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Abstract. We study scaling laws for singular perturbation problems associated with a class of two-
dimensional martensitic phase transformations and deduce a domain dependence of the scaling law
in the singular perturbation parameter. In these settings the respective scaling laws give rise to a
selection principle for specific, highly symmetric domain geometries for the associated nucleation
microstructure. More precisely, firstly, we prove a general lower bound estimate illustrating that in
settings in which the domain and well geometry are incompatible in the sense of the Hadamard
jump condition, then necessarily at least logarithmic losses in the singular perturbation parameter
occur in the associated scaling laws. Second, for specific phase transformations in two-dimensional
settings we prove that this gives rise to a dichotomy involving logarithmic losses in the scaling law
for generic domains and optimal linear scaling laws for very specific, highly compatible polygonal
domains. In these situations the scaling law thus gives important insight into optimal isoperimetric
domains. We discuss both the geometrically linearized and nonlinear settings.

1. Introduction

It is the objective of this article to study the interaction of the domain geometry and the
symmetry of the set of stress-free states for certain vector-valued, multi-well singular per-
turbation problems associated with martensitic phase transformations. More precisely, we
deduce a quantitative effect of the domain geometry on scaling laws associated with these
singular perturbation problems in settings which allow for special, very low energy micro-
structures when considered with austenite boundary conditions. Prototypical examples
include the geometrically linear and nonlinear hexagonal-to-rhombic phase transforma-
tions, as well as the square-to-rectangular phase transformation. For this class of trans-
formations, we prove the following dichotomy: On the one hand, for a very specific class
of domains which are in their symmetries “optimally adapted” to the phase transformation,
one has an optimal linear scaling behaviour in the singular perturbation parameter. On the
other hand, however, “generic” domains necessitate additional boundary microstructure,
giving rise to logarithmic losses in the small perturbation parameter. In both settings, we
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deduce upper and lower bound estimates. To the best of our knowledge this is one of the
first results precisely quantifying the geometry dependence in nondegenerate domains by
relating the domain geometry and the geometry of the martensitic energy wells. It provides
a rigorous justification of the emergence of very special nucleation microstructure with
domain symmetries inherited from the well symmetries in these phase transformations.
It can also be viewed as a quantitative version of the Hadamard jump condition. In these
situations, the scaling laws thus provide detailed information on optimal domains in the
associated isoperimetric problems.

1.1. The setting

Let us begin by outlining the model we are studying. We consider variational, singular
perturbation problems associated with martensitic phase transformations in both the geo-
metrically nonlinear and the linearized settings.

1.1.1. The geometrically nonlinear model. Within the geometrically nonlinear context,
we investigate scaling laws for (sharp-interface) energies consisting of an elastic and a
surface contribution

E".u;�/´

Z
�

dist2.ru;K/ dx C "jD2uj.�/: (1)

Here, � � R2 denotes the reference configuration, uW�! R2 models the deformation,
j � j.�/ denotes the total variation norm, and the set K � R2�2 corresponds to the stress-
free states of the martensitic phase transformation, also called the energy wells. In formula
(1) we denote with D the distributional gradient of a BV function, whereas r is the usual
notation of the weak gradient of Sobolev functions. In the applications to martensitic trans-
formations, the energy wells K typically are of the form

K ´

m[
jD1

SO.2/Uj

with Uj 2 R2�2sym;> being symmetry related (see the applications in Sections 1.3 and 1.4
below). From a materials science point of view, the wells SO.2/Uj represent the different
phases of the materials, i.e., the so-called austenite phase and/or the so-called variants of
martensite. The SO.2/ invariance of the energy wells reflects the frame indifference of
the model. We refer to [3, 6, 8, 14, 54] for further background on the modelling of these
materials.

1.1.2. The geometrically linearized model. In parallel to our discussion of the full,
geometrically nonlinear model (1), in this article we also simultaneously discuss associ-
ated geometrically linearized models. While preserving the material nonlinearity, i.e., the
multi-well structure of the model (1), in the geometrically linearized setting, the geomet-
ric nonlinearity, i.e., the frame invariance assumption, is linearized. This leads to Skew.2/
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instead of SO.2/ invariance. As a consequence, in these settings, we study energies of the
form

F".v;�/´

Z
�

dist2.e.v/; zK/ dx C "jD2vj.�/: (2)

Here, as above, � � R2 is the reference configuration, vW�! R2 denotes the (infinites-
imal) displacement with the infinitesimal strain tensor e.v/´ 1

2
.rv C .rv/T/, and the

set zK models the stress-free states of the martensitic phase transformation and will also be
referred to as the energy wells. In the geometrically linearized setting, these are typically
of the form

zK D
®
e.1/; : : : ; e.m/

¯
;

with e.j / 2R2�2sym ´¹M 2R2�2 WM DM Tº for j 2 ¹1; : : : ;mº. We refer to [14, Chapter
11] and [13] for comparisons of the geometrically linearized and nonlinear settings. In
both definitions (1) and (2) we occasionally also drop the domain dependence in cases
that there is no danger of confusion on which domain the energies are considered.

In the settings of both (1) and (2), it is our main objective to investigate the interaction
of the domain geometry and the geometry and symmetries of the set of wells K and zK ,
respectively. To this end, we deduce scaling laws for the minimal energy contribution in
terms of the singular perturbation parameter for a certain class of wells K and zK and
quantify the domain dependence in terms of matching upper and lower scaling bounds.
As one of our main results, we infer that the interaction of the domain geometry and the
geometry of the wells leads to the selection of special nucleation microstructure (cf. The-
orems 3 and 4).

1.2. The lower bound estimates

We begin by discussing general lower scaling bounds, for both the geometrically nonlinear
and linear models (1) and (2). In the next sections, we will complement these results with
matching upper bound estimates for suitable choices of the sets K and zK .

As previously explained, the logarithmic loss in the lower scaling bounds below arises
from an incompatibility between the wells K and the geometry of a part of the boundary
of the domain� on which a boundary condition is imposed. To state our result in the most
general setting, we consider boundary conditions of oscillation type. For this reason, we
introduce the following notion of oscillation of traces of a function v 2 W 1;2.�IR2/ on
z� � @�:

oscz�.v/´ ess sup
x1;x22z�

jvj@�.x1/ � vj@�.x2/j:

This should be interpreted as requiring that the trace of v (which in principle belongs only
toL2.@�/) is actuallyL1.�/, so that the oscillation is a well-defined quantity. We further
remark that, as is known in the community (cf. [28]), for functions v with bounded energy,
namely with rv 2 BV.�IR2�2/, v has a continuous representative on the closure of �,
so in particular has an L1 trace.
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For the geometrically nonlinear model, our main lower bound estimate, which will be
applied to specific sets K in the next subsections, reads as follows.

Theorem 1. Let K � R2�2 be compact and let � � R2 be a compact Lipschitz domain.
Let � � @� be relatively open and C 3 regular. Let � W� ! R2 denote a C 2 regular unit
tangent vector field to � . If

d ´ min
x2x�

min
K2K

jK�.x/ � �.x/j > 0; (3)

then there exist a universal constant 0 < 
1 < 1 and a constant cnl D cnl.d;K; �/ > 0

such that for any u 2 W 1;2.�IR2/ satisfying

oscz�.u � id/ � 
1 dH1.z�/; for every relatively open connected z� � �; (4)

it holds that

E".u;�/ D

Z
�

dist2.ru;K/ dx C "jD2uj.�/ � cnl min¹1; ".jlog "j C 1/º:

Let us comment on this: Theorem 1 provides a “generic” lower bound scaling law for
settings in which there is no special compatibility relating the domain �, the boundary
conditions on � , and the structure of the wells K . In a precise way this is encoded in
condition (3) together with assumption (4). Compared to the “trivial” bound which scales
linearly in ", the logarithmic contributions quantify the mismatch between the geometry of
the domain and the wells, enforcing a (weak) presence of microstructure. More precisely,
we highlight that condition (3) can be interpreted as a failure of the Hadamard jump condi-
tion, with Theorem 1 encoding this quantitatively. This is most transparent, if ujx� D idjx� ,
i.e., if austenite boundary conditions are prescribed. Indeed, in this case by the Hadamard
jump condition, a flat austenite-martensite interface with normal �? 2 S1 between the
identity deformation and a variant of martensite given by one of the deformation matrices
K 2K would correspond to the condition that

.K � Id/� D .a˝ �?/� D 0 for some a 2 R2: (5)

Here, for a vector � 2 R2, we write �? for its clockwise rotation by 90ı and define
a ˝ �? ´ a.�?/T which is understood in the sense of matrix multiplication. For any
fixed boundary point x 2 � , assumption (3) thus rules out that for anyK 2K property (5)
holds. In this sense, it enforces incompatibility between the wells and the boundary data
and thus leads to the presence of microstructure. In the case that the boundary conditions
are not perfect austenite conditions, assumption (4) should then be read as a quantific-
ation of how much the boundary conditions deviate from the austenite. The interaction
of the smallness condition (4) and the well compatibility condition (3) then implies that
the Hadamard jump condition between the boundary data and the energy wells is still
violated. If stronger regularity assumptions on u were available, this would not be neces-
sary. From a technical point of view, our results are related to and inspired by the works
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[36, 37] on low energy microstructures. In the present work, we extend these ideas to set-
tings involving gauge invariances (SO.2/ and Skew.2/), fully vectorial models, as well as
to rather general geometries.

We further observe that, in the typical case of nonlinear elasticity KD
Sm
jD1 SO.2/Uj

with Uj 2 R2�2sym;>, condition (3) can be reduced to the following bound:

d ´ min
x2x�

min
j2¹1;:::;mº

ˇ̌
jUj �.x/j � 1

ˇ̌
> 0:

Indeed, due to rotation invariance, in this case, a failure of (5) is possible only if Uj are
nonidentical deformations in direction � . Vice versa, as encoded in the Hadamard jump
condition, compatible microstructure without the logarithmic losses necessitates tangen-
tial continuity. Condition (3) hence quantifies the violation of the tangential continuity
property.

We note that for bounded C 3 regular domains, by the hairy ball theorem, condi-
tion (3) is always satisfied on a (sufficiently small) portion of @� if K is a discrete
set. Such C 3 austenite-martensite interfaces are thus closely connected to nonclassical
austentite-martensite interfaces as studied in [4, 5, 9, 11]. Similarly, in the class of piece-
wise polygonal domains, i.e., for domains with boundaries which consist of a union of
finitely many planes, if K is finite, generically condition (3) holds. Thus, it is only for very
special choices of piecewise polygonal domains and wells, that it is possible to improve
on these “generic” "jlog."/j bounds and obtain optimal linear scaling laws. We remark
that for physical reasons (as the surface energies are believed to often carry only small
prefactors), the settings for small choices of the parameter " > 0 are of particular physical
interest.

