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The fine structure of the singular set of area-minimizing
integral currents II: Rectifiability of flat singular points with
singularity degree larger than 1

Camillo De Lellis and Anna Skorobogatova

Abstract. We consider an area-minimizing integral current 7' of codimension higher than 1 in
a smooth Riemannian manifold ¥. In a previous paper we have subdivided the set of interior
singular points with at least one flat tangent cone according to a real parameter, which we refer to
as the ‘singularity degree’. In this paper, we show that the set of points for which the singularity
degree is strictly larger than 1 is (m — 2)-rectifiable. In a subsequent work, we prove that the
remaining flat singular points form a " ~2-null set, thus concluding that the singular set of 7'
is (m — 2)-rectifiable.
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1. Introduction

Suppose that T is an m-dimensional integral current in a complete smooth Rieman-
nian manifold ¥, which for simplicity we will assume to be properly embedded in
an open subset of a sufficiently large Euclidean space, without loss of generality. We
assume that 7 is area-minimizing within its integral homology class in some (rela-
tively) open Q C %, i.e.

M(T 4+ 9S) > M(T)

for any (mm + 1)-dimensional integral current S supported in 2. A point p € spt(7) \
spt(d7T) is regular if there is a neighborhood U of p in which the current 7 is a
smooth m-dimensional oriented submanifold of ¥ with constant integer multiplicity.
The complement of the set of regular points in spt(7') \ spt(d7') is called singular set
and will be denoted by Sing(7).

This is the second of three papers (the others being [7, 8]) in which we prove the
following theorem.

Theorem 1.1. Let T be an m-dimensional area-minimizing current in a C>*0 com-
plete Riemannian manifold of dimension m + n > m + 2, with kg > 0. Then Sing(T)
is (m — 2)-rectifiable and there is a unique tangent cone at #™ 2-a.e. q € Sing(T).

We refer to our first work [8] for the historical context and the motivation of our
study. Recall that, following Almgren’s stratification theorem, we can divide Sing(7")
into the disjoint union of

« the subset S ~2(T) of points p at which any tangent cone to T has at most
m — 2 linearly independent directions of translation invariance;

* the remaining set Sing(7’) \ § =2 (T') of those singular points at which at least
one tangent cone is a flat plane (counted with some integer multiplicity Q).

We introduce the notation (7)) for the latter set and we will call its elements flat
singular points. The (m — 2)-rectifiability of § ™~2)(T') follows from the remarkable
work of Naber and Valtorta, cf. [17,18]. Hence the main focus of our works is proving
the rectifiability of % (7). Because of the constancy theorem, it is well known that
every point p € &(T) has positive integer density ©(7, p). Moreover, by Allard’s
regularity theorem, this density must be necessarily bigger than 1. We can therefore

subdivide F(7') as gz, §0(T), where Fo(T) :={p € F(T) : O(T, p) = O}.
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Our first work [8] introduced a further real parameter, belonging to the range [1, co].
We call it the singularity degree of T at p and denote it by I(7, p).

When I(T, p) > 1 it follows from the analysis in [8] that the tangent cone to p is a
unique plane and that 7" has an order of contact with it which is at least min{I(7, p), 2}.
In particular, at any point p € §(7") where the tangent cone might be non-unique, the
value of I(T,, p) is necessarily 1. In this paper, we will prove the following.

Theorem 1.2. Let T be as in Theorem 1.1 and Q € N\ {1,2}. Then the set
&o>1(T) :={p e FT):0(T,p) = Q and (T, p) > 1}

is (m — 2)-rectifiable.

In our final paper [7] together with Paul Minter, we will then complete the proof
of the rectifiability of Sing(7") by showing that the following holds.

Theorem 1.3. Let T, Q be as in Theorem 1.2. Then F0 1(T) :=Fo(T) \ Fo,>1(T)
is an H™2-null set.

Notice that, while Theorems 1.2 and 1.3 together imply that the tangent cone is
unique at #™2-a.e. point p € F(T), this does not answer the question of the unique-
ness of tangent cones at #™2-a.e. point p € § =2 (T), as claimed in Theorem 1.1.
The latter statement does not follow from the analysis of Naber and Valtorta in [18];
there, the authors only conclude (m — 2)-rectifiability of §"~2)(T'), without being
able to deduce uniqueness of tangent cones. However, we address this in [7], and
indeed the #™2-a.e. uniqueness of tangent cones is a simple byproduct of the tools
which we introduce therein.

A fundamental tool to prove Theorem 1.2 is the technique developed by Naber
and Valtorta in [17] to tackle the rectifiability of the singular set of harmonic maps
between manifolds. In [6], the first author together with Marchese, Spadaro, and Val-
torta, showed that these techniques can be adapted to prove the (m — 2)-rectifiability
of the singular set of multiple-valued Dir-minimizing functions. The latter are the
functions pioneered by Almgren in his big regularity paper [1] in order to study the
“linearization” of the area functional for area-minimizing currents locally around flat
singularities. In this work we combine the results and estimates of [8] with those
of [10, 11], allowing us to suitably adapt the computations and arguments contained
within [6], leading to the rectifiability of §¢o,~1(7"). This is more transparent when
proving (m — 2)-rectifiability for the portion of points of F¢,~1(7) at which the sin-
gularity degree is above 2 — § for a suitable small threshold § > 0, locally giving rise
to a single graphical approximation for T° which is suitably close to being a multiple-
valued Dir-minimizer and is defined on a single center manifold domain that passes
through all other such nearby singularities.
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However, in general, we cannot necessarily hope for such a convenient graphical
approximation for 7', due to the presence of ever-changing graphical approximations
for T locally around the points p € Fo ~1(T) withI(T, p) <2 — &, with correspond-
ing domains that do not necessarily pass through the nearby points in Fo ~1(7).
We therefore subdivide this paper into two cases, each of which we treat separately:
I(T,p) €]1,2—8[and (T, p) > 2 —386.

It is worth pointing out that in our arguments, we subdivide & ¢ ~1(7") into count-
ably many pieces (depending on the scale at which T is sufficiently close to an
m-dimensional plane with multiplicity Q, and the decay rate towards this plane for
the rescalings of 7' around a given point, which is determined by I(7, -). Each of
these pieces further has locally finite (m — 2)-dimensional upper Minkowski content,
but the subdivision prevents us from making the same conclusion for the entirety
of §0,>1(T) in Theorem 1.2.

1.1. Comparison with the works of Krummel and Wickramasekera

While we were completing this and the two works [7, 8] leading to our proof of The-
orem 1.1, we have learned that in the works [13—15], Krummel and Wickramasekera
arrived independently at a program that shows the same final result. We refer to the
introduction of [8] for a more general comparison between the two programs.

We expect that most of the differences in the two approaches are in fact between
our article [8] and the corresponding one [14], as well as with the present article
and the forthcoming work [15], where Krummel and Wickramasekera will use rather
different arguments to show that F¢o ~1(T) is (m — 2)-rectifiable. Here, we rely on
the techniques introduced by Naber and Valtorta, as in the adaptation to the study
of the singular set of multi-valued Dir-minimizing functions in [6], while we expect
that Krummel and Wickramasekera will rely on the techniques of Simon adapted to
Dir-minimizing functions seen in their previous work [12].

As explained in [7, 8], we believe that a refinement of the arguments therein can
deliver the stronger conclusion that the set § o, <1+5(7") (defined in the obvious way)
is J™2_null. Moreover, we believe that we can then achieve local uniformity in
the decay estimate for ¥ o >145(7), thus removing the requirement of subdividing
it further into countably many pieces as in Sections 3 and 9. This will be treated in
forthcoming work of the second author and Gianmarco Caldini [3].

The proof of the uniform decay estimate mentioned above would require a suitable
quantification of the argument in [8, Section 8], showing that, for every fixed § > 0,
there is an & > 0 such that, if at a certain scale r around a given point p € Fo(T)
the planar excess is smaller than ¢, then the universal frequency cannot be smaller
than I(T, p) — 6.
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These considerations are obviously influenced by the insight learned from the
works [13, 14], as explained more in detail in [8]. The # m_z-nullity and the uniform
decay estimate are reached by Krummel and Wickramasekera in their works for sets
which are defined in a different way, but combining the results in [8] and [13, 14]
one can suitably compare those sets with §o <14§(7) and Fo >145(T) and hence
transfer to them the conclusions of [13, 14] (at least when the ambient manifold is the
Euclidean space).

With the methods of this paper we would then be able to split §¢o >145(7) into
two sets which have locally finite Minkowski content (and hence finite #”*~2 mea-
sure). In order to reach this local finiteness statement for the full set F¢o >145(7),
one would further need to tackle the sets of low frequency points and high frequency
points at the same time: such a task will require a more substantial modification of the
techniques of this paper and is the core contribution of [3].

2. Preliminaries and main results

In this section, we recall the definition of the singularity degree and universal fre-
quency function introduced in [8] and we further subdivide ¥ ¢ 1 into the two pieces
described above. The remaining parts of the paper will address the rectifiability of
these two different parts of Fo,>1.

2.1. Intervals of flattening and center manifolds

We follow heavily the notation and terminology of the papers [10, 11] and from now
on we will always make the following assumption.

Assumption 2.1. We assume that 7 is an m-dimensional integral current in X N Q
with 37 L Q = 0, where €2 is an open set of R”+" = R™+7+ and ¥ is an (m + n)-
dimensional embedded submanifold of class C3*0 with ko > 0. The current T is
area-minimizing in ¥ N Q and 7 > 2. We further assume that 0 € €2 is a flat singular
point of 7" and Q € N \ {0, 1} is the density of T at 0.

We will henceforth let C and Cy denote dimensional constants depending only
on m,n, Q. The currents Ty, will denote the dilations (ix )47, where iy ,(y) 1=
(y — x)/r. Since our statements are invariant under dilations, we can also assume the
following.

Assumption 2.2. Suppose that 2 = B;_/; and ¥ N B /;(p) is the graph of a C 3.0
function
W, T, NB; ym(p) — T, o
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forevery p € £ N B, /. Moreover,

c(X) = sup  [[D¥pllc2x0 <€,
pGEﬂB7ﬁ

where € is a small positive constant which will be specified later.

This in particular gives us the following uniform control on the second fundamen-
tal form Ay, of ¥ in B; /;:

A = | Axs| comy = Coc(2) < Coe.

Following [11, Section 2], for every flat singular point x € Fo(7) we introduce
disjoint intervals ]s; (x), #; (x)] C ]0, 1], which we refer to as intervals of flattening
around x. The union of these intervals cover the scales r at which the spherical excess
E(T, B, Jmr (x)) (see [10, Definition 1.2] for the definition) is below a positive fixed
threshold s%. Arguing as in [11, Section 2], for each rescaled current Tx,,j (x) and
rescaled ambient manifold Xy ;; (), we follow the algorithm detailed in [10] to pro-
duce a center manifold M and an appropriate multi-valued map N: M — A g (R™ 7).
The latter takes values in the normal bundle of M and gives an efficient approximation
of the current Ty s (x) in B3 \ By, (x)/1; (x)- However, here we use a slightly different
definition to that in [10, Assumption 1.3] for the parameter m,. This is for the pur-
pose of consistency with [8], since we will be making use of the results therein. Here,
we let
my ;= max{E(Ty, x). B /m). 21 (x)* 7202},

where 8, > 0 is the parameter in [10, Assumption 1.8]. It can be readily checked that
this change is of no consequence for the conclusions of [10, 11]. Indeed, because of
simple scaling considerations, ¢ (X x,,j) <my,j,so all the estimates claimed in [10,11]
are valid with our different choice of parameter m, ;.

2.2. Blow-up sequences, fine blow-ups, and singularity degree
We next introduce the blow-up sequences of [8] as follows.

Definition 2.3. Let 7', X be as in Assumption 2.1. A blow-up sequence of radii {ry}
at x € £ (T) is a sequence of positive real numbers r | 0 such that T ,, converges
to a flat tangent cone.

Suppose that 7', 2, and x € %o (T) are as in Assumption 2.1. Let ]s;, #;] be the
J -th interval of flattening for 7" around x (where we omit the dependency of s; and ¢;
on x to make our notation lighter), as defined in [11, Section 2]. Let r¢ € sy, Zjx)]
be a sequence of scales along which

E(T, By /i, (%), ) — 0,
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for some choice of m-planes my. Let My jk) denote the center manifold at scale #;x)

around x, with corresponding current Ty = Ty, - Bg_ /m (which are area-mini-

ik
mizing in the appropriately rescaled X = X x,,j(,;( ))and M, j(k)-normal approxima-
tion Ny j). We refer the reader to [11, Section 2] and [10] for the defining procedure
of these objects. With a slight abuse of notation we will sometimes use My and N
for the corresponding center manifolds and normal approximations.

Let 5k/tjk) € 13rk/2tjk). 37k /tjk)] be the scale at which the reverse Sobolev
inequality [11, Corollary 5.3] holds for r = ri/tjx). Then let 7y = 25; /3t;x) €
7%/ tjky 27k / tjk)). We rescale further the currents Ty, the ambient manifolds g,
and the center manifolds to

Ti = (o7 )eTk = ((tx7etju)8T) L Bo g/

Sko=to7 Sx i), Mi = o M o)

and let
my j(k) = maX{E(Tk’Bsﬁ),EZ(Fktj(k))z_ZSZ}_
Define
Ni: My — R™" - Ny (p) = %Nk(fkp),
and let ~
U = Nkh(;ek7 up: g O By — Ag(R™T),

where e is the exponential map at py := ®4(0)/r; € My, defined on Bz C 7 ~
Ty, My and hy = ||Nk||L2($3/2), for the geodesic ball B3/, C M. The reverse
Sobolev inequality of [11, Corollary 5.3] gives a uniform control on the W12 norm
of uy on B3;5(0, my).

Then, following the proof of [1 1, Theorem 6.2], there exists a limiting m-plane g
and a non-trivial Dir-minimizing map u € W'2(B3,,(0,70); A (nd‘)) withypou =0
and ||u||L2(B3/2) = 1, such that up to subsequences,

L2~ 72

Ur — u strongly in W,

Remark 2.4. Note that the above compactness procedure leading to a limiting Dir-
minimizer ¥ € W'2(B3/,,(0, 7o); AQ(nd-)) remains valid for a varying sequence
of currents T and/or varying sequence of centers xx € &o(T%), along scales ry
around x; with E(Ty, B¢ N (xx), mx) — 0. This was already verified in a work
of the second author [19] for a fixed current 7" but varying centers xx, and one may
further observe that all the relevant estimates further remain independent of the cur-
rent T'.
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Recall that Almgren’s famous frequency function for Dir-minimizers
u:Q CR™ — Ag(R")
at a center point x € €2 and scale r > 0 is defined by

rfBr(x) | Du|?
faB,(x) ul?

We refer the reader to [9, Chapter 3] for the basic properties of the frequency function.
The monotonicity of the frequency function [9, Theorem 3.15] for Dir-minimizers
yields existence of its limit as r | 0. It is more convenient to work with a smoother
version of the frequency function, which has more robust convergence properties.
Following [10], we consider a compactly supported, monotone decreasing Lipschitz
cut-off function ¢: [0, co) — [0, 1]. We then introduce

Dutrr)i= [10uno( 2 ay,
2 —
Ho(e.r) = — :Z(f))Idd),(ly : xl) dy.
Dy(x,
L,(x,r):= %;:))

The same computations showing the monotonicity of Almgren’s frequency function
for Dir-minimizers apply to the latter smoothed variant (cf. for instance [10, Sec-
tion 3]; note that Almgren’s frequency function corresponds, formally, to the choice
¢ = 1p9,11). Moreover, it can be readily checked that all these smoothed frequency
functions are constant when the map is radially homogeneous, and this constant is the
degree of homogeneity of the function. It follows then from the arguments in [9, Sec-
tion 3.5] that the limit
I,(x,0) = lim I,,(x, r)
ri0

is independent of ¢. For the rest of the paper, we will fix a convenient specific choice
of ¢ given by

1 for0 <t <1/2,
$p)y=132-2t forl/2<t<1, 2.1
0 otherwise.

When x = 0, we will omit the dependency on x for / and related quantities, and will
merely write 1, (r).



Rectifiability: Singularity degree strictly larger than 1 605

Definition 2.5. Any map u, as above, is called a fine blow-up limit along the sequence
i (at x), and the set

F(T,x) = {Iu (0) : u is a fine blow-up along some ry |, 0}

is the set of frequency values of T at x.
We recall the following key result from [8].

Theorem 2.6 (Uniqueness of the frequency value). Assume that T satisfies Assump-
tion 2.1 and that x € Fo(T). Then F (T, x) consists of a single element, namely
F(T,x) ={l(T, x)} for some (T, x) > 1. We refer to I(T, x) as the singularity degree
of T at x. Moreover,

(1) ifI(T,x) > 1, then there is a unique flat tangent cone wo and Tx , converges
to it polynomially fast;

(i) if I(T, x) > 2 — 85, then there are finitely many intervals of flattening at x
(and in particular, one center manifold which passes through x).

