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Asymmetric graph alignment and the phase transition for
asymmetric tree correlation testing

Jakob Maier and Laurent Massoulié

Abstract. Graph alignment – identifying node correspondences between two graphs – is a fun-
damental problem with applications in network analysis, biology, and privacy research. While
substantial progress has been made in aligning correlated Erdős–Rényi graphs under symmetric
settings, real-world networks often exhibit asymmetry in both node numbers and edge den-
sities. In this work, we introduce a novel framework for asymmetric correlated Erdős–Rényi
graphs, generalizing existing models to account for these asymmetries. We conduct a rigor-
ous theoretical analysis of graph alignment in the sparse regime, where local neighborhoods
exhibit tree-like structures. Our approach leverages tree correlation testing as the central tool in
our polynomial-time algorithm, MPALIGN, which achieves one-sided partial alignment under
certain conditions.

A key contribution of our work is characterizing these conditions under which asymmetric
tree correlation testing is feasible: If two correlated graphs G and G0 have average degrees �s
and �s0 respectively, where � is their common density and s; s0 are marginal correlation parame-
ters, their tree neighborhoods can be aligned if ss0 > ˛, where ˛ denotes Otter’s constant and �
is supposed large enough. The feasibility of this tree comparison problem undergoes a sharp
phase transition since ss0 � ˛ implies its impossibility. These new results on tree correlation
testing allow us to solve a class of random subgraph isomorphism problems, resolving an open
problem in the field.

Contents

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 248
2. Setting and random graph model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 253
3. From graphs to trees and back . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258
4. Tree correlation testing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 270
5. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 290
A. Deferred proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 332

Mathematics Subject Classification 2020: 05C80 (primary); 62B10 (secondary).
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1. Introduction

For a pair of simple graphs .G;G0/ with randomly labeled node sets .V;V 0/, there are
several prominent questions about the joint structure of G and G0:

• Are they structurally identical in the sense that there is a bijective function be-
tween V and V 0 mapping edges to edges and non-edges to non-edges? This is the
graph isomorphism problem (GIP).

• Can G be embedded as a subgraph of G0, meaning that there is an injective map-
ping V ,! V 0 preserving the presence of edges? This is the subgraph isomorphism
problem (SIP).

• Without any assumption on the graphs, which one-to-one mapping between their
nodes maximizes edge overlap? This is the graph alignment problem (also called
graph matching problem) formulated as an instance of the quadratic assignment prob-
lem (QAP): Denoting the adjacency matrices of G and G0 as A and A0, this problem
reads

�QAP 2 arg max
� WV!V 0;
� injective

X
i;j2V

Ai;jA
0
�.i/;�.j /: (QAP)

These three problems are increasingly difficult since solving one yields a solution for
the ones listed above. While graph isomorphisms can be found in quasi-polynomial
time [5], the subgraph isomorphism problem is NP-hard since it can detect a Hamilton-
ian path by taking G to be the cycle of length jV 0j. Even more difficult is (QAP),
which solves the traveling salesman, k-clique, and subgraph isomorphism problems,
among many others [12].

While aligning graphs is NP-hard in the worst case, real-world questions are not
necessarily of this complexity. Applications typically consider instances of the graph
alignment problem somewhere on a spectrum between hard QAP and easy GIP, poten-
tially allowing for polynomial time algorithms to recover node correspondences.

To model this interpolation between finding simple isomorphisms and solving
worst-case QAP, a line of research initiated by [42] has considered G and G0 cor-
related random graphs. This can be seen as an average case analysis of the graph
alignment problem, allowing statistical tools to be used. In contrast to the QAP formu-
lation, this approach supposes the existence of a true node correspondence ��WV !V 0

planted into the model. The goal of planted graph alignment is to find an estimator y�
which coincides with �� as much as possible.

The existing theory on correlated random graph alignment supposes thatG andG0

have identical node quantities and the same expected edge numbers. This symmetric
framework is restrictive in many applications: Protein interaction graphs [2] have dif-
ferent edge densities across species, brain graphs [47] have different node numbers,
and social network analysis requires the retrieval of subgraphs within a big graph [23].
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The present paper addresses all of these issues by introducing the novel, more
general framework of asymmetric correlated Erdős–Rényi graphs, which allows for
varying edge densities and differing node numbers. This model can be seen as an
average-case interpolation between (QAP) on the one hand, and the subgraph isomor-
phism problem (SIP) – which is strictly more difficult than the GIP – on the other
hand.

In this work, we consider sparse graphs with constant average degree, a regime
where one cannot recover all node correspondences. We focus on the notion of one-
sided partial alignment where the goal is to recover a significant portion of node
matchings while making a vanishing fraction of errors.

A detailed discussion of the sparse setting is provided in Section 2.1, along with
a formal description of the random graph model. For this introductory overview, we
give the following definitions:

• Erdős–Rényi model. A random graph G � ER.n; p/ consists of n nodes where
each edge between distinct vertices exists independently with probability p.

• Parameters. The correlated asymmetric model is parametrized by a global density
level � > 0 and correlation parameters s; s0 2 Œ0; 1�.

• Correlated asymmetric model (informal description). Given an intersection graph
G� � ER.n�; �ss0=n�/, we add edges and nodes twice independently: Once to
obtainG �ER.n;�s=n/ and once to getG0�ER.n0;�s0=n0/. The vertex counts n,
n0 are coupled through n�, while the graphs G, G0 are correlated through G�.

This enables an informal presentation of our main results.

Theorem 1.1 (Main results – informal statement). For a pair of sparse asymmetric
correlated Erdős–Rényi graphs .G; G0/ with parameters � > 0 and s; s0 2 Œ0; 1� the
following statements hold:

(i) The polynomial time algorithm MPALIGN achieves one-sided partial align-
ment under the condition that asymmetric tree correlation testing is feasible
(see Theorem 3.10).

(ii) There is a sharp phase transition for the feasibility of asymmetric tree corre-
lation testing around ˛� 0:338 known as Otter’s constant: Testing is possible
if ss0 > ˛ and � > �0.s; s0/; it is impossible if ss0 � ˛ (see Theorem 4.10).

Taking s < 1 and s0 D 1, our model allows G to be a random subgraph of G0. To
our knowledge, we contribute the first polynomial-time algorithm to solve this random
instance of the SIP. The question about isomorphisms of random graphs is motivated
by the work of Babai and Bollobás [6, 9] on efficient canonical labeling algorithms
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that solve (GIP). Extending these results to random subgraph isomorphisms is an
open problem raised in personal communication with Jiaming Xu.1 We provide an
answer to one instance of that problem.

1.1. Related work

Applications. Research on graph alignment is motivated by a diverse set of applica-
tions [15], and has gained popularity through the success in network de-anonymiz-
ation and consequent privacy breaches during the late 2000s [39, 40]. Researchers in
various disciplines have developed graph alignment algorithms for their specific use,
such as aligning protein interaction graphs [2, 45], enabling computer vision [7, 16],
natural language processing [29], and cell biology [13].

Graph alignment theory. The rigorous theoretical study of graph alignment algo-
rithms was spearheaded by the introduction of correlated random graphs in [42]. The
correlated Erdős–Rényi model has since then been thoroughly explored, essentially
from two points of view: Information theoretically – under which parameters is align-
ment feasible? [17,18,36,50], and computationally – which polynomial algorithm can
retrieve an alignment? [4, 22, 24, 37, 51, 52]. All of these papers have in common that
they consider either the dense regime or the intermediate regime where the average
node degree acrossG andG0 is growing with the number of nodes. In a notable recent
advancement, [21] presents a polynomial-time alignment algorithm for the case with
an average degree barely above constant.

Asymmetry. We present one of the first theoretical results on asymmetric graph
alignment, but this question has sparked interest in related fields. One example origi-
nates from the optimal transport community, where Unbalanced Gromov–Wasserstein
alignment allows one to compare networks of different sizes [44, 47]. Another exam-
ple comes from random graph theory and probabilistic subgraph matching [11, 43].
Since our work allows for G to be a subgraph of G0, our results enable the matching
of such graphs.

To our knowledge, only the authors of [33] conduct a thorough theoretical anal-
ysis of graph alignment in the setting with differing node numbers. Their notion of
partially correlated Erdős–Rényi graphs resembles our correlated graph model but
leaves out varying edge densities, and no polynomial matching algorithm is provided.

Sparsity. A branch of research spearheaded by [19,20,30] has focused on the sparse
regime, where the average node degree remains constant. In this setting, Erdős–Rényi

1J. Xu, personal communication at MiFODS workshop, MIT (Cambridge, MA, USA),
August 19–22, 2019.
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graphs are disconnected, making graph matching impossible outside the giant com-
ponent [26]. However, the local tree-like structure of such graphs has led to intriguing
questions about tree correlation testing for graph alignment [25], which were largely
resolved in [27, 28]. Complementarily, [37] proposes an algorithm which uses partic-
ular rooted-tree substructures called chandeliers. This approach yields zero-mismatch
partial alignment guarantees around Otter’s constant in the sparse regime, while also
being applicable to denser regimes.

1.2. Main contributions

We introduce the novel asymmetric correlated Erdős–Rényi model and extend the
main results of [27] and [28] to that setting. This extension is non-trivial and yields
a substantially stronger result. Notably, the phase transition in (ii) of Theorem 1.1
depends only on the product ss0. This simplicity enables a broader interpretation: the
density of one graph can compensate for the sparsity of the other, a regime strictly
harder than those considered previously. Moreover, local methods, as used here, nat-
urally accommodate asymmetry. This is unlike spectral or first-order optimization
approaches, which typically require both graphs to have the same number of nodes.

The non-triviality of this generalization is already apparent in the likelihood ratio
diagonalization formula (Theorem 4.7), which differs meaningfully from [28, Theo-
rem 4]: In our case, the functions f are parametrized by .�s/ and .�s0/, not just �.
This asymmetry propagates through the subsequent proofs, requiring considerable
care and new work. We therefore make explicit many technical details omitted in [27]
and [28] and adjust the presentation for greater transparency. While these generaliza-
tions may seem natural in hindsight, executing them rigorously is a main contribution.

To further illustrate how this work goes beyond a direct generalization of [27]
and [28], we list some major novelties:

(a) Theorem 3.10 uses concentration of node count measures, distinguishes be-
tween matchable and unmatchable nodes, and adjusts the “dangling tree”
argument (see Lemma 3.7). None of these are necessary in the symmetric
setting.

(b) Lemma 3.11 replaces the 9-line argument in [28, Appendix C.3] with a 7-page
proof using graph exploration techniques, correcting an oversight in the earlier
treatment of joint graph laws.

(c) Theorem 4.7 and Lemma 4.13 carefully handle convergence of countable
sums over unlabeled trees – a crucial subtlety in the asymmetric setting.

Preliminary results appeared in the workshop paper [35]; this document presents a
complete and significantly extended version.
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1.3. Organization of the paper

Section 2 introduces our asymmetric correlated Erdős–Rényi model in the sparse
regime and formalizes the recovery target, namely one-sided partial alignment.

Section 3 then reduces graph alignment to a local comparison of neighborhood
trees and presents our polynomial-time algorithm MPALIGN, establishing algorithmic
guarantees in Theorem 3.10. This corresponds to point (i) of Theorem 1.1.

Finally, Section 4 studies the underlying asymmetric tree correlation testing prob-
lem: It derives the feasibility condition, proves the sharp phase transition stated in
Theorem 4.10, and thereby identifies the parameter regime in which MPALIGN suc-
ceeds. This corresponds to point (ii) of Theorem 1.1.

Section 5 concludes and the Appendix A collects deferred proofs.

1.4. Notations

Let N D ¹0; 1; 2; 3; : : :º and write N>0 D N n ¹0º. For k 2 N>0, define Œk� WD
¹1; : : : ; kº and denote the sum over all injective mappings from Œk� to Œn� asX

� W Œk�,!Œn�

:

For a; b 2 R, let a ^ b WD min.a; b/. The complement of a set S is denoted Sc . For
a graph G, denote its vertex set V.G/ and write i 2 G as a shorthand for i 2 V.G/.
Summing over the nodes of a tree t is denoted

P
i2t . The distance between i; j 2G is

distG.i; j / WD inf
®
length.p/ j p is a path in G connecting i and j

¯
:

Given two probability measures P ;Q on a probability space .�; F /, denote their
product measure P ˝Q and their total variation distance

dTV.P ;Q/ D sup
A2F

jP .A/ �Q.A/j:

For n2N, p 2 Œ0;1�,�> 0, let Bin.n;p/ and Poi.�/ denote the binomial and Poisson
distributions. If B � Bin.n; p/;X � Poi.�/, write ��.k/ WD P .X D k/ and recall

��.k/ D e
���

k

kŠ
; P .B D k/ D

�
n

k

�
pk.1 � p/n�k for all k 2 N:

To describe asymptotic behavior of expressions f; gWN ! R n ¹0º, we use

f .N / 2

8̂<̂
:

O.g.N //

‚.g.N //

o.g.N //

9>=>; ”
8̂̂<̂
:̂
f .N /=g.N / is bounded above;

f .N /=g.N / is bounded above and below;

limN!1 f .N /=g.N / D 0:



Asymmetric graph alignment and tree correlation testing 253

2. Setting and random graph model

In this section, we introduce a novel model of correlated random graphs that allows
for varying edge densities and different numbers of nodes. We subsequently introduce
the overlap, which quantifies agreement with the planted alignment, and the notion of
one-sided alignment, which captures our recovery objective.

2.1. Asymmetric correlated Erdős–Rényi graphs

The simplest way to describe the law of two asymmetric correlated Erdős–Rényi
graphs .G;G0/ is to algorithmically detail their sampling process.

For this, fix a node number N 2 N and a density parameter � > 0. Further-
more, define node correlation parameters q;q0 2 Œ0;1� and edge correlation parameters
r; r 0 2 .0; 1�. Two correlated random graphs G;G0 are sampled as follows:

(1) Let n� � Bin.N; qq0/ and sample G� � ER.n�; rr 0.�=N//, which we refer
to as the intersection graph.

(2) Take nC � Bin.N; q.1 � q0// and add nC isolated nodes to G�, which now
has a total of n WD n� C nC nodes. Then, independently for each newly added node v
and every already present node w 2 Œn� n ¹vº, add an edge connecting v and w with
probability rr 0�=N . This process is called node augmentation.

(3) Next, independently for each pair of unconnected nodes v ¤ w 2 Œn�, con-
nect them with probability r.1 � r 0/�=N . This process is called edge augmentation.
Call G the graph resulting from steps (2) and (3).

(4) Repeat steps (2) and (3) independently with parameters n0C�Bin.N; .1�q/q0/
and edge augmentation probability .1 � r/r 0�=N . Let n0 WD n� C n

0
C and call the

resulting graph G0.

All four steps are illustrated with an example in Figure 1.
This sampling process yields two asymmetric correlated Erdős–Rényi graphs G

and G0 whose joint law shall be denoted as CER.N; �; q; q0; r; r 0/. We define their
global correlation parameters as

s WD qr and s0 WD q0r 0;

which lets us write .G;G0/ � CER.N; �; s; s0/. This notation hides how precisely the
graphs are correlated, but we will later see that .s; s0/ alone determines whether our
alignment algorithm works, ignoring the precise value of .q; q0; r; r 0/.

Since EŒn� D qN and EŒn0� D q0N , the marginal distributions of both graphs are

G � ER
�
n;

�s

EŒn�

�
and G0 � ER

�
n0;

�s0

EŒn0�

�
(2.1)



J. Maier and L. Massoulié 254

G� � ER.n�; rr 0�=N/

Gnodes � ER.n; rr 0�=N/ G0nodes � ER.n0; rr 0�=N/

G � ER.n; r�=N/ G0 � ER.n0; r 0�=N/

n� � Bin.N; qq0/

Node augmentation:
Bin.N; q.1� q0//
nodes added and
connected with
probability �rr 0=N

Node augmentation:
Bin.N; q0.1� q//
nodes added and
connected with
probability �rr 0=N

Edge augmentation:
Add with probability
r.1� r 0/�=N

Edge augmentation:
Add with probability
r 0.1� r/�=N

Figure 1. Sampling process of .G;G0/� CER.N;�; q; q0; r; r 0/. Nodes and edges added during
the augmentations are red and blue, respectively.

with expected average degrees EŒn�s=EŒn�� D �s and EŒn0�s0=EŒn0�� D �s0. Since
these average degrees are constant, G and G0 are called sparse Erdős–Rényi graphs:
their adjacency matrices contain a constant number of entries in each column.

Remark 2.1. When q D q0 D 1, both graphs have the same deterministic node num-
ber n D n0 D N . Therefore, the only difference between G and G0 are the average
degrees �s and �s0. This is what [35] refer to as the varying edge densities setting.

In the case where r D r 0 D 1, there may be different node numbers in G and G0,
but each pair of nodes in both graphs is connected with the same probability �r=N .
However, unless q D q0, their expected average degrees are different, equal to �q
and �q0, respectively. This is what [35] refer to as the differing node numbers setting.
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Our definition of CER.N;�;q; q0; r; r 0/ therefore combines both models from [35]
into one comprehensive asymmetric Erdős–Rényi model with differing node numbers
and varying edge densities at the same time.

Remark 2.2. There are many ways of defining CER.N; �; q; q0; r; r 0/; here, we have
chosen to start with an intersection graph G� before performing node and edge aug-
mentations. Note that an identically distributed pair of random graphs could equiv-
alently be obtained by starting with a master graph yG � ER.N; �=N/, followed by
independent node and edge deletions. We refer to [35] for details on the deletion pro-
cedure; one can easily verify that both algorithms sample from the same distribution.

2.2. True node correspondences

The planted graph alignment problem consists of retrieving correspondences between
the nodes of two graphs. Given a pair .G;G0/ � CER.N; �; q; q0; r; r 0/ from our gen-
erative model, there exists a hidden partial mapping between the nodes of G and G0,
namely via the nodes inherited from G� that both graphs have in common.

To formalize this, we randomly label the nodes of bothG andG0 with labels in Œn�
and Œn0�, respectively (for instance, by choosing the node with number 1 uniformly at
random, then picking a second node among the remaining ones, etc.). Then, there are
two node subsets V� � Œn�, V 0� � Œn

0� of size n� and a bijective map ��W V� ! V 0�,
which relates all pairs of nodes shared by G and G0.

Remark 2.3. In the setting q D q0 D 1 where both graphs have n nodes, one has
V� D V

0
� D Œn� and �� is a permutation of Œn�. If we use the same node labeling forG�

and G, “forgetting” these labels would formally consist of sampling �� uniformly
among all permutations of Œn� and then labeling the nodes of G0 as ��.1/, ��.2/, and
so on.

Remark 2.4. A key novelty of the CER.N; �; q; q0; r; r 0/ model is step 2 in the sam-
pling process, which allows for different node numbers in both graphs. Omitting this
step by picking q D q0 D 1, one recovers the correlated Erdős–Rényi model typically
studied in the literature. Due to the deterministic node numbers in this setting, one can
more easily define G and G0 via their adjacency matrices A and A0: Their correctly
permuted entry pairs .Aij ; A0��.i/��.j // are independent tuples of Bernoulli variables
with joint distribution

�
Aij ; A

0
��.i/��.j /

�
D

8̂̂̂̂
<̂
ˆ̂̂:
.1; 1/ with probability .�=n/ss0;

.1; 0/ with probability .�=n/s.1 � s0/;

.0; 1/ with probability .�=n/s0.1 � s/;

.0; 0/ with probability 1 � .�=n/.s C s0 � ss0/:
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For q D q0 D 1, if one additionally supposes r D r 0, we recover the “standard” corre-
lated Erdős–Rényi model first introduced in [42] and studied extensively, for example,
in [27]. In the latter paper and most literature, the parameter � corresponds to �=r in
our model.

One speaks of planted graph alignment since the objective is to recover ��, which,
by construction, is metaphorically planted into the model, together with the intersec-
tion graph G�. This objective requires us to define an alignment estimator consisting
of two sets yV � Œn�, yV 0 � Œn0�, which ideally contain the nodes of G�, together with a
bijective map y� W yV ! yV 0 matching nodes in G with nodes in G0. Such an estimator,
therefore, consists of the triplet .y�; yV ; yV 0/, but we will often just write y� to denote all
three objects.

We introduce the following performance indicator to measure if such a y� is close
to the true matching ��.

Definition 2.1 (Overlap). For an alignment estimator y� W yV ! yV 0, define its overlap
with the true matching ��WV� ! V 0� as

ov.y�; ��/ WD
1

n�

X
i2 yV\V�

1y�.i/D��.i/:

Since n� D jV�j, the overlap measures which proportion of the relevant nodes
is correctly matched by y� . This tells us how well y� acts on the true node set but
is entirely agnostic to what the estimator does outside of V�. Consequently, another
quantity is required to measure how well y� identifies V� and how many errors it
commits in a matching.

Definition 2.2 (Error fraction). For an alignment estimator y� W yV ! yV 0 , one defines
its error fraction as

err.y�; ��/ WD
1

n

X
i2 yV

1i 62V� or y�.i/¤��.i/:

The goal of planted graph alignment is to find a y� that can be computed in poly-
nomial time and maximizes the overlap while keeping the error fraction low. For our
specific case, we formalize this goal as follows.

2.3. One-sided partial alignment

When seeking to align a pair .G; G0/ of sparse correlated Erdős–Rényi graphs, it
is impossible to recover �� completely. The reason for this lies within the structure
ofG�, the graph containing all the information about a potential matching betweenG
and G0. Since G� � ER.n�; ss0�=EŒn��/, this is a sparse Erdős–Rényi graph with
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one giant connected component while the remaining graph mainly consists of small
trees [9]. This property has been exploited in [26] to prove that a matching betweenG
and G0, cannot be done outside this giant component. A more intuitive reason for
the impossibility of retrieving �� is isolated nodes: Since average node degrees are
constant, there is a non-negligible amount of isolated nodes inG�, which are all indis-
tinguishable.

In the sparse setting, the giant component ofG� contains strictly fewer nodes than
the entire graph. Therefore, one can only hope to partially align G with G0. A lower
number of matchable nodes also means that every wrongly matched node significantly
augments the relative error. This is why authors [19, 27] have focused on alignment
estimators that commit a negligible amount of errors while recovering a significant
proportion of the possible graph matching. This is referred to as one-sided partial
alignment.

Definition 2.3. For a family of correlated graphs .GN ; G0N / � CER.N; �; s; s0/, a
sequence of estimators y�N W yVN ! yV 0N obtained through the same algorithm is said to
achieve one-sided partial alignment if there exists ˇ > 0 such that

P
�
ov.��; y�N / � ˇ

�
����!
N!1

1 and P
�
err.��; y�N / D o.1/

�
����!
N!1

1:

We will often omit indexing by N and write G;G0; y� instead of GN ; G0N ; y�N .

Remark 2.5. This definition translates the phrase “y� commits a negligible amount of
errors” into the more precise “the error fraction of y� is vanishing with high probabil-
ity”, which in mathematical terms reads “P .err.��; y�/D o.1//! 1”. More rigorously,
this expression signifies that there is a sequence .aN /N of R>0 with aN ! 0 and

P
�
err.��; y�N / � aN

�
����!
N!1

1 ” P
�
err.��; y�N / > aN

�
����!
N!1

0:

We claim that this is equivalent to err.��; y�N /! 0 in probability. To prove the claim,
let " > 0 and take N big enough so that aK < " for all K > N . Then, for all such K,

P
�
err.��; y�K/ > "

�
� P

�
err.��; y�K/ > aK

�
����!
K!1

0:

On the other hand, if err.��; y�N / converges in probability, one can take the constant
sequence aN � " to obtain the opposite direction immediately. This lets us conclude
that

P
�
err.��; y�N / D o.1/

�
����!
N!1

1 ” err.��; y�N /
in P
����!
N!1

0:

To summarize, sparse Erdős–Rényi graphs admit at best partial alignment, and
Definition 2.3 formalizes what we mean by a successful alignment estimator. In the
next section, we show that such graphs are locally tree-like, and we leverage this
structure to design an efficient alignment algorithm.
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3. From graphs to trees and back

Local algorithms are a natural choice for aligning sparse Erdős–Rényi graphs, an intu-
itive reason being that these graphs have large diameters, and far-apart nodes contain
negligible information about each other. Therefore, it instinctively makes sense to
align nodes based on their local neighborhoods in the respective graphs.

In this section, we describe the asymptotic structure of these neighborhoods which
are Galton–Watson trees. This will allow us to translate the global graph alignment
problem to a local tree correlation test. While tree correlation testing deserves a whole
section later, we will leave it as a black box here and focus on the algorithm that
bridges the gap between graphs and trees, between global structure and local neigh-
borhoods.

Notation for trees. Given � > 0, the law of a Galton–Watson tree [49] with Poi.�/
offspring distribution is denoted as GW.�/. Next, for any rooted tree t of potentially
infinite size, we denote td the pruning of t at depth d 2N, i.e., the subtree containing
all nodes whose distance to the root is at most d .

For t � GW.�/, we denote by GW.�/

d
the law of the pruned tree td . Furthermore,

if we consider any fixed tree � , we denote by GW.�/

d
.�/ the likelihood that the prun-

ing �d is of law GW.�/

d
. Hence, the quantity GW.�/

d
.�/ depends on � only up to

depth d , while ignoring any nodes which are further from the root.

