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On invariants of foliated sphere bundles

Sam Nariman

Abstract. Morita [Osaka J. Math. 21 (1984), 545–563] showed that for each integer k � 1,
there are examples of flat S1-bundles for which the k-th power of the Euler class does not
vanish. Haefliger [Enseign. Math. (2) 24 (1978), 154] asked if the same holds for flat odd-
dimensional sphere bundles. In this paper, for a manifold M with a free torus action, we prove
that certain M -bundles are cobordant to a flat M -bundle and as a consequence, we answer
Haefliger’s question. We show that all monomials in the Euler class and Pontryagin classes pi
for i � n � 1 are non-trivial in H�.BDiffıC.S

2n�1/IQ/.

1. Introduction

Let DiffC.Sd / be the group of orientation-preserving smooth diffeomorphisms of the
sphere Sd . Haefliger [33, Problem 4, p. 242] asked whether, for a given integer k > 1,
there exists a manifold M and a representation �1.M/! DiffC.S1/ such that the
k-th power of the Euler class of the associated flat circle bundle is non-trivial.

For k D 1, Benzecri [2] and Milnor [24] constructed flat linear R2-bundles over
surfaces with non-trivial Euler classes. As a consequence, there are associated flat
circle bundles to the examples of Benzecri and Milnor with non-trivial Euler classes.
Morita in [25] answered Haefliger’s question affirmatively by proving a more gen-
eral theorem (see also [29]). In particular, he showed that the powers of the Euler
class ek as a class in H 2k.BDiff ıC.S

1/IQ/ are non-trivial for each integer k, where
BDiff ıC.S

1/ denotes the classifying space of orientable flat S1-bundles (ı denotes the
discrete topology on a given topological group).

Haefliger [10] used rational homotopy theory to study the continuous Lie algebra
cohomology of the Lie algebra of vector fields on Sd relative to SO.d C 1/. His
calculations suggested that the powers of the Euler class might be non-trivial in the
smooth group cohomology of the diffeomorphism group of odd-dimensional spheres.
So he posed the following question [10, p. 154].
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Question 1.1 (Haefliger). Are there flat .2n � 1/-sphere bundles with a non-zero
power of the Euler class?

To answer this question affirmatively, we prove a more general non-vanishing
result about monomials in the Euler class e and the Pontryagin classes pi .

Theorem 1.2. All the monomials in the Euler class e and the Pontryagin classes pi
for i � n � 1 are non-trivial in H�.BDiff ıC.S

2n�1/IQ/.

Remark 1.3. Morita pointed out to the author that the involution on S2n�1 induced
by reflecting through a hyperplane changes the sign of the Euler class, but it does not
change the Pontryagin classes. Hence, the classes ek and monomials in Pontryagin
classes are linearly independent when k is odd. However, the author does not know
whether or not the monomials are linearly independent in H�.BDiff ıC.S

2n�1/IQ/,
in general.

Let us recall how the Pontryagin classes are defined in H�.BDiff ıC.S
2n�1/IQ/.

There is a natural map

�WBDiff ıC.S
2n�1/! BDiffC.S2n�1/

that is induced by the identity homomorphism Diff ıC.S
2n�1/! DiffC.S2n�1/. The

homotopy fiber of � is denoted by BDiffC.S2n�1/. By coning the sphere to a disk and
then restricting it to the interior of the disk, we obtain the following maps

BDiffC.Sd /! BHomeoC.DdC1/! BHomeoC.RdC1/: (1.4)

There are topological Pontryagin classes for Euclidean fiber bundles that are defined
rationally inH�.BHomeoC.RdC1/IQ/ (see [36]). Galatius and Randal-Williams [7]
proved a remarkable result that the map

QŒe; p1; p2; : : : �! H�
�
BHomeoC.R2n/IQ

�
is injective for 2n � 6. They also proved that the map

QŒe; p1; p2; : : : �! H�
�
BDiffC.S2n�1/IQ

�
;

induced by pulling back these classes to H�.BDiffC.S2n�1/IQ/, is injective for
2n � 1 � 9. To prove the non-triviality of these classes for odd-dimensional sphere
bundles (not necessarily flat sphere bundles), they constructed certain finite group
actions on spheres. As a result of their method, they also obtained that, for 2n� 1� 5,
the map

QŒe; p1; p2; : : : �! H�
�
BDiff ıC.S

2n�1/IZ
�
˝Q
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is injective. However, their method of using finite group actions does not say if the
image of the composition

QŒe; p1; p2; : : : �! H�
�
BDiff ıC.S

2n�1/IZ
�
˝Q! H�

�
BDiff ıC.S

2n�1/IQ
�
;

is non-trivial.

Remark 1.5. In fact, since the groups H�.BDiff ıC.M/IZ/ are not in general finitely
generated, the map

H�
�
BDiff ıC.M/IZ

�
˝Q! H�

�
BDiff ıC.M/IQ

�
could have a large kernel (see [28, Theorem 0.9] and [26, Theorem 8.1]).

For flat S2n-bundles, in contrast, we shall see that the Bott vanishing theorem [3]
implies the following vanishing result.

Theorem 1.6. The monomials in Pontryagin classes p1; : : : ; pn whose degrees are
larger than 4n vanish in H�.BDiff ıC.S

2n/IQ/.

It is worth noting that Theorem 1.6 is not an immediate consequence of the
Bott vanishing theorem. The Bott vanishing theorem is about the vanishing of cer-
tain monomials in Pontryagin classes of the normal bundle of a foliation. For a flat
S2n-bundle � WE ! B , the vertical tangent bundle T�E is the normal of the folia-
tion onE, so the Bott vanishing theorem provides the vanishing of certain monomials
in Pontryagin classes of T�E. We shall see in the proof of Theorem 1.6 how the
Pontryagin classes of T�E are related to the Pontryagin classes of the sphere bundle
� WE ! B .

