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Rapid Bayesian computation and estimation for neural
networks via log-concave coupling

Curtis McDonald and Andrew R. Barron

Abstract. This paper presents the study of a Bayesian estimation procedure for single-hidden-
layer neural networks using £; controlled neuron weight vectors. We study the structure of
the posterior density and provide a representation that makes it amenable to rapid sampling
via Markov Chain Monte Carlo (MCMC). Let the neural network have K neurons with inter-
nal weights of dimension d and fix the outer weights. Thus, there are Kd parameters overall.
With N data observations, use a gain parameter or inverse temperature of f in the posterior
density for the internal weights.

The posterior is intrinsically multi-modal and not naturally suited to rapid mixing of direct
MCMC algorithms. For a continuous uniform prior on the £; ball, we demonstrate that the
posterior density can be written as a mixture density with suitably defined auxiliary random
variables, where the mixture components are log-concave. Furthermore, when the total number
of model parameters Kd is large enough that Kd > C(BN)?2, the mixing distribution of the
auxiliary random variables is also log-concave. Thus, neuron parameters can be sampled from
the posterior by only sampling log-concave densities. The authors refer to the pairing of weights
with such auxiliary random variables as a log-concave coupling.

1. Introduction

Single-hidden-layer artificial neural networks provide a flexible class of parameter-
ized functions for data fitting applications. Specifically, denote a single-hidden-layer
neural network as the parameterized function

K
fox) = fw,x) =Y ey (wi - %), (1.1)

k=1

with K neurons, activation function ¥, and interior weights wy € R?. Fix a pos-
itive scaling V and let the exterior weights cx be positive or negative values c; €
{=V/K,V/K}. Thus, f,(x) is a convex combination of K signed neurons scaled
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by V. Constant and linear terms ¢y + wy - X may be added in the definition of f,, (x)
to achieve additional flexibility, though we will not address that matter explicitly.

While the class of functions which can be modeled well by a shallow neuron net-
work is well understood, computational guarantees for algorithms to fit specific neural
networks have been lacking. The approximation ability of these networks has been
studied for many years, which we briefly review here. Assume input vectors x € R¢
as having bounded entries, x € [—1, 1]¢, and interior weights have bounded £; norm
|lwg |l1 < 1. Thus the input to each neuron is between [—1, 1].

The early work of [6] showed that moderately wide single-hidden-layer networks
with sigmoid activation functions can accurately approximate target functions with a
condition on the Fourier components of the target function. For a sigmoid activation
function and K neurons, the squared error with the target function was shown to be
on the order of O(1/K).

Denote the set of signed neurons with £; controlled interior weights as the collec-

tion of functions /: [—1, 1] — R as follows:
W ={h:h(x)=x¢yw: x),||wl <1}.

The closed convex hull of W includes functions f* which can be written as a possibly
infinite mixture of signed neurons, and functions which are the limit of a sequence of
such mixtures. Specializing the results of [5,6,45], networks of the form (1.1) provide
accurate approximation for functions f with f/V in the closure of the convex hull
of W. The infimum of such V is called the variation V¢ of the function f* with respect
to the dictionary W.

Assume a data set of size N of iid data (x;, y,-)f-v=1 and E[y;|x;]= f(x;) with f(x)
in the closure of the convex hull of W. Results in [10] show, for network of width
K = O([N/log(d)]"/?), the empirical risk minimizer (ERM) f yields a statistical
risk control of the order

E[lfa— fI?] = 0((1‘)%‘”)1/2),

provided there is sub-Gaussian control of the distribution of the response Y. The

expectation here is with respect to the training data, while the norm square provides
the expectation for the loss at an independent new input vector. Analogous deep net
conclusions are also in [9, 10].

Given that the ERM can achieve such risk control, there is much interest to under-
stand theoretically the optimization properties of neural networks by gradient-based
properties. One line of investigation as in [16,31,44,51,66] compares the network to
a certain infinite width limit under initialization and scaling assumptions (called the
neural tangent kernel, NTK), where the network trained under gradient descent are
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shown to approach a kernel regression solution linear in the response vector y. They
also utilize a scaling of 1/+/K on their outer weights rather than the 1/K scaling we
use.

With finite K < N and outer weights that scale as ¢y = 1/K, even in the single-
hidden-layer case no known optimization algorithm is able to solve this optimization
problem in a polynomial number of iterations in N and d. Instead, in this work we
move away from an optimization approach to choosing neuron parameters and use a
Bayesian method of estimation placing a posterior distribution on neuron parameters.

Bayesian neural networks have been studied for many years [18,34,59], although
specific mixing time bounds for Markov Chain Monte Carlo (MCMC) to guarantee
polynomial time complexity have been a batrier to their implementation. Recent app-
roaches have studied the simplification of the posterior in the NTK regime, resulting in
the posterior being near the posterior associated with a Gaussian process prior [37,40].
These approaches require K/N — oo to achieve that simplification of the posterior
density. The bounded K /N setting is shown in [37,40] to be distinct with potentially
more flexible non-Gaussian process behavior. Indeed, such flexibility arises in our
model where the internal weights are adapted by the posterior.

We will quantify when sampling can be accomplished in polynomial time with
MCMC. Say we have data consisting of N input and response pairs (x;, y,')lN: 1
Define a prior distribution Py on neuron parameters and a gain or inverse tempera-
ture B > 0. Define the posterior density

p(wlxN. yN) o po(w)e B/ SIS i)
and the associated posterior mean at a given x value u(x) = Ep[f(x,w)|x", yV].

The barrier to implementing the Bayesian approaches defined above is being
able to sample from the density p(w|x?, V), and thus compute the posterior aver-
age w(x). The densities p(w|x®Y, y™) will be high-dimensional and multi-modal
densities with no immediately evident structure that would make sampling possible.

The neural network model has Kd parameters and we have N data observations.
A natural method to compute the required posterior averages would be a MCMC
sampling algorithm. A key issue for an MCMC method is whether it provably gives
accurate sampling in a low polynomial number of iterations in K, d, N. Any expo-
nential dependence on the parameters of the problem is not practically useful.

The most common sufficient condition for proving rapid mixing of MCMC meth-
ods is log-concavity of the target density [3, 4,26, 53]. As such, we want to find a
representation of the problem built from log-concave densities, so that we may restrict
our computation task to only require sampling from log-concave densities.

We show that with the use of an auxiliary random variable &, the posterior density
p(w|x™, ™) can be re-written as a mixture density (also called a measure decom-
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position in the language of [58])
p(wlx™.y )=/p(wIS,xN,yN)p(élxN,yN)dé,

using a reverse conditional density p(w|£) = p(w|€, xV, y") and an induced mar-
ginal density p(£) = p(£|x", yV). When considering a fixed input and response
sequence, we will drop the x and y¥ conditioning notation. For a certain choice of
priors and relationships between d, K, N, 8, we show the reverse conditional is a log-
concave density, and the induced marginal for £ is also a log-concave density. We call
such a joint distribution p(w, &) that preserves the target marginal p(w) and has a log-
concave marginal distribution p(§) and a log-concave conditional distribution p(w|§)
a log-concave coupling. As such, samples for w from the posterior can be produced
by merely sampling from log-concave densities: that is, we sample from the density
of & followed by sampling from the density of w given &.

For a continuous uniform prior on the £; ball, we demonstrate the mixture is a
log-concave coupling when the total number of parameters Kd is large enough such
that

Kd = C(BN)?,

for a given constant C that depends only on the range of data values and the scaling V'
of the network.

We presume access to a sampling algorithm able to produce accurate samples
from a log-concave density in a number of iterations proportional to a low polyno-
mial power of the number of model parameters [26, 47,48, 52, 53]. We leave the
specific choice of this algorithm in our setting (e.g. Metropolis Adjusted Langevin
Diffusion (MALA), Hamiltonian Monte Carlo, etc.) as well as the tuning of parame-
ters as a technical study for future work, and treat the sampling algorithm as a black
box method available to the user. Then one can sample a value for £ from its marginal,
and a value w|£ from its reverse conditional, resulting in a true draw from the posterior
distribution for w.

2. Notation

Here we present the mathematical notation used in the paper.

» Capital P refers to a probability distribution, while lowercase p is its probability
mass or density function.

e f’() refers to the derivative of a scalar function f.

+ V is the gradient operator and V? is the Hessian operator, producing a matrix of
second derivatives.
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o {l,..., N} is the set of whole numbers between 1 and N.
* [a, b] is the interval of real values between a and b.
* u - v is the Euclidean inner product between two vectors.

o u', X" refers to the transpose of a vector or matrix, so quadratic forms of a column
vector u with a matrix X will be written as 1 Xu.

* |lw||p refers to the £, norm, |w|, = (Zj(wj)l’)l/p.
* The £; ball is denoted as S{i ={weR?: |w|, <1}

» The K fold Cartesian product of this set is (S f' K,

N

« For variables in a sequence, the set of variables XV = (Xi);—, is indicated by

superscripts.

* Logarithms in the paper are natural logarithms.

3. Bayesian model and result

Consider input and response pairs (x;, yi)lN: | Where the x; input vectors are d-dim-
ensional and the response values y; are real valued. Consider the x; as being bounded
by 1 in each coordinate, |x; ;| <1 foralli e {1,...,N}, j € {1,...,d}. Further,
assume x; 1 = 1 foralli € {1,..., N} so an intercept term is naturally included in the
data definition. Accordingly, this requires d > 2. Denote X as the N by d data matrix
which uses the x; as its rows.

Recall the definition of a single-hidden-layer neural network in (1.1). We restrict
the class of neuron activation functions we consider to have two bounded derivatives
with ¥ (0) = 0, |Y(2)] < ao, |¥'(z)| < ay and |¥"(2)| < a, forall z € [-1,1]. We
assume ag, ai, d > 1. This includes for example the squared ReLLU activation func-
tion ¥ (z) = a(z4)? or the scaled tanh activation function ¥ (z) = a tanh(cz).

