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A probabilistic mean-field limit for the Vlasov–Poisson
system for ions

Megan Griffin-Pickering

Abstract. The Vlasov–Poisson system for ions is a kinetic equation for dilute, unmagnetised
plasma. It describes the evolution of the ions in a plasma under the assumption that the electrons
are thermalised. Consequently, the Poisson coupling for the electrostatic potential contains an addi-
tional exponential non-linearity not present in the electron Vlasov–Poisson system. The system can
be formally derived through a mean-field limit from a microscopic system of ions interacting with
a thermalised electron distribution. However, it is an open problem to justify this limit rigorously
for ions modelled as point charges. Existing results on the derivation of the three-dimensional ionic
Vlasov–Poisson system, obtained by the author and Iacobelli [J. Math. Pures Appl. 135 (2020), 199–
255], require a truncation of the singularity in the Coulomb interaction at spatial scales of orderN�ˇ

with ˇ < 1=15, which is more restrictive than the available results for the electron Vlasov–Poisson
system. In this article, we prove that the Vlasov–Poisson system for ions can be derived from a
microscopic system of ions and thermalised electrons with interaction truncated at scale N�ˇ with
ˇ < 1=3. We develop a generalisation of the probabilistic approach to mean-field limits developed
in the works of Boers and Pickl [J. Stat. Phys. 164 (2016), 1–16] and Lazarovici and Pickl [Arch.
Ration. Mech. Anal. 225 (2017), 1201–1231] that is applicable to interaction forces defined through
a non-linear coupling with the particle density. The proof is based on a quantitative uniform law of
large numbers for convolutions between empirical measures of independent, identically distributed
random variables and locally Lipschitz functions.

1. Introduction

The Vlasov–Poisson system for ions (also known as the Vlasov–Poisson system with
massless electrons) is a kinetic model for dilute plasma, in which positively charged ions
interact electrostatically both with each other and with a population of (“massless”) elec-
trons assumed to be thermalised. The system with periodic boundary conditions reads as
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follows: 8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

@tf C v � rxf � rxˆŒ�f � � rvf D 0;

��xˆŒ�f � D �f � e
ˆŒ�f �;

�f .t; x/´

Z
Rd

f .t; x; v/ dv;

f jtD0 D f0 � 0;

Z
Td�Rd

f0 dx dv D 1;

.x; v/ 2 Td
�Rd : (1.1)

The unknown f D f .t;x;v/ is interpreted as the phase space distribution of ions at time t .
The system (1.1) may in principle be posed in any dimension d � 1; however, the physical
case d D 3 is of particular interest.

The key difference from the well-known electron model ([54], see also [41] for the
gravitational setting) is the exponential non-linearity in the Poisson–Boltzmann equation
for the potential ˆ D ˆŒ�f �. This term represents the distribution of electrons in thermal
equilibrium, following a Maxwell–Boltzmann law [4, Section 1.6], [46, Section 2.4], and
creates several additional mathematical difficulties: of particular relevance to the present
article is the lack of an explicit representation of the interaction force as a convolution
between the ion density �f and a given kernel, which precludes the use of techniques that
rely on such a representation.

It is a fundamental problem to understand how kinetic partial differential equations
such as (1.1) arise from the underlying particle systems they are intended to describe. In
this article, we consider the mean-field limit for the system (1.1). In our main result, we
derive (1.1) rigorously from anN -particle system of ions with cut-off Coulomb interaction
and thermalised electrons. We can allow the cut-off radius to vanish at rate N�1=dC" for
any " > 0.

The massless electrons model. The assumption that, from the ions’ point of view, elec-
trons within a plasma are distributed according to the Maxwell–Boltzmann law is justified
physically by the observation that the mass ratio between a single electron (me) and a
single ion (mi ) is very small: for example, for hydrogen me=mi is roughly 5 � 10�4.
Consequently, the average speed of the electrons is typically much faster than that of the
ions, leading to a separation of timescales. Moreover, the electron collision frequency
can be significant on timescales where ion–ion collisions are negligible [4, Section 1.9].
Therefore, on such timescales, convergence of the electron distribution towards thermal
equilibrium is expected, with the rate of this convergence being faster for smaller mass
ratio.

In the massless electron regime (me=mi! 0), the electrons are expected to assume the
thermal equilibrium distribution essentially instantaneously: this equilibrium distribution
is of the form

felectron.x; v/ D Z�1 exp
�
�

1

kBTe

h
qe ẑ .x/C

1

2
jvj2

i�
; �"0�x ẑ D qi�ion C qe�felectron ;
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where ẑ represents the electrostatic potential in physical units, �ion is the spatial density
of ions, qe and qi are the respective charges of an electron and an ion, Te is the electron
temperature, kB is the Boltzmann constant, "0 is the vacuum permittivity, and the partition
function Z is a normalising constant chosen such that felectron has total integral 1 (see,
e.g., [29] for an informal derivation of this relation in the massless electron limit from a
coupled electron–ion system). Since qe < 0, rescaling of the physical constants results in
the system (1.1), with the term eˆ in the Poisson–Boltzmann equation representing the
spatial density of electrons; note that, on the torus, the normalisation

R
Td e

ˆ dx D 1 is
enforced by the fact that the Poisson equation �xˆ D g can only have a solution if the
source term g has integral zero (equivalently, by addition of a constant to ˆ).

The model (1.1) appears in the physics literature [31], including in the modelling
of phenomena such as ion-acoustic shocks [7, 47, 50] and the expansion of plasma into
vacuum [48].

The massless electron limit has been studied from a mathematical point of view, with
several works deriving models of a similar type to (1.1) from various coupled systems
describing the interaction of ions and electrons within a plasma. In [3] a system similar
to (1.1) (with time-dependent electron temperature) was derived from a Vlasov–Poisson–
Boltzmann system incorporating ion–ion and electron–electron collisions, under a priori
bounds on the regularity of solutions to the collisional equations. Long-time convergence
to equilibrium of the Vlasov–Poisson–Fokker–Planck system was proved in [10], and the
massless electron limit from a coupled Vlasov–Poisson system with external magnetic
field and Fokker–Planck electron–electron collision term was studied in [36]. Recently
[21,22], the Vlasov–Poisson–Landau system for ions was derived in the massless electron
limit from a coupled ion–electron system with Landau collision terms, including cross
collision terms between ions and electrons.

The well-posedness theory of (1.1) was largely open until relatively recently. Global
existence of Lp weak solutions was shown for the model posed on R3 by Bouchut [9];
however, these solutions were not known to conserve either energy or regularity of the
initial data, and no uniqueness result was available. Global well-posedness of classical
C 1 solutions was shown for the one-dimensional torus T1 by Han-Kwan and Iacobelli
[32]. In three dimensions, global well-posedness for classical solutions with large data
was proved by the author and Iacobelli: see [28] for the cases T2, T3 and [27] for R3.
The case of bounded convex 3D domains was considered by Cesbron and Iacobelli [14].

See [29] for a more in-depth discussion of the modelling and well-posedness theory
of (1.1), including a more detailed bibliography and context of analogous results for the
electron Vlasov–Poisson system.

The mean-field limit for Vlasov–Poisson and related systems. The subject of mean-
field limits for deriving PDEs describing large many-particle systems boasts a vast and
well-developed literature. For an overview of the various possible approaches and applic-
ations, we refer the reader to the excellent surveys [15, 16, 24, 38, 40]. Here we will focus



M. Griffin-Pickering 1458

principally on particle systems obeying deterministic second-order dynamics with singu-
lar potentials.

An archetypal model takes the form8̂̂̂<̂
ˆ̂:

d
dt
Xi D Vi ;

d
dt
Vi D �

1

N

X
j¤i

r‰.Xi �Xj /;
i 2 ¹1; : : : ; N º; (1.2)

for some interaction potential ‰. If ‰ is taken to be the Coulomb potential, then (1.2)
represents a system of N point charges experiencing electrostatic interactions with each
other and a fixed uniform background of ions. The formal limit as N !1 is the electron
Vlasov–Poisson system. However, the rigorous justification of this limit remains an open
problem in full generality.

The mean-field limit was proved for Lipschitz interaction forces (r‰ 2 W 1;1) in
the works [11, 18, 49]. The Vlasov–Poisson case is excluded from these results since the
Coulomb force kernel K has a point singularity for vanishing inter-particle separation
(jK.x/j � jxj�2 as jxj ! 0 in dimension d D 3). The mean-field limit for the one-
dimensional electron Vlasov–Poisson system, where the Coulomb singularity is a jump
discontinuity, was proved by Hauray [33]. For forces with “weak” singularities of type
r‰.x/� jxj�˛ with 0 < ˛ < 1 the mean limit was obtained by Hauray and Jabin [34,35].
See also Jabin and Wang [39] for the case r‰ 2 L1. More recently, Bresch, Duerinckx,
and Jabin [12] proved the mean-field limit for forces in L2 C L1 (here corresponding to
˛ < d

2
) through a novel duality method.

For stronger singularities, many authors have considered interaction kernels with an
N -dependent truncation that is removed simultaneously with the mean-field limit. Hauray
and Jabin [35] derived the Vlasov equation for the cases ˛ 2 .1; d � 1/ from regular-
ised N -particle systems with interaction kernel truncated at scale jxj . N�ˇ with 0 <
ˇ < 1

2d
min¹d�2

˛�1
; 2d�1

˛
º. In the Coulomb case ˛ D d � 1, Kiessling [42] obtained the

limit (without rate) assuming an a priori uniform-in-N moment bound on the microscopic
forces, whose validity for typical initial data is however at present open. Lazarovici [43]
derived the electron Vlasov–Poisson system from an “extended charges” model with inter-
action truncated at order jxj � N�

1
d.dC2/

C" for any " > 0.
The results discussed so far use methods that are predominantly “deterministic” in

their treatment of the particle dynamics, with randomness appearing mainly in showing
that the initial data for which the mean-field limit holds are typical. Boers and Pickl [6]
developed a “probabilistic” approach to the mean-field limit, in which stochasticity of the
initial data is used along the flow to control the dynamical evolution. Using this approach
they could obtain the limit for singularities of order ˛ < 2 (in dimension d D 3) with a cut-
off radius of order N�1=3 – notably, this corresponds to the scale of the typical separation
of particles. Lazarovici and Pickl [44] were then able to extend the method to cover the
missing extremal case ˛ D 2, proving a mean-field derivation for the 3D electron Vlasov–
Poisson system with cut-off at order N�1=3C". The cut-off was subsequently improved to
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N�7=18C" in the thesis of Grass [25] and to N�5=12C" by Feistl-Held and Pickl [19]. By
similar techniques, in two dimensions, Feistl-Held and Pickl [20] have shown the mean-
field limit for the 2D electron Vlasov–Poisson system for arbitrarily small cut-off of scale
N�ˇ for any 0 < ˇ � 2.

We conclude the discussion of the mean-field limit for electron Vlasov–Poisson by
mentioning some results not requiring truncation. In the monokinetic case, Serfaty and
Duerinckx [51] proved the derivation of the pressureless Euler–Poisson system in the
mean-field limit from second-order Coulomb dynamics. For the Vlasov–Poisson–Fokker–
Planck system, where the microscopic system includes independent idiosyncratic Brown-
ian noise, the mean-field limit was recently proven in dimension d D 2, without cut-off,
in [13].

For the ion model (1.1), an analogous microscopic model to (1.2) describes ions in the
plasma as point charges, interacting with a thermalised electron distribution:8̂̂̂<̂

ˆ̂:
d
dt
Xi D Vi ;

d
dt
Vi D

1

N

X
j¤i

K.Xi �Xj / �K � e
ˆ.Xi /;

i 2 ¹1; : : : ; N º; (1.3)

where

��ˆ D
1

N

NX
jD1

ıXj � e
ˆ:

As for the model for electrons, the interaction in this system becomes singular when jXi �
Xj j � 0. Unlike the electron model, and all models of the form (1.2), the interaction in
(1.3) depends non-linearly on the particle distribution.

The first result on the mean-field limit for (1.1) was proven by Han-Kwan and Iacobelli
[32] in dimension d D 1. In dimension d D 2; 3, (1.1) was derived by the author and
Iacobelli [26] from a system with regularised Coulomb interaction in which the ions are
modelled as extended charges of radius order r.N / � N�

1
d.dC2/

C" for any small " > 0,
using a deterministic method related to the techniques of Lazarovici [43]. This left a gap
between the available results for the ion and electron models.

In this article we narrow this gap by obtaining the limit for the ion model with an
improved cut-off of N�

1
d
C". To do this, we develop a probabilistic approach in the style

of [44], whose novelty is that it is suitable for a non-linear, implicitly defined interaction
coupling.

The probabilistic approach to the mean-field limit for non-linear coupling. In this
article we develop a probabilistic approach to the mean-field limit that is suitable for
particle systems with interaction forces satisfying a non-linear coupling. A key difficulty
in applying the probabilistic approach of [6,44] in the non-linear case is that the interaction
force is not expressed directly in a form to which we can apply a (finite-dimensional) law
of large numbers.
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To understand this, consider first the electron model. Suppose that .Xi ; Vi /NiD1 are
independent random variables with identical distribution f . Then the force exerted on
particle i by the other particles is 1

N

PN
j¤i K.Xi � Xj /. This expression is exactly a

normalised sum of independent random variables to which the law of large numbers can
be applied, so that we can expect, for large N ,

1

N

NX
j¤i

K.Xi �Xj / � EŒK.Xi �X/jXi � D K � �f .Xi /

(here X denotes a random variable independent of Xi with density f ). A main element of
the method of [6,44] is to quantify the rate of this convergence in probability as N !1.
Importantly, for linear couplings, this is required only at the finite collection of points
X1; : : : ; XN .

For the ion model, the force cannot be written directly in the form 1
N

PN
j¤i r‰.Xi �

Xj /. Instead, it is the solution of a non-linear equation in which the particle distribution
appears as a source term. In order to use a probabilistic approach, we therefore require a
(quantitative) law of large numbers holding in the sense of a function space rather than in
a pointwise sense.

In this article, we derive the three-dimensional Vlasov–Poisson system for ions (1.1)
from a regularised approximation of (1.3) with cut-off radius vanishing at rate no faster
than N�

1
d
C" as N !1. The convergence holds on arbitrarily large time intervals, for as

long as a sufficiently regular solution of (1.1) exists. To do this, we prove a concentration
estimate for the convergence in L1 sense of the convolution of an empirical measure
with a C 1 function. Our estimate is well adapted to situations where the gradient becomes
large at a point, allowing us to obtain the same asymptotics as Lazarovici and Pickl [44]
did for the electron model. Additionally, we make use of the recently developed technique
of non-linearly anisotropically weighted kinetic “distances” (Iacobelli [37]) in order to
streamline the proof.

