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A microlocal Cauchy problem
through a crossing point of Hamiltonian flows

Kenta Higuchi, Vincent Louatron, and Kouichi Taira

Abstract. In this paper, we consider 2 x 2 matrix-valued pseudodifferential equations in which
the two characteristic sets intersect with finite contact order. We show that the asymptotic beha-
vior of its solution changes dramatically before and after the crossing point, and provide a
precise asymptotic formula. The proof relies on a normal form reduction and a detailed analysis
of a simple first-order system.
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1. Introduction

1.1. Main results

In this paper, we discuss the existence, uniqueness, and asymptotic behavior of solu-
tions of a system of pseudodifferential equations:

Pu=0 m.l ong, (1.1

where

Mathematics Subject Classification 2020: 81Q20 (primary); 35J10 (secondary).
Keywords: pseudodifferential operators, semiclassical analysis, matrix-valued operators,
Schrodinger equation.


https://creativecommons.org/licenses/by/4.0/

K. Higuchi, V. Louatron, and K. Taira 1294

+ Q CR? = T*R is a connected open neighborhood of (0, 0);

e Pisa?2 x 2-matrix-valued semiclassical pseudodifferential operator of the form

P, th) - 2 2
P = acting on L“(R, C“),
(th P, g ( )

defined as the Weyl quantization (see (2.1)) of the matrix-valued symbol'

p1(x.8)  hqi(x.§)
hqz(x,§)  p2(x,§)

The motivations and the generality of the model are discussed in details in Sec-

pre)= ) < saicio) (12

tion 1.2 and Appendix C. We send the reader unfamiliar with the vocabulary of
microlocal analysis to Section 2 for precise definitions (see also Section 1.3 for a sim-
pler, non-microlocal example). Throughout the article, we assume that the following
two conditions hold.

Condition A (Real principal type). For each j = 1,2, the function p; is of real
principal type at (0, 0), that is, p; is real-valued and

pj(0.0) =0, 9p;(0.0) #0.

Condition B (Finite contact order). There exists m > 1 such that HII,‘1 p2(0,0) =0
forallk € {0,...,m — 1} and

H, p2(0,0) # 0.

Here, we write Hp, := 0g p10x — 0x p10¢. In the following, the transversal case refers
to the situation where m = 1 and the tangential case to situations where m > 2.

The domain €2 is chosen to be sufficiently small so that the following conditions
hold.

e The characteristic sets
Aji={(x,6) eR? | pj(x,§) =0} (j =1,2)

are submanifolds and intersect only at (0, 0) inside 2. Geometrically, the inter-
section is of finite contact order m by Condition B. We refer to m as the contact
order of A1 and A,;

"Here, we assume that the symbol p is bounded on R?. However, we can still apply our
main theorem for unbounded symbols such as p; (x, &) = £2 + V;(x) or p; € S(m) for an
order function m (see [22, Section 4.4]) since all the statements below are microlocalised on a
compact subset of the phase space T*R.
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Figure 1. Hamiltonian flows and notations.

* For j = 1,2, the portion (2 N Aj) \ {(0,0)} is divided into two connected com-
ponents y}’ and y}i, where the Hamiltonian flow generated by H),; is incoming to

the crossing point (0, 0) on y; while it is outgoing from (0, 0) on y}i . See Figure 1.

In the setting above, the uniqueness, existence, and asymptotic behavior of micro-
local solutions away from the crossing point (0,0) are well known and can be analysed
using the usual WKB method. In particular, it is known that microlocal solutions
of (1.1) are microlocalised on A; U A, — meaning that their wavefront set is included
in the characteristic sets, see Definition 2.2. On each connected component yj' (J =
1,2, e € {b, {1}), one has the following.

*  Uniqueness. The space of microlocal solutions near )/J.‘ is one-dimensional. More
precisely, ¥ = 0 microlocally near a point of y].' implies that ¥ = 0 microlocally
onall y.

* Existence. There exists a non-trivial solution w; of (1.1) microlocally on yj‘,
uniquely determined up to a multiplicative constant.

* Asymptotic behavior. The solution w; is a WKB state (or Lagrangian distribution)
associated with the Lagrangian submanifold A ;. Generically for p; and p,, we
can write w} (x) = o} (x)ei® X/ where ¢; is a solution to the eikonal equation
pj(x, gbj/- (x)) = 0 and the amplitude aj’ satisfies a transport equation.

According to the uniqueness and existence written above, for each solution u of (1.1)
microlocally on €2, there exist four complex numbers a?, ag, af, ag € C such that

u=auo

[ ]
Wi

;7 mlony’ (j =12 e€{bt}). (1.3)
See Proposition 2.16 for the more rigorous statements, proved by standard WKB ana-
lysis.

The purpose of this paper is to study the equation (1.1) near the crossing point
(0, 0). More precisely, we consider the following problems.

Problem 1. How many microlocal solutions are there for (1.1)?

Problem 2. What is the relationship between the coefficients a;?
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Problem 1 is solved by the following theorem.

Theorem 1.1 (Existence and uniqueness of the microlocal Cauchy problem). In the
above setting, the following holds.

(1)  Uniqueness. Let u be a microlocal solution of Pu = 0 on Q. If there exist
two points p'i € )/'1’ and ,og € yg such that u = 0 microlocally near p'i and
,og, then
u=0 mlonQ.

(i)  Existence Fix two WKB states w; (j = 1,2), which are tempered and sat-
isfy (1.1) microlocally on y]?. Then, for each a'{, ag € C, there exists a
tempered u such that

Pu=0 mlonQ, u=dw mlony’ (j=1,2). (1.4)

We refer to the constants o:'i and ag appearing in the second identity (1.4)
as the microlocal Cauchy data of the system (1.1).

In particular, the space of microlocal solutions on €2 of (1.1) is two-dimensional.
The term “microlocal Cauchy data” is taken from [5], where a microlocal Cauchy
problem involving a scalar Hamiltonian with a hyperbolic fixed point is studied.

We now turn to Problem 2. Fix two WKB states wj‘. (j = 1,2), which are tempered

and satisfy (1.1) microlocally on yj’. Thanks to Theorem 1.1 (ii), for given oz'i , ag eC,

we can find a solution u of (1.4). As stated above in (1.3), there exist a‘li, ag € C such

that
u=co'w' mlonyf (G=12 1.5
#

By virtue of Theorem 1.1 (i), the constants o, ag € C are unique modulo O (h*°).
Since the equation (1.4) is linear, we can find a 2 x 2 matrix 7', called the transfer

# b
() =)
g = b |
Ol2 az
which can be defined modulo @ (h°°). Our next theorem describes the asymptotic
behavior of the transfer matrix. Here, we remark that the transfer matrix =T (w", w},
wg, wg) depends on the choice of the WKB states w? (j = 1,2, o € {b, f}}), as
described in (1.18) in the example below. To simplify the connection formula, we

will choose these WKB states as in the definition below.

matrix, such that
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Definition 1.2. (i) Let v; be a microlocal solution to the scalar equation Pv; = 0 m.L
on Q. We say that v; is normalised if

i9(p;)
e 2 x2
e 27nv;(x)dx =1+ O(h), (1.6)
2mh
R
where we put
dx p; (0,0
~arctan(SLLOD) 0.0 # 0),

O(pj) =1 _ 9 (0,0) (1.7)

- (0gp;(0,0) = 0).

(i1) Let w; (j = 1,2, e € {b, {}) be a microlocal solution to equation (1.1) micro-

locally on y?. The solution w? is said to be normalised if

w; =vje; + Opag,c2y(h) mlony;, (1.8)

where the pair of e; = T(1,0) and e, = (0, 1) is the canonical basis of C2, and v; is
a normalised microlocal solution to the scalar equation P;jv; = 0 m.l. on £2.

Remark 1.3. Normalised solutions indeed exist (Propositions 2.13 and 2.16) and are
unique up to @ (k). The ambiguity involving an O (h)-term comes from that in (1.6)
and (1.8).

We now state our second result which deals with Problem 2. The symbol &, ;
stands for Kronecker’s delta: §,,,; = 1 form = 1 and §,,,; = 0 form > 2.

Theorem 1.4 (Microlocal connection formula). Suppose that the WKB solutions wJ?

are normalised in the sense of Definition 1.2. Then, the transfer matrix T = T(w'i , wg,

wg, wg) satisfies the asymptotic formula

(1 0y .o 0 014¢1(0,0) 2 1\dma
T_(O 1) i (a)zqz(0,0) A )+(9(h T (logh> ) (1.9)

where the q; are the anti-diagonal terms of p defined in (1.2) and the wj are given by

—sgn(sH" p> (0. 0))7'[) (m n 2)
2(m + 1) 1
(|3(x,E)P2(O,O)| (m + 1)! )mlH
180e.6)P1(0,0)] [HZ p2(0,0)])

—sgn(sH} p1(0,0))7 m+2
2(m+1) )r(m—l-l)

1

(I3<x,s>p1(0,0)l (m + 1)! )T
|0(x,6)P2(0.0)| | HJ p1(0,0)|

w = ZMm(

Wy = 2Mm(




K. Higuchi, V. Louatron, and K. Taira 1298

Here, the constant s and the function Ly, = L (0) are defined by

2
s = sgn [ [(Hp,(0.0). 7(O(p;)))g2.  7(8) = (cos 6. sin6),
j=1 (1.10)
eif +ei(—1)’”+19
P (0) = 5

where (-, -)g2 stands for the usual (Euclidean) inner product in R?.

Remark 1.5. The ambiguity of the choices of normalised solutions w? is not explicit

in this formula since the estimate of the remainder (9(hm%Ll (log h=")%m.1) is rougher
than O (h).

Remark 1.6. By the definition (1.7) of ©(p;), the vector 7(0) defined by (1.10) is
the unit vector parallel to the Hamiltonian vector Hp, (0, 0), that is,

Hp,;(0,0) = +[Hp,(0,0)[z(®(p;)),  (Hp,(0,0), 7(B(pj))r2 = £[Hp, (0,0)],

where the identities hold true for the same sign. The sign is positive if and only if
either dgp;(0,0) > 0 or dgp;(0,0) = 0 and 9, p;(0,0) > 0 holds (see Figures 2
and 3). In the tangential case, one has ®(p1) = ®(p,). This implies the identity

s = sgn(Hy, (0,0), Hy, (0, 0))g>.

Remark 1.7. The formulae of w; and w, in Theorem 1.4 are written symmetrically.
We can also write them using only either one of H}] p2(0,0) or Hp? p1(0,0) since
one has the identity

|0(x,£)P1(0,0)]
|0(x,£)P2(0, 0)]

This identity will be proven in Lemma 5.6.

m m=1 m
HJ pa(0,0) = —( )" HpEp0.0).

1.2. Motivations and context

The main motivation to computing the transfer matrix (1.9) is to provide a general
method for computing spectral asymptotics, namely the eigenvalue splitting ([2]) and
the distribution of resonances ([3,4, 11-13, 16]) of matrix-valued Schrodinger oper-
ators in the semiclassical limit # — +0. Essentially, such distribution is obtained
by studying the associated eigenstates and resonant states, which are microlocal-
ised on the characteristics A; and behave as microlocal solutions of the eigenvalue
equation (1.1). The behavior of such solutions on the characteristics is known out-
side crossing points, therefore establishing a microlocal connection formula at those
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s =41

N b
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Y

Figure 2. Hamiltonian flows, the sign of s introduced by (1.10), and ®(p; ) introduced by (1.7)
for the transversal case m = 1.

s = +1 s =—1
EA EA
# #
V1 Al V1 A
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b b
V1 Y1

Figure 3. Hamiltonian flows and the sign of s introduced by (1.10) for the tangential case m > 2.

crossing points is enough to describe resonant and eigenstates.” Such an approach is
employed in [2—4, 13, 16]. While [2, 13] used a normal form reduction to obtain a
microlocal connection formula for transversal case, [3, 4, 16] used a non-microlocal
method to obtain the formula for tangential case. Our goal is to unify those different
methods using a normal form reduction which applies to both situations.

2We also find a similar approach for the asymptotics of the scattering matrix of matrix-
valued Schrodinger operators with a transversal crossing of Hamiltonian flows in [1].
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The study of a microlocal problem via a normal form reduction is not new, and
the idea traces back to the works of Landau and Zener on avoided crossings. We
distinguish two types of normal form reductions of matrix-valued operators.

* The first essentially consists in reducing a matrix-valued symbol of principal type
to a scalar-valued symbol of the form x&, which has a hyperbolic fixed point
at (0,0) ([13] or [7]). Here the interaction term is assumed to be elliptic at the
crossing point.

* The second method consists in reducing the matrix-valued symbol into another
simpler matrix-valued symbol without ellipticity of the interaction term. Such

method was developed for codimension 3 crossings in [6], where the normal form

hDx, x3
X2 X1

) on R2. This includes not only the x, = @ (h)-regime of
that operator (which corresponds to our operator) but also the cases where the

is given by (
non-diagonal entries are not necessary small. The result in [6] was applied in [21]
for 1-dimensional, transversal crossings.

For both methods, tangential crossings were excluded up until now because of the
absence of stable/unstable theorems of degenerate fixed points. In his work on trans-
versal crossings, Colin de Verdiere [6] adapted Sternberg’s linearization theorem for
Hamiltonian systems, which is regarded as a counterpart of stable/unstable theor-
ems. However, the technique there cannot be applied to tangential crossings, at least
not directly. To handle tangential crossings without a normal form (but with O (h)
non-diagonal entries), the first named author extended in [3] the construction of [11]
of exact solutions near the crossing point. The second named author improved this
method in [16] under a relaxed elliptic assumption on the interaction term.

We also mention some studies concerning the closely related problem of the time
propagation of semiclassical wave packets. Such a problem gathered interest in the
late 1990s with the works of G. A. Hagedorn and others (see e.g. [14]). Among many
works on the subject, we mention in particular [10] which deals with time propagation
through tangential crossings in codimension 1. They provide a microlocal normal
form reduction but only for the transversal case.

