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The Z2-valued spectral flow
of a symmetric family of Toeplitz operators

Maxim Braverman and Ahmad Reza Haj Saeedi Sadegh

Abstract. We consider families A.t/ of self-adjoint operators with symmetry that causes the
spectral flow of the family to vanish. We study the secondary Z2-valued spectral flow of such
families. We prove an analogue of the Atiyah–Patodi–Singer–Robbin–Salamon theorem, show-
ing that this secondary spectral flow of A.t/ is equal to the secondary Z2-valued index of the
suspension operator d

dt
C A.t/.

Applying this result, we show that the graded secondary spectral flow of a symmetric family
of Toeplitz operators on a complete Riemannian manifold equals the secondary index of a cer-
tain Callias-type operator. In the case of a pseudo-convex domain, this leads to an odd version
of the secondary Boutet de Monvel’s index theorem for Toeplitz operators. When this domain
is simply a unit disc in the complex plane, we recover the bulk-edge correspondence for the
Graf–Porta module for 2D topological insulators of type AII.

1. Introduction

Atiyah, Patodi, and Singer [3] showed that the spectral flow of a periodic path A D
A.t/ of self-adjoint Fredholm operators on a Hilbert space H is equal to the index of
the “suspension” operatorDA´ d

dt
CA.t/. This result was extended to non-periodic

families by Robbin and Salamon [33].
In this paper, we assume that there is an anti-linear, anti-unitary, anti-involution

˛WH !H , ˛2 D �1, ˛� D ˛, and define a transformation � of paths of operators by
� WA.t/! ˛A.�t /˛�1. If the path A.t/ is � -invariant, then its spectral flow vanishes.
However, the secondary Z2-valued invariant called the half-spectral flow is defined,
cf. [20, 21]. In this situation, the suspension operator DA commutes with � . Such an
operator is called odd symmetric and its index vanishes because of the symmetry. But
a secondary Z2-valued index ind� DA, called the � -index, is defined, [12, 20, 21, 34].
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The first main result of our paper is the analogue of the Atiyah–Patodi–Singer–
Robbin–Salamon theorem for half-spectral flow:

sf� A D ind� DA: (1.1)

Note that recently a different version of the Robin–Salamon-type theorem for the
Z2-valued spectral flow was obtained in [8]. In this paper, the authors considered
paths of skew-adjoint Fredholm operators on a real vector space. The main difference
with our result is that in [8] every operator A.t/ possesses a symmetry (it is skew-
adjoint), while we consider the case when the symmetry relates A.t/ with A.�t /. We
discuss the relationship between our result and [8] in Section 4.6.

Next, we consider a complete Riemannian manifoldM edowed with an involution
�M WM ! M . Let E D EC ˚ E� be a graded Clifford bundle over M endowed
with an anti-unitary anti-involution �E covering �M . We say that E is a graded qua-
ternionic Clifford bundle. Then the corresponding Dirac operatorD is odd symmetric.
We denote by H D HC ˚H� the kernel of D and by P the orthogonal projection
onto H . Typically, it is an infinite-dimensional space.

Given a family ft of self-adjoint matrix-valued functions on M , parametrized by
a circle t 2 S1, we denote by Mft

the operator of multiplication by ft and define a
family of Toeplitz operators

Tft
´ PMft

P WH ! H ; t 2 S1:

Let T˙
ft

denote the restriction of Tft
to H˙. Under suitable assumptions onD and ft ,

cf. Section 7, the operators Tft
are Fredholm. We assume that the family ft is odd

symmetric. Then so is the family Tft
.

The Dirac operator D induces an ungraded Dirac operator D on the manifold
M´ S1 �M . For large enough constant c, the operator

Bcf ´ DC icMft

is an odd symmetric Callias-type operator. The � -index of such operators was invest-
igated in [12]. We show that the graded half-spectral flow is equal to the index of the
operator Bcf :

sf� TCft
� sf� T �ft

D ind� Bcf : (1.2)

This is a Z2-valued analogue of the main result of [10].

Remark 1.1. One can extend (1.2) to a family ft parametrized by t 2 R, similar
to (1.1), but more assumptions on the behavior of ft is needed. The interested reader
can easily reconstruct the details.
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In the case when M is a strongly pseudo-convex domain in Cn with smooth
boundary N , it follows from [22, §5] that H� D ¹0º. Hence, the above formula com-
putes the half-spectral flow of TC

ft
. Applying the Callias index theorem for � -index,

which was obtained in our previous paper [12], we obtain an explicit formula for a
graded Dirac operator DN on N´ S1 �N , such that

sf� TCft
D ind� DCN: (1.3)

(Note that sf� T �ft
D 0 since H� D ¹0º). This is a spectral flow version of the Z2-val-

ued analogue of the Boutet de Monvel’s index theorem for Toeplitz operators, [9] (see
also [16, 26]) established in [12, §8]

We call (1.3) the generalized bulk-edge correspondence because ifM D ¹z 2 C W

jzj � 1º is the unit disc in C this is equivalent to the bulk-edge correspondence for the
Graf–Porta model for 2D topological insulators with time-reversal symmetry, [25]. In
Section 9, we use (1.3) to obtain a new proof of the bulk-edge correspondence in the
Graf–Porta model.

The paper is organized as follows.
In Section 2, we recall the main facts about the � -index of an odd symmetric

operator from [12, 20, 21, 34].
In Section 3, we recall the main steps of the Robbin–Salamon proof of the equality

between the spectral flow ofA.t/ and the index ofDA. The notation introduced in this
section is used in the subsequent sections.

In Section 4, we study � -invariant paths A.t/ of self-adjoint Fredholm operators
parametrized by t 2 R. We define their half-spectral flow and show that it has many
properties similar to the usual Z-valued spectral flow. The main result of this section
is the equality (1.1) between the half-spectral flow ofA.t/ and the � -index ofDA. The
proofs of many statements in this section are postponed to Section 5.

In Section 6, we show that the equality (1.1) also holds for periodic paths, i.e., for
paths parametrized by a circle.

In Section 7, we study families of Toeplitz operators on complete Riemannian
manifolds M associated with a � -invariant family of functions ft WM ! Herm.k/
with values in the space Herm.k/ of Hermitian k � k-matrices. We compute the
graded spectral flow of such families, (1.1). The proof of the main result is postponed
to Section 10.

In Section 8, we consider the case when the dimension of M is even and give
a more explicit formula for the right-hand side of (1.1) using the Z2-version of the
Callias index theorem. When M is a pseudo-convex domain in Cn the formula is
especially nice and we call it the generalized bulk-edge correspondence.



M. Braverman and A. R. Haj Saeedi Sadegh 1246

In Section 9, we recall the Graf–Porta model for topological insulators of type AII
and show that the result of the previous section implies the equality between the bulk
and the edge index in this model.

In Section 10, we prove the main result of Section 7.

2. The �-index

In this section, we recall the construction of the secondary Z2-valued index of odd
symmetric operators [20,21,34]. We work with unbounded operators and recall some
results about the Z2-valued index of an odd symmetric differential operator on a non-
compact involutive manifold [12].

2.1. An anti-linear involution

Let H be a complex Hilbert space. We denote the inner product on H by h�; �iH . An
anti-linear map � WH ! H is called an anti-involution if �� D �� D ��1. Here we
denote by �� the unique anti–linear operator satisfying

h�x; yiH D hx; ��yiH for all x; y 2 H:

We say that � is an anti-unitary anti-involution.
The following version of Kramers’ degeneracy [29] is proven in [12, Lemma 2.2].

Lemma 2.1. An anti-linear anti-involution � does not have non-zero fixed vectors,
i.e., �x D x if and only if x D 0. Further, if � acts on a finite-dimensional space H ,
then dimH is even. Moreover, there exists a subspace L 2H such thatH D L˚ �L.

2.2. Odd symmetric operators

Let W � H be a dense subspace and let DWH ! H be a closed unbounded linear
operator on H whose domain is W . We endow W with the inner product

hx; yiW D hx; yiH C hDx;DyiW :

Then W is a Hilbert space and the operator DWW ! H is a bounded.

Definition 2.2. A closed operator DWH ! H with a dense domain W is called odd
symmetric (or � -symmetric) if

�D��1 D D�: (2.1)

We denote by B� .W; H/ the space of � -symmetric operators on H whose
domain is W . This is a Banach space with the norm defined as the operator norm
of DWW ! H .
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2.3. Graded odd symmetric operators

If H D HC ˚H� is a graded Hilbert space, we say that D is odd with respect to
the grading if DWH˙ ! H�. We denote D˙ the restriction of D to H˙ and write
D D

�
0 D�

DC 0

�
.

Let W be the domain of D. Then W ˙ ´ W \ H˙ is the domain of D˙ and
W D W C ˚W �. If, in addition, D is self-adjoint, then .D˙/� D D�.

Assume that the anti-unitary anti-involution � and the D are odd with respect
to the grading, �; DWH˙ ! H�. Then we say that D is a graded odd symmetric
operator.

