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Equidistribution of q-orbits of closed geodesics

Asbjørn Christian Nordentoft

Abstract. Given an element of .Z=qZ/� we associate a closed geodesic on the modular sur-
face. We prove that the closed geodesics associated to cosets of sufficiently large subgroups
equidistribute in the unit tangent bundle as q tends to infinity. This is a q-orbit analogue of
Duke’s theorem for real quadratic fields as extended to subgroups by Popa. Finally, we show
that the homology classes of the q-orbits of oriented closed geodesics concentrate around the
Eisenstein line and present group theoretic applications.

1. Introduction

The modular surface Y0.1/ WD PSL2.Z/nH is naturally endowed with the structure of
a non-compact Riemannian orbifold with line and volume elements given by

ds D
jdzj

Im z
and d� D

�dz dxz

2i.Im z/2
;

in terms of the standard coordinate z 2 H. The unit tangent bundle admits a natural
description as a homogeneous space

T1.Y0.1// D PSL2.Z/nPSL2.R/;

which we equip with the Haar probability measure dg. The distribution of closed
geodesics on the modular surface is a classical and rich topic starting with work of
Linnik [35] and Skubenko [48] who proved equidistribution in the unit tangent bundle
for individual length packets of closed geodesics under certain congruence conditions.
These congruence conditions were later removed in the celebrated work of Duke [15].
More precisely, let D > 0 be a positive discriminant with narrow class group ClCD .
Given a narrow ideal class B 2 ClCD there is an associated oriented closed geodesic
CB � T1.Y0.1// in the unit tangent bundle of the modular surface with geodesic
length

jCB j D 2 log �D;
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where �D denotes the fundamental positive unit of discriminant D; see [44]. The
closed geodesic CB is a closed A-orbit where A denotes the diagonal subgroup of
PSL2.R/. We equip CB with the unique A-invariant measure �B , which descends
to ds on Y0.1/. Duke’s theorem states that for any smooth and compactly supported
�WT1.Y0.1//! C, we haveP

B2ClC
D

R
CB
�.t/ d�B.t/

2jClCD j log �D
!

Z
T1.Y0.1//

�.g/ dg as D !1:

It is natural to ask to what extent other collections of closed geodesics equidistrib-
ute. This is a special case of the Basic Question posed in [18, Section 1.1]. In this
context, Michel and Venkatesh, in their ICM address [38], put forth a number of
“sparse” equidistribution conjectures refining Duke’s theorem. Progress towards these
conjectures include the works of Harcos–Michel [23] and Popa [43, Theorem 6.5.1]
obtaining equidistribution for closed geodesics associated to cosets of sufficiently
large subgroups of class groups ClCD (of index � Dı for some ı > 0) and the work of
Einsiedler–Lindenstrauss–Michel–Venkatesh [19] obtaining equidistribution of suffi-
ciently large subcollections (of index �Do.1/) using ergodic techniques; see also [1].
The Mixing conjecture [38, Conjecture 2] has also seen recent progress; see [2,5,32].
In a different direction, Erlandsson–Souto [20] proved equidistribution for the special
set of reciprocal geodesics answering a question of Sarnak [45]. In the other extreme,
Bourgain–Kontorovich [7] showed the existence of many (�" D

1=2�" for any " > 0)
low-lying closed fundamental geodesics which in particular do not equidistribute.

In this paper, we introduce “q-orbits” of closed geodesics in analogy with the ima-
ginary quadratic case of Heegner points (see Remark 1.2 below). We obtain an ana-
logue of Duke’s theorem (and its extension to subgroups due to Harcos–Michel [23]
and Popa [43]), as well as concentration results for the homology classes of q-orbits
of closed geodesics as studied in the setting of Duke’s theorem by the author [40]. In
view of the Basic Question [18, Section 1.1], our results can be interpreted as saying
that the q-orbit structure on the closed geodesics does not conspire with the low-lying
geodesics. The key technical result proved in this paper, Proposition 4.2, is a quant-
itative relation between geodesic periods and vertical periods of automorphic forms,
which might be of independent interest.

1.1. Equidistribution of q-orbits of closed geodesics

To state our results, denote by �0.N / � PSL2.Z/ the Hecke congruence subgroup of
level N � 1 and by Y0.N / WD �0.N /nH the modular surface of level N equipped
with the line element ds and volume element d� as above. Let q � 2 be an integer
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and consider an embedding (of sets)

 W .Z=qZ/� ,! �0.q/ � PSL2.Z/;

satisfying

(1)  .a/1� .a=q/ mod 1 (i.e.  .a/ is of the shape
�
a �
q �

�
),

(2) j tr. .a//j > 2 (i.e.  .a/ is a hyperbolic matrix).

Notice that for N jq we have  .a/ 2 �0.N /, and we denote by

C a .N / � T1
�
Y0.N /

�
D �0.N /nPSL2.R/;

the oriented closed geodesic associated to the conjugacy class of  .a/ inside �0.N /
(see Section 2.1 for details on this correspondence). This way, we obtain the following
q-orbit of oriented closed geodesics:®

C a .N / � T1
�
Y0.N /

�
W a 2 .Z=qZ/�

¯
; (1.1)

by which we mean a “natural family” of closed geodesics parametrized by the multi-
plicative group .Z=qZ/� (in our case the parametrization stems from the double coset
decomposition; see Section 2.1.1). We equip C

 
a .N /with the uniqueA-invariant mea-

sure � a , which descends to the line element ds when C
 
a .N / is projected to Y0.N /;

see the introduction of [53] for details. Notice that in any q-orbit each geodesic length
is attained at most twice.

Our first result is the following equidistribution result in the unit tangent bundle
for closed geodesics associated to cosets of sufficiently large subgroups using the
parametrization of the q-orbits in terms of .Z=qZ/�.

Theorem 1.1. Fix N � 1, ı > 7=8 and M � 1. For every q � 2 such that N jq, let

 W .Z=qZ/� ,! �0.N /;

be an embedding satisfying the conditions (1) and (2), as well as j tr. .a//j �Mq for
all a 2 .Z=qZ/�, and let cH � .Z=qZ/� be a coset of a subgroupH � .Z=qZ/� of
size� qı . Then for any smooth and compactly supported function �WT1.Y0.N //!C

and " > 0, we have thatP
a2cH

R
C
 
a .N/

�.t/ d�
 
a .t/P

a2cH jC
 
a .N /j

D

Z
T1.Y0.N//

�.g/ dg CO�;"
�
.log q/�1C"

�
as q !1: (1.2)

Here, jC j for a curve C � Y0.N /, denotes the arc length with respect to the hyperbolic
line element ds and dg denotes the Haar probability measure on �0.N /nPSL2.R/.
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Remark 1.2. The study of q-orbits (or p-orbits if q D p is prime) is a very natural
one with the most elementary example being the equidistribution of residues and their
inverses on the torus: °�a

q
;
xa

q

�
W a 2 .Z=qZ/�

±
� .R=Z/2:

We refer to [26] for sparse equidistribution results in this setting. Another classical
example is the equidistribution of Hecke orbits (see e.g. [21, Section 2.3]). To explain
this, we observe that for a prime p we have a natural parametrization of the Hecke
operator Tp in terms of P1.Fp/ given by

.Tpf /.g/ D
1

p1=2

X
t2P1.Fp/

f .
tg/; f WPSL2.Z/nPSL2.R/! C;

where


1 D

 
p 0

0 1

!
; 
t D

 
1 t

0 p

!
; t 2 Fp:

The collection of points ®

t i W t 2 P1.Fp/

¯
� PSL2.Z/nH; (1.3)

we define as the p-orbit of the point i 2 H. Note that all but one of the points (1.3)
lie on the horocycle °

x C
i

p
W 0 � x � 1

±
:

Any non-trivial bound for the Hecke eigenvalues implies the well-known equidistri-
bution of p-orbits; the probability measures with point masses at the points (1.3)
converge weakly to the normalized hyperbolic measure 3

�
dx dy

y2
as p!1. This is, in

fact, closely related to the situation studied in the present paper: Theorem 1.1 in the
case whereH D .Z=qZ/� is the full multiplicative group reduces (morally at least) to
a non-trivial bound of Hecke eigenvalues. More precisely, the Weyl sums in our setting
are (essentially) obtained by integrating the Maaß forms along ¹
t iR W t 2 P1.Fp/º
(see Remark 7.3).

Recall [47, Section 4.2] that the modular surface PSL2.Z/nH can be viewed as
the moduli space for elliptic curves over C and that elliptic curves with complex
multiplication (CM) correspond exactly to the Heegner points as defined in e.g. [11,
Section 2.2]. From this perspective, we note as in [5, Remark 1.5] that the collec-
tion of points (1.3) coincides, after removing 
t i for t2 � �1 mod p, with the set
of Heegner points associated to the non-fundamental discriminant �4p2. One can
now study all sorts of sparse equidistribution questions using the group structure
on F�p � P1.Fp/ (i.e. using the p-orbit structure). Notice however that this group
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structure does not seem to admit a natural description in terms of moduli of CM
elliptic curves since 
t i and 
�t�1 i parametrize the same elliptic curve, but in general

at i and 
�at�1 i with a 2 F�p do not. Fouvry–Kowalski–Michel [21, Section 2.3]
studied the equidistribution problem of p-orbits with certain algebraic weights (trace
functions) associated to each of the Hecke points using the parametrization in terms
of P1.Fp/. An example being the indicator function of some coset of a subgroup
of F�p of sufficiently small index which is a direct analogue of Theorem 1.1. Recently,
Blomer and Michel [5] resolved the analogue of the Mixing conjecture of Michel–
Venkatesh [38] for p-orbits (unipotent mixing). It would be interesting to see if their
methods extends to the setting of this paper.

1.2. The homology classes associated to closed geodesics

As investigated in [40] there is another natural distribution problem that one can study
associated to oriented closed geodesics, namely the distribution of their homology
classes. To set this up, let

VN WD H1
�
Y0.N /;R

�
;

denote the singular homology group with R-coefficients of the (open) modular surface
of level N . Given an oriented closed curve C � Y0.N /, we denote by

ŒC � 2 H1
�
Y0.N /;Z

�
� VN

the associated homology class. Given q � 2 such that N jq and an embedding

 W .Z=qZ/� ,! �0.q/;

satisfying the conditions (1) and (2), we get a map

.Z=qZ/� ! VN ; a 7! ŒC a .N /�:

This map will depend very subtly on the sign of the traces of the image of  and thus
we will furthermore assume that the absolute trace is minimal (see equation (2.12)
and the discussion after Corollary 7.5 for further details):

(3) the absolute trace j tr .a/j is minimal1 subject to the conditions (1) and (2).

In order to understand the distribution inside the vector space VN , we will have to
normalize our classes. A convenient way to do this is to use the natural projection
map

VN � ¹0º� S.VN / WD
�
VN � ¹0º

�
=R>0; v 7! xv:

1For a 2 .Z=qZ/� such that a C a�1 62 ¹�2;�1; 0; 1; 2º mod q this means exactly that
j tr .a/j � q=2.
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We equip S.VN / with the quotient topology, which makes it a topological 2g-dimen-
sional sphere. Finally, denote by

vE .N / WD
�
.x C i W 0 � x � 1/

�
2 H1

�
Y0.N /;Z

�
;

the class of a simple loop going around the cusp at1. It is a general fact that we have
an isomorphism

H1
�
Y0.N /;Z

� �
��! �0.N /

ab=
�
�0.N /

ab�
tor; (1.4)

which identifies vE .N / with the image of the matrix
�
1 1
0 1

�
in the abelinization.

Our second result is the following concentration result for homology classes of
closed geodesics associated to subgroups of .Z=qZ/�.

Theorem 1.3. FixN � 3 prime. For each q � 2 such thatN jq, choose an embedding

 W .Z=qZ/� ,! �0.q/;

satisfying (1)–(3), and a subgroup H � .Z=qZ/� such that �1 … H and®
a 2 .Z=qZ/� W a � 1 mod q=N

¯
6� H:

Then, we have X
a2H

ŒC
 
a .N /�! vE .N / as q !1

in the quotient topology of S.VN /.

Furthermore, we obtain a version of Theorem 1.3 which is uniform in the level N
(see Theorem 7.4), which is a q-orbit analogue of the result of Liu–Masri–Young [37,
Theorem 1.1] in the context of supersingular reduction of CM elliptic curves.

Finally, we will present the following group theoretic interpretation and applica-
tion of Theorem 1.3. We assume for simplicity that N is prime and N � �1 mod 12,
so that �0.N / is a free group on 2g C 1 generators with g D N=12 C O.1/ (this
follows from the discussion in [29, Section 2.3]). Then, as recently shown by Doan–
Kim–Lang–Tan [13], one can find a set of free generators contained in´ 

1 1

0 1

!µ
[

´ 
a �.aa� C 1/=N

N �a�

!
W 0 < a < N

µ
; (1.5)

where 0 < a� <N is such that aa� ��1 mod N (here we consider the matrices (1.5)
as elements of PSL2.R/ in the obvious way). It is natural to try to understand the rep-
resentation of matrices in terms of such generating sets. If we look at a random word
in the generators then we expect that there is about the same appearance of each gen-
erator. Theorem 1.3 implies that the q-orbits of closed geodesics are not random in
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this sense since one coordinate dominates (see also Theorem 7.4 below). Geometric-
ally this means that the q-orbits of closed geodesics “wind around the cusp a lot”. In
particular, we obtain the following elementary group theoretic non-containment res-
ult, which seems hard to prove by elementary means (see [22] on Sarnak’s Optimal
lifting property for another application of automorphic forms to group theory).

Corollary 1.4. Let N � �1 mod 12 be prime and let´ 
1 1

0 1

!
; �1; : : : ; �2g

µ
;

be a subset of (1.5), which define a set of free generators of �0.N /. Then for each
ı > 18, there exists a constant c.ı/ > 0 such that the following holds: Let q � c.ı/N ı

be an integer such that N jq and let 0 < a1; : : : ; am < q � 1 be pairwise distinct
integers coprime to q such that®

ai mod q W 1 � i � m
¯
� .Z=qZ/�

is a subgroup not containing ¹a 2 .Z=qZ/� W a � 1 mod q=N º (nor �1). For 1 �
i � m, let 0 < a�i < q be defined by qjaia�i C 1. Then no conjugate of 

a1 �
a1a
�
1
C1

q

q �a�1

! 
a2 �

a2a
�
2
C1

q

q �a�2

!
� � �

 
am �

ama
�
mC1

q

q �a�m

!
2 �0.N / (1.6)

is contained in the subgroup of �0.N / generated by the matrices �1; : : : ; �2g .

From the analogy with CM elliptic curves this should be compared with [37,
Corollary 1.3], which, as explained in the introduction of loc. cit., one should think
of as an analogue of Linnik’s theorem on the least prime in an arithmetic progres-
sion (see [40, Section 2] for an in-depth discussion). We also obtain results in the
case where �1 2 H if we force the traces of the image of  to be unbalanced (see
Corollaries 7.8 and 7.9).

1.3. The idea of the proof

Our proof strategy for Theorem 1.1 follows Duke’s original spectral approach as
in [15]. The starting point is Weyl’s criterion (Lemma 2.4), which reduces the problem
to showing that the Weyl sums: X

A2ClC
K

Z
CA

f .t/ d�A.t/
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associated to an element f of an orthonormal Hecke basis of the orthogonal comple-
ment of the constant function are negligible compared to the contribution from the
constant X

A2ClC
K

jCAj D 2jClCK j log �K �" D
1=2�"
K ; (1.7)

where �K is the fundamental unit of K, and the ineffective lower bound is due to
Siegel (via the class number formula). A slight reinterpretation of Duke’s original
treatment of the Weyl sums is then to relate their square to the product of L-functions

L
�1
2
; f
�
L
�1
2
; f; �K

�
;

where �K denotes the quadratic character associated to K via class field theory. This
is obtained using an explicit version of Waldspurger’s formula [49] (actually Duke
related the Weyl sums to Fourier coefficients of half integral weight Maaß forms using
an explicit correspondence of Maaß). The result now follows from a subconvexity
bound for L.1=2; f; �K/ in terms of the discriminant of K. This was obtained by
Duke building on a breakthrough of Iwaniec [28].

Our approach follows the same route; on the one hand we need lower bounds for
the contribution from the constant function, and on the other hand we need upper
bounds for the non-constant Weyl sums. The lower bound for the constant function is
achieved via a study of the small scale distribution of .a=q; xa=q/ on the torus .R=Z/2,
where axa� 1 mod q; see Section 6.1. To upper bound the Weyl sums, we will use as a
substitute for Waldspurger’s formula the Birch–Stevens formula [39, Proposition 6.1],
which in its original form states

�.x�/L.E; �; 1/ D
X

a2.Z=qZ/�

�.a/ 2�i

Z i1

a=q

fE .z/ dz;

where � is a primitive Dirichlet character modulo q, �.x�/ is a Gauß sum and fE is a
weight 2 holomorphic form associated to an elliptic curve E=Q. The period integrals
above are known as modular symbols. This formula generalizes to non-primitive char-
acters and to general Hecke–Maaß forms f by taking in place of the modular symbol,
the central value of the additive twistL-series of f defined by analytic continuation of

L.s; f; x/ D
X
n�1

�f .n/e.nx/

ns
; x 2 QI

see Proposition 5.1. The key insight in the present work (Proposition 4.2) is a relation
between the geodesic integrals Z

C
 
a .N/

f .t/ d� a .t/
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and the additive twists L.1=2; f; x/, where x D  .a/1. Proving this requires a del-
icate analytic estimate relying on the Fourier expansion of automorphic forms and is
responsible for the fact that we only get log-savings in (1.2). The result now follows
by the subconvexity bound L.1=2; f; �/�f;" q3=8C" for � mod q due to Blomer and
Harcos [3], as well as another application of the fine scale distribution of .a=q; xa=q/
on the torus .R=Z/2 to deal with the singular case where .a C xa mod q/ is “small”.
The condition that jH j > qı with ı > 7=8 in Theorem 1.1 comes exactly from the
subconvexity exponent available, see the proof of Theorem 5.2 for more details.
If one assumes the best-possible bound, the Generalized Lindelöf hypothesis, then
equidistribution holds as long as ı > 1=2. We however believe that any ı > 0 suffices;
see Conjecture 1.5 below.

