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On the Lebesgue component of semiclassical measures
for abelian quantum actions

Gabriel Rivière and Lasse L. Wolf

Abstract. For a large class of symplectic integer matrices, the action on the torus extends to
a symplectic Zr -action with r � 2. We apply this to the study of semiclassical measures for
joint eigenfunctions of the quantization of the symplectic matrices of the Zr -action. In the
irreducible setting, we prove that the resulting probability measures are convex combinations
of the Lebesgue measure with weight � 1=2 and a zero entropy measure. We also provide a
general theorem in the reducible case showing that the Lebesgue components along isotropic
and symplectic invariant subtori must have total weight � 1=2.

1. Introduction

The quantum ergodicity theorem is a classical result in mathematical quantum chaos
describing the equidistribution properties of stationary quantum states in the semi-
classical limit [11, 47, 49]. More precisely, given an orthonormal basis of Laplace
eigenfunctions on a compact Riemannian manifold with ergodic geodesic flow, it
states that most of the eigenfunctions become equidistributed in phase space in the
large eigenvalue limit. In [43], Rudnick and Sarnak conjectured that, on compact neg-
atively curved manifolds, all (and not only most) eigenfunctions must equidistribute
in configuration space. Over the last twenty years, this conjecture led to many devel-
opments, and we refer to [1, 14] for recent reviews with many details and references
on these results.

One way to get insights into this conjecture is to consider a basis of eigenfunctions
having extra symmetries as in the seminal work [43]. Indeed, if there is an (or a family
of) operator(s) commuting with the Laplacian, one can consider joint orthonormal
basis of eigenfunctions and expect that the resulting basis has better equidistribution
properties. In certain arithmetic cases, one can, for instance, show equidistribution of
all eigenfunctions which are also eigenfunctions of the Hecke operators [7,10,34,46].
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Without the Hecke symmetry, Anantharaman and Silberman considered this prob-
lem on general compact locally symmetric spaces [3]. In that case, they proved entropic
bounds for (accumulation points of) joint eigenfunctions of the entire algebra of
translation-invariant differential operators. From this result, they deduced that, on
compact quotients of SL.3;R/, joint eigenfunctions have a Haar component of weight
� 1=4 (thus, exhibit some equidistribution) and they also extended this property to
certain compact quotients of SL.n;R/ for n � 4 (with a weight in .0; 1=2� depend-
ing on the situation). Motivated by the recent developments on the support proper-
ties of semiclassical measures for higher-dimensional quantum maps by Dyatlov–
Jézéquel [15] and Kim [27], the goal of this article is to show how the results from [3]
can be extended in the setting of unitary matrices quantizing symplectic linear maps
of the torus T2d WD R2d=Z2d .

1.1. Quantum maps

Linear symplectic automorphisms Sp.2d;Z/ of the torus T2d provide a family of
classical dynamical systems for which the above questions can be raised in a simple
functional framework. The quantization of these classical systems in view of under-
standing questions from quantum chaos was introduced for d D 1 by Hannay and
Berry in [24]. Namely, given any N 2 N, one can define a natural Hilbert space1

HN ' `2..Z=2NZ/d / respecting the periodic structure of the torus and on which
the metaplectic representation MN.A/ of A 2 Sp.2d;Z/ acts unitarly. See Section 2
for a brief reminder or [15, Section 2] for a detailed construction. Given a sequence
. k/k�1 of normalized states in HNk with Nk ! 1, one can define their Wigner
distributions by

W k W a 2 C1.T2d / 7! hOpw
.4�Nk/�1

.a/ k;  kiHNk
;

where Opwh .a/ is the Weyl quantization of a. Any accumulation point (as k !1) of
this sequence of distributions defines a probability measure on T2d and the resulting
measures are referred to as the semiclassical measures of the sequence . k/k�1. We
denote this set by P .. k/k�1/. If we suppose in addition that the sequence is made
of eigenvectors of MNk .A/, then the limit measures are invariant under A. Again, we
refer to Section 2 below or to [15, Section 2] for more details.

The analog of the quantum ergodicity theorem holds true for this model [8]. More
precisely, if, for every N � 1, we are given an orthonormal basis . N

j /1�j�.2N/d of
eigenfunctions of MN.A/, then most of the corresponding Wigner distributions con-
verge to the Lebesgue measure on T2d as soon as this measure is ergodic2 for A.

1Note that even values appear in view of the first remark of Section 2.1.
2This is equivalent to A not having roots of unity as eigenvalues.
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1.2. Main results

We need to introduce a few conventions in order to state our main results. First, given
A 2 Sp.2d;Z/, one can associate its characteristic polynomial and we will assume
irreducibility over Q for our first result. We define for A 2 Sp.2d;R/ the integers

m.A/ D
1

2
#.�.A/ \R/ and l.A/ D

1

4
#.�.A/ \ .C n .R [ S1///;

where �.A/D ¹�1; : : : ; �2d º is the spectrum of A and where eigenvalues are counted
with their multiplicity. Our first result reads as follows.

Theorem 1.1. Let d � 2 and A 2 Sp.2d;Z/ with irreducible characteristic poly-
nomial over Q such that no ratio of eigenvalues �i

�j
, i ¤ j , is a root of unity. Fur-

thermore, assume m.A/ C l.A/ � 2. Then, there exists an abelian subgroup ƒ �
Sp.2d;Z/ of rank m.A/ C l.A/ containing A. Moreover, for every " > 0, one can
find B" 2 ƒ such that

8N � 1; MN.B"/MN.A/ DMN.A/MN.B"/:

and such that, for any sequence . k/k�1 satisfying

8k � 1; MNk .A/ k D e
iˇk.A/ k; MNk .B"/ k D e

iˇk."/ k; k kkHNk
D 1;

one has that, for every � 2 P .. k/k�1/,

� D ˛ LebT2d C.1 � ˛/�

with
˛ �

1

2
� ";

and hKS.�; B/ D 0 for any B 2 hA;B"i � Sp.2d;Z/.

Here, hKS.�; B/ is the Kolmogorov–Sinai entropy of the measure � with respect
to B [48, Chapter 4]. It is a nonnegative number which measures how much of the
complexity of B is captured by �. For instance, if � is supported on a closed orbit,
then the entropy vanishes while it is maximal for the Lebesgue measure.

The assumption of irreducibility and that no ratio of eigenvalues is a root of unity
can be captured by the Galois group of the characteristic polynomial. In fact, this is
equivalent to having �Ak irreducible for all k 2 N. It turns out that these are generic
among symplectic matrices [27] and we will explain how to construct explicitly matri-
ces with this property and the additional assumptionm.A/C l.A/� 2 (see Section 5).
This assumption on the eigenvalues is made to ensure the existence of an abelian
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subgroup ƒ � Sp.2d;Z/ of rank m.A/C l.A/ containing A in the first part of The-
orem 1.1 and the matrix B" will be picked in a convenient way inside this subgroup.
In fact, we can choose ƒ in such a way that

8B1; B2 2 ƒ; 8N � 1; MN.B1/MN.B2/ DMN.B2/MN.B1/;

and we could also consider joint eigenfunctions for all MN.B/, B 2 ƒ. In that case,
our arguments will show that ˛ � 1=2 (see Theorem 4.14). In particular, if m.A/C
l.A/ D 2, we can pick " D 0 in Theorem 1.1. For m.A/C l.A/ > 2, if we pick an
arbitrary matrix B in ƒ n hAi rather than B", we will only get a lower bound ˛ �
c.A; B/ > 0 on the Lebesgue component with c.A; B/ depending on the Lyapunov
exponents of A and B .

When  k is only an eigenfunction of MNk .A/, Kim recently proved that, under
the same irreducibility condition and the assumption thatm.A/C l.A/ � 1, any limit
measure � 2 P .. k/k�1/ has full support [27]. See also [15, 44] for earlier contri-
butions of Schwartz when d D 1 and of Dyatlov and Jézéquel under more restrictive
assumptions than in [27] when d � 1. Theorem 1.1 shows that under one extra sym-
metry, there is a Lebesgue component with almost 1=2 weight. Kurlberg, Ostafe,
Rudnick, and Shparlinski also proved that, for a density 1 of integers .Nk/k�1, one
must have ˛ D 1 in Theorem 1.1 under some related assumptions on the matrix
A [31]. Here, we do not make any assumption on the sequence of integers N at the
expense of considering joint eigenfunctions and of having only ˛ � 1=2 � o.1/. Ear-
lier works of the first author also show that any element 2 P .. k/k�1/ has positive
entropy without any restriction on A or on the sequence of integers .Nk/k�1 [40].
This quantitative statement will in fact be one of the key ingredients of our proof. See
also [2, 6, 9, 19, 20, 23] for earlier related results.

In Section 1.3, we will also discuss in more details results by Kelmer for joint
eigenmodes of the Hecke operators [26]. Roughly speaking, he picked joint eigen-
states for all the generators of the Hecke group of A while we are using only two
elements in this group. Let us just mention at this point that, under the assumption
of Theorem 1.1, he proved that such joint arithmetic eigenmodes yield ˛ D 1 in the
above statement. This property is referred to as arithmetic quantum unique ergodic-
ity for quantum maps. He also showed that if A has an invariant isotropic subspace,
then such a property fails even for the Hecke eigenmodes. For instance, when A is
of the form Diag. zA; . zA�1/T / with zA 2 GL.d;Z/, then one can construct a sequence
of eigenmodes whose limit measure is of the form LebTd ˝ı

Td
0 [22, Appendix B].

Motivated by this example, we can state a second application of the dynamical meth-
ods used in our work.

Theorem 1.2. Let d � 3 and zA 2 GL.d;Z/ with irreducible characteristic polyno-
mial. Suppose also that m. zA/ C l. zA/ � 3 and that no ratio of the eigenvalues of
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A D Diag. zA; . zA�1/T / 2 Sp.2d;Z/ is a root of unity. Then, for every " > 0, one can
find zB" 2GL.d;Z/ commuting with zA such that, letting B" DDiag. zB"; . zB�1" /T /, one
has

8N � 1; MN.B"/MN.A/ DMN.A/MN.B"/:

and such that, for any sequence . k/k�1 satisfying

8k � 1; MNk .A/ k D e
iˇk.A/ k; MNk .B"/ k D e

iˇk."/ k; k kkHNk
D 1;

one has that, for every � 2 P .. k/k�1/,

� D ˛ LebT2d C˛1�1 ˝ LebTd C˛2 LebTd ˝�2 C .1 � ˛ � ˛1 � ˛2/�0

with
2˛ C ˛1 C ˛2 � 1 � ";

and hKS.�1; zB1/D hKS.�2; zB2/D hKS.�0;B/D 0 for any zB1 2 h zA; zB"i � GL.d;Z/,
zB2 2 h zA

T ; zBT" i � GL.d;Z/ and B 2 hA;B"i � Sp.2d;Z/.

When A is a general element in Sp.2d;Z/ such that no ratio of eigenvalues is a
root of unity, our method still allows us to prove some similar regularity statement and
we refer to Theorem 4.14 for a precise formulation of our general and main regularity
result. Roughly speaking, it will state that any semiclassical measure can be decom-
posed as a sum of a zero entropy measure with weight � 1=2 and a measure whose
projection along invariant isotropic and symplectic subtori is the Lebesgue measure.
Under the present form, Theorem 1.2 already illustrates the kind of regularity property
one can expect in a simplified setting. In particular, observe that if ˛D 0 (i.e., the mea-
sure � has no Lebesgue component), then the zero entropy part �0 of the measure has
weight at most ". Again, if we consider joint eigenmodes for the full quantum action,
we can pick " D 0 (see Theorem 4.14). Finally, the examples from [26, Theorem 1]
ensure the existence of semiclassical measures with ˛ D 0.

1.3. Comparison with Hecke operators for quantum maps

Looking at joint eigenmodes associated with two commuting symplectic matrices is
related to the notion of Hecke operators for quantum maps as it was introduced by
Kurlberg and Rudnick in [32] for d D 1. This concept was extended to the case
d > 1 by Kelmer [26] and, using the conventions from this reference, we briefly
review this construction for the sake of comparison. For simplicity, we suppose that
A is irreducible and we refer to [26] for the general separable case. The ring D WD

ZŒX�=.�A/, where �A is the characteristic polynomial of A, can be naturally embed-
ded in M.2d;Z/ by letting � W p 7! p.A/. Recall that, if B 2 GL.2d;Z/ commutes
withA, thenB is a rational polynomial inA (see, e.g., Lemma 4.4). Given p 2D, one
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can define p� in such a way that �.p�/ D p.A�1/. Recall from [26, Corollary 2.2]
that �.p/ 2 Sp.2d; Z/ if and only if the “norm” N .p/ WD pp� is equal to 1. In
Theorem 1.1, the matrix B" is picked inside a fixed abelian subgroup ƒ depending
only on A and having rank m.A/C l.A/ � 2. With the above conventions, one has
hA;B"i � ƒ � Ker N .

