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A Peter—Weyl theorem for compact group bundles and the
geometric representation of relatively ergodic compact
extensions

Nikolai Edeko, Asgar Jamneshan, and Henrik Kreidler

Abstract. We show that a relatively ergodic extension of measure-preserving dynamical systems
has relative discrete spectrum if and only if it can be represented as a skew-product by a bundle
of compact homogeneous spaces. Our result holds without restrictions on the acting group or the
underlying probability spaces. This generalizes previous work by Mackey, Zimmer, Ellis, Austin,
and the second author and Tao, and is inspired by the Furstenberg—Zimmer and Host—Kra structure
theories for actions of uncountable groups. Our approach uses a natural model to answer the ergodic-
theoretic question with the help of structure theory for topological dynamical systems. A key step
in our argument is establishing a Peter—Weyl-type theorem for bundles of compact groups which
might be of independent interest.

1. Introduction

There are numerous interactions between topological dynamics and ergodic theory, some
heuristic and others explicit (see, e.g., [24,28,31,32,43,54]). This paper strengthens one
of these structural analogies into a precise correspondence. Specifically, we develop a
geometric representation theory for extensions of topological dynamical systems with rel-
ative discrete spectrum. Our work yields a geometric representation of measure-preserving
dynamical systems with relative discrete spectrum in settings that are non-ergodic and
involve uncountable groups and inseparable probability spaces, aligning with recent efforts
to extend ergodic-theoretic structural results to such settings (see, e.g., [18,45,48,51]).

One motivation for our study comes from seeking uncountable and non-ergodic ver-
sions of the Furstenberg—Zimmer [27,74,75] and Host—Kra structure theories [5, 42,47,
73], which are relevant, for example, in combinatorial and ergodic applications involving
ultraproducts (see, e.g., [11,46, 50, 68,71]) or Stone—Cech compactifications (see, e.g.,
[39,40,57]) that naturally yield uncountable groups and inseparable spaces.

Before detailing our contributions, we first summarize prior results and methodologies
related to the Mackey—Zimmer representation theorem.
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1.1. Related literature

For the sake of the discussion, let us recall the classical Mackey—Zimmer representa-
tion theorem [55,75]. Let G be a (discrete) countable group, let X = (X, Xx, ux) be a
Lebesgue probability space, and let x: G x X — X, (¢, x) — (¢x):(x) be an ergodic
measure-preserving near-action, i.e., (¢x ); =idy almost everywhere and (¢x)sr = (¢x)s ©
(¢x): almost everywhere for s,¢ € G (see [75, Definition 3.1], and see [21] for a general
introduction). An extension ¢: (X, Xx, ux, ¢x) — (Y, 2y, uy, ¢y) of such systems is
said to have relative discrete spectrum if L?(X) is the closure of all finitely generated
invariant L°°(Y)-submodules of L*°(X), where L*°(Y) embedded in L*°(X) by pullback
acts on it by multiplication.’

The Mackey—Zimmer theorem now states that any ergodic extension with relative dis-
crete spectrum has the following geometric representation. There are a compact group H,
a closed subgroup U € H and a cocycle ¢: G x Y — H such that g is isomorphic (as
extension of measure-preserving systems) to the skew-product extension g¢’: Y x. H/U —
(Y, 2y, uy, ¢y), see [30, Section 3.5] for notation and [30, Theorem 9.14] for a textbook
proof, see also [70] for a streamlined proof. The converse statement, namely that a skew-
product extension has relative discrete spectrum, follows from the Peter—Weyl theorem
(for this direction, no ergodicity assumptions are needed).

We now discuss two extensions of the Mackey—Zimmer representation theorem that
are relevant to this work. Ellis [24] extends the theorem to ergodic actions of arbitrary (not
necessarily countable) discrete groups on general (not necessarily separable) probability
spaces by passing to a topological model and using tools from topological dynamics,
see also [45, 48] for an alternative measure-theoretic proof. In another direction, Austin
[4] relaxes the ergodicity assumption by extending the theorem to the relatively ergodic
case, that is, when the invariant sets of X are (up to null sets) given by the preimages
of invariant sets in Y. More precisely, he establishes that a relatively ergodic extension
with relative discrete spectrum is isomorphic to a skew-product, where the homogeneous
space is allowed to vary measurably along the fibers in the ergodic decomposition of the
base space. Similarly to the original result of Mackey and Zimmer, his theorem holds for
actions of countable groups on standard Lebesgue spaces.

A main goal of this article is to join both these extensions and prove a geometric rep-
resentation of relatively ergodic extensions with relative discrete spectrum for actions of
arbitrary groups on general probability spaces. A relatively ergodic version of the clas-
sical Halmos—von Neumann theorem [36], a precursor of the Mackey—Zimmer theorem,
was established by the first author in [17].

The formal statement of our extension of the Mackey—Zimmer theorem is inspired
by Austin’s statement, although our methods are different. Indeed, Austin’s proof relies
on measurable selection theorems and the ergodic decomposition both of which break

!Other authors say that the extension is compact or relatively compact, e.g., see Furstenberg in [28,
Chapter 6]. Our terminology is borrowed from Zimmer [75].
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down for actions of uncountable groups on inseparable probability spaces. Our approach
to pass to a natural topological model and studying the problem in topological dynamics
is inspired by Ellis’ investigation of the Mackey—Zimmer theorem.

For the action of uncountable groups on inseparable spaces a canonical disintegra-
tion is available after passing to a suitable topological model, see [24, Theorem 2.3] and
see [49, Section 7] for background and proof. However this disintegration is in general
not an ergodic decomposition, see the counterexample constructed in [49, Appendix B].
Therefore, the relatively ergodic case imposes serious formal and technical difficulties.
We suggest a framework, where we can work simultaneously in all the “fibers” over the
invariant factor. To this end, it is essential to revisit the classical Peter—Weyl theorem and
develop an analogous representation theorem for compact group bundles which may be of
independent interest (see also [7] for a different version of the Peter—Weyl theorem in the
situation of “groupoids with dominant restriction maps”, see also [2]). This along with the
geometric representation theory of relatively ergodic isometric extensions in topological
dynamics form the main results of this paper. Next, we state precisely these results and
discuss our innovations.

1.2. Innovations and main results

Our general approach to the classification result is the following: Instead of working di-
rectly within the setting of measure-preserving transformations, we use topological mod-
els (see Section 5.1) to transform the classification problem for extensions with relative
discrete spectrum into a question of topological dynamics, i.e., the study of continuous
actions ¢: G x K — K, (¢, x) — ¢;(x) of a topological group G on compact spaces
K (here, G will be discrete). This idea is quite old and already applied effectively by
Ellis [24] (see also the proof of the Halmos—von Neumann theorem given in [13, Theo-
rem VIIL4], as well as [37, Section 3]). However, we highlight that even in the case of
ergodic systems considered by Ellis, our methods yield a new proof of the classification
result avoiding the Choquet theoretic techniques used in [24].

Due to this bridge between topological dynamics and ergodic theory, we first study
extensions ¢: (K; ¢) — (L; ) between topological dynamical systems which are “rela-
tively ergodic” and “have relative discrete spectrum” in a topological sense. We also have
the crucial additional conditions (coming from the topological models) that ¢ is an open
map and that L is a Stonean (i.e., extremally disconnected compact) space.

Similar to the measure-theoretic situation described above, a typical example for an
extension with relative discrete spectrum in this topological framework is a skew-product
extension q.: (L x H/U; ¢.) — (L; ) constructed from the following data: a topolog-
ical dynamical system (L; ), a compact group H, a closed subgroup U € H, and a
continuous cocycle G x L — H into H. The action of G on L x H/U is then given by
(pc)e (L, xU) :== (Ye (1), c(t,)xU) for (I, xU) e Lx H/U andt € G.

We generalize this construction to obtain a relative skew-product extension q.: (L X,
H/U;¢:) — (L;¥) by considering “relativized” data with respect to the invariant factor
Ly of (L; V), i.e., the maximal factor on which the dynamics is trivial. These consist of
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a compact group bundle p: H — Ly, a closed subgroup bundle p|y:U — Lgy, and a
relative cocycle c: G x L — H into H (see Section 4.2 for the definition).

Theorems 4.7 and 4.23 then provide the following result on topological extensions
with relative discrete spectrum which depends on certain openness conditions for the
involved bundles (cf. Remark 4.28).

Theorem 1.1. For an open relatively topologically ergodic extension q: (K; ¢) — (L; V)
with L being Stonean consider the following assertions.
(a) g has relative discrete spectrum.
(b) There are
(i)  an open compact group bundle p: H — Lgy,
(i1) a closed subgroup bundle p|y:U — Lgx of p, and
(iii) a relative cocycle c:G x L — H,
such that the induced relative skew-product extension q. is isomorphic to q.
Then (a) implies (b). Conversely, if (b) holds and the subgroup bundle p|y:U — Lgy in

(ii) can also be chosen to be open, then (a) holds.

In fact, assuming (a), one can even achieve that the closed subgroup bundle p|y: U —
Ly and the relative cocycle c: G x L — H in (b) satisfy certain irreducibility conditions,
see Theorem 4.23 below for the details.

A relative skew-product extension induced by an open compact group bundle p: H —
Lgx admits a canonical unique and fully supported relatively invariant measure induced
by the Haar bundle of p: H — Lgy. This allows to “lift” any invariant measure of (L; V).
Thus, topological skew-product extensions also give rise to measure-preserving ones. It
is the main result of this article that, up to an isomorphism, the relative skew-product
extensions (induced by open bundles) are precisely the relatively ergodic extensions with
relative discrete spectrum (see Theorems 5.2 and 5.4). Here, measure-preserving systems
on general probability spaces and their extensions are defined operator theoretically, or
equivalently in terms of homomorphisms of measure algebras, see Section 5.1 below.

Theorem 1.2. For a relatively ergodic extension J: (Y;S)— (X;T) of measure-preserving
systems the following assertions are equivalent.
(a) J has relative discrete spectrum.
(b) There are
(1)  atopological dynamical system (L; ),
(i) an open compact group bundle p: H — Ly,
(iii) an open closed subgroup bundle p|y:U — Ly of p,
(iv) arelative cocycle c:G x L — H, and
(V) afully supported invariant measure ji;, € PY (L) on L,

such that the induced relative skew-product extension Jy, is isomorphic to J.
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Again, one can achieve that the closed subgroup bundle and the relative cocycle in (b)
are irreducible, and in addition the measure p;, can be chosen to be normal (meaning that
L is the Stone space of the induced measure space), see Theorem 5.11 below.

The proofs of Theorems 1.1 and 1.2 require relative versions of several known con-
cepts and results which we now briefly discuss.

As indicated above, the proof that a skew-product extension has relative discrete spec-
trum rests on the Peter—Weyl theorem stating, in particular, that for a compact group H
the space C(H) of continuous functions on H is generated by the (finite-dimensional)
subspaces of representative functions Ry, of [7] € H, where H is the unitary dual of H
(see, e.g., [26, Theorem 5.12]). To prove that every topological, and then also measure-
preserving, relative skew-product extension (induced by open compact group bundles)
has relative discrete spectrum, we therefore first establish a Peter—Weyl theorem for open
compact group bundles as well as for the induced bundles of homogeneous spaces.

As a first step, we introduce the dual p: H — M of suchan open compact group bundle
p: H — M . Inspired by the classical connection between representations of locally com-
pact groups and the associated C*-algebras (as discussed, e.g., in Dixmier’s book [14]), as
well as earlier work of Muhly, Renault and Williams (see [58] and also [63]) and Goehle
(see [35]), we do so via the group bundle C*-algebra® C*(H) associated to p. In this way
we obtain H as a locally compact (Hausdorff) space (see Proposition 3.16) fibered over
M which admits “many” local continuous sections 6: O — H (see Theorem 3.18). We
can then define corresponding bundles of representative functions Rz — M which turn
out to be locally trivial vector bundles over M (see Theorem 3.22). By replacing the space
of continuous functions on a compact group from the classical Peter—Weyl theorem by the
Banach bundle of continuous fiber maps Cp(H) = U,,eps C(p~'({m})) — M, we then
prove the following (see Theorem 3.25 for a more detailed formulation).

Theorem 1.3. Let p: H — M be an open compact group bundle. Then C,(H) — M is
generated by the locally trivial vector bundles Rz — O defined by all local continuous
sections 6: 0 — H.

This and similar results (see Theorem 3.26, as well as Theorems 3.30 and 3.31 for
bundles of homogeneous spaces) are purely abstract harmonic analytic statements and are
of independent interest. However, applied to topological dynamics and ergodic theory,
they show that relative skew-product extensions (induced by open group bundles) have
relative discrete spectrum.

In order to go in the converse direction and represent topological extensions via rel-
ative skew-products, we rely on the concept of uniform enveloping semigroupoid intro-
duced by the first and the third author in [19]. They are inspired by the classical notion
of enveloping semigroups due to Ellis (see [23]). For a topological dynamical system
(K; ) with discrete spectrum it is known that the uniform enveloping semigroup given
by the closure E,(K; ¢) :={¢; | t € G} € C(K, K) with respect to the topology of uni-

2This is a special case of the more general construction of groupoid C*-algebras, see [61].
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form convergence (i.e., the compact-open topology) is a compact group. In the situation of
extensions ¢: (K; ¢) — (L; ) we obtain a similar statement if we consider the so-called
uniform enveloping semigroupoid €,(q) which is constructed in the space of continuous
fiber maps CJ (K, K) = Unm.mrer C(g~'({m}), g~ ({m’})). This provides a canonical
way to construct compact groups from extensions with relative discrete spectrum. Com-
bined with a continuous selection theorem due to Gleason (see [34]), the uniform envelop-
ing semigroupoid is the key for representing extensions via relative skew-products.

The last essential ingredient in the proof of Theorem 1.2 is a thorough inspection of
relatively invariant measures and their connections to usual invariant measures. Given an
extension of topological dynamical systems ¢: (K; ¢) — (L;v) and an invariant normal
measure /17, € PY (L) we show that the measures g € P?(K) with g, g = puz are in one-
to-one correspondence with the relatively invariant measures of g (see Proposition 4.21).
This observation rests on the previously mentioned canonical disintegration result already
used by Ellis in [24] which works without any countability assumptions. With this bijec-
tion, one can readily check that the topological model of a relatively ergodic extension
with relative discrete spectrum is not only topologically a relative skew-product exten-
sion, but also measure-theoretically. This is the main step for deducing Theorem 1.2 from
Theorem 1.1.

Organization of this paper

Our article is arranged into four parts: a preliminary section on topological bundles, a
section on compact group bundles and their representations, a section on structured exten-
sions in topological dynamics over Stonean spaces, and finally a section on structured
extensions in ergodic theory. We briefly give an outline of these different parts.

In Section 2 we first discuss some basic concepts concerning topological bundles, i.e.,
continuous surjections p: Q2 — M from a topological space €2 (usually carrying additional
algebraic structure) to a topological (usually compact or locally compact) space M (see
Section 2.1). To study structured extensions in ergodic theory and topological dynamics,
we then “relativize” notions of continuous functions (Section 2.2) and probability mea-
sures (see Section 2.3). Finally, the important case of so-called Banach bundles (i.e., a
relative notion of a Banach space) is considered in Section 2.4. This first section is both
an introduction to topological bundles and a toolbox for subsequent sections.

Section 3 is devoted to an extensive study of compact group bundles and their repre-
sentation theory. We first recall the concepts of compact group bundles and their associated
homogeneous spaces (Section 3.1) and the induced C*-algebras (see Section 3.2). We
then develop the representation theory of compact group bundles involving the definition
of their duals and a study of their representative functions in Sections 3.3, 3.4, and 3.5.
This culminates in Peter—Weyl type theorems for compact group bundles and bundles of
homogeneous spaces (see Sections 3.7 and 3.8).

The results of the second part are applied in Section 4 to structured extensions in
topological dynamics. We recall basic concepts and set up the notation in Section 4.1.
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Relative skew-product extensions are defined in Section 4.2 and then shown to have rela-
tive discrete spectrum (see Section 4.3). The main result of the second part is a converse
result: A topological Mackey—Zimmer representation theorem for structured extensions
over Stonean spaces (see Section 4.6). This requires the concepts of uniform enveloping
semigroupoids and relatively invariant measures, which are treated in Sections 4.4 and 4.5,
respectively.

Finally, in Section 5 the topological results of the fourth section are transferred to
ergodic theory. To do so, we recall in Section 5.1 (among other basic concepts for measure-
preserving systems) the important notion of topological models. In Section 5.2 we estab-
lish that every topological skew-product extension gives rise to a measure-preserving
extension with relative discrete spectrum. To show our main result, representing every
structured ergodic extension as a relative skew-product, we first construct a canonical
model of an extension in Section 5.3. We can then apply the topological results of the
previous part and obtain the Mackey—Zimmer-type representation theorem in Section 5.4.

1.3. Convention and notation

We assume that all compact and locally compact spaces are Hausdorff and all vector
spaces are complex. Moreover, we write L(E, F) for the space of all bounded linear
operators between normed spaces E and F and abbreviate £L(E) := L(E, E) and E' ==
L(E,C).

2. Topological bundles

2.1. Basic concepts

We start by recalling the concept of topological bundle: A topological bundle is a con-
tinuous surjection p: 2 — M between topological spaces 2 and M, called the fotal
space and base space, respectively. The base space M will often be locally compact. We
sometimes refer to 2 as the bundle and suppress the map p if it is understood from the
context. Usually, we consider open bundles, i.e., the map p is open. Moreover, we write
Q,n := p~1({m}) for the fiber over a point m € M.

With this notation, we state the following characterization of openness in terms of an
approximation property (see [1, Theorems 17.7 and 17.19]). This will be used at many
occasions throughout the article.

Lemma 2.1. For a continuous surjection p: 2 — M between topological spaces the fol-
lowing assertions are equivalent.

(a) pisopen.
(b) Whenever (my)qe4 is anetin M converging to some m € M and x € Qyy, is in the

fiber over m, there is a subnet of (mg)gep of (Ma)aca and elements xg € Qi
such that the net (xg)gep converges to Xx.
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A (global) continuous section of p: 2 — M is a continuous map o: M — 2 such that
poo =idy.If O € M is any open subset, then a continuous section for the restricted
bundle p|,-1(0): p~1(0) — 0O is called a local continuous section of the original bundle
p: 2 — M. Suppressing p we write I'(E) for the set of continuous sections and I',.(E)
for the set of all local continuous sections of p.

Finally, for two bundles p: Q2 — M and p’: Q' — M, we write

Qxpp Qi ={(x.x) e Q2x Q| plx) = p'(x)} CQxQ

for the corresponding fiber product which is itself a bundle over M in a canonical way. We
also use the notation € xs Q' for the fiber product if the maps p and p’ are understood
from the context.

2.2. Continuous fiber maps

It is convenient to work with a space of continuous maps reflecting the fibered structure
of a topological bundle. We recall the following construction from [19, Definition 2.1].

Definition 2.2. Let p: Q@ — M and p’: Q' — M’ be continuous surjections from topo-
logical spaces 2 and Q' to compact spaces M and M'. The set

@)= J CQnQ,)
meM,m'eM’
is the space of continuous fiber maps. Define s(¥) :=m and r () :=m’ for # e C(2p, 2,/
C C;,’/(Q,Q'), wherem € M, m’ € M’, and calls:Cf,’/(Q,Q’) — M and r:C},’,(Q,Q/) —

M’ the source map and range map, respectively. If Q' = C and M’ = {pt} is a singleton
set, we abbreviate C,(Q2) 1= Cp (2, Q).

In analogy to the space of continuous maps between two topological spaces, spaces
of continuous fiber maps can be equipped with a canonical topology (see [19, Defini-
tion 2.3]).