In the proof of Theorem 1.3, we apply a vector space version of Weyl’s criterion
(Lemma 2.6), which reduces the problem to checking a certain convergence after
pairing with a basis for the dual of H1.Y0.N /;R/. This dual is given by weight 2
holomorphic forms and the main term comes from the Eisenstein element. The con-
tributions from holomorphic cuspidal Hecke eigenforms of weight 2 are bounded
exactly as in the context of Theorem 1.1 (in fact the Weyl sums are literally the same).
The lower bound for the Eisenstein contribution is achieved using an explicit version
of the Birch–Stevens formula for the Eisenstein class as well as a positivity argument
and lower bounds for Dirichlet L-functions at s D 1; see Section 6.3.

1.4. Final remarks

We will end the introduction by raising a number of natural questions in view of the
real quadratic analogue (i.e. Duke’s theorem for closed geodesics).

Conjecture 1.5. Fix ı > 0. The conclusion of Theorem 1.1 holds for any subgroup
H � .Z=qZ/� such that jH j � qı .

This is a q-orbit analogue of the sparse equidistribution conjecture of Michel–
Venkatesh [38, Conjecture 1] stated in the context of Heegner points. Secondly, it
seems natural to try to obtain a power saving as was obtained by Duke in his original
paper [15].

Conjecture 1.6. The conclusion of Theorem 1.1 holds with a power saving error-term
(in terms of q).

Finally, it would be interesting to obtain a statement in the level aspect, meaning
a version of Theorem 1.1 where the level N is allowed to vary. This was studied by
Liu–Masri–Young [36] in the context of Heegner points and by Humphries and the
author in [27] in the context of hyperbolic orbifolds associated to ideal classes of real
quadratic fields.
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2. Background

Let

�0.N / WD

´

 2 PSL2.Z/ W 
 �

 
� �

0 �

!
mod N

µ
� PSL2.R/

be the Hecke congruence group of levelN considered here as a subgroup of PSL2.R/.
The group �0.N / acts on H [ P1.R/ by linear fractional transformations which
preserves the cusps P1.Q/. Given a matrix in SL2.R/, we will – without further men-
tion – consider it as an element of PSL2.R/ by taking the image under the projection
map.

2.1. Closed geodesics on modular surfaces

It follows from a general fact for Fuchsian groups that there is a one-to-one corres-
pondence: ®

oriented closed geodesics on Y0.N /
¯
$ hConj

�
�0.N /

�
; (2.1)

where hConj.�0.N // denotes the set of hyperbolic conjugacy classes of �0.N /. Exp-
licitly, given a hyperbolic matrix


 D

 
a b

c d

!
2 �0.N /

denote by S
 � H the axis of 
 , i.e. the fixed semi-circle of 
 which has endpoints
on R given by

a � d ˙
p
.aC d/2 � 4

2c
:

The bijection (2.1) is now given by mapping the conjugacy class of 
 to the projection
to Y0.N / of the oriented geodesic segment connecting w and 
w for some w 2 S
 .
Note that this projection is indeed independent of the choice of w 2 S
 and depends
only on the conjugacy class of 
 . Given an oriented closed geodesic C � �nH, we
can consider the obvious lift to the unit tangent bundle

T1
�
Y0.N /

�
D �0.N /nPSL2.R/;

recalling that H Š PSL2.R/=PSO2. By slight abuse of notation we will also denote
the lift by the same symbol (e.g. C ) and will refer to these as oriented closed geodesics
on T1.Y0.N //. Let

at WD

 
et=2 0

0 e�t=2

!
; t 2 R;



Equidistribution of q-orbits of closed geodesics 695

�d
c

a�d
2c

r


h

c�1

a
c

a�d
2c
C �
 r


S


a�d
2c
� �
 r


Figure 1. Key quantities associated to 
 D
�
a b
c d

�
(with the orientation corresponding to the

case where �
 > 0).

and denote by
A WD ¹at W t 2 Rº � PSL2.R/;

the diagonal subgroup equipped with the Haar measure dt . An oriented closed geo-
desics C � T1.Y0.N // is a closed and compact A-orbit and as such the space of
A-invariant measures on C is one-dimensional. We will denote by �C the unique
A-invariant measure on C which descends to the hyperbolic line element ds when C

is projected to Y0.N /.
Given an oriented closed geodesic C � Y0.N / corresponding to the hyperbolic

conjugacy class of 
 D
�
a b
c d

�
2 �0.N /, we define a number of key quantities (see

Figure 1 for a useful picture to have in mind). Let �
 > 1 be defined by j tr.
/j D
�
 C .�
 /

�1 and put `
 WD log�
 . The geodesic length of C then satisfies

jC j WD

Z
C

ds.z/ D 2`
 � log j tr.
/j: (2.2)

Furthermore, we define

�
 WD
c.aC d/

jc.aC d/j
2 ¹˙1º; r
 WD

p
.aC d/2 � 4

2jcj
(2.3)

(note that r
 is the radius of S
 ) and

g
 WD .2r
 /
�1=2

 
a�d
2c
C �
r
 �


a�d
2c
� r


1 �


!
2 PSL2.R/: (2.4)

(Note that c ¤ 0 since 
 is hyperbolic and that the above quantities do not depend on
the matrix in SL2.Z/ representing 
 2 PSL2.Z/). A direct calculation with matrices
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shows that

g
at D g
atCjC j; t 2 R;

which implies that we have the following standard parametrization of C :Z
C

�.t/ d�C .t/ D

Z jC j=2
�jC j=2

�.g
at / dt D

Z `


�`


�.g
at / dt (2.5)

for any �WT1.Y0.N //!C which is integrable with respect to �C . Here the left-hand
side of (2.5) should be thought of as “integrating � along C with unit speed”. Finally,
we define

y
;t WD Im.g
at i/ D
2r


et C e�t
; t 2 R;

h
 WD y
;˙jC j=2 D
2r


jaC d j
: (2.6)

2.1.1. Double coset embeddings. The packets (or q-orbits) of oriented closed geo-
desics (1.1) that we are considering are determined by maps  W .Z=qZ/� ! �0.N /

satisfying conditions (1) and (2) above. Clearly, these conditions do not determine the
packets uniquely. In this section we will characterize all possible packets of geodesics
that can be obtained and prove some basic properties.

More precisely, given two positive integers N; q such that N jq, we will now give
a complete description of the possible compositions

.Z=qZ/�
 
�! �0.N /

�N
��! Conj

�
�0.N /

�
; (2.7)

where  .a/1� .a=q/ mod 1 for all a 2 .Z=qZ/� and �N W�0.N /! Conj.�0.N //
denotes the map


 7! ¹
º�0.N/;

sending a matrix to its conjugacy class. The classical double coset decomposition (see
e.g. [29, Section 2.4]) gives a bijection of sets:

�1n�0.N /=�1 $

´
�1

 
1 1

0 1

!
�1

µ
[

[
q�1WN jq

[
a2.Z=qZ/�

´
�1

 
a �

q �

!
�1

µ
:

(2.8)
From this we see that the matrix  .a/ is determined by the above conditions up to
left and right multiplication by �1 and we arrive at the following characterization.

Lemma 2.1. Any composition �N ı  W .Z=qZ/� ! Conj.�0.N // as in (2.7) is a
specialization of the map

‰N WZ˚ �1n�0.N /=�1 � Conj
�
�0.N /

�
;
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given by  
n; �1

 
a �

q �

!
�1

!
7!

´ 
a b

q d

!µ
�0.N/

;

where

ad � 1 mod q;
�
n �

1

2

�
q � aC d <

�
nC

1

2

�
q; b D

ad � 1

q
: (2.9)

Proof. This follows directly from the double coset decomposition (2.8) since multi-
plication of  .a/ by �1 on the left or right shifts the trace by multiples of q.

In other words, the double coset together with the choice of trace define a unique
conjugacy class. Notice that all the restrictions of ‰N to the first component Z are
injective (since all of the images have different traces). In our setting we will also
require that the image is contained in the set of hyperbolic conjugacy classes so that
they give rise to closed geodesics. Motivated by the above discussion, we arrive at the
following definition.

Definition 2.2. A double coset embedding of level q is a map  W .Z=qZ/� ! �0.q/

satisfying for all a 2 .Z=qZ/� that

(1)  .a/1� .a=q/ mod 1,

(2) j tr. .a//j > 2.

Given a double coset embedding  of level q and an integer N jq, we denote by

C a .N / � T1
�
Y0.N /

�
; (2.10)

the oriented closed geodesic of level N associated to the �0.N /-conjugacy class of
 .a/ 2 �0.q/ � �0.N / under the identification (2.1). For notational simplicity we
will denote the canonical measure on C

 
a .N / as defined in the previous section by

� a WD �C
 
a .N/

; (2.11)

suppressing the level N in the notation. For a 2 .Z=qZ/�, denote by

ta WD q
�°aC xa

q
C
1

2

±
�
1

2

�
2 Z; (2.12)

the minimal trace of a, where ¹xº D x � bxc denotes the fractional part and xaa �
1 mod q. Given a double coset embedding  of level q and a 2 .Z=qZ/�, we define
n .a/ 2 Z by the property

¹ .a/º�0.N/ D ‰N

 
n .a/; �1

 
a �

q �

!
�1

!
;
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which makes sense by Lemma 2.1. The following lemma justifies the fact that we
call ta the minimal trace.

Lemma 2.3. Let be a double coset embedding of level q. Then for all a 2 .Z=qZ/�

it holds that

tr
�
 .a/

�
D ta C qn .a/ and

ˇ̌
tr
�
 .a/

�ˇ̌
� jtaj: (2.13)

Proof. We observe that�q=2� ta < q=2 and ta � aC xa mod q. Thus the first equal-
ity in (2.13) follows by the definition (2.9) of ‰N combined with that of n .a/.
Furthermore, we see that indeed jtaj is the minimal possible absolute trace of  .a/
for any  satisfying (1), which implies the lower bound in (2.13).

2.2. Spectral theory of automorphic forms

For a detailed account of the following material, we refer to [29, Chapter 2] and [16,
Section 4]. For a cusp a 2 P .Q/ of �0.N /, let �a � �0.N / be the stabilizer of a and
fix a scaling matrix �a, i.e. any matrix satisfying

��1a �a�a D

´ 
1 Z

1

!µ
:

For k 2 2Z, we denote by A.�0.N /; k/ the vector space of all weight k auto-
morphic forms of level N (with trivial nebentypus), i.e. smooth maps f WH ! C

satisfying, for all 
 2 �0.N / and z 2 H,

f .
z/ D j
 .z/
kf .z/; j
 .z/ D

j.
; z/

jj.
; z/j
D

cz C d

jcz C d j
:

Let

Rk D
k

2
C .z � Nz/

@

@z
; ƒk D

k

2
C .z � Nz/

@

@xz

be respectively the weight k raising and lowering operator, as defined in [16, equa-
tions (4.3)–(4.4)]. These define the maps

Rk WA
�
�0.N /; k

�
! A

�
�0.N /; k C 2

�
; ƒk WA

�
�0.N /; k

�
! A

�
�0.N /; k � 2

�
:

The weight k Laplacian is defined by

��k WD Rk�2ƒk C
k

2

�
1 �

k

2

�
D ƒkC2Rk �

k

2

�
1C

k

2

�
D �y2

� @2
@x2
C

@2

@y2

�
C iky

@

@x
:
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For k 2 2Z�0 and s 2 C, we define an operator

Qs;k WA
�
�0.N /; k

�
! A

�
�0.N /; k

�
;

as in [16, eq. (4.65)], by

.Qs;kf /.z/ D
�.s � k=2/

�.s C k=2/
.ƒ�kC2 � � �ƒk�2ƒkf /.�xz/;

where we put Qs;k D 0 if s � k=2 2 Z�0. Notice that for k D 0, we have

.Qs;0f /.z/ D f .�xz/;

which is the usual reflection operator. The operator Qs;k preserves the eigenspace
of ��k with eigenvalue s.1 � s/, and is an involution for s 62 k=2C Z�0. Similarly,
we define Qs;k for negative k using the raising operators.

We say that f 2 A.�0.N /; k/ is a Maaß form if it satisfies:

• for all a 2 P .Q/, f .�az/ D o.e
2�y/ as y D Im z !1;

• f is an eigenfunction of ��k with eigenvalue �f D sf .1� sf / D 1=4C t2f with
Re sf � 1=2 and sf D 1=2C i tf ;

• f is an eigenfunction of the operator Qsf ;k with eigenvalue �f 2 ¹˙1; 0º. Note
that if k D 0 then �f is the sign of the Maaß form [10, p. 106], and if f comes
from a holomorphic form then �f D 0.

We define the spectral datum of a Maaß form f 2 A.�0.N /; k/ as

tf WD .i tf ; k; �f /; (2.14)

and we define the following convenient quantity measuring the archimedean com-
plexity of f :

jtf j WD jtf j C jkj C 1:

Recall that the Whittaker function W˛;ˇ WR>0 ! C with parameters ˛; ˇ 2 C is the
unique solution W to

d2W

dy2
C

�
�
1

4
C
˛

y
C
1=4 � ˇ2

y2

�
W D 0;

satisfying W.y/ � y˛e�y=2 as y !1 (with ˛; ˇ fixed). In particular, we have

W0;ˇ .4�y/ D 2y
1=2Kˇ .2�y/; W˛;˛�1=2.4�y/ D .4�y/

˛e�2�y ; (2.15)

where Kˇ .y/ denotes the K-Bessel function. We consider the following convenient
normalization of the Whittaker function:

zW˛;ˇ .y/ WD
Wsgn.y/˛;ˇ .4�jyj/

j�.1=2C ˇ C sgn.y/˛/�.1=2 � ˇ C sgn.y/˛/j1=2
; y 2 R�;
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where the right-hand side is understood as zero if 1=2˙ ˇ C sgn.y/˛ 2 Z�0 (cf. [4,
eq. (22)], where we use a trivial phase function). As explained in [9, Section 4] the
functions zW˛;ˇ .y/ are L2-normalized with respect to the measure dy

y
on R�. The

above conditions on the Maaß form f imply by [16, eq. 4.36)] that at any cusp a 2

P1.Q/, we have the Fourier expansion

f .�az/ D fa.y/C
X
n¤0

af;a.n/ zWk=2;itf .ny/e.nx/;

z D x C iy; e.x/ D e2�ix;

(2.16)

with constant term of the shape

fa.y/ D

´
Aay

1=2Citf C Bay
1=2�itf ; tf ¤ 0;

Aay
1=2 C Bay

1=2 logy; tf D 0;
(2.17)

for some constants Aa; Ba 2 C. For

˛ 2 Z and ˇ 2 iR [
�
0;
1

2

�
[

°
` �

1

2
W ` 2 Z>0

±
;

we have the following uniform bounds due to Blomer–Harcos [4, eqs. (24)–(26)]:

zW˛;ˇ .y/� jyj
1=2

�
jyj

j˛j C jˇj C 1

��1�Reˇ

exp
�
�

jyj

j˛j C jˇj C 1

�
; (2.18)

and for 0 < " < 1=4,

zW˛;ˇ .y/�" jyj
1=2�dˇ�"

�
j˛j C jˇj C 1

�1Cdˇ ; (2.19)

where dˇ D ˇ if 0 < ˇ < 1=2 (corresponding to the case of complementary series),
and dˇ D 0 otherwise. For a Maaß form f , we define

df WD ditf :

We are interested in the spectral theory of the L2-space

L2
�
�0.N /; k

�
WD
®
f 2 A

�
�0.N /; k

�
W hf; f i <1

¯
;

where

hf; gi D

Z
�0.N/nH

f .z/g.z/
dx dy

y2
;

is the Petersson inner-product (suppressing N in the notation). We will say that f is
cuspidal at the cusp a if fa.y/ D 0. Finally, we say that f is a Maaß cusp form if it
is cuspidal at all cusps a 2 P .Q/. From [16, Corollary 4.4], we know that Maaß cusp
forms arise in two ways:
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• Re.sf / < 1 and f is obtained from repeated applications of raising or lowering
operators from a weight 0 Maaß cusp form;

• sf D `=2 with ` � k mod 2, and f is associated, through raising or lowering
operators, to a form g of weight ` for which z 7! y�`=2g.z/ is holomorphic.

