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Hurwitz numbers for reflection groups G(m, 1, n)
Raphaél Fesler, Denis Gorodkov, and Maksim Karev

Abstract. We build a parallel theory of simple Hurwitz numbers for the reflection groups
G(m, 1,n). We study analogs of the cut-and-join operators. An algebraic description as well
as a description of Hurwitz numbers in terms of ramified coverings is provided. An explicit
formula for them in terms of Schur polynomials is given. In addition, the generating function of
G(m, 1, n)-Hurwitz numbers is shown to give rise to an m independent-variables r-function of
the KP hierarchy. Finally, we provide an ELSV-type formula for these new Hurwitz numbers.
These results extend the results of Fesler (2023).

1. Introduction

Hurwitz numbers were first introduced at the end of the 19th century in the work
of A. Hurwitz [12]. Simple Hurwitz numbers h, ,, for a partition A = (A1,...,Ay)
and a non-negative integer m are defined as the number divided by n! of sequences
of m transpositions (o1, ..., d) such that their product 7 o --- o 0y, belongs to a
conjugacy class Cj in the symmetric group S,. Hurwitz showed in [12] that equiva-
lently 4, 5 counts isomorphism classes of ramified coverings of the sphere, with m
simple critical values and an extra critical value which has a fixed ramification pro-
file A. During the last decades, Hurwitz numbers received a lot of attention due to
numerous arising applications and connections, as well as the richness of the underly-
ing algebraic theory. I. Goulden and D. Jackson showed that the generating function
of Hurwitz numbers satisfies a second-order parabolic PDE called the cut-and-join
equation [10]. A. Okounkov showed in [21] that the generating function of Hurwitz
numbers is also a 7-function of the KP hierarchy, implying that Hurwitz numbers
can be written in terms of Schur polynomials [15]. A striking result was proved in
the seminal 2001 paper [7] by T. Ekedahl, S. Lando, M. Shapiro, and A. Vainshtein
(and called the ELSV formula since then) built a somewhat unexpected bridge by
revealing deep connections of Hurwitz numbers with the geometry of moduli space
of complex curves. (Namely, the Hurwitz numbers are the intersection constants of
certain characteristic classes.)
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Since then, many variations of Hurwitz numbers have been introduced [2,9, 18],
with the most general version being given by weighted Hurwitz numbers [1]. These
generalizations satisfy similar results as the ones for simple Hurwitz numbers. In
this article, we are interested in Hurwitz numbers for the family of reflection groups
G(m,1,n).

In the last few years, Hurwitz numbers for complex reflection groups have gained
more attention, for example, in the work of E. Polak and D. Ross [22], where poly-
nomiality results are studied, the trilogy of papers [4—6] by T. Douvropoulos, J. B.
Lewis, and A. H. Morales where a formula for the genus-0 Hurwitz numbers for the
complex reflection groups is obtained, and indirectly in the works of P. Johnson in [13]
and H. Zhang and J. Zhou [25], where a representation theory approach was used to
study wreath product Hurwitz numbers. Our approach, nevertheless, differs from the
works quoted above. The present paper can be seen as a generalization of the paper [8]
written by the first author, applying similar techniques to the groups G(m, 1,n) and
showing that the theory of disconnected simple Hurwitz numbers for the complex
reflection groups G(m, 1, n) is parallel to the classical one.

In Section 2 where we introduce an embedding of G(m, 1,n) into S, ,, the reflec-
tions are sent to the product of m transpositions and power of cycles commuting with
the permutation

rd=6f(1n+12n+l-~-(m—1)n—l—1)-~-(nn+n2n—|—n-~-(m—1)n+n).

We then recall the isomorphism between G(m, 1,n) and Z/mZ ? S,. Further, we
introduce a convenient description of the conjugacy classes of G(m, 1, n), which are
indexed by m-tuples of partition

A=A A1)

(that we call colored partition), and show that this description agrees with the classical
description of conjugacy classes (under a well-chosen isomorphism) of Z/mZ? S,
as in I. Macdonald [19].

In Section 3, we define Hurwitz numbers for the reflection groups G(m, 1,n). Itis
somewhat similar to the classical case where m different types of reflections are used
instead of transpositions.

Section 4 is devoted to the description of the cut-and-join operator and its appli-
cation. We first describe in Theorem 4.3 how multiplying by a reflection affects the
conjugacy classes. Then, using the tools introduced in Sections 2 and 3, we show in
Proposition 4.6 that, after a well-chosen change of variable, the cut-and-join for the
complex reflection group G(m, 1,n) is actually a direct sum of m independent classi-
cal cut-and-join and m — 1 sums of Euler fields. This allows us to describe the Hurwitz
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numbers of the complex reflection group G(m, 1, n) in terms of Schur polynomials
(Theorem 4.7).

In Section 5, Theorem 5.3, we show that the generating function of Hurwitz num-
bers for the reflection group G(m, 1, n) is an m-parameter family of t-functions of
the KP hierarchy, independently in m variables.

Section 6 uses the results from [25] and describes in terms of ramified covering the
Hurwitz numbers for reflection group G(m, 1, n), These are compositions of ramified
coverings (Proposition 6.4).

Finally, in Section 7, Theorem 7.3 provides an ELSV formula type for the loga-
rithm of the generating function. It is proved using the simple form of the cut-and-join
after the change of variables.

To conclude this introduction, it is worth noting that the nice description of Hur-
witz numbers for the complex reflection group G (m, 1, n) in terms of Schur polyno-
mials (Theorem 4.7) motivates to look at weighted generalization [11]; this will be
done in a subsequent work. In addition, it is worth applying the tools of this article to
the complex reflection groups G (m, p, n); this will also be done in some future work.

2. Complex reflection groups G(m, 1, n)

2.1. Definitions and embedding into S, ,

Let V = C” be a complex vector space of dimension n equipped with the standard
Hermitian inner product. A reflection in V is a unitary automorphism of V' of finite
order with exactly n — 1 eigenvalues equal to 1. A finite subgroup W C GL(V) is
called a complex reflection group if it is generated by reflections.

