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Nondegeneracy properties and uniqueness of positive
solutions to a class of fractional semilinear equations

Mouhamed Moustapha Fall and Tobias Weth

Abstract. With the help of a new Picone-type identity, we prove that positive solutions u2H s.RN /

to the equation .��/suC u D up in RN are nonradially nondegenerate, for all s 2 .0; 1/, N � 1
and p > 1 strictly smaller than the critical Sobolev exponent. By this we mean that the linearized
equation .��/sw C w � pup�1w D 0 does not admit nonradial solutions besides the directional
derivatives of u. Letting B be the unit centered ball and �1.B/ the first Dirichlet eigenvalue of
the fractional Laplacian .��/s , we also prove that positive solutions to .��/su C �u D up in
B , with u D 0 on RN n B , are nonradially nondegenerate for any � > ��1.B/ in the sense that
the linearized equation does not admit nonradial solutions. From these results, we then deduce
uniqueness and full nondegeneracy of positive solutions in some special cases. In particular, in
the case N D 1, we prove that the equation .��/su C u D u2 in R or in B , with zero exterior
data, admits a unique even solution which is fully nondegenerate in the optimal range s 2 .16 ; 1/,
thus extending the classical uniqueness result of Amick and Toland on the Benjamin–Ono equa-
tion. Moreover, in the case N D 1, � D 0, we also prove the uniqueness and full nondegeneracy
of positive solutions for the Dirichlet problem in B with arbitrary subcritical exponent p. Finally,
we determine the unique positive ground state solution of .��/

1
2 uC u D up in RN , N � 1 with

p D 1 C 2
NC1

and compute the sharp constant in the associated Gagliardo–Nirenberg inequality

kukLpC1.RN / � Ck.��/
1
4 uk

N
NC2

L2.RN /
kuk

2
NC2

L2.RN /
.

1. Introduction

Let s 2 .0; 1/ and N � 1. The present paper is devoted to solutions to the problem

.��/suC �u D up in RN ; u > 0 in RN , u 2 H s.RN /; (1.1)

and to the Dirichlet problem

.��/suC �u D up in B; u > 0 in B , u 2 H s.B/; (1.2)

where B´ ¹x 2 RN W jxj < 1º is the unit ball. Here .��/s denotes the fractional Lapla-
cian of order s, which, under appropriate smoothness and integrability assumptions on the
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function u, is given pointwise by

.��/su.x/ D cN;s lim
"!0C

Z
RN nB".x/

u.x/ � u.y/

jx � yjNC2s
dy

with cN;s D 22s��
N
2 s

�.NC2s2 /

�.1�s/
. Moreover, H s.RN / is the usual fractional Sobolev space

endowed with the scalar product

.v1; v2/ 7! hv1; v2is D Œv1; v2�s C

Z
RN

v1v2 dx

and induced norm v 7! kvks D
q
Œv�2s C kvk

2
L2.RN /

, where

Œv1; v2�s D cN;s

Z
RN�RN

.v1.x/ � v1.y//.v2.x/ � v2.y//

jx � yjNC2s
dx dy (1.3)

and Œv�2s ´ Œv; v�s . In addition, we let H s.B/ denote the closed subspace of functions
u 2 H s.RN / with u � 0 in RN n B . Furthermore, we assume that � > 0 in the case of
(1.1) and � > ��1.B/ in case of (1.2), where �1.B/ denotes the first Dirichlet eigenvalue
of .��/s for s 2 .0; 1/. Finally, we assume that p 2 .1; 2�s � 1/ with 2�s being the critical
fractional Sobolev exponent given by

2�s D
2N

N � 2s
if 2s < N and 2�s D1 if 2s � 1 D N:

A priori, it is natural to consider (1.1) and (1.2) in the weak sense. A positive function
u 2 H s.RN / is called a weak solution of (1.1) if

Œu; v�s C �

Z
RN

uv dx D

Z
RN

upv dx for all v 2 H s.RN /:

Similarly, a positive function u 2 H s.B/ is called a weak solution of (1.2) if

Œu; v�s C �

Z
B

uv dx D

Z
B

upv dx for all v 2 H s.B/:

It is well known (see e.g. [23, Proposition 3.1]) that positive (weak) solutions to (1.1)
belong to L1.RN /\H sC1.RN /\ C1.RN /, are radially symmetric about a point x0 2
RN and are strictly decreasing in jx � x0j. We also recall that, by [33], every (weak)
solution u 2 H s.B/ of (1.2) is contained in L1.RN /, and therefore [32] and [33] imply
that u 2 C s.RN / \ C1.B/. Moreover, by [25], u is a radial function which is strictly
decreasing in its radial variable (see also [5] for a different argument but with � D 0).

In the local case s D 1, the uniqueness of solutions to problems (1.2) and (1.1) (up to
translations) is a classical result and was established by Kwong in his seminal paper [29];
see also [9,30]. In contrast, for semilinear fractional equations, the uniqueness and nonde-
generacy of specific classes of solutions is a very challenging problem, and few results are
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available up to now. One of the main reasons for this is the lack of ODE techniques which
are highly useful in the case s D 1. It was first proved by Amick and Toland [2], based
on complex analytic methods, that (1.1) has a unique solution in the special case s D 1=2,
p D 2 and N D 1; see also [1] for an alternative proof. Much later, Frank, Lenzmann and
Silvestre [23] proved uniqueness and nondegeneracy of ground state solutions to (1.1) up
to translations in the general case, extending an earlier result of Frank and Lenzmann for
the case N D 1 to all dimensions, and also extending results of [20, 28] to all s 2 .0; 1/.
Here, following the terminology of [23], we call a solution to (1.1) a ground state solution
if it has Morse index one. However, it remains open so far whether (1.1) may admit higher
Morse index solutions.

The first purpose of the present paper is to show that all positive solutions of (1.2)
are nondegenerate in nonradial directions, and that the same is true for (1.1) up to the
directional derivatives of u. In order to formulate these statements rigorously, we consider
the subspaces

H s
r .R

N /´
®
w 2 H s.RN / W w radially symmetric

¯
and

H s
nr.R

N /´ ŒH s
r .R

N /�?´
®
u 2 H s.RN / W hu;wis D 0 for all w 2 H s

r .R
N /
¯
:

Moreover, we let H s
r .B/, resp. H s

nr.B/ denote the subspaces of H s
r .R

N /, resp. H s
nr.R

N /

of functions w with w � 0 in RN n B . We then have the following result.

Theorem 1.1. Let s 2 .0; 1/, N � 1 and 1 < p < 2�s � 1.

(i) Let u 2 H s.B/ satisfy (1.2). Then there exists xƒ > p such that

Œw�2s C �

Z
B

w2 dx � xƒ

Z
RN

up�1w2 dx for all w 2 H s
nr.B/: (1.4)

(ii) Let u 2 H s.RN / satisfy (1.1). Then there exists xƒ > p such that

Œw�2s C �

Z
RN

w2 dx � xƒ

Z
RN

up�1w2 dx for all w 2Mu;

where

Mu´
®
w 2 H s

nr.R
N / W

R
RN u

p�1.@xiu/w dx D 0 for all i D 1; : : : ; N
¯
:

Let us explain in detail why Theorem 1.1 should be regarded as a result on nonradial
nondegeneracy. For this, let u2H s.B/ be a fixed radial solution of (1.2). The linearization
of (1.1) at u is then given by the equation

.��/sw C �w � pup�1w D 0 in B; w 2 H s.B/; (1.5)

which is closely related to the weighted eigenvalue problem

.��/sw C �w D ƒup�1w in B; w 2 H s.B/ (1.6)
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with eigenvalue parameter ƒ 2 R. In particular, if ƒ D p is not an eigenvalue of (1.6),
then (1.5) has no nontrivial solution and u is nondegenerate. We note that the compact
embedding H s.B/ ,!L2.BIup�1 dx/ implies that the set of eigenvalues of (1.6) is given
as a sequence 0 < ƒ1 < ƒ2 � � � � , with each eigenvalue being counted with multiplicity.
Since .��/s commutes with rotations, eigenfunctions corresponding to the eigenvalues
ƒi can be chosen to be contained in one of the spaces H s

r .B/ and H s
nr.B/. Moreover,

we note that ƒ1 is a simple eigenvalue with an eigenspace spanned by a positive radial
eigenfunction. All other eigenfunctions of (1.6) are orthogonal to the first eigenfunction
with respect to the scalar product in L2.BI up�1 dx/, and therefore they have to change
sign. Since u solves (1.6) withƒD 1 and is positive, we conclude a posteriori thatƒ1 D 1
is the first eigenvalue of (1.6).

It is now natural to call u radially, resp. nonradially nondegenerate if (1.5) does not
admit nontrivial solutions in H s

r .B/, resp. H s
nr.B/. In particular, u is nonradially non-

degenerate if ƒ D p is not an eigenvalue of (1.6) admitting a nonradial eigenfunction.1

Moreover, using again the compactness of the embedding H s.B/ ,! L2.BI up�1 dx/,
it is easy to see that the lowest eigenvalue ƒnr.u; B/ of (1.6) associated with nonradial
eigenfunctions admits the variational characterization

ƒnr.u; B/´ inf
®
Œw�2s C �

R
B
w2 dx W w 2 H s

nr.B/;
R
B
w2up�1 dx D 1

¯
;

and Theorem 1.1 (i) is equivalent to the inequality ƒnr.u; B/ > p.
Similar considerations apply to fixed radial solutions u 2 H s.RN / of (1.1). We then

consider the weighted eigenvalue problem

.��/sw C w D ƒup�1w in RN ; w 2 H s.RN / (1.7)

with the positive radial and bounded weight function up�1. Since up�1.x/! 0 as jxj !
1, the embedding H s.RN / ,! L2.RN ; up�1 dx/ is compact. Therefore, problem (1.7)
also admits a sequence of eigenvalues 0 < ƒ1 < ƒ2 � � � � , whereas ƒ1 D 1 is the first
eigenvalue and u is a corresponding eigenfunction. Moreover, the linearized equation

.��/sw C w � pup�1w D 0 in RN ; w 2 H s.RN / (1.8)

admits solutions of the form v´ru � � with � 2RN . Indeed, it follows from Lemma 2.1
below that these functions are contained in the space C1.RN /\H s

nr.R
N / and are point-

wise solutions of (1.8). From a more geometric point of view, this degeneracy is due to the
translation invariance of equation (1.1). As a consequence of this nonradial degeneracy,
the lowest eigenvalue of (1.7) associated with nonradial eigenfunctions

ƒnr.u;R
N /´ inf

®
Œw�2s C �

R
RN u

2 dx W w 2 H s
nr.R

N /;
R

Rw
2up�1 dx D 1

¯
;

1We note here that a nonradial eigenfunction has a nontrivial h�; �is-orthogonal projection on H s
nr.B/

which is also an eigenfunction of (1.6)
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satisfies the inequalityƒnr.u;RN /�p. Theorem 1.1 (ii) now implies thatƒnr.u;RN /Dp
and that the derivatives v D ru � �, � 2 RN are the only nonradial solutions of (1.8). As
for (1.2), a solution u to (1.1) is called radially nondegenerate if (1.8) does not admit a
nontrivial radial solution.

Our proof of Theorem 1.1 is based on a new Picone-type identity, which we shall
apply to eigenfunctions of (1.6) and of (1.7) which are antisymmetric with respect to the
reflection at a hyperplane containing the origin. In the case of the ball, this identity directly
rules out the existence of antisymmetric eigenfunctions corresponding to eigenvalues xƒ�
p, and this is sufficient since any eigenfunction can be written as a sum of its symmetric
and antisymmetric parts with respect to a hyperplane reflection, and the antisymmetric
part must be nonzero for at least one hyperplane containing the origin if the eigenfunction
is nonradial. We note here that, very recently, a different proof of Theorem 1.1 (i), based
on polarization, was given independently in the revised version of [13]. The proof of
Theorem 1.1 (ii) is somewhat more involved, and we need to combine the Picone identity
with a new geometric lemma in order to characterize the directional derivatives ru � � as
the only functions in H s

nr.R
N / which solve (1.8).

