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Trace and index of Dirac—Schrodinger operators on open space
with operator potentials

Oliver Fiirst

Abstract. We develop a principal trace and generalized index formula for a Dirac—Schrodinger
operator D on open space of odd dimension d > 3 with a potential given by a family of self-
adjoint unbounded operators acting on an infinite-dimensional Hilbert space H . The presented
results generalize formulas surrounding the Callias index theorem to the case of unbounded
operator potentials, for which the operator D is not necessarily Fredholm. This is the principal
novelty of this paper. As application, we include examples where the trace formula is used
to calculate the Witten index of non-Fredholm massless (d + 1)-Dirac—Schrodinger operators
acting in L2(R4+1, H).

1. Introduction

The central goal of this paper is to calculate the trace (called in the following the “prin-
cipal trace”) try>ga pytrer (e7tP"D _ ¢=tDD™y 4 5 (), of the Dirac—Schrodinger
operator D = id + A, and the associated index formula, under suitable conditions
on the operator-valued potential A.

Let us start with the setup, explaining the notation above. We fix i as the imaginary
unit in C. Let H be a separable complex Hilbert space, and let A be a self-adjoint
operator in H with domain Dom Ag, which plays the role of a “model operator”.
We equip domains of (Borel) functions f of Ay with the corresponding graph norm,
which turns Dom f(Ay) into a separable Hilbert space, embedding continuously into
H withnorm < 1. Fix d € N, d > 3, to be the odd dimension of the euclidean space
R4, and let A be a function on R? with values in the self-adjoint operators in H with
constant domain Dom A(x) = Dom 4, x € R?. Denote by My the constant operator
function R? 5 x — Ag. Fix r € N as the rank (the minimal choice is r = 2%) of
Clifford matrices (c")ﬁi=1 Cc C™" e, fori, j e{l,...,d},

c'el + et ==28;1cr. (1)
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For p € [1, 00], denote by L? (R4, C" @ H) the C" ® H-valued L? elements, and
with slight abuse of notation, denote by A and M, the multiplication operators in the
Hilbert space L2(R¢,C" ® H), given by

(Af)(x) := A(x) f(x), x €R¢ f eDomA,
(Mo f)(x) == Ao f(x), xeR? feDomM,,
Dom A := Dom M, := LZ(Rd,C’ ® Dom 4).

Denote by H¥ (R4, C" ® H) the L>-Sobolev space of order k € Ny with values in
C" ® H. Let § be the Dirac operator in C" ® H given by

d

@f)(x):=> '3 f)(x). xeR? f eDomp,

i=1

Dom g := Hl(Rd,(C’ ® H).

It is well known that 4 is self-adjoint, with A = 32 = Apa ® lcrgn, where Aga
is the self-adjoint euclidean Laplace operator Ags = — Z;lzl 92, Dom Aga =
H2(R?). In L>(R¢,C" ® H), introduce the operators D, Dy given by

D:=if+ A, Do :=if + My,
Dom D = Dom Dy = Dom # N Dom M.

Dy is normal with D} = —ig + M, and Dom D§ = Dom Dy (cf. [24, Lemma 4.2]).
We introduce the non-negative operator Hy given by

Hy:= DoD§ = DiDo = A + M¢,
Dom Hy = H*(R?,C” ® H) N Dom M.

In the following preparatory section, we will give conditions on A, such that the
domain conditions

Dom DD* = Dom D*D = Dom Hy, Dom D = Dom D* = Dom D,

are satisfied. We will also show that under further assumptions on the function A,
akin to the asymptotic homogeneity condition imposed classically in Callias original
paper [13, Theorem 2], the partial trace trer (e P "D _ o—tDD *) is trace-class in
L2(R?, H) fort > 0. After introducing a suitable approximation of the operator func-
tion A, the bulk of this paper then deals with the calculation of the principal trace.
For the purpose of this introduction, let us now present the most important con-
ditions we impose on the operator function A = B + Mj and discuss some of the

details. We use the following notation: (x), := (|x|? + Z)%, and (x) := (x);.
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Hypothesis 1.1 (Conditions (14) and (15) of Hypothesis 2.12'). Leta > 1,and N >
|_"‘_1 (d +1)] 4+ 1. Let B be a family of symmetric operators in H, with domains
Dom Ag. Assume that B(Ag)~! is continuously differentiable in the strong operator
topology, and that for all 8 € [-2N — 1,2N + 1] the operators (Ao)? B(x)(Ag)~'~#
are closable for all x € R? with bounded closures and

|{(Mo)# B(Mqo)~ < 0. )

14 “Lw(Rd,B(H))
Assume that, for § = £2N,

H(MO)'BB<MO> (MO IHLOO(Rd B(H))

+ [ (Mo) P B(Mo) TP (M)

+ [[{Mo)PV B{Mo) P (M)}

:! HLOO(]Rd B(H))

. ”LOO(]Rd B(H)4)

w—>00

—0, w:= dist(z, (—00,0]). 3)
Further, assume that, for all 8 € [-2N + «,2N + 1], there exists & > 0, such that

[x = (x)(A0) P (VB) () A0) || oo met 5 11y

+ [x = (x)1 T (A0) TP (3 B) (x)(Ao) <oo, (4

- HLOO(]R",S“' (H))

where dg:= Zd 3 denotes the radial vector field, and S? (H) the d -th Schatten—

i=1
von Neumann classljz)lf H.

Aside from these crucial conditions, we also impose a number of mild continuity
conditions at infinity, which are displayed in the second and third sets of conditions of
Hypothesis 2.12. Exemplarily, such a continuity condition is the following: let S;(0)
denote the (d — 1)-dimensional unit sphere, and assume that for ¢ € Dom A, a.e.
y € S1(0),and a.e. x € R4,

dim R[[(VB(Ry +x) = VB(RY))$| ya

= lim [ (B(Ry +x) — B(R))$| ,; = 0. )

Let us give an overview over the above conditions. We first note that the parameter
o > 11is central. It allows flexibility in the most important condition (4) where a larger
« means a weaker requirement on B. Because N > L"‘z;l(d 4+ 1)] + 1, increasing o
implies that N needs to be chosen larger. The parameter N determines how regular
B needs to be on the Hilbert scale generated by Ag (cf. conditions (2) and (3)). How-
ever, it should be noted that the regularity of B on R4 must be in any case just once

IThe statements are mathematically the same with expanded notation.
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continuously differentiable, regardless of the choice of o, and thus N. Condition (3)
encodes Kato—Rellich bounds on the family B, which in particular implies that all
A(x) = B(x) + Ap have constant domain Dom Ay. In rough terms, condition (3)
ensures that the domain properties of the involved operators are well behaved. Condi-
tion (4) stipulates the (relative) Schatten—von Neumann membership of the derivatives
of the operator function B and their decay for |x| — oo. The radial derivative is
singled out, since we assume that it decays faster. These decay conditions corres-
pond to the assumption of asymptotic homogeneity of order 0 in Callias’ classical
setup [13, Theorem 2]. The exemplar continuity condition (5) also refers to the beha-
viour of B at infinity. Roughly speaking, it implies that it should not matter on which
ray one approaches a fixed direction at infinity of the functions B and V B. The other
continuity assumptions we make, which are displayed in the third set of conditions
of Hypothesis 2.12, follow the same pattern. We note that these continuity conditions
are, for example, satisfied if B is eventually radially constant, i.e., B(x) = B (Ifc_l) for

| x| large enough, and B sufficiently smooth.

It should be remarked that while the above conditions are quite general, one should
also emphasize that the possibility of arbitrarily choosing o > 1 is not only inter-
esting for generality but also because of the requirements from applications. If one
wants to incorporate the choice of a proper differential operator of order 1 on R” for
Ay itself (H is then L?(R")), one runs into problems with condition (4) if one is
just allowed to take o = 1. Due to the well-known Schatten—von Neumann estimates
(cf. [36, Chapter 4]), this issue boils basically down to the fact that x™" is not integ-
rable on R” at infinity. We note that at the end of this paper we include as an example
results dealing with exactly this sketched setup, which come from [23], which gives
the detailed proofs in this particular setup, which we omit in this paper.

After explaining the conditions imposed on the operator potential A, let us present
the main result of this paper, which is the desired principal trace formula in terms of
A and dA in a neighbourhood of infinity.

Theorem 1.2 (Theorem 6.4). Assume Hypothesis 2.12. For ¢ € C° (R%), denote
Ap = Ao+ (1 —¢p)(A — Ao). Then, fort > 0, and any ¢ € Cc""(Rd),

_+D* _ *
trLZ(Rd,H)tr(cr(e tD*D —e tbD )

2 )
— E(4n)—‘i’idxctﬁ'/

SEA 71

d—1
/R [ty /\ (dAge™43)ds, (6)

j=0
where (0) is independent of the choice of ¢, and

Ke := tI‘(Cr(Cl .. 'Cd),
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Ag_1 ={u€0,1¢, Zjl;é u;j = 1} denotes the (d — 1)-simplex, and )\ the exterior
product.

We note that formula (6) only depends on the values of A4 and d4 in a neighbour-
hood of infinity due to the cut-off ¢. If A and dA additionally assume radial limits in
a particular sense, we show that only these limits appear in the trace formula.

Corollary 1.3 (Corollary 6.5). Assume Hypothesis 2.12, and denote
A(y)y = lim A(Ry)Y,
R—00

for ¥ € Dom Ay, and y € S1(0). Assume that A°Y is differentiable on S1(0) for
Y € Dom Ay, such that for a.e. y € S1(0),

Jim R|0:4°(p)y — 0, ARY)Y |5 =0,
and that for B € [-2N + «,2N + 1], and all unit vector fields v in T'S1(0),
(o)™ (vA%)(A0) P € L®(51(0), S¥(H)).

Denote, for p € CZ°(R),

o of X
A%p(x) == Ao + (1 - p(|x|))(A (m) - Ao).
Then, fort > 0, and any p € C2°(R), with p = 1 near 0,

— * . >k
tI’LZ(Rd’H)tl'(Cr(e tD*D —e tbD )

d—1 _
= 3(471)_%?1/(6[‘2}/ /Rd try /\((dzsp)e_”on%)du,

SEA 71 j=0

independent of the choice of p.

As a direct application of the principal trace formula of Theorem 1.2, we may
calculate the Fredholm index of D, whenever D is Fredholm.

Theorem 1.4 (Theorem 7.3). Assume Hypothesis 2.12. Assume that there exists Ry >
0, such that, for |x| > Ry, we have 0 € p(A(x)). Then, D is Fredholm, and the Fred-
holm index ind D is given by

d—1
/Rd g /\ ((d4g)e ™ 48)ds,  (7)

. 2 _d.g . d
indD = —(4n)” 2i%, lim 2

d t—>00 0
]:

SEA 1

where Ag := Ao + (1 —¢)(A— Ap) forany ¢ € CCOO(Rd). Formula (7) is independent
of the choice of ¢.
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The principal trace formula of Theorem 1.2 can also be applied to determine some
cases of a generalized version of index, the so-called (partial) Witten index, of the
operator D. The notion was introduced in [26]. We give here the definition of the
semi-group regularized partial Witten index.

Definition 1.5. Let 7 be a linear, densely defined operator C” ® X for some sep-
arable complex Hilbert space X. We say the partial (semi-group regularized) Witten
index of T exists, if for some ¢y > 0, we have

trer (e 7T — 71 TT™) € S1(X), 1> 1,

and if the limit

indy T 2= lim (e (e7T°T — 1TTT))

exists, then indy T is called the partial Witten index of 7.

The (partial) Witten index may assume any real number (cf. [7, 14, 16] in dimen-
sion d = 1, and [23] for d > 3); however, if T is additionally Fredholm, it coincides
with the usual Fredholm index (see Remark 7.2).

We conclude this paper, as we mentioned before, with examples of partial Witten
index formulas taken from [23] without their proofs, dealing with massless (d + 1)-
Dirac—Schrodinger operators. These operators are non-Fredholm, but possess partial
Witten index formulas given in Example 7.5, and for a special choice of potential
in Example 7.7. The point of these examples is that they extend the known Witten
index formula, given directly in terms of the underlying potential, in the case d = 1
(cf. [7,14,16]), to d > 3 odd. In this presented setup, the model operator Ay = id is
just the derivative in one direction, and B is given by a (matrix) potential over RZ+1,

Definition 1.6. For a potential V' : R? x R — By, (H), define the associated massless
(d + 1)-Dirac-Schridinger operator Dy,

d

(Dy f) (e, y) i=1) ¢/ 0, f(x, y) 419y f(x, y) + Vx, y) f(x, ),
j=1
xeRY yeR, few'?(RIT.C"®H).

Without going into the details of the assumptions on the potential V', we then have
the index formula.

Example 1.7 (Example 7.5). Assume that V' satisfies the requirements given in Ex-
ample 7.5. Then,

s (50!
|

indyw Dy = %(4n)_7 ke /Rd wg (UY) " du” )™,
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where Ad is the d-fold exterior power,
Ke 1= trcr(c1 S cd),

and the unitary UV is given by UV (x) := lim, 0o UV®) (n, —n), x € R?, where
U4(y1,y2), y1,v2 € R, fora given A : R — By, (H) is the (unique) evolutions system
of the equation

u'(y) =iA()u(y)., yeR.

At the end of this introduction, we will compare our results with the existing
literature and the history of the problem, but before we do that, let us heuristically
summarize the idea of proof of the central Theorem 1.2.

Apart from introducing the main Hypothesis 2.12 in Section 2, the goal of this sec-
tion is to show domain stability under perturbation induced by the operator family B
and then prove a uniform trace-class norm estimate on the partial trace of the resolvent
difference of the operators D* D and DD*. The core result here is Proposition 2.28,
which decomposes the mentioned resolvent difference into a finite sum of products of
operators which are either bounded or of appropriate Schatten—von Neumann class.
The uniformity in the resolvent parameter allows us to apply holomorphic functional
calculus to also obtain the trace-norm estimate for the semi-group difference of D* D
and DD™ in Proposition 2.29.

In Section 3, we then develop an iterative approximation scheme By, ,, ; for the
operator family B, such that the resulting trace formulae will converge. The main
result in this section is Corollary 3.4. The reason for this procedure is to improve
the properties of B; essentially, we show that without loss of generality one may
assume that B is smooth and finite rank valued. This, in particular, enables us in the
subsequent sections to use the commutation under the trace more freely.

Section 4 then develops the overarching framework to calculate the trace as the
integral over the diagonal of the fibre trace of an appropriate operator-valued integral
kernel. This is a classical technique in the matrix valued case but requires some justi-
fication in our setup. The operator valued integral kernels we need are then constructed
as perturbations of the Gaussian heat kernel by a Volterra-series-type argument, which
is again a classical approach in the matrix valued case. For the idea of proof, we should
highlight Lemma 4.8, which decomposes the semi-group difference into a finite sum
of integrals of commutators. There are two types of commutators, those with [if, e]
and those with [A4, ]. We will later show that the commutator with the multiplication
by A will vanish in the fibre trace of its integral kernel diagonal as expected, while
the trace of the commutator with il will allow us to use Stokes’ theorem to pass to
integrals over expanding spheres Sg(0), R — oo, similar to Callias’ classical result.

In Section 5, this procedure is carried out with the appropriate integral kernels con-
structed from the auxiliary integral kernels in Section 4. We then exploit, as mentioned
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before, that only the values of the involved integral kernels on the spheres Sg(0) for
R — oo matter, and only those expressions which do not decay faster than RZ~! ~
vol(Sg(0)) survive. The main result of this section is, therefore, Proposition 5.9, a pre-
liminary trace formula involving the values of a particular integral kernel ks d=1 (x,x)
for x € Sg(0).

The next step of the proof is provided in Section 6, where we show first that the
particular kernel Ks_’d_l can be replaced successively by increasingly more tractable
integral kernels in the spherical limit on Sg(0), R — oo, which is the content of
Lemma 6.3, the last step before the main result, namely, Theorem 6.4. In its proof, the
essential step is to pass to the limits of the approximation of B, which was introduced
in Section 3.

Before we proceed, let us outline the historical context of the problem. A differ-
ential operator of the type D = if) + A was discussed prominently by Atiyah, Patodi,
and Singer in their seminal series of papers [3-5]. Therein, 4 is a family over R
of first-order, elliptic, differential operators on a compact, odd-dimensional manifold
with invertible asymptotic endpoints. They showed that D is Fredholm with Fred-
holm index ind D = sflow(A4, 0), where the right-hand side is the spectral flow of A
through 0. The one-dimensional case, in which 4 is parametrized over R, and i is just
the derivative along R, was further discussed by Robbin and Salamon [33] for more
general types of unbounded operator families A, however still with A(x), x € R,
having discrete spectra. One should also note [7], where some of the notions about
generalized index, and spectral flow, appeared. In 2008, Pushnitski showed in [31]
that discreteness of the spectrum of A can, in essence, be replaced by the following
assumption: assume that A = A_ 4+ B, where A_ is a generic self-adjoint operator in
a separable Hilbert space, and the derivative B’ of the family B of bounded, symmet-
ric operators is an integrable family of trace-class operators in H, i.e.,

B’ ’ . 8
/RH @5 H) <X (3)

Under these conditions, D is Fredholm with
indD =§(0,41,A_),

where AL = limy_, 100, A(x) are the (self-adjoint) limit endpoints in a certain sense,
and £(-, A4, A_) is the associated spectral shift function, a concept from scattering
theory (cf. [39]) which we will not delve into here; however, it should be noted that if
the spectral shift function of the endpoints and the spectral flow of a (regular enough)
family exist, then they coincide (cf. also [7]). However, Pushnitski’s results go beyond
a generalization of the index problem. In fact, a principal trace formula (which in
general carries more information on D than the Fredholm index), already present in



Trace and index of Dirac—Schrodinger operators on open space 1359

Callias paper [13], was shown in this more general setup:

trL2(R,H)((DD* — Z)_l — (D*D — Z)_l)

1 _1 _1
= z—trH(A+(AZ+ —z) 2 —A_(A2-2)?) 9)
z
for z € C\[0, 00). In the following years, and also quite recently, more results emerged
similar to Pushnitski’s trace-based approach to the index problem; for example, con-
dition (8) was replaced with

LIE 2 + )7 g1 < o0,

by Gesztesy et al., in [24], while (9) still holds. Further generalizations along these
lines have been discussed in [15, 17]. These results are presented comprehensively
in the monograph [18]. We remark that the principal trace formula in these publica-
tions (9) corresponds to the case d = 1 in the principal trace formula (6) presented in
this paper, if one rewrites the right-hand side of (9) with an appropriate integral (the
endpoints A4 can be seen as the endpoints of the function A(t) = A_ +t(A+ — A-),
an application of the fundamental theorem of calculus then yields the integrated form),
and turned via the inverse Laplace transform into an exponentiated version instead of
the resolvent version (9):

1
trLz(R’H)(e_’D*D - e_’DD*) = \/Z/ try (e_’A(s)2 (A+ - A_))ds.
7T Jo

Another important result, extending the classical "Index=Spectral Flow" The-
orem, was provided by Callias in the paper [13]. While the operator family A acts
there in a finite-dimensional space, the index formula therein holds for § being the
classical Dirac operator in R4 for d odd, which is also our setup here. The index
theorem [13, Theorem 2] then reads as follows: let k = %. With the minimal rank
choice r = 2F for the Clifford matrices, let A be a smooth family of m x m-matrices
with |A(x)| > C > 0 for all |x| > ¢ for some constants ¢, C. Assume that A is asymp-
totically homogeneous of order 0 as x — oo (i.e., A(x) is a 0-order classic symbol
in x). Then, D is Fredholm, and, with U(x) := A(x)|A(x)|7",

1 i)F
indD = —(—) lim [ twenU@U) @D, 10

2k!(871’) R—>oo/SR c @v) (10)
here, Sr denotes the d — 1-sphere of radius R around 0, and (dU )’\(d_l) the d — 1-
fold exterior product of (matrix-)one-forms dU . One should note that there are some
problems with the trace-class membership of certain operators in [13] in the original
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proof;”> however, the ideas have been made rigorous (and generalized) by Gesztesy
and Waurick in [27].