Making bundles flat up to bordism. Our method to prove Theorem 1.2 is motivated
by the following question in foliation theory. Suppose for an n-dimensional mani-
fold M , we have a smooth fiber bundle M ! E0 ! B0 whose fiber is M and the
base is a closed compact manifold. We want to see whether we can change the fiber
bundle “up to bordism” to put a flat structure on its total space, meaning to put a codi-
mension n foliation on the total space that is transverse to the fibers. More precisely,
we want to find a bordism W whose boundary @W is the disjoint union B0

`
B1 and

a fiber bundle M ! E ! W over the bordism such that its restriction to B0 is given
by E0 and its restriction to B1 is a foliated bundle. We use the equivariant version of
Mather–Thurston’s theory ([28, Section 1.2.2] and [27, Section 5.1]) to answer this
question in the following two cases.

Theorem 1.7. LetG be a finite-dimensional connected Lie group. Then any principal
G-bundle over a closed manifold is cobordant via G-bundles to a foliated G-bundle
(not necessarily flat principal G-bundle).
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We shall see that for the case G D SU2, which is diffeomorphic to S3, this
implies that the powers of the Euler class and the first Pontryagin class are non-trivial
in H�.BDiff ıC.SU2/IQ/.

Theorem 1.8. SupposeM is a manifold with a free torus T action. LetM !E
p
�!B

be a M -bundle over a closed manifold B that is classified by a map B ! BT . Then
this M -bundle is cobordant to a foliated M -bundle.

We shall see that this theorem implies the non-vanishing results in Theorem 1.2.

The difference between flat Euclidean bundles and flat sphere bundles. Recall
that the Euler class and topological Pontryagin classes are defined for C 0-Euclidean
bundles since they are classes in H�.BHomeoC.Rd /IQ/. So one can ask about the
vanishing or non-vanishing of monomials in such classes for C r -flat Euclidean bun-
dles for r � 0. For r D 0, it is a consequence of McDuff’s theorem [19, Section 2,
Theorem 2.5] that the map

BHomeoıC.R
d /! BHomeoC.Rd /

induces a homology isomorphism. In low dimensions, we know that the homotopy
types are as follows: HomeoC.R3/ ' SO.3/ and HomeoC.R2/ ' SO.2/ ([12, The-
orem 1.2.3] and [1]). Therefore, for Euclidean bundles in low dimensions, the nat-
ural maps QŒp1� ! H�.BHomeoC.R3/IQ/ and QŒe� ! H�.BHomeoC.R2/IQ/
induce isomorphisms. In higher dimensions, we have the result of Galatius–Randal-
Williams [7] that the map

QŒe; p1; p2; : : : �! H�
�
BHomeoC.R2n/IQ

�
is injective for 2n � 6 and in the odd-dimensional case, from [7, Corollary 1.2] we
have that the map

QŒp1; p2; : : : �! H�
�
BHomeoC.R2n�1/IQ

�
is injective for 2n� 1� 7. Combining these results with McDuff’s theorem, we obtain
that for C 0-flat R2n-bundles, all classes in QŒe; p1; p2; : : : � are non-trivial when
2n � 6 and when n D 1, all powers of the Euler class are non-trivial. For C 0-flat
R2n�1-bundles, all classes in QŒp1; p2; : : : � are non-trivial when 2n � 1 � 7 and
when n D 2, all powers of the first Pontryagin class are non-trivial.

However, for higher regularities, the situation is different. Let Diff rC.R
n/ denote

C r orientation-preserving diffeomorphisms of Rn. It is a deep result of Segal [34,
Propositions 1.3 and 3.1] that there is a map

BDiff r;ıC .Rn/! BS�rn;
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which induces a homology isomorphism, where BS�rn is the classifying space of
Haefliger structures for codimension n foliations that are transversely oriented (more
details can be found in [34, Section 1]). There is also a map

�WBS�rn ! BGLCn .R/;

which classifies oriented normal bundles to the codimension n foliations, and where
GLCn .R/ is the group of invertible matrices with positive determinant. For all regular-
ities, Haefliger showed that the map � is at least .nC 1/-connected [8, Section II.6,
Remark 1]. Thurston [35] proved that for r D 1, the map � is .nC 2/-connected,
and Mather showed that the same holds for r ¤ nC 1 (see [18, Section 7]). Hence,
in particular, the induced map

z��WH�
�
BGLCn .R/IQ

�
! H�

�
BDiff r;ıC .Rn/IQ

�
is an isomorphism for � � n for all regularities. Therefore, the Pontryagin classes pi
for i � n=4 are non-trivial, and so is the Euler class e when n is even for all r . There-
fore, for C r -flat Rn bundles, monomials in Pontryagin classes and the Euler class
(if n is even) are non-trivial if the degree of the monomial is less than nC 1. Con-
jecturally, the map z�� is injective for � � 2n (see [14, Problem 14.5]). For r > 1 and
� > 2n, we have the Bott vanishing theorem [3], which implies that the monomials
in Pontryagin classes of degrees greater than 2n vanish. In particular, when r > 1 we
have e4 D p2n D 0 in H 8n.BDiff r;ıC .R2n/IQ/, unlike the case of powers of the Euler
class in H�.BDiff r;ıC .S2n�1/IQ/.

Prigge’s calculation and a correction of Haefliger’s claim. There is another per-
spective to characteristic classes of flat manifold bundles due to Gelfand–Fuks [9].
For the case of flat sphere bundles, let LSn denote the topological Lie algebra of
smooth vector fields on Sn. For the case where n D 1, there is a natural map

ˆWH�
�
LS1 ; so.2/

�
! H�

�
BDiff ıC.S

1/IR
�
;

where H�.LS1 ; so.2// is the relative continuous Lie algebra cohomology (see [11,
p. 44]). The Lie algebra cohomologyH�.LS1 ; so.2// has been calculated by Gelfand
and Fuks and is isomorphic to RŒe;gv�=.e � gvD 0/, where e is the Euler class and gv
is also a degree 2 class known as the Godbillon–Vey class. Morita [25, Theorem 1.1]
showed that this map is injective.