Definition 2.3. For continuous surjections p: 2 — M and p’: Q' — M’ from topological
spaces 2 and ' to compact spaces M and M’, we call the topology on C5 (2, )
generated by the sets

W(C.0) = {# € CE'(Q.Q) | #(C N Qy3)) S O N Q)

where C C Q is compact and O C Q' is open the compact-open topology on C} I(Q , ).

From now on, we equip any space of continuous fiber maps with the compact-open
topology. Recall the following characterization of convergence with respect to the compact-
open topology from [19, Proposition 2.4].>

3In the statement of [19, Proposition 2.4] only local compactness of Q is assumed, but the proof uses
compactness.
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Proposition 2.4. Let p: Q — M and p’: Q' — M’ be continuous surjections from topo-
logical spaces Q and Q' to compact spaces M and M. Assume that 2 is compact. For a
net (Vg)aca in Cg/(Q, Q') and an element ¥ € Cg/(Q, Q') the following assertions are
equivalent.

(@) The net (Vy)qea converges to 9.
(b) The following two conditions are satisfied.
1) limg s(¥y) = s(P).

(ii) Whenever (Og)pep is a subnet of (V4)aca, and (xg)gep is a net in Q
with p(xg) = s(0g) for every B € B converging to some x € 2, then
(9 (xg))gep converges to ¥ (x).

We give a simple example to illustrate this kind of convergence.

Example 2.5. Let a € [0, 1] be fixed and consider the closed subset 2 = {0} x [0, 1] U
(0,1] x [0, @] of the unit square [0, 1]2. Projecting onto the first component yields a contin-
uous surjection p: 2 — M, where M = [0, 1]. The zero functions 0,,: {m} x [0,a] — C,
(m,x) — 0 for m € (0, 1] converge for m — 0 in the space C,(£2) to any continuous func-
tion f:{0} x [0, 1] = C which vanishes on {0} x [0, a]. In particular, the limit is unique
(and then given by the zero function on {0} x [0, 1]) if and only if @ = 1. This is precisely
the case when p is an open map.

We obtain the following important corollary (cf. [19, Remark 2.5]%).

Corollary 2.6. Let p: Q2 — M and p': Q' — M’ be continuous surjections from topo-
logical spaces Q and Q' to compact spaces M and M'. Assume that Q is compact, Q' is
Hausdorff and p is open, then C5 (Q, Q') is a Hausdorff space.

Proof. Assume that (J4)ge4 is a net in CII,’/ (2, ') converging to two elements 9, ' €
C{,’,(Q, Q’). Then m := s(}) = s(¥¥'). For x € Q we find by Lemma 2.1 a subnet (9g)gep
of (Ya)aca and anet (xg)gep in 2 with p(xg)=s(dg) for all € B such thatlimg xg = x.
By Proposition 2.4 we then have

FH(x) = lién Bg(xg) = ' (x).
This shows ¢ = . L]

2.3. Fiber measures and relative measures

We need a relative version of measure theory for bundles for the study of extensions of
dynamical systems. We denote by P(£2) the space of regular Borel probability measures
on a compact space 2. By the Riesz representation theorem (see, e.g., [22, Appendix E]

“In the quoted remark the Hausdorff property for Q' is missing.
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or [49, Section 5]) the map

P(Q) — C(Q), p,r—>|:f|—>/9fd,u]

is an affine bijection onto a convex subset of the dual space C(2)’ which is compact with
respect to the weak*-topology. We will often identify P(2) with its image in C(£2)" and

write u(f) == [q f du for f € C(Q) and p € P(Q).

Definition 2.7. Let p: 2 — M be a continuous surjection between compact spaces. A
measure (1 € P(Q) is called a fiber measure if its pushforward measure p,u with respect
to p is a point measure on M. We write P, (€2) C P(£2) for the weak* closed subspace of
all fiber measures.

Remark 2.8. An equivalent condition for u € P(2) to be a fiber measure is that @ is
supported in a fiber 2, for some m € M, see the proof of [12, Lemma V.3.20] or [17,
Lemma 2.16].

The push-forward of measures then defines a continuous surjection py:P,(Q2) — M,
therefore P, (2) is a “topological bundle” over M.

The following result is a straightforward generalization of [19, Lemma 5.5] and will
be useful later.

Proposition 2.9. Let p: Q — M be a continuous surjection between compact spaces and
let (mg)gea a net in M converging to some m € M. Assume that Lo € C(Qp,) for each
a € A with limsupyey ||ftall < 0o and 1 € C(Qy). Then the following assertions are
equivalent.

@ limg po(flQm,) = 1(fle,) for each f € C(R).

(b) limg po(fo) = n(f) whenever (fo)aea is a net in Cp () with s(fo) = mq for
each a € A converging to some [ € Cp(2).

Proof. The implication “(b) = (a)” is easy. For the converse implication “(a) = (b)” let
(fa)aeca be a net in C,(2) such that s( fo) = mg for each o € A converging to some
f €Cp(R2). Choose F € C(2) with F|g,, = f.Forevery o € A there is x, € Q,,, with

|f0£(x06)_F(x01)’ = max }fa(y)_ F(J’)’
VEQmqy

Since it suffices to show that every subnet of (it ( fo))aca has a subnet converging to
n(f), we may assume by compactness of Q2 that the limit x := limy x4 € Q,, exists.
Hence,

lim max |fu(3) = FO)| = lim | fa(xa) = F(xa)| = [ £(6) = FG0)| = .
Since lim sup,, ||« |l < 00, we conclude that

himlioz(fa - Fla,,) =0.
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On the other hand, limy 1o (F|g,,,) = #(F) = u(f). In combination, limy iy (fo) =
w(f) as desired. L]

In particular, we obtain the following consequence of Proposition 2.9. Recall that here,
C,(R2) is abundle over M via the source map s (cf. Definition 2.2) and hence we can form
the fiber product P, (2) %, s C,(2) (see Section 2.1).

Corollary 2.10. Let p: 2 — M be a continuous surjection between compact spaces. Then
the map

Pp(R2) Xp, s Cp(2) = C, (., f) = u(f)

s continuous.

We also need the following concept of relative measure. This is the non-dynamical
version of the well-known concept of relatively invariant measure, see, e.g., [33] and Sec-
tion 4.5 below.

Definition 2.11. Let p: 2 — M be a continuous surjection between compact spaces. A
relative measure is a continuous section v: M — P,(2), m > v, of p4:Pp(Q2) — M. It
is fully supported if supp v, = ,, for every m € M. We denote the space of all relative
measures of p by RM(p).

We again provide a simple example.

Example 2.12. In the case @ = 1 of Example 2.5, the Lebesgue measure on the unit
interval induces a fiber measure on every fiber 2, = {m} x [0, 1] form € M = [0, 1] and
these form a relative measure for the continuous surjection p: 2 — M.

Note that, in general, relative measures do not need to exist (consider, e.g., the map
p:10,1] — [0, 1]/ ~ identifying the two endpoints 0 and 1).
We note the following lemma for later use.

Lemma 2.13. Let p: Q2 — M be a continuous surjection between compact spaces and
viM — P,(R2), m > vy, a fully supported relative measure. Let further r € [1, 00) and
m € M. Then every g € C(Q,) has an extension h € C(Q2) with

X [l 17 @0 = 1L )

Proof. We may assume that ¢ := ||g||L7(@,,,v,,) 7 0. First, pick any continuous extension
g € C(R2). By the continuity of the relative measure, we find some neighborhood O of m
with || gl @, v, > 5 forallm’ € O.Let f € C(M) with f(m) =1,0 < f <1, and
support in O. Then

c X L, ifx € p~1(0),
h(x) = 7 (p) Il @p)0p ) r0)

else,

defines an extension & € C(€2) with the desired property. |
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The next result establishes a connection between relative and ordinary measures. Given
a continuous surjection p: 2 — M between compact spaces, relative measures for p allow
to “lift” measures upy € P(M) to measures pg on Q with p.pug = upy. More is true
if pps is normal meaning that the canonical map C(M) — L (M, uys) is a bijection
(hence M is isomorphic to the Stone space of the measure space (M, jipr), and in partic-
ular, a Stonean, i.e., an extremally disconnected and compact, space, see [49, Section 9]
and [22, Section 12.4]). In this case, any measure g € P(2) with p,uug = ppy can be
disintegrated to obtain a relative measure (cf. [24, Section 2] and [48, Section 8]).

Proposition 2.14. Let p: @ — M be a continuous surjection between compact spaces
and pys € P(M) fully supported. The canonical map

/duM:RM(p)ﬁ{uneP(Q)Ip*/AQ:MM}, v'—>/ vdum
M M

with ([, vdum)(f) = [y vm(f) dpas (m) for f € C(Q) and v € RM(p) is
(i) injective, and

(i)  bijective if (pr is normal.

Proof. It is clear that the map [y, duas is well defined. For (i) take v, 0 € RM(g) with
Sy vdum = [; odup and f € C(R). Then

f (M) om(f) dpung (m) = / vm((g 0 p) - f) dpeag (m)
M M
- [ om((g 0 p) - ) ditas (m)
M
- / ¢ (m)m () djuar (m)
M

for every g € C(M). This implies v, (f) = om(f) for almost every m € M. Since jups
has full support, this equality even holds for every m € M. We conclude that v,, = @, for
every m € M and thus v = p.

For (ii) we assume that pps is normal and take a measure (g €P(2) with p.pug = .
Consider the corresponding conditional expectation operator E(az,,,,): L>(2, ug) —
L (M, upr). Composing this with the inverse of the canonical isomorphism J: C(M) —
L (M, jpr) we obtain a bounded linear map J "' Ear,,,,): L (2, tg) — C(M) which
induces an operator P:C(Q2) — C(M). We set vy, := §,, o P € P(Q2) for the point measure
8m € P(M) and m € M. One can readily check that this defines an element v € RM(p).
Moreover,

/ fdug = / P (m) dpiag (m) = / Sun(P ) dptng (m) = / v () dag (m)
Q M M M
for every f € C(2) as desired. |

Remark 2.15. The proof of part Proposition 2.14 (ii) is based on an equivalent description
of relative measures via conditional expectation operators, see [33, Proposition 3.1].
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2.4. Banach bundles

An important type of bundles are so-called Banach bundles. We recall the definition (see
[16, Definition 1.1], [29, Section 1 and Theorem 3.2] and [19, Section 4]).

Definition 2.16. A continuous and open surjection s: £ — M from a topological space
E to alocally compact space M is a continuous Banach bundle over M if
(i) every fiber E,, for m € M is a Banach space,

(i) the maps

Exy E—E, (v,w)—v+w,
CxE—E, (A, v) = Av,

E — Ry, v = [[v]lse)

are continuous, and

(iii) for every m € M, the sets
V(0,e):={v e sTHO) | v]lse) < e}

for ¢ > 0 and neighborhoods O of m in M define a neighborhood base of the
zero vector Og,, € Ej.

The definition of a continuous Hilbert bundle is analogous (every fiber is a Hilbert space
and the corresponding inner products on the fibers define a continuous map on the fiber
product).

The following is the most important example of a continuous Banach bundle in this
article.

Example 2.17. Let p: 2 — M be an open continuous surjection between compact spaces
€2 and M. Then the space of continuous fiber maps C,(£2) with the compact-open topol-
ogy defines a continuous Banach bundle s: C,,(2) — M over M, see [19, Example 4.5].

Continuous Banach bundles s: E — M always admit many continuous sections: For
every v € E thereis o € T'(E) with a(s(v)) = v (see, e.g., [29, Theorem 3.2]). Moreover,
the space of all bounded continuous sections

I'y(E) = {0 e '(E) | sup Ho(m)” < oo}
meM

is canonically a module over the algebra C, (M) of bounded continuous functions on M
by defining multiplication with functions in C, (M) fiberwise. Together with the complete
norm defined by ||o’|| := sup,,cps ll0(m)| E,, for o € T',(E) the space I'y,(E) is a Banach
module, ie., || fo| < |f]l - o] for all f € Co(M) and o € T,(E), see [19, Remark
4.3 (1)] and [16, Chapter 2]. In fact, there is a correspondence between continuous Banach
bundles and certain Banach modules (see, e.g., [41] and [16, Theorem 2.6]).
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However, here we only need the following Stone—Weierstrass theorem for Banach
bundles (see [29, Corollary 4.3]). For a continuous Banach bundle s: E — M over a locally
compact space M we call asubset D C E fiberwise dense (resp. fiberwise total) if D N E,,
is dense (resp. total) in E,, for every m € M (see [19, Remarks before Theorem 4.8]).

Proposition 2.18. Let s: E — M be a continuous Banach bundle over a compact space
M and " C T(E) a C(M)-submodule such that {oc(m) | m € M, o € T’} is fiberwise
dense in E. Then I’ is dense in T (E).

In the case of Example 2.17, the space of continuous sections can be represented as
follows (see again [19, Example 4.5]).

Example 2.19. Let p: 2 — M be an open continuous surjection between compact spaces
Q and M. Then the map

C(Q) > T(Cp(Q). [ Ime fla,l
is an isometric C(M)-linear bijection, where C(2) is equipped with the multiplication
f-g=(fop)gfor f e C(M)and g € C(R).
We also need the following concept of continuous Banach subbundle.

Definition 2.20. Let s: E — M be a continuous Banach bundle over a locally compact
space M. A restriction s|p: F — M to asubset F C FE is a continuous Banach subbundle
if s| F is still open and Fy, :== E,, N F is a closed linear subspace of E,, for everym € M.

Moreover, if O € M is an open subset, then we call a continuous Banach subbundle
of the restriction §|s-1(p): s~1(0) € E — 0 a local continuous Banach subbundle of s
(over O).

A continuous Banach subbundle of a continuous Banach bundle is then indeed a
Banach bundle in its own right (see [29, Section 8]).

We can also extend a local continuous Banach subbundle over an open subset to a
continuous subbundle over the whole base space.

Lemma 2.21. Consider a continuous Banach bundle s: E — M over a locally compact
space M and a local continuous Banach subbundle s|p: F — O of s over an open subset
O C M. Set
Fr=FU [J {0m) CE.
meM\O
Then s|r,: Fy — M is a continuous Banach subbundle of s.

Proof. The only non-trivial part is to show that 5|z, : F — M is an open map. So take v €
F4 and V C E aneighborhood of v € E. We show that s(V N F ) is then a neighborhood
of s(v)in M.

If v € F, then, since s|g: F — O is a localy continuous Banach subbundle, the set
s(F N V)isaneighborhood of s(v) in O, and hence in M. Since s(F N V) Cs(FL NV),
s(F+ NV) is a neighborhood of s(v) as desired.



Representation of relatively ergodic compact extensions 15

If v ¢ F, then we find some m € M \ O with v = 0y,. By the definition of a Banach
bundle, we may therefore assume that V = V(0', &) = {w € s71(0’) | |w||sw) < &} for
some neighborhood O’ of m = s(v) and ¢ > 0. But then s(F+ N V) = O’. L]

In the remainder of this section we will deal with Banach and Hilbert bundles which
are locally trivial. Recall first the concept of locally trivial vector bundle (see, e.g., [52,
Chapter I], [44, Chapter 3]).

Definition 2.22. A continuous surjection s: £ — M from a topological space E to a
locally compact space M is a locally trivial vector bundle over M if every fiber E,, for
m € M is a vector space and for every point m € M there are a compact neighborhood
C C M of m, some d € Ny and a homeomorphism ®: s~ (C) — C x C? such that

(i)  with the projection pr;: C X C? — C onto the first component, the diagram

sTlo)——2 . cxcd

N4

(i)  therestriction ®|g, ,: Epy — {m'} x C4 is a vector space isomorphism for every
/
m' e C.

commutes, and

Notice that here the condition of “local triviality” automatically implies that the map
s: E — M is open.
We now define locally trivial Banach bundles.

Definition 2.23. A continuous Banach bundle s: E — M over a locally compact space M
is a locally trivial Banach bundle if s (with the given vector space structure on the fibers)
is a locally trivial vector bundle in the sense of Definition 2.22.

The next result is a consequence of [29, Proposition 10.9] and yields an automatic
compatibility with the norm. It shows that our definition of locally trivial continuous
Banach bundles is equivalent to that of [29, Section 17] and [19, Definition 4.2].

Lemma 2.24. Let s: E — M be a locally trivial Banach bundle over a locally compact
space M and ®:57'(C) — C x C? a “trivialization” as in Definition 2.22. Then there
are constants ¢y, cy > 0 such that

cilloll < [pry(@)| < eallvll forv es™H(C),

where pry: C X C4 — C4 is the projection onto the second component and C% carries
the Euclidean norm.

The following Serre-Swan-type duality result (see [19, Proposition 4.13]) shows that
local triviality of a Banach bundle over a compact space is reflected nicely by its space of
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continuous sections (cf. [67]). Recall here that a module I" over a ring R is projective if
there is an R-module A such that I" @ A is a free R-module.

Proposition 2.25. For a continuous Banach bundle s: E — M over a compact space M
the following assertions are equivalent.

(@) s: E — M islocally trivial.

(b) T'(E) is finitely generated and projective as a C(M)-module.

Obviously, every locally trivial Banach or Hilbert bundle defines, by forgetting the

norms or the inner products, a locally trivial vector bundle in the usual sense. The follow-
ing converse result is easy to prove (cf. [67, Lemma 2]).

Proposition 2.26. If s: E — M is a locally trivial vector bundle over a compact space,
then there is a continuous map

(|):Exy E—C
turning s into a continuous Hilbert bundle over M .

A map as in Proposition 2.26 is called a continuous inner product of the locally trivial
bundle.

The following basic result on locally trivial Hilbert bundles will be of use later on (cf.
[24, Proof of Theorem 5.12]).

Proposition 2.27. Let s: E — M be a locally trivial continuous Hilbert bundle over a
locally compact space M and d € Ny with dim E,, = d for all m € M. Then there are
local continuous sections t1, . ..,tq: O — E defined on a dense open subset O of M such
that {t1(m), ..., 1q(m)} is an orthonormal basis of E, for every m € O.

Proof. For each m € M, we find an open neighborhood and local continuous sections

71, ..., Tq such that {t;(m), ..., tg(m)} is an orthonormal basis of E,,. The result now
follows from Zorn’s lemma. ]
We call a collection of sections t1, ..., 7y as in Proposition 2.27 a densely defined

local orthonormal basis of the bundle.
As a consequence of [29, Theorem 18.5] we have the following characterization of
locally trivial continuous Banach bundles.

Proposition 2.28. For a continuous Banach bundle s: E — M over a locally compact
space M the following assertions are equivalent.

(@) s:E — M islocally trivial.

(b) All fibers E,, for m € M are finite-dimensional and the dimension map
dim: M — Ny, m+ dim(E,,)

is locally constant.
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As a corollary, we obtain the following interesting and helpful characterization of
locally trivial subbundles.

Corollary 2.29. Let s: E — M be a locally trivial vector bundle over a locally compact
space M, and F C E a subset such that F N E,, is a linear subspace of E,, for every
m € M. Then the restriction s|p: F — M defines a locally trivial vector bundle if and
only if the following two conditions are satisfied.

(i)  F isaclosed subset of E.

(ii)  The restriction s|g: F — M is open.

Proof. Since all the properties can be checked locally on M, we may assume that M is
compact. Using Proposition 2.26 we choose a continuous inner product (-|-): £ xp E— C.
If s|F is locally trivial, then condition (ii) is clearly fulfilled and (i) is a consequence of
[19, Lemma 4.16]. Now assume conversely that (i) and (ii) hold. Since the dimension of E
is locally constant, we may assume that sup,, ¢, dim(F;,;) < sup,,cpr dim(Ey,) < co. In
view of Proposition 2.28 it now suffices to show that the dimension map dim: M — N,
m +— dim(F,,) is locally constant. Let d be the maximal dimension among fibers of F
and consider the set
Mg :={meM|dimF, =d}

which is open by [29, Theorem 18.2]. By Proposition 2.28, s~ 1(My) — My is a locally
trivial bundle over M;. We choose a densely defined local orthonormal basis

01,...,04:0 —>s_1(Md).

