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Nondegeneracy properties and uniqueness of positive
solutions to a class of fractional semilinear equations

Mouhamed Moustapha Fall and Tobias Weth

Abstract. With the help of a new Picone-type identity, we prove that positive solutions u € H* (RN )
to the equation (—A)*u +u = u? in RV are nonradially nondegenerate, for all s € (0,1), N > 1
and p > 1 strictly smaller than the critical Sobolev exponent. By this we mean that the linearized
equation (—A)Sw + w — puP 1w = 0 does not admit nonradial solutions besides the directional
derivatives of u. Letting B be the unit centered ball and A1(B) the first Dirichlet eigenvalue of
the fractional Laplacian (—A)®, we also prove that positive solutions to (—A)Su + Au = u? in
B, with u = 0 on R¥ \ B, are nonradially nondegenerate for any A > —A;(B) in the sense that
the linearized equation does not admit nonradial solutions. From these results, we then deduce
uniqueness and full nondegeneracy of positive solutions in some special cases. In particular, in
the case N = 1, we prove that the equation (—A)Su + u = u? in R or in B, with zero exterior
data, admits a unique even solution which is fully nondegenerate in the optimal range s € ( %, 1),
thus extending the classical uniqueness result of Amick and Toland on the Benjamin—Ono equa-
tion. Moreover, in the case N = 1, A = 0, we also prove the uniqueness and full nondegeneracy
of positive solutions for the Dirichlet problem in B with arbitra}"y subcritical exponent p. Finally,
we determine the unique positive ground state solution of (—A)2u + u = u? in RN, N > 1 with
p=1+ NL_Hand compute theNsharp constant in the associated Gagliardo—Nirenberg inequality

e the,sharp consia
1y = ClIA) S ull B2 el S

1. Introduction

Lets € (0,1) and N > 1. The present paper is devoted to solutions to the problem
(-A)’u+Au=u? nRY, u>0inRY,ue H'RY), (1.1)
and to the Dirichlet problem
(=A)Y’u+Au=u? inB, u>0inB,u € #°(B), (1.2)

where B := {x € RV : |x| < 1} is the unit ball. Here (—A)*® denotes the fractional Lapla-
cian of order s, which, under appropriate smoothness and integrability assumptions on the
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function u, is given pointwise by

u(x) —u(y)

y|N+Zs dy

(=A)’u(x) = ey lim
e—>0t RN\ B, (x) |x —

N+2s
withey s = 22571_%; FF((1 2 s)). Moreover, H* (]RN ) is the usual fractional Sobolev space

endowed with the scalar product

(v1,v2) = (v1, v2)s = [V1, V2]s + /N V1v2 dX
R

and induced norm v — |||y = ,/[v]? + ||v||22(RN), where

[v1, vy = cns /RNXRN (vi(x) — T;({)))}T;zf;) —v2(y)) dx dy (13)

and [v]? := [v, v],. In addition, we let J¢5(B) denote the closed subspace of functions
u € HS(RY) with u = 0 in RY \ B. Furthermore, we assume that A > 0 in the case of
(1.1)and A > —A1(B) in case of (1.2), where A1 (B) denotes the first Dirichlet eigenvalue
of (—A)* for s € (0, 1). Finally, we assume that p € (1,2 — 1) with 2} being the critical
fractional Sobolev exponent given by

. 2N
S TON =25

if2s <N and 2] =00 if2s >1=N.

A priori, it is natural to consider (1.1) and (1.2) in the weak sense. A positive function
u € H(RY) is called a weak solution of (1.1) if

[u,v]s—}-A/ uvdx:/ uPvdx forallv e HS(RY).
RN RN
Similarly, a positive function u € #°(B) is called a weak solution of (1.2) if
[u,v]s + )L/ uvdx = / uPvdx forallv € #°(B).
B B

It is well known (see e.g. [23, Proposition 3.1]) that positive (weak) solutions to (1.1)
belong to L2 (RY) N H*HHRN) N C®(RY), are radially symmetric about a point xq €
R and are strictly decreasing in |x — xo|. We also recall that, by [33], every (weak)
solution u € #*(B) of (1.2) is contained in L>(R™), and therefore [32] and [33] imply
that u € CS(R™) N C%(B). Moreover, by [25], u is a radial function which is strictly
decreasing in its radial variable (see also [5] for a different argument but with A = 0).

In the local case s = 1, the uniqueness of solutions to problems (1.2) and (1.1) (up to
translations) is a classical result and was established by Kwong in his seminal paper [29];
see also [9,30]. In contrast, for semilinear fractional equations, the uniqueness and nonde-
generacy of specific classes of solutions is a very challenging problem, and few results are
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available up to now. One of the main reasons for this is the lack of ODE techniques which
are highly useful in the case s = 1. It was first proved by Amick and Toland [2], based
on complex analytic methods, that (1.1) has a unique solution in the special case s = 1/2,
p =2and N = 1; see also [1] for an alternative proof. Much later, Frank, Lenzmann and
Silvestre [23] proved uniqueness and nondegeneracy of ground state solutions to (1.1) up
to translations in the general case, extending an earlier result of Frank and Lenzmann for
the case N = 1 to all dimensions, and also extending results of [20,28] to all s € (0, 1).
Here, following the terminology of [23], we call a solution to (1.1) a ground state solution
if it has Morse index one. However, it remains open so far whether (1.1) may admit higher
Morse index solutions.

The first purpose of the present paper is to show that all positive solutions of (1.2)
are nondegenerate in nonradial directions, and that the same is true for (1.1) up to the
directional derivatives of u. In order to formulate these statements rigorously, we consider
the subspaces

HERY) := {w € H*R"Y) : w radially symmetric}
and
HERY) = [HF RV = {u e HY®RY) : (u, w)s = 0forallw € HI(RY)}.

Moreover, we let #(B), resp. #;.(B) denote the subspaces of H} (RM), resp. Hlfr(RN )
of functions w with w = 0in RY \ B. We then have the following result.

Theorem 1.1. Lets € (0,1), N > 1and1 < p <25 — 1.
(i) Letu € J5(B) satisfy (1.2). Then there exists A > p such that

[w]? + k/ w?dx > K/ uP~tw?dx  forallw € ¥:(B). (1.4)
B RN
(ii) Letu € H*(RYN) satisfy (1.1). Then there exists A > p such that
[w]? —l—)t/ w? dx > /_\/ uP~tw?dx  forallw € M,,
RN RN
where

T

My = {w e HERY) : [onuP ' @xu)wdx = 0foralli =1,...,N}.

Let us explain in detail why Theorem 1.1 should be regarded as a result on nonradial
nondegeneracy. For this, let u € #°(B) be a fixed radial solution of (1.2). The linearization
of (1.1) at u is then given by the equation

(—=A)w + Aw — puP lw =0 in B, w e H*(B), (1.5)
which is closely related to the weighted eigenvalue problem

(=A)’w+ Aw = Au?"'w in B, w e H*(B) (1.6)
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with eigenvalue parameter A € R. In particular, if A = p is not an eigenvalue of (1.6),
then (1.5) has no nontrivial solution and u is nondegenerate. We note that the compact
embedding #(B) < L2(B;u?~! dx) implies that the set of eigenvalues of (1.6) is given
as asequence 0 < Aj < Ay <---, with each eigenvalue being counted with multiplicity.
Since (—A)® commutes with rotations, eigenfunctions corresponding to the eigenvalues
A; can be chosen to be contained in one of the spaces #;(B) and J#.(B). Moreover,
we note that A; is a simple eigenvalue with an eigenspace spanned by a positive radial
eigenfunction. All other eigenfunctions of (1.6) are orthogonal to the first eigenfunction
with respect to the scalar product in L?(B;u?~! dx), and therefore they have to change
sign. Since u solves (1.6) with A = 1 and is positive, we conclude a posteriori that A; = 1
is the first eigenvalue of (1.6).

It is now natural to call u radially, resp. nonradially nondegenerate if (1.5) does not
admit nontrivial solutions in #}(B), resp. #;.(B). In particular, u is nonradially non-
degenerate if A = p is not an eigenvalue of (1.6) admitting a nonradial eigenfunction.'
Moreover, using again the compactness of the embedding #°(B) < L2(B;u?~! dx),
it is easy to see that the lowest eigenvalue A, (1, B) of (1.6) associated with nonradial
eigenfunctions admits the variational characterization

An(u, B) == inf{[w]? + A [z w?dx :w € HE(B), [wuP~ldx =1},

T

and Theorem 1.1 (i) is equivalent to the inequality A, (u, B) > p.
Similar considerations apply to fixed radial solutions u € H*(R") of (1.1). We then
consider the weighted eigenvalue problem

(-A)*w+w=Au?"'w nRY, we HRY) 1.7

with the positive radial and bounded weight function u?~!. Since u?~!(x) — 0 as |x| —
00, the embedding H*(RY) — L2(RY,u?~! dx) is compact. Therefore, problem (1.7)
also admits a sequence of eigenvalues 0 < Ay < A, <---, whereas A; = 1 is the first
eigenvalue and u is a corresponding eigenfunction. Moreover, the linearized equation

(-A)'w+w—puPlw=0 inRY, weH'RY) (1.8)

admits solutions of the form v := Vu - v with v € R¥ . Indeed, it follows from Lemma 2.1
below that these functions are contained in the space C®(RY) N H (RV) and are point-
wise solutions of (1.8). From a more geometric point of view, this degeneracy is due to the
translation invariance of equation (1.1). As a consequence of this nonradial degeneracy,
the lowest eigenvalue of (1.7) associated with nonradial eigenfunctions

An(,RY) := inf{[w]? + A fpyv u?dx i w € HERY), [pw?uP~ldx =1},

'We note here that a nonradial eigenfunction has a nontrivial (-, -)-orthogonal projection on J5.(B)
which is also an eigenfunction of (1.6)
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satisfies the inequality A, (1, RY) < p. Theorem 1.1 (ii) now implies that A, (u, RY) = p
and that the derivatives v = Vu - v, v € R are the only nonradial solutions of (1.8). As
for (1.2), a solution u to (1.1) is called radially nondegenerate if (1.8) does not admit a
nontrivial radial solution.

Our proof of Theorem 1.1 is based on a new Picone-type identity, which we shall
apply to eigenfunctions of (1.6) and of (1.7) which are antisymmetric with respect to the
reflection at a hyperplane containing the origin. In the case of the ball, this identity directly
rules out the existence of antisymmetric eigenfunctions corresponding to eigenvalues A <
p, and this is sufficient since any eigenfunction can be written as a sum of its symmetric
and antisymmetric parts with respect to a hyperplane reflection, and the antisymmetric
part must be nonzero for at least one hyperplane containing the origin if the eigenfunction
is nonradial. We note here that, very recently, a different proof of Theorem 1.1 (i), based
on polarization, was given independently in the revised version of [13]. The proof of
Theorem 1.1 (ii) is somewhat more involved, and we need to combine the Picone identity
with a new geometric lemma in order to characterize the directional derivatives Vu - v as
the only functions in HS(R") which solve (1.8).

