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Counting and equidistribution over primes in
hyperbolic groups

Yiannis N. Petridis and Morten S. Risager

Abstract. We consider equidistribution of angles for certain hyperbolic lattice points in the
upper half-plane. Extending work of Friedlander and Iwaniec, we show that for the full mod-
ular group equidistribution persists for matrices with a2 + b2 + ¢2 4+ d? = p with p prime;
at least if we assume sufficiently good lower bounds in the hyperbolic prime number theorem
by Friedlander and Iwaniec. We also investigate related questions for a specific arithmetic co-
compact group and its double cosets by hyperbolic subgroups. The general equidistribution
problem was studied by Good, and in this case, we show, that equidistribution holds uncondi-
tionally when restricting to primes.

1. Introduction

Let X be a compact topological space equipped with a non-negative measure jt, nor-
malized such that ;(X) = 1. It is an important problem in number theory to determine
if a (generalized) sequence S = (x;);e; € X is (asymptotically) equidistributed on X
(with respect to ), i.e., if for every f € C(X), we have that

1
Ns(x)

Z f(x,-)—>/de/L as x — o0o.

v(i)<x

Here we assume that I is equipped with a (size) function v: I — N with the property
that Ng(x) :=#{i € I : v(i) < x} is finite for all x € R.

It is an interesting question to see how much we can shrink the index set / and still
have (asymptotic) equidistribution. We say that a sequence (x;);ey is (asymptotically)
equidistributed on X over primes if for every f € C(X), we have that

1
X;j) — d as x — o00.
oI | au
v(i)p;ime
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Here
ws(x)=#{i el :v(i) <x,v(i) prime}.

Example 1.1 (Angles of lattice points in Z?). Consider the sequence of (normalized)
angles of the square lattice A = (arg(v)/27)yez2 S R/Z with v(v) = ||v||?. In the
19th century, Gauss [13] noticed that

Na(x) = x + O(x'/?); (1)

see, e.g., [2] for a description of Gauss’ elementary method. His method is flex-
ible enough to show that the normalized angles are equidistributed with respect to
Lebesgue measure on R /Z. It was observed by Landau [28] that 74 (x) can be estim-
ated, using the analytic properties of the Dedekind zeta-function (g (s) for the number
field K = Q(i); in particular, its pole at s = 1 and the fact that it has a zero-free
region. He found that

nA(x):Zr(p):Mi(x)—i—O( a )

A
oyt log(x)

where li(x) = fzx 1/(logt) dt is the logarithmic integral function. The factor 4 occurs
since we are really counting prime ideal with multiplicity 4. In order to determine the
angular distribution of these ‘prime lattice points’, Hecke [17] introduced his Grossen-

sk
£(2) = (i) ,

2|

characters

proved the analytic continuation of the corresponding Hecke L-functions L(s, &) and
also proved, via Weyl’s equidistribution criterion, that arg(v)/2m equidistributes on
primes; see [17, eq. (52)]. See also the work of Kubilius [27] for a statement with
error term.

Example 1.2 (The sequence an modulo 1 for « irrational). Using his equidistribu-
tion theorem, Weyl [45, Satz 2] proved that, if @ € R\Q, then (a¢n),eny C R/Z is
equidistributed with respect to the Lebesgue measure on R /Z. Understanding what
happens when restricting to primes is much harder, but Vinogradov famously proved
that (an),en is indeed equidistributed over primes; see [25, Theorem 21.3] for a
proof.

Analogous statements hold for ¢(n) with ¢(x) a non-constant real polynomial
with some condition on the coefficients (the leading coefficient being irrational suf-
fices). For more on this, consult [25, Proposition 21.1] and [37, Theorem 1].
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1.1. Main results

In this paper we investigate equidistribution over primes for various quantities in spe-
cific arithmetic subgroups of SL,(R). Anton Good [14] studied nine different types
of decomposition of cofinite Fuchsian groups corresponding to double coset spaces
[Fe\T'/Ty for I'g, T'y pairs of stabilizers of & resp. y. Here £, x can be cusps (para-
bolic subgroups), points in H (elliptic subgroups), or geodesics between two points
on the boundary of H (hyperbolic subgroups). Using the spectral theory of auto-
morphic forms he proved [14, Corollary, p. 119] an equidistribution result for each
of these nine types of decomposition. Good’s results hold for any co-finite discrete
subgroup of PSL;(R), as their proof utilize the spectral theory of the corresponding
automorphic Laplacian, and not any arithmetic. Parkkonen and Paulin proved more
general equidistribution results for endpoints of common perpendiculars in negative
curvature; see [34].

For certain arithmetic subgroups of SL,(Z) Duke, Friedlander and Iwaniec [§]
proved equidistribution over primes in the parabolic-elliptic case of Good’s theorem,
while Téth [41] proved equidistribution over primes in the parabolic-hyperbolic case
of Good’s theorem. In this paper we consider arithmetic examples of the three diag-
onal cases £ = y and investigate what happens when we restrict the counting functions
to primes.

1.1.1. The parabolic case. Consider I' = SL,(Z), and the parabolic subgroup ', =
((31)). We consider the sequence

= ((2)) o
cC C

indexed over y € ['oo\I'/T'so With 0 < ¢, and with size function v(y) = c.
In this case, Good’s theorem (see also Selberg’s unpublished notes [39]) implies
that

3
Np(x) = sz + 0(x*?),

and P is equidistributed on (R/Z)?. Here and elsewhere equidistribution on (R /Z)?
is understood to be with respect to Lebesgue measure. For this specific group, much
better error terms are known using different methods; see [44, eq. (2), p. 114] and [30].

The sequence P is straightforward to analyze over primes: Using the prime num-
ber theorem it follows that

5 x2
JTP(X) = h(x )+ O(IOgATx))

Any non-trivial bound on the classical Kloosterman sums gives that P is equidistrib-
uted on (R /Z)? over primes. We will not dwell on the details. The relevant decompos-
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ition is a Bruhat-type decomposition; see [24, Section 1.4]. Humphries [22] proved
several refined equidistribution results in this case, using different notation.

1.1.2. The elliptic case. Let ' = SL,(Z), which acts on the upper half-plane H.
Consider the hyperbolic length dp(yi,i) between yi and i, and the angle of the
hyperbolic geodesic from i to yi against the vertical geodesic from i. If y = (4 5),
we let

vE(y) = a?+b*+c*+d* = 2 coshdy(yi,i).

Selberg [39], Nicholls [33], and Good [14] proved asymptotic equidistribution of
angles related to y € I with vg(y) < x. In fact, Selberg and Good proved something
even stronger. For I # y € SL,(R), the Cartan decomposition allows us to write

y =k(01(y))ae ")k (62(y)),

cosf sinf . e 72
k(®) = (— sinf cos 9) »oale) = ( e’/2) '

Here r = dy(yi,i) > 0 is uniquely determined, and 0;(y), 62(y) are determined
modulo 7. The works of Selberg [39] and Good [14] imply that if we consider the

sequence
0 4 % Y
( (y))yef (( 1( )’ 2( ))) ( )

T T

where

indexed over I" and with counting function v(y) = vg(y), then
NEg(x) = 6x + 0(x%/3),

and E is equidistributed on (R /Z)?; see also [14,24,35,39].

In order to understand what happens when we restrict to primes, we recall that
Friedlander and Iwaniec [12] studied what they call a ‘hyperbolic prime number the-
orem’. In our notation this means understanding 7 g (x). Conditional on a conjecture
weaker than the Elliott—Halberstam conjecture (see (17) below for the precise conjec-
ture), they used sieving techniques to prove that

3)

Here =< means that the quotient of the two sides is bounded from above and below by
strictly positive constants. In this paper we show, conditional on the same conjecture,
that E is equidistributed over primes, analogously to Hecke’s result for Z2.

Theorem 1.3. Let E be the sequence (2), i.e., the pair of normalized angles from the
Cartan decomposition for SL,(Z). Assume wg (x) satisfies (3). Then E is equidistrib-
uted on (R/Z)? over primes.



Counting and equidistribution over primes in hyperbolic groups 769

We remark that in Theorem 1.3, we do not need the full force of (3). Our proof
only requires
7 (x)
x/ log(x)

to conclude equidistribution over primes, which is much weaker than the conditional

)1—27'[_1

(log x — 00 @

lower bound in (3). It would be interesting to see if (4) can be proved unconditionally,
and/or if the exponent of 1 — 27~ may be improved.
Friedlander and Iwaniec also considered a related but different counting function,
namely,
np(x)=#y el va(y) =p—2=x}.

This is equivalent to considering the sequence

E = (Q(V))yer — ((91()/)’ 92()’))) (5)

b4 T

with modified counting function v'(y) = vg(y) + 2. Clearly, we have Ng/(x) =
Ng(x) + O(x?/3) and E’ is also equidistributed on (R /Z)2.
For this slightly modified sequence, they found precise unconditional asymptotics
xa(p)

wE(x) = 8w (1 + —) li(x) + OA(x(logx)_A) ©)
1;[ p(p=1

for any A > 0. Note that there is an obvious factor of 8§ missing in going from (1.16)
to (1.17) in [12]. Here x4 is the primitive Dirichlet character modulo 4. Our method is
flexible enough to allow considering the angle distribution in this case, and we arrive
at the following unconditional result.

