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A microlocal Cauchy problem
through a crossing point of Hamiltonian flows

Kenta Higuchi, Vincent Louatron, and Kouichi Taira

Abstract. In this paper, we consider 2� 2matrix-valued pseudodifferential equations in which
the two characteristic sets intersect with finite contact order. We show that the asymptotic beha-
vior of its solution changes dramatically before and after the crossing point, and provide a
precise asymptotic formula. The proof relies on a normal form reduction and a detailed analysis
of a simple first-order system.
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1. Introduction

1.1. Main results

In this paper, we discuss the existence, uniqueness, and asymptotic behavior of solu-
tions of a system of pseudodifferential equations:

Pu � 0 m.l. on �; (1.1)

where
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• � � R2 D T �R is a connected open neighborhood of .0; 0/;

• P is a 2 � 2-matrix-valued semiclassical pseudodifferential operator of the form

P D

�
P1 hQ1

hQ2 P2

�
acting on L2.R;C2/;

defined as the Weyl quantization (see (2.1)) of the matrix-valued symbol1

p.x; �/´

�
p1.x; �/ hq1.x; �/

hq2.x; �/ p2.x; �/

�
2M2.C

1
b /: (1.2)

The motivations and the generality of the model are discussed in details in Sec-
tion 1.2 and Appendix C. We send the reader unfamiliar with the vocabulary of
microlocal analysis to Section 2 for precise definitions (see also Section 1.3 for a sim-
pler, non-microlocal example). Throughout the article, we assume that the following
two conditions hold.

Condition A (Real principal type). For each j D 1; 2, the function pj is of real
principal type at .0; 0/, that is, pj is real-valued and

pj .0; 0/ D 0; @pj .0; 0/ ¤ 0:

Condition B (Finite contact order). There exists m � 1 such that H k
p1
p2.0; 0/ D 0

for all k 2 ¹0; : : : ; m � 1º and

Hm
p1
p2.0; 0/ ¤ 0:

Here, we writeHp1´ @�p1@x � @xp1@� . In the following, the transversal case refers
to the situation where m D 1 and the tangential case to situations where m � 2.

The domain � is chosen to be sufficiently small so that the following conditions
hold.

• The characteristic sets

ƒj ´ ¹.x; �/ 2 R2 j pj .x; �/ D 0º .j D 1; 2/

are submanifolds and intersect only at .0; 0/ inside �. Geometrically, the inter-
section is of finite contact order m by Condition B. We refer to m as the contact
order of ƒ1 and ƒ2;

1Here, we assume that the symbol p is bounded on R2. However, we can still apply our
main theorem for unbounded symbols such as pj .x; �/ D �2 C Vj .x/ or pj 2 S.m/ for an
order function m (see [22, Section 4.4]) since all the statements below are microlocalised on a
compact subset of the phase space T �R.
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Figure 1. Hamiltonian flows and notations.

• For j D 1; 2, the portion .� \ƒj / n ¹.0; 0/º is divided into two connected com-
ponents 
 [j and 
]j , where the Hamiltonian flow generated by Hpj is incoming to

the crossing point .0; 0/ on 
 [j while it is outgoing from .0; 0/ on 
]j . See Figure 1.

In the setting above, the uniqueness, existence, and asymptotic behavior of micro-
local solutions away from the crossing point .0;0/ are well known and can be analysed
using the usual WKB method. In particular, it is known that microlocal solutions
of (1.1) are microlocalised onƒ1 [ƒ2 – meaning that their wavefront set is included
in the characteristic sets, see Definition 2.2. On each connected component 
�j (j D
1; 2, � 2 ¹[; ]º), one has the following.

• Uniqueness. The space of microlocal solutions near 
�j is one-dimensional. More
precisely, u � 0 microlocally near a point of 
�j implies that u � 0 microlocally
on all 
�j .

• Existence. There exists a non-trivial solution w�j of (1.1) microlocally on 
�j ,
uniquely determined up to a multiplicative constant.

• Asymptotic behavior. The solution w�j is a WKB state (or Lagrangian distribution)
associated with the Lagrangian submanifold ƒj . Generically for p1 and p2, we
can write w�j .x/ D �

�
j .x/e

i�j .x/=h, where �j is a solution to the eikonal equation
pj .x; �

0
j .x// D 0 and the amplitude ��j satisfies a transport equation.

According to the uniqueness and existence written above, for each solution u of (1.1)
microlocally on �, there exist four complex numbers ˛[1, ˛[2, ˛]1, ˛]2 2 C such that

u � ˛�jw
�
j m.l. on 
�j .j D 1; 2; � 2 ¹[; ]º/: (1.3)

See Proposition 2.16 for the more rigorous statements, proved by standard WKB ana-
lysis.

The purpose of this paper is to study the equation (1.1) near the crossing point
.0; 0/. More precisely, we consider the following problems.

Problem 1. How many microlocal solutions are there for (1.1)?

Problem 2. What is the relationship between the coefficients ˛�j ?
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Problem 1 is solved by the following theorem.

Theorem 1.1 (Existence and uniqueness of the microlocal Cauchy problem). In the
above setting, the following holds.

(i) Uniqueness. Let u be a microlocal solution of Pu D 0 on �. If there exist
two points �[1 2 


[
1 and �[2 2 


[
2 such that u � 0 microlocally near �[1 and

�[2, then
u � 0 m.l. on �:

(ii) Existence Fix two WKB states w[j (j D 1; 2), which are tempered and sat-
isfy (1.1) microlocally on 
 [j . Then, for each ˛[1; ˛

[
2 2 C, there exists a

tempered u such that

Pu � 0 m.l. on �; u � ˛[jw
[
j m.l. on 
 [j .j D 1; 2/: (1.4)

We refer to the constants ˛[1 and ˛[2 appearing in the second identity (1.4)
as the microlocal Cauchy data of the system (1.1).

In particular, the space of microlocal solutions on � of (1.1) is two-dimensional.
The term “microlocal Cauchy data” is taken from [5], where a microlocal Cauchy
problem involving a scalar Hamiltonian with a hyperbolic fixed point is studied.

We now turn to Problem 2. Fix two WKB statesw�j (j D 1;2), which are tempered
and satisfy (1.1) microlocally on 
�j . Thanks to Theorem 1.1 (ii), for given ˛[1; ˛

[
2 2C,

we can find a solution u of (1.4). As stated above in (1.3), there exist ˛]1; ˛
]
2 2 C such

that

u � ˛
]
jw

]
j m.l. on 
]j .j D 1; 2/: (1.5)

By virtue of Theorem 1.1 (i), the constants ˛]1; ˛
]
2 2 C are unique modulo O.h1/.

Since the equation (1.4) is linear, we can find a 2 � 2 matrix T , called the transfer
matrix, such that �

˛
]
1

˛
]
2

�
D T

�
˛[1
˛[2

�
;

which can be defined modulo O.h1/. Our next theorem describes the asymptotic
behavior of the transfer matrix. Here, we remark that the transfer matrix TDT .w[1;w

[
2;

w
]
1; w

]
2/ depends on the choice of the WKB states w�j (j D 1; 2, � 2 ¹[; ]º), as

described in (1.18) in the example below. To simplify the connection formula, we
will choose these WKB states as in the definition below.
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Definition 1.2. (i) Let vj be a microlocal solution to the scalar equation Pvj � 0m.l.
on �. We say that vj is normalised if

e�
i‚.pj /

2

p
2�h

Z
R

e�
x2

2h vj .x/ dx D 1CO.h/; (1.6)

where we put

‚.pj /´

8̂̂<̂
:̂
� arctan

�@xpj .0; 0/
@�pj .0; 0/

�
.@�pj .0; 0/ ¤ 0/;

�
�

2
.@�pj .0; 0/ D 0/:

(1.7)

(ii) Let w�j (j D 1; 2, � 2 ¹[; ]º) be a microlocal solution to equation (1.1) micro-
locally on 
�j . The solution w�j is said to be normalised if

w�j � vjej COL2.RIC2/.h/ m.l. on 
�j ; (1.8)

where the pair of e1 D
T.1; 0/ and e2 D

T.0; 1/ is the canonical basis of C2, and vj is
a normalised microlocal solution to the scalar equation Pj vj � 0 m.l. on �.

Remark 1.3. Normalised solutions indeed exist (Propositions 2.13 and 2.16) and are
unique up to O.h/. The ambiguity involving an O.h/-term comes from that in (1.6)
and (1.8).

We now state our second result which deals with Problem 2. The symbol ım;1
stands for Kronecker’s delta: ım;1 D 1 for m D 1 and ım;1 D 0 for m � 2.

Theorem 1.4 (Microlocal connection formula). Suppose that the WKB solutions w�j
are normalised in the sense of Definition 1.2. Then, the transfer matrix T D T .w[1;w

[
2;

w
]
1; w

]
2/ satisfies the asymptotic formula

T D

�
1 0

0 1

�
� ih

1
mC1

�
0 !1q1.0; 0/

!2q2.0; 0/ 0

�
CO

�
h

2
mC1

�
log

1

h

�ım;1�
; (1.9)

where the qj are the anti-diagonal terms of p defined in (1.2) and the !j are given by

!1 D 2�m

�� sgn.sHm
p1
p2.0; 0//�

2.mC 1/

�
�
�mC 2
mC 1

�
�

�
j@.x;�/p2.0; 0/j

j@.x;�/p1.0; 0/j

.mC 1/Š

jHm
p1
p2.0; 0/j

� 1
mC1

;

!2 D 2�m

�� sgn.sHm
p2
p1.0; 0//�

2.mC 1/

�
�
�mC 2
mC 1

�
�

�
j@.x;�/p1.0; 0/j

j@.x;�/p2.0; 0/j

.mC 1/Š

jHm
p2
p1.0; 0/j

� 1
mC1

:
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Here, the constant s and the function �m D �m.�/ are defined by

s´ sgn
2Y

jD1

.Hpj .0; 0/; �.‚.pj ///R2 ; �.�/ D .cos �; sin �/;

�m.�/´
ei� C ei.�1/

mC1�

2
:

(1.10)

where .�; �/R2 stands for the usual (Euclidean) inner product in R2.

Remark 1.5. The ambiguity of the choices of normalised solutions w�j is not explicit
in this formula since the estimate of the remainder O.h

2
mC1 .log h�1/ım;1/ is rougher

than O.h/.

Remark 1.6. By the definition (1.7) of ‚.pj /, the vector �.�/ defined by (1.10) is
the unit vector parallel to the Hamiltonian vector Hpj .0; 0/, that is,

Hpj .0; 0/ D ˙jHpj .0; 0/j�.‚.pj //; .Hpj .0; 0/; �.‚.pj ///R2 D ˙jHpj .0; 0/j;

where the identities hold true for the same sign. The sign is positive if and only if
either @�pj .0; 0/ > 0 or @�pj .0; 0/ D 0 and @xpj .0; 0/ > 0 holds (see Figures 2
and 3). In the tangential case, one has ‚.p1/ D ‚.p2/. This implies the identity

s D sgn.Hp1.0; 0/;Hp2.0; 0//R2 :

Remark 1.7. The formulae of !1 and !2 in Theorem 1.4 are written symmetrically.
We can also write them using only either one of Hm

p1
p2.0; 0/ or Hm

p2
p1.0; 0/ since

one has the identity

Hm
p1
p2.0; 0/ D �

�
j@.x;�/p1.0; 0/j

j@.x;�/p2.0; 0/j

�m�1
Hm
p2
p1.0; 0/:

This identity will be proven in Lemma 5.6.

1.2. Motivations and context

The main motivation to computing the transfer matrix (1.9) is to provide a general
method for computing spectral asymptotics, namely the eigenvalue splitting ([2]) and
the distribution of resonances ([3, 4, 11–13, 16]) of matrix-valued Schrödinger oper-
ators in the semiclassical limit h ! C0. Essentially, such distribution is obtained
by studying the associated eigenstates and resonant states, which are microlocal-
ised on the characteristics ƒj and behave as microlocal solutions of the eigenvalue
equation (1.1). The behavior of such solutions on the characteristics is known out-
side crossing points, therefore establishing a microlocal connection formula at those
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Figure 2. Hamiltonian flows, the sign of s introduced by (1.10), and‚.pj / introduced by (1.7)
for the transversal case m D 1.

Figure 3. Hamiltonian flows and the sign of s introduced by (1.10) for the tangential casem� 2.

crossing points is enough to describe resonant and eigenstates.2 Such an approach is
employed in [2–4, 13, 16]. While [2, 13] used a normal form reduction to obtain a
microlocal connection formula for transversal case, [3, 4, 16] used a non-microlocal
method to obtain the formula for tangential case. Our goal is to unify those different
methods using a normal form reduction which applies to both situations.

2We also find a similar approach for the asymptotics of the scattering matrix of matrix-
valued Schrödinger operators with a transversal crossing of Hamiltonian flows in [1].
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The study of a microlocal problem via a normal form reduction is not new, and
the idea traces back to the works of Landau and Zener on avoided crossings. We
distinguish two types of normal form reductions of matrix-valued operators.

• The first essentially consists in reducing a matrix-valued symbol of principal type
to a scalar-valued symbol of the form x�, which has a hyperbolic fixed point
at .0; 0/ ([13] or [7]). Here the interaction term is assumed to be elliptic at the
crossing point.

• The second method consists in reducing the matrix-valued symbol into another
simpler matrix-valued symbol without ellipticity of the interaction term. Such
method was developed for codimension 3 crossings in [6], where the normal form
is given by

�
hDx1 x2
x2 x1

�
on R2. This includes not only the x2 D O.h/-regime of

that operator (which corresponds to our operator) but also the cases where the
non-diagonal entries are not necessary small. The result in [6] was applied in [21]
for 1-dimensional, transversal crossings.

For both methods, tangential crossings were excluded up until now because of the
absence of stable/unstable theorems of degenerate fixed points. In his work on trans-
versal crossings, Colin de Verdière [6] adapted Sternberg’s linearization theorem for
Hamiltonian systems, which is regarded as a counterpart of stable/unstable theor-
ems. However, the technique there cannot be applied to tangential crossings, at least
not directly. To handle tangential crossings without a normal form (but with O.h/

non-diagonal entries), the first named author extended in [3] the construction of [11]
of exact solutions near the crossing point. The second named author improved this
method in [16] under a relaxed elliptic assumption on the interaction term.

We also mention some studies concerning the closely related problem of the time
propagation of semiclassical wave packets. Such a problem gathered interest in the
late 1990s with the works of G. A. Hagedorn and others (see e.g. [14]). Among many
works on the subject, we mention in particular [10] which deals with time propagation
through tangential crossings in codimension 1. They provide a microlocal normal
form reduction but only for the transversal case.

Our normal form result, Theorem 3.1, accounts for both transversal and tangential
crossings and holds without any ellipticity assumption. It relies essentially on the
Darboux theorem and the Egorov theorem, and makes for a much simpler proof than
that of [21] for the transversal case. Moreover, we apply this normal form reduction to
recover the results of [3,11–13] all at once, through the microlocal connection formula
(Theorem 1.4). In practice, since P is a 2 � 2 matrix-valued differential operator of
order 1 at the principal level, we end up computing 2 � 2 change-of-basis matrices
(see (4.7)), whereas for example the direct computation of [3, Proposition 3.12] for
the Schrödinger operator (which is of order 2 at the principal level) involves 4 � 4
change-of-basis matrices.
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In the rest of the section, we sketch an outline of the connection formula through
a simple example and we apply Theorem 1.4 to recover the connection formulae for
Schrödinger-type operators. In Section 2, we lay out the background of microlocal
analysis needed for this paper. The organization of Sections 3, 4, and 5 will be detailed
in Section 2.8.

