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Non-invariance of Gaussian measures
under the 2D Euler flow

Jacob Bedrossian and Mickaél Latocca

Abstract. In this article we consider the two-dimensional incompressible Euler equations on T2
and seek to characterize the Gaussian measures of jointly independent Fourier coefficients which are
invariant or not. We characterize all such measures with sufficiently rapidly decaying coefficients
as exactly those supported only on shear flows or cellular flows. For H%(T?2) (o > 3) regularities,
we give a checkable sufficient condition for non-invariance and show that this condition holds on
an open and dense set in suitable topologies (and so is generic in a Baire category sense) and check
the condition using interval arithmetic for a basic example. We conjecture that the same characteri-
zation at high regularities holds in all H? at least down to o > 0. We also pose a few other related
conjectures, which we believe to be approachable.

1. Introduction

1.1. The 2D Euler equations and vorticity formulation

In this article we consider the two-dimensional incompressible Euler equations posed on
T2 = (R/(277Z))? in vorticity formulation, written here as

E)

0:Q+u-vQ =0 for(t,x) € (0,00) x T2,
Q(0,x) = Qo(x) forx e T2,

where Q: T2 — R is the scalar vorticity, and u: T 2 5 RZis the velocity, which is related
to 2 via the Biot—Savart law,

u=Vvt-=nATgQ,
QL=VAu= Bluz—azul,
where V14 = (=05, 9;).
For o > 1, the vorticity equations (E) are globally well posed in €°([0, c0), H? (T ?))
(originally due to Kato [47], following the older classical work in C %* Holder spaces by
Holder and Wolibner [41,77]). The central question regarding the 2D incompressible Euler
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equations is to understand the long-time dynamics in various settings. One of the main
questions is to determine whether one has the formation of small scales in the vorticity. It
is widely expected that “generic” solutions to the 2D Euler equations create smaller scales,
leading to unbounded growth in the H* and C%% norms. Even more is expected: that
generic orbits are not pre-compact in L? due to the loss of enstrophy (L2 mass of vorticity)
to higher frequencies. The latter is known as Sverdk’s conjecture (see, e.g., [27, Conjecture
3]). See the recent review article [27] and Section 1.4 below for more discussion.

One natural question one can ask about the long-time dynamics of a PDE is how to
find measures which are left invariant under its flow. In this article we are specifically
interested in the possible invariance of Gaussian measures under the flow @, of (E). It
is known that the Gibbs measure, formally written “Z~! exp —%llQHiz)dQ” of (E) —
namely the spatial white noise measure, supported on vorticities which are H;17¢ for all
& > 0 — is invariant under the flow in a suitable sense; see [1,34]. In the non-periodic
setting [22], Gaussian invariant measures have been constructed for the two-dimensional
Euler equations at very low regularity (typically Q € H#(R?), B < —2).

In this article we seek to characterize the invariant Gaussian measures with indepen-
dent Fourier coefficients at higher regularities. One expects, and we conjecture, that the
only such invariant measures are supported on the trivial stationary states: shear flows
and cellular flows. This article seeks to make progress on this conjecture. We resolve
this conjecture entirely in the case of measures with very rapidly decaying coefficients
(slightly faster than exponential). In H? for o > 3, we provide a numerically checkable
sufficient condition for non-invariance, and show that the generic (in the Baire category
sense) choice of such measures is non-invariant. We also use a computer-assisted proof
via interval arithmetic to explicitly check the condition for an example measure. See Con-
jecture 1.10 for related open directions and Section 1.4 for more discussion about the
motivations and existing literature.

1.2. Random initial data and invariant measures

Let (E, 4, P) be a probability space.
In this article we solve (E) with Gaussian random initial data $2¢ for (E) of the form

Q)= D angre™™, (1.1)

nez?

where the (g,),cz2 satisfy some independence assumptions and are identically dis-
tributed standard complex Gaussian random variables, and (a,),cz2 is a complex-valued
sequence. Note that replacing a, — a,e’® for any sequence of phases 6, € R defines the
same random initial data in law. For this reason we restrict to real-valued a, without loss
of generality.

Let us be more precise and let Z3 := {(n1,n2) € Z*, ny > 0orny =0, np = 0}. We
will work under the following assumption for the (g,),ez2.
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Assumption 1.1. For all n € Zﬁ_, gn ‘= Iy + is, where {ry, s, }neZi are independent
and identically distributed real standard Gaussians N (0, 1), and g_, = g, foralln € Z%r.

Let us use the norm defined by

lan)le = ( )

nez?

1/2
<n>2”|an|2) ,

and make the following assumptions on the (a,),cz2, Which are tailored to ensure that
almost-surely Qf € H°.

Assumption 1.2. We assume that (a,),cz2 € h%, where
he = {(an)nezz tan €R, ag =0, a_, = ay, ||(an)||pe < oo}

We recall that h9 is a Hilbert space equipped with the inner product associated with
the complete norm || - || 0.

Given the isotropic nature of (E) we also consider the radially symmetric sequences
belonging to the space

h%y = {(an) € h? : am = ay, for all m, n such that [m| = |n|}.

Remark 1.3. Assumptions 1.1 and 1.2 ensure that (1.1) is real valued. The condition
ao = 0 ensures that sz Qo(x) dx = 0, which should be the case since 29 = V A u(0, ).

Let us denote by fi(4,) the law that the random variable (1.1) induces on L?*(T2,R)
(assuming o = 0, and that (g, ), cz> satisfies Assumption 1.1). The set of such correspond-
ing measures is therefore defined by

M = {(ay)> (@n)nez2 € h°}, (1.2)

as well as its radial counterpart MS := {{t(a,), (@n)nezz € hiy}.
We remark that for any u € M? there holds

BulI21] = [ | 191 du(@ = EN08 1] = 3 0%l <o, 13
nez?

which implies that supp u C H°(T?).
Let us recall that a measure  on H? is said to be invariant under a flow ®; if for any
t € R there holds (®;)«p = W, i.e., for all measurable A C H?,

(R : Q) € A) = u(Qg : Qo € A).

We will use the notation m1 (V) as the Fourier multiplier given by m (n) for each n € Z.2.



J. Bedrossian and M. Latocca 1422

At an informal level, one might expect a Gaussian measure v written as'

v =Z exp(—[m(V)R7.) dQ (1.4)

to be invariant under the flow of (E) if and only if the following conditions hold:
(i) The support of m is invariant under (E);

(i1) For smooth solutions with the same Fourier support as m, ||rtt(V)Q||i2 is con-
served by the flow of (E).

However, it is not clear how to justify this in general, and moreover, it is not known how to
characterize all such conservation laws (one expects energy and enstrophy to be the only
conservation laws that can be expressed in this manner; however, this remains open).

1.3. Main results

We first state our main technical lemma, which is a set of criteria that detects measures
in M? which are non-invariant under the flow of (E). For any sequence (a,) and Fourier
multiplier m: Z2? — C, we introduce y™:

1 s n(@-nhH? 1 1\ o
Yoy = 3r 2 lanllagP S (5 — =5 ) By (1.5)
oot 2, 2 \WP gl
where 8, is
1 1 1 1
m 2 2
= [P (5 — =) + @ P (5~ o5 )
e gl lg +nf? lg +n2  |nf?
11
+ Im(n+q)|2(———). (1.6)
> 1q1?

We omit the (a,) when it is clear from the context. We denote the special cases y; for the
case m(n) = (n)® and y"° for the case m(n) = 1,—,, (and similarly for ). Note that m
does not play the same role as the mt appearing in (1.4). We refer to Section 2.1 for an
account of the standard notation that we use in this article.

We prove the following result concerning the measures fi(4,) under assumptions on
the y(‘;‘n).

Theorem A. Leto > 3 and i = i(g,) € M, where M7 is defined by (1.2). Let A satisfy
|m(n)| < (n) for some 0 < s <o —3, and let y™ = y(’;‘n) be defined by (1.5) with (1.6).
Then, if y™ # 0, u is not invariant under the flow of (E).

The proof basically proceeds by showing that initial conditions sampled from any
invariant measure fi(4,) With y(r:l’n) Z# 0 will satisfy

E[m(V)Q®@)I7.] - Ellm(V)QG 1721 ~ v ) 1* + 0@%) ast -0,

'One can rigorously construct this measure as the image measure of a cylindrical Wiener process.
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leading to a contradiction. This is done by justifying a Taylor expansion in ¢ for the evo-
lution of the vorticity along the flow of (E). It is important to note that the proof uses
the assumption of invariance of the measure and the a priori estimates it implies in order
to justify this approximation. Factors arise in the proof that would otherwise not be inte-
grable, such as terms of the form E[exp(c||Q%[|3;,)]; a similar idea is used in [24].