1.1. Main result

The main result of this article, Theorem 1.11, is a rigorous derivation of the ionic Vlasov–
Poisson system (1.1) in the mean-field limit from a system of particles with cut-off inter-
actions, where the scale of the cut-off vanishes with rate r � bN�

1
d
C" for some constant

b > 0. In this subsection we introduce the particle system in question and then state the
main theorem.

Notation. Throughout the paper, we take the spatial domain to be Td , the flat torus of
dimension d . Unless otherwise specified, points x 2 Td will by default be identified with
their representatives in the fundamental domain Œ�1

2
; 1
2
/d . The torus Td is equipped with

the standard metric
jxjTd ´ inf

k2Zd
jx C kj;

where j � j is the usual Euclidean distance on Rd .
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For any r > 0 and x 2 Td , Br .xITd / denotes the open ball in Td of radius r and
centre x, and Br .xITd / denotes the corresponding closed ball. Similarly, Br .xIRd / and
Br .xIRd / denote respectively the open and closed balls in Rd of radius r and centre
x 2 Rd . Where the domain is clear from context, this notation is abbreviated to Br .x/,
Br .x/.

For a metric space M, P .M/ denotes the set of probability measures on M, equipped
with the topology of weak convergence of measures.

The Lebesgue spaces are denoted by Lp.E/ (p 2 Œ1;C1�), where E is any of the
spaces Td , Rd , or Td � Rd equipped with the Lebesgue measure, or Lp where E is
clear from context. Finally, LpC.E/ denotes the set of non-negative Lp.E/ functions.

1.1.1. Particle dynamics with smoothed interactions. In this subsection, we set up the
particle system from which we will derive the PDE (1.1). The system represents N ions
interacting with a background of thermalised electrons. However, rather than modelling
the ions as point charges, we truncate the Coulomb interaction at scale jxjTd � r > 0 in
order to remove the singularity that appears when two ions have a small spatial separation.
Later, r will be taken to depend on the number of ionsN , with r �N�

1
d
C" for some " > 0.

To define the smoothed interaction, we first fix a mollifier function. Let � 2 C1.Rd I
Œ0C1// be a smooth, non-negative, radially symmetric function with compact support
contained inB1.0/. Normalise � to have total integral k�kL1 D 1. Then, for any r 2 .0; 1

2
/,

we define a mollifier at scale r on the torus Td .

Definition 1.1. For any r 2 .0; 1
2
/, �r WTd ! Œ0;C1/ is the function defined by

�r .x/´ r�d�
�x
r

�
; (1.4)

where here each x 2 Td is identified with its representative in Œ�1
2
; 1
2
/d .

Note that the restriction r 2 .0; 1
2
/ ensures that the support of �r is compactly con-

tained in the open unit square .�1
2
; 1
2
/d . Hence �r can be extended smoothly to a periodic

function, so that equation (1.4) indeed specifies a well-defined C1 function on Td .
We use the mollifiers ¹�rºr>0 to define a regularised approximation of the Coulomb

force.

Notation for particle systems. The state of a particle system containing N particles is
represented by an N -tuple .X;V/ D .Xi ; Vi /NiD1 2 .T

d � Rd /N . Each point .Xi ; Vi / 2
Td �Rd is interpreted as the state of the i th particle in phase space: Xi 2 Td represents
the particle’s position, while Vi 2 Rd represents the particle’s velocity. All particles are
assumed to share the same mass, so that Vi is equivalent to the momentum of particle i ,
up to a global constant which we will set without loss of generality to 1.

Any N -tuple .X;V/ has a corresponding empirical measure �X;V 2 P .Td � Rd /,
which is a probability measure placing a Dirac mass (with uniform weight 1

N
) at the state
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.Xi ; Vi / of each particle:

�X;V ´
1

N

NX
iD1

ı.Xi ;Vi /:

We will also use the notation �X 2 P .Td / for the empirical spatial measure:

�X D
1

N

NX
iD1

ıXi :

Definition 1.2. Let r 2 .0; 1
2
/ and N 2 N. Let .x0;N ; v0;N / D .x0;Ni ; v

0;N
i /NiD1 2 .T

d �

Rd /N be a given initial configuration. Then .Xr;N ; Vr;N /W Œ0;C1/ ! .Td � Rd /N

denotes the solution of the following system of ODEs: writing .Xr;N .t/; Vr;N .t// D
.X

r;N
i .t/; V

r;N
i .t//NiD1,8̂<̂

:
d
dt
X
r;N
i D V

r;N
i ;

d
dt
V
r;N
i D �rˆr Œ�Xr;N �.X

r;N
i /;

.X
r;N
i .0/; V

r;N
i .0// D .x

0;N
i ; v

0;N
i /I i D 1; : : : ; N;

(1.5)

where ˆr Œ�Xr;N �WT
d ! R denotes the solution of the equation

��xˆr Œ�Xr;N � D �r � �Xr;N � e
ˆr Œ�Xr;N �

D
1

N

NX
jD1

�r .� �X
r;N
j / � eˆr Œ�Xr;N �:

Remark 1.3. The system (1.5) is well posed, globally in time, as can be shown using the
methods of [28, Lemma 6.2].

Remark 1.4. Where r D r.N /, the notation .Xr;N ;Vr;N / is abbreviated to .XN ;VN /.

1.1.2. Mean-field particle dynamics. The object of this article is to show that, for suit-
able choices of initial data and r tending to zero at rate r � N�

1
d
C", asN tends to infinity

the dynamics .XN ;VN / of the interacting particle system (1.5) closely approximate the
mean-field dynamics described by the ionic Vlasov–Poisson system. To do this, we seek
to compare .XN ;VN / to a solution of the following approximation of (1.1), in which the
interaction has been regularised using �r in the same manner as used in the particle system
in Definition 1.2:8̂̂<̂

:̂
@tfr C v � rxfr � rxˆr Œ�fr � � rvfr D 0;

��xˆr Œ�fr � D �r � �fr � e
ˆr Œ�fr �;

fr jtD0 D f0:

.x; v/ 2 Td
�Rd : (1.6)
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It can be shown, using the techniques of [28], that (1.6) has a unique global solution fr for
any initial probability measure f0 2 P .Td � Rd /. The solution fr may be represented
as the pushforward of f0 along the flow .Y r ; W r / defined by the characteristic ODE of
(1.6), which reads as follows: for all .x; v/ 2 Td �Rd ,

d
dt
Y r .t I x; v/ D W r .t I x; v/;

d
dt
W r .t I x; v/ D �rˆr Œ�fr �.Y

r .t I x; v//I

.Y r .0I x; v/;W r .0I x; v// D .x; v/:

That is, for any test function � 2 Cb.Td �Rd /,Z
Td�Rd

�.x; v/fr .t; dx dv/ D
Z

Td�Rd

�.Y r .t I x; v/;W r .t I x; v//f0.dx dv/ (1.7)

for all t 2 Œ0; T /. However, to show that fr converges as r tends to zero to a solution
f of (1.1) typically requires additional hypotheses on f0. We will assume the following
uniform-in-r estimate on the spatial density of fr .

Assumption 1.5. There exist T > 0, and a non-decreasing functionDW Œ0; T /! Œ0;C1/

such that
sup
r� 12

sup
s2Œ0;t�

k�fr .s; �/kL1.Td / � D.t/ 8t 2 Œ0; T /:

In dimension d D 2 or d D 3, Assumption 1.5 holds with T D C1, for any f0 2
L1 \ L1.Td �Rd / satisfying, for some k0 > d ,

f0.x; v/ .
1

1C jvjk0
;

Z
Td�Rd

.1C jvjk0/f0.x; v/ dx dv (1.8)

(this can be shown by combining a variant of [28, Lemma 6.3] with the techniques of [30]
for the improved moment condition). In [28] it was also shown that for f0 satisfying (1.8),
the Vlasov–Poisson system for ions (1.1) has a global-in-time solution f , unique among
the class of solutions with spatial density �f bounded in L1.Td / locally uniformly in
time, and that fr converges in the limit as r tends to zero to f in the sense of weak
convergence of measures.

In fact, under Assumption 1.5 it is always the case that fr converges to the unique
bounded density solution of (1.1) on the time interval Œ0; T /, as we will show in Section 5
of this paper. Moreover, the convergence holds in the sense that the characteristic flows
converge uniformly (locally in time).

Theorem 1.6. Let d � 2. Let f0 2P .Td �Rd / be fixed, and suppose that Assumption 1.5
holds. Then the ion Vlasov–Poisson system (1.1) has a weak solution f 2 C.Œ0; T /I
P .Td � Rd //. This solution is unique among weak solutions of (1.1) with initial datum
f0 and �f 2 L1loc.Œ0; T /IL

1.Td //.
For each r > 0, let fr denote the solution to the approximated ion Vlasov–Poisson

system (1.6) with the same initial datum f0. Then, as r tends to zero, fr converges to f
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in the sense of C.Œ0; T /IP .Td �Rd //. Moreover, the corresponding characteristic flows
converge uniformly on Td �Rd , locally uniformly in time:

lim
r!0
k.Y r � xY ;W r

� SW /kL1.Œ0;t��Td�Rd / D 0; for any t 2 Œ0; T /;

where for any .x; v/ 2 Td �Rd the trajectory . xY .t Ix; v/; SW .t Ix; v//t2Œ0;T / satisfies the
ODE

d
dt
xY .t I x; v/ D SW .t I x; v/;

d
dt
SW .t I x; v/ D �rˆŒ�f �. xY .t I x; v//I

. xY .0I x; v/; SW .0I x; v// D .x; v/:

In our main result (Theorem 1.11), we will compare .XN ;VN / with fr in the limit
N ! C1. To do this, we use the method of, e.g., [6, 44, 52], introducing an auxiliary
N -particle system following the mean-field dynamics corresponding to fr . The coupled
and auxiliary particle systems are given the same initial data.

Definition 1.7. Let 0 < r < 1
2

, and let fr be the solution of (1.6). For t � 0, .Yr;N ;Wr;N /W

Œ0;C1/! .Td �Rd /N denotes the solution of the following system of ODEs: writing
.Yr;N .t/;Wr;N .t// D .Y

r;N
i .t/;W

r;N
i .t//NiD1,8̂<̂

:
d
dt
Y
r;N
i D W

r;N
i ;

d
dt
W
r;N
i D �rˆr Œ�fr �.Y

r;N
i /;

.Y
r;N
i .0/;W

r;N
i .0// D .x

0;N
i ; v

0;N
i /I i 2 ¹1; : : : ; N º;

(1.9)

where ˆr Œ�fr � is the solution of the equation

��xˆr Œ�fr � D �r � �fr � e
ˆr Œ�fr �:

Remark 1.8. Notice in particular that the ODE system (1.9) is decoupled, such that the
evolution of particle i is not influenced by any other particle j , where j ¤ i .

Remark 1.9. Observe that .Y r;Ni ; W
r;N
i / D .Y r .t I x

0;N
i ; v

0;N
i /; W r

i .t I x
0;N
i ; v

0;N
i //. It

then follows from the pushforward representation of fr (1.7) that, if .x0;Ni ;v
0;N
i / is chosen

at random with law f0, then .Y r;Ni .t/;W
r;N
i .t// has law fr .t; �/, for any t > 0.

Remark 1.10. As in Remark 1.4, where r D r.N / the notation .Yr;N ;Wr;N / is abbrevi-
ated to .YN ;WN /.

1.1.3. Selection of initial data. We will choose the initial data points for the particle
systems (1.5) and (1.9) randomly so that each .x0;Ni ; v

0;N
i / has law f0. Furthermore, we

will take them to be statistically independent.
To fix notation, let .�; F ; P / be a probability space. For N 2 N given and i D

1; : : : ; N , let .x0;Ni ; v
0;N
i /W�! Td � Rd be independent random variables, each with
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law induced by the probability density f0. That is, under the measure P ,

.x0;N ; v0;N / D .x0;Ni ; v
0;N
i /NiD1 � f

˝N
0 :

For all t 2 .0; 1
2
/, the N -tuples .Xr;N ;Vr;N /, .Yr;N ;Wr;N / defined in Definitions 1.2

and 1.7 are then also random variables. Moreover, by Remark 1.8, the independence of
.Y

r;N
i .t/; W

r;N
i .t//NiD1 is preserved along the evolution. Hence, for any t 2 Œ0; T / the

random N -tuple .Yr;N .t/;Wr;N .t// has law

.Yr;N .t/;Wr;N .t// � fr .t; �/
˝N :

In other words, .Yr;N .t/;Wr;N .t// is distributed likeN independent samples from fr .t; �/.

1.1.4. Mean-field limit for the ionic Vlasov–Poisson system. Our main result states that
the coupled particles .XN ;VN / closely approximate the auxiliary particles .YN ;WN /

with high probability as r tends to zero with r � N�
1
d
C". We will use the following

notation for the maximal distance between two (time-dependent) N -tuples, representing
the dynamics of two particle systems with the same number of particles N .

Notation: Comparison of N -tuples. Let .X;V/ 2 .Td �Rd /N be an N -tuple of points
in Td �Rd . Then jXj1 and jVj1 denote the norms

jXj1´ max
i
jXi jTd ; jVj1´ max

i
jVi j:

Now suppose that .X;V/W Œ0;T /! .Td �Rd /N is a continuous function taking values
in the space of N -tuples. For any t 2 Œ0; T /, we use the notation k�kL1.Œ0;t�/ to denote the
supremum norm in time:

kXkL1.Œ0;t�/´ sup
s2Œ0;t�

jX.s/j1; kVkL1.Œ0;t�/´ sup
s2Œ0;t�

jV.s/j1:

We are now ready to state the main theorem of this article.

Theorem 1.11. Let d � 2 and f0 2 P .Td � Rd / be given, and suppose that Assump-
tion 1.5 is satisfied. Assume that r D r.N / tends to zero as N tends to infinity with rate
satisfying, for some " 2 .0; 1

d
/ and b > 0, r D r.N / � bN�

1
d
C".