Fix a positive V' and let the exterior weights c; be positive or negative values
cx € {=V/K,V/K}. Thus, fy,(x) is a convex combination of K signed neurons
scaled by V. Note, if ¥ is odd symmetric as in the case of the tanh activation function,
the ¢y can be all set to positive V/ K. For non-symmetric activation functions, we can
use twice the variation ¥ = 2V and use twice the number of neurons K = 2K. For the
first K neurons set ¢z = V/K and for the second set of K neurons set ¢, = —V/K.
Under such a structure using 2K neurons, any size K network of variation V' with
any number of positive or negative signed neurons can be constructed from the wider
network by setting K of the neurons to be active and the other K to be inactive with 0
for their interior weight vector. In either case, we consider the outer weights cj to be
fixed values, and it is only necessary to train the interior weights wy of the network.
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Define Py as a prior measure on RX4 | with density po with respect to a reference
measure 7 (e.g. Lebesgue or counting measure). For each index i € {1,..., N}, define
the residual of a neural network as

K
res; (W) = y; — chl/f(wk - Xi).

k=1
Define the loss function as half the sum of squares of residuals

N

L(w) = %Z(resi (w))z.

i=1
For any gain parameter 8 > 0, we define the posterior density as

po(w)e AL@)
[ e=Bt@) po(w) n(dw)’

Denote the posterior mean with respect to this density as

n(x) = Ep[ f(w.0)].

p(w) = (3.1

3.1. Choice of prior

The prior we will consider is the uniform on the set (S ld)K . That is, independently
each weight vector wy is iid uniform on the set of weight vectors with £; norm less
than 1. This has the density function

K

potw) = T (11wl = 1}@),
1

k=1

with respect to Lebesgue measure. Note that for each k, the vector of absolute values
of the coordinates of wy is uniformly distributed on the simplex, which is also a
symmetric Dirichlet distribution in d + 1 dimensions with the all 1’s parameter vector.

The authors would like to provide some context as to why the above prior is
chosen. The choice of the continuous uniform prior is influenced by previous work
using a discrete uniform prior. Consider a discrete version of this density. For some
positive integer M < d, consider the discrete set which is the intersection of S ld with
the lattice of points of equal spacing 1/M . Define this set as .S {{ - as follows:

S{{M:{w:MwE{—M,.--,M}d,”w”lE1}-

That is, each coordinate wy_; can only be an integer multiple of the grid size 1/M,
and we force the £; norm to be less than or equal to 1. We consider the prior under
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which wy is independent uniform on the discrete set S {1 - This has probability mass

function
K

pow) = H(l{wk e s M}|Sl |)

k=1

with respect to counting measure in (S {{ M)K .

In the author McDonald’s PhD thesis [55], various mean-square statistical risk and
arbitrary-sequence regret bounds are established for sampling from the posterior dis-
tribution with the discrete uniform prior. In particular, with M, K = O(N/log(d))'/*)
and B = (log(d)/N)/4, statistical risk control of the order O(log(d)/N)/4 is shown
with this 8, and faster rates are established with Gaussian distributed y; and con-
stant 8 equal to the reciprocal of the variance. Somewhat larger M and K are allowed,
but the risk analysis does not succeed unless M K is of smaller order than N. Results
of this type are also summarized in [7, 11].

In this work, we show for the continuous uniform prior there is a log-concave cou-
pling and thus MCMC can be accomplished in polynomial time when Kd > C(BN)?.
With sufficiently large M of larger order than N, these mixing time results can be
shown for the discrete prior as well. However, this analysis requires M that it is
incompatible with the statistical control results. We were not able to combine statis-
tical risk control and polynomial-time sampling simultaneously. In the present work,
we only present the polynomial-time sampling results for the continuous prior.

3.2. Log-concave coupling
The log-concave coupling result is as follows.

Theorem 3.1. Let the neural network have inner weight dimension d > 2 and K > 2
neurons with N data observations (x;, y,-)lN=1. Assume BN > 2. Define the values

Cy = max |y,|+aoV
ie{1,N

Ay =2a; + 86121
Ay = 2./a3,
A3 = 8+/ear(Cy V) *[Ar + Ax(Cy V).

Set a positive § < 0.05, and let d and K satisfy
K[log(2Kd) + 10g(1/5)] < BN

and
Kd > A3(BN)?. (3.2)
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Using a continuous uniform prior on (S {1 VK the posterior distribution p(w) can be
written as a mixture distribution with an auxiliary random variable &,

p(w) = / p(wl§)p(®) dE,

where p(w|§) is a log-concave density for each & and p(€) is a log-concave density.
If equation (3.2) is a strict inequality, p(§) is strictly log-concave.

4. Posterior densities and log-concave coupling

4.1. Posterior density

Consider the log of the posterior density p(w) defined in equation (3.1), with the
continuous uniform prior on (S 1d )X. The log and score of the posterior within the
constrained set are equal to the following (with some constant B that is just the log of
the normalizing constant):

log p(w) = —pt(w) + B,

N
Vay, log p(w) = B> res; (w) (cx ¥ (wi - x:)x;).

i=1

Denote the Hessian as H (w)=V?log p(w). The density p(w) is log-concave if H(w)
is negative semi-definite for all choices of w. For any vector u € RX? with blocks
ur € R9, the quadratic form u™ H (w)u can be expressed as

N K 2

-8 ( k¥ (Wi - xi)uk -xz') (4.1)
i=1 “k=1
N K

+ B resi(w) D cxy” (i - x) (ug - i), (4.2)
i=1 k=1

It is clear that for any vector u the first line (4.1) is a negative term, but term (4.2) may
be positive. The scalar values ¢ " (wg - x;) could be either a positive or negative
value for each k and i, while the residuals res; (w) can also be positive or negative
signed. Thus, the Hessian is not a negative definite matrix in general and p(w) may
not be a log-concave density.

The term (4.2) is capturing how the non-linearity of v, which provides the benefit
of neural networks over linear regression, is complicating matters. If i were linear,
Y (z) = 0 for all z and we would have a simple linear regression problem. However,
since ¥ has second derivative contributions, this term must be addressed.
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For each data index i € {1,..., N} and each neuron index k € {I,..., K}, we
introduce a coupling with an auxiliary random variable &; . The goal of this auxiliary
random variable is to force the corresponding individual i, k terms in (4.2) to be
negative. Define the values

Cy = max|y;| +aoV,
i<N

BCNV

o,N.K = a2 .
p K

We denote this pg,n,x as po when it is clear N and K are set. The role of py is that
of a lower bound on the values of an inverse variance parameter p for the conditional
distribution of auxiliary random variables below.

Ultimately, we will use bounded auxiliary random variables to yield the desired
log-concave coupling. But to motivate the construction, first consider tentatively a
simpler unbounded construction.

Conditioning on a weight vector w, define the forward coupling as conditionally
independent random variables &; x, which are normal with mean wy - x; and vari-
ance 1/p, as follows:

1
Eik ~ Normal(wk CXi, —).
P
This then defines a forward conditional density (or coupling)

p(Elw) o~ (012 Xi ki k=i wi)? ’

and a joint density for w, &,

p(w,§) = p(w)pélw).

Via Bayes’ rule, this joint density also has an expression using the induced marginal
on the auxiliary ¢ random vector and the reverse conditional density on w|&,

p(w, &) = p&)p(wl§).

As we will show, this choice of forward coupling provides a negative definite cor-
rection to the Hessian of the log of p(w|€) compared to what we had with p(w),
resulting in a log-concave reverse conditional density.

4.2. Reverse conditional density p(w|&)

First, we allow for &; j to take arbitrary real values arising from the conditional normal
distribution.
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Theorem 4.1. With the continuous uniform prior and &;  ~ Normal(x; - wg, 1/p)
with p > py, the reverse conditional density p(w|§) is log-concave for the given &
coupling.

Proof. The log of the reverse conditional density p(w|£) is given by

log p(w|§) = —pL(w) + B(£)
N K P
L )2
—;kg 5 Gk —we - xi)?, (4.3)

for some function B(§), which does not depend on w and is only required to make the
density integrate to 1. The term (4.3) is a negative quadratic in w, which treats each wg
as an independent normal random variable. Thus, the additional Hessian contribution
will be a (Kd) x (Kd) negative definite block diagonal matrix with d x d blocks of
the form p vazl x;x!. Denote the Hessian as

H(wl§) = V2 log p(wl§).

For any vector u € RX4 | with blocks u; € R?, the quadratic form u™ H (w|§)u can
be expressed as

N K .
-8B < > ek (wy - xi)ug -xi)

i=1 k=1
K N

+ D0 k- xi)?[Bresi(w)ery” (w - xi) — p]. (4.4)
k=1i=1

By the assumptions on the second derivative of ¥ and the definition of p, we have
max (B res; (w)ci " (wg - xi) = p) < 0.
i,

So all the terms in the sum in (4.4) are negative. Thus, the Hessian of the log-likeli-
hood of p(w|§) is negative semi-definite and p(w|§) is a log-concave density. ]

While this proof offers a simple way to make a conditional density p(w|&) which
is log-concave, we also wish to study if there is log-concavity of the induced marginal
of p(&). The joint log-likelihood for p(w, £) contains a bilinear term in &, w from
expanding the quadratic

K d N
DD wey Y ki (4.5)
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We want some control on how large this term can become, so we restrict the allowed
support of £. When we make this support restriction we will need the parameter p to
be greater than py. We define a convenience choice of

BCNV

=2 ,
p az X

which we recognize as p = 2py.
For 0 < o < 1/2, let z, > 0 denote the upper o quantile of the standard normal
distribution function. This z, is the value such that 1 — ®(z,) = «, with the familiar

inequality z, < /2log(1/w).