Our normal form result, Theorem 3.1, accounts for both transversal and tangential
crossings and holds without any ellipticity assumption. It relies essentially on the
Darboux theorem and the Egorov theorem, and makes for a much simpler proof than
that of [21] for the transversal case. Moreover, we apply this normal form reduction to
recover the results of [3,11-13] all at once, through the microlocal connection formula
(Theorem 1.4). In practice, since P is a 2 x 2 matrix-valued differential operator of
order 1 at the principal level, we end up computing 2 x 2 change-of-basis matrices
(see (4.7)), whereas for example the direct computation of [3, Proposition 3.12] for
the Schrodinger operator (which is of order 2 at the principal level) involves 4 x 4
change-of-basis matrices.
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In the rest of the section, we sketch an outline of the connection formula through
a simple example and we apply Theorem 1.4 to recover the connection formulae for
Schrodinger-type operators. In Section 2, we lay out the background of microlocal
analysis needed for this paper. The organization of Sections 3, 4, and 5 will be detailed
in Section 2.8.

1.3. Simple case (non-microlocal)

Let us describe our method for a simple case with
P1 =/’le, P2=/’le—f(X), Q1 = Q2 :q(x)
where f € C*°(R) and ¢ € CZ°(R) are real-valued functions satisfying

F®0)y=0 fork=0,1,....m—1, f™(0)+#0,
f(x) #0 forx €suppgqg \ {0}.
Although Theorems 1.1 and 1.4 deal with microlocal solutions, we focus on the exact
solutions here.

The equation Pu = 0 with u(x) = T(u;(x), u2(x)) is written as the following
system of differential equations:

{thul(X) = —hq(x)uz(x),
(hDyx — f(x))uz(x) = —hq(x)u1(x).

First, we observe that this equation can be written by the Duhamel formula as

(1.11)

U () = o) —iT (e Ouy),  up(x) = i PP} —iT_(uy),  (1.12)
with

0
a'i =wuy(—1) and ag = uz(—l)exp(%/f(y) dy),
-1

where we define

X X

Cevx) i= / EFOg()u(y) dy,  F(x) = / £) dy.
0

-1

Existence and uniqueness of exact solutions

Equation (1.11) is a first order differential equation and the space of the solutions is
two-dimensional. Moreover, the solution is uniquely determined by the initial data
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o, b € C and can be written explicitly as

uy = (I +TpTo) e —iad Ty (1)), .

Uy = €%F(1 —}—F_F_,_)_l(ag—ia?l"_(ﬂ)), .
due to (1.12), where 1 is the constant function valued at 1. Here, the operator I +
' I'_ is invertible for sufficiently small # > 0, in fact, we have |1 T5|pcom o0 =
O ﬁ) by the degenerate stationary phase formula (see Proposition 4.4).

Asymptotic behavior of the solution

To describe the asymptotic behavior of the solution, we need more precise estimates
for T'4. We have || T (1) || oo oo = O (R (log 1)*1) and

O(h) (=1 <=x =< —e),
Fe()(x) = | p 1\m.1
mFT m¥T —
h 1q(0)wi+(9(h 1(logh) ) (e<x<1),
for fixed 0 < € < 1 with w4+ = w,w— = w and w defined by (4.8). This is a con-

sequence of the degenerate stationary phase formula (see Proposition 4.4), where we
note that the critical point of F' on supp g is x = 0 only. By (1.13) and the Neumann
series expansion (I + 1 Tx)™! = Y72 (—1)*(I'+T)*, we conclude

b
(a;) (=1 <x < —e),
( u1(x) ) - (1.14)
—4F(x) - T e b ‘
¢ el (a; - %hTIQ(O)Cfaﬁ) (e<x<1),
oy —ihm+1g(0)way

modulo (9(hm%r18). In particular, we see that the asymptotic behavior of the solution
u dramatically changes around x = 0.

Transfer matrix

Now, we describe the asymptotic behavior of the transfer matrix 7" with respect to
the basis w'i,wg and wﬁ,wﬁ that are WKB solutions for -1 < x < —eande < x <1
respectively of the form W = T(1,0) + O(h) and Wy = T(0, i F®) + O(h) for e €
{b. f1}. Note here that we are using the functions W}, wg not normalised in the sense of
Definition 1.2 for a notational simplicity (the normalization requires a multiplication
by a constant depending on f’(0)). The asymptotic expansion (1.14) yields

o] + o3 (-1 <x < —e),
u(x) =

() — ih T g(0)wad)Wh + (o — ik T g(0)del )W, (€ < x < 1),
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modulo O (hm%Ll (log %)8"’" ) Then, the transfer matrix 7 can be calculated as
b b pait b b
(a;) . (oe1 - Lhm:rlq(O)waz) _ (12 B ihml+1( 0 ) q(O)a))) (a;)
a; ab — ihm g (0)dad q(0)o 0 a;
-2 1\0m.1
modulo O (27T (log £)™"").

1.4. The example of the matrix-valued Schriodinger operator

‘We now turn to a microlocal example. We consider a matrix-valued Schrédinger oper-

Pr—Ey  hQ
hQ P, —Ey
with P; := (hDx)* + Vj(x) (j = 1,2), Eo € R and Q is the multiplication operator
by a smooth, real-valued function g(x). Below, we apply Theorem 1.4 and recover

ator

the transfer matrix of Pg. at the crossing points as obtained in [3, Theorem 3.4] and
[4, Theorem 2].
Assume that the function V, — V1 vanishes only at x = 0, at a finite order n €
N\ {0}:
Vo, = V)P ©0)=0= forallj €{0,....n—1)},

and
(V2 — V)™ (0) # 0.

For simplicity, assume that ;(0) = 0 and |x ™! Vj’ (x)| > 0 near 0. The characteristic
sets A := {2 + V;(x) = Eo} associated with P; — Eg, j = 1,2, are assumed to
satisfy the following:

(1) if Eg > 0 then A; N Ay = {(0, &), (0, —&p)}. This is the situation con-

sidered in [3];

(i) if Eg = 0then A; N Ay = {(0,0)}. This is the situation considered in [4].
where &y = +/ Ey. The crossing order m of A; and A, is m = n for (i) and m = 2n
for (ii). In (ii), the crossing point (0, 0) is also a turning point (or caustic), meaning
that 8gpj (0,0) = 0.

Transfer matrix for (i)

The computation of the transfer matrix for both crossing points is similar (see Remark
1.10), therefore we only detail computations for the transfer matrix at the crossing
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point (0, &y). Since (0, &) is not a turning point, we may solve the eikonal and trans-
port equations and fix a basis of WKB solutions w'i w;, wg and wg for Ps. of the
form

w;(x,h) = e Jo NEo=V; () D ai(x)(ej + O(h)) (1.15)

where

o (o e pi 08 _ V(@
oj(x).—c](l— E, ) and ¢j 1= m_(]+ iE ) )

According to Proposition 2.13, the identity 0; (0) = ¢; ensures that those solutions are

normalised in the sense of Definition 1.2. Now, fix a neighborhood €2 of (0, &y). The-
orem 1.1 ensures there exist constants oz]? = ozj'. (u) € C such that, for any microlocal
solution u of Ps.u = 0 near 2,

_ e_. e . °
u = ojw; microlocally near p;.

The transfer matrix Ts.(0, &) of Ps. at (0, &) is uniquely defined by T(a‘f, ag) =
Tsc(0, EO)T(aIi , ag). We recall that the crossing order is m = n and that

05,07 (0.60) = (V/(0).260).  HJ: p2(0.80) = 268 (V2 — V1) (0), ands = 1.

We then apply Theorem 1.4 and recover the result of Assal, Fujiie, and Higuchi [3]
on the asymptotics of Ts.(0, &).

Proposition 1.8. In case (i), the transfer matrix Ts.(0, &) satisfies

g 0 wq(0) 2
Too(0.£0) = I — ik (a')q(O) A )+(9(Cz_,cz<h 3

o))

as h — +0 with

—sen((V2— V)™ (0)) (et Dy
w=Mn( = 2122” +V11) > ﬂ)r(:1?)(|(V22—n;1_)}")'(0)|) -

Remark 1.9. Rigorously speaking, one should first translate the crossing point to
(0, 0) by conjugating Ps. by the Fourier Integral Operator e generated by the
symplectomorphism « (x, §) := (x,& — &p). Then, Theorem 1.4 applied to

P= e_;t;xgo P, e%xéo
yields the transfer matrix of P. Deducing the transfer matrix Ps. from that of P is
straightforward (see Proposition 2.10).
Remark 1.10. Note that H; p2(0,—§0) = (—1)" H};, p2(0, &) so that

AP 0 wg (0 2 1\6n.1
Tso(0, —&o) = I, — ihiH (wq o qo( )) + (9C2_><Cz<h"+1 <log E> )
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Transfer matrix for (ii): turning point

Since (0, 0) is a turning point, it is not possible to directly construct WKB solutions as
above because Eg — V; = —V; changes sign at x = 0. Instead, we remove the turning
point by rotating the phase space with the symplectomorphism «(y, ) := (1, —y)
in order to have 9,(k* p;)(0,0) = Vj’ (0) # 0. The associated unitary metaplectic

operator is M z = e%.‘?h where ¥y, is the semiclassical Fourier transform defined
in (2.11). First, we construct WKB solutions for the rotated operator M 7! Ps.M ,, by
solving the eikonal and transport equations with a stationary phase argurilent, then we
normalise them using Proposition 2.13 as above. We obtain

VI (y) = eh % Do (y)(ej + Oh)), (1.16)

1 - —1
where ¢;(y) = [ V" (=y2) dy and o7 (y) = [V}(0)] 2 |V/(V;} (—y2)[ 3. Next,
we bring back the v to normalised WKB? solutions w; of the original problem by
setting

W} (x) 1= —i Mg} (x) i= —i Mg [eh¥ Oo; ()] (x)(ej + O(h)). (1.17)
The normalization constant —i comes from the identities ©(p;) = —7, ©(x* p;) =0,
and
’O”’j i 7T
¥2 er
x/_ / hM%v;(x)dx /Mn e 2h)v (x)dx
=i(1 + O(h)).
We finally apply Theorem 1.4 after recalling that m = 2n as well as
(=D"2n)!
06 (0,0) = (V/(0),0),  Hy, p2(0, k) = ——=—=(V{(0))" (V2 = V1) (0),

and s = 1, and recover the result of [4] on the asymptotics of Ts.(0, 0).
Proposition 1.11. In case (ii), the transfer matrix Ts.(0, 0) satisfies

0 w14(0)

1
Ts5.(0,0) = [, — ih2nF1
(0.0) = I~ (wzfl(o) 0

) + Oca_,c2 (hTFT),

as h — +0 with

V700 (2n + n! T 20 + 2 T
a 2(|V/(0)| VI O)P (V2 — V1)<n><0>|) F(G) “’S(z(zn + 1))

where ] = 1,2 is such that {j, J} = {1, 2}.

3Rigorously, for (1.17) to rigorously define a WKB solution, we must replace ; () by
Xeo(¥)o; () where yo(y) is a smooth cutoff supported in (—oo, 0] for ¢ = b and [0, +o00) for
o = t[
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Comparison of transfer matrices

Let us denote w; the WKB solutions we defined respectively in (1.15) and (1.16)
on one hand, and v]f those of respectively [3] and [4] on the other hand. From The-
orem 1.1, we know there exist C7 € C, j = 1,2, e € {b, i}, such that v} = C/w}
near C j‘. A straightforward computation (somewhat similar to (5.3)) gives

T(w!, wh, wh wh) = diag(CF CHT @}, 05, 0F, vf) diag(c? €))7t (1.18)

_1
In case (i), it is easy to see that C]'? = E, *c; so that (Cf)_lcg cancels out with the
term |0(x,g) p2(0,0)|/]0(x,6) p1(0, 0)| appearing in ;. Therefore, our transfer matrix
is the same as in [3]. In the case (ii), a careful computation yields C ]'.’ = /2| Vj’ (O)|_%

and C jﬂ =i/2| Vj’ (O)|_%. This explains the factor i appearing between our transfer
matrix and that of [4].

1.5. Notation

We fix some notations. We denote the set of natural numbers by N = {0, 1,2, ...}.
We write Dy, = i_laxj. The function space S(R"”) denotes the set of all smooth,
rapidly decreasing scalar functions on R” and 8'(R") denotes the set of all tempered
distributions on R". Let C;°(R") denote the symbol class of smooth functions with
bounded derivatives on R”. For a function space X C 8'(R"), let My (X) with N €
N \ {0} be the set of N x N -matrix valued functions whose entries belong to X . For
simplicity, for an s-dependent family of functions a = (as)o<n<n, With 0 < ho < 1
and a Fréchet space X, we write a € X if all the seminorms of aj in X are uniformly
bounded with respect to 0 < & < hg. For Banach spaces X and Y, B(X, Y) denotes
the set of all linear bounded operators from X to Y. For a Banach space X, we denote
the norm of X by ||-||x. We say that a set S C R? is compactly contained in another
set T C R? and write S € T if the closure of S is compact and contained in T'.

2. Preliminaries

2.1. Quantization and symbolic calculus

We briefly recall some basic properties of semiclassical and microlocal analysis to fix
the notation. Please refer to the textbooks [9, 17,22] for more details.

The Weyl quantization of a matrix-valued function a = a(x,§) € My (C;°) is the
semiclassical pseudodifferential operator a* (x, h D, ) defined by

a® (x, hDy)u(x) = (2n1h)" // e%(x_y)'sa<¥,$)u(y)dydé, @)

T*R"



A microlocal Cauchy problem through a crossing point of Hamiltonian flows 1307

for vector-valued functions u € S(R”; C¥). The function a is called the symbol of the
operator a¥ (x, h D). Let ¥, denote the set of semiclassical pseudodifferential oper-
ators with scalar symbols in C°(R"; C). By the Calderén—Vaillancourt theorem ([22,
Theorem 4.23]), each element of W}, extends to a bounded operator on L2(R”; CV).
We also define the set W,”" that consists of operators A € ¥, whose integral kernels
are compactly supported and whose wave front sets (defined in the next subsection)
are compact.