Despite being beyond the scope of this paper, one should also mention that there
exist a multitude of generalizations of Callias’ index theorem to non-compact Rieman-
nian manifolds (cf. [1,2,9, 10, 12, 19, 20, 29, 30, 32, 34, 35, 37, 38]), however still in
the context of Fredholmness and not providing a general principal trace formula. The
usual assumption therein is that the operator valued potential A is invertible in some
sense outside a compact region of the manifold to ensure Fredholmness of D. We
emphasize that we do not assume such a condition in this paper.

With this perspective, the principal trace formula (6) stands in analogy to (10),
similar in spirit to the generalizations developed by Pushnitski in the one-dimensional
case for the "Index=Spectral Flow"-Theorem, especially if one no longer requires D
to be Fredholm.

2. Trace-class properties of the resolvents of D*D and DD*

In this section, we present our conditions on the family A and show domain and trace-
class properties. We start, however, by introducing further notation.

Denote by S?(H ) the p-th Schatten—von Neumann class of H, and by B(H) the
linear bounded operators of H. Denote (T'), := (T*T + Z)%, z € C\(—o00,0], and
(T') := (T')1, for an operator T in a Hilbert space. Denote for a measurable func-
tion g : R — R by g(X) the multiplication operator in L2(R?, C" ® H), given by
(g(X) f)(x) := g(x) f(x), x € RZ. For z € p(T), denote R,(T) := (T + z) 1.

The following simple relation between trace and Clifford matrices is essential.

Lemma 2.1. (1) Forn e Nanda € {1,...,d}",

trer (ﬁ Caj) =0,

j=1

if (n, d are odd, and n < d) or (n is odd, and d is even).
(2) Ford odd, and a € {1,...,d}d,

d
trer (1_[ c“/) = KcEq, (11)

J=1

2This may be due to the fact that shortly after Callias published his results a different proof
was presented by Bott and Seeley in [8], which Callias already mentions in the introduction of
his paper.
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where gy = €q,..a, 15 the Levi-Civita symbol, and

d
Ke 1= trer (1_[ cj).
J=1

d—1 . .. . . . .
If r =2 2, ie., the minimal choice of r to satisfy the anti-commutator relation (1),
then
4=l ~d
ke = (21) 2 [(—1)“.

Proof. Due to the anti-commutator relation (1), it is sufficient to consider only those

o, for which all «;, j € {1, ..., n}, are pairwise different. Since n is odd, we have
n < d in any case. Thus, there exists m € {1,...,d} suchthatm # o, j € {1,...,n}.
Then,

n n
wlfi) ool 1)
j=1 j=1

n n
= —trer [ ™ 1_[ c% cm) = (—1)""trer ((cm)2 1_[ c“f)
Jj=1 J=1
n
= —trcr l_[ c“f).
j=1

Statement (11) follows immediately from the anti-commutator relation (1), the defini-

tion of &4, and the first part of this proof. The case of r = 25" follows by induction in
d and the representation of Clifford matrices of odd dimension d by those of dimen-
sion d — 2. The sign convention corresponds to the choice ¢/ = —io/, where o/ are
the classical Pauli matrices. |

Definition 2.2. For B an function on R¢ with values in symmetric operators in H
with common domain Dom Ag, let D = Dp :=if + B + My, Dom Dp := Dom Dy,
and Hp := A + (B + My)?, Dom Hp := Dom H,.

Definition 2.3. For B a operator function on R¢ with domains Dom B(x) = Dom 4,
we write B € C;‘(Rd, Ao, m), for k € No, m > 0, if (A¢)? B(x)(4o)"' 78, x €
R4, is a family of closable operators with closures in B(H) for any B € [—m, m],
and x — (Ao)? B(x){Ao)~1~F € C}(RY, B(H)), where CF is the space of k-times
continuously differentiable bounded functions in the strong operator topology with

bounded derivatives, where boundedness is with respect to the B(H ) operator norm.
As usual, C bk (R?) just denotes the scalar/matrix valued-C bk -functions. All involved
spaces come equipped with the obvious norm given by summing the appropriate L°°-
norms of the derivatives up to order k.
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Definition 2.4. We introduce the following semi-norms for operators
B e C}(RY, 4o, 1),
with z € C\(—o0, 0],

IOZ(B) - ||B MO IHLOO(Rd B(H)) + || B(MO) (MO

+ | VB(Mo)™" (Mo);

. HLOO(Rd B(H))

-1
||L°°(]Rd B(H)4)"
For B € R, denote, for B € C}(R?, Ao, |B| + 1),
pE (B) = pz((Mo)? B(Mo)*).

Remark 2.5. Complex interpolation implies certain operator inequalities (cf. [25]).
In particular, by combining [25, Theorem 2.8] with Jensen’s inequality, we have, for
B €[-2N,2N],

pE(B) = pz2V (B) + o2V (B).

Proposition 2.6. Let a family B € C bl (R9, Ao, 1) of symmetric operators satisfy

lim pz(B) = 0. (12)
dist(z,(—00,0])—>00
Then, Dg is closed in L2(R?,C" ® H) with D}, = —i# + B + Mo, Dom D} =
Dom Dy. Moreover, the operators DpDy, Dy Dp, and Hp are non-negative and
self-adjoint with domain Dom H.

Proof. The proof of the statement about Dp and Dy is similar to the proof of [24,
Lemma 4.4], although it is assumed that d = 1, the argument works with the necessary
changes for all dimensions d € N. Let us provide at least an outline. The authors show
that B is relatively bounded by Dy, and B* by D, with bound 0, provided that

Roz—o0

1 B{Mo); e

: ||L°°(Rd B(H))

This condition is, however, satisfied by (12). The statement then follows from the
Kato—Rellich theorems [28, Theorems 4.1.1, 5.4.3]. The same idea works for Dy Dp
and Dp D3, which are self-adjoint by definition. Let us consider D D7%; the proof
for D; Dp is analogous. As differential operators, we have

DpD3 = A+ (B + My)* +i(#B),
which implies

DDy — Hy = B>+ MyB + BM, +i(#B)
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on Dom Hy. We estimate, for z > 1,
|(B? + MoB + BMo + " B)R.>(Ho)

< (|| B{Mo) _1||L°°(]Rd By T D¢
+ | B(My)

“B(LZ(Rd Cr®H))

Mo) B(Mo) ™" (Mo); 1||L°°(]Rd B(H))

IHLOO(Rd B(H))
+ | VB (Mo) ™ (M)

Z—>00

1HLOO(W B(H)Y) ") > 0.

Hence, (B + My)? + i(#B) is relatively bounded by H, with bound 0. Thus, Dp Dy
is self-adjoint on Dom Hj, and essentially self-adjoint on any core of Hj. Since
CCOO(Rd) ® C” ® O is a common core of both Dg Dy and Hy, we have

Dom(Dg D) = Dom Hy.

For Hp, we have a similar result, but we have to add that Hg > 0 on Dom H
follows by a direct calculation. ]

Remark 2.7. Under the prerequisites of Proposition 2.6, it also follows that A(x) =
Ao + B(x) is self-adjoint on Dom Ay for a.e. x € R¥. Indeed, since (M) z(Do);!
is bounded in norm by 1, uniformly for z > 0, it follows from ||7'|| gz 2re )y =
Tl Loo(ra, By fOr measurable multiplication operators 7' that

hm sup HB(x) (Ao), 0,

sy =

which implies that for a.e. x € R4, and ¢ € Dom Ay,

|Bx) | = | B(x)(Ao); " (Ao)z(Ao +ivZ2) " (Ao +iv2)P|
<o(M)|(4o +iv2)e |y <o) 40d | +o(VDPla. z— cc.

Hence, B(x) is relatively bounded by Ao with bound 0 for a.e. x € R¥. Since B(x)
is symmetric, the statement follows from the Kato—Rellich theorem.

Next, we recall some well-known facts about Schatten—von Neumann operators.
Let S?(X) denote the Banach space of the p Schatten—von Neumann operators of a
separable Hilbert space X .

Lemma28. Let2 < p <oo, x — T(x) € LP(R4,SP(C" ® H)), and g € L?(R%);
then, Tg(|#]) € SP(L2(R?,C” ® H)) with
_d
I Tg(ml)”S/?(LZ(Rd’(Cr@H)) = @m) 2Tl rwa,srcremyllgllLrmay.  (13)

Proof. The proof of this statement is analogous to the proof of [36, Theorem 4.1].
There, H = C, which one has to change here. We give the essential outline. For p =2,
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the statement follows from the fact that there is a L2(R¢ x R¢, S2(C” ® H))-valued
integral kernel k of Tg(|d|), given by

k(x,y) = @n) S T(x)E(x—y), x,yeR?

where g(u):=(27)~% [ra e ™€ g(§)®1crdé. The operator Tg(|d]) s, thus, Hilbert—
Schmidt with equality in (13). On the other hand, x > T'(x) € L®(R?, B(C" ® H))
implies that T € B(L?(R?,C" ® H)), and Borel functional calculus implies g (|§|) €
B(L*(R%,C" ® H)). We have

|Tg(121) ||B(L2(Rd,(cr®H)) S Tl oowe,Bicr @ m) 1€ Loo R4

If T and g are compactly supported, the case p > 2 with (13) follows from complex
interpolation. For general T and g, let (¢, )»en be a sequence of compactly supported
continuous functions, which converge pointwise to 1 on R. Then, the self-adjoint
operators ¢, ® lcrgy and ¢, (|#]) converge strongly to I 2Egm)- With T, (x) :=

¢n(x)T(x) and g, := ¢ng, we obtain T, g, (|4]) = ¢n ® lcreuTg(|))Pn(|9]). By
Lemma 2.19 and since lim, o0 T, = T in L?(R?, S?(C” @ H)), and lim, 00 gn =
g in L?(R?), the general case follows, by taking the limits past the norms in (13). =

Corollary 2.9. Letx — T(x) € LP(R?,S4(C" ® H)), such that T (x) is self-adjoint
fora.e. x € R¥. Then, fort > %, we have a constant Cyq , < 00, such that
@ 'T (@) e SP(L*(RY,C” ® H)),
@)y~ T(#)~* ||Sp(L2(Rd’((jr®H)) < CapllTlprwa srcromy). S €I[0.1].
Proof. First, consider s = t. We note that £ — (£)™" € L?(R?), so Lemma 2.8

applies. The case s = 0 follows by taking adjoints. The general case follows by com-
plex interpolation (cf. [25]). |

Definition 2.10. We introduce a second set of semi-norms for B € Cb1 (Rd, Ag, m)
(see Definition 2.3), m > 0, and the following data: « > 0, f € R, with |8 — 1| < m,
|B—a| <m, p>2,s>0,and a unit vector field v € I'(TR?),

T Brrs (B) 1= x> (1) (Ao) ™ (WB) (1) Ao) | oo g 57 (a1

and denote

d
0B V.ps Z 790B:8i.08

i=1

To formulate the continuity conditions at infinity, we introduce the following nota-
tion.
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Definition 2.11. For x, y € R? and an operator-valued function S over R?, define
(Ty$)(x) := S(x — y),
8y :=T_, =Ty,
wi(S) := 83 S.
2

We introduce the set of conditions on the operator family A = My + B.

Hypothesis 2.12. Leta > 1,and N > LaT_l(d + 1)] + 1. Let B be a family of sym-
metric operators in H, with domains Dom Ag. Assume that B € C bl (R?, 492N +1).
Assume that

(1) The operator family B satisfies
PN (B) + p2Y (B) = 0, (14)

im
dist(z,(—00,0])—>00

and that for all 8 € [-2N + o, 2N + 1],
@B V-4 1(B) < o,

(15)
e > 0: @BIRAIFE(BY < o0,

where dg := Z:’i:l %Bi denotes the radial vector field.
(2) Let S1(0) denote the (d — 1)-dimensional unit sphere. For ¢ € Dom Ay, a.e.
y € S1(0),ae.x € R¢ andy € Ng with |y| < 1, assume that
lim R!| (3" B(R — 3 B(R = 0. 16
dim RV (37 B(Ry + x) — 8" B(RY))$ (16)

(3) Assume that in case d = 3 there exists § > 0 such that for a.e. y € S1(0),
7/ e R4, for ¢ € Dom A2, and ¢ > 0,

sup |x|% sup H (B(x+2z2)— B(x))gb”H < 00,

|x|21 ZeBClogI)CI(O)

sup [x|  sup  [wi(B)(x)$|, < oo,

[x|=1 ZeBclog\x\(O)

sup |x|% sup  my(2) H (VB(x +z)— VB(X))¢”H < 00,

|x|21 ZeBClogI)CI(O)

sup |x|? sup my(z2) || w?(VB)(x)qS”H < 00,
[x|>1 ZGBCIQg|x|(0)

dim R|w? (B)(Ry)| ;= 0.
dim R?|wZ(VB)(Ry), = 0.
where
min(1, |z))~%, d =3,

()= {1, d=>5.
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Remark 2.13. By a Kato—Rellich argument, Hypothesis 2.12 implies that, for a.e.
X0 € RY, A(xg) = Ao + B(xo) can take the role of the model operator Ay.

The second and third sets of conditions concerned with the radial convergence at
infinity of A and dA will also only play a role in determining the trace. Note that
the prerequisites of Proposition 2.6 and Remark 2.7 are satisfied if B satisfies Hypo-
thesis 2.12.

In the following, we will prepare for the proof of Proposition 2.28. In this proof,
we will factorize the partial trace of difference of the resolvent powers of DD* and
D*D into appropriate bounded and Schatten—von Neumann class operators. These
factors will fit the templates of operators we will discuss below.

Definition 2.14. Let B satisfy Hypothesis 2.12. For z € C, let
w = w(z) := dist(z, (—o0, 0]).

For C > 0, let Dc(B) :={z € C : w(z) > ¢}, where ¢ > 1 is the minimal choice,
such that

1
Cu™2 + (0N (B) + oY (B) + 1) (0¥ (B) + p2¥ (B)) < 5. z € De(B).

Definition 2.15. For s € R, denote by Sym; those smooth functions f : R — C,
such that, for all y € N4,

(X)V=59v £ e L°(RY).
Remark 2.16. Straightforward calculation verifies
o0
CL?O(]Rd) CSym_y 1= ﬂ Sym_j,
j=0

and (X)* € Sym,, foru e R.For f € Sym,, g € Sym;, we also have fg € Sym, 4,
which follows from the Leibniz rule. Moreover, for f € Symy,, the Leibniz rule,
taking adjoints and complex interpolation imply that (#)* f (#) ™ have bounded exten-
sions in L2(R?,C" @ H) for all s € R.

We discuss our first type of bounded operators involved in the factorization of
Proposition 2.28.

Lemma 2.17. There exists a universal constant C such that if B satisfies Hypo-
thesis 2.12, and we let t € [0,2], s € [-1,1], k e N, k < N, and r € [-2N,2N]
withr —2(k — 1) € [-2N, 2N], then the operators

R = (Mo) (X) R (T)*(X)*(Mo)**"~"(#)!, T e{Hp,DD* D*D},
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possess extensions in B(L>(R?, C™ ® H)) with operator norm bounded by 2% for
z € D¢ (B).

Proof. We write R = (]_[f:ll R;)S, with

S = (M) 2K=DH (X ) SR (T)(X)* (Mo)** "7 ()"
Ri = (Mo) 20D+ (X) S R(T)(X)* (Mo)* ", i efl,....k—1}

We develop R, (T) into a Neumann series around Hy,

oo

Ri = Y (=1)'(Rz(Ho)C;)' (Mo)? R (Ho).
=0

S = (1) (R=(Ho)Cr)' (Mo)>™ (8)' Rz (Ho),

=0

a7

where

Ci = (MO)_Z(i_l)—H(BZ-I-BM()—I—M()B—{—H&EB+(X)_S[A, (X)S])(M())z(i_l)_r,

where ¢ = —1forT = D*D,e =0forT = Hg,and ¢ = 1 for T = DD*. Since
(X)* € Symy, it follows that (X)7°[A, (X)®] is a first-order differential operator
with coefficients in Sym_;. Thus, there exists a universal constant C such that, for
u €[—1,1], z € C\(—o0, 0] with w := dist(z, (—o0, 0]) > 1,

D=

| R=(Ho) (X) = [A(X)*] | pro e cramy < Cw 2.

Furthermore, we have by Hypothesis 2.12 the norm estimate

—_— _1
|R=(Ho)Ci |l pcr2ra cremy < Cw™ 2 + [{Mo){(Mo)zRz(Ho) | p(12rd cre )
- (Mo)z 1 (Mo)=2G=D+r=1(B2 + BMo + Mo B + £i(3B)) (M0)20 =D~ | ., 2 ma cremy)

<Cw (VT B+ )RV (B) < 5, e DeB),

where the last inequality follows by Remark 2.5 and the definition of the domain
Dc (B). This implies that the Neumann series of R; and S converge in operator norm,
each of which can be bounded in operator norm by 2 for z € D¢ (B). We conclude that
IRl gL2rd . crepmy < 2~ for z € Dc(B). -

A similar result holds under weaker conditions, which we will need later in the
proof of the approximation statement.

Lemma 2.18. Let B : R — B(H) be a point-wise self-adjoint C'-function with
respect to the strong operator topology such that

IBllc)@a, ey = I1BllLooma, By + IV BllLooma peaydy < 00
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Assume also that B € Cbl (R¥, Ao, 1) with limy o0 pz(B) = 0, where
w = dist(z, (—o0, 0]).
Lett €[0,2], s € [-1,1], and k € N. Then, the operators
Ricss = (X) ™ R-(Hp)" (X)* (§)"
admit extensions in B(L*(R?,C" ® H)) with norm bounded by
Ck(IIBllcg(Rd,B(H)) 412

forw > C(||B||C}} R4, B(H) T 1)4, where C is some universal constant.
ForTg € {Hp, Dy Dp,Dp Dy}, and w > C(”B”C,j(Rd,B(H)) + 1)* the operat-
ors | .
(Ho + 1)2(X) R (Ts)(X)*(Ho + 1), se[-1,1],

admit extensions in B(L*(R?,C" ® H)) with norm bounded by

Ck(”B”C}; (Rd,B(H)) + 1)2k

forw = C(|Bllc)ra, ey + D*.