We denote the space of graded odd symmetric self-adjoint operators by yB� .W;H/.
If D 2 yB� .W;H/, then �D˙��1 D D� D .D˙/�. Then the operators D˙ are odd
symmetric. Notice that, in this case, � WW ˙ ! W �.

2.4. The Z2-valued index

IfD is an odd symmetric operator, then indD D 0 by (2.1). Following [34], we define
the secondary Z2-valued invariant – the � -index of D.

Definition 2.3. If D is a Fredholm odd symmetric operator on H its � -index is

ind� D´ dim kerD mod 2: (2.2)

IfD 2 yB� .W;H/ is a graded odd symmetric self-adjoint operator on a graded Hilbert
space H , we define

ind� DC´ dim kerDC mod 2:

The following version of the homotopy invariance of the index is proven in [12,
Theorem 2.5].

Theorem 2.4. The � -index ind� D is constant on the connected components of
B� .W; H/. The � -index ind� DC is constant on the connected components of
yB� .W;H/.

We now discuss some geometric examples of odd symmetric operators, [12].

2.5. Quaternionic vector bundles

An involutive manifold .M; �M / is a Riemannian manifold M together with a metric
preserving involution �M WM !M . A quaternionic vector bundle over an involutive
manifoldM is hermitian vector bundle E endowed with an anti-linear unitary bundle
map �E WE ! ��E, such that .�E /2 D �1, cf. [19,23,28]. This means that for every
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x 2M there exists an anti-linear map �Ex WEx ! E�.x/, which depends smoothly on
x and satisfies �E

�M .x/
�Ex D �1, .�Ex /

��Ex D 1.

If E D EC ˚ E� is a graded vector bundle and �E is odd with respect to the
grading (i.e., �E .E˙/ D E�), we say that .E; �E / is a graded quaternionic bundle.

Given a quaternionic vector bundle .E; �E / over an involutive manifold .M; �M /
we define an anti-unitary anti-involution � on the space �.M;E/ of sections of E by

� W f .x/ 7! �Ef .�Mx/; f 2 �.M;E/: (2.3)

2.6. Odd symmetric elliptic operators

Let .E D EC ˚ E�; �E / be a graded quaternionic vector bundle over an involutive
manifold .M; �M /. Let DW �.M; E/ ! �.M; E/ be a self-adjoint odd symmetric
elliptic differential operator on M , which is odd with respect to the grading, i.e.,
DW�.M;E˙/! �.M;E�/. We setD˙´Dj�.M;E˙/. Then �D˙��1 D .D˙/� D
D� and

D D

�
0 D�

DC 0

�
with respect to the decomposition E D EC ˚E�.

Suppose now that D is Fredholm. In particular, this is always the case when M is
compact. Then the � -index ind� DC 2 Z2 is defined by (2.2). In [12], we computed
this index in several examples and proved the Z2-valued analogues of the relative
index theorem, the Callias index theorem, and the Boutet de Monvel’s index theorem
for Toeplitz operators.

3. The spectral flow and the Robbin–Salamon theorem

This section recalls some basic definitions and results from [33]. We also fix the nota-
tion which will be used in the next section.

3.1. Some spaces of operators

Let AWH ! H be a closed operator with dense domain W . As in Section 2.2, we
define the scalar product on W by

hx; yiW D hx; yiH C hAx;AyiH

and view A as a bounded operator AWW ! H . We denote by kAk its norm. This is
just the operator norm of A.1C A�A/�1=2.

We now make a basic assumption.
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Assumption 3.1. The embedding W ,! H is compact.

Let S.W;H/ denote the space of self-adjoint (possibly unbounded) operators on
H whose domain is W and which have a non-zero resolvent set. If Assumption 3.1
is satisfied, then every A 2 S has a compact resolvent and, hence, A has a discrete
spectrum. In particular, it is Fredholm.

From this point on, we always assume Assumption 3.1.
Next, we consider families of unbounded operatorsA.t/WH !H (t 2R) with the

same domain W . We fix the norm on W , for example, defined by the scalar product

hx; yiH C hA.0/x; A.0/yiH ;

and we denote by S.W;H/ the space of bounded linear operators W ! H . Then for
each t , we have A.t/ 2 S.W;H/.

Let A.R; W; H/ denote the space of norm continuous maps AWR ! S.W; H/

which have limits
A˙ D lim

t!˙1
A.t/ (3.1)

and the operators A˙WW ! H are bijective. This is an open subspace in the Banach
space of all maps satisfying (3.1) with the norm

kAkA´ sup
t2R
kA.t/k:

Denote by A1.R; W;H/ the set of those A 2 A which are continuously differen-
tiable in the norm topology and satisfy

kAkA1 ´ sup
t2R
.kA.t/k C k PA.t/k/ <1:

The space A1 is dense in A.
The following theorem is proven in [33, Theorem 4.23].

Theorem 3.2. There is a unique map �WA.R; W;H/! Z satisfying the following
axioms.

(i) Homotopy. � is constant on the connected components (in norm topology)
of A.R; W;H/.

(ii) Constant. If A.t/ is independent of t , then �.A/ D 0.

(iii) Direct sum. �.A1 ˚ A2/ D �.A1/C �.A2/.

(iv) Normalization. ForW DH D R and A.t/D arctan.t/, we have �.A/D 1.

Remark 3.3. Robbin and Salamon include an extra catenation axiom in their the-
orem. But then, in [33, Proposition 4.26] they show that this axiom follows from the
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others four axioms and, hence, can be omitted. Since for our main object of study – the
half-spectral flow – the catenation axiom does not make sense, we prefer to formulate
Theorem 3.2 without it.

3.2. The spectral flow

For A.t/ 2 A, let sfA denote the spectral flow of A.t/. There are many equivalent
ways to define sfA. Let us recall the definition given in [33].

We say that t 2 R is a crossing for A if kerA.t/ 6D ¹0º. First, consider the case
when A 2 A1. If t is a crossing for A, we define the crossing operator

�.A; t/´ P.A; t/ PA.t/P.A; t/jkerA.t/;

where P.A; t/WH !H denotes the orthogonal projection onto the kernel ofA.t/. We
say that the crossing t is regular if the crossing operator �.A; t/ is non-degenerate.
A regular crossing is simple if dim kerA.t/ D 1.

If t is a regular crossing for A, we denote by sign�.A; t/ the signature (number
of positive minus the number of negative eigenvalues) of �.A; t/.

If t is a simple crossing, there is a unique real-valued function �.s/, defined near t ,
such that �.s/ is an eigenvalue of A.s/ for all s and �.t/ D 0. We call � the crossing
eigenvalue. Then

sign�.A; t/ D sign P�.t/:

If A 2 A1 has only regular crossings, then we define

sfA D
X
t

sign�.A; t/; (3.2)

where the sum is taking over all crossings of A. Thus, if A.t/ has only simple cross-
ings

sfA D
X
t

sign P�.t/:

Remark 3.4. A much more general definition and a deep study of the spectral flow
can be found in [7, 31].

The following result is a combination of several theorems from [33].

Proposition 3.5. The following statements hold.

(i) In every connected component of A.R; W; H/, there is an A 2 A1 which
has only simple crossings.

(ii) If A0; A1 2 A1 belong to the same connected component of A.R; W; H/
and have only regular crossings, then sfA0 D sfA1.
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We now define the spectral flow of A 2 A.R; W;H/ as the spectral flow of any
of the operators A1 2 A1.R; W;H/ which lies in the same connected component of
A.R; W;H/ as A and has only regular crossings. It follows from Proposition 3.5 (ii)
that sfA is well defined and is constant on connected components of A.R; W; H/.
Moreover, it is easy to see that it satisfies the other hypothesis of Theorem 3.2. Thus,
we obtain the following theorem (cf. [33, Lemma 4.27]).

Theorem 3.6. The unique function �.A/ defined in Theorem 3.2 is equal to the spec-
tral flow of A

3.3. The index and the spectral flow

Consider the spaces

H´ L2.R;H/; W´ L2.R; W / \W 1;2.R;H/

equipped with the norms

k�kH ´

1Z
�1

k�.t/kHdt;

k�kW´

1Z
�1

.k�.t/kW C kP�.t/kH /dt;

Given A 2 A1.R; W;H/, consider the differential operator

DAW �.t/ 7!
d

dt
�.t/C A.t/�.t/: (3.3)

This is a bounded operator W ! H. Robbin and Salamon show that DA is Fred-
holm ([33, Theorem 3.12]) and that indDA satisfies the conditions of Theorem 3.2
([33, p. 20]). Thus, it must be equal to the unique function � of Theorem 3.2. Hence,
by Theorem 3.6, we have the following result.