For scalar-valued symbols a, b € C°(T*R"; C), there exists a symbol a#b €
C(T*R"; C) such that a¥(x, hDx)b™ (x, hDy) = (a#b)¥(x, hDy) and a#b =
ab + %{a, b} + (9c1§>o(h2), where {a,b} = 0za - 0xb — 0xa - d¢b.

We now state some useful boundedness properties of pseudodifferential operators
on L°°, used to study the integral operators 'y that appear in Section 1.3 (see also
Proposition 4.4).

Lemma 2.1. Let A € ‘Ilzomp. Then there exists C > 0 (independent of 0 < h < 1) such
that || Al|Loo—roo, | Al 1.coswi.co < C for 0 < h < 1. Here W1 is the Sobolev
space with the norm ||u|y1.0o 1= |u||Loe + 27=1||iju||Loo.

Proof. We write
A=a"(x,hD,) witha € 8(R").

First, we prove the uniform boundedness of || A||Lco— r.co. The proof is essentially the
same as [22, Theorem 7.15] that deals with Fourier multipliers. The integral kernel of
A is given by
1 X+y Lx_vp).
Ky(x.y) = ( , ) L=k g
W) = s [a(F526)e ¢

R~

—n—

An integration by parts shows |Kj(x, y)| < Ch_”(l + %lx —l) ! with a con-

stant C > 0 independent of x, y, h. By Young’s inequality, we have ||Aulpc <
Ch (1 + glxD™" Miptllulizee = ClI(L+ [x[) ™ |1 [[ulloe, which proves the
uniform boundedness of ||A[|Loo—poo. Since [Dy;, A] = —i(d¢;a)” (x, hDy) and
8§/a S S(Rn),

IDx; AullLoe < [|ADx;ullLoo + [[Dx; . Alul[Lo
< (IAllzee—Loo + [(0x;@)" (x. h Dx) || oo Loo) [[ully1.c0

= Clullwi.co,

which proves the uniform boundedness of || A ||y 1,00 ppr1.00- [
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2.2. Microlocalization and wavefront set

Definition 2.2. Let a family f = { fj}re(0,no] C L*(R"; C™) be tempered in h, that
is, there exists k > 0 such that f;, = O;2(h™%) as h — 0.
(1) We say f is microlocally infinitely small near a point (xo, &) € T*R" and
write
f =0 m.l near (xg, &),

if there exists y € My (Cp°) such that y(xo,&0) = L and || x* (x,hDx) f (W) ||| L2rn) =
O (h*°). We also write f = 0 m.l. on Q if it is microlocally infinitely small near each
point of Q. The semiclassical wavefront set WF(f) C T*R" is defined as the set of
points where f is not microlocally infinitely small. We say that f is microlocalised
on a set U whenever WF,(f) C U.

(i) Let A = a™(x, hDy) be a pseudodifferential operator with a symbol a €
My (Cp°). We say f is a microlocal solution to Af = 0 on  C R2% if Af =0
m.l. on Q.

(iii) f is compactly microlocalised whenever there exists y € My (C°) inde-
pendent of /2 such that (1 — ¥ (x,hDy)) f = Ogmwn)(h*).

Remark 2.3. If /' = 0 m.l. near (xg, &) € T*R", then there exists a neighborhood
(x0,&0) € U C T*R" such that |[x*(x, hDx) f(h)llp2gny = O(h*) for any y €
My (C2°) whose support is contained in U (see [22, Theorem 8.13]).

Definition 2.4. (i) We say a family T = {T}}re(0,k,] Of continuous linear operators
Ty, : 8 — 8’ is tempered if there exists N > 0 such that

IL-NThL-N| = O2p2(hN) ash — 0,

where £_y := (1 + |x|>)™ (1 + |hD,|*)~N.

(ii) Let T = {Th}he(o,no] and S = { S }re(0,no] be tempered families of operators
and z and w in T*R"”. We write T = S m.l. near (z, w) if there exist neighborhoods
U and V of z and w such that

B(T — S)A = Oss(h™).

for any pair of pseudodifferential operators A = a* (x,hDy) and B = b¥ (x,hDy)
with suppa C U’ and suppb C V.

(iii) We say that a tempered family 7' = {T (1)} ne(0,h,] Of Operators is microlocally
invertible near z and w in T*R” if there exist neighborhoods U and V of z and w
and a tempered family S = {S} (9,4, of operators such that

ST =1 mlnear(z,z) and 7S =1 m.l near (w,w).

Then S is called a microlocal inverse near (z, w) of T. We denote S simply by 71,
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comp

Lemma 2.5. Forany A € W, and any compact set K C T*R", there exists A’ € ¥},
such that A= A" m.l. on K x K.

Proof. This follows from the pseudolocal property of the pseudodifferential operat-
ors. ]

Proposition 2.6 (Elliptic parametrix). Let A = a* (x,h D) be a pseudodifferential
operator with a matrix-valued symbol a € My (Cy°).

(1)  Ifthe inequality | deta| > ¢ holds on U with an h-independent ¢ > 0, then A
is microlocally invertible near U x U. Moreover, the symbol of each micro-
local inverse of A coincides modulo QMN(C,‘)”) (h) witha=! on U.

(i1)  Let u be a microlocal solution near U C T*R" to the pseudodifferential
equation Au(x) = 0. The first statement implies that one has

WF,(u) N U C {deta = O(h*™)}.

Proof. This follows from the usual parametrix construction (for example, see [22,
Theorem 4.29]). We omit the details. [

The following example is given in [22, Section 8.4, Examples].

Example 2.7. For 0 = o(x) € C*(R") N L?(R") and ¢ = ¢(x) € C®°(R*; R)
(real-valued), one has WFy, (o (x)e i) C {(x, dx¢(x)); x € suppo).

2.3. Fourier integral operators

We review some properties of semiclassical Fourier integral operators. We refer to [ 18,
22] for proofs, details, and related topics.

Definition 2.8. Let « be a symplectomorphism near (0, 0), that is to say a diffeo-
morphism between neighborhoods of (0,0) € T*R” preserving the standard sym-
plectic form d & A dx and satisfying « (0, 0) = (0, 0).

(i) Let F be a bounded operator on L?(IR"). We say that the operator F quantises
« near (0,0) if for all a € C°(T*R"), we have

a®(x,hDy)F = Fb¥(x,hD,) m.l. near ((0,0),(0,0))

where b € Cp°(T*R") satisfies b = k*a + Ocgo (h).
(ii) Assume that the projection

{(x.&,y.n) e T*R" x T*R":k(y.n) = (x,8)} > (x. &, y.n) = (x,n) € R" xR"
(2.2)
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is a diffeomorphism* near (0, 0). A smooth function ¥ defined near (0,0) € R” x R”"
is called a generating function® of k if for (x, n) near (0, 0),

K@y (x.n).m) = (x,0x¥(x,n), detdydpy(x.n) #0, ¥(0,0)=0. (2.3)
(iii) Under the same assumption as (ii), a bounded operator F = Fj, on L2(R") is

called a Fourier integral operator® associated with « if F is of the form

1
Qrh)

R2n

with a function «(x, ) € CX(R"” x R") supported near (0, 0) where (2.3) holds and
a~ ;‘;0 h' ;. We say that F is microlocally unitary near ((0,0), (0,0)) whenever

ap(0,0) = [0,,0,%(0.0)[ (2.4)

holds.”

Proposition 2.9. Let k be a symplectomorphism near (0, 0). Assume that the projec-
tion (2.2) is a diffeomorphism near (0, 0). Then, the following holds.

(i)  Egorov’s theorem. Each Fourier integral operator F associated with k and
satisfying ag(0,0) # 0 quantises k near (0,0). Conversely, if F is a bounded
operator on L?(R") quantizing «k near (0,0), then F is a Fourier integral
operator associated with k.

(i1)  If a Fourier integral operator F associated with k is microlocally unitary
near ((0,0), (0,0)) and A = a¥(x,hDy) € Yy, satisfies a(0,0) = 1, then
we can find a Fourier integral operator F' such that FA = F’ m.l. near
((0,0),(0,0)) and F’ is a Fourier integral operator associated with k which
is microlocally unitary near ((0, 0), (0, 0)).

Proof. The proof is standard and the first statement is given around [18, (4.6)] (see
also [19, Lemma 3.4]). We omit the details. [ ]

4This condition is equivalent to the n x 1 block g—; in the derivative d« (0, 0) being invert-
ible, where (x, &) = «(y, n).

A generating function always exists due to the assumption that the projection (2.2) is a
diffeomorphism near (0, 0) due to the implicit function theorem and Poincaré’s lemma.

®We can still define the notion of Fourier integral operators without the assumption on the
projection (2.2). However, the general definition is a bit complicated to state and not needed in
this paper.

TAs stated in [18, (4.5)], if F*F = I m.l. near ((0, 0), (0, 0)), then |ag(0, 0)] =
|0x 0,9 (0,0) |% holds. Here, we impose the stronger condition (2.4) just for simplicity.
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The following proposition is a modified version of [18, Lemma 4.1], and provides
an analogue of a composition formula for Fourier integral operators.

Proposition 2.10. Supposen = 1. Let p, ¢, € C®(T*R) be real-valued functions
and k be a symplectomorphism near (0, 0) such that

* $(0) =$(0) = ¢'(0) = ¢'(0) = p(0.0) = 0 and J(x.£p(0.0) # 0;
© p(x,¢'(x)) = (k*p)(x,¢'(x)) = 0 around x = 0,
* the projection (2.2) is a diffeomorphism near (0, 0).

Suppose that a bounded operator F on L*(R") is a Fourier integral operator asso-
ciated with k and is microlocally unitary near ((0,0), (0, 0)) in the sense of Defini-
tion 2.8 (iii). Then, for 6 = 6, € C°(R) satisfying 6(x) = 6o(x) + Ocgo (h) with
00 € Cp°(R) independent of h, we have

F(eh?®5)(x) = ehi*@g(x) (2.5)

with a function 0 = oy € Cg°(R) satisfying o(x) = oo(x) + Ocge(h) with o9 €
Cy°(R) independent of h. Moreover,

i, | 0g(k* p)(0,0) 1

0'0(0) =e4 a&‘p(o’ 0) 5‘0(0) (26)

Here, the index v is given by

v =sgndg, () =y -0+ ¥ ©0.M)|y.m=0.0)-
where  is a generating function of k.

Proof. By the assumption, we can find neighborhoods €2, € of 0 € R such that
k(A) = A, where A = {(x,¢'(x)) | x € Q}and A = {(x,¢'(x)) | x € Q). By virtue
of [18, Lemma 4.1], we can find 0 = 0¢ + (9050 (h) satisfying (2.5) and

o G PEOD 1150 (g ()). @7
(3539 (x. 9 ()

op(x) = e

where, g(x) denotes the function defined near x = 0 such that (g (x), ¢'(g(x))) =
(x, ¢’(x)). The precise value of v is not calculated in [18, Lemma 4.1]. We do not

8These first two conditions with d(x £ p(0, 0) # 0 imply dgp(0, 0) # 0 and
dg(k* p)(0,0) # 0. Conversely, if g p(0,0) # 0 and dg(k* p)(0, 0) # O are satisfied, then
such phase functions ¢, 95 exist due to the implicit function theorem and Poincaré’s lemma.
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include this calculation here, as it can be easily done using a stationary phase argu-
ment. Next, we claim that

_ 0 p)(0.0)
¢ p(0,0)

holds. Let ¢ = ¢g(x, £) be a function defined near (0, 0) such that x*¢(x, §) = x and
¢(0,0) = 0. Then, one has’ g(x) = ¢(x,¢'(x)), and

g'(0) (2.8)

{r.q}

Bg—p(x’('b/(x))’

g'(x) = (9xq + 9" ()eq) (x, ¢'(x)) =

where we use (0, p + qg//(x)agp)(x, ¢’ (x)) = 0, which follows from p(x, @’ (x)) = 0.
Then ¢'(0) = O and {p, ¢} = {k*p,k*q} = 0 (k* p) imply (2.8).

Now, we observe that g(0) = 0 holds by «(0, 0) = (0, 0). Since we assumed F
is microlocally unitary near ((0, 0), (0, 0)), we have a9 (0,0) = |03,y (0, O))|% (see
Definition 2.8). Combining these with (2.7) and (2.8), we obtain (2.6). ]

2.4. Metaplectic operators associated with rotations

Fourier integral operators associated with linear symplectic maps can be defined as
unitary operators on L? and are called metaplectic operators. We recall some proper-
ties of a metaplectic operator My: L2(R) — L?(R) associated with a one-dimensional
(n = 1) linear symplectic map kg: R? — R? corresponding to a rotation:

ko(x,&) = ((cos B)x + (sin )&, —(sin 0)x + (cos H)&). 2.9)

The operator My is uniquely characterised up to a multiplication by a constant of
modulus one by its unitarity and by the exact form of the Egorov’s theorem:

My 'a" (x,hDx)Mg = (kja)” (x,hDy) foranya € C°(R?). (2.10)

In this manuscript, we fix it as an integral operator

Mou(x) = M / exp(i(—tane (x2 WLl + n2) — yn))u(y) dy dn,

2rch h 2 sin 0
R2
for |0 < % and M% = eiTﬂ.%'h, where ¥, is the semiclassical Fourier transform
defined by
1 i
Fru(x) = e " u(y) dy. (2.11)
2rh

R

By the definition of g, we have ¢(x, qg’(x)) =qk(g(x),*%) = (k*q)(g(x), *) = g(x).
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Lemma 2.11. For —% <0< % one has
2

2 i0
Mge™ 2 (x) = eZe .