Now pick a point m € My € M. We then find a net (m¢)qe4 in O converging to m. Since
llox (my)|| = 1 for every @ € A and bounded subsets of E are relatively compact in E by
[19, Lemma 4.15], we may assume, by passing to a subnet, that the limit v; := limgy 0; (my,)
exists in E and hence by (i) in F forevery i € {1,...,d}. But then

(vil0j) = lim (03 () 0 () = 83

foralli, j € {1,...,d}. Therefore the vectors vy, ..., vs form an orthonormal subset of
F,,. We conclude that dim F;, = d. This shows that My is closed and consequently clopen
in M. By considering E and F on the complement of M, and iterating the previous steps,
we conclude that the dimension of F is in fact locally constant. ]

3. Representations of compact group bundles

3.1. Compact group bundles

To state our version of the Mackey—Zimmer theorem, we need to introduce compact group
bundles (cf. [17, Definition 2.19]).
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Definition 3.1. A continuous surjection p: H — M from a compact space H to a compact
space M is a compact group bundle if
(i) every fiber H,, :== p~'(m) form € M is a group, and
(i) the maps
Hxy H— H, (x,y) xy,
H — H, X = x_l,

M — H, mwlg,
are continuous.

Evidently, every compact group can be considered a compact group bundle over a
singleton. The following are further basic examples.
Examples 3.2. Let M be any compact space and H a compact group.

(i)  The product M x H defines an open compact group bundle over M by project-
ing onto the first component. This is the trivial group bundle with fiber H .

(i) Ifmg € M, then the quotient of M x H given by identifying all points (¢, x)
for x € H defines an open compact group bundle over M. The fiber over every
point m € M \ {mg} is isomorphic to H, whereas the fiber over my is given by
a trivial group.

(i) If mo € M is an accumulation point of M and the group H is non-trivial, then
the subspace M \ {mo} x {1z} U {mo} x H C M x H provides an example of
a compact group bundle which is not open.

Examples 3.2 (ii) and (iii) are also examples for the following concepts.

Definition 3.3. Let p: H — M be a compact group bundle over a compact space M .
(i) A restriction p|y: U — M is a closed subgroup bundle of H if U C H is a
closed subset such that U,, := U N H,, is a subgroup of H,, for everym € M.
(i) If ply: U — M is a closed subgroup bundle of p, then the canonical map
puH/U — M, where H/U = U, eps Hm/Um is equipped with the quo-
tient topology is the homogeneous space bundle induced by U. For x € H the
equivalence class in the quotient space H/U is denoted by xU..

The following lemma collects some basic facts about compact group bundles.

Lemma 3.4. Let p: H — M be a compact group bundle over a compact space M, and
plu:U — M a closed subgroup bundle.
(1)  The quotient space H/U is a Hausdorff space.

(i) For each m € M the subspace Hp, /Uy, € H/U carries the quotient topology
with respect to the canonical surjection Hy, — Hy, [ Up,.

(iii) The canonical action H xpy H/U — H/U, (x, yU) + xyU is continuous.
(iv) If p: H — M is open, thensois pjy: H/U — M.
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Proof. Since the equivalence relation defined by the canonical map q: H — H/U is
closed, part (i) follows from [8, Section 1.10.4, Proposition 8]. Parts (ii) and (iv) are easy
to check.

We prove (iii). By the closed graph theorem for compact spaces (see, e.g., [15, Theo-
rem X1.2.7]), it suffices to show that the map has a closed graph. So let ((xy, YoU))aeca
be anet H x3r H/U converging to (x, yU) such that (x4 ysU)geq converges to zU in
H/U. We have to show that zU = xyU. Using compactness of H and continuity of the
quotient map H — H /U, we may assume, by passing to a subnet, that limy, y, =y € H.
But then limy x4 yo = xy in H by continuity of multiplication in compact group bundles.
We conclude that limy x4 ¥ U = xyU in H/U and therefore zU = xyU as desired. m

The following special case of a result of Renault (see [62, Lemma 1.3]) characterizes
when a compact group bundle is open, where we use the fact that a compact group bundle
is a special case of a compact groupoid (cf. Section 4.4). Here and in the following the
Haar measure of a compact group H is denoted by Ay .

Proposition 3.5. For a compact group bundle p: H — M over a compact space M the
following assertions are equivalent.

(i)  The compact group bundle p: H — M is open.

(i) The map M — P,(H), m — Ag,, is continuous, hence a relative measure.

3.2. Group bundle C*-algebras

We now consider the C*-algebra associated with an open compact group bundle (see [58,
Section 3] and [35] in the case of bundles of locally compact abelian groups), which is a
special case of the general version for locally compact groupoids with a continuous Haar
system, see [01, Definition II.1.12].

Definition 3.6. Let p: H — M be an open compact group bundle over a compact space M.

The space C(H ) equipped with the multiplication given by

(f *g)(x) = . Sey)g(y™) dAm,,, () forevery x € H
p(x)

for f, g € C(H) and the involution defined by
f*(x) = f(x~1) foreveryx € H
for f € C(H) is the convolution algebra of H .

One can check that this is indeed a *-algebra, see [61, Proposition II.1.1]. The asso-
ciated C*-algebra is constructed via the representations of the convolution algebra (see
[61, Definitions II.1.3 and II.1.5]).

Definition 3.7. Let p: H — M be an open compact group bundle over a compact space M.
A (non-degenerate) bounded representation of C(H) is a *-algebra homomorphism

m:C(H) = L(E)
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with E a Hilbert space such that

A NwON = sppmenm Sy, |f1dAm forevery f € C(H), and
(i) E =Tlin{n(f)v| f eC(H),ve€E)}.

One can show that there is always a “faithful family of bounded representations”
(see [61, Proposition II.1.11]) and this enables the following definition (see [61, Defi-
nition II.1.12]).

Definition 3.8. The completion of C(H ) with respect to the norm || - || defined by
I £1I == sup {|(f)|| | = bounded representation of C(H)} for f € C(H)

is called the group bundle C*-algebra associated to an open compact group bundle p: H —
M over a compact space M. We denote it by C*(H).

In this way, every open compact group bundle gives rise to a C*-algebra. In the case of
the trivial bundle over a singleton defined by a compact group, this agrees with the usual
group C*-algebra (as defined, e.g., in [14, Section 13.9] or [26, Section 7.1]).

3.3. Representations and the dual space

The following result relates the irreducible representations of the group bundle C*-algebra
to the irreducible unitary representation of its fiber groups (see [58, Corollary 3.4] for the
case of abelian fiber groups). Recall here that a representation on a Hilbert space E is
irreducible if E is non-zero and there are no non-trivial closed subspaces of E which are
invariant with respect to the representation, see [14, Sections 2.3 and 13.1]. Moreover,
unitary representations are assumed to be continuous with respect to the strong operator
topology, and vector-valued integrals are understood in the weak sense (see, e.g., [64,
Definition 3.26]).

Proposition 3.9. Let p: H— M be an open compact group bundle over a compact space M.

(i) Ifme M and o: Hy,, — L(E) is a unitary representation of Hy,, on a Hilbert
space E, then there is a unique non-degenerate representation wy: C*(H) —
L(E) with

To(fHv = /H f(x)o(x)vdAg, (x) foreveryv € E and f € C(H).

Moreover, o is irreducible if and only if m, is irreducible.

(i)  Comversely, for each non-zero irreducible representation w:C*(H) — L(E)
there is a unique q(m) € M and a unique irreducible unitary representation
Or: Hyry > L(E) withm = 7y,

(iii) Two non-zero irreducible representations w1 and 75 of C*(H) are equivalent if
and only if (1) = q(;r2) and the corresponding unitary group representations
Ox, and 0, are equivalent.
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Note that this result is well known for compact (even locally compact) groups, see
[14, Sections 13.3 and 13.9].

Remark 3.10. The assumption of irreducibility in (ii) cannot be dropped as can be seen
easily by considering the trivial group bundle M x {1} — M over a compact space M
with at least two elements.

For the proof of Proposition 3.9 we recall the concept of multiplier algebra which
is a non-commutative analogue of the Stone—Cech compactification of locally compact
spaces. The following is a possible construction (see [6, Section I1.7.3], see also [10]).
Given a C*-algebra #, consider the set M (A) of double centralizers, i.e., the set of all
pairs (L, R) of linear maps on 4 with fL(g) = R(f)g forall f,g € A.If (L,R) is a
double centralizer, then L and R are bounded operators on # with || L|| = || R||. Moreover,
M (#A) becomes a unital C*-algebra when equipped with

(1)  thenorm |(L, R)| := || L] for (L, R) € M(A),

(i) addition and scalar multiplication defined componentwise,

(iii) the multiplication defined by (L1, Ry) - (L2, Ry):=(L1L,, Ry Ry) for (L1, Ry),
(L2, R2) € M(A), and

(iv) the involution given by (L, R)* := (R*, L*) for (L, R) € M(A), where L* f :=
(Lf*)*and R* f := (Rf*)* for f € .

The canonical map
A —> M(A). [ — (L. Ry)

with Lyg := fgand Rrg := gf for f, g € 4 is an embedding of the C*-algebra + onto
a closed ideal of M(+A). Moreover, every non-degenerate representation w: A — L(E)
of 4 on a Hilbert space E has a unique extension to a unital representation of M (+A)
and this satisfies 7((L, R))n(f) = w(Lf) for all (L, R) € M(4A) and f € A (see [0,
Theorem I1.7.3.9]).

Further note that a double centralizer is of the form (S, S) for S € £(A) if and only
if it is in the center of M(+) (this can be checked easily by using the density of #4 in
M (A) with respect to the strict topology, see, e.g., [10, Proposition 3.5], and [10, Proposi-
tion 2.5]). Combining this observation with [61, Proposition II.1.14] yields the following.

Lemma 3.11. Let p: H— M be an open compact group bundle over a compact space M.
For each f € C(M) the map

Sf:C(H) - C(H), g~ (fop)-g
has a unique extension to a bounded operator Sy € L(C*(H)). Moreover, the mapping
C(M) — Z(M(C*(H))), f = (8¢, Sr)

defines a unital *-embedding of the commutative unital C*-algebra C(M) into the center
Z(M(C*(H))) of the multiplier algebra M(C*(H)).
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We are now ready to prove Proposition 3.9 by using ideas of the proof of [16, Theo-
rem 2.4].

Proof of Proposition 3.9. For part (i) observe that for mm € M every unitary representation
o: Hy — L(E) on a Hilbert space E gives rise to a unique non-degenerate bounded
representation Né of the convolution algebra C(H,,) of the fiber group H,, via

né(f)v = /H f(x)o(x)vdAg, (x) foreveryv € E and f € C(Hp)

by [14, Proposition 13.3.1]. Composing né, with the restriction map C(H) — C(Hy,),
f +— f|u, we therefore obtain a non-degenerate bounded representation r, of C(H) in
the sense of Definition 3.7. By definition of the group bundle C*-algebra, this represen-
tation extends to a representation of C*(H). Uniqueness is clear since C(H) is a dense
subspace of C*(H). Moreover, by [14, Remark 13.3.5] g is irreducible if and only if 7,
is irreducible which is the case if and only if 7, is irreducible.

We now prove (ii) and let 7: C*(H) — L(E) be a non-zero irreducible represen-
tation of the group bundle C*-algebra C*(H). Then 7 is non-degenerate and therefore
has a unique extension to an irreducible unital representation of the mutilipier algebra
M(C*(H)), which we also denote by 7, and this satisfies 7 ((L, R))w(f) = n(Lf) for
every f € C(H). We first show that 7 induces a representation of the convolution algebra
C(H},) of a fiber group H,, for somem € M.

For f € C(M) we obtain with Lemma 3.11 that w((Sr, Sr)) is in the center of the
image 7 (M(C*(H))). But the latter is given by {zIdg | z € C} C L(FE) since the repre-
sentation 7 is irreducible, see [14, Section 2.3]. We conclude that there is a multiplicative
linear functional y: C(M) — C with n((Sy, Sr)) = x(f)Idg forall f € C(M). As  is
unital, we have

7((S1, 51)) = 7((dcx(ay, lde=(m))) = ldE.

Thus, y(1) = 1, and hence y is a point evaluation (see, e.g., [22, Lemma 4.10]). Therefore,
there is a unique m € M such that 7 (S¢, Sy) = f(m)ldg for every f € C(M).

We now show that ||z (g)|| < me |g| dA g, for every g € C(H). So take g € C(H)
and a neighborhood O of m in M. We then find /' € C(M) with 0 < f(m’) < 1 for all
m’ € M and support in O such that f(m) = 1. Since || (h)| < sup,ycps [ |h|dAn,, for
every h € C(H), we obtain

@] = = o pa)l = sw [ romlsnm, = sw [ el

m'eO JH,,

Thus, ||7(g)|| < /, H, |g| dA g, as desired by continuity of the Haar system (see Proposi-
tion 3.5). In particular, 7 factors through the quotient

C(Hm) = C(H)/{f € C(H) | fln, = 0}.

We conclude that 7 induces a non-degenerate *-algebra representation t of the con-
volution algebra C(H,,) on E which admits no non-trivial closed invariant subspaces
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and is bounded with respect to the L!-norm on C(H,,). By [14, Proposition 13.3.4 and
Remark 13.3.5] there is a unique irreducible representation o of H,, such that

n(g) = o(glu,) = /H f(¥)o(x)dAm,, (x) = 7p(g)  forevery g € C(H)

and this shows (i1).
Finally, part (iii) is an easy consequence of the uniqueness properties in (i) and (ii). m

Recall that for a C*-algebra +, the spectrum A are equivalence classes of non-zero
irreducible representations of «# (see [14, Chapters 2 and 3]). Proposition 3.9 motivates
the following definition (cf. [58, Section 3]).

Definition 3.12. Let p: H — M be an open compact group bundle over a compact space
M . The dual H of H is the spectrum of the C*-algebra C*(H).

In view of Proposition 3.9, H is (as a set) in a one-to-one correspondence with the
union | J,,,c s H,,, where H,, is the unitary dual of the compact group H,, foreachm € M
(cf. [26, Sections 7.1 and 7.2] and [14, Chapter 18]) In the following we will identify
elements of H with their counterparts in |, ¢ s H,,. Moreover, we denote the canonical
mapping H—>M by p.

3.4. Positive definite functions

For a better understanding of the dual of an open compact group bundle, we recall the
concept of positive definite function (see, e.g., [14, Section 13.4]). Given a compact group
H, a unitary representation w: H — L(E) of H on a non-zero Hilbert space E, and v € E
with ||v|| = 1 we call the mapping

fiH—>C, x (7(x)v|v)

a normalized positive definite function associated with . Note that if the vector v € E is
cyclic, i.e., lin{r(x)v | x € H} is dense in H, then by [14, Theorem 13.4.5] the unitary
representation 7 is determined by the induced map f up to equivalence. A normalized
positive definite function is pure if it is associated with an irreducible unitary represen-
tation w: H — L(FE). We write Pos; (H) for the set of all normalized positive definite
functions associated to unitary representations of H and PPos; (H) for the subset of pure
ones.

Now if p: H — M is an open compact group bundle over a compact space M, we set

Pos;(H) = U Pos; (Hpn),
meM

PPos (H) := |_J PPosi(Hpn).
meM

and equip these spaces with the subspace topology induced by C,(H).



N. Edeko, A. Jamneshan, and H. Kreidler 24

Similar to the case of locally compact groups, we can relate the space of normalized
positive definite functions with the state space of the corresponding C*-algebra (cf. [14,
Theorem 13.5.2 and Remark 18.1.3]). Recall that here, in analogy to the definition of
positive definite functions above, for a C*-algebra #, a non-degenerate representation
. A — L(E) of 4 on a Hilbert space E, and a vector v € E with ||[v]| = 1 the map

wh—>C, [ (7(f)v]v)

is called a state associated to 7 (see [14, Sections 2.1 and 2.4]). Again, if v € E is cyclic,
ie., {mw(f)v | f € A} is dense in H, then by [14, Theorem 13.4.5], 7 is uniquely deter-
mined up to equivalence by w (see [14, Proposition 2.4.1]). The state w is called pure
if it is associated with a non-zero irreducible representation (see [14, Section 2.5]). The
convex set of all states is denoted by S(+) and we equip it with the weak* topology. We
write PS(4) for the subspace of pure states.

Proposition 3.13. Let p: H — M be an open compact group bundle over a compact
space M.

(1)  Forevery f € Posy(H) associated to a unitary representation o of a fiber group
there is a unique state wr € S(C*(H)) associated to m, with

Hy(r)
forall g € C(H).
(i) The map
Posi(H) — S(C*(H))., [+ of

is a homeomorphism onto its range.

(iii) The restricted map
PPos|(H) — PS(C*(H)), [+ of

is a homeomorphism.

The following lemma is the essential part of the proof of Proposition 3.13. It is an
analogue of [14, Theorem 13.5.2] (see also [26, Theorem 3.31]) and uses similar methods.

Lemma 3.14. Let p: H — M be an open compact group bundle over a compact space
M. For a net (fo)aca in Pos1(H) and f € Posy(H) the following are equivalent.

(@) limy fo = f.
(b) hmot A'Hs(fa)(fotg) = AHs(f) (fg)fOr every g € C(H)

Proof. The implication “(a)=-(b)” is a direct consequence of Corollary 2.10. Now sup-
pose that (b) holds and write my = s( fy) for every o € A as well as m = s(f).
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We first show that limy 714, = m. Assuming the contrary, we find a subnet (mg)gep
of (mg)aea and a neighborhood O of m such that mg ¢ O for every B € B. Choose a
function 7 € C(M) with support in O such that #(m) = 1. By (b) we obtain

0=tim [ fy-Ghop)gdhn, = [ f-Gop)gdiu, = [ fgdin,
B JHng Hp Hp,

for every g € C(H), hence f = 0. Since f(1g,,) = 1, this is a contradiction.

We now check the second condition of Proposition 2.4 (b). So let (fg)gep be a subnet
of (fa)aca and (xg)gep anetin H converging to some x € H such that p(xg) = s(fp)
for every B € B.

Fix & > 0 and choose, using the continuity of f, a function g € C(H) with0 < g(y) <
1forall y € H suchthat g(1p,,) = 1 and

|f(y) — 1| <e forevery y € g71((0,00)) N Hy,. 3.D

Using the continuity of the Haar system (see Proposition 3.5) and the fact that Ay, (g) # O,
we choose 81 € B such that )‘Hmﬁ (g) # 0, as well as

A () <l+e (3.2)
Aty (8)
and
Aty (&) = A, (8)] = A, (8)e 3.3)
for every B > 1. By (b) we find 8, > 81 such that
|, (f8) = A, (f38)] < Am, (e (34

for every B > fB,. For B > B, we then obtain
|)LHmt; ((]l - fﬂ)g)|
< |)tH,,,,S (&) — i, (®)| + Am, (11— flg) + |Am,, (f2) — AH,, (f32)|:

hence
At (1= fp)8)| < 34, (8)e (3.5)

by inequalities (3.1), (3.3) and (3.4). Setting hg(y) := g(xpy) for every y € Hy,, and
B e Baswellas h(y) := g(xy) for y € Hy,, we obtain limg hg = h in C,(H ). Combining
this with (b) yields

lién(g|Hm3 * fp)(xg) = lién)thﬁ (hg fg) = Am, (hf) = (glH,, * f)(x),

see Proposition 2.9. We therefore find 83 > 5, such that

(&la,, * fp)(xp) = &l * X)) =¢ (3.6)

1 1
Aty (8) A, (8)

"B
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for every 8 > B3. By [26, Lemma 3.30] the inequality
1
| f5(r""xp) — fa(xp)| < V2(1 —Re f3(»))?

holds for all y € H,,, and every 8 € B. Hence,

1
‘AH—(g)(gIH,,,ﬂ * fg)(xp) — fp(xp)

"B
1 —_—
= m/g(y)\fﬂ(y "xg) — f3(xp)| dhmy (3)
V2 L ,
= mmﬁ (¢7 - (g- (1 —Re f3))?)

for every B € B. Since

(Sl

1 1 1
AHn, (82 - (g (L —Re fp))?) < Am,,, (¢)? - a1, (g (L —Re fp))
by Cauchy—Schwarz, we obtain
%

) it e 1~ Re f)*.

