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An action approach to nodal and least energy normalized
solutions for nonlinear Schrodinger equations

Colette De Coster, Simone Dovetta, Damien Galant, and Enrico Serra

Abstract. We develop a new approach to the investigation of normalized solutions for nonlinear
Schrodinger equations based on the analysis of the masses of ground states of the corresponding
action functional. Our first result is a complete characterization of the masses of action ground
states, obtained via a Darboux-type property for the derivative of the action ground state level.
We then exploit this result to tackle normalized solutions with a twofold perspective. First, we
prove existence of normalized nodal solutions for every mass in the L2-subcritical regime, and for a
whole interval of masses in the Z2-critical and supercritical cases. Then we show when least energy
normalized solutions/least energy normalized nodal solutions are action ground states/nodal action
ground states.

1. Introduction

The present paper focuses on normalized solutions of nonlinear Schrodinger (NLS) equa-
tions with homogeneous Dirichlet boundary conditions on bounded domains, namely
solutions of the problem

—Au + Au = |u|P"?u inQ,
u=0 on 092, (1.1)

”u”%}(g) =K.

Here, @ C R¥ is a connected bounded open set, A and j are real parameters, and the
nonlinearity exponent satisfies
2N
€(2,2%), 2*=—— (2*=xifN =1,2).
pe@.2) — )
The attribute normalized for a function u solving (1.1) comes from the fact that its L2-
norm (usually called the mass) is prescribed a priori. In our setting, this means that the
parameter u > 0 is given, whereas A (sometimes called the chemical potential or the
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frequency) is an unknown of the problem. As is well known, the problem has a varia-
tional structure, since weak solutions of (1.1) are critical points of the energy functional
E:H}(Q) - R,

1 1
E(u,Q):= EHV””]Z}(Q) - ;Hu”ip(g)

on the L2-sphere
M (Q) = {u € Hy(Q) : ||u||iz(9) =,

A arising then as a Lagrange multiplier.

The study of normalized solutions for NLS equations has gathered a constantly grow-
ing interest in the last decades. In particular, among all solutions with fixed mass, specific
attention can be naturally devoted to least energy normalized solutions, i.e. functions u
solving (1.1) and satisfying

E(u, Q) = inf{E(v. Q) : v solves (1.1) for some A € R}.

In the seminal papers [10, 14], least energy positive solutions are identified for the prob-
lem on the whole R" in the L?-subcritical p < 2 + & and L2-supercritical p > 2 + +
regimes, respectively. When p < 2 + %, these least energy solutions can be found by
solving the minimization problem

inf  E@u,RY),
ueM, (RN)

which is attained for every u > 0. Conversely, when p is L2-supercritical this is no longer
possible, as the energy E is unbounded from below on M M(RN ) for every p, and different
approaches (e.g. of mountain pass type) are needed. Since [14], normalized solutions on
R¥ have been largely investigated in various settings (see e.g. [1-3,6,7,15,17-19,26-28,
33] and references therein) and a comprehensive theory is by now available. On the other
hand, on bounded domains the literature is more limited, to date, and the general portrait
is less understood. Given the boundedness of the domain €2, in the L2-subcritical regime
p <2+ % least energy solutions always exist and they are again the global minimizers
of E on the whole set M, (€2). The same is true for masses smaller than a threshold
(independent of ) in the L2-critical case p = 2 + %. When p > 2 + %, instead, even
existence of positive solutions (not necessarily least energy) is more involved, because
many crucial properties of the problem on R¥ are no longer available on bounded domains
(as e.g. the invariance under dilations of the ambient space). To the best of our knowledge,
the most comprehensive description of the set of normalized positive solutions is available
only when €2 is a ball and it is given in [20] (similar results have then been obtained also
for NLS systems in [21]). As for general domains, existence results for solutions (not
necessarily positive) with fixed Morse index have been derived when p is L2-supercritical
in [23, 24], whereas in [22] specific positive solutions are constructed for large masses
when p <2 + %, small masses when p > 2 + %, and masses close to an explicit value
when p =2 + %.
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The aim of the present paper is to fit into this research line focusing on the following
questions:

(1) How can we find least energy normalized solutions in the L2-supercritical regime?
(2) How can we find normalized nodal solutions?

As far as we know, to date both questions are essentially open. As for (1), the only avail-
able result we are aware of is the already mentioned one on the ball reported in [20], which
identifies the normalized solution with minimal energy among positive ones. Even in this
special setting, it is not known whether this is also the least energy solution among all solu-
tions with the same mass. For domains other than the ball, nothing seems to be known.
The situation concerning (2) is even worse, due to the lack of general existence results for
normalized nodal solutions. In fact, all papers in the literature either restrict their attention
to positive solutions, or do not allow one to recover any specific information on the sign
of the solutions under examination.

Though at a first sight questions (1) and (2) may appear somehow far from each other,
a common feature that may perhaps explain the lack of results in both directions is the
absence of suitable variational frameworks to tackle them.

This is readily understood when looking for LZ2-supercritical least energy solutions,
for which we have already observed that it is not possible to simply minimize E on the
whole manifold M, (€2) (as one does in the L?-subcritical regime).

Such a difficulty is all the more severe for normalized nodal solutions, for which a
proper variational framework involving the energy is not available even when p is L2-
subcritical. For instance, one may be first tempted to consider

inf  E(u,Q),
ueM, (Q)
uT#£0
where 4™ and u~ = min(u, 0) are the positive and negative parts of u, but it is evident that
this number is never attained, as it coincides with the infimum of £ on the whole M, ($2)
(with no sign constraint). Even a slightly more sophisticated approach considering the
two-parameter minimization problem
inf E(u,Q),
uteMy, (2),u~eMu, (Q)
W=p1+ 2
leads to seemingly insuperable difficulties.

In this paper, we tackle both (1) and (2) using a unified approach: we take advantage

of already available existence results for solutions of the problem

{ —Au+Au=[ulP"2u inQ, 12

u=0 on 012,

for a given A € R, i.e. (1.1) without the mass constraint, and we characterize the depen-
dence on A of the mass of such solutions. Indeed, for a fixed A € R, it is well known
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that positive (up to a change of sign) solutions of (1.2) can be found variationally e.g. by
considering (for any p € (2,2*)) the minimization problem

= inf Q
Jad) ue}f/l(g)h(u’ )

A

for the action functional Jj (-, 2): HO1 () > R,

1 A 1
Ja(u, Q) = Envu”izm) + E”u”iz(g) - ;”uuip(g)

constrained to the associated Nehari manifold

Nu(R) :={u € Hy(Q)\ {0} : J; (u, Qu = 0}
= {u € H()l (€2)\ {0} : ||V”||i2(g) + A”“H%}(Q) = ”””Zp(gz)}'

Similarly, when looking for nodal solutions one can consider the problem

g4 := inf  J(u,Q),
NPod(Q)

where
NPU(Q) == {u € HJ (Q) : uF € Nu(Q)}

is the nodal Nehari set. Depending on the value of A, existence of solutions of these two
problems, usually called action ground states and nodal action ground states respectively,
is essentially well known (see Section 2 below for further details).