Theorem 3.7. For A 2 A.R;W;H/, we have

ind
� d
dt
C A.t/

�
D sfA:

3.4. A periodic family of operators

Consider an element A 2 A.R;W;H/, such that there exists a bijective B 2 S.W;H/
such that

A.t/ D B for all t 62 Œ��; ��:
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Let
S1 D ¹eit W �� � t � �º

be the unit circle, and define zAWS1 ! S by

zA.eit /´ A.t/:

We denote the space of such maps zA by �S.W;H/. This is a version of a loop space
of self-adjoint operators on H , namely, we restrict ourselves to loops with certain
analytic properties. Then

sf. zA/´ sf.A/ D
X

��<t<�

sign�.A; t/

is the spectral flow of zA as it is defined in [3].
It is shown in [3] that the isomorphism �1.S/ D �0.�S/ D Z is detected by the

spectral flow. In other words, if the spectral flow of a loop zA vanishes, then zA is
homotopic to a constant path in �S.

Consider the operator

D zAWL
2.S1; W / \W 1;2.S1;H/! L2.R;H/;

defined by

D zAW �.e
it / 7!

d

dt
�.eit / � A.eit /�.eit /:

This is just the operator (3.3) with periodic boundary conditions. Thus, cf. [3, p. 95]

indA D ind zA:

Hence, we recover from Theorem 3.7 the following result, originally proven in [3]:

indD zA D � sf zA:

Equivalently,

ind
� d
dt
C A

�
D sf zA:

4. The half-spectral flow of a family of operators on real line

In this section, we consider � -symmetric paths of self-adjoint operators. Because of
the symmetry, the usual spectral flow vanishes. We define a secondary invariant half-
spectral flow, with values in Z2. In [21] this invariant is called the odd half-spectral
flow. This part of the section roughly follows [20], but we consider a slightly different
setting because of our future applications.
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Theorem 4.1 states that several properties of half-spectral flow define it uniquely.
This is an analogue of Theorem 3.2. If A is a � -symmetric path, then the operatorDA,
cf. (3.3) is � -symmetric (in the sense of Section 2) with respect to some anti-unitary
anti-involution � . We use the uniqueness of the spectral flow to show that ind� DA
is equal to the half-spectral flow of A. This is an analogue of the Robbin–Salamon
Theorem 3.7 for our secondary invariants. This result should be compared to [8, §8],
though we consider different paths of operators. We discuss the relationship of our
result with [8] in Section 4.6.

4.1. An anti-linear anti-involution

As in Section 3.1, we assume thatW ,!H is a compact embedding of a Hilbert space
W into a Hilbert space H . We identify W with its image in H . Let ˛WH ! H be an
anti-linear anti-involution and assume that ˛.W / D W .

The map ˛ defies anti-linear maps on the spaces of functions W and H of Sec-
tion 3.3, which we also denote by ˛. Define the maps � WW ! W and � WH ! H

by
� W �.t/ 7! ˛�.�t /: (4.1)

By a slight abuse of the language, we denote by the same letter the conjugation
� WA.R;W;H/! A.R;W;H/,

� WA.t/ 7! �A.t/��1 D ˛A.�t /˛�1: (4.2)

Let
A� .R; W;H/´ ¹A 2 A.R; W;H/ W �.A/ D Aº:

denote the set of � -invariants in A and set A1� ´ A� \A1. Recall that if A 2 A, then
A.t/ has a discrete spectrum and compact resolvent for all t 2 R.

4.2. The half-spectral flow of a �-invariant path of operators

Suppose A 2 A� . If t 2 R is a crossing for A, then �t is also a crossing for A and

�.A; t/ D �˛�.A;�t /˛�1:

Hence, sign�.A; t/ D � sign�.A;�t / and, if 0 is a crossing, sign�.A; 0/ D 0. We
conclude that the spectral flow of any A 2 A� is equal to zero. In this section, we
define a secondary invariant of A – the Z2-valued half-spectral flow.

Before giving the definition and discussing the properties of the half-spectral flow,
let us put it in a perspective of the works of Atiayh and Singer [4] and Carey, Phillips,
and Schulz-Baldes [17].
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Recall that the loop space �S.W;H/ was introduced in Section 3.4. Define the
map � W�S! �S by

�. zA.eit //´ ˛ zA.e�it /˛;

and let
��S.W;H/´ ¹ zA 2 �S.W;H/ W �. zA/ D zAº;

be the space of � -invariant loops.
Since the spectral flow of zA vanishes, it follows from [4] that is zA is homotopic

in the space�S to a constant path. However, if the half-spectral flow does not vanish,
this homotopy cannot be chosen inside the space ��S.

4.3. The uniqueness of half-spectral flow

The first main result of this section is the following analogue of Theorem 4.1.

Theorem 4.1. There is a unique map�� WA� .R;W;H/!Z2 satisfying the following
axioms.

(i) Homotopy. �� is constant on the connected components (in norm topology)
of A� .R; W;H/.

(ii) Constant. If A.t/ is independent of t , then �� .A/ D 0.

(iii) Direct sum. ��1˚�2.A1 ˚ A2/ D ��1.A1/C ��2.A2/.

(iv) Normalization. For W D H D C2,

˛WC2
! C2; .z1; z2/ 7! . Nz2;�Nz1/:

and

A.t/ D

�
arctan.t/ 0

0 � arctan.t/

�
;

we have �� .A/ D 1.

The number �� .A/ is called the half-spectral flow (or the � -spectral flow) of A.

The proof of the theorem is postponed to Section 5.6.

4.4. The half-spectral flow

We present an explicit construction of the half-spectral flow in terms of the crossing
operators. Recall that t 2 R is called a crossing for A.t/ if kerA.t/ 6D ¹0º. We say
that a crossing t is isolated if the exists ı > 0 such that t is the only crossing for
A.t/ on the interval .t � ı; t C ı/. Note that if A 2 A1� and t is a regular crossing (cf.
Section 3.2), then t is an isolated crossing.
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First, assume thatA 2A� has only isolated crossings. Since we are only interested
in mod 2 value of the flow, we can replace the signature of the crossing operator with
the rank of the spectral projection P.A; t/:

sign�.A; t/ D rankP.A; t/ mod 2: (4.3)

The space kerP.A; 0/ is ˛-invariant. It follows from Lemma 2.1 that rankP.A; 0/
is even. As opposed to the crossing operators �.A; t/, the projections P.A; t/ are
defined for all A 2 A� (and not only for those in A1� ). If A 2 A� has only isolated
crossings, we define

sf� .A/´
X
t<0

rankP.A; t/C
1

2
rankP.A; 0/ mod 2: (4.4)

We have the following analogue of Proposition 3.5.

Proposition 4.2. If A0; A1 2 A� .R;W;H/ belong to the same connected component
and have only isolated crossings, then sf� A0 D sf� A1.

The proof is given in Section 5.1.

Lemma 4.3. In every connected component of A� .R;W;H/, there exists a path that
has only isolated crossings.

Proof. LetA2A� .R;W;H/. By [33, Theorem 4.22], the pathAC ı has only isolated
crossings for almost all ı. Clearly, this path is homotopic to A in A� .R; W;H/.

We now define the half-spectral flow of A 2 A� .R; W; H/ as the spectral flow
of any of the operators A1 with isolated crossings lying in the same connected com-
ponents of A� as A. By Proposition 4.2, this definition is independent of the choice
of A1.

Theorem 4.4. The map sf� W A� .R; W; H/ ! Z2 satisfies the conditions of The-
orem 4.1 and, hence, is the half-spectral flow.

The proof of the theorem is given in Section 5.4.

4.5. The �–index ofDA

Let A 2 A� and let DA be as in (3.3). Then

�DA�
�1
D D�A;

where � is defined in (4.1). Hence,DA is � -invariant and its � -index is defined by (2.2),

ind� DA D dim kerDA mod 2:
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We have the following analogue of the Robbin–Salamon Theorem 3.7.

Theorem 4.5. The map ind� WA� .R; W; H/ ! Z2 satisfies the conditions of The-
orem 4.1 and, hence, is equal to the half-spectral flow:

ind�
� d
dt
C A.t/

�
D sf� A mod 2:

The proof of Theorem 4.5 is presented in Section 5.5.

4.6. Comparison with the spectral flow of a path of skew-adjoint operators

In a seminal paper [8], the authors proved an analogue of the Robin–Salamon the-
orem for a path of skew-adjoint operators. This is closely related to our result, but
the significant difference is that in [8] each operator A.t/ is skew-adjoint, while our
assumption gives a relationship between A.t/ and A.�t /. As we explain below, our
Z2-valued spectral flow can be easily computed as a spectral flow of a special path of
skew-adjoint operators. Thus, the result of [8] expresses this spectral flow as a Z2-val-
ued index of a certain Fredholm operator. Unfortunately, this operator is not the same
as d

dt
C A.t/. It is possible – but not easy to show by a direct computation – that

the two operators have the same index, thus deducing our result from [8]. Below, we
provide some details and indicate how this program can be carried through.