Remark 2.7. Note that in [8], when proving the validity of Theorem 2.6, we a priori
define the singularity degree of T at x € Fo(T) as

I(T, x) := inf £ (T, x).

(see [8, Definition 2.8]). However, once we know that 5 (7, x) has only one element,
we a posteriori define the singularity degree to be this element.

The polynomial decay in Theorem 2.6 can be stated more precisely in the follow-
ing way, which will come in useful later in this article, cf. [8, Proposition 7.2].

Proposition 2.8. Let T be as in Theorem 2.6 and let p € o (T) withI(T, p) > 1. For
any 0 < u <min{l(7, p) — 1,1 — 83}, there exists C(m,n, Q, ) > 0and to(T, p) >0
such that, for every r < s < 1o, we have

E(T.B,(p)) < C(E)ZM max{E(T, By(p)), 825> 252} 2.2)

Remark 2.9. Note that the constant C in Proposition 2.8 in fact depends merely
on Iy — 1 for a lower bound Iy > 1 on I(7, p), in place of .

2.3. First subdivision

We are now ready to subdivide Theorem 1.2 into two main parts, based on the singu-
larity degree.



C. De Lellis and A. Skorobogatova 606

Theorem 2.10. Let T be as in Theorem 1.2 and Q € N \ {0, 1}. Then the set
& ={peFo(l): (T.p)>2-5}

is m — 2-rectifiable.

Theorem 2.11. Let T be as in Theorem 1.2 and Q € N \ {0, 1}. Then the set
8o = 1{peFo():1<UT.p) <2-5)}
is m — 2-rectifiable.

Note that we are now omitting the implicit dependency on 7. A few important
points will be in common in the proofs of the two theorems. However, one major
difference is in how the center manifolds will be handled in the two cases. In both, we
will construct “alternative” center manifolds, following the same algorithm of [10],
but with a different choice of parameters. After further splitting into countably many
pieces to gain uniformity in several parameters, the difference is, roughly speaking,
the following. For the set %h , we will locally find a single center manifold passing
through all these points, while at each point in %IQ, we will construct a sequence of
center manifolds, each one defined for the interval of scales |sg, fx] for which the
ratio s/t is a fixed constant.

Part1
Rectifiability of high frequency points

3. Reduction to a single center manifold

3.1. Choice of §3, second subdivision and new center manifold

Suppose that T is as in Assumption 2.1 and suppose that x € %ié We start by intro-
ducing a parameter §3 which is slightly larger than 8, as prescribed in [10, Assump-
tion 1.8], while the remaining parameter 8, will obey the same relation B, = 445.
The choice of 6, within [10, Assumption 1.8] is engineered so that a finite number of
strict inequalities involving the dimension m and the parameters y; and B, hold. These
inequalities are then used to show that the estimates in [10, Theorems 1.17 and 2.4]
hold for the positive exponents « and y, therein, which determine the regularity of the
center manifold and the corresponding normal approximation. Decreasing 83 to &
will then just make these exponents smaller. Likewise, [ 10, Propositions 3.4-3.7] will
hold with slightly changed values of the constants involved in the estimates.
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Now choose p with the property that 1 — 63 < u <1 —38, <I(7,x) — 1, and let
us invoke Proposition 2.8 for this choice of w. Observe in particular that for every
point x € ", the decay (2.2) holds with a constant C which is now fixed for all radii
r < ro(x). In particular, for a small positive constant z, to be specified later, %fé can
be subdivided into a countable union of sets S;, defined by

Sj :={p € : E(T.B;-1(p)) < and (2.2) holds in B, (p) ¥r < j'}.

Clearly, we have S; C S;41, and thus Theorem 2.10 is reduced to proving (m — 2)-
rectifiability for each S; with j large enough. This will be accomplished in the fol-
lowing statement.

Theorem 3.1. There exists €(Q,m,n) > 0 such that the following holds. Suppose
that T is as in Assumption 2.1, let j be sufficiently large and let p € Sj. Let 53 > 0
be as described above, set ro := 1/6./mj and define

my = max{E(Tp,rO,Bﬁﬂ),grg_zgz} <&

Then

(1) Ty r, satisfies [11, Assumption 2.1] and there is a single interval of flattening
(0, 1] with a corresponding center manifold My that is constructed using the
parameter 83 in place of 8>, and mg as defined above;

(ii) the rescaling tp r,(Sj) N Esﬁ is contained in My, and therefore so is its
closure S;

(iii) S is (m — 2)-rectifiable and has the (m — 2)-dimensional Minkowski content

bounds
H™(B-(S) N Mo) < Cr?, 3.1
HM(B,(S) N ) < Crt2, (3.2)
B, (S)| = #" " (B.(S)) < Cr"*2, (3.3)

for a positive constant C = C(m,n,n, T, j).

Remark 3.2. The dependence on T of the constant C in (3.1)—-(3.3) may be more
precisely quantified as a dependence on the uniform (in radial and spatial variables)
local upper bound A for the frequency function I relative to My (see Section 3.3).

The aim of this section is to prove the conclusion (i) and (ii) in Theorem 3.1. But
indeed we will prove a stronger form of (ii), namely that S belongs to what is called the
“contact set” (denoted by @ (I"); see [10]) between Mo and T ,. Points in the latter
set enjoy better properties than a generic point in Mo N spt(7}, ,,). More precisely,
the M-normal approximation N is “almost” Dir-minimizing at all scales around such
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points, and as a consequence a series of important integral identities are valid up
to small errors. These facts play a pivotal role in the rest of the paper, dedicated to
prove (iii), and therefore we will record them below in Lemma 3.5. In fact, we will
need a suitable refinement, namely that these identities are valid at any point x € Mg
and at any scale that is larger than a small scale comparable to the distance of x to S,
cf. Lemma 3.8.

Let us now show how Proposition 2.8 yields the result of Theorem 3.1 (i).

3.2. Proof of Theorem 3.1 (i) and of S € ®(I') C My

Letp € %}é and let ro := 1/6.4/m j . First of all observe that, by Proposition 2.8, given
n > 0, if j is chosen large enough (possibly larger than that corresponding to the scale
where Proposition 2.8 applies), then

2—28,

E(Tp.ro. B ymr) < 07 for every r < 1. (3.4)

In particular, for n sufficiently small, 7, ., satisfies [11, Assumption 2.1] at scale
r = 1, where we are taking 83 in place of 8, in the construction of the center mani-
folds as in [10]. Let now ¢ be the reference plane which is used to apply the algorithm
in [10, Section 1] and construct the center manifold M. Moreover, consider any cube
L € C with £(L) > ¢, dist(0, L), for the family C of dyadic cubes of 7y defined
in [10, Section 1] and the constant ¢ in [11, (2.5)]. Obviously, if 7 is chosen suf-
ficiently small, E(Tp,,,, Br) < Cemo€(L)?>72%3, and in particular L cannot belong
to W¢. On the other hand, by [10, Proposition 3.1], it also cannot belong to Wh.
Thus, by [11, Proposition 2.2 (iii)], L cannot belong to W” either. It follows therefore
that the condition [11, (Stop), Section 2.1] is never met, and hence 59 = 0. The above
choice of 7 in turn determines how large j must be. This therefore implies that for j
sufficiently large and p € S;, the origin must lie in ®(I") C M for T}, ;.

Fix now a point ¢ € S and consider its projection X = pg,(q). The very same
argument implies immediately that x cannot belong to any L € W and it is, therefore,
a subset of the set I' of [10, Definition 1.17]. ]

In fact, we want to record a stronger consequence of the decay of the excess of
Proposition 2.8, which is in fact an immediate byproduct of the above proof of the
fact that S C ®(TI'). Indeed, notice that this merely relies on choosing the parameter 1
in (3.4) smaller (depending on cy).

Corollary 3.3. Let T, p be as in Theorem 3.1 and assume that j is large enough so
that the conclusion (1) of Theorem 3.1 applies. For every fixed ¢ > 0, the following
is true, after further increasing j if necessary. For every q € S and for every r < 1,
every cube L which intersects B, (q, mo) satisfies £(L) < cgr.



Rectifiability: Singularity degree strictly larger than 1 609

3.3. Frequency function, almost-monotonicity and frequency lower bound

From now on we will fix ¢ arbitrarily (to be determined later; cf. Lemma 3.8) and
assume that j € N is fixed large enough such that the conclusions of Corollary 3.3
hold, that 0 € S;, and we will use the notation M and N for the center manifold Mg
and the normal approximation Ny (for the current T ,,, with ro = 1/6/m j, on the
interval of flattening ]0, 1]). In light of the above reasoning, we will henceforth work
under the assumption that Theorem 3.1 (i) applies and that S C ®(I") C M.

We can now introduce the pivotal object of our analysis, the (regularized) fre-
quency function for any given M-normal approximation N of 7 as in Assumption 2.1.
Let ¢ be defined as above and let d: M x M — R be the geodesic distance on M.
We will repeatedly use the following properties of d, which are consequences of the
C3*-estimates on the center manifold M (we refer the reader to [10] and [4]):

() dx,y) = |x =yl + O@my|x - y?);

(i) [Vyd(x, )| =1+ O(mg*d(x, y)):;

(i) V}(d?) = g 4+ O(mod), where g is the metric induced on M by the Euclid-
ean ambient metric.

For x € M and r € ]0, 1], we then introduce the following functions:

d(y,
D(x,r) == /M |DN|2¢((+X)) dy,

A0 s (A, x)
H(x,r) == / Ao [N | ¢(—r )dy,

Note that we will often omit the implicit dependency on N of I and related quantities,
since we are considering one single fixed normal approximation N throughout. When
it is necessary to highlight such dependence, we will write Iy, Dy and Hy . We refer
the reader to [11] or [4] for more details on the above quantities. Moreover, since in
practically all the computations the derivative of d is taken in the variable which is
the same as the integration variable, in all such cases we will write instead Vd.

We moreover define

B = [ 0(252) S om0 (0. ) o,

r

— _i (d(x.y) d(x,y) .
o= [ ¥ (5 s oy X 1PMO0IVw I 4

5 () = fM¢(d(’i’y))|N(y>|2 dy.
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Remark 3.4. We will use a different convention concerning derivatives of the maps N;
to that in [6], for instance. Therein, the authors use the convention v - DN; for the
directional derivative of the map N; in direction v (where N; is regarded as a map
taking values into R”*" and the derivative is understood as the vector consisting of
the directional derivatives of each component of N;). In this paper we will instead
stick to the convention d, N; or DN;v.

The first key point is that the variational identities that are pivotal for the almost
monotonicity of the frequency function I(x, -) hold indeed for every x € S and for
every r € )0, 1].

Lemma 3.5. There exists ys(m,n, Q) > 0 sufficiently small as well as a constant
C(m,n, Q) > 0 such that the following holds. Suppose that the conclusions of the
previous sections apply to Ty r,, M and N, and that € in Theorem 3.1 is sufficiently
small. Then for any x € ®(I') and any r € )0, 1], we have the following identities:

3,D(x,r) = — / ¢’(d(x’y )) D )P ay, (3.5
M r r
3,H(x,r) — mT_ln(x, r) = O(mo)H(x,r) + 2E(x, 1), (3.6)
5
ID(x.r) —E(x.r)| < Y |En? | < Cml*D(x.r)' T + CmoZ (x.r),  (3.7)
j=1

|0,D(x,r) — (m — 2)r_1D(x, r)—2G(x,r)|
5
< 22|Err§ | + CmoD(x,r)
j=1

< Cr_lmg“D(x, r)itve Cmy*D(x,r)"*9,D(x,r) + CmoD(x,r), (3.8)

where Err;? and Errj- are as in [4, Propositions 9.8 and 9.9].

We omit the proof of Lemma 3.5 here, since it involves a mere repetition of
the arguments in the proofs of [11, Proposition 3.5] (see also [4, Propositions 9.5
and 9.10]), combined with the observation that:

(1) the constants may be optimized to depend on appropriate powers of my,
resulting in the more explicit estimates given above;

(2) the validity of the estimates on all scales and at all points x € ®(I") uses the
fact that, for any ¢ € I', any Whitney cube L € W which intersects the disk
B, (g, 7o) has side-length no larger than cgr, where c; is as in [11, (2.5)]; this
property holds by Theorem 3.1 (i).
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As an immediate consequence, arguing as in [8, Corollary 6.5], we obtain that
4 e
p log(1 4+ I(x,r)) > —Cm} Vx e &), Vr €]0,1] 3.9)
r

for y4 > 0 as in Lemma 3.5 and C(m, n, Q) > 0. In turn, we can exploit the latter
monotonicity to obtain the following corollary.

Corollary 3.6. Let Ty ), M, N, C, y4 be as in Lemma 3.5. Then, for any x € ®(I'),
we have the following:

(i) I(x,0) = lim, o I(x, r) exists and moreover x + 1(x,0) is upper semicon-
tinuous;

(ii) the unique tangent cone to T at x is Q[Tx M];

(iii) x is a flat singular point and I(x,0) > 2 — §3.

Proof. Points (i) and (ii) are obvious from the monotonicity of log(1 4+ I(x,r)). As for
point (iii) a simple unique continuation argument using the fact that the singular set
of T has dimension 2 shows that no point x € @ (I') can be a regular point because
otherwise in a neighborhood of it the current would just coincide with the center
manifold. The estimate on I(x, 0) is instead achieved using the excess decay at x and
arguing as in [8, Section 9.2]. ]

We also observe that a simple compactness argument gives a uniform bound for
the frequency I(x, 4) as x varies in B; N M. In particular, given the validity of the
almost-monotonicity (3.9) of r + log(1l + I(x, r)) for x € ®(I'), we can infer the
following upper bound:

I(x.r) <A Vxe®T), Vr€]0.4]. (3.10)

On the other hand, knowing that lim, o I(x,7) > 2 — 63 for all x € ®(I"), it suffices
to choose m to be sufficiently small to gain a positive lower bound on I(x, ) at all
scales. In summary, we have just established the following.

Corollary 3.7. Let Ty ,, M, N, C, y4 be as in Theorem 3.1, and let € therein be
sufficiently small. Then there is a constant A > 0 (depending on T ) such that

3
> <I(x,r) <A Vxed®(), Vre]0,4].

3.4. Almost monotonicity at points x close to S

In general the estimates of Lemma 3.5 are not valid at every point x € M and every
scale r. As remarked, the condition for their validity at scale r is that B, (0, px,(x))
does not intersect cubes of W which have side length larger than cg;r. We may ensure
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that this holds at all scales r € ]0, 1] for any point in S, but cannot hope to achieve
this at all scales r € ]0, 1] at points that are not in the contact set ® (I'). Unfortunately,
we need to consider points outside of the contact set when taking spatial variations.
However, for an arbitrary small constant n > 0, we can leverage Corollary 3.3 to
establish the validity of the desired estimates at any given point x € M N By and
every scale r larger than nd(x, S) (where, as usual d(x,S) = min{d(x, y) : y € S}).

Lemma 3.8. Suppose that the conclusions of the previous sections apply to To r,, M
and N with ro = 1/6+/mj and that € in Theorem 3.1 is sufficiently small. For every
fixed n > 0, there exists a choice of cs in Corollary 3.3 such that if j is larger than
the corresponding threshold therein, then all the estimates of Lemma 3.5 (and hence
that of (3.9) and Corollary 3.7) hold for every x € M and every r € |nd(x,S), 1] by
possibly adjusting the constants.

Proof. The proof of Lemma 3.8 is entirely analogous to that of the fact that S C ®(T"),
only taking r € |[nd(x,S), 1] and observing that given ¢y > O asin [11, (2.5)], any cube
L € Cwith L N B, (g, mo) # @ and £(L) > csr > csnd(x,S) would in turn satisfy

LN Bd(x,S)—I—r(q» 7o) # ¢

for S > X= ®(g), contradicting the conclusion of Corollary 3.3 for ¢y = ¢s /(1 + 1/n)
for this point X. Thus, all cubes L € € with L N B, (g, w¢) # @ must have £(L) < csr.
In light of the observations (1) and (2) following the statement of Lemma 3.5, this
concludes the proof. |

3.5. Main reduction

Using an obvious covering argument and up to translations and dilations, we can
always substitute 7" with Tg ;,, so we can now summarize a set of assumptions which
we will make throughout the rest of this article.

Assumption 3.9. For some fixed (yet as small as desired) positive constants &q4, 7,
and some fixed Iy = 2 — §3 (yet as close to 2 — §, as desired) the following hold:
(i) T satisfies Assumptions 2.1 and 2.2, and I(7, 0) > Iy;
(ii) there is one interval of flattening 0, 1] around 0 with corresponding mg o =
my < &3;

(iii) if M is the corresponding center manifold, then
S:={x € Fo(T):1(x,0) = Io} N B,

is a closed subset of M;;
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@iv) for every x € B; N M, the estimates of Lemma 3.5, Corollary 3.7 and the
upper bound on the frequency are valid for all radii r € |nd(x,S), 1] (and
hence for all radii r € ]0, 1] when x € S).

Note that in particular, the choice of g4 in turn determines the final choice of £ in
Theorem 3.1 and the parameter € in Assumption 2.2.