The main contribution of the present paper is the following complete characterization
of the masses of all action and nodal action ground states.

Theorem 1.1. Let Q@ C RY be open and bounded and, for every p € (2,2*), let

My(Q) = {||u||22(m cueMNM(Q)and Jy(u, Q) = $a(A) for some A G]R},

nod . 2 nod nod (1.3)
M, (Q) = {||14||L2(Q):u€¢/\//1 (2) and Jy(u, Q) = 45 (/\)forsomeke]R}

be the set of masses of all action ground states and nodal action ground states, respec-
tively. Then

i ifp<2+ %, then Mp(Q) = M24(Q) = (0, 00);

G) ifp=2+ N, then there exist 0 < [ip, ,u“"d < oo such that either M, = (0, i)
or M, = (0, Mp] and either M“"Ul (0, ,u“"d) or Mnnd (0, ;L"Od],

Gii) if p > 2+ N’ then there exist 0 < [ip, /L“Od < oo such that M, = (0, up] and
Mnod (0 Mnod].

Notice that Theorem 1.1 holds for any bounded open subset  in R, and this high
generality makes its proof far from trivial. Indeed, taking for granted the existence of
action ground states (resp. nodal action ground states) u, at fixed A, one may be tempted to
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try to characterize the set M, (resp. M. ;,‘Od) by studying the map A > [lu;[|12(q). However,
in principle such a map is not even well defined, as ground states need not be unique, and
in any case its regularity is by no means guaranteed. In fact, in other contexts where the
dependence on A of the mass of a curve of solutions u, is relevant, it is common to
assume from the very beginning that we work with a C! curve of solutions (as one does
e.g. in the standard stability theory for Hamiltonian systems [13,25,34]). For ground states
on a general bounded domain, this level of regularity is too strong. Instead, the proof of
Theorem 1.1 does not require any regularity assumption of this sort and exploits a different
perspective. Roughly, we will show that M, (resp. M 1‘;"") is the range of the derivative of
the action ground state level Jq (resp. of gzg’d) so that Theorem 1.1 can also be seen as a
Darboux-type theorem for g and gg’d (see Remark 4.1).

Let us now discuss the impact of Theorem 1.1 on questions (1)—(2) above. With respect
to (2), since even the existence of one nodal solution of (1.1) at prescribed mass p is in
general an open problem, we have the following result, which is an immediate corollary
of Theorem 1.1.

Theorem 1.2. Let Q@ C RN be open and bounded, and p € (2,2*). Then
G ifp<2+ %, there exists a nodal solution of (1.1) for every pu > 0;
) ifp=2+ %, there exists a nodal solution of (1.1) for every u € (0, u;‘,"d), where
/LZOd is as in Theorem 1.1 (ii);

@) ifp>2+ %, there exists a nodal solution of (1.1) for every u € (0, 9], where

P
/L;Od is as in Theorem 1.1 (iii).

Remark 1.3. Clearly, a statement analogous to Theorem 1.2 can be given for normalized
positive solutions of (1.1) too, with u, in place of /L;Od. When p <2 + %, this does not
extend the existence results for positive solutions already available in the literature. On
the contrary, it is more relevant in the Lz-supercritical case. Indeed, in this regime, our
approach provides a simple technique to exhibit normalized solutions for a whole interval
of masses (0, up] and, as far as we know, similar results have previously been obtained
only through more technically demanding constructions (see e.g. [23]).

Since Theorem 1.2 provides regimes of nonlinearities and masses for which the set
of normalized nodal solutions is not empty, it is then natural to wonder whether one can
identify the least energy nodal solutions, i.e. u solving (1.1) such that u® = 0 and

Eu,Q) = inf{E(v, ) : v is a nodal solution of (1.1) for some A € ]R}.

In fact, our method allows one to answer this question in the affirmative in the L2-
subcritical and L2-critical regimes. To state this result, let

. . 1 2 1 2 1 2+4/N
py =2 _int N)(§||W||L2(RN) + 5 1l 2y - mnmuwm(m)). (1.4)
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Theorem 1.4. Let Q C RY be open and bounded, and either
() p<2+ 4 andp>0;or
) p=2+ % and 0 < u < 2upn, where pu is the number in (1.4).

Then there exists a least energy normalized nodal solution with mass . Moreover, every
least energy normalized nodal solution u is a nodal action ground state in N /{“’d(Q), where
A is the number associated to u in (1.1).

Theorem 1.4 says that, in the above regimes, least energy normalized nodal solutions
are nodal action ground states. Observe that, at the critical power p = 2 + %, we are
able to prove this fact only for masses strictly smaller than the threshold 2y < u;‘;’d (see
Remark 4.7 below), although nodal solutions exist for every u < ,u;"d (Theorem 1.1).

Remark 1.5. Again, the analogue of Theorem 1.4 can be stated and proved for least
energy normalized positive solutions. In this case, solutions with minimal energy exist
for every mass when p < 2 + %, and for every mass strictly smaller than py when
p=2+ %, and they are also action ground states in N (€2) for suitable A. However,
this is already well known, since in this range of p and pu it is easily seen that £ admits
global minimizers on H PIL (£2), and that such minimizers are also action ground states was
recently proved in [12, Theorem 1.3].

Remark 1.6. Combining our results with those of [20], we obtain a perhaps unexpected
consequence. When Q isaball, p =2+ 4/N, and for i € [un,2un) there exist least
energy normalized nodal solutions with mass p, by Theorem 1.4. By [20, Theorem 1.5],
there are no positive solutions of mass w. This means that least energy solutions of mass
W are nodal.

Theorem 1.4 (and its counterpart for positive solutions) gives no insight into the
L?-supercritical regime. However, it makes perfect sense to wonder whether normalized
solutions with minimal energy are action ground states also when p > 2 + %. At present,
we are not able to answer this question for any general bounded and open set  in R¥,
but we can partially solve the problem at least for star-shaped domains of R¥ . The next
theorem summarizes our results in this direction, which provide our main contribution
with respect to question (1) above.