For A.t/ 2 A� .R;W;H/, suppose, for simplicity, that the operator A.0/ is invert-
ible. Set

A<0.t/´

´
A.t/ for t � 0;

A.0/ for t > 0;
A>0.t/´

´
A.t/ for t � 0;

A.0/d for t < 0:

Consider the “doubling” of the path A:

yA.t/´

�
0 A<0.t/

�˛A>0.�t /˛
�1 0

�
:

This is a path of skew adjoint operators. The Z2-valued spectral flow of yA considered
in [8] is exactly equal to sf� A. [8, Theorem 8.1] expresses this spectral flow as a
Z2-valued index of a certain “suspension” operator of the form similar to d

dt
C A.

Using the gluing formula for the � -index, [13], one can show that the latter index is
equal to ind�

�
d
dt
C A.t/

�
. Thus, the half-spectral flow of A is equal to the � -index of

d
dt
C A. Combining it with [8, Theorem 8.1], we see that the Z2-valued indexes of

d
dt
C A and of the operator in [8] coincide. This can also be shown by a direct, but

non-trivial argument.
In conclusion, our Theorem 4.5 is closely related to [8, Theorem 8.1], but the

relationship is not very straightforward. This is why we preferred to give a direct
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proof of our result in the next section, by adopting the original argument of Robbin
and Salamon [33] to our Z2-valued invariants.

5. Proof of Z2-valued version of the Robbin–Salamon theorem

This section is dedicated to the proofs of Proposition 4.2 and Theorems 4.4, 4.5,
and 4.1.

5.1. Proof of Proposition 4.2

Suppose A0; A1 2 A� .R; W;H/ be two paths which have only isolated crossings.

Lemma 5.1. There exists a continuous path As (s 2 Œ0; 1�) in A� connecting A0 and
A1 such that all As have only isolated crossings.

Proof. Recall that both A0.0/ and A1.0/ are odd symmetric. Choose a continuous
path Rs of odd symmetric operators connecting A0.0/ and A1.0/ (for example, one
can take a linear path).

In the proof of [33, Theorem 4.23 on p. 16], Robbin and Salamon show that there
exists a continuous path A0s 2 A.R;W;H/ connecting A0 and A1 such that every A0s
has only isolated crossings. The same argument shows that this path can be chosen so
that A0s.0/ D Rs . Then the path

As.t/´

´
A0s.t/ for t � 0;

�A0s.�t /�
�1 for t > 0

is continuous, lies in A� .R; W; H/, has only isolated crossings, and connects A0
with A1.

Let As (s 2 Œ0; 1�) be a as in the lemma. We need to prove that sf� .As/ is inde-
pendent of s. If t D 0 is not a crossing point for some As0 , then there exists � > 0

such that 0 is not a crossing for all As , s 2 .s0 � �; s0 C �/. Then the path

zAs.t/´

´
As.t/ for t � 0;

As.0/ for t > 0

is in A.R; W;H/ for s 2 .s0 � �; s0 C �/. The � -spectral flow of As is equal mod 2
to the usual Z-valued spectral flow sf. zAs/. Hence, it is independent of s 2 .s0 � �;
s0 C �/ by the stability of the usual spectral flow under homotopy.

If 0 is a crossing for As0 , then there exist �; ı > 0 such that

(i) there are no non-zero eigenvalues of As0.0/ in the interval .�ı; ı/;
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(ii) there are no crossings t of As0 with 0 < jt j � �;

(iii) ˙ı are not in the spectrum of As.t/ for all s 2 .s0 � �; s0 C �/, t 2 .��; �/.

Then the paths

zAs.t/´

´
As.t/ for t � ��;

As.��/ for t > ��;

and

yAs.t/´

8̂̂<̂
:̂
As.��/ for t < ��;

As.t/ for � � � t � �;

As.�/ for t > �

are in A.R; W;H/ for all s 2 .s0 � �; s0 C �/, t 2 .��; �/. By (4.4) , we have

sf� .As/ D sf. zAs/C
X
��<t<0

rankP.As; t /C
1

2
rankP.As; 0/; mod 2: (5.1)

Since t D 0 is not a crossing for zAs (s 2 .s0 � �; s0 C �/, sf. zAs/ is independent of s
on this interval.

From (3.2) and (4.3), we see that the mod 2 reduction of usual Z-valued spectral
of yAs is given by

sf. yAs/ D
X
��<t<0

rankP.As; t /C rankP.As; 0/C
X
0<t<�

rankP.As; t / mod 2:

By (4.2), P.As; t / D ˛P.As;�t /˛�1. It follows thatX
��<t<0

rankP.As; t / D
X
0<t<�

rankP.As; t /

and sf. yAs/D rankP.As; 0/mod 2. From the stability of the usual spectral flow under
homotopy, we have sf. yAs0/ D sf. yAs/ and, hence,

rankP.As; 0/ D rankP.As0 ; 0/ mod 2:

Substituting this equality into (5.1) and using that sf. zAs/ is independent of s 2
.s0 � �; s0 C �/, we conclude that

sf� .As/ D sf. zAs0/C
1

2
rankP.As0 ; 0/ D sf� .As0/ mod 2:

We now pass to the proof of Theorems 4.4 and 4.5.
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5.2. The normalization axiom

LetW DH D C2 and let ˛ and A be as in Theorem 4.1 (iv). Then the eigenvalues of
A.t/ are˙ arctan.t/. By (4.4), sf� .A/ D 1. Hence, we obtain the following lemma.

Lemma 5.2. sf� satisfies the normalization condition of Theorem 4.1.

Also, by [12, Lemma 2.7] we have the following lemma.

Lemma 5.3. The map A 7! ind� DA satisfies the normalization condition of The-
orem 4.1.

5.3. A constant path

Let us consider the case when A.t/D A0 2A� is independent of t . Then A0 is biject-
ive. It follows that sf� .A/ D 0, i.e., sf� satisfy axiom (ii) of Theorem 4.1.

Further, if DA�.t/ D 0, then �.t/ D e�A0t�.0/, which is not square-integrable,
unless �.0/ D 0. Hence, kerDA D ¹0º. The following lemma summarizes this sub-
section.

Lemma 5.4. The maps A 7! sf� .A/ and A ! ind� DA satisfy axiom (ii) of The-
orem 4.1.

5.4. Proof of Theorem 4.4

By Proposition 4.2, sf� satisfies the homotopy axiom (i) of Theorem 4.1. By Lem-
mas 5.2 and 5.4, sf� satisfies axioms (ii) and (iv) of Theorem 4.1. It is clear that it also
satisfies the direct sum axiom (iii).

5.5. Proof of Theorem 4.5

By Lemmas 5.3 and 5.4, ind� DA satisfies axioms (ii) and (iv) of Theorem 4.1. It is
clear, that it also satisfies the direct sum axiom (iii). By Theorem 2.4 it also satisfies
the homotopy axiom. Thus, it coincides with the half-spectral flow by Theorem 4.1.

5.6. The proof of Theorem 4.1

Theorem 4.4 states that sf� satisfies the axioms of Theorem 4.1. Hence, the existence
of �� is proven.

To prove the uniqueness, we need to show that any �2 satisfying the axioms of
Theorem 4.1 is equal to sf� .
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A verbatim repetition of the Robbin–Salamon proof of Theorem 3.2, cf. [33, §4],
shows that there exists a unique map�2WA.R;W;H/!Z2, satisfying axioms (i)–(iv)
of Theorem 3.2. This �2 is just the mod 2 reduction of �.

For any B 2 A, the symmetrization of B is the path

zB.t/´

´
B.t/˚ ˛B.�t /˛�1 for t � 0;

˛B.�t /˛�1 ˚ B for t > 0
2 A� .R; W ˚W;H ˚H/:

We claim that the map B 7! �� . zB/ satisfies all axioms for �2. Indeed, if B1 is homo-
topic to B2 in A, then zB1 is homotopic to zB2 in A� , which implies the homotopy
axiom. The rest of the axioms follow immediately from the corresponding axioms
for �� . It follows now from the uniqueness of �2 that

�2.B/ D �� . zB/: (5.2)

We want to compute �� .A/ in terms of �2 for any A 2 A� . First, consider a path
A 2 A� , which is bijective at 0 and set

A�0.t/´

´
A.t/ for t � 0;

A.0/ for t > 0:

Then A�0 2 A.R; W;H/ and the symmetrization zA�0 is the direct sum of A and the
constant path A.0/:

zA�0 D A˚ A.0/:

Thus, from the direct sum and the constant axiom for �� we conclude that �� .A/ D
�� . zA�0/. Using (5.2), we get

�� .A/ D �� . zA�0/ D �2.A�0/ �
X
t<0

rankP.A; t/ D sf� .A/: (5.3)

Here, the third equality holds modulo 2 and follows from Theorem 3.6 and (4.3).
Consider a general A 2 A� . Then, by Lemma 2.1, the kernel of A.0/ is even

dimensional, and there is a subspace L in it such that kerA.0/D L˚ ˛L. Then there
exists � > 0 and a path A0 2 A� homotopic to A, such that A0.t/ is bijective for all
t 2 .��; �/, kerA.��/ D L, and kerA.�/ D �.L/. Then,

rankP.A0;��/ D dimL D
1

2
rankP.A; 0/:

It now follows from (5.3), that �� .A/ is given by (4.4).
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6. The Z2-valued index and the Z2-valued spectral flow on a circle

In this section, we consider a � -invariant family of self-adjoint operators A.t/, para-
metrized by t 2 S1 and prove an analogue of Theorem 4.5 for it. For the usual
Z-valued spectral flow this result basically follows from the APS index theorem, cf.
[3, §7]. This theorem is unavailable for the � -index. Instead, we deduce the result for
the periodic families from Theorem 4.5.

