1 D 1, such that the diagram

L2.X/
Tt // L2.X/

L2.Y/

J

OO

St // L2.Y/

J

OO
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commutes for every t 2 G. It is relatively ergodic if J.fix.S// D fix.T /. We say that J is
an isomorphism, if J is bijective (in which case also J�1 defines an extension).

We will need the concept of morphism between extensions in a more flexible version
than discussed in the topological case (cf. Section 4.1). Given extensions Ji W .Yi I Si /!
.Xi ITi / between measure-preserving systems for i D 1; 2, a morphism .I [I I ]/WJ1! J2
consists of two extensions I [W .Y1IS1/! .Y2IS2/ and I ]W .X1IT1/! .X2IT2/ such that
the diagram

.X1IT1/
I ] // .X2IT2/

.Y1IS1/

J1

OO

I [ // .Y2IS2/

J2

OO

commutes. It is an isomorphism if both I [ and I ] are isomorphisms of measure-preserving
systems.

Conditional L2-spaces. If J W .YI S/ ! .XI T / is an extension of measure-preserving
systems, then the adjoint J � 2 L.L2.X/; L2.Y// extends uniquely to a bounded linear
operator EYWL1.X/! L1.Y/ which is called the corresponding conditional expectation
operator, see [22, Chapter 13]. This allows to define the conditional L2-space

L2.XjY/ WD
®
f 2 L2.X/ j EYjf j

2
2 L1.Y/

¯
with respect to J (see [69, Section 2.13], [18, Section 7.2] and [45, Section 3]). The space
L2.XjY/ equipped with the multiplication

L1.Y/ � L2.XjY/! L2.XjY/; .f; g/ 7! Jf � g

and the “vector-valued inner product”

.� j �/YWL2.XjY/ � L2.XjY/! L1.Y/; .f; g/ 7! EY.f Ng/:

is a so-called Kaplansky–Hilbert module over the Stone algebra L1.Y/. This allows
to effectively apply operator theory on Kaplansky–Hilbert modules (which generalizes
results of operators on ordinary Hilbert spaces) to ergodic theory. For a systematic intro-
duction to Kaplansky–Hilbert modules we refer to [18, Section 2].

Topological dynamics versus ergodic theory. We finally review the close connection
between topological dynamics and ergodic theory via topological models (see [22, Sec-
tion 12.3] and [49, Section 7]). Recall that for a given topological dynamical system
.KI'/, the space of all '-invariant regular Borel probability measures onK is denoted by
P'.K/. Every �K 2 P'.K/ gives rise to a measure-preserving system through .T'/tf WD
f ı 't�1 for f 2 L2.K; �K/ and t 2 G which we write as .K; �K I T'/. If qW .KI '/!
.LI / is an extension of topological dynamical systems and �K 2 P'.K/, we denote the
induced extension .L; q��K I T /! .K; �K I T'/ of measure-preserving systems by Jq
(i.e., Jqf WD f ı q for every f 2 L2.L; q��K/).
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A topological model .KI'I�K I I / for a measure-preserving system .XIT / then con-
sists of a topological dynamical system .KI '/, a fully supported measure �K 2 P'.K/
and an isomorphism I W .K;�K IT'/! .XIT /.

Given such a model .KI'I�K I I /, the image A D I.C.K// � L1.X/ is

(i) a unital C�-subalgebra of L1.X/,

(ii) invariant with respect to T , and

(iii) dense in L2.X/.

Conversely, given any A � L1.X/ satisfying conditions (i)–(iii) one can employ the
Gelfand–Naimark theory (cf. Section 4.1) to construct a topological model .KI 'I�I I /
for .XI T / with I.C.K// D A in a canonical way: There is a unique invariant fully sup-
ported measure�K 2 P'.K/ of the Gelfand system .KI'/ of .AIT / such that the Gelfand
isomorphism

I W .AIT /! .C.K/IT'/

extends to an isomorphism I W .XIT /! .K;�K IT'/ of measure-preserving systems (see
[22, Section 12.3], [49, Section 7], or [48, Section 2.2] for the details).