For a positive § < 1, we define a constrained set

al [N
in,jfi,k <N + z§/2k4 ?}, 4.6)

i=1
where we note that zs o kg < v/210g(2Kd /§). We then define our forward conditional
distribution for p*(§|w) = p(&|w, B) as the normal distribution restricted to the set B,

13(§)p(§lw)
P(§ € Blw)

[ Tl (p/ (20)) V26 P/ Grimiwn)?
S5 TIL: T (o) ) 2o 0D G g

In accordance with this constrained density, the term (4.5) will be bounded for any

B:{é:ma

X
Jk

p*E|lw) = pElw, B) =

= 15(§)

choiceof £ € Band wy € S 4 which will be a useful property in later proofs.

The denominator of this fraction is the normalizing constant of the density as a
result of the restriction to the set B. Denote the log normalizing constant as Z(w) =
log[P (¢ € B|w)], such that

20 =1oe [ TTT1(2)

i=1k=1

1/2e—(p/2)($i,k—xi'wk)2 dt. 4.7

An equivalent expression for the forward coupling is then
P (Elw) = 13(5)(ﬁ)NK/ze—(p/z)z,»,k(s,:.k—x,-'wk)z—Z(w).
2

This construction also yields, for & € B, the induced marginal density p*(£) with
respect to Lebesgue measure,

PR = / p(w) p* E|w) n(dw)

= 15() / pw)e™ P/ TixGramsi w20y (),
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and the reverse conditional density p*(w|§) with respect to reference measure 7,

p(w)p*(Elw) p(w)e=?/2 Tik Gix—xiwi)?=Z(w)

* w — — ‘
Prwi$) p*(€) fp(w)e—(p/Z)Zf,k(éi.k—xrwk)z—z(w),’(dw)

Note these densities differ from the p(w|&) and p (&) defined before without restrict-
ing to the set B due to the presence of the Z(w) function.

We can then show two results. The first is that Z(w) has bounded range, and does
not modify the density that much for small §. Via a Holley—Stroock perturbation argu-
ment (Section A.4), we show that p*(w|§) has a reasonably controlled log-Sobolev
constant, less than 10K2/(1 — §), even with the original p. The second result is that
the Hessian of Z(w) is small, so that, with the somewhat larger p of the present sec-
tion, we obtain the stronger conclusion that p*(w|§) is log-concave for each £ in B.

This step allows us to construct a log-concave coupling, which is to say

p(w) = / " (w]§) p* (&) dE.

where both the conditional p*(w|§) and marginal p* (§) are log-concave. This conclu-
sion provides a simplified story. Moreover, some results for rapid mixing of MCMC
such as Ball Walk and Hit and Run for densities on a constrained set have been stated
naturally for densities required to be log-concave, not just log-Sobolev [53].

The restriction of & to the set B is the restriction to a very likely set under the
unconstrained coupling, in particular we have the following lemma.

Lemma 4.2. For any weight vector w with |wy||1 < 1, the set B in (4.6) has proba-
bility using p(£|w) satisfying

P& e Blw) >1-6.
Proof. See Section A.1. [

Furthermore, the function Z(w) is nearly constant, having small first and second
derivative. Therefore, the function has little impact on the log-likelihood.

Lemma 4.3. For any specified vector u € RX? define the value

N K
52 — Doim1 Qg Uk - x;)?
0

For positive values § < 0.158, we then have upper bounds

lu-VZ(w)| < p&lgTS(\/ﬂog(l/c?) +1)
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and
[u™(V2Z(w))u| < p25218T8|:210g(2/8) + 14 li_(g(zlog(l/s) + 3)}.

Note both bounds go to 0 as § — 0, and thus can be made arbitrarily small by choice

of 6.
Proof. See Section A.1. ]

The restriction to 6 < 0.158 implies § < 1 — ®(1) so that the upper quantile zg
is at least 1. More generally, the +1 in the gradient bound may be replaced by 1/z
and the +1 and +3 in the Hessian bound may be replaced by 1/z5/, and 2 4- 1/ 25/2,
respectively. Further refinements are specified in the proof in the appendix.

Thus, with restriction to the set B, whose size is determined by §, and a slightly
larger p, we can give a result that is similar to Theorem 4.1. Note this result is
for p*(w|€), which is distinct from p(w|€) due to the presence of the Z(w) func-
tion in the log-likelihood and the restriction to £ € B.

Theorem 4.4. Define the notation

Hi(8) = 1(8T8(210g(2/8) + 1),

2

(1-6)2

H, (%) = (2 log(1/68) + 3),

and let H(8) be defined as H1(8) + H»(8). For p = 2py, choose a positive § < 0.054
satisfying H(8) < 1/2. Then, for the continuous uniform prior, with & restricted to the
set B defined by 8, the reverse conditional density p*(w|€) is a log-concave density
inw for each € in B.

Proof. See Section A.2. ]

The condition H(8) < 1/2 is convenient though not essential. It is tailored to the
choice p = 2pg. The proof of Theorem 4.4 will reveal refined choices of p, depending
on §, that allows for H(8) < 1, permitting 0 < § < 0.115, as well as permitting p
arbitrarily close to po when § is sufficiently small.

By itself, the pairing of a target density p(w) with a suitable normal forward
coupling p*(é|w) to produce a reverse conditional p*(w|&) which is log-concave is
not new. As later discussed, the same concept is used in proximal sampling methods
and diffusion models. In this work, we go further for our model, obtaining that the
induced marginal p*(§) is itself log-concave, which we call a log-concave coupling.
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4.3. Marginal density p* (%)

Lemma 4.5. The score and Hessian of the induced marginal density for p* (§), where
& € B, are expressed as

dg;  log p*(§) = —p&ik + pxi - Ep=[wgl£], (4.8)
gk, okir i, 108 P7(E) = —pU(i1. k1) = (i2.k2)}

+ 102 COVP* [wkl * Xigs wkz * Xip |$]
Equivalently, in vector form using the N by d data matrix X, we have
X
Viog p*(§) = p(—§ + Epe[ o I8]). “9)
X
V2 log p*(£) = p(—l Ty COVP*[XS)')IUS]). (4.10)

Proof. The stated results are a consequence of simple calculus, but we will derive
them using a statistical interpretation that avoids tedious calculations.

Consider £ in B. The log of the induced marginal for p*(§) is equal to the log of
the joint density with w integrated out,

tog p*6) = tog( | p(uw)p*€lu) ).
Rearranging the Gaussian forward conditional, this can be expressed as a quadratic

term in £ and a term which represents a cuamulant-generating function plus a constant.
Recall Z(w) as defined in equation (4.7). Denote the function

N K
D> - xi)? - Z(w),
i=1 k=1

which is the part of the log of the joint density which does not depend on &. The

h(w) = —pt(w) —

S NIae

marginal density can then be expressed for £ in B as

P
log p™(§) = — S [I€13
+ log(/ po(w)eh(w)epzlil Thmt fikwiexi n(dw)) +C (411

for some constant C which makes the density integrate to 1.
It is clear that, with suitable constant adjustment, the term (4.11) is the cumulant-
generating function of (p times) the random variable u(w) defined by

u(w) = ¢ ().

Xwg
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when w is distributed according to the density proportional to po(w)e®). Thus, the
gradient in £ is the mean of the vector and the second derivative is the covariance, as
are standard properties of derivatives of cumulant-generating functions, wherein the
mean and covariance are taken with respect to the probability density tilted by %),
which is recognized to be the reverse conditional p* (w|§). ]

We highlight two important consequences of this result.

Corollary 4.6. The score V log p*(§) is a linear transformation of the vectors of
expected values Ep«[wi|E] from the log-concave reverse conditional p*(w|§).

Proof. This is what is expressed in (4.8) or (4.9). ]

Remark 4.7. To obtain the score of the marginal density, the E,+[wg|§] can be esti-
mated using an MCMC method and thus it is readily available for use. Note that to
run an MCMC algorithm such as Metropolis adjusted Langevin diffusion to obtain
samples from p*(§), its score is needed at each step to update £. The conditional
means needed for this score at £ can be computed via an “inner loop” consisting of an
MCMC algorithm to obtain samples from p*(w|€) to average. The log-concavity of
this reverse conditional provides for the rapid mixing in this inner loop.

Corollary 4.8. The density p*(£) is log-concave if for any unit vector u € RNK with
blocks uy € RY, the variance of a particular linear combination of w, namely

K
v(w) = Z uj Xwg,
k=1

with respect to the reverse conditional p*(w|§) is less than 1/ p:

Varp+[v(w)|§] < % (4.12)

for & in the convex support set B.
Proof. This is a simple consequence of (4.10). ]

Therefore, to show that p*(§) is log-concave, we must provide an upper bound
on the covariance of w using the reverse conditional density p*(w|&). Note that such
conditional expectation and conditional covariance representations would also hold
using p(§), which is defined without conditioning on the set B, and thus does not
include the Z(w) term in the joint log density. However, the restrictions imposed on
maximum inner products by the definition of B will prove useful in upper bounding
the reverse conditional covariance.
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4.4. Conditional covariance control

The log of p*(wl§) is the log of the prior density plus an additional concave term.
Under a log-concave prior, one would expect that adding a concave term to the expo-
nent of an already log-concave density should result in less variance in every direction.
Thus one can conjecture the prior covariance would be more than the conditional
covariance for any conditioning value,

Covp,[w] > Covp«[w|é] forall € € B. (4.13)

Under a Gaussian prior, such a statement would follow easily from the Brascamp—
Lieb inequality [15, Proposition 2.1]. However, for the uniform prior on a convex set,
this method does not directly apply.