Proof. We note that by Proposition 2.6 the operators Tp > 0 are self-adjoint, so that
the involved resolvents are well defined. We show first that

N~

(Ho +1)% (X)™ R (T5) (X" (Ho + 1)

admits a bounded extension. We develop (X )™ R, (TB)(X)* into a Neumann series
around Hy:

(Ho + 1)2 (X)=s R, (T5) (X (Ho + 1)?

[e.¢]
1

1 1 1 1 1 1
= (Ho + 1)? Rz(Ho)? > (=1)! (Rz(Ho)> T.Rz(Ho)?)' (Ho + 1)? Rz (Ho)?,
=0
(18)
where
T, := B>+ BMo + MoB + f, + g5 +ie(#B),
fs = 2(X)7H(X)°,
gs = (X) T A(X)’,
where ¢ = —1 for Tp = Dy Dp, e = 0 for Tp = Hp,and ¢ = 1 for Tp = DpDy,.

Since (Hy + 1)%Rz (HO)% is bounded in operator norm by 1 for w > 1, it remains to
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investigate the inner factor of the left-hand side of (18), and thus, we consider

1

R:(Ho)* T, R:(Ho)? = R:(Ho)? B*R:(Hy)?

D=

+ R (H, ) BMO 2 (Ho)
+ MoR (Ho)* BR. (Ho)
+ R2(Ho)? £y R-(Ho)
+ R (Ho)* g R: (Ho)
+ieR; (Ho) > (JB)R. (Ho).

Rl

N\'—‘

Since MyR, (Ho)% and AR, (Ho)% are uniformly bounded in operator norm by 1 for
w > 1, B, B?, (§ B) are bounded in norm operator norm by (||B||C}: ®< By T 1)?,
and the functions f; € Sym_y, g5 € Sym_; give rise to uniformly bounded operat-
ors in operator norm for s € [—1, 1], the operator R, (HO)% TR, (HO)% is uniformly
bounded in operator norm by ¢ (|| B||~ 1 ®e,B(H)) T 1)2w_% for some universal con-
stant ¢ and w > 1. We assume for the rest of the proof that w > ¢?(|| B ||cg ®4.BH) T
1)%. Then, the Neumann series (18) converges in operator norm to a bounded operator
with norm bound 2. Since (i + #)(Ho + 1)_% is bounded in operator norm by 1, we
also have that

(i +8)(X) ™ R-(Hp)(X)*(i + 9) (19)

is a bounded operator with norm less than 2. In (19), we commute i + @ and obtain

G+ d)(X)™R(Hp)(X)*(i+9)
= (X)SR(Hp)(X) QA+ 4%+ [4.(X)R(Hp)(X)*](+ ). (20

By the resolvent identity, we rewrite the commutator and obtain

[4.(X)=*R:(Hp)(X)*]( + #)
= —(X)"SR(Hp)(X)*[D. T|{X)*R;(Hg)(X)*(i + #)

= —(X)~S R, (Hp)(X)s (Ho + 1)

1

(Ho + 1) (#B2) + Mo@B) + (BB)Mo + (8 £,)1 + (Bes)) (Ho + 1)

—_

(Ho + 1) (X)~SR;(Hp)(X)*(i + #). @1

The first and third factors of (21) are both bounded in operator norm by 2 according
to the previous considerations, the second factor is bounded since My R, (Ho)% and
3RZ(H0)% are uniformly bounded in operator norm by 1 for w > 1, (4 B), and (4 B?)
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are bounded by (||B||Cé ®R7.BH)) T 1)2, and the functions (4 f;) € Sym_,, (Jg5) €
Sym_j give rise to uniformly bounded operators in operator norm for s € [—1, 1]. In
total, (21) implies that [, (X))~ R,(Hp)(X)*](i + #) is uniformly bounded in oper-
ator norm by C’(||B||Cg ®< ) + 1)? for some universal constant C’. By (20), it
follows that

(X)=SR:(Hp)(X)s(i + #)2,

and thus, R; , is uniformly bounded by C”(||B||C}1 R4, B(H)) T 1)2 for some uni-
versal constant C”, and all ¢ € [0, 2]. Finally, we use the fact that

k—1
Ri,st = Ry 0R1,5,
to conclude the statement. n

We will also need the following convergence statement, which is a fundamental
property of Schatten—von Neumann operators.

Lemma 2.19 ([24, Lemma 3.4]). Let Ry, Sy, Ty, n € N, be bounded operators in a
separable Hilbert space X. For 1 < p < 00, let S, € SP(X), such that lim, o S, =
S in SP(X)-norm. Furthermore, assume that lim,_ . R, = R, and lim,_, T, =

T* strongly. Then,
lim R,S,T, = RST,
n—>oo

in SP(X)-norm.

Inspired by this lemma and for our convenience, we introduce the following nota-
tion.

Definition 2.20. If T is a bounded operator, and (7};),eN is a sequence of bounded
operators in a Hilbert space X, we say T,, converges in SOTA of X to T, if 7,, and
T,¥ converge in the strong operator topology to 7', respectively, to T* as n — oo.

Lemma 2.21. There exists a universal constant C such that the following statement
holds true. Let B satisfy Hypothesis 2.12, and let ( By, )neN be a sequence of operators,
each of which satisfy Hypothesis 2.12, such that (By)neN converges in the following
sense: for B € [<2N + 1,2N — 1], and a.e. x € R%, we have strong operator con-
vergence in H of

—Z—ﬂ n—>oo

(40)? (Bn(x) + A0)*(A0) 2P 125 (40)? (B(x) + 40)*(40) 2P, (22)

and with w := dist(z, (—o0, 0]), assume that

sup (o2 (B,) + 52V (B,)) = 0 @)
ne
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then, we have SOTA convergence in L2(R?,C" ® H) of

(Mo)" (X)=5 R, (Hg, )" (X)5 (Mo)2k=—r— (#)!

n—>oo

27 (Mo) (X)~5 R, (Hg)* (X)3 (Mo)2k—— (#)!

fort €[0,2, ue[-1,1, k e N,k < N,andr € [-2N,2N] withr —2(k — 1) €
[-2N,2N].
If additionally for a.e. x € R? we have strong operator convergence in H of

(A0)P8; By (x)(A0) 27 2225 (40)P8; B(x)(Ao) >, iefl,....d},

then we also have SOTA convergence in L>(R?,C" ® H) of

(M) (X) =5 R;(Dg, D} ) (X)s (Mo)2e=r= ()1

n—o00 k
(

—— (Mo)"(X)™SR.(DpD})

X)s (Mo)zk—r—z <3)t’

and

(Mo)" (X)=5 R-(D}, Dg,)" (X)* (Mo) %= (g

n—00 k
(

—— (Mo)"(X)=SR: (D3 Dp)" (X)s(Mo)2k=r=1 ()",

fort €]0,2), ue[-1,1], k e N,k < N,andr € [-2N,2N] withr —2(k — 1) €
[-2N,2N].

Proof. We only show the statement involving Hp. The proof for Dg Dy and Dy Dp
is analogous. Consider the factorization presented in the proof of Lemma 2.17, now
with B, replacing B everywhere. We note that both Neumann series in (17) converge
for z € D¢ (By,). Due to condition (23), there exists wg > 1, suchthat {z € C : w(z) >
wo} € Dc(B) N(),en Dc (Br). Thus, analogous to the proof of Lemma 2.17, the
operators

Sn() 1= (Mo) 2 =DH(X) 7 R, (Hp, ) (X)" (Mo)* ™"~ (),
S(t) 1= (Mo) >~V (X) 7 R, (Hp) (X)* (Mo)** "~ (d)’

have bounded extensions for w(z) > wg, where wq is independent of n, and their
operator norms are uniformly bounded by 2. By the resolvent identity, we find

Su(t) — S()

= S4(0) ((Mo) =26+ ((B + Mo)” — (B + Mo)*)(Mo)2k=D=r)5(r).  (24)

Since S, (0) is uniformly bounded by 2, it suffices to verify the strong operator conver-
gence in L2(R4, C” ® H) of the inner factor of (24) to conclude the strong operator
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convergence of Sy, (¢) to S(¢). Indeed, condition (22), the uniform bound given by con-
dition (23), and the dominated convergence theorem ensure the strong convergence of
the inner factor. For the remaining factors

Ri n = (MO)_Z(i_l)+r<X>_SRZ(HBn)<X>S<M0>2i_r,

>

we obtain analogous results. For the strong convergence of the adjoints, the claimed
statement follows similarly if one replaces (24) with

Sp()* = S(@)*

= Sn(t)* ((Mo)2*k—D—r((B + M0)2 — (B, + Mo)z)(Mo)_ZH')S(O)*,
using the fact that the operator functions B, and B are point-wise symmetric. |

We also provide here a variant under weaker conditions, which we will later also
need.

Lemma 2.22. Let B : R? — B(H), B, : R? — B(H) be point-wise self-adjoint
C '-functions with respect to the strong operator topology for n € N, and assume
that || B ”C,} ®< ey and || Bn ”C,} R4, B(H)) are uniformly bounded. Assume also that

B.B, € C}(RY, Ay, 1), and that, for all n € N,
lim p;(B) = lim pz(Bn) =0,
w—>00 w—>00
where
w = dist(z, (—o0, 0]).

. n—00 n—00 d
Finally, assume that B,,(x) —— B(x) and VB,(x) —— VB(x) fora.e. x € R
in the strong operator topology in H. Then, there exist constants ¢ and C such that

for

w = dist(z, (—00,0]) > ¢

we have convergence in strong operator topology of L*(R?,C" @ H) of

n—oo

(X)= R: (Hp, ) (X)s () =25 (X)=5 R, (Hz) (X)* (B (25)

fort €0,2], s € [-1,1], and k € N, and the operators are uniformly bounded in
operator norm by C. In case t = 0, (25) converges in SOTA of L*(R?,C" ® H).
Moreover, for w > 1, we have SOTA convergence in L2(R?,C" ® H) of

k n—oo

R.(D} Dg,)" == R.(D}D3)",

. (26)
R.(DpD})".

o0

R.(Ds,Dj ) =2
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Proof. By the uniform boundedness principle and Lemma 2.18, there exist constants
¢, C such that for w > ¢ we have the uniform bound

[{(X)~*R; (HBn)k (X)) | pero@a crom):

| (X)_SRZ(HB)k<X>S<3)t |p2@a.cromy) = €

It suffices to restrict to the case k = 1 by factorizing the operators. Due to the uniform
norm bounds and the density of C2° (R?) in L?(R%), we may also assume ¢ = 0.
Then, with

Sn = (X)"R:(Hp,)(X)*. S :=(X)"R:(Hp)(X)*,
the resolvent identity implies
Sp—S = Su((B + Mo)? — (Bn + Mo))S.

Since the operators S, Mo, MyS are uniformly bounded by Lemma 2.18, it follows
that S, converges in the strong operator topology to S.

For the convergence of the adjoints of (25) in case ¢ = 0, we similarly may restrict
to the case k = 1, and by the resolvent identity, we have

SE—8* = SH((B + Mo)® — (Ba + Mo)?)S™. @7)

Since W, My S* are uniformly bounded by Lemma 2.18, (27) also converges in
strong operator topology.

It remains to investigate the SOTA convergence of (26). It suffices to show con-
vergence in strong operator convergence for k = 1 since we may factorize and taking
adjoints only changes z to z. The statement then follows as before by the resolvent
identity and the uniform norm bounds provided by Lemma 2.18. |

We now present results on the type of operators that we will encounter as Schatten-
von Neumann class factors in the proof of Proposition 2.28.

Lemma 2.23. Let B satisfy Hypothesis 2.12, let ¢ € CL?O(Rd), 0<¢ <1,supp¢p C
Bi(0)and ¢ = 1o0n B%(O), and let B € R satisfy | —a| < 2N, and | — 1| < 2N.
Then, there exist ¢ > 0 such that, for all § > 0,

()71 (Mo)P~(X)*($1(IB) + (1 — §)icr (9r B)) (Mo) 7 (28)
possesses an S¢(L*(R¢,C" ® H))-extension. On the other hand, for all €,8 > 0,

()71 (Mo)P = (X)"* ($i(@B) + (1 = $)icr (& B)) (Mo) #  (29)
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and
(A1 (Mo)P~(X) (1 = )i((# — crIR) B) (Mo) * (30)
possess ST(L2(R4,C" @ H))-extensions. Finally, for all § > 0,
(B~ (Mo)?~*i(#B) (Mo) (31
possesses an S¢T(L2(R?,C" ® H))-extension.

Proof. We first consider (28). We note that due to the compact support of ¢, for & > 0,
there is a constant C, such that

[{Mo)™*+B (X )% (¢i(BB) + (1 — ¢)icr(dr B))(Mo)* ”Ld(sd(H))
=< C(Ta’ﬂ’v’d’l(B) + ‘[a’ﬂ’aR,d,l-FZé‘(B))’

which is finite for ¢ > 0 small enough, due to Hypothesis 2.12. For (29) and (30), we
similarly have for all € > 0 a constant C, such that

| (Mo)P~2(X)~*($i(B) + (1 — $)icr (& B)) (M) | La 50 )
+ ” (MO)ﬂ_a (X)_S(l - ¢)1((3 - CRaR)B) (MO)_IS ”Ld(Sd(H))
< CTa’ﬂ’V’d’l(B),

which is also finite by Hypothesis 2.12. For (31), we have, for all § > 0, a constant C,
such that

|| (MO)ﬂ_ai(aB)(MO)_ﬁ ||Ld+8(gd+5(H)) = Cfa’ﬂ’v’d’l(B)’

which is finite by Hypothesis 2.12. The claims now follow from Corollary 2.9 and
(X)717% e L4(R9), respectively, (X)~' € L4t (R9), forall § > 0. "

In a similar manner, one shows the weaker result under weaker conditions on the
operator family B below.

Lemma 2.24. Let B : R — B(H) be a point-wise self-adjoint C'-function with
respect to the strong operator topology, and assume that there exists n > 0, such that

'L'O’O’V’d’l(B) + TO,O,aR,d,l-i-T](B) < 00.

Let ¢ € Cfo(Rd), 0<¢ <1,suppep € B1(0), andp =1o0n B% (0). Then, there exist
& > 0 such that, for all § > 0,

@)X ($i@B) + (1 - ¢)icr (9r B))
possesses an S¢(L*(R?,C" ® H))-extension. On the other hand, for all €,8 > 0,

()17 (X) " ($i(B) + (1 - Plick (3= B))
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and
(@7 (X) (1 — ¢)i((4 — crOR)B)
possess S (L2(R?, C" ® H))-extensions. Finally, for all § > 0,
(#)~i(@B)
possesses a S¢S (L2(R?,C" ® H))-extension.

In the next lemma, we prepare the upcoming factorizations of Proposition 2.28.
We will utilize the following notation.

Definition 2.25. Let /[ € N. For Y a Banach space, define the shuffle product w
between / + 1-tuples of operators T = (Tp, ..., T;) in Y, and /-tuples of operators
S =(S1,...,8;)inY by

TwS := T()SlTl S]Tl

For T an operator in Y, § = (S1,...,S;) an [-tuple of operators in Y, and k €
{1,...,1 4+ 1}, denote

AS = (St Skt T, Sk, o, S1), k<1,
S = (Sy,..., 8, T).

Denote for a sequence of operators (Sg)ren, and 7 € N(l) by S7 the /-tuple of oper-
ators
S™ = (Syys-eosSyy)-

Finally, denote 1 := (1,...,1) € N/,
Lemma 2.26. Assume Hypothesis 2.12. Let z € C\(—00, 0]. Then,

trer (R2(DyDg)" — R.(DpDE)Y)

-1
= 2trcr Z (N B 1) RZ(HB)yLu(iﬁB)(gd

yend+1 y—1
ly|=N+d
N-—1\"!
+ trer Z ( _q ) ((RZ(HB)®(d+2), RZ(DEDB))V w(if B)®@+2
yeNd+3 Y
ly|=N+d+2

+ (R: (HB)®(d+2)’ R.(Dp D)) w(ipB)®@+?),

Proof. By Hypothesis 2.12 and Proposition 2.6, we have, for w = dist(z, (—oo, 0])
large enough,

||i(6B)RZ(HB)||B(L2(]Rd’(cr®H)) =< w_%P;(B) < 1.
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We may develop the Neumann series of R;(DpDy) and R; (D5 Dp) and obtain

R.(DjDp) — R:(DsD}) = 2R:(Hp) Y (i}B)R- (Hz))**".

x~
Il
o

(i(#B) R: (Hz))™*

M2

R.(D}Dg) + R.(DpD}) = 2R, (Hp)

x
I
o

So, by Lemma 2.1, we have, for w large enough,

trcr (RZ(D;;DB) — R, (DBDE;))
0o

= 2trcr R; (Hg) (i(#B)R. (Hg)) Z (i@B)R.(Hp )

= trer Rz (Hp)i(#B))* (R (DBDB R.(DpD})):; (32)

both sides are holomorphic on C\[0, co), which implies that the above identity ex-
tends to this domain. Differentiating (32) (N — 1)-times in z yields the claim. |

We now arrive at the principal decomposition result. However, we will first intro-
duce further abbreviations for the involved operators.

Definition 2.27. Letk,l,m € Ng, B e R!*1 y e NI+ ¢ e R, £ €{0,1,2}, > 0,
and §, &£ > 0. For an operator family B satisfying Hypothesis 2.12, define the operators

T(B)® := ¢i(dB) + (1 — ¢p)icr(dr B).

T(B)' := (1-)i((# - crIr)B),

T(B)*:=i(#B) = T(B)° + T(B)",
L:=[A,(1—-v)cr]

Now, define the operators for m € {1,..., yx},

udb ek (B = (Mo)(X)? R (Hp)" (X)™ (Mo)* (#)°.
a,b,c,d eR, keN,

(UZ(B)a,ﬂ,y,8,8 ugi,si,Z)/i—l—S—B,',l-i-ﬁ,yi (B), 0 < i < | — 1’

)

(Uz (B)a,ﬁ,y,S,s)l =

(V(B)*P:8:28) = (B) TV (Mo)Pi (X)) T (B)S (Mo)™Pi, i e {l,....1},
)
)

i

ufz,0,0,0,w (B),

]
(WZ(B)Ol,ﬂ,y,S,E,k,m = ugi,—i$,2yi—l—5—ﬂ,’,1+8,yi (B), 0<i <k < d,

1

(Wz (B)a,ﬁ,y,S,é,k,m =

i

ugi5_(d_i)é’2yi_l_8_ﬁi’1+8’yi (B), k<i<d,
(WZ(B)a,ﬁ,y,S,é,k,m)d — ugd,o,0,0,yd (B), k<d,
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(Wz (B)a,,B,y,S,S,k,m)k = uzﬁk,ké‘,2m—1—ﬁk,l,m(B)(<3)—1 (X)kEL(X)(d—k)E)
uzﬂk+1—2m,—(d—k)§,2yk—l—ﬂk—8,1+8,yk—m+l(B),

0<k<d-1,

(WZ(B)a,V,ﬁ,S,d,m)d — ugd,d£,2m—1—ﬁd,1,m(3)((3>—1 (X)dEL)
% u§d+l—2m,0,0,0,yd—m+1(B).

