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Trace and index of Dirac–Schrödinger operators on open space
with operator potentials

Oliver Fürst

Abstract. We develop a principal trace and generalized index formula for a Dirac–Schrödinger
operator D on open space of odd dimension d � 3 with a potential given by a family of self-
adjoint unbounded operators acting on an infinite-dimensional Hilbert space H . The presented
results generalize formulas surrounding the Callias index theorem to the case of unbounded
operator potentials, for which the operator D is not necessarily Fredholm. This is the principal
novelty of this paper. As application, we include examples where the trace formula is used
to calculate the Witten index of non-Fredholm massless .d C 1/-Dirac–Schrödinger operators
acting in L2.RdC1;H/.

1. Introduction

The central goal of this paper is to calculate the trace (called in the following the “prin-
cipal trace”) trL2.Rd ;H/trCr .e

�tD�D � e�tDD
�

/, t > 0, of the Dirac–Schrödinger
operator D D i=@ C A, and the associated index formula, under suitable conditions
on the operator-valued potential A.

Let us start with the setup, explaining the notation above. We fix i as the imaginary
unit in C. Let H be a separable complex Hilbert space, and let A0 be a self-adjoint
operator in H with domain DomA0, which plays the role of a “model operator”.
We equip domains of (Borel) functions f of A0 with the corresponding graph norm,
which turns Domf .A0/ into a separable Hilbert space, embedding continuously into
H with norm � 1. Fix d 2 N, d � 3, to be the odd dimension of the euclidean space
Rd , and let A be a function on Rd with values in the self-adjoint operators in H with
constant domain DomA.x/D DomA0, x 2 Rd . Denote byM0 the constant operator
function Rd 3 x 7! A0. Fix r 2 N as the rank (the minimal choice is r D 2

d�1
2 ) of

Clifford matrices .ci /diD1 � Cr�r ; i.e., for i; j 2 ¹1; : : : ; dº,

cicj C cj ci D �2ıij 1Cr : (1)

Mathematics Subject Classification 2020: 47B10 (primary); 47A10, 47A53, 47A55, 35P25,
81Q10 (secondary).
Keywords: trace formula, Witten index, Dirac operator, Callias operator, operator potential.

https://creativecommons.org/licenses/by/4.0/


O. Fürst 1352

For p 2 Œ1;1�, denote by Lp.Rd ;Cr ˝H/ the Cr ˝H -valued Lp elements, and
with slight abuse of notation, denote by A and M0 the multiplication operators in the
Hilbert space L2.Rd ;Cr ˝H/, given by

.Af /.x/ WD A.x/f .x/; x 2 Rd ; f 2 DomA;�
M0f

�
.x/ WD A0f .x/; x 2 Rd ; f 2 DomM0;

DomA WD DomM0 WD L
2
�
Rd ;Cr

˝ DomA0
�
:

Denote by H k.Rd ;Cr ˝H/ the L2-Sobolev space of order k 2 N0 with values in
Cr ˝H . Let =@ be the Dirac operator in Cr ˝H given by

.=@f /.x/ WD

dX
iD1

ci
�
@if

�
.x/; x 2 Rd ; f 2 Dom =@;

Dom =@ WD H 1
�
Rd ;Cr

˝H
�
:

It is well known that =@ is self-adjoint, with � D =@2 D �Rd ˝ 1Cr˝H , where �Rd

is the self-adjoint euclidean Laplace operator �Rd WD �
Pd
iD1 @

2
i , Dom�Rd WD

H 2.Rd /. In L2.Rd ;Cr ˝H/, introduce the operators D, D0 given by

D WD i=@C A; D0 WD i=@CM0;

DomD D DomD0 D Dom =@ \ DomM0:

D0 is normal withD�0 D �i=@CM0, and DomD�0 D DomD0 (cf. [24, Lemma 4.2]).
We introduce the non-negative operator H0 given by

H0 WD D0D
�
0 D D

�
0D0 D �CM

2
0 ;

DomH0 D H
2
�
Rd ;Cr

˝H
�
\ DomM 2

0 :

In the following preparatory section, we will give conditions on A, such that the
domain conditions

DomDD� D DomD�D D DomH0; DomD D DomD� D DomD0

are satisfied. We will also show that under further assumptions on the function A,
akin to the asymptotic homogeneity condition imposed classically in Callias original
paper [13, Theorem 2], the partial trace trCr .e

�tD�D � e�tDD
�

/ is trace-class in
L2.Rd ;H/ for t > 0. After introducing a suitable approximation of the operator func-
tion A, the bulk of this paper then deals with the calculation of the principal trace.

For the purpose of this introduction, let us now present the most important con-
ditions we impose on the operator function A D B CM0 and discuss some of the
details. We use the following notation: hxiz WD .jxj2 C z/

1
2 , and hxi WD hxi1.
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Hypothesis 1.1 (Conditions (14) and (15) of Hypothesis 2.12 1). Let ˛ � 1, andN �
b
˛�1
2
.d C 1/c C 1. Let B be a family of symmetric operators in H , with domains

DomA0. Assume that BhA0i�1 is continuously differentiable in the strong operator
topology, and that for all ˇ 2 Œ�2N � 1; 2N C 1� the operators hA0iˇB.x/hA0i�1�ˇ

are closable for all x 2 Rd with bounded closures and

hM0i
ˇBhM0i

�1�ˇ



L1.Rd ;B.H//

<1: (2)

Assume that, for ˇ D ˙2N ,

hM0i
ˇBhM0i

�ˇ
hM0i

�1
z




L1.Rd ;B.H//

C


hM0i

1CˇBhM0i
�1�ˇ

hM0i
�1
z




L1.Rd ;B.H//

C


hM0i

ˇ
rBhM0i

�1�ˇ
hM0i

�1
z




L1.Rd ;B.H/d /

w!1
����! 0; w WD dist

�
z; .�1; 0�

�
: (3)

Further, assume that, for all ˇ 2 Œ�2N C ˛; 2N C 1�, there exists " > 0, such that

x 7! hxihA0i�˛Cˇ .rB/.x/hA0i�ˇ

L1.Rd ;Sd .H/d /
C


x 7! hxi1C"hA0i�˛Cˇ �@RB�.x/hA0i�ˇ

L1.Rd ;Sd .H// <1; (4)

where @R WD
Pd
iD1

xi

jxj
@i denotes the radial vector field, and Sd .H/ the d -th Schatten–

von Neumann class of H .

Aside from these crucial conditions, we also impose a number of mild continuity
conditions at infinity, which are displayed in the second and third sets of conditions of
Hypothesis 2.12. Exemplarily, such a continuity condition is the following: let S1.0/
denote the .d � 1/-dimensional unit sphere, and assume that for � 2 DomA0, a.e.
y 2 S1.0/, and a.e. x 2 Rd ,

lim
R!1

R


�rB.Ry C x/ � rB.Ry/��



Hd

D lim
R!1



�B.Ry C x/ � B.Ry/��


H
D 0: (5)

Let us give an overview over the above conditions. We first note that the parameter
˛ � 1 is central. It allows flexibility in the most important condition (4) where a larger
˛ means a weaker requirement on B . Because N � b˛�1

2
.d C 1/c C 1, increasing ˛

implies that N needs to be chosen larger. The parameter N determines how regular
B needs to be on the Hilbert scale generated by A0 (cf. conditions (2) and (3)). How-
ever, it should be noted that the regularity of B on Rd must be in any case just once

1The statements are mathematically the same with expanded notation.
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continuously differentiable, regardless of the choice of ˛, and thus N . Condition (3)
encodes Kato–Rellich bounds on the family B , which in particular implies that all
A.x/ D B.x/ C A0 have constant domain DomA0. In rough terms, condition (3)
ensures that the domain properties of the involved operators are well behaved. Condi-
tion (4) stipulates the (relative) Schatten–von Neumann membership of the derivatives
of the operator function B and their decay for jxj ! 1. The radial derivative is
singled out, since we assume that it decays faster. These decay conditions corres-
pond to the assumption of asymptotic homogeneity of order 0 in Callias’ classical
setup [13, Theorem 2]. The exemplar continuity condition (5) also refers to the beha-
viour of B at infinity. Roughly speaking, it implies that it should not matter on which
ray one approaches a fixed direction at infinity of the functions B and rB . The other
continuity assumptions we make, which are displayed in the third set of conditions
of Hypothesis 2.12, follow the same pattern. We note that these continuity conditions
are, for example, satisfied if B is eventually radially constant, i.e., B.x/ D zB. x

jxj
/ for

jxj large enough, and zB sufficiently smooth.
It should be remarked that while the above conditions are quite general, one should

also emphasize that the possibility of arbitrarily choosing ˛ � 1 is not only inter-
esting for generality but also because of the requirements from applications. If one
wants to incorporate the choice of a proper differential operator of order 1 on Rn for
A0 itself (H is then L2.Rn/), one runs into problems with condition (4) if one is
just allowed to take ˛ D 1. Due to the well-known Schatten–von Neumann estimates
(cf. [36, Chapter 4]), this issue boils basically down to the fact that x�n is not integ-
rable on Rn at infinity. We note that at the end of this paper we include as an example
results dealing with exactly this sketched setup, which come from [23], which gives
the detailed proofs in this particular setup, which we omit in this paper.

After explaining the conditions imposed on the operator potentialA, let us present
the main result of this paper, which is the desired principal trace formula in terms of
A and dA in a neighbourhood of infinity.

Theorem 1.2 (Theorem 6.4). Assume Hypothesis 2.12. For � 2 C1c .R
d /, denote

A� WD A0 C .1 � �/.A � A0/. Then, for t > 0, and any � 2 C1c .R
d /,

trL2.Rd ;H/trCr
�
e�tD

�D
� e�tDD

��
D
2

d
.4�/�

d
2 id�ct

d
2

Z
s2�d�1

Z
Rd

trH
d�1̂

jD0

�
dA�e�tsjA

2
�
�
ds; (6)

where (6) is independent of the choice of �, and

�c WD trCr
�
c1 � : : : � cd

�
;
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�d�1 D ¹u 2 Œ0; 1�
d ;
Pd�1
jD0 uj D 1º denotes the .d � 1/-simplex, and

V
the exterior

product.

We note that formula (6) only depends on the values of A and dA in a neighbour-
hood of infinity due to the cut-off �. If A and dA additionally assume radial limits in
a particular sense, we show that only these limits appear in the trace formula.

Corollary 1.3 (Corollary 6.5). Assume Hypothesis 2.12, and denote

Aı.y/ WD lim
R!1

A.Ry/ ;

for  2 DomA0, and y 2 S1.0/. Assume that Aı is differentiable on S1.0/ for
 2 DomA0, such that for a.e. y 2 S1.0/,

lim
R!1

R


@iAı.y/ � @iA.Ry/ 

H D 0;

and that for ˇ 2 Œ�2N C ˛; 2N C 1�, and all unit vector fields � in TS1.0/,

hA0i
�˛Cˇ

�
�Aı

�
hA0i

�ˇ
2 L1

�
S1.0/; S

d .H/
�
:

Denote, for � 2 C1c .R/,fAı�.x/ WD A0 C �1 � ��jxj���Aı� x

jxj

�
� A0

�
:

Then, for t > 0, and any � 2 C1c .R/, with � � 1 near 0,

trL2.Rd ;H/trCr
�
e�tD

�D
� e�tDD

��
D
2

d
.4�/�

d
2 id�ct

d
2

Z
s2�d�1

Z
Rd

trH
d�1̂

jD0

��
dfAı��e�tsj eAı2��du;

independent of the choice of �.

As a direct application of the principal trace formula of Theorem 1.2, we may
calculate the Fredholm index of D, whenever D is Fredholm.

Theorem 1.4 (Theorem 7.3). Assume Hypothesis 2.12. Assume that there existsR0 �
0, such that, for jxj � R0, we have 0 2 �.A.x//. Then, D is Fredholm, and the Fred-
holm index indD is given by

indD D
2

d
.4�/�

d
2 id�c lim

t!1
t
d
2

Z
s2�d�1

Z
Rd

trH
d�1̂

jD0

��
dA�

�
e�tsjA

2
�
�
ds; (7)

whereA� WDA0C .1��/.A�A0/ for any � 2C1c .R
d /. Formula (7) is independent

of the choice of �.
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The principal trace formula of Theorem 1.2 can also be applied to determine some
cases of a generalized version of index, the so-called (partial) Witten index, of the
operator D. The notion was introduced in [26]. We give here the definition of the
semi-group regularized partial Witten index.

Definition 1.5. Let T be a linear, densely defined operator Cr ˝ X for some sep-
arable complex Hilbert space X . We say the partial (semi-group regularized) Witten
index of T exists, if for some t0 > 0, we have

trCr
�
e�tT

�T
� e�tT T

��
2 S1.X/; t � t0;

and if the limit

indW T WD lim
t!1

trX
�
trCr

�
e�tT

�T
� e�tT T

���
exists, then indW T is called the partial Witten index of T .

The (partial) Witten index may assume any real number (cf. [7, 14, 16] in dimen-
sion d D 1, and [23] for d � 3); however, if T is additionally Fredholm, it coincides
with the usual Fredholm index (see Remark 7.2).

We conclude this paper, as we mentioned before, with examples of partial Witten
index formulas taken from [23] without their proofs, dealing with massless .d C 1/-
Dirac–Schrödinger operators. These operators are non-Fredholm, but possess partial
Witten index formulas given in Example 7.5, and for a special choice of potential
in Example 7.7. The point of these examples is that they extend the known Witten
index formula, given directly in terms of the underlying potential, in the case d D 1
(cf. [7, 14, 16]), to d � 3 odd. In this presented setup, the model operator A0 D i@ is
just the derivative in one direction, and B is given by a (matrix) potential over RdC1.

Definition 1.6. For a potential V WRd �R!Bsa.H/, define the associated massless
.d C 1/-Dirac–Schrödinger operator DV ,

�
DV f

�
.x; y/ WD i

dX
jD1

cj @xj f .x; y/C i@yf .x; y/C V.x; y/f .x; y/;

x 2 Rd ; y 2 R; f 2 W 1;2
�
RdC1;Cr

˝H
�
:

Without going into the details of the assumptions on the potential V , we then have
the index formula.

Example 1.7 (Example 7.5). Assume that V satisfies the requirements given in Ex-
ample 7.5. Then,

indW DV D
1

2�
.4�/�

d�1
2
.d�1
2
/Š

d Š
�c

Z
Rd

trH
��
U V

��1dU V
�^d

;
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where ^d is the d -fold exterior power,

�c WD trCr
�
c1 � : : : � cd

�
;

and the unitary U V is given by U V .x/ WD limn!1 U
V.x;�/.n;�n/, x 2 Rd , where

UA.y1;y2/, y1;y2 2R, for a givenA WR!Bsa.H/ is the (unique) evolutions system
of the equation

u0.y/ D iA.y/u.y/; y 2 R:

At the end of this introduction, we will compare our results with the existing
literature and the history of the problem, but before we do that, let us heuristically
summarize the idea of proof of the central Theorem 1.2.

Apart from introducing the main Hypothesis 2.12 in Section 2, the goal of this sec-
tion is to show domain stability under perturbation induced by the operator family B
and then prove a uniform trace-class norm estimate on the partial trace of the resolvent
difference of the operators D�D and DD�. The core result here is Proposition 2.28,
which decomposes the mentioned resolvent difference into a finite sum of products of
operators which are either bounded or of appropriate Schatten–von Neumann class.
The uniformity in the resolvent parameter allows us to apply holomorphic functional
calculus to also obtain the trace-norm estimate for the semi-group difference ofD�D
and DD� in Proposition 2.29.

In Section 3, we then develop an iterative approximation scheme Bn;m;l for the
operator family B , such that the resulting trace formulae will converge. The main
result in this section is Corollary 3.4. The reason for this procedure is to improve
the properties of B; essentially, we show that without loss of generality one may
assume that B is smooth and finite rank valued. This, in particular, enables us in the
subsequent sections to use the commutation under the trace more freely.

Section 4 then develops the overarching framework to calculate the trace as the
integral over the diagonal of the fibre trace of an appropriate operator-valued integral
kernel. This is a classical technique in the matrix valued case but requires some justi-
fication in our setup. The operator valued integral kernels we need are then constructed
as perturbations of the Gaussian heat kernel by a Volterra-series-type argument, which
is again a classical approach in the matrix valued case. For the idea of proof, we should
highlight Lemma 4.8, which decomposes the semi-group difference into a finite sum
of integrals of commutators. There are two types of commutators, those with Œi=@; ��
and those with ŒA; ��. We will later show that the commutator with the multiplication
by A will vanish in the fibre trace of its integral kernel diagonal as expected, while
the trace of the commutator with i=@ will allow us to use Stokes’ theorem to pass to
integrals over expanding spheres SR.0/, R!1, similar to Callias’ classical result.

In Section 5, this procedure is carried out with the appropriate integral kernels con-
structed from the auxiliary integral kernels in Section 4. We then exploit, as mentioned
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before, that only the values of the involved integral kernels on the spheres SR.0/ for
R!1 matter, and only those expressions which do not decay faster than Rd�1 �
vol.SR.0// survive. The main result of this section is, therefore, Proposition 5.9, a pre-
liminary trace formula involving the values of a particular integral kernel ��;d�1s .x;x/

for x 2 SR.0/.
The next step of the proof is provided in Section 6, where we show first that the

particular kernel ��;d�1s can be replaced successively by increasingly more tractable
integral kernels in the spherical limit on SR.0/, R ! 1, which is the content of
Lemma 6.3, the last step before the main result, namely, Theorem 6.4. In its proof, the
essential step is to pass to the limits of the approximation of B , which was introduced
in Section 3.