The covariance matrix of the uniform prior on (S {1 )X is diagonal (note the differ-
ent coordinates are uncorrelated but not independent due to symmetry) with entries

d U1
(d+1)2(d +2) — d?¥’

which follows from properties of the Dirichlet distribution. Thus, under the conjec-
ture (4.13), we would expect a bound of the form

VaI‘pO (wk,j) =

d

K
pVarp«[v(w)[§] < 2az ,BI(;ZZV > (

j=1 k=1

N 2
Z ui,kxi,j)

i=1

K

BCNVN 5

< 24—/ Z llkc g
Kd pt

K
BCNVN >
Szaz—E llurllz
Kd =

CnVBN
Kd

Thus for Kd > C(BN) for some value C, we would have log-concavity of the mar-
ginal. However, we are unable to prove this conjecture is true. Instead, using a differ-

= 2612

ent approach, we will conclude for a specified C that
Kd > C(BN)?

results in log-concavity of the marginal density.
Instead of recreating an inequality like (4.13), we must take a different approach
to upper bound the variance in any direction. Denote the function

N K
he(w) = —pLa) = Y I Sk —we - xi)? = Z(w).

i=1 k=1
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Denote the function shifted by its prior mean as
he(w) = hg(w) — Epy[he(w)].
Define its cumulant-generating function with respect to the prior as
Te (1) = log Epy [ )], (4.14)

When bounding the variance using the reverse conditional, the expectation can be
thought of as taken with respect to the density proportional to the prior times an e¢ (™)
factor. However, because the /g(w) is the sum of N varying terms, it is too large to
pull out its supremum even for £ in B and w in (S¢)X. However, with a Holder’s
inequality, we can pull out an expectation of e?heW) " which is the expectation of
the g power of the factor of interest. Then the variance is controlled when that power
q = £/(€ — 1) is taken to be close enough to 1 and when higher order prior moments
of w are controlled. This is captured in the following lemma and in the subsequent
analysis of the two factors that arise from this bound.

Lemma 4.9. For any integer { > 1 and for any vector u € RX?, we have the upper
bound

1/ (- —1)—
Vary« (u - wl§) < (EPO[(u_w)ze]) /€ o ((U=1)/OTe(¢/(E~1)~T (1)

Proof. The variance of the inner product u - w is less than its expected square. The
reverse conditional density p*(w|&) can be expressed as

p*(wl§) = e po(w).

We then apply a Holder’s inequality to the integral expression with parameters p and ¢
such that 1/p + 1/g = 1, to obtain
Vary« (u - w|§) < Ep,[(u - w)2eﬁg(w)—Fs(1)]

=< (EPO [(u . w)ZP])l/P(EPO [eQﬁg(w)—qFS(l)])l/q.

Let p = £ and g = £/(£ — 1). The second factor can be written as

o (E=D/OTe (€/E=1)~T¢(1) -

We then study the moments of the prior density and the behavior of the I't(7)
function separately. As we shall see, when the moments are well controlled, the bound
is effective, in part, because it only involves (differences) of cumulants at nearby
values.
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Lemma 4.10. For any unit vector u € RNK with blocks ux € RN, and positive inte-
ger £, we have

K 2918 gy
E ug Xw < .

o [( 2 k) } " Ved

k=1
Proof. See Section A.3. ]
Lemma 4.11. Assume p = 2pg. Denote the constants

A1 = 2a; + 8ay, (4.15)
Ay =2+/2a,. (4.16)

Assume positive § <0.116 and d > 2, K > 2. For any positive integer £ > 1 and any &
from the constrained set B, we have

(-1 ¢ CyVBN
ey ) e =

+ AZ—VCNEV’BN V2log(2Kd /8)(V1.4K).

Proof. See Section A.3. m

We summarize the implications of the conclusions of Lemmas 4.9-4.11 as fol-
lows. Ignoring certain constant factors, we have the following upper bound on the
variance in (4.12) for any choice of £:

N¢ BN + /BNK log(2Kd/§)
4 g2+ VRSO

which takes the form (N€/d)e"N-x/t with Vy x = BN + /BNKlog(2Kd/3).
Ignoring for now the integer constraint, the optimal continuous choice of £ to min-
imize the expression is seen to be £* = Vy g, with which the exponent becomes
equal to 1. With this choice, we would have the bound N Vi xe/d on the variance

equal to
BN2e + N3/2¢./BK log(2Kd /5)
¥ :
Multiplying this by p o /K, we would have a bound of order

(BN)? | [Klog@@Kd/5) 1/2
Kd ( *[ BN ] )

If Klog(2Kd/8) < BN, then we have an O((BN)?/Kd) bound. With a choice of d
and K large enough, we can make this expression be less than 1. We make this state-
ment more precise in the following theorem.
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Theorem 4.12. Assume § < 0.116 and d > 2, K > 2. Further assume that
Klog(2Kd/5) < BN,

which is essentially a condition that K not be too large, that is, K is less than some

multiple of BN/ log(BN).
With p = 2py, define Ay, Ay as in (4.15) and (4.16), and define

As = sﬁachv[AlcNV +24,(1.4Cy V)Y 4 ﬁ—N}
Let d and K satisfy
Kd > A3(BN)?. (4.17)

Then pVary[v(w)|€] < 1 and the marginal density for p*(§) is log-concave with
convex support B, using the continuous uniform prior. If equation (4.17) is a strict
inequality, then the density is strictly log-concave.

Log concavity of p*(§) with p = 2pg is here holding for a larger range of val-
ues of § than the § < 0.054 we require for the log concavity of p*(wl§). So, with
this p, to get the full log-concave coupling property (with both p*(§) and p*(w|§)
log-concave) choose § not more than 0.054.

The combined conditions of Theorem 4.4 and Theorem 4.12 are collected in the
log-concave coupling Theorem 3.1 presented earlier in the document.

Proof. By Corollary 4.8, the Hessian of log p*(§) is log-concave when, for any unit
vector u, we have

K
pVar,« [Z u{ka|g} <. (4.18)
k=1

By Lemmas 4.9—-4.11, we have an upper bound for this variance for any scalar £ > 1
and £ € B. Recall A1, A, as defined in expressions (4.15) and (4.16). Set £ to be the
least integer greater than or equal to

€* = A;CNVBN + 24, /CnVBN log(2Kd/8)(vV/1.4K).

This choice makes the cumulant-generating difference bound from Lemma 4.11 not
more than 1, simplifying the variance bound from Lemma 4.9. Using Lemma 4.10, it
gives an upper bound on the product of p and variance that appears in (4.18),

BCNV 4N

K Jed
CnVBN)?
:8\/5141(,2%

3/2
+ 8 /eAqa Z(CNV“? VIR foe@Kdjs) + 8y/ear VPN NVﬂN

2a; —— " + 1e
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2
< s

Klog2Kd/§)\'* 1
BN ) +ﬁ_N}'

x CNV[AICNV) + 2A2(1.4CNV)1/2(

By assumption,
Klog(2Kd/3) -

11
PN -

so we have upper bound on (4.18),

1 1(BN)?
8¢Za2CNV[A1CNV + 24,(1.4CyV)V2 + —] (BN) .

BN | kd

If Kd satisfies condition (4.17), then pVar,«[v(w)|£] is less than 1 for £ in B. By
Corollary 4.8, this implies log-concavity of the marginal density p*(§). ]

Remark 4.13. The log-concavity is obtained in the setting of high interior weight
dimension d. If the dimension d is not larger than A3(BN)?/K then the dimension d
can be increased to provide satisfaction of this condition. We mention two ways to
do this. First, the dimension d can be made artificially larger by repeating the input
vectors. Say there are original input vectors X; with default dimension d. Define new
input vectors by repeating the data L times

X;i = (fi, ce ,fi) € RdL.
We can then consider X as our data matrix with row dimension d = Ld.

The span of the new data matrix with £; controlled weights, {z = Xw : ||lw]| <1},
is the same as for the original matrix. So we have the same approximation ability of
the network. This can also equivalently be considered as inducing a different log-
concave prior on the original weight vectors of dimension d . Nevertheless, it remains
convenient to consider the uniform prior in the higher d = Ld-dimensional space.
It introduces even more multi-modality in the posterior density p(w) as multiple
longer weight vectors yield the same output in the neural network. Yet, with suffi-
cient replication size L, by our proceeding theorems the density has a log-concave
decomposition.

As indicated, variable replication does not change what is represented by the net-
work model. A second method to increase the dimensionality incorporates additional
model flexibility. Akin to polynomial networks as described in [8,22,23], augment the
original variables X; with a sufficient number of polynomial or spline basis functions
of these variables, each bounded by 1 in absolute value, to create the larger vectors Xx;,
which includes the transformed variables. Computationally excessive dimensionality
is avoided by restricting such terms to be additive or first-order interactions. Retain
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the activation function with the smoothness conditions we have specified. The net-
work model now represents a larger class of functions of the original variables, yet
it retains the desired form as a weighted sum of activation functions applied to lin-
ear combinations of (transformed) variables. The log-concave coupling representation
holds for any original dimension d , with sufficiently many of these transformed vari-
ables.

Remark 4.14. This argument for a log-concave coupling works for any log-concave
prior on the £; ball whose moments are not more than for the uniform prior. Also, it
can be made to work for various likelihoods e ~#¢®) with non-concave £(w), includ-
ing various non-linear regressions, not just those that arise in fitting neural networks.
In our approach, the auxiliary variables are centered at the wy - x;. Accordingly,
this methodology applies with K = 1 to models in which the dependence of the log-
likelihood £(w) on w is expressed via a smooth function g(w; - x) of one such linear
combination, sometimes called a single-index model, as in generalized linear mod-
els [54, 60], wherein the link function may produce a non-concave log-likelihood.
Then these generalized linear models can be provided with a log-concave coupling.
With additive transformations of original variables included in the x, these repre-
sent generalized additive models [38], now with a log-concave coupled representation
of the posterior distribution. With K > 1, certain multi-index non-linear regression
models g(w; - x, ..., wg - x) can be addressed. Particular g such as linear com-
binations of ridge-spline bases create models that correspond to projection pursuit
regression [32,43]. Single-hidden-layer network models ) ;. cx ¥k (wi - x) are of this
latter form with a fixed g(z1, ..., zx) being the additive function ) cx ¥k (2 ).

5. Discussion

The main technique used in this paper which facilitates sampling is the use of a
measure decomposition, which is taking a target density p(w) and expressing it in
a convenient mixture representation with random variable £ which may be referred to
as a hidden, latent, or auxiliary random variable

p(w) = / p(w]§) p(E) dE.