3.1. Tree neighborhoods

As a first step towards understanding neighborhoods in sparse correlated Erdős–Rényi
graphs, we describe the asymptotic local structure of a single graphG�ER.N;�=N/.
For a node i 2 G and d 2 N>0, we denote the neighborhood of i up to depth d as

NG;d .i/ D ¹j 2 V W distG.i; j / � dº:

While NG;d .i/ can be seen as a ball of radius d around i , we denote the sphere as

�G;d .i/ D NG;d .i/ nNG;d�1.i/ D ¹j 2 V W distG.i; j / D dº:

The following three lemmata, first presented as [25, Lemmata 2.1, 2.3, and 2.4],
describe the behaviors of these neighborhoods.

Lemma 3.1 (Uniform bound on the neighborhood sizes). LetGDGN�ER.N;�=N/
be a family of Erdős–Rényi graphs with � > 1. Set d D dN WD bc log.N /c for some c
fulfilling c log.�/ < 1=2. Then, for all " > 0, there exists a constant C D C."/ > 0
such that

P
�
9 i 2 V; t 2 Œd � W j�G;t .i/j > C log.N /�t

�
2 O.N�"/:
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Lemma 3.2 (Different neighborhoods are asymptotically independent). Let G, d , �,
and c be as in Lemma 3.1. Then there exists " > 0 such that for any pair of nodes i ¤
j 2 V , one has

dTV
�
Law

�
NG;d .i/;NG;d .j /

�
;Law

�
NG;d .i/

�
˝ Law

�
NG;d .j /

��
2 O.N�"/:

Consequently, there exists an optimal coupling (see, for instance, [48, Theorem 4.1])
between .NG;d .i/;NG;d .j // and .N ;N 0/� Law.NG;d .i//˝ Law.NG;d .j // fulfill-
ing

P
��

NG;d .i/;NG;d .j /
�
¤ .N ;N 0/

�
2 o.1/:

Lemma 3.3 (Neighborhoods look like Galton–Watson trees). Let G, d , �, and c be
as in Lemma 3.1. Then there exists " > 0 such that for all nodes i 2 V ,

dTV
�
NG;d .i/;GW.�/

d

�
2 O.N�"/:

Asymptotically forN !1, Lemma 3.1 allows to control the number of nodes in
neighborhoods of size O.log.N //. Furthermore, Lemma 3.2 states that the neighbor-
hoods of two different fixed nodes behave independently. Finally, Lemma 3.3 affirms
that these neighborhoods look as if they were sampled like a Galton–Watson tree with
Poisson offspring.

Remark 3.4. Consider the more general case of a graph G � ER.n; p/ with random
node number n � Bin.N; q/ and edge probability p D �=EŒn�. Since with high prob-
ability, np D n�=EŒn�! �, one can easily adjust the proofs in [25] for the lemmata
to remain valid in this random node number case.

We later apply these modified versions of the lemmata to

.G;G0/ � CER.N; �; s; s0/:

To do so, recall from (2.1) that the marginal laws are G � ER.n; �s=EŒn�/ and G0 �
ER.n0; �s0=EŒn0�/. The depth–d -neighborhoods of all nodes i in G will therefore
converge towards GW.�s/

d
and those of j 2 G0 towards GW.�s0/

d
. The same reasoning

holds for
G� � ER

�
n�; �rr

0qq0=.Nqq0/
�
D ER

�
n�; �ss

0=EŒn��
�
;

whose node neighborhoods asymptotically behave as GW.�ss0/

d
.

3.2. Correlated Galton–Watson trees

From the way we have defined correlated sparse Erdős–Rényi graphs in Section 2.1,
it is straightforward to transpose the results about single graph neighborhoods to joint
neighborhoods of graph couples. Recall that all information about the correlation of a
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t� � GW�ss0

t � GW�s t 0 � GW�s0

To each node, attach
c � Poi.�s.1� s0//
trees of law GW�s

To each node, attach
c0 � Poi.�s0.1� s//
trees of law GW�s0

Figure 2. Sampling process of .t; t 0/ � P corr up to depth 3. The blue and red components are
independently sampled and attached to the grey intersection tree.

pair .G;G0/ � CER.N;�; s; s0/ is contained in the intersection graph G�. Translating
this to the local level, tree-like neighborhoods of the same node in G and G0 are
correlated via an intersection tree corresponding to the neighborhood in G�. This
leads us to introduce the following model of correlated Galton–Watson trees.

Definition 3.1 (Correlated Galton–Watson trees). For � > 0 and s; s0 2 Œ0; 1�, define
the law of correlated Galton–Watson trees .t; t 0/ � P corr via the following sampling
algorithm:

(1) Sample a rooted tree t� � GW.�ss0/, which we refer to as the intersection tree.

(2) Independently for each node i of t�, sample cC.i/ � Poi.�s.1 � s0// and
attach cC.i/ additional child nodes to i .

(3) Then, for each child node j added in step 2, independently sample a tree
tC.j / � GW.�s/ and attach it, making j its root.

(4) Call the resulting tree t . Then repeat steps 2 and 3 independently with a copy
of t�, but change the laws cC.i/ � Poi.�s0.1 � s//, tC.j / � GW.�s0/, and
call the result t 0.

Figure 2 illustrates this sampling process. While the procedure yields a pair of poten-
tially infinitely deep trees .t; t 0/, we will often consider their depth–d -truncated ver-
sions .td ; t 0d / whose law we denote as P corr

d
.

For a pair of trees .t; t 0/ � P corr
d

, independently assign random labels to their
nodes, like we do for a pair of graphs in Section 2.2. The correlation between t and t 0
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then relies on the embedded intersection tree t�. It can be expressed via a mapping
��WV� ! V 0�, where V� and V 0� are the node subsets of t and t 0 corresponding to the
nodes of t�.

The trees from Definition 3.1 are intimately related to sparse correlated Erdős–
Rényi graphs. This is formalized in the following lemma, which is an adaptation
of [27, Lemma 6.4], and its proof follows directly from Lemma 3.3.

Lemma 3.5. Given .G; G0/ � CER.N; �; s; s0/, let .i; ��.i// 2 V� � V 0� be a pair
of aligned nodes in the sense of Section 2.2. If, furthermore, d D bc log.N /c for c
fulfilling 2c log.�max¹s; s0º/ < 1, then there exists " > 0 such that

dTV
��

NG;d .i/;NG0;d .��.i//
�
;P corr
d

�
2 O.N�"/:

Hence, there exists an optimal coupling [48, Theorem 4.1] between the neighborhood
couple .NG;d .i/;NG0;d .��.i/// and a pair of trees .t; t 0/ � P corr

d
fulfilling

P
��

NG;d .i/;NG0;d .��.i//
�
¤ .t; t 0/

�
2 o.1/:

Remark 3.6. It may seem surprising that the global correlation parameters s; s0 are
sufficient in Definition 3.1 to describe the local tree laws, ignoring the fact whether
edges or nodes were added during the sampling process of .G;G0/. The reason is that
adding a new edge or a new node is equivalent in a tree: Both operations result in
adding one leaf and one edge. Hence, only the products of edge and node correlation
parameters matter, i.e., s D rq and s0 D r 0q0.

Having described the neighborhoods of correctly matched nodes .i; ��.i//, the
following section describes a way of distinguishing these from incorrect matches.

3.3. One-sided hypothesis testing

Given two nodes i 2G and j 2G0, there are two cases: Either they should be aligned,
i.e., i 2 V� and ��.i/ D j , in which case Lemma 3.5 characterizes the joint law P corr

of their neighborhoods. Or they should not be matched, i.e., i ¤ V� or ��.i/ ¤ j .
Intuitively, if i and j are far apart inG�, the neighborhood laws of i and j are roughly
independent, in the sense that these neighborhoods are approximate samples of the
following joint tree law: Let t � GW.�s/ and t 0 � GW.�s0/ with t; t 0 independent, and
define

P ind
WD Law.t; t 0/ D GW.�s/

˝GW.�s0/ :

Furthermore, for a depth d 2 N, we will denote by P ind
d

the law of the truncated
trees .td ; t 0d /.

The approximate independence of the tree neighborhoods of i and j can be estab-
lished regardless of their distance in G� by employing the following technique.
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Dangling tree trick. Instead of comparing the entire neighborhoods of two nodes,
we focus on subsets of these neighborhoods that are pointing away from the nodes.
Formally, for two adjacent nodes i and i 0 of G, we define

NG;d .i ! i 0/ WD
®
j 2 NG;d .i/ W distG.j; i 0/ < distG.j; i/

¯
:

If NG;d .i/ is cycle-free, it can be viewed as a tree rooted in i . The subset NG;d .i! i 0/

then corresponds to the subtree rooted in i 0 which has depth d � 1. Visually speaking,
NG;d .i ! i 0/ describes the neighborhood rooted in i 0 that is pointing away from i .

Why introduce NG;d .i ! i 0/? Take .G;G0/ � CER.N; �; s; s0/ and recall that their
common subgraph G� is embedded in G and G0 via the node sets V� � V and
V 0� � V

0, respectively. The following lemma and definition let us bridge the gap
between pointing neighborhoods and approximately independent trees.

Lemma 3.7. For .G;G0/ � CER.N; �; s; s0/, let i 2 V; j 2 V 0 and suppose that

(i) either i 62 V� or ��.i/ ¤ j ;

(ii) NG;2d .i/ and NG0;2d .j / are cycle-free;

(iii) both nodes have at least three neighbors, named i1; i2; i3 and j1; j2; j3.

Then, there is at least one pair .ik; jk/ such that

NG;d .i ! ik/ \ V� and NG;d .j ! jk/ \ V
0
�

have disjoint node sets when embedded in G�.

Definition 3.2. A pair of trees .t; t 0/ of depth d is said to follow the law P dis
d�1

if
they are sampled as NG;d .i ! ik/\ V� and NG;d .j ! jk/\ V

0
� in the above lemma

conditioned on (i), (ii), and (iii), and the fact that they have disjoint node sets when
embedded in G�.

In other words, P dis
d�1

is the law of a tree-like neighborhood pair in correlated
Erdős–Rényi graphs, conditioned to avoid each other in the intersection graph G�.

Remark 3.8. This is called the dangling tree trick because Lemma 3.7 guarantees
the existence of disjoint subtrees in the neighborhoods NG;d .i/ and NG0;d .j /. Since
these neighborhoods are assumed to be trees, their pointing subtrees are figuratively
dangling from their respective roots i and j . The usefulness of this trick stems from
the similarity of the laws P dis

d
and P ind

d
, which we have only hinted at so far and will

show later in Lemma 3.11.

Proof of Lemma 3.7. Let � denote the subgraph of G� which is spanned by the nodes
of NG;d .i/ \ V� and rooted in i� 2 arg mink2V� dG.i; k/. Since NG;2d .i/ is a tree, �
is also cycle-free. Define � 0 similarly, as the subgraph with node set NG0;d .j / \ V

0
�

rooted in j� 2 arg mink2V� dG0.j; k/.



Asymmetric graph alignment and tree correlation testing 263

On the one hand, if � and � 0 do not share any nodes in G�, they are disjoint
subtrees of the same Erdős–Rényi graph. When augmenting both of these subgraphs
to become NG;d .i/ and NG0;d .j / during the sampling procedure of .G; G0/, they
remain disjoint subtrees of those graphs, potentially changing roots from i� to i and
from j� to j . Since these trees share no nodes, their subtrees do not share any either,
and consequently all pairs .NG;d .i ! im/;NG0;d .j ! jm// are of law P dis

d�1
.

On the other hand, if � and � 0 share a node in G�, then there is exactly one path
Pi�$j� connecting i� with j� and contained in ŒNG;d .i/\ V��[ ŒNG0;d .j /\ V

0
��: if

there was another such path P 0, then the union of Pi�$j� and P 0 would be a cycle in
NG;2d .i/, which is a contradiction to (ii).

Since NG;d .i/ \ V� is a tree, all pointing subtrees NG;d .i ! im/ \ V�, m 2 Œ3�
are disjoint, and the same holds for NG;d .j ! jm/ \ V

0
�, m 2 Œ3�.

Consequently, Pi�$j� can only be contained in two of the three sets�
NG;d .i ! im/ \ V�

�
[
�
NG0;d .j ! jm/ \ V

0
�

�
; m 2 Œ3�:

In other words, there is m� 2 Œ3� such that Pi�$j� is disjoint from�
NG;d .i ! im�/ \ V�

�
[
�
NG0;d .j ! jm�/ \ V

0
�

�
:

Therefore, NG;d .i ! im�/ \ V� and NG0;d .j ! jm�/ \ V
0
� share no nodes. Aug-

menting these two tree-neighborhoods in their respective graphs, one obtains that the
couple NG;d .i ! im�/, NG0;d .j ! jm�/ follows the law P dis

d�1
.

The dangling tree trick and the later Lemma 3.11 allow us to consider pairs of
independent Galton–Watson trees and compare them to pairs of trees with law P corr

d
.

Given a pair of rooted trees .t; t 0/ and their truncations .td ; t 0d /, our goal is to
determine whether they are correlated or independent. For any depth d , this translates
to the hypothesis testing problem

H
.d/
0 W .td ; t

0
d / � P ind

d ; i.e., the trees are independent;

vs. H .d/
1 W .td ; t

0
d / � P corr

d ; i.e., the trees are correlated:
(3.1)

In the asymptotic regime where d !1, the goal is to find a sequence of tests Td to
distinguish betweenH .d/

0 andH .d/
1 at all depths d . It turns out that the correct perfor-

mance measure for the test we are looking for is defined below; this definition uses the
notation Xd WD ¹rooted, unlabeled trees of depth � dº, and we refer to Section 4.1
for a rigorous introduction of Xd .

Definition 3.3 (One-sided test). We call a function Td WXd �Xd ! ¹0; 1º a test at
depth d and let P ind

d
.Td D 0/ denote the probability that a pair of truncated indepen-

dent trees .td ; t 0d / � P ind
d

is correctly identified by Td , which is to say Td .td ; t
0
d
/ D 0.
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An asymptotic one-sided test is then defined as a sequence of functions .Td /d2N with
the following two properties:

• P ind
d
.Td D 1/ ����!

d!1
0, i.e., the tests have vanishing type-I error;

• there exists ˇ > 0 such that P corr
d
.Td D 1/� ˇ for all but finitely many d , meaning

that the tests have significant power ˇ. In other words,

lim inf
d!1

P corr
d .Td D 1/ > 0:

The entirety of Section 4 is dedicated to the question of whether one-sided tests
exist for different parameter choices of .�; s; s0/ and how to define .Td /d2N . For now,
we consider those results a black box and suppose that one-sided tests exist, allowing
us to define a graph matching algorithm.

3.4. An algorithm to align graphs using tree comparison

Throughout this section, we assume that �, s, and s0 are such that there is a sequence
of tests .Td /d2N for the problem (3.1) which fulfill �ss0 > 1 and

P ind
d .Td D 1/ � exp

�
�C.�ss0/d

�
and ˇ WD lim inf

d!1
P corr
d .Td D 1/ > 0: (3.2)

Following our above discussion, the idea for a graph matching algorithm is straight-
forward: For all pairs of nodes i 2 G and j 2 G0, whose neighborhoods are trees,
compare their dangling subtrees using Td and decide whether to match i with j . The
following algorithm was first introduced in [27]:

Algorithm 1 MPALIGN (message-passing for sparse graph alignment)
Input: Two graphs G;G0, a depth parameter d , and a test Td .
Output: An alignment estimator y� W yV ! yV 0 where yV ; yV 0 are node subsets of G;G0.

Initialize yV  ;, yV 0  ; and let y� be the empty map,
for i 2 V.G/ and j 2 V.G0/ do

if neither NG;2d .i/ nor NG0;2d .j / contain cycles, then
if there exist triplets i1; i2; i3 2 NG;1.i/ and j1; j2; j3 2 NG0;1.j / such that

Td�1
�
NG;d .i ! ik/;NG0;d .j ! jk/

�
D 1 for all k 2 ¹1; 2; 3º;

then yV  yV [ ¹iº, yV 0  yV 0 [ ¹j º and set y�.i/ D j .
end if

end if
end for
return y� W yV ! yV 0
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Remark 3.9 (Runtime of MPALIGN). We choose d 2O.log.N // and show in Propo-
sition 4.3, that Td can be computed in polynomial time. Since MPALIGN is essentially
a for-loop over all O.N 2/ pairs of nodes, this algorithm is therefore polynomial as
well. This is the minimum requirement for an efficient graph alignment algorithm.

In the following theorem, we establish that MPALIGN achieves one-sided partial
alignment.

Theorem 3.10. Let � > 0 and s; s0 2 Œ0; 1� be such that there exist tests .Td /d2N sat-
isfying the one-sided feasibility conditions in (3.2). Define .G;G0/� CER.N;�; s; s0/
and let d D bc log.N /c, where c satisfies 4c log.�max¹s; s0º/ < 1. Then, Algorithm 1
with inputs .G; G0; d; Td / yields an estimator y� W yV ! yV 0 which achieves one-sided
partial alignment. In other words, there exists ž > 0 such that

P
�
ov.��; y�/ � ž

�
����!
N!1

1; (3.3)

P
�
err.��; y�/ D o.1/

�
����!
N!1

1: (3.4)

The proof of this theorem builds on the ideas in [27, Section 6], providing addi-
tional details and extending the analysis to settings with random node numbers and
unequal edge densities.

Although technically involved, the proof offers valuable insights into the inter-
play between graph- and tree-level structures in the asymmetric setting. This result
concludes the chapter and sets the stage for the next section, where we justify the
feasibility assumptions in (3.2).

Proof. We start by recalling that the node numbers ofG�;G andG0 marginally follow
binomial distributions with means

EŒn�� D Nqq; EŒn� D Nq; EŒn0� D Nq0:

Throughout this proof, we consider these numbers to be sampled before the remaining
sampling process from Definition 3.1. To make this rigorous, define


 WD
1

4

�1
2
� c log

�
�max¹s; s0º

��
and " WD N 1=2C
 ;

and condition on the event

B WD ¹n� > Nqq
0
� "º \ ¹n � " < Nq < nC "º \ ¹n0 � " < Nq0 < n0 C "º:

Note that 
 > 0 because 2c log.�max¹s; s0º/� 4c log.�max¹s; s0º/< 1, as assumed in
Theorem 3.10. Consequently, using Chernoff’s inequality for binomial random vari-
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ables [14, Theorem 4], the event B occurs with high probability:

P .B/ � 1 � P
�
n� � EŒn�� � �"

�
� P

�
jn � EŒn�j � "

�
� P

�
jn0 � EŒn0�j � "

�
� 1 � e�.N

1C2
 /=.2Nqq0/

�
�
e�.N

1C2
 /=.2Nq/
C e�.N

1C2
 /=.2NqC.2=3/N1=2C
 /
�

�
�
e�.N

1C2
/=.2Nq0/
C e�.N

1C2
 /=.2Nq0C.2=3/N1=2C
 /
�

D 1 � 3e�‚.N
2
 /
����!
N!1

1: (3.5)

Conditioning on B will be instrumental to conclude the proofs of both (3.3) and (3.4).
Next, recall that G and G0 are randomly labeled augmentations of an intersection

graph G� � ER.n�; rr 0�=N/. The nodes of G� are embedded in G;G0, and we iden-
tify these embeddings with the node subsets V� � V; V 0� � V

0, respectively. These
subsets are related via the true graph alignment ��WV� ! V 0�.

Let y� W yV ! yV 0 be the alignment estimator from Algorithm 1 whose randomness
stems from the randomness of .G;G0/. For all pairs i 2 V , j 2 V 0, the if -clauses of
Algorithm 1 translate to the event

M.i; j / WD ¹MPALIGN matches i with j º

D
®
NG;2d .i/ and NG0;2d .j / are cycle-free

¯
\
®
i and j have at least three neighbors, .ik/3kD1 and .jk/3kD1

¯
\
®
Td�1

�
NG;d .i ! ik/;NG0;d .j ! jk/

�
D 1 for k 2 Œ3�

¯
: (3.6)

For all nodes i 2 V , define the event of a correct match as

M�.i/ WD ¹i 2 V�; y�.i/ D ��.i/º:

Recalling that �c denotes the complement of a set �, this lets us rewrite

ov.��; y�/ D
1

n�

X
i2 yV

1M�.i/ and err.��; y�/ D
1

n

X
i2 yV

1M�.i/c :

Proof of (3.3). We start by showing significant overlap. For this, set

ž WD ˇ P corr
d .the intersection tree t� from Definition 3.1 has root degree � 3/„ ƒ‚ …

DW˛

;

where ˇ > 0 is the value from (3.2) and ˛ is a strictly positive probability only depend-
ing on the parameters �; s and s0. Hence, ž > 0. The reason to introduce ž is its rela-
tionship with P .M�.i//: For every i 2 yV , denote by Ci the event of optimal coupling
between the neighborhoods .NG;2d .i/;NG0;2d .��.i/// and a tree pair .t; t 0/ � P corr

2d
.
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Applying Lemma 3.5 with parameter 2d instead of d and exploiting the hypothesis
4c log.�max¹s; s0º/ < 1, we get that Ci has probability

P .Ci / D P
��

NG;2d .i/;NG0;2d .��.i//
�
D .t; t 0/

�
D 1 � o.1/:

Since M�.i/ D ¹i 2 V�º \M.i; ��.i//, conditioning on Ci yields

P .M�.i// D P .Cci ;M�.i//C P
�
Ci ; i 2 V�;M.i; ��.i//

�
� o.1/C ˛P corr

d�1.Td�1 D 1/: (3.7)

The second inequality translates the decomposition of M.i; j / from (3.6) conditioned
on Ci : Under Ci , one has that NG;d .i/ and NG0;d .��.i// are cycle-free, the event

¹i and ��.i/ have at least three neighborsº

has probability ˛ and is independent of what happens below the roots, in particular of
the event ®

Td�1
�
NG;d .i ! ik/;NG0;d .��.i/! ��.i/k/

�
D 1 for k 2 Œ3�

¯
:

The probability of this last event is bounded below by P corr
d�1

.Td�1 D 1/, the proba-
bility that one of these correlated neighborhoods yields a positive test. Independence
and this lower bound leads to (3.7).

Next, since lim infd!1 P corr
d�1

.Td�1 D 1/ D ˇ > 0, one has

P corr
d�1.Td�1 D 1/ D .1 � o.1//ˇ;

implying

P .M�.i// � o.1/C ˛.1 � o.1//ˇ

H) ž D ˛ˇ �
P .M�.i// � o.1/

.1 � o.1//
� .1C o.1//P .M�.i//: (3.8)

Finally, in order to show (3.3), we will prove

P
�
ov.��; y�/ < ž � ı

�
����!
N!1

0 for all ı > 0:

To do so, we use the conditioning on B from (3.5), followed by the tower property of
conditional expectation, the result from (3.8), and Markov’s inequality to obtain the
following sequence of upper bounds:

P
�
ov.��; y�/ < ž � ı

�
� P .Bc/C P

�
B; ov.��; y�/ < ž � ı

�
D o.1/C E

�
1BP

�
ov.��; y�/ < ž � ı j n�; n; n0

��



J. Maier and L. Massoulié 268

D o.1/C E

�
1BP

�
žn� �

X
i2 yV

1M�.i/ > ın�

��
� o.1/C E

�
1BP

�
.1C o.1//

X
i2 yV

�
P .M�.i// � 1M�.i/

�
> ın�

��
� o.1/C E

�
1B

1C o.1/

ı2n2�

�
nVar

�
1M�.1/

�
C n.n � 1/Cov

�
1M�.1/; 1M�.2/

���
:

Our goal is now to find upper bounds for the last line: The variance of 1M�.1/ 2 Œ0; 1�

is bounded by 1 and the first summand in the expectation vanishes because

E

�
1B

1C o.1/

ı2n2�
nVar

�
1M�.1/

��
�

1C o.1/

ı2.Nqq �N 1=2C
 /2

�
Nq CN 1=2C


�
����!
N!1

0:

(3.9)
For two distinct nodes, for instance i D 1 and j D 2, the term Cov.1M�.1/;1M�.2// 2

Œ�1; 1� equals 0 if .NG;d .i/;NG0;d .��.i/// and .NG;d .j /;NG0;d .��.j /// are inde-
pendent. This independence can be obtained asymptotically by using Lemma 3.2
which leads to Cov.1M�.1/;1M�.2// 2 o.1/. Combining this fact with a similar bound
as in (3.9) lets us conclude the proof of (3.3) since

P
�
ov.��; y�/ < ž � ı

�
� o.1/C E

�
1B

1C o.1/

ı2n2�
n2 Cov

�
1M�.1/; 1M�.2/

��
����!
N!1

0:

Proof of (3.4). By Remark 2.5, we need to show err.��; y�/ ����!
N!1

0 in probability.
For this, let ı > 0 and use (3.5) to obtain

P
�
err.��; y�/ > ı

�
� P

�
err.��; y�/ > ı;B

�
C P .Bc/D P

�
err.��; y�/ > ı;B

�
C o.1/:

Furthermore, Markov’s inequality yields

P

�X
i2 yV

1M�.i/c„ ƒ‚ …
Dn�err

> nı;B

�
�

1

ın

X
i2V

P
�
M�.i/

c ; i 2 yV ;B
�

�
1

ı
max
i2V

P
�
M�.i/

c ; i 2 yV ;B
�
:

Hence, in order to show err.��; y�/
P
�! 0 it suffices to check

P
�
M�.i/

c ; i 2 yV ;B
� N!1
����! 0 for all i 2 V :

Fix any i 2 V and decompose the event M�.i/
c \ ¹i 2 yV º of a wrong match by

MPALIGN as follows:

M�.i/
c
\ ¹i 2 yV º D

[
j2G0n�

M.i; j /;
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where

� D

´
; if i 2 yV n V�;

¹��.i/º if i 2 yV ; y�.i/ ¤ ��.i/:

Next, define the event of exploding neighborhood sizes across G and G0 as follows:

A WD
®
9i 2 V; t 2 Œd � W j�G;t .i/j > C log.n/.�s/t

¯
[
®
9j 2 V 0; t 0 2 Œd � W j�G0;t 0.j /j > C log.n0/.�s0/t

¯
:

The probability of A is vanishing according to Lemma 3.1. Consequently,

P
�
M�.i/

c ; i 2 yV ;B
�
� P .A/C P

�
M�.i/

c ; i 2 yV ;Ac ;B
�

D o.1/C P
�
M�.i/

c ; i 2 yV ;Ac ;B
�
;

which leads us to work on the event M�.i/
c \ ¹i 2 yV º \Ac \B in the sequel. One

can decompose this event using the union bound

P
�
M�.i/

c ; i 2 yV ;Ac ;B
�

�

X
j2G0n�

P
�
M.i; j /;Ac ;B

�
D

X
j2G0n�

E
�
1Ac\B1M.i;j /

�
�

X
j2G0n�

E
�
1Ac\B1Td�1.NG;d .i!ik/;NG0;d .j!jk//D1 for some special k

�
:

The last inequality uses the dangling tree trick: By “some special k”, we mean the
index k from Lemma 3.7, which lets NG;d .i ! ik/ \ V� and NG0 d .j ! jk/ \ V

0
�

be disjoint. From this same lemma, we also know that�
NG;d .i ! ik/;NG0;d .j ! jk/

�
� P dis

d�1;

which leads to

P
�
M�.i/

c ; i 2 yV ;Ac ;B
�
�

X
j2G0n�

Edis
d�1

�
1Ac\B1Td�1D1

�
� n0Edis

d�1

�
1Ac\B1Td�1D1

�
: (3.10)

For two trees t and t 0, define the likelihood ratio of P dis
d�1

and P ind
d�1

as

Rd�1.t; t
0/ WD

P dis
d�1

.t; t 0/

P ind
d�1

.t; t 0/
;

and write Rd�1 without arguments for the random variable if the trees follow some
indicated law. This lets us write

n0Edis
d�1

�
1Ac\B1Td�1D1

�
D n0Eind

d�1

�
Rd�11Ac\B1Td�1D1

�
� n0

q
Eind
d�1

�
R2
d�1

1Ac\B

�q
P ind
d�1

.Td�1 D 1/; (3.11)
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where we have used the Cauchy–Schwarz inequality. At this point, we need to quan-
tify the similarity between P dis

d�1
and P ind

d�1
as announced in Remark 3.8. The following

lemma bounds the second moment of their likelihood ratio.