4. Almost monotonicity and comparability of error terms

In this section we establish some further consequences of Lemmas 3.5 and 3.8 and
Corollary 3.7. The estimates of this section will greatly simplify many subsequent
computations.

Lemma 4.1. For any fixed n > 0 and A > 0 as in (3.10), if &4 is chosen sufficiently
small, then the following hold for any T as in Assumption 3.9, every x € M N By and
any p,r € Ind(x,S), 4]:

Cl<I(x,r) <A, 4.1)
A'rD(x,r) <H(x,r) < CrD(x,r), 4.2)
X (x,r) < Cr?D(x,r), 4.3)
E(x,r) <CD(x,r), 4.4)
o M H(x, p) = r ™ H(x, r) exp(—C /r I(x,s)% — O(mo)(r — p)), 4.5)

o

r

H(x.r) < CH(x, Z)’ (4.6)
H(x,r) < Crm+3-282 4.7
G(x,r) < Cr'D(x,r), (4.8)
|0,D(x,r)| < Cr 'D(x,r), 4.9)
|0, H(x, r)| < CD(x,r), (4.10)

where the constant C depends on Iy, A, and 1, but not on g4. In particular,

D(x,r) —E(x,r)| < Cm}*r"*D(x,r), 4.11)
10,D(x,7) — (m —2)r 'D(x,r) — 2G(x,r)| < Cm}*r* 'D(x,r), (4.12)
0 1(x,r) > —Cml*rvi™t, (4.13)

From now on, we will work under the assumptions that the parameters allow for
the conclusions of Lemma 4.1 to hold.
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Assumption 4.2. Suppose T, Iy, 8>, 83, €4, A, n are as in Assumption 3.9. In addi-
tion, the parameter &4 is small enough, compared to Iy, A, and 7, so that the estimates
of Lemma 4.1 are valid.

4.1. Proof of Lemma 4.1

We begin with (4.1). As already observed above, the upper bound follows by an obvi-
ous contradiction and compactness argument. To achieve the lower bound, we also
proceed via contradiction, following a similar argument to that in [19].

Indeed, suppose that the lower bound in (4.1) fails. Then, one can find a sequence
of currents T} satisfying Assumption 3.9 with vanishing €4 = €4 | 0 and extract a
sequence of points x; € My N B; with corresponding normal approximations Ny and
scales r¢ € [nd(x, S, ), 4] such that

INk (xk, rk) — 0.

In particular, this means that there exist points yx € S, with d(yg, xx) < %rk. Recen-
tering around xg, rescaling by 7 as in Section 2.2 (see Remark 2.4) and taking a
normalized limit, we conclude that (up to subsequence) there exists a limiting Dir-
minimizer u: 7o O By — o (7L) with

@ I.(0,1) =0;

(i) u(y) = 0[0] and 1,,(y,0) = Ip =2 — 33,
where y is the subsequential limit of (yx — xx)/7x. However, condition (i) implies
that D,,(0, 1) = 0, which, combined with condition (ii) tells us that u = Q0] on B;.
This, however, contradicts the lower frequency bound in (ii).

The inequality (4.2) is clearly just an alternative way of writing (4.1), while (4.3)
follows immediately from [11, Lemma 3.6] and the lower bound of (4.1). Moreover,
the estimate (4.4) is merely a consequence of (3.7) and (4.3) combined.

To obtain the equation (4.5), we first observe that (3.6) and (3.7) together yield
the estimate
J,H(x,r) m—

H(x,r) o

1 2 2E(x,r)
< -I(x, C —_— .
== (x,7) + Cmgy + Hx.r)

dr(logr'™H(x,r)) =

We then apply (4.4) and integrate between scales p and r to conclude. Setting p = r/4
and invoking the upper frequency bound in (4.1) clearly further implies (4.6).
To see that the L2-height decay (4.7) holds, one may simply cover

pﬂo((Br(x) \Er/z(x)) N M)

by a family of disjoint Whitney cubes L with £(L) < 2r, and apply the estimate [10,
Theorem 2.4 (2.3)] on each Whitney region &£ for each of these cubes L (see [11,
Remark 3.4] for the corresponding estimate on D(x, r)).
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The inequality (4.8) follows immediately from the definition of G, combined
with the observation that d(x, y) < r whenever ¢’(d(x, y)/r) > 0. Similarly, the
bound (4.9) follows directly from the identity (3.5) and again the fact that d(x, y) <r.

Finally, the estimate (4.10) follows from (3.6) and the upper bounds in (4.2)
and (4.4). The estimates (4.11)—(4.13) are a consequence of the preceding estimates
(4.1)—(4.10) and the estimates in Lemma 3.5, (3.9) and Corollary 3.7. ]

5. Spatial variations

In this section we will control how much N deviates from being homogeneous on
average between two scales, in terms of the frequency pinching. The latter is defined
as follows.

Definition 5.1. Suppose that 7', M and N are as in Assumption 4.2. For x € B; N M
and any nd(x,S) < p <r <1, define the frequency pinching W (x) between scales p
and r by

Wy (x) = [I(x,r) = I(x, p)|.

We begin with the following important proposition.

Proposition 5.2. Suppose that T, M, N are as in Assumption 4.2, and let y4 be as
in Lemma 3.5. There exists C = C(m,n, Q,A) >0and f = B(m,n, Q,A) >0
such that the following estimate holds for every x € By N M and for every pair p, r
with 4nd(x,S) < p <r < 1. If we define

p/4(x) = (BZr(x) \B /4()()) NM,

then

d(x,y)Vd(x,y)
[Vd(x, )|

< CH(x,2r)(W, /S(x) + my“ry“)log(%).

dy

PN = Raw dCx.y)

2
—1(x,d(x, y))N;(»)|Vd(x, y)|

A2r4(x)

We will also require the following control on variations of the frequency in terms
of frequency pinching.

Lemma 5.3. Suppose that T, M, N are as in Assumption 4.2, and let y4 be as in
Lemma 3.5. Let x1,x, € By N M with d(x1, x2) < r/4, where r is such that

81 max{d(xl,S),d(xz,S)} <r<1.



C. De Lellis and A. Skorobogatova 616

Then there exists C = C(m,n, Q, A) > 0 such that for any z, y € [x1, X3], we have

1) = 1| = C[W3a00) " + (W) V7 4+ e 2pi2] SE2)

r

In order to prove the latter, we will also need the following additional variation
estimates and identities.

Lemma5.4. Let T, M, N be as in Assumption 4.2, and x € By N M. Let nd(x,S) <
r <1, and let v be a vector field on M. We have

d
e K G DO AR A
+ O(myH)r"*~'D(x, r),

vd 2 (d(x,
i =223 [ S (SR s o

where vy (y) := Vd(x, y).

5.1. Proof of Proposition 5.2

Since the center x here is fixed, we will suppress the dependency on x for I and
all related quantities, for simplicity. By the estimates (3.6), (4.1), (4.11) and (4.12),
we have

4r 47 95[sD(s)]  sD(s)dsH(s)
4r = -
W5/ (x) = [{)/4 d51(s) ds = /};/4 H(s) H(s)? as

- 4 5G(s) — I(s)E(s) . ar 1
> 2/p/4 He) ds—Cm), /’;/ (s 4+ DI(s) ds
. 2/4’ sG(s) —2I(s)E(s) + s_ll(s)zH(s)
B o/4 H(S)
=:1

— Cml ((4r)7* = (p/9)").

We can rewrite the integral I as

B ar . d(x,y) 1 .‘d(x,y)Vd(x,y) 2
= [ [ (5 (JZ'DN’ Vd(r.y))

—2I(s) ZN,' . (DNJ- d(x,y)Vd(x, y)) + I(s)2|N(y)|2|Vd(x,y)|2) dy ds

Y R U Y d(x,y>)s<x,y,s>
_//)/4 sH(s) ¢( S d(x,y) dy ds,
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where
ECr.y.5) = Z‘m% XN, )V )|
T ,
We thus arrive at the inequality
”/4(x) - /: sH](S) A 5 (x) % dy ds = Cmg! ((4r) = (o/47).

Now consider

Lo y) =

J

d(x,y)Vd(x,y) 2

DN ) ety M N 0)IVa e )

The triangle inequality and the Cauchy—Schwarz inequality yields

§(x,y) < 28(x,p,5) + 2[I(s) = L(d(x, )P IN(Y)?
<26(x,¥,5) + CWie, , ()INOD). (.1
We now proceed to estimate the pinching W ) (x) in terms of the pinching W4 /8 r(x).

Observe that the almost-monotonicity of the frequency (4.13) tells us that for any
nd(x,S) <s <t <1, wehave

I(s) < I(t) + Cm} 7. (5.2)
Since for y € Ai/z(x) and s > p/4 we have d(x, y) > 5/2 > p/8, this yields
Wit @) < W) + Cmgr?t — Cmgts”. (5.3)

Moreover, observe that we have

2d(x,y)
—o—¢(x,y) ds dy
/=A2/4(x) /(;(x ) SZH( )

2d(x,y) |

¢(x,y) — dsdy
H(2r) A2, () d(xy) 5

1 ¢(x, y)
- 2H(2r) A2, () d(x, y)

Combining this with (5.1) and (5.3), we have
16r 4
Wp/4 (7) Wo/s(x)

A : 16
> C/ {x. y) dy ds — Cmp*r’4 log(—r) — Cm}tr?
p/4 SH(S) Jas ) d(x,y) P
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> C / /Zd(x ) {(x,y)dsdy — Cmpr? 10g(16r) — Cml*r?4
A2/4(x) d(x,y) SZH() p 0
16
> £(x, y) — Cm}*r? log(—r> — Cm}tr?s
H(2V) A2 (x) d(x, y) p
c {(x,y)

16r
> dy — Cm[*r?4 log(—) —Cm!l*r7e,
H(2r) Jazr, ) d(x,y) 0 P 0

Note that the logarithmic factors arise from integrals of s~! from p/4 to 4r. Rear-
ranging and again exploiting the almost-monotonicity (5.2), this yields the claimed
estimate. ]

5.2. Proof of Lemma 5.4

Observe that we have

.00 = [ (T2 T DG P o

r

Consider the vector field X; (p) = Y(p(p)), where
d(x,
1) = o2 ).

divy Y =¢’(d(xr’y))w(x’y) v — (Y, Hy), (5.4)

r

Then

and

Dact =14 (“2 Yo @) + -0 2

ZAM(e,,v) ®ej, (5.5)

where {e; } form an orthonormal frame of M, with e; = v. Thus, testing [11, (3.25)]
with this vector field and using the decay in Proposition 2.8 yields

3,D(x,r) = / IDN?divy Y dy + O(my/?)r0=82/2D(x, r)
M

.
=2 [o(*52) St min. a8 oy

r -
i

5
+ O(m(l)/z)r(l_82)/2D(x, r) + Z]::}/ri-,
j=1

where l::}}; are the inner variational errors in [11, (3.19), (3.26)—(3.28)], but for our
new choice of vector field Y. We estimate them analogously to [11, Section 4], again
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using the excess decay of Proposition 2.8 to get improved scaling, combined with an
analogous estimate to (4.12), to obtain

5
Z |1:Z?r;| < Cmyr D, r)' T + Cm)*D(x,r)"*9,D(x, 1)

< Cmyr+ 'D(x,r).

Note that in order to get these estimates we require r > n d(x, S), to ensure that
B, (g, o) does not intersect any cube L € W with £(L) > csr (cf. Lemma 3.8). The
identity for d,H(x, r) is merely a computation, identical to that in the proof of [6,
Proposition 3.1]. ]

5.3. Proof of Lemma 5.3

Let z, y be as in the statement of the lemma and let x lie in the line segment [z, y].
For a given vector field v, the chain rule yields

royD(x,r) I(x,r)d,H(x,r)

9ollx, 1) = H(x,r) B H(x,r)

We may now proceed as in the proof of [6, Theorem 4.2]. Nevertheless, we repeat the
argument here for clarity. Let ;x be the measure with density

o Vdx, )], (d(x,y)
dux(y) = — aG.y) ¢( . )dy,
and let
B Vd(x1,y) . Vd(x,y) _ d(x,y)
v(y) —d(xl,xz)m, nx(y) = d(x,y)lw(x’y)| = |Vd(x,y)|”"(y)'

Then by Lemma 5.4, for every r € |nd(x,S), 1], we have

2
dI(x,r) = e r)/ Zw,,xzv,.,avNi) dity + CmPr"1(x, r)
I(x r)
_ H(x r)[ |Vd|Za Ni, Ni) djy.

Since d is the geodesic distance on M, we have
d(x1,x2) = d(x1,y) + d(x2, )

and
Vd(x1,y) = =Vd(x2,y),
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and thus we can now write

(v) = DN Vd(x1,y) o Vd(xz, y)
N (y) = DN’(y)d(xl’y)|Vd(x1,y)| DNl(y)d(xz’y)Wd(xz,yﬂ

= Oy, Ni(y) — 9y, Ni (y)
= (Opy, Ni (y) —X(x1.d(x1. ) Ni (1))

=61.i
— (O, Ni(¥) = 1(x2.d(x2. y))Ni(y))
=:82’i
+1(x1,d(x1,y)) — I(x2,d(x2, ) Ni ().
=:€3

Thus, we have

2
Hx. r)/ Z(aanivgl,i — &) diy

I(x r)
H(x )

dyl(x,r) =

/) SN 601 = 620) b

+ H(x, r)

I
(()“’r)) / V|65 Y INi|? dpax + Comlf*r?*1(x, r)
7r :M i

fM 653 (0, Ni, V:)

2
= ") / Z(aani,gu —&5,i) dux
I(x r)
H(x r)

285
H(x,r)

/ |Vd|Z Nza811_821>d/f‘x

(/ Z(é)ani, N;) dpx — rD(x, r)) + Cmy*r’*1(x,r).
M

With the aim to establish control in terms of frequency pinching at the endpoints
x1 and x», we can now rewrite &3 as

&3 = (I(x1.d(x1, ) —I(x1,7)) + ((x1,7) — I(x2,7))
+ (I(x2,7) = X(x2,d(x2, y)))
< WECUD (1) + Wiy, 4 (x2) + 11, 1) = 1(x2, 7).

This, combined with the Cauchy—Schwarz inequality, the estimate (4.11), an anal-
ogous almost monotonicity estimate to (5.3) and the uniform upper bound on the
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frequency (4.1) tells us that

e < c| [ Y(en
1 5 1/2 I(x,r)
el [ 3ot o] g 5m)

1/2
2 4 162.07) dux}

Y4 1+y4 |I(X1, r) _I(xZa r)|

+ Cmy'r H(x.r) D(x,r)
d(x1,y) r
Wy (x1) + Wi )(xz)
+Cmgtr awn e

+ Cm}*r"*I(x, r).

Now invoking Proposition 5.2, for £ = 1, 2, we have

Vd(x, S d(x,
/Z|8e,i|2 duy = —/Zlge,dz()’)' d()(cxy);)|¢ ( (xr y)) dy

< CH(xy, 2r)(Wr‘78(Xg) + mtr).

Thus, when combined with the upper bounds in (4.1) and (4.3), we conclude that

[0,0(x,7)] < C[(W;Vg(xl) + mg4r3’4)1/2

+ (W;}g(ycz) + m(1)’4r”4)1/2] + Cmptr7
< C[Wr‘}rg(xl)l/2 + Wr%(xz)l/2 + mg“/zr“/z] + Cmg“r”“.

Integrating this inequality over the geodesic segment [z, y] C M and using the esti-
mates in Lemma 4.1, the result follows. n
6. Quantitative splitting

In what follows, we will need to consider affine subspaces spanned by families of
vectors. For this reason, it will be useful to introduce the following notation. Given

an ordered set of points X = {xg, x1,..., xx}, we will denote by V(X) the affine
subspace spanned by {x; — x¢, X2 — Xo, ..., Xt — Xo} and centered at x¢, namely
V(X) =x0+ span({(x1 —Xx0), (x2 —Xx0), ..., (xx — xo)}). (6.1)

We will now show that approximate homogeneity implies the existence of an
approximate spine in given directions. We begin with the following definition.
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Definition 6.1. We say that a set X = {xg, x1,..., X%} C B,(x) is pr-linearly inde-
pendent if
d(xi,V({xo.....xi=1})) = pr Vi=1,... k.

We say that a set F C B, (x) pr-spans a k-dimensional affine subspace V' if there is
a pr-linearly independent set of points X = {x,-}f-;o C F suchthat V = V(X).

The following lemma gives a quantitative notion of the existence of an approx-
imate spine in S, provided that N is (quantitatively) almost-homogeneous about an
(m — 2)-dimensional linear space.

Lemma 6.2. Suppose that T, M, N are as in Assumption 4.2, let x € S and let
0,0, p €10, 1] be given. There exists ¢ = gg2(m,n, Q, A, p, p, p) € 10, €3] such that
the following holds. Suppose that, for some r > 0,

max{E(T, B, (x)), E(2r)2_282} <e.
Let X = {)c,-}:-";()2 C B, (x) NS be a pr-linearly independent set of points with
;rr(xi) <¢g foreachi.
Then S N (B, \ B5 (V(X))) = 0.