1.3. Simple case (non-microlocal)

Let us describe our method for a simple case with

P1 D hDx; P2 D hDx � f .x/; Q1 D Q2 D q.x/

where f 2 C1.R/ and q 2 C1c .R/ are real-valued functions satisfying

f .k/.0/ D 0 for k D 0; 1; : : : ; m � 1; f .m/.0/ ¤ 0;

f .x/ ¤ 0 for x 2 supp q n ¹0º:

Although Theorems 1.1 and 1.4 deal with microlocal solutions, we focus on the exact
solutions here.

The equation Pu D 0 with u.x/ D T.u1.x/; u2.x// is written as the following
system of differential equations:´

hDxu1.x/ D �hq.x/u2.x/;

.hDx � f .x//u2.x/ D �hq.x/u1.x/:
(1.11)

First, we observe that this equation can be written by the Duhamel formula as

u1.x/ D ˛
[
1 � i�C.e

� i
h
F.�/u2/; u2.x/ D e

i
h
F.x/.˛[2 � i��.u1//; (1.12)

with

˛[1 D u1.�1/ and ˛[2 D u2.�1/ exp
� i
h

0Z
�1

f .y/ dy
�
;

where we define

�˙v.x/´

xZ
�1

e˙F.y/q.y/v.y/ dy; F.x/´

xZ
0

f .y/ dy:

Existence and uniqueness of exact solutions

Equation (1.11) is a first order differential equation and the space of the solutions is
two-dimensional. Moreover, the solution is uniquely determined by the initial data
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˛[1; ˛
[
2 2 C and can be written explicitly as

u1 D .I C �C��/
�1.˛[1 � i˛

[
2�C.1//;

u2 D e
i
h
F .I C ���C/

�1.˛[2 � i˛
[
1��.1//;

(1.13)

due to (1.12), where 1 is the constant function valued at 1. Here, the operator I C
�C�� is invertible for sufficiently small h > 0, in fact, we have k�˙��kL1!L1 D
O.h

1
mC1 / by the degenerate stationary phase formula (see Proposition 4.4).

Asymptotic behavior of the solution

To describe the asymptotic behavior of the solution, we need more precise estimates
for �˙. We have k�˙��.1/kL1!L1 D O.h

2
mC1

�
log 1

h

�ım;1/ and

�˙.1/.x/ D

8<:O.h/ .�1 � x � ��/;

h
1

mC1 q.0/!˙ CO
�
h

2
mC1

�
log

1

h

�ım;1�
.� � x � 1/;

for fixed 0 < � < 1 with !C D !; !� D N! and ! defined by (4.8). This is a con-
sequence of the degenerate stationary phase formula (see Proposition 4.4), where we
note that the critical point of F on supp q is x D 0 only. By (1.13) and the Neumann
series expansion .I C �˙��/�1 D

P1
kD0.�1/

k.�˙��/
k , we conclude

�
u1.x/

e�
i
h
F.x/u2.x/

�
D

8̂̂̂̂
<̂
ˆ̂̂:
�
˛[1
˛[2

�
.�1 � x � ��/;�

˛[1 � ih
1

mC1 q.0/!˛[2

˛[2 � ih
1

mC1 q.0/ N!˛[1

�
.� � x � 1/;

(1.14)

modulo O.h
2

mC1 ı/. In particular, we see that the asymptotic behavior of the solution
u dramatically changes around x D 0.

Transfer matrix

Now, we describe the asymptotic behavior of the transfer matrix T with respect to
the basis W[1; W

[
2 and W]1; W

]
2 that are WKB solutions for �1 � x � �� and � � x � 1

respectively of the form W�1 D
T.1; 0/C O.h/ and W�2 D

T.0; e
i
h
F.x//C O.h/ for � 2

¹[; ]º. Note here that we are using the functions W[2, W]2 not normalised in the sense of
Definition 1.2 for a notational simplicity (the normalization requires a multiplication
by a constant depending on f 0.0/). The asymptotic expansion (1.14) yields

u.x/ D

´
˛[1W

[
1 C ˛

[
2W
[
2 .�1 � x � ��/;

.˛[1 � ih
1

mC1 q.0/!˛[2/W
]
1 C .˛

[
2 � ih

1
mC1 q.0/ N!˛[1/W

]
2 .� � x � 1/;
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modulo O
�
h

2
mC1

�
log 1

h

�ım;1�. Then, the transfer matrix T can be calculated as�
˛[1
˛[2

�
7!

�
˛[1 � ih

1
mC1 q.0/!˛[2

˛[2 � ih
1

mC1 q.0/ N!˛[1

�
D

�
I2 � ih

1
mC1

�
0 q.0/!

q.0/ N! 0

���
˛[1
˛[2

�
modulo O

�
h

2
mC1

�
log 1

h

�ım;1�.
1.4. The example of the matrix-valued Schrödinger operator

We now turn to a microlocal example. We consider a matrix-valued Schrödinger oper-
ator �

P1 �E0 hQ

hQ P2 �E0

�
with Pj ´ .hDx/

2 C Vj .x/ (j D 1; 2), E0 2 R andQ is the multiplication operator
by a smooth, real-valued function q.x/. Below, we apply Theorem 1.4 and recover
the transfer matrix of PSc at the crossing points as obtained in [3, Theorem 3.4] and
[4, Theorem 2].

Assume that the function V2 � V1 vanishes only at x D 0, at a finite order n 2
N n ¹0º:

.V2 � V1/
.j /.0/ D 0 D for all j 2 ¹0; : : : ; n � 1º;

and
.V2 � V1/

.n/.0/ ¤ 0:

For simplicity, assume that V1.0/ D 0 and jx�1V 0j .x/j > 0 near 0. The characteristic
sets ƒj ´ ¹�2 C Vj .x/ D E0º associated with Pj � E0, j D 1; 2, are assumed to
satisfy the following:

(i) if E0 > 0 then ƒ1 \ ƒ2 D ¹.0; �0/; .0;��0/º. This is the situation con-
sidered in [3];

(ii) if E0 D 0 then ƒ1 \ƒ2 D ¹.0; 0/º. This is the situation considered in [4].

where �0 D
p
E0. The crossing order m of ƒ1 and ƒ2 is m D n for (i) and m D 2n

for (ii). In (ii), the crossing point .0; 0/ is also a turning point (or caustic), meaning
that @�pj .0; 0/ D 0.

Transfer matrix for (i)

The computation of the transfer matrix for both crossing points is similar (see Remark
1.10), therefore we only detail computations for the transfer matrix at the crossing
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point .0; �0/. Since .0; �0/ is not a turning point, we may solve the eikonal and trans-
port equations and fix a basis of WKB solutions w[1, w[2, w]2 and w]2 for PSc of the
form

w�j .x; h/ D e
i
h

R x
0

p
E0�Vj .y/ dy�j .x/.ej CO.h// (1.15)

where

�j .x/´ cj

�
1 �

Vj .x/

E0

�� 14
and cj ´

s
j@.x;�/pj .0; �0/j

j@�pj .0; �0/j
D

�
1C

V 0j .0/
2

4E0

� 1
4

:

According to Proposition 2.13, the identity �j .0/D cj ensures that those solutions are
normalised in the sense of Definition 1.2. Now, fix a neighborhood � of .0; �0/. The-
orem 1.1 ensures there exist constants ˛�j D ˛

�
j .u/ 2 C such that, for any microlocal

solution u of PScu � 0 near �,

u � ˛�jw
�
j microlocally near ��j :

The transfer matrix TSc.0; �0/ of PSc at .0; �0/ is uniquely defined by T.˛
]
1; ˛

]
2/ D

TSc.0; �0/
T.˛[1; ˛

[
2/. We recall that the crossing order is m D n and that

@x;�pj .0; �0/ D .V
0
j .0/; 2�0/; Hn

p1
p2.0; �0/ D 2

n�n0 .V2 � V1/
.n/.0/; and s D 1:

We then apply Theorem 1.4 and recover the result of Assal, Fujiie, and Higuchi [3]
on the asymptotics of TSc.0; �0/.

Proposition 1.8. In case (i), the transfer matrix TSc.0; �0/ satisfies

TSc.0; �0/ D I2 � ih
1
nC1

�
0 !q.0/

N!q.0/ 0

�
COC2!C2

�
h

2
nC1

�
log

1

h

�ın;1�
;

as h!C0 with

! D �n

�
� sgn..V2 � V1/.n/.0//

2.nC 1/
�
�
�
�nC 2
nC 1

�� 2.nC 1/Š

j.V2 � V1/.n/.0/j

� 1
nC1

:

Remark 1.9. Rigorously speaking, one should first translate the crossing point to
.0; 0/ by conjugating PSc by the Fourier Integral Operator e

i
h
x�0 generated by the

symplectomorphism �.x; �/´ .x; � � �0/. Then, Theorem 1.4 applied to

P´ e�
i
h
x�0 PSc e

i
h
x�0

yields the transfer matrix of P. Deducing the transfer matrix PSc from that of P is
straightforward (see Proposition 2.10).

Remark 1.10. Note that Hn
p1
p2.0;��0/ D .�1/

nHn
p1
p2.0; �0/ so that

TSc.0;��0/ D I2 � ih
1
nC1

�
0 N!q.0/

!q.0/ 0

�
COC2!C2

�
h

2
nC1

�
log

1

h

�ın;1�
:
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Transfer matrix for (ii): turning point

Since .0; 0/ is a turning point, it is not possible to directly construct WKB solutions as
above because E0 � Vj D�Vj changes sign at x D 0. Instead, we remove the turning
point by rotating the phase space with the symplectomorphism �.y; �/´ .�;�y/

in order to have @�.��pj /.0; 0/ D V 0j .0/ ¤ 0. The associated unitary metaplectic

operator is M�
2
´ e

i�
4 Fh where Fh is the semiclassical Fourier transform defined

in (2.11). First, we construct WKB solutions for the rotated operator M�1�
2

PScM�
2

by
solving the eikonal and transport equations with a stationary phase argument, then we
normalise them using Proposition 2.13 as above. We obtain

v�j .y/´ e
i
h
�j .y/�j .y/.ej CO.h//; (1.16)

where �j .y/´
R x
0
V �1j .�y2/ dy and �j .y/´ jV 0j .0/j

1
2 jV 0j .V

�1
j .�y2//j�

1
2 . Next,

we bring back the v�j to normalised WKB3 solutions w�j of the original problem by
setting

w�j .x/´ �iM�
2
v�j .x/´ �iM�

2
Œe
i
h
�j .�/�j .�/�.x/.ej CO.h//: (1.17)

The normalization constant�i comes from the identities‚.pj /D��2 ,‚.��pj /D 0,
and

e�
i‚.pj /

2

p
2�h

Z
R

e�
x2

2hM�
2
v�j .x/ dx D

e
i�
4

p
2�h

Z
R

M�
2
.e�

x2

2h /v�j .x/ dx

D i.1CO.h//:

We finally apply Theorem 1.4 after recalling that m D 2n as well as

@x;�pj .0; 0/ D .V
0
j .0/; 0/; Hn

p1
p2.0; �0/ D

.�1/n.2n/Š

nŠ
.V 01.0//

n.V2 � V1/
.n/.0/;

and s D 1, and recover the result of [4] on the asymptotics of TSc.0; 0/.

Proposition 1.11. In case (ii), the transfer matrix TSc.0; 0/ satisfies

TSc.0; 0/ D I2 � ih
1

2nC1

�
0 !1q.0/

!2q.0/ 0

�
COC2!C2.h

2
2nC1 /;

as h!C0 with

!j D 2
� jV 0

O|
.0/j

jV 0j .0/j

.2nC 1/nŠ

jV 0j .0/j
nj.V2 � V1/.n/.0/j

� 1
2nC1

�
�2nC 2
2nC 1

�
cos
� �

2.2nC 1/

�
2 R:

where O| D 1; 2 is such that ¹j; O|º D ¹1; 2º.

3Rigorously, for (1.17) to rigorously define a WKB solution, we must replace �j .y/ by
��.y/�j .y/ where ��.y/ is a smooth cutoff supported in .�1; 0� for � D [ and Œ0;C1/ for
� D ].
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Comparison of transfer matrices

Let us denote w�j the WKB solutions we defined respectively in (1.15) and (1.16)
on one hand, and v�j those of respectively [3] and [4] on the other hand. From The-
orem 1.1, we know there exist C �j 2 C, j D 1; 2, � 2 ¹[; ]º, such that v�j � C

�
j w
�
j

near C �j . A straightforward computation (somewhat similar to (5.3)) gives

T .w[1; w
[
2; w

]
1; w

]
2/ D diag.C ]1 C

]
2 /T .v

[
1; v

[
2; v

]
1; v

]
2/ diag.C [1 C

[
2/
�1: (1.18)

In case (i), it is easy to see that C [j D E
� 14
0 cj so that .C ]1 /

�1C [2 cancels out with the
term j@.x;�/p2.0; 0/j=j@.x;�/p1.0; 0/j appearing in !1. Therefore, our transfer matrix
is the same as in [3]. In the case (ii), a careful computation yields C [j D

p
2jV 0j .0/j

� 12

and C ]j D i
p
2jV 0j .0/j

� 12 . This explains the factor i appearing between our transfer
matrix and that of [4].

1.5. Notation

We fix some notations. We denote the set of natural numbers by N D ¹0; 1; 2; : : :º.
We write Dxj D i�1@xj . The function space S.Rn/ denotes the set of all smooth,
rapidly decreasing scalar functions on Rn and S0.Rn/ denotes the set of all tempered
distributions on Rn. Let C1

b
.Rn/ denote the symbol class of smooth functions with

bounded derivatives on Rn. For a function space X � S0.Rn/, let MN .X/ with N 2
N n ¹0º be the set of N �N -matrix valued functions whose entries belong to X . For
simplicity, for an h-dependent family of functions a D .ah/0<h�h0 with 0 < h0 � 1
and a Fréchet space X , we write a 2 X if all the seminorms of ah in X are uniformly
bounded with respect to 0 < h � h0. For Banach spaces X and Y , B.X; Y / denotes
the set of all linear bounded operators fromX to Y . For a Banach spaceX , we denote
the norm of X by k�kX . We say that a set S � R2 is compactly contained in another
set T � R2 and write S b T if the closure of S is compact and contained in T .

2. Preliminaries

2.1. Quantization and symbolic calculus

We briefly recall some basic properties of semiclassical and microlocal analysis to fix
the notation. Please refer to the textbooks [9, 17, 22] for more details.

The Weyl quantization of a matrix-valued function aD a.x; �/ 2MN .C
1
b
/ is the

semiclassical pseudodifferential operator aw.x; hDx/ defined by

aw.x; hDx/u.x/´
1

.2�h/n

“
T �Rn

e
i
h
.x�y/��a

�x C y
2

; �
�
u.y/ dy d�; (2.1)
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for vector-valued functions u 2 S.RnICN /. The function a is called the symbol of the
operator aw.x; hDx/. Let ‰h denote the set of semiclassical pseudodifferential oper-
ators with scalar symbols in C1

b
.RnIC/. By the Calderón–Vaillancourt theorem ([22,

Theorem 4.23]), each element of ‰h extends to a bounded operator on L2.RnICN /.
We also define the set ‰comp

h
that consists of operators A 2 ‰h whose integral kernels

are compactly supported and whose wave front sets (defined in the next subsection)
are compact.

For scalar-valued symbols a; b 2 C1
b
.T �RnIC/, there exists a symbol a#b 2

C1
b
.T �RnIC/ such that aw.x; hDx/bw.x; hDx/ D .a#b/w.x; hDx/ and a#b D

ab C h
2i
¹a; bº COC1

b
.h2/, where ¹a; bº D @�a � @xb � @xa � @�b.