We point out that, although only ground state solutions u of (1.1) are considered in
[23], one can check that the arguments given there give rise to a completely different
alternative proof of Theorem 1.1 (ii). More precisely, if u is an arbitrary positive solu-
tion of (1.1), one may argue as in [23, Section 7.2 and Appendix C.3], using an operator
decomposition in spherical harmonics and establishing an associated Perron—Frobenius
property, to determine the set of nonradial solutions to (1.7). We note however that our
proof of Theorem 1.1 (ii) is purely nonlocal and more direct, as it only relies on mono-
tonicity properties of positive solutions of (1.1) and of the integral kernel associated with
(—A)?. Therefore it can be generalized to a larger class of nonlocal operators; see Remark
4.3 below.

Theorem 1.1 leaves open the problem of radial (and therefore full) nondegeneracy and
uniqueness of positive solutions to (1.1) and (1.2), which is the main concern of the present
paper. As remarked above, these properties have already been established for ground state
solutions of (1.1), whereas very little is known for (1.2) and for the more general class of
all positive solutions. In fact, in addition to the very special result of Amick and Toland
[2] for the case s = 1/2, p = 2 and N = 1, we are only aware of the very recent paper
[12] which provides interesting and useful uniqueness results within borderline ranges of
parameters s and p, assuming more precisely that s is close to 1 or p is close to 1 or
25— 1.

The following seems to be the first uniqueness result which is valid for all p and s, but
we need to restrict to the ball case in space dimension N = 1 and to A = 0.

Theorem 1.2. Ler s € (0,1), N =1, 1< p <2y —1and A =0, so that (1.2) can be
written as

(—=AYu=u? inB=(-1,1), u>0inB, uecJ(B). (1.9)
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Then problem (1.9) has a unique solution which is fully nondegenerate in the sense that
Ay > p for the second eigenvalue A, of the weighted eigenvalue problem

(—=A)w = AuP'w in B, w e H5(B). (1.10)

Our next result is devoted to nondegeneracy and uniqueness of even solutions to prob-
lems (1.1) and (1.2) in the special case p = 2 and s > %. We note the lower bound on s
comes from the fact that, for N = 1, we have

1+ 2s 1
2<2f—1l=—""— = 5> —.
s 1-2s)4+ 6
To date, the only general uniqueness result, up to translation, of problem (1.1) is due to
Amick and Toland [2], and it is concerned with the special case N = 1, s = % and p = 2.
1

We extend their result to the full subcritical range of the parameter s > ¢.

Theorem1.3. Let N =1,s € (é, 1), p=2and A > 0. Then (1.1) admits a unique solution
up to translation which is even and fully nondegenerate. Moreover, (1.2) admits a unique
solution which is even and fully nondegenerate.

We observe that the lower bound é is optimal since (1.1) and (1.2) do not have a
solution if 2 > 2% — 1 as a consequence of the fractional Pohozaev identity (see [31]).

Remark 1.4. We recall that [2] also proved a uniqueness property of nonconstant positive
periodic solutions to (—A)*u + u = u? on R, for s = %, which corresponds to periodic
solitary waves of the Benjamin—Ono equation. We believe that, for values of s # %, the
arguments in the present paper can also be used to prove uniqueness of even nonconstant
T -periodic solutions which are decreasing on (0, %). We refer to [6] which deals with the
existence of such solutions for more general nonlocal problems. See also [3, 34] and the
references therein for the existence of nonconstant periodic solution to this problem.

The proofs of Theorems 1.2 and 1.3 combine various tools. The first step is to prove the
radial nondegeneracy of every positive solution of (1.9), and the second step is a continua-
tion argument based on varying the exponent p and using the already available asymptotic
uniqueness result given in [12, Theorem 1.6] for the case p > 1. In the proof of the radial
nondegeneracy of solutions to (1.9), which is stated in Theorem 5.1 below, we shall first
use a fractional integration by parts formula to show that every radial eigenfunction w of
(1.10) corresponding to the eigenvalue A = p must have a vanishing fractional boundary
derivative. From this property, we then derive information on the shape of nodal domains
of the s-harmonic extension (also called the Caffarelli—Silvestre extension) W of w. Using
this information, we then construct an odd function in #°(B) \ {0} for which equality
holds in (1.4) with A = 0, A< p, contradicting Theorem 1.1. We conjecture that a similar
strategy might work for the more general problems (1.1) and (1.2) in the case N = 1,
but this remains open unless for p = 2, where special cancellations occur and allow us
to complete the proof of Theorem 1.3. We stress here that our proof of Theorem 1.3 does
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not use complex analysis and is therefore quite different from the argument of Amick and
Toland in [2] which only applies to the special case s = %

By similar methods to the proof of Theorem 1.2, we also prove the following result on
uniqueness and nondegeneracy of ground state solutions to (1.2) in the special case N = 1
and A > 0. Here, a ground state solution u is again defined as a Morse index one solution,
i.e. a solution u with the property that A, > p for the second eigenvalue A, of (1.6). We
note that this class of solutions includes least energy solutions of (1.2). The result parallels

those of [23] for (1.1) in the special case N = 1.

Theorem 1.5. Let s € (0,1), N =1, 1 < p <2f — 1 and A > 0, so that (1.2) can be
written as

—A’u+Aiu=u? inB=(-1,1), u>0inB, u=0inR\ B. (1.11)

Then problem (1.11) has a unique ground state solution which is fully nondegenerate in
the sense that A, > p for the second eigenvalue A, of the weighted eigenvalue problem

(=A)’w + Aw = AuP"'w in B, w e #*(B). (1.12)

As mentioned above, the proof of Theorem 1.5 is merely a variant of the proof of The-
orem 1.2, as it also relies on the two-dimensional nature of the extension problem related
to (1.12). Theorem 1.5 leaves open the uniqueness and nondegeneracy of positive ground
state solutions of (1.2) in the higher-dimensional unit ball B C RN, N > 2. By a rather
different and much more involved argument based on a new characterization of sign prop-
erties of second radial Dirichlet eigenfunctions of fractional Schrédinger-type operators
in the unit ball, we prove the analogue of Theorem 1.5 for all dimensions N > 1 and all
A > 0 in the recent paper [21]. We point out that there is no overlap of the present paper
with [21]. In particular, the arguments in [21] yield neither Theorem 1.2 nor Theorem 1.3.
We also point out that, in the special case A = 0, uniqueness and nondegeneracy of posi-
tive ground state solutions of (1.2) in the higher-dimensional case have been proved very
recently and independently from our work in the most recent version of [11].

For the final result of the paper, we go back to the full space problem (1.1) in the
special case s = % and p =1+ NL—H In this case, we can compute the unique ground
state solution of (1.1) up to translation and deduce a sharp fractional Gagliardo—Nirenberg
inequality from this computation. More precisely, we have the following.

Theorem 1.6. Let p =1+ NL-H Then every ground state solution of the equation
(~A)u+u=u? nRY, u>0inRY ueH/2RY) (1.13)
is of the form uy (x) = u(x —a), a € RN with

N+1)¥

0= (e

(1.14)
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Moreover, the optimal constants Cs, Cgn > 0 in the associated fractional Sobolev-type
and Gagliardo—Nirenberg inequalities

vl La@ny < Cslvlls, v e HY2RY) (1.15)

and s s

lollLo@y) < Conlol lul Sgny. v € H2®RY)
withgq=p+1= 2(13’:12) are given by

N/2 N —_ 1
Co = (v + 1)-stity (L F DTG o
4T°(N)

and

c NY¥(N + DN+ ()~
N ( (N +2)N+IT(N) ) '

Note that if N = 1, then 1 + NLH = 2, so that (1.13) corresponds to the Benjamin—
Ono equation, and the explicit one-dimensional solution given by (1.14) was found by
Benjamin [4].

The fact that u given in (1.14) solves (1.13) will be shown with a Fourier transform
argument. To show that u is a ground state solution, we apply Theorem 1.1 and an argu-
ment inspired by [23, Section 7.1]. The uniqueness up to translations within the class of
ground state solutions then follows by [23, Theorem 4]. Since the best constant Cg in
(1.15) is attained for v = u, it can then be computed easily. Moreover, the constants Cg
and Cgy are related by a general principle (see Lemma 7.5 below), and this allows us to
compute Cgn.

The paper is organized as follows. In Section 2 we first derive preliminary informa-
tion on the shape and regularity of positive solutions of (1.1) and (1.2). In Section 3 we
then derive a Picone-type identity for antisymmetric functions, which is a key tool in the
analysis of nonradial solutions of the linearized problems associated with (1.1) and (1.2).
In Section 4 we then complete the proofs of the nonradial nondegeneracy results given
in Theorems 1.1. In Section 5 we prove the radial nondegeneracy of positive solutions of
(1.9), of positive ground state solutions of (1.11) and of positive even solutions of (1.1)
and (1.2)inthecase N =1, p=2and s > é. Section 6 is then devoted to the continuation
argument which completes the proofs of Theorems 1.2, 1.3 and 1.5. Section 7 contains the
proof of Theorem 1.6. Finally, in the appendix, we first provide a geometric lemma which
is also used in the analysis of nonradial eigenfunctions. Moreover, we provide a variant
of the fractional Hopf-type lemma in [35, Prop. 2.2] with somewhat weaker assumptions,
which is essential in our context. Finally, we state a topological lemma on curve inter-
section which is used in the analysis of nodal domains of the s-harmonic extensions of
eigenfunctions of (1.10) and (1.12).
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2. Preliminaries

In this section we collect some preliminary information on solutions of (1.1) and (1.2).

Lemma2.1. (i) Letu € #*(B) satisfy (1.2). Then u € C®°(B) N CS(RN), and u
is radially symmetric and strictly decreasing. Moreover,

u(x)
Ay @D

and

lim (1 —|x])!™*Vu(x)-x <0. (2.2)
lx],71

(i) Let u € HS(RN) satisfy (1.1). Then u € C®*RN) N H*25(RN). Moreover, u
is radially symmetric about a point xo € RY | strictly decreasing as a function of
|x — xo| and satisfies u(x) — 0 as |x| — oo.

Proof. (ii) has been observed in [23].