D=

1
‘W@mﬂ S~ Syt = (

and, in view of (3.2) and (3.5),

2
Aty (8)

1 1 1
‘lﬂmﬁ () &ty * J5)xp) = fﬁ(xﬁ)‘ < J@(#ﬁ(é))) < Vee(l +¢), (37

for every B > B3. Similar estimates yield

< Vee. (3.8)

1
'AH,,, @ (&lH, * [)(x) = f(x)
Combining (3.6), (3.7) and (3.8) we finally obtain

| f5(xp) — f(x)| < V6e + V6e(l + &) + e

for every 8 > 3. L]

Proof of Proposition 3.13. Take m € M and a unitary representation o: H,, — L(FE) of
the compact group H,, on a non-zero Hilbert space £ and v € E with |Jv| = 1. Let f
be the corresponding normalized positive definite function, i.e., f(x) = (o(x)v|v) for all
x € Hy,,. Moreover, consider the non-degenerate representation r, of C*(H) of Proposi-
tion 3.9 (i) and the state

wr:C*(H) > C, g (mo(g)v|v).
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associated with 7,. Then,

07 (8) = (mo(g)v]v) = /H () (0)v]v) dhg, (x) = /H Fedhm,

for every g € C(H). This shows existence of the desired state wy. Uniqueness is clear as
C(H) is dense in C*(H). Hence (i) is proved.

For (ii) we observe that the defined map is clearly injective. It follows from Lemma 3.14
that it is a homeomorphism onto its range.

Finally, part (iii) is an easy consequence of (ii) and Proposition 3.9. ]

3.5. Topology of the dual

The spectrum of a C*-algebra can be equipped with a topology in a natural way (see, e.g.,
[14, Chapter 3]). In particular, we obtain a topology on the dual H of an open compact
group bundle p: H — M over a compact space M. Combining Proposition 3.13 with
[14, Theorem 3.4.10] yields the following description of the closure with respect to this
topology (cf. [14, Chapter 18] for the case of locally compact groups). Here, we say that
f € PPos;(H) is associated with an element [r] € H (which is an equivalence class of
representations) if it is associated with some (and then every) of its representatives.

Proposition 3.15. Let p: H — M be an open compact group bundle over a compact
space M. For a subset C C H and [r] € H the following assertions are equivalent.
(a) [7]eC.

(b) One f € PPos;(H) associated with [r] is the limit of a net ( fy)aca in PPos; (H)
associated with elements of C.

(c) Every f €PPosy(H) associated with [rt] is the limit of a net ( fo)qe 4 in PPosy (H)

associated with elements of C.

With the help of Proposition 3.15, we obtain the following important topological prop-
erties of the dual of an open compact group bundle.

Proposition 3.16. For an open compact group bundle p: H — M over a compact space
M the following assertions hold.

(i)  The canonical map PPos(H) — H is continuous and open.

(ii)  The canonical map p: H — M is continuous and open.

(iii) Hisa locally compact (Hausdorff) space.

@iv) The map R

dim: H - N, [7] — dim(r)
is continuous.
The proof of openness in (ii) is based on an idea communicated to the authors by Jean

Renault and uses the following observation (see also [63] for a different proof in the case
of bundles of locally compact abelian groups).
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Lemma 3.17. Let p: H — M be an open compact group bundle over a compact space
M and f € C(H). Then the mapping

M —[0,00), m = | fla,llcxHw)
is lower semicontinuous.

Proof. Since compact groups are amenable, the full group C*-norm agrees with the reduced
group C*-norm for H,, (this is a special case of [72, Theorem 7.13]), thus,

= s s ] 0670 Gt ) 8 )
g€C(Hp) heC(Hp) Hy, m
Nel 2,y <L Il 2z, <1
for every m € M. Now by Lemma 2.13 if g € C(Hp,) \ {0} with |||l 2¢#,,) < 1 for some
m € M, we find a function 7 € C(H) with h|g,, = g and

lAll2 == sup |hlh,, l2a,,) < 1.
meM

This implies

e = s sup | [ g0 767 h00) (2 410
g€C(H)heC(H) | /Hy, JHpy
lgll2<1 llAl2<1

for every m € M. Since the pointwise supremum of continuous functions is lower semi-

continuous, it suffices to show that
Mo Come [0 S ) G ) G ()

is continuous for all g, 7 € C(H). But this readily follows from the continuity of the Haar
system (see Proposition 3.5) and Corollary 2.10. [ ]

Proof of Proposition 3.16. Part (i) is a consequence of [14, Theorem 3.4.11] by using the
identification of PPos; (H) with PS(C*(H)) established in Proposition 3.13.

We proceed with (ii). Continuity of p is an easy consequence of Proposition 3.15. To
show that p is open, it suffices to show that the set p(Vy) is open for every f € C(H),
where

Vi={[rle H||x(f)| > 1}
as these sets form a base of the topology of H by [14, Lemma 3.3.3]. Let f € C(H)
and pick m € p(V¢). Choose [r] € V¢ with p([n]) = m, ie., ||x(f)|| > 1. Then also
| f 1, lc*(a,,) > 1 and by Lemma 3.17 there is a neighborhood O of m such that

I f &, lc*a,,) > 1 foreverym’ € O.

By [14, Proposition 2.7.1] we therefore find for every m’ € O some [x] € H, with
lw(f)|| > 1. Hence O € p(Vy) and this shows that p(Vy) is open.
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We next prove (iii). To see that H is a Hausdorff space, pick [1], [m2] € H with [m1] #
[2]. If p([71]) # p([7r2]) we can use (ii) to separate [r1] and [7>] by open neighborhoods.
We may therefore assume that m = p([71]) = p([72]). But the subspace topology of
H,<H agrees with the topology of the dual H,, of the compact group H,, (use, e.g.,
Proposition 3.15) and the latter is discrete by [26, Proposition 7.4]. Thus, [71] and [7,]
can also be separated in this case. We now obtain from [14, Corollary 3.3.8] that H is
locally compact.

Finally, we show part (iv). If m € M, [7] € H,, and f is anormalized positive definite
function associated with [r], then

2
dAig, =
[, 1P, = s
by Schur’s orthogonality relations (see [26, Result 5.8]). Continuity of the dimension map
is thus a consequence of Proposition 3.15. [ ]

3.6. Continuous sections of the dual

After establishing the basic topological properties of the dual of an open compact group
bundle, we are now ready to prove the following powerful selection theorem. Recall here
the definition of local continuous sections from Section 2.1 above.

Theorem 3.18. Let p: H — M be an open compact group bundle over a compact space
M. For every [rt] € H there is a local continuous section & of the bundle p: H — M with

a(p([=D) = [x].
For the proof of Theorem 3.18 we need the following lemma.

Lemma 3.19. Let p: H— M be an open compact group bundle over a compact space M.
Then each [] € H has a neighborhood O such that O N H,, has at most one element for
eachm € M.

Proof. Let [r] € H and f € PPosy(H) associated with [7]. By Schur’s orthogonality
relations (see [26, Result 5.8]) and Corollary 2.10 the set

W = {(f1, f>) € PPosi(H) xp PPosi(H) | As¢r)(f1 f2) # 0}

is an open neighborhood of ( f, f) in PPos; (H) x s PPos; (H ). We therefore find a neigh-
borhood V of f in PPos; (H) such that V' x V N (PPos (H) x3s PPos;(H)) C W.

We claim that the image O of V' with respect to the canonical surjection PPos; (H) —
H has the desired property. Note first that by Proposition 3.16 (i) the set O is actually
a neighborhood of [r]. Now take [r1], [72] € O with m := p([71]) = p([m2]). We then
find normalized positive definite functions f; associated with [r;] such that f; € V for
i = 1,2, hence (f1, f2) € W. Consequently,

/‘ﬁﬁﬂ@¢a
Hy,,

and again by Schur’s orthogonality relations (see [26, Result 5.8]) we obtain [71]=[m2]. =
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Proof of Theorem 3.18. Let 7] € H and apply Lemma 3.19 to find an open neighborhood
O of [rr] such that

plo: 0 — p(0), [o] ~ p([e])
is bijective. By Proposition 3.16 (ii) its inverse is a local continuous section 6 of p with

o(p([x]) = [r]. =

The following example shows that one cannot expect to obtain global sections in The-
orem 3.18.

Example 3.20. Consider the compact space M = [0, 1], the cyclic group of two elements
H = {—1, 1}, and the open compact group bundle from Example 3.2 (ii) p: M x H/. —
M obtained from the trivial bundle M x H by identifying the two points over 1 € M.
Then for every m € [0, 1) the element of the dual defined by the character

idp:{m} x{-1,1} - C, (m,x)+—>x

is not contained in the image of a global section of the dual.

3.7. Peter—Weyl theory for compact group bundles

Recall that for a compact group H and an element of the dual we can consider the space
of associated representative functions (cf. [26, Section 5.2], [38, Section 27]): For an irre-
ducible unitary representation 7: H — L(E) and an orthonormal basis e, ..., €gimr Of
E we obtain a dim(rr) x dim(s)-matrix (7"/);, ; of continuous functions on H defined by

A9H > C, x+— (n(x)ej|el-)

fori, j € {1,...,dim(;r)}. We call such a matrix a matrix representation of [r]. Note
that this notion does not depend on the concrete representative of the equivalence class.
Moreover,

Rpy = lin{x" |i,j € {1,....dim(x)}} € C(H)

is the space of representative functions associated with [r]. This is independent of the
concrete choice of a matrix representation of [r]. By the Peter—Weyl theorem [26, Theo-
rem 5.12] we obtain the following.

Theorem 3.21. Let H be a compact group. Then the union U[ Ris] of the finite-

n]eﬁ
dimensional subspaces Ry for [r] € H is total in C(H ).

We prove a version of Theorem 3.21 for open compact group bundles. If p: H — M
is an open compact group bundle over a compact space M, and 6: O — H is a local
continuous section we write

R& = U R(’i(m)-

meO



Representation of relatively ergodic compact extensions 31

Theorem 3.22. Let p: H — M be an open compact group bundle over a compact space
M and 6: O — H alocal continuous section of the dual. Then s|g;:Rs — O, [+ s(f)
is a locally trivial vector bundle.

The proof of Theorem 3.22 requires some preparations. The first is the following addi-
tional description of the topology on the dual based on [14, Proposition 18.1.9].

Proposition 3.23. Let p: H — M be an open compact group bundle over a compact
space M and consider the clopen subset H® == {[n] € H | dim(r) = d} C H ford € N.
For C € H? and [7] € H? the following are equivalent.

(@) [7]eC.

(b) For every matrix representation ();,; of [r] there is a net of matrix represen-
tations (104 )i.j Juca of elements of C such that limg 77} = 7%/ in C,(H) for all
i,je{l,....d}.

Proof. Observe that the implication “(b)=>(a)” is a consequence of Proposition 3.13 as
the diagonal entries of a matrix representation are normalized positive definite functions.

Now assume that (a) holds and let P := (%), j be a matrix representation associated
with [r]. By [14, Theorem 3.5.8] and Proposition 3.9 we find a net of matrix representa-
tions (Py)aca = ((néj )i,j)aca associated with elements of C such that

fim / Je WAty = / fr? dA g (3.9)
H p(tzan H ()
forevery f € C(H) andalli, j € {1,...,d}. We set my := p([my]) forevery o € A and
m = p([r]). As explained above, we already know from Proposition 3.13 that limy 7. =
7' in C,(H) foreveryi € {1,...,d} and thus, in particular, limy my = m in M.
To check the second condition of Proposition 2.4 for the off-diagonal entries consider
a subnet (Pg)gep of (Py)aca and anet (xg)gep in H with limg xg = x € H. We show
that limg Pg(xg)v = P(x)v foreveryv € C 4 which implies that limg néj (xg) = 7Y (x)
foralli, j € {1,...,d}. It suffices to consider vectors v = me fO»)P(y)wdrm,, () for
some f € C(H) and w € C?, since, by irreducibility of 77, the whole space C¢ is spanned
by such vectors. We define gg € C(Hp,) by gp(y) == f(xEl(y)) forevery y € Hy,; and
g € Cp(Hp) by g(y) = f(x~'y)forall y € H,,. Thenlimg gg = g in C,(H ). Noting
that all matrix coefficients of unitary representations are uniformly bounded by 1, we can
apply Proposition 2.9 componentwise in C¢ to obtain

m

tim [ g ) Pp0 D0 dhn, 0) = [ £)POIW AR, ).
mp
But this means

iin s [ 1) PaI0dhn, 0) = P
B Hpg



N. Edeko, A. Jamneshan, and H. Kreidler 32
On the other hand, (3.9) also yields
tim [ FO) PO, 0) = [ FOIPGI0 G, ) = v,
B8 JH, s Hp
and hence,

lim H Pa(xp)v — Py (xﬂ)( [ roPs0wain, (y)) H =
B Hp g

We conclude that limg P(xg)v = P(x)v as desired. |

We shall prove the following lemma with the help of Proposition 3.23. Recall the
notion of continuous Banach bundles and their local subbundles from Section 2.4 above.

Lemma 3.24. Let p: H — M be an open compact group bundle over a compact space
M and 6: O — H a local continuous section of the dual. Then s|r,:Rs — O is a local
continuous Banach subbundle of the continuous Banach bundle s:C,(H) — M.

Proof. We only have to show that s|g,:Rs — O is open. By [, Theorem 17.7] this is the
case if and only if the multivalued map

0 — j)(CP(H)), m R&(m)

to the power set (C, (H)) of C,(H) is lower hemicontinuous which is equivalent to

U Rewm < U R5(m)

meZNo meZ

for every subset Z € 0. Sotake Z € O and m € Z N O. We choose a matrix representa-
tion (7¥); ; of [] := &(m). Since 6(Z N 0)<C6(Z), wecan apply Proposition 3.23 to
find a net ((Jra ),, j)aca of matrix elements associated with elements of 6(Z) N H fj dim(r)
such that limg 77,/ = 7"/ in C,(H) foralli, j € {1,...,dim(x)}. But this already implies
that each element of R[] is a limit of elements in the union Umrez Remry as desired. =

We finally prove Theorem 3.22.

Proof of Theorem 3.22. The dimension of the fibers of the Banach bundle s|r; is locally
constant by Proposition 3.16 (iv). Hence, the Banach bundle is locally trivial by Proposi-
tion 2.28. ]

Using Theorem 3.18 and the classical Peter—Weyl result (Theorem 3.21), we obtain the
following Peter—Weyl-type theorem for open compact group bundles. Recall the notion of
fiberwise dense and total subsets from Section 2.4.

Theorem 3.25. Let p: H — M be an open compact group bundle over a compact space
M. Then the union | .~ el (A) R defined by the locally trivial vector bundles s|r,:Rs —

O for local continuous sections 6: O — H is fiberwise total in Cp(H ).
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We state another version of Theorem 3.25. For an open compact group bundle p: H —
M and a local continuous section 6: O — H of the dual, we say that f € C(H) is a
relative representative function with respect to & if

@) flH, € R foreverym € O, and
i) flg, =O0foreverym e M \ O.

The space of these relative representative functions is denoted by I's € C(H).

Theorem 3.26. Let p: H — M be an open compact group bundle over a compact space

M. Then the union erl"k,c(ﬁ) [s is total in C(H).

Proof. Leto: 0 — H be a local continuous section of the dual. The bundle o
can be extended trivially to a continuous Banach subbundle s|g, : Ez — M of s:C,,(H) —
M (see Lemma 2.21) and the canonical isometric isomorphism C(H) — I'(C,(H)) of
C(M )-modules from Example 2.19 then maps ' to the C(M )-submodule

A = {r € F(CP(H)) | T(m) € (E3)m forevery m € M} - F(Cq(H)).

Using that every element of a Banach bundle is in the image of a continuous section, we
conclude that R C E5 = {t(m) |m € M, t € As}. Hence, if A is the sum of the modules
A for local continuous sections 0: O — H, then {t(m) | m € M, t € A} contains the
union | J, er. (i) Re and thus is fiberwise dense in C, (H) by Theorem 3.25. By the
Stone—Weierstrass theorem for bundles (Proposition 2.18), we conclude that A is dense
in I'(C, (H)). The sum of the modules I's for 6 € Tioc (H ) is therefore dense in C(H) as
desired. ]

3.8. Peter—Weyl theory for homogeneous space bundles

We now turn to representative functions on homogeneous space bundles. For a compact
group H, a closed subgroup U C H and [r] € H we write

Ripu = {f ERp | f(xy) = f(x)forallx € H, y € U} C C(H),

for the corresponding space of representative functions, cf. [38, Section 28.72] (see also
[25]). Each f € R}, defines a continuous function f’ € C(H/U) and we set

mw =" f €Rpu} S CH/U).
We then obtain the following Peter—Weyl type theorem for homogeneous spaces

Theorem 3.27. Let H be a compact group and U C H a closed subgroup. Then the
union U[n]eﬁ REH] y of the finite-dimensional subspaces Rin] y Jor [7] € H is total in
C(H/U).

Proof. Recall that the spaces Ry, for [] € H are pairwise orthogonal subspaces of
L2(H) and invariant with respect to multiplication from the right. This implies that a
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function f € lin( {Rn | [7] € H) satisfies f(xu) = f(x) forall x € H and u € U
if and only if f € lin | J{Ry,v | [7] € H}. The result therefore follows from [38, Sec-
tion 30.60 (a)]. ]

In analogy to the previous section we write, for an open compact group bundle
p:H— M,
a closed subgroup bundle p|y: U— M and a local continuous section &: O — H of the dual,

Rs.v = | Rom).u, S Cp(H).

meO
R%=U = U R%(m),Um - CP/U (H/U).
meO

The following result shows that these constructions yield locally trivial bundles if and
only if the closed subgroup bundle is open. (In the following we will often speak of “open
closed subgroup bundles” p|y: U — M of open compact group bundles p: H — M. Note
that the term “open” refers to the map p|y being open, whereas “closed” refers to U € H
being closed in H.)

Theorem 3.28. Let p: H— M be an open compact group bundle over a compact space M.
For a closed subgroup bundle p|y:U — M the following assertions are equivalent:
(@) Themap ply:U — M is open.
(®) slr;y:Re,u — O is a locally trivial vector bundle for every local continuous
sectiono: O — H.
©) s|R% ,U:R%,U — O is a locally trivial vector bundle for every local continuous
section6: 0 — H.
For the proof of Theorem 3.28 we again need some preliminary results. The first is the

following generalization of Lemma 3.24.

Lemma 3.29. Consider an open compact group bundle p: H — M over a compact
space M, a closed subgroup bundle p|y:U — M and a local continuous section of the
dual 6: 0 — H. Then S|rRs y:Ra,u = O is a local continuous Banach subbundle of the
continuous Banach bundle s: C,(H) — M.

Proof. As in the proof of Lemma 3.24 it suffices to show that for every subset Z C O the
inclusion

U Remw. € U Reem.u,
meZNo meZ
holds in C,(H). So pick Z € O and m € Z N 0. We choose a matrix representation

(nij)i,j of [j'[] = 6’(}’}1) such that

Ripv =lin{r"” |1 <i <dim(z), 1 <j <d}
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for some d € {1,...,dim(r)} (see [38, Section 28.72] (b)). Since 6(ZN0)cs(Z)N
H4m™ e can apply Proposition 3.23 to find a net ((zZ )i,j)aca of matrix represen-
tations associated with elements of &(Z) such that limy 74y = 7"/ in C,(H) for all
i,j e{l,...,dim(wr)}. We write (mq)yca for the net of corresponding base points in
Z (which then converges to m).