Let G(m, 1, n) be the complex reflection group described in matrix terms as the
n X n monomial matrices whose non-zero entries are m-th roots of unity. The reflec-
tion elements of this group are

» reflections Rg?‘) of order 2, which fix the hyperplane x; = exp(2iw/m)*x; for
I<i<j<nanda=0,1,...,m—1,
* reflections LY of order dividing m, which fix the hyperplane x; = 0 for i =
1,....,nanda=1,...,m—1.
The reflections (L1, Rg(g, e Rfle_l) generate the group G(m, 1,n); see [17] for
details.
We define now an embedding of G(m, 1, n) into S,,,. Let the permutation of
order m be

tE@n+12n+ 1 (n—Dn+DQ@n+22n+2-(m—Dn +2)

cemn+n2n+n---(m—1)n+n).



R. Fesler, D. Gorodkov, and M. Karev 650

Proposition 2.1. There exists an embedding V : G(m, 1,n) < Sy, such that
W(RY) = (i e ())(x() T () ("1 (0) ()

fora =0,. —1land W(LY) = (i ©(i)---t™ 1(i))%, where the power of & means
multiplicatlon of the permutation by itself a times. The image of \V is the normalizer

of t:
W(G(m,1,n)) ={0 € Sy | 0T = 10} défNorm(t).

Remark 2.2. Itis also clear that if 0 € Norm(t), then tio(r_l)i =ofori=1,...,m.

Remark 2.3. Another way to define this embedding is by considering the faithful
action of G(m, 1,n) on the nm unit vectors v; x = (0,...,0,exp(2kni/m),0,...,0),
where the non-zero element is in position j and k runs from O to m — 1. This faithful
action induces an embedding in S,,, given the identification

Vik = j + nk
with the set {1, ..., mn} on which S,,, is acting.

To prove Proposition 2.1, we describe the cycle decomposition of elements in
Norm(7).
Introduce a notation more convenient for our purposes:

(a) def (i 72(j))(z() ‘Ea+l(])) (" 1(1) ta_l(j)) 2.1

foralll <i # j <mn,i #% j modn.So,if 1 <i < j <n,then

(a) (a) (@) _ (@)
Tij = ey = Teme1 gy eme1 gy = PR

Also, denote

19 G gy V(i) forall | <i < mn; 2.2)
thus /¢ = 1%, =+ = 1%, = W(LY)ifi <n.

In the followmg proposition, the power of 7 is considered modulo m2; denote also

the integers
m

" ged(m, @)’
Proposition 2.4. Let x € Norm(t), and let x = ay --- a, be its cycle decomposition.
Then, for every aj, j = 1---r, one of the following is true:
(1) the cycle decomposition contains m — 1 other cycles ay,, ..., a,,,_, of the

same length such that

J— -1 _ 2 -2 __ .. _ .m—1 —(m—1)
Aj = Tap, T =T Ap,T ~ =+ =T" ‘dp, ,T .
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or

(2) for some 1 < a < m — 1, the cycle aj has the following structure: its length
is a multiple of ky, it is ©* invariant, and there are gcd(m, o) — 1 other

cycles aj,. ... Aj, . o) having the same length such that aj = rajzt_l =
2 -2 _ _ cd(m,x)—1 —(ged(m,x)—1
T ajsf =...=18 @ ) agcd(m,a)f (ged( ) )

The first case will be called a Bo-cycle, and the second B-cycles of type o and
denoted by f4-cycle for short. The Bo-cycle will play a special role later on in the
text; this is why they are extracted from the case (2), where they can be seen as a
Bea-cycle with ¢ = 0.

Example 2.5. InZ /67 S,,

t={0n+1---5n4+1)---(n2n---6n),

and leta & (a1 ---ag) such that a; # t%(a;) fori,j =1,...,kanda =0,...,5;
then, we have the following possible B,-cycles:

* Bo-cycle: (a)(z(a)) - ((a)),

s Bi-cycle: (a,t(a), t%(a), ..., t°(a)),

© Ba-cycle: (a,7%(a), t*(a)) (2 (a), T3 (a), T°(a)),

« Bs-cycle: (a,7°(a))(z(a), t*(a)) (% (a), T°(a)),

* Ba-cycle: (a,t*(a), t%(a))(z(a), T°(a), T°(a)),

s Bs-cycle: (a,t°(a), t*(a),. .., 1(a)),

where, for example, in the §,-cycle, we have that ky = k, = 3.

Proof. Let x = aya, ---a, be the cycle of decomposition of x, where

a; = (ai - aim;)-

o

Given that t*xt~% = x fora = 1,...,m by the definition of Norm(t), this implies

x =t(ay)---w(ar),

x =1%(ay)---2(ay),
2.3)
x =1""Yay) - ™ (a,).
By the uniqueness of the cycle decomposition, every t(a;), t2(q;), ..., t™ (a;)

must be equal to some a;. If all these cycles are different, they form a B¢ cycle. Let
now 1 <o < m;then, t%(as) = (t%(a1s) -+ t*(a1m,)), and one has that

t(as) # 1% (ag) # -+ # T (ay).
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By definition of kg, we have t%(t%* (a5)) = ay as ko + o = 0 mod m, implying that
we have a cycle of the form a = (ay, 7%(ay), 72%(ay). . . ., T%* (ay)). Furthermore, the
condition given in (2.3) and the uniqueness of cycle decomposition enforce having

ged(m, a) — 1 other cycles aj, , ..., @j, 4.y having the same length such that
a = ‘[ajz‘[_l = ‘[2QJ3‘[_2 — .. = Tng(m,a)_lagcd(m’a)f_(g(:d(m,a)_l),
and this finishes the proof. ]

Proof of Proposition 2.1. By Remark 2.3, the map ¥ : G(m, 1,n) — Sy, is a group
homomorphism and an embedding. We write W(x) = d; - - - d, where d; is the image
of the reflection d; under W.