Remark 1.4. Our proof of Theorem A takes advantage of the diagonal covariance struc-
ture of the Gaussian measures that we consider in this article. We believe however that it
should be possible to derive similar conditions for Gaussian measures with non-diagonal
covariance operators.

We give several applications of this lemma. The first is a complete characterization of
all such Gaussian invariant measures with at least slightly ultra-analytic regularity.

Theorem B. Let (1 = [i(4,), Where the sequence (an)pez2 satisfies Assumption 1.2, and

. 1
the decay assumption |a,|» —— 0.
|n|—o00

Then p is invariant under the flow of (E) if and only if supp(ay) is included in a line
of 7.2 passing through the origin, or included in a circle centered at the origin; in both
cases, |4 is supported on steady states of (E).

Remark 1.5. Note the above theorem includes the case of (a,) compactly supported in
72

Remark 1.6. The decay assumption essentially amounts to asking for decay faster than
exponential. Such a condition is met for instance by the sequence a, := exp(—|n|log|n|).

Remark 1.7. It was proven in [31] that the only stationary solutions of (E) with compactly
supported Fourier transforms are the ones whose Fourier transform support is contained
in a line in Z? or in a circle of Z? centered at the origin. Theorem B can be considered an
extension of this result to invariant measures.

Although we expect the result to hold, the proof of Theorem B does not apply to lower
regularities, e.g., Sobolev space regularity. However, we can prove that the non-invariance
is at least generic in the Baire category sense.

Our next task is to study the condition yy (4,) = 0 (therefore in the case m(n) = (n)*)
and prove that for a large class of (a,),ez2 belonging to 27, there holds v (4,) # O for
some s € (0, o]. To this end, let us introduce the set

K° :={(an)nez2 € h°, such that there exists s € (0,0 —3) : ¥s,@a,) # 0}.

Denote by K° C M the set of corresponding measures. Similarly, we also define K7
and K7 ,. Theorem A guarantees that all measures in K¢ are not invariant under the two-

dimensional Euler flow. Furthermore, we have the following.

Theorem C (Genericity in the Baire sense). Let o > 3.

(i) The set K (resp. K7 ,) is an open, dense set in h® (resp. he,,).
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(ii) Similarly, K (resp. KJ,) is an open dense set of M? (resp. M) equipped

with the topology induced by the Wasserstein W distance associated with the H°
metric.

We recall the Kantorovich—Rubinstein duality formulation of the Wasserstein distance:
if op: HO — R, we define

lp(f) —o(g)l
lellip == sup |p(f)|+ sup ——F—7>——,
feH® rgere | —gllue

Wi(u,v) = sup . 1.7
¢:H°—>R

lellp<1

/ () dv(u) — / () du(u)
HO' HU

Remark 1.8. It follows that the set of all measures in M which are invariant under the
two-dimensional Euler flow are included in a closed, nowhere dense set of M7 (in the
Wasserstein-1 topology), which is hence a meager set in the sense of Baire category.

We point out that this notion of genericity is strong enough to ensure that many mutu-
ally singular measures are included.” This will follow from the Feldman-H4jek theorem.

Corollary 1.9 (Mutually singular non-invariant measures). Let o > 3. Every open set U C
h? contains an uncountable set I C U such that the corresponding measures (jig)ger C
M are not invariant under the two-dimensional Euler equation and are pairwise mutu-
ally singular.

One obvious disadvantage of genericity results is that they provide no specific
examples. However, as the condition in Theorem A can be checked using validated numer-
ics [74], one can provide computer-assisted proofs for given sequences. In Section 6.5 we
carry this out on the following explicit example.

Theorem D. Let (ay),cz2 be defined by ag = 0 and a,, =

4
rad

1
WG Tmy Jorn # 0. Then
the measure |L = [L(q,) € M, satisfies Vs (a,) > 0 for some s € (0, 1) and is therefore not

invariant.

We end with a few conjectures. The first conjecture is that the characterization in
Theorem B holds at all regularities. Notice that Conjecture 1.10 specifically relates to
Gaussian measures for which the Fourier modes are mutually independent. It is possible
that one might be able to construct invariant Gaussian measures which are of a different
nature (e.g., supported on quasi-periodic motions). These should also be “non-generic” in
some sense, but it is less clear how to characterize this in generality at the moment.

Let us recall that we say that a measure u is quasi-invariant under a flow ®; if for all
t € R the push-forward measure j; := (®;)«u is equivalent to u, i.e., u, K p <K Uy.

2In particular, such a family of measures cannot consist of measures that have densities with respect to
a common reference measure.
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Note that investigating quasi-invariance of Gaussian measures, and not only invariance,
is very important, due to the fact that the existence of quasi-invariant measures (in some
quantitative way) often leads to new information on the long-time dynamics; see, e.g., the
discussion in Section 1.4.2 and Remark 1.14.

Conjecture 1.10. Let 0 > 0 (or possibly even 0 > —1 if a suitable local well-posedness
theory can be established). A measure |L = () € M is quasi-invariant under the flow
of (E) if and only if the sequence (an),ez2 is supported in a line of Z? passing through
the origin or on a circle centered at the origin.

Remark 1.11. Proving non-invariance (rather than non-quasi-invariance) might be a
much easier task.

Remark 1.12. Note that for o € (0, 1), the random initial data (1.1) is almost surely
WP for all p < oo, and in particular, the initial conditions are almost surely C 0.2 for
some « > 0 (see, e.g., [45]). Hence, these initial data lie in a classical local well-posedness
space. For o = 0 the initial conditions are almost-surely in L2 N BMO \ L [45, Chapter
5]; however, we are unsure whether it lies in a local well-posedness class (though we
believe it likely does; see [76] for well-posedness results in borderline regularity spaces).
For 0 < 0, initial conditions are almost-surely distribution valued, and we are not aware
of any theory that would even provide local existence of solutions.

Remark 1.13. In the recent work [23], the author constructs a large set of smooth initial
data (random Gaussian initial data of the form (1.1)), which give rise to global solutions
to the Euler equations posed on the torus of size L. It is proven that in the large box limit
L > 1, the probability distributions of the associated solutions to the Euler equations
remain approximately Gaussian, but nothing is said about quasi-invariance of these Gaus-
sian measures. The setting considered in [23] differs from ours, and is closely connected
to a large-box effect. Note that, though it does not seem likely, it could be the case that
the evolution of a Gaussian measure under the Euler flow remains Gaussian, but that this
evolution is not quasi-invariant.

Remark 1.14. Conjecture 1.10 would be in contrast with the non-linear dispersive equa-
tion setting, for which many quasi-invariance results are known for similar Gaussian mea-
sures; see, e.g., [36,63,65,75]. To the best of the authors’ knowledge, non-quasi-invariance
of (sufficiently regular) Gaussian measures has only been proven for few examples, the
first being a non-dispersive ODE, namely id,u = |u|?>u posed on the torus, which is
explicitly solvable,’ see [63, Theorem 1.6]; and the second being the proof that the Gaus-
sian measure formally given by pus; = exp(—% l|u||%,) du is not quasi-invariant under the
flow W, of the cubic Szegd equation i d,u = I~q(|u|?>u) on T for s € (% 1\ {%}, see
[21]. We also refer to [20,39] for results related to the stochastic Navier—Stokes equations.

3Note that the method used in [63] seems rather difficult to implement for the Euler equations.
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In general, we believe that it would be interesting to further investigate the possible
non-quasi-invariance of Gaussian measures.

As our article will make clear, the proof of non-invariance does not require s, (4,) > 0,
but only that y (4,) 7 0. The proof suggests (but does not quite prove) that the * norm of
the randomly initialized data grows on average for short time if y; (4,) > 0, butif y; (4,) <
0 it is actually decaying. We are not aware of any example of sequence (¢, ), cz2> such that
Vs,(ay) < 0. Specifically, we conjecture that such examples do not exist in M and that data
randomly initialized in this manner will grow in H* on average. We are unsure under what
conditions one could conjecture that short-time norm growth will happen almost surely.

Conjecture 1.15. Let o > 0. If (an),ez2 € h° is not exclusively supported in a line pass-
ing through the origin or a circle centered at the origin, then for initial data sampled using
(1.1) there exists C(s) > 0 such that there holds

EQ°@)las = B2 |as + Cr2,
forallt € [0,t9) and all s € (0, a], where tg = to((ayn),s).