(i) From [33, Proposition 3.1] we have that u € L°°(B). Hence by a classical boot-
strap argument combined with interior and boundary regularity, in [32], we find that
u € C*(RN) N C*(B). Thanks to [25, Corollary 1.2] we deduce that u is radially sym-
metric and strictly decreasing in B. Now (2.1) follows from the fractional Hopf lemma;
see e.g. [18, Proposition 3.3]. Finally, by [19] we have

lim (1 —|x)"™*Vu(x)-x = —s lim Lx)’
x| 71 el 71 (1= [x)*

|
and (2.2) follows. [
Remark 2.2. Let f € L°°(B), and let w € J°(B) satisfy
(—A)’w=f onB

in the weak sense, i.e.
[w,v]y = / fvdx forallv € #°(B).
B

Then, by the fractional elliptic regularity theory in [32], the function

. _owlx) wx)
Vuw: B —> R, Yy(x):= (1—|x])s  dist(x, dB)"

extends to a (Holder) continuous function on B. The restriction of Yy to OB is called the
fractional (inner) normal derivative. It follows from Lemma 2.1 (i) that ¥, > 0 on dB if
u € J°(B) satisfies (1.2). Since u is radial in this case, we may simply write v,,(1) > 0,
so we write ¥, as a function of the radial variable.
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3. A Picone-type identity

For © an open subset of RV and k > 0 an integer, we denote by CL{‘ (£2), the set of
functions in C¥ () with support compactly contained in . In the particular case k = 0
we simply write C.(2) instead of C2().

The following new Picone-type result will be one of our main tools in the following.

Lemma 3.1. Let Q be an open set of RN anda > 0. Let Ve Ll (Q)andve C*t4(Q)N

loc
LYRN; (1 4 |x])=N=25%) satisfy
(—AY'v = Vv in Q. G.1)

Let e be a unit vector of RN and let o, denote the reflection with respect to {x € RV :
x-e = 0}. Suppose thatv > 0on{x e RYN : x-e >0V and v = —v oo, on RN, Then
forany w € H*(RN) N C.(RQ) satisfying w = —w o 0, on RN and T € Ce(RQ), we have

[w]? —/ Vw?dx =/ / Hy (x,y)dxdy, (3.2)
RN {x-e>0} J{y-e>0}

where Hy, , > 0on{x-e > 0} N{y-e > 0} is given by

Hy, (3, 9) 1= ensv (D)) [w(x)/v(x) — w(y)/v()]

1 1
X — . 3.3
(v oo ) G

Proof. We assume without loss of generality that e = e;. We first note that for every
x,y € RY with x; # 0 and y; # 0, we have

(w(x) — w(y)? — w%x)% + meW

= () V() (W(x)/v(x) —w(y)/v(y))>.
Moreover, by assumption, w/v € C.(£2), and thus
w?(x) v(x) —v(y) _ [ v s
N fyra o0 ey 4 = [ S arands

=/ V(x)w?(x) dx < 0o
Q

by (3.1). From this and a change of variable, we get

W) =wON® oy 2 )
ANXRN |x — y|N+2s ydx = /QV(X)W (x)dx

)

Z/R %(w@/vm —w(y)/v())* dxdy

NXRle
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=2 / { VD) w(x)0(x) — w(3)/0(3))? dx

x1>0} |x _y|N+2s
N{y1>0}

v(x)v(y) .
- - dx dy.
/m{?ylffé} G2+ g )@z WE/v) —w)/v(y)”dx dy

Here, we used that x; — v(xy,-) is odd and x; %(xl ,+) is even. It follows, from this,
that

/ (w(x) —w(y))? dy dx i/ Vw? dx
RN xRN Q

|x_y|N+2.S‘ CN.s

: /
= — HS (x,y)dxdy
{ry=0y TTwth ’
Ns =0

where, for all (x, y) € {x; > 0} x {y1 > 0},

HY o (x,7) 2= eng0 () [w(0)/v(x) = (@) /()]
X (|x — TV (e + y1)? + X — )7|2)—(N+2s)/2).

By the triangular inequality and the fact that v(x)v(y) > O for all x, y € {x; > 0} N
{y1 > 0}, we deduce that H¢, ., > 0 on {x; > 0} N {y; > 0}. Hence (3.2) follows. |

w,v =

4. Nonradial nondegeneracy

4.1. Nonradial nondegeneracy in the ball case

This section is devoted to the proof of part (i) of Theorem 1.1. By the remarks after The-
orem 1.1, it suffices to prove the following.

Theorem 4.1. Let w € #3.(B) be an eigenfunction of (1.6) corresponding to an eigen-

T

value A € R. Then A > p.

Proof. Assume by contradiction that A < p. For a unit vector v, we define the hyperplane
T, := {x - v = 0} and we denote by o, the reflection with respect to T;,. Since w is
nonradial, there exists a unit vector v with the property that

o= % € #5(B)\ {0}.
Moreover, since u is radial, @ also solves (—A)*® + @ = AuP~'% in B. Without loss
of generality, we may assume that v = eq, so @ is odd with respect to reflection of the
x1-variable. By Lemma 2.1 (i), we have v := —dy,u € C®(B) N L'(RY), and v is a
pointwise solution of the equation (—A)*v 4+ Av = pu?~'v in B which is odd with
respect to the reflection at {x; > 0} and satisfies

v>0in{x; >0} and v =0 in{x; >0} N B.
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Indeed, these inequalities follow since v(x) = —x; % and d,u <0, d,u #0in B\ {0}.
Now, by Lemma A.3 from the appendix, we have v > 0in {x; > 0} N B and dx,v > 0
on {x; = 0} N B. Consequently,

> %) <) extends to a positive C *°-function on B. 4.1)
X1

Next we note that, by fractional elliptic regularity, W € C°*°(B) N L*°(B). We let
xeCX(-2,2), with0<y<lonRandy=1on(-1,1). 4.2)
For k € N, we define the functions
Ce(x) = 1= y(k(1 —1[x])) (4.3)

and we put wg := W € C1(B). Therefore wg /v € C.(B) by (4.1). We can thus apply
Lemma 3.1 to obtain

2 2 5. p—1,2 _ el
[wi] —i—/\/B wy dx p/Bu wy dx = /{x1>0} Hy ,(x,y)dxdy. 4.4)
N{y1>0}
By [14, Lemma 2.2], we have

(wg (x) — wi())* / (@(x) — B())>2
/I:RNX]RN Ix_y|N+2S dydx—> RNXRNWdde aSk—)OO,

In addition, by the dominated convergence theorem,

/u"_lw,%dx%/u”_lﬁzdx and [w,%dx—>/1§2dx as k — oo.
B B B B

We can thus apply Fatou’s lemma in (4.4) to deduce that

o:[@]fw\/

ﬁ)'zdx—Af uP 1% dx > [IT)]§+)L/ @de—p[ uP 12 dx
B B B

B

> / HE (x, y) dx dy, (4.5)
{x1>0}N{y1>0}
where, recalling (3.3),

HE' (x,) = cnso(@v)IB)/v(x) = B() /v ()]
X (Ix = yI7V 72 = (O 4+ y1)? + 15 = 51" VE2) = 0

forall x,y € {x; > 0} N {y; > 0}. From this, (4.5) and the assumption A < p, we deduce
A = p and that equality holds in (4.5). This implies that Hy;',, =0 on {x; > 0} N {y; > 0}
and thus w # 0 is proportional to v = 9, u on {x; > 0}. This is impossible because 0, u

is unbounded as |x| — 1 on {x; > 0} by Lemma 2.1 (i). We thus conclude that A > p. =
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4.2. Nonradial nondegeneracy in the case of RV

This section is devoted to the proof of part (ii) of Theorem 1.1. Hence we assume from
now on that v = u(|x|) is a fixed radial solution of (1.1). By the remarks after Theorem 1.1,
it suffices to prove the following.

Theorem 4.2. Let w € Hnsr(]RN ) be an eigenfunction of (1.7) corresponding to an eigen-
value A € R. Then one of the following alternatives holds:

i A > p.

(ii)) A = p, and w € span{0dx, U, ..., OxyU}.

Proof. Suppose that A < p. By elliptic regularity we have w € C2(RY). We fix a unit
vector v and consider, as before, the reflection oy, at the hyperplane T, := {x - v = 0}.
Moreover, we define

W’ = % e HS(RY) n C2(RY).
Clearly since u is radial, then w’ solves (—A)*w’ + w’ = Au?"'w’ in RY. By
Lemma 2.1 (ii), we have v := —Vu -v € C®RY) N H*(RY), and v is a pointwise
solution of the equation (—A)*v + v = pu?~'v in RY which is odd with respect to the
reflection at v and v > 0 on {x - v > 0}. Since v # 0, applying Lemma A.3 from the
appendix, we have v > Oin {x - v > 0} and Vv - v > 0 on {x - v = 0}. Therefore,

> @ extends to a positive C *°-function on RN, 4.6)

X-v
For R € Ny, we define wi(x) = w¥(x)x(|x|/R) for all x € RY, where y is given by
(4.2), and we note that wg /v € C.(R") thanks to (4.6). Applying Lemma 3.1, we get

V12 V2 _ p—1 V2 _ v
[wils —i—/RN(wR) dx p/RNu (wp)*dx = /{x-v>0} leuz,v(x,y) dxdy.
N{y-v>0}

It is not difficult to see that [|[w || s &~y —> [ w" | s~y as R — oc. On the other hand,
by the dominated convergence theorem, as R — oo,

/(w;)zdx_>/ (w*)*dx and / “p_l(w}’e)zdx—>/ uPH(w”)? dx.
RN RN RN RN

We thus apply Fatou’s lemma, recalling (3.3), and obtain that

_ p—1 vy2 v
(A—Dp) /]RN u? (w”) dx > f{x_v>0} Hyy (x,y)dxdy > 0.
N{y-v>0}
Since A < p by assumption, we conclude that A = p and H,, , =0 on{x-v >0} N
{y - v > 0}. In view of (3.3), this implies that there exists «;,, € R such that
w(x) —wooy(x) _

5 =k, Vu(x)-v =KU8,u(x)% forall x € RV,
x
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We recall that this holds for an arbitrary unit vector v € S~ Moreover, a posteriori we
find that

Ky = [|Vu - V”ZZZ(]RN) /RN wVu v dx forve SN,

so the function v — h(v) := «, is smooth on SV 1. Moreover, the function 9, u is radial
and nonpositive, so we may write d,u(x) = —U(|x|) with a function U: (0, 00) — [0, 00).
We may then apply Corollary A.2 in the appendix to obtain the representation

w(x) = wi(x) + hydy u(x) | | = we(x) + hsVu(x) - vy forx e RY

with a fixed vector vy € ,aconstant /i, € R and a radial function ws: RY — R. Since
w € H5(RV) it follows that w, = 0. Hence w € span{dy,u, ..., dxyu}, as desired. m

SN—I

Remark 4.3. We note that the above argument to prove Theorem 1.1 is flexible enough
to be applied to positive solutions u € H*(RY) to the corresponding relativistic problem
(—A + m?)u = u? in RY with m > 0. This follows from the fact that Lemmas 2.1 (ii)
and 3.1 still hold if we replace |x — y| =25 with K(|x — y|) for some strictly decreasing
function K. Moreover, K should be chosen such that u — f]RN fRN (u(x) —x(¥))*K(]x —
y)dxdy + ||u ”1242(]RN) is comparable to ||lu |2 on HS(R¥). We also recall from [17] that,

forallu € HS(RV),
/ U(=A +m2) — m>u(x) dx
/ / (u(0) = u ()P H B (mlx — vl dx dy,

25+2—N
where cjy = ;Z%F—(zl_s) and K™ (0, 00) — (0, 00) is given by

KHr) = m*>r VK, (r),

and K, is the modified Bessel function of the second kind. From the identity K} (r) =
—%Ku — K, and the fact that K_, = K, for v > 0, we see that K" is strictly decreasing
on (0, 00).