We point out that, although only ground state solutions u of (1.1) are considered in
[23], one can check that the arguments given there give rise to a completely different
alternative proof of Theorem 1.1 (ii). More precisely, if u is an arbitrary positive solu-
tion of (1.1), one may argue as in [23, Section 7.2 and Appendix C.3], using an operator
decomposition in spherical harmonics and establishing an associated Perron–Frobenius
property, to determine the set of nonradial solutions to (1.7). We note however that our
proof of Theorem 1.1 (ii) is purely nonlocal and more direct, as it only relies on mono-
tonicity properties of positive solutions of (1.1) and of the integral kernel associated with
.��/s . Therefore it can be generalized to a larger class of nonlocal operators; see Remark
4.3 below.

Theorem 1.1 leaves open the problem of radial (and therefore full) nondegeneracy and
uniqueness of positive solutions to (1.1) and (1.2), which is the main concern of the present
paper. As remarked above, these properties have already been established for ground state
solutions of (1.1), whereas very little is known for (1.2) and for the more general class of
all positive solutions. In fact, in addition to the very special result of Amick and Toland
[2] for the case s D 1=2, p D 2 and N D 1, we are only aware of the very recent paper
[12] which provides interesting and useful uniqueness results within borderline ranges of
parameters s and p, assuming more precisely that s is close to 1 or p is close to 1 or
2�s � 1.

The following seems to be the first uniqueness result which is valid for all p and s, but
we need to restrict to the ball case in space dimension N D 1 and to � D 0.

Theorem 1.2. Let s 2 .0; 1/, N D 1, 1 < p < 2�s � 1 and � D 0, so that (1.2) can be
written as

.��/su D up in B D .�1; 1/; u > 0 in B , u 2 H s.B/: (1.9)
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Then problem (1.9) has a unique solution which is fully nondegenerate in the sense that
ƒ2 > p for the second eigenvalue ƒ2 of the weighted eigenvalue problem

.��/sw D ƒup�1w in B; w 2 H s.B/: (1.10)

Our next result is devoted to nondegeneracy and uniqueness of even solutions to prob-
lems (1.1) and (1.2) in the special case p D 2 and s > 1

6
. We note the lower bound on s

comes from the fact that, for N D 1, we have

2 < 2�s � 1 D
1C 2s

.1 � 2s/C
H) s >

1

6
:

To date, the only general uniqueness result, up to translation, of problem (1.1) is due to
Amick and Toland [2], and it is concerned with the special case N D 1, s D 1

2
and p D 2.

We extend their result to the full subcritical range of the parameter s > 1
6

.

Theorem 1.3. LetN D 1, s 2 .1
6
; 1/, pD 2 and �> 0. Then (1.1) admits a unique solution

up to translation which is even and fully nondegenerate. Moreover, (1.2) admits a unique
solution which is even and fully nondegenerate.

We observe that the lower bound 1
6

is optimal since (1.1) and (1.2) do not have a
solution if 2 � 2�s � 1 as a consequence of the fractional Pohozaev identity (see [31]).

Remark 1.4. We recall that [2] also proved a uniqueness property of nonconstant positive
periodic solutions to .��/suC u D u2 on R, for s D 1

2
, which corresponds to periodic

solitary waves of the Benjamin–Ono equation. We believe that, for values of s 6D 1
2

, the
arguments in the present paper can also be used to prove uniqueness of even nonconstant
T -periodic solutions which are decreasing on .0; T

2
/. We refer to [6] which deals with the

existence of such solutions for more general nonlocal problems. See also [3, 34] and the
references therein for the existence of nonconstant periodic solution to this problem.

The proofs of Theorems 1.2 and 1.3 combine various tools. The first step is to prove the
radial nondegeneracy of every positive solution of (1.9), and the second step is a continua-
tion argument based on varying the exponent p and using the already available asymptotic
uniqueness result given in [12, Theorem 1.6] for the case p > 1. In the proof of the radial
nondegeneracy of solutions to (1.9), which is stated in Theorem 5.1 below, we shall first
use a fractional integration by parts formula to show that every radial eigenfunction w of
(1.10) corresponding to the eigenvalue ƒ D p must have a vanishing fractional boundary
derivative. From this property, we then derive information on the shape of nodal domains
of the s-harmonic extension (also called the Caffarelli–Silvestre extension)W ofw. Using
this information, we then construct an odd function in H s.B/ n ¹0º for which equality
holds in (1.4) with �D 0, xƒ � p, contradicting Theorem 1.1. We conjecture that a similar
strategy might work for the more general problems (1.1) and (1.2) in the case N D 1,
but this remains open unless for p D 2, where special cancellations occur and allow us
to complete the proof of Theorem 1.3. We stress here that our proof of Theorem 1.3 does
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not use complex analysis and is therefore quite different from the argument of Amick and
Toland in [2] which only applies to the special case s D 1

2
.

By similar methods to the proof of Theorem 1.2, we also prove the following result on
uniqueness and nondegeneracy of ground state solutions to (1.2) in the special caseN D 1
and � > 0. Here, a ground state solution u is again defined as a Morse index one solution,
i.e. a solution u with the property that ƒ2 � p for the second eigenvalue ƒ2 of (1.6). We
note that this class of solutions includes least energy solutions of (1.2). The result parallels
those of [23] for (1.1) in the special case N D 1.

Theorem 1.5. Let s 2 .0; 1/, N D 1, 1 < p < 2�s � 1 and � > 0, so that (1.2) can be
written as

.��/suC �u D up in B D .�1; 1/; u > 0 in B; u D 0 in R n B: (1.11)

Then problem (1.11) has a unique ground state solution which is fully nondegenerate in
the sense that ƒ2 > p for the second eigenvalue ƒ2 of the weighted eigenvalue problem

.��/sw C �w D ƒup�1w in B; w 2 H s.B/: (1.12)

As mentioned above, the proof of Theorem 1.5 is merely a variant of the proof of The-
orem 1.2, as it also relies on the two-dimensional nature of the extension problem related
to (1.12). Theorem 1.5 leaves open the uniqueness and nondegeneracy of positive ground
state solutions of (1.2) in the higher-dimensional unit ball B � RN , N � 2. By a rather
different and much more involved argument based on a new characterization of sign prop-
erties of second radial Dirichlet eigenfunctions of fractional Schrödinger-type operators
in the unit ball, we prove the analogue of Theorem 1.5 for all dimensions N � 1 and all
� � 0 in the recent paper [21]. We point out that there is no overlap of the present paper
with [21]. In particular, the arguments in [21] yield neither Theorem 1.2 nor Theorem 1.3.
We also point out that, in the special case � D 0, uniqueness and nondegeneracy of posi-
tive ground state solutions of (1.2) in the higher-dimensional case have been proved very
recently and independently from our work in the most recent version of [11].

For the final result of the paper, we go back to the full space problem (1.1) in the
special case s D 1

2
and p D 1C 2

NC1
. In this case, we can compute the unique ground

state solution of (1.1) up to translation and deduce a sharp fractional Gagliardo–Nirenberg
inequality from this computation. More precisely, we have the following.

Theorem 1.6. Let p D 1C 2
NC1

. Then every ground state solution of the equation

.��/
1
2uC u D up in RN ; u > 0 in RN , u 2 H 1=2.RN / (1.13)

is of the form ua.x/ D u.x � a/, a 2 RN with

u.x/ D
� N C 1
1C jxj2

�NC1
2
: (1.14)
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Moreover, the optimal constants CS; CGN > 0 in the associated fractional Sobolev-type
and Gagliardo–Nirenberg inequalities

kvkLq.RN / � CSkvks; v 2 H 1=2.RN / (1.15)

and
kvkLq.RN / � CGNŒv�

2
NC2
s kuk

2
NC2

L2.RN /
; v 2 H 1=2.RN /

with q D p C 1 D 2.NC2/
NC1

are given by

CS D .N C 1/
�

NC1
2.NC2/

�
.N C 2/�N=2�.N

2
/

4�.N /

�� 1
2.NC2/

and

CGN D

�
NN .N C 1/NC1�

N
2 �.N

2
/

.N C 2/NC1�.N/

�� 1
2.NC2/

:

Note that if N D 1, then 1C 2
NC1

D 2, so that (1.13) corresponds to the Benjamin–
Ono equation, and the explicit one-dimensional solution given by (1.14) was found by
Benjamin [4].

The fact that u given in (1.14) solves (1.13) will be shown with a Fourier transform
argument. To show that u is a ground state solution, we apply Theorem 1.1 and an argu-
ment inspired by [23, Section 7.1]. The uniqueness up to translations within the class of
ground state solutions then follows by [23, Theorem 4]. Since the best constant CS in
(1.15) is attained for v D u, it can then be computed easily. Moreover, the constants CS

and CGN are related by a general principle (see Lemma 7.5 below), and this allows us to
compute CGN.

The paper is organized as follows. In Section 2 we first derive preliminary informa-
tion on the shape and regularity of positive solutions of (1.1) and (1.2). In Section 3 we
then derive a Picone-type identity for antisymmetric functions, which is a key tool in the
analysis of nonradial solutions of the linearized problems associated with (1.1) and (1.2).
In Section 4 we then complete the proofs of the nonradial nondegeneracy results given
in Theorems 1.1. In Section 5 we prove the radial nondegeneracy of positive solutions of
(1.9), of positive ground state solutions of (1.11) and of positive even solutions of (1.1)
and (1.2) in the caseN D 1, pD 2 and s > 1

6
. Section 6 is then devoted to the continuation

argument which completes the proofs of Theorems 1.2, 1.3 and 1.5. Section 7 contains the
proof of Theorem 1.6. Finally, in the appendix, we first provide a geometric lemma which
is also used in the analysis of nonradial eigenfunctions. Moreover, we provide a variant
of the fractional Hopf-type lemma in [35, Prop. 2.2] with somewhat weaker assumptions,
which is essential in our context. Finally, we state a topological lemma on curve inter-
section which is used in the analysis of nodal domains of the s-harmonic extensions of
eigenfunctions of (1.10) and (1.12).
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2. Preliminaries

In this section we collect some preliminary information on solutions of (1.1) and (1.2).

Lemma 2.1. (i) Let u 2 H s.B/ satisfy (1.2). Then u 2 C1.B/ \ C s.RN /, and u
is radially symmetric and strictly decreasing. Moreover,

inf
x2B

u.x/

.1 � jxj/s
> 0 (2.1)

and
lim
jxj%1

.1 � jxj/1�sru.x/ � x < 0: (2.2)

(ii) Let u 2 H s.RN / satisfy (1.1). Then u 2 C1.RN / \H 1C2s.RN /. Moreover, u
is radially symmetric about a point x0 2 RN , strictly decreasing as a function of
jx � x0j and satisfies u.x/! 0 as jxj ! 1.

Proof. (ii) has been observed in [23].

(i) From [33, Proposition 3.1] we have that u 2 L1.B/. Hence by a classical boot-
strap argument combined with interior and boundary regularity, in [32], we find that
u 2 C s.RN / \ C1.B/. Thanks to [25, Corollary 1.2] we deduce that u is radially sym-
metric and strictly decreasing in B . Now (2.1) follows from the fractional Hopf lemma;
see e.g. [18, Proposition 3.3]. Finally, by [19] we have

lim
jxj%1

.1 � jxj/1�sru.x/ � x D �s lim
jxj%1

u.x/

.1 � jxj/s
;

and (2.2) follows.

Remark 2.2. Let f 2 L1.B/, and let w 2 H s.B/ satisfy

.��/sw D f on B

in the weak sense, i.e.

Œw; v�s D

Z
B

f v dx for all v 2 H s.B/:

Then, by the fractional elliptic regularity theory in [32], the function

 w WB ! R;  w.x/´
w.x/

.1 � jxj/s
D

w.x/

dist.x; @B/s

extends to a (Hölder) continuous function on xB . The restriction of  w to @B is called the
fractional (inner) normal derivative. It follows from Lemma 2.1 (i) that  u > 0 on @B if
u 2 H s.B/ satisfies (1.2). Since u is radial in this case, we may simply write  u.1/ > 0,
so we write  u as a function of the radial variable.
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3. A Picone-type identity

For � an open subset of RN and k � 0 an integer, we denote by C kc .�/, the set of
functions in C k.�/ with support compactly contained in �. In the particular case k D 0
we simply write Cc.�/ instead of C 0c .�/.