One line of development of this technique has its origins in the statistical physics
literature and the study of Ising models or spin glass systems [2, 42]. A tool that
emerges in this literature is the Hubbard transform. For any positive definite matrix 4,
this is simply a rearrangement of a normal density to state

o~ (/27T Ak

- oA g

e(l/z)wTAw
(2m)4/2 det(A~1)1/2
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Equivalently, the moment generating function of a mean 0 normal random variable is
quadratic. As such, whenever a positive definite term of the form (1/2)w” Aw appears
in a log-likelihood, there is an immediate chance to replace it with the Hubbard trans-
form and introduce and auxiliary random variable &.

This approach has been mostly used as an analysis technique for the mixing time
of sampling algorithms for Ising models. Modern works of [12,30] showed significant
improvements of the log-Sobolev constant for high temperature spin glass systems
with this technique.

Moreover, it has been recognized that a measure decomposition also provides a
joint distribution which can be used as a sampling algorithm. For instance, Montanari
and Wu [58] use a Gibb’s chain (alternating between conditional w and & draws in
the present notation) to sample from a Bayesian regression problem with spike and
slab prior. This problem has a natural quadratic structure, and thus can make use of
the Hubbard transform.

Measure decomposition exists outside of the use of a normal random variable and
the Hubbard technique, as studied in more generality in [29] and [28].

More broadly, there are a number of Markov Chain Monte Carlo algorithms that
make use of an auxiliary random variable for sampling, without changing the target
marginal measure. These include the Swendsen—Wang algorithm with a spin variable
and an auxiliary bond variable [64]; the Hamiltonian Monte Carlo algorithm with
a velocity variable and an auxiliary momentum random variable [13]; the Data Aug-
mentation Gibbs Sampling algorithm arising in Hierarchical Bayes models with latent
variables [65]; the Stochastic Localization algorithm where the Markov chain moves
are motivated by a representation of the target random variable through an auxiliary
martingale model [20,27,57]; and the Proximal Sampling algorithm with a proximal
random variable serving as an auxiliary [19,41]. The Proximal Sampler perhaps bears
the most resemblance to our method here. To sample a density p(w) e~ VW) define
a new random variable

pl&tw) ~ N (w, 31)

for a small value of A. Then sample joint density p(w) p(§|w). The method is a Gibb’s
sampler which alternates between sampling the conditional density p(&|w) which is
a simple normal with small variance, and then the conditional density p(w|§) via a
rejection algorithm called the Restricted Gaussian Oracle (RGO) [49]. Any of these
methods may be viewed as a sampling algorithm taking advantage of a specific mea-
sure decomposition, or specific joint density.

As we show in this work, the use of measure decomposition is not restricted to
densities with a predefined latent structure (for Gibbs sampling) or densities with a
quadratic term in them (providing a candidate for the Hubbard transform). Function-
ally, coupling with a normal forward auxiliary random variable introduces a negative
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definite corrective term to the Hessian of the log-density, much the same as proximal
sampling. Thus we are in essence constructing a measure decomposition “by force”,
defining the forward coupling we want and then deducing the reverse coupling and
induced marginal density from the resulting joint density. The main difference with
other techniques is the enforcing of the log-concavity of the reverse coupling and the
induced marginal, allowing for provably rapid one pass sampling of each, rather than
repeated alternating sampling of the conditionals.

Measure decomposition also has connections with the field of score based diffu-
sion models [62]. Score based diffusions propose starting with a random variable w’
from the target density p(w’), and then defining the forward SDE

dwt = —W¢ dt + \/EdBt

At every time 7, this induces a joint distribution on p(w’, w;) under which the forward
conditional distribution p(w;|w’) is a Gaussian distribution with mean being a linear
function of w’. Paired with this forward SDE is the definition of a reverse SDE that
would transport samples from a standard normal distribution to the target distribution
of interest. The drift of the reverse diffusion is defined by the scores of the marginal
distribution of the forward process V log p;(w;). If these scores can be computed, the
target density can be sampled from.

As is the case in our mixture model, the scores of the marginal are defined by
expectations with respect to the reverse conditional p(w’|w;). For some thresholds 7,
15, for small times ¢ < 1; the reverse conditionals p(w’|w;) are log-concave and
easily sampled. For large times ¢ > 1, the marginal density p;(w;) is approaching
a standard normal distribution and thus will become log-concave. If 7, < 71, these
two regions overlap and the original density p(w’) can be written as a log-concave
mixture of log-concave components

p(w') = / (0’ |we)pe (r) dw.

Thus, the entire procedure of reverse diffusion can be avoided and a one shot sample
of w; from its marginal p;(w;) and a sample from the reverse conditional p(w’|w;)
can computed. A variation of this idea is the core procedure we use in this paper,
simplifying the processes of a reverse diffusion into one specific and useful choice of
joint measure with an auxiliary random variable.

We highlight that the score of the marginal density V log p*(§) is not given as
an explicit formula, however it is defined as an expectation with respect to the log-
concave reverse conditional for p*(w|&) noted in Corollary 4.6. Thus, the score of the
marginal can be computed as needed via its own MCMC sub-routine.

Here we briefly review sampling literature for log-concave densities. Our density
p*(wl|€) is a weakly log-concave density constrained to a convex set, while p*(§)
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is a strongly log-concave density also restricted to a convex set. For p*(w|§), the
log of the conditional density only depends on the weight vectors w through their
interaction with the data matrix Xw. The vectors w are d-dimensional with d > N,
thus for any direction orthogonal to the rows of the data matrix the log of the density
is flat and has 0 Hessian, hence this density is weakly log-concave. Nonetheless, [53]
shows Ball Walk and Hit and Run algorithms mix in polynomial time for weakly
log-concave densities on a bounded convex set. Recent results in [48] improve upon
these mixing time bounds. We note that with a strictly log-concave prior, strict log-
concavity of p*(w|&) would be forced. We also note, with different construction of the
auxiliary random variable &, it may be possible to force strict log-concavity in every
direction of p*(w|§) using a normal with a different mean and covariance matrix for
the forward coupling.

In terms of sampling the marginal p* (), we have a strictly log-concave distribu-
tion restricted to the convex set defined by B. The score V log p*(§) is expressed as a
linear transformation of E*[w|&] and thus can be computed as needed. If the support
set was not restricted, we could use Metropolis Adjusted Langevin Diffusion (MALA)
and achieve rapid mixing [26]. Instead, to deal with the boundary conditions we must
use techniques such as a barrier function [63] or other adaptations of sampling algo-
rithms to restricted support such as Dikin Walks [47] and Hamiltonian Monte Carlo
in a constrained space [46].

While in this work we focus on a Bayesian approach and use MCMC for sampling,
there have been a number of positive results for training neural networks by optimiza-
tion in specific instances. For classification problems with well-separated classes and
with rather large (potentially overfit) single-hidden-layer networks, [16] shows that
gradient descent with large step size converges quickly to an interpolating solution on
the training data (i.e. O training loss). The article [66] demonstrates this solution still
has good generalization risk via a form of “benign overfitting”, however this comes at
a cost of being susceptible to adversarial perturbations in specific directions that flip
model outputs [31].

Another approach to understanding optimization in very large neural networks is
to compare them to certain infinite width limits via the Neural Tangent Kernel [44].
With small random initialization and control on the number of gradient steps, gradient
methods quickly converge to a near interpolating solution [ 1,25,68]. Networks trained
in this regime approach regression with a fixed kernel determined by the covariance of
the gradient of the network at the random initialization. This is tantamount to a linear
regression onto a prefixed set of basis functions (the large eigenvalue eigenvectors of
the kernel).

A related perspective is in [21] which identifies this regime of an approximate lin-
ear model of small weights as “lazy” training, that does not allow the internal weights
to have much freedom to adjust the basis. Models trained in this regime can have poor
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generalization, compared to models trained in the more difficult non-lazy regime. In
contrast, we seek a procedure that performs as well as if the set of directions wy are
adapted to the observed data.

For very wide networks K > N, [51] shows neural networks satisfy a Polyak—
Lojasiewicz (PL) condition proving convergence of stochastic gradient descent to a
global minimizer of the loss function. This is an interesting phenomenon, however
without suitable parameter controls (such as £; controls), it is not clear if generaliza-
tion properties will be favorable in this setting for general function learning.

There are also several negative results [24,33,35] showing that training a single-
hidden-layer network to interpolation (0 training loss) is an NP hard problem. For
example, [67] shows that for a network of width K, interior weight dimension d, and
using the step activation function, there does not exist a polynomial time algorithm to
achieve average squared training error less than ¢ (K d )~3/2 for an absolute constant L.
It does not rule out in the noise free setting the possibility of computationally feasible
algorithms to achieve average squared error less than a constant times 1/ K.

In this paper, the authors have presented posteriors p(w) that sample all K neuron
weights wy,. .., wg jointly. However, the problem can also be constructed as a Greedy
Bayes procedure sampling one neuron weight at a time based on the residuals of
previous fits. The authors discuss these results in [7,11,55,56].

This paper also contains significant portions of Curtis McDonald’s PhD thesis,
which can be found at [55]. The thesis document contains more in depth analysis of
the points discussed here, and a complete look at the greedy approach to sampling.

6. Conclusion and future work

In this work, we study a mixture form of the posterior density for single-hidden-layer
neural nets. For a continuous uniform prior on the £; ball, we show the posterior
density can be expressed as a mixture with only log-concave components when the
total number of parameters Kd larger than C(BN)? for a constant C where f is the
inverse temperature and N is the number of data points.

There are a number of future directions for research. While we are able to give
computational control for this problem, no statistical guarantees are derived for this
choice of inverse temperature 8 < C(+/Kd /N), and a uniform prior. Other choices of
prior, aside from uniform and couplings, different from the normal forward coupling
we use here are currently under investigation. These methods may prove better at
connecting risk control and a mixture measure form of the target density, but use
many of the same ideas outlined in this work.