2 2
Proof. First, we recall that one has Fpe™ 2% (n) = ¢ . This implies

= | cos 0]2 —e'%n% +i2xn —i(sin 0)x?
Mge 27 = d
e T V2rh ex ( 2hcos 6 ) 7
R
1 . .
_x2|cosf|"2 —eif(n —ie"0x)2
= 2R — d )
‘ 2mh exp( 2hcos 6 ) 7
R

Then by the change of variable £ = e%| cos 9|_% (n —ie”"%x), and by the Cauchy
theorem, we obtain the required formula. n

2.5. Translation only in &-variable

As another special case of symplectic maps, consider
Kp(x,§) = (x,§ + 0x9(x))

. . e . i
for a real-valued function ¢ € C2°(R"; R). In this case, the multiplication by e'fr is
a Fourier integral operator which quantises k.

Proposition 2.12. Let A = a¥(x, hDy) be a pseudodifferential operator with a €
S(T*R™). One has

id
o= ag (x’ th) + (95/—>S(hoo)a
withagy = K;a + (90boo (h). Moreover, one has

suppag C qul(supp a).

According to the above proposition, a WKB state remains a WKB state under
the action of a pseudodifferential operator that is, for a polynomially bounded o €
Cp°(R™) and a symbol a € 8(T*R"), one has

aW(x,th)(a(x)e“”%) — (ay(x,th)o(x))e”’% +0s(h®).  (2.12)
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2.6. Microlocal solutions for the scalar equations away from the crossing point

In this subsection, we review some basic properties of the scalar equations
Piv; =0 (2.13)

where Pj = p’(x,hDy) and p; satisfies Condition A.

The first and second statements of the following proposition is a version of our
main theorem for the scalar equation. The third statement tells how we choose a con-
stant to get a normalised solution in the sense of Definition 1.2 under the condition
0¢p;(0,0) # 0. The fourth one ensures that the normalization condition is invariant
under the action of metaplectic transforms with positive small angles, which will be
useful in deducing the connection formula when d¢ p; (0,0) = 0.

Proposition 2.13. Fix j = 1,2.

(i)  The space of microlocal solutions to the equation (2.13) on each connected

small neighborhood of (0, 0) is one-dimensional."’

(ii) If0¢p;j(0,0) # O, then for each c; € R independent of h, the unique micro-
local solution vj (m.1. near (0,0)) to (2.13) with v; (0) = ¢; + O (h*™) is of
the form

vj(x) = e%‘p-/(x)aj (x,h), 0j(0,h)=cj, (2.14)
where ¢; is the unique solution to the eikonal equation
pi(x,$j(x)) =0, ¢;(0)=0 (2.15)

and 0j(x, h) € C°(R) can be constructed by solving the transport equa-
tions and admits the asymptotic expansion oj(x,h) ~ 3 ;- hloj,l (x).

(iii) The microlocal solution v; given in (2.14) is normalised in the sense of
Definition 1.2 (i) if and only if

[19¢x. i (0,0)]
c; = |0 (2.16)
’ |0¢ p; (0,0)]

(iv)  The metaplectic operator Mg maps a normalised microlocal solution vj g
near (0, 0) ofMe_lP_,- Mgv = 0 to that of (2.13), for small 6 > 0.

"More precisely, there exists a microlocal solution v; to (2.13) such that v; # 0 near (0, 0),
and for any microlocal solution v, there exists a constant k such that v; = kv; m.1. near (0, 0).
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Remark 2.14. The function

dx pj (exp(tHp,;)(0,0)) )
dg pj (exp(1Hp,)(0,0))
has a discontinuity at 7 = 0 if # = 0 is a simple zero of (d¢ p;)(exp(tHj;)(0,0)) = 0.

Then, the normalization constants ¢; 1. for the WKB solution v; at exp(£eHp;)(0,0)
differ by 7 in the limit & — +0:

— arctan (

lim [c¢j 46 — ==
im |c¢; Cj—el = =
8—)+0 J,TE J,—¢€ 2

T'his gives an elementary explanation how the Maslov index appears.

Remark 2.15. In general, the normalization is not invariant by the action of My. If
vj ¢ is a normalised microlocal solution to MQ_IPJ' Mgvjg = 0 with =3 < 6 < 7,
then the function A
i
v i=e 2"Mpvjg

is a normalised microlocal solution of P;v; = 0, where v is given by (2.19).

The proof of (i) and (ii) is well known and we omit to write it here (for the unique-
ness statement, see [8, Lemme 18]). In the following, we prove the parts (iii) and (iv).

Proof of Proposition 2.13 (iii). Let vj(x) = ehi%i (x)crj (x) be the microlocal solution
of the form (2.14). For any &-independent § > 0, the integral outside a §-neighborhood
of x = 0 is exponentially small with respect to 7 — +0:

M‘o':
=N

x2 i
/e_Meh¢j(x)oj(x)dx < Ce~ 2.17)

|x|=8
On the other hand, if § > 0 is sufficiently small, the change of the variable x? —
2i¢;(x) = y?is valid for x € [-§, +8]. Note that one has ¢; (x) = %(]5}’(0))62 +0O(x?)
asx - 0,and y = (1 — i¢j’.’(0))%x(1 4+ O(x)). Then it follows from the expansion
0j(x) =c¢;j + O(x) + O(h) near x = 0 that

1
¢; (x)
e 2nen®Moi(x)dx
2mh 1)
|x|<8
1 x2 i
_ / eI @ (e, + O(x) + O(h)) dx
2rh |
|x|<é

_(—ig)O): 2 B
= | €T+ 00) + o) =

Vs

ci +0(h)
(1—ig/(0)?

L iew)

3¢ p;j (0,0
_ | _9%p(0,0) cie 2 +O(h), (2.18)

18,5 p;(0,0)
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with a contour yg in the complex plane, where we have applied the Cauchy theorem
and the identities

N/ " 8x, P'(O’O) 2
1= ig/ O = 1+1¢](0)2 = |O 2

0¢ p; (0,0)
. 1 1 9xp;j(0,0) O(p;)
1—i¢!(0))"2) = = arctan ¢ (0) = ~ arctan( > =-——",
arg((1 —i¢;(0))"2) =  arctan ¢;(0) zarcan(aspj(o,o)) 2

deduced from (2.14). Combining (2.18) with (2.17), we obtain the claim in (iii). m

Proof of Proposition 2.13 (iv). Let v; g satisfy the normalization condition (1.6) and
My 'P; Myv; 9 = 0 microlocally near the origin. Then Lemma 2.11 together with the
unitarity of My and M, = M_g shows for —% < 6 < 7 the identity

IO o 5h Mgy dx = 7 ()10 () d
- e_ﬁMGU',G x)dx = —/M_ge_yi X)vje(x)dx
N2mh 2 / N2mh z /

which is equal to e50(2).0)=0(p))=0) By definition of ®, one has the identity (see
Figure 4)
O(pje) = O(pj) +6 + 7v,

with the index v = v(p;, 0) € {0, =1} determined by

T

O(p;) + 6 e[-2.2). 2.19
(p)+6+mve|-2.7) (2.19)

The proposition follows from the left-continuity with respect to 6 of ©(p; ¢). ]

2.7. Normalised microlocal solutions to the original equation

In this subsection, we discuss the behavior of microlocal solutions to the original
equation

Pu=0 (2.20)

away from the crossing point (0,0) € T*R. The following proposition is an analogue
for the matrix-valued equation of Proposition 2.13.

Proposition 2.16. The following statements hold.

(i) Foreach j = 1,2 and o € {b, 1}, the space of microlocal solutions to the
equation (2.20) on yj' is one-dimensional, where yj' is introduced in Condi-
tion B.
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0>0 0 <0

EA

@(pj) _ {pj.o(x,§) =0}

=<}

Nj A

{pje(x,§) =0}

O(pj.0) = O(p;) +0

6>0 0 <0

{pj.6(x.§) =0}

O(pje) =0(p;) +0—m O(pj.e) =0O(p;)+0+n

Figure 4. Rotation of the symbol p; by kg for various 6 and the relation between ®(p,),
©(p;.0), and 0 for each case (see (2.19)).

(i)  Suppose that
0¢p1(0,0) #0 and 0gp2(0,0) #0 (2.21)

hold. Each microlocal solution w} to (2.20) m.l. on y; is given by

w; = e% (Uj’l), WF;,(w}) C y;, (2.22)
0j2

where ¢; is the same as (2.15) and 0j (x, h) € C.°(R \ {0}) can be con-

structed by solving the transport equations and admits the asymptotic

expansion o j(x, h) ~ 3 ;.0 h'oj k1 (x) with 0j3_;0 = 0. Moreover; the

principal part 0} j o is smooth at x = 0 (see [2, Remark 5.2]).



K. Higuchi, V. Louatron, and K. Taira 1318

(iii) The microlocal solution w; given in (2.22) is normalised in the sense of
Definition 1.2 (ii) if and only if we choose o} ; o(0) as (2.16).

(iv)  The metaplectic operator Mg maps a normalised microlocal solution w;j g
near (0, 0) ofMe_l?Mgu = 0 to that of (2.20), for small 6 > 0.

Remark 2.17. The amplitudes o; ; are singular at x = 0, which corresponds to the
crossing point of p; and p». In other words, the usual WKB construction does not
work at x = 0.

The proof of (i) and (ii) is more or less well known. In fact, both (i) and (ii) are
consequences of [2, Appendix B.2 and Proposition 5.1] whenever (2.21) holds. When
condition (2.21) is violated, we choose 6 € R such that k5 p1 and «p p, satisfy (2.21).
By virtue of (2.9) and (2.10), the problem can be reduced to the case where (2.21)
holds. We omit the details. Part (iii) directly follows from Proposition 2.13 (iii).

Let us consider the case where the operator P is of the following form:

PP (th hRy )

hRy  hDx— f(x)

where f € C2°(R;R) be a smooth, real-valued function vanishing at x = 0, and Ry,
R, € W,°™ are pseudodifferential operators. In this case, the functions ¢; and v; are
explicitly written as

$100) =0, $o(x) = F(x) = / £0) dv.
0

Vi) =1, va(x) = e FO U 4if(0))3.

However, for simplicity, we use the WKB solutions ;(x) normalised by |0;(0)| =1
instead of v; (x). The normalised solutions are given by

Bix) = vi(x) = 1, Bp(x) = eh F O,

Then the WKB solutions w7 to the equation Pw = 0 associated with U; admit the
asymptotic behavior

oo (14 0ce()) ., Lm)( @cgo(h)) .
wl(x)—( (DCboo(h) ), wi(x) =e 1+(9€l§>°(h) (e =b,1). (2.23)

The construction of such microlocal solutions is detailed in Appendix B.
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2.8. Outline of the proof of Theorems 1.1 and 1.4

In this manuscript, we prove our main results in the following way. In Section 3, we
show the existence of a Fourier integral operator # which reduces the original equa-
tion Pu = 0 to the reduced equation PyF *u = 0 microlocally near (0, 0). Then in
Section 4, we prove our main theorems for the reduced operator. Finally, in Section 5,
we study the correspondence between the transfer matrices for the original operator
and for the reduced operator.

In more detail, the normal form reduction of Section 3 is done by a classical
argument. The symplectomorphism « is taken so that «* py(x, §) = £. Then we can
factorise k* p» = ao(x,&)(§ — f(x)) with an elliptic factor @y by the implicit function
theorem, which allows us to regard its quantization as a simple first order operator. By
the standard quantization procedure ([22, Section 11.2]), we can find Fourier integral
operators F; and F, which both quantise « such that F]* P;F; for j = 1,2 are of
simple forms. The operator ¥ is defined by ¥ = diag(F; F>).

The proof in Section 4 of the existence and uniqueness of the microlocal solu-
tions for given microlocal Cauchy data and the asymptotics of the transfer matrix
for the reduced operator is done by a microlocal method. This differs from the use
of exact solutions in previous studies, especially for the tangential case [3, 15]. The
main ingredient of this section is the estimate of an integral operator where the phase
function of the integrand has a degenerate stationary point.

To compare the transfer matrices, we study in Section 5 the linear relationship
between u and ¥ v, where u is a microlocal solution to the original equation Pu = 0
and v is that to the reduced equation P,;v = 0. To see that, we study the action of
the Fourier integral operator on WKB states. We also write the computation of the
asymptotic behavior shown in Theorem 1.4 at the end of this section.

3. Reduction to a matrix normal form

In this section, we construct a normal form of our original operator P introduced in
Section 1.1.

Theorem 3.1. Assume that Conditions A and B are true. Then, there exist

* a symplectomorphism k near (0, 0) (see Definition 2.8);

*  pseudodifferential operators A = a" (x,hDy) € Wy and Rj = r/’(x,hDy) €
W, for j = 1,2 witha,ry,ry; € C(R?);

* areal-valued function [ € C;°(R;R);

o afamily F = {Fp}ne(o.no) = diag(F1 F2) of L*-bounded operators microlocally
invertible near ((0, 0), (0, 0)),
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such that the following holds.
i)  We have

hD, hR,

-1 e
FTPF = diag(1 A)(hR2 Dy — f(x)

) m.l. near ((0,0), (0,0)).

(i)  The operator A is microlocally invertible near ((0, 0), (0, 0)). Both operat-
ors F1 and F, quantise k and are microlocally unitary near ((0, 0), (0, 0))
in the sense of Definition 2.8.

(iii) («*p1)(x,&) = & around (0,0), 0¢(k* p2)(0,0) # 0 and
9g p1(0,0)d¢ p2(0,0)

9 (c* p1)(0, )0 (k* p2) (0.0)
3.1

9epj(0.0) £0 (j=1.2)=

(iv) Setting ¢ = (dg(k* p2)(0,0))™1, we have
r1(0,0) = q1(0,0) + O(h), 1r2(0,0) = cq2(0,0) + O(h)
and
fOO=0 O<k=m—-1, [0)=—c(Hy} p2)©0,0). (3.2)

(v)  In the tangential case m > 2, the constant c is independent of k and calcu-
lated explicitly as
19,6 P1(0,0)]
=52
|9¢x,6) P2(0,0)|
s = sgn(9(x,£)1(0,0), d(x£) p2(0,0))g2 = sgn(Hp, (0,0), Hp, (0,0))g2.

Remark 3.2. In the transversal case, the constant ¢ does depend on the choice of «.