Lemma 3.11. Under the parameters of Theorem 3.10 and using the above notations,
one has

Eind
d�1

�
R2d�11Ac\B

�
2 O.1/:

The proof of this lemma, which we defer to Appendix A.1, uses well-established
techniques to describe the relationship between graph neighborhoods and branch-
ing processes. We refer to [3, p. 161] for a concrete example and mention [10] for
an extension to inhomogeneous graphs. The proof presented in Appendix A.1 con-
siderably extends and clarifies its analog in the symmetric case, the proof of [27,
Lemma 6.1].

Finally, combining the hypothesis

P ind
d�1.Td�1 D 1/ � exp

�
�C.�ss0/d�1

�
from (3.2) with Lemma 3.11 and the equations (3.10), (3.11), one obtains

P
�
M�.i/

c ; i 2 yV ;Ac ;B
�
� n0

p
O.1/

q
exp

�
�C.�ss0/d�1

�
:

Since d Dbc log.N /c, one has n0�N <e.dC1/=c , and hence the right-hand side tends
to 0 as we let d !1 (and a fortiori for N !1). Together with our initial Markov
bound on P .err > ı/, this lets us conclude that err.��; y�/

P
�! 0, which completes the

proof.

4. Tree correlation testing

As the previous section shows, distinguishing between independent and correlated
trees is the key building block for sparse graph alignment. Therefore, the statistical
feasibility of tree correlation testing in the asymmetric setting is the central question
remaining to be answered. This section presents a one-sided test for the following
problem which was introduced in (3.1):

H
.d/
0 W .td ; t

0
d / � P ind

d vs. H
.d/
1 W .td ; t

0
d / � P corr

d : (4.1)

We show that the existence of such one-sided tests achieves a sharp phase transi-
tion at ss0 D ˛, where ˛ � 0:3383. To do so, we present an analysis relying on
advantageous properties of the likelihood ratio in the tree correlation testing prob-
lem, primarily based on [27,28]. This section is the theoretical backbone of this paper
and presents our novel contribution to tree correlation testing.
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We start by proposing a formalism for unlabeled trees before recalling an essential
result on the number of such trees. Next, we introduce the likelihood ratio for (4.1)
and present two of its key properties. These will then serve as proof engines for the
two main results of this section, Theorem 4.9 and Theorem 4.10.

4.1. Unlabeled trees

Since node labels are unknown in the sparse graph alignment problem, local neigh-
borhoods are rooted unlabeled trees. Our goal is to describe the laws of these trees,
which requires a rigorous definition of what we mean by the set of rooted unlabeled
trees of depth at most d , which we denote as Xd .

A first idea is to define Xd as the set of cycle-free, non-empty graphs t with a dis-
tinct root node � such that dist.�; i/ � d for all nodes i 2 t . For two rooted trees .t; �/
and .t 0; �0/, we consider them equal if there is a graph isomorphism mapping t to t 0

and � to �0. The notion of equality by isomorphism translates our intuition of the word
unlabeled since all relabelings of structurally identical rooted trees are treated as a
single element of Xd . However, there is an equivalent definition of Xd which defines
the same object but is better suited for some of our analysis. It defines unlabeled trees
recursively as follows.

Definition 4.1 (Unlabeled rooted trees). Set X0 WD ¹�º, where � denotes the graph
consisting of a single node. For all d 2 N, recursively define

XdC1 D

²
.N� /�2Xd 2 NXd W

X
�2Xd

N� <1

³
:

By this definition, we understand an element t 2XdC1 as a sequence of natural num-
bers indexed by unlabeled trees of depth at most d , i.e., t D .N� /�2Xd , where only
finitely many N� are non-zero. For every � 2 Xd , the number N� denotes how many
copies of � are attached to the root of t . This is best understood by looking at Figure 3.

We furthermore set

X
.n/

dC1
WD
®
t D .N� /�2Xd 2 XdC1 W jt j D n

¯
;

where jt j D 1C
P
�2Xd

N� j� j denotes a tree’s node number. In other words, X
.n/

dC1

contains all unlabeled trees with n nodes and depth bounded by d C 1.

It is immediate by induction that Xd is countable and X
.n/

d
is finite for all choices

of d; n 2 N. Note that a tree of size n can have a maximum depth of n � 1, and
hence X

.n/
n�1 describes all unlabeled trees with n nodes. The asymptotic cardinality

of X
.n/
n�1 is explicitly known thanks to the following result due to Otter [41].
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D
�
N 7! 1;N 7! 2

�
D
�
N 7! 1;N 7! 2

�

Figure 3. Two examples of unlabeled trees and their representation as sequences of natural
numbers indexed by trees.

Proposition 4.1. For ˛ WD 0:3383219 : : :, which is known as Otter’s constant, there
exists D > 0 such that

jX
.n/
n�1j �n!1

D

n3=2
1

˛n
:

This implies that the power seriesˆ.x/D
P1
nD1 jX

.n/
n�1jx

n has radius of convergence
˛ > 0 with ˆ.˛/ <1.

This proposition plays a key role when examining the likelihood ratio, as we
explain in Section 4.3. Before delving into that, we first need to translate the laws
of correlated Galton–Watson trees as introduced in Section 3.2 to the new formalism
of XdC1.

4.2. Correlated Galton–Watson trees, revisited

Given a pair of trees .t; t 0/�P corr
dC1

represented by their subtree tuples tD.N� /�2Xd

and t 0 D .N 0� 0/� 02Xd as in Definition 4.1, how can we describe their joint law using
only N� and N 0� 0? The following definition and lemma answer this question.

Definition 4.2. A pair of trees t D .N� /� , t 0 D .N 0� 0/� 0 2 XdC1 has joint law AP corr
dC1

if for every �; � 0 2 Xd , one has

N� D �� C
X
� 02Xd

��;� 0 and N 0� 0 D �
0
� 0 C

X
�2Xd

��;� 0 ;

where the independent random variables �, �0, and � follow the laws

�� � Poi
�
�s.1 � s0/GW.�s/

d
.�/
�
;

�0� 0 � Poi
�
�s0.1 � s/GW.�s0/

d
.� 0/

�
;

��;� 0 � Poi
�
�ss0P corr

d .�; � 0/
�
:

Lemma 4.2. The laws P corr
dC1

from Definition 3.1 and AP corr
dC1

from Definition 4.2 are
equal. Hence, we always write P corr

dC1
, also when working with the subtree tuple rep-

resentation.
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Proof. Let .t; t 0/ � P corr
dC1

and recall that t; t 0 are independent augmentations of a
common intersection tree t� � GW.�ss0/. Every node in t adjacent to the root falls
into one of two categories:

(a) the node was present in t� before the augmentation, in which case the subtree
attached to that node is shared between t and t 0;

(b) the node was not in t�, in which case the subtree attached to that node is of
law GW.�s/

d
and independent from t 0.

For category (b), let cC � Poi.�s.1� s0// be the number of non-shared children of the
root in t . Conditionally on cC, the attached subtrees are i.i.d. with law GW.�s/

d
, mean-

ing that each child carries a mark � 2 Xd with probability GW.�s/

d
.�/. By Poisson

thinning for marked Poisson variables, the counts

�� WD #¹category (b) root-children in t whose subtree equals �º

are independent and satisfy �� � Poi.�s.1 � s0/ GW.�s/

d
.�// for all � 2 Xd . The

same argument applies to t 0 yielding �0� 0 .
For category (a), let k � Poi.�ss0/ be the number of shared root-children coming

from the intersection tree t�. Conditionally on k, the pairs of attached subtrees are
i.i.d. with joint law .�; � 0/ � P corr

d
. By Poisson thinning, the pair-counts

��;� 0 WD #¹category (a) shared root-children with pair .�; � 0/º

are independent and satisfy ��;� 0 � Poi.�ss0P corr
d
.�; � 0// for all pairs .�; � 0/ 2 X2

d
.

Hence, the total number of category (a) root subtrees equal to � in t is
P
� 0 ��;� 0 .

Analogously,
P
� ��;� 0 counts the � 0-subtrees in t 0.

Since N� and N 0� 0 count the number of occurrences of � and � 0 as root subtrees
in t and t 0, respectively, and because every root subtree is either in category (a) or (b),
we obtain the expressions for N and N 0 in Definition 4.2.

The description of P corr
dC1

using subtree tuples was the last necessary ingredient
before examining the likelihood ratio of the testing problem (4.1).

4.3. The likelihood ratio and its properties

The Neyman–Pearson lemma strongly suggests using the likelihood ratio when it
comes to hypothesis testing. Therefore, we introduce this object in the context of
unlabeled trees as a first step.

For two unlabeled trees �; � 0 2Xd recall that � D � 0 means that they are equal up
to relabeling. With this in mind, we denote the likelihood of two given trees t; t 0 being
correlated up to depth d 2 N as

P corr
d .t; t 0/ WD P.�;� 0/�P corr

�
.�d ; �

0
d / D .td ; t

0
d /
�
D P corr

d

�
.�; � 0/ D .t; t 0/

�
:
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In the last expression and for the rest of this section, .�; � 0/ implicitly denotes the
random variable issued from the indicated law (P corr

d
in this case). Since P corr

d
only

considers trees up to depth d , our short notation P corr
d
.t; t 0/ more accurately refers

to P corr
d
.td ; t

0
d
/. We define P ind

d
.t; t 0/ analogously as the likelihood of .td ; t 0d / following

the distribution P ind
d

.
With these notations, the likelihood ratio for the testing problem (4.1) is

Ld .t; t
0/ WD

P corr
d
.t; t 0/

P ind
d
.t; t 0/

:

If .t; t 0/ is a pair of random trees, Ld .t; t 0/ becomes a random variable which we will
often denote as Ld when the law of .t; t 0/ is evident from the context.

Recursive property. The reason for studyingLd .t; t 0/ is that it fully determines one-
sided testability, as we show later, in “(a), (b)” of Theorem 4.9. Consequently, we
will test for tree correlation using the likelihood ratio, making it crucial to find efficient
ways of computing it. The following proposition solves this problem by providing a
recursive formula for Ld .

Proposition 4.3 (Recursive likelihood ratio formula). For t; t 0 2 Xd , let c; c0 be the
degrees of their respective root nodes. Denote by tŒ1�; : : : ; tŒc� respectively t 0

Œ1�
; : : : ; t 0

Œc0�

the subtrees attached to these roots, labeled arbitrarily. Recall that � W Œk� ,�! Œc�

denotes an injective map from Œk� to Œc� and let
P
� WŒk�,!Œc� be the sum over all such

mappings. Then, for all d 2 N>0, the likelihood ratio at depth d can be expressed
recursively as

Ld .t; t
0/ D

c^c0X
kD0

 .k; c; c0/
X

� W Œk�,�!Œc�;
� 0W Œk�,�!Œc0�

kY
iD1

Ld�1
�
tŒ�.i/�; t

0
Œ� 0.i/�

�
;

where
 .k; c; c0/ D exp.�ss0/

1

�kkŠ
.1 � s0/c�k.1 � s/c

0�k :

In Appendix A.2, the reader can retrieve the proof of this result.

Remark 4.4. Recall from Remark 3.9 that the graph alignment algorithm MPALIGN

is polynomial if tree correlation tests can be computed in polynomial time. Since
both c and c0 are of order O.1/ in the sparse regime, the recursive formula from
Proposition 4.3 enables the desired efficient computation of Ld . With d 2 O.N /, this
computation is even in O.polylog.N //.

One can repeatedly apply the recursive likelihood ratio formula to obtain an expli-
cit lower bound for LdCk , which will serve later in the proof of Theorem 4.9.
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Proposition 4.5. Let .t; t 0/ be a pair of rooted trees sharing a common rooted sub-
tree t�. Denote by ��W t� ,! t and � 0�W t� ,! t 0 the embeddings of t� into t and t 0,
respectively. For each i 2 t , let ct .i/ denote its number of child nodes in t , and
define tŒi� as the subtree rooted at i , containing all its descendants. This notation
extends naturally to t 0 and t�, and we recall that .t�/d denotes the depth-d truncation
of t�. Then, for all d; k 2 N>0, the following inequality holds:

LdCk.t; t
0/ �

Y
i2.t�/d�1

 
�
ct�.i/; ct .��.i//; ct 0.�

0
�.i//

�
�

Y
j2.t�/dn.t�/d�1

Lk
�
tŒ��.j /�; t

0

Œ� 0�.j /�

�
:

The proof of this proposition is deferred to Appendix A.3.
The representations of Ld from these propositions have their worth outside of

computational inquiries, for instance, when proving the next property of Ld .

Martingale property. If we consider the subsequent likelihood ratios .Ld .t; t 0//d as
a random process, it is natural to suspect it to be a martingale with respect to P ind and
the filtration Fd D �..td ; t

0
d
//. The martingale properties are automatically true if the

random variables in the likelihood ratio have Lebesgue densities [32]. In our case, it
can easily be checked by computation: Following the reasoning in [27, Section 2.3],
it suffices to verify that the following expression equals 1:

Eind
� c^c0X
kD0

��ss0.k/��s.1�s0/.c � k/��s0.1�s/.c
0 � k/

��s.c/��s0.c0/

�
D

1X
kD0

Eind
�
e�ss

0 1

�kkŠ
.1 � s0/c�k.1 � s/c

0�k cŠ c0Š

.c � k/Š.c0 � k/Š
1k�c^c0

�
D e�ss

0
1X
kD0

1

�kkŠ
Eind

�
.1 � s0/c�k

cŠ

.c � k/Š
1k�c

�
Eind

�
.1 � s/c

0�k c0Š

.c0 � k/Š
1k�c0

�
D 1:

The last two equalities follow from the independence of c and c0 and their distributions

c � Poi.�s/ and c0 � Poi.�s0/:

Due to Eind
d
ŒLd �D 1 and .Ld /d is trivially adapted to the filtration, it follows that the

likelihood ratio forms a martingale.
Since Ld � 0, the Martingale Convergence theorem yields an almost sure limit

L1 2 L
1. As a consequence, we obtain a fixed point formula for EindŒL1� from
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the recursive representation of Proposition 4.3: Using that c; c0 are independent from
tŒ�.i/�; t

0
Œ� 0.i/�

in Galton–Watson trees, letting d !1 and then taking Eind, we obtain

EindŒL1� D Eind
� c^c0X
kD0

 .k; c; c0/
X

� W Œk�,�!Œc�;
� 0W Œk�,�!Œc0�

kY
iD1

EindŒL1�

�

D Eind
� c^c0X
kD0

��s.1�s0/.c � k/��s0.1�s/.c
0 � k/

��s.c/ ��s0.c0/
��ss0.k/E

indŒL1�
k

�
D

1X
kD0

��ss0.k/E
indŒL1�

k;

where the last step follows from a similar computation as above.
Consequently, EindŒL1� is a fixed point of the probability generating function

of a Poi.�ss0/ random variable. This lets us directly link EindŒL1� to the theory of
Galton–Watson processes with average offspring �ss0: Recall that in the supercrit-
ical regime of such processes, their extinction probability is equal to the smallest
solution to the same fixed point equation [1]. In particular, supposing �ss0 > 1 and
EindŒL1� < 1 implies that EindŒL1� is equal to the extinction probability of a Galton–
Watson tree with Poi.�ss0/ offspring which we denote by P .Ext.GW.�ss0///. This
probability is also equal to the relative size of the giant component in a sparse Erdős–
Rényi graph [9], illustrating another close link between these graphs and the trees we
consider.

Aside from the connection to extinction probabilities of Galton–Watson trees, the
condition EindŒL1� < 1 is equivalent to an additional property of .Ld /d .

Lemma 4.6. One has EindŒL1� < 1 if and only if .Ld /d is not uniformly integrable.

Proof. Since martingales are uniformly integrable if and only if they converge in L1,
the equivalence to be shown can be reformulated as

.Ld /d converges in L1 ” EindŒL1� D 1:

Assuming L1-convergence, one has

1 D EindŒLd �! EindŒL1�;

yielding EindŒL1� D 1.
On the other hand, suppose that

EindŒL1� D 1 D lim
d!1

EindŒLd �:

Since Ld ! L1 almost surely, Scheffé’s lemma also implies convergence in L1,
which concludes the proof.
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Diagonalization property. With the recursion formula and the martingale property
of Ld at hand, we lack a final tool for a more fine-grained analysis of information-
theoretic thresholds. The following stunning result generalizes [28, Theorem 4] to the
asymmetric case, affirming that Ld can be diagonalized over the space of unlabeled
trees. We refer to this result as the likelihood ratio diagonalization formula since it
resembles the Spectral theorem for matrices, including the orthonormal eigenbasis.

Theorem 4.7. There exists a set of functions f .�/
d;ˇ
WXd ! R with parameters � > 0,

d 2 N and indexed by trees ˇ 2 Xd such that for all choices of s; s0 2 Œ0; 1�, � > 0,
the following likelihood ratio diagonalization formula holds:

8t; t 0 2 Xd W Ld .t; t
0/ D

X
ˇ2Xd

p
ss0
jˇ j�1

f
.�s/

d;ˇ
.t/f

.�s0/

d;ˇ
.t 0/: (4.2)

Furthermore, the f .�/
d;ˇ

have the following properties:

• Constant value for ˇ D �, the trivial tree:

8� > 0; 8t 2 Xd W f
.�/

d;�
.t/ D 1:

• First orthogonality property (with respect to the Galton–Watson-measure):

8� > 0; 8ˇ; ˇ0 2 Xd W

X
t2Xd

GW.�/

d
.t/ f

.�/

d;ˇ
.t/ f

.�/

d;ˇ 0
.t/ D 1ˇDˇ 0 : (4.3)

• Second orthogonality property (summing over ˇ):

8� > 0; 8t; t 0 2 Xd W

X
ˇ2Xd

f
.�/

d;ˇ
.t/ f

.�/

d;ˇ
.t 0/ D

1tDt 0

GW.�/

d
.t/
: (4.4)

This theorem, particularly the orthogonality properties, is central in our strategy
for showing Theorem 4.10 later. Its proof is a computationally heavy induction, which
we defer to Appendix A.4.

A first opportunity to see Theorem 4.7 in action is by relating the second moment
of the likelihood ratio to the number of unlabeled trees.

Corollary 4.8. The second moment of the likelihood ratio under the independence
assumption can be written as

Eind
d ŒL

2
d � D

1X
nD1

jX
.n/

d
j.ss0/n�1:

Proof. Using the likelihood ratio diagonalization formula (4.2), we compute

Eind
d ŒL

2
d � D Eind

d

� X
ˇ;ˇ 02Xd

p
ss0
jˇ jCjˇ 0j�2

f
.�s/

d;ˇ
.t/f

.�s/

d;ˇ 0
.t/f

.�s0/

d;ˇ
.t 0/f

.�s0/

d;ˇ 0
.t 0/

�
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(a)
D

X
ˇ;ˇ 02Xd

Eind
d

�p
ss0
jˇ jCjˇ 0j�2

f
.�s/

d;ˇ
.t/f

.�s/

d;ˇ 0
.t/f

.�s0/

d;ˇ
.t 0/f

.�s0/

d;ˇ 0
.t 0/

�
(b)
D

X
ˇ;ˇ 02Xd

p
ss0
jˇ jCjˇ 0j�2

Eind
d

�
f
.�s/

d;ˇ
.t/f

.�s/

d;ˇ 0
.t/
�
Eind
d

�
f
.�s0/

d;ˇ
.t 0/f

.�s0/

d;ˇ 0
.t 0/

�
(c)
D

X
ˇ;ˇ 02Xd

p
ss0
jˇ jCjˇ 0j�2

12ˇDˇ 0

D

X
ˇ2Xd

.ss0/jˇ j�1

D

1X
nD1

jX
.n/

d
j.ss0/n�1:

The equation (b) uses independence of t and t 0 under P ind
d

, while (c) exploits the first
orthogonality property (4.3) in the formX

t2Xd

GW.�/

d
.t/ f

.�/

d;ˇ
.t/ f

.�/

d;ˇ 0
.t/ D E

t�GW.�/
d

�
f
.�/

d;ˇ
.t/ f

.�/

d;ˇ 0
.t/
�
D 1ˇDˇ 0

for parameter choices �D �s and �D �s0. In (a), we use both of these facts to apply
Fubini’s theorem in order to exchange expectation and summation over the countable
set Xd �Xd . Using Fubini is possible because ss0 < 1 and the following application
of the Cauchy–Schwarz inequality:

Eind
d

�
jf
.�s/

d;ˇ
.t/f

.�s/

d;ˇ 0
.t/f

.�s0/

d;ˇ
.t 0/f

.�s0/

d;ˇ 0
.t 0/j

�
D Eind

d

�
jf
.�s/

d;ˇ
.t/f

.�s/

d;ˇ 0
.t/j

�
Eind
d

�
jf
.�s0/

d;ˇ
.t 0/f

.�s0/

d;ˇ 0
.t 0/j

�
�

q
Eind
d

�
f
.�s/

d;ˇ
.t/2

�
Eind
d

�
f
.�s/

d;ˇ 0
.t/2

�
Eind
d

�
f
.�s0/

d;ˇ
.t 0/2

�
Eind
d

�
f
.�s0/

d;ˇ 0
.t 0/2

�
D 1:

This concludes the proof of the corollary.

With a full toolbox of results about Ld , we are now ready to present our main
theorems about tree correlation testing.

4.4. One-sided testability equivalences

Motivated by the question whether there exist one-sided tests for the tree correla-
tion testing problem (4.1), we start by reformulating it in two steps: First, make the
question uniquely about likelihood ratio tests; second, relate the feasibility to more
amenable information-theoretic quantities. It turns out that testability is closely linked
to the Kullback–Leibler divergence between P corr

d
and P ind

d
, which is defined as

KLd WD KL
�
P corr
d kP

ind
d

�
D Ecorr

d ŒlogLd �:
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This quantity is non-decreasing as a function of the depth d . To see this, let Fd be the
sigma-field containing information up to depth d and apply Jensen’s inequality with
the convex function x 7! x log.x/, as well as the martingale property

Eind
dC1ŒLdC1 j Fd � D Ld ;

to obtain

KLdC1 D Eind
dC1

�
Eind
dC1ŒLdC1 log.LdC1/ j Fd �

�
� Eind

dC1

�
Eind
dC1ŒLdC1 j Fd � log

�
Eind
dC1ŒLdC1 j Fd �

��
D Eind

d ŒLd log.Ld /� D KLd :

Consequently, the sequence .KLd /d has a (potentially infinite) limit KL1 2 Œ0;1�.
The following theorem achieves the desired reformulation of one-sided testability

by providing equivalent conditions that relate KLd , Ld , and the parameters �, s, s0.

Theorem 4.9. In the tree correlation testing problem (4.1), the following are equiva-
lent:

(a) there exist one-sided tests Td to decide P ind
d

vs. P corr
d

;

(b) there is a sequence of thresholds �d !1 such that P ind
d
.Ld > �d /! 0 and

lim infd!1 P corr
d
.Ld > �d / > 0;

(c) the P ind-martingale .Ld /d is not uniformly integrable;

(d) �ss0 > 1 and KL1 D1;

(e) �ss0 > 1 and P corr.lim infd .�ss0/�d log.Ld / � C/ � 1 � P .Ext.GW.�ss0///

for a constant C > 0 only depending on .�; s; s0/ and Ext.GW.�ss0// denoting
the extinction event of the Galton–Watson process with offspring Poi.�ss0/.