Thus, constructing topological models for a given system .XIT / comes down to find-
ing invariant, L2-dense unital C�-subalgebras A � L1.X/. In particular, we can always
construct the Stone model, also called the canonical model, .KstI'stI�Kst I Ist/ which cor-
responds to the algebra AD L1.X/ and yields a Stonean spaceKst and a normal measure
�Kst (see [22, Section 12.4], [49, Section 7], and [48, Section 2.2]).

One can apply this procedure also to an extension J W .YI S/! .XI T / of measure-
preserving dynamical systems. A tuple .qI �I I [I I ]/ is a topological model for J (cf.
[20, Definition 3.3], [49, Section 7], [48, Section 2.2]) if

(i) qW .KI'/! .LI / is an extension of topological dynamical systems,

(ii) � 2 P'.K/ is a fully supported invariant measure, and

(iii) .I [II ]/WJq!J is an isomorphism from Jq W .L;q��K IT /!.K;�K IT'/ to J .

In this case, the corresponding unital C�-subalgebras B WD I [.C.L//� L1.Y/ and A WD

I ].C.K// � L1.X/ satisfy J.B/ � A. Conversely, if B is an L2-dense invariant unital
C�-subalgebra of L1.Y/ and A is an L2-dense invariant unital C�-subalgebra of L1.X/
satisfying J.B/ � A, then we can find a topological model .qI �I I [I I ]/ for J with
I [.C.L// D B and I ].C.K// D A (see [20, Section 3] or [49, Sections 2 and 7]).

5.2. Extensions with relative discrete spectrum

There are several ways to define compact extensions in ergodic theory (see, e.g., [45,
Theorem 4.1]). The following, based on the classical notion of systems with discrete
spectrum, is easy to state and implicitly used in [24]. Recall here that for an extension
J W .YIS/! .XIT / the space L1.X/ is canonically a module over L1.Y/ via the multi-
plication

f � g WD .Jf /g forf 2 L1.Y/ and g 2 L2.X/:
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Definition 5.1. An extension J W .YIS/! .XIT / has relative discrete spectrum if[®
� � L1.X/ j � finitely generated, T -invariant L1.Y/-submodule of L1.X/

¯
is dense in L2.X/.

Given a relative skew-product extension (see Section 4.2) over a topological dynami-
cal system .LI / and a fully supported invariant measure �L 2 P .L/, we obtain a fully
supported invariant measure on the relative skew-product by integrating the canonical rel-
atively invariant measure from Theorem 4.22 with respect to �L. We obtain the following
result for the induced extension of measure-preserving systems.

Theorem 5.2. Consider

(i) a topological dynamical system .LI /,

(ii) an open compact group bundle pWH ! Lfix,

(iii) an open closed subgroup bundle pjU WU ! Lfix,

(iv) a relative cocycle cWG � L! H , and

(v) a fully supported invariant measure �L 2 P .L/.

Then Jqc W .L; �LI T /! .L �Lfix H=U;
R
L
ıL ˝ �H=U d�LI T'c / is an extension with

relative discrete spectrum.

In the case of a Stonean spaceL, Theorem 5.2 is a direct consequence of Theorem 4.7.
The general result is implied by the following observation allowing to lift relative skew-
products to the canonical model (cf. Section 5.1).

Proposition 5.3. Consider

(i) a topological dynamical system .LI /,

(ii) an open compact group bundle pWH ! Lfix,

(iii) an open closed subgroup bundle pjU WU ! Lfix,

(iv) a relative cocycle cWG � L! H , and

(v) a fully supported invariant measure �L 2 P .L/.

Then there is

(1) an open compact group bundle pstWHst ! .Lst/fix,

(2) an open closed subgroup bundle .pst/jUst WUst ! Lfix, and

(3) a relative cocycle cstWG � Lst ! Hst,

such that the extensions Jqc and Jqcst
are isomorphic.

Proof. We abbreviateM WD Lfix andMst WD .Lst/fix. Moreover, we write qLst W .LstI st/!