Theorem 1.4. Let E’ be the modified sequence (5), i.e., the pair of normalized angles
from the Cartan decomposition with the modified ordering. Then E’ is equidistributed
on (R/Z)? over primes.

The hyperbolic prime number theorem (3) of Friedlander and Iwaniec is hard. It
is equivalent to the following statement:

S rp+2r(p—2) = @ 7

pP=x

with r(n) the sum of two squares counting function. This highlights the similarity to
the twin prime conjecture, and why (7) and (3) currently cannot be proved uncondi-
tionally. They are only proved conditionally on a weak form of the Elliott—Halberstam
conjecture; see (17).

It turns out that, using Proposition 3.2 below, Theorems 1.3 and 1.4 can be refor-
mulated in terms of Gaussian integers. A Gaussian integer w is called primary if
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w =1 mod (1 +i)3. Consider the following sets of pairs of primary Gaussian integers
with norms differing by 4:

C,=1{z1€Z[i]| z1Z1 =n + 2,z primary} X {z € Z[i] | 22z =n — 2, z, primary}.

Note that for n odd, we have #C,, = r(n + 2)r(n — 2). For z = (z1, z2), denote by
0(z) = (6(z1), 0(z2))! the corresponding set of angles. Consider

1 [1 1
M=—
2 (1 —1)’

and observe that M 60(z) is the (normalized) sum and difference of the two angles.
Consider the two sequences & resp. &' both defined to be the sum and the difference
of the normalized angles of z; and z; mod 1, i.e.,

(M6(z) mod Z?) indexed over C, withn € N,

but with size function v(z) = n resp. v'(z) = n + 2.

Theorem 1.5. The sequences & and &' are equidistributed on (R /Z)?. Assume m g (x)
satisfies (7), then & is equidistributed on (R/Z)? over primes. Unconditionally, &' is
equidistributed on (R /Z)? over primes.

Remark 1. Chatzakos, Kurlberg, Lester, and Wigman [5] proved, for points on hyper-
bolic circles, the existence of a full density subsequence of n € N such that the
angle 0, (y), for y € I" with vy (y) = n equidistributes as n — oo with n € N. Here

N ={neN|n=a’>+b>+c*+d*forsome (¢5) eT}.

They also show that exceptional radii do exist. Similar questions for Euclidean circles
were considered by Katai and Kornyei [26] and Erd6s and Hall [9]. Our method of
proof is indeed inspired by [5].

Cherubini and Fazzari [6] extended [5] in a different direction by considering
other CM-points with class number # = 1. The techniques we are using probably
generalize to congruence groups and other CM-points, but probably not to general
cofinite subgroups of PSL,(R).

1.1.3. The hyperbolic case. The final case we analyze relates to the quaternion
group

_ Xo+ X172 W/5(x2 + x3v/2) '
F(z’s)_{(ﬁ(xz—mﬁ) Yo — 142 )eSLz(R)|x,eZ}
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and its hyperbolic subgroup

Here ¢ = 1 4+ /2 is the totally positive fundamental unit in the ring of integers
of Q(¥/2). If y € T'(2, 5) has strictly positive integer entries, then there exist unique
1, y2 > 0, v > 0 such that

[V 0 coshv sinhv | [/, 0 )

Z\ o 17yy,) \sinhv cosho)\ 0" 1/y5,)
see Lemma 4.3. Geometrically, v(y) equals half the distance between the infinite
vertical geodesic I from 0 to ioco and its image under y. In terms of the entries one

shows that (cosh(2v(y)) — 1)/10 = bc/5.
Consider the sequence

_ _ (( logy:1 logy> 2
h= o = ( (52 52 )) < w/zp, ®

indexed over the set of all y € H\I'(2,5)/H with all four entries strictly positive.
Equip this index set with the size function v(y) = bc/5. Good [14] and Hejhal ([19],
[21, Theorem 8]) proved that

10(log £)?

=X 4+ 0(X?3).
T

Np(x) =
If there are non-zero eigenvalues of the automorphic Laplacian less than 1/4, there
are additional main terms, but these are not expected to exist in this case, as follows
from Selberg’s eigenvalue conjecture. Good [14, Theorem 4] further proved that % is
equidistributed on (R /Z)?. When restricting to primes we prove the following result.

Theorem 1.6. Consider the sequence h in (8). Then

_ x
mp(x) = Cli(x) + 0(logA(x))’

and h is equidistributed on (R/Z)? over primes. Here

_ 12loge ( 18(p) )
C =" 14 287 )
5 «/5};[5 +p(p—1)

where xg is the even primitive Dirichlet character modulo 8.
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Remark 2. The sequence /4 in (8) has a natural geometric interpretation: The geo-
desic segment minimizing the distance from the imaginary axis I and yI meets I
atiy; and y I at yiy,'. The length of the geodesic corresponding to H is 2log(g?).
The signed distance from i to iy; is log y;. So Good’s theorem proves the (joint)
equidistribution of the endpoints of the distance minimizing geodesic segments cor-
responding to the double cosets H\I'(2,5)/H.

We can formulate the equidistribution statement entirely in terms of quantities
defined using the ring of integers of the real quadratic field K = Q(+/2). Let

o(a +vV2b) =a—2b
be the non-trivial Galois automorphism, and consider
D, = Dg(5n + 1) x Dg(n).

Here Dk (n) is the set of classes of totally positive elements of Ok with field norm n

2m

modulo the following equivalence relation: z; ~ z, if and only if z; = ¢z, for

some m € Z. Therefore,
Dg(n)={z€0k|z-0z=n,z>0,0(z) >0}/ ~.

For z € (z1, z3) € Dy, denote

0/(2) — 10g|21/021| loglzz/azzl
2loge2  2loge?

and let M’ = %({ 4 ) Then we may consider the sequence # defined to be the
(normalized) sum and difference of these quantities mod 1, i.e.,

(M'60'(z) mod Z?) indexed over D, withn € N,

and with size function v(z) = n.

Theorem 1.7. The sequence ¥ is equidistributed on (R/Z)?, and equidistributed
on (R/7Z)? over primes.

Remark 3. In a nutshell, the main theorems are proved by translating the statistics
of the problem in question to a number field setting, where we can apply Hecke’s
theory of Grossencharacters, and extensions thereof. We then combine with various
bounds on sums involving multiplicative functions due to Nair and Tenenbaum, and
use Weyl’s equidistribution criterium.

In Section 2 we state the relevant various bounds on sums of multiplicative func-
tions. In Section 3 we translate the elliptic case to statistics of Gaussian integers on
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two circles, and analyze the relevant Weyl sums leading to Theorem 1.5. In Sec-
tion 4 we translate the hyperbolic case to statistics of the integers of the real quadratic
field Q(+/2) on two hyperbolas. The counting problem can then be translated to an
analogue of the Titchmarsh divisor problem, which we solve using recent results by
Assing, Blomer and Li. The equidistribution result can be deduced using the tech-
niques of Section 2. This leads to a proof of Theorem 1.6.

2. Bounding sums of multiplicative functions

A crucial ingredient in our proofs of equidistribution over primes are certain bounds
on sums of multiplicative function. In this section we recall a few useful results in this
direction.

Nair and Tennenbaum [32] developed a general and very flexible method to har-
vest the power of multiplicativity to bound specific sums of multiplicative or approx-
imately multiplicative non-negative functions of various types. Here we state a small
part of a simplified version of [32, Theorem 3].

Theorem 2.1. Consider two non-negative multiplicative functions g1, g satisfying
gi(n) <d(n) and a;, b; satisfying (a;,b;) = 1 and bya, # bray. Then

Z g1(larp + b1l)g2(lazp + b2l)

p=x
X g1(ny) gz(nz)
Ka; b log(x) 1_[ ( ) Z n Z ©)

2<p<x ni<x n><x

It is well known that
l_[ (1 — z) = 0((10gx)_2),
p=<x p

e.g., it follows easily from the prime number theorem. Therefore, the right-hand side
of (9) is bounded by a constant times

Z gl(”l) Z gz("z)

10g (X) ni<x ny<x

Another useful bound is the following weak form of a Halberstam—Richert in-
equality [16]. We quote from [10, Theorem 7].

Theorem 2.2. Let f be a non-negative multiplicative function satisfying that

Y f)y=0(). and f(p*)=0()

n<x
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for all primes p and k > 1. Then

1 S(p)—1 1
;Zf(n)<<exp(z » )+10gx'

n<x pP=<x

The implied constant in the conclusion only depends on the implied constants of the

assumptions.

3. The elliptic case

In this section we consider the modular group I' = SL;(Z). We recall the Cartan
decomposition and its relation to angles.

3.1. Cartan decomposition and angles between lattice points

For a group element y € SL,(R) = G, the point yi € H is determined by the hyper-
bolic distance dy (i, yi) and the angle v(y) between the vertical geodesic from i
to i 0o and the geodesic between i and yi. To give a clear geometric picture, we map
the upper half-plane H to the Poincaré disc DD using the Cayley map

z—1i

f@)=—:.