There is a general van Est-type theorem [11, p. 43], which, for the case of the
group DiffC.S3/, implies that H�.LS3 ; so.4// is isomorphic to the smooth group
cohomology H�sm.DiffC.S3/IR/. In higher dimensions, it is expected from Bott’s
belief [4, p. 217] that there is at least a map

H�sm

�
DiffC.Sn/IR

�
! H�

�
LSn ; so.nC 1/

�
:
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Haefliger [10, p. 154] sketched his method using rational homotopy theory to prove a
claim that the kernel of the map

H�
�
BSO.nC 1/IR

�
! H�

�
LSn ; so.nC 1/

�
is generated by the monomials in Pontryagin classes p1; : : : ; pbn=2c whose degrees
are larger than 2n. So according to his claim, p21 lies in the kernel of the map

H�
�
BSO.4/IR

�
! H�

�
LS3 ; so.4/

�
;

where the target is isomorphic to H�sm.DiffC.S3/IR/ by the van Est theorem. So
Haefliger’s claim that p21 vanishes in H�sm.DiffC.S3/IR/ would imply its vanishing
also in H�.BDiff ıC.S

3/IR/. But Nils Prigge in an appendix in the earlier version
of this paper which shall become a separate paper proved that Haefliger’s vanishing
only works when n is even, and using his method Prigge showed that for n D 3, in
fact, the class p21 is not zero in the smooth group cohomology of DiffC.S3/ which is
isomorphic to H�.LS3 ; so.4//.

In a forthcoming paper [32], Prigge in particular proves that

H�
�
BSO.4/IR

�
! H�

�
LS3 ; so.4/

�
is injective, which corrects the claim by Haefliger [10, p. 154]. In the course of the
proof, he found new relations between characteristic classes in the Gelfand–Fuks
cohomology H�.LS3 ; so.4// which is isomorphic to the smooth group cohomology
H�sm.DiffC.S3/IR/. Morita observed that these relations combined with our non-
vanishing result give a new type of relations between secondary characteristic classes
and characteristic classes in H�.BDiff ıC.S

3/IR/.
To describe such a relation, recall for a foliation F on M with a trivial normal

bundle, there are secondary classes in H�.M/ coming from Gelfand–Fuks cohomol-
ogy (see [31]). For the universal flat trivial S3-bundle

� WS3 � BDiffC.S3/! BDiffC.S3/;

we have a codimension 3 foliation on the total space and there is a characteristic
class h2c2 in H 7.S3 � BDiffC.S3/IR/ (see [31] and [32] for the definition of these
characteristic classes). If we integrate h2c2 along the fiber, we obtain a classZ

�

h2 � c2

inH 4.BDiffC.S3/IR/. There is a certain class xx2 inH 4
sm.DiffC.S3/IR/whose image

in H 4.BDiff ıC.S
3/IR/ extends the class

R
�
h2 � c2 to a class in H 4.BDiff ıC.S

3/IR/.
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We denote this extension of
R
�
h2 � c2 also by xx2. Morita observed that Prigge’s cal-

culation implies the equality
p21 D �e � xx2

in H�.BDiff ıC.S
3/IR/. Since we showed that p21 is non-trivial, the class xx2 is also

non-trivial. This relation is interesting because the secondary class h2c2 is a contin-
uously varying class (see [13, Remark 2.9], where the notation is y2c2). So xx2 is
intrinsically a real-valued class, but p1 and e are defined over rational numbers. We
hope to pursue finding such relations for higher-dimensional spheres.

2. Equivariant Mather–Thurston’s theorem

In this section, we recall from [28, Section 1.2.2] and [27, Section 5.1] the equivariant
version of Mather–Thurston’s theorem as the main tool in this paper.

Mather–Thurston’s theorem [17, 35] is an h-principle theorem in foliation the-
ory that relates the homotopy type of the classifying space of Haefliger space to the
group homology of diffeomorphism groups. Since we are interested in orientation-
preserving diffeomorphisms in this paper, we recall Mather–Thurston’s theorem in
this context. Let M be an orientable smooth manifold and let DiffrC.M/ denote
the group of C r orientation-preserving diffeomorphisms of M with the C r -Whitney
topology. If we drop the regularity r , we mean smooth diffeomorphisms. We decorate
it with superscript ı if we consider the same group with the discrete topology. The
identity homomorphism Diffr;ıC .M/! DiffrC.M/ induces a map

�WBDiffr;ıC .M/! BDiffrC.M/: (2.1)

Thurston in fact studied BDiffrC.M/ which is the homotopy fiber of the map �.
This space classifies foliated trivial M -bundles. Consider a semi-simplicial model
BDiffrC.M/

�
, where the set of k-simplicies is given by the set of foliations on the

trivial bundle �k �M ! �k that are transverse to the fibers and whose holonomies
lie in DiffrC.M/. The (fat) realization kBDiffrC.M/

�
k is a model for BDiffrC.M/.

Note that the simplicial group Sing�.DiffrC.M//, which is the singular complex
of the topological group DiffrC.M/, acts levelwise on BDiffrC.M/

�
. Milnor’s the-

orem [23] implies that the group k Sing�.DiffrC.M//k is homotopy equivalent to
DiffrC.M/, and given that BDiffrC.M/ is the homotopy fiber of �, the homotopy
quotient

kBDiffrC.M/
�
k �



Sing�
�
DiffrC.M/

�


is weakly equivalent to BDiffr;ıC .M/.
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The space BDiffrC.M/ is the geometric part of Mather–Thurston’s theorem. To
recall the part that is more amenable to homotopy theoretic techniques, let S�rn denote
the topological groupoid whose space of objects is Rn and whose space of morphisms
is given by germs of C r orientation-preserving diffeomorphisms between two points
in Rn with a sheaf topology (see [8]). There is a natural map

�WBS�rn ! BGLCn .R/

induced by the derivative of germs. Let B�rn denote the homotopy fiber of the map �.
Let �M WM ! BGLCn .R/ be the map that classifies the tangent bundle and let ��M .�/
be the bundle over M induced by the pullback of the map � via �M . Let Sect.��M .�//
be the space sections of ��M .�/.