Of course, we also believe the following variant of Sverak’s conjecture:
lim E||QC@)|gs = +oo,
t—>00

and even the original version: that the random orbits {Q“(¢)};cr are almost-surely not
pre-compact in L2. However, these stronger conjectures seem very far out of reach at the
current time, whereas Conjectures 1.10 and 1.15 seem likely to be manageable.

1.4. Related literature and motivation for the results and conjectures

1.4.1. Creation of small scales in 2D Euler. As mentioned in the introduction, it is
classical that (E) is well posed in €°([0, 00), H° (T ?)) whenever ¢ > 1. Moreover, in [81]
it was proven that for all # = 0,

1) e < C(R0)e* (18)

(a similar double-exponential bound for C%%* was proved earlier by Wolibner [77]).
Optimality of the bound (1.8) in generality remains an open question. On T2, the
examples of gradient growth are generally based on the Bahouri—-Chemin cross [2], which
uses a hyperbolic point in the flow to drive rapid growth of the gradient at a single point.
Exponential growth can be obtained [82], and double exponential growth can be main-
tained on finite time [25]. If one replaces T2 with the unit disk of R2, Kiselev and Sverdk
showed that the double exponential growth (1.8) is sharp [51] (see [79] for the extension
to any symmetrical smooth domain). In some sense, these examples are also based on the
Bahouri—Chemin cross, but also inspired by the computations of finite-time singularity of
the 3D Euler equations in a cylinder [59] (which have recently been made mathematically
rigorous [19]).
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Another class of norm growth results is based on shearing. The first example of
“generic” norm growth was demonstrated by Nadirashvili [62], who demonstrated exam-
ples of small perturbations of the Couette flow in a periodic channel and the corresponding
Taylor—Couette in an annulus, which lead to unbounded norm growth like ||V (2) || = ¢.
The recent results of [28] greatly expand on this idea to produce many more exam-
ples of “wandering” solutions and unbounded gradient growth on open sets of initial
data in a variety of settings (again near stable stationary states). Using the mechanism
of inviscid damping, a stronger characterization of small-scale creation — the loss of L2
pre-compactness of vorticity — has been proved in a few examples for open sets of small
perturbations of special stationary states in sufficiently smooth topologies. This was first
done for the Couette flow in T x R [7] followed by results near a point vortex in the
plane in [43], and strictly monotone shear flows in a channel satisfying a suitable spectral
condition (no embedded eigenvalues) [42, 44, 60].

1.4.2. Invariant measures of Euler. If a Gaussian measure @ on H? is known to be
invariant for the dynamics of a partial differential equation, for which a standard local
Cauchy theory is known, then the global solutions £ (¢) starting at time zero from Q&
(which has law w) almost-surely satisfy the bound

1Q°@)lH#e < Cov/log(t +2), (1.9)

where the random constant C,, satisfies E[eccj] < oo. This is known as the Bourgain
globalization argument [ 13]. Such a bound for the growth of the Sobolev norms is in sharp
contrast with (1.8) and seems at odds with the existing norm growth results discussed in
Section 1.4.1 and the observed dynamics of generic initial conditions on the torus or the
sphere (see numerical simulations in, e.g., [26,61,70,72] and the references therein and the
discussion in Section 1.4.3 below). Note that if the invariant measure p only has weaker
moment bounds, or the measure w is only quasi-invariant (in a quantitative way), then
an upper bound for the growth of Sobolev norms similar to (1.9) is known to hold with
v/log(t + 2) replaced by a different function of time (usually a polynomial) depending on
the moments, the PDE, or the quasi-invariance parameters.

For all o = 1, in [54, 55], invariant measures of the 2D Euler equations were con-
structed in H? from suitable limits of regularized problems using compactness methods.
See also [35,71] for the SQG model or the septic Schrédinger equations cases. On the
support of these measures, one can show growth estimates of the type

1) |ge < Co(1+1)%, a>0,

but an important question remains: What is the support of such invariant measures?
Very little is currently known (e.g., we do not know whether all such measures are in

“That s, if || Q0| gs ~ A then Q(¢) exists in H* on times [0, 7], 7 ~ ¢A™! and for every ¢ € [0, 7] there
holds ||2(2) | gs < 24A.
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fact supported only on stationary solutions). The identification and characterization of
“fluctuation-dissipation measures” (i.e., limits obtained by adding stochastic noise bal-
anced against viscosity and taking inviscid limits, as in for example [35, 54]) and similar
limiting measures is mostly open for non-linear problems, especially PDEs. We do not
know whether these are Gaussian measures or not. See [4—6] for the much simpler prob-
lem of passive scalars where the corresponding measures can be classified, sometimes
exactly.

1.4.3. Random initial data and 2D turbulence. The direct enstrophy cascade, i.c., the
tendency for enstrophy to be transferred from large to small scales, is central to the modern
understanding of 2D turbulence. Turbulence primarily concerns the inviscid limit of the
Navier—Stokes equations (rather than directly on Euler) and the 2D turbulence problem
is greatly complicated by the presence of the inverse energy cascade. See [3, 33,52, 56]
where predictions about this dual cascade were first made and [8, 10, 11,29, 53, 72] for
more discussion. For empirical evidence of 2D turbulence see the surveys [11, 16,50], for
observations from atmospheric data see [18, 58], and for a few of the many experiments
see, e.g., [38,49, 64,66, 68] and the references therein.

We remark that physicists and engineers often consider turbulence in a statistically sta-
tionary state, i.e., where external driving produces a continuous input of enstrophy, either
from the boundaries or through body forcing, and the # — oo limit is taken before the
inviscid limit (see discussions in [11]), which is somewhat different from a random initial
data problem. All classical predictions, such as the analogue of the Kolmogorov 4/5 law
(see [8,9,17,32,58,78,80]) and the Batchelor—Kraichnan power spectrum are most easily
interpreted in this regime. Nevertheless, the random initial data problem is observed to
lead to closely related dynamics referred to as “decaying turbulence”, where one sees a
transient enstrophy cascade, often generically with a decaying Batchelor—Kraichnan spec-
trum (see, e.g., [15,40, 67] and the references therein). The inverse cascade, at least on
T2 or the disk, is observed to lead to behavior sometimes referred to as “condensation” or
“vortex crystallization” in which most of the energy congregates into certain large-scale
coherent structures; see, e.g., [37] and [69].

In any case, the existing norm growth results discussed above, and especially Sverak’s
conjecture, are intimately connected to the ability of 2D Euler to send enstrophy to small
scales, as observed in 2D turbulence (Shnirelman’s conjecture [27, Conjecture 4] is also
intimately related to the observed condensation effect). The observed turbulent dynamics
strongly suggest that the Euler equations initialized from data where the spatial and fre-
quency scales are sufficiently independent are likely to create smaller scales provided the
initial conditions are more regular than at least H! (where the non-linear interactions of
small scales could formally start to dominate) but more likely the result holds at least all
the way down to the regularity of the Batchelor—Kraichnan spectrum (corresponding to
H ¢ regularity, i.e., a, = (n)~2). It even seems plausible that anything more regular than
the Gibbs measure should not be invariant unless it is extremely degenerate. These ideas
motivate both Conjecture 1.10 and Conjecture 1.15.
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1.5. Plan of the paper

In Section 2 we introduce the notation used in this paper and gather some standard facts
about the bilinear form of the Euler equations for the convenience of the reader. In Sec-
tion 3 we provide the reader with the main idea underlying the proof of Theorem A, which
is then reduced to proving two key statements: Proposition 3.1, which is the goal of Sec-
tion 4 and Proposition 3.2 which is the goal of Section 5. Then Section 6 is devoted to
proving Theorem C, Corollary 1.9, and Theorem B.

2. Preliminaries

2.1. Notation used
We recall that in this article T = R/2xZ.

We write (n) = /1 + |n|2, where |n|?> = n? + n? forn = (ny,nz) € Z*> and nt =
(=n2,ny).

We recall that the Fourier transform of a regular-enough f: T2 — R¥ is the function
F£:7% — RV defined by

Foy = [ ree ax,

which we simply refer to as fA,, for notational simplicity. We also write & (1) in place of 7.
The Fourier inversion formula therefore reads

1 ;oinx
fx) = WZZ Jne™*.