This is a holomorphic diffeomorphism with f (i) = 0. Since it is conformal, it pre-
serves angles. It maps the vertical geodesic from i to the geodesic [0, 1) in the Poincaré
disc, so that v(y) is the argument of the complex number f(yi), i.e.,

i) = 1f(yi)e®.
By the Cartan decomposition G = KAK, we may write
y = k(01(y))ale™)k(02(y)),

where

—sinf cos6

k(6) = (cos@ sin@) € K = SO,(R),

which is the stabilizer of i in SL,(R), and

—r/2
ae™") = (" e’/z) €A= {(" a—l) la > o}.
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Here r = dg(yi,i) > 0is uniquely determined and, if r > 0, the numbers 6, (y), 6> (y)
are determined modulo 7, while 81 (y) + 62(y) is determined modulo 25. A straight-
forward computation shows that

e 1 )’

50 201 (y) = v(y). We note also that
y = k(5 = 60))ae k(=S —6).

0 20,(y) = m — 201 (y~') = = — v(y~1). When studying the joint distribution of
01(y), 82(y) mod 7, we want to consider the corresponding Weyl sums, which in this
case are

Se(mi,ma,n) = Y~ exp(i2601(y)m1 + 26,(y)m2)). (10)

yel
v (y)=n

This may be thought of as a Kloosterman-type sum related to the Cartan decompos-
ition, in the same way that the standard Kloosterman sum is related to a Bruhat-type
decomposition G = NAN U NwAN, where N consists of upper triangular matrices
with 1 on the diagonal and w = k(—m/2).

It is convenient to mod out on the right and left by of stabilizer I'; of i in I" acting
on H. One finds that I'; is cyclic of order 4 generated by the elliptic element

n= (—01 (1)) =(3)

Kyl = k(0100 + 13 )ale Ik (6:0) + j25)- an

Since if y # +1, the double coset ['; yI; contains precisely 8 elements; these can,
e.g., be parametrized by )/ij‘ y)/l.jz for j; =0,...,3,and j, = 0, 1. Another possible
parametrization is j; = 0,1, j» = 0, ..., 3. Fixing representatives for the double
coset [';\I'/T’; and using (11), we find that

so that

Se(my,ma,n) =82jm,82m,8S, (M1, mp, n), (12)

where

Sp(my.ma.n) = > exp(i(261(y)m1 + 262(y)my)).
yel;\I'/T;
v () =n

Note that the relation (12) shows that we only need to bound the Kloosterman-type
sum S, (my,my,n) when my,m, are even. It also shows that in this case S, (m1,m2, n)
is independent of the choice of representatives for the double coset.
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3.2. The Gaussian integers

It is a remarkable fact, observed in part in [12] and [5] that for I" = SL,(Z) the data
{(va(y), 61(y),02(y)) | y € T'} can be parametrized in terms of angles and lengths
of Gaussian integers on two Euclidean circles with distance 4 apart.

Before we explain this observation in detail, we recall some results about Gaussian
integers. For more information the reader may consult [23,25].

The Gaussian integers Z[i] is the ring of integers of the imaginary quadratic
field Q(i). The field is equipped with two important multiplicative maps; complex
conjugation z > z, and the norm map N(z) = zz. It is a Euclidean domain with
respect to this norm. The group of units satisfies

ZIi* = {z € Z[i] | N(z) = 1} = {£1, i}

The ring of integers is a unique factorisation domain and the irreducible elements are,
up to multiplication by a unit,

@® A+

(i) Qp,Qp, where Q, = x + iy with x> + y2 = p = 1 mod 4;

(iii)) p = 3 mod 4.

A Gaussian integer o € Z[i] is called primary if & = 1 mod (1 + i)3. Note that
with this definition the only primary unit is 1. For @ not divisible by (1 + i), there
exists a unique unit ¥ such that u« is primary. Every primary element can be written
uniquely as a product of primary irreducible elements. A primary element z satisfies
N(z) = 1 mod 4.

We fix a specific set of irreducible elements by fixing (1 + i) and for the other
irreducible elements we choose the primary irreducible. Note that Q is primary if and
only if Q is primary. For any of these specific irreducible elements Q, we write

Q = Qe

Note that, if p = 3 mod 4, then the corresponding primary irreducible is Q = —p,
and 6 = m. If, on the other hand, p = 1 mod 4and p = Q Q is the factorisation into
primary irreducibles, we disambiguate the choice of Q vs Q by assuming B > 0. We
denote 6, = .

The angles 8¢ of the primary irreducibles are asymptotically equidistributed mod-
ulo 2z. This can be seen by using Weyl’s equidistribution criterion. To see why
this applies, one considers the set of primitive Hecke Grossencharacters described
in [25, Example 1, p.62], the analytic properties of the corresponding Hecke L-
function L(s, &) (see [25, Theorem 3.8]), and a standard zero-free region for these
functions. Note that for Q = p = 3 mod 4 we have fp = 7, but since N(Q) = p?
these do not affect the equidistribution.
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3.3. Analysis on Weyl sums in Z][i ]
We now describe certain Weyl sums related the Gaussian integers. Consider

1 m
Wp(n) = 7 Z (é—|) forn e N,
]

z€XL[i
N(z)=n

WEmn)y=wPehwEw') ifn=2'n" withn’ odd,

where
" 1+i\™
wrhmy = > (é—|) for n odd, Wj(z’)z(%) _ it/ )im
zeZ[i]
N(z)=n
Z primary

Note that, for n odd,

m
z
wEm= Y (ﬁ)
z€Z[il/Z[i1*
N(z)=n

for a specific choice of representatives of Z[i]/Z[i]*. It follows that

Wnl) = 32 W WEn) =

u€eZlil*

W.P(n) ifm=0mod4,
0 otherwise.

The functions W, (n) and W,F (n) are multiplicative, i.e.,

Win(ninz) = Wi (n2) Wiy (n2),
W (n1n2) = W,y (n0) Win(n2),
if (n1,n,) = 1. The statement for W}, follows from unique factorisation into irredu-

cible elements in Z[i] up to associates, and the statement for W,,f follows from unique
factorisation into primary irreducibles. Furthermore, we have the trivial bound

wrwl =Wl =" <am = 0.0 asn—o0o. (3
We also note that, if p = 3 mod 4, then
0 if/isodd,
wroph=4" (14)
1 if ] iseven,
and, if p = 1 mod 4, then

l

Wl (pl) =3 elCihmby,
Jj=0
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In particular, we have for any odd rational prime

2cos(mBpy) if p =1 mod 4,

W,r(p) =
m (7) {o if p =3 mod 4.

For m = 0, the result (1) of Gauss gives

A %x + o).

n=<x
Proposition 3.1. Let m be an even non-zero integer. Then

Poni— of (1€ "
Zwton-o((452) )

n<x

Proof. When m = 0 mod 4 we have W, (n) = W,F(n), and in this case the claim
is [10, Proposition 6].

To handle the general situation we note the following. For every even m, we have
that, if z; € Z[i], j =1,2 are associated, and have angles determined by z; = |z eif(z))
then there existsan r = 0, ..., 3 such that 8(z;) = 0(z2) + r7/2 mod 2. It follows
that

\cos(m@(zl))| = |cos(m9(22))|.

In particular, if v, = arctan(y/x), where p = x? + y?> = 1 mod 4 with 0 < y < x,
then we have
|cos(mb))| = [cos(mvp)].

With this observation (see also [5, p.2367]), we can repeat the argument given by
Erd6s and Hall in [9, pp. 91-92] for every even non-zero m, and find

6 1 2
s oSO 1o tog + (1= =) 1oglogm + 0(1).
P=<x p d §

p=1mod 4

when logm < b./log x. Notice that our v, is equivalent to &(p) in [9]. Once this has
been established, the proof in [10, Proposition 6] carries through verbatim and gives
the result. ]

3.4. Parametrization of I' in terms of Gaussian integers

We can now explain a parametrization of the elements of I' in terms of Gaussian
integers with various norms. The basic map (15) below is a variation of the one
in [5,12].
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Fory = (2 5) €T, we define two Gaussian integers

z1(y) =(@+d)+i(b—rc) € Zli],

s)
z(y) = (@—d)—i(b+c) € Z[i].

It is straightforward to verify the following proposition, whose proof we leave as an
exercise.

Proposition 3.2. The following statements hold.
(1) The map y — (z1(y), z2(y)) is injective.
(2) Ifvu(y) = n, then N(z1(y)) = n + 2 and N(z2(y)) =n — 2.
G3) Ify' = v} vy, then

z1(y) = i 2zi(y), () =i 2z(y).

(4) We have o) 0
. 22\Y 1y _ _22 )4
1o = 21(y) T ==y
(5) We have
exp(2i61(y)) = 21(y) 22() exp(2i6(y)) = z1(y) |z2(p)|

B Izt 22| B lzZ1()| z2(y)

We note that Proposition 3.2 (5) can be formulated as follows: the angles 26 (y),
20, (y) can be identified as the sum and difference of the arguments of z1(y), z1(y),
i.e.,

261 (y) = arg(z1(y)) + arg(z2(y)) mod 27,
205(y) = arg(z1(y)) — arg(z2(y)) mod 2.

Proposition 3.2 (1), (2) raises the question of determining the precise image of the
map y — (z1(y), z2(y)) when restricted to the finite set consisting of y € I' with
va(y) = n. Since an invertible 2 x 2 matrix must have at least two non-zero entries
consider n > 2. We consider this question separately for the four different values
of n mod 4.

Let S, = {n € Z | r(n) > 0} be the set of integers expressible as a sum of two
squares. Recall that S, consists precisely of integers n satisfying that any prime p =
3 mod 4 occurs an even number of times in the factorisation of » into rational primes,
so an odd number cannot be in S, unless it is 1 mod 4.