Proof. We argue by contradiction. Without loss of generality, assume x = 0. Suppose
that the statement is false. Then there exists sequences ¢ | 0, r¢ | 0 and correspond-
ing sequences of center manifolds My and normalized normal approximations Ny
with Hy (0, 1) = 1 for To,r, . Moreover, for Sx := S(To,r, ), there is a sequence of
(m — 1)-tuples of points Xi := {Xk,0,Xk,1,- .., Xk,m—2} C B1 N Sg such that

(1) Xk is p-linearly independent for some p € |0, 1];

(ii) Wﬁz(ﬁk,xk,,-) < er — 0as k — oo for some p € ]0, 1];

(iii) there exists a point yx € Sx N By \ B5(V(Xy)).

We can thus use the compactness argument from Section 2.2 (see Remark 2.4) to
conclude that

(1) My — 7o in C3¥;

(2) N¢ oe; — uin L? and in W];C’Z, where u is a Dir-minimizer with n ou = 0;

(3) Xy converges pointwise t0 Xoo = {X0,...,Xm—2} C Too;

(4) yx converge pointwise to y € 7o N By \ B5(V(Xoo)) with u(y) = Q[0].
Denote by A g (u) the set of points y € 7o such that u(y) = Q[ ou(y)] = Q[0].
Due to the dichotomy [9, Proposition 3.22], we know that

dimg (Ao () N By) <m —2. (6.2)
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Indeed, H,(0,1) = 1 and o u = 0, so u cannot be identically equal to Q[n o u].
Moreover, Hy,(y,t) > 0 for every t € (0, 1) and every y € Bj, since otherwise we
would contradict the dimension estimate (6.2). This, in combination with (ii), tells us
that

L,(xi,p) = I,(x;,2) fori=0,...,m—2.

The monotonicity of the (regularized) frequency for Dir-minimizers then tells us
that u is ;-homogeneous about the center x; in the annulus B, (x;) \ B(x;) C 7o
for some o; > 0. We can then extend u to an «;-homogeneous function about x;
on 7m; call it v;. Observe that for any z # x;, there is a neighborhood U, C 7
of z on which v; is a Dir-minimizer (by using a scaling argument and the fact that v;
agrees with a Dir-minimizer on B, (x;) \ B5(x;) C 7eo).

This allows us to apply the unique continuation result [6, Lemma 6.9] to conclude
that u = v; on Bgs \ {x;}, and hence u = v; on Bgy4. By iteratively applying [6,
Lemma 6.8], we may thus conclude that o; = o for eachi = 0,...,m — 2, and that
u = Q[0] on the (m — 2)-dimensional plane

V(Xoo) = X0 + span{(Xm—2 — Xo), - ... (x1 — Xo) }.

In other words, u is an ¢-homogeneous function in two variables about the (m — 2)-
dimensional plane V(Xoo).

Since y ¢ V(Xx) and u(y) = Q[0] but u is e-homogeneous, this implies that
U= Q[[O]] on xg + span{x;—» — Xo,...,X1 — X0,y — Xo}. This however contradicts
the dimension estimate on A g (1), thus allowing us to conclude. ]

The following lemma tells us that it suffices to have approximate homogeneity on
a linearly independent set of points, in order to conclude approximate homogeneity in
the entire affine subspace spanned by these points.

Lemma 6.3. Suppose that T, M, N are as in Assumption 4.2, let x € S and let
0,0, p €10, 1] be given. Then for any given § > 0, there exists ¢ = g3 > 0, dependent
onm,n, Q,A\,p,p,p,d, such that the following holds. Suppose that, for some r > 0,

max{E(T, B>, (x)),E(Zr)Z_Z‘gz} <e.
Let X = {)c,-}:-";()2 C B, (x) NS be a pr-linearly independent set of points with
;rr(xi) <¢g foreveryi.

Then, for every y1, y2 € B, (x) N B, (V(X)) NS and for every ry, 1, € [pr, 7], we
have

L(y1.71) —I(y2.m2)| < 6.
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Proof. We again argue by contradiction. Without loss of generality, assume x = 0.
Suppose that the statement is false. Then there exists sequences g | 0, ry | 0 and
corresponding sequences of center manifolds My and normalized normal approxima-
tions Ny with H 7, (0. 1) =1 for To,r, and a sequence of (m — 1)-tuples of points
Xi = {xk,o, Xids-evs xk,m_z} C By NSk (where Sy = S(TO,rk)) such that

(i) Xy is p-linearly independent for some p > 0;

(ii) W;(Nk,xk,,-) < ¢&r — 0as k — oo for some p > 0;

(iii) there are points yk 1, k2 € B1 NBg, (V(Xk)) N S and corresponding scales

rk,i € [p. 1] such that

e ks 7ie,1) — e (Vie,20 1k 2)| = 8 > 0,
where I, := II\_Ik .
We can thus use the compactness argument from Section 2.2 to conclude that
(1) My — 7o in C3%;
2) ]Vk oer — uin L2 and in Wlsc’z, where u is a Dir-minimizer with 5 o u = 0;

(3) X} converges pointwise t0 Xoo = {X0, ..., Xm—2};
(4) yx.; converge pointwise to y; and the respective scales ri ; converge to scales
ri € [p,1]fori =1,2.
Arguing as in the proof of Lemma 6.2, we can deduce that u = Q[0] on V(X&) =
Xo + span{x,,—» — Xg,...,X1 — Xo}, with I,,(y,7) = a > 0 forany y € V(X ) and
any v > 0. However, since yx 1, Yk € Sg and ri; € [p, 1], we also have

I Vr,is i) = Lu(yinri)

fori = 1,2, so (iii) contradicts the homogeneity of u. |

7. Flatness control

In this section we proceed to estimate the “mean flatness” in a ball for a measure p
supported in S, in terms of a (m — 2)-dimensional pu-weighted average of the fre-
quency pinching (plus a suitable lower order term). We introduce therefore the so
called Jones’ B, coefficients, which will give us a suitable tool to measure the mean
flatness of  at a given scale around a given point.

Definition 7.1. Given a Radon measure p in R”*" and k € {0,1,...,m +n — 1},
we define the k-dimensional Jones’ 8, coefficient of y as

. 2 1/2
ﬂ’zc’u(x,r) = inf [r_k/l;()(w) d,u(y):| .

affine k-planes L r
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The pivotal estimate of this section is the following proposition.

Proposition 7.2. There exist positive thresholds n = n(m), ¢ = e(A,m,n, Q,n),
ag = ao(A,m,n, Q) and C = C(A,m,n, Q) such that the following holds. Suppose
that T, M, N satisfy Assumption 4.2 with parameters €4 and 1 smaller than the above
thresholds. Suppose that  is a finite non-negative Radon measure with spt(i) C S.
Then for all r € )0, 1] and every xo € B,/3 NS, we have

(B2 (x0.7/8)]" <

C
oz W dut)
r/8{xo
+ Cmg"r_(m_z_“(’)u(Br/g(xo)).

In order to prove this proposition, we will require the following lemma, the proof
of which is omitted here and can be found in [6].

Lemma 7.3 ([6, Lemma 5.4]). Let Q C R™ be a connected open set and suppose that
u:Q — Ag(R") is a Dir-minimizer. Assume there is a ball B C Q and a system of
coordinates X1, . . ., Xy such that u|p is a function of x1 only. Then u is a function of
only x1 on all of Q.

7.1. Proof of Proposition 7.2

We may assume that (B, g(x)) > 0, else the claimed inequality is trivial. Since
it will be convenient for us to restrict ourselves to (m — 2)-dimensional affine sub-
spaces L of Ty, M in Definition 7.1, we begin with some basic linear algebra to
simplify the mean flatness that we would like to control. Let

1

w(By/8(x0)) JB, 5(x0)

Xxo,r -

denote the barycenter of y in B,/g(xo) N Tx, M, where py, is the orthogonal projec-
tion of R”*" onto T'x, M. Following the approach of [18] and [6, Section 5], we may
consider the symmetric bilinear form by, ,: Tx, M x Tx, .M — R defined by

bxg,r(v, w) := ((px0 (x) — pxo(fxo,r)) . v)
B,/s(
r/8(X0
’ ((pr (X) — Pxo (XXO,I')) : w) dM(X)
— [ (= Fap) )~ T ) i)
B, /5(x0)
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and we diagonalize by,,,. This yields an orthonormal basis {v; }/*, of eigenvectors
and a corresponding family of eigenvalues 0 < A, <--- < A; for the linear map

T(v):= / ((pxo (x) — Pxo (fxo,r)) . v) (pxo(x) — Pxo (fxo,r)) d;L(x)
B, 8(x0)

[ (=T D) dao)
B, /8(x0)

which diagonalize by, . Namely, T'(v;) = A;v; and by, (vi, Vi) = A;.
This yields the characterization

~(m-2) dist(y, L) \?
it (%) / (L)) au()
afﬁneém — 2)-planes \ 8 B, /5 (x0) r

X0
- (%)"”@m_l + Am). (7.1)
We therefore conclude that
B2 (0 )] = (5) "+ 2w <2(5) "wn. @2

Moreover, the (m — 2)-planes minimizing the left-hand side of (7.1) are those of the
form L = x¢ + span{vy, ..., vm—2}, for any choice of orthonormal basis as above.
Fix now any z € Ba,(x¢) \ B,/4(x0) N M. Following [6], we would like to dif-
ferentiate the map N at the point z along the vector v;. However the latter vector is
an element of T,-M and not an element of 7M. In order to find a suitable element
of T, M we consider the geodesic segment connecting xo and z on M and the parallel
transport along it. This gives a well-defined linear map £ ;: Ty, .M — T, .M. This map
is, in fact, the differential dey,|¢ of the exponential map ey, at the point { = e;ol (2).

Since
((x = Xxp.r) - 0j)Pxo (2 — X) du(x) = —4;v;
B, /8(x0)

and

/ (X = Xxo,r) - v; du(x) =0,

B, /3(x0)

foreach j =1,...,m,i =1,..., 0 and any fixed o > O (to be determined later), we
have

—AjDN;(z) - £2(vj) = DN;(z) - £:(=A;v))

= ovr- e [ ERCEESRRAIMEESS )
r/8 (X0
o) [ (= T ) d)
B, /8(x0)

= /B ( )(x — Xxo,r) " Vj [DNi (2) Lz (Pxy(z —x)) —alN; (z)] dp(x).
r/8{X0
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Now observe that, since £;(px,(z — x)) is a linearization of % at the
point z, a Taylor expansion, combined with the properties (i)—(iii) of d in Section 3.3,

yields
d(x,z)Vd(x,z)

|Vd(x,z)]

We therefore reach the (approximate) identity

1/2 2

<0r.

£2(Pxo(z — X)) —

—AjDN;(z) - £2(vj)
_ oo oy A2V
- /B,-/g(xo)((x - xxo,r) : UJ) |:DN1 (2) Vd(x.2)| alV; (Z):| du(x)
+ O(m)/*r*)|DN;(2)| |(x = Xxor) - ).

B, /8(x0)

We now square both sides, sum over the components i of the Q-valued map N,

and use the Cauchy—Schwarz inequality and the estimates on the distance d. Letting

w(x,z) = %, we thus have

223 IDNi(2) - £ ()

=€ / |(x = o) - v | dia(x)
B /8(x0)
/}; ( )Z|DN;‘(Z)'U)(X,Z)—O[N,‘(Z)|2 du(x)
r/8\X0)
+ Cmort (B DNGP [ 16 = Fag) 4 dia(o).

B, /8(x0)

Recalling the definition

)tj = be,r(vj, vj) = / |(X — fxo,r) . vj|2 du(x),

B, /8(x0)

we thus achieve

b IDNE P =€ [ FIDNE) i) NG dut)

r/8(x0) i
+ Cmor® u(B,/3(x0)) IDN(2) . (73)

In what follows, we will use the shorthand notation

IDN(z) -v]> = Y _|DNi(2) - v|*.
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We now set Af;4(x0) = By, (x0) \ By/a(xo) N M and use (7.2) (plus the ordering
0<Am <Apm_1 <--- < Ap) to get the following inequality:

m—1
(852 Cxo. /)] f D IDN() () dz

r/4(x0) j=1

Am—l m—1 5
scmm [ Y IDNG) -t 8

r/4(x0) j=1

C & )
< r—m/M > A IDN(z2) - £2(v))|? dz.

r74(x0) j—1
We hence use (7.3) to get

m—1
(8352 (xo.r/8)] A . 2 IDNG) ()P dz

774 (x0) j=1

< Cmor*™ (B, 5(x0) / IDN?
Bay (x0)NM

+Cr ™™ Z|DN1~ (z) - w(x,z) —aN; (Z)’2 du(x) dz
A2 (x0) /B, /8(x0)

< Cimor* (B, 5 (x0)) / IDNJ?
B (x0)NM

+cr""/ f > _|w(e.2)- DNi(2) = 1(x. |z = x) Ni(2))[* dpu(x) dz
A (x0) /B8 (x0)

=:R(x0,r)

+Cr_m/;‘)2r( )/B ( )|I(x,|z—x|)—oz{2|N(z)|2 du(x) dz.
r/4 X0 r/8(X0

Firstly, observe that Fubini’s theorem and the estimates in Proposition 5.2 and Lem-
ma 4.1 tell us that, for r € ]0, 1],

R(xg,7) < Cr/

H(x, 2r)(Wr2/2(x) + mytr’*) du(x).
B, /5(x0)

Now fix any such r and choose

1

= — I(y,r)d .
* w(By/8(x0)) JB,/5(x0) (v.r) du(y)
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We may hence once again use the triangle inequality to write

2
/ / }I(x, |z — x]) —a|2|N(z)‘ du(x) dz
A2 (x0) /B8 (x0)

<c| / Wi PING)P dix) dz
A2, (x0) /By /5 (x0)

— 2
e / 4(x0) ‘/r/s(xo) [XCx, 7) O‘l IN(2)|* du(x) dz
=: (I) + (II).

We estimate the two terms on the right-hand side separately. For (I), we may use the
almost-monotonicity (4.13) combined with (4.1) to conclude that

(1)§crH(x0,2r)( /B [W,Z/g(x)] dp(x) + m2r4r2rs (Br/s(xo)))

r/8(x0)

< CrH(xo,2r) (/ r/4(x) du(x) + m274 2y4 (Br/g(xo)))-
B, /5(x0)

Meanwhile, to control (II), we use Lemma 5.3, (4.6) and (4.7) to deduce that, for
n = n(m) > 0 sufficiently small,

CrH(xo, 2r)

W4r Y4 r’4)d d
@ = /'L(Br/S(XO)) /Br/S(X()) /Br/S(X()) r/S(x) * (y) T o ) ()

< CrH(xo,2r) (/ /8(x) dp(x) + mbtr? (Br/s(xo)))-
B, /8(x0
Taking into account that
r/ [DN|> < CH(xg,2r),
B2, (x0)NM

it thus remains to check that

[ ZIDN(z> )P dz > c(h) 2T (X°’2” (7.4)
r/4(x0)

for some C(A) > 0. We prove this by contradiction. The inequality is scaling invari-
ant, so by rescaling and recentering, we may assume that r = 1 and x¢ = 0. If (7.4)
fails, then we can extract a sequence of currents T with corresponding center mani-
folds M}, and corresponding normalized normal approximations Ny with

/ IDNi|*> < CA and / INe|? =1
By NMy B2\Bi NMy
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for which
s M) — 7 (taking m(()k) <e&p —0),
. )7 [e] Nk d 0,
* Ni(yx) = 0[0] for some yi € Byyg N My (since pr, (B,/s) > 0),
but
m—1
/ S IDNe(z) L5 0

32\1_3] NMy j=1

for some choice of orthonormal vectors { v’f AU vfn_l}, where ZIZ‘ is the linear map

L,: ToMy — T, M. Up to subsequence, we can use the compactness procedure in
Section 2.2 (see Remark 2.4) to find a limiting Dir-minimizer

U:TToo D By — Ao (R™T™)
with

fBz\El |M|2 = 1’
* [, |Dul’> < CA,

e pou=0,
* u(y) = Q[0] for some y € Byys,
and
m—1
| Y ipueyp =0
BZ\BI j=1
for some choice of orthonormal directions {vy, ..., v;—1} (Where each v; is the limit

of vj’.‘ ; note also that, since My converge to the flat plane 7o, the maps ZIZ‘ converge
to the identity map from 7o, onto itself).

Proceeding as in the proof of [6, Proposition 5.3], we deduce that u is a function
of only one variable on B, \ Bj, and hence on the whole of B, due to Lemma 7.3.
Since u(y) = Q[0], we deduce that dimy (Agu) > m — 1, which is a contradiction,
since u is non-trivial. |

8. Rectifiability

This section is dedicated to proving the rectifiability of S in claim (iii) of Theorem 3.1.
In order to do this, we make use of the following result from [5], which we re-state
here for the convenience of the reader.
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Theorem 8.1. Let k € N be an integer with k < m + n. Suppose that E C R™ 1" js
a Souslin set that is non o -finite with respect to J*. Then there exists a closed subset
F C E with0 < J*(F) < oo that is purely k-unrectifiable.