We now state some useful boundedness properties of pseudodifferential operators
on L1, used to study the integral operators �˙ that appear in Section 1.3 (see also
Proposition 4.4).

Lemma 2.1. Let A 2‰comp
h

. Then there exists C > 0 (independent of 0 < h� 1) such
that kAkL1!L1 ; kAkW 1;1!W 1;1 � C for 0 < h � 1. Here W 1;1 is the Sobolev
space with the norm kukW 1;1 ´ kukL1 C

Pn
jD1kDxj ukL1 .

Proof. We write
A D aw.x; hDx/ with a 2 S.Rn/.

First, we prove the uniform boundedness of kAkL1!L1 . The proof is essentially the
same as [22, Theorem 7.15] that deals with Fourier multipliers. The integral kernel of
A is given by

Kh.x; y/ D
1

.2�h/n

Z
Rn

a
�x C y

2
; �
�
e
i
h
.x�y/�� d�

An integration by parts shows jKh.x; y/j � Ch�n
�
1C 1

h
jx � yj

��n�1 with a con-
stant C > 0 independent of x; y; h. By Young’s inequality, we have kAukL1 �
Ch�nk.1C 1

h
jxj/�n�1kL1kukL1 D Ck.1C jxj/

�n�1kL1kukL1 , which proves the
uniform boundedness of kAkL1!L1 . Since ŒDxj ; A� D �i.@�j a/

w.x; hDx/ and
@�j a 2 S.Rn/,

kDxjAukL1 � kADxj ukL1 C kŒDxj ; A�ukL1

� .kAkL1!L1 C k.@xj a/
w.x; hDx/kL1!L1/kukW 1;1

� CkukW 1;1 ;

which proves the uniform boundedness of kAkW 1;1!W 1;1 .
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2.2. Microlocalization and wavefront set

Definition 2.2. Let a family f D ¹fhºh2.0;h0� � L
2.RnICN / be tempered in h, that

is, there exists k � 0 such that fh D OL2.h
�k/ as h! 0.

(i) We say f is microlocally infinitely small near a point .x0; �0/ 2 T �Rn and
write

f � 0 m.l. near .x0; �0/;

if there exists �2MN .C
1
b
/ such that �.x0; �0/D 1 and k�w.x;hDx/f .h/kjL2.Rn/D

O.h1/. We also write f � 0 m.l. on � if it is microlocally infinitely small near each
point of �. The semiclassical wavefront set WFh.f / � T �Rn is defined as the set of
points where f is not microlocally infinitely small. We say that f is microlocalised
on a set U whenever WFh.f / � U .

(ii) Let A D aw.x; hDx/ be a pseudodifferential operator with a symbol a 2
MN .C

1
b
/. We say f is a microlocal solution to Af D 0 on � � R2n if Af � 0

m.l. on �.
(iii) f is compactly microlocalised whenever there exists � 2 MN .C

1
c / inde-

pendent of h such that .1 � �w.x; hDx//f D OS.Rn/.h
1/.

Remark 2.3. If f � 0 m.l. near .x0; �0/ 2 T �Rn, then there exists a neighborhood
.x0; �0/ 2 U � T

�Rn such that k�w.x; hDx/f .h/kL2.Rn/ D O.h1/ for any � 2
MN .C

1
c / whose support is contained in U (see [22, Theorem 8.13]).

Definition 2.4. (i) We say a family T D ¹Thºh2.0;h0� of continuous linear operators
Th W S! S0 is tempered if there exists N � 0 such that

kL�NThL�N k D OL2!L2.h
�N / as h! 0,

where L�N ´ .1C jxj2/�N .1C jhDxj
2/�N .

(ii) Let T D ¹Thºh2.0;h0� and S D ¹Shºh2.0;h0� be tempered families of operators
and z and w in T �Rn. We write T � S m.l. near .z; w/ if there exist neighborhoods
U and V of z and w such that

B.T � S/A D OS!S.h
1/:

for any pair of pseudodifferential operators A D aw.x; hDx/ and B D bw.x; hDx/
with supp a � U 0 and supp b � V 0.

(iii) We say that a tempered family T D¹T .h/ºh2.0;h0� of operators is microlocally
invertible near z and w in T �Rn if there exist neighborhoods U and V of z and w
and a tempered family S D ¹Shº.0;h0� of operators such that

ST � I m.l. near .z; z/ and TS � I m.l. near .w;w/:

Then S is called a microlocal inverse near .z; w/ of T . We denote S simply by T �1.
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Lemma 2.5. For anyA2‰h and any compact setK � T �Rn, there existsA0 2‰comp
h

such that A � A0 m.l. on K �K.

Proof. This follows from the pseudolocal property of the pseudodifferential operat-
ors.

Proposition 2.6 (Elliptic parametrix). Let A D aw.x; hDx/ be a pseudodifferential
operator with a matrix-valued symbol a 2MN .C

1
b
/.

(i) If the inequality jdetaj � c holds on U with an h-independent c > 0, thenA
is microlocally invertible near U �U . Moreover, the symbol of each micro-
local inverse of A coincides modulo OMN .C

1
b
/.h/ with a�1 on U .

(ii) Let u be a microlocal solution near U � T �Rn to the pseudodifferential
equation Au.x/ D 0. The first statement implies that one has

WFh.u/ \ U � ¹det a D O.h1/º:

Proof. This follows from the usual parametrix construction (for example, see [22,
Theorem 4.29]). We omit the details.

The following example is given in [22, Section 8.4, Examples].

Example 2.7. For � D �.x/ 2 C1.Rn/ \ L2.Rn/ and � D �.x/ 2 C1.RnIR/

(real-valued), one has WFh.�.x/e
i
h
�.x// � ¹.x; @x�.x//I x 2 supp �º.

2.3. Fourier integral operators

We review some properties of semiclassical Fourier integral operators. We refer to [18,
22] for proofs, details, and related topics.

Definition 2.8. Let � be a symplectomorphism near .0; 0/, that is to say a diffeo-
morphism between neighborhoods of .0; 0/ 2 T �Rn preserving the standard sym-
plectic form d� ^ dx and satisfying �.0; 0/ D .0; 0/.

(i) Let F be a bounded operator on L2.Rn/. We say that the operator F quantises
� near .0; 0/ if for all a 2 C1

b
.T �Rn/, we have

aw.x; hDx/F D Fb
w.x; hDx/ m.l. near ..0; 0/; .0; 0//

where b 2 C1
b
.T �Rn/ satisfies b D ��aCOC1

b
.h/.

(ii) Assume that the projection

¹.x; �; y; �/ 2 T �Rn � T �RnI �.y; �/ D .x; �/º 3 .x; �; y; �/ 7! .x; �/ 2 Rn �Rn

(2.2)
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is a diffeomorphism4 near .0; 0/. A smooth function  defined near .0; 0/ 2 Rn �Rn

is called a generating function5 of � if for .x; �/ near .0; 0/,

�.@� .x; �/; �/ D .x; @x .x; �//; det @x@� .x; �/ ¤ 0;  .0; 0/ D 0: (2.3)

(iii) Under the same assumption as (ii), a bounded operator F D Fh on L2.Rn/ is
called a Fourier integral operator6 associated with � if F is of the form

Fu.x/ D
1

.2�h/n

“
R2n

e
i
h
. .x;�/�y��/˛.x; �/u.y/dyd�;

with a function ˛.x; �/ 2 C1c .R
n �Rn/ supported near .0; 0/ where (2.3) holds and

˛ �
P1
jD0 h

j
j̨ . We say that F is microlocally unitary near ..0; 0/; .0; 0// whenever

˛0.0; 0/ D j@x@� .0; 0/j
1
2 (2.4)

holds.7

Proposition 2.9. Let � be a symplectomorphism near .0; 0/. Assume that the projec-
tion (2.2) is a diffeomorphism near .0; 0/. Then, the following holds.

(i) Egorov’s theorem. Each Fourier integral operator F associated with � and
satisfying ˛0.0;0/¤ 0 quantises � near .0;0/. Conversely, ifF is a bounded
operator on L2.Rn/ quantizing � near .0; 0/, then F is a Fourier integral
operator associated with �.

(ii) If a Fourier integral operator F associated with � is microlocally unitary
near ..0; 0/; .0; 0// and A D aw.x; hDx/ 2 ‰h satisfies a.0; 0/ D 1, then
we can find a Fourier integral operator F 0 such that FA � F 0 m.l. near
..0; 0/; .0; 0// and F 0 is a Fourier integral operator associated with � which
is microlocally unitary near ..0; 0/; .0; 0//.

Proof. The proof is standard and the first statement is given around [18, .4:6/] (see
also [19, Lemma 3.4]). We omit the details.

4This condition is equivalent to the n � n block @x
@y

in the derivative d�.0; 0/ being invert-
ible, where .x; �/ D �.y; �/.

5A generating function always exists due to the assumption that the projection (2.2) is a
diffeomorphism near .0; 0/ due to the implicit function theorem and Poincaré’s lemma.

6We can still define the notion of Fourier integral operators without the assumption on the
projection (2.2). However, the general definition is a bit complicated to state and not needed in
this paper.

7As stated in [18, (4.5)], if F �F � I m.l. near ..0; 0/; .0; 0//, then j˛0.0; 0/j D
j@x@� .0; 0/j

1
2 holds. Here, we impose the stronger condition (2.4) just for simplicity.
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The following proposition is a modified version of [18, Lemma 4.1], and provides
an analogue of a composition formula for Fourier integral operators.

Proposition 2.10. Suppose n D 1. Let p; �; Q� 2 C1.T �R/ be real-valued functions
and � be a symplectomorphism near .0; 0/ such that

• �.0/ D Q�.0/ D �0.0/ D Q�0.0/ D p.0; 0/ D 0 and @.x;�/p.0; 0/ ¤ 0;

• p.x; �0.x// D .��p/.x; Q�0.x// D 0 around x D 0;8

• the projection (2.2) is a diffeomorphism near .0; 0/.

Suppose that a bounded operator F on L2.Rn/ is a Fourier integral operator asso-
ciated with � and is microlocally unitary near ..0; 0/; .0; 0// in the sense of Defini-
tion 2.8 (iii). Then, for Q� D Q�h 2 C1b .R/ satisfying Q�.x/ D Q�0.x/C OC1

b
.h/ with

Q�0 2 C
1
b
.R/ independent of h, we have

F.e
i
h
Q�.x/
Q�/.x/ D e

i
h
�.x/�.x/ (2.5)

with a function � D �h 2 C
1
b
.R/ satisfying �.x/ D �0.x/ C OC1

b
.h/ with �0 2

C1
b
.R/ independent of h. Moreover,

�0.0/ D e
�i
4 �
ˇ̌̌@�.��p/.0; 0/
@�p.0; 0/

ˇ̌̌ 1
2

Q�0.0/: (2.6)

Here, the index � is given by

� D sgn @2.y;�/. Q�.y/ � y � �C  .0; �//j.y;�/D.0;0/;

where  is a generating function of �.

Proof. By the assumption, we can find neighborhoods �; z� of 0 2 R such that
�.zƒ/D ƒ, whereƒD ¹.x; �0.x// j x 2�º and zƒD ¹.x; Q�0.x// j x 2 z�º. By virtue
of [18, Lemma 4.1], we can find � D �0 COC1

b
.h/ satisfying (2.5) and

�0.x/ D e
�i
4 �

˛0.x; �
0.g.x///

j@x@� .x; �0.g.x///j
1
2

jg0.x/j
1
2 Q�0.g.x//; (2.7)

where, g.x/ denotes the function defined near x D 0 such that �.g.x/; Q�0.g.x/// D
.x; �0.x//. The precise value of � is not calculated in [18, Lemma 4.1]. We do not

8These first two conditions with @.x;�/p.0; 0/ ¤ 0 imply @�p.0; 0/ ¤ 0 and
@�.�

�p/.0; 0/ ¤ 0. Conversely, if @�p.0; 0/ ¤ 0 and @�.��p/.0; 0/ ¤ 0 are satisfied, then
such phase functions �; Q� exist due to the implicit function theorem and Poincaré’s lemma.
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include this calculation here, as it can be easily done using a stationary phase argu-
ment. Next, we claim that

g0.0/ D
@�.�

�p/.0; 0/

@�p.0; 0/
(2.8)

holds. Let q D q.x; �/ be a function defined near .0; 0/ such that ��q.x; �/ D x and
q.0; 0/ D 0. Then, one has9 g.x/ D q.x; Q�0.x//, and

g0.x/ D .@xq C Q�
00.x/@�q/.x; �

0.x// D
¹p; qº

@�p
.x; Q�0.x//;

where we use .@xpC Q�00.x/@�p/.x; Q�0.x//D 0, which follows from p.x; Q�0.x//D 0.
Then Q�0.0/ D 0 and ¹p; qº D ¹��p; ��qº D @�.��p/ imply (2.8).

Now, we observe that g.0/ D 0 holds by �.0; 0/ D .0; 0/. Since we assumed F
is microlocally unitary near ..0; 0/; .0; 0//, we have ˛0.0; 0/ D j@x@� .0; 0//j

1
2 (see

Definition 2.8). Combining these with (2.7) and (2.8), we obtain (2.6).

2.4. Metaplectic operators associated with rotations

Fourier integral operators associated with linear symplectic maps can be defined as
unitary operators on L2 and are called metaplectic operators. We recall some proper-
ties of a metaplectic operatorM� WL

2.R/!L2.R/ associated with a one-dimensional
(n D 1) linear symplectic map �� WR2 ! R2 corresponding to a rotation:

�� .x; �/ D ..cos �/x C .sin �/�;�.sin �/x C .cos �/�/: (2.9)

The operator M� is uniquely characterised up to a multiplication by a constant of
modulus one by its unitarity and by the exact form of the Egorov’s theorem:

M�1� aw.x; hDx/M� D .�
�
� a/

w.x; hDx/ for any a 2 C1b .R
2/: (2.10)

In this manuscript, we fix it as an integral operator

M�u.x/ D
j cos � j�

1
2

2�h

Z
R2

exp
� i
h

�
�

tan �
2

�
x2 � 2

x�

sin �
C �2

�
� y�

��
u.y/ dy d�;

for j� j < �
2

, and M�
2
D e

i�
4 Fh, where Fh is the semiclassical Fourier transform

defined by

Fhu.x/ D
1

p
2�h

Z
R

e�
i
h
xyu.y/ dy: (2.11)

9By the definition of g, we have q.x; Q�0.x// D q.�.g.x/;�// D .��q/.g.x/;�/ D g.x/.
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Lemma 2.11. For ��
2
< � � �

2
, one has

M�e
� �
2

2h .x/ D e
i�
2 e�

x2

2h :

Proof. First, we recall that one has Fhe
� �
2

2h .�/ D e�
�2

2h . This implies

M�e
� �
2

2h .x/ D
j cos � j�

1
2

p
2�h

Z
R

exp
�
�ei��2 C i2x� � i.sin �/x2

2h cos �

�
d�

D e�
x2

2h
j cos � j�

1
2

p
2�h

Z
R

exp
�
�ei� .� � ie�i�x/2

2h cos �

�
d�:

Then by the change of variable � D e
i�
2 j cos � j�

1
2 .� � ie�i�x/, and by the Cauchy

theorem, we obtain the required formula.

2.5. Translation only in �-variable

As another special case of symplectic maps, consider

��.x; �/ D .x; � C @x�.x//

for a real-valued function � 2 C1c .R
nIR/. In this case, the multiplication by e

i�
h is

a Fourier integral operator which quantises �� .