The next proposition is the central result of this section. It is similar to the central
result obtained in [22], where the statement below was shown without the presence
of the partial trace trcr, but with much stronger assumptions on the family 4, which
are not sensible for the calculation of the principal trace. In fact, if we would take the
intersection of Hypothesis 2.12 and the assumptions made in [22], we would always
end up with the trivial case

tI’LZ(]Rd’H)tI'(Cr (e_tD*D — e_’DD*) = 0.
Proposition 2.28. There exists a universal constant C such that the following holds
true. Assume Hypothesis 2.12. Let V¥, ¢ € Ccoo(Rd), with0 <y, ¢ <1, suppy C
B%(O), and ¥ = 1on B% (0), and supp ¢ < B1(0), and ¢ = 1 on B% (0). Then, there
exist, independent of the choices of B, ¥, ¢, and z € D¢ (B), multi-indices B € [o —
2N, +2N] N[l —2N,—1 +2N], ¢/, 9/ € [-1,1]¢ for j € {1,...,5)}, constants
8,€€10,1], and Cf,Cy,k <oofory € N4+l | ¢ {0,...,d}, j €{1,2,3}, such that

trer (R2(DyDg)" — R.(DpDE)Y)
—ucr| Y Cp Y umPrRe (i)

yeNd+1, cefo.134,
ly|=N+d [¢l<d—1

tucr| Y CH( - U BT iy (B)h i g

yeNd+1,
ly|=N+d

+ ¢U; (B)a’ﬁ’y’8’83 L V(B)“’ﬂa&n3,1l)]

d Yk
+ trer [cR(l =) D DG ) WaBPIIEEL V(B)“’ﬂ’&"“’ﬂ}

yENd""], k=0 m=1
lyI=N+d
+ tr(c,[ 3 C3 (U700 (B)w yeh0021)
Y=0.v442)eNd+2xN
lyl=N+d+2

i(#B)(R- (D3 D) "** + Ro(DgD3)""*?)|. = € Dc(B),
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where each summand in []-brackets is a trace-class operator in L2(R?,C" ® H)
with trace norm bound given by a z-independent polynomial in

(@B VA1 (B) 4 @B IR AT (B, 33)

Sor B running over z-independent finite subsets of [@ — 2N, +2N]N[1 —=2N,—1 +
2N), and some z-independent y > 0 small enough, such that (33) is finite.

Proof. We continue with the formula from Lemma 2.26 and further decompose the
involved terms. First, we start with the sum indexed by y € N4+ |y| = N +d,
whose summands, up to factors only dependent on y and N, are

R.(Hp)" w(ipB)®9. (34)

If we expand i(#B) = T(B)? = T(B)° + T(B) in (34), we obtain 2¢ — 1 summands,
where at least one T'(B)° appears, and one summand which only involves T'(B)!. The
summands which do involve T'(B)° can be decomposed as

Ueprde (gywyebset(py,

where ¢ € {0, 1}4, || <d — 1, and B, §, €', and n' are chosen as follows. Let j €
{0,....d}suchthat{; =0.Foré > 0,set Bo:=0, Bi+1:=Bi + o+ 6+ 1—2y;. For
£>0,sete] :=igfor0<i <j—1l,ande} :=—(d —i)§forj <i <d—1.Setn} :=
—& fori # j,and n} := d§. Choose £ > 0 small enough such that (VeBsn'.L(B)); e
S4(L2(R?,C" ® H)) for all i, which exists according to Lemma 2.23. Lemma 2.17,
on the other hand, ensures that (Uf’ﬂ’y"g’gl)i € B(L2(R4,C" ®@ H)),for0<i <d —
1, with operator norms bounded by 4Yi for w satisfying (33). Since (¢ + 1)d <2(N +
d) by Hypothesis 2.12, we may choose § > 0 small enough such that 8; < 2y, which
then also implies that (UZ?7%*"), € B(L2(RY,C" ® H)) by Lemma 2.17.
Next, we decompose

T := R, (Hp) w(T(B)")®,

viaT =1 —-¢)Tp +¢T + (1 —¢)T(1 — ¢). Those summands which do involve a
factor ¢ can be written as

(1- ¢)[Uz(3)a’ﬁ’y’8’82 L V(B)“’ﬂﬁ,nz,]l]qb

and
¢[Uz (B)a’ﬂ’y’8’£3 L V(B)“aﬂaa,n3,ﬂ]7

where we set &7 1= —i§, and &3 1= d§, &} 1= —(d — i), and &} := d§, and ] :=
n? := —&. If we choose §, £ > 0 sufficiently small, the same reason as above implies
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that we have (U2P755%), e B(L2(RY,CT @ H)) for0 <i <d — 1, (UXF"55) 0 €

B(L*(R?,C" @ H)), p(USP 7Yy € BILARY,C" @ H)), and (USP7747), e
B(Lz(Rd, C" ® H)) for 1 <i < d, where the operator norm is bounded by 4%i. We
also have (V®:B8:8.:1%.1), (Ve.B8n1), ¢ §4(L2(R4,C" @ H)).

The remaining summand (1 — ¢)7T (1 — ¢) requires more work. First, note that

[He.(1 —¥)cr] =[A. (1 —¥)cr] = L.

and thus,

n

[(1 = ¥)cr, R-(Hp)"] = ) R.(Hg)" LR (Hg)

m=1

n—m+1

On the other hand, (1 — v¥)cg anti-commutes with 7(B)!, since cg anti-commutes
with §—c g0 g, because dg is a component in an orthonormal system given by coordin-
ates. Consequently, since there is an odd number of factors T(B)l, we obtain, with
{-, -} denoting the anti-commutator,

{1 =y)cr. T}

d Yk
_ Z(_l)k Z RZ(HB)(VO,---,kal,m,yk—m+1,yk+1,---,)/d)Lu(tlli-i-l(T(B)l)@d).
k=0 m=1

Applying trcr, and bringing cg around, we, thus, obtain

trer (1 — )R (Hp)” w(T(B)")®? (1 - ¢)

d Yk
l-¢ k V05 esVk—1M: Yk —M+ 1Yk +150-5Va)
= — ) trcrcr kE_O(—l) mE_l RZ(HB)

®d
w(TH(T(B))™)
d Yk
= ticrer(1=9) Y cppe ) Wa(B)*Probmuy (g)shomt,
k=0 m=1
where we set )} := —£. As before, (V*:£-8n1%1), € §4(L2(RY,C" ® H)), and

(WS, ¢ BLAR?.CT ® H))

for i # k, with operator norm bounded by 4i. For i = k, the operator (W, (B))x
contains two factors of the type u3(B), which both have bounded extensions with
operator norm bounded by 4", and 4¥4~"™ respectively, by Lemma 2.17. The remain-
ing factor of (W, (B))i is

(@) HX)EE[A, (1 = y)er](X)@RE, (35)
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Since (1 — y)cg € Symiy, it follows that (X ) E[A, (1 — y¥)cg](X)@~0¥F s a first-
order operator with coefficients in Sym_;44¢ € Symg for £ > 0 small enough. In
particular, (35) has a bounded operator extension with operator norm C. Therefore,
(WZa’ﬂ’y’S’g’k’m)k € B(L*(R4,C" ® H)) with operator norm bounded by 47+ C.

Finally, in the formula of Lemma 2.26, we consider the remaining sum indexed
by y € N9*3 |y| = N + d + 2. The summands are up to a constant of the form

(Rz (HB)®(d+2), RZ(T))V l_IJ(iaB)®(d+2), T ¢ {DD*, D*D},
which we factorize into
(U2B-700(By sy -B-00-21)i(§ BY (Mo) ™" (Mo) Rz (T)Y+2,

where 7 := (yo, ..., Ya+1), B¢ :=0, and ,BiZH = ﬂlz + o + 1 — y;. As noted before,
we have (UZ‘I"S”?’O’O(B)),- € B(L*(R?,C" ® H)) with operator norm bounded by 47i
by Lemma 2.17. Also, i#” B(M,)~! € B(L?(R¢,C" ® H)) by Hypothesis 2.12, and
the fact that for measurable S, S| g 2re,creomy) = 1SILe®d Bcrem))- Also,
(Mo) R, (T)Y4+2 is bounded with operator norm bounded by 4¥4+2 by Lemma 2.17.

On the other hand, Lemma 2.23 implies that Via,ﬂ,o,o,zvﬂ € ST (L2(RY,C" ® H)).
We note that by the proof of Lemma 2.23 there exist z-independent finite sets

I Cle—2N.2N +a] N[l —2N,—1 + 2N],

and z-independent constants C, and y >0 small enough, such that the S d -respectively,
S4+1_norms of the various operators V*(B) can be bounded uniformly by

c > (PVNB) + *PIREITA(B)) < oo, n
Bel,xeJ

To close this section, we show that the partial trace of the semi-group difference
of DD* and D* D is trace-class.

Proposition 2.29. Let B satisfy Hypothesis 2.12, and let t>0. Then, trcr (e P 5PB _
e~PBDR) e SYL2(RY, H)).

Proof. Let C > 0 be large enough, and let p € (0, Z) be small enough. Let I :=
I'_o F;l, where '+ (s) :== —C % e'*s, s € [0, 00), and o, ~! denote the composition
of paths, respectively, the reversal of a path. Note that I" encloses the non-negative
real axis once. Then, for A > 0, we have by Cauchy’s integral formula

—tA _ gN-—1 =Nty (N — DI(—t)1=N o1z
TSR = 2 /r(z—A)NdZ-
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Via holomorphic functional calculus, we, thus, have
e—tD;;DB _ e—tDBDE

(N =DI(=)N
h 2mi

/ e (R, (DpD})" — R_. (D} Dp)")dz,
r

where the integral exists as a Bochner integral in B(L?(C” ® H)) in the norm topo-
logy. Therefore, we may interchange trcr and integration to obtain

* *
tr(cr (e—tDBDB _ e—l‘DBDB)

(N =D(=n)'N
B 2mi

/e—’ZtrCr(R_Z(DBDg)N—R_Z(D;DB)N)dz. (36)
r

We claim that the right-hand side of (36) converges even as a Bochner integral in
S I(LZ(IR{d , H)). Indeed, by Proposition 2.28, we have some constant C’, such that
we may estimate the integrand by

He_lztr@r(R_z(DD*)N - R—Z(D*D)N) ||S1(L2(]Rd,H))
< C/e—t(—C-i-cos(p)IS\)’ z = TI'(s), 37

which is integrable over s € R. |

3. Approximation of the operator function B

The goal of this section is to construct an approximating sequence B, of the operator
function B, which enables us to calculate the principal trace in the following sec-
tions. We remark that a similar but simpler approximation argument has been used
as a standard technique, for example, in [24, 31] with the same goal. In the multidi-
mensional setup in this paper, we unfortunately need a more elaborate approximation
procedure caused by the requirement that V B, should be sufficiently smooth and
trace-class valued, a fact which comes for free in the one-dimensional case. Before
we proceed with an approximation statement, we present the following convolution
result which grants us smoothing of the operator family without destroying its decay
properties.

Definition 3.1. Let O(d) be the orthogonal group in dimension d with (bi-invariant)
Haar measure m, and let (g,)nen C C*°(0(d)) be a delta sequence with supports
decreasing to {1} of O(d) with respect to the convolution given by the Haar measure.’

3Since O(d) is a smooth Lie group, the usual construction of approximate units in L' (G)
of locally compact groups (cf. [21, Chapter 13.2]) can be refined to be smooth.
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For y? ¢ CC""(Rd) non-negative with [ ¥ (x)dx = 1, let w,‘f (x) := n?y?(nx) be
the associated delta sequence of R?. Let ¢ € C>°(R?) with ¢ = 1 near 0. For & > 0,
let
For={f € C'RL.CH) | | fll5. < o0},
1Az == 1 lzoe + [V || oo + [(X) TR S || Lo
For f € ¥, define

(1)) =60 [ =) 2y
* 1 1y % dr
+(1—$(0)) / / ¥ (log P)gn (V) £ (F Y *x)dm(¥) L. (38)
0 Jow) r

Lemma 3.2. For e > 0, the operator family 8, is uniformly bounded in ¥, and 8, (f),
respectively, V&, (f) converge point-wise to f, respectively, V f. For f € F¢, the
Sfunction 8, ( f) is smooth with bounded derivatives for alln € N.

Proof. Let f, := 8,(f). For xo € R¥\{0}, extend

X0
ey = —
|0
to an orthonormal basis (e,-)f’=1 of R¥. For a neighbourhood U of x¢ small enough,
the vectors (li—l, €,...,eq), x € U, are still a basis of R<. Denote by Opy(x) :=
GS(%, ez,...,e4) € 0O(d) the Gram—Schmidt procedure applied to this basis. The
map Oy is smooth on U and thus for x € U, using the symmetry of convolution,

/ h [ witoengurys (1 x)ammn
0 Oy4 r

- /oo / w,i(logm)gn(oa(x)Y*)f(rYl)dm(Y)d—’, (39)
0 o) r r

where Y7 denotes the first column of Y. Thus, (39) is smooth in x on U. Since 1 — ¢
cuts away 0, we conclude that f, is smooth, because all other components of (38)
are clearly smooth. Since 1//,‘11 and ¢ are compactly supported, 1 — ¢ is supported
away from 0 and v, is again compactly supported, one easily concludes, by standard
estimates on the integrals, that all derivatives of f, are bounded. It is also apparent
that f,, and V f, converge point-wise to f', respectively, V f, since for each point, due
to the compact support of the Dirac sequences, the integrals in (38) can be changed
to take place over compact sets, on which f and V f are uniformly continuous. It
remains to check that there is a constant C such that || f, ||z, < C. Clearly, | f,(x)| <
| f Il oo (ray Tor all x € R4 Since ¢ is compactly supported, it is also clear that there
is a constant C only dependent on ¢ and s > 0 such that

XY V(@ (0 *ra /)| ooy = C U1 lzooay + |V | oo geary)-
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For the second summand of (38), note that if a derivative is applied to 1 — ¢, we obtain
a compactly supported function, hence a similar arbitrary decay result as for the first
summand shown above. Differentiation of f(r~1Y *x) yields

1o _ o X
O f(r7'Y*x) =r 1<(Vf)(Y 7),Yi>,
Rf(r7'Y*x) =r 1 (Orf)(r 'Y *x),

which implies for f € ¥, and x € supp(1 — ¢),

=Cllfll#,

. OO 1 -1y * d_r
i [ [ wiGoeng @) (7 x)amn

where C only depends on ¢. Similarly, there are constants C’, C” independent of f
and n, such that, for f € ¥, and x € supp(1l — ¢),

) i d
' ae [ pitoenn £y s)ann
o0 d
<C'lf 5. / vitogryre
0 r
= C'If I /R W )e S ds < C S |15

We conclude that || /|| #. is uniformly bounded. [

We now arrive at the central result of this section. The operator family B is approx-
imated by a sequence of finite-rank valued operator families with improved regularity.
In spirit, this statement is close to the approximation argument used, for example,
in [24,31] in the one-dimensional case.

Proposition and Definition 3.3. Denote
Py = 11—y n)(A0), neN.

Let (¢pn)nen C D be an orthonormal basis of H, and let K, be the finite rank pro-
Jection onto span{(¢;);_,} in H for n € N. Identify the range of K with C" and let
81 be the mollification operator defined in Definition 3.1 with a fixed choice of cut-off
functions and delta sequences.

Define for B satisfying Hypothesis 2.12,

B, (x) := P, B(x) Py,
Bym(x) := K Bp(x) K,
By :=681(Bnm). n.m,l €N.
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Then, there are constants C, Cy,, and Cy m, where C is universal, Cy, is independent
of m, and Cy, ,, is independent of |, such that

Jim wer (R: (D3, D,)" = R-(Ds, DF,)")

= trer (R:(D3 Ds)" — R:(D5D})").

for z € Dc (B),

lim trCr(RZ(Dzn.mDBn,m)N —RZ(DBn,mDEn'm)N)

m-—>00
= trer (R (D}, Dg,)" — R.(Dg, D3 )").
Sfor dist(z, (—00,0]) > Cy, and

lim trer (Rz (D}

l—o00

= trcr (RZ (Dgn.m DBn,m)N —R; (DB"J" Dgnm)

DBn,m,l)N - RZ(DBn,m,I D};nml)N)

n.m.l
N
)

for dist(z, (=00, 0]) > Cp m, are limits in S'(L>(R?,C" ® H)).
Proof. We start with
. * N * \N
nlgrolo trcr (R;(Dg, DB,)” — Rz(DB,D3,)" )
— trer (R (D D) — R.(DsD3)™). (40)

We expand both sides of (40), according to the decomposition described in Proposi-
tion 2.28, into a finite sum of trace-class operators. Each summand consists
(up to a constant scalar factor and possibly up to a constant bounded operator
()~ X)kEL(X)@=K)E) of a product of operators with factors u$(By), V*(By),
i(#Bn)(Mo) ™", and (Mo) (R (D} Dg,)*+R:(Dp, D} )*) with upper indices inde-
pendent of n and B (suppressed here by e), respectively, the same factors with B,

replaced by B. We first note that, since P,, commutes with Ay and have norm 1,

z - dist(z,(—00,0])—>
sup (02 (Ba) + 72 (B2)) = 022N (B) + 2" (B) =220,
ne

and because P, converges strongly to 1y for n — oo, we also have for any § €
[-2N,2N],and a.e. x € R4, strong operator convergences in H of

(40)? (Ba(x) + A0)*(40) 2% 25 (40)P (B(x) + Ao)*(Ao) 277,
and of

(A0)P8; By (x)(A0) 2P 225 (40)P0; B(x)(A0) 278, iefl,....d}.
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The prerequisites of Lemma 2.21 are satisfied, such that we have SOTA convergences
of all factors u$(By) to u3(B), and of

(Mo) (R=(D3, Ds,)" + R:(D, D}, )")

7% (Mo)(R: (D3 D5)* + R.(DsD})Y).
Clearly, the same argument also implies SOTA convergence of i(#B,)(My)~! to
i(#B)(Mo)~". It remains to discuss the S¢(L?(R¢,C" ® H))-valued, respectively,
S4+1(L2(R?,C" ® H))-valued operators V*(B,,). Since P, commutes with A and
is constant on R?, we have V*(B,) = ﬁ,, V'(B)ﬁ,, with ﬁn = HLZ(Rd,Cr) ® Py
which converges in SOTA to 1;2ra crgp)- Lemma 2.19, thus, implies that V'*(By)
converges in S (L2(R?,C" ® H)), respectively, St (L2(R4,C" @ H)), to V*(B).
We conclude that (40) converges in trace-class by Lemma 2.19 for z € D¢ (B) for
some universal constant C.

For the second step, we fix n € N, and consider the statement
mh_l;noo trer (RZ (Dgn,m DB"J")N - RZ (DB”J" Dl);nm)N)
= trer (R2(D}, Dp,)" — R:(Dg, D3)"). (41)

Note that we may not proceed analogously to the first step, since K, in contrast to
Py, does not necessarily commute with Ag. However, since (My)* P, is a bounded
operator for all s € R, n € N, we note for B, the stronger condition below holds:

£0.0.V.d.1 (Bn) < oo,

Je>0: IO’O’aR’d’1+€(Bn) < o0.