Theorem 1.7. Let Q be bounded, open, smooth and star-shaped, p € (2 + %, 2*), and

nod

Mps 1

everyl;L < Wp, and there exists a least energy normalized nodal solution for every p <
;L;‘,Od. Moreover, there exist ji, < W, and C, > 0 such that every least energy normalized
solution u with mass . < fip is an action ground state in N (2), where A is the number
associated to u in (1.1) and satisfies A < Cp,. Analogously, there exist ﬂ;Od < M?,Od and

C’f“’d > 0 such that every least energy normalized nodal solution v with mass u < ﬁ;‘,"d is

be as in Theorem 1.1. Then there exists a least energy normalized solution for

a nodal action ground state in N i‘,"d(Q), where A’ is the number associated to v in (1.1)
and satisfies A’ < Clﬁ“’d.
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Note that Theorem 1.7 not only shows that, in certain regimes of masses, least energy
solutions are again action ground states, but it also proves that the corresponding fre-
quency A of such ground states is bounded from above uniformly in A. In fact, in the
L?-supercritical regime it is not difficult to show that action ground states have small
masses both when A is close to —A; and when A is large. Theorem 1.7 suggests that, even
though they have the same masses, small frequency ground states are energetically conve-
nient. This kind of property has been observed before when €2 is a ball (see [20, Theorem
1.7 and Remark 6.4]), and to some extent one can interpret Theorem 1.7 as a first step
towards a proof of a result of this sort for general domains.

It is an open problem to understand whether the content of Theorem 1.7 remains true
when €2 is not star-shaped. Note that, in the proof of Theorem 1.7 reported in Section 5
below, the star-shapedness assumption plays a role not only to show that least energy nor-
malized solutions are action ground states, but also to prove that a least energy normalized
solution actually exists.

To conclude, we wish to point out that the argument developed in the present paper
is not limited to NLS equations (1.1) with a pure power nonlinearity and homogeneous
Dirichlet conditions at the boundary. On the contrary, since it can be generalized to other
boundary conditions or nonlinearities, the paper actually provides a new approach to the
study of normalized solutions of NLS equations, which one can try to exploit whenever a
suitable Nehari manifold associated to the problem under examination is available. More-
over, this work can be seen as a further step in the investigation of the relation between
the action and the energy approaches to the search of solutions of NLS equations, thus
extending the first analyses in this direction recently started in [12, 15].

Finally, we also note that, between the submission and the first revision of this paper,
we came to know of the preprint version of [29, 30], reporting on results related to the
ones we derived here. These two works deal with the Sobolev critical case p = 2*, but
the analysis developed therein should actually cover the whole L2-supercritical regime
pe+ %, 2*). In particular, it is worth mentioning that [29] obtains the existence of
a positive least energy normalized solution for sufficiently small masses when 2 is star-
shaped (as in Theorem 1.7 above), whereas [30] proves the existence of multiple sign-
changing solutions with small mass on general bounded domains (but no information is
given on least energy solutions). The methods exploited in [29,30] are completely different
from the ones in the present paper, as they are based on variational approaches involving
the energy functional only. These techniques have been further exploited in the recent
preprint [16] to study sign-changing normalized solutions on compact metric graphs.

The remainder of the paper is organized as follows. Section 2 recalls some known facts
and proves preliminary existence results for nodal action ground states. Section 3 provides

a detailed analysis of the nodal action ground state level ;’g’d, whereas Section 4 gives the
proof of the most important theorem of the paper, i.e. Theorem 1.1, on the masses of action

ground states. Finally, Section 5 completes the proof of the remaining main results of the
paper, namely Theorems 1.2—1.4—1.7.
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Notation. Throughout, we will use shorter notation for norms such as ||u||,, avoiding
writing the domain of integration whenever it is clear from the context.

2. Existence results for nodal action ground states

This section discusses existence and nonexistence of nodal action ground states on open
bounded subsets € of RY. We recall that, if Q is smooth, existence of such states has
been proved in [4, Theorem 1.1]. Hence, here we limit ourselves to proving some basic
estimates that allow us to extend this already known result to general open and bounded
sets (without regularity assumptions).

We start by recalling the picture for action ground states. The following result concern-
ing the action was proved in [12, Theorem 1.5, Lemma 2.4, and Remark 2.5]. Here, 1,
denotes the first eigenvalue of —A with homogeneous Dirichlet conditions at the boundary

of Q.

Proposition 2.1. For every p € (2,2%), the following properties hold:
(1) Forevery A < —14q, $o(A) = 0 and action ground states in Ny (2) do not exist.
(i) Forevery A > —Aq, $a(A) > 0 and action ground states in Ny (2) exist.

(iii) The function $q:R — R is locally Lipschitz continuous and strictly increasing
on [—Ay, +00).
(iv) Letting Qp(A) = {[lull3 : u € Ny (Q) and J (u, Q) = Jo (L)}, there results
A — A 1
lim Fa(d +e)—Fa(r) _ zianp(l)

e—0t &

1
5 5up 0, (%)

_ oy Fe+ o) —da()
= lim .

e—>0" &

IA

Moreover, for every A outside an at most countable set, all action ground states
have the same mass (i.e. Qp(A) is a singleton).

Remark 2.2. It is well known that the threshold —A; appearing in the preceding result
is also a threshold for the existence of constant sign solutions. Precisely, if A < —A; then
(1.2) has no nonzero solutions u with u > 0. It is also well known that if A > —A and u
is a nonzero solution with ¥ > 0, then u > 0 in Q.

We now establish a similar picture for nodal action ground states. In this setting,
a major role is played by the second eigenvalue A, of —A with homogeneous Dirich-
let conditions at the boundary. Requiring only A > —A, poses some problems that one
does not encounter in the study of signed ground states. For instance, the inequality
[Vul|3 + Allu]|3 > 0 does not hold for every u and checking it for a given u requires
some care. Also, we will have to estimate the norms of the positive and negative parts of
functions separately, something that is not directly readable from the functional J,. For
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these reasons we proceed with single statements instead of collecting them all together as
in Proposition 2.1.
We recall that, given A € R and u € Hj () such that [|[Vu||% + A|u||3 > 0, defining

Va2 + A2\ 7
”*(”)::( Il ) ’

we have n) (u)u € N, (2). We also recall that if u € N, (2), then

1 1
S, Q) = kllull} = k(IVul3 + Aully), « = 27 2.0

a fact we will tacitly use in the proofs.

Remark 2.3. The fact that nodal action ground states in N /{‘Od(Q), when they exist, are
solutions of problem (1.2) is well known (see e.g. [5, Proposition 3.1]).

The next proposition is the nodal analogue of Proposition 2.1 (i).

Proposition 2.4. For every p € (2,2*) and every A < —M,, gg’d (A) = 0 and nodal action
ground states in N )‘C"d(Q) do not exist.