5. Radial nondegeneracy in dimension N = 1

In this section we shall prove some radial nondegeneracy results in the special case N = 1.

Theorem 5.1. Let A > 0, and let u € JH5(B) be a solution of

—A)’u+Au=u? inB=(-1,1), u>0inB,u=0inR\ B.
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Then we have
(i) A, # p for the second eigenvalue A, of the weighted eigenvalue problem (1.6);
(ii) if A =0, then A = p is not an eigenvalue of the weighted eigenvalue problem (1.6).

In the special case p = 2 and N = 1, we also have the following result in the case of
problem (1.2).

Theorem 5.2. Let A >0, s € (%, 1) and let u € J°(B) be a solution of
(~A’u4+Au=u?>inB=(-1,1), u>0inB,u=0inR\ B. (5.1

Then A = 2 is not an eigenvalue of the weighted eigenvalue problem (1.6) with p = 2.
Moreover, for (1.1) in the special case p = 2 and N = 1, we have the following.
Theorem 5.3. Let A >0, s € (é, 1) and let u € H*(R) be an even solution of
(—A)u+iu=u>inR, u>0inR. (5.2)
Then the eigenspace of the eigenvalue A = 2 for the weighted eigenvalue problem (1.7)
with p = 2 is spanned by u'.

In order to prove the above theorems in a combined manner, we shall consider Bg :=
(=R, R) for R € (0, +00] and u € #°(BR) a positive even solution to

(=A)’u + Au = u? in By (5.3)

with p € (1,25 — 1) and A > —A(BR), where A (BR) is the first Dirichlet eigenvalue of
(=A)* on Bgif R <ocoand A;(R) =0, while #°(R) = H*(R). Since we are interested in
radial nondegeneracy, we shall mainly focus on the study of even solutions w € #*(BR)
to the problem

(=A)’w + Aw = puP 'w in Bg. 5.4)

Our first observation is the following.

Lemma 5.4. Let w € #*(BR) be an even solution of (5.4). If R = +o00, then

/ uwdx = 0. (5.9
R

If R < +o00, then
SAR

T T2(1+ 5)¥u(R) Iz,

where Yy, and VY, denote the fractional normal derivatives of w and u defined in
Remark 2.2.

Yu(R) = uw dx, (5.6)
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Proof. We start with the proof of (5.6). By (5.3) and the fractional integration by parts
formula, see [31, Theorem 1.9] or [15, Theorem 1.3], we have

/ xu'(puP'w — Aw) dx = / xu'(=A)Y*wdx
Bgr Br
= —/ xw (=AY udx —2RT?(1 4 $) Y (R) Yy (R) — (1 — 28)[u, w]s.

Bpr

Moreover, by (5.3) and (5.4),
[u, w]s = W? — Auw)wdx = f u(pu?~'w — Aw) dx,
Bpr Bgr
which implies that
/ uPwdx =0 and [u,w]s = —A uw dx. (5.7)
Br Bgr

In addition, by (5.3) and integration by parts,

—/ xw' (=A)udx = —/ xw' (u? — Au) dx
Bpr Bpr

=/ xu’(pup_l—)t)wdxwL/ wu? — Au) dx
BRr

Bpr

:/ xu' (puP~ ' — Vwdx — A uw dx.
Bpr Bpr

Combining these identities gives
2RT2(1 4+ )Yy (R) Y (R) = =254 | uwdx.

Now (5.6) follows since ¥, (R) > 0 by Remark 2.2.
Moreover, (5.5) follows from the identity

/xu’(pup_lw—lw)dx:/xu'(—A)Swdxz—/xw’(—A)sudx—(l—Zs)[u,w]s
R R R

and the same integration by parts as above. ]

In the following, we need to consider the s-harmonic extension V of a function v €
H*(BRr), which was introduced in [8] and is sometimes called the Caffarelli-Silvestre
extension.

For this we let ]R{ﬁ ={(x,t) € R?: x € R,¢ > 0}, and we consider the function space

Dl’z(Rﬁ_; t1725) defined as the completion of C °°(R_ﬁ_) with respect to the norm

1

2
V> ([ [VV 21725 dx dt) .
RZ

+
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We also consider the space
Dg2(R3:1'72) = {V e D2(R3:¢'7%) : V(-.0) =0onR \ Bg}.

Then we recall that the s-harmonic extension V € D};}f(Rﬁ_; t172%) of a function v €
H(BR) is given as the unique minimizer of the functional

VH/ IVV|2t1725 dx dt
R%

within the class of functions V' € D};;(RZ 21172%) with V| {0y = ¥ in the trace sense.
Here we identify R with R x {0}. The function V' therefore satisfies

div(t'=2VV) = 0, (5.8)
together with the boundary condition
tli_l;% V(x,t) =v(x) forae.x €R.
Moreover, by [8], V satisfies
/Rz t17BVY . Vdd(x,t) = dg[v, ¢]s (5.9)
1

forall ® € DyZ(R%:1'7%%) with ¢ = € #°(Bg).

cI)|IR><{O}

where [-, -] is defined in (1.3) and the constant d is given by dy = 225! F{l(i)s); see e.g.

[7].
In addition, the function V' has the Poisson kernel representation
v(y)dy

V(x.1) = prot® / :
U@t —yp)tE

—1 F(l S)
2 —142s —1/s 2
1 2 d — .
Pl,s—(/(|2| ) 2) =7 SF(I )

In the case where v € H*(Bg) N C*°(Bg) N C*(R), we also have the regularity proper-
ties

with

Ve le)c(R_i) NC®(RY). (5.10)

Moreover, in this case we have the pointwise property
— lim 117259, V(x,t) = dg(—A)*v(x) forall x € Bg. (5.11)
t—

In particular, (5.10) and (5.11) are true for the s-harmonic extension W of the eigenfunc-
tion w. In the following, we need to analyze the nodal structure of W.
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Definition 5.5. We call a subset @ C ]R_i a nodal domain of W if O is a connected
component of the set {(x, ) € Rﬁ_ s Wi(x,t) # 0}.

Since W is continuous on Ri, every nodal domain O is relatively open in Ri. We
first note the following.

Lemma 5.6. Let w € J*(BR) be a fixed nontrivial solution of (5.4). Let O C I@_ be a
nodal domain of the s-harmonic extension W of w, and let O = {x € Bg: (x,0) € O}.
Then we have

/ t1_2S|VW|2 d(x,t) = dy /~(pup—1 _A)wZ(x) dx. (5.12)
o) o

Moreover, O #* @.
Proof. Applying (5.9)tov = w, V = W and the function ® = 19 W € Dll;’j(IRz 11729)

gives

/ 11_23|VW|2 d(xyl) = / II_ZSVW . V@d(x,t) = ds[v»(p]s
0 R?

+

= ds[ (puP~! = Vwe dx
Bgr

=ds/~(pup_1 — Vw3 (x) dx
€]

with
¢ = ¢|RX{0} = lgw € H*(Bg).

This yields (5.12). Moreover, assuming by contradiction that O=0 yields
[ 1725\ VW2 d(x, 1) =0,
o
which in turn implies that W is constant in (9. Hence, by continuity, W = 0 in @ which
is not possible. Hence O # @, as claimed. ]
We also need the following important consequence of Theorem 1.1 (i).
Lemma 5.7. Let V € D;;;(]Rz 11725 be a function which is odd with respect to the

reflection at the hyperplane Ty := {(0,t) : t € R} such that

/ tI72\VV P d(x, 1) = dy (puP~' — w2 dx. (5.13)
]RZ

+ Br

If R < +oothen V = 0and if R = 400 then V(-,0) is proportional to u'.
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Proof. Let V denote the s-harmonic extension of v := V (-, 0). The variational character-
ization of the s-harmonic extension and (5.13) then give

ds (puP~t — w2 dx :/ tI2IVV P d(x,t)
RZ

Bpr T

>/ 172IVV 2 d(x, 1) = dgv]?. (5.14)
]RZ

+
If v # 0, since it is odd, then Theorem 1.1 (i) implies
[v]? > (puP~' — w2 dx
Bpg

if R < +o00 and thus we get a contradiction with (5.14). Hence v = 0 so that IV = 0.
If now R = 400 then Theorem 1.1 (ii) yields the inequality

[v]? > (puP~' — w2 dx
Bpr

and thus equality holds in (5.14), which implies that v is proportional to u’. ]

We now continue our analysis of the nodal structure of the s-harmonic extension W
of the eigenfunction w.

Lemma 5.8. Let w € J°(BR) be an even nontrivial solution of (5.4) and let W be its
s-harmonic extension.

(i) No nodal domain of W is contained in the set Hy = {(t,x) € R? : x > 0, > 0}.

(i1) Ifx € (0, R) satisfies w(x) # 0, then the points (+x,0) belong to the same nodal
domain O of W.

(iii) For every nodal domain O of W there exists a point x € (0, R) with (£x,0) € 0.

Proof. (i) Multiplying w by (5.3) and integrating, we get Br wu? dx = 0 and thus since
w and u are even, w changes sign on (0, R). Hence by continuity, W has at least two nodal
domains on H. Suppose by contradiction that W has a nodal domain O+ C H. Since
w is an even function, the function W is even with respect to reflection o at the line 7y :=
{(0,1) : t € R}. Consequently, O_ := 6 (04) is also a nodal domain of W with O_ # O.
Hence we may define the function V := 19, W —19_W € D};’If (R2 ;#'72%) which is odd
with respect to reflection o at the hyperplane Ty, and we set v := V(-,0) € #*(Br). With
@i ={x € Br:(x,0) € (9_i}, it then follows from Lemma 5.6 that @i # @ and

ds (puP~! = w?dx = a’s/~ (puP~! = Vw? dx + d /~ (puP~! = Vw2 dx
BRr O+ O_

=/ t1’25|VW|2d(x,t)+/ 1725\ VW2 d(x, 1)
O+ [V

= / tB|VV 2 d(x,t).
R2

+
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Now by Lemma 5.7, v = 0 if R < 400 and v is proportional to u’ if R = +o00. In both
cases, we get a contradiction since u’ < 0 on (0, +00) and v is sign changing on (0, R).
The claim thus follows.