Throughout this section, the Hilbert spaces W and H are as in Section 3.1.

6.1. Families of operators on an interval and on a circle

Let A.Œ��;��;W;H/ be the space of norm continuous maps AW Œ��;��! S.W;H/.
For A 2 A.Œ��; ��;W;H/, set

zA.t/´

8̂̂<̂
:̂
A.��/ for t < ��;

A.t/ for � � � t � �;

A.�/ for t > �:

(6.1)

Then zA 2 A.R;W;H/ if and only if A.�/ and A.��/ are bijective.
Let

A.S1; W;H/´ ¹A 2 A.Œ��; ��;W;H/ W A.��/ D A.�/º:

We view elements of A.S1; W;H/ as families of operators on a circle.
Suppose that ˛WH ! H is an anti-unitary anti-involution. As in Section 4.1,

we define the anti-linear anti-involution � on the spaces A.Œ��; ��; W; H/ and
A.S1; W; H/. Let A� .Œ��; ��; W; H/ and A� .S

1; W; H/ denote the subspaces of
� -invariant elements in A.Œ��; ��;W;H/ and A.S1; W;H/ respectively.

Note that, if A 2 A� .S
1; W;H/, then

A.��/ D A.�/ D ˛A.�/˛�1;

i.e., the operator A.�/ D A.��/ is odd symmetric.

6.2. The half-spectral flow on the circle

ForA 2A� .S1;W;H/which have only isolated crossings, we define the half-spectral
flow by

sf� .A/´
X
��<t<0

rankP.A; t/C
1

2
rankP.A; 0/C

1

2
rankP.A;��/ mod 2:
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A verbatim repetition of the arguments in the proof of Proposition 4.2 shows that if
A0 and A1 lie in the same connected component of A� .S1; W;H/ and have isolated
crossings, then sf� .A0/D sf� .A1/. As in Section 4.4, for a generalA2A� .S1;W;H/,
we define the half-spectral flow sf� .A/ as the half-spectral flow of any A1 which has
isolated crossing and lies in the same connected component of A� .S1; W;H/ as A.

6.3. The operatorDA on an interval and on a circle

Let H and W be as in Section 3.3 and let HŒ��;�� and WŒ��;�� be similar spaces with
R replaced by Œ��; �� (thus HŒ��;��´ L2.Œ��; ��;H/, etc.). Let

WS1 ´ ¹� 2WŒ��;�� W �.��/ D �.�/º:

We view WS1 as a space of H -valued functions on S1. We also view HŒ��;�� as the
space of square-integrable H -valued functions on S1 and use the notations HŒ��;��

and HS1 for this space interchangeably.
Suppose A 2 A� .S

1; W;H/ and consider the operator

DA;S1 W �.t/ 7!
d

dt
�.t/C A.t/�.t/; � 2WS1 :

It is a bounded odd symmetric operator WS1 ! HS1 . If we view WS1 as a sub-
space of WŒ��;��, then DA becomes an operator on the interval Œ��;�� with periodic
boundary conditions. It is well known that this operator is Fredholm. When H is a
space of square-integrable sections of a bundle over a compact manifold, this fol-
lows from the standard description of elliptic boundary conditions for PDE, cf., for
example, [6, §7.3] (in [6] the periodic boundary conditions are called “transmission
conditions”, cf. [6, Example 7.28]). The abstract description of elliptic boundary con-
ditions is very similar, but simpler, cf. [5, Appendix A]).

It follows from Theorem 2.4 that the map A! ind� .DA/ is constant on the con-
nected components of A� .S1; W;H/.

The main result of this section is the following analogue of Theorem 3.7.

Theorem 6.1. Suppose that A 2 A� .S
1; W; H/. Then, the � -index of the operator

DA;S1 WWS1 ! HS1 is equal to the half-spectral flow sf� .A/.

The rest of this section is devoted to the proof of this theorem.

6.4. The case when A.��/ D A.�/ is invertible

Suppose, first, that A.��/ D A.�/ is invertible. Then, the operator (6.1) is in
A� .R; W;H/ and sf� . zA/ D sf� .A/. Hence, from Theorem 3.7, we conclude that

ind� D zA D sf� A: (6.2)
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We now recall the abstract Atiyah–Patodi–Singer (APS) boundary conditions, cf.
[36, §4]. Let H<0 �H (resp. H>0 �H ) denote the span of eigenvectors ofA.��/D
A.�/ with negative (resp. positive) eigenvalues. Set

WAPS ´ ¹f 2WŒ��;�� W f .��/ 2 H<0; f .�/ 2 H>0º;

W
�
APS ´ ¹f 2WŒ��;�� W f .��/ 2 H>0; f .�/ 2 H<0º:

Then, � WWAPS !W
�
APS.

The operatorDA;APSWWAPS!H is called the operatorDA with the APS boundary
conditions. The adjoint of this operator is the operator

D�A;APS D �
d

dt
C A.t/WW

�
APS ! H:

It follows that �DA;APS�
�1 D D�A;APS, i.e., the operator DA;APS is odd symmetric.

Recall that the operator zA is defined in (6.1). By [36, Proposition 4.5], the dimen-
sion of the kernel ofDA;APS is equal to the dimension of the kernel of the operatorD zA.
Hence, the � -indices of these operators are equal

ind� DA;APS D ind� D zA:

Using (6.2), we obtain
ind� DA;APS D sf� A:

Theorem 6.1 for the case when A.�/ is invertible follows now from the following

Proposition 6.2. If A.�/ D A.��/ is invertible, then ind� DA;APS D ind� DA;S1 .

Proof. In the proof of [6, Theorem 8.17] (see also the proof of [14, Theorem 5.11]),
the similar statement is proven for the usual index in the case when H is the space
of square-integrable sections over a manifold so that DA is a PDE. The proof goes by
constructing a continuous family of elliptic boundary conditions Bs which interpol-
ates between the periodic and the APS boundary conditions: B0 is the APS boundary
conditions and B1 is the periodic boundary conditions. This construction also works
in our case, where the proof of the fact that the intermediate boundary conditions
Bs are Fredholm is exactly the same as in the PDE case. (The details can be found
in [5, Appendix A].) Then, one obtains a family of operators DA;Bs

with different
domains. One then shows that there is a unitary equivalent continuous family of oper-
ators DA;s of operators with domain WS1 . By construction, all the operators DA;Bs

are odd symmetric. Thus, the proposition follows from the stability of the � -index
(Theorem 2.4).
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6.5. The case when A.�/ is not invertible

Suppose A.��/ D A.�/ is not invertible. Since A.�/ has a discrete spectrum,
for small enough � > 0, the operator A.�/ C � is invertible. The path A C � 2
A� .S

1; W;H/ is in the same connected component of A� .S1; W;H/ as A. Hence,

sf� .AC �/ D sf� .A/; ind� .DA/ D ind� .DAC�/: (6.3)

It is shown in Section 6.4 that sf� .AC �/ D ind.DAC�/. Theorem 6.1 follows now
from (6.3).

7. The half-spectral flow of a family of Toeplitz operators

This section studies a family of odd symmetric Toeplitz operators on a complete
Riemannian manifold. Our main result is that the graded half-spectral flow of such
a family is equal to the � -index of a certain Callias-type operator. This is a Z2-valued
analogue of the main result of [10]. In the next section, we apply it to obtain a new
proof and a generalization of the bulk-edge correspondence in the Graf–Porta model
of topological insulators with time-reversal symmetry [25].

7.1. A (generalized) Dirac operator

Let M be a complete Riemannian manifold. Recall from [30, §II.5] that a graded
bundle E D EC ˚ E� over M is called a Dirac bundle if it is a Hermitian vector
bundle endowed with the Clifford action

cWT �M ! End.E/; .c.v/WE˙ ! E�; c.v/2 D �jvj2; c.v/� D �c.v//;

and a Hermitian connection rE D rE
C

˚rE
�

compatible with the Clifford action.
We extend the Clifford action to the product E ˝ Ck and denote by D the

associated (generalized) Dirac operator. In local coordinates, it can be written in
the form D D

P
j c.dx

j /rE
@j

. We view D as an unbounded self-adjoint operator

DWL2.M;E ˝Ck/! L2.M;E ˝Ck/.
From this point on we make the following.

Assumption 7.1. Zero is an isolated point of the spectrum of D.