The elements ‘IJ(ri(j‘-x)) and W (¢}) commute with 7, implying that ¥(G(m, 1,n)) C
Norm(t).

We are left to show that Norm(t) C W(G(m, 1, n)). To do so, we prove that any
x € Norm(t), which is a product of S¢-cycle and B-cycles, can be written in terms

(k) k

of product of r;;” and £7 .

J
For a By-cycle, with the multiplication from left to right, we have

(ar---a;)(z(@) (@) - (" a7 Nay) =P o,
Now, a straightforward computation shows that if x € 8, then xﬂgj € Baty (see
also Section 4.2.2). It follows that, for a B4-cycle with @ = (a1, ....a;) and a; #
k (ap) foralli, ¢, k,

(@,7%(a), t(a), ..., 1% V%)) (z(a), 2% (@), 1T (a), . .., t ke~ DeH1 (@)
o (aj T(ay) T ag) o TN @) = rtg?)_l,aj ”'rts(z)),aftg?),azet)z/j
as r‘gg)—lﬂj "'rfgg),a3rc§(1)),az € Po. -

From now on, and by abuse of notation, we denote by G(m, 1, n) both the image
V(G(m,1,n)) C Spmu and G(m, 1, n) itself.

2.2. Wreath product, correspondence, and conjugacy classes

There is a natural way to represent the elements of G(m, 1, n) in terms of a wreath
product [4-6,24]. Namely, given an element z in G(m, 1, n), one can encode it by a
pair [u; g] withu € S, and g = (g1,...,8n) € (Z/mZ)" as follows: fork =1,...,n,
the non-zero entry in column k of z is in row u(k), and the value of the entry is
exp( 2”’7""). The product rule reads

[u; g] - [v:b] = [uv;v(g) + D], where v(g) = (gv(1), - &v(m))-
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The description above provides G (m, 1,n) with the structure of the wreath product

Z/mZ ¢ Sy. The reflections rl-(;x) and £¢ are represented as follows:

rl(/a) = [(i,j);(),...,0,0[,0,...,0,—05,07'--aO]v
(¢ = [(id);0,...,0,a,0,...,0].

It is convenient to introduce an action of Z/mZ ? S, on the set {1,...,mn} in
the following fashion: the element [o, (g1, ..., g»)] acts by permuting the n subsets
1 +in}iez/mz, ..., An +in}icz mz in accordance with o, and inside each subset
{i,i +n,...,i + (m — 1)n}, the action is described by shifting the elements by g;
positions. This induces a faithful action and, therefore, induces an embedding Z /mZ.?
Sy <> Smn (compare with Remark 2.3).

Elements of Z/mZ ? S, correspond to permutations on the mn elements that pre-
serve the circles (possibly permuting them entirely) with the order of the elements in
each individual circle. The reflection ri(]q) would correspond to rotating the i-th circle
by o, rotating the j-th circle by —«, and permuting them, whereas the reflection /%
just rotates the i -th circle by «.

The conjugacy classes of the symmetric group S, are in one-to-one correspon-
dence with partitions of n, provided by cycle decomposition of the elements. A similar
conjugacy class description for Z/mZ ? S, can be found in [19]. We recall it here for
completeness following closely [19] and then translate it into the language developed
in the previous section.

Denote by A the set of all partitions:

A=A 1Ak},

i>0

An m-colored partition is a map Z/mZ — A. A pair p = [u; g] with u € S, and
g =1(g1,...,8n) € (Z/mZ)" defines an m-colored partition as follows: the image
of the element r € Z/mZ is a partition formed by lengths of those cycles (i - ix)
of u € S, such that their cycle-product g;; + --- + gi, equals r. The constructed m-
colored partition determines the conjugacy class of [u, g], and two pairs are of the
same conjugacy classes if the corresponding colored partitions coincide.

We adopt the following notation for m-colored partitions: for an m-tuple of parti-
tions Ao, ..., Am_1 € A, write A = Aol -+ |Am—1 for the map

= Z/mZ — A
A:
re Ay

We now show that the sets C3 = Cy..|a of elements in G(m, 1,n) C Spyx

m—1

such that their cycle decomposition contains fq-cycles with cycle structure Ay for
a =0,...,m— 1 are the conjugacy classes of Z/mZ S,,.
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We will show this using the previously discussed embedding of Z/mZ ? S, into
Smn- Explicitly, it can be described as follows:

1 2 3 — n
[(g1.- - &n), (0(1) o(2) o(3) - U(n))] =
( 1 2 3 n kn+1 e (k+1)n )
o()+gi1n 0(2)+gon 0(3)+gzn - a(n)+gun - (c()+kn)+gin -~ (c(m)+kn)+gpn -/’
where the images of the permutation in S, are considered modulo mn.
Then, let us compute the image of the element [(g1, ..., gn), (i1 i2 -+ ix)] €
Z]/mZ S, in Sy, for an individual cycle o = (iy ip --- i) in S,. If we try to
recover the cycle structure, we will get the following:

i1 i+ gyn mod mn,

i» + giyn mod mn — (i3 + gi,n) + gn mod mn,

i+ (gi, +8ir ++ -+ &ip—1)n mod mn +— iy +(gi, +ai, +---+gi, )n mod mn.

This proceeds until, after repeating this process some / times, /(g;, + gi, + -+ + &i;)
becomes divisible by m, and we return back to g; completing the cycle. If [ = m, then
the image is this one cycle, and this corresponds to the B¢ cycles in notations from the
previous section. However, if [|m, then the image will contain m/[ cycles received
from the constructed one by adding n to all the elements. The resulting permutation
type depends on k and (g;, + gi, + --- + gi,) mod m, which is exactly the input
from the colored partition. Moreover, g1 + - -+ + gx mod m is exactly the power a of
7 which defines the B4-cycle.
This finishes the proof of the following proposition.

Proposition 2.6. The set C3 is a conjugacy class. Every conjugacy class in G(m,1,n)
is C3 for some partitions Ao, .. ., Am—1 such that |Ao| + -+ + |Am—1| = n.