This allows us to simplify the decomposition in Proposition 2.28 to set « = 0 and
B = 01in all appearing indices. In particular, no factor of the decomposition contains
a function of My. We suppress the new choice of indices by denoting them with ‘.
The same decomposition can be deployed for By ,, instead of B,. Moreover, there
exists 7 > 0 uniformly in m, and an m independent constant C such that

_CO,O,V,d,l(Bn’m) + 70.0.9r.d, 147 (Bnm) <C < oo.

Since K,y is constant on RY, we have V;(Bn,m) = ’I_(\,;V:(Bn)i(\,;, where the self-
adjoint Ky :=1;2ga cry®K, converge in strong operator topology to 1;2ga crem)-
Thus, Lemmas 2.19 and 2.24 imply that V*(B, ») converges in d-th, respectively,
(d + 1)-th Schatten—von Neumann norm to the operators V*(B,) as m — oo. Since
”B”MHC,}(]Rd,B(H))’ ”Bn”C,}(Rd,B(H)) are uniformly bounded in m, Lemma 2.22

implies that all factors u$ (B, ,,) converge in strong operator topology to u$(B,), and
that the last factor of type ug(Bn,m) in each product of the decomposition converges
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even in SOTA (because they do not involve #). Similarly, also R, (D;n DBy >+
R:(Dg, ,, Dg, m)k converges in SOTA to R;(Djp Dg,)* + R.(Dp, Dy, )¢, The
domain of convergence for the parameter z is uniformly given by

w = dist(z, (—00,0]) > C,
for some constant C independent of m, according to Lemma 2.18, since the norm

| Bnmll o 1 (R B(H) is uniformly bounded in m. Clearly, also, i(# B, ) converges in

SOTA to iﬂE B,,. We conclude that (41) converges in trace class for w > C for some
m-independent constant C by Lemma 2.19.
For the third step, fix both n, m € N, and consider the statement

lli)rgo trC’(RZ (D;n,,nJDBn,m,/)N - RZ(DBn,m,zD;n,mJ)N)
=ucr (R:(D}, , Dy)” — Rz(D5,,n D3, )" ). (42)
First, note that By, ,, (x) = K By m(x) K, and thus, also,
Bymi(x) = KmBymi(x)Kym and VB, ,1(x) = KinVBy 1 (x) K.

In particular, if we identify rg(K,,) ~ C™, there is some /-independent n > 0 such
that

TO’O’V’d’l(Bn,m,l) n ‘[O’O’aR’d’l-‘rn(Bn’m,l) < || B,,,mJ\

$£§C<oo.

Additionally, By, ;, ;, and VB, ,, ; converge point-wise to By, », and VB, ,,, respect-
ively, by Lemma 3.2. We use the same decomposition with @ = 0 and 8 = 0 from the
second step; then, Lemma 2.22 implies that all factors Mg(Bn,m,l) converge in strong

operator topology to u%(By ), and that the last factor of type u%(B, ) in each
product of the decomposition converges even in SOTA. Similarly, also,

RZ(DEn.mJDBn_mJ)k+RZ(DB Di )k

n.m.0 " By .1
converges in SOTA to
RZ(DEn'm DBn,m)k + RZ(DBn,m Dl);n'm)k'

Clearly, also, i(#By, ;) converges in SOTA to i(#By, ). The domain of conver-
gence for the parameter z is uniformly given by dist(z, (—oo, 0]) > C, for some

constant C independent of /, according to Lemma 2.18, since || By, ;1| | (R4, B(H)) <
| By m.1 || #. is uniformly bounded in / by Lemma 3.2. Because K, is finite rank, and
V B, m.1, respectively, dg By, .1, can be bounded in §¢-norm by multiples of (X)~!,

respectively, of (X)~!7¢ uniformly in /, the dominated convergence theorem and
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Corollary 2.9 imply that the factors V:(Bn,m,l) converge in S¢(L2(R?,C” ® H)),
respectively, S (L2(R4,C" ® H)). Together, we conclude that (42) converges in
trace class for w > C for some /-independent constant C by Lemma 2.19. n

A simple consequence of holomorphic functional calculus and the possibility of
choosing uniform integration paths allow us to conclude the approximation of the
principal trace in its exponentiated form.

Corollary 3.4. Let B satisfy Hypothesis 2.12, and let t > 0. Then, the iterated limits

. . . —tD}, D
lim lim lim trcr(e  Znmi””
n—>00 m—>o0 | —»o00

—tDyDp _ e—’DBDE)

*
nm,l __ e_tDBn.m,l DBn.m_])

= trcr (6
are limits in the trace norm of L*(R%, H).

Proof. According to Proposition and Definition 3.3, the trace norm bound from Pro-
position 2.28 holds uniformly in n € N for B, instead of B, on the domain

dist(z, (—00,0]) > C

for C independent of n. So, we may replace Dp and Dy wit Dp, and Dgn in equa-
tion (36) with the same integrable dominant (37), and the dominated convergence
theorem allows us to pass the limit in trace norm past the integral in (36). In a similar
fashion, we argue for the two iterated limits in m, respectively, /, where we might
have to modify the integration curve dependent on n for the limit in m (respectively,
dependent on n, m for the limit in /) in the proof of Proposition 2.29 accordingly.
This is possible due to statement in Proposition and Definition 3.3 pertaining to the
domains of convergence for the parameter z. |

We present some properties of the approximating sequence By, ,, ; in the upcom-
ing remark, which closes this section on the approximation scheme.

Definition 3.5. For/,seN, pe[l, oo], and a Banach space X, denote by C’>?(R*, X)
the space of /-times continuously differentiable functions with derivatives in L? over
R4 with values in X. For [, m,n,s € Ny with m > n, denote the Banach space,

Ch 2 (R7) 1= C1*°(R, B(C") ® (Ao) ™™ B(H){Ao)").
with the norm

IIf

tmn = >0 0 | e@a penotagm gy € Cnal®Y):

aeNg.|a|<!
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Let C,Z’:S;,l (R%) denote the Banach space CHP(R*, B(C") ® (Ao) ™S (H)(Ao)")
with the norm

st _ 1,81
WFNE = Z Haaf”LOO(]Rd,B((CV)@)(AO)—mSl(H)(Ao)")’ f€Cun (Rs)'
aeNg.|a|<!
Remark 3.6. Assume that B satisfies Hypothesis 2.12.

) By(16)for¢eDomA0,a.e.yeSl(O),a.e.xeRd,andyeNg with |y| <1,
we have
lim R"![ (3" B(R —3"B(R =0.
Jim RYI|(0” B(Ry + x) (R)¢ ]

Then, for a.e. y € S;(0), ae. x e R, and y € Ng with |y| < 1, we have

lim R H 3" By m i (Ry + x) — aan,m,l(Ry)“ (Ao)—i ST(H){4o)/ — 0

R—>o0

foralln,m,l € N, i, j € Ny.

(2) Similarly, the third set of conditions of Hypothesis 2.12 imply that, for a.e.
y € 81(0),z' € R4, and for ¢ > 0, we have

1
sup |x|2 sup “ Bumi(x +z)— Bn,m,l(x)H (Ao)— S1(H){A0)/ < 00,
|x[=1 ZEBClog\x\(O)
(43)
sup |x| sup ”wg(Bn,m,l)(x)” (Ao)—i ST(H){Ao)/ < 00,
|x‘21 ZEBClog\xl(O

3
sup |x|2 sup md(Z)”VBn,m,l(x +2)

[x|>=1 Z€B 1og1x1(0)

- VBn,m,l(x)” (A())_iSl(H)(A())f < 00, (44)
sup [x|> sup ma(2)[wI(VBum ) O 4y 5101049y < OO 45)
|x‘21 ZEBClog\x\(O)

. 2 _
A R{[w2 B D RY) | (ggy-i5111714017 = 0 (46)

Jim R?|w2/(VBym1)(RY) | (47)
—00

A0)-i S1(H)(A0)) = O

foralln,m,l € N,i, j € Np.
(3) Foralln,m,l € N, i, j € Ny, we have

(Bums + Mo)> —MZ, i(#Bymi) € c;j;?’S‘ (RY).

The projection P, commutes with Ap and K, is finite rank, which maps into any
Dom Af), i € Np; thus, the first and second statements hold for B, ,,, instead of B, p, ;.
But then By, ,,,,; = 8;(Bn,m), which together with the dominated convergence theorem
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(amenable since || B, || 7, < oo for some e > 0) yields the first statement. The second
statement is true for similar reasons; in particular, only large |x| behaviour matters,
which simplifies §; to be given purely by the radially symmetric convolution. Then,
one exploits the radial symmetry of the conditions in the third set of conditions in
Hypothesis 2.12. The third statement follows again since P, commutes with Ay and
K, is finite rank, mapping into any Dom Ag, i € Ny, and because the range of §; is
smooth by Lemma 3.2.

4. Construction of auxiliary integral kernels related to the semi-groups
of D*D and DD*

The overarching goal of this and the following sections is to calculate the principal
trace. Since we assume Hypothesis 2.12 for B, we may facilitate this task, by repla-
cing B by By ,,; (and Dp, Dy by Dp Dgn.m.l accordingly), Corollary 3.4
enables us to then take the iterated limits in the end to obtain the desired result. For

n.m.l’>

convenience of notation, in the bulk of this and the following sections, we drop the
indices n, m, [, which will be reintroduced at the end.
Let us first introduce some shorthand notations.

Definition 4.1. Denote by A; C [0, 1]’ the [-simplex:
— [
A = {w € [0,1] |wl <wp_<---< wl}.
We will frequently use the following parametrization of A; by / 4+ 1 coordinates:
so=1—-wy, s1=wy—wz,....8-1 =W —W, 5 =W,

which satisfies s; € [0, 1], and Zj‘:o s; = 1. Note that vol(A;) = 7;. Denote for a
Hilbert space Y a self-adjoint operator T in Y, bounded below, and s € (R=%)/,

e—5T .— (e—SlT’ o e—slT) c B(Y)l’

and
T® .= (T,...,T) € B(Y)".

Denote by L°(X, B) the measurable functions on a measure space X with values
in a Banach space B. For M € L°(X, B), denote

M® = (M,....M) e (L°X, B)),
and for s € (RZ%)!, R= 51— N, € L°(X, B),

N = (Ny,..... Ny) € (L°(X. B))'.
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Define the convolution shuffle product w, between (L°(R? x R?, B(Y)))!*! and
(L°(R4, B(Y)))! with values in L°(R? x R4, B(Y)) by

(quws M)(x.y) = /e(Rd)l go(x. ur) My (u1)g1 (w1, u2)

<o My (up)qi (ur, y)du € B(Y),
q=1(40.---.q1) € (LO(Rd x RY, B(Y)))ZH,
M = (My,.... M) € (L°(R?, B(Y)))',

whenever the integral converges absolutely in B(Y )-norm for a.e. (x, y) € R% x R¥.

We want to calculate the trace of an operator in L2(R¢, H), and thus, it is helpful
to find a B(H )-valued integral kernel and integrate its trace in H over the diagonal,
which is intuitive, considering the scalar case covered by the well-known theorem by
Mercer. A Hilbert space version is provided in the appendix of [11], albeit only for
R4, d = 1. However, for general d € N, the original proof works with the necessary
simple changes (which we omit here).

Theorem 4.2 ([11]). Let Y be a separable Hilbert space, and T € S*(L*(R%,Y)).
Then, there exists a unique S (Y )-valued measurable integral kernel t of T, such that

T = [ oy f e @ey).

and
h— (x > t(x,x + h))

is a bounded continuous map of R to L' (R4, S1(Y)). Moreover,
/Rd |t ) [ g1 0ryd% < ITlst 2 @e vy
/ try (t(x, x))dx = trp2rd y)(T)-
R4

Remark 4.3. We note that the variational principle and the separability of ¥ imply
that if we find a jointly continuous B(Y )-valued integral kernel 7 of T, by the above
stated uniqueness, we have already ¢ = 7 as elements of C,(R?, L'(R4, S1(Y))).
Therefore, if we want to calculate the trace of T, it suffices to integrate the Y -trace of
the diagonal of the continuous kernel of T, if it exists.

The next goal, therefore, is the construction of a continuous, B(H )-valued integral
kernel of trcr (e_’D *D _ p—tDD *). To that end, we will use a classical Volterra series

argument.
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Lemma 4.4. Let T, S be self-adjoint operators in a Hilbert space Y, and assume
that S is bounded with norm ¢, and T > 0. Then, fort > 0,

o0
TS = T 4 S / T wSs®lgs, (48)

=1 SELA;
where sum and integral converge absolutely in operator norm.

Proof. Duhamel’s principle implies, for ¢ > 0,
t
e—l(T+S) — e—tT _ / e_(t_S)TSE_S(T+S)dS, (49)
0

where the integral converges in operator norm. The iterative implementation of for-
mula (49) then implies (48). It remains to show that (48) converges absolutely in
operator norm. We estimate

_ ! (ct)l
/setA; ”e Tws® ”B(Y)ds = T’

which is absolutely summable over [ € N. ]

Definition 4.5. Lett > 0, k € N, and define

R e k=0,
“ Uea, e widB)®Kds, k=1,

Since i#~ B is a bounded operator, the integrals defining Rf converge absolutely
in operator norm. We furthermore note that the norms of le are absolutely summable
over k € N.

Lemma 4.6. Lett > 0; then,

o0
e—tDD”< — Z(—I)IRI,
=0

oo

— *

PP = 3Rl
1=0

where the series converges absolutely in operator norm.

Proof. Apply Lemma 4.4 to

DD* = Hg +i(#B) and D*D = Hg —i(}B). .
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Definition 4.7. Let¢ > 0,/ € N. We define

Z RZJ’L1 [ odd, K+l ZR,’,leven
_l
j=5t

1

k_l ZRzJH / odd, k+l ZR],leven
j=0

where the series converge in operator norm.

Lemma 4.6 then allows to re-express the semi-group difference in terms of com-
mutators.

Lemma 4.8. Lett > 0; then,

— * — >k
o~tD*D _ ,~tDD

t
:/ %([D,D*e—SDD*] —[D*, De=sP*P])ds
0

= [[([in5teseo —emeop) | - [ aSemeoo - 00|
0 2 2
N [iﬁ, A%(e—SD*D " e_sDD*)] _ [A,iﬁ%(e_SD*D + e—sDD*)])dS

= [0 )] - [ A k)
0

+[id, A(KST + kP st |

—[A (KT + kAT 4 emsHE)])ds, (50)

where the integrals converge strongly on Dom H.
Proof. Since De™SD™D 5 o=sDD™ iy and D*e=5PD* 5 ¢=sD*D p* ¢ = (), we have
as(e—sD*D _ e—sDD*) DD*e—sPD* _ p*pe—sD*D
) %([D, D*e—sDD*] _ [D*, De_SD*D]),
which implies the first line. The second line follows by expanding
=id+A4, D*=-ij+ A,
and the third line by Lemma 4.6. ]

We exploit the fact that Hg commutes with the Clifford matrices ¢/, and the above
expansion reduces if we apply the partial trace trcr.
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Lemma 4.9. Lett > 0O; then,

t
trer (e_’D*D — e_’DD*) = / (trcr ([iﬂ, iﬂl(s_’d_2 + AKj’d_l])
0
—[A,rer (AK;Y +idK7Y)])ds, (51

where the right-hand side converges in operator norm of L*(R¢, H).

Proof. We remind ourselves that trcr = Z;=1 (-e', e')cr, for any orthonormal basis
(e! )/_,» which in particular implies that trc- is continuous from B(L? R?,C" ® H))
to B(L*(R?, H)), both equipped with the weak operator/the strong operator/the norm
topology. We consider the last line of equation (50) of Lemma 4.8 and restrict the
integrand to Dom Hy = C" ® X, where

X = (H*(R?, H) N L>(RY, Dom A2))

is dense in L2(R?, H). Since the integral converges strongly on Dom Hy, we may
interchange trcr with integration. Also, we note that all summands in the last line
of (50), which involve e ™8 or the operators k;t J , contain at most d — 1 Clifford
matrices ¢’ as factors. We consider Definition 4.7, and otherwise the factors e ™" Hp s
r > 0, and A, which commute with all Clifford matrices: we obtain, analogously to
Lemma 2.1, that these terms vanish, if trcr is applied. So, (51) holds, at least on X.
We may estimate fork > d —2 > 1,and R, S € {if}, A}, using the fact that i(# B) is
a Cb1 -family with bounded derivatives of finite-rank operators with range in Dom Ay,
and the defining integral of R’;,

P - k—1 k—1
k k
| STRE ”B(Lz(]Rd,(C’QZ)H))’ | SRk T”B(LZ(]Rd,(C’QZ)H)) =cC' k=1 (52
where ¢ := [[i(#B) | pr2®ra.cr o)) and C' is a suitable constant. In particular, the

norms in (52) are absolutely summable over k > d — 2, so we have

k ok

o0
- B cks
ISTK | o@e cromy 15K Tlsuoma cromy =€ 20 7
k=j—1

which is O(s/~1) for s near 0, and in particular, we see that S TKsj and SK s] T are

Bochner integrable in operator norm on s € (0, ¢) for any ¢ > 0. Since e P "D

e~*PD” s also bounded, and trcr is a continuous operator, equation (51) holds by
density of X in L?(R?, H), and the right-hand side of (51) converges in operator

norm. u

We introduce the following building blocks of the desired integral kernel.
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Definition 4.10. Let ¢ > 0. Denote, for j > 1,

x2
q:(x) = (4nl)_%e_%, x € R4, 0;:=1cr® e_’A% ® g1,

~

6/ :=/ R Osuwn (A2 — M2)®ds, 6, := 0, + Y (=174,
SELA;

j=1
rl = / 05w, (if B)®7 ds.
SELA;

Remark 4.11. In the following, we will use the convention that if a statement is made
for C,; ’(S ) , it means that it holds both for C ' respectively, C /,’i , consistently

1
in place of all Cm, n appearmg throughout the statement. If no other domain is
specified, it will always be R¥.

In the following part, we will successively construct integral kernels together with
estimates, which we build up to arrive at the desired integral kernels needed to calcu-
late the principal trace. The arguments in each step are quite similar; the techniques
involved are classical (for example, cf. [6, Chapter 2]).

Lemmad4.12. Let!,lI'’,m,m',n,n’ e Ngwithm’' >m>n>n',andl’ > 1. Fort > 0,
define the linear operators QtL/ R, given by

(QF f)(x) = / 0,(x.») f()dy.
]Rd
(OF N = [ r0Qux iy, f < ChsHm).