Lemma 3.3. [fn = 0 mod 4 or n = 1 mod 4, then

{rel|va(y) =n}=0.
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Proof. Case: n =0 mod 4. Proposition 3.2 (2) implies thatif {y € " | vg(y) = n}#9,
thenn £2 € S,. Wehaven = 4m,son =2 =2(2m £ 1). Clearly, one of 2m =+ 1 is
equal to 3 mod 4, so one of them is not in S. This implies that the prime factorisation
of that number contains a prime p = 3 mod 4 occurring an odd number of times. But
then the same is true for the corresponding n &2 = 2(2m £ 1), soone of n + 2 is
not in S,. This implies that, in this case,

tr el |vuly) =n}=20.

Case: n = 1 mod 4. Again, Proposition 3.2 (2) implies thatif {y € " | v (y) = n}#49,
then n + 2 € S;. When n = 1 mod 4, we have that n 4+ 2 ¢ S5, so also in this case
{y €' [vu(y) =n}=0. .

Let B, = {z1 € Z[i] | N(z1) = n + 2} x{zp € Z[i] | N(z2) = n —2}.
Lemma 3.4. Letn > 2 withn = 2 mod 4. Then the map
{y €T |va(y) = n} — By,
y = (210). 22())
is an isomorphism.

Proof. We can define an inverse map from B,. Proposition 3.2 gives that the assign-
ment y — (z1(y),z2(y)) maps {y € I' | vg(y) = n} into B,, so we have an injective
map into B,.
To see that it is surjective we note that if (z1, z2) € B, with z; = x; 4 iy;, then
N(z1) =n+2 = 0mod 4,
N(zz) =n—2 = 0mod 4.

But this is only possible if all of x;, x5, y1, ¥, are even. To see this, write
X1 =6x +2my, yi1 =268, +2m,,
with m,, m,, integers and 8y, 8, € {0, 1}. Then
X7+ yi =6} 4 48umy + 4m3 + 87 + 48,my, + 4m],
= 8)% + 85 mod 4,

which implies 6y = §, = 0, since N(z1) = 0 mod 4.
We now define amap B, — {y € I | vu(y) = n} as follows: Let

X1+ X2 po 1Ty TV1T Y2

X1 — X2
o2 7 2 2 ‘

2

, d= (16)
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Since all the coordinates of z;, z, are even, a, b, ¢, d are all integers, and we easily
find ad — bc = 1 and a? + b? + ¢? + d? = n. Setting

a b
y(z1,22) 1= ( ) el
c d

we verify that z;(y(z1, z2)) = z;j, i.e., we have constructed an inverse to the map
y = (21(y), 22(y)).

Finally, we note that both sides of the map might be empty, e.g., if n = 10, since
12 ¢ Sz. ]

Recall that we have defined

C, ={z1 € Z[i] | N(z1) = n + 2, z; primary}
x {zy € Z[i] | N(z2) = n — 2, z, primary}.

Lemma 3.5. Letn > 2 withn = 3 mod 4. Then there exist unique representatives for
the double cosets in T;\T'/T'; with v (y) = n such that

{y e i\I'/T; | va(y) = n} — Cy,
y = (Zl(V),Zz(J/))

is an isomorphism.

Proof. 1f a Gaussian integer is primary then its imaginary part is even and its real part
is odd [23, p. 121]. With these parity conditions the numbers «, b, ¢, d defined by (16)
are again all integers, and we have

ad —bc=1 and d®>+b>+c*+d*=n.

Setting y(z1, z2) := (‘C‘ 2) e I', we again easily verify that z; (y(z1, z2)) = z;. How-
ever, the map from {y € " | vg(y) = n} does not always land in C, so we need to
restrict our mapping a bit.

We claim that any double cosets in I';\I'/I'; has a unique representative y such
that (z1(y), z2(y)) € C,. To see this, we first take any representative y” for a given
double coset. Then N(z3(y”)) = 1 mod 4 so z5(y”) is not divisible by (1 + 7). It fol-
lows that there exists a unique k mod 4 such that %z, (y") is primary. Let y’ = yik y".

Then by Proposition 3.2 (3), we have that z,(y") = i¥z5()’), so
25(y") € {z2 € Z[i] | N(z2) = n — 2, z, primary}.

We now claim that z;(y’) = £1 mod (1 +i)3.
To see this, we first note that any w € Z[i] is congruent to 0 or 1 mod (1 + i). This
follows from observing that Euclidean division in Z[i] gives that w = g(1 4+ i) + r
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for some g € Z[i], where r is either zero or a unit. Noting that all units are equivalent
modulo (1 + i) shows that w = 0,1 mod (1 + 7).
To prove that z;(y’) = £1 mod (1 + i)® we note that, by construction, we have

Z5(y") = 1 mod (1 +i)3,
and from the general definition (15), we see that
z21(y") = z2(y") + 2w,

where w € Z[i]. Since 2w equals 0 or 2 mod (1 + i)3, as follows from the above
observation that any w € Z[i] is 0, 1 mod (1 + i), it follows that

z1(y) = £1 mod (1 +1)3.

If zy (y') = 1 mod (1 + i)3, then the only other representative in the same double

coset that map to the same point is y = yiz)/’ yiz; see again Proposition 3.2 (3). Since

y? = —I this is really the same representative, i.e., y = y?y'y? =7/
If z;(y’) = —1 mod (1 + i)3, then the only representatives in the same double

3

coset that maps to C,, is y = yily’yil ory = yfy’yi . But since yiz = —1 this is again

really the same representative. This finishes the proof.
Note that also in this case we may have {y € I" | vg(y) = n} = @, e.g., when
n = 19, since 21 ¢ S,. ]

We can now use the bijections of the above lemmata to connect the hyperbolic
Kloosterman sum with products of Weyl sums related to Gaussian integers with norms
with distance 4 apart.

Lemma 3.6. I[fm; or mj is odd, then Se(my,my,n) = 0. If not, then
16Wi, 4my(n +2)Wi, —my(n —2)  ifn = 2 mod 4,
Se(my,ma,n) = ¢ 8WLE . (n+2)W,F _, (n—2) ifn=3mod4,

0 otherwise.

Proof. For n = 0, 1 mod 4, this follows from Lemma 3.3. For n = 2 mod 4, it fol-
lows from Lemma 3.4 and Proposition 3.2 (5). For n = 3 mod 4, it follows from (12),
Lemma 3.5, and Proposition 3.2 (5). ]

3.5. Counting group elements along primes in the elliptic case

Friedlander and Iwaniec considered

nar(x) =#y el |vu(y) =p < x}.
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We note that 7 (x) = g (x). In order to give good estimates on 7 g (x), they intro-
duced for 0 <8 <1 an assumption A(f) as follows. Let A(#) denote the von Mangoldt
function and

Y(xaq)= Y A,

n<x
n=a mod ¢q

which by the prime number theorem for primes in arithmetic progression is asymp-
totic to x/¢(q). Consider the level Q remainder

E(x, Q)= (amax max‘w(y a,q)—

~ ol

Then A(0) is the assumption that, for any 4, ¢ > 0,
E(x,Q)=0;4 (x(logx)_A) when Q = x%7°.

We note that A(1/2) is the Bombieri—Vinogradov theorem, and A(1) is the Elliott—
Halberstam conjecture.

Friedlander and Iwaniec proved that there exists a 6y < 1 such that, if A(6p) is
true, then

)

They furthermore conjectured that wg (x) ~ ¢(x/log x) for some constant ¢ > 0.

3.6. Equidistribution over primes in the elliptic case
To prove equidistribution over primes in this case we use the following result.

Theorem 3.7. Ifm = (my,m,) € Z>\{0} and | is a non-negative even integer, then

S exp(i20i()mi + 20,(y)m2)) = O (L;)

1-2
- log x Jog!=2/™ x
v (Y)+l=p=<x

Proof. Let
A(my,ma, x) = Z exp(i (201 (y)m1 + 205(y)m2)).

yel
v (¥)+l=p=<x

Then, by (10), we have

A(my,my, x) = Z Se(my,ma, p—1).

DP=X
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By using (12), we may assume that m, m, are both even. We then use Lemma 3.6 to
deduce that

|A(my.ma. )| <448 Y WE L (p—1+DIWE ., (p—1-2).

D=Xx
p+I=3mod 4

Note that, since an (n)=0for n =3 mod 4, as follows from multiplicativity and (14),
we may as well sum over all odd primes p < x.
Applying Theorem 2.1 with the non-negative multiplicative functions, we have

gl(l’l) | m1+m2(n)|’ gz(l’l) | ml mz(n)l?

and (ay1,by) = (1,—1 + 2), (az,b3) = (1,—1 — 2)), we arrive at

wrk_,.
|A(m1,m2,x)| <<l )3 Z | 1+m2(n)| Z | mi z(n)|

n
n<x

From the bound WOP (n) < r(n)/4 (see formula (13)), we can bound the two sums
by O(log(x)). Since m1, m, are not both zero, at least one of my + m,, my —m, is
non-zero. Call this non-zero integer m’. It is even, since both of my, m, are even. It
now follows from Proposition 3.1 that

Z W, r/l(n)| m/((logx)z/”),

n<x
which gives the result. u

Since 1 — 2/ > 0, we can now conclude Theorems 1.3 and 1.4 by specializing
to !/ = 0 and [ = 2, using Weyl’s equidistribution criterion in combination with (3)
and (6).