.LI  / for the canonical extension of topological dynamical systems induced by the
embedding C.L/ ,! L1.L; �L/ (see Sections 4.1 and 5.1). Similarly, we denote the
canonical quotient map Mst !M by qMst .
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The pullback bundle pstWHst WD Mst �M H ! Mst is an open compact group bundle
and Ust WD Mst �M U � Hst gives rise to an open closed subgroup bundle pstjUst WUst !

Mst. Moreover, the induced homogeneous space bundle .pst/=Ust WHst=Ust !Mst can and
will be identified with the pullback bundle Mst �M H=U ! Mst. We obtain a relative
cocycle cstWG �Lst!Hst by setting cst.t; l

0/ WD .qfix.l
0/; c.t;qst.l

0/// for .t; l 0/ 2G �Lst.
Now consider the continuous map

ˆWLst �Mst Hst=Ust ! L �M H=U;
�
l 0; .m0; xU /

�
7!
�
qst.l

0/; xU
�
:

Thenˆ defines an extension between the corresponding topological relative skew-product
systems. One can readily check that

ˆ�
�
ıl 0 � �Hqfix.l 0/

=Uqfix.l 0/

�
D ıqst.l 0/ � �Hqfix.qst.l 0//=Uqfix.qst.l 0//

for every l 0 2 Lst. This implies

ˆ�

�Z
Lst

ıLst ˝ �Hst=Ust d�Lst

�
D

Z
Lst

ˆ�
�
ıl 0 � �Hqfix.l 0/

=Uqfix.l 0/

�
d�Lst.l

0/

D

Z
Lst

ıqst.l 0/ � �Hqfix.qst.l 0//=Uqfix.qst.l 0//
d�Lst.l

0/

D

Z
L

ıl � �Hqfix.l/=Uqfix.l/
d�L.l/ D

Z
L

ıL ˝ �H=U d�L:

Consequently, ˆ is measure-preserving and induces an extension

JˆW

�
L �M H=U;

Z
L

ıL ˝ �H=U d�LIT'c

�
!

�
Lst �Mst Hst=Ust;

Z
Lst

ıLst ˝ �Hst=Ust d�Lst IT'cst

�
:

Moreover, JˆJqcDJqcst
Jqst and thus the pair .Jqst IJˆ/ gives rise to a morphism from the ex-

tension Jqc to the extension Jqcst
. We show that JˆWL2.L�MH=U /!L2.Lst�MstHst=Ust/

has dense range, hence is surjective, and thus .Jqst I Jˆ/ is an isomorphism of extensions.
By the Stone–Weierstrass theorem, the functions

f 0 ˝ .1˝ 1/WLst �Mst Hst=Ust ! C; .l 0; .m0; xU // 7! f 0.l 0/;

1˝ .1˝ g0/WLst �Mst Hst=Ust ! C; .l 0; .m0; xU // 7! g0.xU /

for f 0 2 C.Lst/ and g0 2 C.H=U / generate C.Lst �Mst Hst=Ust/ as a C�-algebra. It there-
fore suffices to show that these are contained in the image of the restriction

.Jˆ/jL1 WL1.L �M H=U /! L1.Lst �Mst Hst=Ust/

which is a unital �-homomorphism. So take f 0 2 C.Lst/. Then, by definition of the Stone
model, we find f 2 L1.L; �L/ with Jqstf D f

0 and thus

f 0 ˝ .1˝ 1/ D Jqcst
f 0 D Jqcst

Jqstf D JˆJqcf 2 Jˆ
�
L1.L �M H=U /

�
:
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On the other hand, if g0 2 C.H=U /, then the continuous function

hWL �M H=U ! C; .l; xU / 7! g0.xU /

satisfies Jˆh D 1˝ .1˝ g0/. This yields the claim.

Applying the theory of Kaplansky–Hilbert modules to L2.XjY/ (cf. Section 5.1 above),
we can improve the properties of the submodules considered in Definition 5.1.