Before we proceed, let us outline the historical context of the problem. A differ-
ential operator of the type D D i=@CA was discussed prominently by Atiyah, Patodi,
and Singer in their seminal series of papers [3–5]. Therein, A is a family over R

of first-order, elliptic, differential operators on a compact, odd-dimensional manifold
with invertible asymptotic endpoints. They showed that D is Fredholm with Fred-
holm index indD D sflow.A; 0/, where the right-hand side is the spectral flow of A
through 0. The one-dimensional case, in whichA is parametrized over R, and i=@ is just
the derivative along R, was further discussed by Robbin and Salamon [33] for more
general types of unbounded operator families A, however still with A.x/, x 2 R,
having discrete spectra. One should also note [7], where some of the notions about
generalized index, and spectral flow, appeared. In 2008, Pushnitski showed in [31]
that discreteness of the spectrum of A can, in essence, be replaced by the following
assumption: assume that AD A� CB , where A� is a generic self-adjoint operator in
a separable Hilbert space, and the derivative B 0 of the family B of bounded, symmet-
ric operators is an integrable family of trace-class operators in H , i.e.,Z

R



B 0.x/


S1.H/

<1: (8)

Under these conditions, D is Fredholm with

indD D �
�
0; AC; A�

�
;

where A˙ D limx!˙1 A.x/ are the (self-adjoint) limit endpoints in a certain sense,
and �.�; AC; A�/ is the associated spectral shift function, a concept from scattering
theory (cf. [39]) which we will not delve into here; however, it should be noted that if
the spectral shift function of the endpoints and the spectral flow of a (regular enough)
family exist, then they coincide (cf. also [7]). However, Pushnitski’s results go beyond
a generalization of the index problem. In fact, a principal trace formula (which in
general carries more information on D than the Fredholm index), already present in
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Callias paper [13], was shown in this more general setup:

trL2.R;H/
��
DD� � z

��1
�
�
D�D � z

��1�
D

1

2z
trH
�
AC

�
A2C � z

�� 12 � A��A2� � z�� 12 � (9)

for z 2CnŒ0;1/. In the following years, and also quite recently, more results emerged
similar to Pushnitski’s trace-based approach to the index problem; for example, con-
dition (8) was replaced withZ

R



B 0.x/�A2� C 1�� 12 

S1.H/ <1;
by Gesztesy et al., in [24], while (9) still holds. Further generalizations along these
lines have been discussed in [15, 17]. These results are presented comprehensively
in the monograph [18]. We remark that the principal trace formula in these publica-
tions (9) corresponds to the case d D 1 in the principal trace formula (6) presented in
this paper, if one rewrites the right-hand side of (9) with an appropriate integral (the
endpointsA˙ can be seen as the endpoints of the functionA.t/DA�C t .AC �A�/,
an application of the fundamental theorem of calculus then yields the integrated form),
and turned via the inverse Laplace transform into an exponentiated version instead of
the resolvent version (9):

trL2.R;H/
�
e�tD

�D
� e�tDD

��
D

r
t

�

Z 1

0

trH
�
e�tA.s/

2�
AC � A�

��
ds:

Another important result, extending the classical "Index=Spectral Flow" The-
orem, was provided by Callias in the paper [13]. While the operator family A acts
there in a finite-dimensional space, the index formula therein holds for =@ being the
classical Dirac operator in Rd for d odd, which is also our setup here. The index
theorem [13, Theorem 2] then reads as follows: let k D d�1

2
. With the minimal rank

choice r D 2k for the Clifford matrices, let A be a smooth family of m �m-matrices
with jA.x/j � C > 0 for all jxj � c for some constants c, C . Assume thatA is asymp-
totically homogeneous of order 0 as x !1 (i.e., A.x/ is a 0-order classic symbol
in x). Then, D is Fredholm, and, with U.x/ WD A.x/jA.x/j�1,

indD D
1

2kŠ

�
i
8�

�k
lim
R!1

Z
SR

trCmU.dU/^.d�1/; (10)

here, SR denotes the d � 1-sphere of radius R around 0, and .dU/^.d�1/ the d � 1-
fold exterior product of (matrix-)one-forms dU . One should note that there are some
problems with the trace-class membership of certain operators in [13] in the original



O. Fürst 1360

proof;2 however, the ideas have been made rigorous (and generalized) by Gesztesy
and Waurick in [27].

Despite being beyond the scope of this paper, one should also mention that there
exist a multitude of generalizations of Callias’ index theorem to non-compact Rieman-
nian manifolds (cf. [1, 2, 9, 10, 12, 19, 20, 29, 30, 32, 34, 35, 37, 38]), however still in
the context of Fredholmness and not providing a general principal trace formula. The
usual assumption therein is that the operator valued potential A is invertible in some
sense outside a compact region of the manifold to ensure Fredholmness of D. We
emphasize that we do not assume such a condition in this paper.

With this perspective, the principal trace formula (6) stands in analogy to (10),
similar in spirit to the generalizations developed by Pushnitski in the one-dimensional
case for the "Index=Spectral Flow"-Theorem, especially if one no longer requires D
to be Fredholm.

2. Trace-class properties of the resolvents of D�D and DD�

In this section, we present our conditions on the family A and show domain and trace-
class properties. We start, however, by introducing further notation.

Denote by Sp.H/ the p-th Schatten–von Neumann class of H , and by B.H/ the
linear bounded operators of H . Denote hT iz WD .T �T C z/

1
2 , z 2 Cn.�1; 0�, and

hT i WD hT i1, for an operator T in a Hilbert space. Denote for a measurable func-
tion g W R! R by g.X/ the multiplication operator in L2.Rd ;Cr ˝H/, given by
.g.X/f /.x/ WD g.x/f .x/, x 2 Rd . For z 2 �.T /, denote Rz.T / WD .T C z/�1.

The following simple relation between trace and Clifford matrices is essential.

Lemma 2.1. (1) For n 2 N and ˛ 2 ¹1; : : : ; dºn,

trCr

 
nY

jD1

c j̨

!
D 0;

if (n, d are odd, and n < d ) or (n is odd, and d is even).
(2) For d odd, and ˛ 2 ¹1; : : : ; dºd ,

trCr

 
dY
jD1

c j̨

!
D �c"˛; (11)

2This may be due to the fact that shortly after Callias published his results a different proof
was presented by Bott and Seeley in [8], which Callias already mentions in the introduction of
his paper.
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where "˛ D "˛1���˛d is the Levi-Civita symbol, and

�c WD trCr

 
dY
jD1

cj

!
:

If r D 2
d�1
2 , i.e., the minimal choice of r to satisfy the anti-commutator relation (1),

then
�c D .2i/

d�1
2 l.�i/d :

Proof. Due to the anti-commutator relation (1), it is sufficient to consider only those
˛, for which all j̨ , j 2 ¹1; : : : ; nº, are pairwise different. Since n is odd, we have
n < d in any case. Thus, there existsm 2 ¹1; : : : ; dº such thatm¤ j̨ , j 2 ¹1; : : : ; nº.
Then,

trCr

 
nY

jD1

c j̨

!
D �trCr

 �
cm
�2 nY
jD1

c j̨

!

D �trCr

 
cm

nY
jD1

c j̨ cm

!
D .�1/nC1trCr

 �
cm
�2 nY
jD1

c j̨

!

D �trCr

 
nY

jD1

c j̨

!
:

Statement (11) follows immediately from the anti-commutator relation (1), the defini-
tion of "˛ , and the first part of this proof. The case of r D 2

d�1
2 follows by induction in

d and the representation of Clifford matrices of odd dimension d by those of dimen-
sion d � 2. The sign convention corresponds to the choice cj D �i�j , where �j are
the classical Pauli matrices.

Definition 2.2. For B an function on Rd with values in symmetric operators in H
with common domain DomA0, letD DDB WD i=@CB CM0, DomDB WD DomD0,
and HB WD �C .B CM0/

2, DomHB WD DomH0.

Definition 2.3. ForB a operator function on Rd with domains DomB.x/DDomA0,
we write B 2 C k

b
.Rd ; A0; m/, for k 2 N0, m � 0, if hA0iˇB.x/hA0i�1�ˇ , x 2

Rd , is a family of closable operators with closures in B.H/ for any ˇ 2 Œ�m;m�,
and x 7! hA0iˇB.x/hA0i�1�ˇ 2 C kb .R

d ; B.H//, where C k
b

is the space of k-times
continuously differentiable bounded functions in the strong operator topology with
bounded derivatives, where boundedness is with respect to the B.H/ operator norm.
As usual, C k

b
.Rd / just denotes the scalar/matrix valued-C k

b
-functions. All involved

spaces come equipped with the obvious norm given by summing the appropriate L1-
norms of the derivatives up to order k.
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Definition 2.4. We introduce the following semi-norms for operators

B 2 C 1b .R
d ; A0; 1/;

with z 2 Cn.�1; 0�,

�z.B/ WD


BhM0i

�1
z




L1.Rd ;B.H//

C


hM0iBhM0i

�1
hM0i

�1
z




L1.Rd ;B.H//

C


rBhM0i

�1
hM0i

�1
z




L1.Rd ;B.H/d /

:

For ˇ 2 R, denote, for B 2 C 1
b
.Rd ; A0; jˇj C 1/,

�ˇz .B/ WD �z
�
hM0i

ˇBhM0i
�ˇ
�
:

Remark 2.5. Complex interpolation implies certain operator inequalities (cf. [25]).
In particular, by combining [25, Theorem 2.8] with Jensen’s inequality, we have, for
ˇ 2 Œ�2N; 2N �,

�ˇz .B/ � �
�2N
z .B/C �2Nz .B/:

Proposition 2.6. Let a family B 2 C 1
b
.Rd ; A0; 1/ of symmetric operators satisfy

lim
dist.z;.�1;0�/!1

�z.B/ D 0: (12)

Then, DB is closed in L2.Rd ;Cr ˝ H/ with D�B D �i=@ C B CM0, DomD�B D

DomD0. Moreover, the operators DBD�B , D�BDB , and HB are non-negative and
self-adjoint with domain DomH0.

Proof. The proof of the statement about DB and D�B is similar to the proof of [24,
Lemma 4.4], although it is assumed that d D 1, the argument works with the necessary
changes for all dimensions d 2N. Let us provide at least an outline. The authors show
that B is relatively bounded by D0, and B� by D�0 , with bound 0, provided that

BhM0i

�1
z




L1.Rd ;B.H//

R3z!1
������! 0:

This condition is, however, satisfied by (12). The statement then follows from the
Kato–Rellich theorems [28, Theorems 4.1.1, 5.4.3]. The same idea works for D�BDB
and DBD�B , which are self-adjoint by definition. Let us consider DBD�B ; the proof
for D�BDB is analogous. As differential operators, we have

DBD
�
B D �C .B CM0/

2
C i.=@B/;

which implies

DBD
�
B �H0 D B

2
CM0B C BM0 C i.=@B/
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on DomH0. We estimate, for z � 1,

�B2 CM0B C BM0 C i=@EB
�
Rz2

�
H0
�


B.L2.Rd ;Cr˝H//

�
�

BhM0i

�1



L1.Rd ;B.H//

C 1
�

hM0iBhM0i

�1
hM0i

�1
z




L1.Rd ;B.H//

C


BhM0i

�1
z




L1.Rd ;B.H//

C


rBhM0i

�1
hM0i

�1
z




L1.Rd ;B.H/d /

z!1
����!

(12)
0:

Hence, .B CM0/
2 C i.=@B/ is relatively bounded byH0 with bound 0. Thus,DBD�B

is self-adjoint on DomH0, and essentially self-adjoint on any core of H0. Since
C1c .R

d /˝Cr ˝D is a common core of both DBD�B and H0, we have

Dom.DBD�B/ D DomH0:

For HB , we have a similar result, but we have to add that HB � 0 on DomH0

follows by a direct calculation.

Remark 2.7. Under the prerequisites of Proposition 2.6, it also follows that A.x/ D
A0 C B.x/ is self-adjoint on DomA0 for a.e. x 2 Rd . Indeed, since hM0izhD0i

�1
z

is bounded in norm by 1, uniformly for z > 0, it follows from kT kB.L2.Rd ;H// D
kT kL1.Rd ;B.H// for measurable multiplication operators T that

lim
z!1

sup
x2Rd



B.x/hA0i�1z 


B.H/

D 0;

which implies that for a.e. x 2 Rd , and � 2 DomA0,

B.x/�


H
D


B.x/hA0i�1z hA0iz.A0 C i

p
z/�1.A0 C i

p
z/�




H

� o.1/


.A0 C i

p
z/�




H
� o.1/



A0�

H C o.pz/k�kH ; z !1:

Hence, B.x/ is relatively bounded by A0 with bound 0 for a.e. x 2 Rd . Since B.x/
is symmetric, the statement follows from the Kato–Rellich theorem.

Next, we recall some well-known facts about Schatten–von Neumann operators.
Let Sp.X/ denote the Banach space of the p Schatten–von Neumann operators of a
separable Hilbert space X .

Lemma 2.8. Let 2� p <1, x 7! T .x/ 2Lp.Rd ; Sp.Cr ˝H//, and g 2Lp.Rd /;
then, Tg.j=@j/ 2 Sp.L2.Rd ;Cr ˝H// with

Tg�j=@j�



Sp.L2.Rd ;Cr˝H//
� .2�/�

d
p kT kLp.Rd ;Sp.Cr˝H//kgkLp.Rd /: (13)

Proof. The proof of this statement is analogous to the proof of [36, Theorem 4.1].
There,H DC, which one has to change here. We give the essential outline. For pD 2,
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the statement follows from the fact that there is a L2.Rd �Rd ; S2.Cr ˝H//-valued
integral kernel k of Tg.j=@j/, given by

k.x; y/ D .2�/�
d
2 T .x/ Lg.x � y/; x; y 2 Rd ;

where Lg.u/WD.2�/�
d
2

R
Rd e

�iu��g.�/˝1Crd� . The operator Tg.j=@j/ is, thus, Hilbert–
Schmidt with equality in (13). On the other hand, x 7! T .x/ 2 L1.Rd ;B.Cr ˝H//

implies that T 2B.L2.Rd ;Cr ˝H//, and Borel functional calculus implies g.j=@j/ 2
B.L2.Rd ;Cr ˝H//. We have

Tg�j=@j�



B.L2.Rd ;Cr˝H//
� kT kL1.Rd ;B.Cr˝H//kgkL1.Rd /:

If T and g are compactly supported, the case p � 2 with (13) follows from complex
interpolation. For general T and g, let .�n/n2N be a sequence of compactly supported
continuous functions, which converge pointwise to 1 on R. Then, the self-adjoint
operators �n ˝ 1Cr˝H and �n.j=@j/ converge strongly to 1L2.E˝H/. With Tn.x/ WD
�n.x/T .x/ and gn WD �ng, we obtain Tngn.j=@j/ D �n ˝ 1Cr˝HTg.j=@j/�n.j=@j/. By
Lemma 2.19 and since limn!1 Tn D T inLp.Rd ; Sp.Cr ˝H//, and limn!1 gn D

g in Lp.Rd /, the general case follows, by taking the limits past the norms in (13).

Corollary 2.9. Let x 7! T .x/2Lp.Rd ;Sd .Cr ˝H//, such that T .x/ is self-adjoint
for a.e. x 2 Rd . Then, for t > d

p
, we have a constant Cd;p <1, such that

h=@is�tT h=@i�s 2 Sp
�
L2
�
Rd ;Cr

˝H
��
;

h=@is�tT h=@i�s



Sp.L2.Rd ;Cr˝H//
� Cd;pkT kLp.Rd ;Sp.Cr˝H//; s 2 Œ0; t �:

Proof. First, consider s D t . We note that � 7! h�i�t 2 Lp.Rd /, so Lemma 2.8
applies. The case s D 0 follows by taking adjoints. The general case follows by com-
plex interpolation (cf. [25]).

Definition 2.10. We introduce a second set of semi-norms for B 2 C 1
b
.Rd ; A0; m/

(see Definition 2.3), m � 0, and the following data: ˛ � 0, ˇ 2 R, with jˇ � 1j � m,
jˇ � ˛j � m, p � 2, s � 0, and a unit vector field � 2 �.TRd /,

�˛;ˇ;�;p;s.B/ WD


x 7! hxishA0i�˛Cˇ ��B�.x/hA0i�ˇ

L1.Rd ;Sp.H//;

and denote

�˛;ˇ;r;p;s WD

dX
iD1

�˛;ˇ;@i ;p;s:

To formulate the continuity conditions at infinity, we introduce the following nota-
tion.
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Definition 2.11. For x; y 2 Rd and an operator-valued function S over Rd , define

.TyS/.x/ WD S.x � y/;

ıy WD T�y � Ty ;

w2y.S/ WD ı
2
y
2

S:

We introduce the set of conditions on the operator family A DM0 C B .

Hypothesis 2.12. Let ˛ � 1, and N � b˛�1
2
.d C 1/c C 1. Let B be a family of sym-

metric operators inH , with domains DomA0. Assume thatB 2C 1
b
.Rd ;A0; 2N C 1/.

Assume that
(1) The operator family B satisfies

lim
dist.z;.�1;0�/!1

��2Nz .B/C �2Nz .B/ D 0; (14)

and that for all ˇ 2 Œ�2N C ˛; 2N C 1�,

�˛;ˇ;r;d;1.B/ <1;

9" > 0 W �˛;ˇ;@R;d;1C".B/ <1;
(15)

where @R WD
Pd
iD1

xi

jxj
@i denotes the radial vector field.

(2) Let S1.0/ denote the .d � 1/-dimensional unit sphere. For � 2 DomA0, a.e.
y 2 S1.0/, a.e. x 2 Rd , and 
 2 Nd

0 with j
 j � 1, assume that

lim
R!1

Rj
 j


�@
B.Ry C x/ � @
B.Ry/��



H
D 0: (16)

(3) Assume that in case d D 3 there exists ı > 0 such that for a.e. y 2 S1.0/,
z0 2 Rd , for � 2 DomA20, and c > 0,

sup
jxj�1

jxj
1
2 sup
z2Bc log jxj.0/



.B.x C z/ � B.x//�


H
<1;

sup
jxj�1

jxj sup
z2Bc log jxj.0/



w2z .B/.x/�

H <1;

sup
jxj�1

jxj
3
2 sup
z2Bc log jxj.0/

md .z/


�rB.x C z/ � rB.x/��



H
<1;

sup
jxj�1

jxj2 sup
z2Bc log jxj.0/

md .z/


w2z .rB/.x/�

H <1;

lim
R!1

R


w2z0.B/.Ry/�

H D 0;

lim
R!1

R2


w2z0.rB/.Ry/�

H D 0;

where

md .z/ WD

´
min.1; jzj/�ı ; d D 3;

1; d � 5:



O. Fürst 1366

Remark 2.13. By a Kato–Rellich argument, Hypothesis 2.12 implies that, for a.e.
x0 2 Rd , A.x0/ D A0 C B.x0/ can take the role of the model operator A0.

The second and third sets of conditions concerned with the radial convergence at
infinity of A and dA will also only play a role in determining the trace. Note that
the prerequisites of Proposition 2.6 and Remark 2.7 are satisfied if B satisfies Hypo-
thesis 2.12.

In the following, we will prepare for the proof of Proposition 2.28. In this proof,
we will factorize the partial trace of difference of the resolvent powers of DD� and
D�D into appropriate bounded and Schatten–von Neumann class operators. These
factors will fit the templates of operators we will discuss below.

Definition 2.14. Let B satisfy Hypothesis 2.12. For z 2 C, let

w D w.z/ WD dist.z; .�1; 0�/:

For C � 0, let DC .B/ WD ¹z 2 C W w.z/ � cº, where c � 1 is the minimal choice,
such that

Cw�
1
2 C

�
��2N1 .B/C �2N1 .B/C 1

��
��2Nz .B/C �2Nz .B/

�
�
1

2
; z 2 DC .B/:

Definition 2.15. For s 2 R, denote by Syms those smooth functions f W Rd ! C,
such that, for all 
 2 Nd

0 ,

hXij
 j�s@
f 2 L1
�
Rd
�
:

Remark 2.16. Straightforward calculation verifies

C1c .R
d / � Sym�1 WD

1\
jD0

Sym�j ;

and hXiu 2 Symu for u 2R. For f 2 Symr , g 2 Syms , we also have fg 2 SymrCs ,
which follows from the Leibniz rule. Moreover, for f 2 Sym0, the Leibniz rule,
taking adjoints and complex interpolation imply that h=@isf h=@i�s have bounded exten-
sions in L2.Rd ;Cr ˝H/ for all s 2 R.

We discuss our first type of bounded operators involved in the factorization of
Proposition 2.28.

Lemma 2.17. There exists a universal constant C such that if B satisfies Hypo-
thesis 2.12, and we let t 2 Œ0; 2�, s 2 Œ�1; 1�, k 2 N, k � N , and r 2 Œ�2N; 2N �
with r � 2.k � 1/ 2 Œ�2N; 2N �, then the operators

R WD hM0i
r
hXi�sRz.T /

k
hXishM0i

2k�r�t
h=@it ; T 2

®
HB ;DD

�;D�D
¯
;



Trace and index of Dirac–Schrödinger operators on open space 1367

possess extensions in B.L2.Rd ;Cr ˝ H// with operator norm bounded by 2k for
z 2 DC .B/.