The following new Picone-type result will be one of our main tools in the following.

Lemma 3.1. Let� be an open set of RN and ˛ >0. Let V 2L1loc.�/ and v 2C 2sC˛.�/\
L1.RN I .1C jxj/�N�2s/ satisfy

.��/sv D V v in �: (3.1)

Let e be a unit vector of RN and let �e denote the reflection with respect to ¹x 2 RN W
x � e D 0º. Suppose that v > 0 on ¹x 2 RN W x � e > 0º and v D �v ı �e on RN . Then
for any w 2H s.RN /\ Cc.�/ satisfying w D �w ı �e on RN and w

v
2 Cc.�/, we have

Œw�2s �

Z
RN

Vw2 dx D

Z
¹x�e>0º

Z
¹y�e>0º

H e
w;v.x; y/ dx dy; (3.2)

where H e
w;v � 0 on ¹x � e > 0º \ ¹y � e > 0º is given by

H e
w;v.x; y/´ cN;sv.x/v.y/Œw.x/=v.x/ � w.y/=v.y/�

2

�

� 1

jx � yjNC2s
�

1

j�e.x/ � yjNC2s

�
: (3.3)

Proof. We assume without loss of generality that e D e1. We first note that for every
x; y 2 RN with x1 6D 0 and y1 6D 0, we have

.w.x/ � w.y//2 � w2.x/
.v.x/ � v.y//

v.x/
C w2.y/

.v.x/ � v.y//

v.y/

D v.x/v.y/.w.x/=v.x/ � w.y/=v.y//2:

Moreover, by assumption, w=v 2 Cc.�/, and thus

cN;s

Z
RN�RN

w2.x/

v.x/

v.x/ � v.y/

jx � yjNC2s
dx dy D

Z
�

w2.x/

v.x/
.��/sv.x/ dx

D

Z
�

V.x/w2.x/ dx <1

by (3.1). From this and a change of variable, we getZ
RN�RN

.w.x/ � w.y//2

jx � yjNC2s
dy dx �

2

cN;s

Z
�

V.x/w2.x/ dx

D

Z
RN�RN

v.x/v.y/

jx � yjNC2s
.w.x/=v.x/ � w.y/=v.y//2 dx dy
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D 2

Z
¹x1>0º
\¹y1>0º

v.x/v.y/

jx � yjNC2s
.w.x/=v.x/ � w.y/=v.y//2 dx dy

� 2

Z
¹x1>0º
\¹y1>0º

v.x/v.y/

..x1Cy1/2Cj Qx� Qyj2/.NC2s/=2
.w.x/=v.x/�w.y/=v.y//2 dx dy:

Here, we used that x1 7! v.x1; �/ is odd and x1 7! w
v
.x1; �/ is even. It follows, from this,

that Z
RN�RN

.w.x/ � w.y//2

jx � yjNC2s
dy dx �

2

cN;s

Z
�

Vw2 dx

D
2

cN;s

Z
¹x1>0º
\¹y1>0º

H e
w;v.x; y/ dx dy;

where, for all .x; y/ 2 ¹x1 > 0º � ¹y1 > 0º,

H e
w;v.x; y/´ cN;sv.x/v.y/Œw.x/=v.x/ � w.y/=v.y/�

2

�
�
jx � yj�N�2s � ..x1 C y1/

2
C j Qx � Qyj2/�.NC2s/=2

�
:

By the triangular inequality and the fact that v.x/v.y/ > 0 for all x; y 2 ¹x1 > 0º \
¹y1 > 0º, we deduce that H e

w;v � 0 on ¹x1 > 0º \ ¹y1 > 0º. Hence (3.2) follows.

4. Nonradial nondegeneracy

4.1. Nonradial nondegeneracy in the ball case

This section is devoted to the proof of part (i) of Theorem 1.1. By the remarks after The-
orem 1.1, it suffices to prove the following.

Theorem 4.1. Let w 2 H s
nr.B/ be an eigenfunction of (1.6) corresponding to an eigen-

value ƒ 2 R. Then ƒ > p.

Proof. Assume by contradiction thatƒ� p. For a unit vector �, we define the hyperplane
T� ´ ¹x � � D 0º and we denote by �� the reflection with respect to T� . Since w is
nonradial, there exists a unit vector � with the property that

zw´
w � w ı ��

2
2 H s.B/ n ¹0º:

Moreover, since u is radial, zw also solves .��/s zw C zw D ƒup�1 zw in B . Without loss
of generality, we may assume that � D e1, so zw is odd with respect to reflection of the
x1-variable. By Lemma 2.1 (i), we have v ´ �@x1u 2 C

1.B/ \ L1.RN /, and v is a
pointwise solution of the equation .��/sv C �v D pup�1v in B which is odd with
respect to the reflection at ¹x1 > 0º and satisfies

v � 0 in ¹x1 > 0º and v 6� 0 in ¹x1 > 0º \ B:
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Indeed, these inequalities follow since v.x/D�x1
@ru.x/
jxj

and @ru� 0, @ru 6� 0 inB n ¹0º.
Now, by Lemma A.3 from the appendix, we have v > 0 in ¹x1 > 0º \B and @x1v > 0

on ¹x1 D 0º \ B . Consequently,

x 7!
v.x/

x1
extends to a positive C1-function on B: (4.1)

Next we note that, by fractional elliptic regularity, zw 2 C1.B/ \ L1.B/. We let

� 2 C1c .�2; 2/; with 0 � � � 1 on R and � � 1 on .�1; 1/: (4.2)

For k 2 N, we define the functions

�k.x/ D 1 � �.k.1 � jxj// (4.3)

and we put wk ´ �k zw 2 C
1
c .B/. Therefore wk=v 2 Cc.B/ by (4.1). We can thus apply

Lemma 3.1 to obtain

Œwk �
2
C �

Z
B

w2k dx � p

Z
B

up�1w2k dx D

Z
¹x1>0º
\¹y1>0º

H e1
wk ;v

.x; y/ dx dy: (4.4)

By [14, Lemma 2.2], we haveZ
RN�RN

.wk.x/ � wk.y//
2

jx � yjNC2s
dy dx !

Z
RN�RN

. zw.x/ � zw.y//2

jx � yjNC2s
dy dx as k !1.

In addition, by the dominated convergence theorem,Z
B

up�1w2k dx !

Z
B

up�1 zw2 dx and
Z
B

w2k dx !

Z
B

zw2 dx as k !1:

We can thus apply Fatou’s lemma in (4.4) to deduce that

0 D Œ zw�2s C �

Z
B

zw2 dx �ƒ

Z
B

up�1 zw2 dx � Œ zw�2s C �

Z
B

zw2 dx � p

Z
B

up�1 zw2 dx

�

Z
¹x1>0º\¹y1>0º

H
e1
zw;v
.x; y/ dx dy; (4.5)

where, recalling (3.3),

H
e1
zw;v
.x; y/´ cN;sv.x/v.y/Œ zw.x/=v.x/ � zw.y/=v.y/�

2

�
�
jx � yj�N�2s � ..x1 C y1/

2
C j Qx � Qyj2/�.NC2s/=2

�
� 0

for all x;y 2 ¹x1 > 0º \ ¹y1 > 0º. From this, (4.5) and the assumptionƒ � p, we deduce
ƒDp and that equality holds in (4.5). This implies thatH e1

w;v� 0 on ¹x1 > 0º \ ¹y1 > 0º
and thus w 6� 0 is proportional to v D @x1u on ¹x1 > 0º. This is impossible because @x1u
is unbounded as jxj ! 1 on ¹x1 > 0º by Lemma 2.1 (i). We thus conclude thatƒ> p.
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4.2. Nonradial nondegeneracy in the case of RN

This section is devoted to the proof of part (ii) of Theorem 1.1. Hence we assume from
now on that uDu.jxj/ is a fixed radial solution of (1.1). By the remarks after Theorem 1.1,
it suffices to prove the following.

Theorem 4.2. Let w 2H s
nr.R

N / be an eigenfunction of (1.7) corresponding to an eigen-
value ƒ 2 R. Then one of the following alternatives holds:

(i) ƒ > p.

(ii) ƒ D p, and w 2 span¹@x1u; : : : ; @xN uº.

Proof. Suppose that ƒ � p. By elliptic regularity we have w 2 C 2.RN /. We fix a unit
vector � and consider, as before, the reflection �� at the hyperplane T� ´ ¹x � � D 0º.
Moreover, we define

w� ´
w � w ı ��

2
2 H s.RN / \ C 2.RN /:

Clearly since u is radial, then w� solves .��/sw� C w� D ƒup�1w� in RN . By
Lemma 2.1 (ii), we have v ´ �ru � � 2 C1.RN / \ H s.RN /, and v is a pointwise
solution of the equation .��/sv C v D pup�1v in RN which is odd with respect to the
reflection at � and v � 0 on ¹x � � > 0º. Since v 6� 0, applying Lemma A.3 from the
appendix, we have v > 0 in ¹x � � > 0º and rv � � > 0 on ¹x � � D 0º. Therefore,

x 7!
v.x/

x � �
extends to a positive C1-function on RN : (4.6)

For R 2 N�, we define w�R.x/ D w�.x/�.jxj=R/ for all x 2 RN , where � is given by
(4.2), and we note that wR=v 2 Cc.RN / thanks to (4.6). Applying Lemma 3.1, we get

Œw�R�
2
s C

Z
RN

.w�R/
2 dx � p

Z
RN

up�1.w�R/
2 dx D

Z
¹x��>0º
\¹y��>0º

H �
w�R;v

.x; y/ dx dy:

It is not difficult to see that kw�RkH s.RN / ! kw
�kH s.RN / as R!1. On the other hand,

by the dominated convergence theorem, as R!1,Z
RN

.w�R/
2 dx !

Z
RN

.w�/2 dx and
Z

RN

up�1.w�R/
2 dx !

Z
RN

up�1.w�/2 dx:

We thus apply Fatou’s lemma, recalling (3.3), and obtain that

.ƒ � p/

Z
RN

up�1.w�/2 dx �

Z
¹x��>0º
\¹y��>0º

H �
w� ;v.x; y/ dx dy � 0:

Since ƒ � p by assumption, we conclude that ƒ D p and H �
w� ;v � 0 on ¹x � � > 0º \

¹y � � > 0º. In view of (3.3), this implies that there exists �� 2 R such that

w.x/ � w ı ��.x/

2
D ��ru.x/ � � D ��@ru.x/

� � x

jxj
for all x 2 RN :
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We recall that this holds for an arbitrary unit vector � 2 SN�1. Moreover, a posteriori we
find that

�� D kru � �k
�2
L2.RN /

Z
RN

wru � � dx for � 2 SN�1,

so the function � 7! h.�/´ �� is smooth on SN�1. Moreover, the function @ru is radial
and nonpositive, so we may write @ru.x/D�U.jxj/ with a function U W .0;1/! Œ0;1/.
We may then apply Corollary A.2 in the appendix to obtain the representation

w.x/ D w�.x/C h�@ru.x/
�� � x

jxj
D w�.x/C h�ru.x/ � �� for x 2 RN

with a fixed vector �� 2SN�1, a constant h� 2R and a radial functionw�WRN !R. Since
w 2 H s

nr.R
N / it follows that w� � 0. Hence w 2 span¹@x1u; : : : ; @xN uº, as desired.

Remark 4.3. We note that the above argument to prove Theorem 1.1 is flexible enough
to be applied to positive solutions u 2 H s.RN / to the corresponding relativistic problem
.��Cm2/su D up in RN with m > 0. This follows from the fact that Lemmas 2.1 (ii)
and 3.1 still hold if we replace jx � yj�N�2s withK.jx � yj/ for some strictly decreasing
functionK. Moreover,K should be chosen such that u 7!