(i1) By continuity, there exists a unique nodal domain @ of W in ]Ri with the property
that (x,0) € @. By (i), we know that @ ¢ H.. Therefore () must contain points in the
half-line {0} x R. Thus, by the evenness of the function W with respect to the reflection
o, it follows that also (—x, 0) € O, as claimed.

(iii) We already know from Lemma 5.6 that @ contains a point x € Bg. If x € (0, R),
the claim follows directly from (ii). If x € (—R, 0), we consider the reflection O’ = ¢ (0O)
of O, so that —x € (0, R) and (—x, 0) € O’. Then the claim holds for O’ in place of O
by (ii). It thus follows that (£x,0) € @' N @, and therefore @ and O’ coincide. Finally,
if x =0, then also w(x + ¢) # 0 and x + ¢ € O for ¢ > 0 sufficiently small, so we may
replace x by x + ¢ and obtain the claim. ]

Lemma 5.9. Let w € #H5(BR) be an even nontrivial solution of (5.4). If0 <x <y <R
are points with w(x) # 0, w(y) # 0, and if the function w has a zero in (x, y), then (x,0)
and (y,0) are contained in different nodal domains Oy, O, of the s-harmonic extension
W of w.

Proof. Let Oy, resp. O, denote the nodal domains of W which contain the points (x, 0),
resp. (v, 0). If w(x) and w(y) have different signs, then W has a different sign on O, and
Oy and therefore O, and O, are different, as claimed. Suppose now that w(x) and w(y)
have the same sign, say, w(x) > 0 and w(y) > 0. Moreover, we suppose by contradiction
that Ox = O,. Then there exists a continuous curve y: [0, 1] — O joining the points x
and y. By assumption, there exists a point r € (x, y) with w(r) = 0. Since y([0, 1]) is
compact and does not contain the point (r, 0), we have

d := dist((r, 0), y([0. 1])) > 0.

We claim that (r, 0) is not a local minimum of W in @ Suppose by contradiction that
there exists a relative neighborhood N of (r, 0) in Rﬁ_ with W(z) > W(r,0) = w(r) =0
for z € N. By the strong maximum principle for equation (5.8) with W in place of V', we
then have W > 0in N N ]Rz+ orW=0inNnN Rﬁ_. The latter implies that W = 0 in Rﬁ_
by unique continuation (see [16]), which is not possible since w # 0. Hence W > 0 in
NN Ri and therefore (5.11) and the Hopf-type boundary lemma for equation (5.8) given
in [7, Proposition 4.11] implies that

0> — lim 1720, W(r.1) = dy(~ Ay w(r) = (u? ™ (1) = My (r) = 0,

which also yields a contradiction. Hence (r,0) is not a local minimum of W, and therefore
there exists a point z € Ri with W(z) < 0 and |z — (r,0)| < d. Then the line segment
L joining the points z and (r, 0) does not intersect the curve y. We denote by O_ the
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nodal domain of W containing the point z. Then by Lemma 5.8 (iii), there exists a point
p < 0 with (p,0) € O_. Moreover, there exists a continuous curve 7: [0, 1] — O_ joining
the points (p, 0) and z. By adding the line segment L, we arrive at a continuous curve
n:[0, 1] — Rﬁ_ joining the points (p, 0) and (r, 0). Since p < x < r < y, we may apply
Lemma A.4 from the appendix to see that the curves y and 1 must intersect. Since, as
noted above, y does not intersect the line segment L, the curves y and 7} must have an
intersection point. This however is impossible, as @, N O_ = & since W 1is positive in
Oy and negative in O_. The contradiction shows that O, # 0,,, as claimed. ]

Lemma 5.10. Letw € #*(BR) be an even nontrivial solution to (5.4). Then [p w dx # 0.
If R < +o0 and [ wdx > 0, then

Yuw(R) >0 and (—A)w <0 onR\ Bg.

Proof. Let W be the s-harmonic extension of w. By the variant of the classical Courant
nodal domain theorem given in [23, Prop. 5.2], W has a finite number of nodal domains
and by Lemma 5.9, we have that w = W(-, 0) changes sign a finite number of times on
R. Up to replacing W with —W if necessary, we can assume that there exists x, € (0, R)
such that

w(xs) = W(x4,0) >0 and w(x) = W(x,0) >0 forall x > x.

We let Q24 be the nodal domain of W containing (x4, 0). By Lemma 5.8 (ii), we have
that (—xx, 0) € Q4. Hence there exists a simple continuous curve y: [0, 1] — Q4 with
y((0,1)) C R x (0, +00), y(0) = (x4, 0) and y(1) = (—x«, 0). Then y separates the
set R x (0, +00) into a bounded domain and an unbounded domain.” We call @ the
unbounded one, and we note that

00 = (—00, —xx) U ([0, 1]) U (xx, +00).

Welet f € C°(—x«,xs) \ {0} with f > 0 on (—x«, xx), and we let ¢ € H*(BR) be the
unique weak solution of
(=A)'¢ +A¢ = f in Bg.

By the fractional strong maximum principle (see e.g. [26] or [18, Prop. 3.3 and Rem. 3.5]),
we then have ¢ > 0 in Bg. Moreover, letting ® € Dllg’lf (RZ ;£172%) denote the s-harmonic
extension of ¢, we have ® > 0 in ]R2+. By the continuity of W and &, the compactness of
y([0, 1]) and the fact that W is positive on ([0, 1]), there exists i > 0 such that

W = p® on ([0, 1]).

2Eventually, we shall be able to reflect the curve y with respect to the line R x {0} to get a closed
simple curve y and then use the Jordan curve theorem.
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Consequently, the function H := W — u® € D 119’; (R2 ; t172%) satisfies

div(t' "3 VH) =0 in @,
H>0 on y([0. 1),
—zl_zsatH(x,O)-i-)&H(an) >0 forx € B\ [—x«, X«],

where we used that f = 0 on Bgr \ [—xx, Xx]. We can thus apply the weak maximum
principle to deduce that
W > pud in 0. (5.15)

In particular, since {(0,7), t > t«} C O, for some large z,. > 0, we have

d d
tzspl,s/ %Zum,st”/ WD s, (5.16)
B

B (12 + |y2) 5 k 12+ |y

By [23, Lemma C.2 (i)], we have that w,¢ € L!(R) if R = +oo and obviously w, ¢ €
L! (BR) if R < 400. Hence, by (5.16) and the dominated convergence theorem, it follows

that
L w(y)dy
wdy = lim 5
Br t=+co JBe (1 + (Iyl/H)?) 2

> Lm pe(y)dy _ bdy >0,

1425

T t—>+o0 Jp, A+ yl/0)» = Br
which ends the first part of the proof.
If now R < 400, then we deduce from (5.15) that

w(x) = W(x,0) > ud(x,0) = u¢(x) forall x € Br \ [—x«, X«]. (5.17)

In addition, by the fractional Hopf lemma (see e.g. [18, Proposition 3.3]), we have that
Vs (R) = limy| ~g % > 0. From this and (5.17), we conclude that ¥, (R) > 0, as
desired. Furthermore, by the Hopf-type boundary lemma given in [7, Proposition 4.11],
we have 17259, ®(x,0) > 0 for all x € R\ Bg. Using this and (5.15) we obtain

ds(—A)Yw = —t17259, W(-,0) < —ut'7259,®(-,0) <0 onR\ Bg. [
We are now in a position to complete the proof of the nondegeneracy results.

Proof of Theorem 5.1 (completed). We start with the proof of (ii), assuming A = 0.
Arguing by contradiction, we assume that there exists a nontrivial solution w € #°(B) of
(1.5). By Theorem 1.1 (i), it follows that w must be even. Since A = 0, Lemma 5.4 implies
that 1, (1) = 0. After replacing w with —w if necessary, this contradicts Lemma 5.10. The
proof of (ii) is thus finished.

Next we prove (i), and by (ii) we may assume that A > 0. Arguing by contradiction,
we assume that A, = p. We let w € #5(B) be an associated eigenfunction, which again
by Theorem 1.1 (i) must be even. A variant of the classical Courant nodal domain theorem
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given in [23, Prop. 5.2] shows that W has precisely two nodal domains @4 with W > 0
in O4 and W < 0 in @_. It then follows from Lemmas 5.8 and 5.9 that w changes sign
exactly once in (0, 1). So, after replacing w with —w if necessary, there exists a point
ro € (0, 1) with

w>0,w#0in[—rg,rp] and w <0, w # 0in [—1,—r¢] U [ro, 1] (5.18)

Combining this information with Lemma 5.4, we find that

SA
0> )=————— | uwdx
=Vl = T v /B
and therefore, since A > 0,
/ uwdx > 0. (5.19)
B

On the other hand, since the function u?~! is positive, even and strictly decreasing in |x|,
there exists ¥ > 0 with the property that u? — xu > 0 for |x| < ro and u? — ku < 0 for
ro < |x| < 1, which by (5.7) and (5.18) implies that

O</(u1’—icu)wdx:—/c/uwdx.
B B

This contradicts (5.19), and the contradiction finishes the proof of the theorem. ]

Theorem 5.3 (completed). We let v € J°(R) be a solution to (5.4) with p = 2, and we
define x — w(x) := w Since u is even, we have that

(—A)’'w 4+ Aw = 2uw inR. (5.20)

Then by Lemma 5.4 we have

/ﬂ; w(y)u(y)dy = 0. (5.21)

Now integrating (5.20) on R, we obtain

0= /R (AP w(y)dy = - /R w(y)dy +2 /R wowO)dy.  (522)

Note here that the first equality in (5.22) follows by approximation. Indeed, letting y, (x)=
x(x/n) forn € N, where y is given by (4.2), we can multiply (5.4) by y, and integrate on
R. Then using that [p (—A) w(y)xa(y) dy = [g w(¥)(—=A)* xn(y) dy and the fact that
[(=A) gnllLe®) < Cn~2% with some constant C > 0, we get Jr(=A) w(y)dy =0
from the dominated convergence theorem.