We define the space H°(T?) as the set of functions f such that || f ||z < 0o where

1/ e 2= ( ) <n>2°|fn|2)é.

nez?

2.2. The bilinear form

Let us denote by U[R] the vector field T2 — R? defined by U[Q] = VL (—=A)~1Q, which
is uniquely defined in the class of divergence-free vector fields. We recall that thanks to
Calderén—Zygmund estimates, the linear operator f +— VU] f] is continuous L? — L?
for any p € (1, o0).

We define the bilinear form for any smooth enough functions f, g: T2 — R by

B(f.8) = 3ULf1- Ve + 3Uls]-V £

and use the notation B (2) := B(R2,Q) = U[Q] - VQ.



J. Bedrossian and M. Latocca 1430

We will also use the following notation:

B> () = B(Q, B1(R2)).
B3(R2) = B(B1(2), B1(R2)) + 2B(S2, B2(2)),
B3(Q) = B(B1(Q). B2(Q)).  B3(Q) = B(B2(Q). B2(Q)).
Lemma 2.1 (Properties of the B;). Let f.g,Q:T? — R. Then
@ (WUlgl-Vf =0

@ii) foranys > 0, and any 0 < & < s there holds

(B(f ), fmsl < s, f el £ 11z, 2.1)

and for any s > 1 there holds

{B(f.8), fus| < C(s.)lglms+ive | f 173 2.2)

(iii) similarly, for any 0 < ¢ < s there hold

I B ()] a5 < C(s, &)1 Fu41

I B2(2) s < C(s. )| 3542

IB3(Q) ]| a5 < C(s, &) 1R 3043
<

IBy()lms < C(5, 01201705, 1B3()]lmrs < Cs,0) |2 Fo5-

Proof. Part (i) is a consequence of the fact that U [b] is divergence-free.
For (ii), we rely on the following Kato—Ponce commutator estimate:

IKVY* . ULf]- Vigllezerzy < NULfNiwroocr2) gl as (r2)
+ | lasr2)y 18 lw oo (ray.- (2.3)

This is direct consequence of the Kato—Ponce estimate [48] in the Euclidean setting, and
can be transferred to the case T2 as was done in [57, Lemma 2.2]. See also [73] for more
general considerations. Then estimate (2.1) is a consequence of (2.3), (i), and the Sobolev
embedding H !¢ < L% as well as the fact that f — VU][f] is continuous as a linear
map H® — H?. Estimate (2.2) follows from similar computations and product estimates
onU[f]-Vgin HS.

Finally, (ii1) follows from product laws in Sobolev spaces. ]

2.3. Invariant measures bounds

We recall the following almost-sure upper bounds for the growth of Sobolev norms for
solutions to (E) with initial data sampled on the support of an invariant Gaussian measure.
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Proposition 2.2 ([13]). Let 0 > 2 and ju be a Gaussian measure on H° (T?) which is
invariant under the flow of (E). Then there exist a deterministic constant ¢ > 0 and a
random constant Cy, such that for almost every w there holds for any t = 0,

12°@)|ae < Covlog2 + 1),

and where E[eCC«Z)] < oo.

3. Proof of Theorem A

The main idea in the proof of Theorem A is that in short time we expect the following
expansion:
Q(t) ~ Q¥ —tB1(QY) + 12 B2(QY), (3.1

and that this ansatz is responsible for some change of the Sobolev norms.
More precisely the crucial claim is the following.

Proposition 3.1. Ler s > 0. Then there holds
(V) (@8 — tB1(R)) + 2 B3 1z = IR 25 5 + y™e% + 671,
where §™ 1= ||m(v)B3(Qg))||i§,L2 and
y™ = (V) BUQ§)IT2 . + 2E[(m(V)QF. m(V) B2(Q7)) 2]
is the constant given by (1.5).
The ansatz (3.1) is not an equality and the remainder is given by
w(t) == Q°(t) — QF + 1B1(QF) — 17 B2(RQQ). 3.2)

We next aim to show that this remainder is small for s € (0, 0 — 3) (the loss of three
derivatives comes from the number of derivatives in the ansatz, i.e., in B,). Given the
rapid non-linear instabilities inherent in the Euler equations, it seems difficult to directly
justify this ansatz in H*®. However, the assumption of invariance (quantitative quasi-
invariance would also yield similar results) implies significant a priori estimates coming
from globalization (Proposition 2.2). These are leveraged in H® energy estimates to yield
the following stability estimate.

Proposition 3.2. Assume that the law of Qf is given by () € M® for some o > 3,
and let s € (0,0 — 3). Suppose that i(a,) is invariant under the flow of (E). Then there
exist a deterministic time t1 ‘= t1(s, g, (ay)) > 0 and a deterministic constant C =
C(s, 0, (an)) > 0 such that

(V) w® (@) p2,2 < Ct* forallt €[0.14],

where w® is defined by (3.2).
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Once this a priori estimate on the remainder is obtained, one can reach a contradiction
with invariance using the fact that under the assumption of invariance it holds that

E[m(V)Q® (0)]I72] = E[|m(V)QF [72]-

We postpone the proof of Proposition 3.1 to Section 4 and the proof of Proposition 3.2
to Section 5, and first finish the proof of the main theorem.

Proof of Theorem A. We can assume supp{a, } N supp m # &, otherwise y™ = 0. Then,
with positive probability, (V) Q2§ # 0 because supp{a, } N supp m # &, so that it follows
[ (V)25 (|2 2 > 0. We use Proposition 3.1 and a Taylor expansion to write

I (V)@ (1) = w? (Dllgz13 = JIWVIQEIZ, L, + ™2 + s

m

14
(V)01 2222

so that by the triangle inequality and Proposition 3.2 there holds

12+ 01,

= [m(V)QG 22 + 3

m

14
2||m(v)98)||L§,L§

2+ 0% < [m(W)QUO) 22 — (V)R 212

m

- y
2[m(V)QQ |l 12 12

2+ 013,

for 0 <t < 1y, so that for times 0 < ¢ < 1, = £5(s, 0, (a,)) <K 11 we can write

m

)’ 2 w [0}
1——=————t" < | m(V)Q®) |22 — (V)R 112 12
(V)2 12 Lols 0oLy
m

Y 2

S A — (3.3)
[ (V)QEG 2 12

S

with (cq1,¢3) = (3/4,1/4) if y™ < 0 and (1/4,3/4) if y™ > 0. Because of invariance
there holds
[m(V)Q® O 12 12 — (VLG22 = 0,

which contradicts (3.3). [ ]

4. The orthogonality argument

The goal of this section is to prove Proposition 3.1.
For the sake of simplicity we write £ in place of 2§ . This will not lead to any confu-
sion since the arguments in this section do not involve time evolution. We write

. 1 ~
Q= Z angue'™™ = @n)? Z Qe
n

nez?
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Similarly, let us write U[Q] = (U, U2) where U/ = Y, _» U, ¢/™*. With this notation,
the relationship V A U[Q2] = Q reads Q,, =i (n1U2 —n,U,)) and the relation V - U[Q] =
0reads n1U} + nyU? = 0, so that we obtain

nT -~

A~ }’12
Ul = — ——Q,.
ifn2™"

—2.Q, and U?=
n ”nP n n

Writing that By (Q) = U'9;Q + U203, we obtain

— m-kts o 1 1 1 \a &
B1(2)(n) = Z 5 2k Qm = Z m-k (W - W)ngm,
k+m=n

and more generally
— 1 1 1 A
Fapm =1 ¥ mor (- Y

k+m=n
The following computation is a key step in the proof of Proposition 3.1.

Lemma 4.1. Assume that (a,),ez2 € h*T1 for some s = 0. Let us recall that By(Q) =
B(2, B1(R2, 2)). Then there holds

E[(m(V)Q, m(V)B2(2)) 2]

1 1 1 1 1
= —— 3w PlallaP@ P (cs - o) (on - o)
2(2n) qZZ e |2 |q|2) a2 g +nP?