In particular, the reflections rl.(,lj.) form the conjugacy class C, jn-2g.. g and the
reflections Ef.‘ the conjugacy classes Cyn—1gj...|1)g|..» Where 1 is in position k.
We denote by R the conjugacy class C, jn—2g)...g and by £ the conjugacy class

Cln—l|@|...|1\@|...~

3. Hurwitz numbers

Let us consider the group G(m, 1, n) for some fixed n and m and a conjugacy class in
it given by a colored partition A such that [Ag| + -+ + |Am—1] = 1.

Definition 3.1. Given that M = ng + n; + --- 4+ n;,—1, a sequence of reflections
(01, ...,0p) of the group G(m, 1, n) is said to have profile (A, ng,ny,...,Nm—1)
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it#{p|op e R} =no, #{p|lo, e Ly =ny,....#{p| oy, € £" '} = npy_1 and
01---oy € Cy. The Hurwitz numbers for the group G(m, 1,n) h

7 n
RO 5eeesltm—1 A count

the (normalized) number of sequences of reflections with the given profile A:

...,0p ) is asequence of profile (X, no, M1y m—1)}.

noA e si—1 A~

Denote €3 &ef ,ﬁ ercx X € C[G(m, 1,n)]. By Proposition 2.6, the conjugacy
classes are sets Cy for various A, so the elements €X form a basis in the center of the
group algebra Z[G(m, 1,n)]. Consider now a ring of polynomials

Clpl ¥ c[p©@, p®, ..., ptm=1),

. W @)
where p® = (%, 1:3 ..)," (by abuse of notation, we drop the factors in front of the
variables and write ( pi’) , pg), ...) instead) are m inﬁnite sets of variables. The ring is
graded by the total degree where one assumes deg p,(;) =k forallk =1,2,.... The
linear map ® defined by
(0) ()] (m— 1)
Oy = p;k PagPaj+-2Ps, _
establishes an isomorphism between the vector spaces Z[G(m, 1, n)] and the homo-
geneous component C[p©@, pM . pm=D], of total degree n.
Now, denote by

. k
JO = E Z ()—#g(R fln 22‘@| N

1<i<j<mn
0<k<m-—1

andforallk =1,...,m—1

- . k _ k
T = I =#£ -fln—1|g|...|1|g|...|g

1<i<mn

sums of all elements of the conjugacy classes containing reflections; see equations
(2.1) and (2.2) for the definitions of ri(;l) and E{-‘ . Now,

L _ (k) o= ®
T = o)) T T Tomm1 Gy, eme1 gy
and l =k =...=k so every element is repeated m times in these sums, so

T@) Ok
1

is the factor - . The elements Jo and 7 belong to Z[G(m, 1,n)], so one can consider

IThese extra factors % which seem unnecessary are present to get nicer formula, especially
in Corollary 4.2.
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linear operators Ty, 71, ..., Tm—1 : Z[G(m, 1,n)] - Z[G(m, 1, n)] of multiplication
by 7o, ..., Tm—1, respectively. The operators T; and 7; pairwise commute for all
i,j=0,....,m—1.

Let now the family of m operators €J,, ..., €J,,_; be the operators making the
following diagrams commutative:

Z[G(m, 1,m)] =L Z[G(m, 1,n)] ,

J/: l: i=0,...,m—1.

Clpla T Clpla
Let the two colored partition A and [ such that |X| = |it| = n. For an element
o € (3, define the multiplicity (X|ﬁ)0 as the number of reflections r(k) (i.e., elements
of fR) such that or( € Cy. Similarly, define the multiplicity (A1) for elements in
kandk =1,....m—1
The following lemma and theorem are proved in the exact same way as in [8]; we
refer to this paper for more details.

Lemma 3.2. Multiplicities do not depend on the choice of o.

Theorem 3.3. T,¢; = Y (A | i) - Cpfori =0,....m— 1.

4. Generating function, cut-and-join and explicit formulas

4.1. Generating function

Consider the following generating function for Hurwitz numbers of the complex
reflection group G(m, 1, n):

%(ﬁ()vﬂly-. ﬂm 17p)_ Z Zno";ol’ 5nmnl, 'pAﬂ .‘ﬂ:lnni_lly
m

.....

where by abuse of notation we use B; as a variable in the generating function that
keeps track of the number of 8;-cycles.

Theorem 4.1. The generating function K satisfies the family of m cut-and-join equa-
tions:

aH aH
=Cdo(J)..
8:80 aIBm—l
Proof. Fix a positive integer n and denote by #(, a degree n homogeneous component

of €. The cut-and-join operators preserve the degree, so # satisfies the cut-and-join
equations if and only if J, does (for each n).

=Cd 1 (). 4.1
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Let i be any integer between 0 and m — 1, and let

def m"n'h e Tn—1 o
gn é Z Z nO n_1.1 AﬂgOﬂ "'ﬂ:ln_ll E(C[G(m,l,n)]

105+ Mm—120 1|2 |=n

An elementary combinatorial reasoning gives

ﬂnolg ../3”'" 1
€, = Z 0 rr;ll Tﬂ() .. nm l(en)
m>0

where e, € G(m, 1,n) is the unit element. Clearly,

no L. RMm— 1
130 ﬂ ﬂ no --(7—',')"[+1 nm l(en)

T (%) ST

|
|
3
[=)
3"

n n;i—1 np—
_ Z 00.”131'1 .‘_ﬂm’ill Tn0~"T-nl . nm 1(8)
n0!~~~(ni—1)!~-~nm_1 0 ! "

0B
Applying the 1somorph1sm W, one obtains VT;(G,) = ¥( gg" )= aa W(g,). One has
V(g,) = H,; hence, o 0 \y(g,) = a?}en By the definition of the cut-and-join opera-
tors, VT;(5,) =€, (‘l’(ﬁ )) = €4,(Hn), and equalities (4.1) follow. ]

Corollary 4.2. We have
)
H(Bos....LPm-1.p) = eBoCot+Bm—1CFm— 1617( ) 4.2)

Proof. 1t follows from Definition 3.1 that b, 7 = ﬁ if o = 1" and k = 0 for
i=1,....m—1,andh, 5 =0,otherwise. Thus, #(0,...,0,p) = e”l and 4.2)

,,,,,,

follows from Theorem 4.1. n

4.2. Explicit formulas

We provide in this section explicit formulas for the cut-and-join and the generating
function. In the next subsection, we will relate this cut-and-join operator to the clas-
sical case of S, via a change a variables.