This result was first presented in the symmetric model in [27, Theorem 1] and
was extended to asymmetric correlated graphs in [35, Theorem 1]. Here, we provide
a complete and rigorous proof that was partially omitted in [35].

Proof. We start by showing the equivalence (b) , (c) followed by (a) , (b) and
concluding with the circular implications (b)) (d)) (e)) (b). We defer longer
technical passages to Appendix A.5 for better readability.

(b), (c). Given (b), there exists a sequence �d !1 such that

lim inf
d!1

P corr
d .Ld > �d / > 0:

Reformulating this inequality, there exist " > 0 and d0."/ 2 N such that, for all
d � d0."/,

P corr
d .Ld > �d / D EindŒLd1Ld>�d � � ":

This contradicts the definition of uniform integrability of .Ld /d .
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For the opposite direction, suppose (c) to be true and invoke Lemma 4.6 to trans-
late it to EindŒL1� < 1. From this, one can construct a sequence .�d /d which goes to
infinity and satisfies the desired properties, i.e.,

lim inf
d!1

P corr.Ld > �d / > 0 and P ind.Ld > �d / ����!
d!1

0:

For details on the construction of .�d /d , we refer the reader to Appendix A.5.

(a), (b). While (a) follows from (b) by taking Td WD 1Ld>�d , the other implication
is more involved. Suppose that there exists a sequence of one-sided tests Td fulfilling

P ind.Td D 1/ DW ˛d ! 0 and lim inf
d!1

P corr.Td D 1/„ ƒ‚ …
DWˇd

> 0:

The Neyman–Pearson lemma as presented in [31] then yields an optimal test se-
quence yTd of the form

yTd D

8̂̂<̂
:̂
1 if Ld > y�d ;

1U<
d for U � Unif.Œ0; 1�/ and 
d 2 Œ0; 1� if Ld D y�d ;

0 if Ld � y�d ;

with type-I error equal to that of Td , i.e.,

˛d D P ind. yTd D 1/ D P ind.Ld > y�d /C 
dP ind.Ld D y�d /:

We differentiate between two cases depending on whether y�d !1 or not.
Beginning with the case y�d 6! 1, we show in Appendix A.5 that

.y�d /d is bounded H) EindŒL1� < 1: (4.5)

Since EindŒL1� < 1 is equivalent to (c), which we have already shown to imply (b),
this concludes the first case.

Assuming now that y�d !1, we set �d WD y�d � 1 and use Markov’s inequality
to obtain

P ind
d .Ld > �d / �

Eind
d
ŒLd �

�d
D

1

y�d � 1
����!
d!1

0:

This shows that the likelihood ratio test has vanishing type-I error. It also has signifi-
cant power since

P corr
d .Ld � �d / � P corr

d .Ld � y�d /

� P corr
d .Td D 1/ D ˇd H) lim inf

d!1
P corr
d .Ld � �d / > 0:

Hence, (b) holds true, concluding the equivalence we wanted to show.
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(b) ) (d). Supposing that (b) is true, we refer to step 5 in the proof of [27, Theo-
rem 1] for a demonstration of KL1D1. This proof completely ignores the symmetry
assumption; it is therefore independent of s; s0 and directly transferable to our asym-
metric setting.

In order to show �ss0 > 1, we assume the contrary, i.e., �ss0 � 1. A standard
result from Galton–Watson tree theory (see, for instance, [1]) states that in this case,
1 is the only fixed point in the interval Œ0; 1� of the probability generating function
of Poi.�ss0/. As seen in Section 4.3 (“martingale property”), the value EindŒL1� ful-
fills the same fixed point equation, leading to EindŒL1� D 1. Consequently, one has
trivial convergence of the means

EindŒLd � D 1! 1 D EindŒL1�;

which we combine with the almost sure convergence Ld ! L1 and Scheffé’s lemma
to obtain L1-convergence of Ld to L1. This, in turn, yields that .Ld /d is a flat
martingale, hence uniformly integrable. Since we have already shown (b), (c), this
contradicts one-sided testability and lets us conclude that the assumption �ss0 � 1
must be wrong.

(d)) (e). This implication is long and technical, requiring additional results about
Galton–Watson trees. We defer it to Appendix A.5.

(e)) (b). The assumption �ss0 > 1 implies 1 � P .Ext.GW.�ss0/// > 0, and hence

P corr�lim inf
d!1

.�ss0/�d log.Ld / � C
�
> 0:

Setting �d WD exp.C.�ss0/d /, one has �d !1 and Markov’s inequality implies van-
ishing type-I error of the test 1Ld>�d :

P ind.Ld � �d / �
EindŒLd �

�d
D

1

�d
����!
d!1

0:

To show significant power, we use Fatou’s lemma to obtain

lim inf
d!1

P corr.Ld � �d / � P corr�lim inf
d!1

¹Ld � �d º
�

D P corr�
9D 8d � D W Ld � exp

�
C.�ss0/d

��
D P corr�lim inf

d!1
.�ss0/�d log.Ld / � C

�
> 0:

This implies (b) and concludes the proof of all equivalences we wanted to show.
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4.5. Sharp information-theoretic limits

The previous section translates feasibility of tree correlation testing to concrete statis-
tical properties. Especially (a), (d) of Theorem 4.9 lets us focus on the Kullback–
Leibler between P corr

d
and P ind

d
. The following theorem relates the convergence of

.KLd /d directly to the parameters �; s and s0, characterizing a sharp phase transition
in asymmetric tree correlation testing around Otter’s constant.

Theorem 4.10. In the tree correlation testing problem (4.1), parametrized by s; s0 2
.0; 1� and � > 0, there is a feasibility phase transition around Otter’s constant ˛ �
0:3383, which is characterized as follows:

(i) if ss0 � ˛, then supd2N KLd <1 and tree correlation testing is impossible;

(ii) if ss0 > ˛ and � > �0 for a threshold �0 D �0.s; s0/ coming from a Gauss-
ian approximation argument, then KLd !1 and tree correlation testing is
possible.

The conclusions in (i) and (ii) about tree correlation testing are immediate con-
sequences of Theorem 4.9. In particular, one needs to require �0ss0 > 1 for the
conclusion in (ii) to be true, adding a requirement on the magnitude of �0.

Remark 4.11. For large enough �, the only parameter determining feasibility of the
testing problem is the product ss0. This has the effect that one density parameter s of
the first tree can compensate for lower density s0 in the second tree. We refer to the
concluding Section 5 for the implications of this result on graph alignment.

Remark 4.12 (On the size of �0). The sharpness statement in Theorem 4.10 holds
only under the additional condition � > �0, which arises from the Gaussian approx-
imation argument later in this section. It is natural to conjecture that �ss0 > 1 is
sufficient for KLd ! 1, even more so in the light of Corollary 4.8, which states
that EindŒL2

d
� only depends on ss0, not �. However, the only link we can establish

between KLd and EindŒL2
d
� goes through Gaussian approximation, and we do not

have a principled reason to expect such a link to hold beyond that regime. Determin-
ing the minimal value of �0 therefore remains open.

For the remainder of this section, we prove Theorem 4.10. Showing (i) is straight-
forward due to our preparatory work, the proof of (ii) requires more involved tech-
niques.

Proof of Theorem 4.10 (i). Let ss0 � ˛. We start by upper bounding the Kullback–
Leibler by using Jensen’s inequality:

KL
�
P corr
d kP

ind
d

�
D Eind

d

�
Ld log.Ld /

�
D Ecorr

d

�
log.Ld /

�
� log

�
Ecorr
d ŒLd �

�
D log

�
Eind
d ŒL

2
d �
�
:
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This second moment is characterized in Corollary 4.8. Combining that result with
jX

.n/

d
j � jX

.n/
n�1j yields

Eind
d ŒL

2
d � D

1X
nD1

jX
.n/

d
j.ss0/n�1 � .ss0/�1

1X
nD1

jX
.n/
n�1j.ss

0/n:

Due to the asymptotic formula for jX.n/
n�1j from Proposition 4.1, we have

1X
nD1

jX
.n/
n�1j.ss

0/n <1 ”

1X
nD1

Cn�3=2
.ss0/n

˛n
<1;

where finiteness on the right follows from ss0 � ˛. Consequently, KL.P corr
d
kP ind

d
/ is

bounded above by the logarithm of a finite value, which concludes the proof.

The use of Jensen’s inequality in the above proof prevents us from using the same
argument to show KL.P corr

d
kP ind

d
/ D 1 in the case where ss0 > ˛. This direction

requires some additional tools, which we will introduce next.

Proof of Theorem 4.10 (ii). Instead of being true for any value of �, we recall that
point (ii) of Theorem 4.10 only holds for all � surpassing a certain threshold �0. This
phenomenon has its roots in our proof technique: We will first examine the asymptotic
behavior of KLd when letting �!1 and leaving d fixed. This is done via a Gaussian
approximation argument, which is introduced in the following lemma.

This lemma will not be precisely enough to show the desired statement, which
requires some refined analysis afterward. Nonetheless, it contains the key idea of the
proof.

Lemma 4.13 (Gaussian approximation). Let d 2 N and recall that XdC1 D NXd

by the subtree tuple identification. There exists a pair of functions

.y; y0/WXdC1 �XdC1 ! RXd �RXd ; .t; t 0/ 7!
�
yˇ .t/; y

0
ˇ .t
0/
�
ˇ2Xd

;

with the property that the above map is affine and bijective. The law of the random
vector .y.t/; y0.t 0// shall be denoted either as L.y; y0/ in the case .t; t 0/ � P corr

dC1
, or

as L.y/˝L.y0/ in the case .t; t 0/ � P ind
dC1

. One has

KL
�
P corr
dC1kP

ind
dC1

�
D KL

�
L.y; y0/kL.y/˝L.y0/

�
and that L.y; y0/ converges weakly towards the joint law of a pair of random vari-
ables

L.y; y0/
w
����!
�!1

L.z; z0/:
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The pair .z; z0/ D ..zˇ /ˇ2Xd ; .z
0
ˇ
/ˇ2Xd / is a Gaussian vector of infinite dimension

with zero mean and covariances defined by

EŒzˇz
 � D EŒz0ˇz
0

 � D 1ˇD
 ; EŒzˇz

0

 � D

p
ss0
jˇ j

1ˇD
 for all ˇ; 
 2 Xd :

The proof of this lemma is rather technical and exploits the orthogonality proper-
ties from Theorem 4.7. The details are in Appendix A.6, in particular, how the vector
.y; y0/ is defined and how Levy’s Continuity theorem implies its weak convergence
to .z; z0/.

For the remainder of this section, let ss0 � ˛ and recall that our goal is to show

KLd ����!
d!1

1

for sufficiently large �. With Lemma 4.13 at hand, we can take a first step towards
this goal and establish a lower bound on KL for large �.

Lemma 4.14. For any depth d 2 N, one has the following asymptotic lower bound
on KLdC1:

lim inf
�!1

KL
�
P corr
dC1kP

ind
dC1

�
�

1X
nD1

jX
.n/

dC1
j.ss0/n�1:

Proof. The key idea for a lower bound on KL.P corr
dC1
kP ind

dC1
/ is the lower semi-conti-

nuity of the Kullback–Leibler divergence (see, for instance, [34]): For two sequences
of weakly converging random variables

X�
w
����!
�!1

X and Y�
w
����!
�!1

Y;

one has
lim inf
�!1

KL
�
L.Xn/kL.Yn/

�
� KL

�
L.X/kL.Y /

�
:

Using Lemma 4.13, we therefore obtain

lim inf
�!1

KL
�
P corr
dC1kP

ind
dC1

�
D lim inf

�!1
KL
�
L.y; y0/kL.y/˝L.y0/

�
� KL

�
L.z; z0/kL.z/˝L.z0/

�
:

The right-hand side can be explicitly computed after some observations: Recall that
the covariance structure of .z; z0/ is given by

EŒzˇz
 � D EŒz0ˇz
0

 � D 1ˇD
 ; EŒzˇz

0

 � D

p
ss0
jˇ j

1ˇD
 for all ˇ; 
 2 Xd :

This leads us to observe, on the one hand, that an infinite Gaussian vector of law
L.z/˝L.z0/ has the infinite covariance matrix diag.1; 1; 1; : : :/. On the other hand,
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for a vector Z of law L.z; z0/, we choose an arbitrary numbering of the trees in Xd ,
namely ˇ1; ˇ2; ˇ3; : : : and suppose that the coordinates are ordered as

Z D .zˇ1 ; z
0
ˇ1
; zˇ2 ; z

0
ˇ2
; zˇ3 ; z

0
ˇ3
; : : : /:

Note that this ordering does not affect the Kullback–Leibler divergence since applying
a permutation to the covariance matrix is a similarity transformation.

Observe that the covariance of Z is an infinite block diagonal matrix with the
blocks  

1
p
ss0
jˇi j

p
ss0
jˇi j

1

!
for i D 1; 2; 3; : : :

This enables us to compute

KL
�
L.z; z0/kL.z/˝L.z0/

�
D KL

�
N .0;Cov.Z//kN .0; I /

�
D �

1

2
log
�
det.Cov.Z//

�
;

where the last equality is a simple computation; see, for instance, [38].
One can deduce that

det.Cov.Z// D
1Y
iD1

�
1 � .ss0/jˇi j

�
from the block diagonal structure of the covariance matrix. Consequently,

lim inf
�!1

KL
�
P corr
dC1kP

ind
dC1

�
� �

1

2
log

� Y
ˇ2Xd

�
1 � .ss0/jˇ j

��
D
1

2
log

� Y
ˇ2Xd

1

1 � .ss0/jˇ j

�
:

Since ss0 < 1 and Xd is countable, we may develop the geometric seriesY
ˇ2Xd

1

1 � .ss0/jˇ j
D

Y
ˇ2Xd

1X

ˇD0

.ss0/
ˇ jˇ j

D

X
.
ˇ/ˇ2NXd

.ss0/
P
ˇ 
ˇ jˇ j

D

X

2XdC1

.ss0/j
 j�1;

where for the last equality we recall that

j
 j D 1C
X
ˇ


ˇ jˇj
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for any 
 D .
ˇ /ˇ2Xd 2XdC1. Developing the right-hand expression as in the proof
of Corollary 4.8 yieldsX


2XdC1

.ss0/j
 j�1 D

1X
nD1

X

2XdC1;

j
 jDn

.ss0/n�1 D

1X
nD1

jX
.n/

dC1
j.ss0/n�1:

This concludes the proof of the lemma.

Letting d !1 in Lemma 4.14 yields

lim
d!1

lim inf
�!1

KL
�
P corr
dC1kP

ind
dC1

�
� lim
d!1

1X
nD1

jX
.n/

d
j.ss0/n�1

D

1X
nD1

jX
.n/
n�1j.ss

0/n�1;

where the right-hand side diverges due to ss0 � ˛ and the asymptotics of jX.n/
n�1j from

Proposition 4.1. If the limits in d and � were swapped, this would give the desired
results, but we are not allowed to do so. Instead, we need another proof strategy, which
we sketch here before providing the details:

(1) From the fact that lim inf� KL.P corr
dC1
kP ind

dC1
/ diverges for d ! 1, one can

derive that there is a depth d0 and a test Td0 fulfilling

P corr
d0
.Td0 D 1/ � ˇ and P ind

d0
.Td0 D 1/ � ": (4.6)

(2) This test can then be amplified in the next generation d0 C 1, i.e., there exists
a test Td0C1 based on Td0 such that for the same constants as before

P corr
d0C1

.Td0C1 D 1/ � ˇ and P ind
d0C1

.Td0C1 D 1/ �
"

2
: (4.7)

(3) The test amplification strategy is independent of the generation d , meaning
we can propagate the bound arbitrarily often. This leads to a sequence of tests .Td /d
which share the lower bound ˇ > 0 on their power and have vanishing type-I error
since P ind

d
.Td D 1/ � "=2

�.d�d0/. In other words, we obtain a sequence of one-sided
tests.

(4) By Theorem 4.9, this is equivalent to the divergence of KL.P corr
dC1
kP ind

dC1
/,

which concludes the proof of Lemma 4.13.

While points (3) and (4) of this sketch are rigorous, points (1) and (2) require more
detail. This is the content of the following two lemmata, which are proved afterward.
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Lemma 4.15 (Point (1) of the proof sketch). Let ˇ 2 .0; 2=15/ and " > 0. Then, there
exists �1 > 0 and d0 2 N such that, for all � � �1, there is a test Td0 WXd0 �Xd0 !

¹0; 1º fulfilling

P corr
d0
.Td0 D 1/ � ˇ and P ind

d0
.Td0 D 0/ � ":

Lemma 4.16 (Point (2) of the proof sketch). Given ˇ 2 .0; 1/, there exist constants
" > 0 and �0 > 0 such that the following implication holds: If for all � � �0 and any
depth d 2 N, there exists a test Td WXd �Xd ! ¹0; 1º with

P corr
d .Td D 1/ � ˇ and P ind

d .Td D 1/ � ";

then one can define another test TdC1WXdC1 �XdC1!¹0;1º fulfilling the amplified
test conditions

P corr
dC1.TdC1 D 1/ � ˇ and P ind

dC1.TdC1 D 1/ �
"

2

for all � � �0.

To see how these results imply points (1) and (2) from the above proof sketch,
fix a constant ˇ 2 .0; 2=15/ and let ."; �0/ be the corresponding quantities from
Lemma 4.16. By Lemma 4.15, there exist �1 and d0 such that (4.6) holds for all
� � �1. Hence, for � � max¹�0; �1º, both lemmata can be applied.

Since (4.6) is nothing but the implication assumption in Lemma 4.16 for d D d0,
this lemma generates another test at generation d0 C 1 fulfilling the amplified test
conditions presented in (4.7). Point (3) of the proof sketch then iterates the utilization
of Lemma 4.16, which concludes the proof of Theorem 4.10 (ii).

All that remains to do now is show both Lemmata 4.15 and 4.16.
The proof of Lemma 4.15 can be copied line-by-line from [28, Appendix B.1], up

to notational differences and the fact that the initial condition changes from s >
p
˛

to the asymmetric counterpart ss0 > ˛. We refer the reader to the original source.
The same cannot be said about the proof of Lemma 4.16, which may be of partic-

ular interest since it shows how to obtain an amplified test TdC1 from a lower-depth
test Td .

Proof of Lemma 4.16. Fix a constant ˇ 2 .0; 1/ and a depth d . Next, suppose that
there exist " > 0, �0 > 0 and a test Td WXd �Xd ! ¹0; 1º such that for all � � �0,

P corr
d .Td D 1/ � ˇ and P ind

d .Td D 1/ � ":

To find an amplified test TdC1, we define the value

Z.t; t 0/ WD
X

.�;� 0/2X2
d
;

Td .�;�
0/D1

�
N� � �sGW.�s/

d
.�/
��
N 0� 0 � �s

0GW.�s0/

d
.� 0/

�
;
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where t D .N� /� and t 0 D .N 0� 0/� 0 form a pair of trees in XdC1. For some threshold �
to be determined, we derive the test TdC1.t; t

0/ WD 1Z.t;t 0/�� , which must fulfill the
two requirements

P corr
dC1.TdC1 D 1/ D P corr

dC1

�
Z.t; t 0/ � �

�
� ˇ (4.8)

and
P ind
dC1.TdC1 D 1/ D P ind

dC1

�
Z.t; t 0/ � �

�
�
"

2
: (4.9)

The technical tool for showing these equations is the following lemma, whose proof
can be found in Appendix A.7.

Lemma 4.17 (Moments of Z). The random variable Z WD Z.t; t 0/ has the following
moments under P ind and P corr:

(a) Eind
dC1

ŒZ� D 0;

(b) Ecorr
dC1

ŒZ� D �ss0P corr
d
.Td D 1/;

(c) Eind
dC1

ŒZ4� � 36.�2ss0/2P ind
d
.Td D 1/

2 C 13�3ss0P ind
d
.Td D 1/;

(d) Varcorr
dC1

ŒZ� � �2ss0.1C ss0/P ind
d
.Td D 1/C Ecorr

dC1
ŒZ�.

To show equation (4.9), we simply combine Markov’s inequality with point (c)
and the hypothesis P ind

d
.Td D 1/ � ", which yields

P ind
dC1

�
Z.t; t 0/ � �

�
�
1

�4
Eind
dC1

�
Z.t; t 0/4

�
�
1

�4

�
36.�2ss0/2P ind

d .Td D 1/"C 13�
3ss0"

�
:

Since AC B � 2max¹A;Bº, choosing

�4 � 2max
®
72.�2ss0/2P ind

d .Td D 1/; 26�
3ss0

¯
lets us bound the right-hand side by "=2, which implies P ind

dC1
.Z.t; t 0/ � �/ � "=2.

Consequently, setting

� D max
®
4�
p
ss0P ind

d .Td D 1/
1=4; 3�3=4

4
p
ss0
¯

implies (4.9).
To show equation (4.8), we first assume � � Ecorr

dC1
ŒZ�=2 and compute

P corr
dC1.Z � �/ � P corr

dC1

�
Z �

1

2
Ecorr
dC1ŒZ�

�
� P corr

dC1

�
jZ � Ecorr

dC1ŒZ�j �
1

2
Ecorr
dC1ŒZ�

�
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� 4
Varcorr

dC1
ŒZ�

Ecorr
dC1

ŒZ�2

� 4
�2ss0.1C ss0/P ind

d
.Td D 1/C �ss

0P corr
d
.Td D 1/

�2s2.s0/2 P corr
d
.Td D 1/2

�
8P ind

d
.Td D 1/

ss0ˇ2
C

4

�ss0ˇ
:

We explain the inequalities one by one: The first one exploits that � � Ecorr
dC1

ŒZ�=2

and the second line is true because 0 � A � B implies jA � 2Bj � B . Thirdly, we
apply Markov’s inequality; next, we use points (b) and (d) from Lemma 4.17, and the
final inequality follows from 1C ss0 � 2 as well as the hypothesis P corr

d
.Td D 1/� ˇ.

Note that one has the implication

P corr
dC1.Z � �/ � 1 � ˇ H) P corr

dC1.Z � �/ � ˇ;

where the latter expression corresponds to (4.8). Hence, all that remains to be done is
choosing �0 and " such that for all � � �0, the following two equations hold:

max
®
4�
p
ss0P ind

d .Td D 1/
1=4; 3�3=4

4
p
ss0
¯
D � �

1

2
Ecorr
dC1ŒZ�; (4.10)

8P ind
d
.Td D 1/

ss0ˇ2
C

4

�ss0ˇ
� 1 � ˇ: (4.11)

Imposing

� �
8

ss0.1 � ˇ/
and P ind

d .Td D 1/ �
.1 � ˇ/ss0ˇ2

16

ensures (4.11). Next, by combining

Ecorr
dC1ŒZ� D �ss

0P corr
d .Td D 1/ with P corr

d .Td D 1/ � ˇ;

one observes that (4.10) is implied by

4�
p
ss0P ind

d .Td D 1/
1=4
�
1

2
�ss0ˇ and 3�3=4

4
p
ss0 �

1

2
�ss0ˇ:

This is equivalent to

P ind
d .Td D 1/ �

�pss0ˇ
8

�4
and

64

ˇ4.ss0/3
� �:

Finally, we set

�0 WD max
²

64

ˇ4.ss0/3
;

8

ss0.1 � ˇ/

³
and " WD min

²�p
ss0ˇ

8

�4
;
.1 � ˇ/ss0ˇ2

16

³
:

Note that both variables only depend on ˇ; s and s0. Consequently, we could have set
these values from the start, and all arguments would work without extra assumptions,
independently from the depth d . This concludes the proof.
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5. Conclusion

In this work, we extend the graph alignment problem to the asymmetric case with
varying edge densities and different node numbers. This advances the applicability of
graph alignment, but our analysis remains theoretical within the well-studied Erdős–
Rényi setting. Section 2 provides a rigorous model definition, adjusted performance
metrics, and the idea of one-sided partial alignment in the asymmetric case.

Since our study focuses on sparse graphs, Section 3 translates the problem to
correlation testing for local Galton–Watson trees. We generalize prior work to an
asymmetric tree model and show that Algorithm 1 achieves alignment on the graph
level by comparisons on the tree level.

Finally, Section 4 investigates asymmetric tree correlation testing in more detail.
Leveraging advantageous properties of the likelihood ratio, particularly its diagonal-
ization formula, we demonstrate a phase transition in the feasibility of tree correlation
testing. The sharp threshold ss0 D ˛ provides insights not only for tree correlation
testing but also for graph alignment, as summarized in the following corollary.

Corollary 5.1 (Combination of Theorem 3.10 and Theorem 4.10). For � > 0 large
enough and ss0 > ˛ where ˛ is Otter’s constant, Algorithm 1 achieves one-sided
recovery of the true alignment ��. In particular, for s D 1 and ˛ < s0 < 1, in which
case G0 is a proper random subgraph of G, one recovers a significant portion of node
correspondences while making negligible error.

This result has new theoretical implications for random subgraph matching. While
the general subgraph isomorphism problem is NP-hard, the here presented random
version is feasible in polynomial time. This resolves an open problem discussed in
personal communication with Jiaming Xu2 and naturally extends the work of [6, 9].