R
RN

R
RN .u.x/� x.y//

2K.jx �

yj/ dx dy Ckuk2
L2.RN /

is comparable to kuk2s onH s.RN /. We also recall from [17] that,

for all u 2 H s.RN /,Z
RN

u.x/Œ.��Cm2/s �m2s�u.x/ dx

D c0N;s

Z
RN

Z
RN

.u.x/ � u.y//2Km
NC2s
2

.mjx � yj/ dx dy;

where c0N;s ´
s2

2sC2�N
2

�
N
2 �.1�s/

and Km
� W .0;1/! .0;1/ is given by

Km
� .r/ D m

2�r��K�.r/;

and K� is the modified Bessel function of the second kind. From the identity K 0�.r/ D
�
�
r
K� �K��1 and the fact thatK�� DK� for � > 0, we see that Km

� is strictly decreasing
on .0;1/.

5. Radial nondegeneracy in dimension N D 1

In this section we shall prove some radial nondegeneracy results in the special caseN D 1.

Theorem 5.1. Let � � 0, and let u 2 H s.B/ be a solution of

.��/suC �u D up in B D .�1; 1/; u > 0 in B , u D 0 in R n B:
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Then we have

(i) ƒ2 6D p for the second eigenvalue ƒ2 of the weighted eigenvalue problem (1.6);

(ii) if �D 0, thenƒDp is not an eigenvalue of the weighted eigenvalue problem (1.6).

In the special case p D 2 and N D 1, we also have the following result in the case of
problem (1.2).

Theorem 5.2. Let � > 0, s 2 .1
6
; 1/ and let u 2 H s.B/ be a solution of

.��/suC �u D u2 in B D .�1; 1/; u > 0 in B , u D 0 in R n B: (5.1)

Then ƒ D 2 is not an eigenvalue of the weighted eigenvalue problem (1.6) with p D 2.

Moreover, for (1.1) in the special case p D 2 and N D 1, we have the following.

Theorem 5.3. Let � > 0, s 2 .1
6
; 1/ and let u 2 H s.R/ be an even solution of

.��/suC �u D u2 in R; u > 0 in R: (5.2)

Then the eigenspace of the eigenvalue ƒ D 2 for the weighted eigenvalue problem (1.7)
with p D 2 is spanned by u0.

In order to prove the above theorems in a combined manner, we shall consider BR´
.�R;R/ for R 2 .0;C1� and u 2 H s.BR/ a positive even solution to

.��/suC �u D up in BR (5.3)

with p 2 .1; 2�s � 1/ and � > ��1.BR/, where �1.BR/ is the first Dirichlet eigenvalue of
.��/s onBR ifR<1 and �1.R/D 0, while H s.R/DH s.R/. Since we are interested in
radial nondegeneracy, we shall mainly focus on the study of even solutions w 2 H s.BR/

to the problem
.��/sw C �w D pup�1w in BR: (5.4)

Our first observation is the following.

Lemma 5.4. Let w 2 H s.BR/ be an even solution of (5.4). If R D C1, thenZ
R
uw dx D 0: (5.5)

If R < C1, then

 w.R/ D �
s�R

�2.1C s/ u.R/

Z
BR

uw dx; (5.6)

where  w and  u denote the fractional normal derivatives of w and u defined in
Remark 2.2.
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Proof. We start with the proof of (5.6). By (5.3) and the fractional integration by parts
formula, see [31, Theorem 1.9] or [15, Theorem 1.3], we haveZ

BR

xu0.pup�1w � �w/ dx D

Z
BR

xu0.��/sw dx

D �

Z
BR

xw0.��/sudx � 2R�2.1C s/ u.R/ w.R/ � .1 � 2s/Œu; w�s :

Moreover, by (5.3) and (5.4),

Œu; w�s D

Z
BR

.up � �u/w dx D

Z
BR

u.pup�1w � �w/ dx;

which implies thatZ
BR

upw dx D 0 and Œu; w�s D ��

Z
BR

uw dx: (5.7)

In addition, by (5.3) and integration by parts,

�

Z
BR

xw0.��/sudx D �

Z
BR

xw0.up � �u/ dx

D

Z
BR

xu0.pup�1 � �/w dx C

Z
BR

w.up � �u/ dx

D

Z
BR

xu0.pup�1 � �/w dx � �

Z
BR

uw dx:

Combining these identities gives

2R�2.1C s/ u.R/ w.R/ D �2s�

Z
BR

uw dx:

Now (5.6) follows since  u.R/ > 0 by Remark 2.2.
Moreover, (5.5) follows from the identityZ

R
xu0.pup�1w��w/dxD

Z
R
xu0.��/swdxD�

Z
R
xw0.��/sudx� .1� 2s/Œu;w�s

and the same integration by parts as above.

In the following, we need to consider the s-harmonic extension V of a function v 2
H s.BR/, which was introduced in [8] and is sometimes called the Caffarelli–Silvestre
extension.

For this we let R2C D ¹.x; t/ 2 R2 W x 2 R; t > 0º, and we consider the function space

D1;2.R2CI t
1�2s/ defined as the completion of C1.R2C/ with respect to the norm

V 7!

�Z
R2
C

jrV j2t1�2s dx dt

� 1
2

:
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We also consider the space

D
1;2
BR
.R2CI t

1�2s/ D
®
V 2 D1;2.R2CI t

1�2s/ W V.�; 0/ D 0 on R n BR
¯
:

Then we recall that the s-harmonic extension V 2 D1;2
BR
.R2CI t

1�2s/ of a function v 2
H s.BR/ is given as the unique minimizer of the functional

V 7!

Z
R2
C

jrV j2t1�2s dx dt

within the class of functions V 2 D1;2
BR
.R2CI t

1�2s/ with V
ˇ̌
R�¹0º

D v in the trace sense.
Here we identify R with R � ¹0º. The function V therefore satisfies

div.t1�2srV / D 0; (5.8)

together with the boundary condition

lim
t!0

V.x; t/ D v.x/ for a.e. x 2 R:

Moreover, by [8], V satisfiesZ
R2
C

t1�2srV � rˆd.x; t/ D dsŒv; '�s (5.9)

for all ˆ 2 D1;2
BR
.R2CI t

1�2s/ with ' D ˆ
ˇ̌
R�¹0º

2 H s.BR/;

where Œ�; ��s is defined in (1.3) and the constant ds is given by ds D 22s�1
�.s/
�.1�s/

; see e.g.
[7].

In addition, the function V has the Poisson kernel representation

V.x; t/ D p1;st
2s

Z
R

v.y/ dy

.t2 C jx � yj2/
1C2s
2

with

p1;s D

�Z
R
.jzj2 C 1/�

1C2s
2 dz

��1
D ��1=ss

�.1
2
C s/

�.1C s/
:

In the case where v 2 H s.BR/ \ C
1.BR/ \ C

s.R/, we also have the regularity proper-
ties

V 2 C sloc.R
2
C/ \ C

1.R2C/: (5.10)

Moreover, in this case we have the pointwise property

� lim
t!0

t1�2s@tV.x; t/ D ds.��/
sv.x/ for all x 2 BR: (5.11)

In particular, (5.10) and (5.11) are true for the s-harmonic extension W of the eigenfunc-
tion w. In the following, we need to analyze the nodal structure of W .
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Definition 5.5. We call a subset O � R2C a nodal domain of W if O is a connected

component of the set ¹.x; t/ 2 R2C W W.x; t/ 6D 0º.

Since W is continuous on R2C, every nodal domain O is relatively open in R2C. We
first note the following.

Lemma 5.6. Let w 2 H s.BR/ be a fixed nontrivial solution of (5.4). Let O � R2C be a
nodal domain of the s-harmonic extension W of w, and let zO ´ ¹x 2 BR W .x; 0/ 2 Oº.
Then we have Z

O

t1�2sjrW j2 d.x; t/ D ds

Z
zO

.pup�1 � �/w2.x/ dx: (5.12)

Moreover, zO 6D ¿.

Proof. Applying (5.9) to v D w, V D W and the function ˆD 1OW 2D
1;2
BR
.R2CI t

1�2s/

gives Z
O

t1�2sjrW j2 d.x; t/ D

Z
R2
C

t1�2srW � rˆd.x; t/ D dsŒv; '�s

D ds

Z
BR

.pup�1 � �/w' dx

D ds

Z
zO

.pup�1 � �/w2.x/ dx

with
' D ˆ

ˇ̌
R�¹0º

D 1 zOw 2 H s.BR/:

This yields (5.12). Moreover, assuming by contradiction that zO D ¿ yieldsZ
O

t1�2sjrW j2 d.x; t/ D 0;

which in turn implies that W is constant in O. Hence, by continuity, W � 0 in O which
is not possible. Hence zO 6D ¿, as claimed.

We also need the following important consequence of Theorem 1.1 (i).

Lemma 5.7. Let V 2 D1;2
BR
.R2CI t

1�2s/ be a function which is odd with respect to the
reflection at the hyperplane T0´ ¹.0; t/ W t 2 Rº such thatZ

R2
C

t1�2sjrV j2 d.x; t/ D ds

Z
BR

.pup�1 � �/v2 dx: (5.13)

If R < C1 then V � 0 and if R D C1 then V.�; 0/ is proportional to u0.
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Proof. Let zV denote the s-harmonic extension of v´ V.�; 0/. The variational character-
ization of the s-harmonic extension and (5.13) then give

ds

Z
BR

.pup�1 � �/v2 dx D

Z
R2
C

t1�2sjrV j2 d.x; t/

�

Z
R2
C

t1�2sjr zV j2 d.x; t/ D dsŒv�
2
s : (5.14)

If v 6� 0, since it is odd, then Theorem 1.1 (i) implies

Œv�2s >

Z
BR

.pup�1 � �/v2 dx

if R < C1 and thus we get a contradiction with (5.14). Hence v � 0 so that V � 0.
If now R D C1 then Theorem 1.1 (ii) yields the inequality

Œv�2s �

Z
BR

.pup�1 � �/v2 dx

and thus equality holds in (5.14), which implies that v is proportional to u0.

We now continue our analysis of the nodal structure of the s-harmonic extension W
of the eigenfunction w.

Lemma 5.8. Let w 2 H s.BR/ be an even nontrivial solution of (5.4) and let W be its
s-harmonic extension.

(i) No nodal domain ofW is contained in the setHC´¹.t; x/ 2R2 W x > 0; t � 0º.

(ii) If x 2 .0;R/ satisfiesw.x/ 6D 0, then the points .˙x; 0/ belong to the same nodal
domain O of W .

(iii) For every nodal domain O ofW there exists a point x 2 .0;R/ with .˙x; 0/ 2 O.

Proof. (i) Multiplying w by (5.3) and integrating, we get
R
BR
wup dx D 0 and thus since

w and u are even,w changes sign on .0;R/. Hence by continuity,W has at least two nodal
domains on HC. Suppose by contradiction that W has a nodal domain OC � HC. Since
w is an even function, the functionW is even with respect to reflection � at the line T0´
¹.0; t/ W t 2Rº. Consequently, O�´ �.OC/ is also a nodal domain ofW with O� 6DOC.
Hence we may define the function V ´ 1OCW � 1O�W 2D

1;2
BR
.R2CI t

1�2s/which is odd
with respect to reflection � at the hyperplane T0, and we set v´ V.�; 0/ 2H s.BR/. With
zO˙´ ¹x 2 BR W .x; 0/ 2 O˙º, it then follows from Lemma 5.6 that zO˙ 6D ¿ and

ds

Z
BR

.pup�1 � �/v2 dx D ds

Z
zOC

.pup�1 � �/w2 dx C ds

Z
zO�

.pup�1 � �/w2 dx

D

Z
OC

t1�2sjrW j2 d.x; t/C

Z
O�

t1�2sjrW j2 d.x; t/

D

Z
R2
C

t1�2sjrV j2 d.x; t/:
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Now by Lemma 5.7, v � 0 if R < C1 and v is proportional to u0 if R D C1. In both
cases, we get a contradiction since u0 < 0 on .0;C1/ and v is sign changing on .0; R/.
The claim thus follows.

(ii) By continuity, there exists a unique nodal domain O ofW in R2C with the property
that .x; 0/ 2 O. By (i), we know that O 6� HC. Therefore O must contain points in the
half-line ¹0º �RC. Thus, by the evenness of the functionW with respect to the reflection
� , it follows that also .�x; 0/ 2 O, as claimed.