Proposition 2.12. Let A D aw.x; hDx/ be a pseudodifferential operator with a 2
S.T �Rn/. One has

e�
i�
h Ae

i�
h D aw� .x; hDx/COS0!S.h

1/;

with a� D ���aCOC1
b
.h/. Moreover, one has

supp a� � ��1� .supp a/:

According to the above proposition, a WKB state remains a WKB state under
the action of a pseudodifferential operator that is, for a polynomially bounded � 2
C1
b
.Rn/ and a symbol a 2 S.T �Rn/, one has

aw.x; hDx/
�
�.x/e

i�.x/
h

�
D

�
aw� .x; hDx/�.x/

�
e
i�.x/
h COS.h

1/: (2.12)
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2.6. Microlocal solutions for the scalar equations away from the crossing point

In this subsection, we review some basic properties of the scalar equations

Pj vj � 0 (2.13)

where Pj D pwj .x; hDx/ and pj satisfies Condition A.
The first and second statements of the following proposition is a version of our

main theorem for the scalar equation. The third statement tells how we choose a con-
stant to get a normalised solution in the sense of Definition 1.2 under the condition
@�pj .0; 0/ ¤ 0. The fourth one ensures that the normalization condition is invariant
under the action of metaplectic transforms with positive small angles, which will be
useful in deducing the connection formula when @�pj .0; 0/ D 0.

Proposition 2.13. Fix j D 1; 2.

(i) The space of microlocal solutions to the equation (2.13) on each connected
small neighborhood of .0; 0/ is one-dimensional.10

(ii) If @�pj .0; 0/ ¤ 0, then for each cj 2 R independent of h, the unique micro-
local solution vj (m.l. near .0; 0/) to (2.13) with vj .0/ D cj CO.h1/ is of
the form

vj .x/ D e
i
h
�j .x/�j .x; h/; �j .0; h/ D cj ; (2.14)

where �j is the unique solution to the eikonal equation

pj .x; �
0
j .x// D 0; �j .0/ D 0 (2.15)

and �j .x; h/ 2 C1b .R/ can be constructed by solving the transport equa-
tions and admits the asymptotic expansion �j .x; h/ �

P
l�0 h

l�j;l.x/.

(iii) The microlocal solution vj given in (2.14) is normalised in the sense of
Definition 1.2 (i) if and only if

cj D

s
j@.x;�/pj .0; 0/j

j@�pj .0; 0/j
: (2.16)

(iv) The metaplectic operator M� maps a normalised microlocal solution vj;�
near .0; 0/ of M�1

�
PjM�v D 0 to that of (2.13), for small � > 0.

10More precisely, there exists a microlocal solution vj to (2.13) such that vj 6� 0 near .0; 0/,
and for any microlocal solution Qvj , there exists a constant k such that Qvj � kvj m.l. near .0; 0/.
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Remark 2.14. The function

� arctan
�@xpj .exp.tHpj /.0; 0//
@�pj .exp.tHpj /.0; 0//

�
has a discontinuity at t D 0 if t D 0 is a simple zero of .@�pj /.exp.tHpj /.0; 0// D 0.
Then, the normalization constants cj;˙" for the WKB solution vj at exp.˙"Hpj /.0;0/
differ by �

2
in the limit "!C0:

lim
"!C0

jcj;C" � cj;�"j D
�

2
:

This gives an elementary explanation how the Maslov index appears.

Remark 2.15. In general, the normalization is not invariant by the action of M� . If
vj;� is a normalised microlocal solution to M�1

�
PjM�vj;� D 0 with ��

2
< � < �

2
,

then the function
vj ´ e�

i�
2 �M�vj;�

is a normalised microlocal solution of Pj vj D 0, where � is given by (2.19).

The proof of (i) and (ii) is well known and we omit to write it here (for the unique-
ness statement, see [8, Lemme 18]). In the following, we prove the parts (iii) and (iv).

Proof of Proposition 2.13 (iii). Let vj .x/ D e
i
h
�j .x/�j .x/ be the microlocal solution

of the form (2.14). For any h-independent ı > 0, the integral outside a ı-neighborhood
of x D 0 is exponentially small with respect to h!C0:ˇ̌̌̌ Z

jxj�ı

e�
x2

2h e
i
h
�j .x/�j .x/dx

ˇ̌̌̌
� Ce�

ı2

2h : (2.17)

On the other hand, if ı > 0 is sufficiently small, the change of the variable x2 �
2i�j .x/D y

2 is valid for x 2 Œ�ı;Cı�. Note that one has �j .x/D 1
2
�00j .0/x

2CO.x3/

as x ! 0, and y D .1 � i�00j .0//
1
2x.1C O.x//. Then it follows from the expansion

�j .x/ D cj CO.x/CO.h/ near x D 0 that

1
p
2�h

Z
jxj�ı

e�
x2

2h e
i
h
�j .x/�j .x/ dx

D
1

p
2�h

Z
jxj�ı

e�
x2

2h e
i
h
�j .x/.cj CO.x/CO.h// dx

D
.1 � i�00j .0//

� 12

p
2�h

Z

ı

e�
y2

2h .cj CO.y/CO.h// D
cj CO.h/

.1 � i�00j .0//
1
2

dy

D

ˇ̌̌ @�pj .0; 0/

@.x;�/pj .0; 0/

ˇ̌̌ 1
2

cj e
i‚.pj /

2 CO.h/; (2.18)
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with a contour 
ı in the complex plane, where we have applied the Cauchy theorem
and the identities

j1 � i�00j .0/j
2
D 1C j�00j .0/j

2
D

ˇ̌̌@.x;�/pj .0; 0/
@�pj .0; 0/

ˇ̌̌2
;

arg..1 � i�00j .0//
� 12 / D

1

2
arctan�00j .0/ D

1

2
arctan

�@xpj .0; 0/
@�pj .0; 0/

�
D �

‚.pj /

2
;

deduced from (2.14). Combining (2.18) with (2.17), we obtain the claim in (iii).

Proof of Proposition 2.13 (iv). Let vj;� satisfy the normalization condition (1.6) and
M�1
�
PjM�vj;� � 0microlocally near the origin. Then Lemma 2.11 together with the

unitarity of M� and M �
�
DM�� shows for ��

2
< � < �

2
the identity

e�
i
2‚.pj /

p
2�h

Z
R

e�
x2

2hM�vj;� .x/ dx D
e�

i
2‚.pj /

p
2�h

Z
R

M��e
� �
2

2h .x/vj;� .x/ dx

which is equal to e
i
2 .‚.pj;� /�‚.pj /��/. By definition of ‚, one has the identity (see

Figure 4)
‚.pj;� / D ‚.pj /C � C ��;

with the index � D �.pj ; �/ 2 ¹0;˙1º determined by

‚.pj /C � C �� 2
h
�
�

2
;
�

2

�
: (2.19)

The proposition follows from the left-continuity with respect to � of ‚.pj;� /.

2.7. Normalised microlocal solutions to the original equation

In this subsection, we discuss the behavior of microlocal solutions to the original
equation

Pu � 0 (2.20)

away from the crossing point .0; 0/ 2 T �R. The following proposition is an analogue
for the matrix-valued equation of Proposition 2.13.

Proposition 2.16. The following statements hold.

(i) For each j D 1; 2 and � 2 ¹[; ]º, the space of microlocal solutions to the
equation (2.20) on 
�j is one-dimensional, where 
�j is introduced in Condi-
tion B.
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Figure 4. Rotation of the symbol pj by �� for various � and the relation between ‚.pj /,
‚.pj;� /, and � for each case (see (2.19)).

(ii) Suppose that
@�p1.0; 0/ ¤ 0 and @�p2.0; 0/ ¤ 0 (2.21)

hold. Each microlocal solution w�j to (2.20) m.l. on 
�j is given by

w�j D e
i�j
h

�
�j;1

�j;2

�
; WFh.w�j / � 


�
j ; (2.22)

where �j is the same as (2.15) and �j;k.x; h/ 2 C1b .R n ¹0º/ can be con-
structed by solving the transport equations and admits the asymptotic
expansion �j;k.x; h/ �

P
l�0 h

l�j;k;l.x/ with �j;3�j;0 D 0. Moreover, the
principal part �j;j;0 is smooth at x D 0 (see [2, Remark 5.2]).
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(iii) The microlocal solution wj given in (2.22) is normalised in the sense of
Definition 1.2 (ii) if and only if we choose �j;j;0.0/ as (2.16).

(iv) The metaplectic operator M� maps a normalised microlocal solution wj;�
near .0; 0/ of M�1

�
PM�u D 0 to that of (2.20), for small � > 0.

Remark 2.17. The amplitudes �j;k are singular at x D 0, which corresponds to the
crossing point of p1 and p2. In other words, the usual WKB construction does not
work at x D 0.

The proof of (i) and (ii) is more or less well known. In fact, both (i) and (ii) are
consequences of [2, Appendix B.2 and Proposition 5.1] whenever (2.21) holds. When
condition (2.21) is violated, we choose � 2 R such that ��

�
p1 and ��

�
p2 satisfy (2.21).

By virtue of (2.9) and (2.10), the problem can be reduced to the case where (2.21)
holds. We omit the details. Part (iii) directly follows from Proposition 2.13 (iii).

Let us consider the case where the operator P is of the following form:

P D Pnf ´

�
hDx hR1

hR2 hDx � f .x/

�
;

where f 2 C1
b
.RIR/ be a smooth, real-valued function vanishing at x D 0, and R1,

R2 2 ‰
comp
h

are pseudodifferential operators. In this case, the functions �j and vj are
explicitly written as

�1.x/ D 0; �2.x/ D F.x/ D

xZ
0

f .y/ dy;

v1.x/ D 1; v2.x/ D e
i
h
F.x/.1C if 0.0//

1
2 :

However, for simplicity, we use the WKB solutions Qvj .x/ normalised by j Qvj .0/j D 1
instead of vj .x/. The normalised solutions are given by

Qv1.x/ D v1.x/ D 1; Qv2.x/ D e
i
h
F.x/:

Then the WKB solutions zw�j to the equation Pw D 0 associated with zvj admit the
asymptotic behavior

zw�1.x/ D

�
1COC1

b
.h/

OC1
b
.h/

�
; zw�2.x/ D e

i
h
F.x/

�
OC1

b
.h/

1COC1
b
.h/

�
.� D [; ]/: (2.23)

The construction of such microlocal solutions is detailed in Appendix B.
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2.8. Outline of the proof of Theorems 1.1 and 1.4

In this manuscript, we prove our main results in the following way. In Section 3, we
show the existence of a Fourier integral operator F which reduces the original equa-
tion Pu D 0 to the reduced equation PnfF

�u D 0 microlocally near .0; 0/. Then in
Section 4, we prove our main theorems for the reduced operator. Finally, in Section 5,
we study the correspondence between the transfer matrices for the original operator
and for the reduced operator.

In more detail, the normal form reduction of Section 3 is done by a classical
argument. The symplectomorphism � is taken so that ��p1.x; �/ D �. Then we can
factorise ��p2D a0.x; �/.� � f .x//with an elliptic factor a0 by the implicit function
theorem, which allows us to regard its quantization as a simple first order operator. By
the standard quantization procedure ([22, Section 11.2]), we can find Fourier integral
operators F1 and F2 which both quantise � such that F �j PjFj for j D 1; 2 are of
simple forms. The operator F is defined by F D diag.F1 F2/.

The proof in Section 4 of the existence and uniqueness of the microlocal solu-
tions for given microlocal Cauchy data and the asymptotics of the transfer matrix
for the reduced operator is done by a microlocal method. This differs from the use
of exact solutions in previous studies, especially for the tangential case [3, 15]. The
main ingredient of this section is the estimate of an integral operator where the phase
function of the integrand has a degenerate stationary point.

To compare the transfer matrices, we study in Section 5 the linear relationship
between u and F v, where u is a microlocal solution to the original equation Pu D 0

and v is that to the reduced equation Pnfv D 0. To see that, we study the action of
the Fourier integral operator on WKB states. We also write the computation of the
asymptotic behavior shown in Theorem 1.4 at the end of this section.

3. Reduction to a matrix normal form

In this section, we construct a normal form of our original operator P introduced in
Section 1.1.

Theorem 3.1. Assume that Conditions A and B are true. Then, there exist

• a symplectomorphism � near .0; 0/ (see Definition 2.8);

• pseudodifferential operators A D aw.x; hDx/ 2 ‰h and Rj D rwj .x; hDx/ 2

‰
comp
h

for j D 1; 2 with a; r1; r2 2 C1b .R
2/;

• a real-valued function f 2 C1
b
.RIR/;

• a family F D ¹Fhºh2.0;h0� D diag.F1 F2/ of L2-bounded operators microlocally
invertible near ..0; 0/; .0; 0//,
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such that the following holds.

(i) We have

F �1PF � diag.1 A/
�
hDx hR1

hR2 hDx � f .x/

�
m.l. near ..0; 0/; .0; 0//:

(ii) The operator A is microlocally invertible near ..0; 0/; .0; 0//. Both operat-
ors F1 and F2 quantise � and are microlocally unitary near ..0; 0/; .0; 0//
in the sense of Definition 2.8.

(iii) .��p1/.x; �/ D � around .0; 0/, @�.��p2/.0; 0/ ¤ 0 and

@�pj .0; 0/ ¤ 0 .j D 1; 2/)
@�p1.0; 0/@�p2.0; 0/

@�.��p1/.0; 0/@�.��p2/.0; 0/
> 0:

(3.1)

(iv) Setting c D .@�.��p2/.0; 0//�1, we have

r1.0; 0/ D q1.0; 0/CO.h/; r2.0; 0/ D cq2.0; 0/CO.h/

and

f .k/.0/ D 0 .0 � k � m � 1/; f .m/.0/ D �c.Hm
p1
p2/.0; 0/: (3.2)

(v) In the tangential case m � 2, the constant c is independent of � and calcu-
lated explicitly as

c D s
j@.x;�/p1.0; 0/j

j@.x;�/p2.0; 0/j
;

s D sgn.@.x;�/p1.0; 0/; @.x;�/p2.0; 0//R2 D sgn.Hp1.0; 0/;Hp2.0; 0//R2 :

Remark 3.2. In the transversal case, the constant c does depend on the choice of �.

This theorem is proven in two steps. We first find a symplectomorphism � which
reduces the symbols into a normal form (Lemma 3.3). We then construct a suitable
quantization F of � in the second step. Lemma 3.4 is the crucial part in the second
step.

Lemma 3.3. There exist a locally elliptic real-valued symbol a0 2 C1b .R
2/, a sym-

plectomorphism � near .0; 0/, and a real-valued function f 2 C1
b
.RIR/ satisfy-

ing (3.2) and the properties in Theorem 3.1 (iii) such that´
.��p1/.x; �/ D �;

.��p2/.x; �/ D a0.x; �/.� � f .x//:

Moreover, we have a0.0; 0/D @�.��p2/.0; 0/ and the constant c satisfies the property
stated in Theorem 3.1 (v).
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Proof. We proceed in four steps.

Step 1. First, we construct a symplectomorphism � near .0; 0/ satisfying the proper-
ties in Theorem 3.1 (iii). By virtue of Darboux’s theorem ([22, Theorem 12.1] with
AD ¹1º and B D ;), there exists a symplectomorphism �0 preserving .0; 0/ such that
.��0p1/.x; �/ D �.