Open questions. While Corollary 5.1 represents a positive result for asymmetric tree
correlation testing, some questions remain:

• We know from Theorem 4.10 that ss0 � ˛ implies impossibility of tree correla-
tion testing. It remains an open question whether sparse graph alignment is also
infeasible in this regime or if a non-local algorithm could function.

• MPALIGN achieves one-sided recovery but its theoretical power is lowered by the
dangling tree trick. Disregarding nodes with fewer than three neighbors limits the
algorithm’s ability to align a significant portion of the giant component. A more
refined analysis to extend the algorithm’s scope is left for future research.

2J. Xu, personal communication at MiFODS workshop, MIT (Cambridge, MA, USA),
August 19–22, 2019.
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Aside from a refined analysis of the problem at hand, there are several directions
in which the concept of asymmetric correlated graphs could enrich the alignment
literature. Here are two examples:

• Within the sparse regime, one natural generalization is to study the alignment of
correlated configuration models with fixed degree sequences.

• In the denser settings of the correlated Erdős–Rényi model, numerous findings can
be generalized to the asymmetric setting. We expect that some extend naturally,
while others may require new techniques to accommodate varying node numbers
and edge densities.

Many geometric graphs and real-world networks exhibit inherent asymmetry, neces-
sitating alignment techniques beyond the classical symmetric setting. We hope to
contribute a step towards deeper understanding of correlated networks beyond the
theoretical playground of symmetrical pairs of Erdős–Rényi graphs.

A. Deferred proofs

A.1. Proof of Lemma 3.11

We recall the lemma about the second moment of Rd before moving to its proof.
Here, we shift the index from d � 1 to d compared to Lemma 3.11, which does not
impact the result and simplifies notations.

Lemma A.1 (Copy of Lemma 3.11). Under the parameters of Theorem 3.10 and
using the notations from the proof of Theorem 3.10, one has

Eind
d

�
R2d1Ac\B

�
2 O.1/:

Proof. This proof uses vocabulary and ideas from techniques to establish relation-
ships between graph neighborhoods and branching processes; cf. [3, p. 161] and [10].

Let .G;G0/ � CER.N; �; s; s0/ and let i 2 V as well as j 2 V 0. We describe the
sampling process from P dis as a simultaneous exploration of G and G0, starting at i
and j . This process is conditioned on the following hypotheses from Definition 3.2:

(a) either i 62 V� or ��.i/ ¤ j ;

(b) NG;2d .i/ and NG0;2d .j / are trees;

(c) NG;d .i/ \ V� and NG0;d .j / \ V
0
� are disjoint as subgraphs of G�.

Note that this is not precisely the vocabulary of dangling trees since we are not talking
about pointing neighborhoods: Considering NG;d .i/ instead of NG;d .i ! ik/ simpli-
fies notation but does not influence this proof which could well be written with pointed
neighborhoods.
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Sampling from P dis can be seen as the following graph exploration algorithm: It
describes the sampling process of .NG;d .i/;NG0;d .j // conditioned on (a), (b), (c).

Initialization. Initialize NG;d .i/ WD ¹iº and NG0;d .j / WD ¹j º as the trivial trees con-
sisting only of their roots. These roots are assigned depth 0 in their respective trees.
Next, we consider three types of node sets during the exploration process:

• The active sets A�, A, and A0 which are subsets of V� (which is identified as V 0�
in G0), V n V�, and V 0 n V 0�, respectively. If i is a node of G�, one initializes
A� D ¹iº;A D ;; else if i 2 V n V�, then A� D ;;A D ¹iº. Similarly, add j
to A� if contained in G�, or add it to A0 otherwise.

• The deactivated sets D�, D , and D 0, which are all initialized as ;.

• The sets of unvisited nodes U� WD V� nA�, U WD V nA, and U0 WD V 0� nA0.

Let A� denote the cardinality of A�,D0 the cardinality of D 0, and so forth for all sets.
At all times during the sampling process, one has

U � D n� � A
�
�D�; U D nC � A �D; and U 0 D n0C � A

0
�D0:

Exploration of the unvisited nodes. While at least one active set (A�;A, or A0) is
non-empty and contains nodes of depth d or less (with respect to the root in their
respective graph), execute the following steps:

(1) Arbitrarily pick one node k 2 A� [A [A0 with minimal depth among all
such nodes, remove it from its respective active set, and add it to the corresponding
deactivated set. For instance, if k 2 A0, then move k to D 0.

(2) If k is part of NG;d .i/, then sample Bin.U �; �rr 0=N/ child nodes from U�

and Bin.U; �r.1� r 0/=N / child nodes from U. Remove these child nodes from their
respective unvisited node sets and add them to the corresponding active sets.

(3) Else if k is part of NG0;d .j /, then sample Bin.U �; �rr 0=N/ child nodes
from U� and Bin.U 0; �r 0.1� r/=N / child nodes from U0. Again, remove these child
nodes from their respective unvisited node sets and add them to the corresponding
active sets.

(4) Assign correct depths to all new active nodes: If k was of depth dk , then all
children are assigned depth dk C 1.

Computation of the likelihood under P dis
d

. Fix two trees t and t 0 of depth d and
impose an arbitrary breadth-first-search numbering across both trees: Assign the num-
bers 1 and 2 to the two roots, then number subsequent generations such that nodes of
higher depth have strictly higher numbers. Let K D jt j C jt 0j be the total number of
nodes across both trees and denote by c� the number of children of each node � 2 ŒK�.

We start by computing P dis
d
.t; t 0/ which is independent of the arbitrary node

numbering � 2 ŒK�. For this computation, one goes through the nodes of t and t 0,
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computing the likelihood that each child number c� equals the binomial distributions
from the exploration process.

Note that in steps (2) and (3) of the exploration process, one needs to condition on
the fact that edges do not connect active nodes amongst each other. This corresponds
to the condition that NG;d .i/ and NG0;d .j / are non-intersecting and cycle-free. It
translates to the event ¹Bin.A� � 1; �ss0/ D 0º for nodes of the intersection graph
and similarly for other subgraphs. Subtracting the number 1 from A� compensates
for the fact that at the beginning of each iteration, the current node k is still in the
active set.

We index the exploration steps by � 2 ŒK� and use that same notation for the
evolving set cardinalities A�� ; U� ;D

0
� , etc. By “� 2 t”, we denote an iteration over all

exploration indices � 2 ŒK� that correspond to nodes of t . The likelihood of .t; t 0/ to
be sampled from P dis

d
can then be computed as follows:

P dis
d .t; t

0/ D
Y
�2t

P
�

Bin
�
U �� C U� ;

�r

N

�
D c�

�
P
�

Bin
�
A�� C A� � 1;

�r

N

�
D 0

�
�

Y
�2t 0

P
�

Bin
�
U �� C U

0
� ;
�r 0

N

�
D c�

�
P
�

Bin
�
A�� C A

0
� � 1;

�r 0

N

�
D 0

�
D

Y
�2t

�
U �� C U�

c�

���r
N

�c��
1 �

�r

N

�U�� CU��c��
1 �

�r

N

�A��CA��1
�

Y
�2t 0

�
U �� C U

0
�

c�

���r 0
N

�c��
1 �

�r 0

N

�U�� CU 0��c��
1 �

�r 0

N

�A��CA0��1
D

Y
�2t

�
U �� C U�

c�

���r
N

�c��
1 �

�r

N

�U�� CU�CA��CA��c��1
�

Y
�2t 0

�
U �� C U

0
�

c�

���r 0
N

�c��
1 �

�r 0

N

�U�� CU 0�CA��CA0��c��1
:

To simplify this expression, we track the quantities A� ; D0� ; U
�
� ; : : : throughout the

sampling process. The initialization leads to

A�1 D 1i2V� C 1j2V 0� ; A1 D 1i 62V� ; A01 D 1j 62V 0� ;

D�1 D D1 D D
0
1 D 0:

These quantities evolve as follows with � 2 ŒK�:

A�� D A
�
1 �D

�
� C

X
�2Œ��

c�� ; A� D A1 �D� C
X
�2Œ��

cC� ;

A0� D A
0
1 �D

0
� C

X
�2Œ��

c0C� ;
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D�� D
X
�2Œ��

1�2V� ; D� D
X
�2Œ��

1�2V nV� ; D0� D
X
�2Œ��

1�2V 0nV 0� ;

U �� D n� � A
�
� �D

�
� ; U� D nC � A� �D� ; U 0� D n

0
C � A

0
� �D

0
� ;

where c� D c�� C c
C
� denotes the decomposition of children among those in the inter-

section graph G� and those in the added nodes V n V�, respectively, V 0 n V 0�. Since
the product expansion of P dis

d
.t; t 0/ is only a function of the sums A�� CA

0
� ;U

�
� CU� ,

U �� C U
0
� and A�� C A� , we compute these sums directly:

A�� C A� D A
�
1 C A1 �D

�
� �D� C

X
�2Œ��

.c�� C c
C
� /

D 1C 1j2V 0� �
X
�2Œ��

1�2V C
X

�2Œ��;�2V

c�;

A�� C A
0
� D A

�
1 C A

0
1 �D

�
� �D

0
� C

X
�2Œ��

.c�� C c
0C
� /

D 1C 1i2V� �
X
�2Œ��

1�2V 0 C
X

�2Œ��;�2V 0

c�;

U �� C U� D n� C nC � A
�
� � A� �D

�
� �D�

D n � 1 � 1j2V 0� �
X

�2Œ��;�2V

c�;

U �� C U
0
� D n� C n

0
C � A

�
� � A

0
� �D

�
� �D

0
�

D n0 � 1 � 1i2V� �
X

�2Œ��;�2V 0

c�:

Introducing the notations I WD 1C 1j2V 0� and I0 WD 1C 1i2V� , this simplifies to

U �� C U� D n � I �
X

�2Œ��\V

c�;

U �� C U
0
� D n

0
� I0 �

X
�2Œ��\V 0

c�;

U �� C U� C A
�
� C A� D n �

X
�2Œ��

1�2V ;

U �� C U
0
� C A

�
� C A

0
� D n

0
�

X
�2Œ��

1�2V 0 :

Plugging these into the expression for P dis
d
.t; t 0/ yields

P dis
d .t; t

0/ D
Y
�2t

�
n � I �

P
�2Œ��\V c�

c�

���r
N

�c��
1 �

�r

N

�n�1�c��P�2Œ�� 1�2V

�

Y
�2t 0

�
n0 � I0 �

P
�2Œ��\V 0 c�

c�

���r 0
N

�c��
1 �

�r 0

N

�n0�1�c��P�2Œ�� 1�2V 0
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D

Y
�2t

.n � I �
P
�2Œ��\V c�/Š

c�Š.n � I �
P
�2Œ��1�\V c�/Š

� �s
Nq

�c��
1 �

�s

Nq

�n�1�c��jŒ��\V j
�

Y
�2t 0

.n0 � I0 �
P
�2Œ��\V 0 c�/Š

c�Š.n0 � I0 �
P
�2Œ��1�\V 0 c�/Š

� �s0
Nq0

�c��
1 �

�s0

Nq0

�n0�1�c��jŒ��\V 0j
:

Recall that B � ¹n � " � Nq � nC "º \ ¹n0 � " � Nq0 � n0 C "º, where

" D N 1=2C
 and 
 D
1

8
�
1

4
c log

�
�max¹s; s0º

�
> 0:

Conditioning on B, one can upper bound P dis
d
.t; t 0/ as follows:

P dis
d .t; t

0/1B �

Y
�2t

.n � I �
P
�2Œ��\V c�/Š

c�Š.n � I �
P
�2Œ��1�\V c�/Š

.�s/c�

.n � "/c�

�
1 �

�s

nC "

�n�c��jŒ��\V j
�

Y
�2t 0

.n0 � I0 �
P
�2Œ��\V 0 c�/Š

c�Š.n0 � I0 �
P
�2Œ��1�\V 0 c�/Š

.�s0/c�

.n0 � "/c�

�
1 �

�s0

n0 C "

�n0�c��jŒ��\V 0j
:

In the fraction .n � I �
P
�2Œ��\V c�/Š=.n � I �

P
�2Œ��1�\V c�/Š, the numerator is

equal to the denominator plus c� . Hence, using that the numerator is a product of
factors bounded by n, one has

.n � I �
P
�2Œ��\V c�/Š

.n � I �
P
�2Œ��1�\V c�/Š

�
1

nc�
� 1;

which still holds for sufficiently large n if one replaces 1=nc� by 1=.n� "/c� , because
" 2 o.N /. Consequently, there exists N0 2 N such that for all N � N0,

P dis
d .t; t

0/1B �

Y
�2t

1

c�Š
.�s/c�

�
1 �

�s

nC "

�n�c��jŒ��\V j
�

Y
�2t 0

1

c�Š
.�s0/c�

�
1 �

�s0

n0 C "

�n0�c��jŒ��\V 0j
: (A.1)

For the rest of this proof, we assume N � N0 in order for (A.1) to hold.

Computation of Rd , the likelihood ratio of P dis
d

and P ind
d

. It is quite simple to
compute P ind

d
.t; t 0/ because of the independence in Galton–Watson trees:

P ind
d .t; t 0/ D

Y
�2t

P
�
Poi.�s/ D c�

� Y
�2t 0

P
�
Poi.�s0/ D c�

�
D

Y
�2t

e��s.�s/c�
1

c�Š

Y
�2t 0

e��s
0

.�s0/c�
1

c�Š
:
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Comparing this to the upper bound on P dis
d
.t; t 0/ from (A.1), one obtains

Rd .t; t
0/1B D

�
P dis
d
.t; t 0/

P ind
d
.t; t 0/

�
1B

�

Y
�2t

e�s
�
1 �

�s

nC "

�n�c��jŒ��\V j
�

Y
�2t 0

e�s
0
�
1 �

�s0

n0 C "

�n0�c��jŒ��\V 0j
1B : (A.2)

Moving forward, we condition on the event Ac , which we recall to be defined as

Ac
D
®
8i 2 V; � 2 Œd � W j�G;�.i/j � C log.n/.�s/�

¯
[
®
8j 2 V 0; �0 2 Œd � W j�G0;�0.j /j � C log.n0/.�s0/�

¯
�

²
jt j � C log.n/

dX
�D0

.�s/�
³
[

²
jt 0j � C log.n0/

dX
�0D0

.�s0/�
0

³
�
®
jt j � zC log.n/.�s/d

¯
[
®
jt 0j � zC log.n0/.�s0/d

¯
;

where we have introduced the constant

zC WD C
�max¹s; s0º

�min¹s; s0º � 1
> 0:

Under Ac , we haveX
�2t

jŒ�� \ V j D 1C 2C � � � C jt j D
jt j.jt j C 1/

2
� jt j2 � zC 2 log.n/2.�s/2d :

Plugging the bounds on jt j and
P
� jŒ��\ V j into the first product “

Q
�2t” into (A.2),

we obtainY
�2t

e�s
�
1 �

�s

nC "

�n�c��jŒ��\V j
1Ac

D exp
�
�sjt j C

�
njt j �

X
�2t

c� �
X
�2t

jŒ�� \ V j

�
log
�
1 �

�s

nC "

��
1Ac

.?/
� exp

�
�sjt j �

�s

nC "

�
njt j �

X
�2t

c� �
X
�2t

jŒ�� \ V j

��
1Ac

D exp
��
1 �

n

nC "

�
�sjt j C

1

nC "
�s
jt j.jt j C 1/

2

�
exp

�
�s

nC "

X
�2t

c�

�
1Ac

� exp
�

"

nC "
zC log.n/.�s/dC1 C

1

nC "
zC 2 log.n/2.�s/2dC1

�
� exp

�
�s

nC "

X
�2t

c�

�
; (A.3)
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where the inequality .?/ uses log.1� x/ � �x for x < 1. Recalling that Nq � nC "
and " D N 1=2C
 , we have

"

nC "
�
N 1=2C


Nq
and

1

nC "
�

1

Nq
:

We further bound log.n/ � log.N / and use the assumption d � c log.N / from The-
orem 3.10, which leads to

.�s/d � .�s/c log.N/
D N c log.�s/

� N c log.�max¹s;s0º/
� N 1=2�2
 ; (A.4)

where the last inequality follows from c log.�max¹s; s0º/ � 1=4 < 1=2 and

1

2
� 2
 �

1

2
�
1

4
C
1

2
c log

�
�max¹s; s0º

�
> c log

�
�max¹s; s0º

�
:

Going back to (A.3), we can thus bound the first term of the last line as follows:

exp
�

"

nC "
zC log.n/.�s/dC1 C

1

nC "
zC 2 log.n/2.�s/2dC1

�
� exp

�
N 1=2C


Nq
zC log.N /�sN 1=2�2


C
1

Nq
zC 2 log.N /2�sN 1�4


�
D exp

�
zC �s

q
log.N /N�
 C

zC 2�s

q
log.N /2N�4


�
:

Since 
 > 0, the last line is in O.1/ and we note that its value is deterministic.
The same argument that we started in (A.3) can be used verbatim by replacing s,

n, q, t with s0, n0, q0, t 0 in order to showY
�2t 0

e�s
0
�
1 �

�s0

n0 C "

�n0�c��jŒ��\V 0j
1B\Ac

� exp
�

"

n0 C "
zC log.n0/.�s0/dC1 C

1

n0 C "
zC 2 log.n0/2.�s0/2dC1

�
� exp

�
�s0

n0 C "

X
�2t 0

c�

�
� O.1/ � exp

�
�s0

n0 C "

X
�2t 0

c�

�
:

Using the thus obtained bounds on both products “
Q
�2t” and “

Q
�2t 0” in (A.2) yields

Rd .t; t
0/1B\Ac � O.1/ � exp

�
�s

nC "

X
�2t

c�

�
exp

�
�s0

n0 C "

X
�2t 0

c�

�
:

Squaring this inequality and using 1=.nC "/ � 1=.Nq/ on B, we get

R2d .t; t
0/1B\Ac � O.1/ � exp

�
2�s

Nq

X
�2t

c�

�
exp

�
2�s0

Nq0

X
�2t 0

c�

�
: (A.5)
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Computing the expectation. To conclude the proof of Lemma 3.11, one needs to
compute the expectation of R2

d
under P ind

d
. The assumption that .t; t 0/ � P ind

d
is

equivalent to c� � Poi.�s/ for � 2 t and c� � Poi.�s0/ for � 2 t 0 with all c� being
independent. Hence, taking expectations in (A.5) yields

Eind
d

�
R2d1B\Ac

�
� O.1/ �

Y
�2t

Eind
d

�
e.2�s/=.Nq/c�

�
�

Y
�2t 0

Eind
d

�
e.2�s

0/=.Nq0/c�
�
1Ac : (A.6)

Since the generating function of c� equals� 7!EŒe�c� �D exp.�s.e�� 1//, we obtainY
�2t

Eind
d

�
e.2�s/=.Nq/c�

�
1Ac D exp

�
�s
�
e.2�s/=.Nq/ � 1

��jt j
1Ac

� exp
�
�s
�
e.2�s/=.Nq/ � 1

�
zC log.n/.�s/d

�
:

A first order approximation yields e.2�s/=.Nq/ � 12O.N�1/ and we recall from (A.4)
that .�s/d � N 1=2�2
 . Hence,�

e.2�s/=.Nq/ � 1
�

log.n/.�s/d � O
�
N�1 log.N /N 1=2�2


�
� o.1/;

which leads to

exp
�
�s
�
e.2�s/=.Nq/ � 1

�
zC log.n/.�s/d

�
2 O.1/:

Plugging this result into (A.6), we conclude that d 7! Eind
d
ŒR2
d

1Ac1B � is bounded.
This finishes the proof.

A.2. Proof of Proposition 4.3

We recall the recursive likelihood ratio property before moving to its proof.

Proposition A.2 (Copy of Proposition 4.3). For t; t 0 2 Xd , let c; c0 be the degrees
of their respective root nodes. Denote by tŒ1�; : : : ; tŒc�, respectively, t 0

Œ1�
; : : : ; t 0

Œc0�
the

subtrees attached to the roots, labeled randomly. Recall that � W Œk� ,�! Œc� denotes an
injective map from Œk� to Œc� and let

P
� WŒk�,!Œc� be the sum over all such mappings.

Then, for all d 2 N>1, the likelihood ratio at depth d can be expressed recursively as

Ld .t; t
0/ D

c^c0X
kD0

 .k; c; c0/
X

� W Œk�,�!Œc�;
� 0W Œk�,�!Œc0�

kY
iD1

Ld�1
�
tŒ�.i/�; t

0
Œ� 0.i/�

�
;

where
 .k; c; c0/ D exp.�ss0/

1

�kkŠ
.1 � s0/c�k.1 � s/c

0�k :
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Proof. For a rooted tree t , denote its root node by �t . The values c D deg.�t / and
c0 D deg.�t 0/ represent the number of root children in t and t 0, respectively. Since t
and t 0 are deterministic, both c and c0 are fixed integers.

In the following, .�; � 0/ denotes a pair of random trees following the law P corr
d

.
Hence, they can be seen as independent augmentations of an intersection tree denoted
as �� as explained in Definition 3.1. Note that .�; � 0/ D .t; t 0/ implies the event

D WD
®
deg.�� / D c; deg.�0� / D c

0
¯
;

which lets us compute

P corr
d .t; t 0/

(a)
D

c^c0X
kD0

P corr
d

�
.�; � 0/ D .t; t 0/;D; deg.���/ D k

�
D

c^c0X
kD0

P corr
d

�
D; deg.���/ D k

�
P corr
d

�
.�; � 0/ D .t; t 0/ j D; deg.���/ D k

�„ ƒ‚ …
DW�

(b)
D

c^c0X
kD0

��ss0.k/��s.1�s0/.c � k/��s0.1�s/.c
0
� k/�:

The equality (a) uses deg.���/ � deg.�� /^ deg.�� 0/, while (b) relies on the construc-
tion of .�; � 0/ as augmentations of ��. From the construction of these augmentations,
one has

deg.���/ � Poi.�ss0/; deg.�� / � deg.���/ � Poi
�
�s.1 � s0/

�
;

and
deg.�� 0/ � deg.���/ � Poi

�
�s0.1 � s/

�
with all three variables being independent.

To compute �, randomly assign the numbers ¹1; : : : ; cº to the child nodes of �t
and denote by tŒi� WDNt;d .�t ! i/ the (unlabeled) subtree rooted in i 2 Œc�, using the
notation from Section 3.3. Define t 0

Œ1�
; : : : ; t 0

Œc0�
analogously and enumerate the child

nodes of �; � 0 in a way that .�Œ1�; � 0Œ1�/; : : : ; .�Œk�; �
0
Œk�
/ correspond to the root children

in �� with k D deg.���/. With this notation, the event .�; � 0/ D .t; t 0/ implies that
permutations �;� 0 are correctly mapping the random numberings to the corresponding
nodes. Denoting by Sc the symmetric group of size c, this leads to

� D
X
�2Sc
� 02Sc0

1

cŠc0Š

� P corr
d

 
.�; � 0/ D .t; t 0/ j D; deg.���/ D k;

´
�i D tŒ�.i/� for i 2 Œc�;

� 0j D t
0
Œ� 0.j /�

for j 2 Œc0�

!
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D

X
�;� 0

1

cŠc0Š
P corr
d�1

��
�Œi�; �

0
Œi�

�
D
�
tŒ�.i/�; t

0
Œ� 0.i/�

�
for i 2 Œk�

�
� P

�
tŒ�.i/� D GW.�s/

d�1
for i 2 Œk C 1 W c�

�
� P

�
t 0Œ� 0.i/� D GW.�s0/

d�1
for i 2 Œk C 1 W c0�

�
D

X
�;� 0

1

cŠc0Š

� kY
iD1

P corr
d�1

�
t 0Œ�.i/�; t

0
Œ� 0.i/�

��

�

� cY
iDkC1

GW.�s/

d�1

�
tŒ�.i/�

��� c0Y
iDkC1

GW.�s0/

d�1

�
t 0Œ� 0.i/�

��
;

where we recall that GW.�/

d�1
.t/ denotes the likelihood of t being a GW-tree of depth

d � 1 and offspring distribution Poi.�/.
Under the independence hypothesis, the computation is more immediate:

P ind
d .t; t 0/ D GW.�s/

d
.t/ GW.�s0/

d
.t 0/

D ��s.c/

� cY
iD1

GW.�s/

d�1

�
tŒi�
��
��s0.c

0/

� c0Y
iD1

GW.�s0/

d�1

�
t 0Œi�
��
:

Putting both results together, we obtain

Ld .t; t
0/ D

c^c0X
kD0

��ss0.k/��s.1�s0/.c � k/��s0.1�s/.c
0 � k/

��s.c/��s0.c0/cŠc0Š

�

X
�2Sc ;
� 02Sc0

� kY
iD1

P corr
d�1

�
t 0Œ�.i/�; t

0
Œ� 0.i/�

��

�

� kY
iD1

GW.�s/

d�1

�
tŒ�.i/�

���1� kY
iD1

GW.�s0/

d�1

�
t 0Œ� 0.i/�

���1
D

c^c0X
kD0

��ss0.k/��s.1�s0/.c � k/��s0.1�s/.c
0 � k/

��s.c/��s0.c0/cŠc0Š

�

X
�2Sc ;
� 02Sc0

kY
iD1

Ld�1
�
tŒ�.i/�; t

0
Œ� 0.i/�

�

D

c^c0X
kD0

 .k; c; c0/

.c � k/Š.c0 � k/Š

X
�2Sc ;
� 02Sc0

kY
iD1

Ld�1
�
tŒ�.i/�; t

0
Œ� 0.i/�

�
; (A.7)
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where the term  , which is implicitly defined in the last equation, can be simplified to

 .k; c; c0/
def.
D
��ss0.k/��s.1�s0/.c � k/��s0.1�s/.c

0 � k/

��s.c/��s0.c0/

.c � k/Š.c0 � k/Š

cŠ c0Š

D exp
�
��ss0 � �s.1 � s0/ � �s0.1 � s/C �s C �s0

�
�
1

kŠ
��k.1 � s0/c�k.1 � s/c

0�k

D exp.�ss0/
1

�kkŠ
.1 � s0/c�k.1 � s/c

0�k :

One can obtain a more compact version the equation (A.7) by realizing that

jScj D .c � k/Š � j¹� W Œk�! Œc� W � injectiveºj:

Denoting by
P
� WŒk�,!Œc� the sum over all injective mappings from Œk� to Œc�, we there-

fore obtain the desired result:

Ld .t; t
0/ D

c^c0X
kD0

 .k; c; c0/
X

� W Œk�,!Œc�;
� 0W Œk�,!Œc0�

kY
iD1

Ld�1
�
tŒ�.i/�; t

0
Œ� 0.i/�

�
:

A.3. Proof of Proposition 4.5

We recall the lower bound on LdCk before moving to its proof.