Combining (5.22) with (5.21), we get fR w(y) dy = 0. It then follows from Lemma
5.10 that w = 0 on R. We thus conclude that v is an odd function. Finally, Theorem 1.1 (ii)
implies that v is proportional to u’. ]
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Proof of Theorem 5.2 (completed). We assume for simplicity that R = 1 and we recall
that B = B; = (—1,1). We let v € #°(B) be a solution to (5.4) with R = 1 and p = 2,
and we consider again x — w(x) := w, which satisfies

(—A)’'w 4+ Aw = 2uw in B. (5.23)

We first claim that
/ [—Aw + 2uw](y)dy + / (=A)Y’w(y)dy = 0. (5.24)
B R\B

Let us postpone the proof of this claim and finish the proof of the theorem. Combining
Lemma 5.4 with (5.23), we find that

0= [ W)y = SO0 49+ [ Arue)dy

Since A > 0 and v, (1) > 0, Lemma 5.10 now implies that w = 0 on R, so that v is an
odd function. Finally, Theorem 1.1 (i) yields v = 0 on R, as required.

It thus remains to prove (5.24), and for this we argue by approximation. Let {; be
given by (4.3), and note that {zw € C°(B) C C°(R). By (5.4), we have

(=AY’ (Grw) = G (A w + w(=A) ¢ — T(w, &)
= [-Aw + 2uw]l + w(=A) ¢ — I(w, ) in B,

where I(w, §i)(y) = c1s [ (w(x)_w‘iy_)l(ﬁﬁ(zf)_c"(y)) dx. Hence, as in the proof of Theo-
rem 5.3 above, we have

0= / (—A) Gow)(y) dy = / (A Gw)(y) dy + / (AP Gw) () dy
R B R\ B

= f [—Alkw + 28wu](y) dy + / [w(=A) 8 — I(w. §)l(y) dy
B B

[ Ear@m . (525)
R\B
By the dominated convergence theorem, we have
. lirf / [Asrw + Grwul(y) dy = / [Aw + 2wu](y) dy. (5.26)

Using that
[G(w(x)| < C(1 =[x} < C(lx—y|*) forallx € B,y eR\ B,

we have, for y € R¥ \ B, the estimate

f Sk (x)w(x) dx’fC/ (1—1x])* dx
R | B

x_y|1+2s |x_y|1+25

. 1 1
SC/Bmm{|x—y|l+s’ |x—y|1+2s}dx

<C(A=1yD" 1M + A+ DT > Ir\g, (1), (5:27)

[(=A)* (Gew) ()] = c1s
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Here, C denotes a positive constant which may change from line to line in the following.

Furthermore, it is straightforward to check that

kETM(—A)S(Ekw)(y) = (=A)'w(y) forally eR\ B.

Since the right-hand side of (5.27) is in L' (R), the dominated convergence theorem yields

that
lim (=AY (Grw)(y)dy = f _(=A)*w(y)dy. (5.28)
k—+o00 R\B R\B
Next, for ¢ € (0, 1), we write
[ w85 = 1w,y = [ w806 = 10,8010 dy
1—¢
H o weart- 1w sl dy. 629
3\31,5
Following [14, Section 6, p.231], we have that
lim [w(=A)"¢ — 1(w, §)](y) dy = 0. (5.30)
k—+o00 Bi_¢
Moreover, by [14, Lemmas 6.3 and 6.8], there exist € € (0, 1) and C > 0 with
Ck?s Ck*S
—A)® < d |I(w, <
A GO = o @ @800 S T =

for 1 — & < |y| < 1. Using this estimate together with the fact that |w(y)| < C(1 — |y|)%.

for y € B, we have, by the change of variable r = k(1 — |y]),

/ (A& — Iw. &)l() dy
B\B1-¢

k2 (1= |yD* ks
< C/ + d
B\Bl—§(1+|k(1_|y|)|l+zs 1+ |f’€(1—|y|)|1+“‘> Y
C k& k2s FAS kS
=?/0 <1+r1+2s(%> +1+r‘+s>dr

o0
1
-1
< Ck* [0 1_i_mdr—>0 ask — +oo.

Combining this with (5.30) and (5.29), we obtain

lim [ [w(=A) 8 — I(w, E)l(y) dy = 0.

k—+o0 JB

This implies, together with (5.25), (5.26) and (5.28), that (5.24) holds, as required.
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6. Uniqueness in the case of B = (—1,1)

In this section we shall finish the proofs of Theorems 1.2 and 1.5 by a continuation argu-
ment. We start with the following locally uniform estimates.

Lemma 6.1. Let 1 < po <25 — 1, and let Ag > —A1(B). Then there exist § > 0 and C >0
such that forall p € (po — 8, po +8), A € (Ao —8, 1o + 8) and any u € #*(B) N C*(RN)
solving the problem

~A)’u+Aiu=u?, u>0inB, u=00nR\ B. (Pp.2)

we have

) ullrey = C;

(i) [u]s + ullcs@ny < C.
Moreover, let (pn)nen and (An)nen be sequences converging to some p € (1, 25 —1)
and A > —A1(B), respectively. Forn € N, we let u, € #°(B) be a solution to (P, 5,)-
Then, (uy)neN possesses a subsequence that weakly (resp. strongly) converges in #°(B)

(resp. in C(B)) to a solution v of (‘{Pﬁ,i)’ In particular, if uy, is a ground state solution of
(Ppp.a,) foralln € N, then v is a ground state solution of (JPI;’;\).

Proof. Arguing by contradiction, we first suppose that there exist sequences p, — po and
An — Ao and a sequence of positive solutions u, € #*(B) N C*(RY) of (#p,) such that
by = |un||LeB) = 00 as n — oco. We define

b

1 pn—1
n(x) 1= —un(x/bp* ).
n

By Lemma 2.1 (i), [|vp [|ccgvy = v (0) = 1. By direct computations,

pn—1
2s

(=A)’v, + )L,,b;_p” Up = vP" in By, (0), withr, :=b,> .

By fractional elliptic regularity theory (see [32, Theorem 1.1]), there exists & > 0 such
that the functions v, are uniformly bounded in C25*%(K) for any compact set K C RV,
After passing to a subsequence, we may thus assume that v, — v in Ckz)gﬂq (RN for
0 < B < a, where ¥ satisfies (—A)*% = 97° in R and ¥(0) = 1. Hence by [27, Remark
1.9] we have that v = 0 which is not possible. We thus conclude that there exist § > 0 and
C > Osuch that ||u||pgy < C forall p € (po — 38, po +8), A € (Ao — 8,40 + §) and all
u € J5(B) N C*(RY) solving (&p,1)- This proves (i).

Now (ii) follows from boundary regularity estimate in [32, Theorem 1.2] and the uni-
form L°° bound in (i), again after making C larger if necessary.

Next we note that, for A > —A1(B), by the Poincaré inequality for all u € #°(B)
solving (£p,), we have

k(M [u]? < [u)? +)L/ u?dx < / uP+ gy,
B B
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where k(A) := min{1, (1 + ﬁ)} > 0. From this, the Sobolev and Holder inequalities,
forall g € (p + 1,2) there exists éq := C(N,s.q) > 0 such that

p+1

2 ptL
K(A)éq(/ uqu)q S[u]§+l/uzdxffupdeleP_p;l(/ uqu) o
B B B B

We thus conclude that for every u € #°(B) solving (£, 1), we have

p—1

(/ u dx)q > k(0G| BT 6.1)
B

Let (pn)nen and (A,)nen be sequences converging to p € (1,25 — 1) and A > —A1(B),
respectively, and let u, € #°(B) be a solution of (£, 1,) for all n € N. By (ii) we have
that, up to a subsequence, the sequence (1, ),eN converges weakly in #°(B) and strongly
in C(B) to some v > 0. Moreover, v € #*(B) N C(B) weakly solves (—A)’v 4+ Av = v?
in B.Wefixq € (p + 1,25 — 1). Then for large n € N such thatg > p, + 1, (6.1) implies
that

pn—1

(/ ul dx) L > k()G BT
B

Hence letting n — oo, we see that |[v||Le(py > 0, so that v = 0 in B. We then write
(=A)Sv + V, v = 0 with the (frozen) potential V,, = A—vPle L°°(B). Thus, by the
fractional strong maximum principle (see e.g. [26] or [18, Prop. 3.3. and Rem. 3.5]), we
have v > 0 in B, and the lemma follows. n

We may now complete the proofs of Theorems 1.2 and 1.5.

Proof of Theorem 1.2 (completed). From® [12, Theorem 1.6] there exists py > 1 such
that for all p € (1, po) there exists a unique positive function u, € #°(B) satisfying
(=A)u, = ub in B = (=1, 1) and u,, is nondegenerate.* We let p, > 1 be the largest
number such that (1, p,) has this uniqueness property.

Claim. We have that p, = 2§ — 1.

Suppose by contradiction that p, < 2§ — 1.
We fix p € (1, px) and B € (0, min{(p — 1)s, s}). We introduce the Banach space’

€’ = {uec CPRY), u=0inR\ B, (-A)°'u € CF(B)}, (6.2)

3This fact was proved in [12, Theorem 1.6] for N > 2; however, the same proof also works for N = 1.

“In the sense that the equation (—A)*w = puf,’_1 w in B has only the trivial solution in J*(B).

5By (—A)*u € C#(B), we mean there exists f € C#(B) such that (—A)’u = f in O’(B). We note
in this case that (—A)%u(x) = f(x) for all x € B because u € ClierB (B)NC*(B)if2s + B € N, by
regularity theory.
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endowed with the norm [[u||cgw) + [(—2)*u|cs(5)- Note that, by Lemma 2.1, all solu-
tions to (1.2) belong to ‘63 ST We finally define

F:(1,00) x €2 . CP(B), F(p.u) = (=AY u—|ul”.

