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Closed 4-braids and the Jones unknot conjecture

Dmitriy Korzun, Elena Lanina, and Alexey Sleptsov

Abstract. The Jones problem is a question whether there is a non-trivial knot with the trivial
Jones polynomial in one variable q. The answer to this fundamental question is still unknown
despite numerous attempts to explore it. In braid presentation, the case of 4-strand braids is
already open. S. Bigelow showed in 2000 that if the Burau representation for 4-strand braids
is unfaithful, then there is an infinite number of non-trivial knots with the trivial two-variable
HOMFLY-PT polynomial and hence, with the trivial Jones polynomial, since it is obtained from
the HOMFLY-PT polynomial by the specialisation of one of the variables A D q2.

In this paper, we study 4-strand braids and ask whether there are non-trivial knots with the
trivial Jones polynomial but a non-trivial HOMFLY-PT polynomial. We have discovered that
there is a whole 1-parameter family, parameterised by the writhe number, of 2-variable poly-
nomials that can be HOMFLY-PT polynomials of some knots. We explore various properties
of the obtained hypothetical HOMFLY-PT polynomials and suggest several checks to test these
formulas. A generalisation is also proposed for the case of a large number of strands.

1. Introduction

1.1. Jones problem background

In this paper, we apply approaches for the study of quantum knot invariants to the
celebrated Jones unknot conjecture. It poses a question whether a non-trivial knot
with the unit Jones polynomial exists. At first, let us discuss some motivation and
current developments in this area.

A polynomial knot invariant is a function of a knot taking values in polynomi-
als which is invariant under Reidemeister moves and ambient isotopies. One of the
most famous and strongest polynomial knot invariants – the Jones quantum polyno-
mial J.q/ – was introduced by Vaughan Jones in 1984 [19–21], when he studied von
Neumann operators acting on a state space of some system. The Jones polynomial can
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Figure 1. Two-component links with 15 and 17 crossings with the trivial Jones polynomial
from [54].

be defined as a polynomial satisfying the following skein relations:
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(1.1)

The Jones polynomial does not distinguish all knots. In the 80s, an infinite number
of pairs of knots with equal Jones polynomials was already revealed [7,24,34,35]. For
example, it takes the same value on knots related by mutation (the so-called mutant
knots) [10, 45], such as the Conway and the Kinoshita–Terasaka knots [55]. But a
more basic question is still open: does the Jones polynomial J.q/ detect the unknot?
This is the famous Jones unknot problem, which is a fundamental problem iin the
invariant topology. Probably, the absence of an answer to the Jones problem interferes
with understanding the topological meaning of the variable q [21]. At the same time,
it is known that non-trivial links with the Jones polynomial equal to the one of unlink1

do exist [12, 15, 18, 54] (for example, see Figure 1). It is also interesting that it was
only recently proved that a particular t -deformation of the Jones polynomial – the
Khovanov polynomial [4, 26] – does detect the unknot [31].

Since V. Jones stated the unknot conjecture that the Jones polynomial detects the
unknot, this problem has become classical. There are lots of attempts to solve the
Jones problem. V. Jones and D. Rolfsen studied this problem regarding 4-braids [22].
They presented a method of producing a non-trivial knot with the trivial Jones polyno-
mial but did not succeed. A bit later, T. Stanford proved the following theorem [49,50].
Two knots have the same all Vassiliev invariants of order less than n if and only if
they are equivalent modulo the nth group of the lower central series of some pure

1We also call such Jones polynomial the trivial Jones polynomial.
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braid group2. This statement opens a way to find a non-trivial knot with the unit Jones
polynomial from some diagram of the unknot.

Computer checks were carried out for knots with up to 24 crossings [57], and no
non-trivial knots with the unit Jones polynomial were found. V. Manturov put forward
two hypotheses to forbid non-trivial knots with the trivial Jones polynomial by con-
nection to the Jones problem with virtual knots [36]. A Similar problem concerns the
HOMFLY-PT polynomial3 [14,46], which is a generalisation of the Jones polynomial.
Namely, the question is whether the HOMFLY-PT polynomial detects the unknot. A.
Stoimenow carried out lots of research on the Jones and HOMFLY-PT unknot prob-
lem. In 2003, he posed a theorem that there are no positive knots4 with the trivial
HOMFLY-PT polynomial [51]. Later, he also proved the non-triviality of the Jones
polynomial on k-almost positive knots5 for k � 3 [52]. A. Stoimenow also proposed
a proof that there does not exist a 3-strand braid whose closure gives a knot with the
trivial Jones polynomial [53].

S. Bigelow proposed a method for constructing a non-trivial knot with a trivial
Jones polynomial under certain conditions on the corresponding braids [6]. S. Bigelow
also connected the Jones problem with the problem of faithfulness of the Burau rep-
resentation for the 4-strand braid group B4 and faithfulness of the Temperley–Lieb
representation, which leaves the Jones problem with open classical mathematical
questions. Later, T. Ito proved that if the Burau representation for 4-braids is not
faithful, then, for any knot, there exist infinitely many mutually different knots with
the same HOMFLY-PT polynomial [16]. However, A. Datta showed that the Burau
representation of B4 is faithful almost everywhere [11]. Some tricky cases are still
open.

Many famous mathematicians tried to solve the Jones problem. Thus, it is reas-
onable to apply recently discovered untested approaches for studying quantum knot

2The nth group of the lower central series of the pure braid group Pk is a group
LCSn.Pk/ D ŒLCSn�1.Pk/; Pk � with LCS1.Pk/ D Pk . Note that, in a pure braid, the begin-
ning and the end of each strand are in the same position.

3The HOMFLY-PT polynomial H.q;A/ can be defined with the use of the following skein
relations:

A �H
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(1.2)

with a requirement that the HOMFLY-PT polynomial for the unknot is equal to one. Comparing
this skein relation with the Jones skein relation (1.1), one can make sure that the HOMFLY-PT
polynomial reduces to the Jones polynomial at the point A D q2.

4Positive knots are knots having diagrams with all crossings positive.
5A diagram is k-almost positive if it has exactly k negative crossings. A knot is k-almost

positive if it has a k-almost positive, but no .k � 1/-almost positive diagram.
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invariants and to consider particular cases (for example, knots of fixed number of
strands). We make use of Reshetikhin–Turaev approach [47, 56] for construction of
quantum knot invariants and different expansions of the HOMFLY polynomials – dif-
ferential [8,17,23,29,38–42], character [37], and perturbative [1,2,9,30] expansions.
We mostly analyse hypothetical 4-strand knots6 K WD x̌ of the unit Jones polyno-
mials and their related knots zK WD ˇ�2n, K2kC1 D ˇ2kC1. In this study, we are in
particular motivated by the mentioned S. Bigelow’s research.

1.2. Physical background

In 1989, E. Witten showed that Jones polynomial naturally arises in the 3d quantum
field theory with the Chern–Simons action [59]. The idea to consider a .2 C 1/-
dimensional quantum theory of the Chern–Simons field with a non-abelian gauge
groupG for the study of topological invariants originated in the works of M. Atiyah [3]
and A. Schwarz [48]. The Chern–Simons action for a vector field A� D Aa�.x/T

a,
with T a being generators of the corresponding Lie algebra, is

S.A/ D
�

4�

Z
�3
d3x"��� Tr

�
A�@�A� C

2

3
A�A�A�

�
:

It is constructed without using a metric on a 3-sphere S3 so that the theory is topolo-
gical. Let the gauge group G be SU.N/; then T a, are generators of the Lie algebra
suN . The trace is taken in the adjoint representation and � is a coupling constant.
Gauge invariant quantities are defined using the Wilson loop operator C :

WR.C;A/ D TrR

�
Pexp i

I
C

A�dx
�

�
:

In this paper, we consider only finite-dimensional irreducible representations of high-
est weights of the Lie algebra suN . The notation Pexp stands for a path-ordered
exponential:

Pexp
I
C

A�dx
�

D 1C

I
C

Aa�.x/T
adx� C

I
C

Aa1�1.x1/dx
�1
1

Z x1

0

Aa2�2.x2/ T
a1T a2dx

�2
2 C � � � :

The vacuum expectation value of the Wilson loop operator is given by

hWR.K/i D
1

Z

Z
DAeiS.A/WR.C;A/; (1.3)

6In these notations, ˇ is a braid and its overlining means that a knot K WD x̌ is the closure
of a braid ˇ.
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where the Chern–Simons partition function Z is defined by

Z D

Z
DAeiS.A/:

Correlator (1.3) depends on a homotopy class K of the curve C along which the path
integral is taken. This correlator defines the topological invariant of a knot K .

If we introduce the following variables „D 2�i
�CN

, q D e„,AD eN„ and normalise
the vacuum expectation value (1.3) to the unknot

HK
R .q; A/ D

hWR.K/i

hWR.
/i
;

we get a polynomialHK
R in two variables q andA, which coincides with Reshetikhin–

Turaev invariants for quantum group Uq.slN / [47, 56] and with the HOMFLY-PT
polynomial for the fundamental representation R D � defined by the skein rela-
tion (1.2).