Proposition A.3 (Copy of Proposition 4.5). Let .t; t 0/ be a pair of rooted trees sharing
a common rooted subtree t�. Denote by ��W t� ,! t and � 0�W t� ,! t 0 the embeddings
of t� into t and t 0, respectively.

For each i 2 t , let ct .i/ denote its number of child nodes in t , and define tŒi� as
the subtree rooted at i , containing all its descendants. This notation extends naturally
to t 0 and t�, and we recall that .t�/d denotes the depth-d truncation of t�. Then, for
all d; k 2 N>0, the following inequality holds:

LdCk.t; t
0/ �

Y
i2.t�/d�1

 
�
ct�.i/; ct .��.i//; ct 0.�

0
�.i//

�
�

Y
j2.t�/dn.t�/d�1

Lk
�
tŒ��.j /�; t

0

Œ� 0�.j /�

�
:

Proof. We start by iteratively applying the recursive likelihood formula from Propo-
sition 4.3 to obtain

Ld .t; t
0/ D

X
�2Xd

X
� W �,!t;
� 0W �,!t 0

Y
i2�d�1

 
�
c� .i/; ct .�.i//; ct 0.�

0.i//
�
: (A.8)
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For a rigorous proof of this equation, we refer the reader to [27, Lemma 2.1] whose
proof translates word by word to the asymmetric tree correlation setting.

Next, let t; t 0 2 XdCk be arbitrary trees that share a common subtree t� 2 Xd up
to depth d . Denote by ��W t� ,! t and � 0�W t� ,! t 0 the respective subtree embeddings.
One has the following sequence of computations; each step will be explained right
after:

LdCk.t; t
0/ D

X
�2XdCk

X
� W �,!t;
� 0W �,!t 0

Y
i2�dCk�1

 
�
c� .i/; ct .�.i//; ct 0.�

0.i//
�

�

X
�2XdCk
�dDt�

X
� W �,!t; �D�� on �d
� 0W �,!t 0; � 0D� 0� on �d

Y
i2.t�/d�1

 
�
ct�.i/; ct .��.i//; ct 0.�

0
�.i//

�
�

Y
j2.t�/dn.t�/d�1

Y
m2.�Œj �/k�1

 
�
c� .m/; ct .�.m//; ct 0.�

0.m//
�

D

� Y
i2.t�/d�1

 
�
ct�.i/; ct .��.i//; ct 0.�

0
�.i//

�� X
.z�`/`2.Xk/

.t�/d n.t�/d�1X
.z�`/`;.z�

0
`
/`Wz�`Wz�`,!tŒ��.`/�

z� 0
`
Wz�`,!t

0

Œ�0�.`/�

Y
j2.t�/dn.t�/d�1

Y
m2.z�j /k�1

 
�
cz�j .m/; ct .z�j .m//; ct 0.z�

0
j .m//

�

D

� Y
i2.t�/d�1

 .ct�.i/; ct .��.i//; ct 0.�
0
�.i///

�
�

Y
j2.t�/dn.t�/d�1

X
z�2Xk

X
z� Wz�,!tŒ��.j/�
z� 0Wz�,!t 0

Œ�0�.j/�

Y
m2Q�k�1

 
�
cQ� .m/; ct .z�.m//; ct 0.z�

0.m//
�

D

Y
i2.t�/d�1

 
�
ct�.i/; ct .��.i//; ct 0.�

0
�.i//

� Y
j2.t�/dn.t�/d�1

Lk
�
tŒ��.j /�; t

0

Œ� 0�.j /�

�
:

Here are the explanations for every step of this computation:

• The first equality is an application of (A.8) at depth d C k.

• The inequality follows from  � 0 and the omission of some terms in the two
sums.

• For the next equality, note that the sum over ¹� 2 XdCk j �d D t�º is equivalent
to summing over all possible combinations of subtrees .z�`/` which are elements
of Xk and rooted in their index nodes ` 2 .t�/d n .t�/d�1. The injective mappings
decompose across these subtrees.

• Next up is a swap of product and sum that simplifies the multinomial expression
from before.
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• Finally, the last equality is another application of (A.8) to the second product.

The final expression is what we wanted to show.

A.4. Proof of Theorem 4.7

We recall the likelihood ratio diagonalization formula before moving to its proof.

Theorem A.4 (Copy of Theorem 4.7). There exists a set of functions f .�/
d;ˇ
WXd ! R

with parameters � > 0; d 2 N and indexed by trees ˇ 2Xd such that for all choices
of s; s0 2 Œ0; 1�, � > 0, the following likelihood ratio diagonalization formula holds:

8t; t 0 2 Xd W Ld .t; t
0/ D

X
ˇ2Xd

p
ss0
jˇ j�1

f
.�s/

d;ˇ
.t/f

.�s0/

d;ˇ
.t 0/: (A.9)

Furthermore, the f .�/
d;ˇ

have the following properties:

• Constant value for ˇ D �, the trivial tree:

8� > 0; 8t 2 Xd W f
.�/

d;�
.t/ D 1: (A.10)

• First orthogonality property (with respect to the Galton–Watson-measure):

8� > 0; 8ˇ; ˇ0 2 Xd W

X
t2Xd

GW.�/

d
.t/ f

.�/

d;ˇ
.t/ f

.�/

d;ˇ 0
.t/ D 1ˇDˇ 0 : (A.11)

• Second orthogonality property (summing over ˇ):

8� > 0; 8t; t 0 2 Xd W

X
ˇ2Xd

f
.�/

d;ˇ
.t/ f

.�/

d;ˇ
.t 0/ D

1tDt 0

GW.�/

d
.t/
: (A.12)

Proof. We prove the theorem by induction on the depth d .

d D 0. Since X0 D ¹�º only contains the trivial tree, we have

P corr
0 .�; �/ D 1; P ind

0 .�; �/ D 1;

and therefore L0.�; �/D 1. Setting f .�/0;� .�/ WD 1, which naturally yields the property
of constant value for the trivial tree, we haveX

ˇ2X0

p
ss0
jˇ j�1

f
.�s/

0;ˇ
.�/f

.�s0/

0;ˇ
.�/ D

p
ss0

0
f
.�s/
0;� .�/f

.�s0/

d;�
.�/ D 1 D L0.�; �/:

This proves the likelihood ratio diagonalization formula (A.9) for d D 0. Further,
note that the first orthogonality property (A.11) is trivial since X0 only contains one
element.
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d 7! d C 1. Suppose that the likelihood ratio diagonalization formula (A.9) holds
true for d 2 N�0. Fixing a pair of trees .t; t 0/ 2 XdC1, our goal is to prove that same
equation at d C 1, which can be rewritten as

P corr
dC1.t; t

0/ D GW.�s/

dC1
.t/GW.�s0/

dC1
.t 0/„ ƒ‚ …

DP ind
dC1

.t;t 0/

�

X
ˇ2XdC1

p
ss0
jˇ j�1

f
.�s/

dC1;ˇ
.t/f

.�s0/

dC1;ˇ
.t 0/„ ƒ‚ …

DLdC1.t;t
0/

; (A.13)

where f �
dC1;ˇ

will be defined in the process.
In the following, we identify the fixed tree pair .t; t 0/with their subtree tuples as in

Definition 4.1. This encoding shall be denoted as t D .N� /�2Xd and t 0 D .N 0� /�2Xd .
Since t and t 0 are finite trees, the maps � 7! N� and � 7! N 0� are non-zero only for
finitely many different subtrees � . Let p; p0 2 N denote the respective numbers of
non-zero coordinates.

Our strategy for showing (A.13) is to Fourier-invert the characteristic function
of P corr

dC1
. In the following, we denote by .r; r 0/ � P corr

dC1
a random pair of correlated

trees, which we also identify with their subtrees tuples .r; r 0/D .Mˇ ;M
0
ˇ
/ˇ2Xd . Note

that t , t 0, N� , N 0� are fixed while r , r 0, M� , M 0� denote random variables. We define
the notation u � r WD

P
�2Xd

u�Mˇ for any sequence u 2 RXd . The characteristic
function of P corr

dC1
can then be written as

1P corr
dC1WR

Xd �RXd ! C; .u; u0/ 7! Ecorr
dC1

�
eiu�rCiu

0�r 0
�
:

This function is well defined since for almost all � 2Xd , we have .M� ;M
0
� /D .0; 0/,

which avoids the problem of infinite sums in the exponent of e. One can easily
recover P corr

dC1
from 1P corr

dC1
using the following Fourier-inversion type formula:

P corr
dC1.t; t

0/ D Ecorr
dC1

�
1rDt � 1r 0Dt 0 �

D Ecorr
dC1

�
1¹8� WN��M�D0º � 1¹8� W;N 0��M 0�D0º

�
D Ecorr

dC1

�
1

.2�/p

Z
Œ0;2��p

eiu�.r�t/ du �
1

.2�/p
0

Z
Œ0;2��p

0
eiu
0�.r 0�t 0/ du0

�
D

1

.2�/pCp
0

Z
Œ0;2��p

Z
Œ0;2��p

0
e�iu�t�iu

0�t 0P corr
dC1.u; u

0/ du du0: (A.14)

Here we have used that the number of non-zero coordinates in t D .N� /�2Xd and t 0

equals p and p0, respectively. The last equality uses Fubini’s theorem together with
the fact that

jeiu�.r�t/P corr
dC1.u; u

0/j � 1:



Asymmetric graph alignment and tree correlation testing 305

To manipulate the term 1P corr
dC1

.u;u0/ first recall thatN� D�� C
P
� 02Xd

��;� 0 and
N 0� 0 D �

0
� 0 C

P
�2Xd

��;� 0 with

�� � Poi
�
�s.1 � s0/GW.�s/

d
.�/
�
;

�0� 0 � Poi
�
�s0.1 � s/GW.�s0/

d
.� 0/

�
;

��;� 0 � Poi
�
�ss0P corr

d .�; � 0/
�
;

which are all independent Poisson variables. This lets us compute

E
�
eiu�rCiu

0�r 0
�
D E

�
eiu��C

P
�0 u��W;�0 eiu

0��0C
P
� u
0���;W

�
D

Y
�2Xd

E
�
eiu���

� Y
�2Xd

E
�
eiu
0
��
0
�
� Y
�;� 02Xd

E
�
ei.u�Cu

0
�0
/��;�0

�
D exp

�X
�

�s.1 � s0/GW.�s/

d
.�/.eiu� � 1/

C

X
� 0

�s0.1 � s/GW.�s0/

d
.� 0/.eiu

0
�0 � 1/

C

X
�;� 0

�ss0 P corr
d .�; � 0/.ei.u�Cu

0
�0
/
� 1/

�
.?/
D exp

�
�s
X
�

GW.�s/

d
.�/.eiu� � 1/

�
exp

�
�s0

X
�

GW.�s0/

d
.�/.eiu

0
� � 1/

�
� exp

�
�ss0

X
�;� 0

P corr
d .�; � 0/.eiu� � 1/.eiu

0
�0 � 1/

�
D exp

�
�s
X
�

GW.�s/

d
.�/.eiu� � 1/

�
exp

�
�s0.�/

X
�

GW.�s0/

d
.eiu

0
� � 1/

�
�

1X
mD0

.�ss0/m

mŠ

�X
�;� 0

P corr
d .�; � 0/.eiu� � 1/.eiu

0
�0 � 1/

�m
:

To obtain the equality .?/, one needs to combine all terms with factor �ss0 by using
that the marginals of P corr

d
fulfillX

�;� 0

P corr
d .�; � 0/ D

X
�

GW.�s0/

d
.�/ D

X
� 0

GW.�s0/

d
.� 0/:

To shorten the following explanations, we introduce some notation: Define

A
.�/

d
.u/ WD exp

�
�
X
�

GW.�/

d
.�/.eiu� � 1/

�
and

Bd .u; u
0/ WD

X
�;� 0

P corr
d .�; � 0/.eiu� � 1/.eiu

0
�0 � 1/;
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which lets us write

1P corr
dC1.u; u

0/ D E
�
eiu�rCiu

0�r 0
�

D A
.�s/

d
.u/A

.�s0/

d
.u0/

1X
mD0

.�ss0/m

mŠ

�
Bd .u; u

0/
�m

D

1X
mD0

.�ss0/m

mŠ

�
m

q
A
.�s/

d
.u/A

.�s0/

d
.u0/Bd .u; u

0/
�m
:

Note that since jeiu� � 1j � 2, one can bound jBd .u; u0/j � 4 as well asˇ̌
A
.�s/

d
.u/A

.�s0/

d
.u0/

ˇ̌
� e2�sC2�s

0

H)

ˇ̌̌
m

q
A
.�s/

d
.u/A

.�s0/

d
.u0/

ˇ̌̌
� e2�sC2�s

0

: (A.15)

Consequently, we have the following bound which is uniform in .u;u0/ and summable
in m: ˇ̌̌ .�ss0/m

mŠ

�
m

q
A
.�s/

d
.u/A

.�s0/

d
.u0/Bd .u; u

0/
�m ˇ̌̌
�

1

mŠ

�
4ss0�e2�sC2�s

0�m
;

which lets us apply Fubini’s theorem to obtain

P corr
dC1.t; t

0/
(A.14)
D

1

.2�/pCp
0

Z
Œ0;2��pCp

0
e�iu�t�iu

0�t 0

�

1X
mD0

.�ss0/m

mŠ

�
m

q
A
.�s/

d
.u/A

.�s0/

d
.u0/Bd .u; u

0/
�m
dudu0

D

1X
mD0

.�ss0/m

mŠ

1

.2�/pCp
0

�

Z
Œ0;2��p

Z
Œ0;2��p

0
e�iu�t�iu

0�t 0A
.�s/

d
.u/A

.�s0/

d
.u0/

�
Bd .u; u

0/
�m
dudu0: (A.16)

As a next step, we develop the mth power of the term Bd .u; u
0/. For this, we use the

induction hypothesis at depth d under the same form as in (A.13), namely

P corr
d .�; � 0/ D GW.�s/

d
.�/GW.�s0/

d
.� 0/

X
ˇ2Xd

p
ss0
jˇ j�1

f
.�s/

d;ˇ
.�/f

.�s0/

d;ˇ
.� 0/

D

X
ˇ2Xd

p
ss0
jˇ j�1

f
.�s/

d;ˇ
.�/GW.�s/

d
.�/„ ƒ‚ …

DWg
.�s/

d;ˇ
.�/

f
.�s0/

d;ˇ
.� 0/GW.�s0/

d
.� 0/„ ƒ‚ …

Dg
.�s0/

d;ˇ
.� 0/

: (A.17)

In the Fourier-inversion formula (A.14), only finitely many u� and u0� are non-zero.
Consequently, the sum

P
�;� 0 appearing in Bd .u; u0/ is finite and we may exchange
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this summation with the series
P
ˇ2Xd

from equation (A.17). This lets us compute

Bd .u; u
0/ D

X
ˇ2Xd

X
�;� 02Xd

p
ss0
jˇ j�1

g
.�s/

d;ˇ
.�/.eiu� � 1/g

.�s0/

d;ˇ
.� 0/.eiu

0
�0 � 1/

D

X
ˇ2Xd

p
ss0
jˇ j�1 X

�2Xd

g
.�s/

d;ˇ
.�/.eiu� � 1/„ ƒ‚ …

DWh
.�s/

d;ˇ
.u/

X
� 02Xd

g
.�s0/

d;ˇ
.� 0/.eiu

0
�0 � 1/„ ƒ‚ …

Dh
.�s0/

d;ˇ
.u0/

:

For the h.�/
d;ˇ
.u/ defined through the last equation, we have the following bound:ˇ̌

h
.�/

d;ˇ
.u/
ˇ̌
�

X
�2Xd

ˇ̌
f
.�/

d;ˇ
.�/
ˇ̌
GW.�/

d
.�/jeiu� � 1j

� 2E
��GW.�/

d

�ˇ̌
f
.�/

d;ˇ
.�/
ˇ̌�

Jensen
� 2

r
E
��GW.�/

d

��
f
.�/

d;ˇ
.�/
�2� (A.11)
D 2: (A.18)

Taking the expression we have obtained for Bd .u; u0/ to the power m and using the
multinomial Cauchy product formula, we obtain�
Bd .u; u

0/
�m
D

X

D.
ˇ/ˇ2Xd

;P
ˇ 
ˇDm

mŠQ
ˇ 
ˇ Š

Y
ˇ2Xd

�p
ss0
�1Cjˇ j�
ˇh.�s/

d;ˇ
.u/
ˇh

.�s0/

d;ˇ
.u0/
ˇ

D mŠ
X


D.
ˇ/ˇ2Xd
;P

ˇ 
ˇDm

p
ss0
�
P
ˇ 
ˇC

P
ˇ 
ˇ jˇ j

Y
ˇ2Xd

1p

ˇ Š

h
.�s/

d;ˇ
.u/
ˇ

1p

ˇ Š

h
.�s0/

d;ˇ
.u0/
ˇ

D
mŠ

.�ss0/m

X

D.
ˇ/ˇ2Xd

WP
ˇ 
ˇDm

p
ss0

P
ˇ 
ˇ jˇ j

Y
ˇ2Xd

p
�s


ˇp

ˇ Š

h
.�s/

d;ˇ
.u/
ˇ

p
�s0


ˇp

ˇ Š

h
.�s0/

d;ˇ
.u0/
ˇ :

Inserting this into equation (A.16) yields

.�ss0/m

mŠ.2�/pCp
0

Z
Œ0;2��p

Z
Œ0;2��p

0
e�iu�t�iu

0�t 0A
.�s/

d
.u/A

.�s0/

d
.u0/

�
Bd .u; u

0/
�m
dudu0

D

X

D.
ˇ/ˇ2Xd

;P
ˇ 
ˇDm

p
ss0

P
ˇ 
ˇ jˇ j

�
1

.2�/p

Z
Œ0;2��p

e�iu�tA
.�s/

d
.u/

Y
ˇ2Xd

p
�s


ˇp

ˇ Š

h
.�s/

d;ˇ
.u/
ˇ du

�
1

.2�/p
0

Z
Œ0;2��p

0
e�iu

0�t 0A
.�s0/

d
.u0/

Y
ˇ2Xd

p
�s0


ˇp

ˇ Š

.h
.�s0/

d;ˇ
.u0//
ˇ du0; (A.19)
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where swapping the summation in .
ˇ /ˇ2Xd with the integrals in .u; u0/ is enabled
by Fubini’s theorem and the fact thatX


D.
ˇ/ˇ2Xd
WP

ˇ 
ˇDm

ˇ̌̌̌
A
.�s/

d
.u/A

.�s0/

d
.u0/
p
ss0

P
ˇ 
ˇ jˇ j

�

Y
ˇ2Xd

p
�2ss0


ˇ


ˇ Š
h
.�s/

d;ˇ
.u/
ˇh

.�s0/

d;ˇ
.u0/
ˇ

ˇ̌̌̌
(A.15)
�

e2�.sCs
0/

mŠ

X

D.
ˇ/ˇ2Xd

WP
ˇ 
ˇDm

mŠQ
ˇ2Xd


ˇ Š

�

Y
ˇ2Xd

p
ss0
jˇ jˇ̌p

�sh
.�s/

d;ˇ
.u/
p
�s0h

.�s0/

d;ˇ
.u0/

ˇ̌
ˇ
D e2�.sCs

0/ .�
p
ss0/m

mŠ

� X
ˇ2Xd

p
ss0
jˇ jˇ̌
h
.�s/

d;ˇ
.u/
ˇ̌ˇ̌
h
.�s0/

d;ˇ
.u0/

ˇ̌�m
(A.18)
� 4e2�.sCs

0/ .�
p
ss0/m

mŠ

p
ss0

m
� 1X
nD1

ˇ̌®
ˇ 2 Xd j jˇj D n

¯ˇ̌p
ss0

n�1
�m
:

The final expression is finite due to Otter’s Proposition 4.1 and ss0 < 1. It is, further-
more, uniform in u;u0 and integrating over .u;u0/ 2 Œ0; 2��p � Œ0; 2��p

0

yields a finite
term, which validates the application of Fubini’s theorem in (A.19).

Now define

g
.�/

dC1;

.u/ WD

1

.2�/p

Z
Œ0;2��p

e�iu�tA
.�/

d
.u/

Y
ˇ2Xd

p
�
ˇp

ˇ Š

�
h
.�/

d;ˇ
.u/
�
ˇ du

and combine equation (A.19) with the expression for P corr
dC1

.t; t 0/ from (A.16) to obtain

P corr
dC1.t; t

0/ D

1X
mD1

X

D.
ˇ/ˇ2Xd

;P
ˇ 
ˇDm

p
ss0

P
ˇ 
ˇ jˇ j

g
.�s/

dC1;

.u/g

.�s0/

dC1;

.u/:

Note that every tuple .
ˇ /ˇ2Xd with
P
ˇ 
ˇ D m corresponds to a unique tree 
 2

XdC1 with root degree m by the subtree tuple identification. Every such tree has size

j
 j D 1C
X
ˇ2Xd


ˇ jˇj:
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This observation leads to

P corr
dC1.t; t

0/ D
X


2XdC1

p
ss0
j
 j�1

g
.�s/

dC1;

.u/g

.�s0/

dC1;

.u/: (A.20)

This decomposition of P corr
dC1

.t; t 0/ is already similar to our objective in (A.13). Hence,

all that remains to do is convert g.�/
dC1;


.u/ into a product between GW.�/

dC1
.�/ and

f
.�/

dC1;

.�/, where the function f has the desired orthogonality properties. To do so,

we start by developing the definition of g.�/
dC1;


.u/:

g
.�/

dC1;

.u/ D

1

.2�/p

Z
Œ0;2��p

e�iu�tA
.�/

d
.u/

Y
ˇ

p
�
ˇp

ˇ Š

�
h
.�/

d;ˇ
.u/
�
ˇ du

D
1Q

ˇ

p

ˇ Š

1

.2�/p

�

Z
Œ0;2��p

e�iu�te�
P
� GW�

d
.�/.eiu��1/

Y
ˇ

�
p
�
X
�2Xd

g
.�s/

d;ˇ
.�/ .eiu� � 1/

�
ˇ
du

D
1Q

ˇ

p

ˇ Š

1

.2�/p

�

Z
Œ0;2��p

e�iu�te�
P
� GW�

d
.�/.eiu��1/

�Y
ˇ


ˇ Š

�
Œx
 �e

P
ˇ xˇ
p
�
P
� g

.�/

d;ˇ
.�/ .eiu��1/

du:

In the last step, we have introduced some new notation: xD .xˇ /ˇ2Xd denotes a tuple
of formal variables, 
 D .
ˇ /ˇ2Xd is the tuple integers counting the subtrees of 
 .
We set x
 WD

Q
ˇ x


ˇ
ˇ

and let Œx
 �S denote the coefficient of x
 in a formal series S
which contains x as a formal variable. Keeping in mind that we are implicitly dealing
with a series, we continue computing g.�/

dC1;

.u/ which is equal tosY

ˇ


ˇ Š
1

.2�/p

�

Z
Œ0;2��p

e�iu�t Œx
 �e
P
� .e

iu��1/�GW�
d
.�/ e

P
� .e

iu��1/
P
ˇ xˇ
p
�g

.�/

d;ˇ
.�/
du

D

sY
ˇ


ˇ Š
1

.2�/p

Z
Œ0;2��p

e�iu�t Œx
 �e
P
� .e

iu��1/Œ�GW.�/
d
.�/C

P
ˇ xˇ
p
�g

.�/

d;ˇ
.�/�

du

D

sY
ˇ


ˇ Š Œx

 �

1

.2�/p

Z
Œ0;2��p

e�iu�te
P
� .e

iu��1/Œ�GW.�/
d
.�/C

P
ˇ xˇ
p
�g

.�/

d;ˇ
.�/�

du:

Note that in the last step, we have swapped the integral with Œx
 �. This requires the
use of Fubini’s theorem to interchange the exponential series with the integral, which
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is possible due to
1X
kD0

1

kŠ

�Z
Œ0;2��p

ˇ̌̌̌
�iu � t

C �
X
�

.eiu� � 1/

�
�GW.�/

d
.�/C

X
ˇ

xˇ
p
�g

.�/

d;ˇ
.�/

�ˇ̌̌̌
du

�k
�

1X
kD0

1

kŠ

� Y
�2Xd

Z 2�

0

ju�N� j du� C 2�

ˇ̌̌̌
�GW.�/

d
.�/C

X
ˇ

xˇ
p
�g

.�/

d;ˇ
.�/

ˇ̌̌̌�k
D

1X
kD0

1

kŠ
.constant independent of k/k <1:

Picking up our computations from above once more and introducing the random vari-
able

Z � Poi
�
�GW.�/

d
.�/C

X
ˇ

xˇ
p
�g

.�/

d;ˇ
.�/

�
;

we obtain

g
.�/

dC1;

.u/ D

sY
ˇ


ˇ ŠŒx

 �
Y
�

1

.2�/p

Z 2�

0

e�iu�N�E
�
eiu�Z

�
du�

(A.14)
D
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 �
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 �
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p
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1
p
�
f
.�/

d;ˇ
.�/

�N�
D e�
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d
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Y
�

.�GW.�/

d
.�//N�

N� Š„ ƒ‚ …
DGW.�/

dC1
.�/

sY
ˇ


ˇ ŠŒx

 �e
�
p
�
P
ˇ;� xˇg

.�/

d;ˇ
.�/

�

Y
�

�
1C

X
ˇ

xˇ
p
�
f
.�/
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.�/

�N�
:
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Finally, we define our candidate for the depth-.d C 1/ family of functions f .�/
dC1;


as

f
.�/

dC1;

.�/ WD

sY
ˇ


ˇ ŠŒx

 �e
�
p
�
P
ˇ;� xˇg

.�/

d;ˇ
.�/
Y
�

�
1C

X
ˇ

xˇ
p
�
f
.�/

d;ˇ
.�/

�N�
:

(A.21)
Inserting

g
.�/

dC1;

.u/ D GW.�/

dC1
.�/f

.�/

dC1;

.�/

into (A.20) yields the objective defined in (A.13). What remains to show are the prop-
erties (A.10), (A.11) and (A.12).