Then, QL is continuous as a map to C, r (S ) and QR is continuous as a map to

m’

C,f1 ,([? ), and we have a t-independent constant C, such that
L U'—14+m’'—m
| o: ”B(C’ $h ety = =Cr 2,
!'—l4+n—n’ (53)
—L=iin-n’

HQﬂB(C,i;f,f,”,CZ;LS") = Ct

Proof. Let f € C,i,’,(,}gl), o€ Ng with |a| <1’ For |a| <[, let = 0 € NZ; otherwise,
let B € N¢, suchthata > B, |8| =1’ — 1 and |o — B| = I. Then,
(o)™ 9% (07 /) ()¢
= [, 0% a) = 5) o)™ e A o) (2P 1)) (Ao} .
(40)"0%(Q7 f)(x){40)~
-/ d<Ao>m(a“—ﬂf)<y)<Ao>—"<Ao>"—"’e—“‘3 (#40)(x ~ .
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There are constants Cg, ¢, such that

r

_181 42 o
10%G: 1 ay < Cpt™ = and  [[(Ao) el pary < crt ™2,

while 5 B
H (40)™ aa f)<A0 " ||L°°(]Rd B(H))
[(40)™ (87 £)(A0) ™ | oo @ 51 a1y = ”f”l,m,n’
and so, the claims follow. [

Lemma 4.13. Let n € Ny, then, there is a constant c, such that fort > 0, j € N,

/setA || (Qs i (A2 - MOZ)@J)(X’ y) ||B(Cr®DomA8)dS

()’

4 (x =), x,y € R (54)

Let I,I',m,m',n e Ngwithm'">m >n>n',andl' > 1. Fort > 0 and j € N,
define the linear operators © L R, given by

©F )= [ 6l n sy,
Rd
OFF 1)) i= [ F06 3y f € CHEO(RA),

L ,(s1 s .
Then, ®)" is continuous as a map to Cm S and OJ is continuous as a map to

’ 1
C,il f[,g ), and there is a constant C, independent of j and t, such that
i,L
@J, . sty
H t ”B(C’%(’f )’Crln;,(rf ))
. J ,
R C V=1
HG); H 1S Arrshy, = - .
B(C)ﬁ,n ’Cm:n’ ) 1_1 maX(] l _ 1/2—1)

Proof. We begin with the estimate of (54). Let

¢ = sup [[A(x)? — AGl B(cr @Dom Az)-
xeR4

We have, for x, y € RY,

®)
/ ||(Qs LU*(AZ - 02) ])(x’y)”B(Cr@DomAg)dS
SEl‘Aj

J
(c]t? qr(x —y).

5/ (¢s ws c®) (x, y)ds =
SELA;
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For the following parts of the proof, we, therefore may mterchange iterated integra-
tion freely. We show only the properties of @’ ; the proof for @j is analogous. Let
Ly denote the operator given by (Lrg)(x) = (fg)(x); for x € Rd, f e C;Z/,m (R%),

and g € C,ln/ j,(,Sl)(Rd), we have, by the Leibniz rule and the ideal property of S!, that
”Lf ”B(Cz/ (sh .l (Sl) = ||f||cl/ . (55)
In particular, there is a constant ¢’ such that
“ Lm||3(c%:ﬁsl’,c,’é;‘,fl)) < cd”.

We proceed inductively with convention ? = Q,. For j = 0, the statement is Lem-
ma 4.12. Let C’ be the constant given by (53), which is independent of j and ¢. For
J =0, we have

. t .
6/ 1 (x,y) :/ / 0] (x,2)(A%(2) — A2) Os—s(y,2)dzds, x,y e RY,
0o JR4
Thus, by (55), we have

107 1 cgien crosm,

L

2 .
Ec/dw/o {|@J{,L|}B(C’Z;fl))(|QtL_S|}B(Cﬁigl)’cmsl))ds

t .
+ c/dl/é ||®§’L HB(CrIrZ/(i,l)’Crln/?,(fl))”QtL_S HB(C»IV;,(;?I))dS

, j 5 t "
sccd [T C(l 11, (/ = s +/ IZIdS)
j—p max(l,i — == 0 5

2

i U=l
C/ 22+ >

<cClal =t
]_lmax(l i— l_l)max(l j+1- 12—1)

Cj+1 tj—}—l—[/z_l
]_[l_l max(1,i — %)
which holds if we set C := 2275 ¢/C’d"’ | which is independent of j and ¢. n

Corollary 4.14. Let n € Ny; then, there is a constant c, such that, fort > 0,

o0
D116/ ) | sicrapomagy < € (x=y). x.y R (56)
j=0
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Lett > 0. Let1,I",m,m',n,n’ € Ngwithm’ >m >n >n’, andl’ > |. Define the
linear operators @tL/ R, given by

(OF£)(x) := / 6,(x. ) f()dy.
Rd
RN = [ F0Gr iy, f € CHEO R,

(S)

Then, OL is continuous as a map to C , and OF is continuous as a map to

C,i ,(,79 ), and there is a continuous functton h, such that
L w
|e; ”B(c,l,;f,fl),c,;/;ff”) 4 h(t),
R l+n n’
H 0, ” h(t).

1(sYy qirashy, =1
B(CRG .5y

Proof. Inequality (56) follows from inequality (54) and enables us to exchange
integration and summation in the following. We have for f € Cy,, ! (S )(]Rd), by
Lemmas 4.12 and 4.13,

S H /R ) (g—l)fef (uy))f(y)dy

1
Cl’;(S )
m’.n

Y nierts
j=0

o .
_U—l+m'—m U=l (Ct)
<Ct 2 +t 2 (E 7 _l))”f”q%_(gl)
2

— | ;= max(1,i

1+m

= O T st

for some continuous function /. ®f can be treated analogously. |

Lemma 4.15. Let [,m,n € Ng with m > n. Then, there exists a constant C, such
that, fort > 0, j € Ny,

_Itm—n+td .
; Ct . , j =0,
|67 ”c,éq,n(RZd) = _c/ T s
]_[{:] max(l,z—ﬂ) ’ -

Proof. We proceed inductively in j. For j = 0, the statement follows from

I+m—n+d
< ” <A0)m l‘A2 <C't™ m=n ’

H Q: |’c,£1,"(R2d) ||B(H) ”‘It H cl(Rd)
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where C’ is some constant independent of ¢. Recall that there is a constant ¢, such
that

<cdl.

I Lm”mcﬁ,n,aﬁq,n) =

Let Ry denote the operator (Rrg)(x) := g(x) f(x). Then, similarly, we have

<cd!.

| Rzl secs o =

For j > 0, we have, for x, y € RY,
. t .
o/ e = [ [ 8 (426) - 43)inr. 21z s,
0 JR4
t

_ / O (A2 = M) 01—y 1) (x)ds

0

+ [ OR (6] (x,-)(A% — ME))(y)ds, (57)

and thus, we have constant C”, independent of j and ¢, such that

L

i c/ [z . I+d
+1 _itd
”9tj ”C,%,,I(RM) < CdlC/CNF/O s/(t—s)" 2 ds

CJ A

+ cd! ; —a /s’_2ds
Hi:l maX(l,l - T) %

Cj+1

<
- i+1 .
[T/2) max(1,i — 54)

1= (58)

s

if we choose C, dependent on ¢, C’, C”, [, large enough. n
Corollary 4.16. Let[,m,n € No withm > n. Then, 8, € C}, ,(R?*?) fort > 0, and
there is a continuous function h, such that

|0 Hc,gm(de) = hey " >0,

Proof. We have

[e.e]
H@, ”c,ﬁm(RM) = Z” 9tj ” Ch, ,(R2d)
=0

I+m—n+d > c/ I+d
<Cim 7 4 |Y = —t |
i1 iz max(1,7 — =5%)

l+m—n+d
2 .

=:h(t)t™
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Lemma 4.17. Let n € Ny, then, there is a constant ¢, such that fort > 0, j € N, and
X,y € R¢,

@) (ct)!
/ X | (65w GIBY®7) (6. 9) | pcry@iag) st () (agyr 95 = i e“qi(x — y).
SELA; .

Let1,I',m,m',n e Ngwithm' >m>n>n’,andl’ > 1. Fort > 0and j € N, define
: L.
the linear operator Ry, given by

(RE“)0 = [ A sy, f e €l (),

. 7 ¢l
Then, R{’L is continuous as a map to C,ln,"?; , and for 0 < t < ty, there exists a con-
stant C, independent of j € N and t > 0, such that

. ] / 2
IR |y oty = o5
BCrnn:Coin) ™ [T/, max(1,i — 51)

Proof. By (56), we have for n € Ny a constant ¢’, such that, for t > 0,
"t
|6 ”B(Cr®DomAg) =eqi(x—y).
We recall that (4§ B) is finite rank valued and thus, with
¢ := max(c’, sup ”1(33) ”B((C’)@(Ao)—”S‘ (H)(AO)")’
xeRd

we have, for x, y € R4,

/ [ (6w GIBY®) (. ) gy g1y g 95
SELA;

cs ®j (Ct)j ct
< (€ g5 c®/)(x, y)ds = ——e“qi(x — y).
SGtAj J:

and thus, we may exchange integration freely in the following. We note that there is a
constant ¢, such that

” Li(?)B) ||B(C;€.n,C£i§11) + || Ri(ﬁB) ||B(C,’n,m,c"5‘) =< cd’.

m.n

0

With convention rto = 0, R,’L = @,L, we have by Corollary 4.14, for 0 < ¢t < f9, a

constant C’, independent of ¢, such that

< C/t_l’71+2m’7m
(Sl ~17(shy =
B el ’

[or|
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and thus,
j+1,L
IR HB(c,éq,n,C,’n’;f,‘)

4
, (2 .
<ed” [CIRE e 10 ey, 0

ved [ 1R ey,
L

CJ 5 t .
<cCld" — - / sT(t —s)” 3 ds-l—/ =5 g
]_1 max(1,i — =£) o A

Ol geystyds

n’ m/

2 2
< cC'dl/tj‘H_l/T_l ¢’ 247
B ]_lmax(l z—l_l)max(l j+1—l/ Ly
¢ 1Lt
Hl_l max(1,i — %) ’
which holds if we set C := 22+ 5 cC'a”’ , which is independent of j and 7. ]

Lemma 4.18. Let n € Ny, then, there is a constant c, such that, for t > 0,

oo
Z”rt](x’ y)HB((C’)@(AO)_"SI(H)(AO)" = ew‘h(x - y), X,y € Rd-
j=1

Letl,m,n € Ngwithm >n, 1 > 1. For0 <t < tg, there exists a constant C, inde-
pendent of t and j € N, such that

; C/ - I+d
Hrfj || 1.8 p2a = j 1+d S
it @20 = T max(1,i = 559)

Proof. Let0 <t < tg and C’ be a constant, independent of ¢, such that

I4+m—n—+d
2 .

19l ¢, ey = €7

Recall that there is a constant ¢, such that

” Li(ﬂB) ”B(Cé,n,C,ﬁiil) + || Rl(ﬂB) ||B(C[ 11, = Cdl.

onsCnitn )

We have for j > 0 with convention rto :=0;,and x,y € RY,

L

A () = /0 * RIL(FB)0r—s - 1)) (x)ds + / OF ,(rf (x.) (1)) (7)ds.

2
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and thus, we have a constant C” independent of j and ¢, such that

t

c/ [z . I+d
Jj+1 L0 _
Hr HCrlrifqnl(Rz")ECdCC 7/0 s7T(t—s)" 2 ds

CJ .
+cdlC’— s~ ds
J_ max(1,i — 34y Jy

C1+1

[j+l—#
]_[l_l max(1,i — %)

El

if we choose C, dependent on ¢, C’, C”, [, large enough. [

5. Construction of the main integral kernels

With the auxiliary kernels constructed in the previous section, we may now proceed to
construct the integral kernels of the operators appearing in Lemma 4.9, which involve
commutators.

Definition 5.1. Let¢ > 0, k € N. Define

Z r2’Jrl k odd, Kt+k Zrtzj, k even.

]_

Moreover, define for &, R > 0, with f,,,/; denoting the application of g to the x-
variable/y-variable/first variable, for x, y € R¢,

~—

((idq: ® g5)
(x.)),

PR (x,y) 1= 1) () 1By 0)trer (1(Bx + By

w072 4 (7 ® ge) * (AK;L’d_l)

PR (x, y) := 1p,0)(X)Lp ) ¥)trer (i(Ax + Ay
x (id1; d—2 +A(X)K+d 1)(x ).

o1(x,y) := —[A trcr (AK, AIRET W 1)](x, ).

—_ ~—

We collect first some properties of the introduced integral kernels.

Corollary 5.2. Letl,m,n € Ng withm > n. Lett > 0, k € N; then,
+.k I 2d
k;" € Cm,n (R=),
and there are continuous functions hy, such that

“ + e

< hi (¢t k—#
”Kl Cl sl (R24) C’lﬁil (R2d) — k( )t :
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Moreover, for e, R > 0, and V € CL,°°(R‘1) with supp ¥ € Br(0), we have
prﬂOzR’Ut € C()(] (RZd)

such that for some continuous functions h', h?,

(v ® v)pk ||c05‘(de) < hl(t) 2, ol co st aay = WO

Proof. We have for k odd, and 0 < ¢ < 1,

‘Kt kHCrlyiﬁll(de) = Z Hrzj—i_lnclsl(de)
k=

1

00
o0 CJ

l+d)
ik 5

N |

A

l_lmax(l i—
— (1)

For k > 1even,and 0 < t < t3, we have

||I<t kHcl Sl(de) ZHrt C] Sl(de)

J
( C t]_k)tk_lzd
J I+d
= sy max(l,i — Jg )

I+d

=: hy (k=72

Mfﬁ“

IA

1402

As a first consequence, we obtain the claimed estimate for o; since d > 3. Letting

the involved derivatives fall on ¢g., which is a Schwartz function, we also verify the

. . R
claimed estimate for (¥ ® ¥)p;

If we apply Lemma 2.19 to Proposition 2.29 and Lemma 4.9, we obtain the fol-

lowing corollary.

Corollary 5.3. Denote for R > 0 x g := 1p,(0) the characteristic function of the ball

of radius R. Then, fort > 0,

trer (e_tD*D —e_tDD*)
t
— lim / (xrtrcr ([if. (DK92 + AKF4))]) xr
R—o0 Jgo

— XR[A,trcr (AKS_’d + iﬂK;"d_l)]XR)dS,

where the double limit is in S*(L*(R¢, H)).
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The next lemma is a table of all relevant integral kernels and the corresponding
operators. Denote by P, the operator defined by

Pef :=qe* [.

Lemma5.4. Lett >0, j € No, k € N; then, for f € L>(C" ® H), and a.e. x € RY,

[, eiwnsoa = ( [ e —M§)®jdsf)(x>,
R4 sEA

J

/R 0 S0y = (7R ) (),

(59)
[t ensmar = w1
[ oy = (&5 ),
and fort,e,r >0, f € LR?, H), and a.e. x € R?,
/Rd Py (e y) f()dy
= (erwer ([id (DPK + PAKS T P ar )@ o

[, aonte. e £33y
= —(xr[A. rer (AK74 + 3K xr f) ().

Proof. The pointwise estimates of the involved kernels by multiples of ¢;(x — y)
enable us to use Fubini’s theorem on appearing infinite sums and integrals and obtain
successively the claimed integral kernel properties (59). For o; in (60), the claim
follows also by Fubini’s theorem, the memberships KfE ke C,i,’fll R2?), and the fact
that y g is compactly supported. Furthermore,

Ne = (0gs ® qe) % k702 + (g ® ) * (AT

is smooth, because ¢, is a Schwartz function. We also have for f € C® (R4, C"), via
integration by parts,

[0+ B2)n) ) £ 02y

= id((iIPK, "7 + PAK NP f
d
—i Y I (({BPK; T + PoAK TN P) o f.
j=1
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We apply trcr, change ¢’ to the end, and have, for fecx (Rd, H),

/R trer (i3 + B2 (v, ) £y
= trer ([id. (B PK; 72 + PoAK ) P ) ().

Since the right-hand side, due to the presence of P, possesses a bounded extension
(which must equal its closure) in L2(R%, H), we obtain the claim for pf’R in (60). m

Lemma 5.5. Lett > 0. Then,
t
2 e, pytrer (e P70 —e7PPT) = tr<cr®H( lim [ / P (x, x)ds dx).
’ R—o0 JRrd Jo

The outer integral over Bg(0) on the right is a Bochner integral in L' (R4, S (C" ®
H)), and the limit exists in trace-class of C" @ H.

Proof. We first consider for s > 0 the operator
—[4, Ak + iK1,
which by Lemma 5.4 has the operator valued integral kernel
os(x,¥) = —[A, Ak, +idic ] (x, ).
We note that, by Corollary 5.2, o5 € C,?,’,‘,gll (de) forallm > n, m,n € Ny, with

2 ”CO,SI(de) = h(s)sd_l_% = h(s)s%

1
for some continuous / at 0. In particular, s — oy is integrable at O in C,,(i’fz (R24)-
norm. Thus,

t
—/ [4, AKY + 13K ]ds
0

has the operator-valued integral kernel

Yi(x,y) = /(; os(x, y)ds.

For R > 0, the operator ygtrcr(e PP — ¢=DPP™)y» is trace-class in L2(R?, H)
and admits by Theorem 4.2 an operator valued integral kernel k; g, such that

h— (x — ki r(x,x + h))
is a bounded continuous map of R¢ to L' (R?, S'(H)). Because the kernel

XR ® XR - trcr Xy
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is of the same class, Corollary 5.3 implies that the integral kernel fot pRds is also of
this class. In particular, Theorem 4.2 provides

(e—tD*D _ e—DD*)

thZ(Rd,H)(XRtrC’ XR)

= / XR(X)trergm X (x, x)dx
R4

t
—i—/ trH(/ pf(x,x)ds)dx.
R4 0

We claim that the first summand vanishes, which would finish the proof after taking
the limit R — oo. Indeed, first, we have t5(x,y) := AKs_’d —I—iﬂllcj’d_l € C,?,’,‘,S;l (R2%)
for all m,n € Ny by Corollary 5.2, which implies, because 4(x)(Ao)~! is a bounded
operator, that

trerga A(X)Ts(x, x) = trerga (Ao) Ts(x, x) A(x)(Ao) ™! = trcrem Ts(x, x) A(x),

which implies that trcrg g os(x, x) = trerga[A(x), T(x, x)] = 0. Then, also,

t
trereH X (X, x) = / trcr@HOs(x, x)ds = 0.
0

The claim follows from Corollary 5.3. |

Before we proceed with the term involving pﬁ, we need a technical lemma con-
cerned with the decay of the Gaussian heat kernel outside compact regions. This result
is classical and the technique is usually called dyadic exhaustion.

Lemma 5.6. Letu; >0, j =0,...,k withty = Zf:o”j and ro > 0. Let §,& > 0.

Then, for ¢ > 1, there exists a constant C such that fori,j = 1,...,k, x € R4
/ Xlzi—x|2r0|x - Zl|8|Zj _x|8qu0(x - Zl)qul(zl - 22) Ceee? ‘]uk (Zk - X)dZ
(R4)k
< CioulU2rs? o 61)
usUsry ¢ expl —— |,
= 0% o P 2cty
where

U, e Mo T T J<i,
a Uj + -+ Uy, Jj =1

Proof. For ¢ > 1 n > 0, there exists a constant C, 5 such that
n
y1"qs(y) < Ceps2qes(y)

uniformly ins > Oand y € R?. This implies that (61) can be estimated by

£

8 &
Cué sz [I‘Qd lelzro%(uo+--~+u,-_1)()’)‘Ic(ui+-~~+uk)(J7)dy
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for ¢ > 1 and some constant C. Let r, := 2"rg and X, := B;,(0)\B;,_, (0). Then,
vol X, < cdr,‘f and g5 (y) < ¢s(rp—1) for y € X,,. Thus, for ¢’ > ¢,

3 £
CM& UJZ ,/l;d lelzr()CIc(uo+~~-+u,-,1)(y)qC(u,-+~--+uk)(Y)dy

o0
=L Uy Yy Z Ty qc(u0+"'+ui71)(rn—l)CIc(u,-+-~~+uk)(’"n—1)

n=1

w305 —a [ r
=CugUrsrg exp| =5 dr
3 C'lo

2
=C"1 uaUSr ~ exp| — o ]
0= o 2¢’ty

Before we may proceed with discussing the integral kernels, we need the follow-
ing lemma dealing with translations of products of operators. We first introduce some
notation.