Definition 5.4. Let J W .YIS/! .XIT / be an extension of measure-preserving dynamical
systems. An L1.Y/-submodule � of L2.XjY/ is a finitely generated KH-submodule if it
has a finite suborthonormal basis, i.e., there are e1; : : : ; em 2 � generating � such that

(i) EY.eiej / D 0 for i; j 2 ¹1; : : : ; mº with i ¤ j , and

(ii) EYjei j
2 is given by a characteristic function for i 2 ¹1; : : : ; mº.

We then obtain the following characterization of extensions with relative discrete spec-
trum from [18, Section 2.5 and Proposition 8.5] (cf. [45, Theorem 4.1]).

Proposition 5.5. For an extension J W .YIS/! .XIT / of measure-preserving dynamical
systems the following assertions are equivalent.

(a) J has relative discrete spectrum.

(b) The set[®
��L2.XjY/ j� T -invariant, finitely generated KH-submodule of L2.XjY/

¯
is dense in L2.X/.

5.3. Natural models for structured extensions

We now want to prove a partial converse of Theorem 5.2, i.e., represent extensions of
measure-preserving systems with relative discrete spectrum as skew-product extensions.
The strategy is to build a suitable topological model and then apply Theorem 4.23. For the
first part we need the following lemma, the first part of which is [24, Remark 5.16] (see
also [20, Proposition 2.8]).

Lemma 5.6. Let J W .YIS/! .XIT / be an extension of measure-preserving systems.

(i) If .XIT / is ergodic, then every T -invariant, finitely generated KH-submodule �
of L2.XjY/ is contained in L1.X/.

(ii) If J is relatively ergodic and � � L2.XjY/ is a T -invariant, finitely generated
KH-submodule of L2.XjY/, then there is a sequence .�n/n2N of T -invariant,
finitely generated KH-submodules with �n � � \ L1.X/ for every n 2 N such
that

� D
[
n2N

�n \ L2.XjY/ in L2.X/:
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Proof. Let � be a T -invariant, finitely generated KH-submodule of L2.XjY/ and choose
a suborthonormal basis e1; : : : ; em for � . Then,

e WD

� mX
iD1

jei j
2

� 1
2

2 fix.T /

by [18, Lemma 8.3]. Thus, if .XI T / is ergodic, then there is a constant c � 0 withPm
iD1 jei j

2 D c1 and hence jei j � c1 for all i 2 ¹1; : : : ; mº. This shows (i). If only J
is ergodic, then we find f 2 fix.S/ with Jf D e. For n 2 N, consider fn WD 1jf j�n 2

fix.S/ \ L1.Y/. Then �n WD fn� is a T -invariant, finitely generated KH-submodule of
L2.XjY/ with suborthonormal basis fne1; : : : ; fnem. Moreover,� mX

iD1

jfnei j
2

� 1
2

D J jfnj � e D J
�
jfnjf

�
� n1

and hence fnei 2 L1.X/ for every i 2 ¹1; : : : ; mº. This shows �n � L1.X/. Finally,

kfnei � eik
2
L2.X/ D

Z
Y

EYjfnei � ei j
2 d�Y D

Z
jf j>n

EYjei j
2 d�Y ! 0

for n!1. We therefore obtain that the union of the modules �n for n2N is dense in � .
The claim now follows since � is closed in L2.XjY/ with respect to the L2-norm (use
[18, Lemma 7.5] and (finitely generated) KH-submodules are order-closed in L2.XjY/,
cf. [18, Section 2]).

We also use the following auxiliary result.

Lemma 5.7. Let J W .YIS/! .XIT / be an extension of measure-preserving systems. Then
every finitely generated KH-submodule � � L1.X/ over L1.Y/ is closed with respect to
the L1-norm and projective.