We will abbreviate throughout af .n/ D af;1.n/. Moreover, by [16, eq. (4.70)]
(taking into account our normalization), we have

af .�n/ D �f
j�.sf � k=2/�.1 � sf � k=2/j

1=2�.sf C k=2/

j�.sf C k=2/�.1 � sf C k=2/j1=2�.sf � k=2/
af .n/

DW �f af .n/: (2.20)

Note that, �f D 0 for f associated to a holomorphic form, whereas in the remaining
cases we have sf … Z, and so by the reflection formula,

j�f j D

�
j�.sf C k=2/�.1 � sf � k=2/j

j�.sf � k=2/�.1 � sf C k=2/j

�1=2
D

�
j�= sin�.sf C k=2/j
j�= sin�.sf � k=2/j

�1=2
D 1; (2.21)

using that �f 2 ¹˙1º and the 2�-periodicity of sine.

2.2.1. Eisenstein series. Examples of non-cuspidal Maaß forms of even weight k
include the Eisenstein series. These are not L2-integrable but will show up in the
spectral decomposition of L2.�0.N /; k/. There are two natural bases for the space of
Eisenstein series. The first basis is parametrized in terms of the �0.N /-equivalence
classes of cusps a 2 P1.Q/:

Ea;k.z; s/ WD
X


2�an�0.N/

j��1a 
 .z/
�k Im.��1a 
z/s; Re s > 1;

which satisfies meromorphic continuation with no poles on Re s D 1=2. The other
basis is in terms of characters. Letm2jN and let � be a Dirichlet character modulom.
Then the following Eisenstein series belongs to A.�0.N /; k/:

E�;k.z; s/ WD
1

2

X
.c;d/D1

�
cmz C d

jcmz C d j

��k
.my/s�.c/�.d/

jcmz C d j2s
; s 2 C

(see [50, eq. (3.3)]), with Laplace eigenvalue s.1 � s/ and Qs;kE�;k D �.�1/E�;k .
When � mod m is primitive and s D 1=2C i t , then we have the following Fourier
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expansion [50, Proposition 4.1] for the Eisenstein series:

ik.m=�/s

�.�/
L.2s; �2/E�;k.z; s/

D ikımD1

�
��s�.2s/ys C �s�1

�.1 � s C k=2/

�.s C k=2/
�.2 � 2s/y1�s

�
C

X
n¤0

�it .n; �/

jnj1=2
j�.s C sgn.n/.k=2//�.1 � s C sgn.n/.k=2//j1=2

�.s C sgn.n/.k=2//

� zWk=2;it .ny/e.nx/;

where ımD1 D 1 if � is the trivial character, and 0 otherwise, and

�it .n; �/ WD �
�
sgn.n/

�
�it;it

�
jnj; �; �

�
;

with

�s1;s2.n; �1; �2/ WD
��
�1 j � j

�s1
�
�
�
�2 j � j

s2
��
.n/

D

X
abDn

�1.a/a
�s1�2.b/b

s2 ; n � 1: (2.22)

It will be convenient for us to consider the following renormalization:

zE�;k.z; s/ WD
�.s C k=2/

j�.s C k=2/�.1 � s C k=2/j1=2
.m=�/s

ik�.�/
L.2s;�2/E�;k.z; s/; (2.23)

which by the above satisfies a zE�;k .1/D 1, i.e. the first Fourier coefficient is one. This
will be useful when studying additive twist L-series of Eisenstein series in Section 3.

Consider now the weight 2 Eisenstein series E1;2.z; s/ for PSL2.Z/ associated
to the cusp at1. Then with our normalizations we have R0E1;0.z; s/D sE1;2.z; s/
and R0 D 2iy@z , so that Hecke’s limit formula [17, p. 16] amounts to

lim
s!0

��s�.s C 1/�.2s/E1;2.z; s/ D
�y

6
E�2 .z/; (2.24)

where
E�2 .z/ D 1 �

3

�y
� 24

X
n�1

�1.n/e
2�inz; (2.25)

is the modified Eisenstein series of weight 2. Here �1.n/D
P
d jn d denotes the sum of

divisors function. Note that by Hecke’s limit formula E�2 .z/ is a (non-holomorphic)
modular form of weight 2 and level 1, meaning that

E�2 .
z/ D j.
; z/
2E�2 .z/

for 
 2 PSL2.Z/.
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2.3. Lift to the group

Consider the homogeneous space �0.N /n PSL2.R/, which we identified with the
unit tangent bundle T1.Y0.N //, equipped with Haar measure dg, the Petersson inner
product

hF;Gi D

Z
�0.N/nPSL2.R/

F.g/G.g/ dg;

and the Laplace–Beltrami operator

� D �y2
�
@2

@x2
C

@2

@y2

�
C y

@2

@x@�
;

in terms of the Iwasawa coordinates

g D

 
1 x

0 1

! 
y1=2 0

0 y�1=2

! 
cos � sin �
� sin � cos �

!
:

We denote by L2.�0.N /n PSL2.R/; dg/ the associated L2-space. For k 2 2Z, we
have a Hilbert space embedding

L2
�
�0.N /; k

�
,! L2

�
�0.N /nPSL2.R/; dg

�
;

f 7!
�
g 7! jg.i/

�kf .g:i/
�
;

(2.26)

with image equal to the weight k isotypic component of L2.�0.N /n PSL2.R/; dg/
under the (right regular) action of the maximal compact subgroup

K D PSO2 D

´ 
cos � sin �
� sin � cos �

!
W 0 � � < 2�

µ
=¹˙I º;

i.e. for F 2L2.�0.N /nPSL2.R/;dg/ in the image of the weight k embedding (2.26),
we have

F

 
g

 
cos � sin �
� sin � cos �

!!
D eik�F.g/:

This particular embedding intertwines the action of the weight k Laplacian ��k and
the Laplace–Beltrami operator �. We say again that the image under this embedding
are of weight k and that the image of a Maaß form is again a Maaß form. We similarly
extend the definition of cuspidal, spectral datum in the obvious way, and put tF D tf
if F is the lift of f (with notation as in (2.14)).
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2.3.1. Hecke operators. For n � 1, we define the nth Hecke operator of level N as
the map

TnWC
1
�
�0.N /nPSL2.R/

�
! C1

�
�0.N /nPSL2.R/

�
;

defined by (cf. [16, eq. (6.1)])

.TnF /.g/ D
1

n1=2

X
adDn
.a;N/D1

X
0�b<d

F

  
a b

0 d

!
g

!
: (2.27)

We say that a Maaß form F 2 C1.�0.N /n PSL2.R// is a Hecke–Maaß form if F
is an eigenfunction for all Tn with .n; N / D 1. For `; N 0 � 1 such that `N 0jN , we
define an operator

�`;N 0 WC
1
�
�0.N

0/nPSL2.R/
�
! C1

�
�0.N /nPSL2.R/

�
;

by

.�`;N 0F /.g/ WD F.`g/ D F

  
`1=2 0

0 `�1=2

!
g

!
; g 2 PSL2.R/: (2.28)

We say that a Hecke–Maaß form F is a Hecke–Maaß newform of level N if it is
not contained in the span of the images of the maps �`;N 0 with N 0 < N and `N 0jN
and normalized so that the first Fourier coefficient (at1) is 1. Note that the rescaled
Eisenstein series zE�;k.z; s/ as defined in (2.23) with � mod m a primitive Dirichlet
character is a Hecke–Maaß newform with Hecke eigenvalues �it .n; �/. For k 2 2Z,
we denote the set of cuspidal newforms by

B�k .�0.N // WD
®
F 2 C1

�
�0.N /nPSL2.R/

�
W cuspidal Hecke–Maaß

newform of weight k
¯
:

Let F 2 B�
k
.�0.N // be a Hecke–Maaß newform and let L.s; sym2 F / denote the

symmetric square L-function satisfying�
N C jtF j

��"
�" L.1; sym2 F /�"

�
N C jtF j

�" (2.29)

for any " > 0, by the classical estimates of Hoffstein–Lockhart [25, Theorem 0.2]
and [16, Proposition 19.6]. It then follows from the Rankin–Selberg method [4, Sec-
tion 2.1] that there exists a constant cN > 0 depending only on the level N such that

hF;F i D cNL.1; sym2 F /; (2.30)

using here that zWk=2;itf is L2-normalized with respect to the standard Haar meas-
ure dy

y
on R� as mentioned above. The upshot is that since the level is fixed the Hecke
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normalization and the L2-normalization are essentially equivalent (up to a factor of
size jtF j").

The spectral theorem [16, Propositions 4.1 and 4.2] states that for a smooth func-
tion �W�0.N /nPSL2.R/! C of compact support, we have the pointwise equality

�.g/ D
h�; 1i

h1; 1i
C

X
F 2B

h�; F iF.g/

C
1

4�

X
k22Z

X
a

Z
R
h�;Ea;k;it iEa;k;it .g/ dt; (2.31)

where B is an orthonormal basis for the cuspidal subspace of

L2
�
�0.N /nPSL2.R/; dg

�
;

a runs over �0.N /nP1.Q/ (i.e. inequivalent cusps of �0.N /) and

Ea;k;it .g/ WD jg.i/
�kEa;k

�
g:i;

1

2
C i t

�
;

with Ea;k defined as above. Here we are using that there is no non-constant residual
spectrum for �0.N /. It is a classical fact of Atkin–Lehner theory that the cuspidal part
of the L2-space is spanned by cuspidal Hecke–Maaß forms and by [6, Lemma 9], we
have the following orthonormal basis for the cuspidal subspace:

B0

�
�0.N /

�
WD

[
k22Z

[
`N 0jN

®
F` W F 2 B�k .�0.N

0/
¯
; (2.32)

where
F`.g/ WD

X
d j`

cF .d; `/ F.dg/; (2.33)

with cF .d; `/ 2 C satisfying jcF .d; `/j �N;" jtF j" (this last bound follows from the
explicit formula for the basis given in [31, Proposition 2.6] and the equality (2.30)
in view of the estimate (2.29)). Similarly, by combining [50, Theorem 8.1] with the
last equation in Section 8.2 of loc. cit., the Eisenstein part of the spectrum has an
orthonormal basis (in the sense of continuous spectrum) given by the packets

Be

�
�0.N /

�
WD

[
m2jN

[
� mod m
primitive

[
`jNm�2

®
E�;k;it;` W t 2 R

¯
; (2.34)

where
E�;k;it;`.g/ WD

X
d j`

ct;�.d; `/jg.i/
�k zE�;k

�
dg:i;

1

2
C i t

�
; (2.35)
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and the coefficients satisfy jct;�.d; `/j �N;" .jt j C 1/
", which follows directly from

the last equation in [50, Section 8.2], the definition (2.23) of zE�;k and the standard
bound

jL.1C 2it; �2/j �"

�
jt j C 1

��"
(note also that �.s C k=2/j�.s C k=2/�.1 � s C k=2/j�1=2 has absolute value 1
for Re s D 1=2). By similar considerations, the constant term (2.17) in the Fourier
expansion at1 of a basis element E 2 Be.�0.N // satisfies for all " > 0 that

jAE j; jBE j �N;" jtE j": (2.36)

2.4. (Co)homology of modular surfaces

Let N be prime and consider the level N modular surface Y0.N / D �0.N /nH.
Then the compactification X0.N / D Y0.N / is a compact Riemann surface of genus
g D N=12C O.1/ (see e.g. [47, Proposition 1.40]). Recall that the integral singular
homology group sits as a lattice inside the real homology (see e.g. [24, Chapter 2])

H1
�
Y0.N /;Z

�
� H1

�
Y0.N /;R

�
Š R2gC1;

which in turn sits inside the complex homology group H1.Y0.N /;C/, and similarly
for cohomology. We have the cap product pairing

h�; �icapWH1
�
Y0.N /;Z

�
�H 1

�
Y0.N /;Z

�
! Z; (2.37)

between integral homology and cohomology which identifiesH 1.Y0.N /;Z/ with the
linear dual H1.Y0.N /;Z/�. This extends by linearity to a pairing between real and
complex (co)homology.

Given a harmonic differential 1-form on Y0.N / we get a complex cohomology
class defined by integration against cycles. Explicitly, if f 2M2.�0.N // is a holo-
morphic form of weight 2 and level N , then

2�i f .z/ dz and 2�i f .z/ dz

are harmonic 1-forms on Y0.N /. It is a consequence of the Hodge theorem that the
associated cohomology classes generate H 1.Y0.N /;C/. As the Hecke operators are
given in terms of correspondences on Y0.N /, we get an action of the Hecke algebra
(of levelN ) on the (co)homology groups (see [40, Section 3.2.1] for explicit formulas
for the actions). A Hecke eigenbasis for H 1.Y0.N /;R/ is given by

BHecke.N / WD
®
!�f W f 2 BN ; � 2 ¹˙º

¯
[
®
!E .N /

¯
; (2.38)

where

!˙f D
�
2�i f .z/ dz ˙ 2�i f .z/ dz

�
=
�
1C i ˙ 1C i

�
2 H 1

�
Y0.N /;R

�
; (2.39)
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with BN WD ¹f1; : : : ; fgº � �2.�0.N // a basis of holomorphic cuspidal Hecke eigen-
forms of weight 2 and level N normalized so that the first Fourier coefficient is 1, and

!E .N / WD E2;N .z/ dz 2 H
1
�
Y0.N /;R

�
(2.40)

is the normalized Eisenstein class defined from the Eisenstein series of weight 2 and
level N :

E2;N .z/ WD
NE�2 .Nz/ �E

�
2 .z/

N � 1
D 1C

24

N � 1
e2�iz C � � � ; (2.41)

where E�2 denotes the modified Eisenstein series as defined in (2.25), which is a
non-holomorphic modular form of weight 2. By the Fourier expansion of E�2 , we
have that E2;N is holomorphic so that indeed E2;N 2M2.�0.N //, and we have for
.n;N / D 1 that

Tn!E .N / D �1.n/!E .N / D
�
†d jnd

�
!E .N /:

Since the cap product pairing is Hecke equivariant, one obtains a Hecke eigenbasis
for the real homology by taking the dual basis of BHecke.N / with respect to the cap
product pairing (2.37): ®

v�f W f 2 BN ; � 2 ¹˙º
¯
[
®
vE .N /

¯
;

where
hv˙f ; !

˙
f icap D hvE .N /; !E .N /icap D 1:

One can check by hand that, in fact, the dual of the Eisenstein element is given by

vE .N / D
�
class of ¹t C i W 0 � t < 1º

�
2 H1

�
Y0.N /;Z

�
;

since the constant term of E2;N is 1. Notice that geometrically vE .N / is the class
of a simple loop around the cusp at1 and is equal to the image of

�
1 1
0 1

�
inside the

abelinization �0.N /ab modulo torsion under the isomorphism (1.4).

2.5. Weyl’s criterion

The abstract setting in Theorem 1.1 is as follows: we have a sequence of probability
measures �1; �2; : : : on T1.Y0.N // D �0.N /n PSL2.R/, which we want to prove
converge in the weak� topology to the Haar measure dg. This means that for a smooth
and compactly supported function �WT1.Y0.N //! C, we want to prove thatZ

T1.Y0.N//
�.g/ d�n.g/!

Z
T1.Y0.N//

�.g/ dg as n!1:

By the spectral theorem (2.31) and the remarks following it, one obtains Weyl’s cri-
terion.
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Lemma 2.4 (Weyl’s criterion). Let N � 1 be a fixed integer and let �1; �2; : : : be
a sequence of probability measures on T1.Y0.N //. Let A � 1 be a constant and
ˆWZ>0 ! R�0 a function satisfyingˆ.n/! 0 as n!1. Assume that the following
is satisfied: ˇ̌̌̌Z

T1.Y0.N//
F.g/ d�n.g/

ˇ̌̌̌
� jtF jAˆ.n/

for F 2 B0.�0.N //, andˇ̌̌̌Z
T1.Y0.N//

E.g/ d�n.g/

ˇ̌̌̌
� jtE jAˆ.n/

for E 2 Be.�0.N //. Here tF (resp. tE ) denotes the spectral datum for the Hecke–
Maaß cusp form F (resp. the Eisenstein series E) as defined in (2.14). Then for any
smooth and compactly supported function �WT1.Y0.N //! C and " > 0, we haveZ

T1.Y0.N//
�.g/ d�n.g/ D

Z
T1.Y0.N//

�.g/ dg COA;�;"
�
ˆ.n/1�"

�
as n!1:

Proof. By Fourier expansion on the maximal compact, we getZ
T1.Y0.N//

�.g/ d�n.g/ D
X
k22Z

Z
T1.Y0.N//

�k.g/ d�n.g/;

in terms of SO2.R/ isotypic components:

�k.g/ WD
1

2�

Z 2�

0

�

 
g

 
cos � � sin �
sin � cos �

!!
e�.k=2/�i d�:

By partial integration, we get

j�k.g/j �m;�

�
jkj C 1

��m
; m � 1;

which means that we can truncate the sum at k � ˆ.n/�" at a negligible cost (for n
large enough). For the remaining terms, we spectrally expand each �k in terms of the
weight k subspaces of B0.Y0.N // [ Be.Y0.N // using the spectral theorem (2.31)
and insert the bounds assumed for the Weyl sums. Now, for any m � 1 and F 2
B0.Y0.N // [Be.Y0.N //, we have

jhF; �kij D j�F j
�m
jhF;�m�kij D j�F j

�m
jhF; .�m�/kij ��;m

�
jtF j C 1

��2m
;

by self-adjointness and invariance of the Laplace–Beltrami operator. Thus we may
truncate the sum at jtF j � ˆ.n/�" (for n large enough) at a negligible cost by the
Weyl law [29, Corollary 11.2] (actually any polynomial bound on the measure of the
spectrum with bounded spectral data suffices). For the remaining terms, we get the
required result by the assumptions on the Weyl sums.
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Remark 2.5. Note that complex conjugation defines an isomorphism

A
�
�0.N /; k

� �
��! A

�
�0.N /;�k

�
;

which implies that we may assume that the weight satisfies k � 0 when applying
Weyl’s criterion.