It is easy to see that F is of class C! on (1, 00) x ~€§s+ﬂ with 9, F(p,u) = (=A)° —
plul?~2u and 0, F (p,u) = In(|u)|u|?. In particular, we have that F(p«, up,) = 0 and
0w F(ps.up,) =(=A) — p*ull,’:_l, which has empty kernel by Theorem 5.1 (ii). It is eas-
ily seen that (—A)*: € 2s+ﬂ — C#(B) is a Fredholm map of index zero. In addition, since
up, € C* (B) we have that ub*™ le CP#(B) by our choice of 8 and also by the Arzéla—
Ascoli theorem the map v uf,’j_lv: ‘C’g stE _, c# (B) is compact.® As a consequence,
0 F(ps, up,): ‘C’g”ﬁ — C#(B) is an isomorphism. It then follows from the implicit
function theorem that there exists § > 0 such that for all p € (p« — 8, p« + 8), there exists
aunique u, € B €25+ (up,, 8) satistying F(p,up,) = 0. Suppose that there exists another
lp, € ‘82”'9 \ {0} satisfying F(p«,tip,) = 0. Similarly, by nondegeneracy from Theo-
rem 5.1 (ii), decreasing § if necessary, we have that for all p € (p« — 6, p« + §), there
exists a unique i, € Bt’g”ﬁ (tip,, ) satisfying F(p,iip) = 0. Note that taking § smaller if
necessary, u,(0) > 0 and i1, (0) > O forall p € (p« — &, p«, +§), thanks to the continuity of
the curves p — u, and p > 1, as maps (px — 6, px +68) — ‘€§S+’3, which follows from
the implicit function theorem. The maximum principle then implies that #, > 0in B and
iip > 0in B and they satisfy F(p,up,) = F(p,iip) = 0forall p € (psx — 6, px + ). From
the definition of p,, we have that u, = ii, for all p € (px — 6, psx). Wecanlet p / p,
and we obtain u,, = iip,, This implies that u,, is the unique solution of F(ps,-) = 0in
€\ {0},

To obtain a contradiction with the assumption on p., we prove that there exists €« €
(0, 8) such that for all p € (p«, p« + €4) the equation F(p.,-) = 0 possesses a unique
solution in ‘€2H \ {0}. If such an ¢, does not exist, then we can find a sequence (p;);eN
with p; N\ p« such that for all j € N, there exist up,, U, € ‘€§S+’3 \ {0} satisfying
F(pj,up;) = F(pj,up;) = 0 with the property that u,, # 1. By Lemma 6.1, both
up; and ﬁpj converge to up, in #°(B) N C(R) by the uniqueness of u,,. We next note

that 6, 1= —2i"n__ satisfies (—A)*0; = g;6; in B, with

J= ”up up ”LZ
J (B)

1
&zmAaM+a—mman

and [|0;[|z2(py = 1. By Lemma 6.1, [0;]s < [|gj |l (B) is uniformly bounded for all ;.
Hence, up to a subsequence, we see that §; weakly converges in J#*(B) and strongly in
L?(B) to some 6 in J*(B) satisfying 10ll.2(sy = 1 and

(=A)*6 — p*uf,’:_lé =0 in B.

SBecause if ||(—A)*v, 55y is bounded then [[vallcs () is bounded and thus (vy,) has a convergent
subsequence in C# (B) by the choice of 8 < s.
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This is impossible by Theorem 5.1 (ii), and thus &, exists, contradicting the definition of
D«. We thus get py + 1 = 27 as claimed. ]

Proof of Theorem 1.5 (completed). The proof follows the proof of Theorem 1.2 almost
line by line. Here, we let p. > 1 be the largest number such that for every p € (1, p«)
there exists a unique positive and nondegenerate ground state solution of (1.11). As in
the proof of Theorem 1.2, we deduce from [12] that such a value p. exists, and we get
P« + 1 = 2§ in the same way by using Theorem 5.1 (i) in place of Theorem 5.1 (ii). =

Proof of Theorem 1.3 (completed). The asserted radial nondegeneracy property of solu-
tions of (5.1) and (5.2) are given by Theorems 5.2 and 5.3. For the proof of uniqueness of
problem (1.2) in the case B = (—1, 1) and p = 2, we argue as in the proof of Theorem 1.2
by considering the C! function

G:Rx€X - CP(B), GA.u)=(—A)u+iu—u?

where 8 € (0, s) and ‘63 S*P s defined by (6.2). We start by showing the existence of a
local branch of unique solutions for A > 0 small, using Theorem 1.2.

Claim. There exists A4 > O such that for A € (—A, A,) there exists a unique u, €
‘Ggs+ﬂ \ {0} satistying G(A,uy) = 0.

Suppose on the contrary that the statement in the claim does not hold. Then there
exist sequences A, — 0 and u,, v, € ‘C’gﬁ_ﬂ \ {0} with u,, # v, such that G(A,,, u,) =
G(A,,vy) = 0. Then by Lemma 6.1 we have that the sequences u, and v, converge in
HS(B) N C*(RN), respectively, up to subsequences, to some functions u, v € ‘C’g s+h \
{0} satisfying G(0,u) = G(0,v) = 0. Hence by Theorem 1.2, we have u = v. On the
other hand, the function w,, := % € J¢*(B) satisfies

(=AY’ wy + Apwy, = guwy, in B,

with g, := u, + v, which is bounded in C*(R). Hence, up to a subsequence, w, weakly
(resp. strongly) converges in J5(B) (resp. in L2(B)) to some w satisfying (—A)*w =
2uw in B and ||w||z2(py = 1. This is in contradiction with Theorem 1.2. The claim is thus
proved.

To continue the unique local branch, we recall that, in view of Theorem 5.2, 9,,G (A, u)
is an isomorphism forall A > O and u € ‘6; s+h \ {0}. We can now argue as in the proof of
Theorem 1.2 to conclude that the largest A, > 0 for which for all A € (0, 1) the equation
G(A,-) = 0 has a unique solution in l‘fg s+h \ {0} is +o0. This completes the uniqueness
of the solution to (1.2) in the case p = 2.

In the case of (1.1), the proof of uniqueness follows the argument of [23, Section 8],
replacing ground state with the solution. Note that Theorem 5.3 implies that the hypothe-
ses of [23, Proposition 8.1] are verified for all s > 1 N =1and p = 2. One therefore
repeats the proof of [23, Proposition 8.4], replacing the ground state solution with any
even solution to (1.1), to conclude uniqueness of even solutions to (1.1) in H¥(R). [ ]
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7. The special case s = 3 and p=1++5 +1

This section is devoted to the proof of Theorem 1.6. More precisely, we first determine the
unique positive radial ground state solution of (—A)%u +u=u?inRY, N >1inthe
special case p =1+ NL_H Then we compute the best constants in the associated Sobolev
and Gagliardo—Nirenberg inequalities. We start with the following lemma.

Lemma 7.1. Fora > 0, letu, € H'Y/2(RY) N C®(RN) be defined by

a W +1)/2)

ua(x):cNm, withcy = SNTD/2 (7.1)
Then we have {
—A %ua + —ug = a*> Payu?, (7.2)
a
a
withp :==1+ NLH and
_2 N +1
= (N + Dey¥ = W+br (1.3)

T((N + 1)/2) %5
Proof. By [36, Theorem 1.14], we have

a

F (e (x) = cn for x € RV,

N+1

(@ + [x[?) 2

with ¢y given in (7.1), where ¥ denotes the standard Fourier transform.” Therefore,

F(—A)2u,)(€) = 2m|gle27lEl = _ 4 omair)
da

Taking the inverse Fourier transform, we obtain
1 d __, _ d
(D) 2ug(x) = = F (e ) (x) = ——ua (),
da da

where, by (7.1),

1 a?
—uUg(x) =cn——— — (N + ey
da " @+ 12" @+ a1
Ug(x
_ ¥al®) _ a* Payu? (x)
a
with p :=1+ NLH and o given in (7.3). Combining these identities gives (7.2). ]

"We are con%lderlng F()E) = [pn F()eEX dx and FU(f)(x) i= [n f(E)eFT*EdE so
that F o F~! =id
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B
Lemma 7.2. Letu = af 'uy, ie.

N1 N + 1) N+ 15
u) =ay’ w0 = S @) = ﬁ (74)

where uy is given by (7.1) with a = 1. Then we have
(—A)2u +u = u? (7.5)

and
x-Vu=—(N+ Du +u?.

Proof. The equation (7.5) immediately follows from (7.2). Moreover, we have

2
X - VM = —(N + 1)1+¥LN+3
1+ x> ="
N+1 1 1
=—(N+ D't = — )
((1 +x) A+ )
= —(N + Du + u”. [

From now on, we fix u as given in (7.4), and we consider the eigenvalues 0 < A} <
A%, < ... of the weighted radial eigenvalue problem

(_A)%w +w = Aup_lw, w € Hrl/z(RN)- (76)

Recall that the first radial eigenvalue A} = 1 with eigenspace spanned by u.

Proposition 7.3. The second radial eigenvalue A’ in the weighted eigenvalue problem
(7.6) satisfies A% > p.

Proof. We consider the linearized operator L = (—A)% + 1 — puP~! and note that

Lv=—u, withv =

1
1u 4+ x-Vu.
This follows from (7.5) and the well-known identity

(—=A)*[x - Vu] = 25(=A)’u + x - V[(=A)*u] fors € (0, 1).

Letw € Hrl/2

(R™) be an eigenfunction corresponding to A%, which implies that
Lw = (A5 — puP~lw. (7.7

From this and (7.5), we get

(l—p)/ qudx=/ wLudx:/ uLwdx:(Ag—p)/ uPw dx
RN RN RN RN
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and thus, since A} > 1, we obtain

/ wPw dx = 0. (7.8)
]RN

Moreover, by [23, Theorem 2], the function w changes sign precisely once in the radial
variable, say at ry € (0, co) with w(x) > 0 for |x| < r¢ . From this, (7.8) and the fact that
u is strictly decreasing in the radial variable, we deduce that

0= / uwPwdx > up_l(ro)/ wudx and therefore/ wudx <0. (7.9
RN RN R

N

Using (7.7) and (7.9), we find that
0< —/ uwdx = / (Lv)wdx = / v(Lw)dx = (A} —p)/ u? low dx
RN RN RN RN
1
= (A} — p)—/ uPwdx + (A} — p)f u? Y (x - Vu)yw dx
p—1Jry RN

= (A} — p)/ u?~Y(x - Vu)w dx. (7.10)
RN

Moreover, from Lemma 7.2 and (7.8), we infer that

/ uP Y(x - Vu)wdx = / wu??dx > u"_l(ro)/ wufdx =0. (7.11)
R¥ RY RY

Here we used again that u is strictly decreasing in the radial variable. Combining (7.10)
and (7.11), we deduce that A} — p > 0, as claimed. ]

The following proposition completes the first part of the proof of Theorem 1.6.

Proposition 7.4. The function u given in (7.4) is the unique radial ground state solution
of (7.5), and hence it is the up to a constant unique minimizer of the subcritical fractional

Sobolev quotient
2

hull2,,

/N d Ql/z(u) = P .
”u”Lp-H(RN)

Moreover, the associated best Sobolev constant is given by

W+ 2T () )

Si= 4N + HT(N)

Q1/2(w) = (N + 1)( (7.12)

in
ueH/2(RV)\{0}

Proof. Combining Theorem 1.1 and Proposition 7.3, we deduce that u is a ground state
solution of (7.5), so it is unique by [23, Theorem 4]. Moreover, it is a well-known fact
(see e.g. [23]) that the infimum in (7.12) is attained, and that every minimizer is, up to a
constant, a ground state solution of (7.5). Consequently, u is the unique minimizer up to a

constant. Moreover, by (7.5) we have [Ju|1},, = ||u] i;l(RN) and therefore
-1
lul? ) 1 P
: - 1
S = 3 = ||u||ip+l(RN) = (/ up+ dx)
||u||Lp+1(]RN) RN
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with
(P+DIN+1)
(N+1) 2 1
up+1dx:/ dx=N+1N+2/ ————dx.
/;gzv RN (1 + |x|2)w ( ) ry (1 + |x|2)N+2
Furthermore, with polar coordinates and the change of variables p = Tlrz’ we compute
that
/ L ir= sV /ooera +r3)~ N 2dr
Ry (1 + [x[2)N+2
SN g N+z(1 52 _ ISMTIR G +90(5)
—r
2I'(N +2)
~ |SN N2 X _ (N +27V°r )
2I(N +2) 4N + DI(N)
Since £ +i = N#Jrz, we thus conclude that
N +2)xV21(§)\ v
S=(N—|—1)(( ) (2)>N+2’
4(N + DHI(N)
as claimed. ]

Next we wish to compute the best constant in the associated fractional Gagliardo—
Nirenberg inequality. We note the following general lemma, which follows by similar
arguments to [10, Proof of Theorem 1]. For the reader’s convenience, we include a short
proof.