According to [26, Section 1.1.3],MN.B/ depends only B modulo 4N. Hence, one
can introduce the map �N W D=4ND! M.2d;Z=4NZ/ and the corresponding norm
NN WD=4ND3p 7!pp� 2D=4ND. The Hecke groupCA.N/ is then defined as a cer-
tain finite index subgroup of �N.Ker NN/ with the index being bounded independently
of N. See [26, Section 2] for more details. Kelmer then considered joint eigenfunc-
tions for all theMN.B/ with B lying in the Hecke group. Thanks to [26, Lemma 2.7],
the number of elements in CA.N/ is bounded from below by c�Nd�� and from above
by C�NdC� and the lower bound plays an instrumental role in his proof of arithmetic
quantum unique ergodicity. See, for instance, Propositions 3.6 and 3.7 in this refer-
ence.

In Theorem 1.1, the number of (implicitly) involved unitary matrices MN.B/ is
given by ]�N.hA;B"i/, and one has

�N.hA;B"i/ � �N.ƒ/ � �N.Ker N / � �N.Ker NN/:

Hence, there are at most O.NdC�/ unitary matrices in that subgroup. However, the
cardinality could be a priori much smaller in general and it is not clear if we could
derive a good lower bound on this cardinality (that would allow to apply the arith-
metic methods from [26]) without further assumptions. Equivalently, we are picking
only one (good) element B" mod 4N in the Hecke group (on top of A mod 4N) and
there is a priori no reason that these two elements generate3 enough elements to apply
the arithmetic averaging arguments from [26, Section 3]. Despite that, Theorem 1.1
shows that one can already derive some equidistribution properties with only requir-
ing to be a joint eigenmodes for 2 elements. Moreover, the dynamical argument we
develop allows to deal with more general symplectic matrices as in Theorem 1.2 (see
also Theorem 4.14). Finally, we refer to [39] for numerics on the order of symplectic
matrices modulo N when d D 2 and to [31] for lower bounds on this order along
typical sequences of integers.

1.4. Organization of the article

In Section 2, we briefly review the construction of semiclassical measures for sym-
plectic linear automorphisms of the torus following [15] and we recall what is known

3Recall, for instance, that, for d D 1, there exist subsequences of integers .Nk/k�1 for
which the number of elements generated by A is of order log Nk [33].
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on the entropy of semiclassical measures in that setting. Then, in Section 3, we
describe the centralizer of matrices in Sp.2d; Z/. We gather these elements with
rigidity results of Einsiedler and Lindenstrauss in Section 4 in order to derive the
main theorem of this article, namely, Theorem 4.14. Section 5 discusses the gener-
icity of the assumption made on the matrix A in Theorem 1.1 and provides concrete
examples of such matrices. Finally, Appendix A is a brief reminder on the metaplectic
representation behind the construction of MN.A/.

2. Semiclassical measures for abelian actions

In this section, we briefly review the quantization procedure used to look at the quan-
tum counterpart of a symplectic linear map acting on T2d . We closely follow the
conventions from [15] to which we refer for more details. We also recall the entropic
results from [40] that will be used in the subsequent sections.

Remark. Compared with [15], the semiclassical parameter N lies here in N due to
the fact that we deal with higher-rank actions while [15] allows for the more general
case where N 2 1

2
N. Yet, as they picked the convention N 2 N (and not N 2 1

2
N)

there is a factor 2 that differs from their convention in this brief exposition part.

2.1. Quantum mechanics on T 2d

Let N � 1 be a positive integer. One can set

HN WD
®
u 2 � 0.Rd / W Uwu D u for all w D .q; p/ 2 Z2d

¯
;

where
8u 2 �.Rd /; Uq;pu.x/ WD e

4i�Nhx;pif .x � q/:

One can verify that this defines a finite-dimensional space of dimension .2N/d and
this space is naturally endowed with a Hilbert structure. See [15, Lemma 2.5] for more
details on this construction.

Remark. We note that the general construction of these Hilbert spaces also involves
a Floquet parameter � 2 T2d (which is fixed depending on A and N) and that it can
be carried out for N 2 1

2
N. Here, as we aim at dealing with quantum actions, we fix

� D 0 and N 2 N so that the quantization conditions [15, equation (2.57)] on .�;N)
required to quantize a symplectic matrix are satisfied for any A.

Recall that a matrix B in M.2d;R/ is said to be symplectic if BT JB D J , where

J WD

 
0 Idd
� Idd 0

!
;
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where Idd is the d � d identity matrix. The subgroup of symplectic matrices is
denoted by Sp.2d;R/. To any symplectic matrix B on R2d , one can associate its
metaplectic representationMN.B/ of parameter N>0which acts naturally on � 0.Rd /

and which verifies, for every A1 and A2 in Sp.2d;R/,

MN.A1A2/ D ˙MN.A1/MN.A2/ (1)

(see [21, Chapter 4]). Note that this representation is projective, in the sense that it
is defined up to a complex number of modulus 1. Yet, as explained in [21, Theo-
rem 4.37], this number can be chosen so that (1) holds true. See also Appendix A for
a brief reminder.

When N is a positive integer and whenA 2 Sp.2d;Z/D Sp.2d;R/\GL.2d;Z/,
one can look at the action of these matrices on the spaces HN defined above and verify
that

MN.A/ W HN ! HN:

See [15, Section 2.2.4] for more details. Similarly, one has that

8a 2 C1.T2d /; Opw
.4�N/�1.a/ W HN ! HN;

where Opwh .a/ is the Weyl quantization of the symbol a on R2d [50, Chapter 4]. In
order to emphasize the fact that one works with the restriction, we can set

OpN.a/ WD Opw
.4�N/�1.a/

ˇ̌
HN
:

A key property of this quantization procedure is the so-called Egorov property

MN.A/
�1 OpN.a/MN.A/ D OpN.a ı A/: (2)

2.2. Semiclassical measures

With these tools at hand and given  2 HN which is normalized, one can define the
so-called Wigner distribution of  :

W W a 2 C1.T2d / 7! hOpN.a/ ; i:

From the Calderón–Vaillancourt theorem on Rd [50, Chapter 5] combined with [15,
equation (2.45)], one has

kOpN.a/kL.HN/ � Cd
X
j˛j�Nd

N�
j˛j
2 k@˛akC0 ;

where Cd ; Nd > 0 are constants depending only on the dimension. Hence, given a
sequence

 k 2 HNk ; k kkHNk
D 1; lim

k!1
Nk D1; (3)
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the sequence .W k /k�1 defines a bounded sequence in D 0.T2d / and we denote by
P .. k/k!1/ the corresponding set of accumulation points as k!1. Thanks to the
Gårding inequality [15, equation (2.48)], any accumulation point is in fact a probabil-
ity measure on T2d . If we suppose that, in addition to (3), the sequence  k verifies

MNk .A/ k D e
iˇk k for some ˇk 2 R; (4)

then any measure � in P .. k/k!1/ verifies A�� D � thanks to the Egorov prop-
erty (2).

The set of semiclassical measures for A 2 Sp.2d;Z/ is then defined as

Psc.A/ WD
®
� W 9. k/k�1 verifying (3) and (4) such that � 2 P .. k/k!1/

¯
:

This defines a subset of the convex and compact4 set P .A/made of A-invariant prob-
ability measure on T2d . The following holds true.

Theorem 2.1 ([40, Theorem 1.1]). Let A 2 Sp.2d;Z/ and set

�C.A/ WD max¹log j�j W � 2 �.A/º:

Then, for every � 2 Psc.A/,

hKS.�;A/ �
X

�2�.A/

max
°

log j�j �
�C.A/

2
; 0
±
;

where eigenvalues are counted with multiplicity and where hKS.�;A/ is Kolmogorov–
Sinai entropy of the measure � with respect to A.

We also refer to [3] for analogs of this result in the context of compact locally
symmetric spaces. See Section 2.3 for a reminder on the Kolmogorov–Sinai entropy.

Remark. Note that the theorem in [40] is formulated for so-called quantizable matri-
ces. This is to ensure that one can also pick any N2 1

2
N (and thus, a Floquet parameter

� 2 T2d adapted to A). As we only deal with N 2 N, we can always pick � D 0 for
any choice of symplectic matrix A.

Finally, the set of semiclassical measures for an abelian subgroup ƒ � Sp.2d;Z/
is defined as follows. The subgroup ƒ is said to be higher-rank quantizable if, for
every N 2 N and for every A;B 2 ƒ,

MN.A/MN.B/ DMN.B/MN.A/:

4Recall that it is endowed with the weak-? topology induced by C0.T2d / on its dual.
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Remark. If ƒ � Sp.2d;Z/ is abelian, then it is finitely generated by [45, Corol-
lary 2.1]. Let B1; : : : ; Bk be generators of ƒ. Then, the finite index subgroup gener-
ated by B21 ; : : : ;B

2
k

is higher-rank quantizable thanks to (1). Moreover, if A 2ƒ, then
hA;B21 ; : : : ; B

2
k
i is also a higher-rank quantizable finite index subgroup ofƒ contain-

ing A. In particular, ifƒ � Sp.2d;Z/ is abelian (and contains some element A), then
there is a higher rank quantizable finite index subgroup of ƒ (containing A).

Suppose now that, in addition to (3), the sequence . k/k�1 verifies

8A 2 ƒ; MNk .A/ k D e
iˇk.A/ k for some ˇk.A/ 2 R; (5)

where ƒ � Sp.2d;Z/ is a higher-rank quantizable subgroup. We can then define the
set of semiclassical measures for the abelian group ƒ as

Psc.ƒ/ WD
®
� W 9. k/k�1 verifying (3) and (5) such that � 2 P .. k/k!1/

¯
:

From the Egorov theorem, one has Psc.ƒ/ � Psc.A/ � P .A/ for every A 2 ƒ. In
particular, a measure � 2 Psc.ƒ/ is invariant under the action of ƒ.

2.3. A reminder on Ergodic decomposition and Kolmogorov–Sinai entropy

Let � be an element in P .A/. From the Birkhoff–Ergodic theorem, one knows that
there exists a subset � of T2d such that �.�/ D 1 and such that, for every f 2
C0.T2d ;C/, one can find f � 2 L1.�/ such that

8x 2 �; lim
T!1

1

T

T�1X
kD0

.f ı Ak/.x/ D f �.x/:

One can verify that the map

�x W f 7! f �.x/; f 2 C0.T2d /;

defines an element in P .A/ which is ergodic for �-almost every x 2 T2d . This gives
rise to the so-called ergodic decomposition of the measure � [18, Section 6.1]:

� D

Z
T2d

�x d�.x/:

Fix now a partition B WD .Bj /jD1;:::;K of T2d and denote by B.T / the refined
partition made of elements of the form

B˛0 \A
�1.B˛1/\ � � � \A

�TC1.B˛T�1/; ˛ D .˛0; ˛1; : : : ; ˛T�1/ 2 ¹1; : : : ;Kº
T :

Given T � 1, one can associate to every point x 2 T2d a single element BT .x/ in
B.T / such that x 2 BT .x/. The Shannon–McMillan–Breiman theorem ensures that,
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for �-almost every x 2 T2d , the limit � 1
T

ln�.BT .x// exists and it is equal to the
Kolmogorov–Sinai entropy of the measure �x with respect to the partition B; i.e.,

hKS.�x; A;B/ D lim
T!1

�
1

T
ln�.BT .x//

(see [36, Chapter 3] or [37, Sections 5–6]). Moreover, the Kolmogorov–Sinai entropy
of the measure � (relative to B) is given by

hKS.�;A;B/ D

Z
T2d

hKS.�x; A;B/d�.x/:

Recall that the Kolmogorov–Sinai entropy hKS.�; A/ of � is then defined as the
supremum over all the finite partitions B. For other definitions of entropy, see [48,
Chapter 4]. One can show [48, Theorem 8.4] that

hKS.�;A/ D

Z
T2d

hKS.�x; A/d�.x/:

Recall that these quantities are all nonnegative and that, for �-almost every x 2 T2d ,

hKS.�x; A/ �
X

�2�.A/

max¹log j�j; 0º;

where �.A/ is the set of eigenvalues of A (counted with multiplicity) [48, Theo-
rem 8.15]. In particular, as a corollary of Theorem 2.1, one has the following.