(iii) We already know from Lemma 5.6 that O contains a point x 2 BR. If x 2 .0;R/,
the claim follows directly from (ii). If x 2 .�R; 0/, we consider the reflection O0 D �.O/

of O, so that �x 2 .0; R/ and .�x; 0/ 2 O0. Then the claim holds for O0 in place of O

by (ii). It thus follows that .˙x; 0/ 2 O0 \ O, and therefore O and O0 coincide. Finally,
if x D 0, then also w.x C "/ 6D 0 and x C " 2 O for " > 0 sufficiently small, so we may
replace x by x C " and obtain the claim.

Lemma 5.9. Let w 2 H s.BR/ be an even nontrivial solution of (5.4). If 0 < x < y < R
are points with w.x/ 6D 0, w.y/ 6D 0, and if the function w has a zero in .x; y/, then .x; 0/
and .y; 0/ are contained in different nodal domains Ox , Oy of the s-harmonic extension
W of w.

Proof. Let Ox , resp. Oy denote the nodal domains of W which contain the points .x; 0/,
resp. .y; 0/. If w.x/ and w.y/ have different signs, thenW has a different sign on Ox and
Oy and therefore Ox and Oy are different, as claimed. Suppose now that w.x/ and w.y/
have the same sign, say, w.x/ > 0 and w.y/ > 0. Moreover, we suppose by contradiction
that Ox D Oy . Then there exists a continuous curve 
 W Œ0; 1�! Ox joining the points x
and y. By assumption, there exists a point r 2 .x; y/ with w.r/ D 0. Since 
.Œ0; 1�/ is
compact and does not contain the point .r; 0/, we have

d ´ dist
�
.r; 0/; 
.Œ0; 1�/

�
> 0:

We claim that .r; 0/ is not a local minimum of W in R2C. Suppose by contradiction that

there exists a relative neighborhood N of .r; 0/ in R2C with W.z/ � W.r; 0/ D w.r/ D 0
for z 2 N . By the strong maximum principle for equation (5.8) with W in place of V , we
then haveW > 0 in N \R2C orW � 0 in N \R2C. The latter implies thatW � 0 in R2C
by unique continuation (see [16]), which is not possible since w 6� 0. Hence W > 0 in
N \R2C and therefore (5.11) and the Hopf-type boundary lemma for equation (5.8) given
in [7, Proposition 4.11] implies that

0 > � lim
t!0

t1�2s@tW.r; t/ D ds.��/
sw.r/ D .pup�1.r/ � �/w.r/ D 0;

which also yields a contradiction. Hence .r; 0/ is not a local minimum ofW , and therefore
there exists a point z 2 R2C with W.z/ < 0 and jz � .r; 0/j < d . Then the line segment
L joining the points z and .r; 0/ does not intersect the curve 
 . We denote by O� the
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nodal domain of W containing the point z. Then by Lemma 5.8 (iii), there exists a point
� < 0 with .�; 0/ 2 O�. Moreover, there exists a continuous curve Q�W Œ0; 1�! O� joining
the points .�; 0/ and z. By adding the line segment L, we arrive at a continuous curve
�W Œ0; 1�! R2C joining the points .�; 0/ and .r; 0/. Since � < x < r < y, we may apply
Lemma A.4 from the appendix to see that the curves 
 and � must intersect. Since, as
noted above, 
 does not intersect the line segment L, the curves 
 and Q� must have an
intersection point. This however is impossible, as Ox \ O� D ¿ since W is positive in
Ox and negative in O�. The contradiction shows that Ox 6D Oy , as claimed.

Lemma 5.10. Letw 2H s.BR/ be an even nontrivial solution to (5.4). Then
R

Rwdx 6D 0.
If R < C1 and

R
Rw dx > 0, then

 w.R/ > 0 and .��/sw < 0 on R n BR:

Proof. Let W be the s-harmonic extension of w. By the variant of the classical Courant
nodal domain theorem given in [23, Prop. 5.2], W has a finite number of nodal domains
and by Lemma 5.9, we have that w D W.�; 0/ changes sign a finite number of times on
R. Up to replacing W with �W if necessary, we can assume that there exists x� 2 .0; R/
such that

w.x�/ D W.x�; 0/ > 0 and w.x/ D W.x; 0/ � 0 for all x > x�:

We let �C be the nodal domain of W containing .x�; 0/. By Lemma 5.8 (ii), we have
that .�x�; 0/ 2 �C. Hence there exists a simple continuous curve 
 W Œ0; 1�! �C with

..0; 1// � R � .0;C1/, 
.0/ D .x�; 0/ and 
.1/ D .�x�; 0/. Then 
 separates the
set R � .0;C1/ into a bounded domain and an unbounded domain.2 We call O the
unbounded one, and we note that

@O D .�1;�x�/ [ 
.Œ0; 1�/ [ .x�;C1/:

We let f 2 C1c .�x�; x�/ n ¹0º with f � 0 on .�x�; x�/, and we let � 2H s.BR/ be the
unique weak solution of

.��/s� C �� D f in BR:

By the fractional strong maximum principle (see e.g. [26] or [18, Prop. 3.3 and Rem. 3.5]),
we then have � > 0 in BR. Moreover, lettingˆ 2D1;2

BR
.R2CI t

1�2s/ denote the s-harmonic
extension of �, we have ˆ > 0 in R2C. By the continuity of W and ˆ, the compactness of

.Œ0; 1�/ and the fact that W is positive on 
.Œ0; 1�/, there exists � > 0 such that

W � �ˆ on 
.Œ0; 1�/:

2Eventually, we shall be able to reflect the curve 
 with respect to the line R � ¹0º to get a closed
simple curve N
 and then use the Jordan curve theorem.
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Consequently, the function H ´ W � �ˆ 2 D
1;2
BR
.R2CI t

1�2s/ satisfies8̂̂<̂
:̂

div.t1�2srH/ D 0 in O;

H � 0 on 
.Œ0; 1�/,

�t1�2s@tH.x; 0/C �H.x; 0/ � 0 for x 2 BR n Œ�x�; x��;

where we used that f � 0 on BR n Œ�x�; x��. We can thus apply the weak maximum
principle to deduce that

W � �ˆ in xO: (5.15)

In particular, since ¹.0; t/; t > t�º � O, for some large t� > 0, we have

t2sp1;s

Z
BR

w.y/ dy

.t2 C jyj2/
1C2s
2

� �p1;st
2s

Z
BR

�.y/ dy

.t2 C jyj2/
1C2s
2

for all t > t�: (5.16)

By [23, Lemma C.2 (i)], we have thatw;� 2L1.R/ ifRDC1 and obviouslyw;� 2
L1.BR/ ifR <C1. Hence, by (5.16) and the dominated convergence theorem, it follows
that Z

BR

w dy D lim
t!C1

Z
BR

w.y/ dy

.1C .jyj=t/2/
1C2s
2

� lim
t!C1

Z
BR

��.y/ dy

.1C .jyj=t/2/
1C2s
2

D �

Z
BR

� dy > 0;

which ends the first part of the proof.
If now R < C1, then we deduce from (5.15) that

w.x/ D W.x; 0/ � �ˆ.x; 0/ D ��.x/ for all x 2 BR n Œ�x�; x��: (5.17)

In addition, by the fractional Hopf lemma (see e.g. [18, Proposition 3.3]), we have that
 �.R/ D limjxj%R

�.x/
.R�jxj/s

> 0. From this and (5.17), we conclude that  w.R/ > 0, as
desired. Furthermore, by the Hopf-type boundary lemma given in [7, Proposition 4.11],
we have t1�2s@tˆ.x; 0/ > 0 for all x 2 R n BR. Using this and (5.15) we obtain

ds.��/
sw D �t1�2s@tW.�; 0/ � ��t

1�2s@tˆ.�; 0/ < 0 on R n BR:

We are now in a position to complete the proof of the nondegeneracy results.

Proof of Theorem 5.1 (completed). We start with the proof of (ii), assuming � D 0.
Arguing by contradiction, we assume that there exists a nontrivial solution w 2H s.B/ of
(1.5). By Theorem 1.1 (i), it follows thatw must be even. Since �D 0, Lemma 5.4 implies
that w.1/D 0. After replacingw with�w if necessary, this contradicts Lemma 5.10. The
proof of (ii) is thus finished.

Next we prove (i), and by (ii) we may assume that � > 0. Arguing by contradiction,
we assume that ƒ2 D p. We let w 2 H s.B/ be an associated eigenfunction, which again
by Theorem 1.1 (i) must be even. A variant of the classical Courant nodal domain theorem
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given in [23, Prop. 5.2] shows that W has precisely two nodal domains O˙ with W > 0

in OC and W < 0 in O�. It then follows from Lemmas 5.8 and 5.9 that w changes sign
exactly once in .0; 1/. So, after replacing w with �w if necessary, there exists a point
r0 2 .0; 1/ with

w � 0, w 6� 0 in Œ�r0; r0� and w � 0, w 6� 0 in Œ�1;�r0� [ Œr0; 1�: (5.18)

Combining this information with Lemma 5.4, we find that

0 �  w.1/ D �
s�

�2.1C s/ u.1/

Z
B

uw dx

and therefore, since � > 0, Z
B

uw dx � 0: (5.19)

On the other hand, since the function up�1 is positive, even and strictly decreasing in jxj,
there exists � > 0 with the property that up � �u > 0 for jxj < r0 and up � �u < 0 for
r0 < jxj < 1, which by (5.7) and (5.18) implies that

0 <

Z
B

.up � �u/w dx D ��

Z
B

uw dx:

This contradicts (5.19), and the contradiction finishes the proof of the theorem.

Theorem 5.3 (completed). We let v 2 H s.R/ be a solution to (5.4) with p D 2, and we
define x 7! w.x/´ v.x/Cv.�x/

2
. Since u is even, we have that

.��/sw C �w D 2uw in R. (5.20)

Then by Lemma 5.4 we have Z
R
w.y/u.y/ dy D 0: (5.21)

Now integrating (5.20) on R, we obtain

0 D

Z
R
.��/sw.y/ dy D ��

Z
R
w.y/ dy C 2

Z
R
w.y/u.y/ dy: (5.22)

Note here that the first equality in (5.22) follows by approximation. Indeed, letting �n.x/D
�.x=n/ for n 2N, where � is given by (4.2), we can multiply (5.4) by �n and integrate on
R. Then using that

R
R.��/

sw.y/�n.y/ dy D
R

R w.y/.��/
s�n.y/ dy and the fact that

k.��/s�nkL1.R/ � Cn
�2s with some constant C > 0, we get

R
R.��/

sw.y/ dy D 0

from the dominated convergence theorem.
Combining (5.22) with (5.21), we get

R
R w.y/ dy D 0. It then follows from Lemma

5.10 thatw� 0 on R. We thus conclude that v is an odd function. Finally, Theorem 1.1 (ii)
implies that v is proportional to u0.
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Proof of Theorem 5.2 (completed). We assume for simplicity that R D 1 and we recall
that B D B1 D .�1; 1/. We let v 2 H s.B/ be a solution to (5.4) with R D 1 and p D 2,
and we consider again x 7! w.x/´ v.x/Cv.�x/

2
, which satisfies

.��/sw C �w D 2uw in B: (5.23)

We first claim thatZ
B

Œ��w C 2uw�.y/ dy C

Z
Rn xB

.��/sw.y/ dy D 0: (5.24)

Let us postpone the proof of this claim and finish the proof of the theorem. Combining
Lemma 5.4 with (5.23), we find that

0 D ��

Z
R
w.y/ dy �

2

s�
 u.1/ w.1/�

2.1C s/C

Z
Rn xB

.��/sw.y/ dy:

Since � > 0 and  u.1/ > 0, Lemma 5.10 now implies that w � 0 on R, so that v is an
odd function. Finally, Theorem 1.1 (i) yields v � 0 on R, as required.