In the subsequent sections, we will complement the general lower bound of Theorem
1 with the observation that in the very nongeneric setting that the domain�, the boundary
conditions on � , and the structure of the wells K are in a precise way related to each
other, it is possible to improve on these bounds and to prove an optimal linear scaling law.
We interpret this as a selection mechanism for nucleation microstructures.

The situation in the geometrically linearized setting is fully parallel to this. Also in this
setting, unless there is a very special relation between the domain geometry, the boundary
conditions and the structure of the wells, one obtains a lower scaling law with logarithmic
losses, which in general cannot be avoided.

Theorem 2. Let zK � R2�2sym be compact and let � � R2 be a bounded Lipschitz domain.
Let � � @� be relatively open and C 3 regular. Let � W� ! R2 denote a C 2 regular unit
tangent vector field to � . If

d ´ min
x2x�

min
K2 zK

j�.x/ �K�.x/j > 0; (6)

then there exist a universal constant 0 < 
2 < 1 and a constant clin D clin.d;K; �/ > 0

such that for any v 2 W 1;2.�IR2/ satisfying

oscz�.v/ � 
2 dH1.z�/; for every relatively open connected z� � �; (7)
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it holds that

F".v;�/ D

Z
�

dist2.e.v/; zK/ dx C "jD2vj.�/ � clin min¹1; ".jlog "j C 1/º:

We emphasize that assumptions (6), (7) are direct geometrically linear analogues
of (3), (4). Indeed, by the Hadamard jump condition the existence of a flat austenite-
martensite interface between the zero displacement strain and a strainK 2 zK with normal
direction �? 2 S1 is equivalent to the condition that

� �K� D .� � aˇ �?/� D 0; for some a 2 R2:

Here we have used the notation a ˇ �? ´ 1
2
.a ˝ �? C �? ˝ a/. For x 2 � fixed, con-

dition (6) encodes the absence of such a flat austenite-martensite interface between the
zero strain and any of the matrices in the set zK with any of the normals �.x/?. As above,
this hence enforces the presence of microstructure and eventually leads to the logarithmic
losses analogously to the nonlinear setting of Theorem 1.

1.3. A geometry- and symmetry-induced selection of microstructure:
The geometrically linear hexagonal-to-rhombic phase transformation

In this subsection, it is our objective to show how Theorem 2 gives rise to a dichotomy
in the scaling law for certain phase transformations allowing for highly symmetric micro-
structure. To this end, we will focus on a special case of the geometrically linearized
two-dimensional n-well differential inclusions investigated in [17] (and also in [67] and
references therein). We focus on the case of three martensitic wells as this corresponds to
the experimentally interesting case of the hexagonal-to-rhombic phase transformation. In
this case (for a fixed temperature below the transformation temperature) we set

zK3´
®
e.1/; e.2/; e.3/

¯
; (8)

with

e.1/ D
1

2

 
1 �

p
3

�
p
3 �1

!
; e.2/ D

�
�1 0

0 1

�
; e.3/ D

1

2

 
1
p
3

p
3 �1

!
:

We note that the matrices e.j / are obtained from the matrix e.1/ by the action of an element
in the point group of the hexagonal lattice, i.e., e.j / D Qj e.1/QT

j for j 2 ¹1; 2; 3º and

Qj ´ Q
�2�
3
.j � 1/

�
; Q.'/´

�
cos.'/ � sin.'/
sin.'/ cos.'/

�
: (9)

For this phase transformation, the exactly stress-free states at temperatures below the
transformation temperature are described by the differential inclusion

e.v/ 2 zK3 a.e. in �;

where vW�! R2 denotes the displacement.
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Figure 1. The self-similar, star-type low energy microstructure in the hexagonal-to-rhombic phase
transformation. The figure corresponds to the reference domain, the colours to the variants of
martensite e.1/, e.2/, e.3/ by which the corresponding domains are displaced. On the left panel,
only the outer ring of the displacement is depicted. Here, on both the outer and inner boundary
condition austenite data are prescribed. The right-hand panel shows the geometrically refining, self-
similar construction of the overall microstructure with austenite prescribed on the outer boundary of
the triangle and the interior now being fully covered by a martensitic microstructure.

We recall the following facts, which give evidence of the observation that the micro-
structures forming in the hexagonal-to-rhombic phase transformation are quite flexible
and can be concatenated to obtain rather complex structures:

• All pairs e.i/, e.j / with i ¤ j are pairwise symmetrized rank-one connected, i.e., there
exist nij 2 S1, aij 2 R2 n ¹0º such that

e.i/ � e.j / D aij ˇ nij :

In particular, it is possible to form simple laminate solutions.

• There exist (more complicated) exactly stress-free microstructures involving corners
of higher order. More precisely, there are

– a single configuration involving a 12-fold corner,

– (up to symmetry) two types of 6-fold corners,

– (up to symmetry) one type of 4-fold corner.

We refer to [67, Figure 24] for an illustration of these building block microstructures.

• For austenite boundary conditions there are “star-type” microstructures in very specific
domains which are given as certain rotated equilateral triangles (see [67, Figures 25,
26], as well as the (geometrically linearized) constructions in [17]). We emphasize that
nonlinear analogues of these can be found in [27] and [17] and have been observed
experimentally [41]. A schematic illustration can also be found in Figure 1.

We remark that the hexagonal-to-rhombic phase transformation is also of relevance
experimentally as a two-dimensional reduction of the three-dimensional transformation
occurring in materials such as Mg2Al4Si5O18, Mg-Cd, or Pb3(VO4)2 alloys [18, 41, 52,
53].
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We note that all the matrices in zK3 are symmetrized rank-one connected to the aus-
tenite and that these normals can be explicitly computed.

Lemma 1.1 (Austenite-martensite normals). Let zK be as in (8) and let Qj 2 SO.2/ be
as in (9). Then all normals associated with flat austenite-martensite interfaces are given
(up to normalization and orientation reversal) by the set

zN ´
®
Qj .e1 C e2/;Qj .e1 � e2/I j 2 ¹1; 2; 3º

¯
: (10)

As a consequence, it is possible to form two types of laminates between each variant
of martensite and austenite using one of these normals.

In the outlined setting of the set zK3 from (8) for general n 2 zN , we deduce a scaling
law, which takes into account the geometry of the underlying domain in the following
dichotomy.

Theorem 3. Let � � R2 be an open, bounded Lipschitz domain and let " > 0. Let zK D
zK3 and let F".vI�/ be as in (2). Then the following hold:

(a) Let � be a bounded, piecewise C 3-regular domain such that there exists a rel-
atively open subset � � @� for which �.x/ 62 zN for every regular point x 2 � .
Then it holds that

inf
v2W 1;2.�IR2/

with vj� D 0

F".vI�/ ��;� min¹1; ".jlog "j C 1/º:

(b) For any normal n 2 zN there exists a bounded polygonal domain with one inter-
face having n as a normal and such that

inf
v2W 1;2.�IR2/

with vj@� D 0

F".vI�/ �� min¹"; 1º:

Let us comment on the dichotomy formulated in the theorem. As shown in [67] and in
[17] for the setting from (8), for a set of highly symmetric, polygonal domains� it is pos-
sible to obtain BV regular solutions to the differential inclusion e.v/ 2 zK3 a.e. in �. As a
consequence, this implies that for these specific polygonal domains, a scaling law which is
linear in the singular perturbation parameter is valid. This is the content of Theorem 3 (b).
As one of our main results, we prove that this linear scaling behaviour is very nongeneric.
More precisely, Theorem 3 (a) asserts that for arbitrary piecewise C 3 domains, with tan-
gent to the boundary at some regular point that does not match a flat interface with one of
the normals n 2 zN allowing for an austenite-martensite twin, one immediately obtains a
scaling law which deviates from the linear scaling by a logarithmic factor. Here, the lower
bound follows from the general result of Theorem 1 while the upper bound follows from
a construction which refines dyadically towards the boundary, similarly to [7, Section 7c];
see also Figure 3. The resulting austenite-martensite interfaces are thus nonclassical in (a
geometrically linearized variant of) the sense of [4, 5]. Hence, our result provides a rig-
orous foundation for the expectation that for the models under consideration, nucleation
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of martensite in austenite is accompanied by the formation of nuclei of a very particular
geometry which is closely related to the geometry of the martensitic wells.

1.4. A geometry- and symmetry-induced selection of microstructure:
The geometrically nonlinear hexagonal-to-oblique and square-to-oblique
transformations

We next consider the geometrically nonlinear setting and prove a similar result for certain
one-parameter families of geometrically nonlinear two-dimensional deformations, build-
ing on the structures from [27] and [17]. For ease of the presentation, we focus here on two
particular examples of one-parameter families of transformations, the square-to-oblique
transformation and the hexagonal-to-oblique transformation studied in [27], although the
presented results hold for a larger class of transformations; see Remark 1.2.

Let us describe the associated families of deformations. These are determined by the
symmetries of the transformation. For the square-to-oblique case a square is mapped to
a parallelogram in the passage from the austenite to the martensite phase. Due to the
symmetries of the point group, we are lead to studying the following set of stress-free
matrices:

K4´
®
Q4.a/U1; : : : ;Q4.a/U4

¯
; with U1 D

�
a a�1 � a

0 a�1

�
; (11)

with a > 0 and with Q4.a/ 2 SO.2/ being an explicit rotation matrix which depends on
a (see for instance [17, Remark 2.3] where Q4.a/ D RT). The matrices Uj ´ PjU1P

T
j

are here obtained by conjugation of U1 with the matrices

Pj 2 Pc ´

²
Id;
�
�1 0

0 1

�
;

�
0 �1

1 0

�
;

�
0 1

1 0

�³
forming the point group of the square austenite lattice.

Similarly, when the austenite lattice is of hexagonal structure and transforms into a
parallelogram, the associated stress-free states take the form

K3´
®
Q3.a/U1; : : : ;Q3.a/U6

¯
; with U1 D

 
a
p
3.a�1 � a/

0 a�1

!
; (12)

with a > 0 and where Q3.a/ is an explicit rotation matrix which depends on a (see, for
instance, [17, Remark 2.3] where Q3.a/ D RT). The matrices Uj ´ PjU1P

T
j are here

obtained by conjugation of U1 with the matrices

Pj 2 Ph´

´
Id;
�
�1 0

0 1

�
;

 
1
2

p
3
2

�

p
3
2

1
2

!
;

 
�
1
2

p
3
2p

3
2

1
2

!
;

 
1
2
�

p
3
2p

3
2

1
2

!
;

 
1
2

p
3
2p

3
2
�
1
2

!µ
forming the point group of the hexagonal austenite lattice.
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By virtue of the results from [27] and [17] there is a finite set of at most 8 or 12 normal
vectors, respectively, for which elements in K3 or K4 are compatible with the austenite
phase. We denote these directions by the sets N3 or N4, respectively. We remark that these
sets are of the form

Nj ´
®
PnkP

T
W P 2 Pj ; k 2 ¹1; 2º

¯
; j 2 ¹3; 4º

for some vectors n1; n2 2 S1 and for P3 D Ph and P4 D Pc . The normals n1, n2 can be
computed explicitly (depending on a). As these are rather convoluted, we do not give the
explicit expressions here.