(1) In the tangential case, Condition B implies ¹p1; p2º.0; 0/ D 0 and hence

@x.�
�
0p2/.0; 0/ D ¹.�

�
0p1/; .�

�
0p2/º.0; 0/ D 0;

where we use the fact that �0 preserves the Poisson bracket (see Jacobi’s formula in
[22, Theorem 2.10]). Then we obtain @�.��0p2/.0;0/¤0 from Condition A. Moreover,
the condition (3.1) is automatically satisfied in the tangential case. Thus, we can take
� ´ �0.

(2) In the transversal case, it may happen that @�.��0p2/.0; 0/ D 0 (for instance,
one can consider .��0p2/.x; �/ D x) or (3.1) may not be satisfied. In this case, we
obtain the desired � by composing �0 with a linear symplectomorphism ��. More
precisely, we define ��.x; �/ D .x C ��; �/ and put � ´ �0 ı ��, where � 2 R is
determined below. It is easy to check that the mapping � is a symplectomorphism
preserving .0; 0/, satisfying .��p1/.x; �/ D � and

@�.�
�p2/.0; 0/ D @x.�

�
0p2/.0; 0/C @�.�

�
0p2/.0; 0/

D �¹p1; p2º.0; 0/C @�.�
�
0p2/.0; 0/:

Since ¹p1; p2º.0; 0/ ¤ 0, we can find � 2 R such that @�.��p2/.0; 0/ ¤ 0 and (3.1)
(by choosing a sufficiently large � with the appropriate sign).

Step 2. According to the implicit function theorem with @�.��p2/.0; 0/ ¤ 0, there
exists a globally defined, real-valued, smooth function f such that, in a neighborhood
of .0; 0/,

.x; �/ 2 ¹��p2 D 0º () � D f .x/:

On the other hand, Taylor’s theorem at .x; �/ D .x; f .x// implies

.��p2/.x; �/ D a0.x; �/.� � f .x//;

where

a0.x; �/´

1Z
0

@�.�
�p2/.x; f .x/C t .� � f .x/// dt:

Since .0; 0/ 2 ƒ2, we have f .0/ D 0 and hence a0.0; 0/ D @�.��p2/.0; 0/ ¤ 0.
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Step 3. We prove that the function f satisfies (3.2). To this end, we observeH k
p1
p2 D

@kx.�
�p2/ due to Jacobi’s formula [22, Theorem 2.10] with .��p1/.x; �/ D �. Then

Condition B implies

.@kx.�
�p2//.0; 0/ D 0 .k 2 ¹1; : : : ; m � 1º/;

.@mx .�
�p2//.0; 0/ D .H

m
p1
p2/.0; 0/ ¤ 0:

(3.3)

Differentiating the implicit equation .��p2/.x; f .x// D 0, we obtain

f 0.x/ D �
.@x.�

�p2//.x; f .x//

.@�.��p2//.x; f .x//
:

Here we note that the denominator is a smooth function that does not vanish around
x D 0 by Step 1. For the higher order derivatives, we inductively obtain

f .k/.x/ D �
.@kx.�

�p2//.x; f .x//

.@�.��p2//.x; f .x//
C gk.x/; (3.4)

where gk is a sum of terms having a factor of .@lx.�
�p2//.x;f .x// with l 2 ¹0; 1; : : : ;

k � 1º and hence gk.0/ D 0 for k 2 ¹1; : : : ; mº by (3.3). In fact, this formula is true
for k D 1 so that

@

@x
..@kx.�

�p2//.x; f .x///

D .@kC1x .��p2//.x; f .x// �
.@x.�

�p2//.x; f .x//.@�@
k
x.�
�p2//.x; f .x//

.@�.��p2//.x; f .x//
;

which proves (3.4). Now, the identity (3.4) with (3.3) and gk.0/D 0 for k 2 ¹1; : : : ;mº
shows (3.2).

Step 4. Finally, we see that c D .@�.�
�p2/.0; 0//

�1 satisfies the property in The-
orem 3.1 (v). Supposem � 2. In this case, one hasHp1p2.0; 0/ D ¹p1; p2º.0; 0/ D 0
and hence p2.x; �/ D Qcp1.x; �/C O.j.x; �/j2/ near .x; �/ D .0; 0/ with a constant
Qc 2 R. The condition @.x;�/p2.0; 0/ ¤ 0 implies that

Qc D
h@.x;�/p1.0; 0/; @.x;�/p2.0; 0/i

j@.x;�/p1.0; 0/j2
¤ 0:

Then, we have ��p2.x; �/ D Qc��p1.x; �/ C O.j.x; �/j2/ D Qc� C O.j.x; �/j2/ and
hence c�1 D @�.��p2/.0; 0/ D Qc.

Lemma 3.4. Let � be a symplectomorphism as in Lemma 3.3. Then there exist an
operator F0 that quantises � and is microlocally invertible near ..0; 0/; .0; 0// in the
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sense of Definition 2.8 (i) and three pseudodifferential operators A D aw.x; hDx/,
B1 D b

w
1 .x; hDx/, B2 D b

w
2 .x; hDx/ with a; b1; b2 2 C1b .R

2/ such that

.F0B1/
�1P1.F0B1/ � hDx; .F0B2/

�1P2.F0B2/ � A.hDx � f .x//;

microlocally near ..0; 0/; .0; 0//, a.0; 0/ D a0.0; 0/ C O.h/, and bj .0; 0/ D 1

(j D 1; 2). In particular, A is microlocally invertible near ..0; 0/; .0; 0//.

Proof. By Lemma 3.3 and [22, Theorem 11.6], there exists a unitary operator F0 that
quantises � microlocally near ..0; 0/; .0; 0//. In particular, we have

F �10 P1F0 � hDx C h"
w
1 ; F �10 P2F0 � A0.hDx � f .x//C h"

w
2 ;

microlocally near ..0; 0/; .0; 0//, with "1; "2 2 C1b , where we put A0 D aw0 .x; hDx/
with a0 defined in Lemma 3.3. The proof of [22, Theorem 12.3] (see [22, .12:2:11/])
shows the existence of pseudodifferential operators B1 D bw1 and B2 D bw2 such that
b1.0; 0/ D b2.0; 0/ D 1 and

B�11 .hDx C h"
w
1 /B1 � hDx; B�12 .hDx � f .x/C hA

�1
0 "

w
2 /B2 � hDx � f .x/

microlocally near ..0;0/; .0;0//. We used the fact thatA0,B1 andB2 are microlocally
invertible near ..0;0/; .0;0// thanks to Proposition 2.6. Now, the lemma is proven with
A D B�12 A0B2.

Now, we prove Theorem 3.1.

Proof of Theorem 3.1. We define F ´ diag.F1 F2/withF1DF0B1 andF2DF0B2.
Since F0 quantises �, the operators F1 and F2 quantise � as well by the compos-
ition rule of the pseudodifferential operators (Proposition 2.9 (ii)). This proves (ii).
Lemma 3.4 yields

F �1PF �

�
hDx hF �11 Q1F2

hF �12 Q2F1 A.hDx � f .x//

�
�

�
1 0

0 A

��
hDx hR1

hR2 hDx � f .x/

�
m.l. near ..0; 0/; .0; 0//, where we set R1 D F �11 Q1F2 and R2 D A�1F �12 Q2F1.
Thus, (i) follows.

Since F0 quantises �, its conjugation F �10 QjF0 is a pseudodifferential operator
with symbol ��qj C OC1

b
.h/ near .0; 0/ (see Proposition 2.9). Recall that we have

put Fj D F0Bj with pseudodifferential operators Bj D bwj with bj .0; 0/ D 1. There-
fore, R1 and R2 are pseudodifferential operators whose symbols r1; r2 2 C1b satisfy
r1 D b

�1
1 b2�

�q1 C OC1
b
.h/ and r2 D a�1b1b�12 ��q2 C OC1

b
.h/ near .0; 0/ by the

composition rule. Next, we observe that a.0; 0/D a0.0; 0/CO.h/D @�.�
�p2/.0; 0/

.¤ 0/C O.h/. Hence, r2.0; 0/ D a.0; 0/�1q2.0; 0/ D cq2.0; 0/C O.h/, where we
recall �.0; 0/ D .0; 0/ and that we have defined c D .@�.��p2/.0; 0//�1. The relation
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r1.0; 0/ D q1.0; 0/C O.h/ is proved similarly. This concludes the proof of the first
statement of (iv).

(v) and the second statement of (iv) follow from Lemma 3.3. Moreover, we may
assume that both F1 and F2 are microlocally unitary near ..0;0/; .0;0// thanks to Pro-
position 2.9 (ii). This with the microlocal invertibility of A (Lemma 3.4) proves (iii),
which concludes the proof.

4. Microlocal connection formula for the reduced equation

In this section, we work with the reduced operator

P D Pnf D

�
hDx hR1

hR2 hDx � f .x/

�
where R1; R2 2 ‰

comp
h

and f 2 C1
b
.R/ is a real-valued function such that

f .j /.0/ D 0 for j D 0; 1; : : : ; m � 1; f .m/.0/ ¤ 0: (4.1)

Note that one has 
 [1 D ¹� D 0; x < 0º \�, 
]1 D ¹� D 0; x > 0º \�, 
 [2 D ¹� D
f .x/; x < 0º \�, and 
]2 D ¹� D f .x/; x > 0º \�. We fix I [ b .�1; 0/, I ] b
.0;C1/ and two microlocal solutions W�j of Pu D 0 near each ��j 2 


�
j for � D [; ]

and j D 1; 2 such that locally for x 2 I �,

W�1.x/ D
�
1COC1

b
.h/

OC1
b
.h/

�
and W�2.x/ D e

i
h
F.x/

�
OC1

b
.h/

1COC1
b
.h/

�
: (4.2)

Such solutions exist as stated in Proposition B.1. For R;R0 2 ‰comp
h

and fixed x0 < 0,
we define

F.x/´

xZ
0

f .y/dy; �0;Rv.x/´

xZ
x0

Rv.y/ dy;

�˙;Rv.x/´

xZ
x0

e˙
i
h
F.y/Rv.y/ dy:

Moreover, we define

�C´ �C;.R1/f ; �� D ��;R2 ; K1´ ��C ı ��; K2´ ��C ı ��; (4.3)

where we set Rf ´ e�
i
h
F.x/Re

i
h
F.x/
2 ‰

comp
h

. From (4.1), it is easy to see

F .j /.0/ D 0 for j D 0; 1; : : : ; m; F .mC1/.0/ D f .m/.0/ ¤ 0: (4.4)
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We consider the following microlocal Cauchy problem:

Pu � 0 m.l. on �; u � ˛[jW[j m.l. near �[j ; (4.5)

where�b R2 is an open neighborhood of .0; 0/, ˛[j 2C, and �[j 2 

[
j \� (j D 1;2).

The next propositions are the main results of this section. The first one states the
uniqueness and the existence of the microlocal Cauchy problem (4.5) and the second
one provides the asymptotic expansion of the transfer matrix.

Proposition 4.1 (Existence and uniqueness for the reduced problem). There exist
h0 2 .0; 1� and an open neighborhood � b R2 of .0; 0/ such that the following holds
for h 2 .0; h0�.

(i) The solution of the microlocal Cauchy problem (4.5) is unique. Namely, if a
tempered family u satisfies (4.5) with ˛[1 D ˛

[
2 D 0 for some �[j 2 


[
j \�

(j D 1; 2), then
u � 0 m.l. on �:

(ii) Let �[j 2 

[
j \ �. Then, for each .˛[1; ˛

[
2/ 2 C2, there exists a tempered

family uD T.u1; u2/ such that (4.5) is true. Moreover, if ˛[j is depending on
h > 0 and j˛[j j D O.1/ as h! 0, then

u1.x/ � ˛
[
1 � i˛

[
2�C.1/.x/COL1

�
h

2
mC1

�
log

1

h

�ım;1�
(4.6)

u2.x/ � e
i
h
F.x/.˛[2 � i˛

[
1��.1/.x//COL1

�
h

2
mC1

�
log

1

h

�ım;1�
(4.7)

hold m.l. on �. Here, 1 denotes the constant function equal to one.

Now, we can define the transfer matrix T with respect to the basis which we have
fixed in (4.2). In fact, from Proposition 4.1, we can define a linear map .˛[1; ˛

[
2/ 2

C2 7! u whose range is included in the set of tempered families u satisfying (4.5).
From Proposition 2.16, for j D 1; 2 there exists ˛]j 2 C such that u D ˛]jW]j m.l. near

�
]
j . Then, we have a linear map u 7! .˛

]
1; ˛

]
2/ 2 C2. We let T W .˛[1; ˛

[
2/ 7! .˛

]
1; ˛

]
2/ be

the composition of these two linear maps.

Proposition 4.2 (Microlocal connection formula for the reduced operator). The mat-
rix T admits the asymptotic formula

T D

�
1 0

0 1

�
� ih

1
mC1

�
0 r1.0; 0/!

r2.0; 0/ N! 0

�
CO

�
h

2
mC1

�
log

1

h

�ım;1�
;

where rj are symbols of Rj ,

Rj D r
w
j .x; hDx/;
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and

! D 2�m

�sgn.f .m/.0//
2.mC 1/

�
�
�
�mC 2
mC 1

�� .mC 1/Š
jf .m/.0/j

� 1
mC1

: (4.8)

with �m.�/´ 2�1.ei� C ei.�1/
mC1� /.

We prove those two propositions in the Sections 4.4 and 4.5 after a few prelimin-
ary lemmas. By Lemma 2.5, we may assume that for a compact neighborhood S � R

of 0,

suppER1 [ suppER2 � S � S; f 0.x/ ¤ 0 for x 2 S n ¹0º; (4.9)

where ERj denotes the integral kernel of Rj .

4.1. Microlocal Duhamel principle of the scalar equation

Lemma 4.3 (Microlocal Duhamel formula for the scalar equation). Let u and v be
tempered families of L2 functions, R 2 ‰comp

h
, and�� R2 be an open neighborhood

of .0; 0/ such that its intersection with ¹� D f .x/º is connected. Suppose that u and
v satisfy

.hDx � f .x//uC hRv � 0 m.l. on �: (4.10)

Then, for each x0 2 R, there exists a constant C 2 C such that

u.x/ � e
i
h
F.x/

�
C � i

xZ
x0

e�
i
h
F.y/Rv.y/ dy

�
m.l. on �: (4.11)

Proof. Put w.x/´ �ie
i
h
F.x/

R x
x0
e�

i
h
F.y/Rv.y/ dy. By (4.10), one has

.hDx � f .x//.u.x/ � w.x// � 0 m.l. on �:

On the other hand, we clearly have .hDx � f .x//.e
i
h
F.x// D 0. By the uniqueness

of the microlocal solutions (Proposition 2.13 i), they are linearly dependent. This
proves (4.11).

4.2. Estimates for integral operators

The purpose of this subsection is to derive some estimates for the integral operators
related to the Duhamel formula (4.10). The following proposition corresponds to [11,
Proposition 3.1] or [3, Proposition 3.8].
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Proposition 4.4. Fix i D 1; 2. There exists an h-independent constant C > 0 such
that the following holds.

(i) We have

k�˙kL1!L1 � C; k�˙.1/kL1 � Ch
1

mC1 ; (4.12)

kKj kL1!L1 � Ch
1

mC1 ; kKj .1/kL1 � Ch
2

mC1

�
log

1

h

�ım;1
; (4.13)

for 0 < h � 1 and j D 1; 2.

(ii) Let I[ b .�1; 0/ and I] b .0;1/. Then,

k�˙.1/kL1.I[/ D O.h/; kKi .1/kL1.I[/ D O.h/;

k�˙.1/ � !˙r˙.0; 0/h
1

mC1 kL1.I]/ D O.h
2

mC1 /;

as h! 0, where !C D !, !� D N!, rC D r1, and r� D r2. We recall that
! is given in (4.8).