It thus remains to prove (5.24), and for this we argue by approximation. Let �k be
given by (4.3), and note that �kw 2 C1c .B/ � C

1
c .R/. By (5.4), we have

.��/s.�kw/ D �k.��/
sw C w.��/s�k � I.w; �k/

D Œ��w C 2uw��k C w.��/
s�k � I.w; �k/ in B;

where I.w; �k/.y/ D c1;s
R

R
.w.x/�w.y//.�k.x/��k.y//

jx�yj1C2s
dx. Hence, as in the proof of Theo-

rem 5.3 above, we have

0 D

Z
R
.��/s.�kw/.y/ dy D

Z
B

.��/s.�kw/.y/ dy C

Z
Rn xB

.��/s.�kw/.y/ dy

D

Z
B

Œ���kw C 2�kwu�.y/ dy C

Z
B

Œw.��/s�k � I.w; �k/�.y/ dy

C

Z
Rn xB

.��/s.�kw/.y/ dy: (5.25)

By the dominated convergence theorem, we have

lim
k!C1

Z
B

Œ���kw C �kwu�.y/ dy D

Z
B

Œ��w C 2wu�.y/ dy: (5.26)

Using that

j�k.x/w.x/j � C.1 � jxj/
s
C � C.jx � yj

s/ for all x 2 B , y 2 R n xB;

we have, for y 2 RN n xB , the estimate

j.��/s.�kw/.y/j D c1;s

ˇ̌̌̌ Z
R

�k.x/w.x/

jx � yj1C2s
dx

ˇ̌̌̌
� C

Z
B

.1 � jxj/s

jx � yj1C2s
dx

� C

Z
B

min
° 1

jx � yj1Cs
;

1

jx � yj1C2s

±
dx

� C
�
.1 � jyj/�s1B2n xB.y/C .1C jyj/

�1�2s1RnB2.y/
�
: (5.27)
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Here, C denotes a positive constant which may change from line to line in the following.
Furthermore, it is straightforward to check that

lim
k!C1

.��/s.�kw/.y/ D .��/
sw.y/ for all y 2 R n xB:

Since the right-hand side of (5.27) is inL1.R/, the dominated convergence theorem yields
that

lim
k!C1

Z
Rn xB

.��/s.�kw/.y/ dy D

Z
Rn xB

.��/sw.y/ dy: (5.28)

Next, for " 2 .0; 1/, we writeZ
B

Œw.��/s�k � I.w; �k/�.y/ dy D

Z
B1�"

Œw.��/s�k � I.w; �k/�.y/ dy

C

Z
BnB1�"

Œw.��/s�k � I.w; �k/�.y/ dy: (5.29)

Following [14, Section 6, p. 231], we have that

lim
k!C1

Z
B1�"

Œw.��/s�k � I.w; �k/�.y/ dy D 0: (5.30)

Moreover, by [14, Lemmas 6.3 and 6.8], there exist N" 2 .0; 1/ and C > 0 with

j.��/s�k.y/j �
Ck2s

1C jk.1 � jyj/j1C2s
and jI.w; �k/.y/j �

Cks

1C jk.1 � jyj/j1Cs

for 1� N" � jyj � 1. Using this estimate together with the fact that jw.y/j � C.1� jyj/sC
for y 2 B , we have, by the change of variable r D k.1 � jyj/,Z

BnB1�N"

jw.��/s�k � I.w; �k/j.y/ dy

� C

Z
BnB1�N"

� k2s.1 � jyj/s

1C jk.1 � jyj/j1C2s
C

ks

1C jk.1 � jyj/j1Cs

�
dy

D
C

k

Z k N"

0

� k2s

1C r1C2s

� r
k

�s
C

ks

1C r1Cs

�
dr

� Cks�1
Z 1
0

1

1C r1Cs
dr ! 0 as k !C1:

Combining this with (5.30) and (5.29), we obtain

lim
k!C1

Z
B

Œw.��/s�k � I.w; �k/�.y/ dy D 0:

This implies, together with (5.25), (5.26) and (5.28), that (5.24) holds, as required.
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6. Uniqueness in the case of B D .�1; 1/

In this section we shall finish the proofs of Theorems 1.2 and 1.5 by a continuation argu-
ment. We start with the following locally uniform estimates.

Lemma 6.1. Let 1 < p0 < 2�s � 1, and let �0 >��1.B/. Then there exist ı > 0 and C > 0
such that for all p 2 .p0 � ı;p0C ı/, �2 .�0 � ı;�0C ı/ and any u2H s.B/\C s.RN /
solving the problem

.��/suC �u D up; u > 0 in B; u D 0 on R n B: (Pp;�)

we have

(i) kukL1.B/ � C ;

(ii) Œu�s C kukC s.RN / � C .

Moreover, let .pn/n2N and .�n/n2N be sequences converging to some Np 2 .1; 2�s � 1/
and N� > ��1.B/, respectively. For n 2 N, we let un 2 H s.B/ be a solution to .Ppn;�n/.
Then, .un/n2N possesses a subsequence that weakly (resp. strongly) converges in H s.B/

(resp. in C. xB/) to a solution v of .P
Np; N�/. In particular, if un is a ground state solution of

.Ppn;�n/ for all n 2 N, then v is a ground state solution of .P
Np; N�/.

Proof. Arguing by contradiction, we first suppose that there exist sequences pn! p0 and
�n! �0 and a sequence of positive solutions un 2H s.B/\ C s.RN / of .Ppn/ such that
bn´ kunkL1.B/ !1 as n!1. We define

vn.x/´
1

bn
un.x=b

pn�1
2s

n /:

By Lemma 2.1 (i), kvnkL1.RN / D vn.0/ D 1. By direct computations,

.��/svn C �nb
1�pn
n vn D v

pn
n in Brn.0/, with rn´ b

pn�1
2s

n :

By fractional elliptic regularity theory (see [32, Theorem 1.1]), there exists ˛ > 0 such
that the functions vn are uniformly bounded in C 2sC˛.K/ for any compact set K � RN .
After passing to a subsequence, we may thus assume that vn ! Nv in C 2sCˇloc .RN / for
0 < ˇ < ˛, where Nv satisfies .��/s Nv D Nvp0 in RN and Nv.0/ D 1. Hence by [27, Remark
1.9] we have that v � 0 which is not possible. We thus conclude that there exist ı > 0 and
C > 0 such that kukL1.B/ � C for all p 2 .p0 � ı; p0 C ı/, � 2 .�0 � ı; �0 C ı/ and all
u 2 H s.B/ \ C s.RN / solving .Pp;�/. This proves (i).

Now (ii) follows from boundary regularity estimate in [32, Theorem 1.2] and the uni-
form L1 bound in (i), again after making C larger if necessary.

Next we note that, for � > ��1.B/, by the Poincaré inequality for all u 2 H s.B/

solving .Pp;�/, we have

�.�/Œu�2s � Œu�
2
s C �

Z
B

u2 dx �

Z
B

upC1 dx;
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where �.�/´ min
®
1;
�
1C �

�1.B/

�¯
> 0. From this, the Sobolev and Hölder inequalities,

for all q 2 .p C 1; 2�s / there exists xCq ´ xC.N; s; q/ > 0 such that

�.�/ xCq

�Z
B

uq dx

� 2
q

� Œu�2s C �

Z
B

u2 dx �

Z
B

upC1 dx � jBj
1�

pC1
q

�Z
B

uq dx

� pC1
q

:

We thus conclude that for every u 2 H s.B/ solving .Pp;�/, we have�Z
B

uq dx

� p�1
q

� �.�/ xCqjBj
�1C

pC1
q : (6.1)

Let .pn/n2N and .�n/n2N be sequences converging to Np 2 .1; 2�s � 1/ and N� > ��1.B/,
respectively, and let un 2 H s.B/ be a solution of .Ppn;�n/ for all n 2 N. By (ii) we have
that, up to a subsequence, the sequence .un/n2N converges weakly in H s.B/ and strongly
in C. xB/ to some v � 0. Moreover, v 2H s.B/\C. xB/weakly solves .��/svC N�vD v Np

in B . We fix q 2 . NpC 1; 2�s � 1/. Then for large n 2N such that q > pnC 1, (6.1) implies
that �Z

B

uqn dx

� pn�1
q

� �.�n/ xCqjBj
�1C

pnC1
q :

Hence letting n ! 1, we see that kvkLq.B/ > 0, so that v ‰ 0 in B . We then write
.��/sv C Vv v D 0 with the (frozen) potential Vv D N� � v Np�1 2 L1.B/. Thus, by the
fractional strong maximum principle (see e.g. [26] or [18, Prop. 3.3. and Rem. 3.5]), we
have v > 0 in B , and the lemma follows.

We may now complete the proofs of Theorems 1.2 and 1.5.

Proof of Theorem 1.2 (completed). From3 [12, Theorem 1.6] there exists p0 > 1 such
that for all p 2 .1; p0/ there exists a unique positive function up 2 H s.B/ satisfying
.��/sup D u

p
p in B D .�1; 1/ and up is nondegenerate.4 We let p� > 1 be the largest

number such that .1; p�/ has this uniqueness property.

Claim. We have that p� D 2�s � 1.

Suppose by contradiction that p� < 2�s � 1.
We fix Np 2 .1; p�/ and ˇ 2 .0;min¹. Np � 1/s; sº/. We introduce the Banach space5

C
2sCˇ
0 ´

®
u 2 C ˇ .RN /; u D 0 in R n B; .��/su 2 C ˇ . xB/

¯
; (6.2)

3This fact was proved in [12, Theorem 1.6] forN � 2; however, the same proof also works forN D 1.
4In the sense that the equation .��/sw D pup�1p w in B has only the trivial solution in H s.B/.
5By .��/su 2 C ˇ . xB/, we mean there exists f 2 C ˇ . xB/ such that .��/su D f in D 0.B/. We note

in this case that .��/su.x/ D f .x/ for all x 2 B because u 2 C 2sCˇloc .B/ \ C s. xB/ if 2s C ˇ 62 N, by
regularity theory.
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endowed with the norm kukCˇ .R/ C k.��/
sukCˇ . xB/. Note that, by Lemma 2.1, all solu-

tions to (1.2) belong to C
2sCˇ
0 . We finally define

F W .1;1/ � C
2sCˇ
0 ! C ˇ . xB/; F.p; u/ D .��/su � jujp:

It is easy to see that F is of class C 1 on .1;1/ � C
2sCˇ
0 with @uF.p; u/ D .��/s �

pjujp�2u and @pF.p; u/ D ln.juj/jujp . In particular, we have that F.p�; up�/ D 0 and
@uF.p�; up�/D .��/

s � p�u
p��1
p� , which has empty kernel by Theorem 5.1 (ii). It is eas-

ily seen that .��/s WC2sCˇ0 ! C ˇ . xB/ is a Fredholm map of index zero. In addition, since
up� 2 C

s. xB/ we have that up��1p� 2 C ˇ . xB/ by our choice of ˇ and also by the Arzèla–
Ascoli theorem the map v 7! u

p��1
p� vWC

2sCˇ
0 ! C ˇ . xB/ is compact.6 As a consequence,

@uF.p�; up�/W C
2sCˇ
0 ! C ˇ . xB/ is an isomorphism. It then follows from the implicit

function theorem that there exists ı > 0 such that for all p 2 .p� � ı;p�C ı/, there exists
a unique up 2 BC

2sCˇ
0

.up� ; ı/ satisfying F.p; up/ D 0. Suppose that there exists another
Qup� 2 C

2sCˇ
0 n ¹0º satisfying F.p�; Qup�/ D 0. Similarly, by nondegeneracy from Theo-

rem 5.1 (ii), decreasing ı if necessary, we have that for all p 2 .p� � ı; p� C ı/, there
exists a unique Qup 2 BC

2sCˇ
0

. Qup� ; ı/ satisfying F.p; Qup/D 0. Note that taking ı smaller if
necessary, up.0/ > 0 and Qup.0/ > 0 for all p 2 .p� � ı;p�;Cı/, thanks to the continuity of
the curves p 7! up and p 7! Qup as maps .p� � ı; p� C ı/! C

2sCˇ
0 , which follows from

the implicit function theorem. The maximum principle then implies that up > 0 in B and
Qup > 0 in B and they satisfy F.p;up/D F.p; Qup/D 0 for all p 2 .p� � ı;p�C ı/. From
the definition of p�, we have that up D Qup for all p 2 .p� � ı; p�/. We can let p % p�
and we obtain up� D Qup� This implies that up� is the unique solution of F.p�; �/ D 0 in
C
2sCˇ
0 n ¹0º.