Let H D HC ˚ H� � L2.M; E ˝ Ck/ denote the kernel of D and let
P WL2.M; E ˝ Ck/ ! H be the orthogonal projection. Here H˙ is the intersec-
tion of H with L2.M;E˙ ˝Ck/. We denote by P˙WL2.M;E˙ ˝Ck/! H˙ the
restriction of P to L2.M;E˙ ˝Ck/.
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7.2. Matrix valued functions

Let BC.M; k/ denote the Banach algebra of continuous bounded functions f .x/ on
M with values in the space Herm.k/ of Hermitian complex-valued k � k-matrices.

Let C0.M; k/ denote the closure of the subalgebra of functions with compact
support in BC.M; k/.

Let C1g .M; k/ � BC.M; k/ denote the space of smooth functions with values in
Herm.k/ which are bounded and such that df vanishes at infinity. Then, C0.M; k/ �
Cg.M; k/.

For f 2 C1g .M Ik/, we denote by Mf WL2.M;E ˝Ck/! L2.M;E ˝Ck/ the
multiplication by 1˝ f and by M˙

f
the restriction of Mf to L2.M;E˙ ˝Ck/.

7.3. The Toeplitz operator

Recall that H D HC ˚H� denotes the kernel of D and P WL2.M;E ˝ Ck/! H

is the orthogonal projection.

Definition 7.2. The operator

Tf ´ PMf P WH ! H

is called the Toeplitz operator defined by f . We denote by T˙
f

the restriction of Tf
to H˙. This is a self-adjoint operator which is even with respect to the grading H D

HC ˚H�.

Definition 7.3. We say that a matrix-valued function f 2 C1g .M I k/ is invertible at
infinity if there exists a compact setK �M and C1 > 0 such that f .x/ is an invertible
matrix for all x 62 K and

kf .x/�1k < C1 for all x 62 K: (7.1)

The following result is proven in [16, Lemma 2.6].

Proposition 7.4. If D satisfies Assumption 7.1 and f 2 C1g .M I k/ is invertible at
infinity, then the Toeplitz operator Tf is Fredholm.

7.4. A quaternionic bundle structure

Assume now that �M WM !M is an involution. Let �E WE ! ��E be an anti-linear
involution (not anti-involution!), which preserves the Hermitian metric on E. We
assume that �E has an odd grading degree, i.e., �E WE˙ ! E�. Let �Ck

WCk ! Ck

be an anti-unitary anti-involution. By Lemma 2.1, it implies that k is even. The tensor
product

�E˝Ck

´ �E ˝ �Ck

(7.2)
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is an anti-unitary anti-involution of odd grading degree. As in (2.3), �E˝Ck
induces

an anti-unitary anti-involution � W�.M;E ˝Ck/! �.M;E ˝Ck/.

Assumption 7.5. The generalized Dirac operator D on E ˝ Ck is graded odd sym-
metric, �D��1 D D.

7.5. An odd symmetric family of matrix-valued functions

Let S1 D ¹eit W t 2 Œ��; ��º be the unit circle. Consider the involution �S
1
W t 7! �t

on S1. Then .S1; �S
1
/ is an involutive manifold.

Set M D S1 �M . We write the points of M as .t; x/, t 2 S1; x 2 M , and view
a smooth matrix-valued function f WM ! Herm.k/ as a smooth family ft WM !
Herm.k/, t 2 S1. Thus, we usually write this function as ft .x/. We are interested in
the functions with ft 2 C1g .M I k/.

The involutions �M and �S
1

define an involution �M ´ �S
1
� �M on M. As

usual, we define the anti-unitary anti-involution � on the spaces of matrix-valued func-
tions on M by

.�f /t .x/ D �
Ck

f
�S1

t
.�Mx/.�Ck

/�1:

Definition 7.6. A smooth family f WS1!C1g .M Ik/, t 7! ft , of matrix-valued func-
tions is called odd symmetric if �f D f .

We denote by F� .M; k/ the set of smooth families f D ¹ftº of odd symmetric
matrix-valued functions, such that ft is invertible at infinity of M for all t 2 S1 and
there exists a constant C2 > 0 such that


 @

@t
ft .x/




 < C2; for all t 2 S1; x 2M: (7.3)

Suppose f D ¹ftº 2 F� .M I k/. It follows from (7.1) and (7.3) that there exists a
compact set K �M and a large enough constant ˛ > 0 such that

@

@t
ft .x/ <

˛

2
ft .x/

2 for all x 62 K: (7.4)

Here the inequalityA<B between two self-adjoint matrices means that for any vector
v 6D 0, we have hAv; vi < hBv; vi.

7.6. The graded half-spectral flow of a family of self-adjoint Toeplitz operators

If f 2 F� .M I k/, then Tf (t 2 S1) is a periodic family of odd symmetric self-adjoint
Fredholm operators (the Fredholmness follows from Proposition 7.4). Recall that we
denote by T˙

f
the restriction of Tf to H˙. Our goal is to compute the graded half-

spectral flow
sf� TCf � sf� T �f

of this family.
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7.7. A Callias-type operator on S 1 �M

Recall that MD S1 �M is an involutive manifold with �M D �S
1
� �M . Denote by

�1WS
1 �M ! S1 and �2WS1 �M ! M the natural projections. By a slight abuse

of notation, we denote the pull-backs ��1 dt;�
�
2 dx 2 T

�M by dt and dx respectively.
Set

E´ ��2E:

Then E is naturally an ungraded quaternionic Dirac bundle with Clifford action
cW T �M ! End.E/ such that c.dx/ D c.dx/ and c.dt/ is given, with respect to
the decomposition E D ��2E

C ˚ ��2E
�, by the matrix

c.dt/ D

�
i � Id 0

0 �i � Id

�
:

Let D be the corresponding Dirac operator. With respect to the decomposition

L2.M;E˝Ck/ D L2.S1/˝ L2.M;E ˝Ck/;

it takes the form

D D c.dt/
@

@t
˝ 1C 1˝D:

It follows that D is odd symmetric. We remark that, as opposed to D, the operator D
is not graded.

Let now f D ¹ftº 2 F� .M I k/. We view it as a smooth function on M. Let
Mf WL

2.M;E˝Ck/! L2.M;E˝Ck/ denote the multiplication by f . It is an odd
symmetric operator. The commutator

ŒD;Mf �´ D ıMf �Mf ıD

is a zero-order differential operator, i.e., a bundle map E˝Ck ! E˝Ck .
From (7.4) and our assumption that dft vanishes at infinity, we conclude that there

exist constants c;d > 0 and a compact set K �M, called an essential support of Bcf ,
such that

ŒD; cMf �.t; x/ < c
2Mf .t; x/

2
� d for all .t; x/ 62K: (7.5)

It follows that
Bcf ´ DC icMf

is a Callias-type operator in the sense of [1, 15] (see also [11, §2.5]). In particular,
it is Fredholm. It is also odd symmetric. The � -index of odd symmetric Callias-type
operators was studied in [12, §5].

The main result of this section is the following.
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Theorem 7.7. Let f 2 F� .M I k/ be a smooth periodic family of invertible at infinity
matrix-valued functions. Suppose that Assumptions 7.1 and 7.5 are satisfied. Then,

sf� .TCf / � sf� .T �f / D ind� Bcf : (7.6)

Remark 7.8. Since both sides of (7.6) live in Z2, we can replace the minus sign
on the left-hand side with the plus sign. We prefer to write the minus sum to stress
the analogy with the Z-valued case [10, Theorem 2.1] and to emphasize that this
expression gives the graded half-spectral flow of the family Tf .

Remark 7.9. Note that, as opposed to df , the differential df does not vanish at
infinity. Because of this Bcf , does not satisfy the conditions of [16, Corollary 2.7]
and its index does not vanish in general.

Remark 7.10. In many interesting applications, e.g., in the generalized Graf–Porta
model, H� D ¹0º. Hence, sf.T �

f
/ D 0 and (7.6) computes sf.TC

f
/.

Before giving the proof of Theorem 7.7 in Section 10, we present some special
cases and applications of this theorem.

8. The even-dimensional case: the generalized bulk-edge
correspondence

Suppose that the dimension of M is even. Then the dimension of M is odd and
by the Z2-valued version of the Callias-type index theorem [12, §5] the � -index of
Bcf is equal to the index of a certain Dirac operator on a compact hypersurface
N�M. It follows from Theorem 7.7 that the half-spectral flow of a family of Toeplitz
operators onM is equal to the � -index of a Dirac-type operator on N. We refer to this
equality as a generalized bulk-edge correspondence, since, as we explain in the next
section, in the special case whenM is the unit disc in C, this reduces to the bulk-edge
correspondence for the Graf–Porta model of topological insulators with time-reversal
symmetry [25, 28].