Proof. Fix any A < —A, and let ¢, € H (£2) be an eigenfunction corresponding to A, =
A2(R). Denoting Q7 := supp((p2+ ) and Q7 := supp(¢; ), there results, as is well known,
A2(R) = A1(Q1) = A1(27). Then, by assumption, A < —1;(QF) = —1;(Q7). By
Proposition 2.1 (i) we deduce that

nod : + : -
A) < inf  Jy(v, Q")+ inf J3(v,27)=0.
Fa°( )_UGM(m) a( ) . a( )

Since g%¢(1) is always nonnegative by (2.1), we see that $&?(1) = 0. Furthermore, again
by (2.1), if u were a nodal ground state in N /{‘Od(Q), we would have ||u||, = 0, which is

impossible as 0 & :A//{‘Od(Q). |

In the following, let
[ Vul|
Cp) = 3
ueH @\0} [ullp

Proposition 2.5. For every p € (2,2%), there exist positive constants Cy, C, such that
forevery A > —A,,

FR4(0) < C(A + A2) 72, 2.2)

A+ Aoy i
élé‘?d(k)zszin(l, * 2)“. 2.3)

2

Proof. To prove (2.2), notice that when A > —A,, if ¢, € H} () is an eigenfunction
associated to A5, then ||V(p2i||% + )t||<,02jE 5=+ )k2)||<,02jE 15 > 0, so that n,l(gozi) is well
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defined and n; (93 )es + na(93)e; € HN7°4(2). Hence,

F& ') < Tu(na(e)ey +nalpy)es . Q) = kn;e) )”II@ZFII}? +emp(e) P ez NIy

27p - f
= k(A +22)72 ((”‘0 ”2) - (”%_”2) ’ ) = CL(+ )72,
”‘Pz I ”‘/’2 ||p

which is (2.2). To prove (2.3) we use an argument taken from [8]. Given u € N /{“’d(Q),
we notice that, plainly, there exists s € (0, 1) such that us := su* + (1 — s)u™ is L>-
orthogonal to the eigenspace E; associated with A;. Since 1) (uy) is well defined, we
see that the function v := n; (us)us belongs to N3 (Q) N Ef, and we write it as v =
aut 4+ Bu~ for some o, B > 0. Then, as u™ and u~ belong to N (),

L, Q) = L(aut, Q)+ L(Bu™, Q) < J,ut. Q)+ J,u",Q) = Ju,Q), 2.4)

since, by definition of the Nehari manifold, J; (tu®, Q) < J,(u™, Q) for every ¢ > 0.
Now, if A > 0, obviously
IVul3 < [IVullZ + Allvl3,

while, if A € (—12,0),

A4+ Ay

v —— Vo3 = Vvl + —IIVvllz < IVol3 + Allvl3

because v € £ f‘ From the two preceding inequalities we obtain

. A+ A _
min(1, =22 ) IVl < Vol + A0l = 0] < C(p) I 9vl3,
so that L .
1902 > C(p) 72 min(1, =2) 72,
2
Thus Py
. + A2
(0, 9) = k(IV0]3 + Avl3) = e min(1, )Ivol3
2p A+ Ao\ 7=
ZKC(p)psz min(l, 1_2 2)” 2,

which proves (2.3) (with C; = «C( p)%) using (2.4) and taking the infimum over u €
N f"d(Q). [ ]

Remark 2.6. For future reference, we notice that an estimate similar to (2.3) holds for
Jq: there exists C > 0 such that for every A > —A1,

)L—f-ll)ﬁ

Ja(l) > C min(l, »
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To check this, it is enough to notice that, for every u € N, () with A € (=11, 0),

A+ A
A

and proceed exactly as in the proof of Proposition 2.5.

A
IVul3 = IVul3 + TIIIVullﬁ < IVull3 + Alul3

The following “a priori” type result will be used in the proof of existence of nodal
action ground states on arbitrary domains and will also provide a useful tool for the next
sections.

Proposition 2.7. Let (2,)n>1 be a sequence of connected open sets such that 2, € Qp41
forall n and Q@ = J,,~, 2n. Let (@n)n>1 S (—A2, +00) be a sequence converging to
A € (—Az, +00), where Ay = A2(2) is the second Dirichlet eigenvalue of —A on Q.

Suppose that, for every n, u, € H}(Q2) is a nodal action ground state in N&l"l’d(Qn),
extended by 0 on Q \ Q. Then, up to subsequences, (1), converges in H}(2) to a
Sfunction u, which is a nodal action ground state in N de(Q) and

Jim g5 (@) = 95 (R) = Jr(w, Q). 2.5)

Proof. Letg, € HO1 (£21) be an eigenfunction corresponding to A, (£21) > A, (2), extended
by 0 to €2. Since for every n > 1,

Ve 13 + anlley’ 15 = (Aa(Q0) + an)llez 13 > (A2(R1) = 222D e[5> 0.
we see that the numbers ng, ((pzi) are well defined. Therefore,

Ja, (Un, Q) = inf Jo, (v, 2p) < Ja, (ng, ((,0;)(,0;_ + na, (902_)@2_7 Q)
UE:N;gd(Qn)

+ 2z _ 20
= k(A2(21) +ot,,)p€2((”§01”2)p I (”%_Hz)" )
oz 1l oz Il

from which we deduce (the sequence «,, being convergent) that Jg, (u,, ) is bounded.
By (2.1), this implies that u,, is bounded in L?(2) and hence in L?(Q2), because € is
bounded. Again by (2.1), we obtain that u, is bounded in H (€2). Therefore, up to sub-
sequences, (un), converges weakly in Hy () and strongly in L?(Q2) to u € H}(RQ).
Noticing that, if u, € N;:d(Q,,), then we also have u, € N;‘:d(ﬂ), (2.3) shows that

«lullf = Kli;n lunl) = lirrln Jo, Un, 2n) > lin}linfg?{’d(an)

Ap\ s A+ Ao\
zCzliminfmin<l,a”+ 2)“ :szin(l, + 2)“ >0
n 12 12

because o, — A > —A,. Therefore u # 0.
Given any ¢ € €2°(£2), we have supp(¢) € 2, for all n large enough, and since by
Remark 2.3, u, is a solution of (1.2) in €2, with multiplier ¢y,

/Vun'V(P‘i'Oln/ un§0:/ |un|p_2unfp
Q Q Q
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for all n large enough. Letting n — oo, we see that u solves problem (1.2) with A =
lim,, oy,.

Next we show that u is nodal. Assume by contradiction that, say, u > 0. Then, by
Remark 2.2, A > —A;. Since, as above, u,jf € My, (£2), by Proposition 2.1 we see that

el 17 = ktim ;|12 = Tim J, 2, 24) > liminf Fo () = Fa () > 0,

i.e. a contradiction. Hence, u € N f"d(Q).
It remains to prove that u is a nodal action ground state and that (2.5) holds. First
notice that, by the already proved convergences of u, and o, — A,

lim 55 () = Tim J, (2, 25) = lim 12 = ]} = T30, R) = FER), 2.6)

because u, € NJ°(RQ,) and u € N*(Q).