Inserting these sets K3, K4 into the energy (1), we then obtain the following dicho-
tomy which is analogous to that of Theorem 3.

Theorem 4. Let � � R2 be an open, bounded Lipschitz domain and let " > 0. Let
E".uI�/ be as in (1) and let K3, K4 be as in (11), (12). Consider the choices K D K3

or K DK4 in the geometrically nonlinear energy (1). Then the following hold:

(a) Let � be a bounded, piecewise C 3-regular domain such that there exists a relat-
ively open subset � � @� for which �.x/ 62 N3 (or N4, respectively) for every
regular point x 2 � . Then

inf
u2W 1;2.�IR2/

with uj� D id

E".uI�/ ��;� min¹1; ".jlog "j C 1/º:

(b) For any normal n 2N3 or n 2N4 there exists a bounded, polygonal domain such
that @� D @�E [ @�I with at least one interface of @�E having n as a normal
and such that

inf
u2W 1;2.�IR2/
with uj@�E D id

E".uI�/ �� min¹"; 1º;

where we consider the energies with wells K3 or K4, respectively.

In parallel to Theorem 3, Theorem 4 provides a dichotomy in which the extremely low
energy scaling law strongly depends on the interaction of the symmetries of the underlying
domain, the imposed boundary data, and the energy wells. On the one hand, by virtue
of Theorem 4 (b) in very special, highly nongeneric domains, the optimal linear scaling
result can be achieved. This however requires extreme compatibility between all involved
symmetries. On the other hand, in general domains, as soon as a part of the boundary of
the domain no longer matches the symmetries of the wells, the energy scaling deteriorates
by a logarithmic factor. As in the geometrically linear setting, the scaling law thus selects
nucleation geometries based on the symmetries of the energy wells.

Remark 1.2. The results which were formulated above for the two cases of the square-to-
oblique and the hexagonal-to-oblique transformations remain valid when replacing these
sets K3, K4 by a more general set Kn for n 2N. In this setting, the matrix U1 D U1.a;n/
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takes the form

U1.a; n/ D

 
a a�1�a

tan.�/
0 a�1

!
;

where a 2RC and �D n�2
2n
� . As in the special cases outlined above, the remaining stress-

free deformations are then obtained by conjugation with a symmetry group of a regular
n-gon (generalizing the action of the point group). For a more precise discussion of the
structure of the sets Kn which generalize the sets K3, K4 to an arbitrary polygonal sym-
metry we refer to [17, Section 2]. The existence of the desired low energy constructions is
the content of [17, Theorem 1]. In order to avoid introducing the associated notation, we
have opted not to formulate the full analogue of the scaling law of Theorem 4 in the most
generality at this point.

1.5. Interpretation, implications and comparison with the literature

Let us put the results from the previous sections into the context of the literature on
martensitic phase transformations.

1.5.1. Relation to the literature. Seeking to understand the complex microstructure
emerging in martensitic materials more quantitatively and starting with the seminal res-
ults of Kohn–Müller [47, 48], singular perturbation problems and associated models have
been analyzed intensively. A nonexhaustive list includes the works [1, 12, 15, 16, 19, 20,
24–26,29–33,38,51,60,65,69–71] focusing on two-well and/or on branching microstruc-
tures, the articles [62–64] on particularly high energy structures, [21,22,40,55,61,66,67]
for nonuniqueness results, and the works [10, 17, 25, 27, 35–37, 42, 43, 45, 57, 63, 72] on
nucleation and/or low energy structures. Many of these results are also closely connected
to complex multi-scale microstructures arising for other nonconvex, multi-well problems
in materials [46]; see for instance [23, 36, 44, 49, 50, 58, 59]. The results in the present
article build partly on techniques developed there and connect to the study of low energy
microstructures for nucleation, focusing on the role of geometry. Viewing our models as
depending on the domain as a parameter, Theorems 3 and 4, as some of our main results,
prove that scaling laws can give detailed information on optimal nucleation structures for
specific classes of two-dimensional martensitic phase transformations.

1.5.2. Interpretation and implications. Viewing the examples from the previous sec-
tions as two-dimensional model cases for the study of low energy nucleation results,
the outlined explicit dependence of the scaling laws on the domain geometry, rigorously
explains the formation of special, highly symmetric nucleation structures for these model
problems. In contrast to other settings, in these models the energy scaling laws from The-
orems 3 and 4 thus do not only predict (relating the lower bound in " to one in the volume
thanks to a scaling argument) the size of the energy barriers for nucleation of martens-
ite from austenite. In addition to this already quantitative information, which however
usually only indirectly carries information on the nucleation microstructure, our scaling
laws also yield precise structure conditions on the domain geometry of minimally scaling
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configurations. More precisely, they can be viewed as selecting microstructures in which
the domain geometry and the symmetries of the energy wells are highly matching. As a
consequence, our results predict nucleation geometries of a certain polygonal structure,
depending on the energy well symmetry in the model settings of the transformations in
Theorems 3 and 4.

As a final remark, we believe that this lower scaling bound should also persist in higher
dimensions (in particular in dimension three) for instance by arguing via slicing. We plan
to consider this in future work.

1.6. Outline of the article

The remainder of the article is structured as follows. In Section 2 we deduce the general
lower bound estimates from Theorems 1 and 2. Then, in Section 3, we apply these to infer
the proofs of Theorems 3 and 4.

2. Proof of the lower scaling bound in generic domains

We begin our discussion of the effect of geometry on our class of two-dimensional
martensitic phase transformations by deducing the general lower bound estimates con-
tained in Theorems 1 and 2. This is split into two parts. In Section 2.1 we first deduce
these in the special case of a square domain with “austenite-type” boundary conditions. In
Section 2.2 we transform these to general piecewise C 3 domains.

2.1. Proof of the lower scaling bound in the square domain

In this section we present a first variant of the lower bound estimates from Theorems 1
and 2 for the special case of �´ Œ0; 1�2 being the square domain. This is inspired by
the arguments from [36, 37] which we extend to the fully vectorial setting in the presence
of gauges. In the next section, using suitable coordinate transformations, we will then
transfer these results to more general domains.

Proposition 2.1. Let K � R2�2 and zK � R2�2sym be compact.

(1) Geometrically nonlinear setting: Assume that

d ´ min
K2K

jKe2 � e2j > 0I (13)

then there exists a constant c > 0 such that for all u 2 W 1;2..0; 1/2IR2/ with

osc¹0º�I .u � id/ �
d

104
jI j; for every open interval I � .0; 1/; (14)

and all " > 0 the following lower bound holds:

E".u/´

Z
.0;1/2

dist2.ru;K/ dx C "jD2uj..0; 1/2/ � cmin¹1; ".jlog "j C 1/º:
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(2) Geometrically linear setting: Assume that

d ´ min
zK2 zK

j zK22j > 0I (15)

then there exists a constant c > 0 such that for all u 2 W 1;2..0; 1/2IR2/ with

osc¹0º�I .u/ �
d

104
jI j; for every open interval I � .0; 1/; (16)

and all " > 0 the following lower bound holds:

F".u/´

Z
.0;1/2

dist2.e.u/; zK/ dx C "jD2uj..0; 1/2/ � cmin¹1; ".jlog "j C 1/º:

In both cases the constant c > 0 only depends on d > 0 and on K (resp. zK).

Let us comment on the assumptions of the proposition. As in Theorem 1, condition
(13) corresponds to the failure of the Hadamard jump condition between martensite and
austenite at any point of the boundary portion given by x D 0. It hence implies that at
this part of the boundary necessarily microstructure emerges in the energy minimization
problem with austenite boundary conditions. This entails the presence of the logarithmic
losses in the lower bound estimate, provided one assumes austenite boundary conditions.
The second assumption (14) allows us to generalize the boundary data from austenite data
to small perturbations of austenite in a way that preserves the failure of the Hadamard
jump condition and thus the incompatibility of the wells at the boundary. It quantifies the
smallness which is necessary to still obtain logarithmic losses in the lower bound estimate.
In our proof of Theorem 1 this will allow us to work with curvilinear boundaries. The
conditions in the geometrically linearized setting are analogues of this.

Approaching the proof of Proposition 2.1, we begin by discussing an auxiliary result.
In this context, it will be convenient to introduce localized versions of the energies from
(1) and (2). To this end, we set

E".u; !/´

Z
!

dist2.ru;K/ dx C "jD2uj.!/;

F".u; !/´

Z
!

dist2.e.u/; zK/ dx C "jD2uj.!/;

(17)

for any ! � � such that the quantities in the definitions of (17) are well defined. In
addition, for x 2 .0;1/ and I � .0;1/ Lebesgue-measurable, we write for u2W 1;2.�IR2/
with ru 2 BV.�IR2�2/,

E".uI ¹xº � I /´

Z
I

dist2.ru.x; y/;K/ dy C j@2ru.x; �/j.I /: (18)

Note that since ru 2 BV..0; 1/2IR2�2/ this formula makes sense for almost every x 2
.0; 1/ in the sense of slicing of BV-functions; see [2]. We use analogous notation for
F".u; ¹xº � I /.
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Lemma 2.2. Let B � W 1;2..0; 1/2/. Assume that there exist constants ˛; ˇ 2 .0; 1� such
that for almost all x 2 .˛

2
min¹1; ".jlog "j C 1/º; ˛/ and all u 2 B it holds that

E".uI ¹xº � .0; 1// � ˇmin
° "
x
; 1
±
:

Then there exists a constant c D c.˛; ˇ/ > 0 such that

inf
u2B

E".uI�/ � cmin¹".jlog "j C 1/; 1º:

The same holds if one replaces E" by F".

Proof. We only show the statement for E". By assumption it holds that

inf
u2B

E".uI�/ �

Z ˛

˛
2 min¹1;".jlog "jC1/º

ˇmin
° "
x
; 1
±
dx:

Assume first that " � "0 for some 0 < "0 � 1. We notice that min¹ "
x
; 1º � " ˛

2x
for all

x � ˛
2
". Hence, it follows thatZ ˛

˛
2 min¹1;".jlog "jC1/º

ˇmin
° "
x
; 1
±
dx �

˛ˇ

2
".jlog "j C log.2/ � log.jlog "j C 1//

�
˛ˇ

4
".jlog "j C log.2//

for "0 small enough. This implies the assertion for c � ˛ˇ log.2/
4

. On the other hand, we
have for " � "0,Z ˛

˛
2 min¹1;".jlog "jC1/º

ˇmin
° "
x
; 1
±
dx �

Z ˛

˛=2

ˇmin
°"0
˛
; 1
±
dx D

˛ˇ

2
min

°"0
˛
; 1
±
;

which implies the assertion for c� ˛ˇ
2

min¹ "0
˛
;1º. Hence, we define cD ˛ˇ log.2/

4
min¹ "0

˛
;1º

which implies the desired claim.