Lemma 7.5. Lets € (0,1), ¢ € (2, [N 2sL_)and

2
Sgq:i= inf ”Z—” > 0. (7.13)
ueHs RN\ [[ull7, gw)

_ N@—2)
Moreover, let § = s Then

bl 6,

in = (0°(1 - )17V 5, )"V, (7.14)
ueHs(RN)\{0} ||M||Lq(RN)

GNy4 =

)

Proof. We consider the scaling
HRY) > H'®RY), uw>uy = AV
which preserves the L?-norm, i.e.

luallLamyy = lullLamny forallu € H¥RY). (7.15)
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Since, by a change of variable,
Laals = AVONEE Rt and sl ey = ANV Jull 2y
for u € HS(RY), it also follows from our special choice of # that
g 1l 2 () = []g N oy foru € HS(RY), 4 > 0.

Next, letu € H*(RN) with |u|| rar~) = 1 be a minimizer for (7.1 3).® The minimization
property and (7.15) then imply that

d ) R ,
0= —=| _ Ialls = CN/q = N +2)luls + @N/q = N) ] Loy
hence

Consequently,

1
Soa = Il = 2 4 ulagan, = 5002 =~ lulZagen,

and therefore
) [t oy = (67 (1 = 6)1=P 5, )12,
On the other hand, for a given function u € H*(R") with ||u | La@®~) = 1, we may choose
A > 0 with
(1= O[usl; = OlluallZ>gn):

which implies that

1 1
Ssq < lual} = 5["}&]? = m”uxﬂiz(RN)
and hence
1-9 1-6 _
)l sy = 18 el vy = (07 (1 = )08, )12,
This shows (7.14), as claimed. [ ]

To complete the proof of Theorem 1.6, it remains to apply Lemma 7.5 in the special
case s = % andg =p+1= 25{,\]:12), which gives 6 = N+2 and (1 — 0) = 5. Since
we already know that

n”z’(N+2)r(%))N12

S = Seg =V +1)( 4(N + DI (N)

8Standard arguments based on Schwarz symmetrization and compactness imply that the infimum in
(7.13) is attained by a radial function in u € H*(RN).
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in this case, it follows that

" = Z(N +2)T(X)\ w11/
ONsg = [(N]iz) (Niz) (N+1)(n4(N ++1)F(N2) ) ]1 2
NN(N+1)N+17T%F(%) 1/2(N+2)
= ( (N +2)NFIT(N) ) '

Since Con = GNS_,;, we have thus completed the proof of Theorem 1.6.

A. Some auxiliary results

A.1. A geometric lemma

In the following, we consider, as before, for v € S N—-1 the reflection
ov:RY S RN, o,(x) =x—2(x-v)

with respect to the hyperplane T, := {x € R : x - v = 0}.

Lemma A.l. Let w,h € C2(SN™Y) be functions with the property that

w(z) —w(ou(2) GV

> =h(v)z-v foreveryv,z € (A1)

Moreover; let vy, € SV~ be a point with By := h(Vimax) = maxgn-1 h. Then we have
w(z) = [W(Vmax) — Pmax] + FmaxZ - Vmax  for z € SV7L (A2)

In particular, w is a sum of a constant and an odd function with respect to the reflec-
tion oy, .

Proof. Since the problem is rotationally invariant, we may assume, without loss of gener-
ality, that 4 takes its maximum at v, = ey = (0,...,0,1).

We first consider the case N = 2. We then write xg = (cos 6,sinf) € S Lforg eR
and regard all functions as 27 -periodic functions of the angle 6. For a fixed angle 6, we
consider vg := (—sin 6, cos §). Then the reflection at the hyperplane 7' = T,,, := {x €
S : x-vg = 0} corresponds in the angle coordinate to the map

020 —10
Setting

w(0) = w(xg) = w(cosH,sinf) and 5(0) = h(vg) = h(—sin B, cos 9),
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we may then reformulate assumption (A.1) as

w(@ +s)—w(@ —ys)

5 h(0)xg - vg = h(B)(cos(0 + s),sin(f + s)) - (— sin 6, cos 0)

h~(9)(sin(9 + 5)cos € — cos(f + s) sin 0)
h(f)sins for6,s € R. (A3)

Differentiating in s at s = 0 gives
w'(0) = h(9) forallf € R. (A.4)
Moreover, differentiating (A.3) three times in s and using (A.4), we get

WO +s)+ 01" —s)  w"@+s)+w"(0—s)

—ﬁ(@) coss forf,s € R.
2 2

Evaluating at s = 0 gives 4”(6) = —h(8), from which we deduce that
h(0) = hmax cos 6 for 6 € R. (A.5)
Here we used the fact that / takes its maximum at zero, since h takes its maximum at
Vmax = (0, 1) by assumption. Combining (A.4) and (A.5) gives
- (T 0 (T
w(xg) = H() = w(E) n hmaX/ cos® d = w(E) ¥ B (sin 6 — 1)
%
= w(vmaX) + hmax(xe * Vmax — 1) for 6 € R,

which gives (A.2) in the case N = 2.

In the general case N > 2, we may repeat the above argument in the two-dimensional
subspace span{es, ey}, where e, € SV=2 x {0} is chosen arbitrarily. This then yields
(A.2) for arbitrary z € SN~1, n

Corollary A.2. Letw € C2(RN), h € C2(SN~1) and U: (0, 00) — [0, 00) be functions
with the property that

w = h(v)U(|x|)|i_| v foreveryv € SN x € RV \ {0},

Moreover, let vinax € SN~ be a point with hmay = h(Vimax) = maxgn-1 h. Then we have

w(x) = [W(|*[Vmax) = Amax U(IX])] + Hmax U(|x|)|;c_| “Vmax forx € RY \ {0}.

In particular, w is a sum of a radial function and an odd function with respect to the
reflection o, .
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Proof. 1t suffices to apply Lemma A.1, for fixed r > 0, to the functions
SN=1 LR, z+ w(rz)

in place of w and
SN-T LR, v Ur)h(v)

in place of 4. |

A.2. A Hopf-type lemma

In this section we provide a variant of the fractional Hopf-type lemma in [35, Prop. 2.2]
under somewhat weaker assumptions.

Lemma A3. Let Hy :={x e RY : x; >0}, T :={x e RV : x; = 0}, and let
Q C RY be a bounded set of class C* which is symmetric with respect to reflection
of the xi-coordinate, and let Q4+ = Q N Hy. Moreover, let ¢ € L°(R2), a > 0 and
ve L'RY; (14 [x])™V=2%) n C2+%(Q) satisfy

=A)v+c(x)v =0 inQy,

v=>0 in Hy,
(A.6)
v 7_é 0 in Q+,
v(=x1,x") = —v(x) forx = (x1,x’) e RV,
Then we have
) L) ,
v>0inQy and hmnlff > 0 forevery (0,x") e T N Q.
t—>0

Proof. In the case where, in addition, v € H S(RN ), the conclusion is contained in [18,
Cor. 3.3] and [35, Prop. 2.2]. In fact, [35, Prop. 2.2] also assumes the equality (—A)Sv +
¢(x) = 0in Q, but the proof given there only requires that (—A)*v + ¢(x) > 0in Q7.
To get rid of the additional assumption v € H*(R"), we use a cutoff argument. So we let
ve L'RY; (1 + |x])7V=2%) N C25T%(Q) satisfy (A.6), and we let ¥ € Q with ¥; > 0.
We choose a radial cutoff function ¥ € C2°(2) with 0 < ¢ < 1 in such a way that there
exists a (sufficiently large) neighborhood U C Q of ¥ withy =1inU andv #0in Uy :=
U N Hy. We may assume also that U is symmetric with respect to the x;-coordinate. For
x € U; we then have

(=AY (Yv)(x) = (=A)’v(x) + (=A) (¥ — Dv)(x) = —c(x)v(x) + cns f(x)
= —c()Wv)(x) + cns f(x).

where

[ -9
f“”iému -y @
1

1
(=W (= — e & 20

/(RN\U)0H+
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and we write y = (—y1, ') for y = (1, y’) € RY. Here we have used the oddness of the
function y — (1 — ¥)(y)v(y). Consequently, we have

(=AY (Yv) +c(x)(Yv) =0  inUy,
Yyv =0 in Hy,
Yyv #0 in Uy,
W) (=x1,x") = =(Yv)(x) for x = (x1,x') e RV,

Since moreover Yv € HS(RY), [18, Cor. 3.3] gives v(¥) = yv(¥) > 0if ¥ € Q4, and
[35, Prop. 2.2] gives

£ x' t,x’ .
timinf 2~ fimins YO 6 ez~ 00y eanT.
t—>0+ t t—>0+ t
The claim thus follows. m

A.3. A topological lemma

As before, we let ]R?F :={(x,t) € R? : t > 0}. The following topological lemma was used
in the proof of Theorem 5.1.

Lemma A.4. Let x; < x5 < X3 < X4 be real numbers. Suppose that y, n:[0, 1] — ]R_?F are
continuous curves such that y(0) = (x1,0), y(1) = (x3,0), n(0) = (x2,0), n(1) = (x4,0).
Then the curves y and 1 intersect in R2, i.e. there exist t,f € (0, 1) with y(t) = n(f).

This lemma is a variant of [22, Lemma D.1]. In contrast to [22, Lemma D.1], we do
not assume that the curves y and 5 are simple (i.e. injective), and we do not require that
y(t),n(t) € Ri for ¢ € (0, 1). Clearly, under the more general assumptions of Lemma A .4,
the intersection point may also lie on 8Ri. A full proof of Lemma A.4, based on the
intersection number of two curves, can already be found in [24, pp. 554-556], and it is
very likely that there are earlier references for this lemma which we are not aware of.
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