It follows from Theorem 3.7 that, if m, m, are not both zero, then, conditional
on the lower bound in (17), we have

: Z exp(i(291 (]/)ml + 292()/)]/}12)) = O, ((lOg x)2/n—1)’

X
7E(x) vi (Y)=p=x
which, via Weyl’s equidistribution theorem, gives Theorem 1.3.

Remark 4. Note that we do not really need the full force of the lower bound in (17);

we only need
1

g (X)

to conclude equidistribution.

= o(x_1 (log x)z(l_”_l))
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4. The hyperbolic case

We now shift our attention to a different subgroup of G = SL,(R); we consider the
quaternion group

_ Xo + x1v/2 V5(x2 + x3v2) .
F(2,5)_{(ﬁ(x2_x3ﬁ) o — 142 )eG|x,eZ}. (18)

This is an embedding in G of the standard order @ = Z[1,1, j, k] in

2,5 . . .
(@) ={q0 +q1i +42J +q3J | qi € Q},

where i?2 =2, j2 =5,ij = —ji = k.

It is well known that I"(2, 5) is a discrete strictly hyperbolic co-compact subgroup
of G; see [18, pp. 302-303]. It has genus 3 and co-volume 8. It contains the primitive
hyperbolic subgroup

2
H = (hy) generated by hy = (8 _2) ,
g

where ¢ = 1 + +/2 is the fundamental unit for the ring of integers of the number

field Q(v/2).

4.1. Hyperbolic decomposition in SL2(R) and Good’s equidistribution

In this section, we make a simplified exposition of the decomposition given in [14,
Lemma 1] leading up to Good’s theorem in the case of both subgroups being hyper-
bolic.

Letg = (g Z) € G = SL,(R) and consider

s ={g € G| gzy =z, forsome z1,z, € {0,i00}},

S =sU{g €G|g(iy) =iy, forsome yi, y> € Ry}.

It is straightforward to check thats = {g € G | abcd = 0}.

Lemma 4.1. Let g € G\s. Then there exist unique y1, yo > 0 such that

([ 8\ ("

with the middle matrix satisfying || = |8], |8] = |y|-
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Proof. Since abcd # 0, the matrix

i a b\ (¥ _ (02 2a (32/y0) b
yi? ) \e d ya/? 1/y2)V?¢ (yay1)'/?d
has the desired form if and only if y; y» = |a/d| and y;/y» = |b/c|. This has a unique
strictly positive solution given by

ab |1/2
cd

ac (1/2

)’1=‘ ) y2=‘ﬁ

Recall the matrix @ = (‘1) o )

Lemma 4.2. Let g € G\s and assume that |a| = |d|, |b| = |c|. Then either g € K
or there exist uniquely determined numbers 81,6, € {0, 1}, v > 0, and a sign + such

that
g = 4o 09sh v sinhv e
sinhv coshv

Moreover, the matrix g € K if and only if g € S\s, which happens if and only
ifabcd <O.
Proof. By the given assumptions, we are in exactly one of the following four cases:
(1) a =d and b = —c, such that ¢? + d? = 1;
(2) a =d and b = ¢, such that d> — ¢ = 1;
(3) a = —d and b = —c, such that —d? + ¢? = 1;
(4) a = —d and b = c, such that —d? — ¢? = 1.

Incase (1), g € K.
In cases (2) and (3), we compute co_slgw_“)’2 for all four values of 81, §5. In

_[d ¢ wle=|[€ d
e d) =\ a =)

1 _[—c d 1 1[4 ¢
c _(_d ) g _<c _d),

Precisely one choice of 61, §, has all entries to be of the same sign, namely (61, 82) =
(0,0) if c and d already have the same sign, and (81, 62) = (1, 1) if they have opposite
sign. With this choice, we have

dl el s
=+’ | °?
¢ <|c| |d|)

case (2), these are
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for a unique choice of +. Since d? — ¢? = 1, we have that |d| > 1, and we have the
claimed decomposition with v = log(|d| + |¢]) > O.
Similarly in case (3),

_[-d —c wle— (€ d
=\ a) £=\a )
4 _[c¢ —d 11 _[—d ¢
gw _(—d c)’ w g _(—c d)'

Again, precisely one choice of §1, §, has all entries to be of the same sign, namely
(61,82) = (1,0) if ¢ and d already have the same sign, and (81, 82) = (0, 1) if they
have opposite signs. With this choice, we have

s [ lel 14| 5
g = Fw’! .
(|d| |

Since ¢? — d? = 1, we have that |c| > 1 getting the claimed decomposition again with
v =log(|d| + |c|) > 0.
Case (4) does not happen since —c

2

2 _ d? =1 does not have any real solutions.

To see the final claim, note that if g € K, then gi =i, so0 g € S\s. If, on the other
hand, g € S\s, then there exist y1, y» > 0 such that g(iy;) = iy,, which implies

aiy1 + b = —cy1y> + diy,.

It follows that
ayy — dy2 =0=-b— cy1)y2,

which is only possible if @, d has the same sign, and b, ¢ has opposite signs. Hence,
we are in case (1) and g € K. Finally, we finish the proof by noting that abcd < 0
precisely in case (1). ]

Noticing that s and S\s are closed under multiplication from the left and the
right by multiplication by (y 2 _1 ), we may use the previous lemmata and the
formulas in their proofs to conclude the following lemma.

Lemma 4.3. For g € G\s, we have g € S ifand only if lad| + |bc| = 1. If g ¢ S,
then there exist uniquely determined numbers y1, y» > 0, §1,82 € {0, 1}, v > 0, and
sign =+ such that

_ 4 yll/2 W coshv sinhv w2 y;/z
&= y1_1/2 sinhv coshv y2_1/2 '
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Concretely,
_ ‘ab 1/2 . )ac 1/2
nEl o 2T hal
v = log(jad|"/? + [cb]|'?),
(0,0) ifsign(a,b,c,d) = +(+,+,+,+),
(1,1) ifsign(a,b,c,d) = =(+,—,—, +),
(61.8,) = ) ifsig (

(1,0) ifsign(a,b,c,d) = £(+,+,—,—),
(0,1) ifsign(a,b,c,d) = £(+,—, +,-).

Proof. To see the condition for g to be in S, we apply Lemma 4.1 to g. Let

= 2 a b\ (v
- 1/2 1/2
J’1/ c d J’2/

_ (ald'?/1al> ble|'?/1b]">
e/l djal'?/1d1M? )

Then g € S if and only if g’ € S'\s. Since g’ satisfies the assumptions of Lemma 4.2,
g’ € S\sifand only if g’ € K. This is equivalent to @, d having the same sign and b,
¢ having opposite signs. But then the determinant condition gives

lad| + |bc| = ad —bc = 1.

In the opposite direction, if we assume that |ad | 4+ |bc| = 1, then combining this with
the determinant condition, we find that

lad| —ad = —(bd + |bd|).

But since the left-hand side is non-negative and the right-hand side is non-positive,
both sides are zero. This implies that a, d have the same sign, and b, d have oppos-
ite signs. Hence, g’ € K and we conclude that g € S. Alternatively, we may use
Lemma 4.2 to conclude that g € S if and only if ad and cd has opposite signs, which
by the determinant condition happens precisely if ad > 0, so that

1 =ad — bc = |ad| + |bc]|.
To see the decomposition of g ¢ S, we apply Lemma 4.2 to g’. |

For the decomposition of a matrix g € G, we will often write the parameters

v =v(g), yi = yi(g),and §; = 6;(g).
Martin, McKee, and Wambach [31] introduced a different parameter

8(g) = 2lad + bc.
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The parameter §(g) should not be confused with the integers §;(g) € {0, 1}. We now
describe how §(g) relates to v(g) when g € G\S. Since y ¢ S, we have abcd > 0,
so ad and bc have the same sign. We deduce that

1 < e®® = (|ad|1/2 + |bc|1/2)2
= |ad| + |bc| + V4abcd
= |ad + be| + v/|ad + bc|? — 1

_ 4 (S(g))2 L] = pueoshd(g)/2
2 2 '
so that

5(g)). (19)

1
v(g) = 3 arcosh(T

We use this to give the following geometric interpretation of the parameter v(g) as the
closest hyperbolic distance between the vertical geodesic from 0 to i co and its image
under g.

Proposition 4.4. Let g € G\S. Then

1 . .
v(g) = EdH(ng.;_,lR_,.) > 0.
Proof. This follows from [31, Lemma 1] and the above identification. [ ]

Martin, McKee, and Wambach [31, Proof of Lemma 1] found that if g € G\S
is decomposed as in Lemma 4.3, then the distance dp(giR4, iR ) is attained be-
tween iy on the vertical geodesic and giy; ! on the second, i.e.,

du(iRy, y(iRy)) = dulivi, giyy ).

We can now describe Good’s theorem. Let I be a discrete co-finite subgroup of
SL,(R), and let y1, y» € I' be primitive hyperbolic elements. Fix scaling elements

01,02 € G satistying
_ —1 [
Y = 0y —1]01
m

with 1 < |m;| < oo, and write T, = 0y (y;)o; ! Let

1
0=2%10 <Xy SSAN<Z
be the eigenvalues of the automorphic Laplacian on I"'\H below 1/4, and write A; =
s; (1 —s;) with s; > 1/2. We now quote Good [14, Theorem 4, p. 116] in this special
case.
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Theorem 4.5. Let 81,8, €{0,1}, andn = (n1,n») € Z?. There exist explicit complex
constants ¢y, . .., cy such that

Z e(nl log y1(y) 4 nzlog yz(V))

2 2
510 s; log m{ log m5
eV <x1/2
logmflogm% N 2/3
=8, 0—————=2X X5+ 0 (X7°).
m0 4 vol(T\ H) +j§cf + On(X77)

Here the sum is over double cosets of Ty, \(61T05 1 N S€) /T,

By Weyl’s equidistribution theorem, it follows that

(1og y1(y) log yz()/))

logm? * logm?

is equidistributed on (R/Z)2.