Corollary 2.2. Let A 2 Sp.2d;Z/ and suppose that

�C.A/ D max
®

log j�j W � 2 �.A/
¯
> 0:

Then, for every � 2 Psc.A/,

�.¹x W hKS.�x; A/ > 0º/ �

P
�2�.A/ max¹log j�j � �C.A/

2
; 0ºP

�2�.A/ max¹log j�j; 0º
;

where eigenvalues are counted with multiplicity.

3. Centralizers of symplectic matrices

In this section, we analyze the structure of the centralizer of a symplectic matrix with
separable characteristic polynomial. The main result here is Theorem 3.12 describing
the group structure of this centralizer. Before that, we also discuss two important
cases that are used in the proof: the case of the linear group (Theorem 3.4) and the
case where the characteristic polynomial is irreducible (Theorem 3.6).
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Definition 3.1. A polynomial f 2QŒX� is called separable if it has no multiple roots
in its splitting field (equivalently in C).

Remark. If f 2 QŒX� is irreducible, then f is separable. Indeed, if � was a root of
f of order � 2, then f .�/ D f 0.�/ D 0, which would contradict Bézout’s identity.

More generally, if f D p1 � � �pk with pi 2 QŒX� irreducible, then f is separable
if and only if all pi ’s are distinct. Clearly, if p2 j f for some non-constant irreducible
p 2 QŒX� then f has multiple roots. Conversely, if f has a zero � of order � 2, then
there is pi such that pi .�/ D 0. Since pi is irreducible, pi has no multiple zeros, and
hence, pj .�/ D 0 for some j ¤ i . By Bézout’s identity, there are r; s 2 QŒX� such
that rpi C spj D 1. This gives a contradiction when evaluating at �.

3.1. Preliminary conventions

We recall the following classical lemma in linear algebra.

Lemma 3.2. Let A 2 GL.m;Q/. Then, the following statements hold.

(1) If the characteristic polynomial �A of A is separable, then the minimal poly-
nomial mA of A coincides with its characteristic polynomial �A.

(2) If B 2 M.m;Q/ commutes with A and mA D �A, then B is a rational poly-
nomial in A. In particular, the centralizer of A in GL.m;Q/ is abelian.

Proof. SincemAj�AjmmA ,mA and�A have the same irreducible factors. By the assump-
tion of separability, each factor occurs exactly once so that both polynomials must be
equal. For item (ii), we use the structure theorem for finitely generated modules over
principal ideal domains. We find that, for the QŒX�-module Qm (where X � v D Av),
Qm '

L
i QŒX�=.pmii / for pairwise distinct irreducible polynomials pi 2QŒX� with

�A D mA D
Q
i p

mi
i . The vector v with all components equal to 1 2 QŒX�=.pmii /

is cyclic, i.e., v; Av; : : : ; Am�1v is a basis of Qm. Write then Bv D
Pm�1
iD0 aiA

iv,
ai 2 Q, and it follows that B D

Pm�1
iD0 aiA

i .

For a semigroup G and x 2 G, we denote by Gx the centralizer Gx WD ¹g 2 G j
gx D xgº. In order to make notation more natural, we now work over a general finite-
dimensional Q-vector space V instead of Qm. The matrices with integer coefficients
will be replaced by the following.

Definition 3.3. A lattice in a finite-dimensional Q-vector space V is a free abelian
subgroup � of .V;C/ of rank dim V , i.e., � D Zv1 ˚ � � � ˚ ZvdimV for a basis .vi /
of V . We write End.�/ for the endomorphisms B of V with B.�/ � � and

GL.�/ WD
®
B 2 GL.V / j B.�/ D �

¯
:
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Note that GL.�/ are the units in the ring End.�/. Moreover, if we take a basis
of � , then the matrix of B 2 GL.�/ and of B�1 with respect to this basis has inte-
ger entries. In particular, GL.Zm/ D GL.m;Z/. We also note that GL.�/ D ¹B 2
End.�/ j detB D˙1º. Indeed, if B 2 GL.�/, then we saw that suitable matrices rep-
resentingB andB�1 have integer entries so that detB D˙1. Conversely, ifB.�/��
and detB D˙1, then q D .1� .�1/m detB�B/=X 2ZŒX� andB�1 D q.B/ 2ZŒB�.
Therefore, B�1.�/ D q.B/.�/ � � and B 2 GL.�/.

3.2. The irreducible general linear case

We begin with the following statement, which is a consequence of Dirichlet’s unit
theorem.

Theorem 3.4. LetA 2GL.�/ with characteristic polynomial �A which is irreducible
over Q. Suppose that A has r.A/ real eigenvalues and 2c.A/ eigenvalues in C n R.
Then, GL.�/A is an abelian group of rank r.A/ C c.A/ � 1; i.e., GL.�/A ' F �

Zr.A/Cc.A/�1 for a finite group F .

Proof. We saw in Lemma 3.2 that End.V /ADQŒA�. We have QŒA�'QŒX�=.�A/ via
p.A/$ p C .�A/ and we also verified after Definition 3.3 that Q.A/ D QŒA�. This
defines an algebraic number field as �A is irreducible. Moreover, ZŒA� � End.�/A �
QŒA�DWK. Since ZŒA� is a free abelian group of rank deg�AD ŒKWQ�, End.�/ADWO
is an order inK [35, Section I.12]. Its units O� are those elements of End.�/A whose
inverses are also in End.�/A: this means precisely O� D GL.�/A. By Dirichlet’s
unit theorem (see, e.g., [35, Theorem 7.4, Section I]) for the maximal order OK , one
knows that O�K is isomorphic to F 0 � Zr.A/Cc.A/�1, where F 0 is a finite cyclic group
consisting of roots of unity. Then, it follows from [35, Theorem 12.12, Section I] that
O� ' F � Zr.A/Cc.A/�1, where F is a finite group.

Corollary 3.5. Let " > 0 and suppose that the assumptions of Theorem 3.4 are satis-
fied. Then, there is B 2 GL.�/A such that

8� 2 �.B/;
j log j�jj

max¹j log j�jjW� 2 �.B/º
2 Œ0; "� [ Œ1 � "; 1�;

with the convention 0=0 D 0.

This corollary is in fact a consequence of the construction behind Dirichlet’s unit
theorem and we will explain it at the end of this paragraph. Besides proving this
corollary, we also aim at deriving the analogues of these results in the symplectic
setting. To that aim, the arguments used to show Dirichlet’s unit theorem need to be
discussed (and used) to take into account the symplectic structure. Hence, we briefly
recall the main lines to prove Dirichlet’s unit theorem in the case where the algebraic
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number fieldK is constructed from an element A 2 GL.�/ (with �A irreducible). We
follow [35, Section I.7] and refer to it for more details.

Recalling thatK DQ.A/ and lettingWR D Rr.A/ �Cc.A/, we define the (multi-
plicative) group morphism

j W K� ! W �R ; p.A/ 7! .p.�1/; : : : ; p.�r/; p.�1/; : : : ; p.�c//;

where .�1; : : : ; �r/ are the real eigenvalues ofA and .�1; x�1; : : : ;�c ; x�c/ are the ones
in C nR. Note that this defines an injective map. We also set the surjective morphism

` W

´
.W �R ; �/! .RrCc ;C/;

.u1; : : : ; ur ; z1; : : : ; zc/ 7! .log ju1j; : : : ; log jur j; log jz1j2; : : : ; log jzcj2/:

For B 2 K�, we denote by NK=Q.B/ 2 Q� the determinant of the map K 3 C 7!
BC 2 K viewed as a Q-linear map. This is the field norm on K=Q and one has
NK=Q D N ı j , where

N.u1; : : : ; ur ; z1; : : : ; zc/ WD u1 � � �ur jz1j
2
� � � jzcj

2:

Recall now that Dirichlet’s unit theorem is about the group structure of the multiplica-
tive subgroup

O� D
®
B 2 O W NK=Q.B/ 2 ¹˙1º

¯
:

To study this question, one sets

ƒ WD .` ı j /.O�/ � H WD

²
X 2 RrCc W

rCcX
jD1

Xj D 0

³
' RrCc�1;

and one proves that this is a (full-rank) lattice in that vector space [35, Theorem 7.3]5.
Letting .v1; : : : ; vrCc�1/ be a Z-basis for this lattice, its preimage .g1; : : : ; grCc�1/ 2
O� by the map ` ı j allows to define an abelian subgroup G0 D hg1; : : : ; grCc�1i
which induces a surjective morphism onto .ƒ;C/. Then, letting F 0 be the roots of
unity lying in O, one can prove that

1! F 0 ,! O�
`ıj
��! ƒ! 0

is an exact sequence [35, Lemma 7.2], from which we deduce that

O� D
®
fgn1 � � �g

nrCc�1
rCc�1 W f 2 F

0; .n1; : : : ; nrCc�1/ 2 ZrCc�1
¯
' F 0 � ZrCc�1:

With these conventions at hand, we are ready to verify Corollary 3.5.

5We note that in this reference they work with the maximal order OK but everything works
equally well with any other order O.
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Proof of Corollary 3.5. For B D p.A/ 2 GL.�/A, the eigenvalues of B are exactly
given by

.p.�1/; : : : ; p.�r/; p.�1/; p.x�1/; : : : ; p.�c/; p.x�c//:

Hence, for every � 2 �.B/, log j�j (or 2 log j�j) is a coordinate of ` ı j.B/. Recall
now that GL.�/A D End.�/�A with End.�/A being an order in K. Hence, there exists
a compact set C in H so that H D C C .` ı j /.GL.�/A/. For M 2 N, we now set
XM D .M;�M;0; : : : ; 0/ to be an element inH . Thanks to the above decomposition,
XM can be written as xM C zM with xM 2 C and zM 2 ` ı j.GL.�/A/. As C is
a compact subset of H , it is contained inside Œ�R0; R0�rCc for some large enough
R0 > 0 (depending only on the lattice ` ı j.GL.�/A/). In particular,

zM 2 ŒM �R0;M CR0� � Œ�M �R0;�M CR0� � Œ�R0; R0�
rCc�2:

By construction, there exists BM 2 GL.�/A such that ` ı j.BM / D zM and BM has
the expected property if we pick M large enough (depending on ").

3.3. The irreducible symplectic case

In this paragraph, we let .V; !/ be a finite-dimensional symplectic vector space over
Q and we let A 2 Sp.�/ WD GL.�/ \ Sp.V; !/ whose characteristic polynomial will
be irreducible in the present Section 3.3. We aim at proving the following symplectic
analog of the result in the previous paragraph.

Theorem 3.6. Let A 2 Sp.�/ with irreducible characteristic polynomial. Suppose
that A have 2m.A/ real eigenvalues and 4l.A/ eigenvalues in C n .R [ S1/. Then,
Sp.�/A is an abelian group of rank m.A/C l.A/; i.e., Sp.�/A ' F � Zm.A/Cl.A/,
where F is a finite group.

Remark. We note that if �A 2 ZŒX� is the characteristic polynomial of A 2 Sp.�/,
then �A is palindromic of degree 2d D dim V (i.e., �A.X�1/X2d D �A.X/). Then,
�0AD 2dX

2d�1�A.X
�1/�X2d�2�0A.X

�1/. In particular, �0A.˙1/D˙2d�A.˙1/�
�0A.˙1/. This implies that if �A.˙1/ D 0, then �0A.˙1/ D 0. Hence, ˙1 is not an
eigenvalue of A if �A is separable.

Clearly, Sp.�/A � GL.�/A, and hence, Sp.�/A ' F 0 �Zs with F 0 D F \ Sp.�/
and s � r.A/C c.A/� 1. It remains to find s. In order to prove this theorem, we will
let QŒA� DW K.