One can find a model for Sect.��M .�// on which DiffrC.M/ acts as follows. A �-
tangential-structure on the n-dimensional manifold M is a bundle map TM ! ��
n,
where 
n is the tautological vector bundle over BGLCn .R/. We denote the space of
�-tangential-structures on M by Bun.TM; ��
n/ and equip it with the compact-open
topology. Note that DiffrC.M/ acts on Bun.TM;��
n/ by precomposing with the dif-
ferential of diffeomorphisms. In [28, Section 1.2.2], we showed the following version
of Mather–Thurston’s theorem.

Theorem 2.2 (Equivariant Mather–Thurston). There is a semi-simplicial map

BDiffrC.M/
�
! Sing�

�
Bun.TM; ��
n/

�
;

which is equivariant with respect to the Sing�.DiffrC.M//-action and induces an
acyclic map between fat realizations.

Remark 2.3. Mather and Thurston [17] first proved that this map is a homology
isomorphism for compact manifolds and for compactly supported diffeomorphisms
of open manifolds. Later McDuff [19] proved the non-compactly supported case for
open manifolds.

By Milnor’s theorem [24] and the fact that the fat realization and geometric real-
ization of simplicial sets are weakly equivalent [5, Section 1.2], the natural map

Sing�

�
Bun.TM; ��
n/

�

! Bun.TM; ��
n/

is a weak equivalence. So after realization, we obtain a map

BDiffrC.M/! Bun.TM; ��
n/

that induces an acyclic map and is equivariant with respect to the map

Sing�
�
DiffrC.M/

�

 '��! DiffrC.M/:
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Corollary 2.4. The map � in (2.1), factors as follows

BDiffr;ıC .M/
ˇ
�! Bun.TM; ��
n/ � DiffrC.M/! BDiffrC.M/;

where the map ˇ is an acyclic map.

McDuff also proved the volume-preserving case of Mather–Thurston’s theorem
([20–22], [30, Section 2.2]). Suppose that M is a compact manifold with a fixed vol-
ume form. Let �vol

n denote the topological groupoid whose space of objects is Rn and
whose space of morphisms is given by germs of volume-preserving diffeomorphisms
of Rn. Now let � WB�vol

n ! BSLn.R/ and also let 
n be the tautological vector bun-
dle over BSLn.R/. Similarly we can define BDiffvol.M/ and Bun.TM; ��
n/. Then
the equivariant version of McDuff’s theorem ([30, Section 2.2]) says that there is a
semi-simplicial map

BDiffvol.M/� ! Sing�
�
Bun.TM; ��
n/

�
;

which is equivariant with respect to the Sing�.Diffrvol.M//-action and induces an
acyclic map between fat realizations to the connected component that it hits. This
difference with the non-volume-preserving case is an obstacle to extending the tech-
niques of this paper to the volume-preserving case.

3. Making a bundle flat up to bordism

In this section, we prove the main Theorems 1.7 and 1.8, and then we show how
Theorem 1.8 implies Theorem 1.2.

Proof of Theorem 1.7. We first translate the problem into finding a “homological”
section as follows. A principal G-bundle is classified by a map to the classifying
space BG. Forgetting the principal structure and just considering it as a G-smooth
fibration induces a map

˛WBG ! BDiffC.G/:

Here we assume that the map ˛ is induced by the inclusion G ! DiffC.G/ that is
given by the left action of G on itself.

To obtain a foliatedG-bundle, we need to lift the map ˛ to BDiff ıC.G/. This is not
always possible but we show that it is possible to “homologically” lift ˛, meaning that
we find the dotted line below to make the following diagram commute up to homotopy

Bun.TG; ��
n/ � DiffC.G/

BG BDiffC.G/:
˛

(3.1)
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Then, Corollary 2.4 would imply that we have a commutative diagram between ori-
ented bordism groups

�SO
�

�
BDiff ıC.G/

�

�SO
� .BG/ �SO

�

�
BDiffC.G/

�
;

˛�

which in turn implies the bordism statement in Theorem 1.7.
Suppose that G is n-dimensional. Since the tangent bundle TG is trivial, the

space of bundle maps Bun.TG; ��
n/ is homotopy equivalent to the space of maps
Map.G; B�n/. This homotopy equivalence, however, is not DiffC.G/-equivariant.
But note that the trivialization G � Rn ! TG is G-equivariant with respect to the
left action of G on itself, the trivial action on Rn, and the action on TG induced as a
subgroup of Diff.G/ acting from the left on TG. Recall the trivialization sends .g; v/
to .g; Dg.v//, where Dg is the differential of the left action by g and it is easy to
see that this map is G-equivariant. For example, consider .h; w/ in TG and g in G.
Then g:.h; w/ D .gh;Dg.w//. Note that .h; w/ comes from .h;D.h�1/.w// under
the isomorphism G � Rn ! TG. When g acts on .h;D.h�1/.w// as an element in
G � Rn, we obtain .gh; D.h�1/.w// which maps to .gh; Dg.w// via the isomor-
phism G �Rn! TG. Hence, this isomorphism is G-equivariant. So the natural map

f WMap.G;B�n/! Bun.TG; ��
n/

is equivariant with respect to the G-actions on both sides. Hence, we have a commut-
ing diagram

Map.G;B�n/ �G Bun.TG; ��
n/ � DiffC.G/

BG BDiffC.G/:
˛

Note that the action of G on the mapping space has fixed points (constant maps),
and so the left map to BG has a section. Therefore, the map ˛ can be lifted to
Bun.TG; ��
n/ � DiffC.G/.

Already Theorem 1.7 implies Theorem 1.2 for S3 as follows. Note that G D S3

is a Lie group and also by Hatcher’s theorem BDiffC.S3/ ' BSO.4/. So the action
of S3 on itself from the left induces the map ˛ that on cohomology gives

˛�WH�
�
BDiffC.S3/IQ

�
Š QŒe; p1�! H�.BS3IQ/ Š QŒc2�;
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where e;p1; c2 are the universal Euler class, the first Pontryagin class, and the second
Chern class respectively. So we have ˛�.e/ D c2 and ˛�.p1/ D �2c2. Given the
diagram (3.1) that ˛� factors through the group H�.BDiff ı0 .S

3/IQ/, the powers of
the Euler class and the first Pontryagin class map non-trivially toH�.BDiff ı0 .S

3/IQ/.
Now using the same idea, we are ready to prove Theorem 1.8.