4.2. The ring of integers of Q(+/2)

The arithmetic properties of I'(2, 5) are to a large extent controlled by the real quad-
ratic field K = Q(+/2), and its ring of integers O .

The ring is a principal ideal domain, has regulator log(¢), discriminant 8, class
number one, and has +1 as its only roots of unity. Moreover, any unit u € Ok is of
the form u = £¢&" for some n € Z. The ring of integers O comes equipped with an
element norm

N(z)=z-0z€Z,

where o(x + +/2y) = x — +/2y, and an ideal norm N(z) = |N(z)|. The Galois
group is generated by the involution o.

Recall that O is Euclidean and, therefore, a unique factorisation domain; its irre-
ducible elements are:

(i V2
(i) p=a+ ~/2b with N(p) = p = +1 mod 8;
(iii) p = £3 (mod 8);
and their associates.
The Dedekind zeta function of K factors as

Ck(s) = C(s)L(s. xs).
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where yg(n) = (8/n) is the Kronecker symbol. The character yg(n) is the unique
primitive even Dirichlet character modulo 8. By the class number formula
loge
L(1, x3) = —. (20)
8 NG

Proposition 4.6. Every ideal I C Ok has a totally positive generator, i.e.,

I =(z) forsomez e Ok withz,o(z) > 0.

2m

Given two such generators z1, z, there exists m € 7 such that z; = ™ z5.

Proof. Since Ok is a principal ideal domain, the ideal / has a generator w. For
any unit u, the element ¥w is another generator, and if w, o (w) has different signs,
then ew, o (ew) has the same sign since o (&) is negative. So, without loss of gener-
ality, we may assume that w, o (w) has the same sign. If this sign is positive we are
done, and if not —w has the desired property.

If two z;, z, are totally positive generators for 7, then z; = uz, for some unit
u = +&". Since z; and z, are totally positive, this is only possible if u = £2™. ]

Consider now the set of classes of totally positive elements of Qg with norm n
modulo the equivalence relation z; ~ z; if and only if z; = §2™Mz, for some m € Z:

Dg(n) ={z€ 0Ok | N(z)=n,z>0,0(z) >0}/ ~.

For n > 0, this is in bijection with the set of ideals of O with norm n via the map
z > (z), as follows from Proposition 4.6. In particular,

Na(n) 1= #Dg(n) = #{I S Og | N(I) =n}y = ) ys(d). @1
dln

The last equality follows from the divisibility theory of K; see [29, Satz 882].

4.3. Analysis of Weyl sums in Og

Consider, for k even,

Um) = Y A",

zeDg (n)

where
z |wi/(41og(e))
Az) = |—

oz

(22)

is the square root of the basic Grossencharacter in Ok see [17, Section 10]. It is
straightforward to verify that this is well defined, and that for n > 0,

Ur(n)| < Up(n) =#{I € Og | N(I) =n} =Y _ xs(d).
dln
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as follows from (21). In particular, U (p*)| <1 + 1 and Y on<x|Uk(m)| = O(x). If
ny,ny € N are coprime, then the map

Dk (ny) X Dx(nz) — Dg(ninaz),

(z1,22) = 2122

is an isomorphism. This implies that Uy (n) is multiplicative as a function of n. Using
the factorisation into irreducible elements, we see that

1 if p=2,
Ur(p) = § 2cos (4]0g(S loglpp/o(pp)|) if p==+1mod S8,
0 if p = +3 mod 8.

Here the element p, is any of the two totally positive elements modulo ~ satisfying
N(pp) = p = £1 mod 8§, i.e., pp is any of the two elements of Dk (p). The Galois
element o permutes these elements. Since cosine is an even function, the expression
above is independent of the element we choose.

In anticipation of using Theorem 2.2, we find the average size of |Ug (p)|. This can
be done using an effective version of Hecke’s equidistribution theorem [17, Section 7].
The following is an adaptation of a classical result due to Rademacher. Radamacher
proved it using good zero-free regions for Hecke L-series; a more precise error term
was found by Urbjalis [42].

Theorem 4.7 (Rademacher [36]). There exists a constant b > 0 such that for an
interval I C R/Z, we have

1
#{peDK(p)|p=i1mod85x,w } 111i(x) + O (xe™?VEF),
oge

The implied constant depends only on K.
Using this effective equidistribution theorem, we can prove the following result.

Lemma 4.8. For a non-zero k € 27 with log|lk| < b/log x, we have

cos lo o
Z | 410g8 g|pp/ (pp)|)| < l]og]ogx + (1 — 3) loglogk + 0(1)
T b

p=x p
p==1mod 8
Proof. We follow the strategy in [9, pp. 91-92]. By possibly shifting to —k, we may
assume k > 0. We start by showing that, for all even k, we have

1 1 N —. 0ogx
3 gx |cos(vk(p))| = ;ll(x) + O(kxe b/log ), (23)
p=:€1_mod 8

pEDK (p)
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where vi (p) = 412’;5 log|p/o(p)|. Note that we are summing over both p, and o (pp).
This makes it easier to use Rademacher’s theorem. We choose representatives for p
such that vi(p) € [— /2, wk — /2] = E. We split this interval as a disjoint union

according to the sign of cos(v), i.e.,
k—1
E = U E,,
n=0
where E, = [— /2 + nm, n/2 + nn|, and note that

w/2+nw

[cos(v)| = (—1)" cos(v) = (—1)”/ sin(0) d6

for v € E,,. It follows that

k—1 w/2+nw
Z ’cos(vk(p))’ = Z(—l)" Z Z / sin(0) d6
p=<x n=0 p=x  peDg(p)’ k)
p==1mod 8 p=%1mod 8y, (p)eE,
pE€DK (p)
k—1
= Z(—l)”/ ( > > 1) sin() do.
n—0 Ey p<x €DK (p)

p=F1mod 8 —z/2+nw<vi(p)<b

Using Theorem 4.7 on the inner sum, we find

k—1
= Z(_n"[ ((% ! _kl/z) li(x) + O(xe—"@)) sin(6) d.
n=0 En

Using

[ sin(0)df =0 and fsin(0)do = 2(-1)",
E;, Ep

we arrive at (23). It follows that, for any 2 < w < x, we have
1 k
Z —|cos il log) Pp
4loge ~lo(pp)

p=x P
p==+1mod 8
1 1 1
< —loglogw + O(1) + —log( OgX> n O(ke_bm).
2 14 logw

Here we have estimated the sum up w trivially, and used partial summation and (23)
on the rest. After that, we used

i
/ 1526) dx =loglogx + O(1).
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If we choose w subject to log(w) = (b~ ! log k)?, then the last term is bounded. The
condition w < x gives the condition on k, and we arrive at the claim. n

Lemma 4.9. Let k be an even non-zero integer. Then there exists a constant b such
that, for loglk| < b/log x, we have

B 10g2|k| 1-2/n
S Uk )] = O(x( 2 ) )

n<x

Proof. We use Theorem 2.2 with f(n) = |Ug(n)|. The relevant assumptions were
checked above. Using

1
Z — =loglogx 4+ O(1)

pP=x

and Lemma 4.8, the claim follows. [

4.4. Parametrization of I' (2, 5)

In this section, we return to the quaternion group I"(2, 5) (see (18)), and show how we
can parametrize parts of it using O, where K = Q(+/2). Consider for y € I'(2, 5)
the two algebraic integers

z1(y) = xo +X1\/§ € Ok,
z2(y) = x2 + X3\/§ € Ug.

By the determinant condition, we deduce that N(z1(y)) —5N(z2(y)) = 1, s0

N(z1(y)) = 5N (z2(y)) + 1.

It is now straightforward to verify the following proposition.

Proposition 4.10. The following statements hold.
(1) The map y + (z1(y), z2(y)) is injective.

Q) If y e ' NS¢, then N(z1(y)), N(z2(y)) are non-zero and have the same
sign. Writing N(z1(y)) = 5N(z2(y)) + 1 = 5n + 1, we have the following
statements:

(a) if 61(y) + 62(y) is even, thenn € N and §(y) = 20n + 2;
(b) if81(y) + 62(y) is odd, then n € —N and 6(y) = —20n — 2.
(3) Ify' = hi'yh], then

21()//) = 201 -i-jz)Z1 »). 22(),/) — 82(1'1—1'2)22()/)'
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4) We have
logyi1(y)) _ logy2(y)\ _ (Az1(y)
e(l%ﬁ )—Q@ﬁ%thm,e(l%ﬁ )‘(Maw»)

where A(z) is the square root of the basic Grissencharacter in Ok, see (22)
and [17, Section 10].