Recall that, thanks to our irreducibility assumption, ˙1 do not belong to �.A/.
Let us order the eigenvalues of A as follows: �1; ��11 ; : : : ; �m; �

�1
m 2 R, m D m.A/,

�1; �
�1
1 D �1; : : : ; �k; �

�1
k
2 S1, k D k.A/ and �1; �1; ��11 ; �1

�1; : : : ; �l ; �l ; �
�1
l

,
�l
�1
2 C n .R [ S1/, l D l.A/. With the conventions of Section 3.2, one has
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k C 2l D c and 2m D r as well as WR D R2m �Ck �C2l and we define j accord-
ingly. From Section 3.2, ` ı j.GL.�/A/ is lattice of rank r C c � 1 in H ' RrCc�1.
We now define W 0R WD Rm �Rk �Cl and

JW

8̂̂̂<̂
ˆ̂:
WR ! W 0R

.u1; : : : ; u2m; v1; : : : ; vk; w1 : : : ; w2l/ 7!

.u1u2; : : : ; u2m�1u2m;

jv1j
2; : : : ; jvkj

2;

w1w2; : : : ; w2l�1w2l/:

One has the following characterization of symplectic matrices in K.

Lemma 3.7. We have

Sp.�/A D
®
B 2 GL.�/A j J.j.B// D .1; : : : ; 1/

¯
:

Proof. For B 2 End.V /, denote by B� the unique endomorphism of V such that
!.Bv;w/ D !.v; B�w/ for all v;w 2 V .

If B D p.A/ 2 End.V /A D K, then B� D p.A�/ D p.A�1/ D p!.A/, where6

p! D p.1��
X
/ 2 QŒX�. Therefore, 1 D B�B if and only if �A j p!p � 1. This is

equivalent to the fact that p.s�1/p.s/ D 1 for every eigenvalue s of A. These are
precisely the coordinates of J ı j.B/. By observing that p.��1i / D p.�i / D p.�i /,
we infer Sp.V;!/A D ker J ı j . We finish the proof by intersecting with GL.�/A.

Proof of Theorem 3.6. Let

G WD
®
w 2 W �R j J.w/ D .1; : : : ; 1/

¯
� .W �R ; �/:

One has that ` ı j.G/ is a subgroup of .R2mCkC2l ;C/. By construction, one has that

`.G/ �
®
.x;�x/ j x 2 R

¯m
� ¹0ºk �

®
.y;�y/ j y 2 R

¯l
:

By putting u2jC1 D ex; u2jC2 D e�x; vj D 1; w2jC1 D ey=2; w2jC2 D e�y=2, we
see that equality holds. Hence, `.G/ ' RmCl as additive groups. Set now U WD G \

j.O�/D j.Sp.�/A/, zG WDN�1.¹˙1º/�W �R and zU WD zG \ j.O�/. By construction,
G is a subgroup of zG and U D zU \G. Hence, G=U embeds into zG= zU .

It follows from the discussion on Dirichlet’s unit theorem in Section 3.2 that
`. zG/=`. zU/ is compact, in the fact that `. zU/ is discrete and that ker `j zU is finite.
Hence, `.G/=`.U / is compact and, as `.U / is discrete, we find that `.U / is a full-
rank lattice in `.G/ ' RmCl . Therefore,

Sp.�/A ' U ' ker `jU � ZmCl :

6In [26], p! is denoted by p�. In contrast to this notation, we use p� D Xdegpp.X�1/.
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As for GL.�/A, one has the following property as a consequence of the above
construction.

Corollary 3.8 (of proof of Theorem 3.6). Let " > 0. Then, there is B 2 Sp.�/A such
that

max¹log j�j; 0º
max¹log j�j W � 2 �.B/º

2 Œ0; "� [ Œ1 � "; 1�

for all � 2 �.B/ (with the convention 0=0 D 0).

Proof. For this, we observe that if B D p.A/ 2 Sp.�/A, then the eigenvalues of B
are

p.�i /; p.�
�1
i /; p.�i /; p.�i /; p.�i /; p.�i /; p.�

�1
i /; p.�

�1
i /:

Therefore, one has again that log j�j or 2 log j�j (with � 2 �.B/) corresponds to the
coordinates of `.j.B//. We saw above that `.U / is a lattice of full rank in `.G/.
Hence, there is a compact set C in `.G/ such that C C `.U / D `.G/. We infer that
for eachM 2N there is j.BM /D uM 2U and xM 2 C such that `.j.BM //C xM D
.M;�M; 0; : : : ; 0/ 2 `.G/ in the case m � 1. We have

`.j.BM // 2 ŒM �R;M CR� � Œ�M �R;�M CR� � Œ�R;R�
2mCkC2l�2:

The claim follows by picking M large enough. The case m D 0 works similarly by
picking the last coordinates. If m D l D 0, then all eigenvalues are of modulus 1, so
we have 0=0.

3.4. The general symplectic case

We will now discuss the case of a general symplectic matrix in Sp.2d;Z/ with sep-
arable characteristic polynomial. To that aim, we first collect a few statements taken
from [26, Section 2.2]. Given p 2 ZŒX�, we set p�.X/D Xdegpp.X�1/ 2 ZŒX�. We
can write

�A D

rY
iD1

pi

sY
jD1

�j�
�
j ;

with pi D p�i ; �j 2 ZŒX� irreducible, pairwise distinct and �j ¤ ��j . Then, according
to [26, Proposition 2.4 and Remark 2.4], one has

Q2d
D

rM
iD1

kerpi .A/˚
sM

jD1

.ker �j .A/˚ ker ��j .A//; (6)

where

• for every i; j , kerpi .A/ and ker�j .A/˚ ker��j .A/ are orthogonal with respect to
the symplectic form,
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• for i ¤ i 0, kerpi .A/ and kerpi 0.A/ are orthogonal with respect to the symplectic
form,

• for j ¤ j 0, ker �j .A/ ˚ ker ��j .A/ and ker �j 0.A/ ˚ ker ��j 0.A/ are orthogonal
with respect to the symplectic form,

• for every 1 � j � s, ker �j .A/, and ker ��j .A/ are isotropic spaces,

• for every i; j , kerpi .A/, and ker �j .A/˚ ker ��j .A/ are symplectic subspaces,

• for every i; j , ker pi .A/, ker �j .A/, and ker ��j .A/ are irreducible subspaces for
the action of A.

Remark. If we denote by V ?!0 the symplectic orthogonal of a linear subspace V0,
recall that V0 is Lagrangian when V ?!0 D V0. When V0 � V

?!
0 (resp., V ?!0 � V0),

we say that V0 is isotropic (resp., coisotropic). When V ?!0 \ V0 D ¹0º, the subspace
is symplectic for !jV0 .

In the following, we shall use the following convention, for every 1 � i � r and
for every 1 � j � s,

Vi WDkerpi .A/; Wj WDker�j .A/˚ker��j .A/; xWj WDker�j .A/; xW �j WDker��j .A/
(7)

By taking sums of the subspaces appearing in (7), we have a description of all the
A-invariant subspaces of Q2d . We introduce the following sublattices:

�i WD Vi \ Z2d ; �j WD Wj \ Z2d ; x�j WD xWj \ Z2d ; x��j WD
xW �j \ Z2d :

Their ranks are given by the dimension of Vi ,Wj , xWj , and xW �j , respectively. Indeed, if
we start with a basis v1; : : : ; vn of one of the subspaces Vi ,Wj , xWj , or xW �j , then there
is an integer N such that, for any i , Nvi is in the sublattice. This shows that �i , �j ,
x�j , and x��j are lattices in the respective subspaces. In particular, � WD

L
i�i ˚

L
j �j

has finite index inside Z2d . One has the following lemma.

Lemma 3.9. Let G be a subgroup of GL.2d;R/. Then, G \ GL.2d;Z/ has finite
index in G \ GL.�/.

Proof. Since the property of having finite index is stable under intersection with G,
we can without loss of generality assume that G D GL.2d;R/. There is N 2 N such
that NZ2d � � . Let g 2 GL.�/ then g˙1.�/ � � . Therefore, g acts on the finite
space �=N� so that there isM 2 N such that g˙M is the identity on �=N� . Hence,
g˙M D I CNX˙ with X˙.�/ � � . It follows that

.g˙M � I /.Z2d / � X˙.�/ � � � Z2d :

This implies gM 2 GL.Z2d /. Since GL.�/ is finitely generated (as it is isomorphic
to GL.2d;Z/ by choosing a basis), the lemma follows.
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In particular, this lemma shows that Sp.2d;Z/A has finite index in

Sp.�/A '
rY
iD1

Sp.�i /AjVi �
sY

jD1

Sp.�j /AjWj : (8)

The group structure of Sp.�i /AjVi was already described in Theorem 3.6 as the char-
acteristic polynomial of AjVi is pi D p�i which is irreducible. Hence, it remains to
describe the group structure of Sp.�j /AjWj . To that aim, observe first that the same
argument as in the proof of Lemma 3.9 shows that Sp.�j /AjWj has finite index in

Sp.x�j ˚ x��j /AjWj . Then, it remains to use the following two lemmas.

Lemma 3.10. Let us assume that zA 2 Sp.W;!/ with characteristic polynomial � zA D
���, where �2QŒX� irreducible and �¤��. Then, there is an zA-invariant Lagrangian
subspace xW � W such that W ' xW � xW � (with xW � the dual space to xW ) and
!..v; �/; .w; �// D �.w/ � �.v/. Moreover,

Sp.W; !/ zA '
®

diag.B; .B�1/T / j B 2 GL. xW / zAj xW
¯
' GL. xW / zAj xW :

Remark. Under the assumption of this lemma, zA has no eigenvalues of modulus 1.
Indeed, if �.�/ D 0 for j� j D 1, then �.x�/ D 0 D ��.��1/, which would contradict
the separability as x� D ��1.

Proof. We write 1 D r�C s��. Let v; v0 2 xW DW kerp. zA/. Then, v D s��. zA/v and
!.v; v0/D !.sp�. zA/; v0/D !.v; s�p. zA/v/D 0. Hence, xW � xW ?! . Since dim xW D
dim kerp�. zA/ D 1

2
dimW , we have xW D xW ?! . Letting xW 0 D ker ��. zA/, we have

xW 0?! D xW 0 andW D xW ˚ xW 0. It follows thatw0 7!!.w0; �/ defines an isomorphism
J W xW 0! xW �. Forw 2 xW and �2 xW �, we have!.J�1.�/;w/D�.w/. Hence, .W;!/
is xW � xW 0 with the standard symplectic form. Then, clearly, B 2 Sp.W; !/ zA if and
only if B is of the form diag. xB; . xB�1/T / for xB 2 GL. xW / zAj xW .

Lemma 3.11. In the situation of Lemma 3.10 if x� is a lattice in xW and x�� is a
lattice in xW � and zA 2 Sp.x�˚x��/, then Sp.x� ˚ x��/ zA is a finite index subgroup of
GL.x�/ zAj xW under the isomorphism Sp.W; !/ zA ' GL. xW / zAj xW .

Proof. As the isomorphism RW Sp.W; !/ zA ' GL. xW / zAj xW is given by restriction to
xW , Sp.x� ˚ x��/ zA is mapped into GL.x�/ zAj xW . Let us define the so-called colattice

co.x�/ WD ¹� 2 xW � j �.x�/�Zº. Then, for B D diag. xB; xB�T / 2 Sp.W;!/ zA with xB 2
GL.x�/we have . xB�1/T .�/.
/D �. xB�1
/ 2Z for � 2 co.x�/ and 
 2 x� . Hence,B 2
Sp.x� ˚ co.x�//. It follows R.Sp.x� ˚ x��/ zA/ � GL.x�/ zAj xW � R.Sp.x� ˚ co.x�// zA/.

By applying again Lemma 3.9, we find that Sp.x� ˚ x��/ zA has finite index in Sp.x� ˚
co.x�// zA. This implies that R.Sp.x� ˚ x��/ zA/ has finite index in GL.x�/ zAj xW .
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As a consequence of this lemma and of the decomposition (8), we can deduce that
Sp.2d;Z/A has finite index in a subgroup isomorphic to

rY
iD1

Sp.�i /AjVi �
sY

jD1

GL.x�j /Aj xWj :

Combined with Theorems 3.4 and 3.6 and the fact that Aj xWj has no eigenvalue of
modulus 1, we infer the following structure theorem.

Theorem 3.12. LetA 2 Sp.2d;Z/ with separable characteristic polynomial and sup-
pose thatA has 2m.A/ real eigenvalues and 4l.A/ eigenvalues in C n .R[S1/. Then,
one has

Sp.2d;Z/A ' F � Zm.A/Cl.A/�I.A/;

where F is a finite abelian group (consisting of matrices B with B jF j D 1) and 2I.A/
is the number of irreducible isotropic invariant subspaces of A in Q2d .