Theorem 4.3. The m-family of cut-and-join operators for the complex reflection
groups G(m, 1,n) is given by

1 3 92
C€ho=5 Y. (+)p@pP——— +mijps———— 43
¥ i+j
2 i,j>1 31’1'(11)’) 3Pz§a)l’('y)
o,yEL/mZ
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and

atly
=Y (pf +k)ap("‘)) fork=1,....m—1. 4.4)
i

i>1
a€Z/mZ

Remark 4.4. The operator €, has 2m? terms, while € ¢ has m terms for each k.

Example 4 5. For the wreath product Z /27 2 Sy, @ and y can be equal only to O or 1.

(1) def

Let p(O) < piand p £ < 4:. Thus, for €4, one gets

d d 9 9
€0 =3 Z(z +J)(pzp/a +pzq,a J”“”a +€1qu it )
1T

i,j=1

82 32 2 82
+2i'(~ o+ Pitj e + it T it )
J pH_]aPin pl+]aCIiCIj ql+JaQin ql+JaPiq]‘

which after simplification gives
> 92 a2

9
€d, = i+ j)piqj—— +2ijqivj——— + ijpi+j
Fo= ) (( Jpig; dae; M apag P ang,

ls]_l

and we recover the result from [8].
Similarly, for €4, we get

oo

0 ad
ety = (ing,- +iag- ).

i=1
which also agrees with [§]

To prove Theorem 4.3, we will explicitly compute the coefficients (A | jz), for all
possiblex, pandv =0,...,m—1.

Leto € Sy, and 1 <a < b < n. The cyclic structure of the product o (a, b) depends
on the position of a and b: if a and b are in the same cycle, say o7, then o7 is split;
we call this a cut. If ¢ and b are in different cycles, say o; and o5, respectively, then
these two cycles are joined.

Let now o € G(m, 1,n), and let p be one of the following types of reflections
(where elements are modulo (m — 1)n):

© p=rap = (a,b)(z(a), (b)) (" (@), " (b)) for I <a,b < (m—D)n,
e p=tk=(a,t(a),7%(a),.. ) forl <a<(m—1)nandforanyk =1,...,m—1.

The structure of 0’ = po, where the multiplication is from left to right, depends on
the structure of o, i.e., which f4-cycle o is, and the positions of a and b.
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4.2.1. The operators €¢,. Let @ and y be such that 0 < «,y < m — 1, and let the
permutation o with cycle decomposition the product of a B4-cycle and a f,-cycle,
where the fq-cycle is

(@i,...,ap,,v@a),....t%ay,),.. )z (@y),...,t(ay),c* Hay),. ...t (ag,),...)
and the B, -cycle is
(b1, by, T (1), ..tV (bry), . )@ (br), . . (b)) TV TH(BY), . TV T (Byy), - ).

Consider also the reflection

Pay.b, = (@1,b1)(z(ar), t(by)) - (™ Har), 7™ 1 (b1)),

where 1 < aq,b; < (m — 1)n.
A straightforward computation shows that po is a B4 -cycle. Indeed,

(po)(ae,) = o(plag,)) = (1),
a(p(z*(b1))) = t%(b2),

o (p(r*(be,))) = (" (@1)).

In other words, multiplying by p a product of a B, with a B, -cycles gives a Bq 4 -
cycle, we call this a join. Furthermore, p being an involution, multiplying the Bq -
cycle obtained once more by p, gives back the product of B, 8, -cycles; we call this a
cut. There are m? possible joins and m? possible cuts counted without multiplicities,
so 2m? cases in total. This is true for any «, B and o + fB; these are all the possible
cases for the multiplication by a reflection

p = (a1, by)(t(ar). t(by)) - (" ar), 7" (b)).

We now compute the multiplicities (A | J1)o, which will prove the result for €.
Leto € Cj, where A = (A¢....,Apm—1) and Ay = 1€1@ ... nn that is for every k =

1,...,n the element o contains ¢, PBg-cycles of length k x In the same

_m
ged(m,a)

way, define op € Cj. Calculate (A | @Yo for all @ = (K. ... im—1), Where Ry =
1d1y ce ndny.

Case 1: Cut. Let p act on elements from a 844, -cycle of length (i + j) x gcd(m’"—am.
The total possible numbers of positions for a; is the total number of elements in all
the Bo+y-cycles of length (i 4 j) x m, that is,

(i +Jj)xged(m,o +y) x mciﬂ =m( + j)Citj-
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Since we know the length of the product of 8, with the 8, of po, the position of b;
as well as the positions of t¥(a;) and V(b;) forv = 1,...,m — 1 is unique once the
position of a; is chosen. Doing like this, one counts every reflection pg4, 5, m times
we further divide by two as p,, », = Pb,.a, - and the multiplicity is %(i + j)citj

Case 2: Join. Let p act on elements from a 8y -cycle of length i x = d(m o anda By-
The total possible number of positions for a; is the total
m, thatis, i x ged(m,a) x

¢; = mic;. Similarly, for b;, we get mjc; total possible number of positions.

cycle of length j x = d(m "k
number of elements in all the B,-cycles of length i x
For the same reason as above, we need to divide by 2m to not over count p,, p,. We
get that the multiplicity is mijc;c;

The explicit formula of € ¢, follows from Theorem 3.3 as

€dorz =Y (A Wopa-

,u

For the cut, the monomial p3 contains p(aﬂg i+ The exponent of p(a+ﬂ)c'+’
in the monomial py is decreased by one, and the exponents of p(“) and p(ﬂ) are

increased by one. We will have p(“) p](y) P (O‘? )
Pitj

for the cut, and to have the correct

multiplicity, add the coefficient ’ﬂ before. The join case is similar, and this finishes
to the proof for € ¢,,.