We now establish the reverse inequality. To this aim, given any ¢ > O, it is easily
seen, by density, that there exists a function v € N /{‘Od(Q) N C(£2) such that Jy (v, Q) <
;"gz"d(/\) + ¢. Since v has compact support in €2, actually v € N. i“’d(Q,,) for every n large
enough. Now, as n — 0o,

Vo™ 13 + enllv ™13
v+l

lv* i3
v+l

o, 0H)?P7% = = 1+ (@ - 1) = 1+ o(1).

and the same for n4, (v7). In particular, nq, (VF)vt + ng, (V7)v™ € Ny, (25) and

8 (@n) < Jay (1, 00 F + 1, (0707, 20)
= k1, )P[0 2 + K, 077 [0 12

< (A +oM)kfv) = 1+ 0(M))Ja(v, Q) < (1 +o())(FF'R) + &),

from which we obtain
lim 5% (@) < JEIA) + 6.
n n

Recalling that ¢ is arbitrary and coupling with (2.6), we see that u is a nodal action ground
state and (2.5) holds. This also shows that the convergence of u, to u is strong in H/ ()
and completes the proof. ]

We can now prove that nodal action ground states exist on arbitrary bounded open sets
Q when A > —1,(Q2).

Proposition 2.8. For every p € (2,2%) and every A > —A,, nodal action ground states in
N f"d(Q) exist.

Proof. A proof that nodal action ground states exist when A > —A; can be found in [9,32].
This result was extended in [4, Theorem 1.1] to cover all A > —A,, assuming 2 is smooth
(regularity is used to turn N /{“’d(Q) into a manifold, see [4, Lemma 3.2]). Here we slightly
extend [4, Theorem 1.1] to arbitrary domains.
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Using [11, Proposition 8.2.1], there exists a sequence of connected and bounded open
sets 2, with smooth boundary such that Q,, € Q,44 for all n and Q = | J,.; Qx. Let
A > —2A,(R2). By inclusion, A,(€2,) > A,(R2) forall n > 1, so that A > —)Lz(ﬁn). By [4
Theorem 1.1], there exists a nodal action ground state u,, € N. )‘C"d (£2,). Applying Proposi-
tion 2.7, the sequence (u,), converges, up to subsequences, to a nodal action ground state
in N )‘L“’d (2). [

3. The level of nodal action ground states

In this section we collect some properties of the nodal action ground state level that will
be used later on. We begin with a lower bound on the L?-norm of positive and negative
parts of nodal action ground states.

Lemma 3.1. For every a > —A, there exists ¢y > 0 such that, for all ) > «a and all
ue N,{M(Q) such that J) (u, Q) = ﬂ“"d()t), there results

+
[u™llp = cq-

Proof. We argue by contradiction. Assume then that there exist sequences (4,), and
(un)n such that, for every n, A, > o and u, € N f:d(ﬂ) is a nodal action ground state
such that, for instance,

1l = 0 G.1)

as n — 0o. Observe that this implies that fq(A,) — 0 as n — o0, so that limsup, A, <
—A1 by Proposition 2.1. Hence, (1,), is bounded and, up to subsequences, we may
assume that A,, — a for some @ > «. In particular, a > —A,. Then Proposition 2.7 implies
that, up to subsequences again, (u,), converges in H!(£2) to some nodal ground state u
in N°4(2). In particular, u™ # 0. Since (u;"), converges strongly in L?(2) to u™, this
contradicts (3.1). ]

We can now provide an analogue of Proposition 2.1 in the nodal setting.

Proposition 3.2. For every p € (2,2%),

(i) the function gg 20d: R — R is locally Lipschitz continuous and strictly increasing
on [—Az, +00);

(i) for every A > —A,, let
Q““‘(A) = {JJul3 : u € N°UQ) and Jy(u, Q) = ')}

Then
nod A nod A
lim sup Fo (A te)—dg M) %1 anOd()L) <= sup Q“"d(/\) 3.2)
e—>0t €

nod A nod A
Shm(i)nf&’ (A +e) —Fg°( ).
e—>0— e
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Furthermore, for almost every A, all nodal action ground states have the same mass
. d . .
(i.e. Qp°°(A) is a singleton).

Proof. To establish (i), note first that the continuity of gg¢ nod follows directly by Proposi-
tion 2.7 taking 2, = 2 for every n.

Since &4 = 0 on (—oo, —A,] by Proposition 2.4, to obtain the desired monotonicity
of & nod \we only have to prove that IS nod js strictly increasing for A > —A,. To check this, it
is enough to show that every A > —A, has a neighborhood where ¢& nod g strictly increasing.
To this aim, let A > —A; be arbitrarily fixed. We claim that there exists § > 0 such that, for
everya,f € (A—38,A+6) witha < B, ifug € NE"d(Q) satisfies Jg(ug, Q) = g““d(ﬂ),
then ||Vu§||§ + oz||uﬂi||§ > 0. Indeed, since €2 is bounded and p > 2, |lu|2 < C|jul|, for

-2
every u € H}(Q2), with C = |Q|p27 Hence,

IVug I3 + alug |5 = IVug I3 + Blug I3 + (@ — B)lug |3
= uglly + (@ = B)llugll3
> [lug |} + C*(@ = B)llugll; > 0
if B — « (namely §) is small enough (note that, by Lemma 3.1, ||ul:3F|| p are uniformly

bounded away from zero if § is bounded away from —A,). This shows that na(uf) is

well defined. So, letting o, B and ug be as above and noticing that na(u‘:;) < 1, we have

5‘?20(1(0‘) = Ja(na(u;)u; + na(uﬁ)uﬁ, Q) = K(na(u;)p”u;”g + na(uE)pHMEHf,’)
<klluglly = Jp(up. 2) = g5(B). (3.3)
which shows that & nod js strictly increasing around every A > —A,.

To complete the proof of (i), it remains to show that g“"d is locally Lipschitz con-
tinuous. To this end, we first prove (3.2). For the first inequality, let A > —A, and let
ueN n"d(Q) be any function such that J) (u, Q) = g“"d(/\) (at least one such nodal
action ground state exists by Proposition 2.8). For every ¢ > 0, we have, as in (3.3),

FEA+8) = 5N < Tapeape U™ + nipe@Hu™, Q) — Ji(u, Q)

= k[ (1a1e)? = DIu™ |7 + (ae@)? = Dllu~|17].

Since, as ¢ — 0,

+12
+ ep w3
nyre(™)? = +o(e),
* p =2 |u]p
we have
: n ep_ It
S e R C) [
p

K(pgpz” :||||§ +o (e>)l|u I5 = 513 + ofe).
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Therefore, for allu € N, /{‘Od(Q),

. A +e)— g 1
lim sup = S lull3.
e—>0t €

[\

proving the first part of (3.2).

The argument for the last inequality in (3.2) is the same, after noticing that n) ;. (u) >
0 for every negative £ small enough.