We do not know whether the elements néj fora € A,i €{l,...,dim(w)} and j €
{1,...,d} are contained in Rs ;. However, as in [25] we can project them to Rz ¢y and
define the functions réj € Ry by

‘L’éj (x) = /U,,,

forx € Hy,,0 € Aandi, j € {1,...,dim()}. We claim that

dim(rr)

w0 = Y [ 7 0)dha,, 0) 7@
k=1 Y Una

o

limt7 =77 inCp(H) foralli €{l,...,dim(x)}and j € {l,....d}.
o

Take a subnet ((Tjgj)l"j)ﬁeB of ((Téj)i,j)aeA and a net (xg)gep in H with p(xg) = mg
for every B € B converging to some point x € H,,. Since 7%/ (y) = 8xj forall y € Up,
and limg ngj = 7%/, we readily obtain limg SUPy €Uy, |n§" (¥) — 6kj| = 0 whenever k €
{1,...,dim(sr)} and j € {1,...,d}. But

’ /U . mg’ (7) ddu, (7) = 8k | = ’ /U . (5 () = 8ky) ddo, ()

ki
< sup |78 () — 8]

Y€Umg
for every 8 € B, therefore also limg fUmﬂ ng (») d)&UmB (y) =6 fork e{1,...,dim(x)}
and j € {1,...,d}. This yields

dim(r) dim(7)
limey (<) = Tim > /U mg’ (1) Ay, () 1 (p) = 3 By () = 2V ()
k=1 mp k=1

foralli € {1,...,dim(x)} and j € {1,...,d}. We conclude that limg rfgj = 7"/ for all
ie{l,...,dim(r)}and j € {1,...,d}. By linearity this already implies that each element
of Rz),u,, 1s a limit of elements in

U R&(m’),Um/ s
m'eZ

which finishes the proof. ]

We now prove Theorem 3.28.
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Proof of Theorem 3.28. We first assume that (a) holds and show (b). In view of Corol-
lary 2.29 and Lemma 3.29 as well as Theorem 3.22 it suffices to show that R5 ;7 is closed
in Rs. Let (fa)aca be a net in R iy converging to some f € Rs. Write my, == s( f,) for
a € Aand m := s(f). Now take u € Uy, and x € H,,. Since p and p|y are both open,
we may assume, by passing to a subnet, that there are uy € Uy, and xo € Hp,, fora € A
such that limy 4, = u and limy x, = x. But then

Sfxu) = liortn Ja(Xqug) = lioftn Ja(xa) = f(x),

hence f € R 7 as desired.

Assume now conversely that (b) holds. To show (a) it suffices by Proposition 3.5
to check that the Haar measures Ay, of U, for m € M define a relative measure for
plu:U — M, i.e., that the map

M—C, m— Ay, (f)

is continuous for all f € C(H). By Theorem 3.26 it is enough to show this for functions
f €Tz, where 6: O — H is alocal continuous section of the dual. We note that for every
m € M the map Py,:Rg () — Rs(m) given by

Pug(x) = /U ¢ (vu) dhy, ()

for ¢ € Ry(m) and x € Hy, is precisely the orthogonal projection onto Rz () ,, With
respect to the inner product of L2(H,,) (see also [25]). Now let (m4)qc4 be a net in M
converging to some me M. If me M \ O, then limy sup,.c gy, | f(x)|=0since f|m, =0,
and thus limy Ay,,, (f) = 0 = Ay, (f). We may therefore assume that m € O. Since the
Haar system of p: H — M is continuous (see again Proposition 3.5) and s|g; ,, is locally
trivial, we find local continuous sections 71, ..., 7g: V' — Rz y on an open neighborhood
V' C O of m such that {zx (m") | k € {1,...,d}} is an orthonormal basis of Rg v, ,
with respect to the inner product of L?(H,,) for every m’ € V. Thus,

||M&

g|fk(m ) L2(H,, ,)Tk(m )

for every g € Rs(m),u,, and m’ € V. This shows

d
20, (f) = Purf |, (111,) =Z St 70m) gy 7 () (1,)

W

=1m Y (/1 Hg |5 010)) 2, T (M) (L, ) = 1 P, f 111, (L2,,)
k=1

= limAg,, (f),
o

as desired.
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Finally, for the equivalence of (b) and (c) observe that for a local continuous section
0: 0 — H of the dual and the quotient map ¢g: H — H/U the map

CD:R%’U —Rsu. [+ foq

is a homeomorphism with ® o s|g/ v = s|r; , and a vector space isomorphism on each
5, :
fiber. Hence, the map s|g. :RL ,, — O is a locally trivial vector bundle if and only if
o, U o,U
S|rs y:Rs,u = O is alocally trivial vector bundle. ]

We have the following generalization of Theorem 3.25.

Theorem 3.30. Let p: H — M be an open compact group bundle over a compact space
M and p|ly:U — M an open closed subgroup bundle. Then the union U& eToo(A) R:? U
defined by the locally trivial vector bundles s|g. o R% vy — O for local continuous sec-

tions 6: O — H is fiberwise total in Cp,y (H/U).
Similar to the previous subsection, we reformulate Theorem 3.30. For an open com-
pact group bundle p: H— M over a compact space M, a closed subgroup bundle p|y: U —

M and a local continuous section 5: O — H of the dual, we call f € C(H/U) arelative
representative function with respect to & if

A flHn U, € R%(m),Um for every m € O, and
(i)  fla,/vu, =O0foreverym e M \ O.
We write Fé p for the space of all such relative representative functions with respect to 0.

The same arguments as in the proof of Theorem 3.26 then yield the following.

Theorem 3.31. Let p: H — M be an open compact group bundle over a compact space
M and ply:U — M an open closed subgroup bundle. Then the union U&erlow(ﬁ) | A
is total in C(H/U).

4. Structured extensions over Stonean spaces

In this section, we prove a representation theorem for certain structured extensions of topo-
logical dynamical systems. Throughout the whole section, G is a fixed group equipped
with the discrete topology.

4.1. Topological dynamical systems and their extensions

We start by recalling some key concepts from topological dynamics while at the same time
fixing our notation. We refer to [3] for a general introduction to topological dynamical
systems (see also [9, 12]).

Topological dynamical systems. A topological dynamical system (K; ¢) is a pair of a
compact space K and a continuous group action

0:Gx K —> K, (t,x)— ¢i(x).
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A morphism q: (K; ¢) — (L; ¥) between topological dynamical systems is a continuous
map ¢: K — L such that the diagram

(23 K

T

L ——1L

commutes for every ¢t € G. If g is surjective, then the morphism is called an extension, and
in this case, (L; ¥) is a factor of (K; ¢). We say that g is an isomorphism if q is bijective
(hence a homeomorphism).

We also want to compare extensions of dynamical systems over a given factor: If
q1: (K1;901) = (L; ) and g2: (K3; ¢92) — (L; ) are extensions between topological
dynamical systems, then a morphism ®:q, — ¢ between these extensions is a morphism
®: (Ky;¢1) = (K2; ¢2) of topological dynamical systems such that the diagram

(K1:91) (K25 ¢2)

(L;v)

commutes. It is an isomorphism of extensions if the underlying morphism ®: (Ky; ¢1) —
(K3; ¢2) is an isomorphism of topological dynamical systems.

Koopman representations. Every topological dynamical system (K; ¢) defines a Koop-
man representation

To:G — L(C(K)), t= (Ty):

on the Banach space C(K) by setting (Ty); f := f o ¢;—1 for f € C(K) andt € G (cf.
[22, Section 4.3] and [49, Section 2]). Likewise, every extension gq: (K; ¢) — (L; )
between topological dynamical systems induces an embedding

Jg:C(L) - C(K), fr fogq

which intertwines the corresponding Koopman representations. Recall that J,; induces the
structure of a C(L)-module on C(K): For f € C(L) and g € C(K) we define the product
frg=0qf)g

The pair (C(K); T,) induced by a topological dynamical system (K; ¢) is the proto-
typical example of a unital commutative C*-algebra and a representation of G as auto-
morphisms of this C*-algebra. By Gelfand-Naimark representation theory (see, e.g., [22,
Theorems 4.13 and 4.23]), for every pair (+4; T') of a unital commutative C*-algebra -4
and a representation 7: G — Aut(s) of G there is a topological dynamical system (K ; ¢)
such that (A; T') is isomorphic to (C(K); T,,) (that is, there is an isomorphism of C*-
algebras I: A — C(K) intertwining the representations). Moreover, such a system (K; ¢)
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is uniquely determined up to an isomorphism and can be built canonically: Take K to be
the Gelfand space consisting of all unital *-homomorphisms y: A — C equipped with the
weak* topology and let ¢; be the restriction of the adjoint operator 7/_; € £(A) to K for
t € G. We call the induced topological dynamical system (K; ¢) the Gelfand system asso-
ciated with (+; T') and the isomorphism /: (4; T) — (C(K); Ty) givenby 11 (x) = x(f)
for f € A and y € K is called the Gelfand isomorphism.

Topological ergodicity. The usual concept of irreducibility in topological dynamics is
minimality (see, e.g., [3, Chapter 1]). However, here we will be concerned with the more
general concept of topologically ergodic systems and extensions. Call a factor (L;id) of
(K; @) trivial, if id is the trivial action of G on L. There is always a largest trivial factor
(M;id) of (K; ¢) with respect to taking extensions, i.e., if ¢: (K; ¢) — (M id) is the
corresponding extension and p: (K; ¢) — (L;id) is an extension to another trivial factor
(L;1id), then there is a surjective morphism of extensions ®:¢ — p. Such a largest trivial
factor is unique up to an isomorphism and can be constructed concretely by taking the
trivial action on the Gelfand space K of the fixed space

fix(Ty) == {f € C(K) | (Ty)e f = f foreveryt e G}

which is an invariant unital C*-subalgebra of C(K), and the factor map ggx: K — Kix
induced by the inclusion fix(7,) < C(K) (cf. [19, Section 3.3]). We call Ky the fixed
Jactor of (K; ¢).

If K is a singleton (meaning that fix(7,,) only contains the constant functions), then
we say that the system (K; @) is topologically ergodic. An extension q: (K; ¢) — (L; V)
is topologically ergodic if the induced map between the fixed factors is a homeomorphism
or, equivalently, J, (fix(Ty)) = fix(7T},).

The notion of topological ergodicity used here is inspired by the notion of ergodicity
in ergodic theory, see also [19, Remark 3.22]. We warn the reader that some authors in
topological dynamics use a different concept of topological ergodicity which is closely
related to topological transitivity of a system.

4.2. Relative skew-products
Important examples of extensions are given by so-called skew-products.

Example 4.1. For G = Z consider the Z-action (L;{¥) onthetorus L = T = {x € C |
|x| =1} givenby ¥1: T — T, x + ax for some fixeda € T. By equipping K ;==L x T =
T? with the action ¢ induced by ¢;: T2 — T2, (x,y) > (ax, xy) we obtain the so-called
skew-torus (T?2; @), explicitly given by

(n—=1)

0:ZxT? -T2 (n,x,y) (@"x,a z x"y).

Projecting onto the first component yields an extension g: (T 2;¢) — (T'; ¥) of G-dynami-
cal systems.
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More generally and for arbitrary (discrete) G, let (L; ) be any topological dynamical
system, H a compact group, U a closed subgroup of H and ¢: G x L — H a cocycle,
i.e., ¢ is continuous and satisfies the condition

c(tity, 1) = c(t1,t2])c(t,1) forallty,t, € Gand!l € L.
We then obtain a topological dynamical system (L x H/U; ¢.), called a skew-product
system, by setting (¢c);(/,xU) = (Y¢(I),c(t,)xU) for (I, xU) e Lx H/U andt € G.
By projecting onto the first component we obtain an extension g.: (L x H/U; ¢;) —

(L; ) which we call a skew-product extension (cf. [22, Section 2.2.2]).

With the concept of compact group bundle from the previous section, we generalize
the construction of skew-products (cf. [4, Definitions 3.3 and 3.4]).

Definition 4.2. Let (L; ) be a topological dynamical system and p: H — Lgx a compact
group bundle over its fixed factor. A continuous map c: G x L — H is a relative cocycle
over (L; ) if

i)  p(c@, 1)) = gux(l) foreveryt € Gand!/ € L, and

(i) C(lllz, l) = C([l, [2[)6(12, l) forallt;,t, € Gand!/ € L.
Given such a relative cocycle ¢ and a closed subgroup bundle p|y: U — M of p, we call
the dynamical system (L xgx H/U; @) with

9e:G x (Lxpy H/U) — L xp, H/U, (t.(1,xU)) = (Y¢(1), c(t.1)xU)
the induced relative skew-product system, and
ge: (L XLy H/U @) = (Liy),  (LxU) =1

the corresponding relative skew-product extension of (L; ).

Notice that in the above situation the map ¢, defines a continuous group action (use
Lemma 3.4), and therefore relative skew-product systems are indeed topological dynami-
cal systems.

If the system (L; v) in Definition 4.2 is topologically ergodic, these concepts reduce
to the ones from Example 4.1. We give another example.

Example 4.3. Let p: H — M be a compact group bundle over a compact space M.
Considering the trivial dynamical system (M ;id) on M, we can identify Mg, with M,
and a relative cocycle is then a continuous map ¢: G x M — H such that

i)  p(c(t,m))y=mforeveryt € G andm € M, and

(ii)  the restrictions ¢|gxgmy: G x {m} = G — Hp, are group homomorphisms for

everym € M.

Thus, loosely speaking, ¢ consists of a family of group homomorphisms ¢,,: G — Hyy, to
the fiber groups H,, which depend continuously on the base point m € M. For a closed
subgroup bundle p|y: U — M, the corresponding relative skew-product system is given
by fiberwise rotations via

0o:GxH/U— H/U, (t,xU)— c(t,1)xU.
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For G = Z this special case has already been considered by the first author (cf. the notion
of “group rotation bundles” from [17, Definition 2.18]).

4.3. Relative discrete spectrum over Stonean spaces

To prove our version of the Mackey—Zimmer representation theorem, we first study “struc-
tured” extensions q: (K; ¢) — (L; ) of topological dynamical systems. We focus on the
case that L is a Stonean space, i.e., an extremally disconnected compact space. From a
functional analytical perspective this means, that the corresponding C*-algebra C(L) is
Dedekind complete, i.e., every subset of real-valued functions bounded from above has a
supremum in C(L). Thus, C(L) is a so-called Stone algebra (see [18, Section 1.3]). The
following basic observation will be important later.

Lemma 4.4. Let (L; ) be a topological dynamical system on a Stonean space L. Then
L is also Stonean and the map qgx: L — L is open.

Proof. If F C fix(Ty ) is a subset of real-valued functions which is bounded from above
and g := supscp f its supremum in C(L), then also g € fix(7y ). This shows that fix(7)
is also Dedekind complete, hence Ly is Stonean, and that the embedding fix(7Ty,) — C(L)
is order continuous, hence gy is open (see [65, Proposition I11.9.3] or [59, Satz 2.4]). =

The following definition of “structured extensions” is motivated by the article [19], in
which an operator-theoretic characterization of open so-called pseudoisometric extensions
between topologically ergodic systems is shown (see [19, Theorem 7.2]).

Definition 4.5. We say that an open extension g: (K; ¢) — (L; V) of topological dynam-
ical systems over a Stonean space L has relative discrete spectrum if C(K) is generated as
a C*-algebra by its finitely generated, projective, closed, T,-invariant C(L)-submodules.

Remarks 4.6. We note the following:

(i) By the Stone—Weierstrass theorem, the condition in Definition 4.5 is equiv-
alent to saying that the finitely-generated, closed, projective, invariant C(L)-
submodules separate the points of the space K.

(i) If (L; ) is the trivial action of G on a point, then Definition 4.5 reduces to the
usual notion of discrete spectrum for the group representation 7, as discussed
in [37] (see also [60]).

(iii)) While Definition 4.5 can be written down for arbitrary compact L, it is probably
not “the correct one” in the situation of a general extension ¢: (K; ¢) — (L; V),
see also Remarks 4.9 and 4.28 below. We forgo a systematic study of structured
extensions between arbitrary topological dynamical systems here as the case of
Stonean base spaces is sufficient to cover the measure-theoretic applications of
Section 5.

We use the representation theory of compact group bundles developed in Section 3 to
show the following result on relative skew-product extensions.



N. Edeko, A. Jamneshan, and H. Kreidler 42

Theorem 4.7. Consider
(i)  atopological dynamical system (L;¥) on a Stonean space L,
(i) an open compact group bundle p: H — Ly,
(iii) an open closed subgroup bundle p|y:U — Ly, and
(iv) arelative cocycle c:G x L — H.

Thenqc: (Lxp, H/U;@c)— (L; ) is an open extension such that the union of all finitely
generated, projective, closed, T, -invariant C(L)-submodules is total in C(L x, H/U).
In particular, q. has relative discrete spectrum.

We first prove the following auxiliary result based on the famous Serre—Swan duality
between locally trivial vector bundles and finitely generated, projective modules (see [67],
and also Proposition 2.25 above).

Lemma4.8. Let p1: L — M and p,:2 — M be continuous surjections between compact
spaces and assume that p, is open. If E C Cp, (R2) is such that the restriction s|g: E — M
is a locally trivial vector bundle, then

Tg:={fe€C(Lxu Q)| fi €Epqforeveryl € L},

where fi(x) = f(l,x) forx € Qp,), | € L and f € C(L xp ), is a finitely generated,
projective, and closed C(L)-submodule of C(L xp Q) with Ep iy ={/1 | f € Tg} for
everyl € L.

Proof. For each | € L the map C(L xp Q) — C(2p,()), f = fi is continuous and
E, ) € C(2p, (1)) is closed (since it is finite-dimensional). We conclude that I'g is closed
as an intersection of closed sets. We now apply the Serre—Swan duality theorem to see
that it is also finitely generated and projective. We observe that the pullback bundle given
by L xp, s E — L, (I,v) = [ is a locally trivial vector bundle over L (see, e.g., [44,
Chapter 3, Proposition 3.1]). With the projection map pr,: L xps € — L onto the first
component, which is continuous and open, consider

O L Xp, s E— Cpr (L xpr Q) (1, f) > f1,

where f1(I,x) = f(x) for f € E and (I, x) € L xp Q with s(f) = p1(l) = p2(x).
Then @ is a homeomorphism onto its range. Since @ is also fiberwise linear, we conclude
that F := ®(L x,, s E) is also a locally trivial vector bundle over L. By the Serre-Swan
duality theorem (see [67]), the space of its continuous sections I'(F') is a projective and
finitely generated C(L)-module.

We show that the canonical isomorphism C(L xps ) — I'(Cp, (L xpr 22)) from
Example 2.19 maps ['g to I'(F) showing that also I'g is a finitely generated and projec-
tive C(L)-module. In fact, if f € I'g and [ € L, then the corresponding section t: L —
L xp Q given by t(1)(I, x) = f(I,x) for (I,x) € L xps Q satisfies 7(I) = (f;)} € F
for every [ € L. Conversely, assume that for f € C(Q2 xz M) the corresponding section
7: L — L xp Q2 belongs to I'(F) and take / € L. Then thereis g € E, ) with t(/) = g
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and therefore

Jix) = fl,x)=t()(,x) =g(x) forallx € Q, (),

hence f; = g € Ep, (7). This shows f € T'g as desired.