In the Chern–Simons theory, there is no dynamics, but there are pure states enu-
merated by Wilson loops. To construct a complete theory, it is necessary to describe
all states, but there are some problems with this. The fact is that topologically different
contours in three-dimensional space are knots (and links if the number of components
is greater than one), but the values of the vacuum averages (1.3) do not always differ
for different knots. Specifically, in the case of Jones polynomials (gauge group SU.2/
and the fundamental representation for the Wilson loop operator (1.3)), there are many
examples of different knots (and even families of knots) for which the Jones polyno-
mials coincide. However, in general, this problem has not been solved. In other words,
we do not know the necessary and sufficient conditions on the knots that describe the
coincidence of at least their Jones polynomials. (We are just not even talking about
higher ranks and representations yet.) In this paper, we focus on the problem of dis-
tinguishing the unknot state specifically, but the method we develop here can easily
be applied to any other knots that we are going to do elsewhere.

A basic problem in the quantum field theory is how much we know about the
theory knowing all correlation functions of the theory. All observables of the Chern–
Simons theory are Wilson averages. One of specific questions is if one can extract
information on space topology from these Wilson loops, i.e., if one can distinguish all
links by the values of Wilson loop operators average. An answer is non-obvious and
still unknown though many scientists have explored this problem (see the previous
subsection). Still, there is a hypothesis that a set of polynomials (1.3) in all represent-
ations does distinguish all links. However, it is complicated to study this hypothesis
in such a generic form. Thus, in this paper, we concentrate on a much simpler but
also open question. We focus on SU.2/ gauge group and the fundamental representa-
tion and suggest several efficient ways to study whether the Jones polynomial detects
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the unknot. Thus, our results are important in understanding which information all
correlators of a concrete theory carry and which one does not.

This paper is organised as follows. In Section 2, we introduce all basic definitions
and methods we use in our study of the Jones problem. We analyse the cases of two-,
three-, and four-strand knots in Sections 3.1, 3.2, and 3.3 correspondingly. On two
and three strands, there are no non-trivial knots with the trivial Jones polynomial. An
interesting case is the case of four-strand braids. We have found the HOMFLY-PT
polynomial for hypothetical knots of the unit Jones polynomial. The case of a large
number of strands is also discussed in Section 3.4. In Section 4, we provide checks
of the obtained HOMFLY-PT polynomials. We explore the character and perturbative
expansions of these polynomials in Sections 4.1 and 4.2. The character coefficients
turn out to be fixed up to one coefficient aŒ2;2� which can be parameterised by an
arbitrary two-component link on three strands which comes from the hypothetical
four-strand braid with the trivial Jones polynomial. The verification of unitarity of the
R-matrix representation (see Section 4.3) turns out to be restrictive enough. Only a
few two-component links can in fact parameterise the obtained HOMFLY-PT poly-
nomial, which also gives a hint on how the hypothetical 4-strand knots of the unit
Jones polynomial look like. If a knot K D x̌ of the trivial Jones polynomial does
exist, then these must exist related knots zK D ˇ�2n and K2kC1 D ˇ2kC1. In Sec-
tion 4.4, we give some verification on the existence of such knots. Finally, we propose
an effective search method for positive braids, which can give the obtained hypothet-
ical HOMFLY-PT polynomials in Section 4.5.

2. Methodology

The presentation of knots in the form of braids is an effective technique for exploring
many issues in knot theory. In our work, this technique will also be useful for the Jones
problem. For example, in the Reshetikhin–Turaev approach, polynomial invariants
can be conveniently produced.

Definition 2.1. A braid ˇ on n strands is a set of n non-intersecting monotonically
ascending curves inR3 that connect n points on the lower line to n points on the upper
line.

Proposition 2.1 (Alexander theorem [36]). Every knot K or link L can be represen-
ted as a closed braid x̌ DK or x̌ D L, respectively.

The closure operation is the connection of each i th point on the left segment to
the i th point on the right segment without intertwining with other connecting curves
or strands of the braid; see Figure 2. The benefit over knots is that braids have a



Closed 4-braids and the Jones unknot conjecture 717

@
@@

�

�

@
@@�

� �@
@@�

�

@
@@

� @
@@� �

� @
@@

�
�

��@

@

Figure 2. An example of four-strand braid and its closure.

convenient group structure. In the braid group Bn, the generators �i correspond to the
intersection of the i th and .i C 1/th strands and satisfy the following relations:´

�i�iC1�i D �iC1�i�iC1; 1 � i � n � 2;

�i�j D �j�i ; ji � j j > 2:
(2.1)

The first expression in (2.1) is the famous Yang–Baxter equation. Remarkably, it
corresponds to the third Reidemeister move. Besides, the second expression is called
the far-commutativity relation. This is also the second Reidemeister move. Thus, the
relations on the braid group ensure the invariance of the knots with respect to the
Reidemeister moves.

The presentation of a knot in the braid group is matched by a product of gen-
erators �i in the order of intertwining of the corresponding pairs of strands. For
the four-strand braid from Figure 2, there are 3 different generators, and the rep-
resentation of this braid is P.K/ D �31�

3
3�
�1
2 . A notation is often used where only

the degrees of relevant generators in the representation of braid group are stated.
We have �a11 �

b1
2 �

c1
3 � � � �

an
1 �

bn
2 �

cn
3 D .a1; b1; c1I : : : I an; bn; cn/. For our example,

P.K/D .3; 0; 3I0;�1; 0/. There are many representations of braid group. In the con-
text of the Jones problem, we are particularly interested in the Burau and the Jones
(Reshetikhin–Turaev) representations.

2.1. The Burau representation

The Burau representation of Bn has a rather obvious block-diagonal structure. The
generators (2.2) differ from the unit matrix n � n on a crossing block of size 2 � 2
only in the columns whose numbers correspond to the strands to be crossed. Naturally,
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the generators in the Burau representation satisfy the relations of the braid group (2.1):

�i D

0BBB@
Ei�1 0 0 0

0 1 � q2 q2 0

0 1 0 0

0 0 0 En�i�1

1CCCA (2.2)

This representation is unreduced and decomposes into one-dimensional trivial and
.n � 1/-dimensional reduced representations. The most interesting is precisely the
reduced Burau representation, since it is used to determine another important invariant
– the Alexander polynomial AlK . Let us give a formula for this invariant for knots on
n strands7. The values of the Alexander polynomials (2.4) correspond to the values
on “The Knot Atlas” [5]:

AlK.q/ D
1 � q2

1 � q2n
det.1 �B.K//; (2.4)

where B.K/ is the reduced Burau representation for K . Two-strand braids have
only one generator b D �q2. Generators for braids with a large braid index n are
defined by the following matrices of size .n � 1/ � .n � 1/:

b1 D

0B@ �q2 1 0

0 1 0

0 0 En�3

1CA ; bn�1 D

0B@ En�3 0 0

0 1 0

0 q2 �q2

1CA ; (2.5)

bi D

0BBBBB@
Ei�2 0 0 0 0

0 1 0 0 0

0 q2 �q2 1 0

0 0 0 1 0

0 0 0 0 En�i�2

1CCCCCA ; 2 � i � n � 2: (2.6)

Definition 2.2. The algebraic crossing number, also called the writhe numberW.K/,
for the knot K is the difference between the number of positive and negative crossings
on all strands in the braid representation for the knot K . In the language of generators,
it is the sum of all degrees in the braid representation.

Remarkably, the Alexander polynomial does not distinguish trivial knots. For
example, it is equal to one for a Conway knot .11n34/, as it is the same for a trivial

7The Alexander polynomial Al.q/ can be defined with the use of the following skein rela-
tion:

Al

 !
�
���

@

@I
� Al

 !
@

@@I

�

��
D .q � q�1/ � Al

 !
:66

(2.3)
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knot. This invariant is associated with the HOMFLY-PT polynomial by substitution
A ! 1, which will come in useful later. It is easy to see this fact by looking at
the skein-relations (2.3) for the Alexander polynomial and comparing them to the
HOMFLY-PT relations (1.2).

2.2. Reshetikhin–Turaev approach

Definition 2.3. Reshetikhin–Turaev or R-matrix representation of the braid group
Bn is a homomorphism

� W Bn ! End.V�1 ˝ � � � ˝ V�n/;

�.�i / D Ri D 1˝ � � � ˝ 1˝ yRi;iC1 ˝ 1˝ � � � ˝ 1; (2.7)

where 1 is the identity n � n matrix, and V�i is the finite-dimensional irreducible
representation of the quantized universal enveloping algebra Uq.slN /, which is num-
bered by Young diagrams �i , i D 1; : : : ; n. yR is the universal R-matrix for the
corresponding representation of the algebra. The universal R-matrix has the following
form [27]:

yR.q/ D Pq
P
˛;
 C

�1
˛
 H˛˝H


Y
positive root ˇ

expqŒ.q � q
�1/Eˇ ˝ Fˇ �;

where expq is the quantum exponent, C˛
 is the Cartan matrix, ¹Ei ; Fi ;Hiº are gen-
erators of the algebra Uq.slN /, and P is the permutation matrix: P .x ˝ y/ D y ˝ x.

Defining the representation of the braid group, R-matrices have to satisfy the
Yang–Baxter equation:

RiRiC1Ri D RiC1RiRiC1:

Definition 2.4. In the Reshetikhin–Turaev approach, the coloured HOMFLY-PT poly-
nomial is defined as the quantum trace from the Reshetikhin–Turaev representation
of a braid ˇ, the closure of which gives a knot K or a link L:

HK
R .q; A D q

N / D Trq

�Y
s

R
¹R�T º

�.s/

�
:

In this formula, s enumerates the interweaves in the braid representation. And �.s/
fixes the generator (the strands that are intertwined). Young diagram R corresponds
to a certain representation Uq.slN /, and Trq denotes the quantum trace.