Unlike the arguments in [17], here we do not require the Minkowski content
bound (3.2) in Theorem 3.1 (iii) to conclude rectifiability. This is because we may
replace the covering arguments of Naber and Valtorta by Theorem 8.1, together with
the existence of a Frostman measure supported on each finite J”*~2-measure subset
of S N B; in order to provide us with the necessary a priori measure bound on balls.
We may then appeal to the work of Azzam and Tolsa [2], where the rectifiability of a
Radon measure comes from the control of its 8,-square function (see (8.2)). However,
we provide a proof of the bound (3.2) in Appendix A nevertheless, since we believe
that this is of independent interest.

8.1. Proof of rectifiability in Theorem 3.1

IfSnN I_Bl is o-finite with respect to # m=2 put not rectifiable, then it is a classical fact
that S contains a purely (m — 2)-unrectifiable closed set F with 0 < ™ 2(F) < oo
(see e.g. [16, Theorem 15.6]). On the other hand, if S N B; is not o-finite, then we
can appeal to Theorem 8.1 to again find such a closed subset F.

Let u be a Frostman measure supported on F (see [16, Theorem 8.17], for exam-
ple). Namely, i is a non-trivial non-negative Radon measure with spt(x) C F and

wBr(x)) <r™? Vx, Vr<l1. 8.1)

In light of the characterization of rectifiability in [2, Theorem 1.1], it suffices to
prove that for every y € By and every t < 1/32 we have

d d
/B ( )/(; [,B;'f;z(z,s)]sz du(z) < oo. (8.2)
ty

Indeed this would imply that the support of u is rectifiable, but since such support has
finite and positive /"2 measure and it is contained in F, we reach a contradiction.
We appeal to Proposition 7.2: we are integrating over z with respect to u, so
necessarily z € S when z is in the support of w and thus the estimate applies.
We have

! m—2 2 ds
(852 (z.9)]" — du(z)
B/(») J0 $
t
<C / / s~m=1 W22 (w) du(w) ds du(z)
B:(y) /0O By (2)

%o " 1(Bs(2))
+Cm, /Bt(y)/(; ————— ds du(2).

Sm—l—ao
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Thus, via analogous estimates to those in Step 4 in the proof of Lemma A.1,
additionally invoking the bound (8.1), we deduce that

t m— d
/];t(y)/() [ﬂz’uz(z’s)]sz du(z)

t d t
< C/ f szs(w)—s du(w) + Cmg(’/ / s dg du(z)
B2/ (y) JO s B;(y) Jo

< Ctm—2W01/8 + Ctm—2+min{a0,ﬂ}mgt) <C(m,n,0,N\).

This yields the desired contradiction, completing the proof. |

Part I1
Rectifiability of low frequency points

9. Subdivision of low frequency points

It will be useful to decompose the set %ZQ into a countable collection of pieces as
follows. First of all, we may write

FoNB = J ek
KeN

for
Gk i={yeFol):2-86-2KX>1Ty)>1+27%}nB,.

Moreover, we can further decompose each subset Gg as Gx = |J oy ©k,s, but
before introducing the latter decomposition, let us recall Proposition 2.8, which we
re-state for convenience.

Proposition 9.1. Let T be as in Theorem 2.6, and let x € o (T) withI(T, x) > 1. For
any 0 < p < min{l(T, x) — 1,1 — 85}, there exists C(m,n, Q, u) > 0and ro(x) >0
such that

2
E(T,B,(x)) < C(g) Mmax{E(T, Bs(x)),§2s2_282} Vr <s <ry.

In particular, we can claim the following using the fact that I(T, x) > 1 4+ 2= for
every x € Gg.
Corollary 9.2. Let T be as in Proposition 9.1, and let jn := 27K=1. There exists
C(K,m,n, Q) such that for every x € Gk, there is r,(x) such that

E(T,B,(x)) < C(g)zu max{E(T, Bs(x)). 825222} Vr <s<r,.  (OI)
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On the other hand, appealing to [8, Corollary 4.3] we can use the upper bound
I(T, x) <2 — 8, — 27K to derive a lower bound for the excess. More precisely, we
have the following.

Corollary 9.3. Let T be as in Proposition 9.1, and let v := 1 — 8, — 27K=1. For
every x € Gk, there is r;(x) such that

E(T,B.(x))>r? VY0<r<n (9.2)

and
E(T,B,(x)) > (g)sz(T, Bi(x)) Y0<r<s<r. 9.3)

Remark 9.4. Observe that, since v > I(7, x) — 1, by choosing r; sufficiently small
we have eliminated constants in the left-hand side of both inequalities.

Notice that if » < min{r;(x), r,(x)}, (9.1) can be simplified further because,
by (9.2), 2v > 2 — §, and € < 1, the maximum in the right-hand side of (9.1) is
achieved by E(T, B5(x)).

We now further subdivide &g into pieces in order to achieve uniformity of the
thresholds r; and r,, for every point in each fixed piece. Strictly speaking, we would
like to define G to be those points x € Gk for which the upper and lower estimates
(9.1), (9.2), and (9.3) hold for all radii » < J~!. However, for technical reasons it will
be convenient to have a closed set in our definition. We thus define Gk, s as follows.

Definition 9.5. Let T be as in Proposition 9.1, and let £5 be a small positive constant
which will be specified later. For every K € N \ {0}, define u = pu(K) := 2= K1
and v := v(K) := 1 — 8, —27K=1. We define &g, ; (which implicitly also depends
on gs) for K, J € N \ {0} as those points x € spt(7") N B, for which

E(T, B, (x)) < (E)ZM(K)E(T, By(x) Vr<s< @ 9.4)
E(T,B,(x)) (E)ZV(K)E(T, By(x) Vr<s< %m ©.5)
E(T.Bg /1) < €3, (9.6)
E(T,B,(x)) > r2’&) Vr < @ 9.7)

We record here some obvious corollaries of our overall discussion.

Proposition 9.6. Let T be as in Theorem 2.11 and define Gk j as in Definition 9.5.
Then

(1) %IQ C UJzJo,KZKo ©k,J for every Ko and Jy;
(ii) each Gk, is closed and contained in ¥ o (T);
(i) 1+ 27K <(T,x) <2—8, — 2K forall x € Gk ;.
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Proof. Point (ii) is a simple exercise in measure theory, while the claims (i) and (iii)
are obvious consequences of Corollary 9.2 and Corollary 9.3. ]

We now can observe that by translating, rescaling and intersecting with smaller
closed balls, we can, without loss of generality, set the parameter J to be equal to 1.
In particular, the validity of Theorem 2.11 can be reduced to the following.

Theorem 9.7. There exists es(m,n, Q) > 0 such that the following holds. Let T be
as in Theorem 2.11. Then the closed set © := ©g 1 (which, recall, depends on ¢5)
has finite (m — 2)-dimensional upper Minkowski content and is (m — 2)-rectifiable
and has the (m — 2)-dimensional Minkowski content bounds

H"(B,(G)NX) < Cr't2, 9.8)
B-(©)| = X" " (B.(©)) < Cr"*? 9.9)

for a positive constant C = C(m,n,n, T, K).

Remark 9.8. In contrast with the situation of high frequency points, since there is not
a single center manifold containing &, we do not have a counterpart for estimate (3.1).

From now on we may further assume that K is fixed, and so we will drop both
subscripts from ©g ;.

10. Universal frequency function and radial variations

The argument to prove Theorem 9.7 follows a strategy which has many similarities
with that used to prove Theorem 3.1. The major difference is that, unlike in Part I,
we cannot hope to find a single center manifold passing through all points p € &. To
get around this, we decompose the interval ]0, 1] into countably many sub-intervals
whose endpoints are given by a suitable geometric sequence and construct a cen-
ter manifold for each of them. We then compute a corresponding frequency function
relative to each such center manifold. These sub-intervals will be comparable to the
intervals of flattening from Section 2.2, but suitably adapted to fit in with the cover-
ing arguments in Section 8 of Part I. We may in turn construct center manifolds and
corresponding normal approximations associated to these intervals, analogously to
that in Section 2.2. We then define a corresponding universal frequency function (cf.
[8]), which is defined to be the frequency function for the relevant normal approxima-
tion within each interval. Although in each individual interval we can prove estimates
analogous to the ones in Section 3, this universal frequency function undergoes jump
discontinuities at the endpoints of the intervals. However, using estimates from [8],
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we are still able to bound the total variation of the universal frequency function quan-
titatively, in terms of the excess at the starting scale. To that end, the lower and upper
bounds on the excess provided in the previous section will be key ingredients.

10.1. Center manifolds

We now fix a constant y € ]0, 1/2] whose choice will specified later as depending
only on m, n, and Q. Given a point x € & and a geometric blow-up sequence {y*}z,
we apply the procedure in [10, Theorem 1.17] to 7 ,x and define a corresponding
center manifold My x. It follows from (9.4) and (9.6) that, because of our choice
of ¢, the theorem is indeed applicable. It turns out that we in fact need to guarantee
that E(T, Bg Jmyk) 1s even smaller because we need to adjust the parameters in [10,
Assumption 1.9] in order ensure applicability of Proposition 10.1 below and of other
similar statements. This however follows from the fact that we are free to choose &
small enough.

We next notice that it follows from (9.7) that we may replace the procedure in [11,

k+1

Section 2.1] with the intervals |y y¥] in place of sk, t], and with m’(g therein

defined instead by
My = E(Tx’yk,B6ﬂ) =E(T, B6ﬂyk()€)). (10.1)

In fact, this can be assumed to be the case even if we take the variant of the definition
of mlg defined in [8]. From now on we will instead use the notation m i for this
quantity. We next denote by Ny  the corresponding normal approximation for 7 ,«
as constructed in [10, Theorem 2.4].

In the rest of the paper, we will denote by d the geodesic distance on the center
manifold My x. In reality this is a collection of functions d = d y which depend on
the points x and the integer k, but since this dependence is not important, we will
omit it. We now record two relevant facts. One is a consequence of adjusting suitably
one of the parameters in [10, Assumption 1.8], while the other is a consequence of
the lower bound (9.5). In order to state these facts, we denote by 74 x the plane used
to construct the graphical parametrization ¢, ; of the center manifold in [10, Theo-
rem 2.4] and by WXk the collection of Whitney cubes in [10, Definition 1.10]. Note
that the center manifold My x does not necessarily contain the origin 0 = ¢, ,— (x).
However, we use the point (0, ¢, 5 (0)) € 7y & ¥ ”ik as a proxy for it and we will
denote it by py k.

Proposition 10.1. Let y and n be two fixed constants, and let ¢ = 1/64./m be as
in [11, Section 2]. Upon choosing the number Ny in [10, Assumption 1.9] sufficiently
large and adjusting accordingly the constants C,, Cy, and &, in [10, Assumption 1.9],
we can ensure that
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(a) forevery w € My x and every radius r such that ny <r <3, the largest cube
L € WK intersecting the disk B, (Pry i (W), 7 i) satisfies £L(L) < csr.

There is a positive constant ¢s < cs depending upon K and all the various parameters
in [10, Assumption 1.9], with the exception of €, in there, such that

(b) By (0, wy k) intersects a cube L € WK with (L) > csy, which violates the
excess condition (EX) of [10, Definition 1.10].

Proof. Point (a) is merely a consequence of the fact that £(L) < 27No=¢ which comes
from the construction of the center manifold (see [10, Proposition 1.11]). As for the
second point, (9.5) and (10.1) together imply that some cube intersecting By, (0, 7x )
of side length comparable to y must violate the conditions (EX) of [10, Defini-
tion 1.10]. [

10.2. Frequency functions

Next, for x € © and each center manifold M x, we define a corresponding frequency
function. We just proceed as in Section 2.2. Namely, choose the cut-off ¢ as in (2.1)
and for w € My and r €]0, 1], let

Dx,k(w,r) = /M |DNx,k(Z)|2¢(d(u;’Z)) dz.
x.k

Vd(w,z)[? (d(w.
e = e R e B2
D (w,
LokC.r) = pttel)

We refer the reader to [11] or [4] for more details on the above quantities. We more-
over define the quantities

r

Bexw.r) == [ ¢’(d(w’z)) S (V)i (2) - DNy )i (2)Vel(w, 2)dz,

. _i [ dw,z) d(w,z) o 2
Gk, r) i= == Mx’kas( 29 ) T 277 2PN V(. P

¢(d(f’z))|Nx,k(z)|2.

The first key point is the variational identities that are pivotal for the almost-monoton-

Xyk(w,r) 1=f

M

icity of the frequency function Iy . For the following lemma, the arguments are the
same as those given for Lemma 3.5 and its strengthening Lemma 3.8.
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Lemma 10.2. There exists ¢(m,n, Q) such that, for any €5 € 0, ¢], there exists
ya(m,n, Q) > 0 sufficiently small and a constant C(m,n, Q) > 0 such that the fol-
lowing estimates hold for every x € ©, any w € My x and every radius r € |ny, 4]:

/(d(w,z)) d(w,z)
@
x.k

r r2

8Dy 4 (w.r) = — / DN, ()2 dz

M

m—1
0 Hy g (w, 1) — THx,k(w’ r) = O(my ;)Hy k(w,r) + 2Ex g (w, 1),

5
Dy (w,r) = Eq(w,r)] <) |En?|
j=1

=< Cm)):?ka,k(w’ r)1+y4 + me,kzx,k (w,r),
}Ber,k(w, r) - (Wl - 2)r_1Dx,k(wv r) - 2Gx,k(wv r)|
5
<2 Z | EI‘I‘; | + me,ka,k(w7 I‘)
j=1
= Cr_lm)’:"‘ka’k(w, r)1+y4 + sz;?k])x,k (w,r) 0Dy ik (w, 1)

+ me,ka,k(w7 r),

where Errjq and Errj- are as in [4, Propositions 9.8 and 9.9].

10.3. Universal frequency function and total variation estimate

We are now in a position to introduce the universal frequency function adapted to
our situation. A similar object was introduced by the authors in [8] for the original
sequence of center manifolds and normal approximations corresponding to the inter-
vals of flattening around a given point. Here, we amend the definition accordingly.

Definition 10.3 (Universal frequency function adapted to {y/};). For r € Jyk+, vk

and x € ©, define

14

r
I(x,r) = Ix,k (Px,k, _k)’
14
r
D(x,r) == Dy k| Pxk )
r
H(x,r) == Hy k| px.k. )
We recall the following BV estimate on the universal frequency function, which,

although originally stated for the universal frequency as in [8, Definition 6.1], also
holds for the universal frequency function in Definition 10.3.
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Proposition 10.4. There exists € = e(m,n, Q) € |0, €] such that for any €5 € 10, €],
there exists C = C(m,n, Q, y) such that the following holds for every x € @&:

dlog(l + I(x,-))
” [ d <C Z[mx,k]y4-
r —llITv(o,1]) X
We observe that the estimate of the total variation on each open interval Jy**1, y¥|

is just using Lemma 10.2. As for the proof given in [8] to estimate the jumps
llog(1 + L(x, y¥)) " —log(1 + 1(x, y¥)) 7|,

the crucial ingredient which allows us to apply the same argument in [8] is given by
Proposition 10.1 (b), as is explained in [8, Remark 6.3].

10.4. Upper and lower bounds on the frequency

As an immediate consequence of the total variation estimate we infer the existence
of an upper bound for the frequency I(x, r). We also infer the existence of the limit
I(x,0) = lim, o I(x, 7). We can then argue as in [8] to show that

I(x,0) = I(x,0) > 1 + 27K,

In turn, upon choosing ¢ sufficiently small we infer the following.

Corollary 10.5. For g as in Proposition 10.4 and any ¢5 € 10, €], the following holds:
1+27 %1 <I(x,r)<2 Vxe®, Vrelol].

A simple contradiction argument also guarantees a similar control for points suf-
ficiently close to @ at the appropriate scale.

Corollary 10.6. There exists ¢* € )0, €] such that for any e5 € 10, &*] and any x € ©,
there is a positive constant Co(y, n,m,n, Q), such that the following holds for every
w € My and every r € Iny,4]:

C‘()_1 S Ix,k(war) E CO'

As a consequence of the estimates in Lemma 10.2 and Corollary 10.6, we have
the following collection of estimates, which are analogous to those in Lemma 4.1, and
proven in exactly the same way.

Lemma 10.7. Suppose that €5, x, My y are as in Corollary 10.6. Then there exist
constants C dependent on K, y, and n, but not on x, k or &5, such that the following
estimates hold for every w € My x N By and any p,r € |ny, 4]:
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C' <IL(w.r) <C,
C'rDyi(w.r) <Hgx(w.r) < CrDyi(w,r),
T k(w,r) < CrPDyi(w,r),
Exx(w,r) < CDy g (w,7),
r
Aelnl) - Bl D eso( =€ [t S = 0mee =)
r
H, x(w,r) < CHx,k(W, Z)’
Hy o (w,r) < Crm372%,
Gy(w,r) < Cr'Dy(w,r),
0, Dy g (w. r)| < Cr™'Dy g (w,r),
10, Hy x (w,7)| < CDy i (w, 7).