This theorem is proven in two steps. We first find a symplectomorphism « which
reduces the symbols into a normal form (Lemma 3.3). We then construct a suitable
quantization ¥ of « in the second step. Lemma 3.4 is the crucial part in the second
step.

Lemma 3.3. There exist a locally elliptic real-valued symbol ag € C,° (R?), a sym-
plectomorphism k near (0,0), and a real-valued function f € Cg°(R;R) satisfy-
ing (3.2) and the properties in Theorem 3.1 (iii) such that

{(K*m)(xf) = ¢,
(K* p2)(x, £) = ao(x, £)(E — f(x)).

Moreover, we have ag(0,0) = 0¢ (k™ p2)(0,0) and the constant ¢ satisfies the property
stated in Theorem 3.1 (V).
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Proof. We proceed in four steps.

Step 1. First, we construct a symplectomorphism « near (0, 0) satisfying the proper-
ties in Theorem 3.1 (iii). By virtue of Darboux’s theorem ([22, Theorem 12.1] with
A = {1} and B = @), there exists a symplectomorphism k¢ preserving (0, 0) such that
(kg p1)(x.§) = §.

(1) In the tangential case, Condition B implies {p;, p2}(0,0) = 0 and hence

9x (g P2)(0.0) = {(xg p1). (kg p2)}(0,0) =0,

where we use the fact that «( preserves the Poisson bracket (see Jacobi’s formula in
[22, Theorem 2.10]). Then we obtain d¢ (k5 p2)(0,0) #0 from Condition A. Moreover,
the condition (3.1) is automatically satisfied in the tangential case. Thus, we can take
K ‘= Kg.

(2) In the transversal case, it may happen that d¢ (kg p2)(0,0) = 0 (for instance,
one can consider (kg p2)(x, &) = x) or (3.1) may not be satisfied. In this case, we
obtain the desired k by composing k¢ with a linear symplectomorphism «,. More
precisely, we define «,(x, &) = (x + A, &) and put « := kg o k3, where A € R is
determined below. It is easy to check that the mapping k is a symplectomorphism
preserving (0, 0), satisfying («* p1)(x, &) = & and

e (k™ p2)(0,0) = dx (kg p2)(0,0) + d¢ (kg p2)(0,0)
= Mp1, p2}(0,0) + ¢ (kg p2)(0,0).

Since {p1, p2}(0,0) # 0, we can find A € R such that 0¢ (k* p»)(0,0) # 0 and (3.1)
(by choosing a sufficiently large A with the appropriate sign).

Step 2. According to the implicit function theorem with dg(k™* p2)(0, 0) # 0, there
exists a globally defined, real-valued, smooth function f such that, in a neighborhood
of (0,0),

(x,§) e{c™pr =0} = &= f(x).

On the other hand, Taylor’s theorem at (x, §) = (x, f(x)) implies

(k™ p2)(x.§) = ao(x.§)(E — f(x)),

where

1
ao(x.£) = [ D¢ (™ pa) (. f(x) + 15 — F()) dt.
0

Since (0,0) € A, we have f(0) = 0 and hence ao(0,0) = dg(«* p2)(0,0) # 0.
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Step 3. We prove that the function f satisfies (3.2). To this end, we observe Hfl P2 =
3% (ik* p2) due to Jacobi’s formula [22, Theorem 2.10] with (k* p;)(x, £) = &. Then
Condition B implies

(@ (* p2))(0,0) =0 (k {l,....m—1}),

(3.3)
(0% (™ p2))(0,0) = (H p2)(0,0) # 0.

Differentiating the implicit equation (k* p5)(x, f(x)) = 0, we obtain
(0 p2)) (5. f()
(¢ (k* p2))(x, f(x))

Here we note that the denominator is a smooth function that does not vanish around
x = 0 by Step 1. For the higher order derivatives, we inductively obtain

(ke ) (x. f(x))
(0 (k* p2)) (x, f(x))

f(x) =

f®x) = + gk (x), (3.4)

where gy is a sum of terms having a factor of (a; (k*p2))(x, f(x)) withl € {0,1,...,
k — 1} and hence g;(0) = 0 for k € {1, ..., m} by (3.3). In fact, this formula is true
for k = 1 so that

0
o (X0 p2)) (x, £ ()
X

(3 (k* p2)) (¥, f (X)) (g (k* p2)) (x, £(x))
(9 (k* p2)) (x, f(x)) ’

which proves (3.4). Now, the identity (3.4) with (3.3) and gz (0) =0 fork €{1,...,m}
shows (3.2).

= @ (6" p2))(x, f(x)) —

Step 4. Finally, we see that ¢ = (3g(x* p2)(0,0))~! satisfies the property in The-
orem 3.1 (v). Suppose m > 2. In this case, one has Hp, p2(0,0) = {p1, p2}(0,0) =0
and hence p>(x,§) = ¢p1(x.€) + O(|(x, £)|?) near (x,£) = (0,0) with a constant
¢ € R. The condition d(y ¢) p2(0,0) # 0 implies that

(0(x,£)P1(0,0), d(x,£) p2(0,0))
[0¢x,£)P1(0,0)|?

Then, we have k* pa(x, £) = éx*pi(x, £) + O(|(x, §)?) = ¢& + O(|(x, £)|*) and
hence ¢! = 3¢ (k* p2)(0,0) = . n

£0.

c =

Lemma 3.4. Let k be a symplectomorphism as in Lemma 3.3. Then there exist an
operator Fy that quantises k and is microlocally invertible near ((0,0), (0, 0)) in the
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sense of Definition 2.8 (i) and three pseudodifferential operators A = a* (x, hDy),
By =b(x,hDy), B = by (x,hDy) witha,by,b, € C,;X’(RZ) such that

(FoB1) ' Pi(FyBy) = hDy, (FoB2) 'Py(FyB,) = A(hD, — f(x)),

microlocally near ((0, 0), (0, 0)), a(0,0) = ao(0,0) + O(h), and b;(0,0) =1
(j = 1,2). In particular, A is microlocally invertible near ((0, 0), (0, 0)).

Proof. By Lemma 3.3 and [22, Theorem 11.6], there exists a unitary operator Fy that
quantises « microlocally near ((0, 0), (0, 0)). In particular, we have

Fy'PiFy=hDy +he¥, Fy'PyFy= Ao(hDy — f(x)) + he¥,

microlocally near ((0,0), (0,0)), with 1,2 € C2°, where we put Ag = ag (x,hDy)
with ag defined in Lemma 3.3. The proof of [22, Theorem 12.3] (see [22, (12.2.11)])
shows the existence of pseudodifferential operators By = b}’ and B, = b}’ such that
b1(0,0) = b(0,0) = 1 and

B'(hDyx + he¥)By = hDy, B;'(hDy— f(x) + hAy'ey)By = hDy — f(x)

microlocally near ((0, 0), (0,0)). We used the fact that Ay, B and B, are microlocally
invertible near ((0,0), (0,0)) thanks to Proposition 2.6. Now, the lemma is proven with
A= Bz_lA() Bz. ]

Now, we prove Theorem 3.1.

Proof of Theorem 3.1. We define ¥ := diag(F; F») with F; = FyB; and F» = Fy B».
Since Fy quantises «, the operators F; and F, quantise « as well by the compos-
ition rule of the pseudodifferential operators (Proposition 2.9 (ii)). This proves (ii).
Lemma 3.4 yields

37—1?555( hD; hF{' Q1 F )E(l 0)(th hR, )
hE' Qo AGDy — f(x)) " \o 4)\hRy hDx— f(x)

m.L near ((0,0), (0,0)), where we set Ry = F{'Q1F> and R, = A7 F; 105 F.
Thus, (i) follows.

Since Fp quantises «, its conjugation Fj~ 10 i Fo is a pseudodifferential operator
with symbol «*gq; + (9Choo (h) near (0, 0) (see Proposition 2.9). Recall that we have
put Fj = FyB; with pseudodifferential operators B; = b} with b;(0,0) = 1. There-
fore, Ry and R; are pseudodifferential operators whose symbols r1, r, € Cp° satisfy
r1 = by 'hak*qr + Ocpe(h) and ry = a 'biby'k*qr + Ocpe(h) near (0, 0) by the
composition rule. Next, we observe that a(0,0) = a(0,0) 4+ O (h) = dg(k™* p2)(0,0)
(# 0) + O(h). Hence, r2(0,0) = a(0,0)"'¢2(0,0) = ¢q2(0,0) + O(h), where we
recall «(0,0) = (0,0) and that we have defined ¢ = (3¢ (k* p2)(0,0)) . The relation
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r1(0,0) = ¢1(0,0) + O(h) is proved similarly. This concludes the proof of the first
statement of (iv).

(v) and the second statement of (iv) follow from Lemma 3.3. Moreover, we may
assume that both F; and F, are microlocally unitary near ((0, 0), (0, 0)) thanks to Pro-
position 2.9 (ii). This with the microlocal invertibility of A (Lemma 3.4) proves (iii),
which concludes the proof. |

4. Microlocal connection formula for the reduced equation

In this section, we work with the reduced operator

(kD IR
b= Fr= (th hD, — f(x))

where Ry, R, € W,”™ and f € C£°(R) is a real-valued function such that
FP0)y=0 forj=0,1,....m—1, f™©0) 0. (4.1)

Note that one has y*l’ ={=0,x<0}NQ, yf ={=0,x >O}O§2,y'2’ ={¢&=
f(x), x <0} N, and yg ={£= f(x), x>0}NQ. Wefix I’ € (—00,0), I* €
(0, +-00) and two microlocal solutions W} of Pu = 0 near each p; € y; for e = b,
and j = 1,2 such that locally for x € I°,
1+ (9c°°(h)) ip ( Ocge(h) )
Wi(x) = b and Wi(x) = ehif® b . 4.2
() ( oesin 2(x) ) @
Such solutions exist as stated in Proposition B.1. For R, R" € W,°™ and fixed xo < 0,
we define

X

F(x) = / FO)dy.  Torv(x) = / Ru(y) dy.
0

X0
X

Iy ro(x) = /ei;tF(y)Rv(y) dy.

X0
Moreover, we define

F+ = F“F,(Rl)f’ . = F—,R27 K, = —F+ o', Kj:= —I'+ ol'_, (43)

where we set Ry := e FFO RehF () ¢ ;"™ From (4.1), it is easy to see

FPWO)=0 forj=0,1,....m, F™D0)= ™) #o0. (4.4)
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We consider the following microlocal Cauchy problem:
Pu=0 mlonQ, u= a}?wlj’- m.l. near ,0'}, 4.5)

where Q € R? is an open neighborhood of (0, 0), a}? e C, and p; € yj'? Ny =12).

The next propositions are the main results of this section. The first one states the
uniqueness and the existence of the microlocal Cauchy problem (4.5) and the second
one provides the asymptotic expansion of the transfer matrix.

Proposition 4.1 (Existence and uniqueness for the reduced problem). There exist
ho € (0,1] and an open neighborhood Q € R? of (0, 0) such that the following holds
for h € (0, ho).

(i)  The solution of the microlocal Cauchy problem (4.5) is unique. Namely, if a
tempered family u satisfies (4.5) with a? = ag = 0 for some plj’- € )/J? nQe
(j = 1,2), then
u=0 mlonSQ.
(i) Let p']’. € yj'-’ N Q. Then, for each (ak{, a;) € C2, there exists a tempered
family u = T(uy,us) such that (4.5) is true. Moreover, ifo:; is depending on
h > 0and |a}’.| =0O1)ash — 0, then

. _2 1 8m.1
uy(x) = a'{ — la;F+ (D(x) + Ore (hm+l (log E) ) (4.6)
i 1 sm,
us(x) = eh O e — o T (1)(0) + Opoe (75T (log 1) ") @7)
h
hold m.1. on Q2. Here, 1 denotes the constant function equal to one.

Now, we can define the transfer matrix 7" with respect to the basis which we have
fixed in (4.2). In fact, from Proposition 4.1, we can define a linear map (oe'i, ag) €
C? + u whose range is included in the set of tempered families u satisfying (4.5).

From Proposition 2.16, for j = 1, 2 there exists ozg € C such thatu = aﬁwﬁ m.l. near

pﬁ. Then, we have a linear map u — (a?, ag) € C2. Welet T: (o, ab) > (a?, ozg) be
the composition of these two linear maps.

Proposition 4.2 (Microlocal connection formula for the reduced operator). The mat-
rix T admits the asymptotic formula

1 0 o 0 r1(0,0)w 2 1\6m.1
— — m+1 m- —
r (o 1) ih (rz(o, 0® 0 ) + 07 (log h) ).

where r; are symbols of R;,

R; =r}"(x,hDy),



K. Higuchi, V. Louatron, and K. Taira 1326

and

1

m(0)) Y\ T
sg;((n];Jr 1()) ”)F(Zi?)(|(}n<;(1);|) o 4.8)

« =2/’Lm<

with [y (0) 1= 2—1(ei9 + e,’(_l)m-i-]@)'

We prove those two propositions in the Sections 4.4 and 4.5 after a few prelimin-
ary lemmas. By Lemma 2.5, we may assume that for a compact neighborhood S C R
of 0,

supp Eg, Usupp Eg, C S xS, f'(x) #0 forx e S\{0}, 4.9

where ER; denotes the integral kernel of R;.

4.1. Microlocal Duhamel principle of the scalar equation

Lemma 4.3 (Microlocal Duhamel formula for the scalar equation). Let u and v be
tempered families of L? functions, R € ‘Ifzomp, and Q C R? be an open neighborhood
of (0, 0) such that its intersection with {§ = f(x)} is connected. Suppose that u and
v satisfy

(hDx — f(x))u +hRv =0 m.l on Q. (4.10)

Then, for each xg € R, there exists a constant C € C such that

X
u(x) = e F@) (C —1i /e_itF(y)Rv(y) dy) m.l. on Q. 4.11)

X0
Proof. Put w(x) := —iehFG) f;) e_%F(y)Rv(y) dy. By (4.10), one has
(hDyx — f(x))(u(x) —w(x)) =0 m.l. on Q.