We will now derive a Weyl-type criterion in the setting of Theorem 1.3. Given
a finite-dimensional real vector space V , define the (topological) sphere associated
to V as

S.V / WD
�
V � ¹0º

�
=R>0;

equipped with the quotient topology, and denote by v 7! xv the canonical map

V � ¹0º ! S.V /:

Given a sequence of elements v0; v1; v2; : : : 2 V � ¹0º, we want to give a criterion
which implies that

xvn ! xv0 as n!1;

in S.V /. Given a basis B� � V � of the dual vector space V � of V , we define the
following norm on V :

kvkB� WD max
!2B�

jhv; !iV j;

where h�; �iV W V � V � ! R denotes the canonical pairing. Then the corresponding
Weyl criterion is given by the following.

Lemma 2.6. Let v0;v1; : : : be a sequence of non-zero elements in a finite-dimensional
real vector space V . Let B� be a basis for the dual V � andˆWZ>0!R�0 a function
such that

jhvn; !iV � hv0; !iV j � ˆ.n/kv0kB� ; (2.42)

for all ! 2 B�. Then, we have



 vn

kvnkB�
�

v0

kv0kB�






B�
� ˆ.n/: (2.43)

If furthermore ˆ.n/! 0 as n!1, then

xvn ! xv0 in S.V / as n!1: (2.44)

Proof. The condition (2.42) implies that

kvnkB� D kv0kB�
�
1CO

�
ˆ.n/

��
:
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Thus by the triangle inequality,



 vn

kvnkB�
�

v0

kv0kB�






B�
�





vn � v0kv0kB�






B�
C kvnkB�

jkvnkB� � kv0kB� j

kvnkB�kv0kB�
� ˆ.n/:

We have a continuous map

V � ¹0º !
®
v 2 V W kvkB� D 1

¯
� V; v 7!

v

kvkB�
;

which factors through S.V / and the resulting map

S.V / ���!
®
v 2 V W kvkB� D 1

¯
;

is a homeomorphism. Now the topology on V is induced by k � kB� , which implies
that indeed the convergence xvn ! xv0 is equivalent to the left-hand side of (2.43)
converging to 0.

In our case, we have V D H1.Y0.N /;R/ and identify V � with the real cohomo-
logyH 1.Y0.N /;R/ by the cap product pairing and let B� D BHecke.N / be the Hecke
basis of cohomology.

Remark 2.7. Note here that one could apply any norm on RdimV (in place of the sup
norm) to the vector .hv;!iV /!2B� and a similar conclusion would still hold, since all
norms on finite-dimensional vector spaces are equivalent.

3. Additive twist L-series of automorphic forms

Let f 2A.�0.N /; k/ be a Maaß form of even weight k with Fourier expansion at1:

f .z/ D f1.y/C
X
n¤0

af .n/ zWk=2;itf .ny/e.nx/;

and assume that, for some ı > 0, the Fourier coefficients satisfy the boundX
0<jnj<X

jaf .n/j
2
�f X

2ı as X !1: (3.1)

In particular, this is satisfied if f is L2-integrable [29, Theorem 3.2] (with any ı > 0)
or if f is a linear combination of Eisenstein series with spectral parameter sf 2 C,
Re sf � 1=2 (see [29, eq. (6.19)]), with ı D Re sf C 1=2. Denote by

F WT1
�
Y0.N /

�
! C
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the lift of f to the unit tangent bundle. Given x 2 Q, we define the additive twist
L-series of f (and of F ) as

L.s; F; x/ D L.s; f; x/ WD
X
n�1

af .n/e.nx/

ns�1=2
; Re s > 1C ı;

which admit meromorphic continuation to Re s > Re i tf , and for L2-integrable Maaß
forms and for Eisenstein series with spectral parameter s D 1=2 C i t , is regular
at s D 1=2; see [14, Lemma 5.4]. Recall from e.g. [4, eq. (12)] that for f a Hecke–
Maaß newform, we have

af .n/ D
�f .n/

n1=2
; (3.2)

and so

L.s; f; x/ D
X
n�1

�f .n/e.nx/

ns
; Re s > 1C ı; (3.3)

where �f .n/ denotes the nth Hecke eigenvalue of f . Notice also that for `N 0jN ,
f 2 A.�0.N

0/; k/ and �`;N 0 defined as in (2.28), we have the following formula for
the Fourier coefficients:

a�`;N 0f .n/ D ı`jnaf

�n
`

�
; (3.4)

where ı`jn D 1 if ` divides n, and ı`jn D 0 otherwise, which implies that

L.s; �`;N 0f; x/ D `
1=2�sL.s; f; `x/: (3.5)

This will be useful when dealing with the additive twist L-series of the bases defined
in (2.32) and (2.34). We denote by


˛;ˇ .s/ WD

Z 1
0

zW˛;ˇ .y/y
s�1=2 dy

y
; (3.6)

the Mellin transform of Whittaker functions which converge absolutely for Re s > dˇ
by (2.18)–(2.19). Recall the definition of the constant term f1.y/ at1 as in (2.17).

Proposition 3.1. Let 
 2 �0.N / be a hyperbolic element represented by a matrix
in SL2.Z/ with lower left entry equal to q � 2. Let f 2A.�0.N /; k/ be a Maaß form
of even weight k, level N and spectral parameter

i tf 2 iR [
�
0;
1

2

�
[

°
` �

1

2
W ` 2 Z>0

±
; (3.7)

and put

˙s .tf / D .�f /

.1�1/=2qs�1=2
˙k=2;itf .s/;
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with tf the spectral datum of f , �f as defined in (2.20)2 and 
˙k=2;itf .s/ as in (3.6).
Assume that f satisfies (3.1). Then, for Re s > Re i tf , we have the following equality
of meromorphic functions:Z 1

1

�
f
�

1C i

y

q

�
� f1

�y
q

��
ys�1=2

dy

y

C .�1/k=2
Z 1
1

�
f
�

�11C i

y

q

�
� f1

�y
q

��
y1=2�s

dy

y

D 
Cs .tf /L.s; f; 
1/C 

�
s .tf /L.s; f;�
1/

C Af q
�1=2�itf

�
1

s C i tf
C

.�1/k=2

1 � s C i tf

�
C Bf q

�1=2Citf

�
1

s � i tf
C

.�1/k=2

1 � s � i tf

�
; (3.8)

where in the case tf D 0 the last term is replaced by

Bf q
�1=2

�
�
1

s2
�

log q
s
C .�1/k=2

�
�

1

.s � 1/2
C

log q
s � 1

��
:

Furthermore, the left-hand side of (3.8) defines an analytic function in s 2 C.

Proof. Note first of all that by inserting the bound (2.18) into the Fourier expan-
sion (2.16) and using the bound for the Fourier coefficients (3.1), the left-hand side
of (3.8) defines an entire function in s 2 C. By weight k automorphy of f , we have

f
�

�11C i

y

q

�
D f

�

�1

�

1C i

y�1

q

��
D j
�1

�

1C i

y�1

q

�k
f
�

1C i

y�1

q

�
D .�1/k=2f

�

1C i

y�1

q

�
:

Thus we conclude by the change of variable y 7! 1=y thatZ 1
1

�
f
�

�11C i

y

q

�
� f1

�y
q

��
y1=2�s

dy

y

D .�1/k=2
Z 1
1

�
f
�

1C i

y�1

q

�
� .�1/k=2f1

�y
q

��
y1=2�s

dy

y

D .�1/k=2
Z 1

0

�
f
�

1C i

y

q

�
� .�1/k=2f1

�y�1
q

��
ys�1=2

dy

y
:

2Here it is understood that .�f /.1�1/=2 D 1 in the case �f D 0.
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In view of the bounds (2.18) and (2.19), (3.1) and the Fourier expansion (2.16), we
conclude that for Re s �f 1 the left-hand side of (3.8) can be expressed as the sum
of the following two absolutely convergent integrals:Z 1

0

�
f
�

1C i

y

q

�
� f1

�y
q

��
ys�1=2

dy

y

C

Z 1

0

�
f1

�y
q

�
� .�1/k=2f1

�y�1
q

��
ys�1=2

dy

y

D qs�1=2
Z 1
0

�
f .
1C iy/ � f1.y/

�
ys�1=2

dy

y

C Af q
�1=2�itf

�
1

s C i tf
C

.�1/k=2

1 � s C i tf

�
C Bf q

�1=2Citf

�
1

s � i tf
C

.�1/k=2

1 � s � i tf

�
;

by inserting (2.17), with the last term replaced by

Bf q
�1=2

�
�
1

s2
�

log q
s
� .�1/k=2

�
1

.s � 1/2
�

log q
s � 1

��
;

when tf D 0. Now by inserting the Fourier expansion and interchanging sum and
integral (cf. proof of [14, Lemma 5.3]), for Re s �f 1, we getZ 1

0

�
f .
1C iy/ � f1.y/

�
ys�1=2

dy

y

D

X
n¤0

af .n/e.n
1/

Z 1
0

zWk=2;itf .ny/y
s�1=2 dy

y

D 
k=2;itf .s/L.s; f; 
1/C �f 
�k=2;itf .s/L.s; f;�
1/; (3.9)

using that af .�n/ D �f af .n/ by (2.20) and zW˛;ˇ .�y/ D zW�˛;ˇ .y/. Now the result
follows for Re s > Re i tf by meromorphic continuation.3

Remark 3.2. Note that the integral representation for the additive twist L-series in
Proposition 3.1 is proved in the context of general Maaß forms for �0.N / satis-
fying (3.7), i.e. not restricted to elements occurring in the spectral decomposition
of L2.�0.N /; k/. In particular, we will later apply it to the modified Eisenstein
series (2.25) (a weight 2 Eisenstein series evaluated at s D 0).

3Note that in fact the formula (3.8) gives the meromorphic continuation of the right-hand
side for all s 2 C.
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Finally, we record a useful upper bound for the archimedean factors 
˙k=2;itf .s/
at the central point s D 1=2.

Lemma 3.3. Let 0 < ı < 1=2 and

˛ 2 Z; ˇ 2 iR [
�
0;
1

2
� ı

�
[

°
` �

1

2
W ` 2 Z>0

±
:

Then we have the uniform bound


˛;ˇ

�1
2

�
�ı

�
j˛j C jˇj C 1

�3=2
:

Proof. PutM WD j˛j C jˇj C 1. Then by (2.18) and (2.19), for 0 < " < 1=4, we have


˛;ˇ

�1
2

�
�" M

1Cdˇ

Z M

0

y1=2�"�dˇ
dy

y
C

Z 1
M

y1=2 exp
�
�
y

M

� dy
y
;

in all cases. If ˇ … .0; 1=2/, then we get the required result by putting " D 1=8, say.
If 0 < ˇ < 1=2 � ı, then we pick " D ı=2.

4. From geodesic periods to additive twist L-series

In this section, we will relate the integrals over closed geodesics to additive twist
L-series. To motivate matters, let f 2 �2.�0.N // be a holomorphic cusp form of
weight 2 and level N (normalized so that the automorphy factor is .cz C d/2) and
denote by

F W�0.N /nPSL2.R/! C;

the lift of f to the unit tangent bundle (or, more precisely, the lift of z 7! .Imz/f .z/).
Let C � �0.N /n PSL2.R/ be an oriented closed geodesic corresponding to the con-
jugacy class of 
 2 �0.N /. Then it follows from the standard parametrization (2.5)
that Z

C

F.t/ d�C .t/ D �i

Z
C

f .z/ dz D �i

Z 
w


w


f .z/ dz;

where w
 is any point on the fixed half-circle S
 � H of 
 and the measure �C is
defined as in Section 2.1. Now by shifting contours (using the holomorphicity of f )
and a change of variable, we have thatZ 
w


w


f .z/ dz D �

�Z 
w


w


f .z/ dz C

Z w


w

f .z/ dz C

Z w


w

f .z/ dz

�
D

Z 
w

w

f .z/ dz (4.1)

for any w 2 H [ P1.Q/. Combining with (the proof of) Proposition 3.1, we arrive at
the following.
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Proposition 4.1. Let F W �0.N /n PSL2.R/ ! C denote the lift to the unit tangent
bundle of a holomorphic cusp form f 2 �2.�0.N // of weight 2. Let 
 2 �0.N /
be a hyperbolic matrix with 
1 D a=q with q > 0 and .a; q/ D 1, and let C �

�0.N /n PSL2.R/ be the oriented closed geodesic corresponding to the �0.N /-con-
jugacy class of 
 . Then it holds thatZ

C

F.t/ d�C .t/ D �i

Z
C

f .z/ dz D 2L
�1
2
; f;

a

q

�
:

Proof. The proof follows by puttingw D1 in (4.1), using equation (3.9) in the proof
of Proposition 3.1 and recalling that �f D 0 and


1;1=2

�1
2

�
D

Z 1
0

zW1;1=2.y/
dy

y
D

1p
�.2/�.1/

Z 1
0

4�ye�2�y
dy

y
D 2; (4.2)

in view of (2.15). Note here that f .z/ is normalized so that z 7! .Imz/f .z/ is a Maaß
form of weight 2.

We would like to prove something like this for the entire automorphic spectrum of
the unit tangent bundle �0.N /nPSL2.R/. However, in the absence of holomorphicity,
we will have to settle for an approximate equality. Our main result is the follow-
ing, recalling the definitions of our orthonormal bases B0.�0.N // and Be.�0.N //

defined in (2.32) and (2.34).

Proposition 4.2. Let F 2 B0.�0.N // be an L2-normalized cuspidal Hecke–Maaß
form of level N and even weight k. Let 
 2 �0.N / be a hyperbolic matrix with

1D a=q, where q � 2 and .a; q/ D 1, and let C � �0.N /n PSL2.R/ be the ori-
ented closed geodesic corresponding to the �0.N /-conjugacy class of 
 . Then, for
0 < " < 1=4, we have thatZ

C

F.t/ d�C .t/ D c
C

FL
�1
2
; F;

a

q

�
C c�FL

�1
2
; F;
�a

q

�
CON;"

�
jtF j3C"

� q

j tr.
/j

�1=2C"�
;

where jc˙F j �N jtF j3=2. Similarly, for E 2Be.�0.N // an Eisenstein series, we haveZ
C

E.t/ d�C .t/ D c
C

EL
�1
2
;E;

a

q

�
C c�EL

�1
2
;E;
�a

q

�
CON;"

�
jtE j3C"

�� q

j tr.
/j

�1=2C"
C

� q

j tr.
/j

��1=2�"��
; (4.3)

where jc˙E j �N jtE j3=2.
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The rest of the section is devoted to the proof of this result. Our approach is to use
the Fourier expansion to compare the geodesic integral to the vertical line integrals
which we have seen are connected to additive twist L-series. Recall from Section 2.1
the definitions of �
 ; g
 ; r
 ; y
;t given in (2.3)–(2.6) as well as the standard para-
metrization (2.5) of closed geodesics. The following estimates can be interpreted as
saying that the closed geodesic is close to the two vertical segments as illustrated in
Figure 1 and that the automorphy factors do not oscillate too much.

Lemma 4.3. Let 
 2 PSL2.Z/ be hyperbolic and let `
 be the hyperbolic length
defined in (2.2). For k 2 2Z�0, 0 < jt j < `
 and �t D t=jt j 2 ¹˙1º, we have

jg
at .i/
�k
� .��t /

k=2
� k

y
;t

r

; (4.4)

�et C e�t

et C e�t
C �t �

.y
;t /
2

.r
 /2
; (4.5)

Re.g
at i/ � 
�t1�
.y
;t /

2

r

: (4.6)

Proof. We start by noticing that, for �`
 � t � `
 , we have

e�jt j �
1

et C e�t
�

y
;t

r

:

By direct calculation, one shows that

jg
at .i/ D
iet C �

p
e2t C 1

;

and thus by using the equality xn � yn D .x � y/.xn�1 C � � � C yn�1/, we arrive at

jg
at .i/
�k
� .��t /

k=2
� k

�
jg
at .i/

�2
C �t

�
� k
je�t � et C 2i�
 C �t .e

t C e�t /j

et C e�t
� ke�jt j � k

y
;t

r

;

which proves (4.4). By a similar consideration, we obtain (4.5):

�et C e�t

et C e�t
C �t �

j � et C e�t C �t .e
t C e�t /j

et C e�t
� e�2jt j �

.y
;t /
2

.r
 /2
:

Finally, by direct computation, we have that

Re.g
at i/ � 
�t1D
a � d

2c
C �
r


e2t � 1

e2t C 1
� 
�t1

D
a � d

2c
C �
r


et � e�t

et C e�t
�
a � d C �t .aC d/

2c
;
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which by (4.5) is equal to

�
�tr
 �
�t .aC d/

2c
CO

�
.y
;t /

2

r


�
�
jaC d j �

p
.aC d/2 � 4

2jcj
C
.y
;t /

2

r


�
1

j.aC d/cj
C
.y
;t /

2

r

:

Noticing that jaC d j�1 � .r
 /
�1jcj�1 and jcj�1 � y
;t , we obtain

1

j.aC d/cj
�

c�2

r

�

.y
;t /
2

r

;

and so the final estimate (4.6) follows.