Since f .�/
dC1;


only depends on the parameter � instead of the asymmetry param-
eters s; s0, its definition in (A.21) coincides with the one presented in the original
paper [28]. Hence, we refer the reader to Steps 2.1 and 2.2 in the proof of [28, Theo-
rem 4] to conclude our proof of Theorem 4.7.

A.5. Proofs of three implications from Theorem 4.9

We recall the theorem about one-sided testability equivalences before proving the
three implications from that theorem, which were deferred from Section 4.

Theorem A.5. In the tree correlation testing problem (4.1), the following are equiv-
alent:

(a) there exist one-sided tests Td to decide P ind
d

vs. P corr
d

;

(b) there is a sequence of thresholds �d !1 such that P ind
d
.Ld > �d /! 0 and

lim infd P corr
d
.Ld > �d / > 0;

(c) the P ind-martingale .Ld /d is not uniformly integrable;

(d) �ss0 > 1 and KL1 D1;

(e) �ss0 > 1 and P corr.lim infd .�ss0/�d log.Ld / � C/ � 1� P .Ext.GW.�ss0///

for a constant C > 0 only depending on .�; s; s0/ and Ext.GW.�ss0// denoting
the extinction event of the Galton–Watson process with offspring Poi.�ss0/.

We start with (c)) (b) before showing (4.5) which is part of (b)) (a). Finally,
we move to the most involved implication, (d)) (e).

Proof of (c)) (b) in Theorem 4.9. Recall that we assume EindŒL1� < 1 and want to
construct a sequence �d !1 fulfilling

lim inf
d!1

P corr.Ld > �d / > 0 and P ind.Ld > �d / ����!
d!1

0:
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Let � be any continuity point of L1 # P ind, the pushforward measure of P ind

under L1. We write

EindŒLd � D EindŒLd1Ld>� �C EindŒLd1Ld�� �

D P corr.Ld > �/C EindŒLd1Ld�� �:

Since EindŒLd � D 1, this implies

lim inf
d!1

P corr.Ld > �/ D 1 � lim sup
d!1

EindŒLd1Ld�� � � 1 � EindŒL1�; (A.22)

where in the last step we have used dominated convergence on Ld1Ld�� � � 2 L
1

as well as Ld1Ld�� ! L11L1�� � L1 since � is a continuity point. Setting " WD
1 � EindŒL1� > 0, we can now construct a sequence �d with the desired properties.

For continuity points � � 0 of L1 # P ind define

d.�/ WD inf
°
k 2 N j 8d � k W P corr.Ld > �/ >

"

2

±
:

Thanks to equation (A.22), this is always a finite quantity which increases with �
since P corr.Ld > �/ is decreasing in d . We set

y�d WD sup
®
� 2 R�0 j � is a continuity point of L1 # P ind and d.�/ � d

¯
:

This yields a sequence of finite real numbers since ¹� W d.�/ � dº is bounded: Oth-
erwise, there would be �`!1 with d.�`/ � d meaning that P corr.Ld > �`/ > "=2.
This is a contradiction to Ld 2 L1.P ind/, because

P corr.Ld > �`/ D EindŒLd1Ld>�` �
`!1
����! 0: (A.23)

The same equation (A.23) also implies y�d
d!1
����! 1, because arbitrarily high values

of d.�/ allow for arbitrarily high values of � . Finally, choose the sequence .�d /d in
a way that all �d are continuity points of L1 # P ind satisfying �d 2 .y�d � 1; y�d /. By
this construction, we have

lim inf
d!1

P corr.Ld > �d / �
"

2
> 0 and P ind.Ld > �d / �

EindŒLd �

�d
D

1

�d

d!1
����! 0:

This is exactly the desired statement.

Proof of equation (4.5) from (b)) (a) in Theorem 4.7. Recall that our objective is to
show

.y�d /d is bounded H) EindŒL1� < 1

under the assumption P ind.Td D 1/ DW ˛d ! 0.
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If .y�d /d is bounded, there exists M > 0 and a converging subsequence .y�dk /k
such that y�dk < M for all k. Since Lk converges to L1 in distribution, the Portman-
teau theorem applied to the open set .M;1/ yields

P ind.L1 > M/ � lim inf
k!1

P ind.Lk > M/ � P ind.Lk > y�dk /
k!1
����! 0;

where the second inequality follows from ˛d! 0. Consequently, P ind.L1�M/D 1.
Define the convex function g.x/D .M � x/C and note that g.Ld / is a submartin-

gale with values in Œ0;M �. For this reason, d 7! EindŒg.Ld /� is non-decreasing and
we can apply the dominated convergence theorem to compute its limit:

lim
d!1

Eind�g.Ld /�D Eind�g.L1/�D Eind�.M �L1/C�DM �EindŒL1�: (A.24)

Despite the limit random variable being bounded by M , we claim that there exists an
index d 0 for which P ind.Ld 0 >M/ > 0. This is true since assuming the opposite, i.e.,
P ind.Ld �M/ D 1 for all d , implies a contradiction to lim infd P corr.Td D 1/ > 0:

P corr.Td D 1/ D Eind�Ld1TdD1

�
�MP ind.Td D 1/ �M˛d

d!1
����! 0:

At index d 0, we therefore have

Eind�g.Ld 0/� D Eind�.M � Ld 0/C� > EindŒM � Ld 0 � DM � 1: (A.25)

Combining (A.24) and (A.25) then yields

M � 1 < Eind�g.Ld 0/� �M � EindŒL1� H) EindŒL1� < 1;

which we wanted to show.

Proof of (d)) (e) in Theorem 4.9. This implication is the most intricate and neces-
sitates introducing additional notation. For a rooted tree � , we recall that its number of
nodes up to depth d is denoted j�d j. We further write Gd .�/ WD �d n �d�1 for the set of
nodes in � which have exactly depth d . Hence, jGd .��/j is the number of ��’s nodes
at generation d . Furthermore, we will use Proposition 4.5 and the notation introduced
for that statement.

Let .t; t 0/ � P corr and let t� be their intersection tree from the sampling pro-
cess. Call �� and � 0� the injections of t� into t and t 0, respectively. The intersection
tree’s marginal distribution is t� � GW�ss0 , and we let � WD �ss0 denote the mean
of its offspring distribution. The following lemma describes the asymptotic behavior
of jGd .t�/j compared to �d .

Lemma A.6. For t� � GW�ss0 , set wd WD jGd .t�/j=�d . Then, .wd /d is a positive
martingale whose almost sure limit w satisfies

P .w > 0/ D P
�
Extc.t�/

�
:
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For a proof of this standard result on branching processes, we refer the reader
to [1, Lemma 2.13].

As a consequence of Lemma A.6, the martingale ��d jGd .t�/j converges almost
surely towards a random variable w.

From now on, we condition on the event Extc.t�/D ¹t� survivesº. This is possible
since�> 1 implies P .Extc.t�// > 0. By Lemma A.6, we can therefore assumew > 0.

Using Proposition 4.5, for all d; k 2 N, we have that

LdCk.t; t
0/ �

Y
i2.t�/d�1

 
�
ct�.i/; ct .��.i//; ct 0.�

0
�.i//

�
„ ƒ‚ …

DWAd

�

Y
j2Gd .t�/

Lk
�
tŒ��.j /�; t

0

Œ� 0�.j /�

�
„ ƒ‚ …

DWBd;k

:

We individually examine Ad and Bd;k , starting with the latter. Taking the logarithm,
we get

log.Bd;k/ D jGd .t�/j
1

jGd .t�/j

X
i2Gd .t�/

log
�
Lk
�
tŒ��.i/�; t

0

Œ� 0�.i/�

��
„ ƒ‚ …

DWad

:

For i ¤ j , the random variables .tŒ��.i/�; t
0

Œ� 0�.i/�
/ and .tŒ��.j /�; t

0

Œ� 0�.j /�
/ are indepen-

dent since they represent disjoint branches of a GW-tree. They both follow the same
law P corr, and the logarithms of their likelihoods are in L1.P corr/. Therefore, the law
of large numbers is applicable, yielding ad ! EcorrŒlogLk� almost surely. In other
words, on an event of probability 1, there exists a sequence 0 < "d ! 0 such that for
all d ,

"d �
ˇ̌
Ecorr�log.Lk/

�
� ad

ˇ̌
; that is, ad �

ˇ̌
Ecorr�log.Lk/

�ˇ̌
� "d : (A.26)

Similarly, since jGd .t�/j��d !w almost surely, there is a sequence 0 < ıd ! 0 with

ıd �
ˇ̌
jGd .t�/j�

�d
� w

ˇ̌
; implying jGd .t�/j � w�d � ıd�d for all d: (A.27)

Noting that EcorrŒlog.Lk/� D KLk , we can combine (A.26) with (A.27) to obtain

Bd;k D exp
®
jGd .t�/jad

¯
� exp

®
jGd .t�/j.KLk �"d /

¯
� exp

®
.w�d � ıd�

d /.KLk �"d /
¯

� exp
®
KLk w�d � �d .ıd KLkC"dw/

¯
:
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Let n be large enough so that KLk > 1 and fix an element ! of the probability space�
for which all sequences converge. Choosing d sufficiently large, one has

ıd .!/ �
1

4
w.!/ and "d .!/ �

1

4
KLk;

yielding

�d ıd .!/KLkC�d"d .!/w.!/ �
1

2
KLk w.!/�d :

This implies that on an event B of probability 1,

Bd;k � exp
°1
2

KLk w�d
±

for d large enough: (A.28)

Turning to Ad now, we start by introducing the notation

Fi WD log
�
 
�
ct�.i/; ct .��.i//; ct 0.�

0
�.i//

��
:

As before, we take the logarithm to rewrite

log.Ad / D
X

i2.t�/d�1

Fi D

d�1X
gD0

X
i2Gg.t�/

Fi :

One has the following lemma.

Lemma A.7. The random variables .Fi /i2.t�/d are identically distributed with finite
mean and finite variance.

Proof of Lemma A.7. We start by noting that the law of Fi does not depend on i since

Fi D log
�
 
�
ct�.i/; ct .��.i//; ct 0.�

0
�.i//

��
D log

�
e�ss

0

��ct� .i/
1

ct�.i/Š
.1 � s0/ct .��.i//�ct� .i/.1 � s/ct0 .�

0
�.i//�ct� .i/

�
D �ss0 � ct�.i/ log.�/ � log.ct�.i/Š/

C
�
ct .��.i// � ct�.i/

�
log.1 � s0/C

�
ct 0.�

0
�.i// � ct�.i/

�
log.1 � s/

Law
D �ss0 �

�
X log.�/C log.XŠ/

�
C Y log.1 � s0/C Y 0 log.1 � s/ DW F;

whereX � Poi.�ss0/, Y � Poi.�s.1� s0//, and Y 0 � Poi.�s0.1� s// are independent
Poisson variables. This follows from the definition of .�; s; s0/-augmentations.

To show that F has finite second moment, define the independent random vari-
ables

W WD �ss0 C Y log.1 � s0/C Y 0 log.1 � s/; Z WD X log.�/C log.XŠ/;
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so that F D W �Z. Since Y and Y 0 are Poisson variables, one has EŒW 2� <1 and
it remains to check that EŒZ2� <1. For x 2 N�1, one has

log.xŠ/ � log.xx/ D x log x � x2;

which leads to

EŒZ2� D log.�/2EŒX2�C 2 log.�/E
�
X log.XŠ/

�
C E

�
log.XŠ/2

�
2 O

�
EŒX2�C EŒX3�C EŒX4�

�
:

Since the Poisson distribution has moments of all orders, this expression is finite. Thus
EŒZ2� <1, leading to EŒF 2� <1. In particular, F has finite variance and mean.

According to Lemma A.7, allFi are identically distributed and we write f WDEŒF �

for their common mean. Let Gg be a shorthand for Gg.t�/ and set

ySd WD

d�1X
gD0

X
i2Gg

.Fi � f / D log.Ad / � f
d�1X
gD0

jGg j:

We define the sigma-fields Fd WD �.Fi W i 2 Gg ; g � d � 1/ and make the following
claim:

EŒ yS2d � D EŒ yS2d�1�C Var.F /�d�1: (A.29)

To show this equation, use the tower rule of conditional expectation to compute

EŒ yS2d � D E
�
E
�
yS2d j Fd�1

��
D E

�
E

��
ySd�1 C

X
i2Gd�1

.Fi � f /

�2
j Fd�1

��
D EŒ yS2d�1�C E

�
E

�� X
i2Gd�1

.Fi � f /

�2
j Fd�1

��
C 2E

�
ySd�1E

� X
i2Gd�1

.Fi � f / j Fd�1

��
:

Conditionally on Fd�1, the random variables .Fi /i2Gd�1 are independent of common
law F , because the descendants of distinct nodes in generation d � 1 are generated
independently in the Galton–Watson process. Therefore,

E
�
Fi � f j Fd�1

�
D 0 and E

�
.Fi � f /

2
j Fd�1

�
D Var.F / for all i 2 Gd�1:

The zero-mean and independence of .Fi � f /; .Fj � f / for i ¤ j implies that mixed
terms vanish when we develop the following square:

E

�� X
i2Gd�1

.Fi � f /

�2
j Fd�1

�
D

X
i2Gd�1

Var.F / D Var.F /jGd�1j:
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This proves (A.29), which we apply recursively to obtain

EŒ yS2d � D
dX
gD1

Var.F /�g�1 D Var.F /
�d � 1

� � 1
: (A.30)

This allows us to establish

P
�
j ySd j � d�

d=2
�
�

EŒ yS2
d
�

d2�d
�

1

d2
Var.F /

1 � ��d

� � 1
�
C

d2
;

where we have used Markov’s inequality, equation (A.30), Lemma A.7, and the fact
that 1 � ��d � 1. The constant C may depend on � and Var.F / but is independent
of d . Consequently, the probabilities of the events ¹j ySd j � d�d=2º are summable, and
by Borel–Cantelli there almost surely exists an D 2 N such thatˇ̌̌̌

log.Ad / � f
d�1X
gD0

jGg j

ˇ̌̌̌
< d�d=2 for all d � D: (A.31)

Recall that Lemma A.6 states that, almost surely,

��g jGg j ����!
g!1

w; with w.!/ > 0 for almost all ! 2 Extc.t�/:

Fix ı 2 .0; 1/. Then for almost every ! 2 Extc.t�/, there exists D0.!/ 2 N such that

.1 � ı/w.!/�g � jGg j.!/ � .1C ı/w.!/�
g for all g � D0.!/: (A.32)

Next, derive a lower bound on the drift term f
Pd�1
gD0 jGg j.!/: If f � 0, then trivially

f

d�1X
gD0

jGg j.!/ � 0:

If f < 0, then using the upper bound in (A.32) for all d � D0.!/,

f

d�1X
gD0

jGg j.!/ � f

D0.!/�1X
gD0

jGg j.!/C f .1C ı/w.!/

d�1X
gDD0.!/

�g

� �C1.!/ �
jf j.1C ı/

� � 1
w.!/�d

for a finite constant C1.!/ � 0. Hence, for all sufficiently large d ,

f

d�1X
gD0

jGg j.!/ � �
jf j.1C ı/

� � 1
w.!/�d � C1.!/:
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Combining this with (A.31), we obtain that, for almost all ! 2 Extc.t�/, there exists
a finite D00.!/ such that for all d � D00.!/,

log.Ad /.!/ � �
jf j.1C ı/

� � 1
w.!/�d � C1.!/ � d�

d=2: (A.33)

Since w.!/ > 0, by increasing D00.!/ if needed, we may ensure that

C1.!/C d�
d=2
� w.!/�d for d � D00.!/;

which, if plugged into (A.33), leads to

log.Ad /.!/ � �
�
jf j.1C ı/

� � 1
C 1

�
w.!/�d for d � D00.!/: (A.34)

Let A denote the event where (A.34) holds, which has probability

P .A/ � P
�
Extc.t�/

�
:

For every ! 2 A and sufficiently large d ,

log.Ad /.!/ � �CAw.!/�d ; where CA WD
jf j.1C ı/

� � 1
C 1:

Since CA is deterministic, we can choose k large enough so that KLk =2 > CA. Com-
bining (A.34) with (A.28), we obtain that on the event A \B,

log
�
LdCk.t; t

0/
�
� log.Ad /C log.Bd;k/ �

�
�CA C

1

2
KLk

�
w�d

for all sufficiently large d . Since P .B/ D 1, we conclude

P corr
�

lim inf
d!1

��.dCk/ log.LdCk/ � ��k
�
�CA C

1

2
KLk

��
� P .A \B/

� P
�
Extc.t�/

�
:

The result (e) from Theorem A.5 then follows by setting

C WD ��k
�
C 0 C

1

2
KLk

�
> 0

and observing that
P
�
Extc.t�/

�
D 1 � P

�
Ext.GW�ss0/

�
:

As a final remark, the constant C can be computed from �, EŒF �, k, and KLk , which
all solely depend on �, s, and s0.
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A.6. Proof of Lemma 4.13

We start by recalling Lemma 4.13 on Gaussian approximation, which is instrumental
for proving (ii) in Theorem 4.10.

Lemma A.8 (Copy of Lemma 4.13). Let d 2N and recall that XdC1 DNXd by the
subtree tuple identification. There exists a pair of functions

.y; y0/WXdC1 �XdC1 ! RXd �RXd ; .t; t 0/ 7!
�
yˇ .t/; y

0
ˇ .t
0/
�
ˇ2Xd

with the property that the above map is affine and bijective. The law of the random
vector .y.t/;y0.t 0/// shall be denoted as L.y;y0/ if .t; t 0/�P corr

dC1
, and L.y/˝L.y0/

in the case where .t; t 0/ � P ind
dC1

.
One has

KL
�
P corr
dC1kP

ind
dC1

�
D KL

�
L.y; y0/kL.y/˝L.y0/

�
and that L.y; y0/ converges weakly towards the joint law of a pair of random vari-
ables

L.y; y0/
w
����!
�!1

L.z; z0/:

The pair .z; z0/ D ..zˇ /ˇ2Xd ; .z
0
ˇ
/ˇ2Xd / is a Gaussian vector of infinite dimension

with zero mean and covariances defined by

EŒzˇz
 � D EŒz0ˇz
0

 � D 1ˇD
 ; EŒzˇz

0

 � D

p
ss0
jˇ j

1ˇD
 for all ˇ; 
 2 Xd :

Proof. The idea for proving the Gaussian approximation lemma is to transform the
(integer-valued) subtree tuple representation of a tree t into a closely related tuple of
real random variables y.t/ with zero mean and normalized variance. Showing weak
convergence will then use Levy’s Continuity theorem, applied to infinite-dimensional
random vectors.

We begin by letting t D .N� /�2Xd , t 0 D .N 0� /�2Xd be two trees. For all ˇ 2 Xd ,
set

yˇ .t/ WD
1
p
�s

X
�2Xd

f
.�s/

d;ˇ
.�/
�
N� � �sGW.�s/

d
.�/
�
;

y0ˇ .t
0/ WD

1
p
�s0

X
�2Xd

f
.�s0/

d;ˇ
.�/
�
N 0� � �s

0GW.�s0/

d
.�/
�
:

The function y WD .yˇ /ˇ2Xd WXdC1 ! RXd is clearly affine from the definition. It
is furthermore bijective with its inverse map given by t .y/ D .N� .y//�2Xd , where

N� .y/ D �sGW.�s/

d
.�/C

p
�s GW.�s/

d
.�/

X
ˇ2Xd

yˇf
.�s/

d;ˇ
.�/:
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This is indeed the inverse becauseX
ˇ2Xd

yˇf
.�s/

d;ˇ
.�/ D

1
p
�s

X
ˇ2Xd

X
y�2Xd

f
.�s/

d;ˇ
.y�/
�
Ny� � �sGW.�s/

d
.y�/
�
f
.�s/

d;ˇ
.�/

D
1
p
�s

X
y�2Xd

�
Ny� � �sGW.�s/

d
.y�/
� X
ˇ2Xd

f
.�s/

d;ˇ
.y�/f

.�s/

d;ˇ
.�/

(4.4)
D

1
p
�s

X
y�2Xd

�
Ny� � �sGW.�s/

d
.y�/
� 1�Dy�

GW.�s/

d
.�/

D
1
p
�s

�
N�

GW.�s/

d

� �s

�
:

The Kullback–Leibler divergence is invariant to affine, bijective transformations (see,
for instance, [46]), and therefore

KL
�
P corr
dC1kP

ind
dC1

�
D KL

�
L.y; y0/kL.y/˝L.y0/

�
;

where we recall that L.y;y0/ is the law of .y.t/; y0.t 0// if .t; t 0/� P corr
dC1

, and L.y/˝

L.y0/ is the law of .y.t/; y0.t 0// if .t; t 0/ � P ind
dC1

. These notations do not mention �
and d , but we emphasize that y and y0 depend on these parameters.

Next, we will show that a random vector .y; y0/ �L.y; y0/ converges in distribu-
tion for �!1. For this, let

.z; z0/ D
�
.zˇ /ˇ2Xd ; .z

0
ˇ /ˇ2Xd

�
be an infinite-dimensional Gaussian vector with zero expectation and the following
covariance structure:

EŒzˇz
 � D EŒz0ˇz
0

 � D 1ˇD
 ; EŒzˇz

0

 � D

p
ss0
jˇ j

1ˇD
 for all ˇ; 
 2 Xd :

To show
.y; y0/

.d/
����!
�!1

.z; z0/;

we start with some clarifications on weak convergence in metric spaces. Note that
both .y; y0/ and .z; z0/ are elements of RXd � RXd , the space of real-valued func-
tions indexed by trees. According to [8, Example 1.2], this space can be made into a
complete separable metric space by endowing it with the distance

ı
�
.y; y0/; .z; z0/

�
WD

1

2

X
ˇ2Xd

3�jˇ jmin
�
jyˇ � zˇ j; 1

�
C
1

2

X
ˇ2Xd

3�jˇ jmin
�
jy0ˇ � z

0
ˇ j; 1

�
:
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This metric is well defined since, for any .y; y0/; .z; z0/, one has

ı
�
.y; y0/; .z; z0/

�
�

X
ˇ

3�jˇ j D

1X
nD1

jX
.n/

d
j3�n � ˆ

�1
3

�
� ˆ.˛/ <1;

where finiteness follows from Proposition 4.1.
Since both .y; y0/ and .z; z0/ are random variables with values in the metric

space of real-valued sequences .RXd �RXd ; ı/, we know from [8, Example 2.4] that
the sequences with finitely many non-zero elements form a convergence-determining
class. This means that to establish the desired convergence in distribution, it suffices
to check .y; y0/! .z; z0/ for all finite-dimensional subsequences.

To do so, Levy’s Continuity theorem allows us to consider (logarithms of) char-
acteristic functions: For any two sequences v D .vˇ /ˇ2Xd , v0 D .v0

ˇ
/ˇ2Xd 2 RXd

with only finitely many non-zero coordinates, our goal is to show

log
�
E
�
eiv�yCiv

0�y0
��
����!
�!1

log
�
E
�
eiv�zCiv

0�z0
��
;

where we use the notation v � y WD
P
ˇ vˇyˇ .