We are interested in the fundamental representation .�i D �/ of the quantum
algebra Uq.slN /. In this case, the Reshetikhin–Turaev representation is reduced to
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the Jones representation, which defines the fundamental HOMFLY-PT polynomial
and, consequently, the fundamental Jones (N D 2) polynomial of interest [20].

For the fundamental representation of Uq.sl2/, the universal R-matrix has the
following form:

yR.q/ D Pq
1
2H˝H .1C .q � q�1/E ˝ F /;

where P ; E; F; H are taken in the fundamental representation of quantum algebra
Uq.sl2/:

P D

0BBB@
1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

1CCCA I
E D

 
0 1

0 0

!
I F D

 
0 0

1 0

!
I H D

 
1 0

0 �1

!
:

The quantum trace for the fundamental representation of Uq.sl2/ has the following
form:

Trq.f / D Tr.yK˝nf /; yK D diag.q; q�1/:

2.3. Connection of Jones and Burau representations for B4 group

Definition 2.5. A representation T W Gn! GL.N/ is called faithful if all elements 

of the groupGn are represented by different images of the linear mapping T . Accord-
ingly, a representation T is unfaithful if there exist such different elements ˇ1; ˇ2 of
group Bn such that T .ˇ1/ D T .ˇ2/.

In the early 2000s, S. Bigelow in [6] associated the Jones problem, the faithfulness
question for the Jones representation (the fundamental Reshetikhin–Turaev represent-
ation), and the faithfulness problem for the Burau representation for the braid group
on four strands B4.

Proposition 2.2 (S. Bigelow [6]). If the Jones representation of the braid group
is unfaithful, then there exists a way to construct a non-trivial knot with a trivial
HOMFLY-PT polynomial. Accordingly, the Jones polynomial for such a knot will also
be trivial.

Proposition 2.3 (S. Bigelow [6]). The Burau representation for B4 and the Jones
representation for the braid group on four strands are either faithful or unfaithful.

That said, the question of the faithfulness of the Burau representation is currently
open only for B4. For braid groups on another number of strands, it is known that
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the Burau representation of Bn is faithful for n � 3 and unfaithful for n � 5. The
faithfulness problem for the Reshetikhin–Turaev representation and, consequently,
the question of the faithfulness of the Jones representation are also open.

To illustrate Proposition 2.3, consider the decomposition of the Jones representa-
tion of B4 into a direct sum of irreducible representation V�:

Jones4 D VŒ4� ˚ VŒ3;1� ˚ VŒ2;2� ˚ VŒ2;1;1� ˚ VŒ1;1;1;1�: (2.8)

All terms in (2.8) are Burau matrices. The representations VŒ4�; VŒ1;1;1;1� are one-
dimensional and correspond to Burau matrices for two strands. More interesting are
the three-dimensional representations VŒ3;1�, VŒ2;1;1;1� which correspond to Burau ma-
trices for four strands and the two-dimensional representation VŒ2;2� which correspond
to Burau matrices for three strands. The complete R-matrix (2.7) in the basis of irre-
ducible representations has block-diagonal structure. So, the following R-matrices
are from [37], which are actually diagonal blocks in the full matrix. Thus, all of them
are equivalent to reducible Burau matrices of the corresponding dimensions:

R
Œ2;2�
1 D R

Œ2;2�
3 D

 
q 0

0 � 1
q

!
I R

Œ2;2�
2 D

0B@� 1
q2Œ2�q

�

p
Œ3�q

Œ2�q

�

p
Œ3�q

Œ2�q

q2

Œ2�q

1CA I (2.9)

R
Œ3;1�
1 D

0B@q 0 0

0 q 0

0 0 � 1
q

1CA I R
Œ3;1�
2 D

0BBB@
q 0 0

0 �
1

q2Œ2�q
�

p
Œ3�q

Œ2�q

0 �

p
Œ3�q

Œ2�q

q2

Œ2�q

1CCCA I (2.10)

R
Œ3;1�
3 D

0BBB@
�

1
q3Œ3�q

�
Œ2�q

p
q2Cq�2

Œ3�q
0

�
Œ2�q

p
q2Cq�2

Œ3�q

q3

Œ3�q
0

0 0 q

1CCCA : (2.11)

The matrices for the Œ2; 1; 1� representation are obtained from the matrices for
the Œ3; 1� representation by substituting q ! � 1

q
. It is not difficult to see that such

a substitution corresponds to a negative inverse matrix for Œ3; 1�, which can also be
rewritten in terms of the inversion of the parameter q:

R
Œ2;1;1�
i .q/ D R

Œ3;1�
i

�
�
1

q

�
D �.R

Œ3;1�
i /�1.q/ D �R

Œ3;1�
i .q�1/: (2.12)

The Burau representation for braid group on three strings and the Jones representation
for B3 are also isomorphic:

Jones3 D VŒ3� ˚ VŒ2;1� ˚ VŒ1;1;1�:



D. Korzun, E. Lanina, and A. Sleptsov 722

The representations VŒ3� and VŒ1;1;1� are one dimensional. And the representation
VŒ2;1� is two dimensional and corresponds to Burau matrices for two strands. The
R-matrices for this representation are identical to the matrices from (2.9):

R
Œ2;1�
1 D R

Œ2;2�
1 I R

Œ2;1�
2 D R

Œ2;2�
2 : (2.13)

It is easy to see that such R-matrices are equivalent to Burau matrices. After a proper
rescaling of Burau matrices (2.5) and (2.6) of the corresponding size and inversion of
q, one can find a basis transformation which gives the R-matrices (2.9)–(2.11).

An interesting corollary of the equivalence of the fundamental Reshetikhin–Turaev
and Burau representations for braid groups on 3 and 4 strands is the possibility to
define the Alexander polynomial in terms of the R-matrices (2.14) and (2.15):

AlK.q/ D q2CW
1 � q2

1 � q6
det.E � q�WR.K// for 3-braids; (2.14)

AlK.q/ D q3CW
1 � q2

1 � q8
det.E � q�WR.K// for 4-braids: (2.15)

The HOMFLY-PT polynomial for knots on three or four strands can be similarly
determined via the Burau matrices.

We remark that we do not know the inverse theorem to Proposition 2.2, so the
faithfulness of the Burau representation for B4 does not mean that the Jones problem
is closed.

2.4. Character expansion

It is much more convenient to consider not the complete R-matrices, but their diag-
onal blocks (2.9) and (2.10), since in this case the problem is reduced to the analysis
of representations of lower dimension. Then, the HOMFLY-PT polynomials can be
character decomposed into some basis S�. This approach is known as character
expansion:

HK
D

X
�

h�S�� : (2.16)

The index � 2�˝n is responsible for decomposition into irreducible representations,
which are numbered by Young diagrams, and h� is the trace function of the reduced
Reshetikhin–Turaev representation of the braid ˇ 2 Bn.

Definition 2.6. S� is the Schur polynomial at the special point pk D Ak�A�k

qk�q�k
, which

is given by the following hook formula:

SQ D
Y

.i;j /2Q

¹Aqi�j º

¹qci;j º
D

Y
.i;j /2Q

ŒNCi�j �q

Œci;j �q

?
?
?

? ? ? ?

i k

j

l ci;j D k�iCl�jC1

(2.17)
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where ¹xº D x � x�1, Œx�q D qx�q�x

q�q�1
, AD qN , and ci;j is a hook length (number of

cubes in the fragment of a Young diagram Q in the form of a hook).

On the presented example in picture (2.17), the hook for the cell with coordinates
i D 2 and j D 2 is marked by stars ?. It is easy to see that for the presented Young
diagram ci;j D 7.

Polynomial invariants account for the normalisation of Schur polynomials by
SŒ1� D

A�A�1

q�q�1
. It is necessary to normalise the polynomial of the trivial knot by one.

That is, the Schur functions from (2.16) are expressed through the Schur functions
from (2.17) as follows:

S�Q D SQ �
q � q�1

A � A�1
:

For knots on 2, 3, and 4 strands, respectively, the following formulas for the
HOMFLY-PT polynomials in the fundamental representation hold:

HK.q; A/ D A�W
�
qW S�Œ2� C .�q/

�W S�Œ1;1�
�
; (2.18)

HK.q; A/ D A�W
�
qW S�Œ3� C tr.RŒ2;1�/S�Œ2;1� C .�q/

�W S�Œ1;1;1�
�
; (2.19)

HK.q; A/ D A�W
�
qW S�Œ4� C tr.RŒ3;1�/S�Œ3;1� C tr.RŒ2;2�/S�Œ2;2�

C tr.RŒ2;1;1�/S�Œ2;1;1� C .�q/
�W S�Œ1;1;1;1�

�
: (2.20)

The Jones polynomial is obtained by substituting A! q2. In this case, the formu-
las (2.18)–(2.20) are greatly simplified, since with this substitution the Schur polyno-
mials are nullified in diagrams with more than two rows. For two-row diagrams, there
exist isomorphism relationships for the corresponding representations:

Œ2; 2� D Œ1; 1� D ¿I Œ3; 1� D Œ2�I Œ2; 1� D Œ1�:

In the formalism of Schur diagrams, the isomorphism relationships take the following
form:

S�Œ2;2� D S
�
Œ1;1� D

q

1C q2
I S�Œ3;1� D S

�
Œ2� D

.1 � q C q2/.1C q C q2/

q C q3
I

S�Œ2;1� D S
�
Œ1� D 1:

2.5. Differential expansion

The interesting behaviour of the HOMFLY-PT polynomials when A! q is substi-
tuted. It is easy to see from the formula for the Schur functions (2.17) that only the
first Schur functions take a value different from zero S�

Œn�
D 1. The coefficient in front

of them is also equal to one. Then, HK.A D q/ D 1. Therefore, we can rewrite our
invariant through another polynomial CK so that the reduction to unity at A ! q
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is explicitly visible in this representation. This technique is called differential expan-
sion [41]:

HK
D 1C .A2 � q2/ � CK :

The quadraticity in the multiplier is due to the fact that the HOMFLY-PT polynomial
in our notations is a function on A2; q2. We note that such conditions of triviality of
invariants under certain substitutions of polynomial variables can strengthen the dif-
ferential expansion. In addition, there are HOMFLY-PT symmetries that can increase
the number of multipliers at CK . Thus, there exists a symmetry related to the trans-
pose of Young diagrams R:

HK
R .q; A/ D H

K
RT
.q�1; A/:

In our work, we explore an exclusively fundamental representation. Obviously,
transposition of it will also be the fundamental representation .�T D �/. Then, this
symmetry takes the following form:

HK.q; A/ D HK.q�1; A/:

Now, it is easy to see that when we substitute A! q�1, the invariants stop distin-
guishing between knots because they become trivial. So, the differential expansion
can be transformed:

HK
D 1C .A2 � q2/.A2 � q�2/CK : (2.21)

2.6. Perturbative expansion

To research the properties of the HOMFLY-PT polynomial HK
R .A; q/, it is often

useful to expand it into a formal series on the variable „ by substituting q ! e„=2,
A ! eN„=2. This approach is called perturbative expansion or Vassiliev invariant
expansion. A wonderful property of the perturbative expansion is to separate the
dependence of the polynomial on the knot and the representation.

Definition 2.7. Vassiliev invariants are the coefficients VK
n;m in the perturbative ex-

pansion of the HOMFLY-PT polynomial for a knot K;

HK
R .q; A/jq!e„=2;A!eN„=2 D

1X
nD0

 dim.Gn/X
mD1

VK
n;mGRn;m

!
„
n; (2.22)

whereR indicates the representation of the algebra slN , GRn;m are called group factors,
and dim.Gn/ is the number of independent group factors at order n.
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Group factors are known up to 13th order [32, 33]. The first few terms of the
perturbative expansion are as follows:

HK
R .q; A/ D 1C „

2VK
2;1G

R
2;1 C „

3VK
3;1G

R
3;1

C „
4.VK

4;1G
R
4;1 C VK

4;2G
R
4;2 C VK

4;3G
R
4;3/CO.„

5/:

The first invariant is zero for all knots, which can be easily seen from the general
form of the differential expansion for the HOMFLY-PT polynomial (2.21). For the
unknot, all Vassiliev invariants are zero. Note that, in the perturbative expansion of
the HOMFLY polynomial (2.22), not all group factors are independent. Some of them
factor into products of and group factors of lower levels. Vassiliev invariants inherit
the same property. For example, at the 4th order,

G4;1 D G 22;1 and V4;1 D V2
2;1:

This sort of dependence is exponential; i.e. all independent group factors and Vassiliev
invariants (called primitive) are included into log.HK

R /.
In what follows, we concentrate only on the case of fundamental representationR.

At first glance, one can think that the condition that a polynomial in A2, q2 possesses
the perturbative expansion (2.22) is rather restrictive. However, it can be shown that
this condition is equivalent to the condition that a polynomial in A2, q2 can be rep-
resented in the form of differential expansion

HK.q; A/ D 1C .A2 � q2/.A2 � q�2/ � CK.q; A/

with

CK.q; A/ D CK.q�1; A/:

3. Analysis of knots of fixed braid width

In this section, we analyse possible knots of fixed braid width that can give the unit
Jones polynomial. First, using Reshetikhin–Turaev approach and character expansion,
one can easily observe that there is no non-trivial 2-strand knot with the unit Jones
polynomial; see Section 3.1. Second, in Section 3.2, we provide a proof that there is
no non-trivial 3-strand knot with JK D 1 andHK ¤ 1. Using analogous methods, in
Section 3.3, we prove that there is no non-trivial 4-strand knot with AlK D JK D 1

and HK ¤ 1; and further study the case of JK D 1, AlK ¤ 1, HK ¤ 1. In Sec-
tion 3.4, we provide a similar analysis for braids of larger number of strands.
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3.1. The case of 2 strands

At first, let us analyse the simplest case of two-strand knots.

Proposition 3.1. There does not exist a non-trivial two-strand knot with the trivial
Jones polynomial.

� The Jones polynomial for two-strand knots is given by

JK.q/ D Trq.R2nC1/ D q�4n�2.q2nC1S�Œ2� C .�q/
�2n�1S�Œ1;1�/:

Then, the Jones polynomial is

JK.q/ D
q�2nC1 C q�2n�1 C q�2n�3 � q�6n�3

q C q�1
;

and it is easy to see that it is equal to one if and only if n D 0 or n D �1, which
corresponds to two different diagrams of the unknot. All other two-strand knots have
non-trivial Jones polynomials.

3.2. The case of 3 strands

Reshetikhin–Turaev approach does not look so simple for three-strand knots. In this
case, there are two different R-matrices 1˝R and R ˝ 1 which do not commute,
and thus, they cannot be diagonalised in the same basis. Thus, in this section, we
utilise the differential expansion for the HOMFLY-PT polynomial. Another useful
tool for our analysis is the Morton–Franks–Williams inequality relating the A-span of
the HOMFLY-PT polynomial spanAH

K.A; q/ with the braid index bK of a knot K .

Definition 3.1. TheA-span of the HOMFLY-PT polynomial is the difference between
maximum and minimum degrees in A.

Definition 3.2. The braid index bK of a knot K is the least number of strings needed
to make a closed braid representation of a knot K .

Proposition 3.2 (Morton [43, 44], Franks and Williams [13]). Let spanAH
K.q; A/

be the A-span of the HOMFLY-PT polynomial of a knot K , and let bK be the braid
index. Then, the Morton–Franks–Williams inequality holds:

1

2
.spanAH

K.q; A// � bK
� 1: (3.1)

Now, we are ready to state the following theorem.

Proposition 3.3. There does not exist a non-trivial three-strand knot with the trivial
Jones polynomial and the non-trivial HOMFLY-PT polynomial.
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� Assume that there exists a non-trivial knot with JK D 1 and HK ¤ 1. The
substitution A D q2 reduces the HOMFLY-PT polynomial to the Jones polynomial.
Thus, the differential expansion (2.21) gets a stronger form:

HK.q; A/ D 1C .A2 � q2/.A2 � q�2/.A2 � q4/.A2 � q�4/ � CK : (3.2)

For knots of the braid index equal to three, the Morton–Franks–Williams inequal-
ity (3.1) implies that

1

2
spanAH

K.q; A/ � 2:

In that way, the HOMFLY-PT polynomial of our hypothetical knots must have the
A-span equal to 4 or less. Cyclotomic function CK is a polynomial in A2, q2. Due to
the differential expansion (3.2), theA-span of the HOMFLY-PT polynomial is not less
than 6 in general case. By fixing the function CK , we can reduce only one power of
A2 in the HOMFLY-PT polynomial. To decrease the A-span, the highest or the lowest
power of A2 must be vanished. In other words, choosing a proper cyclotomic function
CK , one can decrease the A-span of the HOMFLY polynomial (3.2) only to 6. Thus,
we arrive at the contradiction, and such knots do not exist.

The proved theorem serves as a preliminary to the 4-strand case. Actually, A. Stoi-
menow stated the general theorem.

Proposition 3.4 (Stoimenow [53]). There does not exist a non-trivial 3-strand knot
with the trivial Jones polynomial.

3.3. The case of 4 strands

Finally, let us study the currently open question on the existence of a 4-strand knot
with the unit Jones polynomial.

Theorem 3.1. There does not exist a non-trivial 4-strand knot with the trivial Jones
and Alexander polynomials and the non-trivial HOMFLY-PT polynomial.

� A proof is analogous to the one of Proposition 3.3. Now, the differential expan-
sion becomes stronger as we demand the substitution A D 1 to reduce the HOMFLY-
PT polynomial to the unit Alexander polynomial:

HK
D 1C .A2 � 1/.A2 � q2/.A2 � q�2/.A2 � q4/.A2 � q�4/ � CK :

Then, on the one hand, the minimal number of different A2 powers in the HOMFLY-
PT polynomial is equal to 5. On the other hand, the Morton–Franks–Williams inequal-
ity (3.1) implies that the number of different A2 powers must be not greater than 4.
So, we again arrive at the contradiction, and we conclude that 4-strand knots with
JK D AlK D 1 and HK ¤ 1 do not exist.
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Now, we consider hypothetical 4-strand knots with the trivial Jones polynomial
and the non-trivial Alexander and HOMFLY-PT polynomials.