Finally, we will need the following weak but uniform estimates. Similar estimates
were obtained in [14], but we will need uniformity in the spectral data similar to [4,
Section 2.3].

Lemma 4.4. Let f 2 A.�0.N /; k/ be a Hecke–Maaß form with constant term at
infinity f1.y/ and such that the lift to the unit tangent bundle lies in

B0

�
�0.N /

�
[Be

�
�0.N /

�
;

as defined in (2.32) and (2.34). Then, for 0 < " < 1=4, we have

jf .x C iy/ � f1.y/j �N;" jtf j2C"y�1=2�"; (4.7)

jf .x C iy/ � f .x0 C iy/j �N;" jtf j3C"y�3=2�"jx � x0j: (4.8)

Proof. Inserting the bounds (2.18) and (2.19) into the Fourier expansion (2.16), we
arrive at

jf .x C iy/ � f1.y/j D

ˇ̌̌̌X
n¤0

af .n/ zWk=2;itf .ny/e.nx/

ˇ̌̌̌
�" jtf j1Cdf

X
0<jnj�jtf j=y

jaf .n/j
�
jnjy

�1=2�df �"

C

X
jnj>jtf j=y

jaf .n/j
�
jnjy

�1=2 exp
�
�
jnjy

jtf j

�
:

By the expressions (2.33), (2.35) and the formulas (3.4), (3.2), we see that

jaf .n/j �N;" jtf j"jnj�1=2
X
d jN

ˇ̌̌̌
�f �

�
n

.n; d/

�ˇ̌̌̌
;
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where �f �.n/ denotes the nth Hecke eigenvalue of the Hecke–Maaß newform f �

(cuspidal or Eisenstein) underlying f . Thus we conclude from [16, Proposition 19.6]
the following uniform Rankin–Selberg bound:X

0<jnj�X

jaf .n/j
2
�N;" jtf j"X" as X !1:

The estimate (4.7) now follows by an application of Cauchy–Schwarz. The second
claim follows by the same estimates after writing

f .x C iy/ � f .x0 C iy/ D
X
n¤0

af .n/ zWk=2;itf .ny/
�
e.nx/ � e.nx0/

�
;

and using the inequality je.nx/ � e.nx0/j � jnjjx � x0j.

With this at hand we are ready to prove our main result of this section.

Proof of Proposition 4.2. Let F W �0.N /n PSL2.R/ ! C be the lift of f , either a
Hecke cusp form or an Eisenstein series as in the statement of the proposition. To
lighten notation, we will simply write r D r
 , h D h
 , yt D y
;t , and � D �t . Using
the standard parametrization (2.4) of C , we arrive atZ

C

F.g/ d�C .g/ D

Z `

�`

F.g
at / dt D

Z `

�`

jg
at .i/
�kf .g
at i/ dt;

where 2` D 2`
 D jC j is the geodesic length of C and g
 as in (2.4). In view of
Proposition 3.1, we want to compare this geodesic integral to the line integral of f .
By a change of variable, we have for yt as above the following equality of measures:

dyt

yt
D
�et C e�t

et C e�t
dt; (4.9)

and in view of Figure 1, we see that yt maps both intervals .0; `/ and .�`; 0/ to the
interval .h; r/. The idea is now to split up the geodesic integral according to whether
t 2 .�`; `/ is positive or negative. We will show that each of these two contributions
are equal to one of the left-hand side of (3.8) in Proposition 3.1 up to a small error.
More precisely, considerZ �`

0

�
jg
at .i/

�kf .g
at i/ � .��/
k=2C1f .
�1C iyt /

�et C e�t

et C e�t

�
dt

for � 2 ¹˙1º (recall that yt D Im.g
at i/). We express the above as a sum of the
following three terms:

.��/k=2C1
Z �`

0

�
f .g
at i/ � f .


�
1C i Im.g
at i//

��et C e�t
et C e�t

dt; (4.10)
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0

�
f .g
at i/ � f1.yt /

��
jg
at .i/

�k
� .��/k=2C1

�et C e�t

et C e�t

�
dt; (4.11)Z �`

0

f1.yt /

�
jg
at .i/

�k
� .��/k=2C1

�et C e�t

et C e�t

�
dt: (4.12)

Note that the last term vanishes if f is cuspidal. Applying the bounds (4.8) and (4.6)
and doing the change of variable to yt (corresponding to (4.9)), we see that (4.10) is
bounded by

jtf j3C"
Z r

h

y�3=2�"
y2

r

dy

y
�" jtf j3C" r�1=2�":

To bound (4.11), we start by observing that for 0 � jt j � 1 we have yt � r . Thus by
the bound (4.7) (and bounding the remaining terms of norm 1 trivially), we getZ �

0

�
f .g
at i/ � f1.yt /

��
jg
at .i/

�k
� .��/k=2C1

�et C e�t

et C e�t

�
dt

�" jtf j2C"r�1=2�":

To bound the remaining contribution from .�; �`/, we start by observing that by (4.4)
and another application of (4.5), it holds that

jg
at .i/
�k
� .��/k=2C1

�et C e�t

et C e�t
D .��/k=2 � .��/k=2C1

�et C e�t

et C e�t
CO

�yt
r

�
�

yt

r
; (4.13)

noting that yt � r . Furthermore, for jt j>1, we have j � et C e�t j� 1, which by (4.5)
gives that

et C e�t

�et C e�t
D ��t CO

�y2t
r2

�
;

where again �t D t=jt j. This implies by (4.9) that

dt D
et C e�t

�et C e�t
dyt

yt
�

dyt

yt
; jt j > 1

interpreted in the infinitesimal sense. Combining (4.13) with the bound (4.7), we see
that the remaining contribution in (4.11), for t between � and �`, can be bounded byZ �`

�

jtf j2C"y
�1=2�"
t

yt

r
dt �

jtf j2C"

r

Z r

h

y�1=2�" dy �" jtf j2C"r�1=2�":

Finally, in the Eisenstein case F D E using the bound (2.36) for the coefficients in
the constant term, the elementary inequality jy1=2 logyj �" y

1=2C" C y1=2�" to deal
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with the case where tE D 0, and the considerations above, we conclude that the last
term (4.12) is bounded by

�

Z �

0

�
jAE j C jBE j

�
.y
1=2C"
t C y

1=2�"
t / dt

C

Z �`

�

�
jAE j C jBE j

�
.y
1=2C"
t C y

1=2�"
t / dt

�N;" jtE j".r1=2C" C r1=2�"/C jtE j"
Z r

h

.y1=2C" C y1=2�"/
dy

y

� jtE j".r1=2C" C r1=2�"/:

Putting everything together and changing the coordinates back to yt , we conclude thatZ
C

F.g/ d�C .g/

D .�1/k=2C1
�Z r

h

f .
1C iy/
dy

y
C .�1/k=2

Z r

h

f .
�11C iy/
dy

y

�
CON;"

�
jtf j3C".r1=2C" C r�1=2�"/

�
; (4.14)

with the improved error-term ON;".jtf j3C"r�1=2�"/ in the cuspidal case. Finally, we
need to add in and subtract off the contributions from the symmetric difference of the
interval .q�1;1/ and .h; r/ as well as subtracting the contribution of the constant
term f1.y/. These contributions can be bounded using (4.7) and (2.36) as follows:Z q�1

h

�
f .
˙11C iy/ � f1.y/

� dy
y
�N;" jtf j2C"q3=2C".q�1 � h/

� jtf j2C"
q3=2C"

.aC d/2q

� jtf j2C"r�1=2�";Z 1
r

�
f .
˙11C iy/ � f1.y/

� dy
y
�N;" jtf j2C"

Z 1
r

y�1=2�"
dy

y

� jtf j2C"r�1=2�";Z r

h

f1.y/
dy

y
�N;" jtf j".r1=2C" C r1=2�"/:

Thus, in the cuspidal case, we conclude thatZ r

h

f .
˙11C iy/
dy

y
D

Z 1
q�1

f .
˙11C iy/
dy

y
CON;"

�
jtf j2C"r�1=2�"

�
:
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We substitute the above into (4.14) and apply Proposition 3.1 to get the desired for-
mula using that

r D

p
.aC d/2 � 4

2q
�
jaC d j

q
:

The bounds for the coefficients c˙F follow by combining Lemma 3.3 and the fact
that j�f j 2 ¹0; 1º; see (2.21). In the Eisenstein case, we pick up an extra error term
ON;".jtf j3C"r1=2C"/, and then the result follows similarly by applying Proposition 3.1
and observing that the last two terms in (3.8) are bounded by

�" jtE j"q�1=2C" � jtE j".r1=2C" C r�1=2�"/;

by using (2.36), so that it can be absorbed into the error-term.

Remark 4.5. The proof (and the statement) of Proposition 4.2 is closely related to
the fact that central values of additive twist L-series associated to Maaß forms define
quantum modular forms in the sense of Zagier [52] as proved by Sary Drappeau and
the author in [14]. These properties do not rely on the arithmetic properties of �0.N /
and the corresponding statements of Proposition 4.2 for any discrete, cofinite sub-
group of PSL2.R/with a cusp at1 can be obtained by the same proof with a possible
worse dependence on the spectral data.

5. Weyl sums

In this section we will bound the Weyl sums not contributing to the main term (i.e.
the non-residual spectrum). The idea is to relate the Weyl sums to Dirichlet twists
of the L-functions of the relevant Hecke–Maaß form. This is exactly the content of
the Birch–Stevens formula (which takes the place of the Waldspurger formula in the
automorphic approach to Duke’s theorem). First of all we will develop such a formula
in sufficient generality for our purposes.

5.1. Birch–Stevens formula

As it does not require any extra work, we will for future reference in this section
work with Hecke–Maaß newforms (cupsidal or Eisenstein) of general nebentypus
�0 mod N (see e.g. [16, Section 6] for a definition). We define the additive twist
L-series of such Hecke–Maaß newforms by the exact same formula (3.3) in terms of
the Hecke eigenvalues.

Given a Dirichlet character � mod q and a Hecke–Maaß newform f of nebenty-
pus �0, which is either a cusp form or a linear combination of Eisenstein series,
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we define

L.s; f; �/ WD
X
n�1

�f .n/�.n/

ns
; Re s > 1C Re.i tf /;

and elsewhere by meromorphic continuation, where �f .n/ denotes the Hecke eigen-
values of f . Note that the case of Eisenstein series (possibly off the critical line)
corresponds to

�f .n/ D �sf �1=2;sf �1=2.n; �1; �2/;

where �s1;s2.n; �1; �2/ is defined in equation (2.22), �i mod mi are primitive with
�1�2.�1/ D 1, and sf 2 C. We emphasize that the only input needed in the proof of
the Birch–Stevens formula is the Hecke relations. In the case of non-primitive charac-
ters and oldforms, we will have certain local factors showing up. Given a Hecke–Maaß
newform f , a Dirichlet character � mod q, and integers n; ` � 1, they are defined by

�s.f; �; nI `/ WD
X

n1n2n3Dn;
.n2n3;`/jn3

�.n1/�.n1/n
1�2s
2 �0.n2/�.n2/�.n2/n

1�s
3 �f

�
n3

.n3; `/

�

� .n3; `/
s�

�
`

.n3; `/

�
: (5.1)

For brevity, we put �.f;�;nI`/ WD �1=2.f;�;nI`/. Then we have the following general
formula.

Proposition 5.1 (Birch–Stevens formula). Let f 2Ak.�0.N /;�0/ be a Hecke–Maaß
newform of level N and nebentypus �0, which is either a cusp form or a linear com-
bination of Eisenstein series. Let � mod q be a Dirichlet character and ` � 1. Then,
for s 2 C, we have the following equality of meromorphic functions:X

a2.Z=qZ/�

�.a/L
�
s; f;

`a

q

�
D �s

�
f; ��;

q

c.�/
I `
�
�.x��/L.s; f; ��/;

where �� mod c.�/ denotes the unique primitive character that induces �, �.x��/ is a
Gauß sum and �s.: : :/ is as in (5.1).

Proof. For Re s �f 1, we have by absolute convergence thatX
a2.Z=qZ/�

x�.a/L
�
s; f;

`a

q

�
D

X
n�1

�f .n/

ns

� X
a2.Z=qZ/�

x�.a/e
�`na
q

��
: (5.2)

The inner sum is a Gauß sum and by [46, Lemma 3], we getX
a2.Z=qZ/�

x�.a/e
�`na
q

�
D �.x��/

X
d j.`n;q�/

d x��
�q�
d

�
�
�q�
d

�
��
�`n
d

�
;
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where �� mod c.�/ denotes the unique primitive character that induces � and q� D
q=c.�/. Plugging this into (5.2) and interchanging the sums, we arrive at

�.x��/
X
d jq�

d x��
�q�
d

�
�
�q�
d

�X
n�1W
d j`n

�f .n/

ns
��
�`n
d

�
:

Now the condition d j`n means exactly that n D n0 d
.d;`/

for some n0 � 1. Since f is a
newform, we have the Hecke relations

�f .m1m2/ D
X

hj.m1;m2/

�0.h/�.h/�f

�m1
h

�
�f

�m2
h

�
;

which we apply withm1D n0 andm2D d
.d;`/

. Thus, summing over hj d
.d;`/

and writing
n0 D mh for some m � 1, we arrive at

�.x��/
X
d jq�

d x��
�q�
d

�
�
�q�
d

� X
h

ˇ̌
d

.d;`/

�0.h/�.h/�f

�
d

h.d; `/

�

�

X
m�1

�f .m/�
d

.d;`/
mh
�s ���` d

.d;`/
mh

d

�
:

Putting n1 D q�=d , n2 D h, n3 D d=h, using multiplicativity of ��, as well as the
fact that

.n2n3; `/jn3) .n2n3; `/ D .n3; `/;

we arrive at the required result for Re s sufficiently large, and thus for general s by
meromorphic continuation.

5.2. Bounds for Weyl sums

Combining all of the above we are ready to prove our bounds for the Weyl sums.
Recall Definition 2.2 of a double coset embedding  W .Z=qZ/� ,! �0.q/, the asso-
ciated oriented closed geodesics (2.10) and canonical measures (2.11), as well as our
choice of orthonormal Hecke bases (2.32) and (2.34).

Theorem 5.2. Let F 2B0.�0.N // be a cuspidal Hecke–Maaß form of levelN . Con-
sider a double coset embedding  of level q with N jq, and a coset cH � .Z=qZ/�

with H � .Z=qZ/� a subgroup. Then, for any " > 0, we haveX
a2cH

Z
C
 
a .N/

F.g/ d� a .g/�N;" jtF j9=2C"q7=8C"

C jtF j3C"
X
a2cH

�
q

j tr. .a//j

�1=2C"
: (5.3)
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Similarly, for an Eisenstein series E 2 Be.�0.N //, we haveX
a2cH

Z
C
 
a .N/

E.g/ d� a .g/�N;" jtE j11=6C"q5=6C"

C jtE j3C"
X
a2cH

��
q

j tr. .a//j

�1=2C"
C

�
q

j tr. .a//j

��1=2�"�
: (5.4)

Proof. Consider first of all the cuspidal case. By character orthogonality and Propos-
ition 4.2, we getX
a2cH

Z
C
 
a .N/

F.g/ d� a .g/

D

X
a2cH

��
cCFL

�1
2
; F;

a

q

�
C c�FL

�1
2
; F;
�a

q

��
CO"

�
jtF j3C"

�
q

j tr. .a//j

�1=2C"��
D
jH j

'.q/

X
�.q/W�jHD1

�.c/
X

a2.Z=qZ/�

�.a/
�
cCFL

�1
2
; F;

a

q

�
C c�FL

�1
2
; F;
�a

q

��
CO"

�
jtF j3C"

X
a2cH

�
q

j tr. .a//j

�1=2C"�
: (5.5)

Let ` � 1 be an integer and f � a Hecke–Maaß newform of level N 0 with `N 0jN
such that F D .F �/` as in (2.33), where F � denotes the lift of f � to the unit tangent
bundle. Using the formula (3.5) for oldform additive twist L-series we conclude by
the Birch–Stevens formula as in Proposition 5.1 that the inner-sum (in the double
sum) of equation (5.5) is equal to�

cCF C �.�1/c
�
F

�
�.x��/

X
d j`

cF �.d; `/L
�1
2
; f �; ��

�
�
�
f �; ��;

q

c.�/
I d
�
; (5.6)

where jcF �.d; `/j �N;" jtF j" and jc˙F j �N jtF j3=2 (here the term with d j` corre-
sponds to the contribution from the term F �.dg/ in (2.33), which in view of (5.2)
shows up as the last parameter �.: : : I d/). By applying the subconvexity bound of
Blomer–Harcos [3, eq. (1.3)] as well as the Kim–Sarnak bound [33] for Hecke eigen-
values to bound �.: : :/ and j�.x��/j D

p
c.�/, the quantity (5.6) is bounded by

�N;" jtF j9=2C"q"c.�/1=2c.�/3=8q39=64c.�/�39=64 �N;" jtF j9=2C"q7=8C":

This gives the wanted since the number of Dirichlet characters � mod q such that
�jH D 1 is exactly '.q/=jH j. In the Eisenstein case, we proceed as above using the
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bound (4.3) instead: By (2.35) and the Birch–Stevens formula, there is some primitive
Dirichlet character � mod m withm2jN and t 2 R such that the inner sum is equal to�

cCE C �.�1/c
�
E

�
�.x��/

X
d j`

ct;�.d; `/L
�1
2
; zE�;it ; �

�
�
�
�
zE�;it ; �

�;
q

c.�/
I d
�
;

where zE�;it .z/ WD zE�;0.z; 1=2 C i t/ in terms of the normalized Eisenstein series
given in (2.23), and we have the bounds

jc˙E j �N jtE j3=2; jct;�.d; `/j �N;" jtE j":

Since the Hecke eigenvalues of zE�;it are given by the convolution product�
j � j
�it�

�
�
�
j � j

it
x�
�
;

we get the factorization

L
�1
2
; zE�;it ; �

�
�
D L

�1
2
C i t; ���

�
L
�1
2
� i t; x���

�
:

Thus, by bounding the Gauß sum and the term �.: : :/ as above (using a simple bound
for the divisor function), and using the Petrow–Young bound [42]:

L
�1
2
C i t; ���

�
�"

�
c.�/

�
jt j C 1

�
m
�1=6C"

;

we conclude the bound (5.4).