Proof of Theorem 1.8. Let n be the dimension of M . For the free torus T D .S1/r

action on M , let Q be the quotient M=T and � be the natural map � WM ! Q. Note
that the vertical tangent bundle T�M is trivial by differentiating the torus action, so it
is isomorphic to M � t where t is the Lie algebra of T . Hence, there is a natural iso-
morphism between TM and ��.TQ/˚ "r , where " is the trivial line bundle over M
and this isomorphism is T -equivariant with respect to the trivial action on the vectors
in the bundle ��.TQ/˚ "r . This is the consequence of the following claim.

Claim 3.2. Let G act freely on M . Then the vertical tangent bundle T�M of the
quotient map � WM ! M=G is isomorphic to the trivial bundle M � g, where g is
the Lie algebra of G. This isomorphism is G-equivariant with respect to the adjoint
action on g.

Proof. To prove the claim, we shall identify the fiber of the vertical tangent bundle
T�.M/jm at the point m with the Lie algebra g as follows. Let evmWG ! M be the
map that sends m to gm. The derivative of this map at g D id gives an isomorphism
between g and T�.M/jm. The derivative of the map induced by acting by an element
h 2 G gives the map

D.h/WT�.M/jm ! T�.M/jhm:

Note that the composition g! T�.M/jm ! T�.M/jhm is the derivative of the map
that sends g to hgm at g D id. Given that hgm D .hgh�1/:hm, we obtain a commu-
tative diagram

g T�.M/jm

g T�.M/hm:

Adh

D.evm/

D.h/

D.evhm/

This gives the claimed equivariant trivialization of T�.M/.

Similar to the proof of Theorem 1.7, it is enough to show that the torus action of
the space of bundle maps Bun.TM; ��
n/ has fixed points. We think of bundle maps
as the space of lifts of the classifying map �M WM ! BGLCn .R/ of the tangent bundle
to BS�n. Note that the classifying map �M factors as M

�
�! Q! BGLCn .R/. Recall

that the map �W BS�n ! BGLCn .R/ is at least .n C 2/-connected [35, Theorem 2]
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and the dimension of Q is less than n. Therefore, by obstruction theory, the map
Q! BGLCn .R/ lifts to BS�n. Such a lift gives an element in Bun.TQ˚ "r ; ��
n/.

On the other hand, the torus action on Bun.TQ ˚ "r ; ��
n/ is trivial since T
acts trivially on Q and on the bundle "r . By the claim, there is a T -equivariant
isomorphism between TM and ��.TQ/˚ "r and as a consequence we obtain a T -
equivariant map

��WBun.TQ˚ "r ; ��
n/! Bun.TM; ��
n/:

Therefore, the image of �� in Bun.TM; ��
n/, which is non-trivial, lies in the fixed
points of the T -action.

Let us now use Theorem 1.8 to prove Theorem 1.2.

Proof of Theorem 1.2. Consider the sphere S2n�1 as the quotient U.n/=U.n� 1/. We
have a standard free U.1/-action on S2n�1 as follows

U.1/
�
�! U.1/n ! U.n/! SO.2n/! DiffC.S2n�1/:

Recall that the Euler class and Pontryagin class for S2n�1-bundles are defined by
taking the infinite cone of each fiber to obtain a topological R2n-bundle. So we have
the following maps between classifying spaces

BU.1/
�
�! BU.1/n ! BSO.2n/! BDiffC.S2n�1/! BHomeoC.R2n/:

Hence, the pullback of the monomials in classes e and pi inH�.BHomeoC.R2n/IQ/
for i � n � 1 to H�.BU.1/IQ/ are non-trivial multiples of powers of the first Chern
class c1 2 H 2.BU.1/IQ/.

On the other hand, similar to the diagram (3.1), Theorem 1.8 gives the following
homotopy commutative diagram:

Bun.TS2n�1; ��
2n�1/ � DiffC.S2n�1/

BU.1/ BDiffC.S2n�1/:
˛

Therefore, we know that the map

H�
�
BDiffC.S2n�1/IQ

�
! H�

�
BU.1/IQ

�
factors through H�.BDiff ıC.S

2n�1/IQ/, which implies that all the powers of the
classes e and pi for i � n � 1 are non-trivial in H�.BDiff ıC.S

2n�1/IQ/.
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Remark 3.3. This argument, in fact, proves the slightly more general result that all
elements in QŒe; p1; : : : ; pn�1� that are not in the kernel of the map

H�
�
BSO.2n/IQ

�
! H�

�
BU.1/IQ

�
are non-trivial in H�.BDiff ıC.S

2n�1/IQ/.

Remark 3.4. As we mentioned, Morita observed that the classes ek and monomials
in Pontryagin classes are linearly independent when k is odd. It would be interesting
to determine whether the map

QŒe; p1; : : : ; pn�1�! H�
�
BDiff ı0 .S

2n�1/IQ
�

is injective or not.

Remark 3.5. One interesting example on which a torus does not act freely is the
higher-dimensional analog of surfaces Wn

g D #gSn � Sn, which is the connected sum
of g copies of Sn � Sn. Galatius, Grigoriev, and Randal-Williams proved in [6, The-
orem 4.1 (ii)] that there exists an SO.n/ � SO.n/-action Wn

g . They used this action
to detect the non-vanishing of certain MMM-classes �epi for all i 2 ¹1; 2; : : : ; n � 1º
and g > 1. As we observed in [27, Theorem 6.3], one can use this action to show
that the powers of the classes �epi for all i 2 ¹1; 2; : : : ; n � 1º and g > 1 are non-
trivial in H�.BDiff ı.Wn

g/IZ/. It would be interesting to see if the classes �epi are
also non-trivial in H�.BDiff ı.Wn

g/IQ/. For the case of n D 1, where W1
g is a closed

genus g surface, MMM-classes �eiC1 are denoted by �i . Kotschick and Morita [16]
showed that �k1 is non-trivial in H 2k.BDiff ı.W1

g/IQ/ for all positive integer k pro-
vided that g � 3k. The class �2 is not known to be non-trivial for flat surface bun-
dles and, by Bott vanishing [26, Theorem 8.1], the classes �i for i > 2 vanish in
H�.BDiff ı.W1

g/IQ/.