Proof. We write R D .
Qk�1
iD1 Ri /S , with

S D hM0i
�2.k�1/Cr

hXi�sRz.T /hXi
s
hM0i

2k�r�t
h=@it ;

Ri D hM0i
�2.i�1/Cr

hXi�sRz.T /hXi
s
hM0i

2i�r ; i 2 ¹1; : : : ; k � 1º:

We develop Rz.T / into a Neumann series around H0,

Ri D

1X
lD0

.�1/l
�
Rz
�
H0
�
Ci
�l
hM0i

2Rz
�
H0
�
;

S D

1X
lD0

.�1/l
�
Rz
�
H0
�
Ck
�l
hM0i

2�t
h=@itRz

�
H0
�
;

(17)

where

Ci WDhM0i
�2.i�1/Cr

�
B2CBM0CM0BC"i=@

E
BChXi�s

�
�; hXis

��
hM0i

2.i�1/�r ;

where " D �1 for T D D�D, " D 0 for T D HB , and " D 1 for T D DD�. Since
hXis 2 Syms , it follows that hXi�sŒ�; hXis� is a first-order differential operator
with coefficients in Sym�1. Thus, there exists a universal constant C such that, for
u 2 Œ�1; 1�, z 2 Cn.�1; 0� with w WD dist.z; .�1; 0�/ � 1,

Rz�H0�hXi�s��; hXis�

B.L2.Rd ;Cr˝H// � Cw� 12 :
Furthermore, we have by Hypothesis 2.12 the norm estimate

Rz�H0�Ci

B.L2.Rd ;Cr˝H// � Cw� 12 C 

hM0ihM0izRz�H0�

B.L2.Rd ;Cr˝H//
�


hM0i�1z hM0i�2.i�1/Cr�1�B2 CBM0 CM0B C "i.=@B/�hM0i2.i�1/�r

B.L2.Rd ;Cr˝H//
� Cw�

1
2 C

�
�
2.i�1/�r
1 .B/C 1

�
�
2.i�1/�r
z .B/ �

1

2
; z 2DC .B/;

where the last inequality follows by Remark 2.5 and the definition of the domain
DC .B/. This implies that the Neumann series of Ri and S converge in operator norm,
each of which can be bounded in operator norm by 2 for z 2DC .B/. We conclude that
k xRkB.L2.Rd ;Cr˝H// � 2

k for z 2DC .B/.

A similar result holds under weaker conditions, which we will need later in the
proof of the approximation statement.

Lemma 2.18. Let B W Rd ! B.H/ be a point-wise self-adjoint C 1-function with
respect to the strong operator topology such that

kBkC1
b
.Rd ;B.H// D kBkL1.Rd ;B.H// C krBkL1.Rd ;B.H/d / <1:
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Assume also that B 2 C 1
b
.Rd ; A0; 1/ with limw!1 �z.B/ D 0, where

w WD dist.z; .�1; 0�/:

Let t 2 Œ0; 2�, s 2 Œ�1; 1�, and k 2 N. Then, the operators

Rk;s;t WD hXi
�sRz

�
HB

�k
hXish=@it

admit extensions in B.L2.Rd ;Cr ˝H// with norm bounded by

C k.kBkC1
b
.Rd ;B.H// C 1/

2k

for w � C.kBkC1
b
.Rd ;B.H// C 1/

4, where C is some universal constant.

For TB 2 ¹HB ;D�BDB ;DBD
�
Bº, and w � C.kBkC1

b
.Rd ;B.H// C 1/

4, the operat-
ors �

H0 C 1
� 1
2 hXi�sRz

�
TB
�
hXis

�
H0 C 1

� 1
2 ; s 2 Œ�1; 1�;

admit extensions in B.L2.Rd ;Cr ˝H// with norm bounded by

C k.kBkC1
b
.Rd ;B.H// C 1/

2k

for w � C.kBkC1
b
.Rd ;B.H// C 1/

4.

Proof. We note that by Proposition 2.6 the operators TB � 0 are self-adjoint, so that
the involved resolvents are well defined. We show first that�

H0 C 1
� 1
2 hXi�sRz

�
TB
�
hXis

�
H0 C 1

� 1
2

admits a bounded extension. We develop hXi�sRz.TB/hXis into a Neumann series
around H0:�
H0 C 1

� 1
2 hXi�sRz

�
TB
�
hXis

�
H0 C 1

� 1
2

D
�
H0 C 1

� 1
2Rz

�
H0
� 1
2

1X
lD0

.�1/l
�
Rz
�
H0
� 1
2T"Rz

�
H0
� 1
2
�l�
H0 C 1

� 1
2Rz

�
H0
� 1
2 ;

(18)

where
T" WD B

2
C BM0 CM0B C fs=@C gs C i".=@B/;

fs WD 2hXi
�s=@hXis;

gs WD hXi
�s�hXis;

where " D �1 for TB D D�BDB , " D 0 for TB D HB , and " D 1 for TB D DBD�B .
Since .H0 C 1/

1
2Rz.H0/

1
2 is bounded in operator norm by 1 for w � 1, it remains to
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investigate the inner factor of the left-hand side of (18), and thus, we consider

Rz
�
H0
� 1
2T"Rz

�
H0
� 1
2 D Rz

�
H0
� 1
2B2Rz

�
H0
� 1
2

CRz
�
H0
� 1
2BM0Rz

�
H0
� 1
2

CM0Rz
�
H0
� 1
2BRz

�
H0
� 1
2

CRz
�
H0
� 1
2fs=@Rz

�
H0
� 1
2

CRz
�
H0
� 1
2gsRz

�
H0
� 1
2

C i"Rz
�
H0
� 1
2 .=@B/Rz

�
H0
� 1
2 :

Since M0Rz.H0/
1
2 and =@Rz.H0/

1
2 are uniformly bounded in operator norm by 1 for

w � 1, B , B2, .=@B/ are bounded in norm operator norm by .kBkC1
b
.Rd ;B.H// C 1/

2,
and the functions fs 2 Sym�1, gs 2 Sym�2 give rise to uniformly bounded operat-
ors in operator norm for s 2 Œ�1; 1�, the operator Rz.H0/

1
2TRz.H0/

1
2 is uniformly

bounded in operator norm by c.kBkC1
b
.Rd ;B.H// C 1/

2w�
1
2 for some universal con-

stant c andw � 1. We assume for the rest of the proof thatw � c2.kBkC1
b
.Rd ;B.H//C

1/4. Then, the Neumann series (18) converges in operator norm to a bounded operator
with norm bound 2. Since .iC =@/.H0 C 1/�

1
2 is bounded in operator norm by 1, we

also have that
.iC =@/hXi�sRz

�
HB

�
hXis.iC =@/ (19)

is a bounded operator with norm less than 2. In (19), we commute iC =@ and obtain

.iC =@/hXi�sRz
�
HB

�
hXis.iC =@/

D hXi�sRz
�
HB

�
hXis.iC =@/2 C

�
=@; hXi�sRz

�
HB

�
hXis

�
.iC =@/: (20)

By the resolvent identity, we rewrite the commutator and obtain�
=@; hXi�sRz

�
HB

�
hXis

�
.iC =@/

D �hXi�sRz
�
HB

�
hXis

�
=@; T

�
hXi�sRz

�
HB

�
hXis.iC =@/

D �hXi�sRz
�
HB

�
hXis

�
H0 C 1

� 1
2�

H0 C 1
�� 12 ��=@B2�CM0.=@B/C .=@B/M0 C

�
=@fs

�
=@C

�
=@gs

���
H0 C 1

�� 12�
H0 C 1

� 1
2 hXi�sRz

�
HB

�
hXis.iC =@/: (21)

The first and third factors of (21) are both bounded in operator norm by 2 according
to the previous considerations, the second factor is bounded since M0Rz.H0/

1
2 and

=@Rz.H0/
1
2 are uniformly bounded in operator norm by 1 for w � 1, .=@B/, and .=@B2/
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are bounded by .kBkC1
b
.Rd ;B.H// C 1/

2, and the functions .=@fs/ 2 Sym�2, .=@gs/ 2
Sym�3 give rise to uniformly bounded operators in operator norm for s 2 Œ�1; 1�. In
total, (21) implies that Œ=@; hXi�sRz.HB/hXis�.iC =@/ is uniformly bounded in oper-
ator norm by C 0.kBkC1

b
.Rd ;B.H// C 1/

2 for some universal constant C 0. By (20), it
follows that

hXi�sRz
�
HB

�
hXis.iC =@/2;

and thus, R1;s;t is uniformly bounded by C 00.kBkC1
b
.Rd ;B.H// C 1/

2 for some uni-
versal constant C 00, and all t 2 Œ0; 2�. Finally, we use the fact that

Rk;s;t D R
k�1
1;s;0R1;s;t

to conclude the statement.

We will also need the following convergence statement, which is a fundamental
property of Schatten–von Neumann operators.

Lemma 2.19 ([24, Lemma 3.4]). Let Rn, Sn, Tn, n 2 N, be bounded operators in a
separable Hilbert spaceX . For 1� p <1, let Sn 2 Sp.X/, such that limn!1 Sn D

S in Sp.X/-norm. Furthermore, assume that limn!1 Rn D R, and limn!1 T
�
n D

T � strongly. Then,
lim
n!1

RnSnTn D RST;

in Sp.X/-norm.

Inspired by this lemma and for our convenience, we introduce the following nota-
tion.

Definition 2.20. If T is a bounded operator, and .Tn/n2N is a sequence of bounded
operators in a Hilbert space X , we say Tn converges in SOTA of X to T , if Tn and
T �n converge in the strong operator topology to T , respectively, to T � as n!1.

Lemma 2.21. There exists a universal constant C such that the following statement
holds true. LetB satisfy Hypothesis 2.12, and let .Bn/n2N be a sequence of operators,
each of which satisfy Hypothesis 2.12, such that .Bn/n2N converges in the following
sense: for ˇ 2 Œ�2N C 1; 2N � 1�, and a.e. x 2 Rd , we have strong operator con-
vergence in H of

hA0i
ˇ
�
Bn.x/C A0

�2
hA0i

�2�ˇ n!1
����! hA0i

ˇ
�
B.x/C A0

�2
hA0i

�2�ˇ ; (22)

and with w WD dist.z; .�1; 0�/, assume that

sup
n2N

�
��2Nz

�
Bn
�
C �2Nz

�
Bn
�� w!1
����! 0I (23)
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then, we have SOTA convergence in L2.Rd ;Cr ˝H/ of

hM0i
rhXi�sRz

�
HBn

�k
hXishM0i

2k�r�t h=@it

n!1
����! hM0i

rhXi�sRz
�
HB

�k
hXishM0i

2k�r�t h=@it

for t 2 Œ0; 2�, u 2 Œ�1; 1�, k 2 N, k � N , and r 2 Œ�2N; 2N � with r � 2.k � 1/ 2
Œ�2N; 2N �.

If additionally for a.e. x 2 Rd we have strong operator convergence in H of

hA0i
ˇ@iBn.x/hA0i

�2�ˇ n!1
����! hA0i

ˇ@iB.x/hA0i
�2�ˇ ; i 2 ¹1; : : : ; dº;

then we also have SOTA convergence in L2.Rd ;Cr ˝H/ of

hM0i
rhXi�sRz

�
DBnD

�
Bn

�k
hXishM0i

2k�r�t h=@it

n!1
����! hM0i

rhXi�sRz
�
DBD

�
B

�k
hXishM0i

2k�r�t h=@it ;

and

hM0i
rhXi�sRz

�
D�BnDBn

�k
hXishM0i

2k�r�t h=@it

n!1
����! hM0i

rhXi�sRz
�
D�BDB

�k
hXishM0i

2k�r�t h=@it ;

for t 2 Œ0; 2�, u 2 Œ�1; 1�, k 2 N, k � N , and r 2 Œ�2N; 2N � with r � 2.k � 1/ 2
Œ�2N; 2N �.

Proof. We only show the statement involving HB . The proof for DBD�B and D�BDB
is analogous. Consider the factorization presented in the proof of Lemma 2.17, now
with Bn replacing B everywhere. We note that both Neumann series in (17) converge
for z 2DC .Bn/. Due to condition (23), there existsw0 � 1, such that ¹z 2C Ww.z/�

w0º � DC .B/ \
T
n2N DC .Bn/. Thus, analogous to the proof of Lemma 2.17, the

operators

Sn.t/ WD hM0i
�2.k�1/Cr

hXi�sRz
�
HBn

�
hXishM0i

2k�r�t
h=@it ;

S.t/ WD hM0i
�2.k�1/Cr

hXi�sRz
�
HB

�
hXishM0i

2k�r�t
h=@it

have bounded extensions for w.z/ � w0, where w0 is independent of n, and their
operator norms are uniformly bounded by 2. By the resolvent identity, we find

Sn.t/ � S.t/

D Sn.0/
�
hM0i

�2kCr
��
B CM0

�2
�
�
Bn CM0

�2�
hM0i

2.k�1/�r
�
S.t/: (24)

Since Sn.0/ is uniformly bounded by 2, it suffices to verify the strong operator conver-
gence in L2.Rd ;Cr ˝H/ of the inner factor of (24) to conclude the strong operator
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convergence of Sn.t/ to S.t/. Indeed, condition (22), the uniform bound given by con-
dition (23), and the dominated convergence theorem ensure the strong convergence of
the inner factor. For the remaining factors

Ri;n WD hM0i
�2.i�1/Cr

hXi�sRz.HBn/hXi
s
hM0i

2i�r ;

we obtain analogous results. For the strong convergence of the adjoints, the claimed
statement follows similarly if one replaces (24) with

Sn.t/
�
� S.t/�

D Sn.t/
�
�
hM0i

2.k�1/�r
��
B CM0

�2
�
�
Bn CM0

�2�
hM0i

�2kCr
�
S.0/�;

using the fact that the operator functions Bn and B are point-wise symmetric.

We also provide here a variant under weaker conditions, which we will later also
need.

Lemma 2.22. Let B W Rd ! B.H/, Bn W Rd ! B.H/ be point-wise self-adjoint
C 1-functions with respect to the strong operator topology for n 2 N, and assume
that kBkC1

b
.Rd ;B.H// and kBnkC1

b
.Rd ;B.H// are uniformly bounded. Assume also that

B;Bn 2 C
1
b
.Rd ; A0; 1/, and that, for all n 2 N,

lim
w!1

�z.B/ D lim
w!1

�z
�
Bn
�
D 0;

where
w WD dist.z; .�1; 0�/:

Finally, assume that Bn.x/
n!1
����! B.x/ and rBn.x/

n!1
����! rB.x/ for a.e. x 2 Rd

in the strong operator topology in H . Then, there exist constants c and C such that
for

w WD dist.z; .�1; 0�/ � c

we have convergence in strong operator topology of L2.Rd ;Cr ˝H/ of

hXi�sRz
�
HBn

�k
hXish=@it

n!1
����! hXi�sRz

�
HB

�k
hXish=@it (25)

for t 2 Œ0; 2�, s 2 Œ�1; 1�, and k 2 N, and the operators are uniformly bounded in
operator norm by C . In case t D 0, (25) converges in SOTA of L2.Rd ;Cr ˝ H/.
Moreover, for w � 1, we have SOTA convergence in L2.Rd ;Cr ˝H/ of

Rz
�
D�BnDBn

�k n!1
����! Rz

�
D�BDB

�k
;

Rz
�
DBnD

�
Bn

�k n!1
����! Rz

�
DBD

�
B

�k
:

(26)
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Proof. By the uniform boundedness principle and Lemma 2.18, there exist constants
c; C such that for w � c we have the uniform bound

hXi�sRz�HBn�khXish=@it

B.L2.Rd ;Cr˝H//;

hXi�sRz�HB�khXish=@it

B.L2.Rd ;Cr˝H// � C:
It suffices to restrict to the case k D 1 by factorizing the operators. Due to the uniform
norm bounds and the density of C1c .R

d / in L2.Rd /, we may also assume t D 0.
Then, with

Sn WD hXi�sRz
�
HBn

�
hXis; S WD hXi�sRz

�
HB

�
hXis;

the resolvent identity implies

Sn � S D Sn
��
B CM0

�2
�
�
Bn CM0

�2�
S:

Since the operators SnM0, M0S are uniformly bounded by Lemma 2.18, it follows
that Sn converges in the strong operator topology to S .

For the convergence of the adjoints of (25) in case t D 0, we similarly may restrict
to the case k D 1, and by the resolvent identity, we have

S�n � S
�
D S�n

��
B CM0

�2
�
�
Bn CM0

�2�
S�: (27)

Since S�nM0, M0S
� are uniformly bounded by Lemma 2.18, (27) also converges in

strong operator topology.
It remains to investigate the SOTA convergence of (26). It suffices to show con-

vergence in strong operator convergence for k D 1 since we may factorize and taking
adjoints only changes z to Nz. The statement then follows as before by the resolvent
identity and the uniform norm bounds provided by Lemma 2.18.

We now present results on the type of operators that we will encounter as Schatten-
von Neumann class factors in the proof of Proposition 2.28.

Lemma 2.23. Let B satisfy Hypothesis 2.12, let � 2 C1c .R
d /, 0 � � � 1, supp� �

B1.0/ and � � 1 on B 1
2
.0/, and let ˇ 2 R satisfy jˇ � ˛j � 2N , and jˇ � 1j � 2N .

Then, there exist " > 0 such that, for all ı > 0,

h=@i�1�ıhM0i
ˇ�˛
hXi"

�
�i.=@B/C .1 � �/icR

�
@RB

��
hM0i

�ˇ (28)

possesses an Sd .L2.Rd ;Cr ˝H//-extension. On the other hand, for all "; ı > 0,

h=@i�1�ıhM0i
ˇ�˛
hXi�"

�
�i.=@B/C .1 � �/icR

�
@RB

��
hM0i

�ˇ (29)
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and
h=@i�1�ıhM0i

ˇ�˛
hXi�".1 � �/i

��
=@ � cR@R

�
B
�
hM0i

�ˇ (30)

possess Sd .L2.Rd ;Cr ˝H//-extensions. Finally, for all ı > 0,

h=@i�1hM0i
ˇ�˛i.=@B/hM0i

�ˇ (31)

possesses an SdCı.L2.Rd ;Cr ˝H//-extension.

Proof. We first consider (28). We note that due to the compact support of �, for " > 0,
there is a constant C , such that

hM0i

�˛Cˇ
hXi"

�
�i.=@B/C .1 � �/icR

�
@RB

��
hM0i

�ˇ



Ld .Sd .H//

� C
�
�˛;ˇ;r;d;1.B/C �˛;ˇ;@R;d;1C2".B/

�
;

which is finite for " > 0 small enough, due to Hypothesis 2.12. For (29) and (30), we
similarly have for all " > 0 a constant C , such that

hM0i

ˇ�˛
hXi�"

�
�i.=@B/C .1 � �/icR

�
@RB

��
hM0i

�ˇ



Ld .Sd .H//

C


hM0i

ˇ�˛
hXi�".1 � �/i

��
=@ � cR@R

�
B
�
hM0i

�ˇ



Ld .Sd .H//

� C�˛;ˇ;r;d;1.B/;

which is also finite by Hypothesis 2.12. For (31), we have, for all ı > 0, a constant C ,
such that 

hM0i

ˇ�˛i.=@B/hM0i
�ˇ



LdCı.SdCı.H//

� C�˛;ˇ;r;d;1.B/;

which is finite by Hypothesis 2.12. The claims now follow from Corollary 2.9 and
hXi�1�ı 2 Ld .Rd /, respectively, hXi�1 2 LdCı.Rd /, for all ı > 0.