4. Reducibility and rigidity of actions on tori

In this section, we combine the constructions from the previous sections with a rigidity
result of Einsiedler and Lindenstrauss [16, 17] in view of describing the regularity of
semiclassical measures. Along the way, we also review some material from rigidity of
Zr -actions on tori and describe criteria on the matrix A we started with where these
results apply. This allows us to prove Theorems 1.1 and 1.2 from the introduction and
to state and prove our main Theorem (Theorem 4.14) on semiclassical measures for
joint eigenmodes.

4.1. Preliminary conventions

Let m 2 N. We consider the action of GL.m;Z/ on Tm. The following notion will
be used in Theorem 4.2 below.

Definition 4.1 ([16]). (1) The action of a subgroup ƒ � GL.m;Z/ on Tm is called
irreducible if every infinite ƒ-invariant subgroup of Tm is dense.

(2) The action is called totally irreducible if the action restricted to every finite
index subgroup is irreducible.

(3) The action is called virtually cyclic if there exists g0 2 ƒ and ƒ0 � ƒ with
finite index such that, for every g 2 ƒ0, one can find k 2 Z such that g D gk0 .

Observe that if ƒ is abelian and if the rank of ƒ is � 2, then there is an injective
group morphism � W Z2 ! ƒ, and the action of ƒ is not virtually cyclic. Indeed,
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otherwise, there would exist g0 2 ƒ and ƒ0 � ƒ of finite index such that, for all
g0 2 ƒ0, one has g0 D gk0 for some k. Finite index would then ensure the existence of
p 2Z such that gp 2ƒ0 and hp 2ƒ0 (where gD �.1; 0/ and hD �.0; 1/ are given by
the group morphism). One would have then gp D gk0 and hp D gl0 for some k; l 2 Z.
Hence, �.pl;�pk/ D gplh�pk D Idm, which would contradict the injectivity of �.

4.2. The irreducible case

The following theorem by Einsiedler and Lindenstrauss is the key ingredient in our
classification of semiclassical measures in the irreducible case.

Theorem 4.2 ([16,17]). Letƒ�GL.m;Z/ be a totally irreducible abelian subgroup7

of rank � 2. Let � be an ergodic measure on Tm for the action of ƒ. Then, either �
is the Lebesgue measure or hKS.�;B/ D 0 for all B 2 ƒ.

Remark. We remark that the original version is more general since it allows solenoids
instead of Tm, non-faithful actions of Zr , as well as non-irreducible actions (see
below). In these references, the authors made the “not virtually cyclic” assumption.
Here, this is automatically satisfied as we supposed that the abelian subgroup ƒ has
rank � 2 and we consider the natural action of GL.m;Z/ on Tm which is faithful.

When applied to semiclassical measures, this theorem combined with Corollary 2.2
directly yields the following corollary.

Corollary 4.3. Let ƒ � Sp.2d;Z/ be an abelian subgroup which is quantizable and
totally irreducible with rank � 2. Then, for any � 2 Psc.ƒ/, one has

� D ˛ LebT2d C.1 � ˛/�;

where hKS.�; 
/ D 0 for every 
 2 ƒ and where

˛ � max

2ƒW�C.
/>0

²P
�2�.A/ max¹log j�j � �C.
/

2
; 0ºP

�2�.
/ max¹log j�j; 0º

³
;

with eigenvalues counted with multiplicity.

Proof. We write the ergodic decomposition of � with respect to the action of ƒ, i.e.,
� D

R
E
ed�.e/, where e runs over the set E of ƒ-ergodic measures. From Theo-

rem 4.2, e is either the Lebesgue measure or has zero entropy for every 
 in ƒ. So
that we can decompose �D ˛LebT2d C.1� ˛/�, where � has zero entropy for every

 2 ƒ. Applying Corollary 2.2 concludes the proof.

7We note that ƒ is finitely generated by [45, Corollary 2.1].
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We are now left with finding conditions ensuring that a quantizable action is totally
irreducible with rank � 2. To that aim, we state the following lemma.

Lemma 4.4. (1) Let A 2 GL.m;Z/. The closed connected A-invariant subgroups of
Tm are in one to one correspondence with the A-invariant subspaces of Qm. The
correspondence is as follows: given a closed connected A-invariant subgroup T of
Tm, its tangent space is V.T / ˝ R, where V.T / is the corresponding A-invariant
subspace of Qm.

(2) For A 2 GL.m;Z/, the only A-invariant subspaces of Qm are ¹0º and Qm if
and only if A has irreducible characteristic polynomial over Q.

(3) If A 2 GL.m;Z/ has separable characteristic polynomial andƒ � GL.m;Z/
is an abelian subgroup containing A, then ƒ is irreducible if and only if A has irre-
ducible characteristic polynomial.

We note that in (iii) the possibleƒ are subgroups of GL.m;Z/A. More precisely, if
ƒ�GL.m;Z/ is abelian andA2ƒ, thenƒ�GL.m;Z/A. Hence, (iii) can be applied
to any abelianƒ � GL.m;Z/ that contains some matrix with separable characteristic
polynomial.

Remark. The case of invariant subsets instead of subgroups of Tm is characterized
in [5]. In this case, one needs two more conditions for the absence of infinite invariant
closed subsets. In particular, one has to make assumptions on the eigenvalues and one
needs higher rank.

Proof. The arguments we give are similar to [15, Lemma 4.3] (also [27, Appendix B]).
For (i), let T � Tm be a connected closed A-invariant subgroup of Tm. Then, T
is a Lie subgroup with Lie algebra t � Rm which is A-invariant. The exponential
map of Tm is just the quotient map � W x 2 Rm 7! x mod Zm. The exponential map
for T is its restriction and is surjective since T is connected and abelian. Hence,
T D �.t/D .tCZm/=Zm' t=.t\Zm/. Since T is compact, t\Zm is a cocompact
lattice in t. As T (and thus, t) is A-invariant, we obtain that V WD t \Qm is an A-
invariant subspace of Qm.

Conversely, if V �Qm is an A-invariant subspace, then �.V ˝R/ is a connected
A-invariant subgroup of Tm. It is also closed as V is contained in Qm. Indeed, by
Lemma 4.5 below, we choose a complement W of V in Qm such that Zm D .V \

Zm/C .W \ Zm/. If now �.xq/! �.x/ with .xq/q�1 2 V ˝R and x 2 Rm, then
there are .zq/g�1 2Zm such that xq C zq! x. But xD vCw 2 .V ˝R/˚ .W ˝R/

and zq D vq Cwq 2 .V \Zm/C .W \Zm/. Therefore, wq ! w 2 Zm and �.x/D
�.v/ 2 �.V ˝R/. The two constructions are clearly inverse to each other.

We now turn to the proof of the next items and we regard Qm as QŒX�-module
whereX � v D Av. Then, by the structure theorem for finitely generated modules over
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principal ideal domains and the Chinese remainder theorem, one has

Qm
D

lM
iD1

miM
jD1

QŒX�=.p
�i;j
i /;

where pi are irreducible and pairwise distinct and �i;1 � �i;2 � � � � � �i;mi . One has

�A D

lY
iD1

p

Pmi
jD1

�i;j

i ;

where �A is the characteristic polynomial of A. The A-invariant subspaces of Qm are
precisely QŒX�-submodules. By Bézout’s identity, one finds

Vi D

miM
jD1

QŒX�=.p
�i;j
i / D

®
v 2 Qm

j p
�i;mi
i .A/v D 0

¯
:

Moreover, using again Bézout’s identity, each QŒX�-submodule is a direct sum of sub-
modules of Vi . For an irreducible p, the submodules of QŒX�=.p�/ are precisely the
ones generated by 1; p; p2; : : : ; p� . Hence, in order to have no submodules at all we
must have l D 1,mi D 1, and vi;1 D 1; i.e., Qm DQŒX�=.p/ with p irreducible. This
is equivalent to saying that �A is irreducible over Q and (ii) is proved. For (iii), we
observe that by Lemma 3.2 the A-invariant subspaces and the ƒ-invariant subspaces
coincide. The claim follows by (ii).

Lemma 4.5. Let V �Qm be a subspace. Then, there exists a complementW of V in
Qm such that Zm D .V \ Zm/C .W \ Zm/.

Proof. The sublattice V \ Zm is a subgroup of the free abelian group Zm. Hence,
there is a basis v1; : : : ; vm of Zm, k 2N, and d1; : : : ; dk 2Z such that d1v1; : : : ; dkvk
is a basis of V \ Zm (see, e.g., [4, Theorem 4.11]), and thus, v1; : : : ; vk is a basis of
V \Zm. Indeed, for i D 1; : : : ; k, divi 2 V implies vi 2 V \Zm. It follows that there
are ai;j 2 Z such that vi D

Pk
jD1 ai;jdj vj . This implies ai;idi D 1, and therefore,

di D ˙1.
We also observe that V D hv1; : : : ; vkiQ as for every v 2 V there is N 2 Z with

Nv 2 Zm. The subspace W WD hvkC1; : : : ; vmiQ is then a complement of V and we
find that Zm D .V \ Zm/C .W \ Zm/.

In order to deal with finite index subgroups, we formulate the following lemma.

Lemma 4.6. Let A 2 GL.m;Q/ with separable characteristic polynomial �A. Then,
�Ak is separable for all k 2 N if and only if no quotient of eigenvalues is a root of
unity, If �=� for two eigenvalues �; � of A is a root of unity, then .�=�/N D 1 for
some N 2 N with '.N / � m2, where ' is Euler’s totient function.
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Here and after, eigenvalues are considered with their multiplicity. In particular, if
no quotient of eigenvalues is a root of unity, all eigenvalues of A are distinct (which
is exactly asking the characteristic polynomial to be separable).

Remark. If �A is irreducible and no ratio of eigenvalues of A is a root of unity, then
�Ak is irreducible for all k 2 N. Using Lemma 3.2, one has that A is of the form
P.Ak/ with P 2QŒX�. So, each Ak-invariant subspace is A-invariant and we can use
Lemma 4.4.

Proof. Let �A D
Q
.X � �i / with �i 2 C. Then, �Ak D

Q
.X � �ki / 2 QŒX�. By

assumption �i ¤ �j for i ¤ j and we have to show that �ki ¤ �kj for i ¤ j , i.e.,
.�i=�j /

k ¤ 1. This is the assumption of the lemma.
If �;� are eigenvalues and �=� is a primitive N th root of unity, then

'.N / D ŒQŒ�=��WQ� � ŒQŒ�; ��WQ� � ŒQŒ��WQ� � ŒQŒ��WQ� D m2:

Remark. (1) If �.A/ � RC, then �=� 2 RC for all eigenvalues � and �. Hence, this
ratio cannot be a nontrivial root of unity.

(2) '.N / ! 1 for N ! 1. Therefore, we only have to check finitely many
powers to apply the above lemma. More precisely, '.N / � N log2

log.2N/ for N � 2. We
refer to [38, Chapter 4.I.C] and [42, Theorem 15] for this and more explicit lower
bounds.

As a corollary of Lemma 4.4, we directly obtain the following statement.

Corollary 4.7. Let A 2 GL.m;Z/ such that no ratio of eigenvalues is a root of unity.
An abelian subgroup ƒ � GL.m;Z/ containing A is totally irreducible if and only if
�A is irreducible.

Proof. If ƒ is totally irreducible, then ƒ must be irreducible so that by Lemma 4.4
�A is irreducible.

Conversely, let �A be irreducible and, using Lemma 4.4, let V be subspace of Qm

invariant under some finite index subgroup ƒ0 of ƒ. There is some k 2 N such that
Ak 2 ƒ0. By Lemma 4.6, �Ak is separable, and thus, �Ak is the minimal polynomial
of Ak . It follows from Lemma 3.2 that A is a rational polynomial in Ak . Therefore,
V is A-invariant. By Lemma 4.4, V is ¹0º or Qm.

We are now ready to prove Theorem 1.1 from the introduction.

Proof of Theorem 1.1. We assumed that �A is irreducible and no ratio of eigenvalues
is root of unity. Hence, by Corollary 4.7, any abelian subgroup of Sp.2d;Z/ contain-
ing A is totally irreducible. We also assumed that m.A/C l.A/ � 2. By Theorem 3.6
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and Corollary 3.8, there is, for any " > 0, B" 2 Sp.2d;Z/A such that

8� 2 �.B"/;
max¹log j�j; 0º

�C.B"/
2 Œ0; "� [ Œ1 � "; 1�

and hA; B"i has rank 2. We now apply Corollary 3.8 to a quantizable finite index
subgroup of hA;B"i to obtain Theorem 1.1.