4.2.2. The operators €J,. The reasoning to get the explicit formulas for €J,
is similar to the one for €¢,, but we look instead at the product op, where p =
(ai,t(ai), ..., 7™ Ya)k fork =1,...,m—1.

Once more, let o be the B,-cycle:

(ai,....ag,, @), ..., t™%(ag,), .. )(x(a1), ..., t(ag,),

T ay), ..., " ayg,), .. ).
Let also the reflection p:
0= E;l = (a1, 1(a1),..., 7" Yay))” forsomev =1,...,m—I.

A straightforward computation shows that op is a By+y-Cycle.

We now compute the multiplicities (A | i)y for y =1,...,m — 1, which will
end the proof of Theorem 4.3. As above, let 0 € Cy, where A = (Ao, ..., A1) and
Ao = 161 ... pna; thatis, forevery k = 1,...,n, the element o contains c; By-cycles

of length k x gcd(m o In the same way, define op € Cy. Calculate (A | i), for all

- (l’l’07---9/"l’m 1) Where

dny

/,Ly=1dl”---l’l and v=1,....m—1.
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Let a Bq-cycle of length i x 3 The total possible number of positions for

_m
ged(m,o
that is,

a1 is the total number of elements in all the B,-cycles of length i x gcd(”’Ta),

i x ged(m,a) x i, = micj.

m
—
ged(m, a)
We need to divide the multiplicity by m to not over count the reflection £, as £, =

14 =4

v = .
t@a) m—1(ay)’

As done for €, the monomial p3 contains pi(a)ci . The exponent of p

and finally, the multiplicity is i ¢;

(@)c;
i+j
monomial pj is decreased by one, and the exponent of pi("‘+k) is increased by one.

We finally get pi(aJrk) P a(a)’
p.

in the

and to have the correct multiplicity, add the coefficient i

before. This completes the proof of Theorem 4.3.

4.3. Change of variables

We show in this section that, after a suitable change of variable, the operators in (4.3)
and in (4.4) reduce to the classical cut-and-join operators denoted by

oo

def 1 92 0
eg ¥ (z G+ —) 45)
2”2::1 IPi+ g Dripig
and Euler fields -
defx . 0
E = ipi—, (4.6)
; lapi
respectively.

Proposition 4.6. Let £ o exp(%i). Consider the following change of variables:
p@ =u@ 4D 4D
N
P =y @ g, g D),

Then,

€y =m(Cg, + -+ Cgymn),
m—1

€dr= B E& k=1....m—1,
a=0

where by € ¢, we denote the operator (4.5) with ul@ substituted for p;, and simi-
larly, E, ).
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Proof. First, for €4, by the chain rule, we have

8 (Ol) Z g:_vaa (V)

Then, plugging (4.7) into (4.1) gives

1 ad
- avi+Bva—(a+pB)vs ; N, () (v2) 9
Cdo o Z 3 (i + j)u; Vu; o
i,j>1 H‘J
a,yEZ/mZ
Vi,V2,V3€EZL/mZ

1) 9

H‘Ja (Vz) 3)°
J

+ E(a+ﬂ)w—avz ’3"3sz u

(v1),, (v2)

We want to express the coefficients in front of the monomials (i + j)u; u;

(v1) 92
and miju;  ; .
i+jq () (v3)

ou; “u;

Z ’ é:(!V]+ﬂV2-(d+[3)V3 — Z SW(V]—VZ)"'B(V]—VZ&)

a,yEZ/mZ o,yeZ/mZ

{m2 ifvy = vy =13

J

A straightforward computation gives

0 otherwise.

Plugging this last equality into (4.8) and doing a similar reasoning for

Z 5(06-1*/3)111—0“)2—/3\)3

o,yEL/mZ
give
Cdo=m Z i+ ')Lt(v)u(v)—8 —l—mi'u(v) —82
0= JIu; U PO Ji+j8(v) Ok
ij>1 Uitj U uj
vEZ/mZ

and this finishes the proof for € ¢,
By the same reasoning, for €, one gets

1 d
_ (@+k)vi—avs,,(v1) .
Che = . & R AR
i>1 u;
o,V ,V€Z/mZ
this reduces to computing
Z E(a—i—k)vl—ocvz — Ekvl Z i__avl—av2 _ {m if V1 = Vp
weZ mZ weZmZ 0 otherwise,

and plugging it into (4.9) finishes the proof.

662

4.7

4.8)

0

8u<v3)

i+Jj

4.9)
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Theorem 4.7. For all colored partitions A = Ag| -+ |Am—1, the polynomials

1), def _
sz (PO POy L, (PO, (@D,

af (@) af Q)
where s, are Schur polynomials and P@ means (Zﬁ Em P 25 Em P2 .. .), are
eigenvectors of €y and €y for allk = 1,...,m — 1; the respective eigenvalues
are
co(A)

0
def

=mY (Aoi(hoi—2i +D+A1i(Ai—2i + D+ +Amo1i(Am1i—2i +1))

i=1

foredeand ck(V) & 2 (Aoy + EF ALy + -+ + EKM=D 1) for €.

The theorem follows immediately from Proposition 4.6 and the fact that Schur
polynomials are eigenvectors of the cut-and-join operator (4.5) (see [15]) and of the
Euler field (4.6) (s3 are weighted homogeneous).

Theorem 4.7 and the Cauchy identity [19] imply that

o o (m—1)
eP1 =et1 ...o%M =ZSX(P(O),...,P(m_l))s;(l,o,...;1,0,...).
b}

This allows us to prove the following.

Corollary 4.8 (of Theorem 4.7). We have

%(ﬂ()’ﬁl’u-,ﬂm_l,p):
> exp(BocoM) + D Brer(D) x 53(1,0....: 1,0, )5y (PO P,
A

1<k<m-1

This is the G(m, 1, n)-analog of the formula expressing the simple Hurwitz num-
bers via the Schur polynomials [15].