In the case of weight 2 holomorphic forms we get the following improvement
uniform in the level.

Corollary 5.3. Let f 2 �2.�0.N // be a cuspidal holomorphic Hecke eigenform of
weight 2 and level N normalized, so that the first Fourier coefficient is 1. Let  be
a double coset embedding of level q with N jq. Let cH � .Z=qZ/� be a coset with
H � .Z=qZ/� a subgroup. Then, we haveX

a2cH

Z
C
 
a .N/

f .z/ dz �" N
1=4q7=8C" CN 3=4q3=4C":

Proof. We apply the same Fourier theoretic argument as in the proof of Theorem 5.2
combined with the Birch–Stevens formula (Proposition 5.1) to reduce to L-functions,
using here Proposition 4.1 in place of Proposition 4.2 (so that there is no error-term).
The result now follows by the Blomer–Harcos bound (cf. [3, Theorem 2])

L
�1
2
; f; ��

�
�" N

1=4C"c.�/3=8C" CN 1=2C"
�
N; c.�/

�1=4c.�/1=4C"

� N 1=4C"q3=8C" CN 3=4C"q1=4C";
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together with the bound

�.x��/�
�
f; ��;

q

c.�/
I 1
�
�" c.�/1=2

X
n1n2n3Dq=c.�/

n
1=2C"
3 �" q

1=2C";

using the Ramanujan bound for weight 2 holomorphic forms and a divisor bound.

6. The main terms

In this section we will obtain lower bounds for the contribution corresponding to the
main terms in Theorems 1.1 and 1.3. As such the considerations in this section play
the role of Siegel’s lower bound jClCK j �" D

1=2�"
K in the automorphic approach to

Duke’s theorem, as explained in the introduction; see (1.7).

6.1. Distribution of multiplicative inverses

When lower bounding the lengths of q-orbits of closed geodesics, special care will
have to be given to those a 2 .Z=qZ/� for which aC xa with axa � 1 mod q is close
to 0 modulo q, i.e. when the minimal trace jtaj is very small (with ta defined as
in (2.12)). This will require information about the fine scale distribution of .a=q; xa=q/
on the torus. This is a very classical topic (see, for instance, [26] and the references
therein). We will below provide a proof of the exact estimates we will need. We
will need power saving estimates for Kloosterman sums over cosets of subgroups
H � .Z=qZ/� defined as follows for c 2 .Z=qZ/�:

ScH .m; nI q/ WD
X
a2cH

e

�
maC nxa

q

�
:

The first approach to bounding the above is to relate the above (via Fourier theory) to
twisted Kloosterman sums.

Lemma 6.1. Let q � 2 andm;n be integers. Assume that either qjn or q is cube-free.
Then, for any subgroup H � .Z=qZ/� and any coset cH � .Z=qZ/�, we have

jScH .m; nI q/j � �0.q/.m; n; q/
1=2q1=2:

Proof. By Fourier expanding over Dirichlet characters modulo q, we get

ScH .m; nI q/ D
jH j

'.q/

X
�.q/W�jHD1

x�.c/S�.m; nI q/; (6.1)
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where the sum is over Dirichlet characters modulo q with trivial restriction to H and

S�.m; nI q/ WD
X

a2.Z=qZ/�

�.a/e

�
maC nxa

q

�
:

If n D 0, then S�.m; 0I q/ reduces to a Gauß sum, which implies by [30, Lemma 3.2]
that

jS�.m; 0I q/j D

ˇ̌̌̌
�.��/

X
d j.m;q=q�/

d x��
�m
d

�
�
� q

q�d

�ˇ̌̌̌
� �0.q/.m; q/

1=2q1=2;

where �� mod q� denotes the unique primitive character inducing � mod q. Simil-
arly, if q is cube-free, then we have the bound

jS�.m; nI q/j � �0.q/.m; n; q/
1=2q1=2;

which follows from [34, Section 9], as pointed out in [26]. Inserting these bounds into
the Fourier expansion (6.1), we get the required result.

We remark that a similar argument using [34, Section 9] yields the bound

jScH .m; nI q/j � �0.q/.m; n; q/
1=2q5=6;

for general q. However, using a simple Cauchy–Schwarz inequality yields the follow-
ing stronger bound.4

Corollary 6.2. Let q � 2, cH � .Z=qZ/� a coset of a subgroupH � .Z=qZ/�, and
m; n 2 Z. Then, for all " > 0, we have the bound

jScH .m; nI q/j �" .m; n; q/
1=4q1=2C"jH j1=4:

Proof. We start from the trivial equality

jH jScH .m; nI q/ D
X
b2H

X
a2cH

e

�
mab C nab

q

�
:

This implies by Cauchy–Schwarz that

jH j2jScH .m; nI q/j
2
� jH j

�X
b2H

ˇ̌̌̌ X
a2cH

e

�
mab C nab

q

�ˇ̌̌̌2�
D jH j

X
a1;a22cH

S
�
m.a1 � a2/; n.xa1 � xa2/I q

�
:

4The author would like to thank Igor Shparlinski for suggesting this.
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By the Salie–Weil bound [34, eq. (9.6)], we see that the above is bounded by

� jH j
X

a1;a22cH

�0.q/q
1=2
�
m.a1 � a2/; n.xa1 � xa2/; q

�1=2
:

Now observe that xa1 � xa2 D xa1xa2.a2 � a1/, which implies that�
m.a1 � a2/; n.xa1 � xa2/; q

�
�
�
.a1 � a2/m; .a1 � a2/n; q

�
� .a1 � a2; q/.m; n; q/ D

�
c�1.a1 � a2/; q

�
.m; n; q/:

Thus, we arrive at the following bound:

jH jjScH .m; nI q/j
2
� �0.q/q

1=2.m; n; q/1=2
X

a1;a22H

.a1 � a2; q/
1=2:

We can bound the inner sum byX
a1;a22H

.a1 � a2; q/
1=2
�

X
d jq

d1=2
X
a2H

ˇ̌
H \

�
.aC dZ/=qZ

�ˇ̌
;

and using that jH \ ..aC dZ/=qZ/j � min.jH j; q=d/, we arrive at the bound

jH jScH .m; nI q/j
2
� �0.q/q

1=2.m; n; q/1=2

�

� X
d jqWd�q=jH j

d1=2jH j2 C
X

d jqWd>q=jH j

d�1=2qjH j

�
�" .m; n; q/

1=2q1=2C"
�
jH j3=2q1=2C"

�
;

which yields the required bound.

Note that the above yields a non-trivial bound whenever jH j � qı with ı > 2=3.

Remark 6.3. A natural barrier for the above methods is (at best) the exponent q1=2,
which is trivial when jH j � q1=2. Using different methods, Ostafe–Shparlinski–
Voloch [41] obtained a power saving estimate in the case where q is prime for sub-
groups H of size � qı with ı > 3=7. Most likely, one can also go beyond the
square-root barrier for general prime powers using classical techniques from the the-
ory of exponential sums. If furthermore n D 0, then a power saving estimate was
obtained for any ı > 0 by Bourgain–Konyagin [8]. We would like to thank Igor Shpar-
linski for pointing this out.

Now we are ready to prove the fine scale equidistribution result we will need.
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Proposition 6.4. Let T � 1 be a parameter and �T W .R=Z/2! C a smooth function
satisfying ˇ̌̌̌

@n�T

@xn
.x; y/

ˇ̌̌̌
;

ˇ̌̌̌
@n�T

@yn
.x; y/

ˇ̌̌̌
� CnT

n; 8n � 1;

for some constants Cn > 0 independent of T . Let q � 2 and let cH � .Z=qZ/� be a
coset of a subgroup H � .Z=qZ/�. Then, for any " > 0, we haveX

a2cH

�T

�a
q
;
xa

q

�
D jH j

Z
.R=Z/2

�T .x; y/ dx dy

CO"
�
k�T k1T

2C"q1=2C"jH j1=4 C q�100
�
; (6.2)

where the implied constant is allowed to depend on the constants C1; C2; : : : and

k�k1 D

Z
.R=Z/2

j�.x; y/j dx dy:

In the case where either q is cube-free or �T depends only on the first argument, then
we have the improved error term

O"
�
k�T k1T

2C"q1=2C" C q�100
�
: (6.3)

Proof. By Fourier expansion on the torus, we getX
a2cH

�T

�a
q
;
xa

q

�
D jH j

Z
.R=Z/2

�T .x; y/ dx dy

C

X
.m;n/¤.0;0/

Z
.R=Z/2

�T .x; y/e.�mx � ny/ dx dy ScH .m; nI q/:

By partial integration we see that, for .m; n/ ¤ .0; 0/ with jmj � jnj and any integer
A � 2, we have by the assumption on �T thatZ

.R=Z/2
�T .x; y/e.�mx � ny/ dx dy �A jmj

�A

Z
.R=Z/2

ˇ̌̌̌
@A�T

@xA
.x; y/

ˇ̌̌̌
dx dy

�A

T A

.jnj C jmj/A
:

Thus, we may truncate the sum at jmj; jnj � q"T 1C" at the cost of O.q�100/, say. By
taking absolute values and applying Corollary 6.2, the remaining part of the sum is
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bounded by k�T k1 multiplied by

q1=2C"jH j1=4
X

.m;n/¤.0;0/Wjmj;jnj�q"T 1C"

.m; n; q/1=4

�" q
1=2C"

jH j1=4
X
d jq

d1=4
�
q"T 1C"

d

���
q"T 1C"

d

�
C 1

�
�" T

2C"q1=2C3"jH j1=4;

as required. If either q is cube-free or if �T depends only on the first parameter, then
we get the improved exponent by inserting the bound from Lemma 6.1 instead. This
yields the estimate with the improved error term.

We will apply the above to obtain a number of useful estimates involving the
minimal trace ta as defined in (2.12). We recall the following standard construction
of a smooth approximation of the indicator function 1Œ0;1�WR ! ¹0; 1º on the unit
interval. Fix 'WR! R�0, a smooth bump function supported in Œ�1; 1� withZ 1

�1

'.t/ dt D 1:

Then, for T � 1, we define 'T .x/ WD T '.T x/, which is supported in Œ�T �1; T �1�
and satisfies Z 1

�1

'T .x/ dx D 1:

This will serve as an approximation of the Dirac measure at x D 0, and we define the
smooth function  T WR! Œ0; 1� as the following convolution:

 T .y/ D

Z
R
1Œ0;1�.y � x/'T .x/ dx;

satisfying the following key properties which are standard to prove:

j T .y/j � 1; y 2 R;

ˇ̌̌̌
dn T

dyn
.y/

ˇ̌̌̌
�n T

n; n � 1; (6.4)

 T .y/ D

´
1; y 2 .T �1; 1 � T �1/;

0; y 2 .�1;�T �1/ [ .1C T �1;1/;Z
R
 T .x/x

m dx D
1

mC 1
COm.T

�1/; m � 0:

(6.5)
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Corollary 6.5. Let q � 2 and let cH � .Z=qZ/� be a coset of a subgroup H �
.Z=qZ/�. Then, for T � 1, ı 2 .�1

2
; 1
2
/, and " > 0, the following hold:ˇ̌̌°

a 2 cH W
ˇ̌̌ ta
q
� ı

ˇ̌̌
� T �1

±ˇ̌̌
�" T

�1
jH j C T 1C"q1=2C"jH j1=4; (6.6)ˇ̌̌°

a 2 cH W
ˇ̌̌°a
q

±
�
1

2
� ı

ˇ̌̌
� T �1

±ˇ̌̌
�" T

�1
jH j C T 1C"q1=2C"; (6.7)X

a2cH

ta

q
�" jH j

3=4q1=6C"; (6.8)

X
0<a<qW

.a mod q/2cH

a

q
D
1

2
jH j CO"

�
jH j2=3q1=6C"

�
: (6.9)

Proof. For 'WR! C smooth and of compact support, we obtain a function

�W .R=Z/2 ! C

by
�.x; y/ WD

X
k2Z

'.x C y C k/:

By Fubini’s theorem, a change of variable, unfolding and another change of variable,
we get the following useful fact:Z

.R=Z/2
�.x; y/ dx dy D

X
k2Z

Z 1

0

Z kC1

k

'.x C y/ dx dy

D

Z 1

0

Z 1
�1

'.x C y/ dx dy D

Z 1
�1

'.x/ dx: (6.10)

The first estimate follows directly from Proposition 6.4 and (6.10) by letting

�T .x; y/ D
X
k2Z

'
�
T .x C y C k � ı/

�
;

where 'WR!R�0 is some smooth positive function with compact support contained
in .�1=2; 1=2/ and '.y/ D 1 for y 2 .�1=4; 1=4/, say, so that k�T k1 � T �1. The
second estimate follows similarly by applying Proposition 6.4 with the improved error
term (6.3) to

�T .x; y/ D
X
k2Z

'
�
T
�
x C k � ı �

1

2

��
:

To prove the third estimate, note first of all that the left-hand side is trivially
bounded by .1=2/jH j, and so we can assume that jH j � q2=3. Consider now the
test function

�T .x; y/ D �
1

2
C

X
k2Z

�
x C y C k C

1

2

�
 T

�
x C y C k C

1

2

�
;
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with  T defined as above. Then we have by the definition (2.12) of ta, the proper-
ties (6.4), (6.5), and the estimate (6.6) thatX
a2cH

ˇ̌̌ ta
q
� �T

�a
q
;
xa

q

�ˇ̌̌
� #

°
a 2 cH W

ta

q
2

h
�
1

2
� T �1;�

1

2

i
[

h1
2
;
1

2
C T �1

i±
�" T

�1
jH j C T 1C"q1=2C"jH j1=4:

Now we apply Proposition 6.4 with the test function �T . By the equality (6.10) and
the estimate (6.5), we see that the main term integral amounts toZ

.R=Z/2
�T .x; y/ dx dy D �

1

2
C

Z
R
 T .x/x dx D �

1

2
C
1

2
CO.T �1/� T �1;

and so using the trivial bound k�T k1 � 1, we arrive at the bound

�" T
�1
jH j C T 1C"q1=2C"jH j1=4 C T 2C"q1=2C"jH j1=4:

Picking T D jH j1=4q�1=6 � 1 yields the required result (using here that jH j � q2=3).
The final estimate follows similarly using the test function

�T .x; y/ D
X
k2Z

.x C k/ T .x C k/;

the improved error term (6.3), the previous estimate (6.7), and picking

T D jH j1=3q�1=6

when jH j � q1=2.

6.2. Lengths of closed geodesics

A key application of the above is the following lower bound for the closed geodesics
associated to an arbitrary double coset embedding.

Proposition 6.6. Let N � 1 and ı > 2=3. Let q � 2 be an integer such that N jq and
consider a double coset embedding  of level q. Let H � .Z=qZ/� be a subgroup
with jH j � qı and cH � .Z=qZ/� a coset. Then, we haveX

a2cH

jC a .N /j � jH j log q:

If furthermore q is cube-free, the same conclusion holds as long as ı > 1=2.

Proof. We apply the estimate (6.2) (resp. (6.3)) from Proposition 6.4 (with T D 1) to
the function

.x; y/ 7!
X
k2Z

'.x C y C k/;
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where 'WR ! R�0 is some smooth bump function with support contained in the
interval .1=5; 1=2/ and '.y/ D 1 for y 2 .1=4; 1=3/, say. This implies that for a
positive proportion of a 2 cH we have that jtaj � .1=6/q, with ta defined as in (2.12).
Thus, we conclude by Lemma 2.3 that, for a positive proportion of a 2 cH , we have

j tr. .a//j �
�1
6

�
q;

and thus by (2.2), it follows that jC a .N /j � log q. This gives the required lower
bound for the geodesic lengths.

Remark 6.7. Note that in the case where q is prime, a similar lower bound holds
whenever jH j � qı with ı > 3=7 by the results mentioned in Remark 6.3.