Finally, we take / € L and show that E, ;) ={f; | f € Tg} forevery [ € L. If
g € E, (1, then g' € F and we therefore find r € I'(F) with (/) = g’. But then the
corresponding function f € I'g satisfies fj(x) = t(I)(l, x) = g(x) for all x € @, i.e,,
g= fi.Thus, E, ¢y ={f1 | f € Tg} forevery ! € L as claimed. |

We now prove Theorem 4.7.

Proof of Theorem 4.71. We first check that ¢, is open. By assumption p is open, and hence
also pyy: H/U — Ljy is open (see Lemma 3.4 (iv)). Thus, if (/,xU) € L xg, H/U
and (ly)qeq is a net in L converging to /, we may assume, by passing to a subnet, that
there is a net (xqU)qeq in H/U converging to xU with p,y(xoU) = ¢nx(ly) for each
a € A. But then the net ((ly, XqU))aea in L X, H/U converges to (/, xU) and satisfies
qe((ly, x4 U)) = Iy for each @ € A. This shows that ¢, is open.

Now let I' be the linear span of all finitely generated, projective, closed, T, -invariant
C(L)-submodules of C(L xz, H/U).In view of the canonical isomorphism

C(L xp5 H/U) = T(Cy(L x1, H/U))

and the Stone—Weierstrass theorem for Banach bundles (Proposition 2.18) it suffices to
show that { f |{I}XHqﬁx(])/Uqﬁx(l) | f €T} isdensein C({/}x Hyg 1)/ Uggyy) for every L€ L.
Equivalently and with the notation of Lemma 4.8, we have to show that I'; ;== { f; | f € '}
is dense in C(Hy; 1)/ Ugs 1)) foreach ! € L.

By Theorem 3.30 it is enough to prove the inclusion R:?(m), v, S Iy forevery l € L

and each local continuous section 6: O — H of the dual defined on an open neigh-
borhood O of m := ggx(I). Since Lgy is Stonean by Lemma 4.4, we may assume (by
restricting the section) that O C Ly is clopen. Then the locally trivial vector bundle
is% o R% v~ O can be extended trivially to a continuous Banach subbundle s|g: E —
M of s: Cp,y (H/U) — Ly (see Lemma 2.21). Butsince O is clopen, the extended bundle
is still locally trivial and hence I'r € C(L xr, H/U) is a finitely generated, projective,
and closed C(L)-submodule of C(L xz, H/U) with Rl&(m),Um =En,={f1|f €TE}
by Lemma 4.8. It is easy to see that I'g is also T, -invariant since R%(m,),Um/ is invariant
with respect to the left regular representation of Hy,, on C(Hyy/Uyy) for every m’ € O.

Thus, R%(m),Um C I as desired. n

Remark 4.9. We note that for the proof of Theorem 4.7 it is actually enough to assume
that Ly is totally disconnected.

Our goal is now to prove a converse result of Theorem 4.7 which represents a given
extension with relative discrete spectrum over a Stonean space as a relative skew-product
system. To do so, we first discuss some further concepts.
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4.4. Uniform enveloping semigroupoids

As a key tool to study structured extensions in topological dynamics we recall the con-
cept of uniform enveloping semigroupoid introduced in [19]. Semigroupoids generalize
semigroups in that the multiplication is only partially defined (see [19, Definition 1.1]).

Definition 4.10. A semigroupoid consists of a set S, a subset 8@ c8§x8anda map
8@ — 8 which is associative in the sense that if (P, 92), (02, 03) € 8@ then also

(91 - 92, 03), (01,92 -93) € 8@ and (9 -2)- 03 = 1 - (D2~ D).

If 8 is equipped with a topology such that the map -: $©) — 8 is continuous, then the
semigroupoid is called a topological semigroupoid.

We refer to [56, Section 2.1.1] for an introduction as well as basic properties and
simple examples of semigroupoids. Here, we only need the following observation (cf.
[19, Remark 2.2 and Section 3]): If g: K — L is an open continuous surjection between
compact spaces, then the space of continuous fiber maps Cé (K, K) equipped with the
compact-open topology, the set of composable pairs

CUK, K)® = {(91.02) € CL(K, K)* | r(92) = s(P)}
as well as the multiplication
< CUK K)® - CUK, K), (91.02) > D1 oD

is a Hausdorff topological semigroupoid.

Based on the classical enveloping semigroup introduced by Ellis (cf. [23]), we define
the uniform enveloping semigroupoid of an extension in the following way (see [19, Def-
inition 3.3]).

Definition 4.11. For an open extension g: (K; ¢) — (L; ) consider the set
8(q) = {ptlk,;: Ki — Ky,q) |t € G, | € L} € CI(K, K).

The smallest closed subsemigroupoid of CZ (K, K) containing 8(g) is called the uniform
enveloping semigroupoid and denoted by &,(g).

Remark 4.12. It should be pointed out that in Definition 4.11 €,(g) is not always given
by the closure of $(g) as this might not be a subsemigroupoid (see [19, Remark 3.9 and
Example 3.10]).

In the situation of extensions with relative discrete spectrum, the next result shows
that the uniform enveloping semigroupoid is actually a compact groupoid (see [19, Defi-
nition 1.1] or [56, Section 2.1.2] for the definition of groupoids). It is a consequence of an
Arzela—Ascoli type theorem (see the implication “(d)=>(a)” in [19, Theorem 4.14] which
actually does not rely on topological ergodicity of (L; ¥)).
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Proposition 4.13. Assume that q: (K; ¢) — (L; V) is an open extension such that C(K)
is generated as a C*-algebra by its finitely generated, projective, closed, Ty-invariant
C(L)-submodules. Then £,(q) is a compact groupoid, i.e.,

i)  &u(q) is a compact space,
(i) every ¥ € E.(q) is bijective with inverse ! € €,(q), and

(iii) the map
&u(q) = Eulg), 7!

is continuous.

We compute the uniform enveloping semigroupoid explicitly in an example (see [19,
Example 3.7]).

Example 4.14. Let G = Z and ¢: (T?2; ¢) — (T; ) be the skew-torus extension from
Example 4.1 defined by an element a € T which is not a root of unity. Then the uniform
enveloping semigroupoid &,(¢g) consists of all “rotations between fibers”

Uxioopi X1y X T = {x2} x T,  (x1,y) = (x2,by),
where x1, x5, b € T. In fact, it is easy to check that
8 = {ﬂxl,be | x17x2’b € T} g CZ(TZVTZ)

is a closed subsemigroupoid of Ca(T?2, T?) containing 8(g), and thus &,(g) € €. On
the other hand, for x1, x», b € T we find by minimality of the skew-torus (see, e.g., [22,
Corollaries 10.9 and 10.18]) a sequence (ny)xeN in Z with

ny (ng—1)

lim (a"x1,a” 2 x{%) = lim @, (x1,1) = (x2,b).
k—00 k—o00

But this implies Oy, x,.5 = iMoo @, |{x3xT in Ca(T?2, T?), and hence By, 1,5 €
€u(9)-

Thus, in Example 4.14 the uniform enveloping semigroupoid is in one-to-one corre-
spondence with the set T x T x T. This is reflected by an irreducibility condition of the
corresponding cocycle

k(k—1) k
c:ZxT —-H, (k,x)r—a 2 x".

We make this precise in the following definition. Note here that if p: L — M is a con-
tinuous surjection between compact spaces and H is a compact group bundle over M,
the compact space (L xps L) xXps H canonically becomes a compact topological semi-
groupoid by setting

(L L) xpg H)? = {((1. 1o %), (. 1Y) | Ll L€ L, x.y € H)

and (I, 1, x) - (11,1, y) = (1, L2, xy) for (I, 1. x), (11,1, )) € (L xpr L) xpy H)®.
It is even a compact groupoid with inverses (I, 5, x)™! = (5,11, x7 1) for (1,5, x) €
(L XM L) XM H.
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Definition 4.15. Let (L; 1) be a topological dynamical system and p: H — Lg, a com-
pact group bundle over its fixed factor L. A relative cocycle c: G x T — H is ergodic
if the smallest closed subsemigroupoid of (L xr. L) xr, H containing

((Lye(D), e, D) |1 €L, t €G)

is already the whole space (L %z, L) xr, H.

For certain relative skew-product extensions induced by ergodic relative cocycles we
now obtain a description of the uniform enveloping semigroupoid which is analoguous
to the one of Example 4.14. Call a closed subgroup bundle p|y: U — M of a compact
group bundle p: H — M core-free if Uy, is a core-free subgroup of H,, form € M, i.e.,
the only normal subgroup of H,, contained in U, is the trivial one. In the case of an
abelian group H,, this means that Uy, is itself trivial. Moreover, define homomorphisms
and isomorphisms of topological semigroupoids and groupoids in the obvious way, see
[19, Definition 1.7].

For relative skew-product extensions we obtain the following consequence.

Proposition 4.16. Let
1)  (L; ) be a topological dynamical system,
(i) p: H — Lgx an open compact group bundle,
(iii) plv:U — Lgx a closed subgroup bundle, and
(iv) c¢:G x L — H a relative cocycle.

Then
®: (L xp;, L) ¥, H— CZE(L Xpow H/U L%, H/U), (1,12, x) ﬁll,lz,x

with O, 1, x(l1, yU) := (Ia, xyU) for I1,l, € L and x,y € H is a homomorphism of
topological semigroupoids with €,(q.) C ran(®). Moreover, the following assertions hold.
(1) If plu: U — Lgy is core-free, then @ is injective.
(2) If c is ergodic, then E,(q.) = ran(®).
In particular, if p|y is core-free and c is ergodic, then ® defines an isomorphism between
the compact groupoids (L xr, L) xr, H and £,(qc).

Proof. The map
®: (L xp;, L) ¥, H— CZE(L Xpow H/U L%, H/U), (l1,l2,x) ﬁll,lz,x

is a homomorphism of semigroupoids. Continuity readily follows from Lemma 3.4 and the
characterization of convergence in CZ¢ (L xr, H/U, L x1, H/U) of Proposition 2.4.
The image of @ is then a compact, hence closed subsemigroupoid of Ca¢ (L xz, H/U,
L %1, H/U) containing $(¢q.) and therefore £,(q.) < ran(®) by the definition of the
uniform enveloping semigroupoid.
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For (1) assume that p|y is core-free. Pick (I1,/2,x),(l1,l2,y) e (L X, L)X H
with 9, 1, x = 4, 1,y Then (y 7 1x)z Uy, 1) = 2Ug 1y) fOr every z € Hy, (1. But since
Uy, ) 1s a core-free subgroup of Hy, (1), the group H, (1) acts effectively on the quo-
tient Hy 1,)/ Ugs.1y)- This shows x = y and hence @ is injective.

To show (2) we assume that ¢ is ergodic. Then the set & := {(I1, /2, x) | ¥y, 1,.x €
€u(gc)} is a compact, hence closed subsemigroupoid of (L %z, L) Xz, H containing the
set{([,¥:(]),c(t,1)) |l € L,t € G}. Since c is ergodic, we obtain 8 = (L xr, L) xr, H.

Finally, if p|y is core-free and c¢ is ergodic, then ®: (L xr,, L) xr, H — Eu(qc)
is a bijective continuous map between compact spaces, and thus a homeomorphism. This
implies that is an isomorphism of compact groupoids in that case. ]

In Example 4.14 the uniform enveloping (semi)groupoid acts transitively on K = T2,
i.e., every point of K can be reached from any other point in K via a map in &€,(g).
The following result gives a general description of the orbits of the action of the uniform
enveloping semigroupoid, provided that it is a compact groupoid. A proof can be found
in [19, Lemma 5.10 (ii)] (the cited result covers the case of pseudoisometric extensions,
but its proof only uses the fact that the uniform enveloping semigroupoid is a compact
groupoid).

Proposition 4.17. Take an open extension q: (K; ¢) — (L; V) of topological dynamical
systems and write qgx: K — Ky for the factor map to the fixed factor Kgx of (K; ). If
Eu(q) is a compact groupoid, then

di (a6x(x)) = {9(x) | ¥ € Eulq) with s(¥) = q(x)}

forevery x € K.

We only need the following consequences for topologically ergodic extensions.
Corollary 4.18. Let g: (K; ¢) — (L; ) be an open topologically ergodic extension of
topological dynamical systems such that €,(q) is a compact groupoid.

(i) Forly,l € L the following assertions are equivalent.

@) gx(l1) = gux(l2).
(b) Thereis ¥ € Ey(q) withs(¥) = 11 and r (V) = L.
(i) Forx,y e Kwithq(x) =q(y) thereis ¥ € Ey(q) withs(¥) =r(¥) = q(x) =
q(y) and 9 (x) = y.
Proof. For part (i) take [1, [, € L. If (a) holds, take x; € K with ¢(x;) = [; for i =
1, 2. Then also ggx(x1) = ¢sx(x2) by topological ergodicty of ¢ and by Proposition 4.17
we find ¥ € €,(g) with s(9) = ¢q(x1) = [; and 9 (x1) = x2, hence r(¥) = q(x3) = I5.

Conversely, if (b) holds, we pick any x € K;, and an element ¢ € €,(g) as in (b). Then
q1x(X) = gax (Y (x)) by Proposition 4.17 and thus also

gix(I1) = gix (X)) = gx(q(9(x))) = gsx (r(?)) = gax (l2).
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For (ii) observe that if x, y € K with g(x) = ¢(y), then also ggx(x) = ¢gsx(y) by
topological ergodicity of ¢. Hence, Proposition 4.17 yields the claim. ]

4.5. Relatively invariant measures

We have already discussed relative measures in Section 2.3. We now recall the dynamical
version of this concept (cf. [33], [12, Section V.3.19] and [19, Section 5]).

Definition 4.19. Let g: (K; ¢) — (L; ¥) be an extension of topological dynamical sys-
tems. A relative measure v € RM(q) is a relatively invariant measure® for q if it is
equivariant, i.e., if (¢;)«v(/) = v(¥;(!)) for every / € L and every t € G. We denote
the space of all relatively invariant measures of q by RIM(g).

Remark 4.20. For open pseudoisometric extensions between topologically ergodic sys-
tems there is always a unique relatively invariant measure and this is fully supported (see
[19, Theorem 7.3]). We will obtain the same statement for open topologically ergodic
extensions with relative discrete spectrum over Stonean spaces in Corollary 4.24 below.

The following is a dynamical version of Proposition 2.14. Here, for a topological
dynamical system (K; ¢), we denote by P?(K) CP(K) the closed subspace of measures j €
P(K) which are invariant with respect to @, i.e., which satisfy (¢;)«u = u forevery ¢ € G.

Proposition 4.21. Let q: (K; ¢) — (L; ) be an extension of topological dynamical sys-
tems and g, € PY (L) a fully supported invariant measure. The canonical map

/ dur:RIM(q) — {ux € P*(K) | gspix = pr}, v / vdur
L L

with ([, vdur)(f) = [, vi(f)dur(l) for f € C(K) and v € RIM(q) is

(i) injective, and

(i)  bijective if uy, is normal.
Proof. 1t is clear that the map is well defined, i.e., [, vduz € P?(K) for every v €
RIM(g). Moreover, it is injective by Proposition 2.14 (i). Now, if py, is normal and pug €

P?(K), we find v € RM(q) with [, vduz = pug by Proposition 2.14 (ii). For t € G we
observe that

QiL — Pq(K), [ — ((p_,)*vv,t(l)

is also a relative measure with
(/LQdML)(f) = /va,(l)(fow—t)dl%(l) = /LVZ(fO‘P—t)dML(l)

= ug((Tp)i f) = nx(f)

for every f € C(K). Again by Proposition 2.14 (i) we obtain v = ¢ which shows v €
RIM(g). [

SIn our terminology, “equivariant relative measure” would be more fitting, but the term “relatively
invariant measure” is standard in topological dynamics.
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We now discuss the existence and uniqueness of relatively invariant measures for
relative-skew products. Here and in the following we write A /¢y for the normalized Haar
measure of the homogoneous space H/U of a compact group H with respect to a closed
subgroup U.

Theorem 4.22. Let

(i)  (L; ) be a topological dynamical system,

(i) p:H — Lgx an open compact group bundle,

(iii) plu:U — Lgx a closed subgroup bundle of p, and

(iv) c¢:G x L — H a relative cocycle.

Then
L ® )LH/UZ L — ch(L XLy H/U), I—§® AHqﬁx(l)/Uqﬁx(l)
with
G Aquz)/Uqﬁx(l))(f) = / f(l"XUQHX(I))dAH‘Iﬁx(l)/Uﬂix(l) (xUg )

Hge )/ Ugs )

for each f € C(L xp,, H/U) and | € L is a relatively invariant measure of q. with
full support. If p|y is core-free and c is ergodic, then 8§ @ Ag y is the only relatively
invariant measure of q..

Proof. Toseethatéy ® Ay /U s continuous, it suffices, by the Stone—Weierstrass theorem,
to prove continuity of the functions

L — C, l — (8[ & A'Hqﬁx(l)/Uqﬁx(l))(g ® h)

with g e C(L) and h € C(H/U), where (g ® h)(I,xU) :=g(l) - h(xU) forall ([,xU) €
L xr, H/U.But this is a direct consequence of the continuity of the Haar system (see
Proposition 3.5). It is clear that §; ® Ag,y is equivariant, hence a relatively invariant
measure, and that it has full support.

Now assume that p|y is core-free and c is ergodic, and take any relatively invariant
measure v € RIM(q.). The set

§ = {19 S Eu(qc) | ﬁ*vs(,}) = l)r(ﬁ)}

is a closed subsemigroupoid of €,(g.) containing S(g.) by Corollary 2.10, hence 8§ =
Eulgc) (see also [19, Lemma 5.13]). With the notation of Proposition 4.16, we obtain
in particular for each / € L that (&7 x)«v; = vy in P({I} x Hy, )/ Uy 1)) for every
x € Hy, ¢y which implies v; = §; ® Ag,,/u,, by uniqueness of the Haar measure. ]

4.6. A topological Mackey—Zimmer type representation theorem

We are now in the position to prove a Mackey—Zimmer type representation result for topo-
logically ergodic, open extensions with relative discrete spectrum over a Stonean space.
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Theorem 4.23. Let q: (K; ¢) — (L; ) be an open, topologically ergodic extension with
relative discrete spectrum over a Stonean space L. Then there is

(i)  an open compact group bundle p: H — Ly,

(i1)  a core-free closed subgroup bundle p|y:U — Lgy, and

(iii) an ergodic relative cocycle c:G x L — H,
such that q is isomorphic to the relative skew-product extension q.: (L xgx H/U; ¢c) —
(L:y).

In view of Theorem 4.22, we obtain the following consequence of Theorem 4.23.
Corollary 4.24. Every open topologically ergodic extension q: (K; @) — (L; V) with rel-

ative discrete spectrum over a Stonean space L has a unique relatively invariant measure
and this is fully supported.

If we assume that the systems are topologically ergodic (instead of the extension), then
the representation result simplifies considerably.

Corollary 4.25. Let q: (K; @) — (L; ) be an open extension with relative discrete spec-
trum between topologically ergodic systems with L Stonean. Then there is

(i) acompact group H,

(i)  a core-free closed subgroup U C H, and

(iii) an ergodic cocycle c:G x L — H,
such that q is isomorphic to the induced skew-product extension q.: (L x H/U; ¢.) —
(L: ).

An important ingredient of the proof of Theorem 4.23 is the following classical result

of Gleason (see [34]).

Theorem 4.26. Every continuous surjection from a compact space to a Stonean space
has a continuous section.

As a first step towards the proof of Theorem 4.23, we prove that under certain assump-
tions the existence of an ergodic relative cocycle already forces the corresponding compact
group bundle to be open.

Lemma 4.27. Consider a topological dynamical system (L;¥) and a compact group
bundle p: H — Lgx. Assume that

(1)  there is an ergodic relative cocycle c:G x L — H,

(i) ¢ax: L — Lgy is open, and

(iii) Ly is Stonean.
Then p is open.