With Lemma 2.2 in hand, we turn towards the proof of Proposition 2.1.

Proof of Proposition 2.1. We start with the geometrically nonlinear setting and define the
following constants:

c2´ min
° d
13
;
1

13

±
; c3´ max

K2K
jKj; and c1´

1

2
C 16

c3

c2
�
1

2
:

Without loss of generality, we assume that E".u/ �
c22

4c1�8192
min¹1; ".jlog "j C 1/º; the

reason for choosing such a numerical constant will be clear at the end of the proof. Under
these assumptions, we will show the following claim.
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Claim: There exists a constant c > 0 such that for almost all x 2 . 1
4c1

min¹1; ".jlog "j C
1/º; 1

2c1
/, all u 2 W 1;2.�/ satisfying (14), and all " > 0 it holds that

E".uI ¹xº � .0; 1// � cmin
° "
x
; 1
±
:

Given the claim, the assertion of the geometrically nonlinear statement of Proposition 2.1
follows from Lemma 2.2 above. It thus remains to provide the argument for the claim.

To this end, let x 2 . 1
4c1

min¹1; ".jlog "j C 1/º; 1
2c1
/. Then let I � .0; 1/ be such that

jI j D c1x,

E".uI ¹xº � I / � 8jI jE".uI ¹xº � .0; 1//; and E".uI .0; 1/ � I / � 8jI jE".u/: (19)

By definition of the energy (see (18)), as consisting of an elastic and a surface contribution,
on I one of the following estimates holds:

(a) j@2ru.x; �/j.I / � c2,

(b) dist.ru.x; y/;K/ � c2 for a.e. y 2 I ,

(c) dist.ru.x; y/;K/ � 3c2 for a.e. y 2 I .

Indeed, either the deformation gradient always stays close to the wells (as in case (c)), or
is always far away from the wells (as in case (b)), or jumps between being close and far
from the wells at some points in I (as in case (a)). If (a) or (b) hold, then

E".uI ¹xº � I / � c2 min¹"; c2jI jº;

which, by (19), implies that

E".uI ¹xº � .0; 1// �
c2

8jI j
min¹"; c2jI jº D

c2

8
min

° "

c1x
; c2

±
and hence results in the claim. Therefore, it suffices to show the claim assuming that
(c) holds but (a) and (b) do not hold. Then it follows from our assumption (13) on the
quantitative failure of the Hadamard jump condition, and (c) for almost every y 2 I ,

j@2u.x; y/ � e2j � d � dist.ru.x; y/;K/ � 10c2:

This implies that for almost every y 2 I ,

j@2u1.x; y/j � 5c2 or j@2u2.x; y/ � 1j � 5c2:

As we assume that (a) does not hold, we obtain

j@2u1.x; y/j � 4c2 for a.e. y 2 I or j@2u2.x; y/ � 1j � 4c2 for a.e. y 2 I :

Again, as (a) does not hold, this implies that one of the following holds:

(1) @2u1.x; y/ � 4c2 for a.e. y 2 I ,
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(2) @2u1.x; y/ � �4c2 for a.e. y 2 I ,

(3) @2u2.x; y/ � 1 � 4c2 for a.e. y 2 I ,

(4) @2u2.x; y/ � 1 � �4c2 for a.e. y 2 I .

Without loss of generality, we assume that (1) holds. We define vW I ! R such that
v0.y/DK.y/12, whereKWI!K is a measurable function such that dist.ru.x;y/;K/D

jru.x; y/ �K.y/j. It follows by (1) and (c) that v0.y/ � c2 for a.e. y 2 I . This yields
c2

4
jI j2 � min

a2R
kv � akL1.I /:

Next, note that for any y0 2 I , for a0´ u1.0; y0/ it holds that

ku1.x; �/ � a0kL1.I / � ku1.0; �/ � u1.0; y0/kL1.I / C ku1.x; �/ � u1.0; �/kL1.I /

�

Z
I

ess sup
y1;y22I

ju1.0; y1/ � u1.0; y2/j dy C ku1.x; �/ � u1.0; �/kL1.I /

�
c2

8
jI j2 C k@1u1kL1..0;x/�I/

�
c2

8
jI j2 C xc3jI j C kK11 � @1u1kL1..0;x/�I/

�
c2

8
jI j2 C c3xjI j C x

1=2
jI j1=2E".uI .0; 1/ � I /

1=2:

Hence, for a1´
¬
I
.u1.x; y/� v.y// dy, it follows by the triangle inequality, Poincaré’s

inequality, and Hölder’s inequality,
c2

4
jI j2 � kv � a1 � a0kL1.I / (20)

� ku1.x; �/ � v � a1kL1.I / C ku1.x; �/ � a0kL1.I /

� jI jk@2u1.x; �/ � v
0
kL1.I /C

c2

8
jI j2C c3xjI jC x

1=2
jI j1=2E".uI .0; 1/ � I /

1=2

� jI j3=2kdist.ru.x; �/;K/kL2.I / C
c2

8
jI j2 C c3xjI j C

p
8x1=2jI jE".u/

1=2

�
p
8jI j2E".uI ¹xº � .0; 1//

1=2
C
c2

8
jI j2 C c3xjI j C

p
8x1=2jI jE".u/

1=2:

This means that it holds that
c2

8
jI j2� 2

p
8jI j2E".uI ¹xº�.0;1//

1=2 or
c2

8
jI j2� 2c3xjI jC2

p
8x1=2jI jE".u/

1=2:

In the first case, we find E".uI ¹xº � .0; 1// �
c22
2048

, which implies the claim in this case.
In the second case, we estimate

c2

16
jI jx �

c2

8
jI j2 � 2c3xjI j � 2

p
8x1=2jI jE".u/

1=2;

and, consequently,

x �
8192

c22
E".u/ �

1

4c1
min¹1; ".jlog "j C 1/º;
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i.e., x is irrelevant for the claim. This finishes the proof of the claim in the geometrically
nonlinear setting.

Let us now turn to the geometrically linearized setting. To this end, we define the
following constants:

c5´
d

7
; c6´ 2 max

zK2 zK

j zKj; c4´ 2C 8
c6

c5
� 2; and c7´

c5c
2
4

8.c4 C 1/2
:

Moreover, we assume that F".u/ �
c25

2562c4
min¹".jlog "j C 1/; 1º. As before, the assertion

follows from Lemma 2.2 once we show the following claim.

Claim: There exists a constant c > 0 such that for almost all x 2 . 1
4c4

min¹1; ".jlog "j C
1/º; 1

2c4
/, all u 2 W 1;2.�IR2/ satisfying (16), and all " > 0 it holds that

F".uI ¹xº � .0; 1// � cmin
° "
x
; 1
±
:

Similarly to the definition above let x 2 . 1
4c4

min¹1; ".jlog "j C 1/º; 1=.2c4//� .0; 14 /,
let I � .1=4; 3=4/ be such that jI j D c4x and

F".uI ¹xº � I / � 16jI jF".uI ¹xº � .0; 1// and F".uISi / � 16jI jF".u/; i 2 ¹1; 2º;

where

S1 D
®
.x � t; y � t / W y 2 I; 0 < t < x

¯
and S2 D

®
.x � t; yC t / W y 2 I; 0 < t < x

¯
:

Then, as in the geometrically nonlinear setting, one of the following conditions holds on I :

(d) j@2ru.x; �/j.I / � c5,

(e) dist.e.u/.x; y/;K/ � c5 for almost every y 2 I ,

(f) dist.e.u/.x; y/;K/ � 3c5 for almost every y 2 I .

Again, if (d) or (e) holds, then

16jI jF".uI ¹xº � .0; 1// � F".uI ¹xº � I / � c5 min¹"; c5jI jº;

which implies the claim. Hence, we will assume again that (f) holds but (d) and (e) do not
hold. Then it follows by assumption (15) that for a.e. y 2 I ,

j@2u2.x; y/j � d � dist.e.u/.x; y/; zK/ � 4c5:

Since (d) does not hold, it follows that

@2u2.x; y/ � 4c5 for a.e. y 2 I or @2u2.x; y/ � �4c5 for a.e. y 2 I :

Without loss of generality, we assume that @2u2.x; y/ � 4c5 for a.e. y 2 I . Then define
wW I ! R such that w0.y/ D zK22.y/, where zKW I ! zK is a measurable function such
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that dist.e.u/.x; y/; zK/D je.u/.x; y/� zK.y/j. It follows by (f) (and the assumption that
@2u2.x; y/ � 4c5) that w0.y/ � c5 for almost every y 2 I .

Next, let � D
�
1
1

�
and let y0 2 I . Using the smallness of the boundary conditions (16),

we estimateZ
I

j.u.x; y/ � u.0; y0// � �j dy

�

Z
I

ju.x; y/ � � � u.0; y � x/ � �j dy C

Z
I

j.u.0; y � x/ � u.0; y0// � �j dy

�

Z
S1

j@�.u.s; t/ � �/j ds dt C c7.jI j C x/
2

�

Z
S1

min
zK2 zK

je.u/.s; t/� � � � zK� � �j C c6 ds dt C c7.jI j C x/
2

� jS1j
1=2

�Z
S1

dist2.e.u/.s; t/; zK/ ds dt

�1=2
C c6jS1j C c7.jI j C x/

2

� 4x1=2jI jF".u/
1=2
C c6xjI j C c7.jI j C x/

2: (21)

An analogous argument for � D
�
1
�1

�
and S2 yieldsZ

I

j.u.x; y/ � u.0; y0// � �j dy � 4x
1=2
jI jF".u/

1=2
C c6xjI j C c7.jI j C x/

2: (22)

Hence, combining (21) and (22) by using that u2 D 1
2
u � .� � �/, we findZ

I

j.u2.x; y/ � u2.0; y0//j dy � 4x
1=2
jI jF".u/

1=2
C c6xjI j C c7.jI j C x/

2:

Then, noticing that c7.jI j C x/2 � c5
8
jI j2, arguing similarly to (20), we obtain

c5

4
jI j2 �





w � −
I

w.y/C u2.x; y/ dy � u2.0; y0/






L1.I /

�





u2.x; �/ � w � −
I

w.y/C u2.x; y/ dy






L1.I /

C ku2.x; �/ � u2.0; y0/kL1.I /

� jI jk@2u2 � w
0
kL1.I / C 4x

1
2 jI jF".u/

1=2
C c6xjI j C

c5

8
jI j2

� 4jI j2F".uI ¹xº � .0; 1//
1=2
C 4x

1
2 jI jF".u/

1=2
C c6xjI j C

c5

8
jI j2:

As a consequence,

c5

8
jI j2 � 4jI j2F".uI ¹xº � .0; 1//

1=2
C c6xjI j C 4x

1=2
jI jF".u/

1=2: (23)

Finally, the claim follows by the same case distinction as in the nonlinear setting.
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2.2. Extension to general domains

In this section we extend the previous results to the setting of domains with curved bound-
aries. Here it suffices to argue locally and to locally transform part of the boundary � � @�
onto @R2C ´ ¹x 2 R2 W x1 D 0º. This is, for instance, possible by using boundary nor-
mal coordinates (see, for instance, [34], [56, Proposition 11.2.2.], [39, Section 2.1], or
[68, Lemma 3.15] for references on this). We split our argument into two parts. First in
Section 2.2.1 we recall the properties of boundary normal coordinates for the convenience
of the reader. In Section 2.2.2 we then present the proofs of Theorems 1 and 2.