Theorem 3.2. If there exist 4-strand knots with the trivial Jones polynomial and
the non-trivial HOMFLY-PT polynomial, then the HOMFLY-PT polynomials of such
knots have the following differential expansion:

HK.q; A/ D 1C .A2 � q2/.A2 � q4/.A2 � q�2/.A2 � q�4/ � FK.q; A/

with the following cyclotomic functions:

FKm D �

mX
jD0

Œ2j C 4�qŒj C 3�qŒj C 1�q

Œ3�qŒ4�q
A�2j�8;

xF
xKm D �

mX
jD0

Œ2j C 4�qŒj C 3�qŒj C 1�q

Œ3�qŒ4�q
A2j ;

with an arbitrary non-negative integer number m.

� As we have already noted in the proof of Proposition 3.3, the polynomial (3.6)
has the A-span equal to 6 or more in general case. The Morton–Franks–Williams
inequality (3.1) demands that this value must be at most 6. Thus, our goal is to
decrease the A-span by a proper choice of FK -polynomial. Let us use the follow-
ing notations for short:

HK
D 1C ŒC0 C C2A

2
C C4A

4
C C6A

6
C C8A

8�FK (3.3)

with
C0 D C8 D 1;

C2 D C6 D �.q
4
C q2 C q�2 C q�4/;

C4 D q
6
C q2 C q�2 C q�6:

One can easily guess that A0- or A8-monomials in square brackets can be vanished
by the first term of (3.3), which is just unity, choosing

xF
xK0 D �1 or FK0 D �A�8:

Actually, there is a whole series of such polynomials (3.7). One can check that in
these polynomials all odd A2 powers are mutually absorbed. Let us explain this fact
for xF xKm . Denote

xF
xKm D

mX
jD0

�2jA
2j :
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The Morton–Franks–Williams condition can be straightforwardly checked. The first
several equations on �2n are

C0�0 C 1 D 0;

C2�0 C C0�2 D 0;

C4�0 C C2�2 C C0�4 D 0;

C6�0 C C4�2 C C2�4 C C0�6 D 0:

(3.4)

For all other �2j -coefficients, the constraint on A-span of the HOMFLY-PT polyno-
mial (3.6) is fulfiled, due to the following relation:

C8�2i C C6�2iC2 C C4�2iC4 C C2�2iC6 C C0�2iC8 D 0 (3.5)

that can be checked for all �2j in a general form. Note that the coefficients of equa-
tions (3.4) and (3.5) form the lower triangular matrix with the determinant equal to

CmC10 D 1:

Thus, the corresponding linear system of equations is non-degenerate, and its solution
is unique.

Another series of FK -polynomials has the form

FKm D

mX
jD0

�2jA
�2j�8

with the same coefficients �2j . Thus, the constraint that the A-span of the HOMFLY-
PT polynomial (3.6) is at most 6 also holds.

Remark 3.1. If polynomials FKm correspond to some knots Km, then polynomials
xF
xKm correspond to knots xKm mirror to Km.

� Indeed, if

HKm.q; A/ D 1C .A2 � q2/.A2 � q4/.A2 � q�2/.A2 � q�4/ � FKm.q; A/;

then

H
xKm.q; A/

D HKm.q�1; A�1/

D 1C .A2 � q2/.A2 � q4/.A2 � q�2/.A2 � q�4/ �

D xF
xKm .q;A/‚ …„ ƒ

A�8FKm.A�1; q�1/ :
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If knots with JK.q/ D 1 exist, then

J
xK.q/ D JK.q�1/ D 1;

and mirror knots xK also possess the trivial Jones polynomials. It is a good sign that
the obtained HOMFLY-PT polynomials correspond to knots and their mirror images.
Also, note that HKm.q; A/ and H xKm.q; A/ are different functions so that the hypo-
thetical knots Km must be chiral8. In what follows, we focus only on the family Km.

Remark 3.2. Polynomials FKm possess the invariance under inversion of q:

FKm.q; A/ D FKm.q�1; A/;

which corresponds to the symmetry of the fundamental HOMFLY-PT polynomials

HK.q; A/ D HK.q�1; A/:

3.4. The case of a large number of strands

The case with a large number of strands in a braid is more complex and includes many
representations that cannot be reduced to Burau matrices. Analysing these representa-
tions for faithfulness is a challenging task (see attempts to do so for a 5-braid in [25]).
Nevertheless, we can consider the limiting case where the MFW inequality (3.1) must
be sharp, by analogy with Theorem 3.2.

To do so, we need to impose conditions on the HOMFLY-PT polynomial as the
number of strands in the braid increases. As additional conditions, it is reasonable
to consider trivialisation of Reshetikhin–Turaev invariants for a fixed sln algebra, as
discussed in Section 2.2. These invariants are obtained from the HOMFLY-PT poly-
nomial by specialising the variable A to qn. The Jones polynomial is therefore the sl2
Reshetikhin–Turaev invariant. With a larger number of strands, in addition to trivi-
alising the Jones polynomial, it may also be possible to trivialise sl3 invariants, and
so on. In the case of odd number of strands, we add one additional condition of the
triviality of the Alexander polynomial.

Theorem 3.3 (Case of even bK ). Suppose that there exist bK -strand knots with sln
Reshetikhin–Turaev invariants being trivial up to n � bK

2
. Then, the HOMFLY-PT

polynomials of such knots have the following differential expansion:

HK.q; A/ D 1C FK.q; A/ �

bKY
kD�bK

k¤0

.A2 � q2k/;

8A chiral knot is a knot that is not equivalent to its mirror image.
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where cyclotomic functions are

FKm D �

mX
jD0

Œ2j C bK �qŒ
bK

2
�qŒj;b

K �q

ŒbK �ŠqŒj C
bK

2
�q

A�2j�2bK

;

xF
xKm D �

mX
jD0

Œ2j C bK �qŒ
bK

2
�qŒj;b

K �q

ŒbK �ŠqŒj C
bK

2
�q

A2j

with q-factorial Œj �Šq WD Œj �q � Œj � 1�q � � � � � Œ2�q � Œ1�q , rising q-factorial Œj; k�q WD
Œj �q � Œj C 1�q � � � � � Œj C k � 1�q , andm is an arbitrary non-negative integer number.

Theorem 3.4 (Case of odd bK ). Suppose that there exist bK -strand knots with sln
Reshetikhin–Turaev invariants being trivial up to n � bK�1

2
and trivial Alexander

polynomial AlK.q/ D 1. Then, the HOMFLY-PT polynomials of such knots have the
following differential expansion:

HK.q; A/ D 1C FK.q; A/ �

bK�1Y
kD�bKC1

.A2 � q2k/ (3.6)

with the following cyclotomic functions:

FKm D �

mX
jD0

Œj;bK�1�q

ŒbK�1�qŠ
A�2j�2bK

;

xF
xKm D �

mX
jD0

Œj;bK�1�q

ŒbK�1�qŠ
A2j :

(3.7)

The proofs of these two theorems are completely analogous to the proof of The-
orem 3.2.

4. Verifications of obtained 4-strand HOMFLY-PT polynomials

In the previous section, we have obtained the HOMFLY-PT polynomials for hypo-
thetical 4-strand knots with the unit Jones polynomial (3.6) and (3.7). A question
we raise and give some answers to in this section is how one can get sure that the
obtained polynomials are indeed the HOMFLY-PT polynomials of some knots. We
analyse the character expansion and perturbative structure of the obtained hypothetical
HOMFLY polynomials in Sections 4.1 and 4.2. In Section 4.3, we check the unitarity
property of the R-matrix representation of the hypothetical 4-strand knots at certain
values of the parameter q. This check prohibits many 2-links that could parameterise
the obtained polynomials (3.6), (3.7) from the previous section. In Section 4.4, we
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investigate related knots zK WD ˇ�2n, K2kC1 D ˇ2kC1 for new conditions on the
hypothetical knot K with the unit Jones polynomial. In Section 4.5, we propose a
convenient method for computerised search of a 4-strand knot with the trivial Jones
polynomial and the non-trivial HOMFLY polynomial.

4.1. Character expansion

If the found polynomialsHKm really correspond to some knots Km, then the 4-strand
character expansion (2.20) for these HOMFLY polynomials must hold:

HK.q; A/ D A�W .aŒ4�S
�
Œ4� C aŒ3;1�S

�
Œ3;1� C aŒ2;2�S

�
Œ2;2�

C aŒ2;1;1�S
�
Œ2;1;1� C aŒ1;1;1;1�S

�
Œ1;1;1;1�/: (4.1)

We compare the differential expansion of HKm (3.6) with its character expansion
(4.1). Polynomials HKm given by (3.6) and the first formula in (3.7) have four A2

powers, what gives a system of 4 equations on 5 aY -coefficients of character expan-
sion (4.1). Note that from the 4-strand character expansion (2.20), we know that aŒ4�D
qW and aŒ1;1;1;1� D�q�W , and comparison with the differential expansion (3.6) with
cyclotomic functions FKm (3.7) fixes the writhe number W D 2mC 5. As we have
4 constraints on 5 coefficients, we set aŒ2;2�.q/ to be a free parameter. As a result, we
get

aŒ4� D q
2mC5;

aŒ1;1;1;1� D �q
�2m�5;

aŒ2;1;1� D �
1C q2 � q2C2m.1C q2 C q4 C q6 C q8/C aŒ2;2�q

11C4m

q9C4m.1 � q C q2/.1C q C q2/
;

aŒ3;1� D �
aŒ2;2�q

2 C q2mC3.1C q2 C q4 C q6 C q8/ � q11C4m.1C q2/

.1 � q C q2/.1C q C q2/
:

(4.2)
A simple observation is the fact that our hypothetical 4-strand knots of the trivial Jones
polynomial have odd writhe number, and the minimal writhe number is Wmin D 5.