For N � 1, let the following hold:

• The points .x0;Ni ; v
0;N
i /NiD1 are drawn independently from f0, the initial datum for

(1.1):
.x
0;N
i ; v

0;N
i /NiD1 � f

˝N
0 I

• .XN ;VN / is the solution of the particle system with cut-off interactions (1.5), with
initial data .x0;Ni ; v

0;N
i /NiD1;

• .YN ;WN / is the solution of the auxiliary system (1.9), with the same initial data
.x
0;N
i ; v

0;N
i /NiD1.
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Then, for all t 2 Œ0; T /, for any � 2 .0; d�/ there exists a positive constant C > 0

(which depends on t , D.t/, d , ", � , b, and the choice of mollifier �), such that

P .kXN � YN kL1.Œ0;t�/ C kVN �WN
kL1.Œ0;t�/ � r/ � Ce

�CN �

:

Remark 1.12. As explained in [44], Theorem 1.11 implies convergence in probability
of the empirical measure �.XN ;VN / in Monge–Kantorovich–Wasserstein distances Wp for
p 2 Œ1;C1/, under suitable moment conditions on the initial datum f0. This follows from
the Wp concentration estimates of Fournier and Guillin [23].

When combined with Theorem 1.6, Theorem 1.11 implies that the dynamics of .XN ;
VN / converge to those of the Vlasov–Poisson system for ions (1.1) (with singular interac-
tion) asN tends to infinity. For example, in three dimensions we may deduce the following
corollary.

Corollary 1.13. Let d D 3. Suppose f0 2 L1C \ L
1.T3 � R3/ and, for some k0 > 3,

.1C jvjk0/f0 2L
1 \L1.T3 �R3/. Let f denote the unique solution of (1.1) with initial

datum f0 and �f 2 L1.Œ0;C1/IL1.T3//, and let . xY ; SW / denote the corresponding
characteristic flow. Let r D r.N /! 0 as N !C1 with, for some " 2 .0; 1

3
/ and b > 0,

r D r.N / � bN�
1
3C".

For all integers N � 1, let .x0;Ni ; v
0;N
i /NiD1 have distribution f ˝N0 under P . Let

.XN ;VN / be the solution of the particle system with cut-off interactions (1.5), with ini-
tial data .x0;Ni ; v

0;N
i /NiD1 (see Definition 1.2). Let .xYN ; SWN / be the mean-field dynamics

induced by f , with the same initial data – i.e.,

.Yi
N
; Wi

N
/ D . xY .x

0;N
i ; v

0;N
i /; SW .x

0;N
i ; v

0;N
i // for all i 2 ¹1; : : : ; N º:

Then, P -almost surely,

lim
N!0
kXN � xYN kL1.Œ0;t�/ C kVN � SWN

kL1.Œ0;t�/ D 0 for all t > 0:

1.2. Structure of the paper

The remainder of the article is structured as follows. Section 2 contains estimates for
the electrostatic potential ˆ – in particular, a new quantitative stability estimate for the
convergence of the electric field inL1. Section 3 focuses on theL1 law of large numbers
for convolutions with empirical measures induced by a small perturbation of anN -tuple of
independent and identically distributed random variables. Then, in Section 4, we combine
the results of Sections 2 and 3 to prove Theorem 1.11, using an approach based on the
non-linear kinetic “distances” introduced in [37]. The article concludes with the proof of
Theorem 1.6 in Section 5.

Notation. In inequalities of the form A� CB , C > 0 denotes a generic positive constant,
independent of any relevant parameters, which may change from line to line without com-
ment. Subscripts such as C˛ are used to indicate cases in which C depends on a parameter
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˛ (and no others) in a manner that we will not write explicitly. For ease of reading, the
symbol . is used to abbreviate inequalities like A � CB to A . B , where the implicit
constant C is generic as described. Similarly .˛ indicates that the implicit constant C˛
depends on the parameter ˛.

We abbreviate the maximum and minimum functions using the symbols _ and ^,
respectively. Thus a _ b D max¹a; bº and a ^ b D min¹a; bº. The positive part of a is
denoted by aC D a _ 0.

2. Analysis of the potential

This section focuses on estimates for the electrostatic potentials in the ODE systems (1.5)
and (1.9). In either case, the potential is a solution of the Poisson–Boltzmann equation
(2.1), for some source �. For the applications we have in mind, we expect to have � 2
L1C .T

d /, either by Assumption 1.5 in the mean-field case, or in general for regularised
systems where � is of the form �r � � for a probability measure �. We first summarise
the following regularity and integrability estimates for ˆ; see [28, 30] for further details
and proofs.

Proposition 2.1. Let � 2L1C .T
d /. There exists a unique solutionˆ2 .W 1;2 \L1/.Td /

of the equation
��ˆ D � � eˆ: (2.1)

The solution ˆ satisfies the following estimate, for any p 2 Œ1;C1�:

keˆkLp � k�kLp :

Moreover,ˆ2W 2;p.Td / for all p 2 .1;C1/, andrˆ is log-Lipschitz with the following
bound: for all x; y 2 Td ,

jrˆ.x/ � rˆ.y/j � Cdk�kL1 jx � yjTd logjx � yj�1
Td ;

where Cd > 0 is a uniform constant depending on the dimension d only.

The main object of this section is to prove an estimate controlling in L1.Td / the
difference between electric fields induced by different densities. Existing estimates of this
kind for the ion model [26,28,30] are ofL2 type and depend on the 2-Wasserstein distance
between the densities. In the present setting, we want to control the deviation between
the two particle systems in the uniform distance kXN � YN kL1 C kVN �WN kL1 , and
therefore require L1-type estimates for the electric field.

In order to state the new estimate (Proposition 2.2), we first need to introduce the
Green’s function of the Laplacian on the d -dimensional flat torus Td , which will be
denoted by G. Thus G 2 D 0.Td / is a distribution such that

��G D ı0 � 1 on Td ; hG; 1i D 0:
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We let K ´ �rxG. Then G and K are C1 functions on Td n ¹0º, and the singularity
at x D 0 has the following behaviour: there exists a C1.Td / function G0 such that G D
G0 CG1 and for all x such that jxjTd < 1

4
,

G1.x/ D

8̂<̂
:
�c2 log jxjTd ; d D 2;

cd

jxjd�2
Td

; d � 3;
(2.2)

for some positive constants cd > 0 (see [53]). In particular, K1 D �rxG1 satisfies

K1 D �c
0
d

x

jxjd
Td

; for all jxjTd <
1

4
: (2.3)

Proposition 2.2. For i D 1; 2, let ˆi satisfy (2.1) with the density �i 2 L1C .T
d /. Then

krˆ1 � rˆ2kL1.Td / � exp.Cd .1Cmax
i
k�ikL1.Td ///kK � �1 �K � �2kL1.Td /;

for some constant Cd > 0 depending on the dimension d only.

To prove Proposition 2.2, we first prove two preliminary lemmas. The first is an Lp

stability estimate for the non-linearity eˆ.

Lemma 2.3. Letˆ1 andˆ2 satisfy the assumptions of Proposition 2.2. Suppose that there
exist constants D0;D1 > 0 such that

D0 � e
ˆ1 ; eˆ2 � D1 for all x 2 Td :

Then, for any p 2 .d;C1/,

keˆ1 � eˆ2kLp � CpD1D
�1=2
0 kK � .�1 � �2/kLp ;

where Cp > 0 is a constant depending on p only.

Remark 2.4. Note that, by Proposition 2.1, we can always choose D1 D maxik�ikL1 .

Proof. The difference ˆ1 �ˆ2 satisfies the equation

��.ˆ1 �ˆ2/ D �1 � �2 � .e
ˆ1 � eˆ2/:

Since
R

Td .�1 � �2/ dx D 0, we may rewrite this in the form

��.ˆ1 �ˆ2/ D divŒK � .�1 � �2/� � .eˆ1 � eˆ2/: (2.4)

We multiply equation (2.4) by the function .ˆ1 �ˆ2/jˆ1 �ˆ2jp�2 and integrate to
obtain, after an integration by parts, the equalityZ

Td

.eˆ1 � eˆ2/.ˆ1 �ˆ2/jˆ1 �ˆ2j
p�2 dx

C

Z
Td

r.ˆ1 �ˆ2/ � rŒ.ˆ1 �ˆ2/jˆ1 �ˆ2j
p�2� dx

D �

Z
Td

K � .�1 � �2/ � rŒ.ˆ1 �ˆ2/jˆ1 �ˆ2j
p�2� dx:
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Next, note that

.eˆ1 � eˆ2/.ˆ1 �ˆ2/jˆ1 �ˆ2j
p�2
� jˆ1 �ˆ2j

p

Z 1

0

e�ˆ1C.1��/ˆ2 d�

� D0jˆ1 �ˆ2j
p:

Using the relations

rŒ.ˆ1 �ˆ2/jˆ1 �ˆ2j
p�2� D .p � 1/jˆ1 �ˆ2j

p�2
r.ˆ1 �ˆ2/;

jˆ1 �ˆ2j
p=2�1

r.ˆ1 �ˆ2/ D
2

p
r..ˆ1 �ˆ2/jˆ1 �ˆ2j

p=2�1/;

we observe that we have obtained the inequality

D0

Z
Td

jˆ1 �ˆ2j
p dx C

4.p � 1/

p2

Z
Td

jr..ˆ1 �ˆ2/jˆ1 �ˆ2j
p=2�1/j2 dx

�
2.p � 1/

p

Z
Td

jK � .�1 � �2/j jˆ1 �ˆ2j
p=2�1

jr..ˆ1 �ˆ2/jˆ1 �ˆ2j
p=2�1/j dx:

Then, by Hölder’s inequality,

D0kˆ1 �ˆ2k
p
Lp C

4.p � 1/

p2
kr..ˆ1 �ˆ2/jˆ1 �ˆ2j

p=2�1/k2
L2

�
2.p � 1/

p
kK � .�1 � �2/kLpkˆ1 �ˆ2k

p=2�1
Lp kr..ˆ1 �ˆ2/jˆ1 �ˆ2j

p=2�1/kL2 :

By Young’s inequality for products (with exponents 2 and 2),

D0kˆ1 �ˆ2k
p
Lp C

4.p � 1/

p2
kr..ˆ1 �ˆ2/jˆ1 �ˆ2j

p=2�1/k2
L2

� .p � 1/kK � .�1 � �2/k
2
Lpkˆ1 �ˆ2k

p�2
Lp

C
2.p � 1/

p2
kr..ˆ1 �ˆ2/jˆ1 �ˆ2j

p=2�1/k2
L2

and hence

kˆ1 �ˆ2kLp � CpD
�1=p
0 kK � .�1 � �2/k

2=p
Lp kˆ1 �ˆ2k

1�2=p
Lp :

By another application of Young’s inequality for products (exponents p
2

and p
p�2

), we
obtain

kˆ1 �ˆ2kLp � CpD
�1=2
0 kK � .�1 � �2/kLp :

Finally, since

jeˆ1 � eˆ2 j � jˆ1 �ˆ2j sup
�2.0;1/;x2Td

e�ˆ1.x/C.1��/ˆ2.x/ � D1jˆ1 �ˆ2j;

we have
keˆ1 � eˆ2kLp � CpD1D

�1=2
0 kK � .�1 � �2/kLp :
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Next, we will prove a lower bound D0 on the non-linearity eˆ.

Lemma 2.5. Let � 2 LpC.T
d / for p > d

2
. Let ˆ 2 W 1;2 \ L1 satisfy the Poisson–

Boltzmann equation (2.1) with density �. Then there exists Cp;d > 0, depending on p
and d only, such that

eˆ � exp .�Cp;dk�kLp / > 0:

Proof. We may use the elliptic equation (2.1) to control the deviation ofˆ from its average
value

hˆi ´
1

jTd j

Z
Td

ˆ dx D
Z

Td

ˆ dxI

the second inequality holds because we have normalised Td to have unit volume. In par-
ticular,

ˆ � hˆi D G � .� � eˆ/:

We now estimate this convolution in L1.Td /.
Using the decomposition G D G0 C G1, and by the form (2.2) of G1, we have G 2

Lq.Td / for all q 2 Œ1; d
d�2

/ (q 2 Œ1;C1/ for d D 2). Since p0, the Hölder conjugate
exponent of p, lies in this range, we may estimate

kˆ � hˆikL1 � kGkLp0 k� � e
ˆ
kLp :

Hence, by Proposition 2.1,

kˆ � hˆikL1 � Cp;dk�kLp ;

where Cp;d > 0 is a positive constant depending on p and d only. We rewrite this inequal-
ity as

hˆi � Cp;dk�kLp � ˆ � hˆi C Cp;dk�kLp :

It remains only to control the constant hˆi from below.
To do this, we use the fact that the non-linearity eˆ has unit integral. For all x 2 Td ,

eˆ.x/ � exp .hˆi C Cp;dk�kLp /:

Integrating this inequality over all x 2 Td , we find that

1 D

Z
Td

eˆ dx � exp .hˆi C Cp;dk�kLp /:

Taking logarithms, we obtain

hˆi � �Cp;dk�kLp :

Hence
ˆ � �Cp;dk�kLp for all x 2 Td :

Taking exponentials completes the proof.
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We are now able to complete the proof of Proposition 2.2.

Proof of Proposition 2.2. We have

rˆ1 � rˆ2 D K � .�1 � �2/ �K � .e
ˆ1 � eˆ2/;

and hence

krˆ1 � rˆ2kL1 D kK � .�1 � �2/kL1 C kK � .e
ˆ1 � eˆ2/kL1 :

To estimate the second term, choose any p 2 .d;C1/. Then, since by (2.2) K 2 Lp
0

,

kK � .eˆ1 � eˆ2/kL1 � kKkLp0 ke
ˆ1 � eˆ2kLp :

Then, by Lemma 2.3,

kK � .eˆ1 � eˆ2/kL1 � CpD1D
�1=2
0 kK � .�1 � �2/kLp ;

where D0, D1 are constants such that, for i D 1; 2,

D0 � e
ˆi � D1:

By Proposition 2.1, we may takeD1 D maxik�kL1 . By Lemma 2.5, we may takeD0
of the form D0 D e

�Cd maxik�ikL1 . Hence

kK � .eˆ1�eˆ2/kL1 � Cpe
Cd maxik�ikL1 .max

i
k�ikL1/e

Cd maxik�ikL1 kK � .�1��2/kLp

� eCd;p.1Cmaxik�ikL1 /kK � .�1 � �2/kLp

� eCd;p.1Cmaxik�ikL1 /kK � .�1 � �2/kL1

as required.