Proof. Take a finitely generated KH-submodule � � L1.X/ with suborthonormal basis
e1; : : : ; em 2 � . One can deduce that � is closed in L1.X/ from the general fact that
Kaplansky–Hilbert modules are complete with respect to their canonical norm (see [53,
Theorems 2.2.3 and 7.1.3]). We recall the argument in our framework: .fn/n2N is a
sequence in � converging to some f 2L1.X/, then .EY.fnei //n2N converges to EY.f ei /

for i 2 ¹1; : : : ; mº. Hence, using the expansion with respect to the suborthonormal basis
e1; : : : ; em (see [18, Lemma 2.10]), we obtain

lim
n!1

fn D lim
n!1

mX
iD1

EY.fnei /ei D

mX
iD1

EY.f ei /ei 2 �:

To see that � is projective, observe that

� ˚

mM
iD1

L1.Y/
�
1 � EYjei j

2
�
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is a free L1.Y/-module with a basis e01; : : : ; e
0
m given by

e0i WD
�
ei ; 0; : : : ; 0;1 � EYjei j

2; 0; : : : ; 0
�
2 � ˚

nM
iD1

L1.Y/
�
1 � EYjei j

2
�
;

where 1�EYjei j
2 is at the .i C 1/th position for i 2 ¹1; : : : ;mº. Thus, � is projective.

With the help of Lemmas 5.6 and 5.7 we can now build topological models for ergodic
extensions with relative discrete spectrum (see also [20, Theorem 3.5] for the case of
extensions between ergodic systems).

Definition 5.8. Let J W .YIS/!.XIT / be a relatively ergodic extension of measure-pre-
serving systems with relative discrete spectrum. Let B WDL1.Y/ and let A be the unital
C�-subalgebra of L1.X/ generated by all finitely generated, projective, closed, T -invariant
L1.Y/-submodules of L1.X/. We call the associated topological model .qI�I I [I I ]/
(see Section 5.1) the natural model of J .

The following result shows that the natural model fits into the framework developed
in Section 4.

Proposition 5.9. Let J W .YI S/! .XI T / be an ergodic extension with relative discrete
spectrum and .qI�I I [I I ]/ its natural model. Then q is an open topologically ergodic
extension with relative discrete spectrum over a Stonean space and q�� is a normal mea-
sure.

Proof. Write qW .KI '/ ! .LI  /. Since .LI  I q��I V / is the Stone model (see Sec-
tion 5.1 above), we know that L is Stonean and q�� is normal. Moreover, q is open by
[24, Corollary 1.9]. Finally, q is topologically ergodic and has relative discrete spectrum
by definition of the natural model.

We can therefore apply Theorem 4.23 to represent relatively ergodic extensions with
relative discrete spectrum as relative skew-product extensions. However, we first prove the
following extension property which will allow us to show that the closed subgroup bundle
of the constructed skew-product extension is open (cf. Remark 4.28). Recall that every
bounded continuous function defined on a dense subset D of a Stonean space L can be
extended uniquely to the whole space (see [66, Exercise 24.2.11]), i.e., the restriction map

C.L/! Cb.D/; f 7! f jD

to the space of bounded continuous functions on D is surjective (and hence an isomor-
phism of unital commutative C�-algebras).

In our natural model we obtain a similar property for closed, finitely generated, pro-
jective, invariant submodules. Observe here that for an extension qW .KI '/! .LI / of
topological dynamical systems and a subset D � Lfix the preimage .q ı qfix/

�1.D/ is '-
invariant and hence we may consider the Koopman operator T' on Cb..q ı qfix/

�1.D//.
Moreover, Cb..q ı qfix/

�1.D// is canonically a C.L/-module.
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Lemma 5.10. Let J W .YIS/! .XIT / be a relatively ergodic extension with relative dis-
crete spectrum and .qI�I I [I I ]/ with qW .KI'/! .LI / its natural model. Take

(i) a dense subset D � Lfix, and

(ii) a finitely generated, projective, closed, and T'-invariant C.L/-submodule � �
Cb..qfix ı q/

�1.D//.

Then there is a unique finitely generated, projective, closed, T'-invariant C.L/-submodule
ƒ � C.K/ with ƒj.qfixıq/�1.D/ D � .