Proof. We will decompose B;(£2) to obtain the claimed result. More precisely, we write
1
Ef{m(V)$2, m(V) B2 ()] = SE[(m(V)Q2. m(V)U[R]- VB2, 2))) 2]

+ %E[(m(v)ﬂ,m(v)(U[B(Q, )] - VQ)).2]

1
=: -(E E»).
2( 1+ Ez)
Writing
_ m -kt 05—
UlQ]-VB(Q.Q)(n) = Y R 8 B, )(m)
k+m=n
m-ktq-pt
= Z nggfgf})akapaq,
btah

and using Plancherel’s theorem, we find

m-ktq-pt_ _
Qn)*E; = Z jm(n)[? Z WanakapaqlE[gﬁg?g;’g?jl
nez? k-_tm=n P
p+q=m
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Similarly,

m o
———B(Q.Q)(k)amg,,
o B D 0ans;

:Zm'“qz’ o0 0

ke~ Tpp S Sttt

FUBQ.Q]- V) = Y

k+m=n

p+q=k

so that

m- qu pt
Qm)*Ey =) |[mm)* ) R —GnamapagE[gy e gt g?).
nez? k+m=n
p+q=k

Now we make the following crucial observation: because the g]‘." are complex Gaussian
random variables, there holds

(q-pHE[gygreres] =0

unless the elements of {n, k, p, q} are paired two by two (note that the cases |n| = |k| =
|p| = |g| are such that g - p- = 0). There are two possible pairings: the first case is
(n,k) = (p,—q),n # *k, and the second case is (n,k) = (¢, —p), n # k. Remark that
the pairing (1, p) = (k, —q) is such that ¢ - p = 0, therefore giving a zero contribution.

Let us write 27)*Ey = 2m)* Y., cz2 (n)**(E11(n) + E12(n)), where Eq1(n) (resp.
E12(n)) corresponds to the first (resp. second) pairing case. For the first contribution we
find

Epn(n) = Z " |2| |2 )" nl*laql?,
qeZ?

where we have used that m - k+ = g - n*.

Similarly,

Era(n) = Z(” 2y Plaal?.

pEeZ?

so that finally (relabeling p to ¢ and summing both contributions) we obtain

1 1
@m*E == 3 Im)Pq- ) lanlag g~ )

2 2
= gPIn]

Writing similarly (27)*E, = (27)* Y, cz2 |m(n)[?(E21(n) + E22(n)) we find

Ez(n) = Z P @ n|2|) |2|an|2|aq|2
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and 1y2
(p-n-)

E = 2 L

22(n) TR

2 2
|p|2 |an| |a17| ’
PEZ?

so that after the change of variables (1, p) — (¢, n) in A5, we obtain

1 1
Ex=— Y [m(?(q-n*)lanllag ( - )
qZZ T g 0P g +nlPlgl?

which is enough to conclude the proof. ]
We also need the following simpler computation.
Lemma 4.2. Assuming (an)pez2 € Wt for some s = 0, there holds

)2 1 1
Y e+ g ) lag Pla .

E[|m(V)Bi1(R)]7.] = > (Gp e

)4
(27[) n,qeZ?

Proof. First we write

1 o o -
||m(V)Bl(Q)||22=WZ|m(n)|2 Y CkmCh Ak Am ko &F BB E &
nez? k+m=n

k'+m'=n
_ mkt 1 1
Where Ck,m = T(W — W)
Taking the expectation in the above and using that ¢ ,, = 0 if |k| = |m]|, there are two

possible pairings of {k,m, k', m’'} to consider: (k,m) = (k’,m’) and (k,m) = (m’, k')
both leading to the same contribution, therefore

@) Ellm(V) By (@)}
12
2y P Y L Y e

2 2
nez? k+m=n 4 |k| |m|

(g-nH)? /1 1 \2
Z Jm(n + Q)|ZT<W - W) lag|*|an|?.
n,q€Z?

where in the last step we just relabeled: (n,k,m) — (n + ¢, q, n). L]
We go back to the notation Q in the following proof.

Proof of Proposition 3.1. Let s > 0. Expanding the squared H® norm and taking the
expectation we compute

Il (V)(QF — B1(Q5) + 1> B2(Q9)72 -
= [m(V)QG 175> + y™e* +8"* = 2E[(m(V)QF, m(V) Bi(wf)) 2]
= 2E[(m(V) B1(2F). m(V) B2(0F)) 2]



J. Bedrossian and M. Latocca 1436

where §™ = ||m(V)B2(R29) |l d

ig)Lz an
y™ = E[|lm(V)Bi(Q{)I72 + 2(m(V)QG, m(V) B2 (2)) 2]

Using Lemmas 4.1 and 4.2 we have that

= (P (o - o) (o~ )

n,qeZ?
N |m(n + q)|2< 1 1 )2)
2 gl |2/ /"
where b, ; = ﬁ(laﬂ lag|(q -nL))z(# — #). Observe now that by , = —b, 4 soO

that using the symmetry between n and ¢, we finally find

B NOLTR @R, 1 |
"= S () (e we)

N Im(n;rq)lz(L_ 1 ))

2 lql?

which is (1.5), as claimed.
It remains to observe that

E[{(m(V)Qg, m(V)Bi(wg))r2] = E[(m(V)B1(27), m(V) B2 (wg)) 2] = 0.

In order to do so, observe that computations used in the proof of Lemma 4.1 imply

L

E[(m(V)Qg. m(V)B1(Q§))2] = > |m(n)|zsm|k|2
nez?

k+m=n

akamc_ln]E[gZ’nggf] =0,

since E[g gm &y ] = O for all values of k,m,n € 72 . 1t follows that
E[(m(V)Qg, m(V)B1(25))r2] = 0.

For the same reason, it also holds that E[{(m (V) B1(R2§), m(V)B2(25)) 2] = 0. [

5. The perturbative argument

Let us recall that w®(¢), defined by
QO(1) = QY —tB1(QY) + 1?B2(QY) + w* (1),

is the remainder in the ansatz (3.1). In particular, w® (0) = 0. First, by definition of w® (¢),
we have

0:R2°(t) = —B1(Q7) + 2t B2(25) + 9,w”(1).
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Expanding B(2®(t), 2“(t)), using that 2 (¢) solves (E) we find that w®(¢) (which will
be denoted w, omitting the w superscripts) satisfies the following evolution equation:

drw(t) = —B(w(t), w(t)) 5.1
—2B(R0, w(t)) + 2tB(B1(L20), w(t)) (5.2)
— 1% (B(B1(Q0). B1(R0)) + 2B(Q0. B2(Q0))) =2t B(B2(Q0), w(t)) (5.3)
B3(0)
+21% B(B1(R0). B2(R0)) —t* B(B2(R0). B2(Q)) - (5.4)
B3(R0) B3(R0)

Let us make a few comments:

*  Our proof proceeds by performing energy estimates in H*, targeting an estimate of
the form ||w(¢)| s < Ct3e! in short time (the exponential accounts for the use of
the Gronwall inequality). One major threat to obtain such estimates will come from
the random constants appearing in the estimates. For example, we need to avoid fac-
tors like e@0llze appearing in our final estimate (which would not be integrable with
respect to u). In particular, we have to pay attention when estimating (5.2). We want
an estimate of the form ||w(¢)||gs < Ct3; we expect that (5.3) will be part of the main
term in the estimate, but that (5.4) will contribute negligibly.

*  We point out that the usual energy estimate on the term B(w(¢), w(¢)) would bring a
potential double-exponential bound, which in short time is bounded. In our case we
must take advantage of w(0) = 0, so that the non-linear term B(w(¢), w(¢)) should be
viewed as a small contribution.

* Because the method we employ is to use the ansatz (3.1) for 2 (¢), we will need to
estimate B3(S20), B3(RQ0), B5(S20), and it is the reason why we require 0 > s + 3.

Proof of Proposition 3.2. In this proof we only work with # < 1, and we will later restrict
to shorter intervals of time.

We start by deriving a first a priori bound for w®(¢) by using the triangle inequality,
Lemma 2.1, and Proposition 2.2;

lwllge < N2 Ol + 128 gy + t1B1UQE g + 211 B2(28) | (5.5)

< CoV10g2 + 1) + C(1+ 1 + ) (120 | g + QG 17,041 + 195 13,42)
< C(Co + (1 +119813,0,5)) = Do

forall0 <t <landalls’ <o —2.