In a similar manner, one shows the weaker result under weaker conditions on the
operator family B below.

Lemma 2.24. Let B W Rd ! B.H/ be a point-wise self-adjoint C 1-function with
respect to the strong operator topology, and assume that there exists � > 0, such that

�0;0;r;d;1.B/C �0;0;@R;d;1C�.B/ <1:

Let � 2 C1c .R
d /, 0 � � � 1, supp� � B1.0/, and � � 1 on B 1

2
.0/. Then, there exist

" > 0 such that, for all ı > 0,

h=@i�1�ıhXi"
�
�i.=@B/C .1 � �/icR

�
@RB

��
possesses an Sd .L2.Rd ;Cr ˝H//-extension. On the other hand, for all "; ı > 0,

h=@i�1�ıhXi�"
�
�i.=@B/C .1 � �/icR

�
@RB

��
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and
h=@i�1�ıhXi�".1 � �/i

��
=@ � cR@R

�
B
�

possess Sd .L2.Rd ;Cr ˝H//-extensions. Finally, for all ı > 0,

h=@i�1i.=@B/

possesses a SdCı.L2.Rd ;Cr ˝H//-extension.

In the next lemma, we prepare the upcoming factorizations of Proposition 2.28.
We will utilize the following notation.

Definition 2.25. Let l 2 N. For Y a Banach space, define the shuffle product 9

between l C 1-tuples of operators T D .T0; : : : ; Tl/ in Y , and l-tuples of operators
S D .S1; : : : ; Sl/ in Y by

T

9

S WD T0S1T1 � � �SlTl :

For T an operator in Y , S D .S1; : : : ; Sl/ an l-tuple of operators in Y , and k 2
¹1; : : : ; l C 1º, denote

�kTS WD
�
S1; : : : ; Sk�1; T; Sk; : : : ; Sl

�
; k � l;

�lC1T S WD
�
S1; : : : ; Sl ; T

�
:

Denote for a sequence of operators .Sk/k2N0 and � 2 Nl
0 by S� the l-tuple of oper-

ators
S� WD

�
S�1 ; : : : ; S�1

�
:

Finally, denote 1 WD .1; : : : ; 1/ 2 Nl .

Lemma 2.26. Assume Hypothesis 2.12. Let z 2 Cn.�1; 0�. Then,

trCr
�
Rz
�
D�BDB

�N
�Rz

�
DBD

�
B

�N �
D 2trCr

X

2NdC1

j
 jDNCd

�
N � 1


 � 1

��1
Rz
�
HB

�
 9

.i=@B/˝d

C trCr
X


2NdC3

j
 jDNCdC2

�
N � 1


 � 1

��1��
Rz
�
HB

�˝.dC2/
; Rz

�
D�BDB

��
 9

.i=@B/˝.dC2/

C
�
Rz
�
HB

�˝.dC2/
; Rz

�
DBD

�
B

��
 9

.i=@B/˝.dC2/
�
:

Proof. By Hypothesis 2.12 and Proposition 2.6, we have, for w D dist.z; .�1; 0�/
large enough, 

i.=@B/Rz

�
HB

�


B.L2.Rd ;Cr˝H//

� w�
1
2 �1z.B/ < 1:
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We may develop the Neumann series of Rz.DBD�B/ and Rz.D�BDB/ and obtain

Rz
�
D�BDB

�
�Rz

�
DBD

�
B

�
D 2Rz

�
HB

� 1X
kD0

�
i.=@B/Rz

�
HB

��2kC1
;

Rz
�
D�BDB

�
CRz

�
DBD

�
B

�
D 2Rz

�
HB

� 1X
kD0

�
i.=@B/Rz

�
HB

��2k
:

So, by Lemma 2.1, we have, for w large enough,

trCr
�
Rz
�
D�BDB

�
�Rz

�
DBD

�
B

��
D 2trCrRz

�
HB

��
i.=@B/Rz

�
HB

��d 1X
kD0

�
i.=@B/Rz

�
HB

��2k
D trCr

�
Rz
�
HB

�
i.=@B/

�d �
Rz
�
D�BDB

�
CRz

�
DBD

�
B

��
I (32)

both sides are holomorphic on CnŒ0;1/, which implies that the above identity ex-
tends to this domain. Differentiating (32) .N � 1/-times in z yields the claim.

We now arrive at the principal decomposition result. However, we will first intro-
duce further abbreviations for the involved operators.

Definition 2.27. Let k; l;m 2N0, ˇ 2RlC1, 
 2NlC1, " 2Rl , � 2 ¹0; 1; 2ºl , ˛ � 0,
and ı; � > 0. For an operator familyB satisfying Hypothesis 2.12, define the operators

T .B/0 WD �i.=@B/C .1 � �/icR
�
@RB

�
;

T .B/1 WD .1 � �/i
��
=@ � cR@R

�
B
�
;

T .B/2 WD i.=@B/ D T .B/0 C T .B/1;

L WD
�
�; .1 �  /cR

�
:

Now, define the operators for m 2 ¹1; : : : ; 
kº,

ua;b;c;d;kz .B/ WD hM0i
a
hXibRz

�
HB

�k
hXi�bhM0i

c
h=@id ;

a; b; c; d 2 R; k 2 N;�
Uz.B/

˛;ˇ;
;ı;"
�
i
WD uˇi ;"i ;2
i�1�ı�ˇi ;1Cı;
iz .B/; 0 � i � l � 1;�

Uz.B/
˛;ˇ;
;ı;"

�
l
WD uˇl ;0;0;0;
lz .B/;�

V.B/˛;ˇ;ı;";�
�
i
WD h=@i�1�ıhM0i

ˇi�˛hXi"iT .B/�i hM0i
�ˇi ; i 2 ¹1; : : : ; lº;�

Wz.B/
˛;ˇ;
;ı;�;k;m

�
i
WD uˇi ;�i�;2
i�1�ı�ˇi ;1Cı;
iz .B/; 0 � i < k � d;�

Wz.B/
˛;ˇ;
;ı;�;k;m

�
i
WD uˇi ;�.d�i/�;2
i�1�ı�ˇi ;1Cı;
iz .B/; k < i < d;�

Wz.B/
˛;ˇ;
;ı;�;k;m

�
d
WD uˇd ;0;0;0;
dz .B/; k < d;
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Wz.B/

˛;ˇ;
;ı;�;k;m
�
k
WD uˇk ;k�;2m�1�ˇk ;1;mz .B/

�
h=@i�1hXik�LhXi.d�k/�

�
uˇkC1�2m;�.d�k/�;2
k�1�ˇk�ı;1Cı;
k�mC1z .B/;

0 � k � d � 1;�
Wz.B/

˛;
;ı;�;d;m
�
d
WD uˇd ;d�;2m�1�ˇd ;1;mz .B/

�
h=@i�1hXid�L

�
� uˇdC1�2m;0;0;0;
d�mC1z .B/:

The next proposition is the central result of this section. It is similar to the central
result obtained in [22], where the statement below was shown without the presence
of the partial trace trCr , but with much stronger assumptions on the family A, which
are not sensible for the calculation of the principal trace. In fact, if we would take the
intersection of Hypothesis 2.12 and the assumptions made in [22], we would always
end up with the trivial case

trL2.Rd ;H/trCr
�
e�tD

�D
� e�tDD

��
D 0:

Proposition 2.28. There exists a universal constant C such that the following holds
true. Assume Hypothesis 2.12. Let  ; � 2 C1c .R

d /, with 0 �  , � � 1, supp �
B 1
2
.0/, and  � 1 on B 1

4
.0/, and supp� � B1.0/, and � � 1 on B 1

2
.0/. Then, there

exist, independent of the choices of B ,  , �, and z 2 DC .B/, multi-indices ˇ 2 Œ˛ �
2N; ˛ C 2N � \ Œ1 � 2N;�1C 2N �, "j ; �j 2 Œ�1; 1�d for j 2 ¹1; : : : ; 5º, constants
ı; � 2 Œ0; 1�, and C j
 ;C
;k <1 for 
 2NdC1, k 2 ¹0; : : : ; dº, j 2 ¹1; 2; 3º, such that

trCr
�
Rz
�
D�BDB

�N
�Rz

�
DBD

�
B

�N �
D trCr

h X

2NdC1;
j
 jDNCd

C 1


X
�2¹0;1ºd ;

j� j�d�1

U ˛;ˇ;
;ı;"
1

z .B/

9

V ˛;ˇ;ı;�
1;� .B/

i
C trCr

h X

2NdC1;
j
 jDNCd

C 2

�
.1 � �/Uz.B/

˛;ˇ;
;ı;"2 9 V.B/˛;ˇ;ı;�
2;1�

C �Uz.B/
˛;ˇ;
;ı;"3 9 V.B/˛;ˇ;ı;�

3;1
�i

C trCr

"
cR.1 � �/

X

2NdC1;
j
 jDNCd

dX
kD0

C
;k


kX
mD1

Wz.B/
˛;ˇ;
;ı;�;k;m 9 V.B/˛;ˇ;ı;�

4;1

#

C trCr

h X

D.y
;
dC2/2NdC2�N

j
 jDNCdC2

C 3

�
U ˛;ˇ;y
;0;0z .B/

9

V ˛;ˇ;0;0;2�1
�

� i.=@B/
�
Rz
�
D�BDB

�
dC2
CRz

�
DBD

�
B

�
dC2�i; z 2 DC .B/;



O. Fürst 1378

where each summand in Œ��-brackets is a trace-class operator in L2.Rd ;Cr ˝ H/

with trace norm bound given by a z-independent polynomial in

�˛;ˇ;r;d;1.B/C �˛;ˇ;@R;d;1C�.B/; (33)

for ˇ running over z-independent finite subsets of Œ˛ � 2N;˛C 2N �\ Œ1� 2N;�1C
2N �, and some z-independent � > 0 small enough, such that (33) is finite.

Proof. We continue with the formula from Lemma 2.26 and further decompose the
involved terms. First, we start with the sum indexed by 
 2 NdC1, j
 j D N C d ,
whose summands, up to factors only dependent on 
 and N , are

Rz
�
HB

�
 9
.i=@B/˝d : (34)

If we expand i.=@B/DT .B/2DT .B/0CT .B/1 in (34), we obtain 2d � 1 summands,
where at least one T .B/0 appears, and one summand which only involves T .B/1. The
summands which do involve T .B/0 can be decomposed as

U ˛;ˇ;
;ı;"
1

z .B/

9

V ˛;ˇ;ı;"
1;� .B/;

where � 2 ¹0; 1ºd , j�j � d � 1, and ˇ, ı, "1, and �1 are chosen as follows. Let j 2
¹0; : : : ; dº such that �j D 0. For ı > 0, set ˇ0 WD 0, ˇiC1 WD ˇi C ˛C ıC 1� 2
i . For
� > 0, set "1i WD i� for 0� i � j � 1, and "1i WD�.d � i/� for j � i � d � 1. Set �1i WD

�� for i ¤ j , and �1j WD d�. Choose � > 0 small enough such that .V ˛;ˇ;ı;�1;� .B//i 2
Sd .L2.Rd ;Cr ˝H// for all i , which exists according to Lemma 2.23. Lemma 2.17,

on the other hand, ensures that .U ˛;ˇ;
;ı;"
1

z /i 2B.L
2.Rd ;Cr ˝H//, for 0� i � d �

1, with operator norms bounded by 4
i forw satisfying (33). Since .˛C 1/d < 2.N C
d/ by Hypothesis 2.12, we may choose ı > 0 small enough such that ˇd < 2
d , which

then also implies that .U ˛;ˇ;
;ı;"
1

z /d 2 B.L
2.Rd ;Cr ˝H// by Lemma 2.17.

Next, we decompose

T WD Rz
�
HB

�
 9 �
T .B/1

�˝d
;

via T D .1 � �/T� C �T C .1 � �/T .1 � �/. Those summands which do involve a
factor � can be written as

.1 � �/
�
Uz.B/

˛;ˇ;
;ı;"2 9 V.B/˛;ˇ;ı;�
2;1
�
�

and
�
�
Uz.B/

˛;ˇ;
;ı;"3 9 V.B/˛;ˇ;ı;�
3;1
�
;

where we set "2i WD �i� , and "2
d
WD d�, "3i WD �.d � i/�, and "30 WD d�, and �2i WD

�3i WD �� . If we choose ı; � > 0 sufficiently small, the same reason as above implies
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that we have .U ˛;ˇ;
;ı;"
2

z /i2B.L
2.Rd ;Cr˝H// for 0� i � d � 1, .U ˛;ˇ;
;ı;"

2

z /d� 2

B.L2.Rd ;Cr ˝H//, �.U ˛;ˇ;
;ı;"
3

z /0 2 B.L
2.Rd ;Cr ˝H//, and .U ˛;ˇ;
;ı;"

3

z /i 2

B.L2.Rd ;Cr ˝H// for 1 � i � d , where the operator norm is bounded by 4
i . We
also have .V ˛;ˇ;ı;�2;1/i , .V ˛;ˇ;ı;�

3;1/i 2 S
d .L2.Rd ;Cr ˝H//.

The remaining summand .1 � �/T .1 � �/ requires more work. First, note that�
HB ; .1 �  /cR

�
D
�
�; .1 �  /cR

�
D L;

and thus, �
.1 �  /cR; Rz

�
HB

�n�
D

nX
mD1

Rz
�
HB

�m
LRz

�
HB

�n�mC1
:

On the other hand, .1 �  /cR anti-commutes with T .B/1, since cR anti-commutes
with =@�cR@R, because @R is a component in an orthonormal system given by coordin-
ates. Consequently, since there is an odd number of factors T .B/1, we obtain, with
¹�; �º denoting the anti-commutator,®
.1 �  /cR; T

¯
D

dX
kD0

.�1/k

kX
mD1

Rz
�
HB

�.
0;:::;
k�1;m;
k�mC1;
kC1;:::;
d / 9 ��kC1L

�
T .B/1

�˝d �
:

Applying trCr , and bringing cR around, we, thus, obtain

trCr .1 � �/Rz
�
HB

�
 9 �
T .B/1

�˝d
.1 � �/

D �
1 � �

2
trCr cR

dX
kD0

.�1/k

kX
mD1

Rz
�
HB

�.
0;:::;
k�1;m;
k�mC1;
kC1;:::;
d /
9 �

�kC1L

�
T .B/1

�˝d �
D trCr cR.1 � �/

dX
kD0

c
;k


kX
mD1

Wz.B/
˛;ˇ;
;ı;�;k;m 9 V.B/˛;ˇ;ı;�4;1;

where we set �4i WD �� . As before, .V ˛;ˇ;ı;�4;1/i 2 Sd .L2.Rd ;Cr ˝H//, and

.W
˛;ˇ;
;ı;�;k;m
z /i 2 B.L

2.Rd ;Cr
˝H//

for i ¤ k, with operator norm bounded by 4
i . For i D k, the operator .W �z .B//k
contains two factors of the type u�z.B/, which both have bounded extensions with
operator norm bounded by 4m, and 4
k�m, respectively, by Lemma 2.17. The remain-
ing factor of .W �z .B//k is

h=@i�1hXik�
�
�; .1 �  /cR

�
hXi.d�k/� : (35)
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Since .1 �  /cR 2 Sym0, it follows that hXik� Œ�; .1 �  /cR�hXi.d�k/� is a first-
order operator with coefficients in Sym�1Cd� � Sym0 for � > 0 small enough. In
particular, (35) has a bounded operator extension with operator norm C . Therefore,

.W
˛;ˇ;
;ı;�;k;m
z /k 2 B.L

2.Rd ;Cr ˝H// with operator norm bounded by 4
kC .
Finally, in the formula of Lemma 2.26, we consider the remaining sum indexed

by 
 2 NdC3, j
 j D N C d C 2. The summands are up to a constant of the form�
Rz
�
HB

�˝.dC2/
; Rz.T /

�
 9

.i=@B/˝.dC2/; T 2
®
DD�;D�D

¯
;

which we factorize into�
U ˛;ˇ;y
;0;0z .B/

9

V ˛;ˇ;0;0;2�1
�
i.=@B/hM0i

�1
hM0iRz.T /


dC2 ;

where y
 WD .
0; : : : ; 
dC1/, ˇ20 WD 0, and ˇ2iC1 WD ˇ
2
i C ˛C 1� 
i . As noted before,

we have .U ˛;ˇ;y
;0;0z .B//i 2B.L
2.Rd ;Cr ˝H//with operator norm bounded by 4
i

by Lemma 2.17. Also, i=@EBhM0i
�1 2 B.L2.Rd ;Cr ˝H// by Hypothesis 2.12, and

the fact that for measurable S , kSkB.L2.Rd ;Cr˝H// D kSkL1.Rd ;B.Cr˝H//. Also,
hM0iRz.T /


dC2 is bounded with operator norm bounded by 4
dC2 by Lemma 2.17.

On the other hand, Lemma 2.23 implies that V ˛;ˇ;0;0;2�1i 2 SdC1.L2.Rd ;Cr ˝H//.
We note that by the proof of Lemma 2.23 there exist z-independent finite sets

I � Œ˛ � 2N; 2N C ˛� \ Œ1 � 2N;�1C 2N �;

and z-independent constantsC , and �>0 small enough, such that the Sd -respectively,
SdC1-norms of the various operators V �.B/ can be bounded uniformly by

C
X

ˇ2I;�2J

�
�˛;ˇ;r;d;1.B/C �˛;ˇ;@R;d;1C�.B/

�
<1:

To close this section, we show that the partial trace of the semi-group difference
of DD� and D�D is trace-class.

Proposition 2.29. Let B satisfy Hypothesis 2.12, and let t>0. Then, trCr .e
�tD�

B
DB�

e�tDBD
�
B / 2 S1.L2.Rd ;H//.

Proof. Let C > 0 be large enough, and let � 2 .0; �
2
/ be small enough. Let � WD

�� ı �
�1
C , where �˙.s/ WD �C ˙ ei�s, s 2 Œ0;1/, and ı, �1 denote the composition

of paths, respectively, the reversal of a path. Note that � encloses the non-negative
real axis once. Then, for � � 0, we have by Cauchy’s integral formula

e�t� D @N�1�

�
.�t /1�N e�t�

�
D
.N � 1/Š.�t /1�N

2� i

Z
�

e�tz

.z � �/N
dz:
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Via holomorphic functional calculus, we, thus, have

e�tD
�
B
DB � e�tDBD

�
B

D
.N � 1/Š.�t /1�N

2� i

Z
�

e�tz
�
R�z

�
DBD

�
B

�N
�R�z

�
D�BDB

�N �dz;
where the integral exists as a Bochner integral in B.L2.Cr ˝H// in the norm topo-
logy. Therefore, we may interchange trCr and integration to obtain

trCr
�
e�tD

�
B
DB � e�tDBD

�
B

�
D
.N � 1/Š.�t /1�N

2� i

Z
�

e�tztrCr
�
R�z

�
DBD

�
B

�N
�R�z

�
D�BDB

�N �dz: (36)

We claim that the right-hand side of (36) converges even as a Bochner integral in
S1.L2.Rd ; H//. Indeed, by Proposition 2.28, we have some constant C 0, such that
we may estimate the integrand by

e�tztrCr

�
R�z

�
DD�

�N
�R�z

�
D�D

�N �


S1.L2.Rd ;H//

� C 0e�t.�CCcos.�/jsj/; z D �.s/; (37)

which is integrable over s 2 R.