The vector .z; z0/ being Gaussian, we can immediately compute the right-hand
side:

log
�
E
�
eiv�zCiv

0�z0
��
D �

1

2
.v; v0/> Cov.z; z0/.v; v0/>

D �
1

2
.vˇ1 ; v

0
ˇ1
; vˇ2 ; : : : /Cov.Z/ .vˇ1 ; v

0
ˇ1
; vˇ2 ; : : : /

>

D �
1

2

X
ˇ2Xd

.vˇ /
2
C .v0ˇ /

2
C 2
p
ss0
jˇ j
vˇv

0
ˇ :

The left-hand side is more involved. Recall that

N� D �� C
X
� 02Xd

��;� 0 and N 0� 0 D �
0
� 0 C

X
�2Xd

��;� 0

with

�� � Poi
�
�s.1 � s0/GW.�s/

d
.�/
�
;

�0� 0 � Poi
�
�s0.1 � s/ GW.�s0/

d
.� 0/

�
;

��;� 0 � Poi
�
�ss0 P corr

d .�; � 0/
�
:

Using the notations

v � f
.�/

d;�
.�/ WD

X
ˇ2Xd

vˇf
.�/

d;ˇ
.�/ and ��;� D

X
� 0

��;� 0 ;
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compute

eiv�yCiv
0�y0
D exp

�
i
p
�s

X
�2Xd

v � f
.�s/

d;�
.�/
�
�� C ��;� � �sGW.�s/

d
.�/
��

� exp
�

i
p
�s0

X
� 02Xd

v0 � f
.�s0/

d;�
.� 0/

�
�0� 0 C ��;� 0 � �s

0GW.�s0/

d
.� 0/

��
D exp

�
�i
p
�s
X
�

v � f
.�s/

d;�
.�/GW.�s/

d
.�/

� i
p
�s0

X
� 0

v0 � f
.�s0/

d;�
.�/GW.�s0/

d
.� 0/

�
�

Y
�;� 0

exp
�

i
p
�s
v � f

.�s/

d;�
.�/C

i
p
�s0
v0 � f

.�s0/

d;�
.� 0/

���;�0
�

Y
�

exp
�

i
p
�s
v � f

.�s/

d;�
.�/

��� Y
� 0

exp
�

i
p
�s0
v0 � f

.�s0/

d;�
.� 0/

��0
�0

:

Since �� , �0� 0 , and ��;� 0 are independent Poisson variables, taking the expectation
and then the logarithm on both sides yields

log E
�
eiv�yCiv

0�y0
�
D �i

p
�s
X
�

v � f
.�s/

d;�
.�/GW.�s/

d
.�/

� i
p
�s0

X
� 0

v0 � f
.�s0/

d;�
.�/GW.�s0/

d
.� 0/

C

X
�;� 0

�ss0P corr
d .�; � 0/

�
exp

�
i
p
�s
v � f

.�s/

d;�
.�/C

i
p
�s0
v0 � f

.�s0/

d;�
.�/

�
� 1

�
C

X
�

�s.1 � s0/GW.�s/

d
.�/

�
exp

�
i
p
�s
v � f

.�s/

d;�
.�/

�
� 1

�
C

X
� 0

�s0.1 � s/GW.�s0/

d
.� 0/

�
exp

�
i
p
�s0
v0 � f

.�s0/

d;�
.�/

�
� 1

�
:

The next step consists in developing all the exponentials as power series. Writing

w.�/ WD v � f
.�s/

d;�
.�/ and w0.� 0/ WD v0 � f

.�s0/

d;�
.� 0/;

one has

log E
�
eiv�yCiv

0�y0
�
D �i

p
�s
X
�

w.�/GW.�s/

d
.�/ � i

p
�s0

X
� 0

w0.� 0/GW.�s0/

d
.� 0/

C

X
�;� 0

�ss0P corr
d .�; � 0/

�
iw.�/
p
�s
C
iw0.�/
p
�s0

�
w.�/2

2�s
�
w0.�/2

2�s0
�
w.�/w0.� 0/

�
p
ss0

CO
�
��3=2

��
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C

X
�

�s.1 � s0/GW.�s/

d
.�/

�
iw.�/
p
�s
�
w.�/2

2�s
CO

�
��3=2

��
C

X
� 0

�s0.1 � s/GW.�s0/

d
.� 0/

�
iw0.� 0/
p
�s0
�
w0.� 0/2

2�s0
CO

�
��3=2

��
:

To understand how the right-hand side behaves for �!1, we start with the terms
in O.��3=2/. Each of these terms is multiplied by �, leaving them still of order ��1=2

which converges to 0. In other words, these terms vanish in the limit.
We move on to extracting all the terms of order

p
� which cancel each other out:

� i
p
�s
X
�

w.�/GW.�s/

d
.�/ � i

p
�s0

X
� 0

w0.� 0/GW.�s0/

d
.� 0/

C is0
p
�s
X
�;� 0

P corr
d .�; � 0/w.�/C is

p
�s0

X
�;� 0

P corr
d .�; � 0/w0.� 0/

C i.1 � s0/
p
�s
X
�

GW.�s/

d
.�/w.�/C i.1 � s/

p
�s0

X
� 0

GW.�s0/

d
.� 0/w0.� 0/ D 0:

For this computation, we have used the identityX
�

P corr
d .�; � 0/ D GW.�s0/

d
.� 0/;

as well as X
� 0

P corr
d .�; � 0/ D GW.�s/

d
.�/:

Next, the terms of order �0 D 1 are

�
s0

2

X
�;� 0

P corr
d .�; � 0/w.�/2 �

s

2

X
�;� 0

P corr
d .�; � 0/w0.�/2

�
p
ss0
X
�;� 0

P corr
d .�; � 0/w.�/w0.� 0/

�
1 � s0

2

X
�

GW.�s/

d
.�/w.�/2 �

1 � s

2

X
� 0

GW.�s0/

d
.� 0/w0.� 0/2

D �
1

2

X
�

GW.�s/

d
.�/w.�/2 �

1

2

X
� 0

GW.�s0/

d
.� 0/w0.� 0/2

�
p
ss0
X
�;� 0

P corr
d .�; � 0/w.�/w0.� 0/

.?/
D �

1

2

X
ˇ

.vˇ /
2
�
1

2

X
ˇ

.v0ˇ /
2
�

X
ˇ

vˇv
0
ˇ

p
ss0
jˇ j�1

:
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The last expression equals log EŒeiv�zCiv
0�z0 �, which will conclude the proof. All that

remains to show is, therefore, the equality .?/, which requires some additional com-
putations. We start by using the first orthogonality property of f �s

d;ˇ
(equation (4.3))

to computeX
�

GW.�s/

d
.�/w.�/2 D

X
�

GW.�s/

d
.�/

�X
ˇ

vˇf
.�s/

d;ˇ
.�/

�2
D

X
ˇ;


vˇv

X
�

GW.�s/

d
.�/f

.�s/

d;ˇ
.�/f

.�s/

d;

.�/

D

X
ˇ;


vˇv
1ˇD
 D
X
ˇ

.vˇ /
2:

Similarly, X
� 0

GW.�s0/

d
.� 0/w0.� 0/2 D

X
ˇ

.v0ˇ /
2:

Next, equation (A.9) under the form

P corr
d .�; � 0/ D GW.�s/

d
.�/GW.�s0/

d
.� 0/

X
ı2Xd

p
ss0
jıj�1

f
.�s/

d;ı
.�/f

.�s0/

d;ı
.� 0/

implies the following:X
�;� 0

P corr
d .�; � 0/w.�/w0.� 0/ D

X
�;� 0

GW.�s/

d
.�/GW.�s0/

d
.� 0/

�

X
ı

p
ss0
jıj�1

f
.�s/

d;ı
.�/f

.�s0/

d;ı
.� 0/

X
ˇ;


vˇf
.�s/

d;ˇ
.�/v0
f

.�s0/

d;

.� 0/

D

X
ˇ;
;ı

vˇv
0



p
ss0
jıj�1

�X
�

GW.�s/

d
.�/f

.�s/

d;ı
.�/f

.�s/

d;ˇ
.�/

�
�

�X
� 0

GW.�s0/

d
.� 0/f

.�s0/

d;ı
.� 0/f

.�s0/

d;

.� 0/

�
D

X
ˇ;
;ı

vˇv
0



p
ss0
jıj�1

1ıDˇ1ıD
 D
1
p
ss0

X
ˇ

vˇv
0
ˇ

p
ss0
jˇ j
:

Putting everything together, the equality (?) in our earlier computation is now imme-
diate. This finishes the proof of

log E
�
eiv�yCiv

0�y0
�
����!
�!1

log E
�
eiv�zCiv

0�z0
�
;

which implies that
L.y; y0/

w
����!
�!1

L.z; z0/:
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A.7. Proof of Lemma 4.17

We recall the technical lemma about the moments of Z before providing proof of it.

Lemma A.9 (Copy of Lemma 4.17). The random variable Z WD Z.t; t 0/ has the
following moments under P ind and P ind:

(a) Eind
dC1

ŒZ� D 0;

(b) Ecorr
dC1

ŒZ� D �ss0P corr
d
.Td D 1/;

(c) Eind
dC1

ŒZ4� � 36.�2ss0/2P ind
d
.Td D 1/

2 C 13�3ss0P ind
d
.Td D 1/;

(d) Var corr
dC1

ŒZ� � �2ss0.1C ss0/P ind
d
.Td D 1/C Ecorr

dC1
ŒZ�.

Proof. We start by introducing centered versions of the Poisson variablesN� andN 0� 0 ,
namely

zN� WD N� � �sGW.�s/

d
.�/ and zN 0� 0 WD N

0
� 0 � �s

0 GW.�s0/

d
.� 0/;

which lets us write

Z D Z.t; t 0/ D
X

.�;� 0/WTd .�;�
0/D1

zN� zN
0
� 0 :

What follows are the proofs of points (a), (b), (c), and (d) in their alphabetic order.

Proof of (a). This is immediate from the independence of .N� /� and .N 0� 0/� 0 under
P ind
dC1

and the centeredness of zN� and zN 0� 0 :

Eind
dC1ŒZ� D

X
.�;� 0/2X2

d
;

Td .�;�
0/D1

Eind
dC1Œ

zN� �E
ind
dC1Œ

zN 0� 0 � D 0:

Proof of (b). Recall that if ..N� /� ; .N 0� 0/� 0/ � P corr
dC1

, then we can write

N� D �� C
X
� 02Xd

��;� 0 and N 0� 0 D �
0
� 0 C

X
�2Xd

��;� 0 ;

where

�� � Poi
�
�s.1 � s0/GW.�s/

d
.�/
�
;

�0� 0 � Poi
�
�s0.1 � s/GW.�s0/

d
.� 0/

�
;

��;� 0 � Poi
�
�ss0P corr

d .�; � 0/
�

are independent Poisson variables. For each one of these variables, we define their
centered versions

z�� WD �� � �s.1 � s
0/ GW.�s/

d
.�/;
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z�0� 0 WD �
0
� 0 � �s

0.1 � s/GW.�s/

d
.�/;

z��;� 0 WD ��;� 0 � �ss
0P corr
d .�; � 0/;

which fulfill zN� D z�� C
P
� 02Xd

z��;� 0 and zN 0� 0 D z�
0
� 0 C

P
�2Xd

z��;� 0 , because of
the marginalsX

� 0

P corr
d .�; � 0/ D GW.�s/

d
.�/ and

X
� 0

P corr
d .�; � 0/ D GW.�s0/

d
.� 0/:

Exploiting the independence of �� , �0� 0 , and ��;� 0 , we conclude the proof of (b)
with the following computation:

Ecorr
dC1ŒZ� D

X
.�;� 0/2X2

d
;

Td .�;�
0/D1

Ecorr
dC1

�
zN� zN

0
� 0

�
D

X
.�;� 0/2X2

d
;

Td .�;�
0/D1

Ecorr
dC1

�
.z��;� 0/

2
�
D �ss0P corr

d

�
Td .�; �

0/ D 1
�
:

Proof of (c). We introduce the shortcut notation � WD ¹.�; � 0/ 2 X2
d
j Td .�; �

0/ D 1º

and develop the fourth moment of Z as

Eind
dC1ŒZ

4� D Eind
dC1

�� X
.�;� 0/2�

zN� zN
0
� 0

�4�

D

X
.�i ;�

0
i
/2�;

i2¹1;:::;4º

Eind
dC1

� 4Y
iD1

zN�i

�
Eind
dC1

� 4Y
iD1

zN 0
� 0
i

�
: (A.35)

Since zN� is independent from zN� for � ¤ � and both random variables are centered,
we have that Eind

dC1
Œ
Q4
iD1
zN�i � D 0 in all but the two following cases:

• all four �i are equal, i.e., j¹�1; �2; �3; �4ºj D 1;

• the �i are pairwise equal but not all the same, i.e., j¹�1; �2; �3; �4ºj D 2.

The identical observation is true for Eind
dC1

Œ
Q4
iD1
zN 0
� 0
i

�. Let

�.m; r/ WD
®
.�i ; �

0
i /
4
iD1 2 �4 j j¹�1; �2; �3; �4ºj D m and j¹� 01; �

0
2; �
0
3; �
0
4ºj D r

¯
;

and denote †.r; m/ the sum from (A.35) restricted to summands in �.r; m/ instead
of � . This lets us write

Eind
dC1ŒZ

4� D †.1; 1/C†.1; 2/C†.2; 1/C†.2; 2/;

and we are left with examining the terms †.r;m/ one by one.
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Recall that for a Poisson variable X � Poi.�/, the fourth moment of its centered
version zX D X � � is equal to EŒ. zX/4� D 3�2 C �. This lets us compute

†.1; 1/ D
X

.�;� 0/2�

Eind
dC1

�
. zN� /

4
�
Eind
dC1

�
. zN 0� 0/

4
�

D

X
.�;� 0/2�

�
3.�s/2 GW.�s/

d
.�/2 C �sGW.�s/

d
.�/
�

�
�
3.�s0/2 GW.�s0/

d
.� 0/2 C �s0GW.�s0/

d
.� 0/

�
� �2ss0

X
.�;� 0/2�

9�2ss0GW.�s/

d
.�/2 GW.�s0/

d
.� 0/2

C .3�s C 3�s0 C 1/GW.�s/

d
.�/GW.�s0/

d
.� 0/

� 9.�2ss0/2P ind
d .�/2 C 7�3ss0P ind

d .�/;

where we have used GW.�/

d
.�/� 1 in the first inequality. The second inequality relies

on
1X
iD0

p2i �

�X
i

pi

�2
for pi � 0, as well as � � 1 and

P ind
d .�/ D

X
.�;� 0/2�

P ind
d .�; � 0/ D

X
.�;� 0/2�

GW.�s/

d
.�/GW.�s0/

d
.� 0/:

Next, we compute

†.1; 2/ D
X
�2Xd

Eind
dC1

�
. zN� /

4
��4
2

� X
� 0W .�;� 0/2�
� 0W .�;� 0/2�

Eind
dC1

�
. zN 0� 0/

2
�
Eind
dC1

�
. zN 0� 0/

2
�

1� 0¤� 0„ƒ‚…
�1

� 3
X
�2Xd

�
3.�s/2 GW.�s/

d
.�/2 C �sGW.�s/

d
.�/
�

�

X
� 0W .�;� 0/2�
� 0W .�;� 0/2�

.�s0/2 GW.�s0/

d
.� 0/GW.�s0/

d
.� 0/

D 9.�2ss0/2
X
�

GW.�s/

d
.�/2

X
� 0W .�;� 0/2�
� 0W .�;� 0/2�

GW.�s0/

d
.� 0/GW.�s0/

d
.� 0/

C 3�3s.s0/2
X

.�;� 0/2�

GW.�s/

d
.�/GW.�s0/

d
.� 0/

X
� 0W .�;� 0/2�

GW.�s0/

d
.� 0/:

Using X
i

p2i �

�X
i

pi

�
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again, we obtainX
�

GW.�s/

d
.�/2

X
� 0W .�;� 0/2�
� 0W.�;� 0/2�

GW.�s0/

d
.� 0/GW.�s0/

d
.� 0/

D

X
�

X
� 0W .�;� 0/2�

GW.�s/

d
.�/GW.�s0/

d
.� 0/

X
� 0W.�;� 0/2�

GW.�s/

d
.�/GW.�s0/

d
.� 0/

D

X
�

� X
� 0W .�;� 0/2�

GW.�s/

d
.�/GW.�s0/

d
.� 0/

�2
�

� X
.�;� 0/2�

GW.�s/

d
.�/GW.�s0/

d
.� 0/

�2
D P ind

d .�/2:

Plugging this into our earlier expression for †.1; 2/ and using s0 � 1 as well as the
inequality X

� 0W .�;� 0/2�

GW.�s0/

d
.� 0/ � 1;

one obtains
†.1; 2/ � 9.�2ss0/2P ind

d .�/2 C 3�3ss0P ind
d .�/:

Since this last term is invariant to swapping s and s0, an analog computation yields
the same upper bound for †.2; 1/.

The final term to examine is†.2;2/. Since every combination of �i ’s we sum over
fulfills ¹�i j i 2 Œ4�º D ¹�; �º for � ¤ � , there are

�
4
2

�
D 3 choices for .�; �/. The same

thing holds for the summation over � 0i . Consequently,

†.2; 2/ D

�
4

2

� X
�;�2Xd ;
�¤�

Eind
dC1

�
. zN� /

2
�
Eind
dC1

�
. zN� /

2
�

�

�
4

2

� X
� 0W .�;� 0/2�
� 0W.�;� 0/2�;
� 0¤� 0

Eind
dC1

�
. zN 0� 0/

2
�
Eind
dC1

�
. zN 0� 0/

2
�

� 9
X

�;�2Xd

.�s/2 GW.�s/

d
.�/GW.�s/

d
.�/

�

X
� 0W .�;� 0/2�
� 0W .�;� 0/2�

.�s0/2 GW.�s0/

d
.� 0/GW.�s0/

d
.� 0/

D 9.�2ss0/2
X

.�;� 0/2�

GW.�s/

d
.�/GW.�s0/

d
.� 0/

X
.�;� 0/2�

GW.�s0/

d
.� 0/GW.�s/

d
.�/

D 9.�2ss0/2P ind
d .�/2:
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Putting all things together, we obtain the desired inequality:

Eind
dC1ŒZ

4� D

2X
r;mD1

†.r;m/ � 36.�2ss0/2 P ind
d .�/2 C 13�3ss0P ind

d .�/:

Proof of (d). Reusing the notations from the proof of (b), we can write

Ecorr
dC1ŒZ

2� D
X

.�;� 0/2�;

.�;� 0/2�

Ecorr
dC1

��
z�� C

X
ˇ 0

z��;ˇ 0

��
z�0� 0 C

X
ˇ

z�ˇ;� 0

�

�

�
z�� C

X

 0

z��;
 0

��
z�0� 0 C

X



z�
;� 0

��
:

The product inside the expectation expands into a polynomial in the variables
.z�; z�0; �/ indexed accordingly by trees. Since these random variables are indepen-
dent and centered, the only monomes not being canceled by the expectation are of the
following forms:

• z�2� .
z�0� 0/

2; denote the sum over these monomes as †.2; 2; 0/,

• z�2� .
P
ˇ
z�ˇ;� 0/

2 ; denote the sum over these monomes as †.2; 0; 2/,

• .z�0� 0/
2.
P

 0
z��;
 0/

2; denote the sum over these monomes as †.0; 2; 2/,

• .
P
ˇ
z�ˇ;� 0/

2.
P

 0
z��;
 0/

2; denote the sum over these monomes as †.0; 0; 4/.

As in the proof of (c), we compute an upper bound of these terms one by one, starting
with

†.2; 2; 0/ D
X

.�;� 0/2�

Ecorr
dC1Œ
z�2� �E

corr
dC1

�
.z�0� 0/

2
�

D �2ss0.1 � s/.1 � s0/
X

.�;� 0/2�

GW.�s/

d
.�/ GW.�s0/

d
.� 0/„ ƒ‚ …

DP ind
d
.�/

:

Next,

†.2; 0; 2/ D
X

.�;� 0/2�

Ecorr
dC1Œ
z�2� �E

corr
dC1

��X
ˇ

z�ˇ;� 0

�2�
D �2s2s0.1 � s0/P ind

d .�/;

and similarly
†.0; 2; 2/ D �2.s0/2s.1 � s/P ind

d .�/:

The more involved term is

†.0; 0; 4/ D
X

.�;� 0/2�;

.�;� 0/2�

X
ˇ;ˇ 02Xd ;

;
 02Xd

Ecorr
dC1

�
z��;ˇ 0 z�ˇ;� 0 z��;
 0 z�
;� 0

�
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D

X
.�;� 0/2�

Ecorr
dC1Œ
z�4�;� 0 �C

X
.�;� 0/2�

Ecorr
dC1Œ
z�2�;� 0 �

X
.�;� 0/2�;

.�;� 0/¤.�;� 0/

Ecorr
dC1Œ
z�2�;� 0 �

C

X
.�;� 0/2�
ˇ;ˇ 02Xd ;
.ˇ;� 0/¤.�;ˇ 0/

Ecorr
dC1Œ
z�2�;ˇ 0 �E

corr
dC1Œ
z�2ˇ;� 0 �

C

X
.�;� 0/2�;
.�;� 0/2�;

.�;� 0/¤.�;� 0/

Ecorr
dC1Œ
z�2�;� 0 �E

corr
dC1Œ
z�2�;� 0 �:

Recalling ��;� 0 � Poi.�ss0P corr
d
.�;� 0//, we compute an upper bound for the summands

one by one. First, one hasX
.�;� 0/2�

Ecorr
dC1Œ
z�4�;� 0 � D

X
.�;� 0/2�

3.�ss0/2P corr
d .�; � 0/2 C �ss0 P corr

d .�; � 0/

D .�ss0/P corr
d .�/C 3.�ss0/2

X
.�;� 0/2�

P corr
d .�; � 0/2;

and X
.�;� 0/2�

Ecorr
dC1Œ
z�2�;� 0 �

X
.�;� 0/2�;

.�;� 0/¤.�;� 0/

Ecorr
dC1Œ
z�2�;� 0 �

D .�ss0/2
X

.�;� 0/2�

P corr
d .�; � 0/

X
.�;� 0/2�;

.�;� 0/¤.�;� 0/

P corr
d .�; � 0/

D .�ss0/2
�

P corr
d .�/2 �

X
.�;� 0/2�

P corr
d .�; � 0/2

�
:

Next, X
.�;� 0/2�

X
ˇ;ˇ 02Xd

Ecorr
dC1Œ
z�2�;ˇ 0 �E

corr
dC1Œ
z�2ˇ;� 0 � 1.ˇ;� 0/¤.�;ˇ 0/

D .�ss0/2
X

.�;� 0/2�

X
ˇ2Xd

P corr
d .ˇ; � 0/

X
ˇ 02Xd

P corr
d .�; ˇ0/1.ˇ;� 0/¤.�;ˇ 0/

D .�ss0/2
X

.�;� 0/2�

X
ˇ2Xd

P corr
d .ˇ; � 0/

�
�P corr

d .ˇ; � 0/C
X
ˇ 0

P corr
d .�; ˇ0/

�
D �.�ss0/2

X
.�;� 0/2�

X
ˇ2Xd

P corr
d .ˇ; � 0/2

C .�ss0/2
X

.�;� 0/2�

X
ˇ2Xd

P corr
d .ˇ; � 0/GW.�s0/

d
.� 0/



Asymmetric graph alignment and tree correlation testing 331

� �.�ss0/2
X

.ˇ;� 0/2�

P corr
d .ˇ; � 0/2 C .�ss0/2

X
.�;� 0/2�

GW.�s0/

d
.� 0/

.�s/

d
.�/

D .�ss0/2
�

P ind
d .�/ �

X
.�;� 0/2�

P corr
d .�; � 0/2

�
;

where we have usedX
.�;� 0/2�

X
ˇ2Xd

P corr
d .ˇ; � 0/2 �

X
.ˇ;� 0/2�

P corr
d .ˇ; � 0/2:

This inequality can be recycled for the last summand: Using � �X2
d

for a first upper
bound, followed by the above inequality where ˇ is replaced by � , one obtainsX

.�;� 0/2�

X
.�;� 0/2�

Ecorr
dC1Œ
z�2�;� 0 �E

corr
dC1Œ
z�2�;� 0 �1.�;� 0/¤.�;� 0/

�

X
.�;� 0/2�

X
�;� 02Xd

Ecorr
dC1Œ
z�2�;� 0 �E

corr
dC1Œ
z�2�;� 0 �1.�;� 0/¤.�;� 0/

� .�ss0/2
�

P ind
d .�/ �

X
.�;� 0/2�

P corr
d .�; � 0/2

�
:

Putting all the information on the summands together, we obtain

†.0; 0; 4/ � 3.�ss0/2
X

.�;� 0/2�

P corr
d .�; � 0/2

C .�ss0/2
�

P corr
d .�/2 �

X
.�;� 0/2�

P corr
d .�; � 0/2

�
C 2.�ss0/2

�
P ind
d .�/ �

X
.�;� 0/2�

P corr
d .�; � 0/2

�
C .�ss0/P corr

d .�/

D .�ss0/2P corr
d .�/2 C 2.�ss0/2P ind

d .�/C .�ss0/P corr
d .�/

D 2.�ss0/2P ind
d .�/C Ecorr

dC1ŒZ�
2
C Ecorr

dC1ŒZ�;

where the last equality follows from (b). This lets us conclude

Ecorr
dC1ŒZ

2� D †.2; 2; 0/C†.2; 0; 2/C†.0; 2; 2/C†.0; 0; 4/

� �2ss0.1C ss0/P ind
d .�/C Ecorr

dC1ŒZ�
2
C Ecorr

dC1ŒZ�;

where the factor multiplying P ind
d
.�/ is obtained from

�2ss0.1 � s/.1 � s0/C �2.s0/2s.1 � s/

C �2s2s0.1 � s0/C 2�2s2.s0/2 D �2ss0.1C ss0/;
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and (d) follows from

Varcorr
dC1ŒZ� D Ecorr

dC1ŒZ
2� � Ecorr

dC1ŒZ�
2
� �2ss0.1C ss0/P ind

d .�/C Ecorr
dC1ŒZ�:

This completes the proof of Lemma 4.17.
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