8.1. The Z2-valued Callias-type theorem

We recall the Z2-valued version of the Callias-type theorem from [12].
LetN �M be a �M -invariant hypersurface such that there is an essential support

K � M of Bcf whose boundary @K D N´ S1 � N . In particular, the restriction
of f to N is invertible and satisfies (7.5). Then, there are quaternionic vector bundles
FN˙ over N such that

M �Ck
D FNC ˚ FN�;
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and the restriction of f to FNC (respectively, FN�) is positive definite (respectively,
negative definite). Since f is a � -invariant function, the restriction of �Ck

to FN˙

defines a quaternionic structure on these vector bundles.
Let EN denote the restriction of the bundle E to N . Then EN ´ ��2EN is the

restriction of E to N. It is naturally a Dirac bundle over N. The restriction of �E˝ �Ck

to EN˝FNC defines a structure of a quaternionic bundle on EN˝FNC. The induced
Dirac-type operator DN on EN ˝ FNC is odd symmetric.

Let v denote the unit normal vector to N pointing towards K . Then ic.v/WEN !

EN is an involution. We denote by E˙1N the eigenspace of ic.v/ with eigenvalue ˙1.
This defines a grading EN D EC1N ˚ E�1N on the Dirac bundle EN . The operator DN

is odd with respect to the induced grading on EN ˝ FNC. (This grading is different
from the one induced by the grading on E. Note that the operator DN is not an odd
operator with respect to the grading induced by the grading on E.) We denote by D˙N
the restriction of DN to E˙1N ˝ FNC.

Theorem 5.3 of [12] states that

ind� Bcf D ind� DCN:

8.2. Computation of the graded spectral flow in even-dimensional case

We now get the following corollary of Theorem 7.7.

Corollary 8.1. Under the conditions of Theorem 7.7, assume that dimM is even. Let
j WN ,!M be a hypersurface such that there is an essential support K �M of Bcf

whose boundary @K D N´ S1 �N . Then,

sf� .TCf / � sf� .T �f / D ind� DCN:

8.3. The pseudo-convex domain

Let M be a bounded strongly pseudo-convex domain in Cn with smooth bound-
ary N ´ @ xM . Let gM be the Bergman metric on M , cf. [35, §7]. We define
E D ƒn;�.T �M/ and set EC D ƒn;even.T �M/, E� D ƒn;odd.T �M/. Then E is
naturally a Dirac bundle over M whose space of smooth section coincides with
the Dolbeault complex �n;�.M/ of M with coefficients in the canonical bundle
K D ƒn;0.T �M/. Moreover, the corresponding Dirac operator is given by

D D N@C N@�;

where N@ is the Dolbeault differential and N@� its adjoint with respect to the L2-metric
induced by the Bergman metric onM . Then .M;gM / is a complete Kähler manifold.
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By [22, §5], zero is an isolated point of the spectrum of D and H ´ kerD is a
subset of the space of .n; 0/-forms

H ´ kerD � �n;0.M/: (8.1)

In particular, Assumption 7.1 is satisfied and H� D ¹0º.
Let �M WM !M be an anti-holomorphic metric preserving involution. We define

an anti-unitary involution (not anti-involution!) on E by

�E W! 7! .�M /�!; ! 2 ƒn;�.T �M/;

where the bar denotes the complex conjugation and .�M /� is the pull-back. Note
that, since �M is anti-holomorphic, .�M /� sends .n;�/-forms to .�; n/-forms and the
complex conjugation sends them back to .n;�/-forms.

Let �Ck
WCk ! Ck be an anti-unitary anti-involution and let �E˝Ck

be given
by (7.2). Then E ˝ Ck is a quaternionic bundle and D ˝ 1 is an odd symmetric
operator on it. In view of (8.1), Corollary 8.1 implies the following.

Corollary 8.2. Let Nf .t;x/ be a smooth � -invariant Herm.k/-valued function on N´

S1 �N such that Nf .t; x/ is invertible for all t 2 S1, x 2 N . Let f WM! Herm.k/ be
a smooth � -invariant extension of Nf to M (i.e., f jN D Nf ). Then, f 2 F� .M; k/ and

sf� Tf D ind� DCN:

We refer to this result as the generalized bulk-edge correspondence for the reason
explained in the next section.

9. The Graf–Porta model of topological insulators with time-reversal
symmetry

In this section, we briefly review a tight-binding model for two-dimensional topolo-
gical insulators, see, for example, [2,24,27,32]. We are mostly interested in insulators
with fermionic time-reversal symmetry. Our exposition follows the description in [28]
(see also [25]). We show that the bulk-edge correspondence for this model follows
immediately from our Corollary 8.2.

9.1. The bulk Hamiltonian

We consider the following tight binding model. The “bulk” state space is the space
l2.Z�Z;Ck/ of square-integrable sequences �D¹�mnº.m;n/2Z�Z, where �mn2Ck .
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The bulk Hamiltonian H W l2.Z �Z;Ck/! l2.Z �Z;Ck/ is defined as follows.
Consider a sequence of matrices Ap;qWCk ! Ck such that

P
pq kAp;qk < 1 and

define H by
.H�/mn D

X
p;q

Ap;q�m�p;n�q:

We assume that H is self-adjoint, which is equivalent to the equality

A�p;�q D A
�
p;q: (9.1)

The Fourier transform of H is a family of self-adjoint k � k-matrices

H.t; s/´
X
pq

Ap;qe
ipteiqs; .t; s/ 2 Œ��; �� � Œ��; �� ' S1 � S1:

depending smoothly on s and t .
We assume that the bulk Hamiltonian has a spectral gap at Fermi level � 2 R,

i.e., there exists � > 0 such that the spectrum ofH.s; t/ does not intersect the interval
.� � �; � C �/ for all .s; t/ 2 S1 � S1. In particular, the operator H.s; t/ � � is
invertible for all .s; t/ 2 S1 � S1. Thus, the trivial bundle .S1 � S1/ � Ck over the
torus S1 � S1 decomposes into the direct sum of subbundles

.S1 � S1/ �Ck
D FC ˚ F�

such that the restriction ofH.s; t/� � to FC is positive definite and the restriction of
H.s; t/ � � to F� is negative define. The bundle FC is called the Bloch bundle.

9.2. The time-reversal symmetry

Define the involution �S
1�S1
W S1 � S1 ! S1 � S1 by �S

1�S1
.t; s/ D .�t; �s/

(.s; t/ 2 Œ��; �� � Œ��; ��). Let

�Ck

WCk
! Ck

be an anti-unitary anti-involution (hence, k is even).
The anti-unitary anti-involution

� W�.t; s/! �Ck

�.�t;�s/

on the space L2.S1 � S1;Ck/ of square-integrable Ck-valued functions on S1 � S1

is called a time-reversal symmetry. We assume that H.s; t/ is � -invariant. Equival-
ently, this means that

�Ck

Ap;q.�
Ck

/�1 D A��p;�q D Ap;q; (9.2)

where in the last equality we used (9.1).
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Remark 9.1. In [25], the authors consider the operators Hq.t/ ´
P
p Ap;qe

ipt .
Then, the time-reversal symmetry condition (9.2) becomes

�Ck

Hq.t/.�
Ck

/�1 D Hq.�t /;

which agrees with [25, Definition 2.4].

Notice that � preserves the subbundles F˙ of the trivial bundle over S1 � S1.
Hence, F˙ a quaternionic bundles over S1 � S1 (in particular, their ranks are even).

9.3. The Z2-valued bulk index

Let M D ¹z 2 C W jzj < 1º be the unit disc in C. It is a pseudo-convex domain with
boundary @M D S1. As usual, we set M´ S1 �M so that N´ @M D S1 � S1.
The function

f .t; z/´
X
pq

Ap;qe
iptzq; t 2 Œ��; ��; z 2M; (9.3)

is an extension of f .t; s/´ H.t; s/ from @M to M as in Corollary 8.2. Let Tf and
DN be as in Section 8.3. Then DN is an odd symmetric Dirac-type operator acting on
the sections of the bundle FC over @M D S1 � S1.

Definition 9.2. The Z2-valued bulk index of the Hamiltonian H is

	Bulk;� ´ ind� DCN: (9.4)

Graf and Porta, [25, §4], give a different, more combinatorial, definition of the
bulk index.

Lemma 9.3. Our definition of the bulk index is equivalent to [25, Definition 4.8].

Proof. Since the set of Dirac-type operators on the space of differential forms
�n;�.M;FC/ is connected, the bulk index depends only on the pair .FC; �/.

More generally, for any quaternionic bundle F over N D S1 � S1, there exists a
complementary quaternionic bundle F0 such that F ˚ F0 ' N � Ck and a function
H WM! Herm.k/ such that F D FC (where FC is as in Section 9.1). Thus, the bulk
index can be viewed as a map from the set of quaternionic bundles over S1 � S1

to Z2.
The Grothendieck group of quaternionic vector bundles over an involutive mani-

fold X is the symplectic K-theory KSp0.X/, see [28, §2] and references therein. In
particular,

KSp0.S1 � S1/ D Z˚ Z2;
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where the Z summand corresponds to the product bundles E D .S1 � S1/ �Cn, cf.
[28, §7.1].