3. Approximation of the operator function B

The goal of this section is to construct an approximating sequence B� of the operator
function B , which enables us to calculate the principal trace in the following sec-
tions. We remark that a similar but simpler approximation argument has been used
as a standard technique, for example, in [24, 31] with the same goal. In the multidi-
mensional setup in this paper, we unfortunately need a more elaborate approximation
procedure caused by the requirement that rB� should be sufficiently smooth and
trace-class valued, a fact which comes for free in the one-dimensional case. Before
we proceed with an approximation statement, we present the following convolution
result which grants us smoothing of the operator family without destroying its decay
properties.

Definition 3.1. Let O.d/ be the orthogonal group in dimension d with (bi-invariant)
Haar measure m, and let .gn/n2N � C

1.O.d// be a delta sequence with supports
decreasing to ¹1º ofO.d/with respect to the convolution given by the Haar measure.3

3Since O.d/ is a smooth Lie group, the usual construction of approximate units in L1.G/
of locally compact groups (cf. [21, Chapter 13.2]) can be refined to be smooth.
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For  d 2 C1c .R
d / non-negative with

R
R  .x/dx D 1, let  dn .x/ WD n

d d .nx/ be
the associated delta sequence of Rd . Let � 2 C1c .R

d / with � � 1 near 0. For " > 0,
let

F" WD
®
f 2 C 1

�
Rd ;Ck�k

�
j kf kF" <1

¯
;

kf kF" WD kf kL1 C


hXirf 



L1
C


hXi1C"@Rf 

L1 :

For f 2 F", define

ın.f /.x/ WD �.x/

Z
Rd
 dn .x � y/f .y/dy

C
�
1 � �.x/

� Z 1
0

Z
O.d/

 1n.log r/gn.Y /f
�
r�1Y �x

�
dm.Y /

dr
r
: (38)

Lemma 3.2. For "> 0, the operator family ın is uniformly bounded in F", and ın.f /,
respectively, rın.f / converge point-wise to f , respectively, rf . For f 2 F", the
function ın.f / is smooth with bounded derivatives for all n 2 N.

Proof. Let fn WD ın.f /. For x0 2 Rdn¹0º, extend

e1 WD
x0

jx0j

to an orthonormal basis .ei /diD1 of Rd . For a neighbourhood U of x0 small enough,
the vectors . x

jxj
; e2; : : : ; ed /, x 2 U , are still a basis of Rd . Denote by OU .x/ WD

GS. x
jxj
; e2; : : : ; ed / 2 O.d/ the Gram–Schmidt procedure applied to this basis. The

map OU is smooth on U and thus for x 2 U , using the symmetry of convolution,Z 1
0

Z
Od

 1n.log r/gn.Y /f
�
r�1Y �x

�
dm.Y /

dr
r

D

Z 1
0

Z
O.d/

 1n

�
log
jxj

r

�
gn
�
OU .x/Y

�
�
f
�
rY1

�
dm.Y /

dr
r
; (39)

where Y1 denotes the first column of Y . Thus, (39) is smooth in x on U . Since 1 � �
cuts away 0, we conclude that fn is smooth, because all other components of (38)
are clearly smooth. Since  dn and � are compactly supported, 1 � � is supported
away from 0 and  1n is again compactly supported, one easily concludes, by standard
estimates on the integrals, that all derivatives of fn are bounded. It is also apparent
that fn and rfn converge point-wise to f , respectively, rf , since for each point, due
to the compact support of the Dirac sequences, the integrals in (38) can be changed
to take place over compact sets, on which f and rf are uniformly continuous. It
remains to check that there is a constant C such that kfnkF" � C . Clearly, jfn.x/j �
kf kL1.Rd / for all x 2 Rd . Since � is compactly supported, it is also clear that there
is a constant C only dependent on � and s � 0 such that

hXisr�� � � dn �Rd f

��


L1.Rd /

� C
�
kf kL1.Rd / C



rf 


L1.Rd /

�
:
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For the second summand of (38), note that if a derivative is applied to 1� �, we obtain
a compactly supported function, hence a similar arbitrary decay result as for the first
summand shown above. Differentiation of f .r�1Y �x/ yields

@xif
�
r�1Y �x

�
D r�1

�
.rf /

�
Y �
x

r

�
; Yi

�
;

@Rf
�
r�1Y �x

�
D r�1

�
@Rf

��
r�1Y �x

�
;

which implies for f 2 F", and x 2 supp.1 � �/,ˇ̌̌̌
hxi@xi

Z 1
0

Z
O.d/

 1n.log r/gn.Y /f
�
r�1Y �x

�
dm.Y /

dr
r

ˇ̌̌̌
� Ckf kF" ;

where C only depends on �. Similarly, there are constants C 0, C 00 independent of f
and n, such that, for f 2 F", and x 2 supp.1 � �/,ˇ̌̌̌

hxi1C"@R

Z 1
0

Z
O.d/

 1n.log r/gn.Y /f
�
r�1Y �x

�
dm.Y /

dr
r

ˇ̌̌̌
� C 0kf kF"

Z 1
0

 1n.log r/r"
dr
r

D C 0kf kF"

Z
R
 1.s/en

�1"sds � C 00kf kF" :

We conclude that kfnkF" is uniformly bounded.

We now arrive at the central result of this section. The operator familyB is approx-
imated by a sequence of finite-rank valued operator families with improved regularity.
In spirit, this statement is close to the approximation argument used, for example,
in [24, 31] in the one-dimensional case.

Proposition and Definition 3.3. Denote

Pn WD 1Œ�n;n�.A0/; n 2 N:

Let .�n/n2N � D be an orthonormal basis of H , and let Kn be the finite rank pro-
jection onto span¹.�j /njD1º in H for n 2 N. Identify the range of Kn with Cn and let
ıl be the mollification operator defined in Definition 3.1 with a fixed choice of cut-off
functions and delta sequences.

Define for B satisfying Hypothesis 2.12,

Bn.x/ WD PnB.x/Pn;

Bn;m.x/ WD KmBn.x/Km;

Bn;m;l WD ıl
�
Bn;m

�
; n;m; l 2 N:
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Then, there are constants C , Cn, and Cn;m, where C is universal, Cn is independent
of m, and Cn;m is independent of l , such that

lim
n!1

trCr
�
Rz
�
D�BnDBn

�N
�Rz

�
DBnD

�
Bn

�N �
D trCr

�
Rz
�
D�BDB

�N
�Rz

�
DBD

�
B

�N �
;

for z 2 DC .B/,

lim
m!1

trCr
�
Rz
�
D�Bn;mDBn;m

�N
�Rz

�
DBn;mD

�
Bn;m

�N �
D trCr

�
Rz
�
D�BnDBn

�N
�Rz

�
DBnD

�
Bn

�N �
;

for dist.z; .�1; 0�/ � Cn, and

lim
l!1

trCr
�
Rz
�
D�Bn;m;lDBn;m;l

�N
�Rz

�
DBn;m;lD

�
Bn;m;l

�N �
D trCr

�
Rz
�
D�Bn;mDBn;m

�N
�Rz

�
DBn;mD

�
Bn;m

�N �
;

for dist.z; .�1; 0�/ � Cn;m, are limits in S1.L2.Rd ;Cr ˝H//.

Proof. We start with

lim
n!1

trCr
�
Rz
�
D�BnDBn

�N
�Rz

�
DBnD

�
Bn

�N �
D trCr

�
Rz
�
D�BDB

�N
�Rz

�
DBD

�
B

�N �
: (40)

We expand both sides of (40), according to the decomposition described in Proposi-
tion 2.28, into a finite sum of trace-class operators. Each summand consists
(up to a constant scalar factor and possibly up to a constant bounded operator
h=@i�1hXik�LhXi.d�k/� ) of a product of operators with factors u�z.Bn/, V

�.Bn/,
i.=@Bn/hM0i

�1, and hM0i.Rz.D
�
Bn
DBn/

kCRz.DBnD
�
Bn
/k/ with upper indices inde-

pendent of n and B (suppressed here by �), respectively, the same factors with Bn
replaced by B . We first note that, since Pn commutes with A0 and have norm 1,

sup
n2N

�
��2Nz

�
Bn
�
C �2Nz

�
Bn
��
� ��2Nz .B/C �2Nz .B/

dist.z;.�1;0�/!1
������������! 0;

and because Pn converges strongly to 1H for n ! 1, we also have for any ˇ 2
Œ�2N; 2N �, and a.e. x 2 Rd , strong operator convergences in H of

hA0i
ˇ
�
Bn.x/C A0

�2
hA0i

�2�ˇ n!1
����! hA0i

ˇ
�
B.x/C A0

�2
hA0i

�2�ˇ ;

and of

hA0i
ˇ@iBn.x/hA0i

�2�ˇ n!1
����! hA0i

ˇ@iB.x/hA0i
�2�ˇ ; i 2 ¹1; : : : ; dº:
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The prerequisites of Lemma 2.21 are satisfied, such that we have SOTA convergences
of all factors u�z.Bn/ to u�z.B/, and of

hM0i
�
Rz
�
D�BnDBn

�k
CRz

�
DBnD

�
Bn

�k�
n!1
����! hM0i

�
Rz
�
D�BDB

�k
CRz

�
DBD

�
B

�k�
:

Clearly, the same argument also implies SOTA convergence of i.=@Bn/hM0i
�1 to

i.=@B/hM0i
�1. It remains to discuss the Sd .L2.Rd ;Cr ˝H//-valued, respectively,

SdC1.L2.Rd ;Cr ˝H//-valued operators V �.Bn/. Since Pn commutes with A0 and
is constant on Rd , we have V �.Bn/ D zPnV �.B/ zPn with zPn WD 1L2.Rd ;Cr / ˝ Pn
which converges in SOTA to 1L2.Rd ;Cr˝H/. Lemma 2.19, thus, implies that V �.Bn/
converges in Sd .L2.Rd ;Cr˝H//, respectively, SdC1.L2.Rd ;Cr˝H//, to V �.B/.
We conclude that (40) converges in trace-class by Lemma 2.19 for z 2 DC .B/ for
some universal constant C .

For the second step, we fix n 2 N, and consider the statement

lim
m!1

trCr
�
Rz
�
D�Bn;mDBn;m

�N
�Rz

�
DBn;mD

�
Bn;m

�N �
D trCr

�
Rz
�
D�BnDBn

�N
�Rz

�
DBnD

�
Bn

�N �
: (41)

Note that we may not proceed analogously to the first step, since Km, in contrast to
Pn, does not necessarily commute with A0. However, since hM0i

sPn is a bounded
operator for all s 2 R, n 2 N, we note for Bn the stronger condition below holds:

�0;0;r;d;1
�
Bn
�
<1;

9" > 0 W �0;0;@R;d;1C"
�
Bn
�
<1:

This allows us to simplify the decomposition in Proposition 2.28 to set ˛ D 0 and
ˇ D 0 in all appearing indices. In particular, no factor of the decomposition contains
a function of M0. We suppress the new choice of indices by denoting them with z�.
The same decomposition can be deployed for Bn;m instead of Bn. Moreover, there
exists � > 0 uniformly in m, and an m independent constant C such that

�0;0;r;d;1
�
Bn;m

�
C �0;0;@R;d;1C�

�
Bn;m

�
� C <1:

Since Km is constant on Rd , we have V z�.Bn;m/ DeKmV z�.Bn/eKm, where the self-
adjoint eKmWD1L2.Rd ;Cr / K̋m converge in strong operator topology to 1L2.Rd ;Cr H̋/.
Thus, Lemmas 2.19 and 2.24 imply that V z�.Bn;m/ converges in d -th, respectively,
.d C 1/-th Schatten–von Neumann norm to the operators V z�.Bn/ as m!1. Since
kBn;mkC1

b
.Rd ;B.H//, kBnkC1

b
.Rd ;B.H// are uniformly bounded in m, Lemma 2.22

implies that all factors uz�z.Bn;m/ converge in strong operator topology to uz�z.Bn/, and
that the last factor of type uz�z.Bn;m/ in each product of the decomposition converges
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even in SOTA (because they do not involve =@). Similarly, also Rz.D�Bn;mDBn;m/
k C

Rz.DBn;mD
�
Bn;m

/k converges in SOTA to Rz.D�BnDBn/
k C Rz.DBnD

�
Bn
/k . The

domain of convergence for the parameter z is uniformly given by

w D dist.z; .�1; 0�/ � C;

for some constant C independent of m, according to Lemma 2.18, since the norm
kBn;mkC1

b
.Rd ;B.H// is uniformly bounded in m. Clearly, also, i.=@Bn;m/ converges in

SOTA to i=@EBn. We conclude that (41) converges in trace class for w � C for some
m-independent constant C by Lemma 2.19.

For the third step, fix both n;m 2 N, and consider the statement

lim
l!1

trCr
�
Rz
�
D�Bn;m;lDBn;m;l

�N
�Rz

�
DBn;m;lD

�
Bn;m;l

�N �
D trCr

�
Rz
�
D�Bn;mDBn;m

�N
�Rz

�
DBn;mD

�
Bn;m

�N �
: (42)

First, note that Bn;m.x/ D KmBn;m.x/Km, and thus, also,

Bn;m;l.x/ D KmBn;m;l.x/Km and rBn;m;l.x/ D KmrBn;m;l.x/Km:

In particular, if we identify rg.Km/ ' Cm, there is some l-independent � > 0 such
that

�0;0;r;d;1
�
Bn;m;l

�
C �0;0;@R;d;1C�

�
Bn;m;l

�
�


Bn;m;l

F"

� C <1:

Additionally, Bn;m;l , and rBn;m;l converge point-wise to Bn;m and rBn;m, respect-
ively, by Lemma 3.2. We use the same decomposition with ˛ D 0 and ˇ D 0 from the
second step; then, Lemma 2.22 implies that all factors uz�z.Bn;m;l/ converge in strong
operator topology to uz�z.Bn;m/, and that the last factor of type uz�z.Bn;m;l/ in each
product of the decomposition converges even in SOTA. Similarly, also,

Rz.D
�
Bn;m;l

DBn;m;l /
k
CRz.DBn;m;lD

�
Bn;m;l

/k

converges in SOTA to

Rz.D
�
Bn;m

DBn;m/
k
CRz.DBn;mD

�
Bn;m

/k :

Clearly, also, i.=@Bn;m;l/ converges in SOTA to i.=@Bn;m/. The domain of conver-
gence for the parameter z is uniformly given by dist.z; .�1; 0�/ � C , for some
constant C independent of l , according to Lemma 2.18, since kBn;m;lkC1

b
.Rd ;B.H// �

kBn;m;lkF" is uniformly bounded in l by Lemma 3.2. Because Km is finite rank, and
rBn;m;l , respectively, @RBn;m;l , can be bounded in Sd -norm by multiples of hXi�1,
respectively, of hXi�1�" uniformly in l , the dominated convergence theorem and
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Corollary 2.9 imply that the factors V z�.Bn;m;l/ converge in Sd .L2.Rd ;Cr ˝H//,
respectively, SdC1.L2.Rd ;Cr ˝H//. Together, we conclude that (42) converges in
trace class for w � C for some l-independent constant C by Lemma 2.19.

A simple consequence of holomorphic functional calculus and the possibility of
choosing uniform integration paths allow us to conclude the approximation of the
principal trace in its exponentiated form.

Corollary 3.4. Let B satisfy Hypothesis 2.12, and let t > 0. Then, the iterated limits

lim
n!1

lim
m!1

lim
l!1

trCr
�
e
�tD�

Bn;m;l
DBn;m;l � e

�tDBn;m;lD
�
Bn;m;l

�
D trCr

�
e�tD

�
B
DB � e�tDBD

�
B

�
are limits in the trace norm of L2.Rd ;H/.

Proof. According to Proposition and Definition 3.3, the trace norm bound from Pro-
position 2.28 holds uniformly in n 2 N for Bn instead of B , on the domain

dist.z; .�1; 0�/ � C

for C independent of n. So, we may replace DB and D�B wit DBn and D�Bn in equa-
tion (36) with the same integrable dominant (37), and the dominated convergence
theorem allows us to pass the limit in trace norm past the integral in (36). In a similar
fashion, we argue for the two iterated limits in m, respectively, l , where we might
have to modify the integration curve dependent on n for the limit in m (respectively,
dependent on n; m for the limit in l) in the proof of Proposition 2.29 accordingly.
This is possible due to statement in Proposition and Definition 3.3 pertaining to the
domains of convergence for the parameter z.

We present some properties of the approximating sequence Bn;m;l in the upcom-
ing remark, which closes this section on the approximation scheme.

Definition 3.5. For l; s2N, p2Œ1;1�, and a Banach spaceX , denote by C l;p.Rs;X/
the space of l-times continuously differentiable functions with derivatives in Lp over
Rd with values in X . For l; m; n; s 2 N0 with m � n, denote the Banach space,

C lm;n
�
Rs
�
WD C l;1

�
Rs; B

�
Cr
�
˝ hA0i

�mB.H/hA0i
n
�
;

with the norm

kf kl;m;n WD
X

˛2Ns
0
;j˛j�l



@˛f 


L1.Rd ;B.Cr /˝hA0i�mB.H/hA0in/

; f 2 C lm;n
�
Rs
�
:
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Let C l;S
1

m;n .Rs/ denote the Banach space C l;p.Rs; B.Cr/ ˝ hA0i
�mS1.H/hA0i

n/

with the norm

kf kS
1

l;m;n WD

X
˛2Ns

0
;j˛j�l



@˛f 


L1.Rd ;B.Cr /˝hA0i�mS1.H/hA0in/

; f 2C l;S
1

m;n

�
Rs
�
:

Remark 3.6. Assume that B satisfies Hypothesis 2.12.

(1) By (16) for � 2DomA0, a.e. y 2 S1.0/, a.e. x 2Rd , and 
 2Nd
0 with j
 j � 1,

we have
lim
R!1

Rj
 j


�@
B.Ry C x/ � @
B.Ry/��



H
D 0:

Then, for a.e. y 2 S1.0/, a.e. x 2 Rd , and 
 2 Nd
0 with j
 j � 1, we have

lim
R!1

Rj
 j


@
Bn;m;l.Ry C x/ � @
Bn;m;l.Ry/

hA0i�iS1.H/hA0ij D 0

for all n;m; l 2 N, i; j 2 N0.