Proof. Let .KstI'st/ be the Stone model of .XIT / and qstW .KstI'st/! .KI'/ the induced
extension of topological dynamical systems (see Sections 4.1 and 5.1). We abbreviate

DK WD .qfix ı q/
�1.D/ � K;

DKst WD q
�1
st .DK/ D .qfix ı q ı qst/

�1.D/ � Kst

and observe that these sets are dense in K and Kst, respectively, since the maps qfix ıq,
and qfix ı q ı qst are open (q and q ı qst are open by [24, Corollary 1.9] and qfix is open
by Lemma 4.4). Notice now that, since Kst is Stonean, every bounded continuous func-
tion f WDKst ! C has a unique continuous extension ext.f / 2 C.Kst/. We take a finitely
generated, projective, closed, and T'-invariant C.L/-submodule � � Cb.DK/. The maps

Iqst WCb.DK/! Cb.DKst/; f 7! f ı qst;

extWCb.DKst/! C.Kst/; f 7! ext.f /

are C.L/-linear embeddings of unital C�-algebras and intertwine the dynamics (the map
ext is even an isomorphism and the inverse of the restriction map C.Kst/! Cb.DKst/,
f 7! f jDKst

). We therefore obtain that the composition ext ı Iqst embeds � into C.Kst/ as
a finitely generated, projective, closed and T'-invariant C.L/-submodule � 0. By definition
of the natural model and the Stone model, � 0 is contained in the image of Jqst.C.K//, i.e.,
we find a finitely generated, projective, closed and T'-invariant C.L/-submodule ƒ �
C.K/ with Jqstƒ D �

0. Since the diagram

C.K/

f 7!f jDK
��

Jqst // C.Kst/

Cb.DK/
Iqst

// Cb.DKst/

ext

OO

commutes, we obtain

.ext ı Iqst/.ƒjDK / D Jqstƒ D �
0
D .ext ı Iqst/.�/

and therefore ƒjDK D � . This shows existence of the desired submodule. Since DK is
dense in K, uniqueness is clear.
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5.4. The Mackey–Zimmer representation theorem for relatively ergodic extensions

We finally come to the main result of our article which is a converse of Theorem 5.2 for
relatively ergodic extensions.

Theorem 5.11. Let J W .YI S/ ! .XI T / be a relatively ergodic extension of measure-
preserving systems with relative discrete spectrum. Then there are

(i) a topological dynamical system .LI /,

(ii) an open compact group bundle pWH ! Lfix,

(iii) an open core-free closed subgroup bundle pjU WU ! Lfix of p,

(iv) an ergodic relative cocycle cWG � L! H , and

(v) a normal invariant measure �L 2 P .L/ on L,

such that the induced relative skew-product extension

Jqc W .L; �LIT /!

�
L �Lfix H=U;

Z
L

ıL ˝ �H=U d�LIT'c

�
is isomorphic to J .

Remark 5.12. Our result is in the spirit of Ellis’ version of the Mackey–Zimmer theo-
rem representing an extension with relative discrete spectrum as a (relative) skew-product
extension over the Stone model of the factor system (see [24, Theorem 5.36], see also
[45, Theorem 5.3]). When working with an at most countable groupG and standard Borel
probability spaces X and Y one can expect to deduce a representation over the original
space Y from Theorem 5.11 similar to the one of Austin (see [4, Proposition 5.7]) by
applying [51, Proposition 3.2] to obtain concrete measure-preserving maps (cf. the dis-
cussion in [48, Section 11]). We leave the details to the interested reader.

We need the following auxiliary result.

Lemma 5.13. Let H be a compact group and Œ�� 2 yH . Then

kf kL2.H/ � kf kC.H/ � dim.�/
5
2 � kf kL2.H/

for all f 2 RŒ��.