We will later use that the random constant D, lies in L2 for all 1 < p < oo. However,
note that it lacks exponential moments, therefore directly plugging this estimate into (5.1)
and performing the usual energy estimates would yield a bound on ||t (V)w(t)|| 12, which
would not lie in Li.
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Let us now move to the energy estimate. We first note that ||t (V)w ()| 2 S |lw(@) || gs-

We compute (using (5.1) to decompose d,w(t)), %d%ﬂw(t)”%{s = (Q;w(t), w(t))ys.
First, we use Lemma 2.1 to estimate (5.1) by

[(B(w(1), w(®), w(t))2] < C(s, &) [w®)lgs lw (@)l gr1-e,

where C(s, ¢) is a global deterministic constant.
For the linear terms in (5.2) we rely on Lemma 2.1 again to bound

(B(R0. w(t). w(®)) s < Cls.&)|Qoll s+ [w (@)1 7ps
and
(B(B1(S20). w(1). (1)) s < C(s. &)l B1(QR0) | rsree [w (O[5
which together imply
(—2B(Q0, (1)) + 2t B(B1(Q20), (1)), w(?)) s
< C(s,8)(1+ Qo 7ss2ve) W (@15 (5.6)
To estimate (5.3) we use the Cauchy—Schwarz inequality and Lemma 2.1 to obtain
(B3(R0). w()s < [1B3(Q0) s [w(@)ll s < Cls, )R035 [w (D)l s

Another application of Lemma 2.1 yields

(B(B2(Q0). w(t)), w(®)) s < | B2(Q0) s+ 1w ()| s

< C(5,8) 190113534 W (D)1

< Dy ||QO||;1s+3+s lw(@)l s s

where in the last inequality we have used (5.5). Therefore,

(=12 B3(R0) — 21> B(B2(0), w(1)), w(1)) s
< Dot> (1 + [|Qoll s+ lw @) | 5. (5.7)

Finally, also using Lemma 2.1 we can bound the remainder terms (5.4) and obtain
(217 B5(Q0) — 1*B3(Q0), w(t) s < C(s, &) (1 + |0l Fpssa) [w (@)l (5.8)
Combining (5.6), (5.7), and (5.8) we finally obtain
EIIw(t)II2 < lwO s llw@ll e + Cls. €)1+ [[QollFseare) w1
dr Hs X Hs H ’ Ollggs+2+e Hs

+ Dot (1 + 10l 545+ w0 (@) | 15
+ C(s, 9> (1 + [|QollFgs) 1w (@) | 775

Using ¢t < 1, dividing by ||w(?)||&s, and collecting the constants we find
d
g I Ollas < Tw@llas [wOllgve + kollw@)las + Kot?, (5.9)

where E[e%] < oo for ¢ small enough and K, € L2 for all finite p.
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Let us now use (5.5) for0 <t < 1in (5.9) to bound
d
—w(t s < D/ s
3 Ol A

where D) € L% for all finite p. Note that we have used that 1 + & < o — 2 in order to
use (5.5) and Lemma 2.1. Integrating this differential bound yields ||w(¢)||gs < D,,t for
0 <t < 1. Using the latter inequality (also used with s = 1 4 ¢) in (5.9), we obtain the
differential inequality

d
3 W@ las < kollw@) s + Ko 2,
where K/ := (D}))*> + K. Therefore, the Gronwall inequality implies
1 /.3 1 /.3 ¢
lw(®) e < 5K01* explkat) < 3 Kot exp(So)

if 0 < ¢ < 5. Therefore ||w(t)||1L‘zuHs < %E[KZ, exp(cka,)]%t3, and the claim is proven
with C = %IE[(KC’U)2 exp(cky)]? < oo. [

6. The condition y # 0

6.1. First examples of non-invariant Gaussian measures
We start by providing a very simple example of (a,),ez2 for which y; (4,) # 0.

Lemma 6.1. Leta, = 1ifn € {(1,0), (—1,0), (0,2), (0, —2)}, and a,, = 0 otherwise. If
s > 1 then yg (q,) 7# 0. Therefore, the associated measure is not invariant under the flow

of (E).

Proof. We can compute yg, (4,) explicitly. Using the notation of (1.5) we find

65 3.2 4.3° 3
=3(— - ):—(15~6~‘—16-5S 2S),
v 2 T 10 5 20 +
and we need to check that this does not vanish. Note that s > 1 and we observe that
16

(%) > ¢ > 1& which implies 15 - 6° — 16 - 5° > 0 so that y > 0. n

As a corollary for all ¢ > 3, one can construct a sequence (a,),cz2 such that the
associated measure [i(g,) is “exactly” supported on H° and y,,) # O forall s € (0, 0].

Corollary 6.2. Let 0 > 3. There exists 1 € M that is not invariant under the flow of (E)
and which satisfies W(H°) = 1, and w(H°*¢) = 0 for all ¢ > 0.

Proof. We first remark that if (a,)pez2 € h% \ Upso h%1¢ with non-vanishing a,, then

the associate measure fi(g,) satisfies w(H?) = 1, and u(H°* ) = 0. That u(H°) = 1
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holds follows from (1.3). The fact that for any & > 0 there holds u(H°*¢) = 0 is a more
difficult but standard fact; we refer to the appendix of [14] for a detailed proof.
Let b, = ( which belongs to h%; \ |- h%1E. Also let (ay),cz2 be the

1
)7+ log({n)) rad rad
sequence from Lemma 6.1 and let us consider ¢, = a, + &b,. Then by expanding y (c,)

we can check that ys () = Vs.a,) + O(€), and since y; 4,) > 0, we can take & small
enough so that y, .,y > 0. ]
6.2. Proof of Theorem C

The proof essentially follows from the following continuity lemma.

Lemma 6.3. Lets = 0and o = s + 1. The map y: (an)neze V= Vs,(a,) Where Vs a,) is
defined by (1.5) and is continuous as an operator h® (Z?) — R.

Proof. Let us prove the continuity using the sequential characterization: we take a* =
(aﬁ)ezz converging to a = (a,)ezz in h°(Z?). Then let us write

k2 k2
Vae = Y lakPlasPang.
n,qeZ?

where tyg = (q - 1) (ks — ho)Bug = O(n)2+D(g)26+D), where B, 4 is defined
in (1.6). This crude bound will be enough for our purpose. Using the identity

k2),k2 2 2 ki ,k kii,k
|ay "lag|” = lan|"lag|” = (la, [lag| — lan|lagD(ay|lag| + lanllag ).
and using the Cauchy—Schwarz inequality we infer

k k
Vak —Val> < Y (akllal] — lanllag)® (n)>C+D (g)>C+D
n,qeZ?

x Z (|a§||al¢;| + |an||aq|)2<n>2(s+1)<q)2(s+1).
n,qeZ?

First, we bound

D (lakllak] + lanllag)? ()2t (g)>HD < Jla¥ [fer + llallfe
n,qeZ?

which is bounded (in k) because s + 1 < o. For the other term we write
k. k 2 2 k 2 k2 ,k 2
(lay|lag| = lanllag))™ < lag|*lay — an|”™ + lay|"lag —aql”,
so that we obtain

Z (lak11a%] — lan|lagh? (n)26 D (g)26+D
n,q€Z?

2 k 2 2 k 2 k 2
< llallpenilla® = allfeer + llakllpsilla™ = allser = O™ —allfo),

which goes to zero because s + 1 < o, therefore proving the continuity. ]
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That K¢ is open as stated in Theorem C (i) now follows from Lemma 6.3 and the
fact that K = y~!(R \ {0}), therefore open as the reciprocal image of an open set by a
continuous function. Moreover, Lemma 6.3 holds with h¢, in place of h°.

Finally, let us explain why K¢ is dense in 2% (from which the corresponding result
on K¢ will follow). Let (a,),ez2 be such that y(,) = ¥s,(a,) = 0, and let (b,),cz2 be
radially symmetric such that y4,) = ¥s,@»,) 7 0, such as constructed in Lemma 6.1. One
can therefore consider ¢, = a, + &b, for ¢ < 1. There holds |c¢ — al|pe = O(e), and
expanding y(c,) in terms of &, we find

Y(cw) = Y(an) T K16+ K28 + kze® + 84)/(1;”)

for some real constants k1, k2, and k3. By assumption, there holds y(an) =0.Ifk; #0
then one just needs to take & small enough so that k262 + k38> + ey, | < < 5% and
therefore y(,) # 0. If k1 = 0 we can do the same analysis on x5 and so on, so that the
only remaining case is k1 = k2 = k3 = 0, in which case we use that y,) # 0.

Theorem C (ii) will follow from the continuity in the Wasserstein-1 distance of the map
(an) = [(a,)- This continuity can be seen from (1.7): let ak = (af)nezz which converges

to a = (an)pezz in h® (resp. h7,) and let pg := pyk, 1 := ftq. For any 1-Lipschitz

function ¢, we compute
(g ) o )]

‘ / () (i — i) (a0)
HU

nez? nez?
|: Z ak (u znx Z angw inx :|
nez? nez? Ho(T?)
Z ak a) inx _ Z a gw in-x .
nez? nez? LiH®

where in the first line of the above computation we have used the push-forward definition
of the measures py and p. Taking the supremum over such functions ¢ yields

Wi, jue) < lla* —al go,

which goes to zero as k — oo.