3. Uniform approximation estimates for empirical means

One of the key techniques in [6, 44] is to show convergence of the microscopic force
field using a law of large numbers argument. In the models considered in these works,
the interaction force is of convolution form �r‰ ��: the force between N particles with
positions ¹ZiºNiD1 is of the form � 1

N

PN
j¤i r‰.Zi � Zj / at particle i . If ¹ZiºNiD1 are

independent with identical distribution �Z , then by the law of large numbers this converges
almost surely as N tends to infinity to g � �Z.Zi /. Repeating this argument for all i D
1; : : : ; N shows that the interaction force experienced by all the particles converges in the
limit.

The model for ions differs in that the interaction potential depends non-linearly on
the particle density, and in particular is not of the form 1

N

PN
j¤i g.Zi � Zj / for any
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function g. By Proposition 2.2, it would suffice to show the convergence of K � �r � �Z

and uniform bounds on �r � �Z. However, we require this convergence and boundedness
not only at a finite number of points ¹ZiºNiD1 but for the whole function in an L1.Td /

sense.
The goal of this section is to prove a uniform law of large numbers of this type,

with quantitative bounds for the rate of the convergence in probability. Laws of large
numbers and concentration inequalities for Banach-space-valued random variables have
been widely studied in the probability and statistics literature – see, e.g., [8, 45]. Here we
will prove the result we require directly, using local Lipschitz estimates to obtain similar
asymptotics as the cut-off is removed to those found in [44].

3.1. Local Lipschitz property

Another important component of the methods of [6, 44] is the use of local Lipschitz
estimates. For example, as observed in [44, Lemma 6.3], for the Coulomb kernel on Rd

truncated at length scale r (denoted here by zKr ) the following estimate holds: there exists
a non-negative function QLr with k QLrkL1 � jlog r j such that

j zKr .x/ � zKr .y/j � QLr .y/jx � yj for all x; y 2 Rd such that jx � yj < r: (3.1)

The key point in this inequality is that the function QLr is evaluated only at the point y. In
order to prove convergence in the case of non-linear coupling, we will need a version of
property (3.1) for several functions. For convenience, we will use the following termino-
logy.

Definition 3.1. Let gWTd ! Rm be a continuous function. Then hWTd ! Œ0;C1/ is an
r-local Lipschitz modulus for g if, for all x; y 2 Td such that jx � yjTd < r ,

jg.x/ � g.y/j � h.y/jx � yjTd : (3.2)

Remark 3.2. Notice that any r-local Lipschitz modulus is an r 0-local Lipschitz modulus
for any 0 < r 0 < r .

Once again, we emphasise that in this definition the modulus h is evaluated at the point
y only, rather than at an intermediate point between x and y, as a standard mean value
argument would give for any C 1 function. Nevertheless, any g 2 C 1 does have an r-local
Lipschitz modulus, for example the function h defined by

h.y/´ sup
z2Br .y/

jrg.z/j: (3.3)

For functions defined on Rd , this is an immediate consequence of the mean value theorem.
We can extend the result to functions defined on the torus Td , since it is always possible
to interpolate between x and y along a path of length jx � yjTd wholly contained within
Br .y/.
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In [6, 44], these local Lipschitz estimates were used to show pointwise convergence
of functions of the form g � �Z. In the case of the ion model we will need to show that
convergence in fact holds in the stronger sense of L1.Td /. To achieve this, we will
additionally use a “second-order” estimate: that is, an r-local Lipschitz estimate for the
modulus h defined by (3.3).

Lemma 3.3. Assume that r 2 .0; 1
4
/. Let g 2 C 2.Td /. Define hWTd ! Œ0;C1/ by

h.y/´ sup
z2Br .y/

jrg.z/j for all y 2 Td :

Then h is Lipschitz, and the function l WTd ! Œ0;C1/ defined by

l.y/´ sup
z2B2r .y/

jr
2g.z/j for all y 2 Td (3.4)

is an r-local Lipschitz modulus for h.

Remark 3.4. The argument can be iterated to obtain that, for any k 2 N, the function

sup
z2Bkr .y/

jr
kg.z/j

is Lipschitz with r-local modulus

sup
z2B.kC1/r .y/

jr
kC1g.y C z/j:

Remark 3.5. A similar result holds for functions defined on Rd , without the restriction
r < 1

4
.

We will need the following technical lemma, which gives a convexity property for
sufficiently small balls in Td (see Figure 1).

Lemma 3.6. Let x;y 2 Br .0/ for some r < 1
4

. Let Qy 2 Œ�1
2
; 1
2
/d be an Rd -representative

of y, and let Qx 2 Rd be a representative of x such that jx � yjTd D j Qx � Qyj. Then
j.1 � �/ Qy C � QxjTd � r for all � 2 Œ0; 1�.

Proof. For all z 2 Rd such that jzj < 1
2

, jzjTd D jzj. Hence, if x; y 2 Br .0/ for r < 1
4

,
then j Qxj � j Qyj C j Qx � Qyj � 2r < 1

2
, which implies that Qx 2 Œ�1

2
; 1
2
/d and jxjTd D j Qxj � r .

Then, since the ball Br .0IRd / in Rd is convex, j.1 � �/ Qy C � Qxj � r for all � 2 Œ0; 1�.
Since r < 1

2
, j.1 � �/ Qy C � QxjTd D j.1 � �/ Qy C � Qxj, and the proof is complete.

Proof of Lemma 3.3. Let x;y 2 Td with jx � yjTd < r . Observe that both h.x/ and h.y/
are bounded from below by the supremum of jrgj over the intersection of the balls Br .x/
and Br .y/:

h.x/; h.y/ � sup
u2Br .y/\Br .x/

jrg.u/j: (3.5)
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(a) r > 1
4

(b) r < 1
4

Figure 1. Straight line paths in T2 between two points x and y contained in Br .0/. (a) When
r is large, the shortest path (solid line), which has length jx � yjT2 , may pass outside of Br .0/.
(b) When r is small, the shortest path is contained in Br .0/.

Sincerg is a continuous function, there exists z�y 2Br .y/ such that h.y/D jrg.z�y /j.
If z�y can be chosen within Br .x/ \ Br .y/, then

h.y/ D sup
u2Br .y/\Br .x/

jrg.u/j � h.x/: (3.6)

Otherwise, z�y 2 Br .y/ nBr .x/. In this case, we will compare jrg.z�y /j with jrg.u/j
for some u 2 Br .x/ \ Br .y/. We wish to choose u�y lying on the shortest straight line
between x and z�y such that ju�y � xjTd D r (see Figure 2). This will ensure that
jz�y � u

�
y jTd can be bounded by jx � yjTd .

First, we define u�y . Since x;z�y 2Br .y/, we may identify x, y, z�y with their represent-
atives in Rd such that jx � yj � r < 1

4
and jz�y � yj � r <

1
4

. Then, by Lemma 3.6, we have

Figure 2. The union Br .x/ [ Br .y/. If an optimal z�y lies in Br .x/ \ Br .y/ (shaded region), then
h.y/ � h.x/. Otherwise, we compare jrg.z�y /j with jrg.u�y/j, by using a mean-value-theorem
argument along the solid line segment connecting u�y and z�y , whose length is no greater than
jx � yjTd .



A probabilistic mean-field limit for the Vlasov–Poisson system for ions 1475

j�z�y C .1� �/x � yjTd � r for all � 2 Œ0; 1� – that is, this line is contained in Br .yITd /.
Since jz�y � xjTd >r , choosing ��y D

r
jz�y�xjTd

2 .0;1/ gives a point u�y´ xC��y.z
�
y � x/

satisfying u�y 2 Br .x/ \ Br .y/ and ju�y � xjTd D r as required.
Then we estimate jz�y � u

�
y jTd . Using the definition of u�y ,

jz�y � u
�
y jTd D .1 � �

�
y/jz

�
y � xjTd D jz

�
y � xjTd � ju

�
y � xjTd :

By the triangle inequality, since jz�y � yjTd � r and ju�y � xjTd D r ,

jz�y � u
�
y jTd � jx � yjTd C jz

�
y � yjTd � ju

�
y � xjTd � jx � yjTd : (3.7)

Now we compare jrg.z�y /j with jrg.u�y/j. By the mean value theorem,

jrg.z�y / � rg.u
�
y/j � jz

�
y � u

�
y jTd sup

�2Œ0;1�

jr
2g.�z�y C .1 � �/u

�
y/j

� jz�y � u
�
y jTd sup

z2Br .y/

jr
2g.z/j; (3.8)

since for all � 2 Œ0; 1�, �z�y C .1 � �/u
�
y D �

0z�y C .1 � �
0/x for some �0 2 Œ0; 1� so that

�z�y C .1 � �/u
�
y 2 Br .y/. Hence, by (3.7) and the definition (3.4) of l ,

jrg.z�y / � rg.u
�
y/j � l.y/jx � yjTd :

Then, by (3.5), since u�y 2 Br .x/ \ Br .y/,

h.y/ D jrg.z�y /j � jrg.u
�
y/j C l.y/jx � yjTd

� sup
u2Br .y/\Br .x/

jrg.u/j C l.y/jx � yjTd

� h.x/C l.y/jx � yjTd : (3.9)

From (3.6) and (3.9), we deduce that in either case,

h.y/ � h.x/C l.y/jx � yjTd : (3.10)

We repeat the argument, exchanging the roles of x and y, as far as (3.8), to obtain that
either h.x/ � h.y/, or z�x 2 Br .x/ n Br .y/ and

jrg.z�x / � rg.u
�
x/j � jx � yjTd sup

z2Br .x/

jr
2g.z/j;

where u�x ´ y C r
z�x�y

jz�x�yjTd
2 Br .x/ \ Br .y/. Since jx � yjTd < r , we have Br .x/ �

B2r .y/. Hence
jrg.z�x/ � rg.u

�
x/j � l.y/jx � yjTd :

Since u�x 2 Br .x/ \ Br .y/, we deduce from (3.5) that

h.x/ � h.y/C l.y/jx � yjTd : (3.11)

Taking estimates (3.10)–(3.11) completes the proof that l is an r-local Lipschitz estim-
ate for h.



M. Griffin-Pickering 1476

For the derivation of the ionic Vlasov–Poisson system, the cases of interest will be
g D �r and g D K � �r . We now apply the above results in order to identify suitable
functions h and l for these cases.

Definition 3.7. Let r 2 .0; 1
4
/. Let �r be defined as in Definition 1.1 for some non-

negative, radially symmetric � 2 C1.Rd I Œ0C1// with compact support contained in
B1.0/ and unit mass k�kL1 D 1. Then we make the following definitions:

(i) Kr WTd ! Rd denotes the function Kr ´ K � �r .
Lr WTd ! Œ0;C1/ denotes the function

Lr .y/´ sup
z2Br .y/

jrKr .z/j for all y 2 Td :

Then Lr is an r-local Lipschitz modulus for Kr .
Qr WTd ! Œ0;C1/ denotes the function

Qr .y/´ sup
z2B2r .y/

jr
2Kr .z/j for all y 2 Td :

Then Qr is an r-local Lipschitz modulus for Lr .

(ii)  r WTd ! Œ0;C1/ denotes the function

 r .y/´ sup
z2Br .y/

jr�r .z/j for all y 2 Td :

Then  r is an r-local Lipschitz modulus for �r .
�r WTd ! Œ0;C1/ denotes the function

�r .y/´ sup
z2B2r .y/

jr
2�r .z/j for all y 2 Td :

Then �r is an r-local Lipschitz modulus for  r , by Lemma 3.3.

We collect integrability estimates for these functions. These will be used later to bound
the rates of convergence in probability.

Lemma 3.8. Let �r ,  r , �r , Kr , Lr , and Qr be defined as in Definition 3.7 for a fixed �
and any r 2 .0; 1

4
/.

(i) The functions �r ,  r , and �r satisfy the pointwise bounds

�r .y/ .� r�d1Br .0/.y/;  r .y/ .� r�d�11B2r .0/.y/;

�r .y/ .� r�d�21B3r .0/.y/;
(3.12)

the L1 bounds

k�rkL1 � 1; k rkL1 .d;� r�1; k�rkL1 .d;� r�2; (3.13)

and the L2 bounds

k�rkL2 .d;� r�d=2; k rkL2 .d;� r�d=2�1; k�rkL2 .d;� r�d=2�2: (3.14)
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(ii) The functionsKr ,Lr , andQr satisfy the following pointwise bounds: for y 2Td ,

jKr .y/j .d;� .jyjTd _ 2r/
1�d ; Lr .y/ .d;� .jyjTd _ 3r/

�d ;

Qr .y/ .d;� .jyjTd _ 4r/
�d�1;

(3.15)

the L1 bounds

kKrkL1.Td / .d;� 1; kLrkL1.Td / .d;� jlog r j;

kQrkL1.Td / .d;� r�1;
(3.16)

and the L2 bounds

kKrkL2.Td / .d;� r1�d=2; kLrkL2.Td / .d;� r�d=2;

kQrkL2.Td / .d;� r�1�d=2:
(3.17)

Proof. (i) Since �r .y/ D r�d�.y=r/, we have

r�r .y/ D r
�d�1

r�.y=r/; r2�r .y/ D r
�d�2

r
2�.y=r/:

The estimates (3.12) then follow from the fact that �.y=r/ is non-zero only if jyjTd < r .
TheL1 bound (3.13) on �r holds since k�rkL1 Dk�kL1 D 1. We deduce the remainingL1

bounds (3.13) and L2 bounds (3.14) by integrating the estimates (3.12) over all y 2 Td .