To obtain a contradiction with the assumption on p�, we prove that there exists "� 2
.0; ı/ such that for all p 2 .p�; p� C "�/ the equation F.p�; �/ D 0 possesses a unique
solution in C

2sCˇ
0 n ¹0º. If such an "� does not exist, then we can find a sequence .pj /j2N

with pj & p� such that for all j 2 N, there exist upj ; Qupj 2 C
2sCˇ
0 n ¹0º satisfying

F.pj ; upj / D F.pj ; Qupj / D 0 with the property that upj 6D Qupj . By Lemma 6.1, both
upj and Qupj converge to up� in H s.B/ \ C.R/ by the uniqueness of up� . We next note

that �j ´
upj �Qupj

kupj �Qupj kL2.B/
satisfies .��/s�j D gj �j in B , with

gj D pj

Z 1

0

.tupj C .1 � t / Qupj /
pj�1 dt;

and k�j kL2.B/ D 1. By Lemma 6.1, Œ�j �s � kgj kL1.B/ is uniformly bounded for all j .
Hence, up to a subsequence, we see that �j weakly converges in H s.B/ and strongly in
L2.B/ to some N� in H s.B/ satisfying k N�kL2.B/ D 1 and

.��/s N� � p�u
p��1
p�

N� D 0 in B:

6Because if k.��/svnkCˇ . xB/ is bounded then kvnkC s. xB/ is bounded and thus .vn/ has a convergent
subsequence in C ˇ . xB/ by the choice of ˇ < s.
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This is impossible by Theorem 5.1 (ii), and thus "� exists, contradicting the definition of
p�. We thus get p� C 1 D 2�s as claimed.

Proof of Theorem 1.5 (completed). The proof follows the proof of Theorem 1.2 almost
line by line. Here, we let p� > 1 be the largest number such that for every p 2 .1; p�/
there exists a unique positive and nondegenerate ground state solution of (1.11). As in
the proof of Theorem 1.2, we deduce from [12] that such a value p� exists, and we get
p� C 1 D 2

�
s in the same way by using Theorem 5.1 (i) in place of Theorem 5.1 (ii).

Proof of Theorem 1.3 (completed). The asserted radial nondegeneracy property of solu-
tions of (5.1) and (5.2) are given by Theorems 5.2 and 5.3. For the proof of uniqueness of
problem (1.2) in the case B D .�1; 1/ and p D 2, we argue as in the proof of Theorem 1.2
by considering the C 1 function

GWR � C
2sCˇ
0 ! C ˇ . xB/; G.�; u/ D .��/suC �u � u2;

where ˇ 2 .0; s/ and C
2sCˇ
0 is defined by (6.2). We start by showing the existence of a

local branch of unique solutions for � > 0 small, using Theorem 1.2.

Claim. There exists �� > 0 such that for � 2 .���; ��/ there exists a unique u� 2
C
2sCˇ
0 n ¹0º satisfying G.�; u�/ D 0.

Suppose on the contrary that the statement in the claim does not hold. Then there
exist sequences �n ! 0 and un; vn 2 C

2sCˇ
0 n ¹0º with un 6D vn such that G.�n; un/ D

G.�n; vn/ D 0. Then by Lemma 6.1 we have that the sequences un and vn converge in
H s.B/ \ C s.RN /, respectively, up to subsequences, to some functions u; v 2 C

2sCˇ
0 n

¹0º satisfying G.0; u/ D G.0; v/ D 0. Hence by Theorem 1.2, we have u D v. On the
other hand, the function wn´ un�vn

kun�vnkL2.B/
2 H s.B/ satisfies

.��/swn C �nwn D gnwn in B;

with gn´ un C vn which is bounded in C s.R/. Hence, up to a subsequence, wn weakly
(resp. strongly) converges in H s.B/ (resp. in L2.B/) to some w satisfying .��/sw D
2uw in B and kwkL2.B/ D 1. This is in contradiction with Theorem 1.2. The claim is thus
proved.

To continue the unique local branch, we recall that, in view of Theorem 5.2, @uG.�;u/
is an isomorphism for all � > 0 and u 2 C

2sCˇ
0 n ¹0º. We can now argue as in the proof of

Theorem 1.2 to conclude that the largest �� > 0 for which for all � 2 .0; ��/ the equation
G.�; �/ D 0 has a unique solution in C

2sCˇ
0 n ¹0º is C1. This completes the uniqueness

of the solution to (1.2) in the case p D 2.
In the case of (1.1), the proof of uniqueness follows the argument of [23, Section 8],

replacing ground state with the solution. Note that Theorem 5.3 implies that the hypothe-
ses of [23, Proposition 8.1] are verified for all s > 1

6
, N D 1 and p D 2. One therefore

repeats the proof of [23, Proposition 8.4], replacing the ground state solution with any
even solution to (1.1), to conclude uniqueness of even solutions to (1.1) in H s.R/.
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7. The special case s D 1
2

and p D 1C 2
NC1

This section is devoted to the proof of Theorem 1.6. More precisely, we first determine the
unique positive radial ground state solution of .��/

1
2uC u D up in RN , N � 1 in the

special case p D 1C 2
NC1

. Then we compute the best constants in the associated Sobolev
and Gagliardo–Nirenberg inequalities. We start with the following lemma.

Lemma 7.1. For a > 0, let ua 2 H 1=2.RN / \ C1.RN / be defined by

ua.x/ D cN
a

.a2 C jxj2/
NC1
2

; with cN D
�..N C 1/=2/

�.NC1/=2
: (7.1)

Then we have
.��/

1
2ua C

1

a
ua D a

2�p˛Nu
p
a ; (7.2)

with p´ 1C 2
NC1

and

˛N ´ .N C 1/c
� 2
NC1

N D
.N C 1/�

�..N C 1/=2/
2

NC1

: (7.3)

Proof. By [36, Theorem 1.14], we have

F .e�2�aj�j/.x/ D cN
a

.a2 C jxj2/
NC1
2

for x 2 RN ;

with cN given in (7.1), where F denotes the standard Fourier transform.7 Therefore,

F ..��/
1
2ua/.�/ D 2�j�je

�2�aj�j
D �

d

da
e�2�aj�j:

Taking the inverse Fourier transform, we obtain

.��/
1
2ua.x/ D �

d

da
F �1.e�2�aj�j/.x/ D �

d

da
ua.x/;

where, by (7.1),

d

da
ua.x/ D cN

1

.a2 C jxj2/
NC1
2

� .N C 1/cN
a2

.a2 C jxj2/
NC1
2 C1

D
ua.x/

a
� a2�p˛Nu

p
a .x/

with p´ 1C 2
NC1

and ˛N given in (7.3). Combining these identities gives (7.2).

7We are considering F .f /.�/´
R

RN f .x/e
�2����x dx and F �1.f /.x/´

R
RN f .�/e

2��x��d� so
that F ıF �1 D id:
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Lemma 7.2. Let u D ˛
1
p�1

N u1, i.e.

u.x/ D ˛
NC1
2

N u1.x/ D
.N C 1/

NC1
2

cN
u1.x/ D

.N C 1/
NC1
2

.1C jxj2/
NC1
2

; (7.4)

where u1 is given by (7.1) with a D 1. Then we have

.��/
1
2uC u D up (7.5)

and
x � ru D �.N C 1/uC up:

Proof. The equation (7.5) immediately follows from (7.2). Moreover, we have

x � ru D �.N C 1/1C
NC1
2

jxj2

.1C jxj2/
NC3
2

D �.N C 1/1C
NC1
2

� 1

.1C jxj2/
NC1
2

�
1

.1C jxj2/1C
NC1
2

�
D �.N C 1/uC up:

From now on, we fix u as given in (7.4), and we consider the eigenvalues 0 < ƒr1 <
ƒr2 � � � � of the weighted radial eigenvalue problem

.��/
1
2w C w D ƒup�1w; w 2 H 1=2

r .RN /: (7.6)

Recall that the first radial eigenvalue ƒr2 D 1 with eigenspace spanned by u.

Proposition 7.3. The second radial eigenvalue ƒr2 in the weighted eigenvalue problem
(7.6) satisfies ƒr2 > p.

Proof. We consider the linearized operator L D .��/
1
2 C 1 � pup�1 and note that

Lv D �u; with v D
1

p � 1
uC x � ru:

This follows from (7.5) and the well-known identity

.��/sŒx � ru� D 2s.��/suC x � rŒ.��/su� for s 2 .0; 1/:

Let w 2 H 1=2
r .RN / be an eigenfunction corresponding to ƒr2, which implies that

Lw D .ƒr2 � p/u
p�1w: (7.7)

From this and (7.5), we get

.1 � p/

Z
RN

wup dx D

Z
RN

wLudx D

Z
RN

uLw dx D .ƒr2 � p/

Z
RN

upw dx
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and thus, since ƒr2 > 1, we obtain Z
RN

upw dx D 0: (7.8)

Moreover, by [23, Theorem 2], the function w changes sign precisely once in the radial
variable, say at r0 2 .0;1/ with w.x/ > 0 for jxj < r0 . From this, (7.8) and the fact that
u is strictly decreasing in the radial variable, we deduce that

0 D

Z
RN

upw dx > up�1.r0/

Z
RN

wudx and therefore
Z

RN

wudx < 0: (7.9)

Using (7.7) and (7.9), we find that

0 < �

Z
RN

uw dx D

Z
RN

.Lv/w dx D

Z
RN

v.Lw/ dx D .ƒr2 � p/

Z
RN

up�1vw dx

D .ƒr2 � p/
1

p � 1

Z
RN

upw dx C .ƒr2 � p/

Z
RN

up�1.x � ru/w dx

D .ƒr2 � p/

Z
RN

up�1.x � ru/w dx: (7.10)

Moreover, from Lemma 7.2 and (7.8), we infer thatZ
RN

up�1.x � ru/w dx D

Z
RN

wu2p�1 dx > up�1.r0/

Z
RN

wup dx D 0: (7.11)

Here we used again that u is strictly decreasing in the radial variable. Combining (7.10)
and (7.11), we deduce that ƒr2 � p > 0, as claimed.

The following proposition completes the first part of the proof of Theorem 1.6.

Proposition 7.4. The function u given in (7.4) is the unique radial ground state solution
of (7.5), and hence it is the up to a constant unique minimizer of the subcritical fractional
Sobolev quotient

u 7! Q1=2.u/´
kuk2

1=2

kuk2
LpC1.RN /

:

Moreover, the associated best Sobolev constant is given by

S ´ inf
u2H1=2.RN /n¹0º

Q1=2.u/ D .N C 1/
� .N C 2/�N=2�.N

2
/

4.N C 1/�.N /

� 1
NC2

: (7.12)

Proof. Combining Theorem 1.1 and Proposition 7.3, we deduce that u is a ground state
solution of (7.5), so it is unique by [23, Theorem 4]. Moreover, it is a well-known fact
(see e.g. [23]) that the infimum in (7.12) is attained, and that every minimizer is, up to a
constant, a ground state solution of (7.5). Consequently, u is the unique minimizer up to a
constant. Moreover, by (7.5) we have kuk2

1=2
D kuk

pC1

LpC1.RN /
and therefore

S ´
kuk2

1=2

kuk2
LpC1.RN /

D kuk
p�1

LpC1.RN /
D

�Z
RN

upC1 dx

� p�1
pC1
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withZ
RN

upC1 dx D

Z
RN

.N C 1/
.pC1/.NC1/

2

.1C jxj2/
.pC1/.NC1/

2

dx D .N C 1/NC2
Z

RN

1

.1C jxj2/NC2
dx:

Furthermore, with polar coordinates and the change of variables � D 1
1Cr2

, we compute
thatZ

RN

1

.1C jxj2/NC2
dx D jSN�1j

Z 1
0

rN�1.1C r2/�N�2 dr

D
jSN�1j

2

Z 1

0

r
NC2
2 .1 � r/

N�2
2 dr D

jSN�1j�.N
2
C 2/�.N

2
/

2�.N C 2/

D
jSN�1jNC2

2
N
2
�2.N

2
/

2�.N C 2/
D
.N C 2/�N=2�.N

2
/

4.N C 1/�.N /
:

Since p�1
pC1
D

1
NC2

, we thus conclude that

S D .N C 1/
� .N C 2/�N=2�.N

2
/

4.N C 1/�.N /

� 1
NC2

;

as claimed.