6.3. Eisenstein contribution in homology

In this section we will determine the main term in the homological equidistribution
problem as in Theorem 1.3 (i.e. the contribution coming from the Eisenstein element).
Combining Hecke’s limit formula (2.24), the Fourier expansion (2.25) of the modified
Eisenstein seriesE�2 and the formula for the normalized Whittaker function as in (4.2),
we conclude that

E.z/ WD
��y

6
E�2 .z/

D �
�

6
y C

1

2
C 4�y

X
n�1

�1.n/e
2�inz

D �
�

6
y C

1

2
C

X
n�1

�1.n/

n
zW1;1=2.4�ny/e.nx/; (6.11)

is a Hecke–Maaß newform of weight 2 and level 1 (sinceE1;2.z; s/ is of weight 2 and
level 1). Furthermore, again by the limit formula (2.24) and the fact that Eisenstein
series are Hecke eigenforms [50, eq. (4.13)] we conclude (by interchanging the limit
and the finite sum in the definition (2.27)) that

TnE D
�1.n/

n1=2
E D �1=2;1=2.n/E; n � 1;

where Tn denotes the Hecke operator as defined in (2.27),

�s1;s2.n/ D
X
abDn

a�s1bs2 and �1.n/ D
X
d jn

d:
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In view of this, the local weights (5.1) are given by

�.�; qI `/ WD �1=2.E; �; qI `/ (6.12)

D

X
n1n2n3Dq;
.n2n3;`/jn3

�.n1/�.n1/�.n2/�.n2/�1

�
n3

.n3; `/

�
.n3; `/�

�
`

.n3; `/

�
;

which, as we shall see, take a particularly nice form. The key result is the following
Birch–Stevens formula for the Eisenstein class.

Proposition 6.8. Let N � 2 be prime and denote by !E .N / the Eisenstein class in
cohomology as defined in (2.40). For each q � 2 such that N jq, consider a double
coset embedding  of level q and a Dirichlet character � mod q. Then, we haveX

a2.Z=qZ/�

�.a/hŒC a .N /�; !E .N /icap

D
6.1 � �.�1//

�2
j��.N / � 1j2

N � 1
jL.1; ��/j2c.�/�

�
��;

q�

.q�; N1/
I 1

�
C

X
a2.Z=qZ/�

�.a/
tr. .a//

q
; (6.13)

where �� mod c.�/ is the unique primitive character inducing � and q� D q=c.�/.
Here the first term is interpreted as 0 if � is principal.

In proving this, we will need the following lemma on the local weights appearing
in the Birch–Stevens formula as in Proposition 5.1. It will be convenient to define

�1.p
m/ WD

pmC1 � 1

p � 1
(6.14)

for all primes p and integers m 2 Z.

Lemma 6.9. Let q � 2 and let � mod D be a Dirichlet character (not necessarily
primitive). Then the weight �.�; qI 1/ is a real number satisfying

�.�; qI 1/ � '.q/:

More precisely, for p prime and m � 1, we have

�.�; pmI 1/ D
pm�1jp � �.p/j2 � j1 � �.p/j2

p � 1
:

Proof. We observe that �.�; qI 1/ is a convolution of multiplicative functions, and so
is itself a multiplicative function of q. By definition, we see that

�.�; pmI 1/ D �1.p
m/ � �1.p

m�1/
�
�.p/C x�.p/

�
C �1.p

m�2/j�.p/j2; m � 1; (6.15)
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which also holds for m D 1 using the above extension (6.14) of �1. We conclude the
required formula after a short calculation. Now it follows readily from (6.15) that the
expression is minimized when �.p/ D 1, in which case

�.�; pmI 1/ D pm�1.p � 1/ D '.pm/:

Thus the result follows by multiplicativity.

Lemma 6.10. Let q � 2 be an integer, ` a prime and � mod D a Dirichlet character
(not necessarily primitive). Then, we have

�.�; qI `/ � �.�; qI 1/ D

´
�.1 � �.`//�.�; qI 1/; .`; q/ D 1;

�j1 � �.`/j2�.�; q=.q; `1/I 1/; `jq:

Proof. Let `mkq with m � 0. We start by observing that by the explicit formula for
the weights (6.12), we have the factorization

�.�; qI `/ D �.�; `mI `/�
�
�;

q

`m
I 1
�
:

This means that �.�; qI `/D �.�; qI1/�.`/ if .q; `/D 1, which yields the wanted for-
mula in this case. Now assume thatm� 1. We see again by the explicit formula (6.12)
that

�.�; `mI `/ D `�1.`
m�1/ � `�1.`

m�2/
�
�.`/C x�.`/

�
C `�1.`

m�3/j�.`/j2;

using again the extension (6.14) of �1. Subtracting the formula (6.15) from the above
and using that `�1.`j�1/ � �1.`j / D �1 for any j 2 Z, yield the wanted formula
for m � 1.

Proof of Proposition 6.8. If � D �0 is principal then the first term of (6.13) vanishes.
The explicit formula for integrals of the holomorphic Eisenstein series of level N
along closed geodesics in terms of Dedekind sums s.a; q/ as in [40, eq. (3.20)] gives˝�

C a .N /
�
; !E .N /

˛
cap D

1

N � 1

�
tr. .a//
q=N

� 12s
�
a;
q

N

�
� 3 sgn

�
tr. .a//

�
�

�
tr. .a//

q
� 12s.a; q/ � 3 sgn

�
tr. .a//

���
D
12.s.a; q/ � s.a; q=N //

N � 1
C

tr. .a//
q

:

The result follows in this case by summing the above over a 2 .Z=qZ/� and using
the standard symmetry s.�a; q/ D �s.a; q/.
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Now let us turn to the case where � is non-principal. We have by holomorphicity˝�
C a .N /

�
; !E .N /

˛
cap D

Z  .a/w

w

E2;N .z/ dz (6.16)

for any w 2 H. Let

xCa WD  .a/1; x�a WD  .a/
�1
1;

and put w D x�a C iu=q in equation (6.16), which satisfies

 .a/
�
x�a C i

u

q

�
D xCa C i

u�1

q
and j .a/.x

�
a C iu/

2
D �1; u > 0: (6.17)

By choosing the contour consisting of two straight lines connecting w, x�a C iu
�1=q

and  .a/w, we arrive at˝�
C a .N /

�
; !E .N /

˛
cap D x

C
a � x

�
a C i

Z 1=q

u=q

E2;N .x
�
a C iy/ dy

C i

Z u�1=q

1=q

E2;N .x
�
a C iy/ dy: (6.18)

Recalling that z 7! Im.z/E2;N .z/ is automorphic of weight 2 we conclude by the
change of variable y 7! y=q, the properties (6.17) and the change of variable y 7!
y�1=q thatZ 1=q

u=q

E2;N .x
�
a C iy/ dy D

Z 1

u

y

q
E2;N

�
x�a C i

y

q

� dy
y

D �

Z 1

u

y�1

q
E2;N

�
xCa C i

y�1

q

� dy
y

D �

Z u�1=q

1=q

E2;N .x
C
a C iy/ dy:

Now we insert the above into (6.18) and subtract 1 from each integrand (which cancel
out). By the Fourier expansion (2.41), E2;N .z/� 1 decays rapidly as Im z!1, and
so by letting u! 0, we conclude

˝�
C a .N /

�
; !E .N /

˛
cap D x

C
a � x

�
a C i lim

u!0

Z u�1=q

u=q

E2;N .x
�
a C iy/ dy

D
tr. .a//

q
C i

Z 1
1=q

�
E2;N .x

�
a C iy/ � 1

�
dy

� i

Z 1
1=q

�
E2;N .x

C
a C iy/ � 1

�
dy:
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Using the definition of E2;N , we can write the integrals in terms of the modified
Eisenstein series (2.25) asZ 1
1=q

�
E2;N .x

˙
a C iy/ � 1

�
dy D

1

N � 1

�Z 1
1=q

�
NE�2

�
N.x˙a C iy/

�
�N C

3

�y

�
dy

�

Z 1
1=q

�
E�2 .x

˙
a C iy/ � 1C

3

�y

�
dy

�
:

Now we apply Proposition 3.1 (after the change of variable y=q 7! y) for f D �`;1E
with ` 2 ¹1;N º and E defined as in (6.11) which, for s 2 C, yieldsZ 1

1=q

�
`E�2

�
`.xCa C iy/

�
� `C

3

�y

�
.qy/s�1=2 dy

�

Z 1
1=q

�
`E�2

�
`.x�a C iy/

�
� `C

3

�y

�
.qy/1=2�s dy

D
�6

�

Z 1
1=q

�
E
�
`.xCa C iy/

�
C
�

6
`y �

1

2

�
.qy/s�1=2

dy

y

C
6

�

Z 1
1=q

�
E
�
`.x�a C iy/

�
C
�

6
`y �

1

2

�
.qy/1=2�s

dy

y

D
�6

�

�
qs�1=22.2�`/1=2�s�

�
s C

1

2

�
L.s;E; `
1/

C
�`

6q

�
1

3=2 � s
�

1

s C 1=2

�
C

1

s � 1=2

�
;

using that 
Cs .t�`;1E /D q
s�1=22.2�/1=2�s�.sC 1=2/ and the formula (3.5) for addit-

ive twist L-series of oldforms. Now when considering the sum over a 2 .Z=qZ/�

twisted by � mod q non-principal, we see that the poles at s D 1=2 cancel by ortho-
gonality of characters. Thus, by letting s ! 1=2 in the Birch–Stevens formula (Pro-
position 5.1), we getX

a2.Z=qZ/�

�.a/
˝�

C a .N /
�
; !E .N /

˛
cap

D
12i

�

�.��; q�IN/ � �.��; q�I 1/

N � 1
�.x��/L

�1
2
;E; ��

�
C

X
a2.Z=qZ/�

�.a/
tr. .a//

q
; (6.19)

where q� D q=c.�/. By Lemma 6.10, we arrive at the following expression for the
first term in (6.19) valid in all cases:

�12i

�

j1 � ��.N /j2

N � 1
�

�
��;

q�

.q�; N1/
I 1

�
�.x��/L

�1
2
;E; ��

�
;

using here thatN jq, which means that if .N;q�/D1, thenN jc.�/ (so that ��.N /D0).
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We can express the Hecke eigenvalues of E as the convolution product

j � j
1=2
� j � j

�1=2;

which implies that

�.x��/L
�1
2
;E; ��

�
D �.x��/L.1; ��/L.0; ��/;

vanishing if �� is even. For �� odd we get by the functional equation for Dirichlet
L-functions [12, Chapter 9, eq. (14)] that

�.x��/L
�1
2
;E; ��

�
D
ic.�/

�
jL.1; ��/j2:

Putting all of this together yields the required result.

We are now ready to prove our main lower bound for the Eisenstein contribution,
which is even uniform in the level N .

Corollary 6.11. For each " > 0, there are constants c1."/; c2."/ > 0 such that the
following holds: Let N � 2 be a prime and q � 2 an integer such that N jq. Consider
a double coset embedding  of level q and a subgroup H � .Z=qZ/� satisfying

(1) �1 … H ,

(2) ¹a 2 .Z=qZ/� W a � 1 mod q=N º 6� H .

Then, we haveX
a2H

˝�
C a .N /

�
; !E .N /

˛
cap � c1."/

q1�"

N
� c2."/jH j

3=4q1=6C"

C

X
a2H

n .a/ (6.20)

for q large enough.

Proof. By character orthogonality and Proposition 6.8, we haveX
a2H

˝�
C a .N /

�
; !E .N /

˛
cap

D
jH j

'.q/

X
� mod q
�jHD1

X
a2.Z=qZ/�

�.a/
˝�

C a .N /
�
; !E .N /

˛
cap

D

X
a2H

tr. .a//
q

C
12jH j

�2'.q/

�

X
� mod q
�jHD1

�.�1/D�1

j��.N / � 1j2c.�/
N � 1

jL.1; ��/j2�

�
��;

q�

.q�; N1/
I 1

�
: (6.21)
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To deal with the first term, we observe that by Lemma 2.3 and Corollary 6.5, we haveX
a2H

tr. .a//
q

D

X
a2H

n .a/C
X
a2H

ta

q
D

X
a2H

n .a/CO"
�
jH j3=4q1=6C"

�
:

To give a lower bound for the sum over characters in (6.21) (note that all the sum-
mands are non-negative), we consider the following subset:

M WD ¹� mod q W .q�; N / D 1; �jH D 1; �.�1/ D �1º;

where q� D q=c.�/. We see by the principle of inclusion and exclusion,

jMj D
'.q/

jH j
�

'.q=N/

jH mod q=N j
�
'.q/

jH 0j
C

'.q=N/

jH 0 mod q=N j
;

whereH 0 WD hH;�1i � .Z=qZ/�. Note that jH 0j D 2jH j by the assumption�1…H .
By simple group theory, we see that

'.q=N/

jH mod q=N j
D
'.q/

jH j

j¹h 2 H W h � 1 mod q=N ºj
j¹a 2 .Z=qZ/� W a � 1 mod q=N ºj

;

and furthermore the above is an integer dividing '.q/=jH j (and similarly for H 0).
This means that

jMj D
'.q/

2jH j

�
1 �

2j¹h 2 H W h � 1 mod q=N ºj
j¹a 2 .Z=qZ/� W a � 1 mod q=N ºj

C
j¹h 2 H 0 W h � 1 mod q=N ºj

j¹a 2 .Z=qZ/� W a � 1 mod q=N ºj

�
�
'.q/

2jH j

�
1 �

j¹h 2 H W h � 1 mod q=N ºj
j¹a 2 .Z=qZ/� W a � 1 mod q=N ºj

�
�
'.q/

4jH j
;

where we have used the second assumption on H in the last inequality. Note that
.N; q�/ D 1 implies N jc.�/, and thus ��.N / D 0. This means that for each � 2M ,
we get a positive contribution in (6.21) of

j��.N / � 1j2c.�/
N � 1

jL.1; ��/j2�

�
��;

q�

.q�; N1/
I 1

�
D

c.�/
N � 1

jL.1; ��/j2�.��; q�I 1/�"

q1�"

N
;

by Lemma 6.9 and the lower bounds L.1; ��/�" c.�/�" and '.n/�" n
1�". Com-

bining this with the lower bound on jMj as above yields (6.20), as required.
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6.3.1. In the case where �1 2 H . Similarly, we obtain the following lower bound
in the case where �1 2 H .

Corollary 6.12. Let N � 2 be prime. Let q � 2 be such that N jq and let H �
.Z=qZ/� be a subgroup containing �1. Then, for any coset cH � .Z=qZ/� and
" > 0, we haveX

a2cH

˝�
C a .N /

�
; !E .N /

˛
cap D

X
a2cH

n .a/CO"
�
jH j3=4q1=6C"

�
:

Proof. By the assumption that �1 2 H , we have by Proposition 6.8 thatX
a2cH

˝�
C a .N /

�
; !E .N /

˛
cap D

X
a2cH

tr. .a//
q

;

and thus the result follows by Lemma 2.3 and the bound (6.8) of Corollary 6.5, as
above.

7. Proof of equidistribution

In this section, we will prove our main results using the above. We begin by some
technical reductions which are necessary for the proof of Theorem 1.1.

7.1. Reduction to regular  

Let N � 1 and let q � 2 be such that N jq. Let  be a double coset embedding of
level q and cH � .Z=qZ/� a coset. Then we want to prove that for any smooth,
compactly supported function �W T1.Y0.N // ! C, we have (with an explicit error
term) P

a2cH

R
C
 
a .N/

�.t/ d�
 
a .t/P

a2cH jC
 
a .N /j

!

Z
T1.Y0.N//

�.g/ dg as q !1:

Special care will have to be given to the a 2 .Z=qZ/� for which  .a/ is singular
in the sense that j tr. .a//j < q1�" for some (small) " > 0. Given a double coset
embedding  W .Z=qZ/� ,! �0.N / of level q, we define for " > 0 another double
coset embedding of level q by

 ".a/ WD

´
 .a/; j tr. .a//j > q1�";

 .a/
�
1 1
0 1

�
; j tr. .a//j � q1�":
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We say that  is "-regular if  D  " and notice that  " is itself "-regular for q large
enough since ˇ̌

tr
�
 .a/

�
1 1
0 1

��ˇ̌
D
ˇ̌
q C tr

�
 .a/

�ˇ̌
� q �

ˇ̌
tr
�
 .a/

�ˇ̌
:

We have the following result which allows us to reduce to the regular case.

Lemma 7.1. Fix ı > 2=3. Let N � 1 and q � 2 be integers such that N jq. Consider
a double coset embedding  of level q and a coset cH � .Z=qZ/� of a subgroup
H � .Z=qZ/� of size� qı . Then for any bounded function �W�0.N /nPSL2.R/!C

and " > 0, we have thatˇ̌̌̌
ˇ
P
a2cH

R
C
 
a .N/

�.t/ d�
 
a .t/P

a2cH jC
 
a .N /j

�

P
a2cH

R
C
 "
a .N/

�.t/ d�
 "
a .t/P

a2cH jC
 "
a .N /j

ˇ̌̌̌
ˇ

�" k�k1

�
q�" C

q1=2C3"

jH j3=4

�
: (7.1)

Proof. First of all, we see thatˇ̌̌̌
ˇ
P
a2cH .