6.3. Proof of Theorem 1.9

Our main tool is a generalization of the Kakutani criterion. Kakutani [46] characterized
the equivalence between tensor products of equivalent measures. For Gaussian measures
in Hilbert space, we use the following generalization due to Feldman and Héjek:

Theorem 6.4 (Feldman—Hdjek [12, Theorem 2.7.2]). Let i and v be Gaussian random
variables on a Hilbert space X with means m,, m, and covariance operators Cy, C,.
Then w and v are either equivalent or mutually singular, and equivalence holds if and
only if the three following conditions are met:
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(1) w and v have the same Cameron—Martin space H = Cé (X)= Cv% (X).

2) my—m, € H.

3) (C;:% C,,%)(CM_% C,,%)* — I is a Hilbert—Schmidt operator.

We will only use criterion (3) to prove that two given Gaussian measures are mutually

singular. In particular, as we consider very simple Gaussian measures on the Hilbert space
H°(T?) with diagonal covariance operators, we obtain the following useful corollary.

Corollary 6.5. Write e, (x) = e!™*, and let us consider the two Gaussian measures

uw= Zhnen and v = Zﬁnen

nez? nez?

on H°(T?), where hy, hy are centered Gaussian variables of variances oy, 6. If
)

o 2
(1) =
nez? %n

then w and v are mutually singular.

In order to prove Corollary 1.9, let us fix a sequence (a,),ez2 such that its asso-

ciated measure belongs to M7, and such that y, (4,) # 0. Let us consider a sequence
(gf,),,E 72 of independent and identically distributed Bernoulli random variables satisfying

P : gf, =1)=P(¢: 85 =—-1)= %.We introduce
£ 1
& 2
bE = (1 n ) ,

=T )

and consider the associated measures g 1= [ f)" We check that there is a set E; such
that P(¢ € E1) > 0 and for all £ € E1, there holds Yot # 0. Indeed, there holds

Ely, 45l = D ElB5IPI651*1Bn.q-

n,qeZ?

Since B,,, = 0 when n = g, it follows that

IS 157 = la Plag B 1 + s Je[i+ i ]
= |au|*|a — —
E n (n) (q)
= lan|*lag|®
so that IE[)/S (b;)] = ¥s,(ay) 7 0, by assumption, therefore Yo of) # 0 for &£ € E of positive
measure.

Letus fix §; € E1, and apply Corollary 6.5 to g, and ug for some & € E (the proba-
bility space). We write that

eil

1+ 20m) 21— eilen 3 1 85,‘ E,E, 3
+ 30
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The series Y, cz2 # diverges, and the series of terms O (|n|~3) converges. Finally, the

random (in &) series Y, .72 % is convergent for almost every £ € & (let E be this
set of £) by application of Kolmogorov’s three series theorem (we refer, e.g., to [30, Sec-
tion 1.8]). Therefore, we obtain that the series of general terms (6.1) is divergent for all
& € B, which is of probability 1. This yields uncountably many measures pg that are
mutually absolutely singular with respect to g, . Note that this does not yield a set of
measures which are pairwise mutually singular. The end of the proof proceeds by contra-
diction: assume that there are only a countable number of measures {/t }x>1 Which are
pairwise mutually singular and such that for each g, y # 0. Let E ) be the set of &
such that j1g L . We have shown that P(§ € E; N E()) = P(§ € E;) > 0. Therefore,
P €E1N( k=1 Ek) =P(§ € 1) > 0. Observe now that forall§ € E1 N(5; E)
there holds pg L g forall k > 1 and all V) # 0, therefore a contradiction.

6.4. Proof of Theorem B

First, if supp(a,,) is either contained in a line passing through the origin or a circle centered
at the origin, then thanks to [31], ti(q,) is supported on stationary solutions of (E), and
therefore invariant under its flow.

For the converse, let us start with the case where u has a finite Fourier support, i.e.,

S ={n e Z? a, # 0} is finite.

Let us follow the terminology in [31] and say that a pair (7, g) is degenerate if n
and ¢q are collinear (i.e., the line passing through n and ¢ passes through the origin) or
belong to the same circle centered at 0. In other words, (7, ¢) is degenerate if and only if
(n- gy — do) =0

If there exists s € (0, o] such that y; # 0, there is nothing to prove. Otherwise, let us
assume that ys = 0 for all s € (so — ¢, so + ¢) for some s¢ € (0, o). Differentiating the
equality y; = 0 with respect to s and summing linear combinations of iterated derivatives
of this equality, we find that for any polynomial P € R[X] there holds

1 1
_ 2 2 152
0= lanl’lag/*(n-q*) (W—W>

Inl.lql
s 1 !
x (P(Zlog((n + ) (n +q)? (W - W)
s ! !
+ Pl (15~ 1)
2s ! !
+ P(2log({g))){q) (m - W)) ©2

Let M = max{|n|,a, # 0} and let Cys := {n € Z?, |n| = M,and a, # 0}. Let P be
a polynomial such that P(2log({k})) = 0 for any k < M, and P(2log({k))) =1 if
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M < k <2M. Using this polynomial in (6.2) yields

1 1 \2
Z (n + q)*|an|*|lag*(n qt)? (_2 _ _2) =0, 6.3)
n,g:ln+q|>M |I’l| |Q|

from which we infer that if |n 4+ ¢| > M and a,,a, # 0, then (n, q) is degenerate.

We distinguish between the case |Cys| > 2 and the case |Cps| < 2.

Assume that |Cps| > 2. We claim that all the modes n such that a, # 0 are included in
the circle {|n| = M }. In order to obtain this result, let us observe that since |Cas| > 2 and
that Cyy is symmetric (by assumption on the a,) it means that there exist at least py, p; €
Cyy such that p, does not belong to the line passing through 0 and p;. Let ¢ # py, p» be
such that a; # 0. Since a_; = a4 # 0, and either |p; + ¢q| > M or |p; —q| > M, there is
no loss in generality in assuming | p; + g| > M, so that fori = 1,2, (p;, q) is degenerate
in view of (6.3). Since this holds for p; and p, not belonging to the same line passing
through 0, this implies that g belongs to the circle of radius M centered at 0.

Let us assume |Cps| < 2, which actually means |Cps| = 2 and Cpr = {p, —p}. Let us
prove that any ¢ such that a; # 0 belongs to the line passing through 0 and p. Let g be
such that |¢| < M and a; # 0. Without loss of generality we can assume |p + ¢q| > M
(otherwise there holds |—p + ¢g| > M and replace p by —p). Using (6.3) it follows that
(p, q) is degenerate, and since |¢| < M = |p| it follows that g belongs to the line passing
through 0 and p as claimed.

Remark 6.6. Combining this result with Theorem C, it holds that for any sequence
(an),ez2 with compact support which is not degenerate, there exists an open neighbor-
hood of t(4,) in M? such that any measure in this neighborhood is non-invariant under
the flow of (E).

Now, let us assume that there exist infinitely many activated Fourier modes a, # 0.
By assumption one can fix ny € supp(ay), such that [ng41| = |ng| + 1 and % — 0.

Our argument proceeds in two steps: first we show that there is a large angular sector
of the plane that asymptotically contains no activated Fourier mode, and then we rely on
this non-activated region to propagate this non-activation information in order to arrive
at the desired conclusion. Note that in our argument the strong decay assumption is only
used in the first step.

Fix some n¢ for which a,, # 0 and |ng| = 2. We use the following notation: By
denotes the ball of R? centered at 0 of radius M, and C(py, 6) the set of n € Z? for which
the angle 6(n, po) between n and py is smaller than 6(n, pg) in absolute value.

Lemma 6.7. Under the above assumptions, there exist M = M(ny), 6y = 0g(no, M) and
90l = 93‘ (no, M) such that the following hold:

@ If|p|>Mand p ¢ C(né,@d‘) U C(ng, 69) then a, = 0.

(i1) C(l’lo, 90) N Cpy C Rny.
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Proof. Let M > 0 be chosen later and let p € Z? be such that | p| > M. Because either
|p + no| > |p|or|p —ng| > p we can assume without loss of generality that | p + ng| >
|p|. We apply the condition y = 0 with the family of B¢ defined by (1.6) with py =
p + no (and m(n) = 1,—p,). Exploiting the symmetry in g and n yields

> lanllagP g (o~ )

2
n+q=po a1

=2 lapPlag*(po - 4*)? ( ! )(;_L>

o o 142/ \po +4>  lqP?