Further details of the sampling method must also be worked out. The choice of
sampling algorithm, hyper-parameter choices such as step size and the number of
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MCMC iterations, as well as technical details such as condition number have not been
addressed in this work. The choice of p we make is in a sense the “smallest” p that
forces p(w|€) to be log-concave by canceling out any positive definite terms in the
Hessian arising from non-linearity (that is, terms dependent on the second derivative
of the activation function). Larger choices of p can result in stronger log-concavity
for the reverse conditional distribution p(w|&) that can have sampling benefits.

The Holder inequality approach to upper bound the covariance Cov|[w|&] is most
likely not a tight bound. It is conjectured, for a constant A, the covariance of the prior
could upper bound the conditional covariance A Covp,[w] > Cov[w|&]. This would
require a lesser condition Kd > CBN to achieve log-concavity of p(§).

A. Additional technical proofs

A.1. Proofs for near constancy of Z(w)

In this section, we show the restriction of £ to the set B is a highly likely event under
the base Gaussian distribution, and Z(w) has small magnitude first and second deriva-
tives.

Proof of Lemma 4.2. We have the event

N
> xijik

i=1

B = : max
feim

<N+ ZS/de}-

We show that this event is likely for our conditionally independent Gaussian distribu-
tions for the &; . This proof follows from standard Gaussian complexity arguments.

The object we must bound is P(§ € B|w). If the §; x given w are independent
Normal(x; - wg, 1/p), we may arrange a representation using independent standard
normals Z; of dimension #n:

1
& = Xwr + —Z.
7

Each mean x; - wg is in [—1, 1] due to the weight vector having bounded £; norm
and the data entries having bounded value. Consider the complement of the event we
want to study. We wish for this event to have probability less than §:

N
P[max > N +z50ka | — }
Jk 0

N

> xijik

i=1
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where P is the probability using the normal distribution of ¢ given w. The max is
upper bounded by

max <N + max

lejél

Thus we can bound the larger probability event uniformly for w € (S f)K :

N
1 Xi iz
P|:H]12]1€X | Zl—l ]l\}l l=k| 2 Zg/de} S 8,

where the conclusion follows from a union bound and a Gaussian tail bound. [ ]

lej ik|-

l—l

Proof of Lemma 4.3. We provide upper bounds on the magnitude of the first and sec-
ond derivatives of the function Z(w) as defined in equation (4.7). Denote ® as the
standard normal cumulative distribution function (CDF) and ¢ as the standard normal
density function. Throughout the proof, recall that p(w|£) treats each &;  as indepen-
dent normal with §; x ~ Normal(x; - wg, 1/p) conditionally independent given w. The
absolute value of the gradient of Z(w) inner product with a vector u with blocks uy is

N K
lu-VyZ(w)| = ‘PE[; I;(Mk i) (&g — xi - wk)%(?mm} ‘ (A.1)
By Lemma 4.2, the set B has probability at least 1 — §. We note the following upper
and lower bounds on the Gaussian CDF, which is provided by the classical results of
Gordon [36]:
00 < )

x+1 / X
Consider the collections of all measurable sets D C R¥X such that P(§ € D) > 1—6.
This collection contains our original set B as an object in the class. Then, the absolute
value of the expected inner product in (A.1) is less than the maximum for any set D
in this class,

E[Y50 1 Y gimy 0tk 20) (i — xi - wi) L (©)[w]]|

max
D:P(teD|w)>1-8 1-6

(A.2)

Define the value

~_ Fﬁil Sk Otk - )2
Jo

Under the normal distribution for &, the integrand in question is a scalar mean 0 nor-
mal random variable with this variance,

N K
Z Z(uk - x;) (i x — Xi - w) ~ Normal(0, 7).

i=1 k=1
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Accordingly, since this random variable has mean zero, the expectation in (A.2) re-
stricted to D is the same as (minus) the expectation restricted to its complement D¢,
so the quantity of interest is

oo IEDSID S (e x) Gk — i wi) Lpe () w]
D:P(€D¢|w)<§ 1-36 '

When 0 < § < 1/2, an extremal set D€ is then seen to correspond to the upper tail
of this random variable having the specified probability. That is, the maximal value of
this expression is achieved with

De — {é : iy Yo 'jci)(éi,k — X Wk) 25},

P2 —

where, as before, z; is the upper 6 quantile of the standard normal with 1 — ®(z5) = 4.
(Because of the absolute value and the symmetry of the normal, we can also equally
well take the left tail, where the standardized normal is less than —zg.) From this
extremal D¢, we then have the upper bound

/;Oo zo(z)dz

using —z¢(z) = ¢’(z) and the fundamental theorem of calculus. By Gordon’s in-

- Vo Z(w)| < l’i

__ro
8 - 1 _ 8(p(28)7

equality,

o) < (20 + =) (1 - 0(p)).
s

which is not more than §(4/2log1/§ + 1) for § <1 — ®(1). This yields an upper
bound on our expression of interest:

-V Zw)| = L2 (2Tog175) + 1),

which notably goes to 0 as § — 0.
The Hessian is then a difference in variances,

N K
uT[VzZ(w)]u = —pZ Z(x,- cug)? (A.3)
i=1 k=1
N K
+ p? Var[z > (i -uk)gi,k|w,3]. (A.4)
i=1 k=1

Note that the &; x are independent with variance 1/p conditional on w, so if we did
not constrain to the set B, expressions (A.3) and (A.4) would cancel to 0.
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The object whose variance we take in (A.4) is a linear function of &, and £ is a
normal random variable given w with diagonal covariance matrix 1/p. By an appli-
cation of a Brascamp-Lieb inequality (see, for example, [15, Proposition 2.1]), we
would have an upper bound on this variance by the norm square of the vector with
entries x; - uy, divided by p, which times p? is exactly expression (A.3). Thus, the
term (A.4) is less than or equal to the absolute value of term (A.3). So an upper bound
on the quadratic form is 0, that is,

u'[V2Z(w)Ju < 0.

We then compute a lower bound on the variance term in (A.4). Note a Cramer—Rao
lower bound is not applicable here since restriction to a compact set makes integration
by parts inapplicable due to boundary conditions. In particular, the expectation of the
score of a constrained distribution is not always 0.

Using a bias-variance decomposition, write the variance as a non-centered expec-
ted squared difference minus the square of the expected difference:

N K
Var[z > i upkiklw, B}

i=1k=1

(5
Nt
i

Mw

2
(xi - up)Eip — xi - wk)) lw, £ e B}

™=

2
(- x)(ElElw. & € B] — x; -wk)) (A5)

Mz
WEE

=1 1

Mz
= »

%

2
(i - ug) Gik — i 'wk)) L))W}} (A.6)

== P(¢ € Blw
5282
_ m(z log(1/8) + 3), (A.7)

where we have applied the previously derived bound on expression (A.5) along with

1\2 5 1
(Z§+_) ZZS +2+_,
Z§ Z§
which is not more than zf + 3 to deduce expression (A.7).
If we did not impose a condition on the set B, the expression (A.6) would be the
variance of a simple normal variable with variance 52. We will show restricting to B
still results in a value very close to 52.
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The set B has probability at least 1 — §. Then, the expectation in (A.6) restricted
to B is lower bounded by the minimum among sets D with P(§ € D) > 1 —6:

E[(i S (xs -k =i 0 ))213_@)|w]
Lo L i k ik i k P(?;-' c B|w)

. E[(% ) Yem (5 i) G e = xi - i) L () w]

~ D:P((eD|w)>1-§ 1-6

The integrand in question, as before, is the same normal variable now squared. The
minimizing set D* is then the set placing an upper bound on that expression:

o T S G i) e — i) T}

o

D*={.§:

for some value 7, the proper choice being T = zs/,, which achieves the specified
probability 1 — 6.

As an aside, we note this set D* can be deduced from the Neyman—Pearson
lemma [50, Theorem 3.2.1], comparing the distribution where each &; x has inde-
pendent normal with mean x; - wy and variance 1/p, to the distribution which has this
normal density times (ZIN=1 Zle(xi cuge) (i e — Xi - wi)2

We then integrate a squared normal on a truncated range and have a lower bound:

E(CN, YK (i -up) g — xi - wi)?1p (€)|w]
D:P(§eD|w)>1-§ 1-6
5:2 z8/2

= 22p(z) dz. (A.8)
1=6J 2,

To evaluate this integral use its complement set and symmetry of the normal pdf:

28/2 o0
/ 22p(z)dz =1 — 2/ 22p(z) dz.

—Z§/2 zZ§/2

Applying integration by parts, using (z¢(z))’ = —z2¢(z) + ¢(z), this is

o0

1+ 22<p(z)|2§/2 — 2/ p(z)dz =1—2z5/0(z5/2) — 6.

z§/2

Using z¢(z) < (z% + 1)(1 — ®(z)) (from Gordon’s inequality), which at zg5 is less

than (21og(2/8) + 1)8/2, this gives a lower bound for the expression in (A.8):
82

1-§

(1 —28(log(2/8) + 1)), (A.9)
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which converges to 52 as § — 0. We then combine expressions (A.4), (A.7), and (A.9)
to give a lower bound on the Hessian quadratic form:

uT[VZZ(w)]u
2

~ 1 )
> p?5? [—1 + m(l —258(log(2/8) + 1)) — m(ﬂog(l/(?) + 3)]

§ §2
= —p252|:1—_8(2 log(2/8) + 1) + m(z log(1/8) + 3)},

which converges to 0 as § — 0. This bound completes the proof.
For a refinement, one may use the expressions involving zs and zs/, directly:

uT[V2Z () Ju = p252[_1 ¥ (1= 2232(z52) — 8) - ﬁ(w(n))ﬂ

1 1 2
— —pzozm[zzb‘/z(P(ZS/Z) + m(‘/’(ZS)) } .

A.2. Log-concavity of p*(w|&) with conditioning on & in the set B

In this section, we show the conditioning of £ given w to the set B does not affect the
log-concavity of the reverse conditional much.