We express aŒ2;1;1� and aŒ3;1� through aŒ2;2� because aŒ2;2� is the trace of 2� 2mat-
rix. It is easier to analyse that aŒ2;1;1� and aŒ3;1� correspond to some 3 � 3 matrices.
Moreover, the coefficient aŒ2;2� for a knot K D x̌ on 4 strands is equal to the coeffi-
cient aŒ2;1� for a knot K 0 D ˇ0 D ˇj�3!�1 on 3 strands. That is, in a 4-strand braid ˇ
we can substitute all �3 generators to �1 generators what brings us to 3-strand braid ˇ0;
for an example, see Figure 3. This follows from the fact that R

Œ2;2�
1 DR

Œ2;2�
3 DR

Œ2;1�
1

and R
Œ2;2�
2 D R

Œ2;1�
2 ; see (2.9) and (2.13). In other words, considering coefficient

aŒ2;2�, we effectively deal with 3-strand braids. The closure of these 3-strand braids
actually gives a 2-component link due to the fact that the writhe number must be odd.
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Figure 3. An example of four-strand braid ˇ is on the left-hand side. The three-strand braid
ˇ0 on the right-hand side is obtained from the braid ˇ by replacement of intersections between
the third and the fourth strands with the same number of intersections between the first and the
second strands. After closure, this braid ˇ0 gives two-component torus link T Œ2; 6�.

Thus, the coefficients aŒ2;2� are parameterised by 2-component links on 3-strands
with the writhe number W D 2m C 5, m D 0; 1; 2; : : : : The simplest example is
provided by the torus link T Œ2; 6� that can be represented as the closure of 3-strand
braid .6;�1/; see Figure 3. This diagram of the torus link T Œ2; 6� hasW D 5,m D 0.
Then, the coefficients of the character expansion of the HOMFLY-PT polynomial for
the hypothetical 4-strand knot are

aŒ2;2� D aŒ2;1� D tr
�
.R

Œ2;1�
1 /6.R

Œ2;1�
2 /�1

�
D
.1 � q2/.1C q4/.1C q8/

q7
;

aŒ4� D q
5; aŒ3;1� D

�aŒ2;2� � q � q
3 � q5 � q7 C q11

.1 � q C q2/.1C q C q2/
q2;

aŒ1;1;1;1� D �q
�5; aŒ2;1;1� D �

q11aŒ2;2� � q
10 � q8 � q6 � q4 C 1

q9.1 � q C q2/.1C q C q2/
;

and the resulting HOMFLY-PT polynomial is

HK
D

1

A8q6
.A6q2 � A4 C A2q2 C A2q4 � A4q4 C A6q4 � q6 � 2A4q6

C A2q8 � A4q8 CCA6q8 C A2q10 C A6q10 � A4q12/:

Properties of coefficients of character expansion. Let us find out the properties of
aY -coefficients of the character expansion (4.1). We make use of these properties in
Section 4.4.

Let R be the R-matrix representation in fundamental representation of our hypo-
thetical four-strand braid ˇ with odd writhe number, and RY , Y D Œ1; 1; 1; 1�, Œ2; 1; 1�,
Œ3; 1�, Œ2; 2�, Œ4� are diagonal blocks of R in the basis of irreducible representations Y .
The trace of any matrix is invariant under transposition. In particular, tr..RY /T / D

tr.RY /. One can also check that R-matrices RY
i (2.9), (2.10), (2.11), and (2.12) obey

the relation RY
i .q
�1/ D .RY

i .q//
�1. These two facts imply that

tr.R.q�1// D tr.R�1.q//: (4.3)
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For any 2� 2matrixM , tr.M/D det.M/ � tr.M�1/. (In particular, this property holds
for R

Œ2;2�
i .) For any i D 1; 2; 3, det.RŒ2;2�

i / D �1, and the writhe number of the braid
ˇ is odd so that for aŒ2;2� D tr.RŒ2;2�/ the following equality holds:

aŒ2;2�.q
�1/ D �aŒ2;2�.q/: (4.4)

Due to the connection between R
Œ2;1;1�
i and R

Œ3;1�
i (2.12), we get the relation between

aŒ3;1� and aŒ2;1;1�:
aŒ3;1�.q

�1/ D �aŒ2;1;1�.q/;

which can also be seen from explicit expressions for these coefficients (4.2). In total,
we get the following general relation below. This fact is obvious and commonly
known.

Proposition 4.1. For the coefficients of character expansion of the 4-strand HOMFLY
polynomial (4.1), the following relation holds:

aY .q
�1/ D �aY T .q/: (4.5)

Note that relation (4.5) serves as a verification that (4.1) with odd writhe number
W has the symmetry

HK.q; A/ D HK.q�1; A/:

It can be also shown that the similar property holds for the eigenvalues �Yi of RY .

Proposition 4.2. Given R-matrix representation of a 4-strand braid, its eigenvalues
satisfy the following relation:

8i 9j W �Yi .q/ D ��
Y T

j .q�1/; (4.6)

where a Young diagram Y enumerates blocks of this R-matrix representation corres-
ponding to irreducible representations.

� Let us prove it for Y D Œ2; 1; 1�. For this purpose, we construct the system of
equations on .�Œ2;1;1�1 ; �

Œ2;1;1�
2 ; �

Œ2;1;1�
3 /, which determines them. This system can be

obtained as follows. First, for R-matrix representation R for a knot K ,

tr.RŒ2;1;1�/ D aŒ2;1;1� D �
Œ2;1;1�
1 C �

Œ2;1;1�
2 C �

Œ2;1;1�
3 :

Second, as we have derived (4.3),

tr..RŒ2;1;1�.q//�1/ D tr.RŒ2;1;1�.q�1//

D aŒ2;1;1�.q
�1/

D .�
Œ2;1;1�
1 /�1 C .�

Œ2;1;1�
2 /�1 C .�

Œ2;1;1�
3 /�1:
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Third, for the determinant, we get

det.RŒ2;1;1�/ D .det.RŒ2;1;1�
1 //W D q�W D �

Œ2;1;1�
1 � �

Œ2;1;1�
2 � �

Œ2;1;1�
3

due to the fact that det.RŒ2;1;1�
1 / D det.RŒ2;1;1�

2 / D det.RŒ2;1;1�
3 / D q�1.

Thus, the system of equations on �Œ2;1;1�i .q/ is8̂̂̂<̂
ˆ̂:
�
Œ2;1;1�
1 .q/C �

Œ2;1;1�
2 .q/C �

Œ2;1;1�
3 .q/ D aŒ2;1;1�.q/;

�
Œ2;1;1�
1 .q/ � �

Œ2;1;1�
2 .q/ � �

Œ2;1;1�
3 .q/ D q�W ;

.�
Œ2;1;1�
1 .q//�1 C .�

Œ2;1;1�
2 .q//�1 C .�

Œ2;1;1�
3 .q//�1 D aŒ2;1;1�.q

�1/

(4.7)

and on �Œ3;1�i .q�1/ is8̂̂̂<̂
ˆ̂:
�
Œ3;1�
1 .q�1/C �

Œ3;1�
2 .q�1/C �

Œ3;1�
3 .q�1/ D aŒ3;1�.q

�1/ D �aŒ2;1;1�.q/;

�
Œ3;1�
1 .q�1/ � �

Œ3;1�
2 .q�1/ � �

Œ3;1�
3 .q�1/ D �q�W ;

.�
Œ3;1�
1 .q�1//�1C.�

Œ3;1�
2 .q�1//�1C.�

Œ3;1�
3 .q�1//�1DaŒ3;1�.q/D�aŒ2;1;1�.q

�1/:

(4.8)
Comparing (4.7) and (4.8), we conclude that sets of solutions of these systems coin-
cide and arrive at the particular case of (4.6). Note that system (4.7) is equivalent to
the characteristic equation

�3 � �2 � aŒ2;1;1�.q/C � � q
�W aŒ2;1;1�.q

�1/ � q�W D 0;

and thus, system (4.7) has only one solution. For the eigenvalues �Œ2;2�i , the state-
ment (4.6) is obvious due to (4.4) and the system8<:�Œ2;2�1 .q/C �

Œ2;2�
2 .q/ D aŒ2;2�.q/;

�
Œ2;2�
1 .q/ � �

Œ2;2�
2 .q/ D �1:

(4.9)

Its solution is also unique due to its equivalence to the quadratic characteristic equa-
tion.