4. Even-dimensional spheres and the Bott vanishing theorem

Here we use the Bott vanishing theorem to prove Theorem 1.6. First, let us recall
the statement from [3]. Let F be a foliation on a closed manifold E of codimen-
sion q. Then the subalgebra ofH�.EIQ/ generated by the rational Pontryagin classes
pi .�.F // of the normal bundle �.F / of F is trivial in cohomological degree larger
than 2q. In particular, a monomial

P.�.F // WD pi1.�.F // � � �pik .�.F //

vanishes if 4.i1 C i2 C � � � C ik/ > 2q.
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Recall from the introduction that to any smooth oriented sphere bundle

S2n ! E
�
�! B;

we assign Pontryagin classes pi .�/ 2 H�.BIQ/ by taking the infinite cone of the
fibers and considering the associated topological Euclidean fiber bundle. In order to
prove the vanishing theorem 1.6 for a flat smooth oriented S2n-bundle E

�
�! B , we

need to relate these Pontryagin classes in H�.BIQ/ to the Pontryagin classes of the
normal bundle of the foliation on the total space in H�.EIQ/.

Lemma 4.1. Let � WE �!B be a smooth oriented Sm-bundle and let c.�/WC.E/!B

be a topological RmC1-bundle obtained by taking infinite cones on each fiber induced
by the composition of maps (1.4). Let T�E be the vertical tangent bundle of the fiber
bundle � and let " be the trivial R-bundle over E. Then we have an isomorphism of
topological bundles

T�E ˚ " Š ��.C.E//;

as topological RmC1-bundles.

Proof. In the proof of [15, Corollary 1.4], Igusa demonstrated that if pWL! X is a
smooth oriented sphere bundle over a compact manifoldX and sWX ! L is a section,
then C.L/, the cone of L induced by the composition of maps (1.4) in the introduc-
tion, is isomorphic to s�.TpL/˚ " as topological Euclidean space fiber bundles.

We denote the canonical section of the sphere bundle qW��.E/! E by s. Note
that ��.C.E// is isomorphic to C.��.E//. By Igusa’s theorem, the fiber bundle
��.C.E// is isomorphic to s�.Tq��.E// ˚ ". On the other hand, s�.Tq��.E// is
isomorphic to T�E. Hence, his theorem implies that

T�E ˚ " Š ��.C.E//;

as topological RmC1-bundles.

Now suppose that � WE �! B is a smooth oriented flat S2n-bundle. The vertical
tangent bundle T�E is the normal of the foliation on E. By definition, the Pon-
tryagin classes pi .�/ are defined to be the Pontryagin classes of the infinite cone
bundle C.E/. On the other hand, by Lemma 4.1, we have

pi .T�E/ D ��
�
pi .C.E//

�
:

So for any monomial

P.T�E/ WD pi1.T�E/ � � �pik .T�E/;
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we have P.T�E/ D ��.P.�//, where P.�/ is the monomial pi1.�/ � � � pik .�/. If
we fiber integrate e.T�E/ � P.T�E/, which is the MMM-class �eP , we obtain

�Š
�
e.T�E/ � P.T�E/

�
D �Š

�
e.T�E/ � ��.P.�//

�
D 2 � P.�/;

since
�Š
�
e.T�E/

�
D �.S2n/ D 2:

By the Bott vanishing theorem, we know that P.T�E/ D 0 if deg.P.T�E// > 4n.
Hence, P.�/ D 0 if P is a monomial of Pontryagin classes p1.�/; : : : ; pn.�/ whose
degree is larger than 4n.

Acknowledgments. I am first and foremost indebted to Shigeyuki Morita for his
questions, comments, and corrections that led me to write this paper. I am grateful
to Søren Galatius for his comments and suggestions to study the free torus action in
the context of Mather–Thurston’s theorem. I would like to thank Sander Kupers for
sending me the reference [15]. I also would like to heartily thank Nils Prigge’s efforts
to rectify Haefliger’s calculations.

Funding. The author was partially supported by NSF CAREER Grant DMS-2239106
and Simons Foundation Collaboration Grant (855209).

References

[1] W. Balcerak and B. Hajduk, Homotopy type of automorphism groups of manifolds. Col-
loq. Math. 45 (1981), no. 1, 1–33 Zbl 0493.57015 MR 0652596

[2] J. P. Benzecri, Variétés localement plates. PhD thesis, Princeton University, 1955
[3] R. Bott, On a topological obstruction to integrability. In Global Analysis, pp. 127–131,

Proc. Sympos. Pure Math. 14–16, American Mathematical Society, Providence, RI, 1970
Zbl 0206.50501 MR 0266248

[4] R. Bott, On the characteristic classes of groups of diffeomorphisms. Enseign. Math. (2) 23
(1977), no. 3-4, 209–220 Zbl 0367.57004 MR 0488080

[5] J. Ebert and O. Randal-Williams, Semisimplicial spaces. Algebr. Geom. Topol. 19 (2019),
no. 4, 2099–2150 Zbl 1461.55014 MR 3995026

[6] S. Galatius, I. Grigoriev, and O. Randal-Williams, Tautological rings for high-dimensional
manifolds. Compos. Math. 153 (2017), no. 4, 851–866 Zbl 1371.57023 MR 3705243

[7] S. Galatius and O. Randal-Williams, Algebraic independence of topological Pontryagin
classes. J. Reine Angew. Math. 802 (2023), 287–305 Zbl 1531.81017 MR 4635347