Proof. We prove that the Haar measures A g, for m € Lgy define a relative measure for p.
By Proposition 3.5 this is equivalent to p being open.
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For a fiber measure 1 € P, (H) and x € H),, () we write x,  for the push-forward of
i with respect to the left rotation H),, (u) — Hp, (u), ¥ = xy. We first show that

C:={ueP,(H)|c@t,)sp = pforall (,) € G x L with gsx(I) = px(p)}.

is a closed subset of P, (H). So pick a net (jty)aeq in C converging to u € P,(H). We
abbreviate my ‘= p«(iy) € Lix fora € A and m = p.(u) € Lgx. Lett e Gand/ € L
with ggx(I) = m. We have to show that (c(t,[)«p)(f) = u(f) forevery f € C(H).

Since gy is open, we may assume, by passing to a subnet, that there is a net (/y)ged
in L with ggx(ly) = mq for every o € A and limy Iy = /. Then limgy c(¢, ly) = c(t, 1)
since ¢ is continuous. Now if f € C(H), consider the net (g4)qe4 in C,(H) defined
by go(x) = f(c(t,ly)x) for x € Hy,, and o € A. Then limy go = g in C,(H ), where
g € C(Hy,) is given by g(x) := f(c(¢t,])x) for x € Hy,. By Corollary 2.10,

(et Dupt)(f) = p(g) = lim g (o) = lim (¢ (te L) ita) (f) = lim pa () = p(f).

We conclude that C is indeed closed in P, (H) and hence compact. The Haar measure
Am,, of Hy, is contained in C for every m € Lgx. Hence the restriction py|c: C — Ly
is a continuous surjection. By Theorem 4.26 we find a continuous section v: Lgx, — C,
m + vy, of pi|c. In particular, v is a relative measure. Applying Corollary 2.10 once
again, the set

8 = {(l1,l2,x) € (L XLg L) XLgy H | XaVge1y) = Vaguetn)}

is a closed subsemigroupoid of (L xr, L) xr, H. Since c is ergodic, we obtain § =
(L xp,, L) Xp;, H. But this shows x4v, = v, for every x € Hy, and m € Lgy. Thus,
Vm = AH,, forevery m € Lg,. [ ]

Note that by Lemma 4.4 assumptions (ii) and (iii) of Lemma 4.27 are automatically
satisfied if L itself is a Stonean space.

Before showing the general version of Theorem 4.23, let us briefly sketch the proof
in the case of topologically ergodic systems considered in Corollary 4.25. So assume
that ¢: (K; ¢) — (L; ¥) is an open extension with relative discrete spectrum between
topologically ergodic dynamical systems and assume that L is a Stonean space. Then, if
we choose any point xog € K and write /o := g(x¢), the compact group

H = {0 €&uq)|s®) =r@®) =lo}

acts transitively on the fiber K; by Corollary 4.18 (i), and hence gives rise to a homeo-
morphism H/U — Kj,, where U is the stabilizer group at x¢ (which is core-free since
the action is effective).

The uniform enveloping semigroupoid €,(g) also allows us to “switch between fibers”:
By Corollary 4.18 (i) we find for every point [ € L some ¢ € E,(g) with s(}) = [y and
r(%) = [, i.e., the restriction of the range map r: £,(¢q) — L to the closed subspace

Ci= {1 € &u(q) | () = Io}
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is surjective and therefore admits a continuous section p: L — C by Theorem 4.26. We
then obtain a homeomorphism

O:LxH/U — K, (I,9U) o(l)((xo)).

By setting c(¢,1) := o(¥(1))' o ¢; 0 0(I) € H for (t,]) € G x L we obtain a cocycle
¢:G x L — H and one can check that ® then defines an isomorphism between the induced
skew-product extension ¢, and ¢ and that c is ergodic.

In the general situation of a topologically ergodic extension, we have to perform the
constructions relative to the fixed factor. This will now be done in detail.

Proof of Theorem 4.23. Using Theorem 4.26 and Lemma 4.4 we find continuous sections
0:L —- Kandt: L, — L forq: K — L and ggx: L — Lgy, respectively. The set

C = {0 € &u(@) | s(®) = t(qnx(r(®)))} < &u(q)

is closed in &,(q), hence defines a compact subspace. Consider the restricted range map
rlc:C — L, 9 +— r(¥) and claim that this is surjective. By Corollary 4.18 (i), for every
point [ € L, we find some ¢ € E,(gq) with s(¥) = t(gsx(])) and r(¢) = [ such that
q5ix (1) = gnx(t(gax(!))). Hence, ¥ € C with r(¢) = /. Applying Theorem 4.26 once more,
we choose a continuous section g: L — C forr|c:C — L.

With the continuous sections o, T and ¢ at hand, we now construct the desired objects.
The closed subspace

H:={9€&lq) |s®) =r®) e (L)}
of £,(gq) defines a compact group bundle
p=qixosly =4gixor|ln: H — L
over Lgyx. Moreover,
¢:GxL—H, (1) o:(0) " op ool
is a relative cocycle over (L; ¥). Now consider the continuous map
O:Lxp, H— K, (1.9) (o() o ?)(o(z(gax(1))))-

Then ® defines an morphism of topological dynamical systems as

(v (), c(t,)¥) = (0t (1) 0 0(¥: (1)) ™" 09 0 0(1) 0 ¥) (0 (x(gax (V:(1)))))
= (‘Pt og(l)o 19)(U(T(Clﬁx(l)))) = ¢t (cI>(l, 19))
forall (I,9) € L xz, Handt € G.

To show that @ is surjective, observe first that H,, acts transitively on the fiber K,
by Corollary 4.18 (ii) for every m € Lg,. Now take x € K and set / := ¢g(x) and m :=
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gsx(1). Then (1)1 (x),0(t(m)) € K1 (ny and we therefore find ¥ € H,, with 9 (o (7 (m)))
= o(/)"(x). This means

(1, 9) = (o(l) o ¥) (o (t(m))) = x.

Hence, ® is a surjection.

Let Uy, == {Y € Hy, | 9(o(z(m))) = o(t(m))} be the stabilizer group of the group
action Hy, X Kegny = Kim), (0, x) = 0(x) at o(v(m)) for m € Lgy. Since the action
is effective and transitive, the subgroup Uy, is core-free in H,, for every m € Lg,. We
conclude that the union U := J,,¢ Ly, Um defines a core-free closed subgroup bundle
plu:U — M of p. Moreover, for (I;, 1), (I2,92) € L xg,, H we have ®(/;, ;) =
®(l5,0,) ifand only if Iy = I and 95 0 91 € Uy, 1) = Uggy (1) Thus, @ induces an iso-
morphism (L xr,, H/U;¢;) — (K; @) which then also defines an isomorphism between
the extensions ¢, and q.

To finish the proof we show that the relative cocycle c is ergodic which, by Lemma 4.4
and Proposition 4.27, also implies that p is open. Let § be the smallest closed subsemi-
groupoid of (L xz, L) xr, H containing the set

{(Lye (D), e, D) |l € L, t € G).

Then
T={9 €@ | s@).r®).0r(@) " 0B oo(s())) €8}

contains 8(¢q) by definition of the relative cocycle c¢. Moreover, T is a closed subsemi-
groupoid of £,(q) by definition of 8. We conclude that T = &€,(¢). Now pick (/1,15,y) €
(L X Liix L) X Liix H. Then

d:=o0()oyooll) ' €&ulq) =T

and hence
-1
(.12, y) = (s(@).r(@).0(r(@) "o oo(s()) €.
Thus § = (L xp,, L) X1, H showing that c is ergodic. m

Remark 4.28. The main results of this section are not entirely satisfying: By Theo-
rem 4.23, every open topologically ergodic extension ¢: (K; ¢) — (L; ) with relative
discrete spectrum over a Stonean space can be represented as a skew-product extension
induced by an open compact group bundle p: H — L, and a closed subgroup bundle
plu: U — Lgx. On the other hand, in Theorem 4.7 we have only shown that relative
skew-product extensions associated to open closed subgroup bundles p|y: U — Lgy have
relative discrete spectrum. So it is a natural question whether this openness assumption
in Theorem 4.7 can be dropped. In fact, there are simple examples showing that open-
ness of p|y: U — Lgy is not necessary for the skew-product extension to have relative
discrete spectrum. However, in the measure-theoretic applications of the next section, this
issue does not occur as the closed subgroup bundles in the representation theorem will
automatically be open (see Theorem 5.11 below).
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5. The Mackey-Zimmer representation theorem for ergodic
extensions

In this final section, we use the topological results of Section 4 to show our version of
the Mackey—Zimmer theorem. Again, G will be a fixed group equipped with the discrete
topology.

5.1. Measure-preserving systems and their extensions

We start by recalling some basic concepts from ergodic theory. Classically, an invertible
measure-preserving point-transformation is a pair (X; ¢) consisting of a measurable and
measure-preserving mapping ¢: X — X on a probability space X = (X, Xx, ux) which
is essentially invertible, i.e., there is a measurable map ¥: X — X such that the identity
Y o @ = idy = ¢ o ¢ holds almost everywhere. We refer to [21,22, 30] for a general
introduction to these systems.

Every such transformation gives rise to a Koopman operator T, € L(L*(X)) via
Tyf == f og for f € L*(X). The operator T = T, is a Markov lattice isomorphism,
i.e., T is a unitary operator with |Tf| = T| f| for every f € L?(X) and T1 = 1. Con-
versely, if X is a standard probability space, then every Markov lattice isomorphism 7" €
L(L?(X)) is in fact a Koopman operator of an essentially invertible measure-preserving
point-transformation, by a result going back to von Neumann (see [22, Proposition 7.19
and Theorem 7.20], see also [51, Proposition 3.2]). For a general probability space X, a
Markov lattice isomorphism 7' € £(L?(X)) is still induced by a unique transformation
of the probability algebra associated to X (see [22, Theorem 12.10]). Studying transfor-
mations of probability algebras (see, e.g., [45,48,51]) or Markov lattice isomorphisms
(see [22, Section 12.3], [18]) yield two (equivalent) ways to approach ergodic theory on
general probability spaces.

Operator theoretic measure-preserving systems. Here we take the operator theoretic
path of [22, Section 12.3] and call, for a fixed group G, a pair (X; T') a measure-preserving
system (with respect to G) if X is a probability space and T: G — L(L?(X)), t +> Ty is
a representation of G as Markov lattice isomorphisms on L2(X). It is ergodic if the fixed
space
fix(T) = {f e L*(X) | Ty f = f foreveryt € G}

is one-dimensional.

An extension J:(Y; S) — (X; T) between measure-preserving systems is a Markov
embedding J € £L(L?(Y),L2(X)),i.e., J is a linear isometry with |Jf| = J| f| for every
f €L2(Y), and J1 = 1, such that the diagram

L2(X) —> 12(X)

1,

L2(Y) =2 12(Y)
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commutes for every ¢t € G. It is relatively ergodic if J(fix(S)) = fix(T'). We say that J is
an isomorphism, if J is bijective (in which case also J ~! defines an extension).

We will need the concept of morphism between extensions in a more flexible version
than discussed in the topological case (cf. Section 4.1). Given extensions J;: (Y;; S;) —
(X;; T;) between measure-preserving systems for i = 1,2, a morphism (I b 18y T > Iy
consists of two extensions I”: (Y1;S1) — (Y2:S,) and I¥: (Xy:T1) — (X»: T») such that
the diagram

#
Xi:Th) SELES X2:T2)

JIT | JZT

I
(Y1:81) —— (Y21 52)
commutes. It is an isomorphism if both I® and I* are isomorphisms of measure-preserving
systems.

Conditional L2-spaces. If J: (Y;S) — (X; T) is an extension of measure-preserving
systems, then the adjoint J* € £(L?(X),L?(Y)) extends uniquely to a bounded linear
operator Evy: L!(X) — L'(Y) which is called the corresponding conditional expectation
operator, see [22, Chapter 13]. This allows to define the conditional L2-space

L*(X]Y) = {f € L*(X) | Ey| /> € L(Y)}

with respect to J (see [69, Section 2.13], [18, Section 7.2] and [45, Section 3]). The space
L2(X|Y) equipped with the multiplication

L®(Y) x L2(X|Y) = L2(X|Y), (fig)+~ Jf-g
and the “vector-valued inner product”
v L2XY) x L2X]Y) = L2(Y),  (f.g) = Ev(f3).

is a so-called Kaplansky—Hilbert module over the Stone algebra L*°(Y). This allows
to effectively apply operator theory on Kaplansky—Hilbert modules (which generalizes
results of operators on ordinary Hilbert spaces) to ergodic theory. For a systematic intro-
duction to Kaplansky—Hilbert modules we refer to [18, Section 2].

Topological dynamics versus ergodic theory. We finally review the close connection
between topological dynamics and ergodic theory via topological models (see [22, Sec-
tion 12.3] and [49, Section 7]). Recall that for a given topological dynamical system
(K; ), the space of all g-invariant regular Borel probability measures on K is denoted by
P?(K). Every ug € P?(K) gives rise to a measure-preserving system through (7,); f :=
f o1 for f € L2(K, uk) and ¢ € G which we write as (K, ug; Ty). If ¢: (K; ¢) —
(L; ) is an extension of topological dynamical systems and pg € P?(K), we denote the
induced extension (L, g«ux; Ty) — (K, uk; Typ) of measure-preserving systems by J,
(.e., Jg f = fogqforevery f € L2(L,qxiik)).
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A topological model (K; ¢; ug; I') for a measure-preserving system (X; 7') then con-
sists of a topological dynamical system (K; ¢), a fully supported measure ux € P?(K)
and an isomorphism /: (K, pug; Ty) = (X; T).

Given such a model (K; ¢; ug; I'), the image A = I(C(K)) € L*®°(X) is

(1)  aunital C*-subalgebra of L*°(X),

(i) invariant with respect to 7', and

(iii) dense in L2(X).

Conversely, given any 4 C L°°(X) satisfying conditions (i)—(iii) one can employ the
Gelfand—Naimark theory (cf. Section 4.1) to construct a topological model (K; ¢; u; I)
for (X; T') with I1(C(K)) = + in a canonical way: There is a unique invariant fully sup-
ported measure g € P?(K) of the Gelfand system (K; ¢) of (+4; T') such that the Gelfand
isomorphism

I:(AT) > (C(K): Typ)

extends to an isomorphism /: (X; T) — (K, uk; Tp) of measure-preserving systems (see
[22, Section 12.3], [49, Section 7], or [48, Section 2.2] for the details).

Thus, constructing topological models for a given system (X; 7') comes down to find-
ing invariant, L2-dense unital C*-subalgebras + C L°°(X). In particular, we can always
construct the Stone model, also called the canonical model, (Ky; ¢s; ik, ; Is) which cor-
responds to the algebra A = L.°°(X) and yields a Stonean space K and a normal measure
K, (see[22, Section 12.4], [49, Section 7], and [48, Section 2.2]).

One can apply this procedure also to an extension J: (Y;S) — (X; T) of measure-
preserving dynamical systems. A tuple (¢; u; I°; I'*) is a topological model for J (cf.
[20, Definition 3.3], [49, Section 7], [48, Section 2.2]) if

(1)  ¢q:(K;9) — (L; ) is an extension of topological dynamical systems,

(i) w € P?(K) is a fully supported invariant measure, and

(i) (1% 1%): Jy— J isanisomorphism from J;: (L, g« g Ty ) — (K, ux:Ty) to J.
In this case, the corresponding unital C*-subalgebras B := I°(C(L)) € L®(Y) and #4 =
T#(C(K)) € L*®(X) satisfy J(B) C . Conversely, if B is an L2-dense invariant unital
C*-subalgebra of L*°(Y) and + is an L?-dense invariant unital C*-subalgebra of L>(X)

satisfying J(B) C s, then we can find a topological model (g; w; I°; I*) for J with
I°(C(L)) = B and I*(C(K)) = # (see [20, Section 3] or [49, Sections 2 and 7]).

5.2. Extensions with relative discrete spectrum

There are several ways to define compact extensions in ergodic theory (see, e.g., [45,
Theorem 4.1]). The following, based on the classical notion of systems with discrete
spectrum, is easy to state and implicitly used in [24]. Recall here that for an extension
J:(Y;S) = (X; T) the space L°°(X) is canonically a module over L°°(Y) via the multi-
plication

f-g:=(Jf)g forf eL®(Y)andg e L*X).
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Definition 5.1. An extension J: (Y;S) — (X; T') has relative discrete spectrum if
U {T' € L*®(X) | T finitely generated, T-invariant L*°(Y)-submodule of L*°(X)}

is dense in L?(X).

Given a relative skew-product extension (see Section 4.2) over a topological dynami-
cal system (L; y) and a fully supported invariant measure 7 € P¥ (L), we obtain a fully
supported invariant measure on the relative skew-product by integrating the canonical rel-
atively invariant measure from Theorem 4.22 with respect to py,. We obtain the following
result for the induced extension of measure-preserving systems.

Theorem 5.2. Consider

(i)  atopological dynamical system (L; V),

(i) an open compact group bundle p: H — Ly,

(iii) an open closed subgroup bundle p|y:U — Lgy,

@iv) arelative cocycle c:G x L — H, and

(v)  afully supported invariant measure ji;, € PY (L).

Then Jg.: (L, pur; Ty) — (L x1,, H/U, fL 8L @ Amyu dur; Ty, ) is an extension with

relative discrete spectrum.

In the case of a Stonean space L, Theorem 5.2 is a direct consequence of Theorem 4.7.
The general result is implied by the following observation allowing to lift relative skew-
products to the canonical model (cf. Section 5.1).

Proposition 5.3. Consider

(1)  atopological dynamical system (L; V),

(i) an open compact group bundle p: H — Ly,

(iii) an open closed subgroup bundle p|y: U — Ly,

(iv) a relative cocycle c:G x L — H, and

(V) afully supported invariant measure ji;, € P¥ (L).

Then there is

(1) an open compact group bundle py: Hy — (Lg)fix,

(2) an open closed subgroup bundle (py)|u,: Usx = Lix, and

(3) a relative cocycle cy: G X Ly — Hyg,
such that the extensions Jy, and Jg, are isomorphic.

Proof. We abbreviate M := Lg, and M, := (Lg)gx. Moreover, we write qSI; ‘(Lg: ¥g) =
(L; ) for the canonical extension of topological dynamical systems induced by the

embedding C(L) < L*°(L, up) (see Sections 4.1 and 5.1). Similarly, we denote the
canonical quotient map My — M by qSI{’I .
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The pullback bundle py: Hy := My Xy H — Mg is an open compact group bundle
and Uy = My xpr U C Hy gives rise to an open closed subgroup bundle py|y, : Us —
M. Moreover, the induced homogeneous space bundle (py) /U Hyt /Uy = My can and
will be identified with the pullback bundle My xps H/U — M. We obtain a relative
cocycle cg: G X Ly — Hg by setting s (¢,1") := (qax (), c(t,q(l"))) for (¢,1") € G x L.
Now consider the continuous map

®: Ly xpy Hy/Ugq — Lxy H/U,  (I',(m',xU)) > (qu(l"), xU).

Then @ defines an extension between the corresponding topological relative skew-product
systems. One can readily check that

Du (81 x AHqﬁx(l’)/Uqﬁx(l’)) = 8.1 % ’XHqﬁX«zs‘(l’))/Uqﬁx(qw))

for every I’ € Lg. This implies

CD*(/L 8Ly ® AHy U, dMLM) = /L s (81 X Aty g0, any) ALy (1)
j— Ui
- /L Sqqr) X AHqﬁx(qst(l'))/ Uggy ase @) dpr, (%)

= /L51 X Ay 1)/ Uy L) = /L5L ® Agju dpr.