4.2. Perturbative expansion

As it has been already stated in Section 2.6, the constraint that a polynomialHK.q;A/

in A2, q2 has correct perturbative expansion is equivalent to the constraint that this
polynomialHK.q;A/ can be represented in the form of differential expansion (2.21)
with polynomial cyclotomic functions and that it satisfies the relation HK.q; A/ D

HK.q�1; A/. This is actually the case of our polynomials HKm (3.6) and (3.7).
However, let us show that they indeed can be perturbatively expanded and analyse
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the perturbative structure of these hypothetical HOMFLY-PT polynomials obtained in
Section 3.3. First, note that due to the fact that

HKm � 1 � .A2 � q2/.A2 � q4/.A2 � q�2/.A2 � q�4/;

the perturbative expansion of HKm is of the form

HKm D 1CO.h4/:

That is, Vassiliev invariants of orders 2 and 3 vanish. Second, it is convenient to ana-
lyse primitive Vassiliev invariants in the recently discovered basis of the HOMFLY-PT
group factors CŒk� known up to the 13th order [32, 33]:

log.HK
R / D 1C „

2.vK
Œ2�;0/2C

R
Œ2� C „

3.vK
Œ2�;1/3NCRŒ2�

C „
4..vK

Œ2�;2/4N
2CRŒ2� C .v

K
Œ4�;0/4C

R
Œ4�/

C „
5..vK

Œ2�;1/5NCRŒ2� C .v
K
Œ2�;3/5N

3CRŒ2� C .v
K
Œ4�;1/5NCRŒ4�/

C „
6

�
.vK
Œ2�;2/6N

2CRŒ2� C .v
K
Œ2�;4/6N

4CRŒ2� C .v
K
Œ4�;0/6.C

R
Œ4� C

1

6
.CRŒ2�/

2/

C .vK
Œ4�;2/6N

2CRŒ4� C .v
K
Œ6�;0/6C

R
Œ6�

�
CO.„7/:

(4.10)
We have found the primitive Vassiliev invariants for knots Km up to 13th order by
the comparison of the perturbative expansion (4.10) for representation R D � with
the series expansion of logarithm of (4.1) with coefficients (4.2). We list here only the
Vassiliev invariants of up to 6th order:

.vK
Œ2�;0/2 D 0;

.vK
Œ2�;1/3 D 0;

.vK
Œ2�;2/4 D �

5

12
.mC 1/.mC 2/.mC 3/.mC 4/;

.vK
Œ4�;0/4 D 4.mC 1/.mC 2/.mC 3/.mC 4/;

.vK
Œ2�;3/5 D

1

6
.6.vK

Œ2�;1/5 C 2m
5
C 25m4 C 120m3 C 275m2 C 298mC 120/;

.vK
Œ4�;1/5 D �

4

5
.15.vK

Œ2�;1/5 C 4m
5
C 50m4 C 240m3 C 550m2 C 596mC 240/;

.vK
Œ4�;0/6 D

1

24

�
� 144.vK

Œ2�;2/6 C 144.v
K
Œ2�;4/6 C 18m

6

C 270m5 C 1655m4 C 5300m3 C 9307m2 C 8410mC 3000
�
;

.vK
Œ4�;2/6 D

1

6

�
� 72.vK

Œ2�;4/6 � 6m
6
� 90m5 � 533m4 � 1580m3

� 2449m2 � 1870m � 552
�
;



Closed 4-braids and the Jones unknot conjecture 737

.vK
Œ6�;0/6 D 10.mC 1/.mC 2/.mC 3/.mC 4/.2m

2
C 10mC 5/:

The Vassiliev invariants of order n are polynomials inm of order n. Note that some of
the Vassiliev invariants are not fixed because information on other coloured HOMFLY
polynomials is needed.

4.3. Analysis of eigenvalues

If the polynomials (4.1) with the coefficients of the character expansion given by (4.2)
are the HOMFLY-PT polynomials of some knots Km, then these character expansion
coefficients must come from R-matrix representation of the corresponding braids ˇm.
Three-strand (2.13), (2.9) and four-strand (2.10), (2.11), (2.12) R-matrices possess
unitarity at the special values of q.

Theorem 4.1 ([28, 58]). 3-strand R-matrices in fundamental representation (2.13),
(2.9) are unitary at the points q D exp 2�i

k
for k � 6, or k � �6, or 6

1C3z
� k �

6
�1C3z

8z 2Z=¹0º. 4-strand R-matrices in fundamental representation (2.10), (2.11),
and (2.12) are unitary at the points q D exp 2�i

k
for k � 8; or k � �8; or 8

1C4z
�

k � 8
�1C4z

8 z 2 Z=¹0º.

� Give a proof for three-strand R
Œ2;1�
i . Obviously, the diagonal matrix R

Œ2;1�
1 is

unitary at all values q D exp 2�i
k

for real k. The R-matrix R
Œ2;1�
2 is obtained from

R
Œ2;1�
1 via the change of basis [37]:

R
Œ2;1�
2 D U

 
q 0

0 � 1
q

!
U T I U D

 
C S

�S C

!
I C D

1

Œ2�q
; S D

p
Œ3�q

Œ2�q
:

Then, R
Œ2;1�
2 is unitary if the matrix U is unitary:

UU � D

0B@ jqj2.1Cj1Cq2Cq�2j/

.1Cq2/.1C.q�/2/

2i jqj2Im.
p
1Cq2Cq�2/

.1Cq2/.1C.q�/2/

�
2i jqj2Im.

p
1Cq2Cq�2/

.1Cq2/.1C.q�/2/

jqj2.1Cj1Cq2Cq�2j/

.1Cq2/.1C.q�/2/

1CA ;
where we denote complex conjugation by �. Unitarity of U means that UU � must be
the unit matrix. At

q D exp
2�i

k
;

it is easy to see that the diagonal elements of UU � are units. The non-diagonal ele-
ments equal zero if

1C q2 C q�2 � 0:
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At the point q D exp 2�i
k

, we get the following condition and the allowed real values
of k:

cos
4�

k
� �

1

2
) k � 6; or k � �6;

or
6

1C 3z
� k �

6

�1C 3z
8z 2 Z=¹0º:

For 4-strand R-matrices, the condition of unitarity is stronger:

cos
4�

k
� 0) k � 8; or k � �8;

or
8

1C 4z
� k �

8

�1C 4z
8z 2 Z=¹0º: (4.11)

Corollary 4.1. Since the R-matrices (2.9)–(2.11) are unitary at the particular values
q D exp 2�i

k
for k � 8, or k � �8, or 8

1C4z
� k � 8

�1C4z
8z 2 Z=¹0º, the Jones

representation for any braid is also unitary at these points. Hence, its eigenvalues lie
on the unit circle, j�i j D 1.

Although we cannot find out the particular form of the matrix representation of
the hypothetical braids from the obtained polynomials (3.6) and (3.7), we can find the
corresponding eigenvalues. We have already written down the system of equations
on the eigenvalues �Œ2;1;1�i ; see (4.7). For representation Œ3; 1�, the system takes the
similar form: 8̂̂<̂

:̂
�1.q/C �2.q/C �3.q/ D aŒ3;1�.q/;

�1.q/ � �2.q/ � �3.q/ D .�q/
W ;

��11 .q/C �
�1
2 .q/C �

�1
3 .q/ D aŒ3;1�.q

�1/:

(4.12)

The substitution q ! q�1 in (4.12) gives8̂̂<̂
:̂
�1.q

�1/C �2.q
�1/C �3.q

�1/ D aŒ3;1�.q
�1/;

�1.q
�1/ � �2.q

�1/ � �3.q
�1/ D .�q/�W ;

��11 .q
�1/C ��12 .q

�1/C ��13 .q
�1/ D aŒ3;1�.q/:

Let �i .q�1/! ��1i .q
�1/ D z�i .q/. Then,8̂̂<̂

:̂
z�1.q/C z�2.q/C z�3.q/ D aŒ3;1�.q/;

z�1.q/ � z�2.q/ � z�3.q/ D .�q/
W ;

z��11 .q/C
z��12 .q/C

z��13 .q/ D aŒ3;1�.q
�1/:

(4.13)

Comparing (4.13) with (4.12), we conclude that the sets of solutions of these systems
coincide:

¹�i .q/º D ¹�
�1
i .q

�1/º: (4.14)
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b1

c1 c2

b2

Figure 4. Considered 3-strand braids which parameterise character expansion coefficients aY ,
�7 � c1; b1; c2; b2 � 7 and the writhe number W D 2mC 5, m D 0; : : : ; 5.

This can also be proved by consideration of the equivalent characteristic equation on
the eigenvalues:

�3 � �2 � aŒ3;1�.q/C � � q
�W aŒ3;1�.q

�1/ � q�W D 0:

Again, after the substitution q ! q�1, ��1.q�1/ D z�.q/, one obtains

z�3 � z�2 � aŒ3;1�.q/C z� � q
�W aŒ3;1�.q

�1/ � q�W D 0

and arrives at (4.14). Equality (4.14) means that either ¹�i .q/º lie on a unit circle,
or without loss of generality, �1 lies on a unit circle and �2, �3 lie on a line which
intersects the origin.

If the second case takes place at least for one particular value k from the admiss-
ible region (4.11), then the functions aŒ2;1;1� and aŒ3;1� are guaranteed not to be
constructed from the braid. On the other hand, if all eigenvalues lie on the unit circle,
it is a serious argument that the braid does exist.

We have considered 3-strand knots of the type .c1;b1Ic2;b2/,�7� c1;b1; c2;b2�
7, with the writhe numberW D 2mC 5,mD 0; : : : ; 5; see Figure 4. Recall that these
3-strand braids give values of the coefficient aŒ2;2�. We have found absolute values
of eigenvalues �Œ3;1�i .q/, q D exp 2�i

k
for the real values of k from 0:1 to 150 in

increments of 0:1 numerically with the help of Wolfram Mathematica. It turns out
that the condition

j�
Œ3;1�
i j D 1

at the regions k � 8, or k � �8, or 8
1C4z

� k � 8
�1C4z

8z 2 Z=¹0º is fulfilled only
for the following braids: .�5; 2I 6; 2/, .�2;�1I 1; 7/, .�2;�1I 3; 5/, .�2; 2I 3; 2/,
.�1; 1I 2; 3/, and .�2; 2I 1; 4/. Note that the writhe number W of these braids is 5 for
higher values of W , there are no such braids from the considered set. The closure of
each of these braids is a 2-link on 3-strands. Thus, hypothetically, each of them can
correspond to a knot on 4 strands, for which the HOMFLY-PT polynomial coincides
with (3.6) at m D 0.
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4.4. Checks for related knots

If knots Km D
x̌
m for the obtained HOMFLY-PT polynomials (3.6) and (3.7) do

exist, then knots corresponding to ˇ2kC1m and ˇm�2n with the fundamental half-twist
braid � D �1�2�3�1�2�1 must exist too. In this section, we use the same methods to
analyse the HOMFLY-PT invariants for these related knots.