Recall that, by Lemma 2.1, the rank of any quaternionic bundle over S1 � S1

is even. It follows that for a product bundle, the kernel of the Dirac operator on
�n;�.M;Cn/ D �n;�.M/˝ Cn is even dimensional. Thus, the bulk index vanishes
on product bundles. Hence, the bulk index defines a map

	Bulk;� WKSp
0.S1 � S1/=Z ' Z2 ! Z2:

There is only one non-trivial map like this. [12, Example 3] shows that the bulk
index is not always equal to zero and thus defines a unique non-trivial map from
KSp0.S1 � S1/=Z to Z2.

The Graf–Porta construction of the bulk index, [25, Definition 4.8], also defines a
non-trivial map KSp0.S1 � S1/=Z! Z2 (see also [28, §7.1], where the Graf–Porta
bulk index is described as a map from KSp0.S1 � S1/=Z). Hence, this index must
coincide with 	Bulk;� .

9.4. The edge Hamiltonian

We now take the boundary into account. The “edge” state space is the space
l2.Z�0 � Z;Ck/ of square integrable sequences of vectors in Ck on the half-lattice
Z�0 � Z.

The Fourier transform of the bulk Hamiltonian H W l2.Z � Z;Ck/! l2.Z � Z;

Ck/ in the direction “along the edge”

Hq.t/´
X
p

Ap;qe
ipt ; t 2 Œ��; ��;

transforms H into a family of self-adjoint translation-invariant operators

H.t/W l2.Z;Ck/! l2.Z;Ck/; .H.t/�/n´
X
p

Hp.t/�n�p:

Then, H.t/ depends smoothly on t 2 S1. It follows from (9.1) that H.�t / D H.t/�

and (9.2) is equivalent to

�Ck

H.t/.�Ck

/�1 D H.�t /: (9.5)

(compare to [25, Definition 2.4]).
We view S1' Œ��;�� as an involutive manifold with involution �S

1
W t!�t . The

anti-involution �Ck
defines a structure of a quaternionic bundle on the trivial bundle

S1 �Ck over S1. As usual, we define an anti-involution

� WL2.S1; l2.Z;Ck//! L2.S1; l2.Z;Ck//; � Wf .t/ 7! �Ck

f .�t /:

Then H.t/ is � -invariant by (9.5).
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Let
…W l2.Z;Ck/! l2.Z�0;C

k/

denote the projection. Clearly, �Ck
….�Ck

/�1 D ….

Definition 9.4. The edge Hamiltonian is the family of Toeplitz operators

H #.t/´ … ıH.t/ ı…W l2.Z�0;C
k/! l2.Z�0;C

k/; t 2 S1:

Then,
�Ck

H #.t/.�Ck

/�1 D H #.�t /:

Definition 9.5. The Z2-valued edge index 	Edge;� of the Hamiltonian H is the half-
spectral flow of the edge Hamiltonian

	Edge;� ´ sf� .H #.t//: (9.6)

Theorem 9.6 (Bulk-Edge Correspondence). 	Bulk;� D 	Edge;� :

Proof. Consider the unit discB´¹z 2C W jzj � 1º. This is a strongly pseudo-convex
domain in C. We view the bulk Hamiltonian H.s; t/ as a function on @B � S1 with
values in the set Herm.k/ of invertible Hermitian k � k-matrices.

We endow B with the Bergman metric and consider the Dolbeault-Dirac operator
D D N@C N@� on the space L2�1;�.B;Ck/ D L2�1;0.B;Ck/˚ L2�1;1.B;Ck/ of
square-integrable .1;�/-forms on B . Let H ´ kerD. Then H � L2�1;0.B;Ck/, cf.
[22, §5]. Let P WL2�1;�.B;Ck/! H denote the orthogonal projection.

As in (9.3), we define a family of functions on the unit disc by

ft .z/´
X
pq

Ap;qe
iptzq; t 2 Œ��; ��; z 2M;

and consider the family of Toeplitz operators

Tft
´ P ıMf ı P WH ! H ; t 2 Œ��; ��;

This family is closely related to the family H ].t/ as we shall now explain.
The map 'W l2.Z�0/!H which sends uD ¹uj ºj�0 2 l2.Z�0;Ck/ to the 1-form

�.u/´
X
j�0

uj z
jdz 2 H ;

is an isomorphism of vector spaces. By [18], the difference

Tft
� � ıH #.t/ ı ��1WH ! H ; t 2 Œ�@; ��:
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is a continuous family of compact operators. By Proposition 4.2,

sf� .Tft
/ D sf� .� ıH #.t/ ı ��1/ D sf� .H #.t//:

The theorem follows now from definitions of bulk and edge indexes, (9.4), (9.6), and
Corollary 8.2.

10. The proof of Theorem 7.7

As in [10, §5], the proof of Theorem 7.7 consists of two steps. First (Lemma 10.1)
we apply Theorem 6.1 to conclude that the half-spectral flow sf� .Tft

/ is equal to the
� -index of a certain odd symmetric operator on M. Then, using the argument similar
to [16], we show that the latter index is equal to the � -index of Bcf .

10.1. The spectral flow as an index

Recall that the space L2.M; E ˝ Ck/ has an involution � . We view the space
L2.S1;H / of square integrable functions with values in H � L2.M; E˝ Ck/ as a
subspace of L2.M;E˝Ck/. Then � induces an anti-involution on L2.S1;H / which
we still denote by � . The family Tft

naturally induces an operator L2.S1;H / !

L2.S1;H / which we still denote by Tft
. Let T˙

ft
denote the restriction of Tft

to
L2.S1;H˙/. These operators are odd symmetric.

Theorem 6.1 implies the following.

Lemma 10.1. Under the assumptions of Theorem 7.7, we have

sf� .T˙ft
/ D ind�

� @
@t
C T˙ft

�ˇ̌̌
L2.S1;H˙/

: (10.1)

Since sf� .T˙ft
/D� sf� .�T˙ft

/, the spectral flows sf� .T˙ft
/ and sf� .�T˙ft

/ are equal
mod 2. Hence, (10.1) is equivalent to

sf� .T˙ft
/ D ind�

� @
@t
� T˙ft

�ˇ̌̌
L2.S1;H˙/

: (10.2)

Lemma 10.2. Under the assumptions of Theorem 7.7, we have

ind� Bcf D ind�
� @
@t
� TC

ft

�ˇ̌̌
L2.S1;HC/

C ind�
� @
@t
C T �ft

�ˇ̌̌
L2.S1;H�/

: (10.3)

Proof. Recall that we denote by P the orthogonal projection L2.M;E ˝Ck/!H .
To simplify the notation, we write P also for the operator 1˝ P on L2.M;E˝Ck/

and set Q´ 1 � P . Then, L2.S1;H / coincides with the image of the projection

P WL2.M;E˝Ck/! L2.M;E˝Ck/:
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It is shown in the proof of [10, Lemma 5.3] that the operator

Bcf � P ıBcf ı P jImP �Q ıBcf ıQjImQ

is compact. Hence,

ind� Bcf D ind� P ıBcf ı P jImP C ind� Q ıBcf ıQjImQ: (10.4)

Let us first compute the second term on the right-hand side. Set

A´ c.dt/
@

@t
C icMf :

Then, Bcf D 1˝D C A. Consider a one-parameter family of operators

Bcf ;u´ 1˝D C uA; 0 � u � 1:

As in Section 7.7, from (7.4) and our assumption that dft vanishes at infinity, we
conclude that, for all u>0, the operator Bcf ;u is of Callias type and, hence, Fredholm.

For � 2 L2.M;E˝Ck/, define a new norm jjj�jjj by

jjj�jjj2 D k�k2 C k.1˝D/�k2 C



 @
@t
�



2 C kMf�k

2 (10.5)

and let
W ´ ¹� 2 L2.M;E˝Ck/ W jjj�jjj <1º:

Then W is a dense subspace of L2.M; E ˝ Ck/. We consider it as a Hilbert space
with norm (10.5). Then Bcf ;u (0 � u � 1) is a norm continuous family of operators
W ! L2.M;E˝Ck/. One checks that P;QWW ! W .

The operatorQ ıBcf ;0 ıQjImQ DQ ıD ıQjImQ is invertible. Hence, it is Fred-
holm and its � -index is equal to 0. Thus, Q ı Bcf ;u ıQjImQ is a norm-continuous
family of operators from Q.W / to ImQ � L2.M; E˝ Ck/ and these operators are
Fredholm for all u 2 Œ0; 1�. We conclude that the index of these operators is independ-
ent of u and is equal to 0.

From (10.4), we now obtain

ind� Bcf D indBcf ;1 D ind� P ıBcf ;1 ı P jImP

D ind� PC ı
�
i
@

@t
� icMf

�
ı PC

ˇ̌̌
ImPC

C ind� P� ı
�
�i

@

@t
� icMf

�
ı P�

ˇ̌̌
ImP�

D ind�
� @
@t
� TC

ft

�ˇ̌̌
L2.S1;HC/

C ind�
� @
@t
C T �ft

�ˇ̌̌
L2.S1;H�/

:
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10.2. Proof of Theorem 7.7

Theorem 7.7 follows now from (10.1), (10.2), and (10.3).
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