(ii) We note that, by (2.3), the Coulomb kernel K is an L1.Td / function. Then, since
Kr D �r �K, by Young’s inequality for convolutions and (3.12) we have

kKrkL1.Td / � kKkL1.Td /k�rkL1.Td / .d;� r�d : (3.18)

We will use (3.18) in the case where jyjTd � 2r .
Otherwise, we write out the convolution to obtain the expression

Kr .y/ D

Z
Td

K.y � y0/�r .y
0/ dy0:

Since �r .y0/ D 0 when jy0jTd > r , then

jKr .y/j .d
Z

Td

jy � y0j1�d
Td 1¹jy0j

Td
�rº�r .y

0/ dy0:

If jyjTd > 2r and jy0jTd � r , then jy � y0jTd � jyjTd � jy0jTd > 1
2
jyjTd . Hence

jKr .y/j .d jyj1�dTd

Z
Td

�r .y
0/ dy0 .d jyj1�dTd : (3.19)

Combining (3.18) and (3.19) results in the estimate (3.15) for Kr .
For Lr , we note first that we may write rKr as either K � r�r or rK � �r . The first

case gives us the global estimate

krKrkL1.Td / .d kKkL1.Td /kr�rkL1.Td / .d;� r�d�1:
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We will use the second case to estimate rKr .z/ where z 2 Br .y/ and jyjTd > 3r . In
particular, this implies that jzjTd > 2

3
jyjTd > 2r . Then

jrKr .z/j D

ˇ̌̌̌ Z
Td

rK.z � z0/�r .z
0/ dz0

ˇ̌̌̌
.d

ˇ̌̌̌ Z
Td

jz � z0j�d
Td 1¹jz0j

Td
�rº�r .z

0/ dz0
ˇ̌̌̌
:

We apply the reverse triangle inequality to obtain the lower bound jz � z0jTd �

jzjTd � jz0jTd > 2
3
jyjTd � r > 1

3
jyjTd . Hence

sup
z2Br .y/

jrKr .z/j .d jyj�dTd ; jyjTd > 3r;

and we deduce the pointwise estimate (3.15) for Lr . The estimate for Qr follows in a
similar way from the bound r2K.y/ .d jyj�d�1Td .

Finally, the L1 bounds (3.16) and L2 bounds (3.17) follow from integrating the point-
wise bounds (3.15) over y 2 Td ; see, e.g., [44, Proposition 7.2] for similar estimates.

3.2. Estimates between empirical measures

As a first application of local Lipschitz bounds, we obtain Lp-type stability estimates for
the convolution of a locally Lipschitz function with an empirical measure. If two particle
systems are within distance r of each other, then the difference between the convolutions
with their empirical measures can be bounded using an estimate with a “weak-strong”
form, in which the bound depends on the convolution of the Lipschitz modulus with only
one of the empirical measures.

Lemma 3.9. Let X D .Xi /NiD1, Y D .Yi /NiD1 2 .T
d /N be two N -tuples of points in Td .

Let gW Td ! R be a Lipschitz continuous function with r-local Lipschitz modulus h.
Assume that jX � Yj1 < r . Then, for any p 2 Œ1;C1�,

kg � �X � g � �YkLp � kh � �YkLp jX � Yj1: (3.20)

Proof. By the definitions of the empirical measures �X and �Y, and the triangle inequal-
ity,

jg � �X.y/ � g � �Y.y/j D

ˇ̌̌̌
1

N

NX
iD1

Œg.y �Xi / � g.y � Yi /�

ˇ̌̌̌
�
1

N

NX
iD1

jg.y �Xi / � g.y � Yi /j:

Since jXi � Yi j < r for all i D 1; : : : ; N , by the property (3.2) of g and h (choosing, for
each i , to evaluate h at y � Yi ), we obtain the upper bound

1

N

NX
iD1

jg.y �Xi / � g.y � Yi /j �
1

N

NX
iD1

h.y � Yi /jXi � Yi j

�

�
1

N

NX
iD1

h.y �Yi /

�
jX�Yj1 � h��Y.y/jX�Yj1:
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The bound (3.20) then follows from taking the Lp norm of both sides with respect to
y 2 Td .

3.3. Law of large numbers

We now turn to the law of large numbers result for convolutions with empirical measures
g � �Y, where Y D ¹YiºNiD1 is an N -tuple of independent and identically distributed ran-
dom variables. The goal is to obtain rates of convergence depending on the local Lipschitz
modulus. Our first result reduces the problem of convergence in L1 to the problem of
convergence on a finite mesh of points.

Lemma 3.10. Let �1, �2 be measures on Td . Consider a collection ofM points ¹ymºMmD1
� Td such that Td �

SM
mD1Br .ym/. Let g be a Lipschitz function with r-local Lipschitz

modulus h. Then

kg � �1 � g � �2kL1 � 2rkh � �1kL1 C sup
m
jg � �1.ym/ � g � �2.ym/j

C r sup
m
jh � �1.ym/ � h � �2.ym/j:

Remark 3.11. We emphasise as before that the L1 norm is evaluated only on the convo-
lutions with �1.

Proof of Lemma 3.10. By assumption, the sets ¹Br .ym/ºMmD1 form an open cover of Td .
Let ¹�mºMmD1 denote a continuous partition of unity subordinate to this cover. That is, each
continuous function �m takes non-negative values and is supported in the set Br .ym/,
while

MX
mD1

�m.y/ D 1 for all y 2 Td : (3.21)

For each i D 1; 2, we will approximate g � �i by interpolating its values at the points
¹ymº

M
mD1, using the functions ¹�mºMmD1, namely,

g � �i '

MX
mD1

g � �i .ym/�m:

To estimate the error in this approximation, we use (3.21) to write, for all y 2 Td ,ˇ̌̌̌
g � �i .y/ �

MX
mD1

g � �i .ym/�m.y/

ˇ̌̌̌
D

ˇ̌̌̌
g � �i .y/

MX
mD1

�m.y/ �

MX
mD1

g � �i .ym/�m.y/

ˇ̌̌̌
D

ˇ̌̌̌ MX
mD1

.g � �i .y/ � g � �.ym//�m.y/

ˇ̌̌̌
�

MX
mD1

jg � �i .y/ � g � �i .ym/j�m.y/:



M. Griffin-Pickering 1480

By expanding the convolution, we find that

jg � �i .y/ � g � �i .ym/j �

Z
Td

jg.y � y0/ � g.ym � y
0/j d�i .y0/:

For all y 2 Td such that �m.y/ > 0, and any y0 2 Td , we have j.y � y0/ �
.ym � y

0/j D jy � ymj<r . Hence we may apply the property (3.2) of g and h. Choosing to
evaluate h at the point y � y0 leads to the following estimate, valid for eachmD 1; : : : ;M :

jg � �i .y/ � g � �i .ym/j�m.y/ � �m.y/

Z
Td

h.y � y0/jy � ymj d�i .y0/

� jy � ymj�m.y/h � �i .y/

� r�m.y/h � �i .y/:

Hence, by summing these inequalities and using (3.21), we obtain that for all y 2 Td ,ˇ̌̌̌
g � �i .y/ �

MX
mD1

g � �i .ym/�m.y/

ˇ̌̌̌
� rh � �i .y/

MX
mD1

�m.y/ D rh � �i .y/: (3.22)

If we choose instead to evaluate h at the point ym � y0, we obtain the following altern-
ative estimate for m D 1; : : : ;M :

jg � �i .y/ � g � �i .ym/j�m.y/ � �m.y/

Z
Td

h.ym � y
0/jy � ymj d�i .y0/

� r�m.y/h � �i .ym/:

Summing these contributions, we obtain for all y 2 Td ,ˇ̌̌̌
g � �i .y/ �

MX
mD1

g � �i .ym/�m.y/

ˇ̌̌̌
� r

MX
mD1

�m.y/h � �i .ym/: (3.23)

Next, we will apply the estimates (3.22) and (3.23) to the estimation of

jg � �1 � g � �2j �

ˇ̌̌̌ MX
mD1

.g � �1.ym/ � g � �2.ym//�m

ˇ̌̌̌
(3.24)

C

ˇ̌̌̌
g � �1 �

MX
mD1

g � �1.ym/�m

ˇ̌̌̌
C

ˇ̌̌̌
g � �2 �

MX
mD1

g � �2.ym/�m

ˇ̌̌̌
:

We bound the first term by taking the supremum over the quantities jg � �1.ym/ �
g � �2.ym/j:ˇ̌̌̌ MX

mD1

.g � �1.ym/ � g � �2.ym//�m.y/

ˇ̌̌̌
�
�
sup
m
jg � �1.ym/ � g � �2.ym/j

� MX
m0D1

�m0

� sup
m
jg � �1.ym/ � g � �2.ym/j; (3.25)
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where the last inequality is a consequence of (3.21). We use inequality (3.22) to estimate
the deviation of �1, obtainingˇ̌̌̌

g � �1 �

MX
mD1

g � �1.ym/�m

ˇ̌̌̌
� rh � �1: (3.26)

For �2, we instead apply (3.23) to obtainˇ̌̌̌
g � �2 �

MX
mD1

g � �2.ym/�m

ˇ̌̌̌
� r

MX
mD1

h � �2.ym/�m: (3.27)

It remains to estimate the right-hand side of (3.27) using quantities involving �1.
First, applying the triangle inequality gives the bound

MX
mD1

h � �2.ym/�m �

MX
mD1

h � �1.ym/�m C

MX
mD1

jh � �1.ym/ � h � �2.ym/j�m:

The second term may be estimated by taking supremum over jh � �1.ym/ � h � �2.ym/j
and applying (3.21) to obtain

MX
mD1

h � �2.ym/�m �

MX
mD1

h � �1.ym/�m C sup
m
jh � �1.ym/ � h � �2.ym/j:

We then deduce thatˇ̌̌̌ MX
mD1

h � �2.ym/�m

ˇ̌̌̌
� kh � �1kL1

MX
mD1

�m C sup
m
jh � �1.ym/ � h � �2.ym/j

� kh � �1kL1 C sup
m
jh � �1.ym/ � h � �2.ym/j: (3.28)

We combine (3.27) with (3.28) to obtainˇ̌̌̌
g � �2 �

MX
mD1

g � �2.ym/�m

ˇ̌̌̌
� rkh � �1kL1 C r sup

m
jh � �1.ym/� h � �2.ym/j: (3.29)

Substituting (3.25) (3.26), and (3.29) into (3.24) gives

jg � �1 � g � �2j � rh� �1 C rkh� �1kL1

C sup
m
jg � �1.ym/ � g � �2.ym/j C r sup

m
jh� �1.ym/ � h� �2.ym/j:

Taking the supremum on both sides completes the proof.

Next, we consider the law of large numbers setting, taking the measure �2 to be an
empirical measure induced by a collection of independent, identically distributed random
variables. We prove the following rate of convergence in probability as the number of
samples tends to infinity.
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Proposition 3.12. Let � 2 L1C .T
d / be a bounded probability density on Td . Let YW�!

.Td /N be a random N -tuple on .�;F ;P / such that Y � �˝N under P .
For r > 0, let gWTd ! R be a Lipschitz continuous function with r-local Lipschitz

modulus h 2 L1.Td /. For any 
 > 0 and ı 2 .0; 1/ let Ag D Ag.
; ı/ 2 F denote the
event

Ag ´
®
kg � �Y � g � �kL1 � 2rk�kL1.ıkhkL1 C 
/

¯
:

Then

P .Acg/ . .rı/�d
�

exp
�
�N k�kL1

r2
2

2.kgk2
L2
C r
kgkL1=3/

�
C exp

�
�N k�kL1


2

2.khk2
L2
C 
khkL1=3/

��
:

The proof of this proposition uses the Bernstein inequality [5], which we state below;
see, e.g., [8] for proofs and other versions.

Theorem 3.13. Let U1; : : : ; UN W� ! R be independent identically distributed real-
valued random variables that are bounded, i.e., there exists B > 0 such that jUi j � B .
Then, for all � > 0,

P

�ˇ̌̌̌
1

N

NX
jD1

Uj � EŒU1�

ˇ̌̌̌
> �

�
� 2 exp

�
�N

�2

2.VarU1 C B�=3/

�
:

Proof of Proposition 3.12. Fix a collection of points ¹ymºMmD1 � Td such that the sets
¹Brı.ym/º

M
mD1 form a cover of Td (i.e., Td �

SM
mD1Brı.ym/), andM . .rı/�d . Since

h is an r-local Lipschitz modulus for g, it is also an .rı/-local Lipschitz modulus. Hence,
by Lemma 3.10,

kg � �Y � g � �kL1 � 2rıkh � �kL1 C rı sup
m
jh � �.ym/ � h � �Y.ym/j

C sup
m
jg � �.ym/ � g � �Y.ym/j:

Using Young’s inequality for convolutions, we can bound kh � �kL1 � khkL1k�kL1 .
Thus kg � �Y � g � �kL1 � 2rk�kL1.ıkhkL1 C 
/ holds if

sup
m
jg � �.ym/ � g � �Y.ym/j � r
k�kL1

and

sup
m
jh � �.ym/ � h � �Y.ym/j � 
k�kL1 :

In other words,

Acg �

M[
mD1

®
jg � �Y.ym/ � g � �.ym/j > r
k�kL1

¯
[
®
jh � �Y.ym/ � h � �.ym/j > 
k�kL1

¯
:
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We may therefore estimate

P .Acg/ �
MX
mD1

P .jg � �Y.ym/ � g � �.ym/j > r
k�kL1/

C P .jh � �Y.ym/ � h � �.ym/j > 
k�kL1/: (3.30)

We now bound each of the probabilities in the sum.
Observe that, by expanding the convolution and using the definition of the empirical

measure �Y, we may rewrite

g � �.ym/ � g � �Y.ym/ D EŒg.ym � Y1/� �
1

N

NX
iD1

g.ym � Yi /:

The random variables g.ym � Yi / are independent and bounded by

jg.ym � Yi /j � kgkL1 ;

with variance

Varg.ym � Y1/ D g2 � �.ym/ � .g � �.ym//2 � kg2 � �kL1 � kgk2L2k�kL1 :

We may therefore apply Theorem 3.13, choosing � D r
k�kL1 . We obtain, for eachmD
1; : : : ;M ,

P .jg � �Y.ym/ � g � �.ym/j > r
k�kL1/

. exp
�
�N k�kL1

r2
2

2.kgk2
L2
C r
kgkL1=3/

�
: (3.31)

Similarly,

P .jh � �Y.ym/ � h � �.ym/j > 
k�kL1/

. exp
�
�N k�kL1


2

2.khk2
L2
C 
khkL1=3/

�
: (3.32)

Substituting inequalities (3.31) and (3.32) into (3.30), we conclude that

P .Acg/ . M
�

exp
�
�N k�kL1

r2
2

2.kgk2
L2
C r
kgkL1=3/

�
C exp

�
�N k�kL1


2

2.khk2
L2
C 
khkL1=3/

��
. .rı/�d

�
exp

�
�N k�kL1

r2
2

2.kgk2
L2
C r
kgkL1=3/

�
C exp

�
�N k�kL1


2

2.khk2
L2
C 
khkL1=3/

��
:
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3.4. Law of large numbers for perturbed IID random variables

To conclude this section, we combine Lemma 3.9 and Proposition 3.12 to obtain the fol-
lowing convergence result for empirical measures�X where the random variables ¹XiºNiD1
are not themselves independent, but are uniformly close to an IID N -tuple Y. Such is the
case when we consider the particle system (1.5) in the mean-field limit.