(2) Similarly, the third set of conditions of Hypothesis 2.12 imply that, for a.e.
y 2 S1.0/, z0 2 Rd , and for c > 0, we have

sup
jxj�1

jxj
1
2 sup
z2Bc log jxj.0/



Bn;m;l.x C z/ � Bn;m;l.x/

hA0i�iS1.H/hA0ij <1;
(43)

sup
jxj�1

jxj sup
z2Bc log jxj.0/



w2z .Bn;m;l/.x/

hA0i�iS1.H/hA0ij <1;
sup
jxj�1

jxj
3
2 sup
z2Bc log jxj.0/

md .z/


rBn;m;l.x C z/

� rBn;m;l.x/



hA0i�iS1.H/hA0ij

<1; (44)

sup
jxj�1

jxj2 sup
z2Bc log jxj.0/

md .z/


w2z .rBn;m;l/.x/

hA0i�iS1.H/hA0ij <1; (45)

lim
R!1

R


w2z0.Bn;m;l/.Ry/

hA0i�iS1.H/hA0ij D 0; (46)

lim
R!1

R2


w2z0.rBn;m;l/.Ry/

hA0i�iS1.H/hA0ij D 0; (47)

for all n;m; l 2 N, i; j 2 N0.

(3) For all n;m; l 2 N, i; j 2 N0, we have�
Bn;m;l CM0

�2
�M 2

0 ; i
�
=@Bn;m;l

�
2 C

1;S1

i;j

�
Rd
�
:

The projection Pn commutes with A0 and Km is finite rank, which maps into any
DomAi0, i 2N0; thus, the first and second statements hold forBn;m instead ofBn;m;l .
But thenBn;m;l D ıl.Bn;m/, which together with the dominated convergence theorem
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(amenable since kBn;mkF" <1 for some " > 0) yields the first statement. The second
statement is true for similar reasons; in particular, only large jxj behaviour matters,
which simplifies ıl to be given purely by the radially symmetric convolution. Then,
one exploits the radial symmetry of the conditions in the third set of conditions in
Hypothesis 2.12. The third statement follows again since Pn commutes with A0 and
Km is finite rank, mapping into any DomAi0, i 2 N0, and because the range of ıl is
smooth by Lemma 3.2.

4. Construction of auxiliary integral kernels related to the semi-groups
of D�D and DD�

The overarching goal of this and the following sections is to calculate the principal
trace. Since we assume Hypothesis 2.12 for B , we may facilitate this task, by repla-
cing B by Bn;m;l (and DB , D�B by DBn;m;l , D

�
Bn;m;l

accordingly), Corollary 3.4
enables us to then take the iterated limits in the end to obtain the desired result. For
convenience of notation, in the bulk of this and the following sections, we drop the
indices n, m, l , which will be reintroduced at the end.

Let us first introduce some shorthand notations.

Definition 4.1. Denote by �l � Œ0; 1�l the l-simplex:

�l D
®
w 2 Œ0; 1�l

ˇ̌
wl � wl�1 � � � � � w1

¯
:

We will frequently use the following parametrization of �l by l C 1 coordinates:

s0 D 1 � w1; s1 D w1 � w2; : : : ; sl�1 D wl�1 � wl ; sl D wl ;

which satisfies sj 2 Œ0; 1�, and
Pl
jD0 sj D 1. Note that vol.�l/ D 1

lŠ
. Denote for a

Hilbert space Y a self-adjoint operator T in Y , bounded below, and s 2 .R�0/l ,

e�sT WD
�
e�s1T ; : : : ; e�slT

�
2 B.Y /l ;

and
T˝l WD .T; : : : ; T / 2 B.Y /l :

Denote by L0.X;B/ the measurable functions on a measure space X with values
in a Banach space B . For M 2 L0.X;B/, denote

M˝l WD .M; : : : ;M/ 2
�
L0.X;B/

�l
;

and for s 2 .R�0/l , R�0 3 t 7! Nt 2 L
0.X;B/,

Ns WD
�
Ns1 ; : : : ; Nsl

�
2
�
L0.X;B/

�l
:
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Define the convolution shuffle product 9 � between .L0.Rd � Rd ; B.Y ///lC1 and
.L0.Rd ; B.Y ///l with values in L0.Rd �Rd ; B.Y // by�

q

9

�M
�
.x; y/ WD

Z
u2.Rd /l

q0
�
x; u1

�
M1

�
u1
�
q1
�
u1; u2

�
� � �Ml

�
ul
�
ql
�
ul ; y

�
du 2 B.Y /;

q D
�
q0; : : : ; ql

�
2
�
L0
�
Rd �Rd ; B.Y /

��lC1
;

M D
�
M1; : : : ;Ml

�
2
�
L0
�
Rd ; B.Y /

��l
;

whenever the integral converges absolutely in B.Y /-norm for a.e. .x; y/ 2 Rd �Rd .

We want to calculate the trace of an operator in L2.Rd ;H/, and thus, it is helpful
to find a B.H/-valued integral kernel and integrate its trace in H over the diagonal,
which is intuitive, considering the scalar case covered by the well-known theorem by
Mercer. A Hilbert space version is provided in the appendix of [11], albeit only for
Rd , d D 1. However, for general d 2 N, the original proof works with the necessary
simple changes (which we omit here).

Theorem 4.2 ([11]). Let Y be a separable Hilbert space, and T 2 S1.L2.Rd ; Y //.
Then, there exists a unique S1.Y /-valued measurable integral kernel t of T , such that

.Tf /.x/ D

Z
Rd
t .x; y/f .y/dy; f 2 L2

�
Rd ; Y

�
;

and
h 7!

�
x 7! t .x; x C h/

�
is a bounded continuous map of Rd to L1.Rd ; S1.Y //. Moreover,Z

Rd



t .x; x/


S1.Y /

dx � kT kS1.L2.Rd ;Y //;Z
Rd

trY
�
t .x; x/

�
dx D trL2.Rd ;Y /.T /:

Remark 4.3. We note that the variational principle and the separability of Y imply
that if we find a jointly continuous B.Y /-valued integral kernel Qt of T , by the above
stated uniqueness, we have already t D Qt as elements of Cb.Rd ; L1.Rd ; S1.Y ///.
Therefore, if we want to calculate the trace of T , it suffices to integrate the Y -trace of
the diagonal of the continuous kernel of T , if it exists.

The next goal, therefore, is the construction of a continuous,B.H/-valued integral
kernel of trCr .e

�tD�D � e�tDD
�

/. To that end, we will use a classical Volterra series
argument.
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Lemma 4.4. Let T , S be self-adjoint operators in a Hilbert space Y , and assume
that S is bounded with norm c, and T � 0. Then, for t > 0,

e�t.TCS/ D e�tT C

1X
lD1

.�1/l
Z
s2t�l

e�sT

9

S˝lds; (48)

where sum and integral converge absolutely in operator norm.

Proof. Duhamel’s principle implies, for t > 0,

e�t.TCS/ D e�tT �

Z t

0

e�.t�s/TSe�s.TCS/ds; (49)

where the integral converges in operator norm. The iterative implementation of for-
mula (49) then implies (48). It remains to show that (48) converges absolutely in
operator norm. We estimateZ

s2t�l



e�sT 9 S˝l


B.Y /

ds �
.ct/l

lŠ
;

which is absolutely summable over l 2 N.

Definition 4.5. Let t > 0, k 2 N, and define

Rkt WD

´
e�tHB ; k D 0;R
s2t�k

e�sHB

9

.i=@B/˝kds; k � 1:

Since i=@EB is a bounded operator, the integrals defining Rkt converge absolutely
in operator norm. We furthermore note that the norms of Rkt are absolutely summable
over k 2 N.

Lemma 4.6. Let t > 0; then,

e�tDD
�

D

1X
lD0

.�1/lRlt ;

e�tD
�D
D

1X
lD0

Rlt ;

where the series converges absolutely in operator norm.

Proof. Apply Lemma 4.4 to

DD� D HB C i.=@B/ and D�D D HB � i.=@B/:
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Definition 4.7. Let t > 0, l 2 N. We define

K
�;l
t WD

1X
jD l�12

R
2jC1
t ; l odd; K

C;l
t WD

1X
jD l2

R
2j
t ; l even;

k
�;l
t WD

l�3
2X

jD0

R
2jC1
t ; l odd; k

C;l
t WD

l�2
2X

jD1

R
2j
t ; l even;

where the series converge in operator norm.

Lemma 4.6 then allows to re-express the semi-group difference in terms of com-
mutators.

Lemma 4.8. Let t > 0; then,

e�tD
�D
� e�tDD

�

D

Z t

0

1

2

��
D;D�e�sDD

�
�
�
�
D�;De�sD

�D
��

ds

D

Z t

0

��
i=@; i=@

1

2

�
e�sD

�D � e�sDD
�
��
�

�
A;A

1

2

�
e�sD

�D � e�sDD
�
��

C

�
i=@; A

1

2

�
e�sD

�D C e�sDD
�
��
�

�
A; i=@

1

2

�
e�sD

�D C e�sDD
�
���

ds

D

Z t

0

��
i=@; i=@

�
K
�;d�2
s C k

�;d�2
s

��
�
�
A;A

�
K
�;d
s C k

�;d
s

��
C
�
i=@; A

�
K
C;d�1
s C k

C;d�1
s C e�sHB

��
�
�
A; i=@

�
K
C;d�1
s C k

C;d�1
s C e�sHB

���
ds; (50)

where the integrals converge strongly on DomH0.

Proof. SinceDe�sD
�D � e�sDD

�

D, andD�e�sDD
�

� e�sD
�DD�, s > 0, we have

@s
�
e�sD

�D
� e�sDD

��
D DD�e�sDD

�

�D�De�sD
�D

�
1

2

��
D;D�e�sDD

��
�
�
D�;De�sD

�D
��
;

which implies the first line. The second line follows by expanding

D D i=@C A; D� D �i=@C A;

and the third line by Lemma 4.6.

We exploit the fact thatHB commutes with the Clifford matrices cj , and the above
expansion reduces if we apply the partial trace trCr .
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Lemma 4.9. Let t > 0; then,

trCr
�
e�tD

�D
� e�tDD

��
D

Z t

0

�
trCr

��
i=@; i=@K�;d�2s C AKC;d�1s

��
�
�
A; trCr

�
AK�;ds C i=@KC;d�1s

���
ds; (51)

where the right-hand side converges in operator norm of L2.Rd ;H/.

Proof. We remind ourselves that trCr D
Pr
iD1h�e

i ; ei iCr , for any orthonormal basis
.ei /riD1, which in particular implies that trCr is continuous fromB.L2.Rd ;Cr ˝H//

toB.L2.Rd ;H//, both equipped with the weak operator/the strong operator/the norm
topology. We consider the last line of equation (50) of Lemma 4.8 and restrict the
integrand to DomH0 D Cr ˝X , where

X D .H 2.Rd ;H/ \ L2.Rd ;DomA20//

is dense in L2.Rd ; H/. Since the integral converges strongly on DomH0, we may
interchange trCr with integration. Also, we note that all summands in the last line
of (50), which involve e�sHB or the operators k˙;js , contain at most d � 1 Clifford
matrices ci as factors. We consider Definition 4.7, and otherwise the factors e�rHB ,
r > 0, and A, which commute with all Clifford matrices: we obtain, analogously to
Lemma 2.1, that these terms vanish, if trCr is applied. So, (51) holds, at least on X .
We may estimate for k � d � 2 � 1, and R; S 2 ¹i=@; Aº, using the fact that i.=@B/ is
a C 1

b
-family with bounded derivatives of finite-rank operators with range in DomA0,

and the defining integral of Rks ,

STRks 

B.L2.Rd ;Cr˝H//; 

SRks T 

B.L2.Rd ;Cr˝H// � C 0 ck�1sk�1.k � 1/Š
; (52)

where c WD ki.=@B/kB.L2.Rd ;Cr˝H//, and C 0 is a suitable constant. In particular, the
norms in (52) are absolutely summable over k � d � 2, so we have



STKjs 

B.L2.Rd ;Cr˝H//; 

SKjs T 

B.L2.Rd ;Cr˝H// � C 0 1X
kDj�1

cksk

kŠ
;

which is O.sj�1/ for s near 0, and in particular, we see that STKjs and SKjs T are
Bochner integrable in operator norm on s 2 .0; t/ for any t > 0. Since e�tD

�D �

e�tDD
�

is also bounded, and trCr is a continuous operator, equation (51) holds by
density of X in L2.Rd ; H/, and the right-hand side of (51) converges in operator
norm.

We introduce the following building blocks of the desired integral kernel.
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Definition 4.10. Let t > 0. Denote, for j � 1,

qt .x/ WD .4�t/
�d2 e�

jxj2

4t ; x 2 Rd ; Qt WD 1Cr ˝ e
�tA2

0 ˝ qt ;

�
j
t WD

Z
s2t�j

Qs

9

�

�
A2 �M 2

0

�˝j ds; �t WD Qt C

1X
jD1

.�1/j �
j
t ;

r
j
t WD

Z
s2t�j

�s

9

�.i=@B/˝j ds:

Remark 4.11. In the following, we will use the convention that if a statement is made
for C l

0;.S1/
m0;n , it means that it holds both for C l

0

m0;n, respectively, C l
0;S1

m0;n , consistently

in place of all C l
0;.S1/
m0;n appearing throughout the statement. If no other domain is

specified, it will always be Rd .

In the following part, we will successively construct integral kernels together with
estimates, which we build up to arrive at the desired integral kernels needed to calcu-
late the principal trace. The arguments in each step are quite similar; the techniques
involved are classical (for example, cf. [6, Chapter 2]).

Lemma 4.12. Let l; l 0;m;m0; n;n0 2N0 withm0 �m� n� n0, and l 0 � l . For t > 0,
define the linear operators QL=R

t , given by�
QL
t f

�
.x/ WD

Z
Rd
Qt .x; y/f .y/dy;�

QR
t f

�
.x/ WD

Z
Rd
f .y/Qt .x; y/dy; f 2 C l;.S

1/
m;n

�
Rd
�
:

Then, QL
t is continuous as a map to C l

0;.S1/
m0;n , and QR

t is continuous as a map to

C
l 0;.S1/
m;n0 , and we have a t -independent constant C , such that

QL

t




B.C

l;.S1/
m;n ;C

l0;.S1/

m0;n
/
� Ct�

l0�lCm0�m
2 ;

QR

t




B.C

l;.S1/

m;n0
;C
l0;.S1/
m;n /

� Ct�
l0�lCn�n0

2 :

(53)

Proof. Let f 2 C l;.S
1/

m;n , ˛ 2Nd
0 with j˛j � l 0. For j˛j � l , let ˇD 0 2Nd

0 ; otherwise,
let ˇ 2 Nd

0 , such that ˛ � ˇ, jˇj D l 0 � l and j˛ � ˇj D l . Then,

hA0i
m0@˛

�
QL
t f

�
.x/hA0i

�n

D

Z
Rd

�
@ˇqt

�
.x � y/hA0i

m0�me�tA
2
0hA0i

m
�
@˛�ˇf

�
.y/hA0i

�ndy;

hA0i
m@˛

�
QR
t f

�
.x/hA0i

�n0

D

Z
Rd
hA0i

m
�
@˛�ˇf

�
.y/hA0i

�n
hA0i

n�n0e�tA
2
0

�
@ˇqt

�
.x � y/dy:
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There are constants Cˇ , cr , such that

k@ˇqtkL1.Rd / � Cˇ t
�
jˇj
2 and khA0i

re�tA
2
0kB.H/ � cr t

� r2 ;

while 

hA0im�@˛�ˇf �hA0i�n

L1.Rd ;B.H// � kf kl;m;n;

hA0im�@˛�ˇf �hA0i�n

L1.Rd ;S1.H// � kf kS1l;m;n;
and so, the claims follow.

Lemma 4.13. Let n 2 N0; then, there is a constant c, such that for t > 0, j 2 N,Z
s2t�j



�Qs 9 ��A2 �M 2
0

�˝j �
.x; y/




B.Cr˝DomAn

0
/
ds

�
.ct/j

j Š
qt .x � y/; x; y 2 Rd : (54)

Let l; l 0; m; m0; n 2 N0 with m0 � m � n � n0, and l 0 � l . For t > 0 and j 2 N0,
define the linear operators ‚j;L=Rt , given by�

‚
j;L
t f

�
.x/ WD

Z
Rd
�
j
t .x; y/f .y/dy;�

‚
j;R
t f

�
.x/ WD

Z
Rd
f .y/�

j
t .x; y/dy; f 2 C l;.S

1/
m;n

�
Rd
�
:

Then, ‚j;Lt is continuous as a map to C l
0;.S1/
m0;n , and ‚j;Rt is continuous as a map to

C
l 0;.S1/
m;n0 , and there is a constant C , independent of j and t , such that

‚j;Lt 



B.C
l;.S1/
m;n ;C

l0;.S1/

m0;n
/
;

‚j;Rt 



B.C
l;.S1/
m;n ;C

l0;.S1/

m;n0
/
�

C jQj
iD1 max.1; i � l 0�l

2
/
tj�

l0�l
2 :

Proof. We begin with the estimate of (54). Let

c D sup
x2Rd

kA.x/2 � A20kB.Cr˝DomAn
0
/:

We have, for x; y 2 Rd ,Z
s2t�j



�Qs 9 ��A2 �M 2
0

�˝j �
.x; y/




B.Cr˝DomAn

0
/
ds

�

Z
s2t�j

�
qs

9

� c
˝j
�
.x; y/ds D

.ct/j

j Š
qt .x � y/:
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For the following parts of the proof, we, therefore, may interchange iterated integra-
tion freely. We show only the properties of‚j;Lt ; the proof for‚j;Rt is analogous. Let
Lf denote the operator given by .Lf g/.x/ D .fg/.x/; for x 2 Rd , f 2 C l

0

m0;m.R
d /,

and g 2 C l
0;.S1/
m;n .Rd /, we have, by the Leibniz rule and the ideal property of S1, that

Lf 



B.C
l0;.S1/
m;n ;C

l0;.S1/

m0;n
/
� d l

0

kf k
C l
0

m0;m

: (55)

In particular, there is a constant c0 such that

L
A2�M2

0




B.C

l0;.S1/
m;n ;C

l0;.S1/

m0;n
/
� c0d l

0

:

We proceed inductively with convention �0t D Qt . For j D 0, the statement is Lem-
ma 4.12. Let C 0 be the constant given by (53), which is independent of j and t . For
j � 0, we have

�
jC1
t .x; y/ D

Z t

0

Z
Rd
�js .x; z/

�
A2.z/ � A20

�
Qt�s.y; z/dz ds; x; y 2 Rd :

Thus, by (55), we have

‚jC1;Lt




B.C

l;.S1/
m;n ;C

l0;.S1/

m0;n
/

� c0d l
0

Z t
2

0



‚j;Ls 


B.C

l0;.S1/

m0;n
/



QL
t�s




B.C

l;.S1/
m;n ;C

l0;.S1/
m;n /

ds

C c0d l
Z t

t
2



‚j;Ls 


B.C

l;.S1/

m0;n
;C
l0;.S1/

m0;n
/



QL
t�s




B.C

l;.S1/
m;n /

ds

� c0C 0d l
0 C jQj

iD1 max.1; i � l 0�l
2
/

�Z t
2

0

sj .t � s/�
l0�l
2 ds C

Z t

t
2

sj�
l0�l
2 ds

�

� cC 0d l
0

tjC1�
l0�l
2

C jQj
iD1 max.1; i � l 0�l

2
/

22C
l0�l
2

max.1; j C 1 � l 0�l
2
/

�
C jC1QjC1

iD1 max.1; i � l 0�l
2
/
tjC1�

l0�l
2 ;

which holds if we set C WD 22C
l0�l
2 c0C 0d l

0

, which is independent of j and t .