4.3. The general case

In case the irreducibility of the characteristic polynomial does not hold, we saw that
the abelian subgroup is not irreducible. Yet, Einsiedler and Lindenstrauss showed that
one can still describeƒ-ergodic measures in that case. To state this result in a concise
form, we introduce the following definition.

Definition 4.8. Let ƒ � GL.m;Z/ be an abelian subgroup. Let T � Tm be a closed
and connected ƒ-invariant subgroup8. We say that a ƒ-invariant probability measure
� is an .T;ƒ/-admissible measure if it is also T -invariant9 and if the induced measure
on Tm=T has zero Kolmogorov–Sinai entropy for every B 2 ƒ.

Note that, for T D ¹0º, .T;ƒ/-admissible measures are justƒ-invariant measures
with zero entropy, whereas for T D Tm, the only .T; ƒ/-admissible measure is the
Lebesgue measure on Tm. With this convention at hand, we can formulate the rigidity
theorem as follows.

Theorem 4.9 ([16, 17]). Let ƒ be an abelian subgroup of GL.m;Z/ (of rank r � 2)
that has no virtually cyclic factors. Let � be aƒ-ergodic measure on Tm. Then, there
existƒ0�ƒ of finite index andƒ0-invariant closed connected subgroups T1; : : : ;TM�
Tm such that

� D
1

M
.�1 C � � � C �M /;

where each �j is a ƒ0-ergodic measure which is .Tj ; ƒ0/-admissible and where

8
 2 ƒ; 
��j D �i ; and 
.Tj / D Ti for some i:

Givenƒ � GL.m;Z/ and T � Tm a connected closedƒ-invariant subgroup dis-
tinct from Tm, recall that a factor of ƒ is the induced action of ƒ on Tm=T .

Remark. The formulation in [17] does not assume connectedness for the .Tj /1�j�M .
Yet, we can assume all the Tj to be connected in this theorem. Indeed, if not all the

8Recall from Lemma 4.4 that this corresponds to a ƒ-invariant subspace of Qm.
9Hence, the induced measure on T is the Haar measure.
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Tj were connected, we could proceed as follows. Since 
.Tj / D Ti , we must have

.T ıj / � T

ı
i for all 
 2 ƒ, where we denote by T ı the connected component of

the neutral element. It follows that 
.T ıj / D T
ı
i . Moreover, �j is T ıj -invariant, and

T ıj is a ƒ0-invariant closed and connected subgroup. Observe now that T ıj has finite
index in Tj so that Tm=T ıj ! Tm=Tj is a finite cover. Therefore, hKS.�Tm=T ı

j
; 
/D

hKS.�Tm=Tj ; 
/ D 0 for all 
 2 ƒ0. In other words, �j is .T ıj ; ƒ
0/-admissible.

When combined with Theorem 2.1, this theorem provides conditions on semiclas-
sical measures for quantizable actions with no virtually cyclic factors. Recall indeed
from the proof of Lemma 4.4 that, for a closed and connected ƒ0-invariant subgroup
T � Tm, one can find a ƒ0-invariant subspace V.T / of Qm such that the tangent
space to T is given by V.T /˝R. One has also [48, Theorem 8.15]

8
 2 ƒ0; hKS.mT ; 
/ D
X

�2�.
 jV.T //

max¹log j�j; 0º;

where mT is the Haar measure on T . Thanks to the fact that hKS.�j ; 
/DhKS.mTj ; 
/

and that the Kolmogorov–Sinai entropy is an affine function, one finds that the entropy
of the measure � in the above theorem is given by

8
 2 ƒ0; hKS.�; 
/ D
1

M

MX
jD1

X
�2Sp.
 jV.Tj //

max¹log j�j; 0º:

Hence, asƒ0 has finite index, one has that, for every 
 2ƒ, one has 
 ŒƒWƒ
0� 2ƒ0. The

previous equality translates into

8
 2 ƒ; hKS.�; 
/D
hKS.�; 


ŒƒWƒ0�/

Œƒ W ƒ0�
D

1

M

MX
jD1

X
�2�.
 ŒƒWƒ

0�jV.Tj /
/

max¹log j�j; 0º:

Together with Theorem 2.1, this provides constraints on the allowed semiclassical
measures as any ƒ-invariant measure can be decomposed as a convex sum of ƒ-
ergodic measures

� D

Z
E

ed�.e/;

where E is the set of ƒ-ergodic measures. The fact that entropy is affine implies that,
for all 
 2 ƒ,

hKS.�;
/D

Z
E

hKS.e; 
/d�.e/D
Z

E

1

Me

MeX
jD1

X
�2�.
 ŒƒWƒe�jV.Tj //

max¹log j�j; 0ºd�.e/;
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which can be compared with the lower bound in Theorem 2.1. Observe that these
constraints are not so easy to exploit in general due to the fact that they involve a
finite index subgroup ƒe that depends on the ergodic component e 2 E .

Motivated by the previous discussion, we can make the following definition that
will provide simple settings to apply this theorem. We will give in Section 4.4 below
two simple (and nontrivial) examples with this property.

Definition 4.10. We call a subgroup ƒ � GL.m;Z/ tame if there are at most finitely
many closed connectedƒ-invariant subgroups of Tm and each closed connected sub-
group of Tm invariant by a finite index subgroup of ƒ is already invariant by ƒ.

Remark. WhenA 2 Sp.2d;Z/, recall from the decomposition (6) that, as soon as �A
is separable, T2d has finitely many closed connected A-invariant subgroups thanks to
Lemma 4.4.

Theorem 4.9 now reads as follows for tame subgroups.

Corollary 4.11. Let ƒ � GL.m;Z/ be a tame abelian subgroup with closed con-
nected invariant subgroups T1; : : : ; T` � Tm and with no virtually cyclic factors.
Then, for any ƒ-ergodic measure �, one can find 1 � l � ` such that � is .Tl ; ƒ/-
admissible.

Proof. Using Theorem 4.9, there is a finite index subgroup ƒ0 � ƒ and ƒ0-invariant
closed connected subgroups zT1; : : : ; zTM � Tm such that � D 1

M
.�1 C � � � �M /,

where, for each j D 1; : : : ; M , �j is ƒ0-ergodic, . zTj ; ƒ0/-admissible and for any

 2ƒ there is i such that 
��j D �i as well as 
. zTj /D zTi . Each zTi isƒ-invariant as
it isƒ0-invariant andƒ is tame. Hence, each zTi is some Tl . Let�Tl WD

1
nl

P
i W zTiDTl

�i

with nl WD #¹i j zTi D Tlº. Then, �Tl is a ƒ-invariant probability measure as 
 2 ƒ
permutes the summands of �Tl . Moreover, �Tl is .Tl ; ƒ0/-admissible as a sum of
.Tl ; ƒ

0/-admissible measures. Since ƒ0 has finite index in ƒ and Tl is ƒ-invariant,
�Tl is .Tl ; ƒ/-admissible. Moreover, � D

P
l
nl
M
�Tl . Since � is ƒ-ergodic and �Tl

is ƒ-invariant, we infer that � D �Tl for some l .

In the setting of Corollary 4.11, anyƒ-invariant measure � can be decomposed as

� D
X̀
lD1

˛l�l ;

where
P`
lD1 ˛l D 1 and where each�l is an .Tl ;ƒ/-admissible measure. The entropy

can then be written as

hKS.�; 
/ D
X̀
lD1

˛l
X

�2�.
 jV.Tl //

max¹log j�j; 0º; 
 2 ƒ; (9)
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which can be more easily compared with the lower bound in Theorem 2.1. Recall that
one of the Tl is reduced to ¹0º in view of allowing zero entropy measures (like the
one carried by the neutral element of Tm).

Regarding semiclassical measures, we obtain the following analog of Corollary 4.3
as a direct consequence of Theorem 2.1 and (9).

Corollary 4.12. Letƒ� Sp.2d;Z/ be an abelian subgroup which is quantizable and
tame and which has no virtually cyclic factors. Let T1; : : : ; T` be the closed connected
invariant subgroups of T2d . Then, for any � 2 Psc.ƒ/, one has

� D
X̀
lD1

˛l�l with
X̀
lD1

˛l D 1;

where each �l is .Tl ; ƒ/-admissible and where, for any 
 2 ƒ,

X̀
lD1

˛l

� X
�2�.
 jV.Tl //

max¹log j�j; 0º
�
�

X
�2�.
/

max
²

log j�j �
�C.
/

2
; 0

³
:

Observe that if without loss of generality T` D ¹0º (0 is always a closed con-
nected invariant subgroup), then ˛1C � � � C ˛`�1 > 0. The following lemma ensuring
tameness can be viewed as the analog of Corollary 4.7 for the reducible case.

Lemma 4.13. Let A 2 GL.m;Z/ such that no ratio of eigenvalues is a root of unity.
Then, any abelian subgroupƒ�GL.m;Z/ containing some power ofA is tame. More
precisely, the closed connected ƒ-invariant subgroups correspond to direct sums of
kerpi .A/, where pi 2 ZŒX� are the irreducible factors of �A.

Proof. As in the proof of Corollary 4.7, each subspace invariant under a finite index
subgroup of ƒ is already AN -invariant for some power N . But, as �AN is separa-
ble, by Lemma 4.6, such a subspace is A-invariant by Lemma 3.2. Hence, we only
have to determine the A-invariant subspaces in Qm. We use again the structure the-
orem for the QŒX�-module Qm to see that Qm '

L
i QŒX�=.pi /, where pi 2 ZŒX�

are the irreducible factors of �A. The invariant submodules are direct sums of the
QŒX�=.pi / ' kerpi .A/. Hence, there are only finitely many.

We are now ready to state our main theorem in the reducible case.

Theorem 4.14. Let A 2 Sp.2d;Z/ such that no ratio of eigenvalues is a root of unity.
Let �A D

Qr
iD1 pi

Qs
jD1 �j�

�
j , Vi ,Wj , xWj as in (7). Assume that, for every 1 � i � r

and 1 � j � s,

m.AjVi /C l.AjVi / � 2 and m.AjWj /C l.AjWj / � 3: (10)
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Then, for any � 2 Psc.ƒ/, with ƒ � Sp.2d;Z/A quantizable and of finite index, one
has

� D
X

I�¹Vi ; xWj ; xW
�
j
º

˛I�I with
X

I�¹Vi ; xWj ; xW
�
j
º

˛I D 1;

where each �I is .TI ; Sp.2d;Z/A/-admissible where TI WD
L
U2I U ˝ R=.Z2d \L

U2I U ˝R/ and where

X
Vi2I

˛I � 1=2;
X

xWj ; xW
�
j
2I

˛I C
1

2

 X
xWj2I; xW

�
j
…I

˛I

!
C
1

2

 X
xWj…I; xW

�
j
2I

˛I

!
�
1

2

for any choice of Vi and xWj .

Note also that, for a given j , the assumption m.AjWj /C l.AjWj / � 3 is satisfied
as soon as dim xWj � 5 (recall that separability implies that �j does not cancel on S1).

Proof. Using Corollary 4.12 and Lemma 4.13, we only have to justify the assumption
of having no virtually cyclic factors and the resulting bounds on ˛. For both, we can
without loss of generality assume that ƒ D Sp.2d;Z/A.

For the prior, we consider the induced action �T2d =T of Sp.2d;Z/A on the factor
T2d=T . Let V � Q2d the A-invariant subspace corresponding to T and W an A-
invariant complement of V . Such a complement exists as V is the direct sum of some
Vi ; xWj ; xW

�
j and W is chosen as the sum of the remaining ones. Let cl.W / denote

the smallest A-invariant symplectic subspace of Q2d containing W , i.e., cl.W / is
obtained fromW by adding all xW �j if xWj �W and xWj if xW �j �W . We then consider
the action �T2d =T restricted to the subgroup Sp.cl.W / \ Z2d /Ajcl.W / of Sp.2d;Z/A.
If �T2d =T restricted to this subgroup is injective, then we can combine the eigenvalue
assumption (10) together with Theorem 3.12. This implies that �T2d =T .Sp.cl.W / \
Z2d /Ajcl.W / has rank � 2 and is, therefore, not virtually cyclic.