Next we wish to compute the best constant in the associated fractional Gagliardo–
Nirenberg inequality. We note the following general lemma, which follows by similar
arguments to [10, Proof of Theorem 1]. For the reader’s convenience, we include a short
proof.

Lemma 7.5. Let s 2 .0; 1/, q 2 .2;
�
2N
N�2s

�
C
/ and

Ss;q ´ inf
u2H s.RN /n¹0º

kuk2s

kuk2
Lq.RN /

> 0: (7.13)

Moreover, let � D N.q�2/
2qs

. Then

GNs;q ´ inf
u2H s.RN /n¹0º

Œu��s kuk
1��
L2.RN /

kukLq.RN /

D .�� .1 � �/.1��/Ss;q/
1=2: (7.14)

Proof. We consider the scaling

H s.RN /! H s.RN /; u 7! u� D �
N=qu.� � /

which preserves the Lq-norm, i.e.

ku�kLq.RN / D kukLq.RN / for all u 2 H s.RN /: (7.15)
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Since, by a change of variable,

Œu��
2
s D �

2N=q�NC2sŒu�2s and ku�kL2.RN / D �
N=q�N=2

kukL2.RN /

for u 2 H s.RN /, it also follows from our special choice of � that

Œu��
�
s ku�k

1��
L2.RN /

D Œu��s kuk
1��
L2.RN /

for u 2 H s.RN /, � > 0:

Next, let u 2H s.RN / with kukLq.RN / D 1 be a minimizer for (7.13).8 The minimization
property and (7.15) then imply that

0 D
d

d�

ˇ̌̌
�D1
ku�k

2
s D .2N=q �N C 2s/Œu�

2
s C .2N=q �N/kuk

2
L2.RN /

;

hence
.1 � �/Œu�2s D �kuk

2
L2.RN /

:

Consequently,

Ss;q D kuk
2
s D Œu�

2
s C kuk

2
L2.RN /

D
1

�
Œu�2s D

1

1 � �
kuk2

L2.RN /

and therefore
Œu��s kuk

.1��/

L2.RN /
D .�� .1 � �/.1��/Ss;q/

1=2:

On the other hand, for a given function u 2H s.RN /with kukLq.RN / D 1, we may choose
� > 0 with

.1 � �/Œu��
2
s D �ku�k

2
L2.RN /

;

which implies that

Ss;q � ku�k
2
s D

1

�
Œu��

2
s D

1

1 � �
ku�k

2
L2.RN /

and hence

Œu��s kuk
.1��/

L2.RN /
D Œu��

�
s ku�k

.1��/

L2.RN /
� .�� .1 � �/.1��/Ss;q/

1=2:

This shows (7.14), as claimed.

To complete the proof of Theorem 1.6, it remains to apply Lemma 7.5 in the special
case s D 1

2
and q D p C 1 D 2.NC2/

NC1
, which gives � D N

NC2
and .1 � �/ D 2

NC2
. Since

we already know that

S D Ss;q D .N C 1/
�� N

2 .N C 2/�.N
2
/

4.N C 1/�.N /

� 1
NC2

8Standard arguments based on Schwarz symmetrization and compactness imply that the infimum in
(7.13) is attained by a radial function in u 2 H s.RN /.
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in this case, it follows that

GNs;q D
h� N

N C 2

� N
NC2

� 2

N C 2

� 2
NC2

.N C 1/
�� N

2 .N C 2/�.N
2
/

4.N C 1/�.N /

� 1
NC2

i1=2
D

�NN .N C 1/NC1�
N
2 �.N

2
/

.N C 2/NC1�.N/

�1=2.NC2/
:

Since CGN D GN�1s;q , we have thus completed the proof of Theorem 1.6.

A. Some auxiliary results

A.1. A geometric lemma

In the following, we consider, as before, for � 2 SN�1, the reflection

�� WR
N
! RN ; ��.x/ D x � 2.x � �/�

with respect to the hyperplane T� ´ ¹x 2 RN W x � � D 0º.

Lemma A.1. Let w; h 2 C 2.SN�1/ be functions with the property that

w.z/ � w.��.z//

2
D h.�/ z � � for every �; z 2 SN�1: (A.1)

Moreover, let �max 2 S
N�1 be a point with hmax ´ h.�max/ D maxSN�1 h. Then we have

w.z/ D Œw.�max/ � hmax�C hmaxz � �max for z 2 SN�1: (A.2)

In particular, w is a sum of a constant and an odd function with respect to the reflec-
tion ��max .

Proof. Since the problem is rotationally invariant, we may assume, without loss of gener-
ality, that h takes its maximum at �max D eN ´ .0; : : : ; 0; 1/.

We first consider the case N D 2. We then write x� D .cos �; sin �/ 2 S1 for � 2 R
and regard all functions as 2�-periodic functions of the angle � . For a fixed angle � , we
consider �� ´ .� sin �; cos �/. Then the reflection at the hyperplane T D T�� ´ ¹x 2
S1 W x � �� D 0º corresponds in the angle coordinate to the map

# 7! 2� � #

Setting

zw.�/ D w.x� / D w.cos �; sin �/ and Qh.�/ D h.�� / D h.� sin �; cos �/;
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we may then reformulate assumption (A.1) as

w.� C s/ � w.� � s/

2
D Qh.�/x� � �� D Qh.�/.cos.� C s/; sin.� C s// � .� sin �; cos �/

D Qh.�/.sin.� C s/ cos � � cos.� C s/ sin �/

D Qh.�/ sin s for �; s 2 R: (A.3)

Differentiating in s at s D 0 gives

w0.�/ D Qh.�/ for all � 2 R: (A.4)

Moreover, differentiating (A.3) three times in s and using (A.4), we get

Qh00.� C s/C Qh00.� � s/

2
D
w000.� C s/C w000.� � s/

2
D � Qh.�/ cos s for �; s 2 R:

Evaluating at s D 0 gives Qh00.�/ D � Qh.�/, from which we deduce that

Qh.�/ D hmax cos � for � 2 R: (A.5)

Here we used the fact that Qh takes its maximum at zero, since h takes its maximum at
�max D .0; 1/ by assumption. Combining (A.4) and (A.5) gives

w.x� / D zw.�/ D zw
��
2

�
C hmax

Z �

�
2

cos# d# D zw
��
2

�
C hmax.sin � � 1/

D w.�max/C hmax.x� � �max � 1/ for � 2 R,

which gives (A.2) in the case N D 2.
In the general case N � 2, we may repeat the above argument in the two-dimensional

subspace span¹e�; eN º, where e� 2 SN�2 � ¹0º is chosen arbitrarily. This then yields
(A.2) for arbitrary z 2 SN�1.

Corollary A.2. Let w 2 C 2.RN /, h 2 C 2.SN�1/ and U W .0;1/! Œ0;1/ be functions
with the property that

w.x/ � w.��.x//

2
D h.�/U.jxj/

x

jxj
� � for every � 2 SN�1, x 2 RN n ¹0º:

Moreover, let �max 2 S
N�1 be a point with hmax ´ h.�max/ D maxSN�1 h. Then we have

w.x/ D Œw.jxj�max/ � hmax U.jxj/�C hmax U.jxj/
x

jxj
� �max for x 2 RN n ¹0º:

In particular, w is a sum of a radial function and an odd function with respect to the
reflection ��max .
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Proof. It suffices to apply Lemma A.1, for fixed r > 0, to the functions

SN�1 ! R; z 7! w.rz/

in place of w and
SN�1 ! R; � 7! U.r/h.�/

in place of h.

A.2. A Hopf-type lemma

In this section we provide a variant of the fractional Hopf-type lemma in [35, Prop. 2.2]
under somewhat weaker assumptions.

Lemma A.3. Let HC ´ ¹x 2 RN W x1 > 0º, T ´ ¹x 2 RN W x1 D 0º, and let
� � RN be a bounded set of class C 2 which is symmetric with respect to reflection
of the x1-coordinate, and let �C ´ � \ HC. Moreover, let c 2 L1.�/, ˛ > 0 and
v 2 L1.RN I .1C jxj/�N�2s/ \ C 2sC˛.�/ satisfy8̂̂̂̂

<̂
ˆ̂̂:
.��/sv C c.x/v � 0 in �C;

v � 0 in HC;

v 6� 0 in �C;

v.�x1; x
0/ D �v.x/ for x D .x1; x0/ 2 RN :

(A.6)

Then we have

v > 0 in �C and lim inf
t!0C

v.t; x0/

t
> 0 for every .0; x0/ 2 T \�:

Proof. In the case where, in addition, v 2 H s.RN /, the conclusion is contained in [18,
Cor. 3.3] and [35, Prop. 2.2]. In fact, [35, Prop. 2.2] also assumes the equality .��/sv C
c.x/ D 0 in �C, but the proof given there only requires that .��/sv C c.x/ � 0 in �C.
To get rid of the additional assumption v 2 H s.RN /, we use a cutoff argument. So we let
v 2 L1.RN I .1C jxj/�N�2s/ \ C 2sC˛.�/ satisfy (A.6), and we let Qx 2 � with Qx1 � 0.
We choose a radial cutoff function  2 C1c .�/ with 0 �  � 1 in such a way that there
exists a (sufficiently large) neighborhoodU �� of Qx with � 1 inU and v 6� 0 inUC WD
U \HC. We may assume also that U is symmetric with respect to the x1-coordinate. For
x 2 UC we then have

.��/s. v/.x/ D .��/sv.x/C .��/s.. � 1/v/.x/ � �c.x/v.x/C cN;sf .x/

D �c.x/. v/.x/C cN;sf .x/;

where

f .x/ D

Z
RN nU

.1 �  /.y/v.y/

jx � yjNC2s
dy

D

Z
.RN nU/\HC

.1 �  /.y/v.y/
� 1

jx � yjNC2s
�

1

jx � NyjNC2s

�
dy � 0
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and we write Ny D .�y1; y0/ for y D .y1; y0/ 2 RN . Here we have used the oddness of the
function y 7! .1 �  /.y/v.y/. Consequently, we have

.��/s. v/C c.x/. v/ � 0 in UC;

 v � 0 in HC;

 v 6� 0 in UC;

. v/.�x1; x
0/ D �. v/.x/ for x D .x1; x0/ 2 RN :

Since moreover  v 2 H s.RN /, [18, Cor. 3.3] gives v. Qx/ D  v. Qx/ > 0 if Qx 2 �C, and
[35, Prop. 2.2] gives

lim inf
t!0C

v.t; x0/

t
D lim inf

t!0C

. v/.t; x0/

t
> 0 if Qx D .0; x0/ 2 � \ T :

The claim thus follows.

A.3. A topological lemma

As before, we let R2C´ ¹.x; t/ 2R2 W t > 0º. The following topological lemma was used
in the proof of Theorem 5.1.

Lemma A.4. Let x1 < x2 < x3 < x4 be real numbers. Suppose that 
; �W Œ0; 1�! R2C are
continuous curves such that 
.0/D .x1; 0/, 
.1/D .x3; 0/, �.0/D .x2; 0/, �.1/D .x4; 0/.
Then the curves 
 and � intersect in R2C, i.e. there exist t; Qt 2 .0; 1/ with 
.t/ D �.Qt /.

This lemma is a variant of [22, Lemma D.1]. In contrast to [22, Lemma D.1], we do
not assume that the curves 
 and � are simple (i.e. injective), and we do not require that

.t/;�.t/ 2R2C for t 2 .0;1/. Clearly, under the more general assumptions of Lemma A.4,
the intersection point may also lie on @R2C. A full proof of Lemma A.4, based on the
intersection number of two curves, can already be found in [24, pp. 554–556], and it is
very likely that there are earlier references for this lemma which we are not aware of.
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