The left-hand side can be lower bounded by the (n¢, p) contribution, and the right-hand
side can be upper bounded using the triangle inequality, so that

1 1 \2
[ans Plap 0 p (s = 15 )< SlapaPlool® 3 laPlagl
qEeZ?

Imposing M = 2|ny]| it follows that
|, |2 16 x 8
sin” (6 (no. p)) | ”°|2 [PPPlapl* < —5—lang+pPlno + pI* D 1qI?laq |,
qeZ?

where 0(ng, p) denotes the angle between no and p. We can rewrite it as

4/8no| |ap+no 1m0 + p|
in(@ , < 0 2 2
sin(h.p)] < S 3 i

nol |ano+p| |ano+p|
<C 1+ —)———<C —_ 6.4
o)1+ ) T < o) (6.4)

At this point we are going to restrict p outside the angular sector C (nOL, 6p) in order
to ensure that [ng + p| = |p| 4+ 1, which happens if

i_|n°|_1/|n°|_i_(g(l)

2cos(0(no. p)) = = —
|no] Pl 7ol

)
Therefore, we can restrictto p ¢ C (n ,00) where cos 0y = | o- Note that we use |ng| = 2.

It follows that |[ng + p| = |p| + 1, and therefore by the assumption we can choose M =

M (ny) large enough such that C (no)% < 41_1' It then suffices to take 6y < arcsin i in
order to ensure that (i) holds (otherwise (6.4) is contradicted). Condition (ii) is obtained

by imposing further 6y < ﬁ |

Let us now fix M = M(ny), 8 = 6o(19, M), and - = GOL(nO, M) as in the previous
lemma Let us prove that supp(a,) is included in the strip Spy M(ng) ‘= {p = (P1, P2) €

2:\p-ng L < |ng| MK}, where K > m Indeed, take p & Sy, M(no)- Let us start
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with the case p € C(ng, 0;). Fix k € Z such that p + kng ¢ C(ng, 05-) U C(no, 6o).
This can be done because we have K(cos 6y — sin 0&-) > 1, which ensures that such a
k exists. Then the previous lemma implies a,yrn, = 0. Applying the condition y = 0
with the ﬁ,’,’;k"" we find that the couple (19, p + (k — 1)ng) is degenerate. Because | p +
(k —Dng| > |no| and p ¢ Rny, this forces ap4k—1)n, = 0. We can iterate this argument
and finally obtain a, = 0.

Assume now that there exists an activated mode n; ¢ Rng. Then the previous argu-
ment can be applied to n; and finally the activated modes are necessarily contained in the
intersection of two non-parallel strips of 72, i.e.,in a finite set, so that the case of compact
support implies that the set is contained in a circle centered at the origin.

6.5. Proof of Theorem D

In this section we prove that the Gaussian measure on H*(T?) induced by

Z 8 Z) einlx

oy (17 1083+ (m)?)

satisfies y 1=y > 0 (in this section we choose s = % and henceforth drop the subscript
from y). Such an example is a typical example one might consider to produce a measure
whose support is in H* but not in | J,. o H**®.

Our proof that y > 0 is computer assisted, making use of interval arithmetic to enclose
the true value of y in an interval whose endpoints are computed numerically. This method
allows us to fully account for CPU rounding errors; see [74] for an introduction to math-
ematically rigorous computation using interval arithmetic. We will use interval arithmetic
to give a strictly positive lower bound on y and then use analytical estimates to show that
the error of the truncation is sufficiently small to deduce y > 0.

We first compute for some N > 0O the partial sum

1 1
iz 3 amgi= 3 lanPlagPant (- s )an
Inl.lqg|>N Inl,lgl<N
where B4, = Bg,n,s is given by (1.6). Then we separately bound the error |y — yn| ana-
Iytically. The two estimates we prove for N = 30 are as follows:
1
SYN € [0.00011184535610465990373,0.00011184535613147070557],
1
§|y —yn| €[0,0.00010534979423897216787].

The interval for yy is obtained using interval arithmetic implemented in Python with
the mpmath package.’ See Appendix A for the code used to carry out the computation.

Shttps://mpmath.org


https://mpmath.org
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Computations were carried out with python 3.10.6 and the CPU is 11th Gen Intel(R)
Core(TM) i15-1135G7 @ 2.40 GHz.

Next, let us consider the analytic estimate on |y — yu|. First, note that as the summa-
tion in y is symmetric in n and ¢, there holds

YW= ), g =2 ) dnglin<igls

[nl,lgl<N [nl,lgl<N
so that
Y=y <2 Y dnglini<ig 2 Y, Y tnglinj<ig-
4151 [n>N nI>1 g >N

Using |n| < |g| we have (n)?® < 2%|q|?* and {g)?* < 2°%|¢|?*, as well as (n + ¢)>* <
5%|¢|?*. Therefore a crude bound on f, 4 reads

1 1 23/2 4 3172
2 2 s+2 s 2s _
C(}'l,qll}‘l|<|q| § |q| |n| |n|2 (2 + 5 )|q| |n|10|q|10 - |n|10|q|7
where we have used s = % > (0. We have also used m < 1. We will use the fol-

lowing bounds:
e 25/2 4 51/2 < 8 which is obtained by direct computations (by hand).

* Forany t > 4 we bound
1 1 2 1
> o S > WzZHnEZ nl =k
neZ2\{0} neZ2\{0} k=1
We use the very simple fact that
{neZ? |n| =k} C{neZ®: maxp,|n, <k}\ {0},
sothat [{n € Z?, |n| = k}| < (2k + 1)?> — 1 = 4k? + 4k < 8k? and therefore
1 - 8k2 - 8n?
Y nESl T S
neZ2\{0} k=1
We can also write
1 1 —K+2 —(K—2)k
2R = 2 ESINTTY 2 :
lg|l=N k=0 2Kk(N+1) k=0

<lg|<2k+tIN

therefore since ) ;- 2~(K=2k < 3 we have the crude bounds

_ 82 24
Z an,q\Sx—6 X 5
[n|<lq|

lg|=N,|n|=1
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Z Ung < 8 N13°

In|<lq|
lg|1=1,|n|=N

so that finally

1
— — $_
Sl =l s 3

< TVE_

v (e + )
1536(%+%> .
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where we have used 72 <10. An interval for the value of ¢ is also computed in Appendix A.

A.

0NN W

S
NN R W= OO

18
19
20
21
22
23
24
25
26
27
28
29
30
31

32

Python code

import numpy as np

from mpmath import iv #this is the interval arithmetic package

from mpmath import x*

sig=4 #value of sigma

s=1 #value of s

N=30 #cutoff in the partial sum

def norm(n,m): #defines the square of the norm

return iv.mpf (n**x2+m**2)

def bkt(n,m): #defines the square of Japanese bracket

return iv.mpf (1+n**2+m**2)

def ps(n,m,p,q):
return iv.mpf ((n*q-m*p) **2)

def a2(n,m): #defines |a_n|"2

return iv.mpf (1/((bkt(n,m)**(sig+1))*(iv.log(3+bkt(n,m)) **2)

))
S=iv.mpf (0)
for n in range(-N+1,N,1):
print (’step ’+str(m))
for m in range(-N+1,N,1):
for p in range(-N+1,N,1):

for q in range(-N+1,N,1):

scalar=n*q-m*p
result=0
if (scalar !'=0):

ps=iv.mpf ((n*q-m*p) **2)

Nn=n**x2+mx**2
Nq:p**2+q**2
Nng=(n+p) **2
if ((Nn < Nq)

and (Nn

+ (m+q)**2
and (Nn != Nnqg) and (Nng
< N*%2) and (Ng < N*%2)):

= Nq)

result=a2(n,m)*a2(p,q)*ps*(1/norm(n,m)
-1/norm(p,q)) *((bkt (n+p,m+q) **s) *(1/
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norm(n,m)-1/norm(p,q))+(bkt(n,m)**s)
*(1/norm(p,q) -1/norm(n+p,m+q) ) +(bkt (
p>q) **s) *(1/norm(n+p,m+q) -1/norm(n,m
)))

S=S+result

34| print (S)
35| print (iv.mpf ((1636/ (N**5)) *x(10/6+3/(N*x8))))
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