In order to prove injectivity, we start by observing T2d=T D R2d=.V ˝ R C

Z2d /. By Lemma 4.5, we can choose a complementW 0 in Q2d of V such that Z2d D

.V \ Z2d /˚ .W 0 \ Z2d /. Then, V ˝ RC Z2d D V ˝ RC W 0 \ Z2d and V ˝
R \W 0 \ Z2d D ¹0º. Assume now that one has B 2 Sp.cl.W / \ Z2d /Ajcl.W / with
�T2d =T .B/D IdT2d =T . Then, hWx 2R2d 7!Bx � x 2R2n is linear and it has values
in V ˝RC .W 0 \ Z2d /. Therefore, if we denote by pr the projection R2d D .V ˝

R/ ˚ .W 0 ˝ R/ ! W 0 ˝ R, then pr ıhWR2d ! W 0 ˝ R is linear and has values
in W 0 \ Z2d and we infer that it must vanish. Consequently, h.R2d / � V ˝ R and
also h.Q2d / � V . This implies BjW D Id and since B is symplectic we also have
Bjcl.W / D 1 by Lemma 3.10. This proves injectivity and the above discussion shows
that the action has no virtually cyclic factors.
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For the bounds on ˛, recall that Sp.2d;Z/A has finite index in
rY
iD1

Sp.�i /AjVi �
sY

jD1

GL.x�j /Aj xWj ; (11)

with the conventions of Section 3.4. In particular, recall that here
Qs
jD1 Sp.x�j ˚

x��j /AjWj
is identified with a subgroup of

Qs
jD1 GL.x�j /Aj xWj though the map xB 7!

. xB; . xB�1/T /.
We first deal with the case of an invariant symplectic subspace Vi . Let 0< "< 1=2.

By Corollary 3.8, there is Bi 2 Sp.�i /AjVi such that, for every � 2 �.Bi /,

max¹log j�j; 0º
�C.Bi /

2 Œ0; "� [ Œ1 � "; 1�:

For all the factors in (11) different from Vi , we pick the matrix to be the identity. This
yields a matrix B on the product space and, thanks to finite index, we can find some
N � 1 such that BN belongs toƒ. Applying the bound on ˛ from Corollary 4.12 (for

 D BN ) turns into� X

Vi2I

˛I

�� X
�2�.Bi /

max¹log j�j; 0º
�
�

X
�2�.Bi /

max
²

log j�j �
�C.Bi /

2
; 0

³
:

It follows that
P
Vi2I

˛I �
1
2
�C", where C depends only on dimVi . As this is valid

for any " > 0, we get the expected lower bound.
For the other bound, consider xWj �Wj . Applying Corollary 3.5 instead of Corol-

lary 3.8, we find some B 2 ƒ acting trivially on all other Vi and Wj 0 and such that

8� 2 �.Bj xWj /;
j log j�jj

max¹�C.Bj xWj /; �C.Bj xW �j /º
2 Œ0; "� [ Œ1 � "; 1�: (12)

We also observe that �.Bj xW �
j
/ D ¹��1 W � 2 �.Bj xWj /º, and thus,

1

2

X
�2�.BjWj /

max¹log j�j; 0º D
X

�2�.Bj xWj
/

max¹log j�j; 0º D
X

�2�.Bj xW�
j
/

max¹log j�j; 0º:

We also remark that �C.BjWj / D max¹�C.Bj xWj /; �C.Bj xW �j /º. The lower bound
from Corollary 4.12 yields X

xWj ; xW
�
j
2I

˛I C
1

2

X
xWj2I; xW

�
j
…I

˛I C
1

2

X
xWj…I; xW

�
j
2I

˛I

! X
�2�.BjWj /

max¹log j�j; 0º

�

X
�2�.BjWj /

max
²

log j�j �
�C.BjWj /

2
; 0

³
:
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Combined with (12), this yields a lower bound of size 1
2
� C", where C > 0 depends

only on the dimension of Wj . As this is valid for any " > 0, we obtain the expected
lower bound.

Remark. As in the irreducible case (Theorem 1.1), we could have picked in each
symplectic factor one matrix B" and considered the subgroup generated by them to
obtain a version similar to Theorem 1.1. See, for instance, Theorem 1.2 for such a
formulation in the case where r D 0 and s D 1.

4.4. Examples in the reducible case

Let us give two examples to illustrate the use of Theorem 4.14.

4.4.1. Example with Lagrangian invariant subspaces. Suppose thatA2 Sp.2d;Z/
with characteristic polynomial �A D pp�, p 2 ZŒX� irreducible and p ¤ p�. By
Lemma 3.10 and without loss of generality, A D diag.A0; A0�T / with �A0 D p. The
assumption p ¤ p� means that A0 is not itself symplectic with respect to some sym-
plectic form on Qd . Let us also assume that kerp.A/ \ Z2d C kerp�.A/ \ Z2d D

Z2d so that A0 2 GL.d;Z/. In general, this holds up to finite index. The assumption
that no ratio of eigenvalues ofA is a root of unity transforms to no ratio and no product
of eigenvalues ofA0 is a root of unity. The invariant subtori are 0;Tn � 0;0�Tn;T2n.
If we assume m.A/C l.A/ � 3; i.e., #.Sp.A0/ \ R/C 1

2
#.Sp.A0/ \ .C n R// � 3,

we obtain that for every � 2 Psc.ƒ/, where ƒ � Sp.2d;Z/A is quantizable and has
finite index, we have

� D ˛ LebT2d C˛2 LebTd ˝�2 C ˛1�1 ˝ LebTd C˛0�0

with ˛C˛2C˛1C˛0D1 and, for any B 02GL.d;Z/A0 , hKS.�2;B
T /D hKS.�1;B/D

hKS.�0; diag.B 0; B 0�T // D 0. The bound on ˛ rephrases to

˛ C
1

2
˛1 C

1

2
˛2 �

1

2
:

From [26, Theorem 1], one can have semiclassical measures with ˛ D 0 (built from
Hecke eigenmodes) for any choice of A0 2 GL.d;Z/.

4.4.2. Example with symplectic invariant subspaces. In this second example, we
consider the product situation. We consider the symplectic form ! on R2d1C2d2

given by the symplectic product structure. For i D 1; 2, we let Ai 2 Sp.2di ;Z/ with
irreducible distinct characteristic polynomial. Then, A WD diag.A1; A2/ 2 Sp.2d1 C
2d2;Z/ has separable characteristic polynomial �A1�A2 . The closed connected A-
invariant subgroups are 0; 0 � T2d2 ; T2d1 � 0; T2d1C2d2 . Again, we assume that
no ratio of eigenvalues of A is a root of unity. In addition to that we assume that
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m.Ai / C l.Ai / � 2 for both i D 1; 2. Then, we obtain that, for every � 2 Psc.ƒ/,
where ƒ � Sp.2d1 C 2d2;Z/A is quantizable and has finite index, we have

� D ˛ LebT2d1C2d2 C˛2 LebTd1 ˝�2 C ˛1�1 ˝ LebTd2 C˛0�0

with ˛C˛2C˛1C˛0D1 and, for anyBi2Sp.2di ;Z/Ai , hKS.�2;B2/DhKS.�1;B1/D

hKS.�0; diag.B1; B2// D 0. The bound on ˛ rephrases to

˛ C ˛i �
1

2
for i D 1; 2:

From [27, Theorem 1.4], one can construct semiclassical measures with ˛1 D ˛2 D 1
2

when A WD Diag.A1; A1/ with A1 2 SL.2;Z/ a hyperbolic matrix.

5. The Galois condition in Sp.2d; Z/ and some examples

In this section, we recall a criterion for the irreducibility of the characteristic poly-
nomials in Sp.2d;Z/ due to Anderson and Oliver [27, Appendix B], which will also
imply that no ratio of eigenvalues is a root of unity.

5.1. A criterion for irreducibility and separability

If � is the characteristic polynomial of some element in Sp.2d;Z/, then � is palin-
dromic or reciprocal, i.e., the coefficients of � D

P2d
iD0 aiX

i satisfy ai D a2d�i for
all i . As a consequence, the roots are of the form �1; : : : ; �d ; �

�1
1 ; : : : ; �

�1
d

. Every
field automorphism � 2 Gal.�/must send ��1i to �.�i /�1. This shows that the Galois
group preserves the set of unordered pairs ¹�1;��11 º; : : : ; ¹�d ;�

�1
d
º. The wreath prod-

uct S2 o Sd is defined as the subgroup of S2d preserving this set of unordered pairs so
that Gal.�/ � S2 o Sd . Hence, the largest possible Galois group is S2 o Sd meaning
jGal.�/j � jS2 o Sd j D 2ddŠ. We say that A 2 Sp.2d;Z/ or � satisfies the Galois
condition if

jGal.�/j D 2ddŠ: (G)

Remark. If (G) holds for a palindromic polynomial � with coefficients in Z, then �
is irreducible over Q (thus, over Z if a0 D 1). Indeed, let �˙11 ; : : : ; �˙1

d
be the roots

of �. Then, ŒQ.�i /WQ� � 2d since � is a polynomial over Q such that �.�i / D 0.
But then �.X/

.X��i /.X��
�1
i
/
2Q.�i /ŒX� is of degree 2.d � 1/ and annihilates �j , i ¤ j .

Therefore, ŒQ.�i ; �j /WQ.�i /� � 2.d � 1/. Inductively,

ŒQ.��.1/; : : : ; ��.r//WQ.��.1/; : : : ; ��.r�1//� � 2.d � r C 1/
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for � 2 Sd . In particular, since for Z WD Q.�1; : : : ; �d /,

ŒZWQ� D

ŒQ.�1; : : : ; �d /WQ.�1; : : : ; �d�1/� � � � ŒQ.�1; �2/WQ.�1/� � ŒQ.�1/WQ� � 2
ddŠ:

Hence, under the assumptions of the lemma, all estimates are actually equalities. In
particular, ŒQŒ�i �WQ� D 2d for every 1 � i � d so that � is irreducible. Yet, it is
worth noticing that � may be irreducible without (G) being satisfied. For instance,
� D X4 CX3 CX2 CX C 1 is irreducible with Galois group equal to .Z=5Z/�.

The following lemma guarantees the applicability of Theorem 1.1 if additionally
m.A/C l.A/ � 2 holds.

Lemma 5.1 ([27, Lemma B.2]). Let d � 2. If A 2 Sp.2d;Z/ satisfies (G), then �A is
irreducible and no ratio of eigenvalues of A is a root of unity.

Proof. The latter statement is equivalent to �Ak being separable for all k 2 N by
Lemma 4.6. In [27, Lemma B.2] it is shown that if A satisfies (G) then �Ak is not only
separable but even irreducible for all k 2 N.

Remark. We note that (G) does not imply l.A/Cm.A/ � 2. The matrix0BBB@
0 0 1 0

0 0 0 1

�1 0 0 1

0 �1 1 2

1CCCA
has characteristic polynomial x4 � 2x3 C x2 � 2x C 1 which has two real roots
and two roots on the unit circle and has Galois group S2 o S2 [15, Appendix A].
We also note that, inside the set of all palindromic polynomials, this is quite com-
mon. More precisely, if f .x/D a0 C � � � C a2nx2n with ak D a2n�k 2 R and jakj �
janj cos. �

Œ n
n�k

�C2
/ for some k D 0; : : : ; n� 1, then f has a root on the unit circle [30].

In view of Example 4.4.1, we also formulate the following lemma.

Lemma 5.2. If A0 2 GL.d;Z/, d � 3, satisfies Gal.�A0/ D Sd , then

A WD diag.A0; A0�T / 2 Sp.2d;Z/

has separable characteristic polynomial �A0��A0 with both factors being irreducible
and no ratio of eigenvalues of A is a root of unity. If d D 2 and in addition �A0 is
neither X2 C 1, X2 CX C 1, nor X2 �X C 1, then the same conclusion holds.
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Proof. The arguments are similar to the one of [27, Lemma B.2]. Let �i be the roots
of �A0 and Z WD QŒ�1; : : : ; �d � be the splitting field of �A0 . One has

dŠ D ŒZWQ� D
dY
iD1

ŒQŒ�1; : : : ; �i �WQŒ�1; : : : ; �i�1� �
dY
iD1

d � i C 1 D dŠ

by the same argument as for (G). In particular, QŒ�i � has degree d over Q. This
implies that �A0 is irreducible. It follows easily that ��A0 D �A0�1 D �A0�T is irre-
ducible as well.

The lemma will be proved if �i ¤ ��1j for any i; j (separability property) and
�Ni ¤ �

N
j for i ¤ j for any N (not root of unity property). If �i D ��1i , then �2i D 1,

and therefore, �A0 j X2 � 1 by irreducibility. Then, Z D Q contradicting ŒZ W Q� D
jSd j D dŠ.