Consequently, ® is measure-preserving and induces an extension

Jo: (L XM H/U,/ 0L ® AH/U dur; T%)
L

— (Lst X My, Hsr/Ust,/ 8Ly ® Ay v, diLy; T(Ocs[)'
Ly

Moreover, Jo Jy, = Jy,, Jg, and thus the pair (Jg,; Jp) gives rise to a morphism from the ex-
tension J, to the extension J,, . We show that Jo:L*(Lxp H/U) —L*(Lgxp1, He/Ug)
has dense range, hence is surjective, and thus (J,,; Jo) is an isomorphism of extensions.
By the Stone—Weierstrass theorem, the functions

f'® A ®1): Ly xm, He/Ug — C, (', (m',xU)) — f'(I'),
1® 1A ®g): Laxm, He/Us - C. (I'.(m".xU)) = g'(xU)

for ' € C(Ly) and g’ € C(H/U) generate C(Lg X, Hs/ Ug) as a C*-algebra. It there-
fore suffices to show that these are contained in the image of the restriction

(J‘:I>)|L°°:LOO(L XM H/U) - LOO(le XMy Hst/Ust)

which is a unital *-homomorphism. So take f’ € C(Ly). Then, by definition of the Stone
model, we find f € L®°(L, uy) with Jg, f = f’ and thus

ffeoel)=J, f'=JuJof =Jodg f € Jo(L®(L xp H/U)).
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On the other hand, if g’ € C(H/U), then the continuous function
h:Lxy H'U - C, (,xU)w~ g'(xU)
satisfies Joh = 1 ® (1 ® g’). This yields the claim. L]

Applying the theory of Kaplansky—Hilbert modules to L2(X|Y) (cf. Section 5.1 above),
we can improve the properties of the submodules considered in Definition 5.1.

Definition 5.4. Let J:(Y;S) — (X; T) be an extension of measure-preserving dynamical
systems. An L% (Y)-submodule I' of L2(X|Y) is a finitely generated KH-submodule if it

has a finite suborthonormal basis, i.e., there are eq, . .., e, € I' generating I such that
(i) Ey(eiej) =0fori,j e{l,...,m}withi # j, and
(i) Ey|e;|? is given by a characteristic function fori € {1,...,m}.

We then obtain the following characterization of extensions with relative discrete spec-
trum from [18, Section 2.5 and Proposition 8.5] (cf. [45, Theorem 4.1]).

Proposition 5.5. For an extension J:(Y;S) — (X; T) of measure-preserving dynamical
systems the following assertions are equivalent.

(a) J has relative discrete spectrum.
(b) The set

U { I CL2(X|Y) | T T-invariant, finitely generated KH-submodule of L2 (X|Y)}
is dense in L?(X).

5.3. Natural models for structured extensions

We now want to prove a partial converse of Theorem 5.2, i.e., represent extensions of
measure-preserving systems with relative discrete spectrum as skew-product extensions.
The strategy is to build a suitable topological model and then apply Theorem 4.23. For the
first part we need the following lemma, the first part of which is [24, Remark 5.16] (see
also [20, Proposition 2.8]).

Lemma 5.6. Let J:(Y;S) — (X;T) be an extension of measure-preserving systems.

(1) If(X;T) is ergodic, then every T -invariant, finitely generated KH-submodule T’
of L2(X|Y) is contained in L (X).

(i) If J is relatively ergodic and T' C L2(X|Y) is a T-invariant, finitely generated
KH-submodule of L*(X|Y), then there is a sequence (I'y)nen of T -invariant,

finitely generated KH-submodules with T', C T' N L*°(X) for every n € N such
that

r=JrnL2X|Y) inL*X).
neN
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Proof. Let T' be a T -invariant, finitely generated KH-submodule of L?(X|Y) and choose
a suborthonormal basis eq, ..., e, for I'. Then,

mo
e = (Z |e,~|2) e fix(T)
i=1

by [18, Lemma 8.3]. Thus, if (X; T) is ergodic, then there is a constant ¢ > 0 with
>, leil* = c1 and hence |e;| < c1 forall i € {1,...,m}. This shows (i). If only J
is ergodic, then we find f € fix(S) with Jf = e. For n € N, consider f, = 1|fj<n €
fix(S) NL°°(Y). Then I', := f,T is a T-invariant, finitely generated KH-submodule of
L2(X]|Y) with suborthonormal basis f,e, ..., fnem. Moreover,

(X ihe?) = s1sule = (510) <nt

i=1

and hence f,e; € L*°(X) forevery i € {1,...,m}. This shows I', € L°°(X). Finally,

vt~ eilisgy = [ Exlfres =il duy = [ Evleiduy =0
Y | fl>n

for n — oco. We therefore obtain that the union of the modules I';, for n € N is dense in I'.
The claim now follows since I is closed in L?(X|Y) with respect to the L?-norm (use
[18, Lemma 7.5] and (finitely generated) KH-submodules are order-closed in L2(X|Y),
cf. [18, Section 2]). [

We also use the following auxiliary result.

Lemma5.7. Let J:(Y;S) — (X;T) be an extension of measure-preserving systems. Then
every finitely generated KH-submodule I' C 1L.°°(X) over L>°(Y) is closed with respect to
the L°°-norm and projective.

Proof. Take a finitely generated KH-submodule I' € L°°(X) with suborthonormal basis
€1,.-.,em € I'. One can deduce that I" is closed in L°°(X) from the general fact that
Kaplansky—Hilbert modules are complete with respect to their canonical norm (see [53,
Theorems 2.2.3 and 7.1.3]). We recall the argument in our framework: (f;)neN is a
sequence in I" converging to some f €L.°°(X), then (Ey( f,€;))neN converges to Ey( fe;)
fori € {1,...,m}. Hence, using the expansion with respect to the suborthonormal basis
e1,...,ey (see [18, Lemma 2.10]), we obtain

m m
lim f, = lim Y Ev(fizDe = ) Exy(fee €T
i=1 i=1

To see that I" is projective, observe that

T'& PLeY) (1 —Eylel?)

i=1
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is a free L>°(Y)-module with a basis ], ..., e}, given by

n
¢ = (€;.0.....0.1 —Ey|e;|*.0.....0) e T @ P L®(YV)(L — Eyle; [*).

i=1
where 1 — Ey/|e;|? is at the (i + 1)th position fori € {1,...,m}. Thus, I is projective. m

With the help of Lemmas 5.6 and 5.7 we can now build topological models for ergodic
extensions with relative discrete spectrum (see also [20, Theorem 3.5] for the case of
extensions between ergodic systems).

Definition 5.8. Let J:(Y;S)— (X; T) be a relatively ergodic extension of measure-pre-
serving systems with relative discrete spectrum. Let 83 :=1°°(Y) and let /4 be the unital
C*-subalgebra of L>°(X) generated by all finitely generated, projective, closed, T -invariant
L°°(Y)-submodules of L*(X). We call the associated topological model (g; uu; I°; I%)
(see Section 5.1) the natural model of J .

The following result shows that the natural model fits into the framework developed
in Section 4.

Proposition 5.9. Let J:(Y;S) — (X; T) be an ergodic extension with relative discrete
spectrum and (q; w: 1°; I*) its natural model. Then q is an open topologically ergodic
extension with relative discrete spectrum over a Stonean space and q« L is a normal mea-

sure.

Proof. Write q: (K; ¢) — (L; ). Since (L; ¥; g«u; V) is the Stone model (see Sec-
tion 5.1 above), we know that L is Stonean and ¢« is normal. Moreover, g is open by
[24, Corollary 1.9]. Finally, g is topologically ergodic and has relative discrete spectrum
by definition of the natural model. ]

We can therefore apply Theorem 4.23 to represent relatively ergodic extensions with
relative discrete spectrum as relative skew-product extensions. However, we first prove the
following extension property which will allow us to show that the closed subgroup bundle
of the constructed skew-product extension is open (cf. Remark 4.28). Recall that every
bounded continuous function defined on a dense subset D of a Stonean space L can be
extended uniquely to the whole space (see [66, Exercise 24.2.11]), i.e., the restriction map

C(L) = G(D), [+ flp

to the space of bounded continuous functions on D is surjective (and hence an isomor-
phism of unital commutative C*-algebras).

In our natural model we obtain a similar property for closed, finitely generated, pro-
jective, invariant submodules. Observe here that for an extension ¢: (K; ¢) — (L; ) of
topological dynamical systems and a subset D C Ly, the preimage (g o ggyx) ' (D) is ¢-
invariant and hence we may consider the Koopman operator T, on Cy((g © ¢gsix) "1 (D)).
Moreover, Cy((g © ¢x) ' (D)) is canonically a C(L)-module.
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Lemma 5.10. Let J:(Y;S) — (X; T) be a relatively ergodic extension with relative dis-
crete spectrum and (q; w; 1°; I%) with q: (K ¢) — (L: ) its natural model. Take
(i)  adense subset D C Lgy, and
(ii)  a finitely generated, projective, closed, and T,-invariant C(L)-submodule ' C
Co((gsx © )~ (D).
Then there is a unique finitely generated, projective, closed, Ty-invariant C(L)-submodule
A C C(K) with Al(qﬁxoq)—l(D) =T.

Proof. Let (Kg; ) be the Stone model of (X; T') and gg: (K; ¢s) = (K; @) the induced
extension of topological dynamical systems (see Sections 4.1 and 5.1). We abbreviate

Dk = (gix0q)"'(D) C K,
DKs1 = qs:l(DK) = (qtix °oq OQSI)_l(D) C Ky

and observe that these sets are dense in K and Ky, respectively, since the maps g ©¢,
and gsx 0 g o gy are open (g and g o g4 are open by [24, Corollary 1.9] and g5« is open
by Lemma 4.4). Notice now that, since Ky is Stonean, every bounded continuous func-
tion f: Dk, — C has a unique continuous extension ext( /) € C(Ky). We take a finitely
generated, projective, closed, and T,,-invariant C(L)-submodule I' € Cy,(Dg). The maps

14,:Co(Dk) — Co(Dk,), [+ fogs,
ext: Cp(Dg, ) — C(Ky), f —ext(f)

are C(L)-linear embeddings of unital C*-algebras and intertwine the dynamics (the map
ext is even an isomorphism and the inverse of the restriction map C(Ky) — Cp(Dk,),
f = flbk,)- We therefore obtain that the composition ext o I, embeds I" into C(Ky) as
a finitely generated, projective, closed and T,,-invariant C(L)-submodule I'V. By definition
of the natural model and the Stone model, I’ is contained in the image of J; (C(K)), i.e.,
we find a finitely generated, projective, closed and T, -invariant C(L)-submodule A C
C(K) with J,, A = T". Since the diagram

JQsL
C(K) — C(Kw)

I flog l Tm

Cv(Dk) s Cv(Dk,)

commutes, we obtain
(exto Iy )(Alpg) = Jg A = I = (exto 1))

and therefore A|p, = I'. This shows existence of the desired submodule. Since Dy is
dense in K, uniqueness is clear. ]
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5.4. The Mackey-Zimmer representation theorem for relatively ergodic extensions

We finally come to the main result of our article which is a converse of Theorem 5.2 for
relatively ergodic extensions.

Theorem 5.11. Let J: (Y;S) — (X; T) be a relatively ergodic extension of measure-
preserving systems with relative discrete spectrum. Then there are

(i)  atopological dynamical system (L; V),

(i) an open compact group bundle p: H — Lgy,

(iii) an open core-free closed subgroup bundle p|y:U — Lgy of p,
(iv) an ergodic relative cocycle c:G x L. — H, and

(v)  anormal invariant measure ju;, € PY (L) on L,

such that the induced relative skew-product extension

Jg.: (L,,bLL;Tv,) — (L XLy H/U,/ 3L ® AH/U dur; T%)
L

is isomorphic to J.

Remark 5.12. Our result is in the spirit of Ellis’ version of the Mackey—Zimmer theo-
rem representing an extension with relative discrete spectrum as a (relative) skew-product
extension over the Stone model of the factor system (see [24, Theorem 5.36], see also
[45, Theorem 5.3]). When working with an at most countable group G and standard Borel
probability spaces X and Y one can expect to deduce a representation over the original
space Y from Theorem 5.11 similar to the one of Austin (see [4, Proposition 5.7]) by
applying [51, Proposition 3.2] to obtain concrete measure-preserving maps (cf. the dis-
cussion in [48, Section 11]). We leave the details to the interested reader.

We need the following auxiliary result.
Lemma 5.13. Let H be a compact group and [r] € H. Then
. 5
If 2y = 1 f llecay =< dim()2 - [| fllizcay
forall f € Ry

Proof. Set n := dim(x) and let f € Rpy. The first inequality is trivial. For the second,
let (7j);x be a matrix representation of [7]. Then the elements 7 (x) € C for j, k €
{1,...,n} form a unitary matrix for each x € H. Thus, ||7jk|lcczy < 1 for all j, k €

{1,...,n}. Moreover, ||k |2y = \/LE forall j,k € {l1,...,n}. We therefore obtain

n
ne (Sl T

Jk=1

If e =
C(H)

n
5
<n- > W lhzan - Imielizcn - Imilcan < n? -1 f llean
k=1

by the Cauchy—Schwarz inequality. ]
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Proof of Theorem 5.11. Let (q: u; I°, I*) with g: (K; @) — (L: ) be the natural model
of J. Moreover, let (1], '= g« be the measure of the Stone model. By Proposition 5.9 and
Theorem 4.23, there is an open compact group bundle p: H — Lgy, a core-free closed
subgroup bundle p|y: U — Lgyx of p, and an ergodic relative cocycle ¢: G x L — H
such that ¢ is isomorphic as an extension of topological dynamical systems to the rela-
tive skew-product extension ¢.: (L xr,, H/U; @.) — (L; ). By Proposition 4.21 and
Theorem 4.22, [, 81 ® Ay djir is the only invariant measure i € P?(L xz; H) with
(gc)«4 = pur. Hence, we see (by considering the push-forward of w) that the isomor-
phism ®: g — g, is measure-preserving and consequently is an isomorphism of extensions
(IdLZ(L,/,LL); Jq;)l ch — Jq.

We finally show that the core-free closed subgroup bundle p|y: U — Lgy is open. In
view of Theorem 3.28 it suffices to show that s|g; ,,: Rz, — O is alocally trivial vector
bundle for every local continuous section 6: O — H . We take such a section 5: O — H
and may assume, by restricting &, that O is a clopen subset of L and that dimog: O — N
is equal to some constant n € N (see Proposition 3.16 (iv)). By Lemmas 2.28 and 3.29, it
suffices to show that the dimension map

dim: O — Ny, m = Rg(m),u,

is locally constant. Let d be the maximal dimension among fibers of R 7 and consider
the subset

Oq = {m € O | dimRgm)u,, = d}

which is open by [29, Theorem 18.2]. We show that it is also closed. Using Proposi-
tion 2.28 p~1(04) — Oy is a locally trivial bundle over O, and by Proposition 2.27
there is a densely defined local orthonormal basis 7y, ..., 74: V — R y for this bun-
dle with respect to the continuous inner product induced by the Haar system of H (cf.
Proposition 3.5). By Lemma 5.13 we obtain || z; (m)||c(H,,) < n3 foralli e {1,...,d}
and m € V. Since bounded subsets of the locally trivial bundle Rs are relatively compact
by [19, Lemma 4.15] and L is a Stonean space, every 7; can be extended uniquely to a
continuous section 7;: V — Ry (see again [66, Exercise 24.2.11]) fori € {1,...,d}. By
continuity we still have (z; (m)|t;(m)) = &;; foralli,j € {1,...,d}andm € V = Oy.
Thus, if we can show that 7; (m) € Rg y forallm € V, then 0y is closed in Ly as claimed.

To see that 7; indeed maps to R ¢y forevery i € {1,...,d} we apply Lemma 5.10. To
do so, we first have to construct a dense subset D C Lgy and finitely generated, projective,
closed and T, -invariant C(L)-submodule I" of Cy((¢sx © )1 (D)).

We start with the dense subset D := V U Lgy \ V of Lgx. By Lemma 5.13, we obtain
bounded continuous functions f;: (¢sx 0 ¢c) " (D) € L x1, H/U — C fori €{1,...,d}
by setting

. . -
£ xU) = {Tz (Qﬁx(l))(x) Tf (I,xU) € (gsx qC)_l(V)’ )
0 if (I, xU) € (gsix © ) "(Lax \ V).
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We claim that the C(L)-submodule " of Cy((¢six © gc)~1 (D)) generated by fi, ..., fa
is projective, closed and T, -invariant. In fact, if g € I, then for every / € q&l(V) and
m = gsx(I) € V the function g;: H;, — C, x = g(I, xUy,) is contained in Rz ). 17, » and
hence

d
81 = Z (gl |Ti (m))Lz(Hm)Ti (m)
i=1
by choice of 71,. . ., 74. Therefore, the restriction g(;yx a,,/U,, € C{} X Hyp, / Up,) satisfies
d

&1 xH U = D (&SIt E ) U Ji (03 H U
i=1
where {/} x Hy, /U, is equipped with the measure §; X Ag,,/v,,. Both sides of this iden-
tity are equal to zero if [ € L with m := gg,(I) € Lgx \ V, hence the identity even holds
for every [ € Ly with m := g4 (I) € D. Now observe that

(g|ﬁ) q(’;(l (D) - (Cv [ — (g|fi)Lz({l}XHqﬁx(l)/UqﬁX(l))

is a bounded continuous function defined on a dense subset of L, and hence has a unique
continuous extension ext((g| f;)): L — C foreveryi € {1,...,d}. Then

d
g =) ext((glf) /i
i=1
in the C(L)-module Cy((gx © gc) "' (D)). Using that ext((f;| f;)) = &i; ]lq_li(V) for all
fix
i,j €{l,...,d} we argue as in the proof of Lemma 5.7 to obtain that I" is a projective
and closed C(L)-submodule of Cy,((gsx © ¢¢)~1(D)). A moment’s thought reveals that

d
(Toe fi = Y ext(((To)e fil 1)) i
j=1
hence (Ty.): fi € I' foralli € {1,...,d} and t € G. Thus, I" is also T, -invariant. We
conclude from Lemma 5.10 that there is a unique finitely generated, projective, closed
and Ty, -invariant C(L)-submodule A € C(L xr, H/U) with Al 0q)-1(py = . In
particular, f1,..., fz can be extended to continuous functions on the whole space L Xp .
H/ U, and we use the same symbols for them. Now, if m € V we choose any [ € L with
m = ¢gx(l). For x € H,, we then find, since p and g4 are open (see Lemma 4.4), nets
(Xq)aeca in H converging to x and (/4 )qe4 in L converging to [ such that my := p(xy) =
¢iix(lo) € V for every o € A. This implies

fill,xUp) = liénfi(la,xaUma) = lién T (Mmg)(Xg) = i (M) (x)

for every i € {1,...,d}. This shows 7;(m)(xu) = t;(m)(x) for all x € Hy,,, u € Uy,
hence 7; (m) € R 7 for every m € V as claimed.

As stated above, this shows that Oy is closed, hence clopen in L. Restricting the
section to the clopen subset O \ O, and iterating the argument yields the claim. ]
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Note that in the case of ergodic systems, our proof of Theorem 5.11 simplifies con-
siderably (it is basically a combination of the topological representation theorem Corol-
lary 4.25 with Proposition 5.9, Proposition 4.21 and Theorem 4.22). In this case we obtain
the following version of the Mackey—Zimmer representation theorem which is close to
[24, Theorem 5.36].

Theorem 5.14. Let J: (Y;S) — (X; T) be an extension of ergodic measure-preserving
systems with relative discrete spectrum. Then there are

(i)  atopological dynamical system (L; V),
(i) a compact group H,

(iii)) a core-free closed subgroup U C H,
@iv) an ergodic cocycle c:G x L — H, and
(v)  anormal measure up on L,

such that the induced skew-product extension
Jgo: (Lpr; Ty) — (L x H/U, up x Agyu; Ty,)

is isomorphic to J.
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