In particular,
|Dx,k(w’ r) - Ex,k(ws r)| E Cmg:4kry4Dx,k(w9 r)v (102)
m-—2
8er,k(wv r)— TDx,k (w,r) — 2Gx,k(w’ r)

< Cm” "Dy (w,r), (10.3)

Ol g(w,r) = —Cm”* 7+~ (10.4)

11. Spatial variations

Let us now control on how much a given normal approximation N = N, ; deviates
from being homogeneous on average between two scales, in terms of the frequency
pinching, which is defined as follows.

Definition 11.1. Let 7 and © be as in Theorem 9.7, let x € &, and assume M
and Ny x are as in Section 10.1. Consider w € M, x N By and a corresponding point
y = x + y*w. Let p, r be two radii which satisfy the inequalities

< p < <4yt
We define the frequency pinching W, (x, k, y) around y between the scales p and r:

Wpr(x’ k’ Y) = |Ix,k(w’ )/_kr) - Ix,k(w, y_kp)|
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Our first key spatial variational result is the following.

Proposition 11.2. Let T and @ be as in Theorem 9.7, and let y4 be as in Lemma 10.2.
Let x € © and k € N. Then there exists C = C(m,n, Q, K, y, n) such that, for any
w € My x N By and any radii satisfying

477Vk+

"<p<r<2yf,
the following holds. Let y = x + y*w and let

A2 (W) = (B (W) \ By g (w)) N Mg

Then
d(w,z)Vd(w, z)
D(Ny 1)i
J g0 2P0 O
2
d
L0 d (DN V0.2 7

2r 4r va (T \V4 16r
<CH,x (w, y_k) (Wp/s(x,k, y)+m’y (y_k) log<7).

The proof is completely identical to that of Proposition 5.2 (with the estimates
of Lemma 10.7 replacing their analogues in Lemma 4.1), and we therefore omit the
details. We will also require the following control on spatial variations of the fre-
quency in terms of frequency pinching.

Lemma 11.3. Let y4 be as in Lemma 10.2, T and S as in Theorem 9.7, x € ©
and k € N. Let x1,x2 € By N My, yi = x + vExi and d(x1, x3) < y‘k(r/4),
where r is such that

8nyktl < r <k

Then there exists C = C(m,n, Q,y,n) > 0 such that for any z1, z5 € [x1, X2], we
have

r r
Ix,k (Zh )/_k) - Ix,k (22, )/_k)
r )74/2] ykd(z1, z2)

In order to prove the latter, we will also need the following additional variation
estimates and identities.
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Lemma 11.4. Suppose that T and © are as in Theorem 9.7, let x € @ and k € N.
Let v be a vector field on My . For any w € My x N By and any radius r satisfying
ny <r <2, we have

r

d
D=2 [ ¢( @, Z))Zav,,,(zvx i (2) - 0, (Ne )i (2) dz
- O )" ID, (. ),

vd 2
B,k (w, r) = —22/ | d((;” ZZ))l

d(w,
¢((sz)) (30 (N1 (2). (N i 2))

11.1. Proof of Lemma 11.4

This proof follows the lines of Lemma 5.4. As pointed out in that proof, the second
identity is a computation, identical to that in the proof of [6, Proposition 3.1]. As for
the first estimate, we once again, we omit dependency on x and k of all quantities. As
in the proof of Lemma 5.4, we have

dD(w,r) = f ¢’(d(w72))w(;u 2 v(z2)|DN(2)|? dz.

r

Hence, we consider the vector field X;(p) = Y (p(p)) where
dw,z ))
v,
r

Y(y) = ¢(

and compute its divergence and its covariant derivative as in (5.4) and (5.5). We then
test [11, (3.25)] with the vector field X; (p) = Y(p(p)) and using the fact that ny <r
to estimate

0,D(w,r) = / IDN|2divy Y + O@m'/?)r(=322p @y, r)
M
2 S dw,z) . '
-2 /¢ ( . )Xixavwm(z),avzv,(z)) dz
5 S~ .
+ 0@m'*)D(w.r) + Y Er,
j=1

where I:Z}}; are the inner variational errors in [11, (3.19), (3.26)—(3.28)], but for our
new choice of vector field Y. We estimate them analogously to [11, Section 4], again
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using ny < r, combined with an analogous estimate to (10.3), to obtain

5
Z |l:2}}§-| < Cm”r 'D(w, )" + Cm”*D(w, r)"*9,D(w, r)
j=1

< Cm"D(w,r).

Note that in order to obtain these estimates, we require r > ny to be able to use
Lemma 10.7. ]

11.2. Proof of Lemma 11.3

Given Lemma 11.4 and the estimates in Lemma 10.7, the proof is verbatim the one of
Lemma 5.3. u

12. Quantitative splitting

This section parallels the analogous one for the case of high frequency points. In what
follows we will need to consider affine subspaces spanned by families of vectors.
Recall the definition of the affine subspace V(X ) spanned by an ordered set of points
X = {x0,Xx1,..., Xk }{xX1 — X0, X2 — Xo,...,Xr — Xo} and centered at x¢, as in (6.1),
namely

V(X) =x0+ span({(x1 —x0), (x2 —Xx0), ..., (xx — xo)}).

Recall also the notions of pr-linear independence and pr-spanning for such a set X
from Definition 6.1.

As for Lemma 6.2 the following gives a quantitative notion of the existence of an
approximate spine in &, provided that Ny ;) is (quantitatively) almost-homogeneous
about an (m — 2)-dimensional submanifold of its center manifold.

Lemma 12.1. Let T, © be as in Theorem 9.7, and let p, p € 10, 1], p € |n, 1] be given.
If &5 (Definition 9.5) is smaller than a suitable threshold €(m,n, Q,v, K, p, p, p) < &%,
then the following holds. Let x € @ and y*T' < r < y*. Consider the points X =
{xi 1= C B, (x) N &, which satisfy the following conditions:

* X is a pr-linearly independent set;

* if y; denotes the closest point to x; with the property that y = (y; — x) belongs
to My k, then
/grr(x,j(k),y,-) <% foreachi.

Then & N (B, \ Bz (V(X))) = 0.
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Proof. The argument is similar to that given for Lemma 6.2. We argue by contradic-
tion and, without loss of generality, assume x = 0. Moreover, we assume that k = 1,
which we can achieve after an appropriate rescaling. We thus write Wb'2 (0, ) in place
of Wﬁzr’ (x,k,-)), while the points y; are the closest point projections of x; to the center
manifold My ;. In fact, since then y <r < 1, we can also apply a further rescaling and
assume that » = 1. Suppose that the statement is false. Then there exists sequences
g7 | 0, and corresponding sequences of center manifolds M; and normalized normal
approximations N; with H N, (0,1) =1 for Ty;. Moreover, there is a sequence of
(m — 1)-tuples of points X; := {x7,0,X7.1.....X;,m—2} C By such that

(1) X is p-linearly independent for some p € 10, 1];
(ii) WEZ(O,yl,i) <eg — 0as! — oo for some p € 10, 1];
(iii) there exists a point y; € © N B; \ B5(V(X)))).

We can thus use the compactness argument from Section 2.2 (see Remark 2.4) to
conclude that

(1) M; — 7o in C3¥;

2) ]Vl oe — uin L? and in Wi;c’z, where u is a Dir-minimizer with n ou = 0;

(3) X, converges pointwise to Xoo = {X0, ..., Xm—2} C oo}

(4) yi converge pointwise to J € 700 N By \ B(V(Xo0)) With u(y) = Q[0].
Denote by A g (u) the set of points y € 7o such that u(y) = Q[nou(y)] = Q[0].
The proof now proceeds as for the argument of the analogous Lemma 6.2 and we just

repeat here for the reader’s convenience.
Due to the dichotomy [9, Proposition 3.22], we know that

dimg (Ao () N By) <m —2. (12.1)

Indeed H,(0,1) = 1 and 5 o u = 0, so u cannot be identically equal to Q[n o u].
Moreover, H,(y,t) > 0 for every t € (0, 1) and every y € Bj, since otherwise we
would contradict the dimension estimate (12.1). This, in combination with (ii), tells
us that

I,(x;,p) = I,(x;,2) fori=0,...,m—2.

The monotonicity of the (regularized) frequency for Dir-minimizers then tells us
that u is o;-homogeneous about the center x; in the annulus B> (x;) \ Bz(x;) C oo,
for some «; > 0. We can then extend u to an «;-homogeneous function about X;
on 7m; call it v;. Observe that for any z # x;, there is a neighborhood U, C 7
of z on which v; is a Dir-minimizer (by using a scaling argument and the fact that v;
agrees with a Dir-minimizer on B, (x;) \ B5(x;) C 7eo).

This allows us to apply the unique continuation result [6, Lemma 6.9] to conclude
that u = v; on Bgq \ {x;}, and hence u = v; on Bgs4. By iteratively applying the
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result [6, Lemma 6.8], we may thus conclude that ; = o foreachi =0,...,m —2,
and that v = Q[0] on the (m — 2)-dimensional plane

V(Xoo) = xo + span{(xm—2 — Xo), ..., (X1 — xo)}.

In other words, u is an «-homogeneous function in two variables about the (m — 2)-
plane V(X ).

Since y ¢ V(X) and u(y) = Q[0] but u is e-homogeneous, this implies that
u = Q[0] on xo + span{xm,—> — Xxo, ..., X1 — Xo, ¥ — Xo}. This however contradicts
the dimension estimate on A g (u), thus allowing us to conclude. ]

We will also require the following lemma, which controls spatial and radial fre-
quency variations via frequency pinching in (m — 2) independent directions, and is
the analogue of Lemma 6.3.

Lemma 12.2. Let T, © be as in Theorem 9.7 and let p, p € 10, 1], p € |n, 1] be given.
For any §>0, if &5 is smaller than a suitable threshold€(m,n, Q,y, K, p, p, p, 8) <&*,
then the following holds. Let x € © and )/k+1 < r < yk. Consider points X =
{xi 1% C B, (x) N & which satisfy the following conditions:

* X is a pr-linearly independent set;

« if y; denotes the closest point to x; with the property that y ™% (y; — x) belongs to
My i, then
2 (x.jk). i) < foreachi.

Then, for every z1,z5 € B, (x) N B (V(X)) and for every ry, 1 € [p, 1], if w; denotes
the closest point to y % (z; — x) that belongs to My i, the following estimate holds:

|Ix,k(w1v rl) - Ix,k(w2, r2)| <.

The proof of the lemma follows the same arguments as the proof of Lemma 6.3,
and the adjustments needed are just the same as those employed in the proof of
Lemma 12.1.

13. Flatness control

This section is the counterpart of Section 7. Recall the k-dimensional Jones’ 8, coef-
ficient, denoted by ,8’2" s for a Radon measure p, as introduced in Definition 7.1.

We now wish to state a counterpart of Proposition 7.2. Note however an important
difference: points in the set @ are not necessarily contained in the rescaling of the
(scaled and translated) center manifold x + )/k M k. For this reason we introduce a
suitable “projection”.
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Definition 13.1. Consider the center manifold M ; and denote by 7, ; the reference
plane used to construct in [10, Theorem 1.17] the map ¢ : 7y x D [—4,4]" — T[;‘k

such that gr(¢) = M, . For any p € B« (x), let

4= Prek V(P =2)), 0(Pr (v (P — 1)) € Mk
Finally, we let py &2 B, (x) = (x + ykeMx,k) be the map p — x + y*q.

Proposition 13.2. There are ag = ag(A,m,n, Q) > 0, n = n(m) €10, 1/8[, and
C(A,m,n, Q,y) > 0 with the following property. Assume €5 in Definition 9.5 is
smaller than a threshold which depends on m,n, Q, K, n, and let T and & be as in
Theorem 9.7. Suppose that | is a finite non-negative Radon measure with spt(n) C &
and let xo € ©. Then, for all r € 18ny**1, y¥], we have

_ 2 —(m—
(872 (x0.r/8)] < Cr==2) f W (o0 k. Py () dia(x)
B, /3(x0)

+ szg’kr_(m_z_“O)u(Br/g (x0))-

Proof. Let v := (Px,.k)ait L By /g(x0). We observe that this measure is indeed sup-
ported in x + y*¥M x.k» and we can therefore apply the same argument of Proposi-
tion 7.2. Observe moreover that

/ Wréyé(xoy k? )’) d\)(y)

would then be, by definition,
y=n=2) / W (0, k. Pag (1)) di(x).
B, /8(x0)

We can thus write the estimate

(8552 (xo, /9 < Cr_(m_Z)/ W5 (xo. k. Prg i (x)) dp(x)

B, /8(x0)
+ Cmig’kr_(m_z_“‘))U(Br/s(xo)),

using Proposition 7.2 after rescaling all the objects by y~*, for the choice of aq
therein. Notice that in order to retain the validity of Proposition 7.2 with v, we use

Lemmas 10.7, 11.2 and 11.3. However, since the distance between x € © N B, /3(xo)
1/2
x0,k

(B2 (x0. /8) 7 < 2[5 2 (x0.1/8)]” + Ciy gor =2 (B, j5(x0)).

and x + J/k M k is controlled by m '~ r, we have the obvious estimate
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Recall next that by Proposition 9.1, we have m,, x < C y®k for some positive expo-
nent & (depending on A, m, n, Q). Thus, since y¥ < (87y)~'r, we easily conclude
that

Mg ™" D (B (x0)) < Cm )7 r ™20 (B, g (xo))

up to further decreasing the previous choice of the exponent ¢ if necessary. Com-
bining this with the observation that v(B,/3(x0)) < Cut(B,/3(x0)), the conclusion of
Proposition 13.2 follows immediately. ]

14. Rectifiability

In this section we complete the proof of the rectifiability conclusion in Theorem 9.7
in a way which is rather similar to the proof of Theorem 3.1. As in Part I, we make
use of Theorem 8.1 and [2, Theorem 1.1] rather than the covering arguments in [17],
which are only needed for the Minkowski content bound (9.8). We defer the proof of
the latter to Appendix B.

14.1. Proof of rectifiability in Theorem 9.7

This follows via an analogous procedure to that outlined in Section 8.1. However,
since we are using the frequency relative to different center manifolds in different
intervals of scales, we include the relevant details here for the purpose of clarity.

We may once again reduce to the case where p is a Frostman measure satisfying
the estimate (8.1) with spt() C F for a closed purely (m — 2)-unrectifiable closed
subset F C & with 0 < #™2(F) < co. We aim to again demonstrate the validity
of (8.2): arguing as in Section 8.1 we then arrive at a contradiction, thus concluding
the rectifiability of &. Letting jo = jo(¢) be such that ¢ € Jy/o+1 yJo] in light of
Proposition 13.2, we have

[ [ oo

14 _ 2 ds
<[ 3 e sr s we
Bt(y)jijo y/+1 s

i
< C/ / ' g~ m=1) Ws32S(Z, JoPz,j (w)) du(w) ds du(z)
B j=jo v/ ! By (2)

y/
p(Bs(2))

+C/ Z/A ) e 95 4(2).
B: () ¥ §

. J+1
J=Jo
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Arguing as in Step 4 of the proof of Lemma B.2, we make use of the estimate (8.1)
for u and the excess decay of Proposition 9.1 to conclude

[ [izor e

J

14 ds
<c / / W (w. o w)> dp(w)
B () ; Z y/ T+l : S

yi
e /Bt(y) J;% /yj+1 Mz.j sm—1—ag ds du(z)

m—2 2a0 ,m—2+min{e,B}
<Ct" "+ Ces ™t 0

<C(m,n,Q,N).

This yields a contradiction as desired, and thus concludes the proof. ]

A. Minkowski content bound in Theorem 3.1

In this appendix we provide the proofs of the Minkowski content bound (3.2) of The-
orem 3.1 (iii). This will be done by combining the estimate of Proposition 7.2 with an
iterative covering technique borrowed from [17]. We start with the following covering
lemma.

Lemma A.1l. Let p <1/100and o <t < 1/8, and let n > 0 be a fixed number smaller
than the threshold of Proposition7.2. There exists €4 = e4(A,m,n, Q) > 0 sufficiently
small such that the following holds. Suppose that T is as in Assumption 4.2 for these
choices of n and e4. Let xo € SN By g, D CS N B(x0), and let U := sup,cp I(y, 7).

Then there exists § = §a1(m,n, Q, A, p) > 0, a dimensional constant Cr =
Cr(m) > 0 and a finite cover of D by balls B,, (x;) such that

@ r; = 10po;

(b) Y r"2 < Cre™

(c) foreveryi, either ri < o or
Fi:=DNB,(x))N{y : I(y.pri) € (U—8.U+8)} CB,r, (Vi)
for some (m — 3)-dimensional subspace V; C R™*",

The parameters &4 and 1 of Assumption 4.2 are first chosen small enough so that
we can apply Proposition 7.2. Then, &4 is further decreased if necessary, to ensure
that mgo falls below a desired small-dimensional constant, in order to absorb a suit-
able error term. Lemma A.1 will in turn be used to prove the following second efficient
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covering result, analogous to [6, Proposition 7.2], where the parameter p will be cho-
sen smaller than a geometric constant depending only on m.