Remark 4.5. In general, k�jukL1 DO.h
1

mC1 / and kKjukL1 �Ch
2

mC1
�
log 1

h

�ım;1
do not hold as h ! 0 even if u D uh is a uniformly bounded family in L1 and
its optimal bound of the first estimate is O.1/. The second inequalities in (4.12)
and (4.13) mean that these bounds can be improved if u is the constant function 1.

Proof. First, we observe that conditions (4.4) and (4.9) allow us to use the degenerate
stationary phase theorem (Lemma A.1) in the following proof.

(i) First, we claim that there exists C > 0 such that

k�˙kL1!W 1;1 � C; k�˙kW 1;1!L1 � Ch
1

mC1 (4.14)

for 0 < h � 1, where kukW 1;1 D kukL1 C kDxukL1 . We prove it for �C and the
proof for �� is similar. By the definition of ‰comp

h
, there exists a compact interval

J � R (independent of 0 < h � 1) such that .R1/f D �J .R1/f , where �J is the
characteristic function of the subset J . We also note that .R1/f 2 ‰

comp
h

by Proposi-
tion 2.12 and .R1/f D �J .R1/f . By Hölder’s inequality and the definition of �C,

k�CukL1 �k�J kL1k.R1/f kL1!L1kukL1 � CkukL1 ;

where we use Lemma 2.1 for the uniform boundedness of .R1/f on L1. Moreover,

Dx ı �Cu.x/ D �ie
i
h
F.x/�J .x/.R1/f u.x/;
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which implies kDx ı �CkL1!L1 � k�J kL1k.R1/f kL1!L1 � C . These prove
the first inequality in (4.14). The second inequality in (4.14) follows from the degen-
erate stationary phase estimate (A.1):ˇ̌̌̌ xZ

x0

e
i
h
F.x/�J .y/.R1/f u.y/ dy

ˇ̌̌̌
� Ch

1
mC1 k�J .R1/f ukW 1;1 � C 0kukW 1;1 ;

where we use the trivial bound sup0<h�1h
1

mC1 log
�
1
h

�
<1 and the uniform bounded-

ness of .R1/f D �J .R1/f between W 1;1 stated in Lemma 2.1.
The first estimate in (4.12) directly follows from (4.14). Using (4.14) again, we

obtain

kK1kL1!L1 � k�1kW 1;1!L1k�2kL1!W 1;1 � C 0h
1

mC1 ;

which shows the first bound in (4.13) regarding K1. The proof for K2 is similar.
Next, we deal with the second inequality in (4.12). We note

�C.1/.x/ D

xZ
x0

eC
i
h
F.y/ah.y/ dy;

where ah.x/´ �J .x/.R1/f .1/.x/. Clearly, for each ˛ 2N, j@˛xah.x/j are uniformly
bounded with respect to 0 < h � 1 and x 2 R by (2.12). Then, the inequality

k�C.1/kL1 � Ch
1

mC1

follows from the degenerate stationary phase estimate (A.1). The proof for �� is sim-
ilar.

Finally, we prove the second estimate in (4.13). We deal withK1 only. Set g.x/D
.R1/f ��.1/.x/. Since .R1/f 2 ‰

comp
h

, the function w is supported in a compact
subset which is independent of 0 < h � 1. By the degenerate stationary phase estim-
ate (A.1), we have

jK1.1/.x/j D

ˇ̌̌̌ xZ
x0

e
i
h
F.y/g.y/ dy

ˇ̌̌̌
� Ch

1
mC1 kgkL1 C Ch

2
mC1

�
log

1

h

�ım;1
kDxgkL1 ;

where C > 0 is independent of x 2 R and 0 < h � 1. On the other hand, kgkL1 D
O.h

1
mC1 / and kDxgkL1 D O.1/ due to (4.12), (4.14), and Lemma 2.1. This com-

pletes the proof.
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(ii) The derivative of the phase F of e
i
h
F.x/ does not vanish on S appearing

in (4.9), so an integration by parts and the W 1;1-boundedness of .R1/f and R2
(Lemma 2.1) give k�˙.1/kL1.I[/ D O.h/ as well as kK1.1/kL1.I[/ D O.h/.

The last estimate comes from the degenerate stationary expansion (A.2) due to the
conditions (4.4) and (4.9).

We need one more technical lemma.

Lemma 4.6. Let I[ b .�1; 0/ and i D 1; 2. If r 2 L1.R/ satisfies krkL1.I[/ D
O.h1/ for all I[ b .�1; 0/, then

k�˙rkL1.I[/ D O.h1/; kKirkL1.I[/ D O.h1/:

Proof. We only consider �C and K1. We writeeI[´ Conv.I[; ¹x0º/;

where Conv.A; B/ denotes the convex hull of the sets A; B . Since x0 < 0, we have
krk

L1.eI[/ D O.h1/. Moreover, we have k�CrkL1.I[/ � jeI[jk.R1/f rkL1.eI[/ and
kK1rkL1.I[/ � j

eI[jk.R1/f ��rkL1.eI[/. Since both .R1/f and R2 are pseudolocal,
the estimate follows.

4.3. Existence of basis of the microlocal solution space

In this subsection, we construct a basis of microlocal solutions near the crossing point
via Neumann series.

Lemma 4.7. There exist tempered families v; Qv 2 L1.RIC2/ such that the following
holds as h!C0: Let� b R2 be an open neighborhood of .0; 0/ and I[ b .�1; 0/.

(i) kvkL1.RIC2/; k QvkL1.RIC2/ D O.1/;

(ii) The functions v; Qv are exact solutions: Pv D 0 and P Qv D 0;

(iii) There exists an h-dependent matrix A D .Aij / 2 M2.C/ such that A D
I CO.h/ and

v � A11W[1 C A12W
[
2; Qv � A21W[1 C A22W

[
2 m.l. on � \ .I[ �R/I

(4.15)

(iv) We have

v.x/ D

�
1

�ie.
i
h
F /.x/��;R2.1/.x/

�
COL1.RIC2/

�
h

2
mC1

�
log

1

h

�ım;1�
;

Qv.x/ D

�
�i�C;.R1/f .1/.x/

e
i
h
F.x/

�
COL1.RIC2/

�
h

2
mC1

�
log

1

h

�ım;1�
:
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Proof. We observe that kKj kL1!L1 D O.h
1

mC1 / by Proposition 4.4, and hence
the Neumann series .I � Kj /�1 D

P1
`D0K

`
j converges in the operator topology in

L1.R/ for sufficiently small h > 0.
We observe that the exact equation Pu D 0 for u D T.u1; u2/ can be written

as in (1.13) (with the notation (4.3)). Let us define v D T.v1; v2/ and Qv D T. Qv1; Qv2/

as (1.13) with .˛[1; ˛
[
2/ D .1; 0/ and .˛[1; ˛

[
2/ D .0; 1/ respectively:

v1´

1X
`D0

K`1.1/; v2´ �ie
i
h
F.x/��.v1/;

Qv2´ e
i
h
F.x/

1X
`D0

K`2.1/; Qv1´ �i�C. Qv2/:

Then it is easy to check property (i) because kKj kL1!L1 D O.h
1

mC1 /. Property (ii)
is clearly satisfied by the construction of v and Qv.

We observe that k
P1
`D1K

`
j .1/kL1 D O.h

2
mC1

�
log 1

h

�ım;1/ holds for j D 1; 2 by
Proposition 4.4. Then, property (iv) can be deduced from the definition of Qh and v; Qv.

Finally, we prove (iii). By the uniqueness result of the microlocal solution away
from the crossing point (Proposition 2.16 (i)), we can find a (h-dependent) matrixAD
.Aij / 2 M2.C/ such that (4.15) holds. Thus, we only need to prove A D I C O.h/

as h! 0. We observe that

k�˙.1/kL1.I[/ D O.h/; kK`j .1/kL1.I[/ D O.h/;

for j D 1; 2 and ` � 1 by Proposition 4.4 (ii). Using these estimates and the iden-
tity (4.2), we obtain

v.x/ D

�
1

0

�
COL1.I[IC2/.h/ D W[1.x/COL1.I[IC2/.h/;

Qv.x/ D e
i
h
F.x/

�
0

1

�
COL1.I[IC2/.h/ D W[2.x/COL1.I[IC2/.h/:

uniformly in x 2 I[. Therefore, the identity A D I CO.h/ follows.

4.4. Proof of the existence and the uniqueness of the microlocal solution

Proof of Proposition 4.1. (i) Let u be a tempered family satisfying (4.5) with
˛[j D 0 for j D 1; 2. By the uniqueness result away from the crossing point (Pro-
position 2.16 (i)), it suffices to prove u � 0 m.l. near .0; 0/. Taking � sufficiently
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small and cutting u off appropriately in the phase space, we may assume11

u is compactly microlocalised and WFh.u1/ [WFh.u2/ � ƒ1 [ƒ2. (4.16)

First, we claim

kuj kL1.I / D O.h1/ for all I b .�1; 0/ and j D 1; 2: (4.17)

Using ˛[j D 0 for j D 1; 2, we have WFh.uj / \ ..�1; 0/ � R/ D ; by Propos-
ition 2.16 and (4.16). Since u D T.u1; u2/ is compactly microlocalised, we obtain
equation (4.17).

Next, we show

u1.x/ � K
N
1 u1.x/ m.l. on � (4.18)

for all N 2 N. By Lemma 4.3, there exists C2;1 2 C such that

u2.x/ � e
i
h
F.x/.C2;1 � i��;R2u1.x// m.l. on �:

By Lemma 4.6 and (4.17), ku2kL1.I /; k��u1kL1.I / D O.h1/ for all I b .�1; 0/.
These estimates imply C2;1 D O.h1/ and hence

u2.x/ � �ie
i
h
F.x/��u1.x/ m.l. on �:

Substituting this identity to the first entry of the system in (4.5), we have

hDxu1 � ihR1.e
i
h
F.x/��u1.x// � 0 m.l. on �:

By using Lemma 4.3 (with f D 0) again, we find C1;1 2 C satisfying

u1.x/ � C1;1 CK1u1 m.l. on �;

where we use R1e
i
h
F.x/
D e

i
h
F.x/.R1/f . A similar argument shows C1;1 D O.h1/

and hence

u1.x/ � K1u1.x/ m.l. on �:

This proves (4.18) with N D 1. Continuing this procedure, we obtain12 (4.18) for all
N 2 N.

11(4.5) just implies .WFh.u1/ [WFh.u2// \� � ƒ1 [ƒ2.
12The identity v1 � v2 m.l. on � does not imply K1v1 � K1v2 m.l. on � in general, since

K1 is not pseudolocal. Therefore, we need to repeat the procedure used in the proof for N D 1.
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Since u is tempered, kuj kL1 D O.h�M / as h! 0 for some M > 0. By Lemma
4.4, we have kKN1 u1kL1 D O.h

N
mC1

�M / for all N 2 N and hence

u1 � OL1.h
N
mC1

�M / m.l. on �

by (4.18). This shows u1 � 0 m.l. on �. The proof for u2 � 0 m.l. on � is similar.
(ii) We use the symbols v; Qv;A as in Lemma 4.7. Since A D I CO.h/ as h! 0,

A is invertible when h is sufficiently small. Then B ´ A�1 D .Bij / that exists and
B D I C O.h/ holds for such h > 0. By the definition of B and Lemma 4.7 (iii), we
have

W[1 � B11v C B12 Qv; W[2 � B21v C B22 Qv m.l. on � \ .I[ \R/:

Now, we define

u´ ˛[1.B11v C B12 Qv/C ˛
[
2.B21v C B22 Qv/:

It is easy to see u � ˛[1W
[
1 C ˛

[
2W
[
2 m.l. on � \ .I[ �R/ and hence

u � ˛[jW[j m.l. on �[j

since W[1 � 0 and W[2 � 0 m.l. on �[2 and �[1 respectively due to Proposition 2.16 (ii).
Since Pv D 0 and P Qv D 0, we have Pu � 0 m.l. on �. The asymptotic expan-
sions (4.6) and (4.7) directly follows from Lemma 4.7 (iv). This completes the proof.

4.5. Proof of the connection formula

Proof of Proposition 4.2. We write T D .tij /.i;j /. We calculate the asymptotic for-
mula of the coefficients t11 and t21. The computation of t12; t22 is similar.13 By
Proposition 4.1 (ii), we can find a microlocal solution u D T.u1; u2/ of Pu � 0 near
.0; 0/ such that for � 2 ¹[; ]º and j D 1; 2,

u � ˛�j W�j m.l. on 
�j \� with .˛[1; ˛
[
2/ D .1; 0/; (4.19)

and kuj kL1 DO.1/ as h! 0 for j D 1; 2. By the definition of the transfer matrix T ,
we have ˛]1 D t11 and ˛]2 D t21. Thus, our task is to calculate the asymptotic formula
for ˛]j for j D 1; 2.

13To do this, one has to calculate the symbol of .R1/f at .0; 0/. Proposition 2.12 shows
that the symbol of .R1/f is r1.x; x C f .x// modulo O.h/ terms. Since f .0/ D 0, its value at
.0; 0/ is r1.0; 0/C O.h/. Then a similar calculation to the one below leads to the asymptotic
expansion of t12; t22.
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By Proposition 4.1 (ii) with .˛[1; ˛
[
2/ D .1; 0/, we have�

u1.x/

u2.x/

�
�

�
1

�ie
i
h
F.x/��.1/.x/

�
COL1

�
h

2
mC1

�
log

1

h

�ım;1�
m.l. on �. Combining this with Proposition 4.4 (ii), we see that for each I] b .0;1/,�

u1.x/

u2.x/

�
�

�
1

�i!�r2.0; 0/h
1

mC1 e
i
h
F.x/

�
COL1

�
h

2
mC1

�
log

1

h

�ım;1�
�W]1.x/ � i N!r2.0; 0/h

1
mC1 W]2.x/COL1

�
h

2
mC1

�
log

1

h

�ım;1�
m.l. on � \ .I] �R/, where we use

W]1 D
T.1; 0/COL1.h/ and W]2 D

T.0; e
i
h
F.x//COL1.h/:

Consequently, we obtain

t11 D ˛
]
1 D 1COL1

�
h

2
mC1

�
log

1

h

�ım;1�
t21 D ˛

]
2 � i N!r2.0; 0/h

1
mC1 COL1

�
h

2
mC1

�
log

1

h

�ım;1�
from (4.19). This completes the proof.

5. Correspondence of transfer matrices

According to Theorem 3.1, there exist an L2-bounded operator F and an elliptic
pseudodifferential operator A such that

F �1PF � diag.1 A/Pnf; Pnf D

�
hDx hR1

hR2 hDx � f .x/

�
;

microlocally near ..0; 0/; .0; 0//. Let T D T .w[1; w
[
2; w

]
1; w

]
2/ be the transfer matrix

for the original operator P and let Tnf D Tnf.W[1; W
[
2; W

]
1; W

]
2/ be that of the reduced

operator Pnf. Here, w�j denotes the WKB solutions for P given in Proposition 2.16,
and W�j denotes that of Pnf in (2.23) constructed in Proposition B.1. Note that the

functions W[2, W]2 are not normalised in the sense of Definition 1.2 for a notational
simplicity. One has the following relation between these matrices.

Proposition 5.1. Assume (2.21). Then one has

T D I C

�
0

ˇ̌
c
c0

ˇ̌ 1
2 t12

.sgn c/
ˇ̌
c
c0

ˇ̌� 12 t21 0

�
CO

�
h

2
mC1

�
log

1

h

�ım;1�
;
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where tjk stands for the .j; k/-entry of Tnf, c D .@�.�
�p2/.0; 0//

�1 appearing in
Theorem 3.1, and

c0 D
j@.x;�/p1.0; 0/j

j@.x;�/p2.0; 0/j
:

Once this proposition is proved, Theorem 1.4 follows immediately from this with
the asymptotic behavior of Tnf given in Proposition 4.2. See Section 5.3 for the detail
of the computation.