We can now prove that g is locally Lipschitz continuous on [—A5, +00) (the claim
is trivial on (—oo, —A,]). Note first that, by the first inequality in (3.2), the fact that ||u |5 <
Cllully =2pCgg(X)/(p —2) if u is a nodal action ground state in N;°¢(€2) and the
continuity of & nod for every compact interval K C [—A,, +00) there exists a constant

L > 0 such that . .
no A{ + e not A‘ L

sup lim sup Fa'( )~ Fa( ) — (3.4

AEK g—0*t € 2
Then, given € K, consider the function f(8) := $&%(B) — $&4(a) — L(B — @), defined
for every B € K such that 8 > «. Assume by contradiction that there exists 8 such that
JS(B) > 0. Since, by definition of f and L, f(s) is strictly smaller than f(«) = 0 for every
s in a right neighborhood of «, then f* would have a minimum point B in the interior of
K. But this is impossible, since at § it should be

nod nod
i sup B0 = 15°B)

e—>01 €

contradicting (3.4). Hence, f is nonpositive on K, that is 5l“°d is L-Lipschitz continuous
on K. This completes the proof of (i).

Finally, since ¢ nod js Jocally Lipschitz continuous, it is in particular differentiable for
almost every A > —A,. If gl“"d is differentiable at some A, all inequalities in (3.2) are
equalities, and QnOd (1) is a singleton, concluding the proof of (ii). |

We now turn to the asymptotic behavior of g nod(2).

Proposition 3.3. Let uy be the number defined in (1.4). Then

+ fe(22+4)
(0, @] 5 e )
uyp N

0] 4
1 = if p = — 35
A—:¥Eéo A Hu fp=2+ N’ G-)

0 ifpe(2+i 2*)
N

Proof. 1tis just a slight variant of [ 12, Lemma 2.4], where analogous properties are proved
for §o. We will therefore be rather sketchy here. For every p > 0, set

Ea(p) == in( E(u, ).
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In [12, Proposition 2.3], it has been shown that for every p € (2,2%), every A € R, and
every > 0,

Fa(d) = Ea(2p) + Ap
(be careful that in [12] the manifold M, (€2) is defined as the set of functions in HO1 ()
whose L?-norm is equal to 244, whereas here functions in M, () have L?-norm equal to
). If u is any element in N /{‘Od(Q), then u* € N, (R) and, by the previous inequality,

Ja(u, Q) = L, Q) + L™, Q) = 2da(A) = 2(Ea(2u) + Ap).

Taking the infimum over u € N. /{‘Od(Q) we conclude that for every p € (2,2%), every A € R,
and every u > 0,
FE) = 2(Ea@u) + Ap). (3.6)

We now distinguish cases according to the value of p.

Case 1: p € (2,24 4/N). It is well known that in this case Eq(2u) is finite for every
u > 0. Therefore, by (3.6),

ming R L g 262@0 H A
A—>~+00 A )k—>+oo A '

Since p is arbitrary, the conclusion follows.

Case 2: p =2+ 4/N. By [12, Lemma 2.1], Eq(un) = 0, so that again by (3.6), for
every A > 0, we have

I3 = 2(8(un) +25) = A,

yielding ¢ “Od()t) /A > un.Conversely, in [12, Lemma 2.4] it is shown that, for sufficiently
large A, there exists a function vy € N (£2) compactly supported in a small ball B con-
tained in © and such that [|v,||3 = py and E(vz, B)/A = o(1) as A — +o00. Let w;, be
a translation of v, supported in another ball contained in €2 but disjoint from B. Clearly,
v — wy € NURQ), lvy —wall3 = 2un and E(vy — wy, 2)/A = o(1) as A — +oo.
Hence,

J&'(A) vy —wy, Q) . By —wy, Q)+ Apn

hmsup— <limsuyp ————— = = lim = UN,
A—>+o00 A—>+o0 A A=>+o00 A

and Case 2 is proved.

Case3: p € (24 4/N,2*). Again asin [12, Lemma 2.4], for large A we can construct a
function vy, € N, (2) supported in a small ball B C 2 and such that J(v;, 2)/A — 0 as
A — 400 (thanks to p > 2 + 4/N). It suffices now to define w) as in Case 2 to see that
vy — wy € N°U(R) and

55“"‘1(1) . Nl —w,, Q)

J , Q2
lim sup ——— lim =2 lim M

=0.
A—+oo A—>+oo A A—>+o0 A

Since (for A > 0) ;’“"d()t)/)t > 0 by (2.3), the proof is complete. |
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4. Proof of Theorem 1.1

The purpose of this section is to prove the characterization of the masses of all action
ground states and nodal action ground states as stated in Theorem 1.1.
To this end, recall the definition of the sets M, (2), M 1‘,‘°d(52) given in (1.3), and note
that
M) =) 0,0, My @) = 5.

AeR A€R

where Q,(A), Q;‘,"d (A) are the sets in Propositions 2.1 and 3.2, respectively. Furthermore,

for every p € (2,2%), we denote

iy = 2sup{ga(A) : dq is differentiable at A}, (4.1)
pi = 2sup{(&Y' (V) : g& is differentiable at A}, 4.2)

and we recall that u p is the number defined in (1.4).

Remark 4.1. We will see that although Jq (resp. 3’?2"‘1) may fail to be differentiable on
a set of measure zero, every value u € (0, % Wp) (resp. (0, % u°d)) is achieved by o

p
(resp. ( 5(?2“')’). This is the Darboux-type property we mentioned in the introduction.

The rest of this section is devoted to showing that p, /L;"d above provide the desired

thresholds of Theorem 1.1, and that they are equal to +o00 when p <2 + % and finite
when p > 2 4 %. Since the argument is exactly the same both for action ground states
and for nodal action ground states, here we report it in detail only for the nodal case. The
argument is divided into the following series of lemmas.

Lemma 4.2. For every p € (2,2%), let

nod A _ ¢gnod A
Gl S R S N O
& A€R

g(A) := liminf
e—>0—

Then the following hold:

(1) if u €(0,2), then u € Ml‘,“’d(Q);

@) if > g then ¢ MP™(9)
Proof. Note first that, by Propositions 2.8 and 3.2, g > 0. We fix any u € (0, g) and we
take A such that u < 2g(A) < g. Note that if g is not attained, then A exists by definition;

if g is attained, we take A such that 2g(1) = g. Since y < 2g(A), there exists § > 0 such
that for every ¢ € (-6, 0),

L350+ o) — g3 h)
&

1 _
> E(M +2g(A)),

or
FoIR 4 ) < g(0) + Z(u +2g(2)). 4.4)
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Now define the function f},: [-A2,A] — R as
no M
fulh) = 9500 - S,

Since f), is continuous, it has a global minimum point Ae [—A2, A]. Notice that A # —A2
because, by (2.2), f,,(1) < fu(—A2) in a right neighborhood of —A,. Similarly, A # A
because for ¢ € (=6, 0), by (4.4),

fu() < fuG+8) = g0 +6) — %i - gu
<350 + 3 (1 +25 () - 51— Sp
_ 1) — _
= L +e 2O L,

Therefore, & € (—A2, A) and Ju (5& +é&)— fu ()~L) > 0 for every |¢| small enough. Now, if
<0,

BUA+e) g5 D) p_ 5 G+ e) —pd/2—en/2— g Q) + ud/2
& 2 €
_ Sl o)~ fuD)
; <0,

whence 47 47
nod (3 — gnod(y
2 lim sup Fo (A te)—dg M) < u.

e—>0~ &

The same computation, for ¢ > 0, leads to

nodi _ nodi
2limint P2 GO "D

e—>0t &

These inequalities, coupled with (3.2), show that gg;d is differentiable at A and that
(g29%Y (L) = p1. Thus, every nodal action ground state in Nf"d(Q) has mass u, and
w € Mp°4(S2). This proves (1).