2.2.1. Inverse boundary normal coordinates. Consider a bounded, connected set D �
R2 with Lipschitz boundary and @D 3 0. Assume also that there exist h 2 C 2;1.RIR/
with h.0/ D h0.0/ D 0 and a sufficiently small constant � > 0 such that

D \Q2� D
®
.x; y/ W y 2 .�2�; 2�/; x > h.y/

¯
;

with the notation Q`´ ¹.x; y/ W jxj < `; jyj < `º.
We denote by �p , �p , and �p the outer unit normal to @D, the unit tangent (in coun-

terclockwise orientation) to @D, and the curvature of @D in p 2 @D, respectively. In
particular, the assumptions on h yield that �0 D �e1 and �0 D �e2. According to the
parametrization y 7! .h.y/; y/ we recall that

�.h.y/;y/ D
.�1; h0.y//p
1C .h0.y//2

; �.h.y/;y/ D
.�h0.y/;�1/p
1C .h0.y//2

; �.h.y/;y/ D
h00.y/

1C .h0.y//2
:

With a slight abuse of notation we also denote �.y/´ �.h.y/;y/, �.y/´ �.h.y/;y/, and
�.y/´ �.h.y/;y/.

We define the map ˆWQ� ! R2 given by

ˆ.x; y/ D .h.y/; y/ � x�.y/:

Notice that, by the condition h.0/ D h0.0/ D 0 and by regularity, up to reducing the value
of �, we can assume that ˆ.Q�/ � Q2�.

The gradient of ˆ reads

rˆ.x; y/ D

�
��1.y/ h0.y/ � x @y�1.y/

��2.y/ 1 � x @y�2.y/

�
D

 
��1.y/ �1.y/.x�.y/ �

p
1C .h0.y//2/

��2.y/ �2.y/.x�.y/ �
p
1C .h0.y//2/

!
: (24)

In particular, rˆ.0; 0/ D Id, so by the inverse function theorem, there exist two neigh-
bourhoods of 0, U; V � R2 such that ˆWU ! V is a C 1;1 diffeomorphism.

By construction, we additionally have that ˆ.0/ D 0 and that

ˆ.U \ ¹.x; y/ 2 R2 W x > 0º/ D D \ V; ˆ.U \ ¹.x; y/ 2 R2 W x D 0º/ D @D \ V:
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We are now in position to define the diffeomorphism F that will be used in the proofs
of Theorems 1 and 2. Here we will use the notation �@�.p/ and �@�.p/ to denote the
unit normal vector and the tangent vector (in the counterclockwise orientation) to @� in
p 2 @�. Moreover, given z 2�, we denote by pz 2 @� the projection of z onto @�, when
it is single valued.

Lemma 2.3. Let � be a Lipschitz, bounded, connected domain and let � � @� be relat-
ively open andC 2;1 regular and let p0 2 � . Then there exists a constant r0D r0.�;�/ > 0
such that the following holds. For every 0 < r < r0 there exist a neighbourhood ! 3 p0
and a C 1;1-diffeomorphism F W! ! Qr such that F.p0/ D .0; 0/,

F.! \�/ D Qr \
®
.x; y/ 2 R2 W x > 0

¯
;

F .! \ �/ D Qr \
®
.x; y/ 2 R2 W x D 0

¯
;

(25)

and such that rF.p0/ D R 2 SO.2/, with R being the rotation such that R�@�.p0/ D
�e1, R�@�.p0/ D �e2.

Moreover, there exist a constant C D C.�/ and a Lipschitz function cW! ! R such
that

krF �RkL1.!/ � Cr; (26)

and for every z 2 !,

�c.z/�@�.pz/ D .rF.z//
�1e2 and kc.z/ � 1kL1.!/ � .j�.p0/j C Cr/r: (27)

Proof. Given R as in the statement, letD´ R.�� p0/ and let ˆWU ! V be defined as
above. Let r0´ sup¹`> 0 WQ`�U º. SinceU is a neighbourhood of 0, r0D r0.�;�/> 0.

Given r as in the statement, we define ! ´ RTˆ.Qr /C p0 and F W! ! Qr as

F.z/´ ˆ�1
jQr
.R.z � p0//; for every r < r0:

It now remains to prove that this map satisfies the properties claimed in the statement.
The facts that F is a C 1;1-diffeomorphism, p0 2 !, F.p0/ D .0; 0/, (25), that

rF.p0/ D R, and (26) are immediate by definition of F and the properties of ˆ.
Lastly, denoting .x; y/D F.z/ and given that .rF.z//�1 D RTrˆ.x; y/, by (24) we

infer that
.rF.z//�1e2 D �Qc.x; y/R

T�.x; y/ D Qc.F �1.z//�@�.pz/;

where we defined Qc.x; y/ ´
p
1C .h0.y//2 � x�.y/ and we have used the fact that

�.x; y/ D R�@�.pz/, which follows by the definition of D and of � . Denoting c ´
Qc ıF �1, (27) follows since Qc.0/D 1, it is Lipschitz continuous, and jr Qc.x;y/j � j�.y/j C
Cr .

In concluding this section, we collect some immediate consequences of Lemma 2.3 in
the following remark. We will use these in the subsequent section.
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Remark 2.4. We remark that the following more precise results hold:

(i) As can be seen from the proof of Lemma 2.3, the maps F depending on r are
obtained as restrictions of the same map F W!0 ! Qr0 on the sets !, where we
set !0 ´ RTˆ.Qr0/C p0 for r0 > 0 as in the proof of Lemma 2.3 and recall
that ! ´ RTˆ.Qr /C p0 for r 2 .0; r0/.

(ii) If � is a segment, then we can choose F to be a rigid motion and (27) holds true
for c � 1.

(iii) By expanding the determinant and by the properties of the Frobenius norm, direct
implications of (26) are that

kdet.rF / � 1kL1.!/ � Cr; kdet.rF �1/ � 1kL1.Qr / � Cr (28)

and that
krF �1 �RT

kL1.Qr / � Cr (29)

by possibly enlarging the constant C , e.g., by multiplying it by a universal con-
stant.

2.2.2. Proofs of Theorems 1 and 2. In this section we make use of the boundary normal
coordinates discussed in the previous section and present the proofs of Theorems 1 and 2.
In order to obtain the desired extension to arbitrary domains for the geometrically nonlin-
ear setting, we directly reduce the argument to the normalized setting by transforming a
sufficiently small coordinate patch into the unit square and invoking Proposition 2.1 (a).
The proof of Theorem 2 is slightly more involved. Due to the more complicated transform-
ation behaviour of the symmetrized gradient, we first invoke Korn’s inequality to obtain a
gradient bound and then adapt the proof of Proposition 2.1 (b) into this setting. Due to the
technicality of the following proofs, we provide a short summary of the strategies adopted.

For the nonlinear case (proof of Theorem 1), as briefly explained above, the strategy
consists in introducing a change of variables through which we can locally reduce a gen-
eral domain to the unit square case of Proposition 2.1 (a). This is done by exploiting
boundary normal coordinates in a sufficiently small neighbourhood of � . This change
of variables has the effect of modifying the set of wells K . We therefore need to check
whether the new wells yK still comply with assumptions (13) and (14). Finally, we also
make sure that the change of variables affects the surface energy by just a term of order
one, which will then be multiplied by ", which does not modify the overall scaling.

The proof of Theorem 2 is more involved. This is because, in the linearized setting,
the change of variables perturbs the symmetrized gradient in a nonlinear way, leading to
an energy of a slightly different nature. We then retrace the proof of Proposition 2.1 (b) for
the perturbed energy zF". The key idea to infer a lower bound in the reference square was
to quantify oscillations along the lines in directions .1;˙1/ emanating from the boundary
that eventually lead to the bound for the symmetrized gradient from below. Since, after
the change of variables, these lines are transformed into curves with varying tangent, a
control on the full gradient is needed, which we obtain by exploiting Korn’s inequality.
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Proof of Theorem 1. The statement follows directly from the result for the square domain
after a change of variables using boundary normal coordinates (locally) mapping the
boundary � to the line ¹x D 0º � R2. More precisely, this follows by the transforma-
tion behaviour of the gradient and the tangent vectors to � .

Indeed, let p0 2 � . For a small parameter 0 < r < r0.�;�/ to be fixed later, let ! ��
and F W! ! Qr be given by Lemma 2.3.

With this notation fixed, let uW�! R2 be as in the statement of Theorem 1 and let
vWQr ! R2 be defined as v.y/´ Ru.F �1.y//, where R D rF.p0/. ThenZ
�

dist2.ru.x/;K/ dx �

Z
!

dist2.ru.x/;K/ dx D

Z
!

dist2
�
ru
�
F �1.F.x//

�
;K

�
dx

D

Z
Qr

dist2.rujF �1.y/;K/jdet.rF �1.y//j dy

D

Z
Qr

dist2.RT
ryv.y/.rF jF �1.y//;K/jdet.rF �1.y//j dy

�
1

2

Z
Qr

dist2.rv.y/; RK.rF jF �1.y//
�1/jdet.rF �1.y//j dy

D
1

2

Z
Qr

dist2.rv.y/; yK.y//jdet.rF �1.y//j dy; (30)

where yK.y/´ RK.rF jF �1.y//
�1 and r > 0 is small enough. Let us now write yK ´S

y2Qr
yK.y/ and Qv.z/´ r�1vj.0;r/2.rz/. We will apply Proposition 2.1 to Qv and yK .

First, it follows by estimate (30) above and (28) that there exists c� > 0 a constant depend-
ing on � such thatZ

�

dist2.ru;K/ dx � c�r
2

Z
.0;1/2

dist2.r Qv; yK/ dx: (31)

Next, using the transformation behaviour of tangent vectors (27), assumption (3) turns
into

min
yK2 yK

j yKe2 � e2j D min
x2F �1.Qr /
K2K

jc.x/K�.px/ � �.p0/j:

Moreover, for every x 2 ! by (29) and (27) we have

jc.x/K�.px/ � �.p0/j �
ˇ̌
c.x/jK�.px/ � �.px/j � k.rF /

�1
�RT

kL1.Qr /

ˇ̌
� .1 � Cr/jK�.px/ � �.px/j � Cr �

d

2
;

up to reducing the size of r . Thus we have recovered the lower bound control for the set
yK assumed in Proposition 2.1 (1) for d

2
(in place of d ).