4.4.1. Analysis of the HOMFLY-PT polynomials for zKm D ˇm�2n. Multiplic-
ation of a four-strand braid by the fundamental half-twist braid � raised to an even
power changes coefficients of the character expansion of the HOMFLY-PT polyno-
mial in a clear and simple way. Note that R-matrix representation of �2n in the basis
of irreducible representation is

.�
Œ2;2�

R /2n D 1; .�
Œ3;1�

R /2n D q4n � 1; .�
Œ2;1;1�

R /2n D q�4n � 1: (4.15)

Thus, if the R-matrix representation of a braid ˇ is denoted by R, then the irreducible
blocks of zR D R ��2nR are

zRŒ2;2�
D RŒ2;2�; zRŒ3;1�

D q4n �RŒ3;1�; zRŒ2;1;1�
D q�4n �RŒ2;1;1�: (4.16)

The character expansion of the HOMFLY-PT polynomial for a knot zK D ˇ�2n (2.20)
gets the form

H
zK
D A�12n � A�W

�
q12n � qW S�Œ4� C q

4n
� aŒ3;1�S

�
Œ3;1� C aŒ2;2�S

�
Œ2;2�

C q�4n � aŒ2;1;1�S
�
Œ2;1;1� � q

�12n
� q�W S�Œ1;1;1;1�

�
; (4.17)

where we assume that the writhe number W of a braid ˇ is odd, and

aŒ2;2� D tr.RŒ2;2�/; aŒ3;1� D tr.RŒ3;1�/; aŒ2;1;1� D tr.RŒ2;1;1�/:

Eigenvalues. The first idea is to check whether the eigenvalues of R-matrix rep-
resentation of our hypothetical knots zKm D ˇm�2n lie on a unit circle at the point
q D exp 2�i

k
, k � 8 and k D 1; 2. However, this check is trivial. After multiplica-

tion by �2n, eigenvalues of R-matrix of ˇm change only by a phase factor according
to (4.16). Thus, if eigenvalues of R-matrix of ˇm lie on a unit circle at the special
roots of unity, then the eigenvalues of R-matrix of ˇm�2n also lie on a unit circle.

Differential expansion. The second idea is to check whether the HOMFLY-PT poly-
nomial (4.17) with coefficients aY defined by (4.2) possesses the structure of differ-
ential expansion (2.21). Indeed, by straightforward calculation, one can be sure that

H
zKm.q; A D q/ � 1 D 0 and H

zKm.q�1; A D q/ � 1 D 0:
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Perturbative expansion. Having proved the validity of the differential expansion for
H
zKm , to show that these HOMFLY-PT polynomials can be perturbatively expanded,

one should check thatH zKm.q;A/DH
zKm.q�1;A/ (see Section 2.6). After inversion

of q, the HOMFLY-PT polynomial (4.17) transforms as follows:

H
zK.q�1; A/ D �A�W�12n

�
q�W�12nS�Œ1;1;1;1� C aŒ3;1�.q

�1/q�4nS�Œ2;1;1�

C aŒ2;2�.q
�1/S�Œ2;2� � q

12nCW S�Œ4�

C aŒ2;1;1�.q
�1/q4nS�Œ3;1�

�
:

Taking into account condition (4.5), we get that the equality

H
zKm.q�1; A/ D H

zKm.q; A/

is fulfilled. Thus, it does not give additional constraints on coefficients (4.2).

4.4.2. Analysis of the HOMFLY-PT polynomials for K2kC1 D ˇ2kC1. Given the
HOMFLY-PT polynomial for a knot K D x̌ in the form of the character expan-
sion (4.1), one can construct the HOMFLY-PT polynomial for a knot K2kC1 D

ˇ2kC1:

HK2kC1

D A�.2kC1/W
®
q.2kC1/W S�Œ4� C .�q

�1/.2kC1/W S�Œ1;1;1;1�

C ..�
Œ3;1�
1 /2kC1 C .�

Œ3;1�
2 /2kC1 C .�

Œ3;1�
3 /2kC1/S�Œ3;1�

C ..�
Œ2;2�
1 /2kC1 C .�

Œ2;2�
2 /2kC1/S�Œ2;2�

C ..�
Œ2;1;1�
1 /2kC1 C .�

Œ2;1;1�
2 /2kC1 C .�

Œ2;1;1�
3 /2kC1/S�Œ2;1;1�

¯
; (4.18)

where we assume that the writhe number W of a knot K is odd and �Yi are eigenval-
ues of R-matrix representation of a braid ˇ. These eigenvalues can be derived from
systems (4.7) and (4.9) and within the condition �Œ3;1�i .q/ D ��

Œ2;1;1�
j .q�1/.

Eigenvalues. If eigenvalues of R-matrix representation R of a braid ˇ lie on a unit
circle, then it is obvious that eigenvalues of R2kC1 also lie on a unit circle. Thus, this
check is trivial.

Differential expansion. One can show by a straightforward calculation that, for our
coefficients aY (4.2),

HK
2kC1
m D 1C .A2 � q2/.A2 � q�2/ � CK

2kC1
m : (4.19)

Perturbative expansion. Having (4.19), it is enough to show that HK
2kC1
m .q; A/ D

HK
2kC1
m .q�1;A/ to prove that the HOMFLY-PT polynomialHK2kC1

.q;A/ has right
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perturbative expansion. Changing q ! q�1 transforms the HOMFLY-PT polynomial
(4.18) to

HK2kC1

.q�1; A/

D �A�.2kC1/.2mC5/
®
q�.2kC1/.2mC5/S�Œ1;1;1;1� C .�q/

.2kC1/.2mC5/S�Œ4�

C ..�
Œ3;1�
1 .q�1//2kC1 C .�

Œ3;1�
2 .q�1//2kC1 C .�

Œ3;1�
3 .q�1//2kC1/S�Œ2;1;1�

C ..�
Œ2;2�
1 .q�1//2kC1 C .�

Œ2;2�
2 .q�1//2kC1/S�Œ2;2�

C ..�
Œ2;1;1�
1 .q�1//2kC1 C .�

Œ2;1;1�
2 .q�1//2kC1 C .�

Œ2;1;1�
3 .q�1//2kC1/S�Œ3;1�

¯
:

Baring in mind relation (4.6), we see that the HOMFLY-PT polynomial HK
2kC1
m is

invariant under inversion of q, and we get no additional constraints.

4.5. Positive braids

So, as we have seen, the obtained formulas for the hypothetical HOMFLY-PT poly-
nomials (3.6) and (3.7) confidently withstand all checks. This inspires great optimism
and raises the question of how to find such a braid and knot, respectively. We conclude
this section with a discussion of this issue.

We want to find any 4-strand braid that, in the representation Œ3; 1�, satisfies con-
ditions (4.2). For simplicity, we consider here only W D 5. In order to efficiently
enumerate only braids with fixed writhe number, we do the following.

Recall that any braid ˇ can be represented in the form (formula)

ˇ D ˇC�
�p;

where ˇC is some positive braid, � is the fundamental half-twist braid (which gener-
ates the centre of Bn), and p 2 Z.

Let us consider all positive braids ˇC 2 B4 with the writhe numberW D 5C 6p.
Since � D �1�2�3�1�2�1, then its writhe number is 6. Therefore, enumerating all
positive braids with W D 5C 6p, we enumerate all braids ˇ with W D 5. Further,
we note that it is enough to consider only even p, which gives us two properties. First,
the addition of �2 does not change the number of components of the initial knot or
link because �2 is a pure braid. Second, character expansions (4.1) of HOMFLY-PT
polynomial for the knot x̌ and for ˇC are related in a simple way due to (4.15):

aC
Œ2;2�
D aŒ2;2�; aC

Œ3;1�
D q4paŒ3;1�; aC

Œ2;1;1�
D q�4paŒ2;1;1�; (4.20)

where aCY are coefficients of the character expansion for the HOMFLY-PT polynomial
for the braid ˇC D ˇ�p , and coefficients aY are given by (4.2).

Thus, the proposed search method is as follows. First, we fix the number of full
twists given by � to be equal to n, i.e., p D 2k. This corresponds to positive braids



Closed 4-braids and the Jones unknot conjecture 743

with the number of intersections equal to 5C 12k. There is a finite number of such
braids, equal to 35C12k . Second, we select from them only those that correspond to
knots. This can be done by looking at the permutation that the braid naturally induces.
Third, for the resulting braids, we calculate the coefficients of the character expansion
aCY and check relation (4.2), taking into account formulas (4.20). Any braid construc-
ted in this way is suitable for us. The reverse is also true. And if such a braid exists,
then we will find it in a finite number of steps. Note that the simplest case k D 1 is
already interesting because the resulting braid ˇ D ˇC��2 can contain 29D 17C 12
crossings that exceed the value in [57].
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