For an elementary tensor of operator functions T := T ® --- ® T, and a vector

y=(1,...,yn), define
pI’T:: Ty ... Ty,
5Ti=1,T1® - Q1y,Ty.

We extend pr multi-linearly to general tensors of operator functions. We then have
the following decomposition. The proof is elementary and is done by induction in #.

Lemma 5.7. Let
T=T1® T,
be an elementary tensor of operator functions. Then,

pl’(l’_x - r%)ZT

2

n j—1 n
(o)t 1 o)

i=j+1

+2 % (]‘[T)Uksyka<Jﬁ rijj)T_zz 5 T (H Ty T, )

1<k<l<n\i=1 j=k+1 m=I[+1

We have the following vanishing lemma for one of the terms making up pﬁ’R

Lemma 5.8. Letj e{l,...,d}. Then,

1. Rd_l ]. ’ R R 19 1 O
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Proof. For x¢ € R4, and y € {0, l}k, define
X0 .— X X
S0 (Sylo""’Sy;? ,
Sp0 i= A% — A%(xo).
S1° :=igB.
We use the iterative definition of the function Ksj to obtain, for xg, x,y € RY, s >0,
2 (x, )
w .
= > Bty
i_d=3
J="7

o0

-y >

/ w0, S50) (x, y) du, (63)
j=% k=2j+1 uGSAk

y€{o, l}k lyl=2j+1

1
where the expression on the right converges absolutely in C,,lq‘,i (R24) for m,n € Ny.

We investigate ((0;g: ® ¢¢) * /cs_’d_z)(Ry, Ry)for R >0,y € §1(0), and xg = Ry
using the above series. Since || Q;°| < qu, we have the estimate

/ 9j,1(qe ® ge * (Qii Wi Sy)) (x, x)du
uesAg

S1(H)
<
B /ueAk /]Rd)k 2(5u0 _|_ £) qs”(>+s(zl)
k
“qsu, (z1—2z2)...- C]suk-i-s(Zk) 1_[ H SJ)/C,' (x + Zi)nsl(H)dZ du. (64)

i=1

We restrict the integral in z € (R4)F to z € B, (0)* with ry = log |x|. Since
1S5, | oo e 51 (a1 < €

is uniformly bounded, the 2¥ — 1 resulting remainders can be estimated by Lemma 5.6
fore € (0,1),

C2* — 1)ck(t + 2)¥F 152 (log |x|)~? /

UEAL

! (log x])?
Uy “duexp| ————=—
2¢'(t + 2)

’ k+1 -1 1 —%
<C'Qec(t+2) " s 2 i 1)!|x| 27(+2)

for which the sum over k and the integral in s € (0, t) decays faster than any |x|™™"
m € N, as |x| — oco. We return to (64) with the integrals restricted to z € By, (0)* with
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ro = log|x|. Condition (43) of Remark 3.6 and the decay of |V B(x)| g1 (zy ~ |x| !
as |x| — oo, due to t%%V-1:1(B) < oo, allows us to estimate by

—L@jt+k+1) p1 -1
Cc’k(|x| —log|x|) 22 ) gk 2qc(5+2£)(0)f . uy > du
UEAK

_d+1
c/ksk 5

W(M —log |x|)_k,

<’
which shows absolute summability of (64) with respect to the sums in (63) and integ-
rability in s at 0, uniformly in & € (0, 1). We also note that, for the limit |x| — oo, we
may disregard all terms involving the summands with j > % or j = %, k>d,
and it suffices for the statement (62) to hold that

t
lim R4~ lim sd_z/
R—00 eN\O0 Jo S1(0)

X / aj,l (QS ® ge * (Qﬁty LLly 133®(d_2)))(Ry, Ry)du
uEAd_z

S1(H)
dSy(y)ds =0 (65)

and

t
lim R?~!lim sd_l/
R—o0 eNO0Jo 51(0)

X

dSi(y)ds =0
S1(H)

/ 91 (de ® ¢ * (0w S,))(Ry. Ry)du
uEAd_l

(66)
for y € {0, 1}¢71, |y| = d — 2. We consider first the term in (65):

9,1(g ® qe * (QFY W, i3 B®“=2))(Ry, Ry)

Ryj —w’
B _/(Rd)d2 2(ST+81)%"0+8(Ry — W1)Gsu; (W1 — w2)

d-2
.. 51sud_2+e(wd—2 _ Ry)e—squ(Ry)2 1_[ iaB(wj)e_suj A(Ry)zdw
Jj=1

b | S SN VIO S (a2)
= RA)d—2 2(su0+8)‘Isuo+s 1)q4su;(Z1 2) - Qsuy_r+e\Zd—2

d—2
. e—SuOA(RY)2 l_[ iaB(Ry + Z.].)e—S"jA(Ry)de
j=1
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2 S )
= /(;Rdw-z 2(suo + ) qg‘uo-i-s(zl)‘hul (z1—2z2)- ... QSud_z-‘rs(Zd—Z)
d—2
oS0 ARY)? l_[ i#B(Ry — zj)e "W AR gz
j=1

Taking the sum, we obtain

RY719;1(qe ® qe * (QRY W, idB®=2 — 0Ky u,, (13 B(RY))®“~?))(Ry, Ry)

J
_ z
— R /(Rd)“ om0 (21— 22)

_ 2
Teeet qsud_2+8(zd—2)e suoA(Ry)

[pr(e_g — 13)* (i Be AR g Bemsua—2ARDT)|(Ry)dz.  (67)
‘We first note that, for all ¢ > 0,
0,1 (QR) wi(BB(Ry)®“~>)(Ry, Ry)
= (8j,195)(Ry, Ry) - [e ™ AR)* (g B(Ry))®€@=2] = 0,

which means we are left with discussing the term (67). As before, we can use Lem-
ma 5.6 to restrict the integrals on the right-hand side of (67) to z € By, r(0)42
uniformly in € € (0, 1). By Lemma 5.7, we see that pr(z_z — r%)2 decomposes into a
finite sum of products that involve one factor w2 or two factors 8, applied to ig B. One
of these factors can be bounded on z € By, r(0)472 by the fact that i B is continu-
ously differentiable, and thus locally Lipschitz, while all other factors are estimated
uniformly. In total, we may crudely estimate on z € Bjog R(O)d_z,

2 2

[[pr(e-5 — v5)* (B AR ifBe a2 AR [(Ry)| gy
< Cr(lz1l + -+ + |24-2l).

where Cg depends on R. The restricted integrals to z € Bjog g (O)d_2 on the right-hand
side of (67) can, therefore, be estimated by

d—2
, |z1]|z:]
Cr ; /(Rd)d_z mqsuo+e(21)61sul (z1 —22) .. Gsuy_r+e(Za—2)dz.

(68)
Since |w|g;(w) < Ct%qct(w) for ¢ > 1 and a constant C dependent only on ¢, we
further estimate (68) by

_1 1
CI/QC(SVO +e)72(s + 8)2616(5‘4-28) (0)

-1 1 1—d -1 _a
SCR,CMOZS 2(s+2e) 2 SCR,CUQZS 2,
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which is integrable in s € (0, ) against s972 because d > 3, and integrable in u €
Ag—5. By the dominated convergence theorem, we conclude that the left-hand side
of (65) equals

— lim R9- 1/ d— 2/ / /
R—00 51(0) JueA o JBiog g(0)4—2

Z
4S LIsuo(Zl)qsul (Zl ) e Ysug_o (Zd—Z)
oMY (e e e A e sna- AP Ry
dz du dS;(y) ds. (69)

As before, pr(r_% — 13 )2 decomposes into a finite sum of products that involve one
factor w? or two factors 8, applied to i B. In any case, both can be bounded by condi-
tion (44), respectively, (45), of Remark 3.6 in such a way that their decay as R — 0o
compensates the factor R4 uniformly in s, y, u, and z. Here, the additional Holder-
type continuity at infinity in the case d = 3 from condition (44), respectively, (45) of
Remark 3.6 goes in, to obtain the necessary integrability in s at 0. We are allowed to
use the dominated convergence theorem and the summands involving factors w2 go
to 0 as R — oo, by condition (47), while those with two e go to 0 as R — oo by
condition (44) for the same reason. We conclude that (69) vanishes.

The second type (66) is simpler. Let S, have A2 — A(Ry)? in the j-th slot. Since

Ry
/ qu Ll SV du
UEA;

for s near 0, uniformly in R and y, we see that we may pass the limit ¢ N\ 0 by
the integrals. Let S, be obtained form S, by replacing all i# B by i# B(Ry). By an
argument similar to the first type, we see that

t
dim R L[ (08 e
- uelAy g1
— 08w 8))(Ry. RY)| g1 gy du ds = 0.

d—=3

s”l_1 <cs 2

’

cois ®2d)

But for the expression with S y» we have
3;,1(QRY w, §,)(Ry, Ry)
= /Rd (07,1 s o+, _ ) (RY = Wj)s(u,; +tuqg_p)(wj — RY)
X [e_s“A(Ry)2 w T (w;) |dwy,

where T} is the (d — 1)-vector of operator valued function which consists of d — 2
constant operators i B(Ry) and A2 — A2(Ry) in the j-th slot. We now repeat the
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trick of first changing coordinates w; — Ry + z; and then z; — —z; as before to
obtain a factor ng (A?)(Ry) in the j-th slot of the w-product in the above equation.
We then apply dominated convergence and condition (46) of Remark 3.6 to conclude
that the second type also vanishes. |

As an intermediate step to the trace formula, we show the following proposition.
Denote, for v € R9,

d
— Jy;
—E clvj.
Jj=1

Proposition 5.9. Lett > 0. Then,

—tD*D —tDD*
tI'Lz(Rd,H)tI‘(Cr( — )

:trH( hm R4~ 1/ /S(o)trcr( i{c, y)A(Ry) 4= (Ry, Ry))dSl(y)ds)

where the argument of try on the right-hand side is a limit in S'(H )-norm.

Proof. In the proof of Lemma 5.5, we showed that there is an operator valued integral
kernel 7, of the operator

| Ctrer ([i, (K42 1 AKF41)])ds,
0

such that with nR := (yg ® xg) - n; for all R > 0 the map
h (x> nf(x,x + )

is a bounded continuous map of R to L' (R4, S'(H)). It follows that for § > 0 also

N0
sup / ||((Qs®‘15)*Uz)(xvx+h)—77t(x9x+h)”31(H)dx8—>0
heBs(0) JBR(0)

Theorem 4.2 implies that

t
e [ s (88K 972 AKF4)]) s

= lim trg ((ge ® qe) * ne) (x, x)dx.
eNO0 JBR(0)

On the other hand for ¢ > 0, we have by Corollary 5.2 that for € C° (R%) with

supp ¥ € Br(0) 1
H,O R”CO’-SI(RM) < h(s)s™2
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for some continuous function A at 0. In particular, |, (; pﬁ’Rds exists in C[?, ’OSI (R24) and
thus needs to coincide with (g; ® ¢.) * n; on Bgr(0) x Bg(0). This implies that we
may interchange the trace and integrals freely to obtain

t
/ trH((qg ® ge) * n,)(x, x)dx = / trH/ pj’R(x, x)dx ds. (70)
Br(0) 0 Br(0)

We consider the innermost integral of the right-hand side of (70) in the weak operator
topology of H. Then, the divergence theorem applies, and we have after changing to
polar coordinates,

/ PSR (x, x)dx
BRr(0)

= R /s o e (e ) i#e © 2) % 7Ry, R)ASI ()
1(0

writ [ o 6. ): @ g0) « (A=) Ry, RN)IS, (). (T
1
We note that in the second summand on the right-hand side of (71) the kernel A« S+ d—1
is of class Col”(fl (R24) with norm bounded by h(s)s% for some continuous 4 by
Corollary 5.2, which is integrable in s at 0. In particular, after applying the divergence
theorem in reverse on the second summand of (71), we may take the limit ¢ \ 0 inside
the trace, and thus,

lim try (Rd—1 [ trer (i(c. ¥)(ds ® o) * (AcH4)(Ry. Ry))dSy (y))
ALY 51(0)

= try (Rd—l fs o trer (i{c, y) A(RY)i; " (Ry, Ry))dS; (y)).

We are left with the first summand on the right-hand side of (71). Its contribution
vanishes in the iterative limit limg o limgy 9, by Lemma 5.8. The claim then follows
from Lemma 5.5. ]

6. The principal trace formula

In this section, we exploit that we only need the involved integral kernels in their
long-range limits |x| — oo. The first result shows that we do not need to care about
which values the operator family A has near 0.

Lemma 6.1. For j € N, let M = (Mi)ij=1 be measurable families of bounded oper-
ators in C™" @ (Ag) ™" B(H)(Ap)™"™, with

[M: ) oo e crer@ta0)—n Bz a0 -m) = C-
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for some constant C < oo. Assume also that there are measurable functions
(0,00) x RY x RY 3 (1,x,y) > ki(x,y) e C"" @ B(H), i€{0.....j}.
satisfying for some constant ¢ < oo,

|ki 2 pcropomagy < € de(x =), x.y €RY 1> 0.

i=1

Denote for R > 0, M’ := (M])]_,, with M| € {M;, Milg , o)}, i €{1,...,j}, with
2

at least one iy € {1, ..., j}, such that

M, == Mio]lBg(O)c.

0

Then, there is a constant ¢’ independent of j, such that, fort > 0,

/ / [ (ks e M — Ky s, M) (. 0)|
Sr(0) JsetA;

@cn
J! '

Cr=r@(do)—n B(H){o)—m IS ASR(X)

C/ect

Proof. Since M and M’ are uniformly bounded in || - |cr=rg(4y)—" B(H)(4o)— -NOrM
by some constant C, we have, fort > 0, x € Sg(0),

ds

/ | (ki wse M — kg e M) (6, 2) || crer g agy— B (A0)
SG[AJ'

t
<e’'C/ (2 - 1)/
0

ui—1

G-

/ Gt—u(x — y)qu(y — x)dy du. (72)
Bg(o)

Since dist(x, y) > %, there exist constants ¢4, ¢/; only dependent on d, such that

f qr—u(x — y)qu(y — x)du
Bg(o)

2
_d _Rr2\2i=R2 _ _a)\2
SRdcd(supo Ze 160) =7 Rdcd<R dsuprZe 16>
>0 A>0

=c R, (73)
Compiling (72) and (73), we obtain

/ [ (s e M — ke wia (M1 0)¢)) (X 5) || crr gy o)1 o ()9S
SELA; 2

o J
< e, CT (27 - 1)1,—'R_d.

J

Integration over Sg(0) yields the claim. ]
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Lemma 6.2. Let j > d, andlet F := (Fk)]];=1 be a tuple of measurable B(C" @ H)-
valued functions, which satisfy

”(X)Fk || (o)) <C < o0.

Lo°(R4,C7<r @(Ag)—" B(H)
Let there be measurable functions

(0,00) x R xR 5 (t,x,y) > ki(x,y) € B(C" ® Dom A}), i €{0,...,j},
satisfying for some constant ¢ < oo,

|kt G2 picrgpomagy = € as(x =), x.y R 1> 0.

Then, for to > 0, there is a constant C’ independent of j, such that for 0 <t < ty,

R >0,
/ / “(ks'-u* F)(xsx)|
Sr(0) JsetA;

ecy ;-
Jj!
Proof. Let R > 0 and consider first that all Fy are supported outside of B R (0). Then,

77 @ (Ag)~ B(H)( o)~ 95 4

d
2R7L.

f C/ect

R| F(x) ||<C’X’®(Ao)—”B(H)(A0)—m =2C,

fora.e. x € R4, So,

/SR(O) /sezAj | (ks o F)(x, )|

2Ct)/
< et (414 .,)
J:

Crer@(Ao)—1 B(H)(Ag)-m 95 4

vol Sg(0)R™/

The general case follows by Lemma 6.1. ]

We are now ready to simplify the right-hand side of the principal trace formula to
its penultimate form, which has its own raison d’étre, in so far as it exhibits clearly a
similar form as the classical Callias index formula (i.e., both exhibit a limitofa d — 1
form integrated over spheres with radii tending to infinity). However, it is not the final
form, because we should not forget that

A= An,m,l

is still an approximant. Our general conditions on the family A do not suffice to enable
us to go to the limit n, m,! — oo in the trace formula of the lemma below.
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Lemma 6.3. Fort > 0,

_ * — *
tI'LZ(Rd’H)tr(Cr(e tb*D — e tbD )

t
=trg| lim Rd_I/ (4ns)_§idlcc/ A(Ry) Z
R—o00 0 S1(0) uesAg—1 j_; well

}dfl

.....

yjs(jja)e—uA(RY)zLu((af] A)(Ry),.... (05, A)(Ry))du dSl(y)ds)

where &(;j o) denotes the Levi-Civita symbol of the tuple (j,a) € {1,..., d)e.
Proof. For xo € R?, denote
(M, f)(x) 1= A(x0) f(x).  x € R, f € Dom My,
and
Hy = A+ M7,

which is self-adjoint on Dom Hy. The smooth integral kernel Q7° of e~"xo ¢ > 0,
is given by

01°(x.y) = qi(x — y)ler @Ak y e RY.
Duhamel’s principle yields
t
e—tHB — e—tHxO _ [) e—(t—s)HxO (AZ _ M)?O)E_SHBdS,
which implies for a.e. x, y € R¢,

B (x.y) = 0F(x.y) - / / 00, (x. 2)(A(2)* — A(x0))0s(z. y)dz ds. (74)

In fact, the right-hand side is an element of C,ﬁfn (RZd ), m,n € Ny, which can be
shown by using Lemma 4.12, Corollaries 4.14 and 4.16 in a similar way as (57)
and (58). So, (74) holds everywhere. We find

= (xo, xo0)

= / ((Q;Cé)’ Oy oo b5y, ) Ll (iﬁB)(g(d_l))(xO, xo)ds
SEtAF 1

(0B (47 = A(x0) (B (0, o).
SEtAy
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By Lemma 6.1, we have for n,m € Ny, with A(x){Ao) ! <C’, x € R4, and By, =
— A(x0)?,

limsup/ / / xo)((Quo’g(ul ,,,,, ud))""'*( xov(laB)g)(d 1)))
SR(O) uESAd

R—o0

zlimsup/ / / HA x0) ((03:0. Oty ..u))
R—o0 Sr(0) JuesAy
x W, (B xo,(ﬂgw)a(am)@(d D)) (xo. xo)|

x du dSg(xo) ds

<c'cé- lhmsup/ / / / gs—u(Ry —z)
R—o00 S1(0)

X “A(Z)2 A(Ry) HB(HDomAO)q“(Z Ry)dZ (d )

= C’Cd_llimsup/ / / / qs—u(W)qu(w)
R—o0 S1(0)

———dudS;(y)ds. (75)

C>r@(Ao) ™" B(H){Ao)™"

———dudSi(y)ds

x |A(Ry + w)* — A(Ry)ZHB(H,Doon) (d 1)!