To prove the second statement, just notice that if & > g is the mass of a nodal action
ground state ¥ in some N. f°d(§2), then by (3.2),

B+ ) — JEIA)
&

g<p<supQpi) < 2lim inf =2¢(}) < g,
e—>0"

which is impossible. ]

Remark 4.3. The main argument in the proof of the preceding lemma consists in min-
imizing, given u, the function f, (1) = g’d(k) — £ over the compact set [—A, Al
This approach is used to unify the three cases of p LZ-subcritical, L>?-critical, or L2-
supercritical. We note, for future reference, that for L2-subcritical p and all u, or for
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L?-critical p and pu < 2y, the function f,, can be minimized on [—A,, +00), obtaining
then a global minimum. Indeed, in these cases f,, is coercive, as one immediately sees by
writing

FE)  p
Fu) = 2(5= - %)
and taking into account the asymptotic behavior of g&(1)/A described in (3.5). In fact,
one can easily see that f;, can be minimized on R (as g&(1) = 0 for A < —15).

Lemma 4.4. For every p € (2,2%), let g(A) and g be as in (4.3). Then, recalling (4.2),

Proof. We provide a proof for completeness. Let A C R be the set of points where ;’“"d
is differentiable, so that ux*? = 2 sup,(4&?)". Obviously, for every A € 4, (§5)'(A) =
g (1), and therefore

it =2 sup(#““") (A) =2supg(d) < 3.
A€ A€A

Conversely, let A € R and observe that, for every ¢ < 0, since 5’“0“ is locally Lipschitz
continuous,

F& ) — 95 A+ o) = A (g (1) dr < (—e)  sup (g5

AN[A+e,A]

nod

Hp
2

< (o) sup(#y) =~

Dividing by —e > 0 we obtain

gnod(k + 8) gnod(k) nod

g 2 ’
whence gnod Gte) gmd N
2g(A) = 21im inf . < .
Since this holds for every A € R, we obtain g < ;L“Od ]

Remark 4.5. In view of the previous lemma, the conclusion of Lemma 4.2 can be written
as

(1) if u € (0, /,Ln0d) then pu € M;"d(Q);
(2) if u > upd, then p ¢ Mp*(Q).

Lemma 4.6. There results

nod = +00 ifp<2+4/N7
P I <400 ifp=2+4/N.
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Proof. Firstlet p <2+ 4/N.By Remark 4.5, it is enough to show that there exist nodal
action ground states of arbitrarily large mass. We will do this by estimating from below
the mass of elements of Nf°d(9) in terms of A. To this aim, take any u € N)‘L“’d(Q). By
the Gagliardo—Nirenberg inequality,

- p
lulZ < KpllullZ~*Vully, o= N(E _ 1>’

noticing that & < 2 since p is L2-subcritical, using the Young inequality, and writing
w = |lul|3, we deduce that

22— p=e 2 Ol

KF* i =2 + —||Vul3

= ) M2 2 IVull3

2%_
:Kpu 2

A

IVl + A = [lul}

o p-a o
nre + 5||Vu||§.

Therefore,

o 2 — =
Ap < (1 - 5>IIWII§ tAn = Kp——p,

whence > CArS 400 as A — +4o00.
Assume now that p > 2 + 4 /N and again take u € N /{‘Od(Q). Denoting by C (possibly
different but) universal constants, by (2.2) we notice that

2 2
po=luly = Cluly = C(F'M))? < CA+A2) 72,

This shows that p is bounded when A ranges in a bounded subset of R. By (3.5),
;’“"d()t)/)t is bounded on [1, +-00) since p > 2 + 4/N. Therefore, for every A > 1,

A = Allull3 < IVl + Aulz = ul} = 5(““(1) =CA
and the proof is complete. ]
Remark 4.7. We notice that, when p = 2 4+ 4/ N, recalling (1.4),
Mncd >2un.

Indeed, for every A > —A,, since ¢ nod js locally Lipschitz continuous,

nod

/“‘p

JmI(1) = / (Y () di < (. + 1)
so that, by (3.5),

gnod(k) . )L—l—lz nod M?)()d
A—>00 )L ,1—)00 A 2 2
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Proof of Theorem 1.1, nodal case. Point (i) follows directly by Lemmas 4.2-4.4-4.6.
When p > 2 + 4/N, the same results show that ,u“"d is finite, (0, ;L“Od) C M;Od(Q),
and that M no‘1‘(52) N (,u“"d +00) = @. This proves point (ii) for p =2 + & and, to com-
plete the proof of point (iii) too, we are left to show that ,u“"d M ;"d(Q) when p is
L?-supercritical. To this aim, let u, ;L“Od and let u, be a sequence of nodal action
ground states of mass p, in some N. “:d(SZ) with A, € (—A,, +00) for every n. We notice
that no subsequence of A,, can converge to —A,, since in this case, for such a subsequence
(not relabeled), we would have

2/p
o = a3 = Clhnl = € (- g5°00) ™" =0

by the continuity of f,’“"d Similarly, no subsequence of A, can tend to 400, because we
would have

Antn < ”Vun”% + Aniln = ||”n||11: = gmd(kn),

entailing that u, < gzﬂvd(/\,,)/xn — 0asn — coby Proposmon 3.3 (since p > 2+ %).
Therefore, we can assume that, up to subsequences, A, — A € (—A,, +00) as n — o<.
Then, by Proposition 2.7, up to subsequences we have that u, converges in HO1 (Q)toa
nodal action ground state u € N n"d(Q) Since [[ul|3 = /L}‘,"d, we see that /L"Od Ml‘}"d(Q)
and the proof is complete. ]

5. Proofs of Theorems 1.2-1.4-1.7

In this section we prove the main results of the paper with respect to normalized nodal
solutions and least energy normalized solutions, i.e. Theorems 1.2—1.4—1.7.

The proofs of Theorems 1.2—1.4 are a direct consequence of the discussion developed
in Section 4. In particular, Theorem 1.2 is a corollary of Theorem 1.1.