5. KP hierarchy

The KP hierarchy is one of the best-known and studied integrable systems; see, e.g.,
[14,16,20] for details. It is an infinite system of PDE applied to a formal series F' €
C[t], where t = (1,1, ...) is a countable collection of variables (“times”). Each
equation looks like

0?F

Z_ = Py(F),
8@85 ]( )
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where P;; is a homogeneous multivariate polynomial with partial derivatives of F
used as its arguments. For example, the first two equations of the hierarchy are

Fyy = 1F2 +F lF
22 — ) 11 31 12 1111

1
F3 = —F11Fo1 + Fa1 — €F2111§

7 . . . . .
here, Fj,i,..i, means E)t«'?t—Fa, If F is a solution of the hierarchy, its exponential
i19%ipdt;,

7 = ef is called a T-function.

Example 5.1. Equations of the hierarchy do not contain first-order derivatives, so the
function F(r) = t; is a solution of the KP hierarchy; t = e’! is a t-function.

Proposition 5.2. There exists a Lie algebra § of differential operators on the space
C[p] having the following properties.

(1) g is isomorphic to a one-dimensional central extension gl/(-o?) of a Lie alge-
bra gl(oo) of infinite matrices (x;;);, jez having non-zero elements at a finite
set of diagonals.

(2) The Euler field E and the cut-and-join operator € g, belong to '§.

(3) For any t-function f and any X € §, the power series eX f is a t-function,
foo.

See [16] for the definition of &, [23] and [14, Section 6] for the proof.

Theorem 5.3. The generating function #(Bo, B1, - .., Bm—1,P) is an m-parameter
family of T-functions, independently in the p® variables.

Proof. Denote by uf «f > o< p<m—16 op ulﬂ . Equation (4.2) and Proposition 4.6 imply
that

H(Bor....Pm1,u’, ... u"h

— oPom(C )+ +EF in—1)) p(B1EI+Bm—1Em—1) pu” | ui"

-e
— e(ﬂo‘c’gu(m +B1E, 0)++Bm—1 Eu(()))eu(o)

. e(ﬂo‘egu(mfl) +ﬂ1$m_lEu(mfl)+"'+Bm—lsEu(m—l))eu(mil) .

(Operators €4 @, €4 o, E @), and E, /) commute because they act on different
sets of variables.)

By assertion (2) of Proposition 5.2, o€ 4,0 + f1E, 0 + -+ Bm—1E,0 € Gy
(the Lie algebra € acting by differential operators on the u(®) variables). By Example
5.1, e“(IO) is a t-function (in the u©® variables), and so is

JfB(ﬂO,...,ﬂm_l,llo,...,um_l)
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by assertion (3) of the same proposition. The reasoning for the u(® with

variables is the same. [

6. Hurwitz numbers and ramified covering

6.1. Wreath ramified coverings

In [25], the notion of wreath branched cover for a general wreath product of S, is
introduced; we will follow it closely. For details and proofs, see [25].

In Section 2.2, we showed the correspondence between the conjugacy classes of
G(m, 1,n) when embedded in S,,,, and the conjugacy classes of Z/mZ? S,. In this
section, conjugacy classes are subsets of the wreath product Z/mZ? S,.

A G(m, 1, n)-ramified cover (p, f) of degree mn over C P! is an ordinary rami-
fied cover f of degree n:

f:M — CP!

with a set of critical values Y together with a smooth curve M with a left Z/mZ-
action and Z/mZ-equivariant map (Z/mZ acts trivially on M) p : M — M such
that

P = pT T - M= fTH),
where p’ is the restriction of p to M- p Y (f~1(Y)) and is a principal Z /mZ-bundle
map.
Two G(m, 1, n)-ramified covers
F.it%mLcp
and ) )
FoirZou Locpt
are said to be equivalent if there is a pair of biholomorphic maps 5 :M — M’ and

¢ : M — M’ such that 5 is Z / mZ-equivariant and the following diagram commutes:

S

M- Mm s CP!
l&? lqﬁ lid
VAN VI AN ) 3 Y
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An automorphism of a G(m, 1, n)-ramified cover ( f, p) is a pair of biholomorphic
maps ¢ : M — M and ¢ : M — M such that ¢ is Z / mZ-equivariant and the following
diagram commutes,

-5 ML cpt
ﬁ P ﬁ

-2 ML cpr

An important result of [25] is the description of the monodromy of G (m, 1, n)-ra-
mified covers. We describe it now. Let (f, p) be a G(m, 1, n)-ramified cover:

2 mlcpt

Taking a critical value y € Y, the preimage f~!(y) is a set of points X7, ..., x¢
with multiplicities A1, ..., Ay, where A1 + Ay + --- + Ay = n, i.e., a partition of n.
We can assume without loss of generality that A1 < A, <--- < Ay. Furthermore, pick
a regular point b in C P; its preimage by f are n points ¢1, ..., ¢,. With the map
p’ being a normal cover, we can identify each fiber p~1(g;) with Z/mZ using local
trivialization: choose a small neighborhood U; of ¢; and a diffeomorphism

Vi p NUi) > Ui x Z/mZ, z — (p(2).¢i(2))

such that ¢; (hz) = he;(z) forany h € Z/mZ

Take a loop y based on b and winding once around y. The monodromy of f along
the loop y is a permutation (q1,1....,41,4,) *** (ge,1+---,qe.a,) of S, belonging to
the conjugacy class indexed by A. Pick now one of the cycles, say, (¢j,1,---,4j.4;)
and denote by y; the lifting of y starting at g; ;. Now, starting with an element z; €
p~1(g;.1), the unique lifting 77 of y; will end at some z, € p~!(g;,2); continuing so,
we get that the lifting 5, of y,; will end at some z} € p7(gj,1)- Suppose

¢2(22) = g1¢1(21)a o 7¢kj (le) = g,lj_lfp)tj_l (le—l)’ ¢l(zi) = gzlj(P)tj (le)
forgl,...,g;tj € 7./ mZ; then,
g3, 84,_, - &1(21) = ¢1(2)).