The integrand of the last line of (75) has an integrable dominant, since

”A(Ry + w)2 - A(Ry)2 HB(H,Doon)

is uniformly bounded (since the function B is uniformly bounded with values in
(Ao) ™™ B(H)(Ap)" for any m,n € Ny), and we may take the limit R — oo inside
the integrals, which yields 0. Therefore,

t
jim 24 [ [ o (e AR Ry, R)as: () ds
1

R—00

t
= lim Rd_lf / trcr(i<c,y)A(Ry)
R—o0 0 S1(0)
X/ o (07 ... udl)m*(iaB)W—”)(Ry,Ry)du)dsl(y)ds.
UESAG—1

By iterating the procedure, we obtain

R—0o0

t
lim Rd_lf /S(O)trcr(i(c,y)A(Ry)rsd_l(Ry,Ry))dSl(y)ds
1

= lim R‘H/ /S(O)trcr(i(cay>A(Ry)ps(Ry))d51(y)dS’

R—o00
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where fort > 0, xg € R we define
pi(xo0) ::/ (Oyo Lu*(iﬁB)®(d_1))(xo,x0)ds.
SEtAF 1

Denote (Nx, f)(x) := (i B)(x0) f(x), f € Dom My; then,

lim sup fo /SR o / o, A4G0) Q2w (FB) — N 8 %72)

R—o00

x (x0., X0) HCM,@B(H)du dSg(xo)ds

t
— limsup / / / 1A(x0) (020w, (i(#B)
R—oo JO JSR(0) JuesAgz_;

— Nx,, (ﬂBg(O)Ci(gB))@)(d_Z)))(xO’ Xo) ”ccrxr®B(H)d“ dSr(xo)ds

< C’Cd_llgrlj:op/ /Sl(o)/ / Gs— u(Ry—Z)R||(3B)(Z)

—(@B)YRY) | p(a1.00m 4g)du(z = Ry)dz ————du dS;(y)ds

(d 2)!

t s
=C'c! limsup/ e”/ / / R||(#B)(Ry + w)
R—oco JO S1(0) Jo JRE

— (BBYRY) | 1.1 g = (W) (w)dw (;‘ 2),du dS; (v) ds.

1417

(76)

By the same reasoning as for (75), we may take the limit R — oo inside the integrals

in (76), which is 0. Thus,

R—o00

t
= lim Rd—‘/ / trcr(i<c,y)A(Ry)
R—>o0 0 S1(0)

lim R4 / /S o e e AR Py (R4S () 8

x / . (foym*(NRy,(iaB>®<d—2>))(Ry,Ry))d&(y)ds.

By iterating the procedure, we obtain

lim R4~ / [S o e (e ) ACRY) (RS () s

R—o00

R—o00

t
= lim Rd—‘/ /S(O)U‘Cr(i<c’y>A(Ry)7TS(Ry))dS1(y)ds7
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where fort > 0, xg € ]Rd,

T (xo) = /etA (Q;CO L (Nx0)®(d_l))(x0,xo)ds
s d—1
= (47‘[[)_% /;etA (ﬂg;l' ® e_SA(xO)z)UJ(i(ﬁB)(Xo))@(d_l)ds.
d—1

The claim then follows if we apply trcr to i{c, y )y, using Lemma 2.1. |

6.1. The main result

Throughout the previous sections, we used tacitly the approximation family B, ,, ;
instead of B for notational brevity. Now, we are prepared to take the limits n — oo,
m — 00, [ — oo to arrive at the principal trace formula, which is our main result,
presented in the following theorem.

If we assume Hypothesis 2.12, by Remark 2.13, the model operator A is allowed
to be A(xp), for a.e. xo € R%. We fix such a x and set Ay = A(xg) in the following.

Theorem 6.4. Assume Hypothesis 2.12. For ¢ € CX° (R%), denote
Ap = Ao + (1 —¢)(A — Ao).

Then, fort > 0, and any ¢ € CCOO(Rd),

_ * _ *
tI'LZ(Rd,H)tI'Cr (8 tb*D —e tbD )

2
- E(4n)_%idicct% /

SEA

d—1
/R Lt N ((d4g)e™™48)ds,  (77)

Jj=0

where )\ denotes the exterior product, and k. = trcr(cl ... ¢?). In case of the irre-

ducible choice
d—1
r = 2 2 s

we have k. = (2i)% (—1)? (see Lemma 2.1).

Proof. Denote Ay := Ay m1,and Dy := D, ;. Letr = |x|.Forx =ry € R4 with
y € S1(0), we have dr = Z;-i:l y/dx/, and foru € sAg_1, s > 0, we have

d—1
dr A e"#043 /\ (dA*)e_"-/Ai
j=1
d
Z Z yje(j,o,)e_““li Lu(afl Ayt afd_] Ay)dx.

i=laell,..,d}d-1
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If we apply 4,4, the interior multiplication with the radial field, to both sides and
restrict to Sz (0), we obtain

d—1
— 2 —u: A2
e ugAsx /\(dA*)e MJA>,<
Jj=1

d
i _ 2
=Y > Yegawe M w(df As. .. 0f,_ A)dSR(x).  (78)
J=lae(l,.. dyd-1
We insert (78) into Lemma 6.3 and change variables in the u-integration,

_iD* _ *
Xt = trLz(Rd,H)trCr(e 1Dy Ds _ e tD*D*)

t
=id(4n)_%xctrH lim / sg_lf A*/
R—o0 Jg Sr(0) UEA;_

d—1
« e~ SU0AZ /\ (dA*)e_S“f A2 du ds). (79)
i=1

Due to the limit R — oo, we may replace Ax by Ag « := Ao + (1 — ¢)(Ax — Ao),
for any ¢ € C° (R%), in (79). We note that the integrand is Bochner integrable in
trace-class, since d A is finite rank. We apply Stokes’ theorem, and the trace trg, and

get

t
X, =id(4n)—‘£,<c/ g2 /Rd (o) + »?)ds, (80)
0
where
d—1 )
a)s1 :=/ try /\((quy,*)e_s”-/Aé,*)du,
ueAy_1 j=0
2 d 2
a)s2 = —2s/ try (Aé’*e—momp,* /\(dA¢,*)e_5“jA¢-*)du
ueAd j=1
2 -1 2
= —2s/ Uotry (dA¢,*)e_S”°A¢s*A$,* /\(qug,*)e_s"/Aﬂ%* du.
uEAd_l j=1

By cyclically commuting the factor Az’ . under the trace and changing variables, we

obtain for w2,
2
w? = Zsdso!}.

N
d
Integrating by parts in (80), we thus obtain

2
X, = 5(471)—‘5;‘5#/@/ . 81)
R4
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The argument of the trace of the 1, m, [-dependent ! possesses iteratively integrable
dominants in trace-norm. Indeed, first, for fixed n, m € N, there exists a constant C
independent of / (because K, is finite rank), such that

42
qu> n,m, l S Ad”"’m’l)(x)

S1(H)
< C||81(Kim Pa BPyKn) |5 (x)"0*dx
Lemma 3.2
<

C"|| Ko PuBPu K 5. (x)"%%dx,

which is an integrable dominant on R? x A4_, and thus allows us to take the limit
[ — oo under the integral.
Now, fix n. Since
B(xo) = A(xo) — Ao =0,

the operator function (A¢)~**# B(Aq)~# is Lipschitz with values in S (H), for o,
as in Hypothesis 2.12. Since V¢ is compactly supported, it follows that (V¢) P, BP, €
C.(R%,S%(H)). Hence, there is a constant C independent of m, such that

[vE (1 = @) Kin Pu BK s Pa) () | g g7y < C ()77,

where v is a vector field, n > 0, and n = ¢ for v = dg. Thus,

d—1

/\ ((dA¢,n,m)e_suj Aé’""”)(x)

J=0

< C9(x)" " 4dx,
SI(H)

which is integrable on R¢ x A4_;, which allows us to take the limit m — oo under
the integral.
For the last limit n — 0o, we partition Ayz_; via

d—1 - d-1
Agy = My = UkzoNk,
k=0

where M :={u € Ag_1,u; > %}, Ny = Mk\(U;:é M;j). For u € Ny, we have by
Hypothesis 2.12 a constant C independent of n, such that, for # > 0,

d—1

A\ ((@4g.a)e>r o)

J=0

S(H)
d—1

<C 1_[ @iV d0i (1 — ¢)B) sup ((A)~ “e_t“kkz)(x)_d_edx,
=0 AeR
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where 8; = jo,v; =V forj #k, vy =0g,and§; = 1for j #k,and 8 =1+ ¢.
In the estimate, we used the fact that P,, commutes with Ay, and, as seen before, that
(A0)™*F i (vjp)B(Ao) ™% e C. (R, S?(H)), which implies that the involved semi-
norms t°((1 — ¢) B) are finite. We may interchange the limit n — oo with the trace
and the integrals in (81) and obtain the claimed formula (77). ]

If the one-forms dA admit radial limits, we may pass to these limits in the above
trace formula.

Corollary 6.5. Assume Hypothesis 2.12, and denote A°(y)Y := limp_o0 A(RY)VY,
for ¥ € Dom Ag, and y € S1(0). Assume that A°VY is differentiable on S1(0) for
Y € Dom Ay, such that for a.e. y € S1(0),

Jim R[0;4°(0)y — 6 ARV |y =0, (82)
and that for B € [-2N + «,2N + 1], and all unit vector fields v in T'S1(0),
(A0)™* P (vA°)(A0) P € L®(51(0), SU(H)). (83)

Denote, for p € CZ°(R),

A, (x) 1= Ao+(1—p(|x|))( (|X|) AO)

Then, fort > 0, and any p € C2°(R), with p = 1 near 0,

— * — *
tI‘Lz(Rd,H)U’(Cr (6 tD*D —e tbD )

— ot
= —(471) %id lcct2 /Rd try /\ dA 5 A° )d .

SEAd 1 ]—O

Proof. We first note that A° is well defined. Indeed, for a.e. y € S1(0),

R
ARy = 40) = [ (@rA) 52
0
and by Hypothesis 2.12, there is a constant C, such that, for 8 € [-2N + «,2N + 1],

[(A0) ™ (9R4) (57)(40) P || ga sy < C ()75,

which is integrable on s € (0, 00). Moreover, we estimate for y € S;(0), and k €
[-2N, 2N] by Hypothesis 2.12,

| (A0)* (4°(3) = A0)(A0) ™ (40); | sy
< sup | (Ao)*(A(x) — Ao)(A0) *(40);

xeR4

Z—>0

: HB(H) —0, (34)
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which implies that A°(y) is self-adjoint on Dom A and that Dom(A4°(y))*=Dom Alg ,
for k € [0,2N], and that the graph norms are equivalent, uniformly in y € S;(0) by
Kato—Rellich. Similarly, we introduce for n,m € N, p € C°(R),

A umip = Ao + 8 (KmPa(A°) — Ao) PuKp).

Analogously to (84), we conclude that the graph norms of A°k and A’g are equi-

valent, uniformly in n,m,[ € N for k € [0,2N]. In the pro’z);nciprheorem 6.4, we
replace, due to the limit R — oo, in (79), the terms A, by Z‘;n,m,l,p and dA. by
ngn,m,l, p» which follows from the additional condition (82), and dominated conver-
gence after scaling coordinates from Sg(0) to S1(0). The presence of K,, ensures that
the limit R — oo of the integrand is still in trace-class. We now proceed similarly to

the proof of Theorem 6.4 and obtain
try 2ra_ppytrcr (e ( ~tD*D _ ,~tDD )

d
= lim lim lim —(471) %id Ket 2
n—>00 m—00 | —00 d

ny
o o N T e T
SEA 1 R4 j=0

It remains to evaluate the iterated limits n,m, [ — oo. Since the graph norms of the
powers of A°, ,, ;1 , are uniformly equivalent to those of Ay, the limiting procedure
is similar to the one in the proof of Theorem 6.4, if we show that the operator family
A°, satisfies, for B € [-2N + o, 2N + 1],

r“’ﬂ’v’d’l(}Fp — Ag) < oo,

— (85)
Je > 0: g@PIRDITE(L2  44) < oo

Indeed, by (83), we have a constant C, such that

"<A°)_a+ﬂ(A°(| )~ o) a0

The fact that p’ is compactly supported, and condition (83), are implied by direct

<C.

S4(H)

calculation (85) for any choice of ¢ > 0. [ ]

7. Applications

The principal trace formulas displayed in Theorem 6.4 and in Corollary 6.5 enable
us to establish a condition of the existence and a formula for the index of D. At
this stage, we introduce the following regularized notion of an index, which might
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still exist even if D fails to be Fredholm, which is called the (partial) Witten index.
Without the presence of the partial trace, its notion was introduced in [26].

Definition 7.1. Let T be a linear, densely defined operator on C" ® X for some sep-
arable complex Hilbert space X. We say the partial (semi-group regularized) Witten
index of T exists, if for some ¢y > 0,

trer (e_tT*T - e_’TT*) e SYX), >t

and if the limit

indw T := tll)ngo try (trCr (e_’T*T _ e—tTT*))

exists. Then, indy T is called the partial Witten index of T'.

Remark 7.2. Similar to the proof of [13, Lemma 1], one obtains the analogous result
for the partial Witten index. Namely, if for some ¢y > 0, the condition

trer (e 77T — 7 TT7) € SY(X), 1> 1,

holds, and T is additionally Fredholm, then T admits a partial Witten index, indy T,
which coincides with the Fredholm index ind T = dimker 7 — dim coker T'.

It is clear that indy D exists, whenever the right-hand sides of the principal trace
formulas in Theorem 6.4 or Corollary 6.5 admit a limit for # — oo. If D is Fredholm,
this is the case by Remark 7.2. However, for the interesting case where D is non-
Fredholm, we also present an example for which the Witten index exists, and can be
calculated directly in terms of its symbol. We start with the Fredholm result first.

Theorem 7.3. Assume Hypothesis 2.12. Additionally, assume that there exists Ry > 0,
such that, for |x| > Ry, we have 0 € p(A(x)). Then, D is Fredholm, and the Fredholm
index ind D is given by

d—1
. 2 —d.q4 . d _ts: A2
indw D = 5 (4m)~ %1k ,1520”/ /Rd ur /\ ((d4g)e™46)ds, (86)

SEA 1 j=0

where Ay := Ao + (1 — ¢)(A — Ap) forany ¢ € Cfo(Rd), and the formula is inde-
pendent of the choice of ¢.

Proof. If D is Fredholm, D admits a partial Witten index, according to Remark 7.2,
and it equals the right-hand side of (86) by Theorem 6.4. We, thus, only need to show
that D is Fredholm. Since A(x) is invertible for |x| large enough, let C > 0 be a
constant such that A(x)? > C for |x| > Ry. Note that D*D = A + A2 —i(4B) as
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differential operator. On the domain of D* D, we thus have some constant C’, such
that

C/
D*D>A+C———. (87)
(X)

where we used the fact that A2 > 0, and i(4B) is bounded and decays like |x|~!
for |x| — oo By Seeley’s theorem [13, Theorem 1], the elliptic differential operator
A+C - X) is Fredholm. The operator inequality (87) then implies that D* D is also
Fredholm. The analogous argument works for DD* as well; hence, D is Fredholm.

]

The following examples are presented in more detail in [23]; here, we merely
quote the results without the proofs. The basic object is a Dirac—Schrodinger operator
Dy which is non-Fredholm.

Definition 7.4. For a potential 1V : R? x R — By, (H), define the associated massless
(d + 1)-Dirac-Schridinger operator Dy,

d
(Dy ). p) i= i) ¢/ 0, f(x, p) 10y f(x, p) + Vx, y) f(x, ),
j=1
X € ]Rd, y eR,
f e Wl’z(RdH,(Cr ® H)

Example 7.5 ([23, Theorem 1.1]). Let V' € Cbz(]Rd X R, Bsq(H)), where Bg,(H) is
equipped with the strong operator topology. Assume furthermore that, forie{l,...,d}
and k € {0, 1,2},
Hy = 3xi31y°V(x, y)”Ld(R’Sd(H)) = 0(|x|—1)’ |x| — oo,
e >0: Hy [ 8R8’;V(x,y)||Ld(R’Sd(H)) = O(|x|_1_8), |x| — oo,

and that for any X € S1(0), xo € R4, and y € Ng with |y| < 1, we have

lim R (3YV)(xo + R%,-) — (3% V) (R

R—00

) ) ||L°°(]R,B(H)) = 0.

Then,

d—1y,
indyw Dy = —(471)—*‘ ) KC/ g (UY)aUv)™,
d R4

where Ad is the d-fold exterior power,

K¢ 1= trcr(Cl L. Cd),
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and the unitary U" is given by
UV(x) = lim UV(x")(n,—n), x e RY,
n—oo

where U4 (y1, ¥2), ¥1,y2 € R, foragiven A : R — By, (H), is the (unique) evolutions
system of the equation

u'(y) =iA()u(y). y eR,

ie., for y, y1,y2,v3 € R,

0y, U (y1,y2) = i4(y))U (1. y2).
ayzU (YI’J’Z) —iu4 (J’Lyz)A(h),
U4 (y1,y2) U (v2.y3) = U (y1,73).
UA(y.y) = 1g.

With the minimal choice r = 295" , and sign convention®
d—1
ke = 1(=)@D)"7,
we have

d—1vy
indy Dy = (2mi) T L2 /RdtrH((UV)_ldUV)Ad

This formula generalizes an index formula found in [7, 14, 16] for the case d = 1
to d > 3 odd. For a special choice of the potential V, the index formula becomes even
more concrete. We will close the paper with this example.

Definition 7.6. Let F : RY — R9 be a bounded smooth function with bounded deriv-
atives, such that

i F(x) = O(1x|™"),  |x| = oo,
de>0:0rF(x) = O(|x|_1_8), |x| — oo,
and that for any £ € S;(0), xo € R?, and y € Ng with |y| <1,

lim RY!|(9 F)(xo + R%) — (3" F)(R%)| = .
—>00

Set V(x,y) := iz;izl ¢/ Fj(x)p(y), x € R4, y € R, for some function ¢ € CX(R)
with [p ¢(y)dy = 1.

4This corresponds to the choice ¢/ = —io/, where o/ are classical Pauli matrices.
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Example 7.7 ([23, Proposition 1.2]). With V' as in Definition 7.6, with the minimal
choices rank(c’) = 2" and sign convention k. = (—i)? (2i) %, the partial Witten
index of Dy exists, and

ar1 (GH! [ (1F|+d — 1)(cos(2|F|) — 1)“T"

indy Dy = 27)” 2 detDF dx,
indw Dy = (2m) ¥ » F1d e by

where D F is the Jacobian of F. Note that the integrand extends continuously to F'=0.

The above formula allows one to show that indy may assume any real number
for this class of operators Dy if one chooses appropriate diffeomorphisms of R4
onto balls centred around O for the function F' (cf. [23, Corollary 4.6]).

Acknowledgements. The author would like to thank Elmar Schrohe, Matthias Lesch,
Lennart Ronge, Robert Fulsche, and Philipp Schmitt for many fruitful discussions
concerned with this paper.
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