On the other hand, we clearly have (hD, — f (x))(e%F *)) = 0. By the uniqueness
of the microlocal solutions (Proposition 2.131), they are linearly dependent. This
proves (4.11). [ ]

4.2. Estimates for integral operators

The purpose of this subsection is to derive some estimates for the integral operators
related to the Duhamel formula (4.10). The following proposition corresponds to [11,
Proposition 3.1] or [3, Proposition 3.8].
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Proposition 4.4. Fix i = 1,2. There exists an h-independent constant C > 0 such
that the following holds.

1)  We have

1
ITx||zoospoe < C, | Tx(1)||poo < Chm+T, (4.12)

1 2 1\8m.
1Koz < CHIST, 1Kyl < Ch7 (log 3 )™ @13)

forO<h<landj=1,2.
(ii) Let Iy € (—=00,0) and Iy € (0, 00). Then,

IT£Mllzocr,y = Oh),  [1Ki(MlLoow,) = OO,
1 2
IT(1) — 0270, 07T || Loo(r,y = O(hmFT),

as h — 0, where w4y = o, o— = ®, r+ = ry, and r— = rp. We recall that
w is given in (4.8).

Remark 4.5. In general, [|Tju[zoc = O(h7+T) and || Kju|| oo < ChmHT (log )™
do not hold as # — 0 even if u = uy is a uniformly bounded family in L* and
its optimal bound of the first estimate is (1). The second inequalities in (4.12)
and (4.13) mean that these bounds can be improved if u is the constant function 1.

Proof. First, we observe that conditions (4.4) and (4.9) allow us to use the degenerate
stationary phase theorem (Lemma A.1) in the following proof.
(i) First, we claim that there exists C > 0 such that

_1
T+l foomswioo < C, [Tl pi.comspoo < Chmtl (4.14)

for 0 < h < 1, where |[u||y1.00 = |[u]lLoe + || Dxtt||Loo. We prove it for T'y and the
proof for I'_ is similar. By the definition of W;*"", there exists a compact interval
J C R (independent of 0 < & < 1) such that (Ry)y = xs(R1)s, where x; is the
characteristic function of the subset J. We also note that (Ry)s € \I’;(’mp by Proposi-

tion 2.12 and (R1)s = xs(R1)s. By Holder’s inequality and the definition of I'y,
IT+ullzee Ixsllr (RO Lo oo llullzoe < Cllul|zee,
where we use Lemma 2.1 for the uniform boundedness of (R1)s on L°°. Moreover,

Dy o Tyu(x) = —iehF®y, (x)(Ry)pu(x).
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which 1mphes ”Dx o F+ ”Loo_)Loo < ||XJ ||Loo || (Rl)f ||Loo_>Loo < C. These prove
the first inequality in (4.14). The second inequality in (4.14) follows from the degen-
erate stationary phase estimate (A.1):

X
i _1
‘ [ R ) dr| < CHEE (Rl =
x0

where we use the trivial bound supyj, < T log(%) < oo and the uniform bounded-
ness of (R1)y = xs(R1)s between W 1:% stated in Lemma 2. 1.

The first estimate in (4.12) directly follows from (4.14). Using (4.14) again, we
obtain

1
IKillLoe oo < [TillwrcomspoolT2ll oo swico < C'hmT,

which shows the first bound in (4.13) regarding K. The proof for K is similar.
Next, we deal with the second inequality in (4.12). We note

X

Fy((x) = /e+2F(y)ah(y) dy,

X0

where aj;(x) := yj(x)(R1)r(1)(x). Clearly, foreach @ € N, |0%ay (x)| are uniformly
bounded with respectto 0 < 2 < 1 and x € R by (2.12). Then, the inequality

T4 (1)]| oo < ChmtT

follows from the degenerate stationary phase estimate (A.1). The proof for I'_ is sim-
ilar.

Finally, we prove the second estimate in (4.13). We deal with K; only. Set g(x) =
(R1)T—(1)(x). Since (Ry)y € ¥,”"™, the function w is supported in a compact
subset which is independent of 0 < & < 1. By the degenerate stationary phase estim-
ate (A.1), we have

1K1 (1)(x)] = ‘ / e FDg(y) dy‘

1 2 1 8m.l
< Chm+1|g|Le +Chm+‘(10gz) [DxgllLe-.

where C > 0 is independent of x € R and 0 < # < 1. On the other hand, | g/~ =
O(hﬁ) and || Dxgllre = O(1) due to (4.12), (4.14), and Lemma 2.1. This com-
pletes the proof.
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(i1) The derivative of the phase F of e ™ does not vanish on S appearing
in (4.9), so an integration by parts and the W!-*-boundedness of (R;); and R,
(Lemma 2.1) give [T+ (1) | zoo(z,) = O(h) as well as || K1 (1)||zo0(z,) = O(h).

The last estimate comes from the degenerate stationary expansion (A.2) due to the
conditions (4.4) and (4.9). [ ]

We need one more technical lemma.

Lemma 4.6. Let [, € (—00,0) and i = 1,2. If r € L®(R) satisfies ||r || oo(s,) =
O (h*™) forall I, € (—00,0), then

IT+r Lo,y = O™, [|KirllLesr,) = O(h™).
Proof. We only consider I'y and K;. We write
T, := Conv(1y, {xo}),

where Conv(A, B) denotes the convex hull of the sets A, B. Since xo < 0, we have
171l oo 7y = O(h*°). Moreover, we have |[Iyr|[zoor,) < [I[l[(R1)fr| oo (7, and
| Ki7|lLoo(r,) < |I|,|||(R1)fF_r||LOO('fb'). Since both (R;)s and R, are pseudolocal,
the estimate follows. u

4.3. Existence of basis of the microlocal solution space

In this subsection, we construct a basis of microlocal solutions near the crossing point
via Neumann series.

Lemma 4.7. There exist tempered families v, v € L (R; C?) such that the following
holds as h — +0: Let Q @ R? be an open neighborhood of (0, 0) and I, € (—00, 0).

D) vllzeom:c2y, 10l Loo@:c2y = O);
(ii)  The functions v, v are exact solutions: Pv = 0 and PV = 0;

(iii) There exists an h-dependent matrix A = (A;j) € M>(C) such that A =
I + O(h) and

v = Auw'i + Auw", V= A21w|i + A22w'; m.l.on QN (I, x R);
(4.15)

@iv) We have

1 2 1 Sm,l
= ; O} co(R- hm+T (log — ,
20 =Ly g, yn) * Ormmen (7 e ) ")

- =4 (R, (D(x) 2 1\ 8m.1
U(x) =( e%;’{") + O ;c2) (h e <10g E) )
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Proof. We observe that ||Kj||poompoc = O(hﬁ) by Proposition 4.4, and hence
the Neumann series (I — K j)_l = ZE‘;O K f converges in the operator topology in
L*°(R) for sufficiently small 2 > 0.

We observe that the exact equation Pu = 0 for u = T(uy, us) can be written
as in (1.13) (with the notation (4.3)). Let us define v = "(vy,v3) and ¥ = "(¥1, 02)
as (1.13) with (a'{, ag) = (1,0) and (a?,ag) = (0, 1) respectively:

o0 .
vy = ZKf(]l)’ Uy = _ie%F(X)F—(vl)v
£=0

i o0
by o= en 7Y kL),
{=0

= —i'+(V2).

<
—_
|

Then it is easy to check property (i) because || K ||zoc—p00 = O(h#ﬂ). Property (ii)
is clearly satisfied by the construction of v and v.

We observe that ||Y_ 72, Kf D)||pee = (9(hmi+1 (log %)8’"’1) holds for j =12by
Proposition 4.4. Then, property (iv) can be deduced from the definition of 4 and v, v.

Finally, we prove (iii). By the uniqueness result of the microlocal solution away
from the crossing point (Proposition 2.16 (i)), we can find a (h-dependent) matrix A =
(4;j) € M>(C) such that (4.15) holds. Thus, we only need to prove A = I + O (h)
as h — 0. We observe that

ITe 2oy = O, I1KfD)llzesqr,) = O,

for j = 1,2 and £ > 1 by Proposition 4.4 (ii). Using these estimates and the iden-
tity (4.2), we obtain

1
v(x) = (0) + Opoo(z,;2)(h) = W3 (x) + Opoo(z,.c2) (h),
~ iF [0
100 = 57 (1) 4 Opmqr o) = Wo(3) + Oy )

uniformly in x € I,. Therefore, the identity A = I 4+ O (h) follows. ]

4.4. Proof of the existence and the uniqueness of the microlocal solution

Proof of Proposition 4.1. (i) Let u be a tempered family satisfying (4.5) with
b
o, =
J

position 2.16 (i)), it suffices to prove ¥ = 0 m.l. near (0, 0). Taking Q2 sufficiently

0 for j = 1, 2. By the uniqueness result away from the crossing point (Pro-
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small and cutting u off appropriately in the phase space, we may assume'!
u is compactly microlocalised and WFy, (11) U WF;(u3) C A1 U As. (4.16)
First, we claim
|ujllLoory = O(h*°) foralll € (—o0,0)and j = 1,2. 4.17)

Using a}? = 0 for j = 1,2, we have WF;,(u;) N ((—o0, 0) x R) = @ by Propos-
ition 2.16 and (4.16). Since u = "(u1, u3) is compactly microlocalised, we obtain
equation (4.17).

Next, we show

ui(x) = KNu;(x) mlonQ (4.18)
for all N € N. By Lemma 4.3, there exists C,; € C such that
U (x) = e%F(x)(Cz,l —il'_ p,u1(x)) m.l on Q.

By Lemma 4.6 and (4.17), ||u2||zeo (1), IT-u1]|zoo(ry = O(h*°) forall I € (—00,0).
These estimates imply C,,; = O(h*°) and hence

Ur(x) = —ie%F(x)F_ul(x) m.l. on Q.
Substituting this identity to the first entry of the system in (4.5), we have
hDxu, — ith(ei%F(x)F_ul(x)) =0 ml onQ.
By using Lemma 4.3 (with f = 0) again, we find C;,; € C satisfying
ui1(x) =Ci1 + Kju; ml.on Q,

where we use Rle%F(") = e%F(x)(Rl)f. A similar argument shows Cy,; = O(h*)
and hence

ui1(x) = Kjui(x) ml on €.

This proves (4.18) with N = 1. Continuing this procedure, we obtain'” (4.18) for all
N € N.

11(4.5) just implies (WFj (u1) U WF;,(u2)) N Q2 C A1 U As.
2The identity v = v> m.l. on Q does not imply Kjv; = Kjv, m.l. on  in general, since
K is not pseudolocal. Therefore, we need to repeat the procedure used in the proof for N = 1.
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Since u is tempered, ||u; ||Lco = O(h~™) as h — 0 for some M > 0. By Lemma
4.4, we have | KNy || Lo = G(thH_M) for all N € N and hence

Uy = @Lw(thH_M) m.l on

by (4.18). This shows u; = 0 m.1. on Q2. The proof for u, = 0 m.1. on 2 is similar.

(i1) We use the symbols v, U, A as in Lemma 4.7. Since A = I + O(h) ash — 0,
A is invertible when £ is sufficiently small. Then B := A~! = (B;;) that exists and
B =1 4+ O(h) holds for such & > 0. By the definition of B and Lemma 4.7 (iii), we
have

wli = Bi1v + B1a0, wg = Br1v + B0 ml on QN (I, NR).
Now, we define
u .= Olli(Blll) + Blzﬁ) + 0[;(3211) + 32217).

It is easy to see u = oW + abWh m.1. on N (1, x R) and hence

— o bid b
u=a;W; mlonp;
since wt; = 0 and w; = 0 m.l. on p; and pt{ respectively due to Proposition 2.16 (ii).
Since Pv = 0 and Pv = 0, we have Pu = 0 m.l. on Q. The asymptotic expan-
sions (4.6) and (4.7) directly follows from Lemma 4.7 (iv). This completes the proof.

4.5. Proof of the connection formula

Proof of Proposition 4.2. We write T = (t;;), ;). We calculate the asymptotic for-
mula of the coefficients #1; and f,;. The computation of #;5, t55 is similar."® By
Proposition 4.1 (ii), we can find a microlocal solution u = T(uy,u3) of Pu = 0 near
(0, 0) such that fore € {b,f{} and j = 1,2,

u=ao;W, mlony’ NQ with (a?,a;) = (1,0), (4.19)

and |[u; ||z = O(1) as h — 0 for j = 1, 2. By the definition of the transfer matrix 7,
we have 0111i = t17 and ag = tp1. Thus, our task is to calculate the asymptotic formula
for (xﬁ for j =1,2.

13To do this, one has to calculate the symbol of (R1)s at (0, 0). Proposition 2.12 shows
that the symbol of (R1)s is r1(x, x + f(x)) modulo O (%) terms. Since f(0) = 0, its value at
(0,0) is r1(0,0) + O(h). Then a similar calculation to the one below leads to the asymptotic
expansion of #12,122.
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By Proposition 4.1 (ii) with (oc? , ag) = (1, 0), we have

1 2 Sm.
(528) = (—iez’;F(x)F_(l)(x)) + OLe (hm+l (log %) )

m.l. on . Combining this with Proposition 4.4 (ii), we see that for each Iy € (0, c0),

ur(x)\ _ 1 _ . 1 S 1
(uz(X)) _(—iw—”z(O,O)hmlHe;,F(x)) + 0L (h +1 (lOg h) )

- 1 _2 1 8m,l
=Wt (x) — i@r2(0, 0) AT FTWE (x) + Qo0 (h = (1og Z) )

m.l. on N (/3 x R), where we use
$_ 7 f_7 LF(x)
Wi = (1,0) + Opeo(h) and W5 = '(0,e" )+ Ope(h).