[8] A. Haefliger, Homotopy and integrability. In Manifolds–Amsterdam 1970, pp. 133–163,
Lecture Notes in Math. 197, Springer, Berlin-New York, 1971 Zbl 0215.52403
MR 0285027

https://doi.org/10.4064/cm-45-1-1-33
https://zbmath.org/?q=an:0493.57015
https://mathscinet.ams.org/mathscinet-getitem?mr=0652596
https://doi.org/10.1090/pspum/016/0266248
https://zbmath.org/?q=an:0206.50501
https://mathscinet.ams.org/mathscinet-getitem?mr=0266248
https://zbmath.org/?q=an:0367.57004
https://mathscinet.ams.org/mathscinet-getitem?mr=0488080
https://doi.org/10.2140/agt.2019.19.2099
https://zbmath.org/?q=an:1461.55014
https://mathscinet.ams.org/mathscinet-getitem?mr=3995026
https://doi.org/10.1112/S0010437X16008332
https://doi.org/10.1112/S0010437X16008332
https://zbmath.org/?q=an:1371.57023
https://mathscinet.ams.org/mathscinet-getitem?mr=3705243
https://doi.org/10.1515/crelle-2023-0051
https://doi.org/10.1515/crelle-2023-0051
https://zbmath.org/?q=an:1531.81017
https://mathscinet.ams.org/mathscinet-getitem?mr=4635347
https://doi.org/10.1007/bfb0068615
https://zbmath.org/?q=an:0215.52403
https://mathscinet.ams.org/mathscinet-getitem?mr=0285027


S. Nariman 682

[9] A. Haefliger, Sur la cohomologie de Gelfand–Fuchs. In Differential topology and geome-
try, pp. 121–152, Lecture Notes in Math. 484, Springer, Berlin-New York, 1975
Zbl 0316.57009 MR 0394698

[10] A. Haefliger, On the Gelfand–Fuks cohomology. Enseign. Math. (2) 24 (1978), no. 1-2,
143–160 Zbl 0387.57014 MR 0501011

[11] A. Haefliger, Differential cohomology. In Differential topology (Varenna, 1976), pp. 19–
70, Liguori, Naples, 1979 Zbl 0467.57007 MR 0660658

[12] M.-E. Hamstrom, Homotopy in homeomorphism spaces, TOP and PL. Bull. Amer. Math.
Soc. 80 (1974), 207–230 Zbl 0277.57004 MR 0334262

[13] S. Hurder, The classifying space of smooth foliations. Illinois J. Math. 29 (1985), no. 1,
108–133 Zbl 0606.57016 MR 0769761

[14] S. Hurder, Foliation geometry/topology problem set, 2003, httpsW//homepages.math.uic.
edu/~hurder/papers/58manuscript.pdf, visited on 27 October 2025

[15] K. Igusa, Pontrjagin classes and higher torsion of sphere bundles. In Groups of diffeo-
morphisms, pp. 21–29, Adv. Stud. Pure Math. 52, Mathematical Society of Japan, Tokyo,
2008 Zbl 1231.57025 MR 2509703

[16] D. Kotschick and S. Morita, Signatures of foliated surface bundles and the symplectomor-
phism groups of surfaces. Topology 44 (2005), no. 1, 131–149 Zbl 1163.57304
MR 2104005

[17] J. N. Mather, Integrability in codimension 1. Comment. Math. Helv. 48 (1973), 195–233
Zbl 0284.57016 MR 0356085

[18] J. N. Mather, Commutators of diffeomorphisms. Comment. Math. Helv. 49 (1974), 512–
528 Zbl 0289.57014 MR 0356129

[19] D. McDuff, The homology of some groups of diffeomorphisms. Comment. Math. Helv. 55
(1980), no. 1, 97–129 Zbl 0448.57015 MR 0569248

[20] D. McDuff, Local homology of groups of volume preserving diffeomorphisms. I. Ann.
Sci. École Norm. Sup. (4) 15 (1982), no. 4, 609–648 Zbl 0577.58005 MR 0707329

[21] D. McDuff, Local homology of groups of volume-preserving diffeomorphisms. II. Com-
ment. Math. Helv. 58 (1983), no. 1, 135–165 Zbl 0598.57020 MR 0699012

[22] D. McDuff, Local homology of groups of volume-preserving diffeomorphisms. III. Ann.
Sci. École Norm. Sup. (4) 16 (1983), no. 4, 529–540 Zbl 0619.58008 MR 0740589

[23] J. Milnor, The geometric realization of a semi-simplicial complex. Ann. of Math. (2) 65
(1957), 357–362 Zbl 0078.36602 MR 0084138

[24] J. Milnor, On the existence of a connection with curvature zero. Comment. Math. Helv. 32
(1958), 215–223 Zbl 0196.25101 MR 0095518

[25] S. Morita, Nontriviality of the Gelfand–Fuchs characteristic classes for flat S1-bundles.
Osaka J. Math. 21 (1984), no. 3, 545–563 Zbl 0549.57014 MR 0759480

[26] S. Morita, Characteristic classes of surface bundles. Invent. Math. 90 (1987), no. 3,
551–577 Zbl 0608.57020 MR 0914849

[27] S. Nariman, Homological stability and stable moduli of flat manifold bundles. Adv. Math.
320 (2017), 1227–1268 Zbl 1390.57019 MR 3709135