Proof of Theorem 4.4. We prove the reverse conditional is log-concave when restrict-
ing & to live in the set B. This proof follows much the same way as Theorem 4.1. The
log of p*(w|§) is given by

log p*(w[§) = —pL(w) + B*(§)

N K

- Z Z g(fi,k —wg - x;)? (A.10)
i=1 k=1

—Z(w)

for some function B*(§), which does not depend on w and is only required to make
the density integrate to 1. The term (A.10) is a negative quadratic in w which treats
each wy as if it were an independent normal random variable. Thus, the additional
Hessian contribution will be a (Kd) x (K d) negative definite block diagonal matrix
with d x d blocks of the form N

P Z X; xiT .

i=1
Denote the Hessian as
H(w|§) = VZlog p*(w(§).
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For any vector u € RX? with blocks 1y € R, the quadratic form u™ H (w|€)u can be
expressed as

2
Y (Z V(g xiue - x,)

i=1 k=1

K N
ZZ ug - i) [Bres; (w)er " (wi - xi) = p)] (A1)

—u (VZZ(w))u. (A.12)

Let us set p = (1 + g)a,CyV/K with positive ¢, so that it is at least a little bigger
than the original po. With € = 1 this is the p = 2p( assumed in the theorem statement,
but it may be of interest to explore other choices. By the assumptions on the second
derivative of ¥, we have

CyV
mr;ch(ﬂ res; (w)cx ¥ (W - Xi) — p) 5—8(12'8 II(V :
i,

so all the terms in the sum in (A.11) are negative. Recall from the definition of 52 that

K N
D0 k- xi)* =

k=1 i=1
Therefore, expression (A.11) is less than

BCnV 252:_ £ 25>
K l+e '

—(1+ s)e(az

By Lemma 4.3, for positive § < 0.158, a bound on the Hessian term from the correc-
tion function Z is

—uT(V2Z(w))u < pzazl%(z log(2/8) + 1 + 15T8(210g(1 /8) + 3)).

We recognize the right-hand side as p?62H(§), where H(8) = H,(8) + H»(8) is
given by

2
(1-6)

an expression that is monotone in § for the allowed range and tends to zero as § — 0.

H($) = 1878(2 log(2/8) + 1) + (2log(1/8) + 3),

Thus, term (A.11) plus (A.12) is less than or equal to p?5? times the following
quantity, which we want to be non-positive:

—? + H(S).
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If e =1, then ¢/(1 + ¢) is 1/2. Then by evaluation, —1/2 4+ H () is seen to be neg-
ative for § not more than 0.054, and less than —1/4 for § not more than 0.0242. This
completes the proof of the log-concavity of p*(w|€) for the specified p with ¢ = 1.

As long as H(§) < 1, which is so for positive § < 0.115, log-concavity can be
arranged by a suitable choice of ¢. Indeed, we see that e = H(§)/(1 — H(5)) makes
the expression —g/(1 4 &) + H(8) equal to zero. With this choice, we have

1+8:1——I-I(5)

This shows p*(w|§) is log-concave with p at least ps = po/(1 — H(8)), that is,

aj ,BCNV
1—-H@) K

pPs =

This allows p to be near the original pg for small §.
If we use the refined form of the bound on the Hessian of Z(w), the above expres-
sion for H(§) is replaced by the smaller value

H®) = 15 20 + 5 00) |

Accordingly, we can improve the result to obtain log-concavity for a larger range
of § (as H™*(8) remains less than 1 for § < 0.160 with no need to impose the restric-
tion that zg be at least 1), and this log-concavity is obtained for smaller p, at least

po/(1 — H*(8)). n

A.3. Proofs of bounds from the Holder inequality

In this section, we bound the two factors in the Holder inequality. First, we need a
supporting lemma.

Lemma A.1. For any vector x € [—1, 1] and any integer £ > 0, the expected inner
product with random vector w from the continuous uniform distribution on S ld raised
to the power 24 is upper bounded by

2t 1 (20)!
[(Zx’wf) ]_W o

Proof. The sum Z;izl xjw; raised to the power 2£ can be expressed as a sum using
amulti-index J = (1, ..., jo¢), where each j; € {1,...,d} and there are d>* terms:

f($m)')- 5, flooelfl]

J1seesjoe i=1
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For a given multi-index vector J, let (j, J) count the number of occurrences of the

value j in the vector
24

r(G. ) =Y Wi = j}h

i=1
Then for any multi-index, we would have

24 d
v = [Tw”
J
j=1

i=1

Abbreviate r; = r(j, J) for a fixed vector J, also note

d
er = 24.
j=1

Consider the expectation £ [1_[1—1 w /]. Due to the symmetry of the prior, if any of
the r; are odd, then the whole expectatlon is 0. Thus, we only consider vectors

7:(7'1,...,7'[1),

where all entries are even. If we fix the signs of the w; points to live in a given orthant,
then the distribution is uniform on the (d + 1)-dimensional simplex. Define

d
wasr = 1= |wjl,
j=1
then (|wy],...,|wq|, wg+1) has a symmetric Dirichlet (1,.. ., 1) distributionind + 1
dimensions. Note, a general Dirichlet distribution in d + 1 dimensions with parameter
vector & = (ayq,...,ag41) has a properly normalized density as
PO ie) ' “a+1-1
s S )
I T - =

Thus, the expectation of ]_[;-i=1 wjr-j with respect to a symmetric Dirichlet has the form
of an unnormalized Dir(r; + 1,...,74 + 1, 1) distribution. Thus, the expectation is a
ratio of their normalizing constants:

E[li[w’.’} _T@+ DI To+ 1) _ d' T !
1 or@+1+ gy @200
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The number of times a specific vector 7 appears from the multi-index J is
(20)!
d 9
[ =11

and thus we have

E[(éxjwj)%}z Z 1_[( ])r/ (2€)| [l_[w ]

7 even, —1 J j=1
> r,—ZZ

_eowy .
= @20 2 H(x’)

> rj—2€

@ e
T (d+20! 2 H( !
zr, ijef’ze
_ @) @+e-1)
= (d+20! ad—1)!
CdAt=1)-(d) 20! 120
TW@r2d+ ) (O S dta

(A.13)

where inequality (A.13) follows from each x < 1, thus each term in the sum is less
than 1, and there being (d’% 1) terms in the sum. ]

Proof of Lemma 4.10. We bound the first term in the Holder inequality depending
on the higher order moments of the prior. We have the unit vector u € R"X with
n-dimensional blocks ug. Define vectors in R? as vy = X ug, and the object we

study is
K 24
S
k=1

Use a multinomial expansion of this power of a sum and we have the expression

o = (2 ) o]

J1sensJK
> jrk=2¢
K
= X ( )H [0 - wi) ],
jl9]"5jK ‘]1’.”"]K k=1
> k=24

since the prior treats each neuron weigh vector wy, as independent and uniform on S {1 .
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By the symmetry of the prior, if any jj are odd, then the whole expression is 0, and
thus we only sum using even jj values:

24
Z (211,-. 2]1()

JLsensJK k=1
> k=t

:|>e

E[ (v - we)**]. (A.14)

Each vector vy is a linear combination of the rows of the data matrix

N
v = Z“k,ixi~

i=1
Define sx; = sign(ug,;) and o ; = |ug;|/||ux|1. We can then interpret the above
inner product as a scaled expectation on the data indexes:

N

ve - wie = (luelln) Y oS Xi - wi.
i=1

The average is then less than the maximum term in index i:

2jk
Ef (e w?] = (Jugl) ’kE[(Zak,sklxl w) |
i=1

”uk”l ]kzakz (xl wk)ZJk]

i=1
< (Ilux ||1)2jk max E[(x; - wk)2jk]

2je 1 (21!
< (lugll) ™ 5=,
(d)k Ji!
where we have applied Lemma A.1. We then plug this result into equation (A.14),

K

1 (20 1 2\ _ 1 (20)! = 2\
WT( Z (jl, -,jK)l_[(””k”l) )_WT(I;HMHH).

JLseeesJK s a k=1
ij—f

For each sub-block uy of dimension 7, we have |lug||? < n|lu||3, and since the full
vector ¥ is a unit vector, we have

K

2
D luell* =
k=1

which gives the upper bound
nt(24)!
de
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Via Stirling’s bound [61], we obtain
I\¢ AN
\/27%(-) e!/(26+1) <! < \/27%(-) el/12t
e e

Taking the £ root, we have

dt ¢! —d e
22+1/20
d

< ﬂﬁ 1/24+1/13—1 _ 1t 4nt
- d - f d’
Proof of Lemma 4.11. We bound the second term in the Holder inequality determined

by the growth rate of the cumulant-generating function. By the mean value theorem,
there exists some value 7 € [1,£/(£ — 1)] such that

L 1/¢
(”_(2_6)') / < ﬂ(2ze+1/z(f)eel/(zu)_l/(lzul))1/6

61/(2462)—1/(1262%)—1

N () = T + M@ o 1],

Rearranging, we can express the difference

£—1

4
ET ()~ T = (T (B — T,

By construction, I'¢(7) is an increasing convex function with I'¢ (0) = 0. Therefore,
I'¢(1) > 0 and we can study the upper bound
-1 14 1
——Te(—) ~Te() = (T @)
Te(goy) T = '@
Recall T'¢ (1), defined in equation (4. 14) is a cumulant-generating function of hN (w).
Thus, its derivative at T is the mean of / g(w) under the tilted distribution. The mean

is then less than the maximum difference of any two points on the constrained sup-
port set:

(Te) (%) = E[he(w)|g] = max  (he(w) — hg(wo)).

w woe(S K

By the mean value theorem, for any choice of w, wg € (S ld YK there exists a i € (S ld )K
along the line between w and wy such that

he(w) — he (wo) = Vayh (i) - (w — wo).
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For each k, the gradient in wy, evaluated at @ is

N
Vuy he (@) =Y (Bres; ()cxy’ (@ - xi) — pwic - Xi)xi (A.15)
i=1
N
+pB Y ikxi + Vo Z(w). (A.16)

i=1

Since |cx| < V/K and each |x; - Wx| < 1, with the choice p = 2a,8CNV /K, the
multipliers in the sum in (A.15), for each i, satisfy

ﬂCNV

Blres: (@)cx v (wi - xi) — 20 Y [y - 11| < (@1 + 2a2)

Likewise, we have
llx; - (wg — wor)|l1 < 2.