To apply Proposition 2.1 (with d 0 D d
2

in place of d ) we further need to check bound-
ary condition (14). Let I � .0; 1/ be an open interval and let � 0´¹F �1.0; rs/ W s 2 I º �
� , which is relatively open and connected by the regularity of F . By definition of Qv, for
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every s 2 I we have Qv.0; s/D r�1Ru.F �1.0; rs//. Writing x D F �1.0; rs/ we also have
.0; s/ D r�1F.x/: From (27) and by definition of R, for every s1; s2 2 I we have

j. Qv.0;s1/� .0; s1//� . Qv.0;s2/� .0; s2//j D r
�1
j.Ru.x1/�F.x1//� .Ru.x2/�F.x2//j;

where we denoted xi D F �1.0; rsi /: By (26) we have

j.F.x1/ �Rx1/ � .F.x2/ �Rx2/j � Cr jx1 � x2j;

hence, the triangle inequality yields

j. Qv.0; s1/ � .0; s1// � . Qv.0; s2/ � .0; s2//j

� r�1j.u.x1/ � x1/ � .u.x2/ � x2/j C C jx1 � x2j:

Noticing that (up to reducing the value of r) jx1 � x2j � 2H1.� 0/ and that, by the area
formula and (27), jH1.� 0/ � r jI j j � 2Cr2jI j, condition (4) implies that

ess sup
s;s02I

j. Qv.0; s/ � .0; s// � . Qv.0; s0/ � .0; s0//j � .
1dr
�1
C 2C /H1.� 0/

� 
1d.1C C1r/jI j;

for some C1 > 0 depending on C and d . Thus, the boundary condition for Qv follows for r
sufficiently small, taking for instance 
1 D 1

208
.

We now deal with the surface energy contribution. By definition of v and by the chain
rule we have rv.y/ D RrujF �1.y/rF �1.y/.

We first observe that the minimization problem for E" can be reduced to functions
such that krukL2.�/ �M0 for some M0 > 0 depending only on � and K . Indeed, since
E".0/ � j�jmaxM2K jM j

2´M1 we can reduce to functions u such that E".u/ �M1.
Hence, integrating the pointwise estimate

jru.x/j2 � 2 dist2.ru.x/;K/C 2 max
M2K

jM j2; for almost every x 2 �;

we get that krukL2.�/ � 2M1 C 2maxM2K jM j
2´M0.

By approximation (see, e.g., [2, Theorem 3.9]), rv 2 BV.Qr IR2�2/ and

jD2vj.Qr / � C1.jD
2uj.!/C krukL1.!//;

which yields, after a rescaling and an application of Hölder’s inequality, that

jD2
Qvj..0; 1/2/ �

1

r
C1.jD

2uj.!/C r/; (32)

for some C1 > 0 and r sufficiently small but fixed.
Combining (31) and (32) and choosing r > 0 sufficiently small, we eventually obtain

E".u/ � c�r
2

Z
.0;1/2

dist2.r Qv; yK/ dy C C2r"jD
2
Qvj..0; 1/2/ � r";

for some C2 > 0 depending on � and K .



J. Ginster, A. Rüland, A. Tribuzio, and B. Zwicknagl 1322

Now let 0 < "0 < 1 be small enough such that for all 0 < " � "0 it holds that

min¹C2r".jlogC2r"j C 1/; 1º � r" � C3 min¹".jlog "j C 1/; 1º;

with C3 D 1
2

min¹C2r jlog.C2r/j; 1º. Applying Proposition 2.1 for 0 < "� "0 < 1we then
obtain for a C0 D C0.d;K; �/ > 0,

E".u/ � c�r
2

Z
.0;1/2

dist2.r Qv; yK/ dy C C2r"jD
2
Qvj..0; 1/2/ � r"

� C0 min¹"C2r.jlog "C2r j C 1/; 1º � r" � C0C3 min¹".jlog "j C 1/; 1º;

up to reducing the value of "0 if needed. On the other hand, for " > "0 it follows for a
C 00 D C

0
0.d;K; �/ > 0,

E".u/ � E"0.u/ � C0C3 min¹"0.jlog "0j C 1/; 1º � C 00 min¹".jlog "j C 1/; 1º:

The proof of Theorem 2 provided below is an adaptation of the arguments given for
the reference domain (cf. Proposition 2.1 (2)). Following the strategy of the geometric-
ally nonlinear setting in which one replaces Euclidean coordinates with boundary normal
coordinates gives rise to an additional difficulty: since we are controlling the gradient
along curves (instead of straight lines) we need to control the full gradient in terms of the
energy F". This can be achieved by the following Korn-type inequality; see, e.g., [57].

Proposition 2.5. Let U � Rd be an open, connected, and bounded set with Lipschitz
boundary. Moreover, let � � @� with Hd�1.�/ > 0. Then there exists a constant C > 0

such that for every v 2 W 1;2.U IRd / it holds thatZ
U

jrvj2 dx � C

�Z
U

je.v/j2 dx C

Z
�

jvj2 dHd�1

�
:

Remark 2.6. Given U � Rd as above, define for h > 0 the sets Uh D hU and �h D
h� . Note that by scaling there exists C > 0 such that it holds for all h > 0 and v 2
W 1;2.UhIR

d / thatZ
Uh

jrvj2 dx � C

�Z
Uh

je.v/j2 dx C
1

h

Z
�h

jvj2
�
:

Proof of Theorem 2. We proceed with a similar change of coordinates to that in the geo-
metrically nonlinear case. Let p0 2 � . For a small parameter 0 < r < r0.�; �/ to be
fixed later, let ! � � and F W ! ! Qr be given by Lemma 2.3. Let uW� ! R2 be
as in the statement of Theorem 2. We denote by vWQr ! R2 the function defined as
v.y/´ R.u.F �1.y///. By the chain rule we have

rv.y/ D RrujF �1.y/rF
�1.y/:
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As a final adjustment, we define Qv.z/´ r�1vj.0;r/2.rz/, so that Qv is defined in the refer-
ence square .0; 1/2. For notational convenience we set

zF". Qv/´

Z
.0;1/2

dist2
�
.RT
r Qv.z/rFjF �1.rz//

sym; zK
�
dz C "jD2

Qvj..0; 1/2/;

and extend this notation to its corresponding localizations.
We now argue in three steps. First, we will provide a lower bound control of the type

F".u/ � c� zF". Qv/ � C�". Second, we will retrace the proof of Proposition 2.1 (2), for
the (more general) energy zF", which will then, in the last step, provide the desired lower
scaling bound using an argument similar to the one at the end of the proof of Theorem 1.

Step 1: Change of variables. We notice thatZ
�

dist2
�
e.u.x//; zK

�
dx �

Z
!

dist2
�
e.u.x//; zK

�
dx

D

Z
!

dist2
�
.RT
rvjF.x/rF.x//

sym; zK
�
dx

D

Z
Qr

dist2
�
.RT
rv.y/rFjF �1.y//

sym; zK
�
jdet.rF �1.y//j dy

�
1

2

Z
Qr

dist2
�
.RT
rv.y/rFjF �1.y//

sym; zK
�
dy;

with the last inequality being a consequence of (28) for r > 0 sufficiently small. By a
scaling argument we also getZ

�

dist2
�
e.u.x//; zK

�
dx �

r2

2

Z
.0;1/2

dist2
�
.RT
r Qv.z/rFjF �1.rz//

sym; zK
�
dz: (33)

Gathering (33) and (32) we obtain

F".u/ � c� zF". Qv/ � C�";

for some C� ; c� > 0.
Additionally, by arguing analogously to the proof of Theorem 1, boundary condition

(7) turns into the following estimate for Qv:

ess sup
s1;s22 QI

j Qv.0; s1/ � Qv.0; s2/j � 
2dr
�1H1.z�/ � .
2d C C1r/j QI j

�
d

32 � 17 � 9 �
p
2
j QI j (34)

for every open interval QI � .0; 1/ up to reducing the value of r , and taking for instance

2D

1

64�17�9�
p
2

. Here we have used the notation z�´¹F �1.0; rs/ 2 � W s 2 QI º and C1 > 0
is a constant depending on � . In the following we will prove a lower bound of the form
zF". Qv/ � c min¹".jlog "j C 1/; 1º. We start again with a version of the lower bound on

slices ¹tº � .0; 1/.
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S1

S2

s1
s2

¹tº � I

t
2

t

Figure 2. The figure depicts the interval ¹tº � I (in blue), the stripes in which the energy is con-
trolled S1, S2, and the points at which the gradient is controlled .t; s1/, .t; s2/.

Step 2: Lower bound for zF". We consider the working assumption that zF". Qv/ � c0min¹1;
".jlog "j C 1/º for some c0 > 0. This can always be assumed without loss of generality
since otherwise there is nothing to prove. We define the constants

c2´
d

17
; c3´ 2 max

zK2 zK

j zKj; c1 D
1

2
C 16

c3

c2
; and c4 D

c2c
2
1

32
p
2.c1 C 1/2

:

We notice that c4 � d

32�17�9�
p
2

. The remainder of this step is devoted to proving the fol-
lowing claim.

Claim: There exists c > 0 such that for all t 2 . 1
4c1

min¹1; ".jlog "j C 1/º; 1
2c1
/, Qv 2

W 1;2..0; 1/2IR2/ satisfying (34) and all " > 0 at least one of the following conditions
holds:

zF". QvI ¹tº � .0; 1// � cmin
°"
t
; 1
±

or jD2
Qvj..t=2; t/ � .0; 1// � c: (35)

Let t 2 . 1
4c1

min¹1; ".jlog "j C 1/º; 1
2c1
/ and further assume that jD2 Qvj..t=2; t/ �

.0; 1// � 1
40

. Let I � .1
4
; 3
4
/ be an interval chosen such that jI j D c1t and for i D 1; 2,

zF". QvI ¹tº � I / � 16jI j zF". QvI ¹tº � .0; 1//;

zF". QvISi / � 16jI j zF". Qv/; and jD2
Qvj.Ri / � jI j;

(36)

where S1´ ¹.t � �; s � �/ W s 2 I; 0 < � < tº, S2´ ¹.t � �; s C �/ W s 2 I; 0 < � < tº,
and Ri ´ Si \ ..

t
2
; t / � .0; 1//; see Figure 2.
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Let s0;i ´ min¹� > 0 W .�; �/ 2 Siº. By Korn’s inequality with boundary conditions,
Proposition 2.5, for U D t�1.Si � .0; s0;i // � .0; 1/ � .0; c1 C 1/ and h D t we obtainZ