5.1. Proof of Proposition 5.1 when c is positive

In this subsection, we first prove Proposition 5.1 in the case of positive c. The proof
for the case of negative c is provided in Section 5.2.

Lemma 5.2. Assume that (2.21) holds and that the constant c introduced in The-
orem 3.1 (iv) is positive. Then, there exist constants ˇ�j 2 C such that

F W�j � ˇ
�
jw
�
j microlocally near 
�j ; (5.1)

for each .j; �/ 2 ¹1; 2º � ¹[; ]º. They admit the asymptotic formula

ˇ�1 D j@.x;�/p1.0; 0/j
� 12 CO.h/; ˇ�2 D jc@.x;�/p2.0; 0/j

� 12 CO.h/; (5.2)

as h!C0.

Proof of Proposition 5.1 when c > 0 using Lemma 5.2. By the definition (5.1) of ˇ�j ,
we have the identity

T D diag.ˇ]1 ˇ
]
2/Tnf diag.ˇ[1 ˇ

[
2/
�1: (5.3)

According to Proposition 4.2, one has

Tnf D I C

�
0 t12

t21 0

�
CO

�
h

2
mC1

�
log

1

h

�ım;1�
:

We obtain Proposition 5.1 by substituting this formula and (5.2) into (5.3).

We will apply Proposition 2.10 to prove Lemma 5.2. To do this, we need the
following lemmas.

Lemma 5.3. Assume that (2.21) holds. Then, the projection (2.2) is a diffeomorphism
near .0; 0/.
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Proof. It suffices to prove that the 1 � 1 block @x
@y
.0; 0/ in the derivative d�.0; 0/ is

invertible. If @�
@y
.0; 0/ D 0, then we have @x

@y
.0; 0/ ¤ 0 since d�.0; 0/ is invertible.

Thus, we may assume @�
@y
.0; 0/ ¤ 0. Differentiating the equation .��p1/.y; �/ D �

with respect to y, we have

0 D
@x

@y
.0; 0/@xp1.0; 0/C

@�

@y
.0; 0/@�p1.0; 0/:

Since @�p1.0; 0/ ¤ 0 by (2.21), we conclude @x
@y
.0; 0/ ¤ 0.

In the next lemma, we compute the index � appearing in Proposition 2.10 in our
situation.

Lemma 5.4. Put F.y/ D
R y
0
f .t/ dt . Under (2.21) and (3.1), one has

sgn @2.y;�/.�y � �C  .0; �//j.y;�/D.0;0/ D 0; (5.4)

sgn @2.y;�/.F.y/ � y � �C  .0; �//j.y;�/D.0;0/ D 0: (5.5)

Proof. We see that the Hessian matrix is computed as

@2.y;�/.F.y/ � y � �C  .0; �//j.y;�/D.0;0/ D

�
f 0.0/ �1

�1 @2� .0; 0/

�
: (5.6)

The determinant of this matrix is �1 if F vanishes identically. This proves (5.4).
For (5.5), we will calculate the determinant of (5.6) as

det.@2.y;�/.F.y/ � y � �C  .0; �///j.y;�/D.0;0/

D �
@�.�

�p1/.0; 0/

@�p1.0; 0/

@�p2.0; 0/

@�.��p2/.0; 0/
: (5.7)

We observe that (5.5) is equivalent to this determinant being negative. Then, (5.5)
follows from (3.1), (5.7), and the elementary identity sgn

�
a
b
�
c
d

�
D sgn

�
b
a
�
c
d

�
.

In the following, we prove the identity (5.7). Let gj D gj .x/ be the function
defined near x D 0 by

�.g1.x/; 0/ D .x; �
0
1.x//; �.g2.x/; f .g2.x/// D .x; �

0
2.x//:

We observe that g1.0/ D g2.0/ D 0 holds because �.0; 0/ D .0; 0/ and (2.15). We
claim that

det @2.y;�/.F.y/ � y � �C  .0; �// D �
g01.0/

g02.0/
(5.8)
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holds. The definition of the generating function, �.@� .x; �/; �/ D .x; @x .x; �//,
implies that one has g1.x/ D @� .x; 0/ and g2.x/ D @� .x; f .g2.x//. By differen-
tiating in x, we obtain

g01.x/ D @x@� .x; 0/;

g02.x/ D @x@� .x; f .g2.x///C g
0
2.x/f

0.g2.x//@
2
� .x; f .g2.x///:

We deduce, in particular, that g01.0/ D @x@� .0; 0/ from the first identity, and

f 0.0/@2� .0; 0/ � 1 D �
g01.0/

g02.0/

where we use g1.0/ D g2.0/ D 0 and f .0/ D 0. This with (5.6) proves (5.8).
By the same calculation as (2.8),

g0j .0/ D
@�.�

�pj /.0; 0/

@�pj .0; 0/
for j D 1; 2: (5.9)

Combining (5.8) with (5.9), we obtain (5.7).

Proof of Lemma 5.2. Let Q
�j (.j; �/ 2 ¹1; 2º � ¹[; ]º) be the four connected compon-
ents of .¹� D 0º \ ¹� D f .x/º/ n ¹0º. Our assumption c D .@�.��p2/.0; 0//�1 > 0
implies �. Q
�j / D 


�
j in a neighborhood of .0; 0/. Since W�j and w�j are WKB solutions

associated with Q
�j and 
�j respectively, the uniqueness of the microlocal solutions on
each 
�j (.j; �/ 2 ¹1; 2º � ¹[; ]º) (Proposition 2.16 (i)) implies that we can find con-
stants ˇ�j satisfying (5.1). Therefore, it suffices to prove the asymptotic formula (5.2)
of ˇ�j .

By Proposition 2.16 (ii) and (iii), we have

w�1.x/ D e
i
h
�1.x/

�
c�1
0

�
CO.h/; w�2.x/ D e

i
h
�2.x/

�
0

c�2

�
CO.h/ with (5.10)

c�j D j@.x;�/pj .0; 0/j
1
2 j@�pj .0; 0/j

� 12 : (5.11)

Since W�1 D
T.1; 0/C O.h/ and W�2 D e

i
h
F.�/
� T.0; 1/C O.h/, Proposition 2.10 with

Lemma 5.4 implies

F W�1 �
�
F1.1/

0

�
CO.h/; F W�2 �

�
0

F2.e
i
h
F.�//

�
CO.h/ (5.12)

for � D [; ]. Since F1 and F2 are microlocally unitary Fourier integral operators in
the sense of Definition 2.8 (iii), Proposition 2.10 (with Q�1.x/D 0 and Q�2.x/D F.x/)
implies

F1.1/.x/ D �1.x; h/e
i
h
�1.x/; F2.e

i
h
F.�// D �2.x; h/e

i
h
�2.x/ (5.13)
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with

�j .0; h/ D
ˇ̌̌@�.��pj /.0; 0/
@�pj .0; 0/

ˇ̌̌ 1
2

CO.h/ .j D 1; 2/; (5.14)

where the index � appearing in Proposition 2.10 is equal to 0 by virtue of Lemma 5.4.
By (5.1), (5.10), (5.12), and (5.13), it must hold that

ˇ�j c
�
j D �j .0; h/CO.h1/:

Combining this with (5.11) and (5.14), we obtain

ˇ�j D j@�.�
�pj /.0; 0/j

1
2 j@.x;�/pj .0; 0/j

� 12 CO.h/:

Finally, we recall that we have @�.��p1/.0;0/D 1 and cD .@�.��p2/.0;0//�1, which
shows (5.2).

5.2. Proof of Proposition 5.1 when c is negative

Let us consider the case with negative c. The major difference is the fact that the
Hamiltonian flow induced by the Hamiltonian � � f .x/ has the inverse direction to
that by ��p2.x; �/ D a0.x; �/.� � f .x// when c D a0.0; 0/�1 is negative.

Lemma 5.5. Assume c < 0. There exist constants ˇ[1, Q̌[2, ˇ]1, and Q̌]2 such that

F W�1 � ˇ
�
1w
�
1 microlocally near 
�1 .� D [; ]/; (5.15)

and
F W[2 � Q̌

]
2w

]
2 microlocally near 
]2;

F W]2 � Q̌
[
2w

[
2 microlocally near 
 [2:

(5.16)

They admit the asymptotic formula

ˇ�1 D j@.x;�/p1.0; 0/j
� 12 CO.h/; Q̌�

2 D jc@.x;�/p2.0; 0/j
� 12 CO.h/; (5.17)

as h!C0.

Proof. Let Q
�j (.j; �/ 2 ¹1; 2º � ¹[; ]º) be four connected components of .¹� D 0º \
¹� D f .x/º/ n ¹0º. Our assumption c D .@�.��p2/.0; 0//�1 < 0 implies

�. Q
�1 / D 

�
1 ; �. Q
 [2/ D 


]
2; �. Q


]
2/ D 


[
2

in a neighborhood of .0; 0/. This is the main difference from the case c > 0. From
these relations, we obtain (5.15) and (5.16) with constants ˇ�1 and Q̌�2. The asymptotic
formula (5.17) of ˇ�j and Q̌�2 can be proved similarly to the proof of Lemma 5.2.
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Proof of Proposition 5.1 when c < 0. Let w satisfy the microlocal Cauchy problem
(1.4) for the original operator P with the initial condition given by ˛[1, ˛[2, and let ˛]1
and ˛]2 be the outgoing data (1.5) of w. By the definition (5.1) of ˇ�j and the transfer
matrix, we have shown the identity�

˛
]
1

˛[2

�
D diag.ˇ]1 Q̌

[
2/Tnf diag.ˇ[1 Q̌

]
2/
�1

�
˛[1
˛
]
2

�
;

�
˛
]
1

˛
]
2

�
D T

�
˛[1
˛[2

�
:

An algebraic computation14 shows

T D diag.ˇ]1 Q̌
]
2/

1

1 � t21t12

�
t11 t12t

22

t21t11 t22

�
diag.ˇ[1 Q̌

[
2/
�1; (5.18)

where tjk are the .j; k/-entry of Tnf, and tjk are those of T �1nf . Now, we observe that

1

1 � t21t12

�
t11 t12t

22

t21t11 t22

�
D I C

�
0 t12

t21 0

�
CO

�
h

2
mC1

�
log

1

h

�ım;1�
hold since one has

Tnf D I C

�
0 t12

t21 0

�
CO

�
h

2
mC1

�
log

1

h

�ım;1�
;

T �1nf D I �

�
0 t12

t21 0

�
CO

�
h

2
mC1

�
log

1

h

�ım;1�
and t12; t21 D O.h

1
mC1 / according to Proposition 4.2 and the Neumann series expan-

sion. We obtain Proposition 5.1 by substituting these formulae and (5.17) into (5.18).

14The identity�
x

w

�
D

�
a11 a12

a21 a22

��
y

z

�
()

�
y

z

�
D

�
a11 a12

a21 a22

��
x

w

�
with .ajk/j;k D .ajk/�1j;k 2M2.C/ implies z D a21xC a22wD a21.a11yC a12z/C a22w.
This gives z D .1 � a12a

21/�1.a21a11y C a
22w/. By substituting this identity into x D

a11y C a12z, x is also written as a linear combination of y and w. Then we obtain�
x

z

�
D

1

1 � a12a21

�
a11 a12a

22

a21a11 a22

��
y

w

�
:
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5.3. Computation of the asymptotics

We provide an outline of the computation of the asymptotics of the transfer matrix
given in Theorem 1.4. It is deduced by combining the formulae written in The-
orem 3.1, Propositions 4.2, 5.1, and the following lemma.

Lemma 5.6. One has
s D sgn c; (5.19)

where s and c are defined in (1.10) and Theorem 3.1 (iv), respectively. One also has

Hm
p1
p2.0; 0/ D �c

m�1Hm
p2
p1.0; 0/: (5.20)

Proof. We prove the two equation separately.

Proof of (5.19). According to the condition (3.1), the sign of c coincides with that
of the product .@�p1.0; 0//.@�p2.0; 0// under the condition (2.21) (the product does
not vanish). By definition of‚.pj / 2

�
�
�
2
; �
2

�
, the vector �.‚.pj // is the unit vector

parallel to the Hamiltonian vectorHpj .0; 0/. This implies that the sign of .Hpj .0; 0/;
�.‚.pj ///R2 coincides with that of .cos.‚.pj ///@�pj .0; 0/ if the latter does not van-
ish. Note that the condition (2.21): @�pj .0; 0/¤ 0 is equivalent to‚.pj /¤��2 . This
condition also implies cos.‚.pj // > 0, and consequently (5.19).

Otherwise, we use the rotation map �� as in Proposition 2.16. Recall that the value

.Hpj;� .0; 0/; �.‚.pj;� ///R2 D .Hpj .0; 0/; �.‚.pj ///R2 ; .pj;� ´ ���pj /

is invariant for small � � 0. For small � > 0, the equality ‚.pj;� / D ‚.pj / C �

implies @�pj;� .0;0/¤ 0. This reduces the problem to the case which is already treated
above.

Proof of (5.20). Since the identity (5.20) is trivial for the transversal case (m D 1),
we only prove it form > 1. By employing � such that ��p1.x; �/ D �, one can easily
check for each k � 1 that

H k
p1
p2.0; 0/ D @

k
x.�
�p2/.0; 0/;

H k
p2
p1.0; 0/ D �H

k�1
��p2

@x.�
�p2/.0; 0/ D �Œ.@�.�

�p2//@x�
k�1@x.�

�p2/.0; 0/:

(5.21)
By the definition of the contact order, H k

p1
p2.0; 0/ D @

k
x.�
�p2/.0; 0/ D 0 holds for

1 � k � m � 1. Plugging this into the second equality of (5.21), one obtains

Hm
p2
p1.0; 0/ D �c

�.m�1/@mx .�
�p2/.0; 0/ D �c

�.m�1/Hm
p1
p2.0; 0/:

Proof of Theorem 1.4. Due to Proposition 2.13 (iv) and the definition, the transfer
matrix T is invariant under the conjugation of the metaplectic operator M� for suf-
ficiently small � > 0. Moreover, we can find sufficiently small � > 0 such that the
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symbol pj;� ´ ��
�
pj of M�1

�
PjM� satisfies (2.21) by Condition A, where �� is the

rotation defined in (2.9). Thus, we may assume (2.21).
As in Theorem 3.1 (iv), r1.0; 0/ and r2.0; 0/ coincide with q1.0; 0/ and cq2.0; 0/

modulo O.h/. Then, by combining Propositions 4.2 and 5.1, the anti-diagonal entries
of the transfer matrix T are given by q1.0; 0/!1 and q2.0; 0/!2 modulo O.h/, where
!1 and !2 are defined by

!1 D
ˇ̌̌ c
c0

ˇ̌̌ 1
2

!; !2 D jcc
0
j
1
2 N!: (5.22)

Here, ! is defined by (4.8) in terms of the m-th derivative at x D 0 of the function
f .x/ appearing in the normal form. According to the formula (3.2) in Theorem 3.1,
this function f satisfies f .m/.0/ D �cHm

p1
p2.0; 0/. Then ! is rewritten as

! D 2jcj�
1

mC1�m

�� sgn.sHm
p1
p2.0; 0//�

2.mC 1/

�
�
�mC 2
mC 1

�� .mC 1/Š

jHm
p1
p2.0; 0/j

� 1
mC1

:

Here, we also applied (5.19). The asymptotic formula for !1 given in Theorem 1.4 fol-
lows from this with (5.22) and the definition of c and c0. More concretely, one obtains

the identity
ˇ̌
c
c0

ˇ̌ 1
2 jcj�

1
mC1 D jc0j�

1
mC1 with c0 D j@.x;�/p1.0; 0/j=j@.x;�/p2.0; 0/j,

which is obvious for m D 1, and is implied by jcj D c0 in the tangential case m � 2
(see Theorem 3.1 (v)).