[28] S. Nariman, Stable homology of surface diffeomorphism groups made discrete. Geom.
Topol. 21 (2017), no. 5, 3047–3092 Zbl 1377.58004 MR 3687114

https://doi.org/10.1007/bfb0082148
https://zbmath.org/?q=an:0316.57009
https://mathscinet.ams.org/mathscinet-getitem?mr=0394698
https://zbmath.org/?q=an:0387.57014
https://mathscinet.ams.org/mathscinet-getitem?mr=0501011
https://doi.org/10.1007/978-3-642-11102-0_3
https://zbmath.org/?q=an:0467.57007
https://mathscinet.ams.org/mathscinet-getitem?mr=0660658
https://doi.org/10.1090/S0002-9904-1974-13433-6
https://zbmath.org/?q=an:0277.57004
https://mathscinet.ams.org/mathscinet-getitem?mr=0334262
https://doi.org/10.1215/ijm/1256045844
https://zbmath.org/?q=an:0606.57016
https://mathscinet.ams.org/mathscinet-getitem?mr=0769761
https://homepages.math.uic.edu/~hurder/papers/58manuscript.pdf
https://homepages.math.uic.edu/~hurder/papers/58manuscript.pdf
https://doi.org/10.2969/aspm/05210021
https://zbmath.org/?q=an:1231.57025
https://mathscinet.ams.org/mathscinet-getitem?mr=2509703
https://doi.org/10.1016/j.top.2004.05.002
https://doi.org/10.1016/j.top.2004.05.002
https://zbmath.org/?q=an:1163.57304
https://mathscinet.ams.org/mathscinet-getitem?mr=2104005
https://doi.org/10.1007/BF02566122
https://zbmath.org/?q=an:0284.57016
https://mathscinet.ams.org/mathscinet-getitem?mr=0356085
https://doi.org/10.1007/BF02566746
https://zbmath.org/?q=an:0289.57014
https://mathscinet.ams.org/mathscinet-getitem?mr=0356129
https://doi.org/10.1007/BF02566677
https://zbmath.org/?q=an:0448.57015
https://mathscinet.ams.org/mathscinet-getitem?mr=0569248
https://doi.org/10.24033/asens.1438
https://zbmath.org/?q=an:0577.58005
https://mathscinet.ams.org/mathscinet-getitem?mr=0707329
https://doi.org/10.1007/BF02564630
https://zbmath.org/?q=an:0598.57020
https://mathscinet.ams.org/mathscinet-getitem?mr=0699012
https://doi.org/10.24033/asens.1459
https://zbmath.org/?q=an:0619.58008
https://mathscinet.ams.org/mathscinet-getitem?mr=0740589
https://doi.org/10.2307/1969967
https://zbmath.org/?q=an:0078.36602
https://mathscinet.ams.org/mathscinet-getitem?mr=0084138
https://doi.org/10.1007/BF02564579
https://zbmath.org/?q=an:0196.25101
https://mathscinet.ams.org/mathscinet-getitem?mr=0095518
https://zbmath.org/?q=an:0549.57014
https://mathscinet.ams.org/mathscinet-getitem?mr=0759480
https://doi.org/10.1007/BF01389178
https://zbmath.org/?q=an:0608.57020
https://mathscinet.ams.org/mathscinet-getitem?mr=0914849
https://doi.org/10.1016/j.aim.2017.09.015
https://zbmath.org/?q=an:1390.57019
https://mathscinet.ams.org/mathscinet-getitem?mr=3709135
https://doi.org/10.2140/gt.2017.21.3047
https://zbmath.org/?q=an:1377.58004
https://mathscinet.ams.org/mathscinet-getitem?mr=3687114


On invariants of foliated sphere bundles 683

[29] S. Nariman, On powers of the Euler class for flat circle bundles. J. Topol. Anal. 10 (2018),
no. 1, 47–52 Zbl 1384.57015 MR 3737509

[30] S. Nariman, On the moduli space of flat symplectic surface bundles. J. Differential Geom.
116 (2020), no. 2, 349–391 Zbl 1454.53071 MR 4168207

[31] H. V. Pittie, Characteristic classes of foliations. Res. Notes Math., San Franc. 10, Pitman,
London-San Francisco, CA-Melbourne, 1976 Zbl 0338.57010 MR 0454988

[32] N. Prigge, A note on relative Gelfand–Fuks cohomology of spheres. 2025,
arXiv:2308.16310

[33] P. A. Schweitzer (ed.), Differential topology, foliations and Gelfand–Fuks cohomology,
Lect. Notes Math. 652, Springer, Berlin-New York, 1978 Zbl 0367.00018 MR 0494114

[34] G. Segal, Classifying spaces related to foliations. Topology 17 (1978), no. 4, 367–382
Zbl 0398.57018 MR 0516216

[35] W. Thurston, Foliations and groups of diffeomorphisms. Bull. Amer. Math. Soc. 80 (1974),
304–307 Zbl 0295.57014 MR 0339267

[36] M. S. Weiss, Rational Pontryagin classes of Euclidean fiber bundles. Geom. Topol. 25
(2021), no. 7, 3351–3424 Zbl 1491.57021 MR 4372633

Received 14 January 2024.

Sam Nariman
Department of Mathematics, Purdue University, 150 N. University Street, West Lafayette,
IN 47907-2067, USA; snariman@purdue.edu

https://doi.org/10.1142/S1793525318500061
https://zbmath.org/?q=an:1384.57015
https://mathscinet.ams.org/mathscinet-getitem?mr=3737509
https://doi.org/10.4310/jdg/1603936815
https://zbmath.org/?q=an:1454.53071
https://mathscinet.ams.org/mathscinet-getitem?mr=4168207
https://doi.org/10.1017/s0013091500027978
https://zbmath.org/?q=an:0338.57010
https://mathscinet.ams.org/mathscinet-getitem?mr=0454988
https://arxiv.org/abs/2308.16310
https://doi.org/10.1007/bfb0063498
https://zbmath.org/?q=an:0367.00018
https://mathscinet.ams.org/mathscinet-getitem?mr=0494114
https://doi.org/10.1016/0040-9383(78)90004-6
https://zbmath.org/?q=an:0398.57018
https://mathscinet.ams.org/mathscinet-getitem?mr=0516216
https://doi.org/10.1090/S0002-9904-1974-13475-0
https://zbmath.org/?q=an:0295.57014
https://mathscinet.ams.org/mathscinet-getitem?mr=0339267
https://doi.org/10.2140/gt.2021.25.3351
https://zbmath.org/?q=an:1491.57021
https://mathscinet.ams.org/mathscinet-getitem?mr=4372633
mailto:snariman@purdue.edu

	1. Introduction
	2. Equivariant Mather–Thurston's theorem
	3. Making a bundle flat up to bordism
	4. Even-dimensional spheres and the Bott vanishing theorem
	References