Corollary 3.14. Let �, Y, r , and the functions .g; h/ satisfy the assumptions of Proposi-
tion 3.12. Assume further that h has an r-local Lipschitz modulus l 2 L1.Td /.

Let XW�! .Td /N be a random N -tuple of points in Td . For any ı; 
 2 .0; 1/, let
Bg D Bg.
; ı/ 2 F denote the event

Bg ´
®
kg � �X � g � �kL1

� 2k�kL1 Œ.
 C khkL1 C rklkL1/jX � Yj1 C r.ıkhkL1 C 
/�
¯
:

Then

P .¹jX � Yj1 < rº \ Bcg/ . .rı/�d exp
�
�N k�kL1


2

2.kr�1gk2
L2
C 
kr�1gkL1=3/

�
C .rı/�d exp

�
�N k�kL1


2

2.khk2
L2
C 
khkL1=3/

�
C .rı/�d exp

�
�N k�kL1


2

2.krlk2
L2
C 
krlkL1=3/

�
:

Proof. Apply the L1 triangle inequality to obtain

kg � �X � g � �kL1 � kg � �X � g � �YkL1 C kg � �Y � g � �kL1 :

On the event ¹jX � Yj1 < rº, by Lemma 3.9,

kg � �X � g � �YkL1 � kh � �YkL1 jX � Yj1:

We approximate h � �Y by h � �, writing

kg � �X � g � �YkL1 � .kh � �kL1 C kh � �Y � h � �kL1/jX � Yj1:

Hence, applying Young’s inequality for convolutions, we deduce that

kg � �X � g � �kL1 � khkL1k�kL1 jX � Yj1 C kg � �Y � g � �kL1

C kh � �Y � h � �kL1 jX � Yj1:

Now consider the event Ag.
; ı/\Ah.
; ı/, in the notation of Proposition 3.12, upon
which

kg � �Y � g � �kL1 � 2rk�kL1.ıkhkL1 C 
/;

kh � �Y � h � �kL1 � 2rk�kL1.ıklkL1 C 
/:
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Hence, on the event ¹jX � Yj1 < rº \ Ag.
; ı/ \ Ah.
; ı/ we have

kg � �X � g � �kL1 � khkL1k�kL1 jX � Yj1 C 2rk�kL1.ıkhkL1 C 
/
C 2rk�kL1.ıklkL1 C 
/jX � Yj1
� 2k�kL1 Œ.khkL1 C rklkL1 C 
/jX � Yj1 C r.ıkhkL1 C 
/�:

Thus ¹jX � Yj1 < rº \ Ag.
; ı/ \ Ah.
; ı/ � Bg .
Therefore, ¹jX � Yj1 < rº \ Bcg � Ag.
; ı/

c \ Ah.
; ı/
c , and we may estimate

P .¹jX � Yj1 < rº \ Bcg/ � P .Acg/C P .Ach/:

The conclusion then follows from Proposition 3.12.

4. Mean-field limit for ionic Vlasov–Poisson

4.1. Non-linear kinetic “distance”

In this section, we present the proof of Theorem 1.11. The goal is to compare the solutions
.XN ;VN / and .YN ;WN / of the ODEs´
PXNi D V

N
i ;

PV Ni D �rxˆr Œ�X�.X
N
i /;

´
PY Ni D W

N
i ;

PW N
i D �rxˆr Œ�fr �.Y

N
i /;

i 2 ¹1; : : : ;N º: (4.1)

A technical difficulty in obtaining these estimates is that the (uniform in r) regularity
estimates on the electric field are of log-Lipschitz rather than Lipschitz type (recall Pro-
position 2.1). Previous works [43, 44] on the electron model used the regularisation (or
truncation) of the kernel Kr to obtain that the regularised electric field is Lipschitz with
Lipschitz constant diverging at the rate jlog r j. By combining this with an anisotropically
weighted distance, e.g., of the form

jlog r j1=2jXN � YN j1 C jVN �WN
j1;

it was possible to obtain a Grönwall-type estimate with constant diverging at a rate slower
than any algebraic rate in r . A similar approach was used for the ion model in [26],
by employing a doubled regularisation method so that the field was of the form Kr �

.�fr � e
ˆr Œ�fr �/.

In the particle system (4.1), the regularised interaction potentials ˆr solve equations
of type

��ˆr Œ�� D �r � � � e
ˆr Œ��

and are therefore not of the form of a convolution withKr . Thus, to use a similar approach
we would need more involved estimates on eˆr Œ�� in order to obtain Lipschitz bounds
on rˆr Œ�� diverging at the correct rate. In the present work we avoid this by using the
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log-Lipschitz estimates directly. The doubled regularisation is then no longer required,
although our results would also hold in this case.

We make use of a technique developed by Iacobelli [37] for the purpose of obtaining
sharper quantitative Wasserstein stability estimates for kinetic transport equations with
non-Lipschitz force fields. The idea is to control the distance between the particle systems
using an anisotropically weighted functional where the weight depends non-linearly upon
the quantity itself.

Definition 4.1. Let 0 < r;˛0;ˇ0 < 1
3e

be given. Then J W Œ0;C1/! Œ0;C1/ is a function
satisfying

J.t/´ .r C ˛0 C ˇ0/

^
�p
jlogJ.t/j.kXN�YN kL1.0;t/C˛0/C kVN�WN

kL1.0;t/Cˇ0
�
: (4.2)

Here, r denotes the regularisation parameter as before, while ˛0 and ˇ0 will be chosen
later. We will defer the proof that J exists until later in the subsection. We first note
the following properties of J , which show that J indeed provides upper bounds for
kXN � YN kL1.0;t/ and kVN �WN kL1.0;t/. Moreover, as in [6, 44], by truncating J
at r C ˛0 C ˇ0 we ensure that J is non-trivial only if kXN � YN kL1.0;t/ is below the
threshold r ; when this holds, the estimates between empirical measures from Section 3
using the r-local Lipschitz bounds can be used.

Lemma 4.2. If J satisfies (4.2), then

(i) J � r C ˛0 C ˇ0 <
1
e

,

(ii) jlogJ j � 1,

(iii) if J < r C ˛0 C ˇ0, then the following inequalities hold:

kXN � YN kL1.0;t/ C kVN �WN
kL1.0;t/ < r;

kXN � YN kL1.0;t/ C ˛0 �
J

jlogJ j1=2
;

kVN �WN
kL1.0;t/ C ˇ0 � J:

Proof. (i) follows immediately from the definition of minimum and the assumption that
r; ˛0; ˇ0 <

1
3e

. Then, since J < 1
e
< 1,

jlogJ j D � logJ > � log
1

e
D 1;

and (ii) follows.
For (iii), note that when J < r C ˛0 C ˇ0,

J D
p
jlogJ j.kXN � YN kL1.0;t/ C ˛0/C kVN �WN

kL1.0;t/ C ˇ0:

Hence we obtain

kVN �WN
kL1.0;t/ C ˇ0 � J; kXN � YN kL1.0;t/ C ˛0 � J jlogJ j�1=2

as required.
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Finally, (ii) implies that

kXN � YN kL1.0;t/ C kVN �WN
kL1.0;t/ C ˛0 C ˇ0 � J < r C ˛0 C ˇ0:

Hence
kXN � YN kL1.0;t/ C kVN �WN

kL1.0;t/ < r;

and the conclusion follows.

In the remainder of this subsection, we establish the existence of J , and show that it
is Lipschitz continuous as a function of t . This can be done using the methods of [37,
Lemma 3.7]. First, we note the following lemma, which is a consequence of the implicit
function theorem.

Lemma 4.3. Let F W .0; 1/ � .0; 1/ � .0; 1/! R be the function

F.a; b; j / D j � ajlog j j1=2 � b:

For all a 2 .0; 1/ and b 2 .0; 1
e
/, there exists a unique j� 2 .0;1/ such that F.a;b; j�/D 0.

Moreover, there exists a C 1 function I W .0; 1/ � .0; 1/! .0; 1/ such that j� D I.a; b/.

Using Lemma 4.3 we may deduce that the quantity J exists and is differentiable almost
everywhere with respect to t .

Lemma 4.4. There exists a Lipschitz function J W Œ0;C1/! .0; r C ˛0 C ˇ0/ satisfying
Definition 4.1.

Proof. Let I be the implicit function defined in Lemma 4.3. Let

J D .r C ˛0 C ˇ0/ ^ I.kXN � YN kL1.0;t/ C ˛0; kVN �WN
kL1.0;t/ C ˇ0/

if kXN � YN kL1.0;t/; kVN �WN kL1.0;t/ � r , and

J D r C ˛0 C ˇ0

otherwise. By Lemma 4.3, this is well defined, since kXN � YN kL1.0;t/ C ˛0 < 1 and
kVN �WN kL1.0;t/ C ˇ0 <

1
e

when kXN � YN kL1.0;t/, kVN �WN kL1.0;t/ � r <
1
e

.
Clearly, J satisfies Definition 4.1 when kXN � YN kL1.0;t/; kVN �WN kL1.0;t/ � r ,
by the definition of I . However, by Lemma 4.2, if kXN � YN kL1.0;t/ > r or kVN �
WN kL1.0;t/ > r then property (4.2) is merely the statement that J D r C ˛0C ˇ0. Hence
J satisfies Definition 4.1.

Next, we show that J is Lipschitz as a function of time. Both of the functions t 7!
jXN .t/ � YN .t/j1 and t 7! jVN .t/ �W.t/j1 are Lipschitz, each being the maximum
of a finite number of Lipschitz functions. Then the supremum functions t 7! kXN �
YN kL1.0;t/ and t 7! kVN �WN kL1.0;t/ are also Lipschitz.

Let

t 0´ sup
®
t � 0 W kXN � YN kL1.0;t/ C kVN �WN

kL1.0;t/ � r
¯
:
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Then I.kXN � YN kL1.0;t/ C ˛0; kVN �WN kL1.0;t/ C ˇ0/ is Lipschitz for t � t 0, as
the composition of a C 1 function with a Lipschitz function.

It follows that I.kXN �YN kL1.0;t/C ˛0;kVN �WN kL1.0;t/C ˇ0/ is Lipschitz for
t such that kXN � YN kL1.0;t/ C kVN �WN kL1.0;t/ < r , since it is the composition of
a C 1 function with a Lipschitz function. The truncation occurs at the time t�, defined by

t�´ inf
®
t � 0 W I.kXN �YN kL1.0;t/C ˛0;kVN �WN

kL1.0;t/C ˇ0/� r C ˛0C ˇ0
¯
;

at which point

J.t�/ D r C ˛0 C ˇ0

D
�p
jlogJ.t�/j.˛0 C kXN � YN kL1.0;t�//C kV

N
�WN

kL1.0;t�/ C ˇ0
�
:

Since jlogJ.t�/j > 1, we have

kXN � YN kL1.0;t�/ C kV
N
�WN

kL1.0;t�/ < r;

and hence t� < t 0. Thus, for t 2 Œ0; t 0�, J.t/ is a maximum of Lipschitz functions and
therefore Lipschitz. Moreover, J.t/D r C ˛0C ˇ0 for all t 2 Œt�; t 0�, so that the extension
J.t/ D r C ˛0 C ˇ0 for t > t 0 defines a Lipschitz function for all t .

4.2. Dynamical estimate

Having constructed the quantity J , we now turn to estimating it via a Grönwall-type argu-
ment.

Note on constants. In this subsection, many generic constants C > 0 depend on the
dimension d and choice of mollifier �. Since d and � are fixed throughout the argu-
ment, in order to lighten the notation we will not indicate this dependence explicitly with
the notation Cd;�, .d;�, etc., instead abbreviating these to C , ..

4.2.1. A first integral inequality for J .

Lemma 4.5. Let J be as in Definition 4.1. Then

�jlogJ.t/j1=2 � �jlogJ.0/j1=2

C
1

2

Z t

0

�
1C

maxi jEX.s; XNi .s//�E
f .s; Y Ni .s//j

J.s/jlogJ.s/j1=2

�
1¹J.s/<rC˛0Cˇ0º ds:

Proof. By Lemma 4.4, J is Lipschitz as a function of t . Since J takes values in the interval
.˛0 C ˇ0;

1
e
/, then �jlogJ j1=2 is a C 1 function of a Lipschitz function and therefore

Lipschitz. Hence �jlogJ j1=2 is differentiable for almost all t , and we may represent it in
the form

�jlogJ.t/j1=2 D �jlogJ.0/j1=2 �
Z t

0

d
ds
jlogJ.s/j1=2 ds:
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For all s 2 Œ0; t � such that J is differentiable at s, we may apply the chain rule to obtain
�

d
ds jlogJ.s/j1=2 D

PJ.s/

2J.s/jlogJ.s/j1=2
. Since this holds for almost all s 2 Œ0; t �, we have

�jlogJ.t/j1=2 D �jlogJ.0/j1=2 C
Z t

0

PJ .s/

2J.s/jlogJ.s/j1=2
ds:

As we are seeking an upper bound on �jlogJ j1=2, it will suffice to consider only s for
which PJ � 0. We denote the positive part of PJ by Œ PJ �C, and deduce that

�jlogJ.t/j1=2 � �jlogJ.0/j1=2 C
Z t

0

Œ PJ .s/�C

2J.s/jlogJ.s/j1=2
1¹J.s/<rC˛0Cˇ0º ds: (4.3)

For s such that J.s/ < r C ˛0 C ˇ0, we have the relation

J.s/´ jlogJ.s/j1=2.kXN � YN kL1.0;s/ C ˛0/C kVN �WN
kL1.0;s/ C ˇ0: (4.4)

For almost all such s, J is differentiable at s, and we may apply the chain rule to (4.4) to
obtain

PJ .s/ D �. PJ .s//
kXN � YN kL1.0;s/ C ˛0

2J.s/jlogJ.s/j1=2

C jlogJ.s/j1=2
d
ds
kXN � YN kL1.0;s/ C

d
ds
kVN �WN

kL1.0;s/:

When PJ � 0, the first term is non-positive. Hence, for almost all s 2 Œ0; t �,

Œ PJ .s/�C �
�
jlogJ.s/j1=2

d
ds
kXN � YN kL1.0;s/ C

d
ds
kVN �WN

kL1.0;s/

�
1
¹ PJ.s/�0º

� jlogJ.s/j1=2
h d

ds
jXN .s/ � YN .s/j1

i
C
C

h d
ds
jVN .s/ �WN .s/j1

i
C
:

Next, we estimate the derivativesh d
ds
jXN .s/ � YN .s/j1

i
C

and
h d

ds
jVN .s/ �WN .s/j1

i
C
:

We take the difference of the ODE systems (4.1) to obtain8̂<̂
:

d
dt
.XNi � Y

N
i / D V

N
i �W

N
i ;

d
dt
.V Ni �W

N
i / D �rxˆr Œ�XN �.X

N
i /Crxˆr Œ�fr �.Y

N
i /:

(4.5)

We introduce the shorthand notation

EX
´ �rxˆr Œ�XN �; Ef ´ �rxˆr Œ�fr �:
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It then follows from (4.5) that, for almost all s 2 Œ0; t �,

d
ds
jXN .s/ � YN .s/j1 � jVN .s/ �WN .s/j1;

d
ds
jVN .s/ �WN .s/j1 � max

i
jEX.s; XNi .s// �E

f .s; Y Ni .s//j:

Hence

Œ PJ .s/�C � jlogJ.s/j1=2kVN �WN
kL1.0;s/ Cmax

i
jEX.s; XNi .s// �E

f .s; Y Ni .s//j:

By Lemma 4.2 (iii), if PJ .s/ > 0 then J.s/ < r C ˛0C ˇ0, and hence kVN �WN kL1.0;s/

� J.s/. Thus

Œ PJ �C � jlogJ j1=2J Cmax
i
jEX.XNi / �E

f .Y Ni /j a.e.