Corollary 4.14. Let n 2 N0; then, there is a constant c, such that, for t > 0,

1X
jD0



�jt .x; y/

B.Cr˝DomAn
0
/
� ectqt .x � y/; x; y 2 Rd : (56)
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Let t > 0. Let l; l 0; m; m0; n; n0 2 N0 with m0 � m � n � n0, and l 0 � l . Define the
linear operators ‚L=Rt , given by�

‚Lt f
�
.x/ WD

Z
Rd
�t .x; y/f .y/dy;�

‚Rt f
�
.x/ WD

Z
Rd
f .y/�t .x; y/dy; f 2 C l;.S

1/
m;n

�
Rd
�
:

Then, ‚Lt is continuous as a map to C l
0;.S1/
m0;n , and ‚Rt is continuous as a map to

C
l 0;.S1/
m;n0 , and there is a continuous function h, such that

‚Lt 

B.C l;.S1/m;n ;C

l0;.S1/

m0;n
/
D t�

l0�lCm0�m
2 h.t/;

‚Rt 

B.C l;.S1/m;n ;C

l0;.S1/

m;n0
/
D t�

l0�lCn�n0

2 h.t/:

Proof. Inequality (56) follows from inequality (54) and enables us to exchange
integration and summation in the following. We have for f 2 C l;.S

1/
m;n .Rd /, by

Lemmas 4.12 and 4.13,



‚Lt f 

C l0;.S1/
m0;n

D






ZRd

 
1X
jD0

.�1/j �
j
t .�; y/

!
f .y/dy







C
l0;.S1/

m0;n

D






 1X
jD0

.�1/j‚
j;L
t f







C
l0;.S1/

m0;n

� Ct�
l0�lCm0�m

2 C t�
l0�l
2

 
1X
jD1

.C t/jQj
iD1 max.1; i � l 0�l

2
/

!
kf k

C
l;.S1/
m;n

D h.t/t�
l0�lCm0�m

2 kf k
C
l;.S1/
m;n

for some continuous function h. ‚Rt can be treated analogously.

Lemma 4.15. Let l; m; n 2 N0 with m � n. Then, there exists a constant C , such
that, for t > 0, j 2 N0,



�jt 

C lm;n.R2d / �
8<:Ct�

lCm�nCd
2 ; j D 0;

CjQj
iD1

max.1;i� lCd2 /
tj�

lCd
2 ; j � 1:

Proof. We proceed inductively in j . For j D 0, the statement follows from

Qt




C lm;n.R2d /

�


hA0im�ne�tA20

B.H/

qt

C l

b
.Rd /
� C 0t�

lCm�nCd
2 ;
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where C 0 is some constant independent of t . Recall that there is a constant c, such
that 

L

A2�M2
0




B.C ln;n;C

l
m;n/
� cd l :

Let Rf denote the operator .Rf g/.x/ WD g.x/f .x/. Then, similarly, we have

R
A2�M2

0




B.C ln;n;C

l
m;n/
� cd l :

For j � 0, we have, for x; y 2 Rd ,

�
jC1
t .x; y/ D

Z t

0

Z
Rd
�js .x; z/

�
A2.z/ � A20

�
Qt�s.y; z/dz ds;

D

Z t
2

0

‚j;Ls
��
A2 �M 2

0

�
Qt�s.�; y/

�
.x/ds

C

Z t

t
2

QR
t�s

�
�js .x; �/

�
A2 �M 2

0

��
.y/ds; (57)

and thus, we have constant C 00, independent of j and t , such that



�jC1t




C lm;n.R2d /

� cd lC 0C 00
C j

j Š

Z t
2

0

sj .t � s/�
lCd
2 ds

C cd l
C jQj

iD1 max.1; i � lCd
2
/

Z t

t
2

sj�
lCd
2 ds

�
C jC1QjC1

iD1 max.1; i � lCd
2
/
tjC1�

lCd
2 ; (58)

if we choose C , dependent on c, C 0, C 00, l , large enough.

Corollary 4.16. Let l; m; n 2 N0 with m � n. Then, �t 2 C lm;n.R
2d / for t > 0, and

there is a continuous function h, such that

�t

C lm;n.R2d / D h.t/t� lCm�nCd2 ; t > 0:

Proof. We have



�t

C lm;n.R2d / � 1X
jD0



�jt 

C lm;n.R2d /
� Ct�

lCm�nCd
2 C

 
1X
jD1

C jQj
iD1 max.1; i � lCd

2
/
tj

!
t�

lCd
2

DW h.t/t�
lCm�nCd

2 :
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Lemma 4.17. Let n 2N0; then, there is a constant c, such that for t > 0, j 2N, and
x; y 2 Rd ,Z

s2t�j



��s 9 �.i=@B/˝j �.x; y/

B.Cr /˝hA0i�nS1.H/hA0inds �
.ct/j

j Š
ectqt .x � y/:

Let l; l 0;m;m0; n 2N0 withm0 �m� n� n0, and l 0 � l . For t > 0 and j 2N, define
the linear operator Rj;Lt , given by�

R
j;L
t f

�
.x/ WD

Z
Rd
r
j
t .x; y/f .y/dy; f 2 C lm;n

�
Rd
�
:

Then, Rj;Lt is continuous as a map to C l
0;S1

m0;n , and for 0 < t � t0, there exists a con-
stant C , independent of j 2 N and t > 0, such that

Rj;Lt 



B.C lm;n;C
l0;S1

m0;n
/
�

C jQj
iD1 max.1; i � l 0�l

2
/
tj�

l0�l
2 :

Proof. By (56), we have for n 2 N0 a constant c0, such that, for t > 0,

�t

B.Cr˝DomAn
0
/
� ec

0tqt .x � y/:

We recall that .=@B/ is finite rank valued and thus, with

c WD max
�
c0; sup

x2Rd



i.=@B/



B.Cr /˝hA0i�nS1.H/hA0in

�
;

we have, for x; y 2 Rd ,Z
s2t�j



��s 9 �.i=@B/˝j �.x; y/

B.Cr /˝hA0i�nS1.H/hA0inds

�

Z
s2t�j

�
ecsqs

9

� c
˝j
�
.x; y/ds D

.ct/j

j Š
ectqt .x � y/;

and thus, we may exchange integration freely in the following. We note that there is a
constant c, such that

Li.=@B/




B.C ln;n;C

l;S1

m;n /
C


Ri.=@B/




B.C lm;m;C

l;S1

m;n /
� cd l :

With convention r0t WD �t , R
0;L
t WD ‚Lt , we have by Corollary 4.14, for 0 < t � t0, a

constant C 0, independent of t , such that

‚Lt 

B.C l;.S1/m;n ;C
l0;.S1/

m0;n
/
� C 0t�

l0�lCm0�m
2 ;
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and thus,

RjC1;Lt




B.C lm;n;C

l0;S1

m0;n
/

� cd l
0

Z t
2

0



Rj;Ls 


B.C

l0;S1

m0;n
/



‚Lt�s

B.C lm;n;C l0m;n/ds
C cd l

Z t

t
2



Rj;Ls 


B.C l

m0;n
;C l
0

m0;n
/



‚Lt�s

B.C l;S1m;n /
ds

� cC 0d l
0 C jQj

iD1 max.1; i � l�l 0

2
/

�Z t
2

0

sj .t � s/�
l0�l
2 ds C

Z t

t
2

sj�
l0�l
2 ds

�
� cC 0d l

0

tjC1�
l0�l
2

C jQj
iD1 max.1; i � l 0�l

2
/

22C
l0�l
2

max.1; j C 1 � l 0�l
2
/

�
C jC1QjC1

iD1 max.1; i � l 0�l
2
/
tjC1�

l0�l
2 ;

which holds if we set C WD 22C
l0�l
2 cC 0d l

0

, which is independent of j and t .

Lemma 4.18. Let n 2 N0; then, there is a constant c, such that, for t > 0,

1X
jD1



rjt .x; y/

B.Cr /˝hA0i�nS1.H/hA0in � ectqt .x � y/; x; y 2 Rd :

Let l; m; n 2 N0 with m � n, 1 � l . For 0 < t � t0, there exists a constant C , inde-
pendent of t and j 2 N, such that

rjt 

C l;S1m;n .R2d /

�
C jQj

iD1 max.1; i � lCd
2
/
tj�

lCd
2 :

Proof. Let 0 < t � t0 and C 0 be a constant, independent of t , such that

�t

C lm;n.R2d / � C 0t� lCm�nCd2 :

Recall that there is a constant c, such that

Li.=@B/




B.C ln;n;C

l;S1

m;n /
C


Ri.=@B/




B.C lm;m;C

l;S1

m;n /
� cd l :

We have for j � 0 with convention r0t WD �t , and x; y 2 Rd ,

r
jC1
t .x; y/ D

Z t
2

0

Rj;Ls
�
.=@B/�t�s.�; y/

�
.x/ds C

Z t

t
2

‚Rt�s
�
rjs .x; �/.=@B/

�
.y/ds;



Trace and index of Dirac–Schrödinger operators on open space 1401

and thus, we have a constant C 00 independent of j and t , such that



rjC1t




C
l;S1

m;n .R2d /
� cd lC 0C 00

C j

j Š

Z t
2

0

sj .t � s/�
lCd
2 ds

C cd lC 00
C jQj

iD1 max.1; i � lCd
2
/

Z t

t
2

sj�
lCd
2 ds

�
C jC1QjC1

iD1 max.1; i � lCd
2
/
tjC1�

lCd
2 ;

if we choose C , dependent on c, C 0, C 00, l , large enough.

5. Construction of the main integral kernels

With the auxiliary kernels constructed in the previous section, we may now proceed to
construct the integral kernels of the operators appearing in Lemma 4.9, which involve
commutators.

Definition 5.1. Let t > 0, k 2 N. Define

�
�;k
t WD

1X
jDk�12

r
2jC1
t ; k odd; �

C;k
t WD

1X
jDk2

r
2j
t ; k even:

Moreover, define for "; R > 0, with =@x=y=1 denoting the application of =@ to the x-
variable/y-variable/first variable, for x; y 2 Rd ,

�
";R
t .x; y/ WD 1BR.0/.x/1BR.0/.y/trCr

�
i
�
=@x C =@y

���
i=@q" ˝ q"

�
� �
�;d�2
t C

�
q" ˝ q"

�
�
�
A�
C;d�1
t

��
.x; y/

�
;

�Rt .x; y/ WD 1BR.0/.x/1BR.0/.y/trCr
�
i
�
=@x C =@y

�
�
�
i=@1�

�;d�2
t C A.x/�

C;d�1
t

�
.x; y/

�
;

�t .x; y/ WD �
�
A; trCr

�
A�
�;d
t C i=@1�

C;d�1
t

��
.x; y/:

We collect first some properties of the introduced integral kernels.

Corollary 5.2. Let l; m; n 2 N0 with m � n. Let t > 0, k 2 N; then,

�
˙;k
t 2 C lm;n.R

2d /;

and there are continuous functions hk , such that

��;kt 


C
l;S1

m;n .R2d /
C


�C;kt




C
l;S1

m;n .R2d /
� hk.t/t

k� lCd2 :
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Moreover, for "; R > 0, and  2 C1c .R
d / with supp � BR.0/, we have

�
";R
t ; �Rt ; �t 2 C

0;S1

0;0 .R2d /;

such that for some continuous functions h1, h2,

� ˝  ��";Rt 


C
0;S1

0;0
.R2d /

� h1.t/t�
1
2 ;



�t


C
0;S1

0;0
.R2d /

� h2.t/:

Proof. We have for k odd, and 0 < t � t0,



��;kt 


C
l;S1

m;n .R2d /
�

1X
jDk�12



r2jC1t




C
l;S1

m;n .R2d /

�

 
1X
jDk

C jQj
iD1 max.1; i � lCd

2
/
tj�k

!
tk�

lCd
2

DW hk.t/t
k� lCd2 :

For k � 1 even, and 0 < t � t0, we have

�C;kt




C
l;S1

m;n .R2d /
�

1X
jDk2



r2jt 

C l;S1m;n .R2d /

�

 
1X
jDk

C jQj
iD1 max.1; i � lCd

2
/
tj�k

!
tk�

lCd
2

DW hk.t/t
k� lCd2 :

As a first consequence, we obtain the claimed estimate for �t since d � 3. Letting
the involved derivatives fall on q", which is a Schwartz function, we also verify the
claimed estimate for . ˝  /�";Rt .

If we apply Lemma 2.19 to Proposition 2.29 and Lemma 4.9, we obtain the fol-
lowing corollary.

Corollary 5.3. Denote for R > 0 �R WD 1BR.0/ the characteristic function of the ball
of radius R. Then, for t > 0,

trCr
�
e�tD

�D
� e�tDD

��
D lim
R!1

Z t

0

�
�RtrCr

��
i=@;
�
i=@K�;d�2s C AKC;d�1s

���
�R

� �R
�
A; trCr

�
AK�;ds C i=@KC;d�1s

��
�R
�
ds;

where the double limit is in S1.L2.Rd ;H//.
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The next lemma is a table of all relevant integral kernels and the corresponding
operators. Denote by P" the operator defined by

P"f WD q" � f:

Lemma 5.4. Let t > 0, j 2N0, k 2N; then, for f 2 L2.Cr ˝H/, and a.e. x 2Rd ,Z
Rd
�
j
t .x; y/f .y/dy D

�Z
s2�j

e�sH0

9 �
A2 �M 2

0

�˝j dsf
�
.x/;Z

Rd
�t .x; y/f .y/dy D

�
e�tHBf

�
.x/;Z

Rd
r
j
t .x; y/f .y/dy D

�
R
j
t f
�
.x/;Z

Rd
�
˙;k
t .x; y/f .y/dy D

�
K
˙;k
t f

�
.x/;

(59)

and for t; "; r > 0, f 2 L2.Rd ;H/, and a.e. x 2 Rd ,Z
Rd
�
";R
t .x; y/f .y/dy

D
�
�RtrCr

��
i=@;
�
i=@P"K

�;d�2
t C P"AK

C;d�1
t

�
P"
��
�Rf

�
.x/;Z

Rd
�R.x/�t .x; y/�R.y/f .y/dy

D �
�
�R
�
A; trCr

�
AK�;ds C i=@KC;d�1s

��
�Rf

�
.x/:

(60)

Proof. The pointwise estimates of the involved kernels by multiples of qt .x � y/
enable us to use Fubini’s theorem on appearing infinite sums and integrals and obtain
successively the claimed integral kernel properties (59). For �t in (60), the claim
follows also by Fubini’s theorem, the memberships �˙;kt 2 C

1;S1

m;n .R2d /, and the fact
that �R is compactly supported. Furthermore,

�t WD .i=@q" ˝ q"/ � �
�;d�2
t C .q" ˝ q"/ � .A�

C;d�1
t /

is smooth, because q" is a Schwartz function. We also have for f 2 C1c .R
d ;Cr/, via

integration by parts,Z
Rd

�
i
�
=@1 C =@2

�
�t
�
.x; y/f .y/dy

D i=@
��

i=@P"K
�;d�2
t C P"AK

C;d�1
t

�
P"
�
f

� i
dX
jD1

cj
��

i=@P"K
�;d�2
t C P"AK

C;d�1
t

�
P"
�
@jf:
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We apply trCr , change cj to the end, and have, for f 2 C1c .R
d ;H/,Z

Rd
trCr

��
i
�
=@1 C =@2

�
�t
�
.x; y/

�
f .y/dy

D trCr
��

i=@;
�
i=@P"K

�;d�2
t C P"AK

C;d�1
t

�
P"
�
f
�
.x/:

Since the right-hand side, due to the presence of P", possesses a bounded extension
(which must equal its closure) in L2.Rd ;H/, we obtain the claim for �";Rt in (60).

Lemma 5.5. Let t > 0. Then,

trL2.Rd ;H/trCr
�
e�tD

�D
� e�tDD

��
D trCr˝H

�
lim
R!1

Z
Rd

Z t

0

�Rs .x; x/ds dx
�
:

The outer integral over BR.0/ on the right is a Bochner integral in L1.Rd ; S1.Cr ˝

H//, and the limit exists in trace-class of Cr ˝H .

Proof. We first consider for s > 0 the operator

�
�
A;AK�;ds C i=@KC;d�1s

�
;

which by Lemma 5.4 has the operator valued integral kernel

�s.x; y/ WD �
�
A;A��;ds C i=@1�C;d�1s

�
.x; y/:

We note that, by Corollary 5.2, �s 2 C
0;S1

m;n .R2d / for all m � n, m; n 2 N0, with

�s


C
0;S1

m;n .R2d /
� h.s/sd�1�

dC1
2 D h.s/s

d�3
2

for some continuous h at 0. In particular, s ! �s is integrable at 0 in C 0;S
1

m;n .R2d /-
norm. Thus,

�

Z t

0

�
A;AK�;ds C i=@KC;d�1s

�
ds

has the operator-valued integral kernel

†t .x; y/ WD

Z t

0

�s.x; y/ds:

For R > 0, the operator �RtrCr .e
�tD�D � e�DD

�

/�R is trace-class in L2.Rd ; H/
and admits by Theorem 4.2 an operator valued integral kernel kt;R, such that

h 7! .x 7! kt;R.x; x C h//

is a bounded continuous map of Rd to L1.Rd ; S1.H//. Because the kernel

�R ˝ �R � trCr†t
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is of the same class, Corollary 5.3 implies that the integral kernel
R t
0
�Rs ds is also of

this class. In particular, Theorem 4.2 provides

trL2.Rd ;H/
�
�RtrCr

�
e�tD

�D
� e�DD

��
�R
�

D

Z
Rd
�R.x/trCr˝H†t .x; x/dx

C

Z
Rd

trH

�Z t

0

�Rs .x; x/ds
�

dx:

We claim that the first summand vanishes, which would finish the proof after taking
the limitR!1. Indeed, first, we have �s.x;y/ WDA�

�;d
s Ci=@1�

C;d�1
s 2C

0;S1

m;n .R2d /

for all m;n 2 N0 by Corollary 5.2, which implies, because A.x/hA0i�1 is a bounded
operator, that

trCr˝HA.x/�s.x; x/ D trCr˝H hA0i�s.x; x/A.x/hA0i
�1
D trCr˝H �s.x; x/A.x/;

which implies that trCr˝H�s.x; x/ D trCr˝H ŒA.x/; �.x; x/� D 0. Then, also,

trCr˝H†t .x; x/ D

Z t

0

trCr˝H�s.x; x/ds D 0:

The claim follows from Corollary 5.3.

Before we proceed with the term involving �Rs , we need a technical lemma con-
cerned with the decay of the Gaussian heat kernel outside compact regions. This result
is classical and the technique is usually called dyadic exhaustion.

Lemma 5.6. Let uj > 0, j D 0; : : : ; k with t0 D
Pk
jD0 uj and r0 > 0. Let ı; " � 0.