Accordingly, the inner product of wg — wgx with the first term of the gradient is

bounded as
N
~ ~ CnV
[,3 Z(resi (@)ex Y (W - xi) — 2az 11v< )Xi] - (wk — wo k)
i=1
CyVBN
<2(a; + 2@%. (A.17)

As for the second term, we have

N
D kx|
i=1

Our original restriction of & to the set B is specifically designed to control this term.
By definition of the set B, for all k, we have

ZE, kXij| < N+ /2log(2Kd/$) \/7

i=1

N
p[zgi,kxi] - (wg —wo,, ) < 2pmjax
i=1

max

Multiplying by 2p, it yields the bound on the second term of

2pN + 2+/pN /210og(2Kd /3)

4a,Cy VN 2a,Cn VBN
= azlg 2,222 % PN logKd)s). (A.18)
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For the final term, Z(w) is shown to have small derivative. By Lemma 4.3,

> Vi Z(w) - (wi — wo )
k

N K
<.Jp Z Z((wk — Wo k) -x,-)2 ISTS(Zlog(l/S) +1)

i=1k=1
<2 /p~vNK 18T8(210g(1/8) + 1)
=24/2a,Cny VBN %(210g(1/5) + 1). (A.19)

Summing using index k for the terms (A.17) and (A.18), and combining with the
term (A.19), we can upper bound (I'g)’(7) as

CnVBN(Q2a; + 8as)

+2y/2a,Cy VBN (\/2 log(2Kd/§)VK + l%(2 log(1/8) + 1)). (A.20)

The last part of order § log 1/§ is negligible compared to the other contributions. With
the assumptions d > 2 and K > 2, we find that for all values in the range 0 < § <
0.116, we have the inequality

1878(2 log(1/8) +1) < %\/2 log(8/8) < i\/z log(2Kd /$),

where the form of this bound is chosen for convenience in combining with the second
term of (A.20). This gives a bound on (I'¢)'(7) of

CNVBN(Qay +8a2) + v2a;Cy VBN 210g(2Kd/5) (VK + %)

Finally, dividing by £ gives the upper bound on (({ — 1)/£)T¢(£/(£ — 1)) — T'e(1)
as claimed:

%[CNV/BN(M +8az) + v2a2Cn VBN ¢1og(21<d/5)(ﬁ + %)}

When convenient, we also use that v/ K + 1 /4 is not more than +/1.4K for K >2. m

If in place of p we use

o Cn BV
T1-H®O® Kk

0s
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defined in the proof of Theorem 4.4, with the multiplier 1/(1 — H(8)) in place of 2,

then we have a refined bound valid for all § with H(§) < 1 (which includes values
of § less than 0.115). This refined bound on ((£ — 1)/€)Te(£/(£ — 1)) — T¢(1) is

1
. |:CNV/3N(2a1 e )

+\/ H(S)aZCNV,BN V102K d/3) («/_+ )}

It provides smaller bounds when § is less than 0.054, that is, when H(§) < 1/2. Armed
with this pg, in Lemma 4.11 and in Theorem 4.12 we would use

1 1
Ayg =2 4—— a3, Aps=2.,)—
L§ = 241+ 4 HE) az 2,8 1= HEG) az

in place of A; and A, respectively. In particular, we would plug these in to provide
an improved A3 in Theorem 4.12 .

While primarily studying the properties of p*(§), it could be of interest to know
whether p(£) is log-concave at least for the relevant part of its domain when £ is
in B (see the implications below). Accordingly, we can also control the conditional
variances using p(w|§) instead of p*(w|§).

Toward that end, the analysis above also bounds the second factor of the Holder
inequality, for £ in B, when the cumulant-generating functions uses p(w|&). The only
difference is the absence of the Z(w) factor, so that there is no |VZ (W) - (w — wy)|
part. Then there is no (25/(1 — §8))(21og(1/8) 4+ 1) part in the above bound, and
the final displayed constant is improved with +/K in place of +/1.4K, allowing log-
concavity for a slightly larger range of K.

For certain choices of the parameters, it could happen that p*(w|€) or p* () are
not log-concave, while p(w|€) and p(§) are log-concave for £ in B. When that hap-
pens, it is still possible to establish rapid mixing using certain samplers from p*(w|§)
and p* (&) via establishment of log-Sobolev properties, as discussed in the next sec-
tion.

A.4. Log-Sobolev analysis

Note that the Z(w) is log p(§ € B|w). Since it is log of a probability it is at most 0.
Lemma 4.2 gives a lower bound, so Z(w) has the following bounded range:

log(1 —6) < Z(w) < 0.
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Recall the density p(w|§) analyzed in Theorem 4.1 without the Z(w) correction,
and using the original p = pg (with multiplier 1). This density p(w|£) is weakly log-
concave and it has support contained within the Euclidean ball B(0, K) of radius K,
since each neuron weight vector has independent bounded 1 norm. As such, p(w|§)
has control on its log-Sobolev constants via standard theory as we discuss here.

Consider all smooth functions f, that is, all bounded functions with bounded
derivatives. For a density u, the log-Sobolev constant Crg(u) is the smallest con-
stant C such that for all smooth f, we have

Ent, (f) = Eu[f?In(f)] = Eu[f?1In(Enlf?]) = CEL[IVfP?].

Equivalently, the Kullback divergence from p of distributions with density w.r.t i of
the form g = £ is upper bound by a constant times the relative Fisher Information.
The seminal conclusion of Bakry—Emery [3, 4] established that strongly log-concave
densities have a log-Sobolev constant. Interestingly, when the support is bounded,
weakly log-concave densities also have an identified log-Sobolev constant determined
by the squared radius of the support.

Lemma A.2 ([14, Corollary 2.3]). For any log-concave measure with support con-
tained within the Euclidean ball B(0, r) of radius r, the log-Sobolev constant is upper
bound by 10r2.

Control of a log-Sobolev constant is a standard condition for rapid mixing of
various MCMC algorithms, so we want to understand the log-Sobolev constant of
the measure p*(w|&) which includes the Z(w) term. In this section, we allow p
to be the original pg, so we are not accounting for the Hessian of Z(w) (so we
do not necessarily have log-concavity of p*(w|§)). Nevertheless, the Z(w) may be
thought of as a small magnitude correction to the otherwise concave exponent, as
quantified by Lemma 4.2. This concave exponent is not necessarily strictly concave,
especially when d > NK, leading to choices of direction # where the individual u - x;
in the Hessian quadratic form are zero. Nevertheless, the £; constraint sets for wg,
fork =1,..., K,lead to w being contained in a Euclidean ball of radius K, for which
we have the quantified log-Sobolev constant. As such, a log-Sobolev constant for the
distribution with density p*(w|&) can be given as an application of [14] together with
the perturbation lemma of Holley—Stroock ([17, Theorem 1.1], [39]).

Lemma A.3. Since p*(w|€) is a bounded perturbation to the original p(w|§) den-
sity, with their ratio between 1 — § and 1/(1 — 8) and support in B(0, K), it follows
that for each &, the log-Sobolev constant of this density is upper bounded by

* 1 2
Crs(p*(1§)) = 7—510K>.
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The same strategy can be applied to the analysis of the marginal density p*(£),
which has the bounded support set B. Within B this p*(§) can be seen to be a pertur-
bation of the density p(£). Indeed in B, we have

p*® _ [ pw)pElwe ™ n(dw)
p©) [ pw)pElw)n(dw)

which we recognize as
[ ptwlre e niaw)

Accordingly, this ratio is between 1 and 1/(1 — §), which shows the perturbation
property. As for the log-concavity of p(£) on the subset B, this holds when

,oVarp[v(w)|.§] <1.

As developed above, this can hold for a slightly larger range of values of K than for
the log-concavity of p* ().

It follows that when p(§) is log-concave on the subset B, then p*(§) also has
a log-Sobelev constant of not more than 10r2/(1 — §), where r is the radius of the
smallest ball containing B. The set B constrains

§= (& i €[l,N]k [1,K])

by requiring each column & = (§; . ....&n k)’ to be in the polygonal region deter-
mined by d pairs of linear inequality conditions of the form | ), x; ;& | being less
than a specified value. There is a pair of such conditions for each j € [1,d]. So, with d
greater than N, there is the potential for enough linear constraints such that the set B
is bounded. However, this depends on the nature of the design

X = (xi,j S [I,N],j € [1,d])

Rather than tackle that complication for the sake only of obtaining a log-Sobolev
property, we have preferred in this paper to be slightly more restrictive regarding the
allowed parameters such as d and K and obtain the stronger property of strict log-
concavity of p*(§) directly.

A.5. Alternative strategy to show log-concavity of p* (&)

There is a slight variant of our approach to establishing the log-concavity of p*(§)
that is worthy to mention. One can show that for £ in B, the variance Var,«[v(w)|§]
is not more than Var,[v(w)|&]/(1 — §), using the fact that

PRl _ 1
pwlg) ~1-8
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So we get the strong log-concavity we want for p*(£) by a simpler variance calcula-
tion showing that

,oVarp[v(w)E] < (1-19)

for £ in B. This can be established by the assumption

A3 5(BN)?

Kd
T 1=s

with a smaller A3 s that replaces the 1.4 factor with 1. With small 6, Kd satisfies this
property more generally than before. This approach has the advantage that the Z(w)
term has been removed for the variance calculation using p(w|€), so that there is
no need to control VZ(w) in the variance bound. Nevertheless, it remains the log-
concavity of p*(§) that is being established in this way, and the Z (w) factor is needed
in the formulation of the p*(w|&) from which we sample in the log-concave coupling.
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