We conclude that, by (4.3),

� jlogJ.t/j1=2

� �jlogJ.0/j1=2

C
1

2

Z t

0

�
1C

maxi jEX.s; XNi .s// �E
f .s; Y Ni .s//j

J.s/jlogJ.s/j1=2

�
1¹J.s/<rC˛0Cˇ0º ds

� �jlogJ.0/j1=2

C
1

2

Z t

0

�
1C

maxi jEX.s; XNi .s// �E
f .s; Y Ni .s//j

J.s/jlogJ.s/j1=2

�
1¹kXN�YN kL1.0;s/<rº ds:

The next step is to obtain an estimate for the term maxi jEX.XNi /�E
f .Y Ni /j, on the

event ¹kXN � YN kL1.0;s/ < rº.

Proposition 4.6. Let 
; ı 2 .0; 1/. Set ˛0 D rı, ˇ0 D r
 , and let J be defined as in
Definition 4.1. There exists a non-decreasing function H W Œ0;C1/! Œ0;C1/ such that
the following holds.

Suppose that Assumption 1.5 holds: there exists a function DW Œ0; T /! Œ0;C1/ such
that, for all t 2 Œ0; T /,

sup
r� 12 ;s2Œ0;t�

k�fr .s; �/kL1.Td / � D.t/:

For all t 2 Œ0; T /, let � D �.t; r; ı; 
/ denote the event

� ´
®
maxi jEX.XNi .t// �E

f .Y Ni .t//j � H.D.t//jlogJ.t/j1=2J.t/
¯
:

Then � satisfies

P
�
�c \

®
kXN � YN kL1.0;t/ < r

¯�
. .rı/�d exp

�
�CNrd


2

1C 


�
:
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Moreover, on the event �c ,

max
i
jEX.XNi .t// �E

f .Y Ni .t//j . r�d : (4.6)

Proof. Throughout this proof, t is fixed: the t -dependence of quantities is therefore sup-
pressed in the notation where possible.

We begin with the final statement (4.6): we will prove an L1 estimate for EX and
Ef that is always true, and hence in particular holds on �c . For any probability measure
� 2 P .Td /, the solution ˆr Œ�� of the equation

��ˆr Œ�� D �r � � � e
ˆr Œ��

satisfies
rˆr Œ�� D K � .�r � � � e

ˆr Œ��/:

By Proposition 2.1,

krˆr Œ��kL1 � kKkL1k�r � � � e
ˆr Œ��kL1 � kKkL1k�r � �kL1 :

Then, by Lemma 3.8, k�r � �kL1 . r�d . Hence

krˆr Œ��kL1 . r�d :

It follows that, almost surely,

max
i
jEX.XNi / �E

f .Y Ni /j . r�d :

Now we turn to the analysis of the event � . The strategy is as follows: we will identify
an event z� satisfying

P
�
z�c \

®
kXN � YN kL1.0;t/ < r

¯�
. .rı/�d exp

�
�CNrd


2

1C 


�
(4.7)

such that, if we make a suitable choice of the function H , we have the inclusion z� � � .
If this is the case, we will then be able to deduce that

P
�
�c \

®
kXN � YN kL1.0;t/ < r

¯�
� P

�
z�c \

®
kXN � YN kL1.0;t/ < r

¯�
. .rı/�d exp

�
�CNrd


2

1C 


�
as desired. To find z� , we use the law of large numbers estimates from Section 3 and look
for a more refined bound on maxi jEX.XNi / �E

f .Y Ni /j.
Using the triangle inequality, for each i D 1; : : : ; N we write

jEX.XNi / �E
f .Y Ni /j � jE

X.XNi / �E
f .XNi /j C jE

f .XNi / �E
f .Y Ni /j: (4.8)

We estimate each term in turn.
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For the term jEf .XNi / � E
f .Y Ni /j, by the log-Lipschitz estimate (Proposition 2.1)

and the uniform L1 estimate (4.11) on �fr , we have

jEf .XNi / �E
f .Y Ni /j . DjXNi � Y

N
i j logjXNi � Y

N
i j
�1

. DkXN � YN kL1.0;t/ logkXN � YN k�1L1.0;t/ (4.9)

where the second inequality uses the fact that the function x 7! xjlog xj is increasing for
x 2 .0; 1

e
/.

For the term jEX.XNi / � E
f .XNi /j of (4.8), we apply Proposition 2.2 in order to

estimate kEX �Ef kL1 as follows, recalling that Kr D K � �r :

kEX
�Ef kL1 (4.10)

� kKr � �XN �Kr � �fr kL1 exp
�
C max

®
k�r � �XN kL1 ; k�r � �fr kL1

¯�
:

We note that, by Assumption 1.5,

k�r � �fr kL1 � D for all r 2
�
0;
1

4

�
: (4.11)

It therefore suffices to obtain suitable estimates on k�r � �XN � �r � �fr kL1 and kKr �
�XN �Kr � �fr kL1 .

With this in mind, we apply Corollary 3.14 to the N -tuples X D XN .t/ and Y D
YN .t/, for the cases g D K.j /r for each coordinate j D 1; : : : ; d and g D r�r . We obtain
the events B

K
.j /
r
.
; ı/ and Br�r .
; ı/. We then define the event

z� ´
®
kXN � YN kL1.0;t/ < r

¯
\

d\
jD1

B
K
.j /
r
.
; ı/ \ Br�r .
; ı/:

Then z� satisfies (4.7): by Definition 3.7, Lemma 3.8, and Corollary 3.14, we have for
each j ,

P
�®
jXN � YN j1 < r

¯
\ B

K
.j /
r
.
; ı/c

�
. .rı/�d exp

�
�CNrdk�fr .s/kL1


2

1C 


�
. .rı/�d exp

�
�CNrd


2

1C 


�
;

since 1 D k�fr kL1.Td / . k�fr kL1.Td / as the torus has finite volume. Similarly,

P
�®
jXN � YN j1 < r

¯
\ Br�r .
; ı/

c
�

. .rı/�d exp
�
�CNrd


2

1C 


�
;

and (4.7) follows by summation, since

z�c \
®
kXN � YN kL1.0;t/ < r

¯
�
®
jXN � YN j1 < r

¯
\

� d[
jD1

B
K
.j /
r
.
; ı/c [ Br�r .
; ı/

c

�
:
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We continue our estimation of kEX � Ef kL1 on the event z� . Using the definitions
of B

K
.j /
r
.
; ı/ and Br�r .
; ı/ in Corollary 3.14, on z� we have

kKr � �XN �Kr � �fr kL1

. DŒ.
 C kLrkL1 C rkQrkL1/jXN � YN j1 C r.ıkLrkL1 C 
/�;
rk�r � �XN � �r � �fr kL1

. DŒ.
 C rk rkL1 C r
2
k�rkL1/jXN � YN j1 C r.ıkr rkL1 C 
/�:

Then, by Lemma 3.8,

kKr � �XN �Kr � �fr kL1 . DŒjlog r j.1C 
/.jXN � YN j1 C rı/C r
�;

k�r � �XN � �r � �fr kL1 . D..1C 
/r�1jXN � YN j1 C ı C 
/:

Since jXN � YN j1 � kXN � YN kL1.0;t/ < r , ı < 1, and 
 < 1, we deduce that

kKr � �XN �Kr � �fr kL1 . DŒjlog r j.kXN � YN kL1.0;t/ C rı/C r
�;
k�r � �XN kL1 . D:

Hence from (4.10) we obtain

kEX
�Ef kL1 � e

CD.jlog r j.kXN � YN kL1.0;t/ C rı/C r
/: (4.12)

By substituting estimates (4.9) and (4.12) into the inequality (4.8) and taking the max-
imum over i , we obtain that on z� the following bound holds:

max
i
jEX.XNi / �E

f .Y Ni /j .D jlog r j.kXN � YN kL1.0;t/ C rı/ (4.13)

C kXN � YN kL1.0;t/ logkXN � YN k�1L1.0;t/ C r
;

where the constant is of the form eCD for some C > 0 independent of D.
To complete the proof, we must show that by choosingH appropriately we can ensure

that z� � � . Our goal is therefore to bound the right-hand side of (4.13) in terms of J .
From Lemma 4.2 we obtain the inequalities

kXN � YN kL1.0;t/ C rı < 2r; (4.14)

kXN � YN kL1.0;t/ C rı � J jlogJ j�1=2; (4.15)

r
 � J: (4.16)

Since the function x 7! jlog xj is decreasing for x 2 .0; 1
e
/, by inequality (4.14) we have

jlog 2r j � jlog.kXN � YN kL1.0;t/ C ır/j:

However, by the same token jlog r j � jlog 2r j. Nevertheless, since jlog r j D jlog 2r j C
log 2 and jlog 2r j � 1, we have jlog r j � .1C log 2/jlog 2r j and hence

jlog r j . jlog.kXN � YN kL1.0;t/ C ır/j: (4.17)
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Since the function x 7! xjlog xj is increasing for x 2 .0; 1
e
/, by substituting inequality

(4.17) into (4.13) and then applying inequalities (4.15)–(4.16) we obtain

max
i
jEX.XNi / �E

f .Y Ni /j � e
C.1CD/J

ˇ̌
logJ j�1=2jlog.J jlogJ j�1=2/

ˇ̌
C J:

We conclude by observing thatˇ̌
log.J jlogJ j�1=2/

ˇ̌
. jlogJ j:

Indeed, since J � 1
e

and thus J jlogJ j�1=2 � J � 1, from the inequality log x � x � 1
we obtain ˇ̌

log.J jlogJ j�1=2/
ˇ̌
D � logJ C

1

2
log.� logJ / �

3

2
jlogJ j:

We have thus shown that, on the event z� ,

max
i
jEf .XNi / �E

f .Y Ni /j � e
C.1CD/J jlogJ j1=2

for some constantC >0 independent ofD. Finally, choose the functionH.D/D eC.1CD/,
noting that this is an increasing function ofD. Then z� � � , and the proof is complete.

Proposition 4.7. Let � 2 .0; 1
d
/. Assume that r D r.N / � bN�1=dC� . Then, for any � 2

.0; d�/, for all N 2 N,

P .kXN � YN kL1.0;t/ C kVN �WN
kL1.0;t/ � r/ .";�;b e�CbN

�

:

Proof. Let � ´ d.d���/
2.1�d�/

> 0. For all N large enough (depending on b and "), r � 1
e

: in
this case, set 
 D ı D r� and note that 
; ı < 1. Then define J as in Definition 4.1 with
˛0 D rı, ˇ0 D r
 .

By Lemma 4.5,

�jlogJ.t/j1=2 � �jlogJ.0/j1=2

C

Z t

0

1C
maxi jEX.XNi .s// �E

f .Y Ni .s//j

2J.s/jlogJ.s/j1=2
1¹J.s/<r.1C
Cı/º ds:

We apply Proposition 4.6: there exists a non-decreasing function H such that, for each
s 2 Œ0; t �, the event

�.s/´
®
maxi jEX.XNi .s// �E

f .Y Ni .s//j � H.D.s//jlogJ.s/j1=2J.s/
¯

satisfies

P
�
�.s/c \

®
J.s/ < r.1C 
 C ı/

¯�
. .rı/�d exp

�
�CNrd


2

1C 


�
; (4.18)



A probabilistic mean-field limit for the Vlasov–Poisson system for ions 1495

where we have used the fact that J.s/ < r.1C 
 C ı/ implies that kXN �YN kL1.0;s/ < r
(Lemma 4.2 (iii)). Moreover, on the event �.s/c we have the bound

max
i
jEX.XNi .s// �E

f .Y Ni .s//j . r�d :

Hence

� jlogJ.t/j1=2 C jlogJ.0/j1=2

�

Z t

0

1CH.D.s//C
Cr�d

J.s/jlogJ.s/j1=2
1�.s/c\¹J.s/<r.1C
Cı/º ds:

Since J.s/jlogJ.s/j1=2 � J.s/ & r1C� , we deduce that (redefining the function H as
needed)

�jlogJ.t/j1=2 C jlogJ.0/j1=2 �
Z t

0

H.D.s//C Cr�d�1��1�.s/c\¹J.s/<r.1C
Cı/º ds:

Since H and D are non-decreasing functions of their respective arguments,

�jlogJ.t/j1=2 C jlogJ.0/j1=2 � tH.D.t//C Cr�d�1��
Z t

0

1�.s/c\¹J.s/<r.1C
Cı/º ds:

From this, we deduce a one-sided bound in probability. Subtracting tH.D.t// from
both sides and taking the expectation of the positive part gives

E
�
�jlogJ.t/j1=2 C jlogJ.0/j1=2 � tH.D.t//

�
C

. r�d�1��
Z t

0

P
�
�.s/c \

®
J.s/ < r.1C 
 C ı/

¯�
ds:

Then, by (4.18), we obtain the estimate

E
�
�jlogJ.t/j1=2 C jlogJ.0/j1=2 � tH.D.t//

�
C

. t r�d�.dC1/.1C�/ exp.�CNrdC2� /:

Hence, by Markov’s inequality,

P
��
�jlogJ.t/j1=2 C jlogJ.0/j1=2 � tH.D.t//

�
C
> t

�
. r�d�.dC1/.1C�/ exp.�CNrdC2� /:

To complete the proof, we show that if .�jlogJ.t/j1=2 C jlogJ.0/j1=2 � tH.D.t///C
� t , then kXN � YN kL1.0;t/ C kVN �WN kL1.0;t/ < r for all sufficiently small r . In
this case, we have

�jlogJ.t/j1=2 C jlogJ.0/j1=2 �
�
1CH.D.t//

�
t;
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which implies that

J.t/ � exp
�
�
�
jlogJ.0/j1=2 �

�
1CH.D.t//

�
t
�2
C

�
: (4.19)

We need to show that J.t/ is strictly smaller than the truncation level r C ˛0Cˇ0, in order
to ensure that it controls the distance between the particle systems (recall Definition 4.1).