Let us, therefore, assume that �Ni 2 QŒ�j � for some j ¤ i . Then, �Ni 2 QŒ�i � \

QŒ�j �. By the Galois correspondence QŒ�i � D ZGi D ¹x 2 Z j �.x/ D x 8� 2 Giº

with Gi D ¹� 2 Sd j �.�i / D �iº. The field QŒ�i � \QŒ�j � is the fixed field of the
subgroup generated by Gi and Gj . Since Gi ' Sd�1 and Gj contains some element
not fixing �i we have QŒ�i �\QŒ�j �D ZSd DQ. Hence, �Ni 2Q. Moreover, �Ni is
a root of �AN 2 ZŒX� which is monic forcing �Ni 2 Z. Indeed, if �Ni D p=q (with p
and q coprime), then q divides p2d , and thus, q D ˙1. The same holds true for ��Ni
so that �Ni D˙1 and �2Ni D 1. As before, as �i is a root of unity, �A0 is a cyclotomic
polynomial and Gal.�A0/ is abelian. This is a contradiction if d � 3. The cyclotomic
polynomials of degree 2 are the three listed ones.

5.2. Finding examples satisfying (G) and the eigenvalue condition

We now describe a method of generating A 2 Sp.2d;Z/ with the required properties
for Theorem 1.1. By Lemma 5.1, (G) andm.A/C l.A/� 2 is sufficient. We start with
the following result.

Theorem 5.3 ([27, Theorem B.1]). For any d � 2 the matrices in Sp.2d;Z/ with (G)
have density one in Sp.2d;Z/ (when ordered by some norm on M.2d;R/).

Below we will present a method to produce a matrix in Sp.2d; Z/ with (G)
and m.A/ C l.A/ � 2 out of a matrix of Sp.2d; Z/ satisfying (only) (G). Since
both assumptions only depend on the characteristic polynomial, the following result
reduces the problem to finding suitable polynomials thanks to the next result.

Theorem 5.4 ([28, 41, Theorem A.1]). Let f 2 ZŒX� be a monic palindromic poly-
nomial. Then, there is A 2 Sp.2d;Z/ with characteristic polynomial f .

The following two statements can be used to ensure (G). The first one is a classical
method to determine the Galois group.
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Lemma 5.5 ([25, Theorem 28.23]). Let f 2 ZŒX� be monic irreducible over Q. For
d1; : : : ; dl 2 N, the following two statements are equivalent.

(1) Gal.f / contains a permutation (of the zeros of f ) which is a disjoint product
of cycles of length d1; : : : ; dl .

(2) There is a prime p such that Nf D f1 � � � Nfl for some irreducible Nfi 2 FpŒX�, Nf
is separable and deg NfiDdi , where Nf denotes the reduction of f modulo p.

Lemma 5.6 ([12, Lemma 2]). If f 2 ZŒX� is monic and palindromic, and Gal.f /
contains a 2-cycle, a 4-cycle, a .2d � 2/-cycle, and a 2d -cycle, then f satisfies (G).

With these lemmas at hand, we assume d � 4 so that 2d ¤ 4 ¤ 2d � 2 (the
adjustments for d D 2; 3 are obvious). If f is the characteristic polynomial of some
matrix satisfying (G) (which have density one by Theorem 5.3), then Gal.f / contains
a 2-cycle, a 4-cycle, a .2d � 2/-cycle and a 2d -cycle and we can take the primes p2,
p4, p2d�2 and p2d given by Lemma 5.5 and corresponding, respectively, to these
cycles in Gal.f /. We observe that any polynomial Qf that agrees with f modulo the
primes p2; p4; p2d�2, and p2d also satisfies (G) by Lemma 5.5 and Lemma 5.6.
By the Chinese remainder theorem such Qf is unique mod p2p4p2d�2p2d . We will
choose a suitable Qf to ensure the eigenvalue condition.

To obtain a polynomial satisfying (G) and the eigenvalue condition, we now set

fk WD f C kp2p4p2d�2p2dX
d ; k 2 Z;

which is still monic and palindromic. As explained above, fk satisfies (G). We now
define g 2 ZŒX� by Xdg.X C X�1/ D f . Obviously, gk WD g C kp2p4p2d�2p2d
satisfies Xdgk.X C X�1/ D fk . Pairs of roots ¹˛; ˛�1º of fk correspond to roots
of gk via ¹˛; ˛�1º 7! ˛ C ˛�1. Moreover, pairs of roots of fk on S1 correspond to
roots of gk in the interval Œ�2; 2� (see [30, Lemma 1]). Since g.Œ�2; 2�/ is a bounded
set, gk D gC kp2p4p2d�2p2d has no roots in Œ�2; 2� for jkj � 1. Hence, fk has no
roots in S1 for jkj � 1. If d D 2, then gk is a quadratic polynomial which has two
real roots outside Œ�2; 2� for k � �1. Hence, fk has 4 real roots for k � �1.

We conclude that A 2 Sp.2d;Z/ with characteristic polynomial fk for jkj � 1

(resp., k � �1 if d D 2) satisfies (G) and m.A/C 2l.A/ D d (resp., m.A/ D 2 if
d D 2). In both casesm.A/C l.A/ � 2. The existence of A with such a characteristic
polynomial is finally provided by Theorem 5.4.

Remark. In the above construction, instead of starting with a characteristic poly-
nomial satisfying (G) we could also choose the reductions of f modulo the primes
directly. More precisely, suppose that P rec

2d
.Fp; .i// is the set of monic palindromic

polynomials of degree 2d over Fp consisting of polynomials factoring as an irre-
ducible polynomial of degree i times a product of 2d � i distinct linear polynomials
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(see [27, Appendix B]). By [27, Lemma B.4], for any integer 1 � k � n, we have

#P rec
2d .FpI .2k// D

1

2d�kC1 � k � .d � k/Š
pd CO.pd�1/

so that P rec
2d
.FpI .2k// is non-empty for almost all primes p.

Let us now pick distinct primes p2; p4; p2d�2; p2d , and qi 2 P rec
2d
.Fpi I .i// for

i 2 ¹2;4;2d � 2;2dº. Let f 2ZŒX� be monic and palindromic such that the reduction
modulo the primes pi gives qi . We are now in the same situation as if f was the
characteristic polynomial of a matrix in Sp.2d;Z/ satisfying (G).

Example 5.7. The matrix

A D

0BBB@
0 0 1 0

0 0 0 1

�1 0 �3 3

0 �1 3 4

1CCCA
has characteristic polynomial �A D X4 � X3 � 19X2 � X C 1 and eigenvalues
4:9059 : : : and �3:850 : : : as well as their inverses. In particular, m.A/ D 2. The
polynomial g D X2 �X � 21 satisfies g.X C 1=X/X2 D �A and has two real roots
1˙
p
85

2
lying outside Œ�2; 2�. �A is irreducible mod 2 and splits into .X � 3/.X �

5/.X2 C 1/ mod 7. Hence, jGal.�A/j D 8 by Lemmas 5.5 and 5.6, i.e., A satisfies
(G). By Theorem 3.6, Sp.4;Z/A D ¹˙I º � Z2. Let

B D

0BBB@
1 �27 45 114

�27 �62 114 311

�45 �114 208 564

�114 �311 564 1524

1CCCA D 9A3 C 29A2 � 21AC 3I:
Clearly, AB D BA and one checks B 2 Sp.4; Z/ and B has characteristic poly-
nomial �B D X4 � 1671X3 C 17191X2 � 1671X C 1. We observe �A � �B �

X4 C X3 C X2 C X C 1 mod 2 but �A 6� �B � X4 C 2X3 C 6X2 C 2X C 1 �

.X � 3/.X � 5/.X2 C 3X C 1/ mod 7 so they define the same cycle type mod 2 and
mod 7. Diagonalizing A with a matrix S 2 Sp.4;R/ gives

S�1AS D diag.�3:8500 : : : ; 4:9059 : : : ; .�3:8500 : : :/�1; .4:9059/�1/

and

S�1BS D diag.0:0975 : : : ; 1660:6486 : : : ; .0:0975 : : :/�1; .1660:6486 : : :/�1/:

From the moduli of the first two entries it now follows easily thatAkB l D I , k; l 2Z,
can only hold for k D l D 0; i.e., ƒ WD ¹AkB l j k; l 2 Zº is free abelian of rank 2.
We conclude that ƒ has finite index in Sp.4;Z/A. Hence, we can apply Theorem 1.1
to find B" 2 ƒ.
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A. A brief reminder on the metaplectic group

In this section, we review the metaplectic transformations and we refer to [13] for
more details. See also [21, Chapter 4].

The metaplectic Mp.2d;R/ is the unique double covering group of Sp.2d;R/.
More precisely, Sp.2d;R/ has a Cartan decomposition Sp.2d;R/ ' K � p, where
K ' U.d/ and p is a vector space [29, Theorem 6.31, page 575]. This shows that
the fundamental group �1.Sp.2d;R// D �1.K/ as p is a vector space. In our case,
K ' U.d/ has fundamental group Z. Let for the moment zG be the universal cover
of Sp.2d;R/ with covering map Qq. Then, Sp.2d;R/ ' zG= ker Qq and ker Qq ' Z is
contained in the center of zG. All other coverings of Sp.2d;R/ factor through this
universal covering. This means they are given by subgroups nZ, n 2N0, of Z. In par-
ticular, we have zG! zG=2Z! zG=ZD Sp.2d;R/ and the middle group zG=2Z is the
metaplectic group Mp.2d;R/. It is the unique connected double cover of Sp.2d;R/.
Let q denote the covering map. By construction, the map q is 2 W 1, i.e., there is Z in
the center of Mp.2d;R/ such that ker q D ¹1; Zº. It is worth noting that Mp.2d;R/
has no finite-dimensional faithful representation, i.e., it cannot be described as a group
of matrices. However, there is a faithful representation �h onL2.Rd /which is unique
with the property

8.w; t/ 2 Hd ; �h.g/T.w;t/�h.g/
�1
D T.q.g/w;t/; g 2 Mp.2d;R/; (13)

where Hd is the Heisenberg group and the representation T of the Heisenberg group
Hd is the unique unitary irreducible representation such that T.0;t/ D e

i
h
t (i.e., has

central character e
i
h ) by the Stone–von Neumann theorem.

Remark. Recall from [15, Section 2] that T is the representation used to define the
Weyl quantization.

The construction of �h.g/works as follows. For g 2 Sp.2d;R/, the map .w; t/ 7!
T.gw;t/ defines another unitary irreducible representation ofHd with the same central
character. Hence, they are unitarily equivalent and there exists an isometry Mg of
L2.Rd / such thatMg ı T.w;d/ ıM

�1
g D T.gw;d/. By Schur’s lemma,Mg is unique up

scalar. One can check that g 7! ŒMg � defines a projective representation of Sp.2d;R/;
i.e., a group homomorphism Sp.2d;R/!U.L2.Rd //=.S1 � Id/. This representation
does not come from an ordinary representation of Sp.2d;R/ but it can be lifted to a
representation of Mp.2d;R/, where “lifted” means precisely equation (13). One then
gets �h.Z/ D �1, since Z2 D 1 2 Mp.2d;R/ and �h.Z/ must be scalar by Schur’s
Lemma and¤ 1 since otherwise it would be a representation of Sp.2d;R/.

This allows to define the metaplectic representation zMh.A/ of A as �h. zA/ for
any h > 0, where we picked zA to be a metaplectic lift of A (which is unique up to
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Ker.q/ D ¹1; Zº). This defines an operator on L2.Rd / that can be restricted to the
Schwartz class. Hence, by duality, it can be extended to tempered distributions, and
thus, to the spaces HN from Section 2. This corresponds to the operators MN.A/

considered in this article.
Hence, if we are given two symplectic matrices A and B , we can choose two

metaplectic lifts zA and zB in Mp.2d;R/ which are unique up to Ker.q/D ¹1;Zº. One
has then

zMh.A/ zMh.B/ D �h. zA/�h. zB/ D �h. zA zB/ D ˙ zMh.AB/:

In particular, if A and B commute, one finds that zMh.A/ zMh.B/ D zMh.B/ zMh.A/

or zMh.A/ zMh.B/
2 D zMh.B/

2 zMh.A/: In that last case, this yields the commuting
relation zMh.A/ zMh.B

2/ D zMh.B
2/ zMh.A/.
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