Si

jr Qv.y/j2 dy

� C0

�Z
Si

j.RT
r Qv.y/R/sym

j
2 dy C t�1

Z
Ii

ˇ̌̌̌
Qv.0; s/ �

−
Ii

Qv.0; �/

ˇ̌̌̌2
ds

�
(37)

with Ii ´ @Si \ .¹0º � .0; 1//. We stress the fact that, since t�1.Si � .0; s0;i // is a
fixed domain (independent of t ), the constant C0 above depends only on the constant c1
and on F , hence only on � , �, and zK . By summing and subtracting the term
.RTr Qv.y/rFjF �1.ry//

sym inside the modulus in the first term of the right-hand side of
(37) we obtainZ

Si

jr Qv.y/j2 dy � C0

�Z
Si

j.RT
r Qv.y/rFjF �1.ry//

sym
j
2 dy

C

Z
Si

jRT
r Qv.y/.R � rFjF �1.ry//j

2 dy

C t�1
Z
Ii

ˇ̌̌̌
Qv.0; s/ �

−
Ii

Qv.0; �/

ˇ̌̌̌2
ds

�
: (38)

Noticing that ry 2Qr and thatR´rF.p0/with p0 D F.0/, since rF 2 C 0;1.!/ (with
! � � as in Lemma 2.3) we have that jR � rFjF �1.ry/j D jrF jF �1.0/ � rFjF �1.ry/j �
Cr for every y 2 Si and i 2 ¹1; 2º. Thus, up to possibly reducing the value of r , we can
absorb the term in the second line of (38) into the left-hand side of (38). This leads toZ

Si

jr Qv.y/j2 dy � 2C0

�Z
Si

j.RT
r Qv.y/rFjF �1.ry//

sym
j
2 dy

C t�1
Z
Ii

ˇ̌̌̌
Qv.0; s/ �

−
Ii

Qv.0; �/

ˇ̌̌̌2
ds

�
:

Let zK 2 L1.Si I zK/ be such that

j.RT
r Qv.y/rFjF �1.ry//

sym
� zK.y/j D dist

�
.RT
r Qv.y/rFjF �1.ry//

sym; zK
�
:

Recalling that c4 � d

32�17�9�
p
2

, (34), and the fact that zF". Qv/ � c04c1t D 4c0jI j, we inferZ
Si

jr Qv.y/j2 dy � 2C0

�
2

Z
Si

j.RT
r Qv.y/rFjF �1.ry//

sym
� zK.y/j2 dy

C 2

Z
Si

j zK.y/j2 dy C t�1
Z
Ii

ˇ̌̌̌
Qv.0; s/ �

−
Ii

Qv.0; �/

ˇ̌̌̌2
ds

�
� 2C0.32jI j zF".v/C 2c

�1
1 c23 jI j

2
C c1c

2
4 jI j

2/

� 2C0.128c0 C 2c
�1
1 c23 C c1c

2
4/jI j

2
µ d1jI j

2: (39)
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Thus, using (36) there exist .Qti ; Qsi / 2 Si with Qti > t=2, such that

jr Qv.Qti ; Qsi /j � .3c1d1/
1
2 and

ˇ̌�
r Qv
�
.0; Qsi C .�1/

i Qti /C �.1; 1/
��0 ˇ̌
..t=2; t// � 3: (40)

Denoting si ´ Qsi C .�1/i Qti C t it follows that

jr Qv.t; si /j � .3c1d1/
1=2
C 3; (41)

and by definition of Si it holds that .t; si / 2 ¹tº � I ; see again Figure 2.
Analogously to the proof of Proposition 2.1 (2), it suffices to prove the claim under the

smallness assumptions that

j@2r Qv.t; �/j.I / < c2 and dist
�
.RT
rtv.y/rFjF �1.ry//

sym; zK
�
� 3c2

for H1-a.e. y 2 ¹tº � I : (42)

We first consider the case i D 1 with the other case being completely analogous. By
condition (6) and property (27), setting ys ´ .t; s1/ and xs ´ F �1.rys/, we obtain

d � j�.pxs / �
zK.ys/�.pxs /j

�
ˇ̌
�.pxs / �

�
zK.ys/ � .R

T
r Qv.ys/rF.xs//

�
�.pxs /

ˇ̌
C j�.pxs / � .R

T
r Qv.ys/rF.xs//�.pxs /j

� dist
�
.RT
r Qv.ys/rF.xs//

sym; zK
�
C c.xs/

�1
j.R�.pxs // � @2 Qv.ys/j:

Adding and subtracting (inside the modulus of the last term on the right-hand side
above) .@2 Qv2.ys/ � @2 Qv2.y// for a generic y 2 ¹tº � I , denoting x ´ F �1.ry/, and
recalling (41), up to reducing the value of r , we arrive at

d

2
�
1

2
dist

�
.RT
r Qv.ys/rF.xs//

sym; zK
�

C
ˇ̌�
.R � rF.xs//�.pxs /

�
� @2 Qv.ys/

ˇ̌
C j@2 Qv2.ys/ � @2 Qv2.y/j C j@2 Qv2.y/j

�
3

2
c2 C jr Qv.ys/jkR � rF kL1.!/ C c2 C j@2 Qv2.y/j

�
5

2
c2 C ..3c1d1/

1
2 C 3/C r C j@2 Qv2.y/j:

By choosing r small enough and by the choice of the constants we conclude that
j@2 Qv2.y/j � 5c2 for every y 2 ¹tº � I . As, by assumption, j@2r Qv.t; �/j.I / < c2, we may
assume without loss of generality that @2 Qv2.y/ � 5c2.

Let � D .1; 1/, s0 2 I , and denote �.y/´ �.px/C c.x/�.px/. By (34) we inferZ
I

j. Qv.t; �/ � Qv.0; s0// � �j d�

�

Z
I

j. Qv.t; �/ � Qv.0; � � t // � �j d�C

Z
I

j. Qv.0; � � t / � Qv.0; s0// � �j d�
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�

Z
S1

j� � r Qv.y/�j dy C
p
2c4.jI j C t /

2

D

Z
S1

j.rFjF �1.ry/�.y// � r Qv.y/.rFjF �1.ry/�.y//j dy C
p
2c4.jI j C t /

2:

Summing and subtracting the term .R�.y// � r Qv.y/.rFjF �1.ry/�.y//C �.y/ � zK.y/�.y/

on the right-hand side and applying the triangle inequality, we obtainZ
I

j. Qv.t; �/ � Qv.0; s0// � �j d�

�

Z
S1

j�.y/ �
�
.RT
r Qv.y/rFjF �1.ry//

sym
� zK.y/

�
�.y/j dy

C

Z
S1

j�.y/ � ..rFjF �1.ry/ �R/
T
r Qv.y/rFjF �1.ry//�.y/j dy

C

Z
S1

j�.y/ � zK.y/�.y/j dy C
p
2c4.jI j C t /

2

� 4

Z
S1

dist
�
.RT
r Qv.y/rFjF �1.ry//

sym; zK
�
dy

C 4krF �RkL1.!/

Z
S1

jr Qv.y/j dy C c3jS1j C
p
2c4.jI j C t /

2

� 4jS1j
1
2 zF". QvIS1/

1
2

C 4krF �RkL1.!/jS1j
1
2 kr QvkL2.S1/ C c3jS1j C

p
2c4.jI j C t /

2;

where we have used Hölder’s inequality in the last step. By (39), recalling the choice of
I , (36), and (42), we conclude thatZ
I

j. Qv.t; �/ � Qv.0; s0// � �j d�

� 16jS1j
1
2 jI j

1
2 zF". Qv/

1
2 C 4krF �RkL1.!/jS1j

1
2 d

1
2
1 jI j C c3jS1j C

p
2c4.jI j C t /

2

� 16t
1
2 jI j zF". Qv/

1
2 C 4Crc

� 12
1 d

1
2
1 jI j

2
C c3t jI j C

p
2c4.jI j C t /

2:

Arguing analogously for � D .1;�1/, we obtainZ
I

j Qv2.t; �/ � Qv2.0; s0/j d�

� 16t
1
2 jI jF". Qv/

1
2 C c3t jI j C .4C r.c

�1
1 d1/

1
2 C
p
2c4/.jI j C t /

2: (43)

We now follow the strategy of the proof of Proposition 2.1 (2). Let wW I ! R be
defined such that w0.y/ D �.px/ � zK.y/�.px/, where we recall that x D F �1.ry/. By
(6), (27), and the fact that @2v2 � 5c2 on ¹tº � I , by summing and then subtracting



J. Ginster, A. Rüland, A. Tribuzio, and B. Zwicknagl 1328

@2 Qv2.y/C �.px/ � .R
Tr Qv.y/rF.x//�.px/ we observe that

w0.y2/ D @2 Qv2.y/ � �.px/ � .R
T
r Qv.y/rF.x/ � zK.y//�.px/

C
��
c.x/�1.rF.x//�1 � c.x/RT�e2� �RT

r Qv.y/rF.x/�.px/

� @2 Qv2.y/ � dist
�
.RT
r Qv.y/rF.x//sym; zK

�
C
��
c.x/�1.rF.x//�1 � c.x/RT�e2� �RT

r Qv.y/rF.x/�.px/:

To control the last term on the right-hand side above, we invoke the triangle inequal-
ity with the gradient evaluated on ys and exploit (40). Hence, summing and subtracting
..c.x/�1.rF.x//�1 � c.x/RT/e2/ � R

Tr Qv.ys/rF.xs/�.pxs / and using the smallness
assumptions (42), we obtain

w0.y2/ � @2 Qv2.y/ � dist
�
.RT
r Qv.y/rF.x//sym; zK

�
�
��
c.x/�1.rF.x//�1 � c.x/RT�e2� �RT

r Qv.ys/rF.xs/�.pxs /

C
��
c.x/�1.rF.x//�1 � c.x/RT�e2�
�
�
RT
r Qv.ys/rF.xs/�.pxs / �R

T
r Qv.y/rF.x/�.px/

�
� @2 Qv2.y/ � dist

�
.RT
r Qv.y/rF.x//sym; zK

�
� 5krF �1�RT

kL1.Qr /jr Qv.ys/j � 5krF
�1
�RT

kL1.Qr /jr Qv.ys/ � r Qv.y/j

� 5c2 � .3C 5Cr/c2 � ..3c1d1/
1
2 C 3/5Cr � c2; (44)

up to reducing the value of r . Proceeding similarly to above, we also obtain

j@2 Qv2.y/ � w
0.y2/j � j�.px/ � .R

T
r Qv.y/rF.x/ � zK.y//�.px/j

C 2krF �1 �RT
kL1.Qr /.jr Qv.ys/j C jr Qv.ys/ � r Qv.y/j/: (45)

Following the strategy of the proof of Proposition 2.1, from the two inequalities (44), (45),
we infer for a1 D

¬
I
Qv2.t; �/ � w ds

c2

4
jI j2 � kQv2.t; �/ � w � a1kL1.I / C kQv2.t; �/ � Qv2.0; s0/kL1.I /

� jI jk@2 Qv2.t; �/ � w
0
kL1.I / C kQv2.t; �/ � Qv2.0; s0/kL1.I /

� jI j
3
2



dist
�
.RT
r Qv.t; �/rFjF �1.rt;r �//

sym; zK
�


L2.I /

C C 0r jI j2 C kQv2.t; �/ � Qv2.0; s0/kL1.I /; (46)

for some constant C 0 > 0 depending on c1, d1. Gathering (43) and (46), for r sufficiently
small, we deduce that

c2

8
jI j2 �

�c2
4
� C 0r

�
jI j2

� 4jI j2 zF". QvI ¹tº � .0; 1//
1
2 C c3t jI j C 2

p
2c4.jI j C t /

2
C 16t

1
2 jI j zF". Qv/

1
2 ;
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which, recalling that 2
p
2c4.jI j C t /

2 D
c2
16
jI j2, can be further reduced to

c2

16
jI j2 � 4jI j2 zF". QvI ¹tº � .0; 1//

1
2 C c3t jI j C 16t

1
2 jI j zF". Qv/

1
2 :

This recovers an estimate similar to (23) for F". Qv/ and thus yields the claimed lower
bound for F". QvI ¹tº � .0; 1// by a similar argument.