For the formula of !2, we also use (5.20). The difference between !1 and !2
caused by the complex conjugate only appears in �m and �m since the other factors
are real. Moreover, �m is real when m is even. When m is odd, one has �m.�/ D
�m.��/ on one hand, and

Hm
p1
p2.0; 0/ D �c

m�1Hp2p1.0; 0/ D �jcj
m�1Hp2p1.0; 0/;

on the other hand. We conclude here that

�m

�� sgn.sHm
p1
p2.0; 0//�

2.mC 1/

�
D �m

�� sgn.sHm
p2
p1.0; 0//�

2.mC 1/

�
:

Concerning the absolute value, (5.22) implies

j!2j D jc
0
jj!1j:

The equality (5.20) shows

jc0j
�
j@.x;�/p2.0; 0/j

j@.x;�/p1.0; 0/j

.mC 1/Š

jHm
p1
p2.0; 0/j

� 1
mC1

D

�
j@.x;�/p1.0; 0/j

j@.x;�/p2.0; 0/j

.mC 1/Š

jHm
p2
p1.0; 0/j

� 1
mC1

:

This is the only factor of !2 different from !1 other than �m.
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A. The stationary phase method for a degenerate phase

Lemma A.1. Let I � R be a bounded, h-independent interval. Let F 2 C1.I;R/
be a function whose derivative vanishes nowhere but at x D 0, at a finite orderm� 1.
Let a 2 C1.I;C/. ThenZ
I

a.y/e
i
h
F.y/ dy � C

h
h

1
mC1 kakL1.I / C h

2
mC1 log

�1
h

�ım;1
ka0kL1.I /

i
; (A.1)

where ım;1 is the Kronecker delta. Moreover, if J b I \ .0;C1/ is h-independent,
then for all I 3 x0 < 0 and x 2 J ,

xZ
x0

a.y/e
i
h
.F .y/�F.0// dy

D 2�m

�sgn.F .mC1/.0//�
2.mC 1/

�
�
�mC 2
mC 1

�� mC 1

jF .mC1/.0/j

� 1
mC1

a.0/h
1

mC1

COL1.J /.h
2

mC1 /; (A.2)

where � is Euler’s Gamma function and �m is defined by

�m.�/´ 2�1.ei� C ei.�1/
mC1� /

for � in R.

Proof. The estimate (A.1) comes from an integration by parts. For the expansion
(A.2), perform an h-independent change of variable on

R
e
i
h
ymC1 dy. The last integ-

ral is computed with the residue theorem (Fresnel-type integral). We send the reader
to [20, Chap. VIII] for more details.

B. Construction of WKB solutions for the reduced equation

We consider the reduced operator of Section 4 defined by

P D Pnf D

�
hDx hR1

hR2 hDx � f .x/

�
:

Let � be a neighborhood of .0; 0/. Let ��j 2 

�
j for � D [; ] and j D 1; 2. We define

WKB solutions near each of these four points. Here, 
 [j denotes �j \ ¹� < 0º and 
]j
denotes �j \ ¹� > 0º as illustrated on Figure 5.
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]
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Figure 5. Crossing of Hamiltonian flows for the reduced case.

Proposition B.1. Let I [ b .�1; 0/ and I ] b .0;C1/ be intervals such that ��j 2
I � �R� . For each j D 1; 2 and � D [; ] there exist a microlocal WKB solution W�j of
Pu D 0 near ��j satisfying

W�1.x/ D
�
1COC1

b
.h/

OC1
b
.h/

�
and

W�2.x/ D e
i
h
F.x/

�
OC1

b
.h/

1COC1
b
.h/

�
for x 2 I �;

where F.x/ D
R x
0
f .y/ dy. Moreover,

WFh.W�1.x// � ¹.x; 0/ 2 T
�R j x 2 Rº

and

WFh.W�2.x// � ¹.x; f .x// j x 2 Rº

by Example 2.7.

Proof. The proof is more or less standard and is known as the WKB construction.
The construction of the four solutions (� D [; ] and j D 1; 2) is very similar, so
we only construct W[2. Without loss of generality, we may assume that the integral
kernel kj of Rj satisfies supp.kj / b I [ � I [. We look for W[2 under the WKB form
W[2.x/ � e

i
h
�.x/

P1
kD0 Wk.x/hk where the amplitude Wk.x/ D .Wk;1.x/; Wk;2.x// is

vector-valued. For a fixed N 2 N, the function e�
i
h
�.x/Pe

i
h
�.x/

PN
kD0 h

kWk.x/ is
calculated as follows:

e�
i
h
�.x/Pe

i
h
�.x/

NX
kD0

hkWk.x/ D
NC1X
kD0

hkTk; (B.1)
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with

T0 D
�

�0.x/W0;1.x/
.�0.x/ � f .x//W0;2.x/

�
; TNC1 D

�
�iW0N;1.x/C .R1/f WN;2.x/
�iW0N;2.x/.x/C .R2/f WN;1.x/

�
;

and

Tk D
�

�0.x/Wk;1.x/ � iW0k�1;1.x/C .R1/f Wk�1;2.x/
.�0.x/ � f .x//Wk;2 � iW0k�1;2.x/.x/C .R2/f Wk�1;1.x/

�
.1 � k � N/:

Here, .Rj /f is the pseudodifferential operator obtained from the conjugation of Rj
by e

i
h
�.x/ and given by Lemma 2.12. Remark that the integral kernel of .Rj /f is

e
i
h
.�.y/��.x//kj .x; y/, which is also compactly supported in I [ � I [. For W[2 to be a

microlocal solution, we require the terms for 0 � k � N of the above to vanish. We
may assume W0 ¤ 0. A possible choice of � and W0 for the first term to vanish is

�.x/´

xZ
0

f .y/ dy and .W0;1.x/; W0;2.x//´ .0; 1/ for all x 2 R:

The equation �0 � f D 0 satisfied by � is called the eikonal equation associated
with15 �2. The system of transport equations is obtained by requiring the terms for
1 � k � N in the sum of (B.1) to vanish. It is solved by amplitudes Wk 2 C1.I [/
defined inductively by8̂<̂

:
WkC1;1.x/´ f .x/�1.iW0k;1.x/ � .R1/f Wk;2.x//;

WkC1;2.x/´ �i

xZ
x0

.R2/f WkC1;1.y/ dy;
for all x 2 I [;

where x0 2 I [ is any point in I [. We now define via a Borel summation (a slightly
modified version of [22, Theorem 4.15]) a smooth function

W[2 � e
i
h
�.x/

1X
kD0

Wk.x/hk :

Finally, using the support properties of Wk combined with [22, Theorem 8.13], we
show that W[2 is indeed a microlocal solution of Pu D 0 near �[2.

15Considering the eikonal equation �0 D 0 associated with �1 would yield a construction
of W[

1
.
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C. Generality of the model

In this section, we show how more general models involving non-diagonal matrix-
valued operators can be reduced to the diagonal framework considered in this manu-
script. Let L.x; �/ be a 2 � 2 Hermitian matrix-valued C1 function, not necessarily
diagonal.16 If17 in a small neighborhood of .x; �/ D .0; 0/, the eigenvalues and an
orthonormal pair of associated eigenvectors of L.x; �/ are given by real-valued C1

functions �1.x; �/ and �2.x; �/ and by vector-valued C1 functions v1.x; �/ and
v2.x; �/, then the microlocal equation Lw.x; hDx/ Qu � 0 near .0; 0/ is reduced to

pw.x;hDx/u� 0; p.x; �/D

�
�1.x; �/ 0

0 �2.x; �/

�
CO.h/ near .x; �/D .0;0/;

with the change of the unknown function u.x/ D V w.x; hDx/ Qu.x/, where we write
V .x; �/ D .v1.x; �/; v2.x; �//.

In general, the two eigenvalues of L.x; �/ cross at .x; �/ D .0; 0/ if and only if
L.0; 0/ D 1

2
.trL.0; 0//I2. In other words, the trace-free part of L.x; �/, given by

M.x; �/´ L.x; �/ �
1

2
.trL.x; �//I2;

vanishes at .0; 0/.

Assumption 1. Let L 2M2.C
1
b
/ be a Hermitian matrix-valued symbol whose trace

free part M.x; �/ vanishes on a codimension-one submanifold of T �R satisfying the
following conditions:

• there exists a function y 2 C1.T �RIR/ such that y.0; 0/D 0, @y.0; 0/¤ 0, and
such that

¹.x; �/ 2 �I M.x; �/ D O2�2º D ¹.x; �/ 2 �I y.x; �/ D 0º;

holds with some neighborhood � � T �R of .0; 0/;

• there exists a positive integer n such that @˛
x;�
M.0;0/DO2�2 holds for any multi-

index ˛ 2 N2 with j˛j � n� 1, but @˛0
x;�
M.0; 0/¤ O2�2 holds for some ˛0 2 N2

with j˛0j D n;

• there exists a positive integer ` such thatH k
trLy.0; 0/D 0 holds for 0 � k � `� 1

and H `
trLy.0; 0/ ¤ 0.

16Adding an O.h/ non-Hermitian term does not affect the result.
17This smooth diagonalization is not always possible. There are many counterexamples when

some eigenvalues cross with each other. We show a sufficient condition and examples for this
diagonalization to be smooth.
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Proposition C.1. Under Assumption 1, we have the following.

(1) There exist real-valued C1 functions �1.x; �/ and �2.x; �/ such that they are
the eigenvalues ofL.x; �/ in a small neighborhood�0 �� of .0; 0/, and that
�1.x; �/ ¤ �2.x; �/ holds on ¹.x; �/ 2 �0I y.x; �/ ¤ 0º.

(2) Put m´ n`. The eigenvalues �1 and �2 satisfy

�1.0; 0/ D �2.0; 0/;

H k
�1
�2.0; 0/ D 0 for 1 � k � m � 1; Hm

�1
�2.0; 0/ ¤ 0:

(3) There exist two C2-valued C1 functions v1.x; �/ and v2.x; �/ forming an
orthonormal pair of normalised eigenvectors associated respectively with
�1.x; �/ and �2.x; �/ of L.x; �/ in �0.

Proof. Under Assumption 1, the matrix M.x; �/ is factorised by y.x; �/n. More pre-
cisely, there exists a 2 � 2 Hermitian, trace-free, matrix-valued C1 function zM.x; �/
such that

M.x; �/ D y.x; �/n zM.x; �/;

holds in� and zM.0;0/¤O2�2. This follows from the Taylor expansion in a coordin-
ate system including y.

Since zM.x; �/ is a trace-free Hermitian matrix, there exist two smooth functions
g1.x; �/ and g2.x; �/ such that g1 is real and

zM.x; �/ D

�
g1.x; �/ g2.x; �/

g2.x; �/ �g1.x; �/

�
:

The eigenvalues Q�1 and Q�2 of zM.x; �/ are explicitly given by

r.x; �/´
p
g1.x; �/2 C jg2.x; �/j2;

Q�1.x; �/´ r.x; �/; Q�2.x; �/´ �r.x; �/:

Put t˙.x; �/´
p
2r.x; �/.r.x; �/˙ g1.x; �//. The fact zM.0;0/¤O2�2 implies that

g1.0; 0/
2 C jg2.0; 0/j

2 is positive, and hence (by continuity) g1.x; �/2 C jg2.x; �/j2

is positive near .0; 0/. Thus, r.x; �/ is C1 there. Either tC.0; 0/ ¤ 0 or t�.0; 0/ ¤ 0
holds, so (again by continuity) the corresponding t˙ does not vanish in a neighbor-
hood of .0; 0/. More precisely, t˙.0; 0/ ¤ 0 provided that either g2.0; 0/ ¤ 0 or
˙g1.0; 0/ > 0 holds. In each case, the normalised eigenvectors v1 and v2 associated
with Q�1 and with Q�2 are given by

v1.x; �/´
1

tC.x; �/

�
r.x; �/C g1.x; �/

g2.x; �/

�
;
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v2.x; �/´
1

tC.x; �/

�
�g2.x; �/

r.x; �/C g1.x; �/

�
;

when tC ¤ 0, and

v1.x; �/´
1

t�.x; �/

�
g2.x; �/

�r.x; �/C g1.x; �/

�
;

v2.x; �/´
1

t�.x; �/

�
r.x; �/ � g1.x; �/

g2.x; �/

�
;

when t� ¤ 0.
With the unitary matrix-valued function V .x;�/´ .v1.x;�/;v2.x;�//, the matrix

L.x; �/ is also diagonalised as

V .x; �/�L.x; �/V .x; �/ D

�
�1.x; �/ 0

0 �2.x; �/

�
;

with the eigenvalues �1.x; �/ and �2.x; �/ of L.x; �/ given by

�1.x; �/´
1

2
trL.x; �/C y.x; �/n Q�1.x; �/;

�2.x; �/´
1

2
trL.x; �/C y.x; �/n Q�2.x; �/:

We now compute the contact order. It follows essentially from the standard prop-
erties18 of the Poisson bracket ¹f; gº D Hf g D @�f @xg � @xf @�g. Each term of
H k
�1
�2 (k D 1; 2; : : : ; m � 1) is factorised by one of ¹H j

trLyI j D 0; 1; : : : ; ` � 1º

where it vanishes at .0; 0/. One also has

Hm
�1
�2.0; 0/ D �2

1�` mŠ

.`Š/n
.H `

trLy.0; 0//
nr.0; 0/ ¤ 0:

Example C.2. Let L.x; �/ be a differential operator of the form

L.x; �/ D �`I2 C V.x/;

where ` is a positive integer and V.x/ is a 2 � 2 Hermitian matrix-valued function,
not necessarily diagonal. Note that `D 2 corresponds to the Schrödinger operator. Put
V0.x/´

1
2

trV.x/ and MV .x/´ V.x/� V0.x/I2. Suppose that MV .x/ vanishes at

18¹f; gº D �¹g; f º, ¹f; gC rº D ¹f; gº C ¹f; rº, and ¹f; grº D r¹f; gº C g¹f; rº hold for
any smooth functions f; g; r .
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x D 0 with a finite order n (i.e., y.x; �/ D x and MV .x/ is factorised by xn). Then
the eigenvalues �1.x; �/ and �2.x; �/ of L.x; �/ are given by

�1.x; �/ D �
`
C V0.x/C x

nr.x/; �2.x; �/ D �
`
C V0.x/ � x

nr.x/;

where r.x/ is defined by r.x/´
p
g1.x/2 C jg2.x/j2 with

g1.x/ D
V11.x/ � V22.x/

2xn
; g2.x/ D

V12.x/

xn
; V.x/ D

�
V11.x/ V12.x/

V21.x/ V22.x/

�
:

When ` is even, the sets ƒ1 D ¹�1.x; �/ D 0º and ƒ2 D ¹�2.x; �/ D 0º cross at the
points .0;˙jV0.0/j

1
` / if V0.0/�0, and the contact order there ismDnwhen V0.0/<0,

mD n` when V0.0/D 0. When ` is odd, they cross at .0;� sgn.V0.0//jV0.0/j
1
` /, and

the contact order there is m D n when V0.0/ ¤ 0, m D n` when V0.0/ D 0.
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