Proposition A.2. Fix n as in Lemma A.1 and let T < 1/8. There exist positive con-
stants § = §(A,m,n, Q), 4 = e4(A,m,n, Q,8) and a dimensional constant Cy =
Cy (m) > 1 such that the following holds.

Assume that T is as in Assumption 4.2 for the above choices of n and 4. Suppose
that xo € S N Byg and let D C S N B¢(xo) and U := sup,cp I(y, 7). Then, for
every s € )0, t[, there exists a finite cover of D by balls B, (x;) with r; > s and a
decomposition of D into sets A; C D such that

(@) 4; C D NBy, (xi);

(b) Y12 < Oy

(c) for every i, we have either rj = s or

sup I(y,r;) < U —6.
YEA;

A.1. Proof of Lemma A.1
Without loss of generality, we assume that xo = 0.

Step 1. Inductive procedure. We inductively construct special families C(k), k =
{0, ..., «k}, where k = —[log;(,(80)], consisting of covers by balls of D, such that

(10p)’
8

B,(x)eCk) = r = for some j € {0,...,k}.
The procedure goes as follows. At the starting step €(0) = {B;,s}. Suppose now that
we have already constructed the cover C(k). Take a ball B, (x) € C(k). If r = (10p)/ /8
with j < k, place B, (x) into C(k + 1).

If r = (10p)* /8, for fixed § > 0 (to be determined later), consider the set

F(B,(x)) :=DNB,(x)N{y : Ly, pr) e (U—8U +§)}.

Notice that this is the set of points in D N B, (x) at which the frequency is pinched by
at most §. We then have two possibilities:

keep B, (x) in C(k + 1) if F(B,(x)) does not pr-span

an (m — 2)-dimensional affine subspace;

discard B, (x) from C(k + 1) if F(B,(x)) pr-spans

an (m — 2)-dimensional affine subspace V = V(B,(x)) C R™*",

XK)

D)
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Observe that if (K) holds, then there is an (m — 3)-dimensional space V' such that
F(B,(x)) C B, (V),i.e. By(x) satisfies condition (c) of the statement of the lemma.

We next wish to apply Lemma 6.2 with p = p. Choosing § < &¢,/2, we may
conclude that within every ball B, (x) € C(k) for which (D) holds,

D NB,(x) C B, (V).
We may thus replace

{B'}; = {B(lop)k/g(x) € C(k) : (D) holds for B(lop)k/g(X)}
with a collection F(k + 1) of balls {B’}; with radius (10p)**!/8 that cover

Dbn U Bo1opye/s (V(Bi))'
i

We may moreover ensure that the concentric balls %ﬁi are pairwise disjoint, and that
their centers are contained in D N B, (x) N [ J; (V(B')). Letting B(k + 1) be a Vitali
subcover of

{B,(x) € C(k) : (K) holds},

and letting
Ck+1)=Fk+1)UBk+1),
we have a new cover of D.

Step 2. Frequency pinching. Before we continue, we first show that the following
frequency pinching estimate holds: for any £ > 0, we can choose § > 0 sufficiently
small (dependent on p and &) such that either

G(K):{B1/8}0r1<x,%>e[U—é,U—l—E] VB, (x) €Ck), k=0,....k. (A.1)

Indeed, if we do not stop refining immediately, then for any ball B, (x) € C(k), we
have r = (10p)/ *1/8 for some j + 1 < k. Thus, by construction, we know that there
exists a ball B of radius (10p)/ /8 satisfying (D); namely, F(B’) (p(10p)’ /8)-spans
an (m — 2)-dimensional affine subspace V, and that x € D N V N B’. There must
hence exist at least one other point z € F(B’) N V. We now wish to apply Lemma 6.3
with p = pand p = p/5: provided that § < min{eq 3, £/2}, we have

(e )t <

Since z € F(B’), this yields the second alternative in (A.1).
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Step 3. Discrete (m — 2)-dimensional measures and coarse packing estimate. It re-
mains to check that the covering C(x) satisfies the conditions (a)—(c). Since « is the
smallest integer such that (10p)¥ /8 < o, the conditions (a) and (c) are a trivial conse-
quence of the construction of the inductive covering.

Hence, we just need to verify that (b) holds; namely, that

m—2
i

where C(k) = {Bsj, (x;)};. For this, we will make use of [17, Theorem 3.4]. With this
in mind, we introduce the discrete measures

W= Zs{”_zrsx,., s = Z s{”_28xi.
i

i8; <s§

First of all, note that ugy = 0 forevery s <7 = %( 10p)* /8, due to the construction of
our covering.
We proceed to inductively show that

s (Bs(x)) = CRSm_2 (A.2)

for every x € By andevery s =72/, j = 0,...,J = log,(7/8) — 4.
The base case is trivially true, since

pr(Br(x)) = N(x, )" 2,

where N(x,7) :=#{i : s; = r}. This is a dimensional constant, since we have a Vitali
cover.

Suppose that (A.2) holds for 0, ..., j for some j < J. Letting r := 72/, we will
first of all show that

par (Bar(x)) < C(m)Cr(2r)™ 2, (A.3)

for some dimensional constant C(m). This follows by simply subdividing (i, into

M2y = Ur + Z Slm_zgx,- = Ur + ﬁr’

iir<s; <2r

combined with the observation that B,,(x) can be covered by at most C(m) balls
B, (x;), on each of which we may use the inductive assumption, meanwhile

fir(Bar(x)) < N(x.2r)(2r)" "% < C(m)(2r)" 2, (A4)

where N (x,2r) :i=#{i :r <s; <2r}.
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Step 4. Inductive packing estimate. We will now improve the coarse bound (A.3) to
the estimate

Kar (B2r (x)) <Cgr (2r)m—2’ (A.5)

where Cg is the dimensional constant coming from [17, Theorem 3.4].
Let it := w2y L By, (x). We claim that

t
d
/ o / [ﬁgf,;Z(z,s)]sz dji(z) < 85t™ % Vy € By, (x), Vt € (0,2r], (A.6)
B; y 0

where 8o = 8o(m) > 0 is as in [17, Theorem 3.4] (denoted by simply § therein).
Firstly, notice that Proposition 7.2 (coupled with the fact that x; € S) tells us that
there exists ap > 0 (as in the statement of the proposition) such that we have

¢ ao H(Bs(x
[ﬂZﬁZ(xi,s)P < = /Bs(x[) We(w) dii(w) + Cm ’ifn—z(a)) Vs € (0,2r],

(A7)
where Wy (x;) := W325(x;)15>s,, since the balls By, (x;) are pairwise disjoint.
Let us first deal with the second term on the right-hand side of (A.7). Consider
first the case r < t < 2r. Then, due to (A.3), we have

Noan@r [ [TERED 8 g
B:(») §

<m0 (C(m) + N(y,2r))(Cr(m))*(@2r)2m=2~(m=2-e0)

@o ,m—2+
< C(m)my°t"—=T%0,

In the case ¢ < r, we first of all notice that if there exists x; € B;(y) with s; > 3¢, then
there are no other points x; € By,(y) since the balls By, (x;) are pairwise disjoint.
This in turn implies that /3;";2 (z,5) = 0 forevery z € B;(y) and every s < ¢.

Thus, we may assume that s; < 3¢ for every x; € B;(y), in which case we can use
the inductive assumption, combined with the fact that u,, = u; + s, to conclude

that

/ / o’ MBS(X’)) L 471) < Crim)Cmymeorm2+eo.
B/ () s

Here we have used that B;(y) can be covered by at most N (y, 3¢) balls of radius
s; € [t,3t), so we get an estimate analogous to (A.4) for [i;. Thus, by decreasing &4
further if necessary, so that m°
indeed ensure that (A.6) holds.

To control the frequency term W.2*(x;) on the right-hand side of (A.7), we pro-

is small enough (dependent only on m), we can

ceed in almost exactly the same way as in the proof of [6, Lemma 7.3]. Nevertheless,
we repeat the argument here for the convenience of the reader.
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Let ¢ € (0, 2r]. Due to the inductive assumption (A.2) and Fubini’s theorem, we
have

| — d
[N W, () dE(w) < dR(2)
B;(») Jo & s

2 JBy(2)

ro — _ _  _ds
= — W (w) dp(w) dja(z) —
0 S B: () JBy(2) §
| — ds
- / 1 / Wy (w) dpts () dpas(2)
0 S B:(7) /Bs(2) §
| — ds
= / — / Ws(w) dps(z) dps(w)—
() Byt (») B (w) s
A | — ds
- / L / Tow) [ dus(@) dus(w)
(U] Byt () B (w) s

| _ ds
+ m_2 Ws(w) dps(z) dpps(w) —-.
r S Byt (62 B (w) s

For the first term on the right-hand side, we use the inductive assumption and another
application of Fubini’s theorem to conclude that

T _ ds
— Ws(w) dpes(z) dps(w)—
0o S Byt (») By (w) §

r_ ds
< CR/ / Wi (w)— dus(w).
By () Jo s

Meanwhile, to estimate the second term on the right-hand side, we use the coarse
bound (A.4) to obtain

| - ds
L Wow) [ () dus ()=
r S Bs+t()’) Bs(w) S
r_ ds
< C(m) Ws(w)— dps (w).
Byr(y) Jr s

In conclusion, we have

ro — d
| | W, () dE(w) - di(2)
B:(») Jo § s

2 JBy(2)
r_ ds
< Clm) / / W) dpre(w).
B2 (y) Jo S

We may now estimate the total frequency pinching between scale O and ¢ as follows.
Letting N be the smallest integer such that 2Vs; > ¢, the almost-monotonicity of the
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frequency at all scales s € |0, 1] around x; yields

N 2/ +1g;

! ds ds
W32S N < / W32S N
|RGCOEDY [

i j=0
N . .
= D[ (1+ Cmg @ )P, 27 )
j=0

. . 2/t ds
— (1 — CmgO(ZJsi)ﬂ)I(xi,zjsi)] -
2jsi s

N
2J+6 i
< 10g2z Wy, % (x;) + Cm§otP
Jj=0

5 N
Jtetl,
= log2 Z Z W221+es,» % (xi) + Cmgt?
£=0j=0

5
C+N+1.
= log2 Z szesi % (xi) + CmOtP
=0

< 6W,/8(x;)log2 + Cm°tP
(A1)
< 6&log2 + Cmf)“’tﬂ.

A combination of the inductive assumption for t < r and the coarse bound (A.3) tells
us that p;(B2;(y)) < C(m)t™ 2. Thus, we conclude that

t
— d

/ / WS(w)—S dus(w) < C(m)Et™ ™2 + Cm‘(’)‘otm—2+ﬂ_
By (y) JO s

By choosing &4 even smaller to decrease mgo further if necessary, and taking & suf-
ficiently small (which relies on choosing & small enough), we successfully establish
the tighter inductive packing estimate (A.5). |

A.2. Proof of Proposition A.2

We may once again assume that xo = 0. First, let &4 be as in Lemma A.1; we will
later choose it to be smaller if necessary. We will apply Lemma A.1 iteratively to
build families of ‘stopping time regions’, where a new covering is built within a
large ball on which we stopped the previous covering procedure early. We will show
that the iteration can be stopped after finitely many steps, at which point we will
have packed the singularities tightly enough to obtain the desired conclusion. Fix
7 < 1/8 arbitrarily, and for now also fix the parameter p arbitrarily; it will be deter-
mined later. We first apply Lemma A.l with our fixed choice of t and o = s. This
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yields a cover €(0) := {B,, (x;)}. We can subdivide this cover into the ‘good’ balls
9(0) := {B, (x;) : r; < s} and the ‘bad’ balls 8(0) := {B,, (x;) : r; > s}.

Construct a new cover €(1) of D as follows. Place all balls in §(0) into €(1).
For each ball B, (x;) € 8(0), Lemma A.1 (c) tells us that all points y € D N B, (x;)
with I(y, pr;) € (U — 8.1, U + 64.1) are contained in a pr;-tubular neighborhood
of V; for some (m — 3)-dimensional affine space V; C R™1". We may thus cover
S N By, (Vi) N By, (x;) by at most C(m)p~"=3 balls {BHF },ivjl) of radius 2pr;, cen-
tered at points in S.

For any given index i, there are now two possibilities; either

(i) 2pr; < s: then we include both B, (x;) and the balls {B**}; into €(1) and
stop refining for this i; or

(ii) 2pr; > s: then we apply Lemma A.1 to each ball B'F for this fixed i (with 7 =
2pr; and o = s), yielding a new cover of B-¥ by balls. We place both B, (x;)
and these new balls (for each k = 1, ..., N(i)) into the new cover €(1).

We can then iterate this procedure inductively, only at each stage k letting
Bk) = {Br,- (xi) € €(k) : s <r; <2pr; for some B;, (x;) € C(k — l)},

until after finitely many steps of the iteration, we obtain a cover € (£) where the radius
of every ball is no larger than s. Note that £ = £(p, 5), and that as long as we choose
p < 1/2C(m), we have

Z rl-m_2 <2 Z rj’-”_2 < 2Ck.

By, (x;)€€(0) B, (x,;)€€(0)

Now if there are any balls of radius r; < s in our covering € ({), we may replace
them with concentric balls of radius s; since p = p(m) is now fixed, this would only
increase the packing estimate (b) by a factor of C(m), since no ball can be smaller
than 10ps.

Now let § := 8o 1(m,n, Q, A, p) for our choice of p = p(m). Making use of
the almost-monotonicity (4.13) of the frequency and the uniform upper frequency
bound (4.1), for any given t < 1/8, any y € B;(x) N S and any p < t, we have

I(y,p) <I(y,7) + Cmy*t" <U + Cmp*c" < U + Csiy“.

Thus, choosing &4 smaller if necessary, we may ensure that I(y, p) < U + § for
every y € B;(x) and every p < t.

Finally, if B, (x;) € §({) U 8({), let A; := D N B, (x;). On the other hand,
if B, (x;) € B(k) fork <£—1,let

Aj = (D NBy, (x1)) \ U B, (x)). (A.8)
By, (x;)CByr; (x;)
By (x;)€B(k+1)
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Observe that in each A} in (A.8), we necessarily have

sup I(y, pri) < U =6,
YEA]

due to our choice of 7. Thus, since I(y, pr;) > c(m)I(y,r;), we may replace B,, (x;)
with a collection of at most C(m)p~" balls of radius pr; that covers A}, which again
only increases the packing estimate (b) by a dimensional constant. We may then let
Aj = A; N By, (x;) for each ball B,; (x;) in this cover of A;. [

A.3. Proof of the bound (3.2) in Theorem 3.1 (iii)

With the latter proposition at hand we are in a position to conclude the Minkowski
content bound in Theorem 3.1 (iii) from Proposition A.2. The proof of this is almost
identical to the proof of [6, Theorem 2.5], but we sketch it here nevertheless.

Let us first establish the upper Minkowski content bound. Let 7 be as in Propo-
sition A.2, and cover B; /g by a family ¢ of at most N(m) balls of radius 7. Due
to (4.1), we have

U(x) = sup{I(y, 7):y €SN Bt(x)} < A.

Fix a ball B;(x) € Fy. Applying Proposition A.2 with an arbitrary fixed choice of
s €]0,7[ and D = S N B;(x), we get a resulting decomposition of S N B;(x) into
sets {4; };, with 4; C By; (x;). Now consider the collection

Bo(x) = {Bs; (x;) : 5i > s5}.
Notice that for every ball By, (x;) € 8o(x), we have
SUP{I(y,Si) SRS Ai} < U(x) = 8an-

We can now once again cover each such A; by N(m) balls of radius ts;, and then for
each such ball By, (x), apply Proposition A.2 again to D = A; N By, (x), with the
same fixed s to yield a new decomposition {4; j}; of each A;, with corresponding
balls {Bs; ; (xi,;)} for which we have

S5 < C(rm)Cy Y5172 < Clem)2CE.
i,j i

In addition, observe that either s; ; = s, or

sup{I(y,s,-,j) 1y € Ai’j} < U —2845.
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In the latter case, we repeat the above refined covering step. Iterating this procedure,
for each k € N we can find a decomposition {A;k)}i with a corresponding covering
by balls {B_«) (xl-(k))}l- such that

S 597 < cmykct, (A.9)
i
and for which
sup{I(y,si(k)) 1y € Al(k)} < U —kbas.

Thus, this inductive procedure terminates after finitely many steps, and so we end up
with a cover of Dy by balls of radius exactly s, for which the (m — 2)-dimensional
upper Minkowski content bound (A.9) is indeed a dimensional constant. ]

B. Minkowski content bound in Theorem 9.7

Here, we demonstrate the validity of the Minkowski content bound (9.8) of The-
orem 9.7. A crucial ingredient is the following lemma, which allows, given two
points z, w € & at a given scale, to compare the universal frequency function of ¢
at that scale with the frequency function computed on the center manifold relative
to z.

Lemma B.1. There exists a constant C = Cg(m,n, Q,y, K) with the following
property. Assume T and & are as in Theorem 9.7, let z, w € G with w € Byk (2),
and let s be a scale which satisfies y*+' < s < yk. Finally, consider the point w =

y P2k (w) — 2). Then
K(w,s) =L 4 (0, y ¥ )| < Cmlt,.