Step 3: Conclusion. We conclude the estimate zF". Qv/ � cmin¹".jlog "j C 1/; 1º from (35)
using an argument that is similar to Lemma 2.2 but uses the conclusion of the claim in
Step 2 which differs slightly from the assumptions in Lemma 2.2.

LetL 2N be the largestL such that 2�L�1 � 1
4c1

min¹1; ".jlog "j C 1/º. Additionally,
let N 2 N be the smallest N such that 2�N � 1

2c1
. It follows for some Qc > 0 that

.L �N � 1/ log.2/ � log.2/ � log.min¹".jlog "j C 1/; 1º/

� Qcmax¹1; 1 � log."/º: (47)

Next we estimate

2 zF". Qv/ �

L�1X
kDN

Z 1

0

Z 2�k

2�k�2
dist2

�
.RT
r Qv.x; y/rFjF �1.rx;ry//

sym; zK
�
dx dy

C "jD2
Qvj..2�k�2; 2�k/ � .0; 1//: (48)

Fix N � k � L � 1. We now distinguish two cases.

Case 1: Let us assume first that we have for all t 2 .2�k�1; 2�k/ that zF". QvI ¹tº � .0; 1//�
cmin¹ "

t
; 1º. By the definition ofN , if "� 1, it holds that min¹ "

t
; 1º � 1

4c1

"
t
. Consequently,

in this case we observeZ 1

0

Z 2�k

2�k�2
dist2

�
.RT
r Qv.x; y/rFjF �1.rx;ry//

sym; zK
�
dx dy

C "jD2
Qvj..2�k�2; 2�k/ � .0; 1//

�

Z 1

0

Z 2�k

2�k�1
dist2

�
.RT
r Qv.x; y/rFjF �1.rx;ry//

sym; zK
�
dx dy

C "jD2
Qvj..2�k�1; 2�k/ � .0; 1//

�

Z 2�k

2�k�1

c

4c1

"

t
dt D "

c

4c1
log.2/:

Similarly, if " � 1, it holds that min¹ "
t
; 1º D 1 for all t 2 .2�k�1; 2�k/ and henceZ 1

0

Z 2�k

2�k�2
dist2

�
.RT
r Qv.x; y/rFjF �1.rx;ry//

sym; zK
�
dx dy

C "jD2
Qvj..2�k�2; 2�k/ � .0; 1// � c2�k�1 �

c

4c1
min¹1; ".jlog "j C 1/º;

where we used the definition of L.
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Case 2: Let us now assume that there exists t 2 .2�k�1; 2�k/ such that jD2 Qvj.. t
2
; t / �

.0; 1// � c. It follows thatZ 1

0

Z 2�k

2�k�2
dist2

�
.RT
r Qv.x; y/rFjF �1.rx;ry//

sym; zK
�
dx dy

C "jD2
Qvj..2�k�2; 2�k/ � .0; 1// � "c � "

c

4c1
log.2/:

Combining the bounds from above, by the conclusion from the claim in Step 2, (47), and
(48), we find

2 zF". Qv/ � "
c

4c1
log.2/.L �N � 1/ �

c Qc

4c1
min¹1; "ºmax¹1; 1 � log."/º

�
c Qc

4c1
min¹1; ".jlog "j C 1/º;

which concludes the proof of the theorem.

3. Proofs of Theorems 3 and 4

In this section, we present the proofs of Theorems 3 and 4. We begin by discussing the
geometrically linear case and then turn to the geometrically nonlinear one in the next
subsection.

3.1. Proof of Theorem 3

Heading towards the proof of Theorem 3, we first provide the short argument for
Lemma 1.1. Essentially, this can be found in [17], but we repeat it in our setting for the
convenience of the reader.

Proof of Lemma 1.1. The presence of an interface between austenite and the martensite
variant e.j /, j 2 ¹1; 2; 3º, reads

� � e.j /� D 0 for some � 2 S1:

This is equivalent to

.QT
`�/ �

�
1 0

0 �1

�
.QT

`�/ D 0 for some � 2 S1;

and for some Q` as in (9) in Section 1.3. Now, up to an action of Q`, it then suffices to
solve the equation

v �

�
1 0

0 �1

�
v D 0

for v 2 S1. Up to normalization, the solutions to this are given by e1 C e2 and e1 � e2.
Applying the action of Q` then proves the claimed characterization (10) for the possible
austenite-martensite interface normals.
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With Lemma 1.1 in hand, we turn to the proof of Theorem 3.

Proof of Theorem 3. Step 1: Proof of Theorem 3 (b). We begin by proving the claim of
Theorem 3 (b). For " > 1, the bound follows by considering v D 0. For " 2 .0; 1/ the
claimed scaling behaviour is a consequence of the stress-free construction given in [17].
There it is shown that it is possible to construct an exactly stress-free BV regular (in the
gradient) deformation in a certain rotated equilateral triangular domain (which, as in our
current setting, only uses rotations as symmetries instead of the full point group consisting
of rotations and reflections). By applying a suitable rotation of the formQj , j 2 ¹1; 2; 3º,
it is then possible to produce such a construction involving an arbitrary normal of the six
possible normals with only linear energy scaling (since the elastic energy vanishes and the
BV norm is finite); see Figure 1.

In order to conclude the argument for Theorem 3 (b), it remains to prove the lower
bound for the energy. To this end, we invoke the boundary condition together with the
Poincaré and Hölder inequalities.

Indeed, by Poincaré and Hölder, we obtain

jD2vj.�/ � zC�krv � hrvi�k
L

d
d�1 .�/

D zC�krvk
L

d
d�1 .�/

� C�krvkL1.�/:

Here,

hrvi� D j�j
�1

Z
�

rv.x/ dx D 0;

where we invoked the assumption that v D 0 on @�.
Hence,

F".v/ D "jD
2vj.�/C

Z
�

dist2.rv.x/; zK C Skew.2// dx

� min¹C�; 1ºmin¹"; 1º
�Z

�

jrv.x/j C dist2.rv.x/; zK C Skew.2// dx
�

� C 0min¹C�; 1ºmin¹"; 1ºj�jmin¹dist.0; zKCSkew.2//; dist2.0; zKCSkew.2//º:

In the last estimate we used the fact that there exists a constant C 0 > 0 such thatACB2 �
C 0min¹AC B; .AC B/2º for all A;B � 0 and that by the triangle inequality we have

jrv.x/j C dist.rv.x/; zK C Skew.2// � dist.0; zK C Skew.2//:

This concludes the lower bound.

Step 2: Proof of Theorem 3 (a). In order to prove the claim of Theorem 3 (a) we split the
argument into two steps.

Step 2a: The lower bound. First, we discuss the lower bound estimate. To this end, it suf-
fices to verify that condition (6) is satisfied, which then allows us to invoke Theorem 2. In
the case that� is not polygonal, this immediately follows from the fact that zK3 is discrete
with only a discrete set of normals satisfying the linearized Hadamard jump conditions,
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Figure 3. A greedy covering of a domain by the triangle building blocks. The dyadic refinement
leads to the logarithmic losses in the scaling law.

while the boundary of� has a normal field whose image contains an open subset of S1. In
the case that � is polygonal with a planar part of the boundary � such that the associated
normal is not in the set zN , we also infer that condition (6) is satisfied, as

� � e.j /� D 0 for some j 2 ¹1; : : : ; nº;

if and only if � 2 zN .

Step 2b: The upper bound. Second, we turn to the upper bound in Theorem 3 (a). To this
end, we need to provide an explicit microstructure. As in [67, Section 6] (see also [35] and
[7, Section 7] for related constructions) this can be achieved by a dyadic, greedy covering
argument and the building block microstructure from the proof of Theorem 3 (b); see
Figure 3. More precisely, we greedily cover� by dyadic lattices consisting of the building
block microstructures from Step 1. By the domain regularity, it suffices to consider domain
patches �f which are Lipschitz graphs with Lipschitz constant Lip.f / over the base line
of the building block construction. Moreover, we may assume that 0 2 int.�f / and that
�f is a star-shaped domain with zero being one possible star point. Then we cover�f by
dyadic lattice triangles. Indeed, we set �f;` ´

SK`
jD1�

j

`
, where �j

`
are lattice triangles

which are oriented as one of the admissible building block triangles and are of scale 2�`.
By the Lipschitz regularity of the boundary of �f , for ` > 0 sufficiently large, we may
assume that z�`´ .1 � Cf 2

�`/�f is completely covered by such triangles of scale 2�`.
Here,

.1 � Cf 2
�`/�f ´

®
x 2 � W .1 � Cf 2

�`/�1x 2 �
¯

and Cf ´ 10 Lip.f /C 10. Furthermore, we observe that by a volume estimate the set
z�`C1 n z�`C1 contains at most .20Cf C 20/2`C1 lattice triangles of scale 2�.`C1/. Thus,
we conclude that for any m 2 N it is possible to cover � by such a construction up to
a boundary layer of size � 2�m by using at most .20Cf C 20/2` triangles of scale 2�`

with ` 2 ¹0; : : : ; mº. In each of these triangles there is no elastic energy and the surface
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energy is proportional to the side length of the triangle. In the boundary layer we let the
deformation be equal to the identity; hence the boundary layer in turn carries an elastic
energy proportional to its volume. As a consequence, denoting the resulting deformation
at refinement scale m to be vm, we obtain

E".vm; �/ � 2
�m
C "m:

Hence, choosing m � � log."/ implies the claimed upper bound.

3.2. Proof of Theorem 4

The argument for Theorem 4 follows similarly to the geometrically linearized case.

Proof of Theorem 4. The first claim follows from discreteness and the explicit characteriz-
ation of the austenite-martensite interfaces given in the sets N3, N4. The second statement
and the upper bound construction follow (up to a suitable rotation) from the explicit con-
structions in [27] and [17].
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