R
C
 
a .N/

�.t/ d�
 
a .t/ �

R
C
 "
a .N/

�.t/ d�
 "
a .t//P

a2cH jC
 
a .N /j

ˇ̌̌̌
ˇ

� k�k1

P
a2cH Wj tr. .a//j�q1�" jC

 
a .N /j C jC

 "
a .N /jP

a2cH jC
 
a .N /j

� k�k1
log q � j¹a 2 cH W j tr. .a//j � q1�"ºjP

a2cH jC
 
a .N /j

; (7.2)

since ˇ̌
tr
�
 ".a/

�ˇ̌
� q C

ˇ̌
tr
�
 .a/

�ˇ̌
� q

in the sum on the right-hand side of (7.2). Now by the bound (6.6) from Corollary 6.5
(with T D q" and ı D 0), we see thatˇ̌®

a 2 cH W
ˇ̌
tr
�
 .a/

�ˇ̌
� q1�"

¯ˇ̌
�

ˇ̌̌°
a 2 cH W

jtaj

q
� q�"

±ˇ̌̌
�" jH jq

�"
C q1=2C3"jH j1=4;

and by Proposition 6.6, we haveX
a2cH

jC a .N /j � jH j log q;

which shows that the left-hand side of (7.2) is bounded by the right-hand side of (7.1).
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Similarly, we conclude thatˇ̌̌̌ X
a2cH

Z
C
 "
a .N/

�.t/ d� "a .t/

�
1P

a2cH jC
 
a .N /j

�
1P

a2cH jC
 "
a .N /j

�ˇ̌̌̌
� k�k1

�
q�" C

q1=2C3"

jH j3=4

�
by Corollary 6.5, in view of Lemma 2.3, and Proposition 6.6. This gives the required
result by the triangle inequality.

This means that we may assume that the double coset embedding  is "-regular
for some " > 0, as long as jH j � qı for ı > 2=3. We are now ready to prove our main
result.

Theorem 7.2. Fix N � 1, 0 < � < 2 and ı > 7=8. For every q � 2 such that N jq,
consider a coset cH � .Z=qZ/� with H � .Z=qZ/� a subgroup of size � qı and a
double coset embedding  W .Z=qZ/� ,! �0.N / of level q such thatˇ̌

tr
�
 .a/

�ˇ̌
� q.log q/�

for all a 2 cH . Then, for any smooth and compactly supported function

�WT1
�
Y0.N /

�
! C and " > 0;

we have thatP
a2cH

R
C
 
a .N/

�.t/ d�
 
a .t/P

a2cH jC
 
a .N /j

D

Z
T1.Y0.N//

�.g/ dg CO�;"
�
.log q/�=2�1C"

�
:

Proof. By Weyl’s criterion as in Lemma 2.4 and by Proposition 6.6, it suffices to
prove the following bound for the Weyl sums:X

a2cH

Z
C
 
a .N/

F.t/ d� a .t/
‹
�" jtF jA

�
q7=8C" C jH j.log q/�=2C"

�
;

for F 2B0.�0.N //[Be.�0.N // and some (fixed)A> 0. By applying Theorem 5.2,
the problem is reduced to bounding the remaining terms depending on the traces
of  on the right-hand sides of (5.3) and (5.4). By the assumption that j tr. .a//j �
q.log q/� , we see that �

j tr. .a//j
q

�1=2C"
� .log q/�=2C2";
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as required. By Lemma 7.1 and the assumption that jH j � qı with ı > 7=8, we may
assume that  is "-regular for some 0 < " < 1=100, and thus by an application of the
estimate (6.6) from Corollary 6.5, we getX
a2cH

�
q

j tr. .a//j

�1=2C"
�
ˇ̌®
a 2 cH W

ˇ̌
tr
�
 .a/

�ˇ̌
� q

¯ˇ̌
C

X
1�m�" logq

X
a2cH W

q=2m�j tr. .a//j<q=2m�1

2m.1=2C"/

� jH j C jH j
X

1�m�" logq

2�m2m.1=2C"/ C q1=2C3"jH j1=4

�" jH j:

Thus, we conclude the required effective convergence using Weyl’s criterion as in
Lemma 2.4.

Remark 7.3. Notice that whenN D 1, q D p is prime andH D .Z=pZ/�, the Weyl
sum of a Hecke–Maaß form f is of the shape

cfL
�1
2
; f
�
�.f; �0; pI 1/ D cfL

�1
2
; f
��
p1=2�f .p/ � 2

�
;

for some constant cf , plus an error-term that is negligible compared to the main term
(i.e. the last terms on the right-hand side of (5.3) and (5.4)). Thus equidistribution as
p!1 in this case follows from any power saving bound for the Hecke eigenvalues.
This is exactly because the Weyl sums in this case are essentially obtained by integrat-
ing the automorphic forms along the Hecke orbits ¹
t iR W t 2 P1.Fp/º with notation
as in (1.3) above.

7.2. Concentration in homology

Recall that for a finite-dimensional vector space V we defined the sphere associated
to V as S.V / WD .V � ¹0º/=R>0 equipped with the quotient topology and denoted by
v 7! xv the canonical projection for v ¤ 0. By Weyl’s criterion as in Lemma 2.6, the
convergence

xvn ! xv0 in S.V /;

is equivalent to showing, for some (fixed) norm k � kWV ! R�0, that



 vn

kvnk
�

v0

kv0k





! 0 as n!1: (7.3)

In our setting, we consider the vector space VN D H1.Y0.N /;R/ with N prime. We
will actually obtain bounds for the left-hand side of (7.3) uniform in terms of N for
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certain natural norms on VN (this corresponds to the level aspect in our equidistribu-
tion problem cf. [36]). Given a basis B� of the dual V �N Š H

1.Y0.N /;R/, we define
the following norm on VN :

kvkB� WD max
!2B�

jhv; !icapj: (7.4)

It is a standard fact [51, eq. (3)] that the following matrices generate �0.N /:´ 
1 1

0 1

!µ
[

´ 
a �.aa� C 1/=N

N �a�

!
W 0 < a < N

µ
; (7.5)

where 0 < a� < N is such that aa� � �1 mod N . For each prime N , consider a
basis B of H1.Y0.N /;R/ containing vE .N / and consisting of images of elements
of (7.5) under the isomorphism

H1
�
Y0.N /;Z

�
Š �0.N /

ab=
�
�0.N /

ab�
tor:

Let B� be the dual basis and k � kN WD k � kB� the associated norm onH1.Y0.N /;R/,
as defined in (7.4). The system of norms .k � kN /N prime will serve as a set of “natural
norms” when varying N . They have a nice interpretation in terms of group theory, as
we will see.

Theorem 7.4. Let N � 2 be a prime, 0 < " < 1=100 and let k � kN be a norm on
H1.Y0.N /;R/ defined as above. For q � 2 such that N jq, let H � .Z=qZ/� be a
subgroup and let  a double coset embedding of level q such that

(1) �1 … H ,

(2) ¹a 2 .Z=qZ/� W a � 1 mod q=N º 6� H ,

(3) j
P
a2H n .a/j � q

1�"=N .

Then, we have





P
a2H ŒC

 
a .N /�

k
P
a2H ŒC

 
a .N /�kN

�
vE .N /

kvE .N /kN







N

�" N
9=4q�1=8C": (7.6)

Proof. We start by noting that the left-hand side of (7.6) is trivially bounded by 2 by
the triangle inequality. Thus we may assume that q � N 18. Let B be a basis for VN
associated to a subset of (7.5) containing vE .N / and let B� � H 1.Y0.N /;R/ be
the dual basis with respect to the cap product pairing. By expanding in the Hecke
basis (2.38), we have for ! 2 B� thatX

a2H

˝�
C a .N /

�
; !
˛
cap D

X
f 2BN ;˙

hv˙f ; !icap

X
a2H

˝�
C a .N /

�
; !˙f

˛
cap

C hvE .N /; !icap

X
a2H

˝�
C a .N /

�
; !E .N /

˛
cap: (7.7)
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Now that by the definition of the cap product pairing and of the classes !˙
f

in (2.39),
we have˝�

C a .N /
�
;!˙f

˛
capD

1

1C i ˙ .1 � i/

�
2�i

Z
C
 
a .N/

f .z/dz˙ 2�i

Z
C
 
a .N/

f .z/ dz

�
:

Thus by inserting the bound from Corollary 5.3 (note that the first term is dominating
since q � N 18), we conclude that the cuspidal contribution in (7.7) is bounded by

�" N
1=4q7=8C"=2

X
f 2BN ;˙

jhv˙f ; !icapj �" N
5=4q7=8C";

where we in the last inequality applied Cauchy–Schwarz and the L2-bound for cap
product pairings from [40, Theorem 6.1]. Now, by the lower bound from Corol-
lary 6.11 (applied with "=2) and assumption (3), we conclude for q sufficiently large
thatX

a2H

˝�
C a .N /

�
; !E .N /

˛
cap � c1

� "
2

�q1�"=2
N

� c2."=2/jH j
3=4q1=6C"=2 �

q1�"

N

�"

q1�"=2

N
;

using also N � q1=18 and " < 1=100, so that

jH j3=4q1=6C"=2 � q11=12C1=200 � q1�1=100q�1=18 � q1�"=N:

Now by applying the effective Weyl’s criterion as in Lemma 2.6 to the vectorsP
a2H ŒC

 
a .N /�P

a2H hŒC
 
a .N /�; !E .N /icap

;

we conclude the required bound (7.6).

Now if we keep N fixed we arrive at the following concentration result by Weyl’s
criterion as in equation (2.44) of Lemma 2.6.

Corollary 7.5. Fix a primeN �3 and ">0. For each positive integer q�2 withN jq,
consider a subgroup H � .Z=qZ/� and a double coset embedding  of level q
such that

(1) �1 … H ,

(2) ¹a 2 .Z=qZ/� W a � 1 mod q=N º 6� H ,

(3) j
P
a2H n .a/j � q

1�".
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Then, as q !1, we have thatX
a2H

ŒC
 
a .N /�! vE .N / in S.VN /:

Finally, let us remark that condition (3) in the corollary above is implied by condi-
tion (3) in the introduction, saying that the absolute trace is minimal: to see this note
that in view of Lemma 2.3 the trace being minimal corresponds to n .a/ D 0 for all
a 2 H with aC xa 62 ¹0;˙1;˙2º mod q, and n .a/ 2 ¹˙1º otherwise, and we have
for any " > 0 the boundˇ̌®

a 2 .Z=qZ/� W aC xa 2 ¹0;˙1;˙2º mod q
¯ˇ̌

D
ˇ̌®
a 2 .Z=qZ/� W 9k 2 ¹0;˙1;˙2º s.t. qj.a2 C kaC 1/

¯ˇ̌
�" q

1=2C" as q !1: (7.8)

In conclusion, Corollary 7.5 implies Theorem 1.3.

Remark 7.6. The natural bases of H1.Y0.N /;R/ constructed above are analogues
of the set of isomorphism classes of supersingular elliptic curves E``ss.Fp2/ defined
over Fp2 considered in the context of supersingular reduction of CM-elliptic curves.
For details on this analogy, see [40, Section 2.1].

7.2.1. The case�1 2H . In this section, we will obtain results in the complementary
case where the subgroupH contains�1. In this case, we will have to require the traces
of the double coset embeddings to be biased.

Theorem 7.7. Let N � 2 be prime and ı > 1=6, and let k � kN be a norm on
H1.Y0.N /;R/ defined above. For q � 2 such that N jq, let H � .Z=qZ/� be a sub-
group containing �1 and let  be a double coset embedding of level q such thatX

a2cH

n .a/ �M � jH j
3=4qı : (7.9)

Then, for each " > 0, we have that





P
a2H ŒC

 
a .N /�

k
P
a2H ŒC

 
a .N /�kN

�
vE .N /

kvE .N /kN







N

�"

N 5=4q7=8C" CN 7=4q3=4C"

M
: (7.10)

Proof. The proof follows from Corollary 5.3 exactly as above using now Corol-
lary 6.12 and the assumption (7.9) to lower bound the contribution from the Eisenstein
class !E .N /.

Again we conclude the following by Weyl’s criterion as in Lemma 2.6.
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Corollary 7.8. Fix a prime N � 2 and " > 0. For each q � 2 with N jq, consider a
double coset embedding  of level q and a coset cH � .Z=qZ/� of a subgroup H
containing �1 such thatX

a2cH

n .a/ � jH j
3=4q1=6C" C q7=8C":

Then, as q !1, we have thatX
a2cH

ŒC
 
a .N /�! vE .N / in S.VN /:

7.2.2. An application to group theory. Finally, we will give a group theoretic app-
lication of Theorems 7.4 and 7.7. For this part, we will assume that N is prime and
N � �1 mod 12. Recall from the introduction that this means that �0.N / is torsion-
free [29, eqs. (2.12), (2.13)], and thus �0.N / is a free group on 2g C 1 generators,
where g D N=12CO.1/. In this case, Doan–Kim–Lang–Tan [13] have recently con-
structed a subset of the generators (1.5) containing the matrix

�
1 1
0 1

�
, which defines a

set of free generators of �0.N /. We will be interested in the representation of matrices
in this free basis which in general is a very hard question.

Proof of Corollary 1.4. Assume for now that q is square-free. Let  be the double
coset embedding of level q defined by

 .a/ D

 
a �

aa�C1
q

q �a�

!
(7.11)

for 0 < a; a� < q such that aa� � �1 mod q. Notice that the above matrices are
indeed hyperbolic by the assumptions: clearly  .a/ 2 �0.N /, which is torsion-free
by the assumption that N � �1 mod 12, and so the only way hyperbolicity could fail
is that the trace is ˙2, which implies that a.˙2 � a/ � 1 mod q , qj.a � 1/2,
and so a 2 ¹1; q � 1º since q is assumed square-free. In this last case, the matrix
is explicitly checked to be hyperbolic by the assumption q � N � 11. Recall that
by (6.8) of Corollary 6.5, we haveX
a2H

tr. .a//
q

D

X
a2H

n .a/C
X
a2H

ta

q
D

X
a2H

n .a/CO"
�
jH j3=4q1=6C"

�
: (7.12)

On the other hand, by (6.9) of Corollary 6.5, we conclude thatX
a2H

tr. .a//
q

D

� X
0<a<qW

.a mod q/2H

a

q

�
�

� X
0<a<qW

.a mod q/2�H

a

q

�

D jH j
�1
2
�
1

2

�
CO"

�
jH j2=3q1=6C"

�
: (7.13)
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This means thatX
a2H

n .a/�" jH j
2=3q1=6C" C jH j3=4q1=6C" �" q

11=12C";

and sinceN �ı q
1=ı with ı > 18, condition (3) of Theorem 7.4 is satisfied for q large

enough and " > 0 small enough. If we assume that a conjugate of the matrix (1.6) is
in fact contained in the subgroup generated by �1; : : : ; �2g , then we get






P
a2H ŒC

 
a .N /�

k
P
a2H ŒC

 
a .N /�kB�

�
vE .N /

kvE .N /kB�







B�

� 1;

where B� is the dual basis of the basis of H1.Y0.N /;R/ corresponding to´ 
1 1

0 1

!
; �1; : : : ; �2g

µ
:

This contradicts the bound (7.6) of Theorem 7.4 by the assumption that q � c.ı/N ı

with ı > 18. If q is not square-free, then the matrix (7.11) is not hyperbolic whenever
a ¤ ˙1 and qj.a˙ 1/2. In these cases, we multiply the matrix (7.11) by

�
1 1
0 1

�
from

the right to obtain a hyperbolic matrix and consider this double coset embedding
instead. This has a negligible effect on the sums (7.12) and (7.13) by the estimate (7.8),
and so we conclude in this case as well.

Similarly, we get the following corollary in the case where �1 2 H , in which we
need to consider matrices associated to a 2 H with positive traces (meaning that the
associated double coset embeddings are biased), so that Theorem 7.7 applies.

Corollary 7.9. Let N � �1 mod 12 be prime and let´ 
1 1

0 1

!
; �1; : : : ; �2g

µ
;

be a subset of (7.5), which defines a set of free generators of �0.N /. Then for each
ı > 7=8, there exists a constant c.ı/ > 0 such that the following holds: Let q � N 4

be an integer such that N jq and let 0 < a1; : : : ; am < q with m � c.ı/N 5=4qı be
pairwise distinct integers coprime to q such that

¹ai mod q W 1 � i � mº � .Z=qZ/�;

is a coset of a subgroup containing �1. For 1 � i � m, let 0 < xai < q be defined
by qjaixai � 1. Then no conjugate of 

a1
a1xa1�1
q

q xa1

! 
a2

a2xa2�1
q

q xa2

!
� � �

 
am

amxam�1
q

q xam

!
2 �0.N /

is contained in the subgroup of �0.N / generated by the matrices �1; : : : ; �2g .
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Proof. Let
¹ai mod q W 1 � i � mº D cH;

withH � .Z=qZ/� a subgroup and c 2 .Z=qZ/�, and define the double coset embed-
ding

 .a/ D

 
a axa�1

q

q xa

!
; 1 < a < q � 1;  .˙1/ D

 
˙1 1

q ˙.q C 1/

!
:

Note that indeed the matrices above are hyperbolic. By equation (6.9) of Corollary 6.5,
we have X

a2cH

tr. .a//
q

D

� X
0<a<qW

.a mod q/2cH

a

q

�
C

� X
0<a<qW

.a mod q/2cH

a

q

�

D jH j
�1
2
C
1

2

�
CO"

�
jH j2=3q1=6C"

�
;

which means in view of (7.12) thatX
a2cH

n .a/ D jH j
�
1CO"

�
jH j�1=3q1=6C" C jH j�1=4q1=6C"

��
D jH j

�
1CO"

�
q1=6�7=32C"

��
D jH j

�
1C o.1/

�
;

by the assumption on H . This shows that condition (7.9) of Theorem 7.7 is satisfied,
using here again that jH j� q7=8, so that jH j� jH j3=4q1=6C" for " sufficiently small.
Now the result follows exactly as above using Theorem 7.7 in place of Theorem 7.4,
where the right-hand side of (7.10) tends to zero sinceX

a2cH

n .a/� jH j �ı N
5=4qı and q � N 4:
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