Once we rescale the current T to Ty, ,,, we need to compare two frequency func-
tions computed on two different center manifolds. The proof is entirely analogous to
the argument of [8, Section 6.2] used to estimate the jump of the universal frequency
function when we change center manifolds, and in particular Lemma B.1 corresponds
to [8, Lemma 6.10]. The crucial ingredient is the presence of a ‘stopping cube’ which
is not too large and not too small, which is guaranteed by Proposition 10.1.

Now we are in a position to repeat the analogous covering arguments to those
in the preceding appendix. First of all, we have the following lemma, which is the
counterpart of Lemma A.1 for %IQ

Lemma B.2. Let p < 1/100 be fixed so that C p'/>K < 1, where C is the constant
in [8, Proposition 7.2], let (10p)* = o < © = (10p)’° < 1 for some integers k and jo,
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and let 1) be as in Theorem 13.2. There exists €5 = e5(A,m,n, Q) > 0 such that the
following holds. Suppose that T is as in Theorem 9.7 for these choices of n and ¢s.
Let xo € @N By, lety = 10p, let D C © N B (xp) and let U = sup,,p L(w, 7).

Then there exists § = 5_(m, n,Q,A,p,K,J) >0, a dimensional constant Cr =
Cr(m) > 0 and a finite cover of D by balls B, (x;) such that

(@) ri = (10p)**1;
(b) Yo, 12 < Crt™™%;
(c) forevery i, either rj = (10p)* or

F; =D NB,(x;)N {w ‘X(w, pry) € JU =8,U + g[} C Byr, (Vi)
for some (m — 3)-dimensional subspace V; C R™*",

Note, once again, that the parameters €5 and 7 are first chosen small enough so
that we can apply Proposition 13.2. Then, €5 is further decreased if necessary, so
that mgo falls below a desired small-dimensional constant, allowing us to absorb a
suitable error term. Lemma B.2 will in turn be used to prove the following second
efficient covering result, which is the analogue of Proposition A.2 but for ©.

Proposition B.3. There is a choice of p (and hence of y = 10p) such that the fol-
lowing holds. Let n be as in Theorem 13.2 and let T = (10p)’° for some j, € N.
There exists §(m,n, Q,A) > 0, e5(A,m,n, Q,8) > 0 and a dimensional constant
Cy = Cy(m) > 1 such that the following holds.

Assume that T is as in Theorem 9.7 for the above choices of n and es5. Suppose
that xo € © N By and let D C @ N B (xo) and U := sup,cp Iy, 7). Then, for every
s = (10p)“ €10, t[ as in Lemma B.2, there exists a finite cover of D by balls B;, (x;)
with r; > s and a decomposition of D into sets A; C D such that

(@ A; € D OBy, (x);
(b) X > < Oy

(c) for every i, we have either r; = s or

sup I(y,r;) < U —6.
V€A,

Note that in Lemma B.2 and Proposition B.3, we are able to make conclusions
in terms of the universal frequency I at individual points (rather than the frequency
function relative to the center manifold associated to the relevant ball) precisely due
to Lemma B.1. Observe also that p (and hence y) is finally chosen in the above
Proposition. p will have to satisfy the inequality dictated in Lemma B.2 and a further
smallness assumption which however depends only on m. This in turn determines y.
Ultimately, both depend only on m, n, Q and the parameter K entering in the defini-
tion of &.
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B.1. Proof of Lemma B.2
We may assume throughout that xo = 0, for simplicity.

Step 1. Inductive procedure. Fix § > 0 for now; it will be determined later. We induc-
tively construct families C(k), k ={0,...,«}, consisting of covers of D by balls B, (x)
centered at points x € D such that

B,(x) € C(k) = r = (10p)/ =y’ forsome j € {0,...,k},

as follows.

Let C(0) = {B;}. Suppose that we have already constructed the cover C(k). Take a
ball B, (x) € C(k). If r = (10p)’ with j <k, place B, (x) into C(k + 1).If r = (10p)*,
consider the set

F(B,(x)) := @NB,(x) N {w: W(w,pr) € JU —8,U +3[}.

Notice that this is the set of points in & N B, (x) at which the universal frequency is
pinched by at most § between scales pr and r. We have two possibilities:

keep B, (x) in Cy (k + 1) if F(B,(x)) does not pr-span an (m — 2)-
dimensional affine subspace;

discard B, (x) from Cy(k + 1) if F(B,(x)) pr-spans an (m — 2)-
dimensional affine subspace V = V(B,(x)) C R™*",

K
D)

Observe that if (K) holds, then by definition, (c) in the statement of the lemma holds.
We may thus replace

{B'}; = {Byq)k (x) € C(k) : (D) holds for B(;q,x (x)}
with a collection F(k + 1) of balls {B}; with radius (10p)¥*! that cover

&N U B, 100k (V(B)).

Note that the excess decay from Theorem 2.6 once again tells us that E(7, ﬁi) < eg.
We may moreover ensure that the concentric balls %ﬁ’ are pairwise disjoint, and that
their centers are contained in & N B,(x) N | J; (V(B')). Let B(k + 1) be a Vitali
subcover of

{B,(x) € C(k) : (K) holds}.

The cover defined by C(k + 1) := F(k + 1) U B(k + 1) provides a new covering that
replaces C(k).
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Step 2. Frequency pinching. Before we continue, let us first show that the following
frequency pinching estimate holds: for any > 0, we can choose § > 0 sufficiently
small (dependent on p and 1) such that if C; (k) # @, then either

Gl(K)z{Bl}orI(x,%) elU—-nU+n VB.(x)eCi(k),k=0,...,x. (B.1)

Indeed, if we do not stop refining immediately, then for any ball B,(x) € C;(k),
r = (10p)/ ™! for some j + 1 < k. Thus, by construction, we know that there exists
a ball B’ of radius (10p)’ centered at x’ satisfying (D). Namely, p(F(B’)) p(10p)’ -
spans an (m — 2)-dimensional affine subspace V and x € V N B’. There must hence
exist at least one other point z € F(B’) N V. We wish to apply Lemma 12.2 with
p = pand p = p/5 in order to show that

‘I(x, p—sr) —I(Z,r)‘ < g (B.2)

However, notice that the conclusion of Lemma 12.2 is the spatial frequency pinching
relative to the center manifold M ; associated to B, (x’) (recall that r = (10p)’ = y/
for some j < k). This is where Lemma B.1 comes in, allowing us to compare the
frequency pinching relative to M, ;, with the universal frequencies centered at x, z
respectively.

Indeed, applying Lemma B.1 to My ; and letting X, Z denote the respective pro-
jections of y =/ (x — x’) and y ™/ (z — x’) onto M, ;, we have

B ) ] < 2) 1 (2 2)

+ |y (7.8) ~ Loy G D) + Ly G D = 1),

Letting § = n/6 in Lemma 12.2 and applying this to the middle term on the right-
hand side of the above inequality, meanwhile using Lemma B.1 for the other two
terms on the right-hand side, the estimate (B.2) indeed follows, after ensuring that
8?/4 < n/6Cy. Since z € F(B'), this yields the second alternative in (B.1).

Step 3. Discrete (m — 2)-dimensional measures and coarse packing estimate. It re-
mains to check that the covering C(k) satisfies the conditions (a)—(c). By definition
of k, the conditions (a) and (c) are a trivial consequence of the construction of the
inductive covering.

Hence, we just need to verify that the packing estimate (b) holds; namely, that

m—2
i
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where C(k) = {Bsj, (x;)};. For this, we will make use of [17, Theorem 3.4]. With this
in mind, we introduce the discrete measures

= Zslm_zr‘ix[, = Z s{”_28xi.
i

i1s; <s§

First of all, note that g = 0 forevery s <7 = %(10,0)", due to the construction of
our covering.
We proceed to inductively show that

1s(Bs(x)) < Crs™ 2 VxeB . s=72, j=0.....jo:= logz(%) —4. (B3)
The base case is trivially true, since
pr(Br(x)) < N(x, 7)™,

where N(x,7) := #{i : s; = r}. This is a dimensional constant, since we have a Vitali
cover.
Suppose that (B.3) holds for 0, . .., j, for some j < jq. Letting r := 72/, we will
first of all show that
1ar (B2, (x)) < C(m)Cr(2r)" 2, (B.4)

for some dimensional constant C(m). This follows by simply subdividing (5, intox

Hor = Ur + Z Slm_zax,- = Ur + fr,

iir<s;<2r

combined with the observation that B,,(x) can be covered by at most C(m) balls
B, (x;), on each of which we may use the inductive assumption, meanwhile

fir (B2r (x)) < N(x.2r)(2r)" 7% = C(m)(2r)" 2, (B.5)
where N (x,2r) :==#{i :r <s; <2r}.

Step 4. Inductive packing estimate. We will now improve the coarse bound (B.4) to
the estimate

par (B2 (x)) < Cr(2r)" 72, (B.6)

where Cg is the dimensional constant coming from [17, Theorem 3.4].
Let it := pa, L By, (x). We claim that

t
d
/ o / (82729 () < 83" ¥y € Byy(x). Vi € (0.27],
B,y 0

where 8o = do(m) > 0 is as in [17, Theorem 3.4] (denoted by simply § therein).
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First, let us write

t yj
[esr =3 [ el

J=Jo

where jo = jo(t)is such that # € Jy/o+1 yJ0]. Now we may apply Proposition 13.2 for
each x; and for each k, together with the excess decay in Proposition 2.8, to conclude
that there exists og > 0 (as in the statement of the proposition) such that for each
s € ]y/T1, y/], we have

C
sm—2

C
sm—2

C

Sm—2

o (Bg(x;))

Xi yi sm—z—ao

- . _ ao H(Bs(xi))
[, et dn + sy PR

[Brz2(xi5)]” <

/ Wy (xr. jow) dE(w) + Cm
Bs xi)

A

2(1() M( S(-xl ))

Sm2ao

IA

/ Wi (xi, j,w) di(w) + Ce , (B
s (x;)

where for z = x; € By(x;), Ws(xi, j, 2) = W32 (x;, j, Xg)1sss,, since the balls
B, (x;) are pairwise disjoint. Let us first deal with the second term on the right-hand
side of (B.7). Consider first the case r < ¢ < 2r. Then due to (B.4), we have

ON(y 2r)(2r)m B / 'EIB;(Z&)()) & d/’L(Z)
B:(») N

< 630 (Cm) + N (7.2r)) (Cr(m))’ (2r)* =2~ (n=27e0)

< C(m)e2*0pm=2+ao,

In the case < r, we first of all notice that if there exists x; € B;(y) with s; > 3z, then
there are no other points x; € By;(y) since the balls By, (x;) are pairwise disjoint.
This in turn implies that B2 Mz(z, s) = 0 for every z € B;(y) and every s < t.

Thus, we may assume that s; < 3t for every x; € B;(y), in which case we may can
use the inductive assumption, combined with the fact that p>, = s + ji; to conclude
that

J e BB 8 ) < cpmcmgeim2i,
B:(») s 0
Here we have used that B;(y) can be covered by at most N (y, 3¢) balls of radius
s; € [t,3t), so we get an estimate analogous to (B.5) for ;. Thus, by choosing e?xo
small enough, we can indeed ensure that (A.6) holds.

To control the frequency term W32*(x;, j, z) on the right-hand side of (B.7), we
proceed as follows.
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Let ¢ € ]0, 2r]. Applying Fubini’s theorem as in the proof of Lemma A.l and
making use of Lemma B.1 and the coarse bound (B.4), we have

‘/];t(J’)
J

— . ds
< C(m) Yool Wew, jow)— du(w)
1 N
B2t(y)j>j (t) yj+

+ Clogy > ml s du(w).
B21O) j=jo ()

y]
1 — . _ ds _
5 W(z, j, w) dip(w)— dp(z)
iz VT T IR s

Now, the almost-monotonicity of the frequency (10.4) on a fixed center manifold,
the excess decay in Proposition 9.1, and the choice of jo(¢) and 7 together yield the
following estimate for any x;:

Y1 o ds
_ZWS‘(xi’]»xi)_
S

%

P m
iz VS
v/ 5 "
<C Y [ L0300+ Cml )~ Lo ;0.0 - Cnl )]
i=joy "’ "
+ Cezy“tl’4
<C Z / W132(xl_’j’xi)g + Ce?“ty“
)
J=jo()
d
=C Z W132(xi, j,xi)Ts + Cs?’“ﬂ"‘
J=jo()

<Cn+ Cs?’“t”“.

Thus, by the above observation that there is at most one point x; € By;(y) and
again using the coarse bound (B.4), we conclude that

t
/ / [,35”:2(2 S)]Zf dfi(z) < Cntm_2 + Cstnin{2)/4azao}tm—2+min{y4,ot0}
m — :
B:(y) JO S

By choosing ¢5 even smaller if necessary, and taking n sufficiently small (which is
ensured by choosing § sufficiently small, we successfully establish the tighter induc-
tive packing estimate (B.6). ]

B.2. Proof of Proposition B.3

We may once again assume that x = 0. We will apply Lemma B.2 iteratively to build
families of ‘stopping time regions’, where a new covering is built within a large ball
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on which we stopped the previous covering procedure early. We will show that the
iteration can be stopped after finitely many steps, at which point we will have packed
the singularities tightly enough to obtain the desired conclusion.

In the statement of Lemma B.2, let us fix the parameter p arbitrarily for now, and
in turn fix ko arbitrarily so that the parameter 7 is also fixed for now; these param-
eters will be determined later. We first apply Lemma B.2 with our fixed choice of ©
and 0 = s = (10p)“. This yields a cover €(0) := {B,, (x;)} of D. We can subdi-
vide this cover into the ‘good’ balls §(0) := {B,, (x;) : r; < s} and the ‘bad’ balls
B(0) == {B, (x;) : r;i > s}.

Construct a new cover €(1) of D as follows. Place all balls in ¥ (0) into €(1).
For each ball B, (x;) € 8(0), Lemma B.2 (c) tells us that, for § as defined therein, all
points y € D NB,, (x;) withI(y, pr;) € JU — 8, U + §[ are contained in a pr;-tubular
neighborhood of V; for some (m — 3)-dimensional affine space V; C R™*", We may
thus cover @ N B, (V;) N B, (x;) by at most C(m)p~"m=3) balls {B"’k}ivfl) of radius
2pr;, centered at points in &.

For any given index i, there are now two possibilities: either

(i) 2pr; < s: then we include both B, (x;) and the balls {B**}, into € (1) and
stop refining for this i; or

(ii) 2pr; > s: then we apply Lemma A.1 to each ball B'¥ for this fixed i (with
T = 2pr; and 0 = ), yielding a new cover of Bk by balls. We place both
B,.(x;) and these new balls (foreach k=1,..., N(i)) into the new cover €(1).

We can then iterate this procedure inductively, only at each stage k letting
B(k) = {Bri (xi) € €(k) : s <ri <2pr; for some B, (x;) € €(k — 1)},

until after finitely many steps of the iteration, we obtain a cover € (£) where the radius
of every ball is no larger than s. Note that £ = £(p, s), and that as long as we choose
o < 1/2C(m), we have

Z rl-m_2 <2 Z r;”_z < 2Cg.

By, (x;)€€(0) B, (x;)€€(0)

Now if there are any balls of radius r; < s in our covering € ({), we may replace
them with concentric balls of radius s; since p = p(m) is now fixed, this would only
increase the packing estimate (b) by a factor of C(m), since no ball can be smaller
than 10ps.

Now let § := § for our choice of p = p(m). Making use of the quantitative BV
estimate from Proposition 10.4 on the universal frequency function, as well as the
excess decay in Proposition 9.1, for any given t = (10p)¥0 < 1, any y € B;(x) N &
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and any s < 7, we have

ko
I(y,s) <I(y,7) + C Z mZ"‘j <U+ Ce?’“r”“,
J=Js

where j; € N such that y/s < s < p/s~1. Thus, choosing &5 smaller if necessary, we
may ensure that I(y, p) < U + é for every y € B;(x) and every p < t.

Finally, if B, (x;) € §(£) U 8({), let A; := D N B, (x;). On the other hand,
if B, (x;) € B(k) fork <{£—1,let

A} = (D NBy, (x;)) \ U B, (x)). (B.8)
By, (x;)CBy; (x;)
By, (x;)e8B(k+1)

Observe that in each A;. in (B.8), we necessarily have

sup I(y, pr;) < U -3,
yeA;

due to our choice of 7. Thus, since I(y, pr;) > c(m)I(y,r;), we may replace B, (x;)
with a collection of at most C(m)p~" balls of radius pr; that covers A}, which again
only increases the packing estimate (b) by a dimensional constant. We may then let
Aj = Aj NB,, (x;) for each ball B, (x;) in this cover of A]. [

B.3. Proof of the bound (9.8) in Theorem 9.7

The proof of the Minkowski content bound now follows by iterating Proposition B.3,
in exactly the same way as that in Section A.3. We therefore omit the details. |

Funding. C.D.L. and A.S. acknowledge the support of the National Science Foun-
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