Note that Proposition 4.10 (4) implies that
logyi(y)  1(loglzi(y)/oz1(y)|  log|za(y)/oz2(y)l
—_— + mod 1,

log ¢* 2 log 4 log 4
logya(y) _ 1 (loglzi(y)/ozi(V)l _logla(¥)/oz2(I "4
log e* 2 log 4 log g4 '

We want to describe the intersection of I'(2, 5) with S\s and s. Note that if
y=1(9%), then
abed = N(z1)5N(z2) = (5N(22) + 1)5N(22).
If N(z2) <0, then (5N(z3) + 1) < 0, so we have abcd > 0. If, on the other hand,
N(z3) = 0, then (5N(z2) + 1) > 0, so also in this case abcd > 0.
We see that abcd vanishes if and only in N(z;) = 0. This happens precisely if

N(zy) = 1, i.e., if z; is a unit with norm 1. But this means that y is a power of hg.
Summarizing, we have shown that

re,5 )Nns=H and T'(2,5)N(S\s)=40.

For a double coset [y] € H\(I'(2,5) — H)/H, we note that §;(y) = §2(y) =0
precisely if all four entries of y have the same sign.

Theorem 4.11. The map
V{lyl | 81(y) = 82(y) = 0,bc = 5n}/{£l} — Dk (5n + 1) x Dg(n),
Y = (|21(V)|, |Zz()’)|)
is well defined, two-to-one, and surjective.

Proof. Tt follows from Proposition 4.10 that v is well defined.
Given (z1,z3) € Dg(5n + 1) x Dg(n), we consider the matrix

_ 21 «/522
V‘(ﬁ%m)oMJGR

which satisfies that §;(y) = 82(y) = 0 and +/522+/50(z2) = 5n. This shows ¥ is
surjective.
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To see that ¥ is two-to-one, we note that the two matrices in I'(2, 5) given by

_ Z1 \/322 ’_ 2182 «/322 (24)
"“\Vooz) o] 7 T \Vo(z) o(zied)

represent different double cosets and map to the same element in
Dg(5n 4+ 1) x Dk (n).

Assume now that ¥ (y;) = ¥ (y2). By possibly taking minus the matrix, we may
assume that all entries of y; and y, are positive. It follows that there exist integers 71,

n, such that

2nq 2ny
s .

21(y2) = z1(y1)e 22(y2) = z22(y1)e

Write z; (y1) = z;. Using that

hjl h]z _ _ 2182(j1+j2) ﬁzzgz(jl_jz)
o Vito =V = V50 (2,6201772)) g (z,82U1F72))

we see that if n1, n, have the same parity, then y; and y, are in the same double coset,
and if ny, n, have different parity, then y;, is in the same double coset as the second
matrix in (24). This shows that the map is two-to-one. ]

4.5. Counting double cosets with prime norm in the hyperbolic case

In order to find asymptotics for the number of double cosets with prime norm in the
hyperbolic case, we first prove a variant of the Titchmarsh divisor problem. Recall that
in the Titchmarsh divisor problem [40] we want to determine asymptotics for sums
like

> I 1(n+ DA(n),

n<x
where * denotes the usual Dirichlet convolution between arithmetical functions.

Consider

v(iga)= Y AW

n<x
n=a mod q

The famous Bombieri—Vinogradov theorem [3] (see also [43]) states that, for every
A > 0, there exists a B > 0 such that

— Y —
qs%(l??i V0.4.9) (q)‘ (log (x)) 2
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for 0 = O(x'/2/1og®(x)). This suffices, when combined with the Brun—Titchmarsh
inequality

2y

= for(a.q) =1, 26
@(q)log(y/q) or (@.4) 1= (20)

m(x+y,q,a)—n(x,q,a) <

(see [25, Theorem 6.6]), to find the main term and an error term of the form

xloglogx
log x

see [15, Theorem 3.9] and [38]. In order to get better error term estimates, one needs to
extend the validity of bounds like (25). In the case of the classical Titchmarsh divisor
problem this was done independently by Fouvry [11] and by Bombieri, Friedlander
and Iwaniec [4]. They found that, for any 4 > O,

X
r;l*l(”ﬂ)/\(n)=01x1°gx+czx+(M)'
Here (@)
RO i log p
T e 0 7T (y : 2Zp —p+1)

Drappeau [7, Theorem 1.2] found improvements on the error term above, and showed
that getting better estimates is related to the existence of Siegel zeroes.

4.5.1. A variant of the Titchmarsh divisor problem. We need a variant of the
Titchmarsh divisor problem. Let

Ls(s, xs) = (1 +57°)L(s, xs)

be the L-function related to yg with the Euler factor at 5 removed, and let

= Ltz [T (14200,
p#5

Using (20), we see that

, Gbloge ( x8(p) )
C=--5" 14 A8 )
5 \/ipl;[b. +p(p—1)

Theorem 4.12. Let a = 1 mod 8. Then, for any A > 0,

C’ X
,; Na(Sn + DA = —x + 0(—1ogA(x))'

n=a mod 8
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Remark 5. Theorem 4.12 is analogous to the Titchmarsh divisor problem in the fol-
lowing sense: The Titchmarsh divisor problem asks for asymptotics with error terms
of Y, ., 1% 1(n + 1)A(n), and since N,(5n + 1) = 1 * yg(5n + 1), the first expres-
sion in Theorem 4.12 is an analogous sum over a linear shift with n in an arithmetic
progression. Assing, Blomer and Li [1] studied such sums with 5 replaced by -1 and
without the arithmetic progression. We use a variant of their method. One can prove,
using a slight variation of the proof given for Theorem 4.12 that the same asymptotics
hold, when a = +3 mod 8 proving equidistribution among the four residue classes
modulo 8.

The proof of Theorem 4.12 uses a recent result by Assing, Blomer and Li. Here
we write @|b°° to mean that a has only prime divisors of b.

Theorem 4.13 ([1, Theorem 2.1]). There exist 0 < § < 1/2 with the following prop-
erty: Let

(1) x>2and Q < x5 A C > 0;

2) ¢,d e Nwithd|c*®, and c,d < logc X;

(3) co,do € Z with (c,co) = (d,do) = 1;

4) ai,a; € Z\{0} with |a,| < x'73, |as| < x%.

Then
X X
2 ( ,; A(n)_so(qd)):OA’C(logA(x))'

q<Q (>
(g,aiaz)=1 n=aiaz mod g
g=comodc n=dopmodd

This theorem is particularly useful because the error term allows for varying a;,
¢, d in certain ranges. We have applied the prime number theorem and [1, Lemma 5.1]
to get it in this form.

Proof of Theorem 4.12. We first note that since A(n) < log(n), we have trivially

> M(Gn+ DA@) = O(ylogy). (27)
n<y
n=a mod 8
Let L = logB (x) for a suitably chosen B. It follows from (27) that, up to an error of
size Op(x/logB~1(x)), the sum in (4.12) equals

D> MGn+ DA®).

x/L<n<x
n=a mod 8

The arithmetic function N, (m) is multiplicative and equal to 1 on powers of 2, so we
may always remove the 2-part of m.
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If n = 1 mod 8, then 51 + 1 is divisible by 2 exactly once.
To simplify notation, we introduce the function

[5x +1 2y% —1
y(x) = x2—1— , with inverse x(y) = yS .

For simplicity, we denote y(n) by y,. We can use Dirichlet’s hyperbola method to get

Nan + 1) = Mo P ) = X )1+ 1502) + 70
kly3
k<yn

Here we have set y(y) = 0, if y € N. Note that 5n 4 1 is never twice a square since
two times a square is 0, 2, or 3 mod 5. It follows that

0 if n = 1 mod 16,

ZZkly% xs(k) ifn =9 mod 16.
k<yn

No(5n + 1) = (28)

We can now use these expressions to see that

Y. MG+ DAm =2 Y Y xs(k)A@m)

x/L<n<x x/L<n<x k\y,%
n=1mod 8 n=9mod 16 g
=2 Y ys(k) > A(n).
k<y(x) max(x/L,x(k))<n<x

n=9 mod 16
5n=—1 mod 2k

When £k is divisible by 5, the inner sum is void, and when k is odd, n = 9 mod 16
implies 5n = —1 mod 2. Therefore, the two congruence conditions reduce to n =
9 mod 16 and n = —5 mod k, and we get

=2 Y k) > A(n)

k<y(x) max(x/L,x(k))<n<x
(k,5)=1 n=9 mod 16
n=—5mod k

Here we have split the outer sum into two sums: ¥; equals the sum over k < y(x/L),
and X, denotes the rest. We have

Si= ), sk Y AW

k<y(x/L) x/L<n<x
(k,5)=1 n=9 mod 16
n=-—5 mod k
=2 sk Y ) A
b mod 8 k<y(x/L) x/L<n<x

(k,5)=1 n=9mod 16
k=b mod 8 n=—5 mod k
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We can now apply Theorem 4.13 twice with x equal to x and x /L, respectively, both
times with Q = y(x/L), a1 = —1,a, =5,dy =9,d = 16, co = b, c = 8. This
gives

B X _ x/L L
= 2 1) ) (so(mk) ¢(16k))+0(1ogA(x))

b mod 8 k<y(x/L)
(k,5)=1
k=b mod 8
X x/L X
5 bl ) o)
k<yo/L) (p(16k) (p(16k) ]()g (x)
(k,5)=1

e+ 0( a )
= X s
@(16) logA (x)
where in the last line we have used [1, Lemma 5.2].
We now want to show that ¥, < x/ log? x:

S= Y nk Y Am.