To do this, we estimate J.0/: since we chose ˛0 D rı D r1C� and ˇ0 D r
 D r1C�

above, and the initial data of the two particle systems coincide, we have

J.0/ D .r C 2r1C� / ^
��
1C

p
jlogJ.0/j

�
r1C�

�
: (4.20)

Consequently, J.0/ > r1C� and hence jlogJ.0/j1=2 � jlog r1C� j1=2. By substituting this
bound back into (4.20), we obtain that J.0/ � r1C� .1C jlog r1C� j1=2/. Then

jlogJ.0/j1=2 � .jlog r1C� j � log.1C jlog r1C� j1=2//1=2

� jlog r1C� j1=2 �
ˇ̌
log.1C jlog r1C� j1=2/

ˇ̌1=2
; (4.21)

where we have used the inequality .y � x/1=2 � y1=2 � x1=2 for y � x � 0, which may
be applied here since log.1C z1=2/ � z1=2 � z for all z � 1.

From (4.19) and (4.21), we then have

r�1J.t/

� exp
�
jlog r j �

�
jlog r1C� j1=2 �

ˇ̌
log.1C jlog r1C� j1=2/

ˇ̌1=2
�
�
1CH.D.t//

�
t
�2
C

�
:

It follows that r�1J < 1 for r such that�p
1C � � 1

�
jlog r j1=2 �

ˇ̌
log.1C jlog r1C� j1=2/

ˇ̌1=2
�
�
1CH.D.t//

�
t > 0;

which is the case for all r < r�, for some r� depending on t , � , and D.t/.
Then, for all r < r�, we have J.t/ < r.1 C 
 C ı/, and hence, by Lemma 4.2,

J controls the distance between the particle systems:

kXN � YN kL1.0;t/ C kVN �WN
kL1.0;t/ � J.t/ � r.
 C ı/ < r:

Therefore, for r < r�,

P .kXN �YN kL1.0;t/ C kVN �WN
kL1.0;t/ � r/ . r�d�.dC1/.1C�/ exp.�CNrdC2� /:

Now we use the assumption that r � bN�
1
d
C� , which implies that

r�d�.dC1/.1C�/ exp.�CNrdC2� / .b exp.C 0� jlogN j � CbN d��2�. 1
d
��//:

Thus for sufficiently large N (depending on t , D.t/, b, �, and � ),

P .kXN � YN kL1.0;t/ C kVN �WN
kL1.0;t/ � r/ .b exp.�CbN d��2�. 1

d
��//

.b exp.�CbN � /:

For smallN , the probability is bounded by 1: hence, by possibly adjusting the constant
in front of the exponential we conclude that

P .kXN � YN kL1.0;t/ C kVN �WN
kL1.0;t/ � r/ .t;D.t/;";b;� exp.�CbN � /

for all N � 1.
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5. Convergence to the ionic Vlasov–Poisson system

We conclude this article with the proof of Theorem 1.6, which allows us to deduce that
the particle system converges not only towards the mean-field dynamics with regularised
interaction (1.6), but to a solution of the original mean-field system (1.1). The result is
a consequence of the new estimates in Proposition 2.2, paired with the methods of [44,
Proposition 9.1] for the electron Vlasov–Poisson system.

We recall the notation .Y r ; W r / for the characteristic system associated to the regu-
larised ion Vlasov–Poisson system (1.6): for all r 2 .0; 1

4
/ and .y; w/ 2 Td �Rd ,8̂<̂

:
d
dt
Y r .t Iy;w/ D W r .t Iy;w/;

d
dt
W r .t Iy;w/ D rˆr Œ�fr �.t; Y

r .t Iy;w//:

(5.1)

Theorem 1.6 follows from the following proposition.

Proposition 5.1. Suppose that Assumption 1.5 holds.

(i) There exists a continuous map . xY ; SW /W Œ0; T / � Td �Rd ! Td �Rd such that
.Y r ;W r / converges to . xY ; SW / uniformly on Œ0; t � � Td �Rd for any t 2 Œ0; T /,
with

kY r � xY kL1.Œ0;t��Td�Rd / C kW
r
� SW kL1.Œ0;t��Td�Rd / � re

C.t/jlog rj1=2

for all t 2 Œ0; T / for some function C 2 L1locŒ0; T /, which depends on the function
D from Assumption 1.5, the dimension d , and the choice of mollifier �.

(ii) Let f 2 C.Œ0; T /IP .Td �Rd // be the pushforward of f0 along . xY ; SW /. That is,
f is a weakly continuous path in the space of probability measures defined by the
equality Z

Td�Rd

�.y;w/f .t; y; w/ dy dw

D

Z
Td�Rd

�. xY .t Iy;w/; SW .t Iy;w//f0.y; w/ dy dw (5.2)

for all t 2 Œ0; T / and � 2 Cb.Td � Rd /. Then f is the unique weak solution of
the ionic Vlasov–Poisson system (1.1) with initial datum f0 and satisfying �f 2
L1loc.Œ0; T /IL

1.Td //.
Moreover, . xY ; SW / satisfies8̂<̂

:
d
dt
xY .t Iy;w/ D SW .t Iy;w/;

d
dt
SW .t Iy;w/ D rˆŒ�f �.t; xY .t Iy;w//:

(5.3)
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Proof. Let r; q > 0 and consider the flows .Y r ; W r / and .Y q; W q/, each of which is a
continuous map from Œ0; T / � Td �Rd to Td �Rd .

For any given point .y;w/ 2 Td �Rd , by taking the difference of the ODEs (5.1) for
.Y r ; W r / and .Y q; W q/ we can obtain, for any t 2 Œ0; T /, the estimates

jY r .t Iy;w/ � Y q.t Iy;w/j �

Z t

0

jW r .sIy;w/ �W q.sIy;w/j ds;

jW r .t Iy;w/ �W q.t Iy;w/j �

Z t

0

krˆr Œ�fr �.s; �/ � rˆqŒ�fq �.s; �/kL1.Td / ds:

Taking the essential supremum over .y; w/ 2 Td �Rd , we obtain

kY r .t I �/ � Y q.t I �/kL1.Td�Rd / �

Z t

0

kW r .sI �/ �W q.sI �/kL1.Td�Rd / ds; (5.4)

kW r .t I �/ �W q.t I �/kL1.Td�Rd / �

Z t

0

krˆr Œ�fr �.s; �/ � rˆqŒ�fq �.s; �/kL1.Td / ds:

To estimate krˆr Œ�fr � � rˆqŒ�fq �kL1.Td /, we seek a bound on kKr � �fr �
Kq � �fqkL1.Td /. The following estimate is shown in the proof of [44, Proposition 9.1]
for x 2 Rd , and can be adapted straightforwardly to the case x 2 Td : if Qfr denotes the
pushforward of f0 along the flow .Y r ; W r /, and Qfq denotes the pushforward of f0 along
the flow .Y q; W q/, then

kKr � � Qfr .t/
�Kr � � Qfq.t/

kL1.Td / (5.5)

.d;� jlog r jkY r .t I �/ � Y q.t I �/kL1.Td�Rd /.k� Qfr .t/
kL1.Td / C k� Qfq.t/

kL1.Td //:

In this case Qfr D fr and Qfq D fq , and hence by Assumption 1.5 we have

kKr � � Qfr .t/
�Kr � � Qfq.t/

kL1.Td / .d;� D.t/jlog r jkY r .t I �/ � Y q.t I �/kL1.Td�Rd /:

Since kKr �KqkL1.Td / � kKr �KkL1.Td / C kK �KqkL1.Td / .d;� r C q, it follows
that

k.Kr �Kq/ � � Qfr .t/
kL1.Td / .d;� D.t/.r C q/:

Hence

kKr � �fr .t/ �Kq � �fq.t/kL1.Td /

.d;� D.t/.jlog r jkY r .t I �/ � Y q.t I �/kL1.Td�Rd / C r C q/:

By Proposition 2.2, we deduce that

krˆr Œ�fr .t/� � rˆqŒ�fq.t/�kL1.Td /

� eCd;�D.t/.jlog r jkY r .t I �/ � Y q.t I �/kL1.Td�Rd / C r C q/:
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Substitute this bound into (5.4) and take the supremum over times less than or equal
to t to obtain

kY r � Y qkL1.Œ0;t��Td�Rd / �

Z t

0

kW r
�W q

kL1.Œ0;s��Td�Rd / ds;

kW r
�W q

kL1.Œ0;t��Td�Rd / �

Z t

0

C.s/.jlog r jkY r � Y qkL1.Œ0;s��Td�Rd / C r C q/ ds;

for some locally bounded functionC W Œ0;T /! Œ0;C1/ depending onD, d , and �. Hence,
if we define the quantity

J.t/´ jlog r j1=2kY r � Y qkL1.Œ0;t��Td�Rd / C kW
r
�W q

kL1.Œ0;t��Td�Rd /;

then

J.t/ �

Z t

0

C.s/.jlog r j1=2J.s/C r C q/ ds:

Therefore, by the integral form of Grönwall’s lemma,

J.t/ � eC.t/jlog rj1=2.r C q/; (5.6)

where C W Œ0; T /! Œ0;C1/ is a (possibly different) function depending on d , �, and D.
It follows from (5.6) that, for any sequence rn > 0 tending to zero as n tends to infinity,

.Yrn ;Wrn/ is a Cauchy sequence in C.Œ0; t ��Td �Rd / for any t 2 Œ0;T /. A limit . xY ; SW /
therefore exists. By passing to the limit in (5.6), we obtain that for any r 2 .0; 1

4
/,

kY r � xY kL1.Œ0;t��Td�Rd / C kW
r
� SW kL1.Œ0;t��Td�Rd / � re

C.t/jlog rj1=2 : (5.7)

This also implies that . xY ; SW / is the unique limit point. By using this argument for arbitrary
t 2 Œ0; T /, we may therefore extend to a well-defined limit function . xY ; SW / 2 C.Œ0; T / �
Td �Rd /.

Let f be defined as in (5.2). It remains to show that f is a solution of the ionic Vlasov–
Poisson system (1.1). We will prove that the electric fields along the flow converge as r
tends to zero: namely, that

lim
r!0
krˆr Œ�fr �.Y

r / � rˆŒ�f �. xY /kL1.Œ0;t��Td�Rd / D 0: (5.8)

Given (5.8), we may pass to the limit in the ODE (5.1) to find that the limiting flow satisfies
(5.3). This is sufficient to deduce that f is a weak solution of (1.1), using the super-
position principle for the representation of solutions of transport equations in terms of
characteristic trajectories [1, 2, 17]. The uniqueness of solutions of (1.1) with �f bounded
in L1.Td / was proved in [28] for d D 2; 3, and the proof can be adapted to d > 3 using
the W2 stability estimates in [30].

To establish (5.8), first observe that, for any .y; w/ 2 Td �Rd ,

jrˆr Œ�fr �.Y
r .t Iy;w// � rˆŒ�f �. xY .t Iy;w//j

� jrˆr Œ�fr �.Y
r .t Iy;w// � rˆr Œ�fr �.

xY .t Iy;w//j

C jrˆr Œ�fr �.
xY .t Iy;w// � rˆŒ�f �. xY .t Iy;w//j:
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By Proposition 2.1,

jrˆr Œ�fr �.Y
r .t Iy;w// � rˆŒ�f �. xY .t Iy;w//j

� D.t/jY r .t Iy;w/ � xY .t Iy;w/j logjY r .t Iy;w/ � xY .t Iy;w/j�1

C jŒrˆr Œ�fr � � rˆŒ�f ��.
xY .t Iy;w//j:

Hence

krˆr Œ�fr �.Y
r / � rˆŒ�f �. xY /kL1.Œ0;t��Td�Rd /

� D.t/kY r � xY kL1.Œ0;t��Td�Rd / logkY r � xY k�1
L1.Œ0;t��Td�Rd /

C krˆr Œ�fr � � rˆŒ�f �kL1.Œ0;t��Td�Rd /:

We note that k�f kL1.Td / � D.t/: indeed, �fr .t/ converges to �f .t/ in the sense of
weak convergence of measures on Td , and thusZ

Td

�.x/�f .t; x/dx � lim sup
r!0

k�fr kL1.Td /k�kL1.Td / �D.t/k�kL1.Td / 8� 2 C.T
d /;

and we conclude by density of C.Td / in L1.Td /.
Now consider

kKr � �fr �K � �f kL1.Td / � kKr � �fr �Kr � �f kL1.Td /Ck.Kr �K/ � �f kL1.Td /:

We have k.Kr �K/ � �f kL1.Td / .d;� D.t/r . By (5.5),

kKr � �fr �Kr � �f kL1.Td / .d;� D.t/jlog r jkY r � xY kL1.Œ0;t��Td�Rd /:

We conclude by (5.7) that

kKr � �fr �K � �f kL1.Td / � re
C.t/jlog rj1=2

for some function C 2 L1locŒ0; T /. Then, by Proposition 2.2,

krˆr Œ�fr � � rˆŒ�f �kL1.Œ0;t��Td�Rd / � re
C.t/jlog rj1=2

(for a possibly different function C 2 L1locŒ0; T /).
We conclude that

krˆr Œ�fr �.Y
r / � rˆŒ�f �. xY /kL1.Œ0;t��Td�Rd / � C.t/.1C jlog r j/reC.t/jlog rj1=2 ;

and the proof is complete.
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