Proof. Set n WD dim.�/ and let f 2 RŒ��. The first inequality is trivial. For the second,
let .�jk/j;k be a matrix representation of Œ��. Then the elements �jk.x/ 2 C for j; k 2
¹1; : : : ; nº form a unitary matrix for each x 2 H . Thus, k�jkkC.H/ � 1 for all j; k 2
¹1; : : : ; nº. Moreover, k�jkkL2.H/ D

1p
n

for all j; k 2 ¹1; : : : ; nº. We therefore obtain

kf kC.H/ D





n � nX
j;kD1

.f j�jk/L2.H/�jk






C.H/

� n �

nX
j;kD1

kf kL2.H/ � k�jkkL2.H/ � k�jkkC.H/ � n
5
2 � kf kL2.H/

by the Cauchy–Schwarz inequality.
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Proof of Theorem 5.11. Let .qI�I I [; I ]/ with qW .KI '/! .LI / be the natural model
of J . Moreover, let �L WD q�� be the measure of the Stone model. By Proposition 5.9 and
Theorem 4.23, there is an open compact group bundle pWH ! Lfix, a core-free closed
subgroup bundle pjU WU ! Lfix of p, and an ergodic relative cocycle cWG � L ! H

such that q is isomorphic as an extension of topological dynamical systems to the rela-
tive skew-product extension qc W .L �Lfix H=U I 'c/! .LI /. By Proposition 4.21 and
Theorem 4.22,

R
L
ıL ˝ �H=U d�L is the only invariant measure z� 2 P'.L �Lfix H/ with

.qc/� z� D �L. Hence, we see (by considering the push-forward of �) that the isomor-
phismˆWq! qc is measure-preserving and consequently is an isomorphism of extensions
.IdL2.L;�L/IJˆ/WJqc ! Jq .

We finally show that the core-free closed subgroup bundle pjU WU ! Lfix is open. In
view of Theorem 3.28 it suffices to show that sjRy�;U WRy�;U ! O is a locally trivial vector
bundle for every local continuous section y� WO ! yH . We take such a section y� WO ! yH

and may assume, by restricting y� , thatO is a clopen subset ofLfix and that dimıy� WO!N
is equal to some constant n 2 N (see Proposition 3.16 (iv)). By Lemmas 2.28 and 3.29, it
suffices to show that the dimension map

dimWO ! N0; m 7! Ry�.m/;Um

is locally constant. Let d be the maximal dimension among fibers of Ry�;U and consider
the subset

Od WD ¹m 2 O j dim Ry�.m/;Um D dº

which is open by [29, Theorem 18.2]. We show that it is also closed. Using Proposi-
tion 2.28 p�1.Od / ! Od is a locally trivial bundle over Od and by Proposition 2.27
there is a densely defined local orthonormal basis �1; : : : ; �d W V ! Ry�;U for this bun-
dle with respect to the continuous inner product induced by the Haar system of H (cf.
Proposition 3.5). By Lemma 5.13 we obtain k�i .m/kC.Hm/ � n

5
2 for all i 2 ¹1; : : : ; dº

and m 2 V . Since bounded subsets of the locally trivial bundle Ry� are relatively compact
by [19, Lemma 4.15] and L is a Stonean space, every �i can be extended uniquely to a
continuous section �i W xV ! Ry� (see again [66, Exercise 24.2.11]) for i 2 ¹1; : : : ; dº. By
continuity we still have .�i .m/j�j .m// D ıij for all i; j 2 ¹1; : : : ; dº and m 2 xV D Od .
Thus, if we can show that �i .m/2Ry�;U for allm2 xV , thenOd is closed inLfix as claimed.

To see that �i indeed maps to Ry�;U for every i 2 ¹1; : : : ; dº we apply Lemma 5.10. To
do so, we first have to construct a dense subsetD � Lfix and finitely generated, projective,
closed and T'c -invariant C.L/-submodule � of Cb..qfix ı q/

�1.D//.
We start with the dense subset D WD V [ Lfix n xV of Lfix. By Lemma 5.13, we obtain

bounded continuous functions fi W .qfix ı qc/
�1.D/�L�Lfix H=U !C for i 2 ¹1; : : : ;dº

by setting

fi .l; xU / WD

´
�i
�
qfix.l/

�
.x/ if .l; xU / 2 .qfix ı qc/

�1.V /;