The product g3, 8x,_, -+ g1(21) = ¢1(z]) € Z/mZ can be viewed as the mon-
odromy of p induced by the loop y; - -- y;; starting and ending at g;,;.
Add the following restriction that ¢;(z1) = 0 € Z/mZ.

Lemma 6.1 ([25]). The cycle product g),8;_, -+ &1 € Z/mZ is determined by
Y1 Ya; up to conjugacy.
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Now, given a loop y winding once around a critical value y, we get an element
o € S,, together with an element g = (g1,...,gn) € (Z/mZ)". In other words, we
get a map

M: 71 (CP'—Y) > Z/Zm? S,
[y] — (0, 9),

which is a group homomorphism. This is the monodromy representation associated
with the G(m, 1, n)-cover (p, f).

Lemma 6.2 ([25]). The monodromy group of a G(m, 1, n)-ramified cover (p, f)
of degree mn over C P! is a subgroup of the wreath product Z.]Zm? Sy, which is
determined up to conjugacy class. And it is transitive if M is connected.

The inverse construction is as follows: given a group homomorphism
M: 7 (CPL—Y) > Z/Zm Sy,

we first construct a ramified cover f : M — C P! of degree n, using the composition
homomorphism of M and the projection map Z/Zm ? S, — S, as monodromy rep-
resentation. Then, we construct a cover p : M—>M using the information resulting
from the cycle products. This produces a G (m, 1, n)-ramified cover (p, f) of degree
mn, where I is its monodromy representation.

The construction described above gives the following lemma.

Lemma 6.3 ([25]). The following correspondence is one-to-one between the two sets:
* non isomorphic G(m, 1, n)-ramified covers (p, f) of C P of degree mn,
o Hom(m(CP'—Y),Z)Zm?S,)/(Z]Zm? Sy).

6.2. Hurwitz numbers: The algebro-geometric definition

We now define in an algebro-geometric way Hurwitz numbers for the reflection groups
G(m,1,n).

We say thata G(m, 1,n)-ramified cover (p, f) of degree mn over C P! has profile
()_k, ng,ny,...,ny—1) if the following hold.

* Foreacha =0,...,m — 1, there are n, other critical values yq.1 - Ya,n, 1IN cp!,
and the monodromy over these yq.1 ** - Ya,n, must be a By-cycle.
* The monodromy over oo must be A.

* Themap f o p is unramified outside of ¥ = {oo} U {yq,i }a=0,....m—1.
1<i<ng
The genus of M can be found by using the Riemann—Hurwitz formula, and we do

not require M to be connected. It then follows that the algebro-geometric definition



R. Fesler, D. Gorodkov, and M. Karev 668

of h A 7 is the number of non-isomorphic G(m,1,n)-ramified covers (p, f)

of degree mn over C P! having profile (A, ng,n1, . ..,nm_1) divided by their weight.
In a more compact formula

h
o eetn1h §¢mwﬂ|

where the (p, f) have profile (A, ng, n1, ..., nm—1) and are all distinct.

Proposition 6.4 ([25]). For the complex reflection group G(m, 1, n), the combinato-

rial definition of Hurwitz numbers h 7 and the algebro-geometric defini-

nosn s shm—1

tionsh, . . 5are equivalent.

7. ELSV-type formula

Given the description of the family of the cut-and-join equation, it is possible to reduce
the problem of computation of the generating function J# to the well-known case of
usual Hurwitz numbers. The operators €¢; commute for all i = 0,...,m — 1, so
we can use the following strategy: first, apply operators € ¢, to the initial condition
and then try to relate the result of the action of € ¢, on the resulting function to the
studied cases.

Proposition 7.1. We have

m—
0 m—1 @
k= 13k€#kep — | | exp(62k=1ﬂk5k u(la))'

a=0

m—1 o o
Proof. Tt is enough to compute e ZHZ1 Bt By e”(l ); the result will be obtained by
the product of these expressions for all &. Denote the coefficient Z;c";ll BrEF by y,.
Then, we have

o0 o0
Yo E ) 15 _ i k pk ()\! SLTAN,
et =y EMZHW) )
k=0 k,1=0
o L@l Yor )@
= Zﬂ(ul )eret = exp(e”u;”’). n

~
Il
o

Now, consider the action of €¢,. Notice that the exponent e€#0 splits in the
product of commuting operators, each depending on u® with « fixed only. So, the
result can be naturally written down as a product.
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Proposition 7.2. The generating function
eﬂomfgu(a) exp (eZZl=l ﬂkéka u(la))

coincides with the generating function for the disconnected weighted usual simple

G (@

Hurwitz numbers e , where

G©@

- ¥

g20,n>1
k] ..... kn€N

(mﬂo)zg—2+n+2?=1 kn er‘l=1 kn ZZ’:l ﬁké’“" hg ki, ,knu,(::) ul(::l)
Qg —2+4+n+ Y/ k) n! '

Proof. Both functions satisfy the same evolution equation and the same initial condi-
tion. For the details, see [3,26]. [

Usual Hurwitz numbers are known to satisfy the ELSV-formula [7]: for any g >
0,k1,...,k, € N, we have

Ogiki,kn (Zg 2+n+2k)

i=1

'H / (1—1w1> A= Fpn)’

i=1

where M ¢.n 1s the Deligne-Mumford compactification of the moduli space of genus
g curves with n marked points, Ag , is the total Chern class of the dual to the Hodge
vector bundle, and y; are the corresponding y-classes. Combining the formulas, we
obtain the following theorem.

Theorem 7.3. The logarithm of the generating function ¥ in variables u'® equals

(mﬂ0)2g—2+n+2?=1 kn eZ?=1 kn Y0 BrEre

log # = ZG(“) —Z Z .

a=0 g>0,n>1
k] ,,,,, knGN

Agon 4@ @
X U .
Hk'/M (T ki) (L= k) 1 "

i=1
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