Consequently, we obtain
1\8m.
t = Olﬁ =140r= (h#“<log Z> 1)
g 1 2 1\0m.1
tr1 = ay —iwr(0,0)hAmFT 4+ Opoeo (h mFT (log Z> )
from (4.19). This completes the proof. ]

5. Correspondence of transfer matrices

According to Theorem 3.1, there exist an L2-bounded operator ¥ and an elliptic
pseudodifferential operator A such that

Floy = diag(1 A) Py, Py = (th hRy ),

hRy hDy— f(x)

microlocally near ((0, 0), (0,0)). Let T = T(w'{, w;, w?, wg) be the transfer matrix
for the original operator P and let T,y = Tnf(wb , wg, wﬁ, wﬁz) be that of the reduced
operator Py Here, w; denotes the WKB solutions for P given in Proposition 2.16,
and w;. denotes that of P, in (2.23) constructed in Proposition B.1. Note that the

functions W), Wﬁ2 are not normalised in the sense of Definition 1.2 for a notational
simplicity. One has the following relation between these matrices.

Proposition 5.1. Assume (2.21). Then one has

1
0 |£,|2112) _2 1\dm.
T:I+( ¢ + O(hm+T (log — ,

(sgnc) _%121 0 ( ( h) )

£
¢’
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where t;y stands for the (j, k)-entry of T,y ¢ = (3g(k* p2)(0,0))~! appearing in

Theorem 3.1, and
;106 P1(0,0)]

9.6 P2(0,0)]

Once this proposition is proved, Theorem 1.4 follows immediately from this with
the asymptotic behavior of 7 given in Proposition 4.2. See Section 5.3 for the detail
of the computation.

5.1. Proof of Proposition 5.1 when c is positive

In this subsection, we first prove Proposition 5.1 in the case of positive c¢. The proof
for the case of negative c is provided in Section 5.2.

Lemma 5.2. Assume that (2.21) holds and that the constant c¢ introduced in The-
orem 3.1 (iv) is positive. Then, there exist constants ,BJ' € C such that

Fu; = Biw; microlocally near y;, 5.1
Joreach (j,e) € {1,2} x {b, 1}. They admit the asymptotic formula
. 1 ° 1
BT = 10,6 p1(0,0)[ 72 + O(h), B3 = |cdx 200,02 +0h), (5.2)
as h — +0.

Proof of Proposition 5.1 when ¢ > 0 using Lemma 5.2. By the definition (5.1) of 8%,
we have the identity

T = diag(B? B%) Ty diag(B] B2)". (5.3)

According to Proposition 4.2, one has

0 Z12 2 1 8m.l
Ty =1 (9(h7’n+l(lo —) )
f + (121 0 ) + g A
We obtain Proposition 5.1 by substituting this formula and (5.2) into (5.3). [ ]

We will apply Proposition 2.10 to prove Lemma 5.2. To do this, we need the
following lemmas.

Lemma 5.3. Assume that (2.21) holds. Then, the projection (2.2) is a diffeomorphism
near (0, 0).
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Proof. It suffices to prove that the 1 x 1 block g—;f(o, 0) in the derivative d« (0, 0) is
invertible. If %(0, 0) = 0, then we have g—;(O, 0) # 0 since d« (0, 0) is invertible.
Thus, we may assume %(0, 0) # 0. Differentiating the equation («*p1)(y,n) = n
with respect to y, we have

ox d
0= 220,005 p1(0.0) + 5.(0,0)9 p1 0, 0).
dy dy

Since d¢ p1(0,0) # 0 by (2.21), we conclude g—j(O, 0) # 0. ]

In the next lemma, we compute the index v appearing in Proposition 2.10 in our
situation.

Lemma 5.4. Put F(y) = foy f(t)dt. Under (2.21) and (3.1), one has

sgn 87, oy (=y - 1+ ¥ (0, M)l y.my=0.0) = 0, (5.4)
sgn 87, o (F(7) =y -1+ ¥ (0.m))|y.n=(0.0) = 0. (5.5)

Proof. We see that the Hessian matrix is computed as

2 1'(0) —1
a(y,n)(F(y) —)y-n + W(O’ 77))|(y,n)=(0,0) = ( —1 a%w((), 0) : (56)
The determinant of this matrix is —1 if F vanishes identically. This proves (5.4).
For (5.5), we will calculate the determinant of (5.6) as

det(d, ) (F(») =y -1+ ¥ (0. ))ly.m=0.0

_ 0" p1)(0,0) ¢ p2(0,0)
g p1(0,0)  g(k* p2)(0,0)°
We observe that (5.5) is equivalent to this determinant being negative. Then, (5.5)
follows from (3.1), (5.7), and the elementary identity sgn(% . %) = sgn(% . dﬁ)
In the following, we prove the identity (5.7). Let g; = g;(x) be the function
defined near x = 0 by

K(g1(x),0) = (x.¢1(x)),  k(g2(x), f(82(x))) = (x, 5 (x)).

We observe that g;(0) = g>(0) = 0 holds because «(0,0) = (0,0) and (2.15). We
claim that

6.7

£

(5.8)
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holds. The definition of the generating function, « (3, (x, 1), n) = (x, sV (x, 1)),
implies that one has g;(x) = d,v¥ (x,0) and g2(x) = 9, ¥ (x, f(g2(x)). By differen-
tiating in x, we obtain
gll(x) = 0x0p ¥ (x,0),
g5(x) = 3xn ¥ (x, f(g2(x)) + g5(x) [ (g2()) ¥ (x, f(g2(x))).
We deduce, in particular, that g7 (0) = 03, (0, 0) from the first identity, and
£1(0)
£5(0)
where we use g1(0) = g2(0) = 0 and f(0) = 0. This with (5.6) proves (5.8).
By the same calculation as (2.8),
_ 9 p;)(0.0)
g ;i (0,0)
Combining (5.8) with (5.9), we obtain (5.7). ]

f1(0)59(0,0) = 1 = —

g}(0) for j = 1,2. (5.9)

Proof of Lemma 5.2. Let y? (. ®) € {1,2} x {b, }) be the four connected compon-
ents of ({§€ = 0} N {& = f(x)}) \ {0}. Our assumption ¢ = (I¢(k* p2)(0,0))"" >0
implies « (y;) = y; in a neighborhood of (0, 0). Since W} and w} are WKB solutions
associated with )71.’ and yj' respectively, the uniqueness of the microlocal solutions on
each y? ((J, ) € {1,2} x {b, ff}) (Proposition 2.16 (i)) implies that we can find con-
stants ,3]'. satisfying (5.1). Therefore, it suffices to prove the asymptotic formula (5.2)
of B7.
By Proposition 2.16 (ii) and (iii), we have

wi(x) = ehi1) (COI) +OMh), wi(x) = en®2® (CO) +0O(h) with (5.10)

2
. 1 1

Cj = |8(x,g)pj(0,0)|2|8§pj(0,0)| 2, (5.1])

Since W} = T(1,0) + O(h) and W3 = e#FO .70, 1) + O(h), Proposition 2.10 with

Lemma 5.4 implies

0
FW; = (Fl 0(11)) +O(h), Fuy= (Fz(e},-l F(_))) +OMh) (512

for ¢ = b, ff. Since F; and F, are microlocally unitary Fourier integral operators in
the sense of Definition 2.8 (iii), Proposition 2.10 (with ¢; (x) = 0 and ¢, (x) = F(x))
implies

FL()(x) = 01(x, 1)ei®?1 @ F(eiFOY = gy (x, h)ei*2® (5.13)
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with
3¢ (k*p;)(0,0) 3
e p;(0,0)

where the index v appearing in Proposition 2.10 is equal to 0 by virtue of Lemma 5.4.
By (5.1), (5.10), (5.12), and (5.13), it must hold that

0j(0.h) = +0Mh) (j=12), (5.14)

Yct =0j(0,h) + O(h™).

Combining this with (5.11) and (5.14), we obtain
° * 1 _1
B; = 10¢(k™ p;)(0,0)|2[9x,6)pj (0,0)[72 + O (h).

Finally, we recall that we have d¢ (c* p1)(0,0) = 1 and ¢ = (3¢ (k* p2)(0,0)) ", which
shows (5.2). [ ]

5.2. Proof of Proposition 5.1 when c is negative

Let us consider the case with negative ¢. The major difference is the fact that the
Hamiltonian flow induced by the Hamiltonian & — f(x) has the inverse direction to
that by c* p2(x, §) = ao(x, £)(€ — f(x)) when ¢ = ao(0,0)! is negative.

Lemma 5.5. Assume ¢ < 0. There exist constants £, B5, ,3?, and ﬁg such that
FW] = piw] microlocally near y; (o = b, §), (5.15)
and .
?w‘; = gwg microlocally near yg, (5.16)
?wg = ﬁ;wg microlocally near yIZ’. '
They admit the asymptotic formula
° 1 e _1
B =10G,e)p1(0.0)72 + O(h), B3 = |cO(xeyp2(0.0)72 + O(h),  (5.17)
as h — +0.
Proof. Let y; ((j. o) € {1,2} x {b, f}) be four connected components of ({§ = 0} N
{& = f(x)}) \ {0}. Our assumption ¢ = (d¢(k* p2)(0,0))~! < 0 implies
I =ri k@) =i k(D=7

in a neighborhood of (0, 0). This is the main difference from the case ¢ > 0. From
these relations, we obtain (5.15) and (5.16) with constants B and B3. The asymptotic
formula (5.17) of B} and B3 can be proved similarly to the proof of Lemma 5.2. =
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Proof of Proposition 5.1 when ¢ < 0. Let w satisfy the microlocal Cauchy problem
(1.4) for the original operator P with the initial condition given by oz'i, ozg, and let a?
and a§ be the outgoing data (1.5) of w. By the definition (5.1) of B} and the transfer

matrix, we have shown the identity

# . . b 8 b
(1) = aecsipmeanseiit (3. (54) =7(5)

An algebraic computation'* shows

~ 1 4
. ., 11
T = dlag(ﬁlﬁz)m(ﬂlm

112122

22 )diag(ﬂ?ﬁz)—l, (5.18)
where ;i are the (j, k)-entry of Ty, and 7% are those of Tn?. Now, we observe that
1 1 tat?? 0 112 2 1\%m.1

= o(ih o))

1 — 214, (121[11 122 + 1y O + %%
hold since one has

0 112 2 1\8m.1
T =1 (9(hm+1 (10 _) )
£ + (121 0 ) + g 7

e (1) voliond) )

and t15, 11 = O(hﬁ) according to Proposition 4.2 and the Neumann series expan-
sion. We obtain Proposition 5.1 by substituting these formulae and (5.17) into (5.18).
]

“The identity

11 12
X a a a a X
() =G o)) = ()-Car 22)C)
w azy az/\z z a a w
with (ajk)j,k = (ajk);}( € M>(C) implies z = a?!x + a??w =a? Y (a11y + a122) + a>?w.

This gives z = (1 — aj2a?!)~1(@?'a11y + a®?>w). By substituting this identity into x =
a1y + ajnz, x is also written as a linear combination of y and w. Then we obtain

x\ 1 ari a2a®\ [y
z 1 —appa2 \a?lay, a?? w/
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5.3. Computation of the asymptotics

We provide an outline of the computation of the asymptotics of the transfer matrix
given in Theorem 1.4. It is deduced by combining the formulae written in The-
orem 3.1, Propositions 4.2, 5.1, and the following lemma.

Lemma 5.6. One has
s = sgnc, (5.19)

where s and c are defined in (1.10) and Theorem 3.1 (iv), respectively. One also has
Hy\ p2(0.0) = —c" " H}}) p1(0.0). (5.20)
Proof. We prove the two equation separately.

Proof of (5.19). According to the condition (3.1), the sign of ¢ coincides with that
of the product (d¢ p1(0, 0))(d¢ p2(0, 0)) under the condition (2.21) (the product does
not vanish). By definition of ®(p;) € [—%, %), the vector 7(®(p;)) is the unit vector
parallel to the Hamiltonian vector Hj, (0,0). This implies that the sign of (Hp, (0, 0),
7(O(pj)))r2 coincides with that of (cos(©(p;)))de p; (0,0) if the latter does not van-
ish. Note that the condition (2.21): d¢ p; (0,0) # 0 is equivalent to ©(p;) # —7. This
condition also implies cos(®(p;)) > 0, and consequently (5.19).

Otherwise, we use the rotation map k¢ as in Proposition 2.16. Recall that the value

(Hp; 4(0.0), 7(O(pj,))r2 = (Hp,(0,0), T(O(pj))r2, (pj6 = kD))

is invariant for small & > 0. For small 6 > 0, the equality ®(p;¢) = O(p;) + 0
implies ¢ p; ¢ (0, 0) # 0. This reduces the problem to the case which is already treated
above.

Proof of (5.20). Since the identity (5.20) is trivial for the transversal case (m = 1),
we only prove it for m > 1. By employing « such that «* p1 (x, §) = &, one can easily
check for each k > 1 that

HE p2(0.0) = 3% (k™ p2)(0,0),
HY p1(0.0) = —HED) 05 (k* p2)(0,0) = —[(g (k™ p2))9x]* 10 (™ p2)(0, 0).
(5.21)

By the definition of the contact order, H 151 p2(0,0) = 3% (x* p2)(0,0) = 0 holds for
1 < k < m — 1. Plugging this into the second equality of (5.21), one obtains

Hyp1(0.0) = =~ D97 (c* p2)(0.0) = =~V H p2(0,0).  m

1

Proof of Theorem 1.4. Due to Proposition 2.13 (iv) and the definition, the transfer
matrix 7 is invariant under the conjugation of the metaplectic operator My for suf-
ficiently small 6 > 0. Moreover, we can find sufficiently small 8 > 0 such that the
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symbol p; ¢ := kp p; of MG_IPJ' My satisfies (2.21) by Condition A, where kg is the
rotation defined in (2.9). Thus, we may assume (2.21).