0 if .l; xU / 2 .qfix ı qc/
�1.Lfix n xV /:
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We claim that the C.L/-submodule � of Cb..qfix ı qc/
�1.D// generated by f1; : : : ; fd

is projective, closed and T'c -invariant. In fact, if g 2 � , then for every l 2 q�1fix .V / and
m WD qfix.l/ 2 V the function gl WHm! C, x 7! g.l; xUm/ is contained in Ry�.m/;Um , and
hence

gl D

dX
iD1

�
gl j�i .m/

�
L2.Hm/

�i .m/

by choice of �1; : : : ; �d . Therefore, the restriction g¹lº�Hm=Um 2C.¹lº �Hm=Um/ satisfies

gj¹lº�Hm=Um D

dX
iD1

.gjfi /L2.¹lº�Hm=Um/fi j¹lº�Hm=Um ;

where ¹lº �Hm=Um is equipped with the measure ıl � �Hm=Um . Both sides of this iden-
tity are equal to zero if l 2 L with m WD qfix.l/ 2 Lfix n xV , hence the identity even holds
for every l 2 Lfix with m WD qfix.l/ 2 D. Now observe that

.gjfi /W q
�1
fix .D/! C; l 7! .gjfi /L2.¹lº�Hqfix.l/=Uqfix.l//

is a bounded continuous function defined on a dense subset of L, and hence has a unique
continuous extension ext..gjfi //WL! C for every i 2 ¹1; : : : ; dº. Then

g D

dX
iD1

ext
�
.gjfi /

�
fi

in the C.L/-module Cb..qfix ı qc/
�1.D//. Using that ext..fi jfj // D ıij1q�1fix .V /

for all
i; j 2 ¹1; : : : ; dº we argue as in the proof of Lemma 5.7 to obtain that � is a projective
and closed C.L/-submodule of Cb..qfix ı qc/

�1.D//. A moment’s thought reveals that

.T'c /tfi D

dX
jD1

ext
��
.T'c /tfi jfj

��
fj ;

hence .T'c /tfi 2 � for all i 2 ¹1; : : : ; dº and t 2 G. Thus, � is also T'c -invariant. We
conclude from Lemma 5.10 that there is a unique finitely generated, projective, closed
and T'c -invariant C.L/-submodule ƒ � C.L �Lfix H=U / with ƒj.qfixıq/�1.D/ D � . In
particular, f1; : : : ; fd can be extended to continuous functions on the whole space L �Lfix

H=U , and we use the same symbols for them. Now, if m 2 xV we choose any l 2 L with
m D qfix.l/. For x 2 Hm we then find, since p and qfix are open (see Lemma 4.4), nets
.x˛/˛2A inH converging to x and .l˛/˛2A in L converging to l such thatm˛ WD p.x˛/D
qfix.l˛/ 2 V for every ˛ 2 A. This implies

fi .l; xUm/ D lim̨fi .l˛; x˛Um˛ / D lim̨ �i .m˛/.x˛/ D �i .m/.x/

for every i 2 ¹1; : : : ; dº. This shows �i .m/.xu/ D �i .m/.x/ for all x 2 Hm, u 2 Um,
hence �i .m/ 2 Ry�;U for every m 2 xV as claimed.

As stated above, this shows that Od is closed, hence clopen in Lfix. Restricting the
section to the clopen subset O nOd and iterating the argument yields the claim.
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Note that in the case of ergodic systems, our proof of Theorem 5.11 simplifies con-
siderably (it is basically a combination of the topological representation theorem Corol-
lary 4.25 with Proposition 5.9, Proposition 4.21 and Theorem 4.22). In this case we obtain
the following version of the Mackey–Zimmer representation theorem which is close to
[24, Theorem 5.36].

Theorem 5.14. Let J W .YI S/! .XI T / be an extension of ergodic measure-preserving
systems with relative discrete spectrum. Then there are

(i) a topological dynamical system .LI /,

(ii) a compact group H ,

(iii) a core-free closed subgroup U � H ,

(iv) an ergodic cocycle cWG � L! H , and

(v) a normal measure �L on L,

such that the induced skew-product extension

Jqc W .L; �LIT /! .L �H=U;�L � �H=U IT'c /

is isomorphic to J .
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