Proof of Theorem 1.4. Fixany u > 0if p <2+4+4/Noru € (0,2uy)if p=2+4/N
(where pupy is as in (1.4)), and let X be a global minimizer of the function f, (1) =
gzmd(x) — %/\ (see Remark 4.3). Take # to be a nodal action ground state of mass u
corresponding to A (when p =2 + %, the fact that such a u exists for every u < 2un

is guaranteed by Remark 4.7). Then let w be any other nodal solution of (1.1), for some
Aw € R. Then

Ew.Q) = /1, (.2) = Shy = 45" 0ow) = 520 = min(g5°0) - £2)
= gd()) — EA = J;(@,Q) — EA = E(i1,9),

that is, the nodal action ground state u is a least energy normalized nodal solution with
mass (. Moreover, if w is another least energy normalized nodal solution with mass p,
the previous lines become a chain of equalities, showing in particular that J;  (w, Q) =
F&4 (M), i.e. w is a nodal action ground state in N;°(<2). n
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We are thus left to prove Theorem 1.7. To this end, in what follows we take

4
p > pe =24+ —, K star-shaped with respect to 0.

N
As is quite common in the literature, working on star-shaped domains allows one to profit
from the PohoZaev identity. In particular, we will use the following fact.

Proposition 5.1. Assume that @ C RY is bounded, smooth, and star-shaped. Then, for
every solution u of (1.2),

N(p —
E.@) > YP =Py i,

4p »
Proof. Up to translating the domain, we may assume that €2 is star-shaped with respect
to 0. As € is regular, an H! solution u of (1.2) is in €2(Q) and the PohoZaev identity
(see e.g. [31, Chapter III, Lemma 1.4]) implies that

N =2 AN 1

SNVl = Tl + Sl + 5 [l vda =0,
Q2

where v is the exterior unit normal. Since 2 is star-shaped, x - v > 0 for every x € 92, so

that N2 AN
——4W|b——ﬂ””+—ﬂmh<0

Recalling that || Vul|3 + Allu||3 = |lu||5 because u € N;(S2), we see that

N -2

(552 = 5 el + 2l <o

entailing

Eu,Q) = J,u,Q)—

AMull3 _ p—2  p(N—2)—2N
2> (B2 Yl
2 2p 4p
N(p — pe)
L g
4
Proof of Theorem 1.7. The argument is divided into two steps.

Step 1. Letting p,, be the threshold given by Theorem 1.2 (iii), we prove that there exists
a least energy normalized solution for every . < p,. To this end, let & < u, be fixed and

Sy :={u € Hy(Q) : u solves (1.1) for some A € R}

be the set of all solutions of (1.1). Since §,, # @ by Theorem 1.2 (iii), let (1), C S, be
such that

—Auy + Agity = [up|P2u, and E(u,, Q) —> 1nf E(v, Q).

n—>oo0 ype
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Observe first that, since for all n we have

A A
Eun, Q) = J, (n, @) = 10 = =2,
the sequence (A, ), is bounded from below. Furthermore, according to Proposition 5.1, as

Up € N, (2), we have

N(p — pe) N(p — pe) . N
Bl @2 =) D 2 5070 enppan T
_ N(p — pc)
= S5 an .

Recalling that pn (s) = s%@’z)@g{ﬂw(l) — 400 as s — +00, and since p, < p < 2%,
this implies that (A, ), is also bounded from above and hence, up to subsequences, A, — A
for some A € R. Since (E(up, 2)), is bounded and |u,|> = u, so is (J, (Un, 2))n.
As usual, this implies that (u,), is bounded in H'(2). Therefore, we may assume that
u, —uin H'() and u,, — u in L4(Q) for every ¢ € [2,2*), showing that u is a solution
to (1.2) of mass . Moreover, by weak lower semicontinuity,

E(u,Q) <liminf E(u,, Q) = inf E(v,Q),
n—o00 VES,

so that u is a least energy normalized solution of mass j.

Arguing analogously one can prove that, taking ;"¢

» . asin Theorem 1.2 and letting

sred = {u € Hy () : u solves (1.1) for some A € R, u* # 0}

nod

be the set of all nodal solutions of (1.1), for every p <

normalized nodal solution, that is, u € Sﬁ"d such that

there exists a least energy

E(u,Q) = infd E(v, Q).

veS

Indeed, the argument above here shows again that, up to subsequences, a sequence
(un)n C S,‘}Od such that E(u,, Q) — infues,'}“’ E(v, Q) converges weakly in H!(Q2) to
a solution u of (1.1), and to conclude that u is a least energy normalized nodal solution it

remains to show that u is still nodal. To see this, we notice that, by strong convergence in
L?(Q), u # 0. If it were u > 0, by Remark 2.2 we would have A > —A. But then

k liminf u;y |2 = liminf Jy, (u;;, Q) > liminf §o(A,) = da(d) > 0.
n n n

so that neither ("), nor (u},), converge to zero in L?(£2), contradicting the assumption
u>0.
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Step 2. We are left to prove that, when the mass is sufficiently small, least energy nor-

malized solutions/least energy normalized nodal solutions are action ground states/nodal

action ground states with frequency uniformly bounded from above. We give the details

of the proof for least energy normalized nodal solutions, the signed case being analogous.
Set

anod .__ szZ ﬂnod . 23H0d(k}1)0d)
P N(p=po) TP Amdgy

Note that, since 3’“"‘1 is locally Lipschitz by Proposition 3.2 and gﬂod( A2) = 0 by Propo-
sition 2.4. Then

Anod

3?20(1(1;0@[) = /_ (G5 (s)ds < (/\md +12) Sup(gmd) (A),
so that fi5°¢ < b4, where )¢ is the number defined in (4.2). Moreover, by Proposi-
tion 5.1 and the definition of A2, if u € N7*4(Q) with A > A2 and ||u|3 = u, then

E,Q) > N(p4— Pe) ”u”g _ N(p— pc)

(IVul3 + Aful2)

— . 5.1
Then let pu < [L“Od be fixed. Since pu < pumod

that there exists a function u € S“"d such that E(u, Q) < 3’“""( A2) + 4 Zp = 2 2211, SO
that

, the proof of Lemma 4.2 above guarantees

inf E(v,Q) < A— .
ve Snod 2

By (5.1), any least energy normalized nodal solution in Sl'fd (at least one of which exists
by Step 1) must then belong to N°¢(€2) for some A < A2, Since A1*¢ depends only on p
and €2, this proves that least energy normalized nodal solutions have uniformly bounded
frequency, and

inf E(v,Q) = inf E(v, Q).
vesp veSIINNT(Q)
A<l

To conclude, it remains to show that least energy normalized nodal solutions are always
nodal action ground states for p < /1“°d This follows arguing exactly as in the proof of
Lemma 4.2 and of Theorem 1.4, noting that the function f,, (1) := 3’""“(/1) — % 1 has a
minimum point in (—A,, /\;"d), since it is continuous, f,(s) < f,(—A2) for s in a right
neighborhood of —A,, and

nod

Az
Fup) = g0 = Lop = Zp = fu(=ho).
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