As in Theorem 3.1 (iv), r1 (0, 0) and r»(0, 0) coincide with ¢; (0, 0) and cg»(0, 0)
modulo @ (h). Then, by combining Propositions 4.2 and 5.1, the anti-diagonal entries
of the transfer matrix 7" are given by ¢;(0, 0)w; and ¢, (0, 0)w, modulo O (%), where
w1 and w, are defined by

C |2

o= || ©, w= |cc’|%d). (5.22)
c

Here, w is defined by (4.8) in terms of the m-th derivative at x = 0 of the function
f(x) appearing in the normal form. According to the formula (3.2) in Theorem 3.1,

this function f satisfies ™ (0) = —cH 1, 2(0,0). Then w is rewritten as

—Sgn(SH;'fpz(O,O))ﬂ) (m+2>( (m + 1)! ),,,Ll

1
=2 T m+1
) le] “m( 2(m + 1) m + 1/ \[HJ p2(0,0)]

Here, we also applied (5.19). The asymptotic formula for w; given in Theorem 1.4 fol-
lows from this with (5.22) and the definition of ¢ and ¢’. More concretely, one obtains
the identity | |2 |c| 7T = |¢/| A with ¢ = [3ge.e)p1(0, 0)l/[8ge.6) p2(0. 0)].
which is obvious for m = 1, and is implied by |c| = ¢’ in the tangential case m > 2
(see Theorem 3.1 (v)).

For the formula of w,, we also use (5.20). The difference between w; and w,
caused by the complex conjugate only appears in i, and i, since the other factors
are real. Moreover, u,, is real when m is even. When m is odd, one has m =
Um (—0) on one hand, and

H)' p2(0,0) = ="' Hp, p1(0,0) = —|c|" " Hp, p1(0,0),

on the other hand. We conclude here that

—sgn(sH}! p2(0,0)ry —sgn(sH,, p1(0,0))x
“m< 2m + 1) )‘ ’”( 2(m + 1) )

Concerning the absolute value, (5.22) implies
2| = [¢'[lwn].

The equality (5.20) shows

1

K (la(x,s)Pz(O,O)l (m + D! >m]+1 _ (|3(x,§)l71(070)| (m + 1! )ﬁ
|0(x.£)P1(0,0)| [H]} p2(0,0)] 10(x,£)P2(0,0)| [H}2 p1(0, 0)]

This is the only factor of w, different from w; other than p,,. ]
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A. The stationary phase method for a degenerate phase

Lemma A.1. Let I C R be a bounded, h-independent interval. Let F € C*°(I,R)
be a function whose derivative vanishes nowhere but at x = 0, at a finite order m > 1.
Leta € C*®(1,C). Then

i 1 2 1\8m.
[ a1 dy < €[l + h0p(5) " e i |- A
1

where 8,1 is the Kronecker delta. Moreover, if J € I N (0, +00) is h-independent,
thenforall I > x9g <0andx € J,

X

/a(y)e;',(F@)—F(o» dy

X0
1

)’”Tla(mhﬁ

(F "D (0))
=2 (P () o

+ (9L°°(J)(hmi+l)’ an
where T is Euler’s Gamma function and [iy, is defined by
o (0) = 210 4 (V10
for 0 inR.

Proof. The estimate (A.1) comes from an integration by parts. For the expansion

(A.2), perform an h-independent change of variable on [ ey ! dy. The last integ-

ral is computed with the residue theorem (Fresnel-type integral). We send the reader
to [20, Chap. VIII] for more details. [ ]

B. Construction of WKB solutions for the reduced equation

We consider the reduced operator of Section 4 defined by

p_p ("D hR,
" \hRy hDx— f(x))

Let €2 be a neighborhood of (0,0). Let p} € y; for e = b, fand j = 1,2. We define

WKB solutions near each of these four points. Here, )/;.’ denotes I'; N {§ < 0} and y}t
denotes I'; N {§ > 0} as illustrated on Figure 5.
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Figure 5. Crossing of Hamiltonian flows for the reduced case.

Proposition B.1. Ler I® € (—o0,0) and I* € (0, +00) be intervals such that p; €
I* x Rg. Foreach j = 1,2 and = b, { there exist a microlocal WKB solution W of
Pu = 0 near p; satisfying

ey (1+Ocge(h)
i = Ocs(h) )

and
Ocpe(h)

o\ _ LEF()
Wy(x) =eh (1 n @CEO(/’Z)

) forx el®,

where F(x) = f(f f(y) dy. Moreover,

WF, (WS (x)) C {(x,0) e T*R | x € R}
and
WEF, (W3 (x)) C{(x, f(x)) | x € R}

by Example 2.7.

Proof. The proof is more or less standard and is known as the WKB construction.
The construction of the four solutions (e = b, and j = 1, 2) is very similar, so
we only construct wg. Without loss of generality, we may assume that the integral
kernel k; of R; satisfies supp(k;) € I” x I°. We look for W, under the WKB form
wg(x) ~ @) > o Wi (x)h* where the amplitude W (x) = (Wi, 1(x), Wi 2(x)) is
vector-valued. For a fixed N € N, the function e ##®) pe#i#) Zﬁ:o h*wg (x) is
calculated as follows:
, 4 N N+1
e i Pt N pkyy (x) = Y kT, (B.1)
k=0 k=0
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with

T :( @' (x)Wo,1(x) ) Ty =( —iWy  (X) + (R1)£Wn,2(x) )
CTN@@ = fWo())T T T iy, (0)() + (R)pWina ()

and

o ( B (Vi1 (X) = iy () + (Ru)yWi—1,2(x)

(@' (x) = f))Wg2 — Wy 5 (x)(x) + (Rz)fwk—l,l(x)) (1 <k <N).

Here, (R;)y is the pseudodifferential operator obtained from the conjugation of R;
by 7™ and given by Lemma 2.12. Remark that the integral kernel of (R;)s is
eh @0 )_d’(x))kj (x, y), which is also compactly supported in I® x I°. For wg to be a
microlocal solution, we require the terms for 0 < k < N of the above to vanish. We
may assume Wy # 0. A possible choice of ¢ and Wy for the first term to vanish is

P(x) = / f(»y)dy and (Wo,1(x),Wo2(x)):=(0,1) forall x € R.
0

The equation ¢’ — f = 0 satisfied by ¢ is called the eikonal equation associated
with'®> T'. The system of transport equations is obtained by requiring the terms for
1 <k < N in the sum of (B.1) to vanish. It is solved by amplitudes Wy € C*°(I")
defined inductively by

Wet1,1(x) = f(X)‘l(iW}c,l(X) — (R1)fWg2(x)),
x forall x € I°,

Wit1,2(x) = _i/(R2)fwk+1,1(J’) dy,

X0

where xq € I” is any point in 7°. We now define via a Borel summation (a slightly
modified version of [22, Theorem 4.15]) a smooth function

X o0
W ~ OO 3 (k.
k=0

Finally, using the support properties of Wy combined with [22, Theorem 8.13], we
show that W}, is indeed a microlocal solution of Pu = 0 near 0}, n

SConsidering the eikonal equation ¢’ = 0 associated with I'; would yield a construction
of wﬁ .
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C. Generality of the model

In this section, we show how more general models involving non-diagonal matrix-
valued operators can be reduced to the diagonal framework considered in this manu-
script. Let L(x, £) be a 2 x 2 Hermitian matrix-valued C°° function, not necessarily
diagonal.'® If'” in a small neighborhood of (x, §) = (0, 0), the eigenvalues and an
orthonormal pair of associated eigenvectors of L(x, §) are given by real-valued C*°
functions A;(x, £) and A,(x, £) and by vector-valued C*° functions v;(x, §) and
va(x, ), then the microlocal equation LY (x, h D)1 = 0 near (0, 0) is reduced to

/\1()(,5) 0
0 /\2()(,5)

with the change of the unknown function u(x) = V¥ (x, h Dy)ii(x), where we write
Vi(x.§) = (vi(x.§), va(x.§)).

In general, the two eigenvalues of L(x, &) cross at (x, §) = (0, 0) if and only if
L(0,0) = %(tr L(0,0))15. In other words, the trace-free part of L(x, &), given by

P e h D =0, p(x,s)=( )+(9<h> near (x.£) = (0.0).

M) = L0E) = S (L),

vanishes at (0, 0).

Assumption 1. Let L € M>(C;°) be a Hermitian matrix-valued symbol whose trace

free part M(x, £) vanishes on a codimension-one submanifold of 7*R satisfying the

following conditions:

 there exists a function y € C*®°(T*R;R) such that y(0,0) = 0, dy(0,0) # 0, and
such that

{(x,§) € Q2 M(x,§) = O2x2} = {(x,§) € 2 y(x,§) =0},

holds with some neighborhood 2 C T*R of (0, 0);

* there exists a positive integer 1 such that 9 M (0,0) = Ozx> holds for any multi-
index o« € N2 with || <n — 1, but 8“0 M(O 0) # O3x2 holds for some oy € N?
with |ag| = n;

» there exists a positive integer £ such that Htlr‘L y(0,0) =0holds for0 <k <f—1
and HrLy(O, 0) # 0.

16 Adding an @ (h) non-Hermitian term does not affect the result.

7This smooth diagonalization is not always possible. There are many counterexamples when
some eigenvalues cross with each other. We show a sufficient condition and examples for this
diagonalization to be smooth.
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Proposition C.1. Under Assumption 1, we have the following.

(1) There exist real-valued C*® functions A (x, ) and A, (x, §) such that they are
the eigenvalues of L(x, &) in a small neighborhood Q29 C 2 of (0,0), and that
A1(x,§) # A2(x,§) holds on {(x,§) € Qo; y(x,§) # 0}.

(2) Put m := nd. The eigenvalues Ay and A satisfy

41(0,0) = 12(0,0),
Hf 12(0,0) =0 forl<k <m—1. HJ 2,(0,0) # 0.

(3) There exist two C2-valued C™ functions vy(x, §) and v,(x, §) forming an
orthonormal pair of normalised eigenvectors associated respectively with

A(x, &) and Aa(x,€) of L(x,§) in Q.

Proof. Under Assumption 1, the matrix M (x, ) is factorised by y(x, £)". More pre-
cisely, there exists a 2 x 2 Hermitian, trace-free, matrix-valued C ® function M (x, £)
such that

M(x,€) = y(x,§)"M(x,£),

holds in §2 and M (0,0) # O2x2. This follows from the Taylor expansion in a coordin-
ate system including y.

Since M (x, &) is a trace-free Hermitian matrix, there exist two smooth functions
g1(x, &) and g2 (x, &) such that g; is real and

gl(xvé) gZ(x’E))

Tt = (5159
(8 (gz(x,s) —g1(x.6)

The eigenvalues A; and A, of M (x, £) are explicitly given by

r(x.§) == Vg1 (x.£)% + |g2(x. &),
(&) i=r(x,€), Aa(x.£) = —r(x,£).

Putty(x,§):= \/2r(x, E)(r(x,&) £ g1(x,£)). The fact 1\2(0,0) # O, implies that
21(0,0)2 + |g2(0, 0)|? is positive, and hence (by continuity) g (x, £)*> + |g2(x, £)|?
is positive near (0, 0). Thus, r(x, £) is C* there. Either #4(0,0) #~ 0 or 7_(0,0) # 0
holds, so (again by continuity) the corresponding 7+ does not vanish in a neighbor-
hood of (0, 0). More precisely, 7+(0,0) # 0 provided that either g,(0,0) # 0 or
+£1(0,0) > 0 holds. In each case, the normalised eigenvectors v; and v, associated
with A1 and with A, are given by

e (r(x,é) + g1<x,s>)’

t+(x. ) g2(x.§)
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1 —ga2(x, )
VZ(X’S) - Z+(x’%.) (r(x’s) —+ gl(x,s))’

when ¢4 # 0, and

R g2(x,§)
N8 = ey (—r(x,é) + g1<xvé)) ’

1 r(x,é)—g1(x,§))

w8 = g D)

when 7 #£ 0.
With the unitary matrix-valued function V (x,£) := (v1(x,§),v2(x, §)), the matrix
L(x,§) is also diagonalised as

V(x,S)*L<x,s)V(x,s)=(“X’g) 0 )

0 A2()(9%')

with the eigenvalues Aq (x, £) and A, (x, §) of L(x, &) given by

A1()‘:75:) :

%trL(x, &) + y(x, f)nil(x’ £,

Az(x.§)

%trL(x, £) + y(x.§)" Ao (x.§).

We now compute the contact order. It follows essentially from the standard prop-
erties'® of the Poisson bracket {f, g} = Hrg = g f0xg — 0x f 0gg. Each term of
H)]fl)tz (k =1,2,....,m — 1) is factorised by one of {H/, y: j =0,1,....£—1}
where it vanishes at (0, 0). One also has

(le)'n (Hthy(O, 0))"r(0,0) # 0. -

Example C.2. Let L(x, &) be a differential operator of the form

HJ'15(0,0) = —2'*

L(x,§) = 'L + V(x),

where £ is a positive integer and V(x) is a 2 x 2 Hermitian matrix-valued function,
not necessarily diagonal. Note that £ = 2 corresponds to the Schrodinger operator. Put
Vo(x) := %tr"V(x) and My (x) := V(x) — Vo(x)I,. Suppose that My (x) vanishes at

Bifgt=—lg. [ Afig+ry={fig) +{fir}and{f.gr} =r{f. g} + g{f.r} hold for

any smooth functions f, g, r.
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x = 0 with a finite order n (i.e., y(x, &) = x and My (x) is factorised by x™). Then
the eigenvalues A1 (x, &) and A, (x, &) of L(x, ) are given by

A, ) = EC Vo) + X"r(x), Aa(x,£) = EX 4 Vo(x) — xr (%),

where (x) is defined by r(x) := /g1(x)2 + |g2(x)|? with

Vi1(x) — Vaa(x) Vi2(x) Vi1(x)  Via(x)
= = —) v = .
g1(x) Sy g2(x) pT (x) Va1(x)  Vaa(x)
When £ is even, the sets A1 = {A1(x,&) = 0} and A, = {A,(x, &) = 0} cross at the
points (0, = |V (0)] %) if V5(0) <0, and the contact order there is m =n when V;(0) <0,
m = n{ when V;(0) = 0. When £ is odd, they cross at (0, — sgn(Vo(O))|V0(O)|%), and
the contact order there is m = n when V;(0) # 0, m = nf when V,(0) = 0.
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