y(x/L)<k<y(x) x(k)<n<x
(k,5)=1 n=9 mod 16
n=—5 mod k

We want to apply Theorem 4.13, so we need to deal with the fact that the inner
sum is over an interval depending on k. To address this, we let

V =(1—A)with A = log™4/? x,

and split the inner sum in intervals roughly of the form yV < n < y as follows:

R(k,x)
S Am= Y > AQn),
x(k)<n=<x =0 max(x(k),xV"tD)<n<xV’"
n=9 mod 16 n=9 mod 16
n=-5mod k n=-5 mod k

where R(k,x) = min{r | xV" T < x(k)},

R(k,x)—1
20 S SEPYORED SENO}
r=0  xyrtlap<xV” x(k)<n<xVR&.x)
n=9 mod 16 n=9 mod 16
n=—5mod k n=—5mod k

Observing that for k € X, we have x V' *! < x/L, implies x V"1 < x (k). Therefore,
R(k,x) = O(log L/A) uniformly in k. Trivially, we have
R(k,x)—1
x—x(k)y= > @V —xVT) 4 (xVREP —x(k)),

r=0
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SO we arrive at

k
B=Ya® ¥ Am =Y (IZ,({))
k

x(k)<n<x
n=9 mod 16
n=—5mod k

R(k,x)—-1

xVT — xyrtl
+;x8<k)( O S )

xVrtlap<xyr
n=9 mod 16
n=-—5 mod k

(k,x) _
+Zx8<k)( Y aw- x(k))
k

x(k)<n<xVR&.x) @(16k)
n=9 mod 16
n=—5mod k

=301+ 222+ 223,

Here, all k-sums are over y(x/L) < k < y(x) with (k,5) = 1. Using summation by
parts, we see that X, ; = O(x/L). The contribution from X 3 is bounded as follows:
By Brun-Titchmarsh (26) and the definition of R(k, x), the sum that comes after the
character is bounded by O(xA /¢(k)). Summing this over the relevant k, and using

Y ¢ ' (k) = O(log x)

k<x

(see [1, Lemma 5.1]), gives a contribution of ¥, 3 = O(x logl_A/2 x).

Finally, to estimate X ,, we first split the k sum according to its value mod 8.
Then we notice that as a function of k with y(x/L) < k < y(x), we have that R(k, x)
is decreasing. We then interchange the k£ and the r sum, and we find

R(k,x)—1
Yo = Z xs(k) Z Z Yoa(n,k,r)
b mod 8 k r=0
k=b mod 8
R(k,x)—1
= > k) Y Saamko).
b mod 8 r=0 y(x/L)<k<K(x,r)
k=l’Jm;d8
Here,
er_er-H
Toalnkr)= Y A -,
. p(16k)
xzV 'l <p<xv?
n=9 mod 16
n=-—5 mod k

o= 1(5(3)-0) - o222,

K(x,r) =max{k | r < R(k,x)}.
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We may now use Theorem 4.13, and we find that

R(x)

22 =0 ( Z Z:log (xV’))

b mod 8 r=0

X X
B 0(logA<x/L> A) B O(log“l/z—@(x))'

Here we have used that for r in the sum, we have x/L < xV". Summarizing, we have
shown that, for every A > 0, we have

C’ X
; No(5n + 1A (n) = N + 0(—10gA(x)).

n=1mod 8

This proves the bound for n = 1 mod 8.

To deal with the case of n = 7 mod 8 we note that in this case 5n + 1 is divisible
by 2 exactly twice and the same procedure that led to (28) leads to the following
expression in this case:

0 if n = 15, 23 mod 32,
23 kw2 xs(k) + xs(wy) ifn =7,31 mod 32.

k<wy,

Nz(Sn + 1) =

Here, w, = /(51 4+ 1)/4. We then deal separately with the cases @ = 7,31 of

D> MGn+ DA®).
n<x
n=a mod 32

The term yg(w;) introduces a negligible error term, and the same technique, which
we employed above, leads to

C’ X
n;c Na(5n + 1A(m) = - e +0(—10gA(x)),
n=a mod 32

when a = 7 or a = 31. Summing the contributions together, we find

C’ X
’;C No(5n + 1DA(n) = (p(g)x + 0(—10gA(x)),
n=7 mod 8

which finishes the proof. |
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4.5.2. Counting over primes in the hyperbolic case. We are now ready to prove
the first part of Theorem 1.6. Recall that we are considering the sequence

_ _ (( logy1 logy> 2
= o) = (s ) @2y, 29

indexed over the set of all y € H\I'(2,5)/H with all four entries strictly positive.
Equip this index set with the size function v(y) = bc/5, and recall from Proposi-
tion 4.10 (a) and (19) that v(y) = (cosh(2v(y)) — 1)/10.

Theorem 4.14. Consider the sequence h in (29). Then

. X
wp(x) = Cli(x) + O(M),

where

_ 12loge XS(P))
“=5h 1_[(lJrzv(p—l) '

Here, yg is the even primitive Dirichlet character modulo 8.

Note that by Lemma 4.3 and the discussion before Theorem 4.11, the set we are
indexing over corresponds precisely to = H I'H with &y ¢ H and §;(y) = é2(y) = 0.
We can therefore parametrize this set using Theorem 4.11. Let y, ¥’ be the two matri-
ces from (24), which map to the same element under v in Theorem 4.11. Observing
that

e(nllogyl(y’) N logyz(y’)) =(_1)n1+n2€(n110gy1(y) N logyz(y))

log &4 2 log &4 log &4 2 log &4

we see that if n > 0, then the Kloosterman-type sum

Sz =Y e(nllogylmﬂ logyz(y))

log &4 2 log et
o oge oge

i (y)=0
(cosh2v(y)—1)/10=n
vanishes, unless 7, n, have the same parity. If they do have the same parity, The-

orem 4.11 gives

Sp(ni.nz.n) =2 > A(z)" T2 A (z0)" T
(z1,22)€D g (5n+1)xDg (n)

= 2Un1+n2(5n + I)Unl—nz (I’Z) (30)
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It follows from Theorem 4.5 that if m = (ny,n,) € Z2, then

log y1(y) log y2(y)
ZSh(nl,nz,n)= Z e(nl lgy14)/ +nz %yz Y
n=x o] oge oge
8 (y)=0
2V 1 0(1)<20X +2
1 2
= S O(Ogs) 10X + Op(X2/3). 31)

The n1 = n, = 0 case reduces, via (30) and (21), to

5( og £)?

D Ma(Sn 4 DNa(n) = =X + O(X?/?).

n<X

The same asymptotics were found by Hejhal ([19, Théoreme 2], [20, eq. (1)]), see
also [21, Théoreéme 8].

Proof of Theorem 4.14. To investigate what happens if we only sum over primes in
equation (31), we define

Yi(x) = ) Su(0,0,m)An),

n<x

where A is the von Mangoldt function. Since Sy, (n1,n2,n) <K n® it is easy to verify
that the asymptotical expansion of 7y (x, 0, 0) is equivalent to

X
‘”“X):C'”O(aog(—xm)’

which we will prove. Since by (30) and (21),
S1(0,0, p) = 2M2(p)No(5p + 1) = 48p=+1(8) N2 (5p + 1),

we have

Yn(x) =4 > N2(5n+1)A(n)+0( A(x))
n=:ﬁl<rjmc10d8

It now follows from Theorem 4.12 that

8 X
Yn(x) = ﬁc X+ O(M),

from which the claim follows. n
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4.6. Equidistribution over primes in the hyperbolic case

We can now finally prove equidistribution over primes of the sequence /4 in (29). We
first give upper bounds for the Weyl sums.

Theorem 4.15. Consider the sequence h in (29), and consider integers my, mo not
both zero. Then

3 log y1(y) log y2(y)\ _ X 1
e\ m log &4 + m2 log &4 =0 1 1-2/w :
8; (y)=0 0 e oge 0g X log X
v(y)=p=x

Proof. Denoting the sum we want to bound by B(m1, m», x), we see that

B(my,my,x) = Z Sp(my,ma, p).

p=x

Since Sy (my1,my, p) = 0 except when m 1, m, have the same parity, we may assume
that m;, m, have the same parity. We deduce from (30) that

B(my,my,x) < 2Z|Un1+n2(p)||Un1—n2(5p + D).

p=x

We now ]et (a17 bl) = (19 0)3 (a25 b2) = (5’ ]) and gl(n) = |Um1+m2(n)|, gz(n) =
|Um\—m,(n)|. We verified in Section 4.3 that the functions g; are multiplicative and
satisfies |g; (n)| < d(n). It now follows from Theorem 2.1 that

Z g1(n1) Z gz(”z)

3
(x) np<x m ny<x

|B(my,ma, x)| <<

Since g; (n) < 1 % xg, we have trivially

3 gir(l”) — O(log x).

n<x

Since m and m, are non-zero with the same parity, m — m,, m; + my are even with
at least one of them being non-zero. Let g = g;, where i is chosen such that g; = |Ug|
for some non-zero even k. We can then use Lemma 4.9 and summation by parts to

Zg(n) O (log*/™ (x)),

n<x

conclude that

which proves the claimed bound. ]

Using Weyl’s equidistribution criterion and Theorem 4.14, we get the following
corollary from Theorem 4.15.
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Corollary 4.16. Consider the sequence h given in (29). Then h is equidistributed
on (R\Z)? over primes.
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