Then, for c > 1, there exists a constant C such that for i; j D 1; : : : ; k, x 2 RdZ
.Rd /k

�jzi�xj�r0 jx � z1j
ı
jzj � xj

"qu0.x � z1/qu1.z1 � z2/ � : : : � quk .zk � x/dz

� Ct0u
ı
2

0 U
"
2

j r
�d
0 exp

�
�
r20
2ct0

�
; (61)

where

Uj WD

´
u0 C � � � C uj�1; j < i;

uj C � � � C uk; j � i:

Proof. For c > 1 � � 0, there exists a constant Cc;� such that

jyj�qs.y/ � Cc;�s
�
2 qcs.y/

uniformly in s > 0 and y 2 Rd . This implies that (61) can be estimated by

Cu
ı
2

0 U
"
2

j

Z
Rd
�jyj�r0qc.u0C���Cui�1/.y/qc.uiC���Cuk/.y/dy
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for c > 1 and some constant C . Let rn WD 2nr0 and Xn WD Brn.0/nBrn�1.0/. Then,
volXn � cd rdn and qs.y/ � qs.rn�1/ for y 2 Xn. Thus, for c0 > c,

Cu
ı
2

0 U
"
2

j

Z
Rd
�jyj�r0qc.u0C���Cui�1/.y/qc.uiC���Cuk/.y/dy

� C 0u
ı
2

0 U
"
2

j

1X
nD1

rdn qc.u0C���Cui�1/.rn�1/qc.uiC���Cuk/.rn�1/

� C 00u
ı
2

0 U
"
2

j r
�d
0

Z 1
r2
0

exp
�
�

r

2c0t0

�
dr

D C 000t0u
ı
2

0 U
"
2

j r
�d
0 exp

�
�
r20
2c0t0

�
:

Before we may proceed with discussing the integral kernels, we need the follow-
ing lemma dealing with translations of products of operators. We first introduce some
notation.

For an elementary tensor of operator functions T WD T1 ˝ � � � ˝ Tn and a vector
y D .y1; : : : ; yn/, define

pr T WD T1 � : : : � Tn;
�yT WD �y1T1 ˝ � � � ˝ �ynTn:

We extend pr multi-linearly to general tensors of operator functions. We then have
the following decomposition. The proof is elementary and is done by induction in n.

Lemma 5.7. Let

T D T1 ˝ � � � ˝ Tn

be an elementary tensor of operator functions. Then,

pr
�
�� y

2
� � y

2

�2T

D

nX
jD1

 
j�1Y
iD1

�yiTi

!
w2yj Tj

 
nY

iDjC1

��yiTi

!

C 2
X

1�k<l�n

 
k�1Y
iD1

Ti

!
�yk
2
ıyk
2
Tk

 
l�1Y

jDkC1

�yj Tj

!
�
�
yl
2
ıyl
2
Tl

 
nY

mDlC1

��ymTm

!
:

We have the following vanishing lemma for one of the terms making up �";Rs .

Lemma 5.8. Let j 2 ¹1; : : : ; dº. Then,

lim
R!1

Rd�1 lim
"&0

Z t

0

Z
S1.0/



�@j;1�q" ˝ q" � ��;d�2s

��
.Ry;Ry/




S1.H/

dS1.y/ ds D 0:

(62)
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Proof. For x0 2 Rd , and 
 2 ¹0; 1ºk , define

Sx0
 WD .S
x0

1
; : : : ; Sx0
k /;

S
x0
0 WD A

2
� A2.x0/;

S
x0
1 WD i=@B:

We use the iterative definition of the function �js to obtain, for x0; x; y 2 Rd , s > 0,

��;d�2s .x; y/

D

1X
jDd�32

r2jC1s .x; y/

D �

1X
jDd�32

1X
kD2jC1

.�1/k
X


2¹0;1ºk ;j
 jD2jC1

Z
u2s�k

�
Qx0
u

9

� S
x0



�
.x; y/ du; (63)

where the expression on the right converges absolutely in C 1;S
1

m;n .R2d / form;n 2N0.
We investigate ..@j q" ˝ q"/ � �

�;d�2
s /.Ry;Ry/ for R > 0, y 2 S1.0/, and x0 D Ry

using the above series. Since kQx0
u k � qu, we have the estimate



Z

u2s�k

@j;1
�
q" ˝ q" �

�
Qx
u

9

� S

��
.x; x/du






S1.H/

� sk
Z
u2�k

Z
.Rd /k

jz
j
1 j

2.su0 C "/
qsu0C".z1/

� qsu1.z1 � z2/ � : : : � qsukC".zk/

kY
iD1



Sx
i .x C zi /

S1.H/dz du: (64)

We restrict the integral in z 2 .Rd /k to z 2 Br0.0/
k with r0 D log jxj. Since

kSx
i kL1.Rd ;S1.H// � c

is uniformly bounded, the 2k � 1 resulting remainders can be estimated by Lemma 5.6
for " 2 .0; 1/,

C.2k � 1/ck.t C 2/kC1s�
1
2 .log jxj/�d

Z
u2�k

u
� 12
0 du exp

�
�
.log jxj/2

2c0.t C 2/

�
� C 0.2c.t C 2//kC1s�

1
2

1

.k � 1/Š
jxj
�

log jxj
2c0.tC2/ ;

for which the sum over k and the integral in s 2 .0; t/ decays faster than any jxj�m,
m 2N, as jxj!1. We return to (64) with the integrals restricted to z 2Br0.0/

k with
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r0 D log jxj. Condition (43) of Remark 3.6 and the decay of krB.x/kS1.H/ � jxj�1

as jxj ! 1, due to �0;0;r;1;1.B/ <1, allows us to estimate by

Cc0k
�
jxj � log jxj

�� 12 .2jCkC1/sk� 12 qc.sC2"/.0/ Z
u2�k

u
� 12
0 du

� C 0
c0ksk�

dC1
2

.k � 1/Š

�
jxj � log jxj

��k
;

which shows absolute summability of (64) with respect to the sums in (63) and integ-
rability in s at 0, uniformly in " 2 .0; 1/. We also note that, for the limit jxj ! 1, we
may disregard all terms involving the summands with j � d�1

2
or j D d�3

2
, k � d ,

and it suffices for the statement (62) to hold that

lim
R!1

Rd�1 lim
"&0

Z t

0

sd�2
Z
S1.0/

�





Z
u2�d�2

@j;1
�
q" ˝ q" �

�
QRy
su

9

� i=@B˝.d�2/
��
.Ry;Ry/du






S1.H/

dS1.y/ ds D 0 (65)

and

lim
R!1

Rd�1 lim
"&0

Z t

0

sd�1
Z
S1.0/

�





Z
u2�d�1

@j;1
�
q" ˝ q" �

�
QRy
su

9

� S

��
.Ry;Ry/du






S1.H/

dS1.y/ ds D 0

(66)

for 
 2 ¹0; 1ºd�1, j
 j D d � 2. We consider first the term in (65):

@j;1
�
q" ˝ q" �

�
QRy
su

9

� i=@B˝.d�2/
��
.Ry;Ry/

D �

Z
.Rd /d�2

Ryj � w
j
1

2.su0 C "/
qsu0C".Ry � w1/qsu1.w1 � w2/

� : : : � qsud�2C".wd�2 �Ry/e
�su0A.Ry/

2
d�2Y
jD1

i=@B.wj /e�sujA.Ry/
2

dw

w 7!RyCz
D �

Z
.Rd /d�2

z
j
1

2.su0 C "/
qsu0C".z1/qsu1.z1 � z2/ � : : : � qsud�2C".zd�2/

� e�su0A.Ry/
2
d�2Y
jD1

i=@B.Ry C zj /e�sujA.Ry/
2

dz
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z 7!�z
D �

Z
.Rd /d�2

z
j
1

2.su0 C "/
qsu0C".z1/qsu1.z1 � z2/ � : : : � qsud�2C".zd�2/

� e�su0A.Ry/
2
d�2Y
jD1

i=@B.Ry � zj /e�sujA.Ry/
2

dz:

Taking the sum, we obtain

Rd�1@j;1
�
q" ˝ q" �

�
QRy
su

9

� i=@B˝.d�2/ �QRy
su

9

�.i=@B.Ry//˝.d�2/
��
.Ry;Ry/

D �Rd�1
Z
.Rd /d�2

z
j
1

4.su0 C "/
qsu0C".z1/qsu1.z1 � z2/

� : : : � qsud�2C".zd�2/e
�su0A.Ry/

2

�
�
pr
�
�� z2 � �

z
2

�2�i=@Be�su1A.Ry/2 ; : : : ; i=@Be�sud�2A.Ry/2��.Ry/dz: (67)

We first note that, for all " > 0,

@j;1
�
QRy
su

9

�.i=@B.Ry//˝.d�2/
�
.Ry;Ry/

D .@j;1qs/.Ry;Ry/ �
�
e�suA.Ry/

2 9

.i=@B.Ry//˝.d�2/
�
D 0;

which means we are left with discussing the term (67). As before, we can use Lem-
ma 5.6 to restrict the integrals on the right-hand side of (67) to z 2 BlogR.0/

d�2

uniformly in " 2 .0; 1/. By Lemma 5.7, we see that pr.�� z2 � � z2 /
2 decomposes into a

finite sum of products that involve one factorw2� or two factors ı� applied to i=@B . One
of these factors can be bounded on z 2 BlogR.0/

d�2 by the fact that i=@B is continu-
ously differentiable, and thus locally Lipschitz, while all other factors are estimated
uniformly. In total, we may crudely estimate on z 2 BlogR.0/

d�2,

�pr
�
�� z2 � �

z
2

�2�i=@Be�su1A.Ry/2 ; : : : ; i=@Be�sud�2A.Ry/2��.Ry/


S1.H/

� CR
�
jz1j C � � � C jzd�2j

�
;

whereCR depends onR. The restricted integrals to z 2BlogR.0/
d�2 on the right-hand

side of (67) can, therefore, be estimated by

C 0R

d�2X
lD1

Z
.Rd /d�2

jz1jjzl j

4.su0 C "/
qsu0C".z1/qsu1.z1 � z2/ � : : : � qsud�2C".zd�2/dz:

(68)
Since jwjqt .w/ � Ct

1
2 qct .w/ for c > 1 and a constant C dependent only on c, we

further estimate (68) by

C 0RC.su0 C "/
� 12 .s C "/

1
2 qc.sC2"/.0/

� CR;cu
� 12
0 s�

1
2 .s C 2"/

1�d
2 � CR;cu

� 12
0 s�

d
2 ;
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which is integrable in s 2 .0; t/ against sd�2 because d � 3, and integrable in u 2
�d�2. By the dominated convergence theorem, we conclude that the left-hand side
of (65) equals

� lim
R!1

Rd�1
Z t

0

sd�2
Z
S1.0/

Z
u2�d�2

Z
BlogR.0/d�2

�
z
j
1

4su0
qsu0.z1/qsu1.z1 � z2/ � : : : � qsud�2.zd�2/

e�su0A.Ry/2�pr

�
�� z2 ��

z
2

�2�i=@Be�su1A.Ry/2 ; : : : ; i=@Be�sud�2A.Ry/2��.Ry/


S1.H/

dz du dS1.y/ ds: (69)

As before, pr.�� z2 � � z2 /
2 decomposes into a finite sum of products that involve one

factorw2� or two factors ı� applied to i=@B . In any case, both can be bounded by condi-
tion (44), respectively, (45), of Remark 3.6 in such a way that their decay as R!1
compensates the factorRd�1, uniformly in s, y, u, and z. Here, the additional Hölder-
type continuity at infinity in the case d D 3 from condition (44), respectively, (45) of
Remark 3.6 goes in, to obtain the necessary integrability in s at 0. We are allowed to
use the dominated convergence theorem and the summands involving factors w2� go
to 0 as R !1, by condition (47), while those with two ı� go to 0 as R !1 by
condition (44) for the same reason. We conclude that (69) vanishes.

The second type (66) is simpler. Let S
 have A2 �A.Ry/2 in the j -th slot. Since

sd�1




Z
u2�d�1

QRy
su

9

� S
 du





C
1;S1

0;0
.R2d /

� cs
d�3
2 ;

for s near 0, uniformly in R and y, we see that we may pass the limit " & 0 by
the integrals. Let zS
 be obtained form S
 by replacing all i=@B by i=@B.Ry/. By an
argument similar to the first type, we see that

lim
R!1

Rd�1
Z t

0

sd�1
Z
u2�d�1



@j;1�QRy
su

9

� S


�QRy
su

9

�
zS

�
.Ry;Ry/




S1.H/

du ds D 0:

But for the expression with zS
 , we have

@j;1
�
QRy
su

9

�
zS

�
.Ry;Ry/

D

Z
Rd
.@j;1qs.u0C���Cuj�1//.Ry � wj /qs.ujC���Cud�1/.wj �Ry/

�
�
e�suA.Ry/

2 9

Tj .wj /
�
dwj ;

where Tj is the .d � 1/-vector of operator valued function which consists of d � 2
constant operators i=@B.Ry/ and A2 � A2.Ry/ in the j -th slot. We now repeat the
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trick of first changing coordinates wj 7! Ry C zj and then zj 7! �zj as before to
obtain a factor w2zj .A

2/.Ry/ in the j -th slot of the 9 -product in the above equation.
We then apply dominated convergence and condition (46) of Remark 3.6 to conclude
that the second type also vanishes.

As an intermediate step to the trace formula, we show the following proposition.
Denote, for v 2 Rd ,

hc; vi WD

dX
jD1

cj vj :

Proposition 5.9. Let t > 0. Then,

trL2.Rd ;H/trCr
�
e�tD

�D
� e�tDD

��
D trH

�
lim
R!1

Rd�1
Z t

0

Z
S1.0/

trCr
�
ihc; yiA.Ry/�C;d�1s .Ry;Ry/

�
dS1.y/ ds

�
;

where the argument of trH on the right-hand side is a limit in S1.H/-norm.

Proof. In the proof of Lemma 5.5, we showed that there is an operator valued integral
kernel �t of the operatorZ t

0

trCr
��

i=@;
�
i=@K�;d�2s C AKC;d�1s

���
ds;

such that with �Rt WD .�R ˝ �R/ � �t for all R > 0 the map

h 7! .x 7! �Rt .x; x C h//

is a bounded continuous map of Rd to L1.Rd ; S1.H//. It follows that for ı > 0 also

sup
h2Bı.0/

Z
BR.0/



�.q" ˝ q"/ � �t�.x; x C h/ � �t .x; x C h/

S1.H/dx "&0
���! 0:

Theorem 4.2 implies that

trL2.Rd ;H/

Z t

0

�RtrCr
��

i=@;
�
i=@K�;d�2s C AKC;d�1s

���
�R ds

D lim
"&0

Z
BR.0/

trH
�
.q" ˝ q"/ � �t

�
.x; x/dx:

On the other hand for " > 0, we have by Corollary 5.2 that for  2 C1c .R
d / with

supp � BR.0/ 

�";Rs 


C
0;S1

0;0
.R2d /

� h.s/s�
1
2
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for some continuous function h at 0. In particular,
R t
0
�
";R
s ds exists in C 0;S

1

0;0 .R2d / and
thus needs to coincide with .q" ˝ q"/ � �t on BR.0/ � BR.0/. This implies that we
may interchange the trace and integrals freely to obtainZ

BR.0/

trH
�
.q" ˝ q"/ � �t

�
.x; x/dx D

Z t

0

trH

Z
BR.0/

�";Rs .x; x/dx ds: (70)

We consider the innermost integral of the right-hand side of (70) in the weak operator
topology of H . Then, the divergence theorem applies, and we have after changing to
polar coordinates,Z

BR.0/

�";Rs .x; x/dx

D Rd�1
Z
S1.0/

trCr
�
ihc; yi.i=@q" ˝ q"/ � ��;d�2s .Ry;Ry/

�
dS1.y/

CRd�1
Z
S1.0/

trCr
�
ihc; yi.q" ˝ q"/ � .A�C;d�1s /.Ry;Ry/

�
dS1.y/: (71)

We note that in the second summand on the right-hand side of (71) the kernelA�C;d�1s

is of class C 1;S
1

0;0 .R2d / with norm bounded by h.s/s
d�3
2 for some continuous h by

Corollary 5.2, which is integrable in s at 0. In particular, after applying the divergence
theorem in reverse on the second summand of (71), we may take the limit "& 0 inside
the trace, and thus,

lim
"&0

trH

�
Rd�1

Z
S1.0/

trCr
�
ihc; yi.q" ˝ q"/ � .A�C;d�1s /.Ry;Ry/

�
dS1.y/

�
D trH

�
Rd�1

Z
S1.0/

trCr
�
ihc; yiA.Ry/�C;d�1s .Ry;Ry/

�
dS1.y/

�
:

We are left with the first summand on the right-hand side of (71). Its contribution
vanishes in the iterative limit limR!1 lim"&0, by Lemma 5.8. The claim then follows
from Lemma 5.5.

6. The principal trace formula

In this section, we exploit that we only need the involved integral kernels in their
long-range limits jxj ! 1. The first result shows that we do not need to care about
which values the operator family A has near 0.

Lemma 6.1. For j 2 N, let M D .Mi /
j
iD1 be measurable families of bounded oper-

ators in Cr�r ˝ hA0i
�nB.H/hA0i

�m, with

Mi .x/



L1.Rd ;Cr�r˝hA0i�nB.H/hA0i�m/

� C;
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for some constant C <1. Assume also that there are measurable functions

.0;1/ �Rd �Rd 3 .t; x; y/ 7! kit .x; y/ 2 Cr�r
˝ B.H/; i 2 ¹0; : : : ; j º;

satisfying for some constant c <1,

kit .x; y/

B.Cr˝DomAn
0
/
� ectqt .x � y/; x; y 2 Rd ; t > 0:

Denote forR > 0,M 0 WD .M 0i /
j
iD1, withM 0i 2 ¹Mi ;Mi1BR

2
.0/c º, i 2 ¹1; : : : ; j º, with

at least one i0 2 ¹1; : : : ; j º, such that

M 0i0 DMi01BR
2
.0/c :

Then, there is a constant c0 independent of j , such that, for t > 0,Z
SR.0/

Z
s2t�j



�ks 9 �M � ks 9 �M 0�.x; x/

Cr�r˝hA0i�nB.H/hA0i�m
ds dSR.x/

� c0ect
.2C t/j

j Š
R�1:

Proof. SinceM andM 0 are uniformly bounded in k � kCr�r˝hA0i�nB.H/hA0i�m-norm
by some constant C , we have, for t > 0, x 2 SR.0/,Z

s2t�j



�ks 9 �M � ks 9 �M 0�.x; x/

Cr�r˝hA0i�nB.H/hA0i�m
ds

� ectC j
�
2j � 1

� Z t

0

uj�1

.j � 1/Š

Z
BR
2
.0/

qt�u.x � y/qu.y � x/dy du: (72)

Since dist.x; y/ � R
2

, there exist constants cd , c0
d

only dependent on d , such thatZ
BR
2
.0/

qt�u.x � y/qu.y � x/du

� Rdcd

�
sup
�>0

��
d
2 e�

R2

16�

�2 �DR2�
D Rdcd

�
R�d sup

�>0

�
d
2 e�

�
16

�2
D c0dR

�d : (73)

Compiling (72) and (73), we obtainZ
s2t�j



�ks 9 �M � ks 9 ��M1BR
2
.0/c

��
.x; x/




Cr�r˝hA0i�nB.H/hA0i�m

ds

� ectc0dC
j
�
2j � 1

� tj
j Š
R�d :

Integration over SR.0/ yields the claim.
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Lemma 6.2. Let j � d , and let F WD .Fk/
j

kD1
be a tuple of measurableB.Cr ˝H/-

valued functions, which satisfy

hXiFk

L1.Rd ;Cr�r˝hA0i�nB.H/hA0i�m/ � C <1:

Let there be measurable functions

.0;1/ �Rd �Rd 3 .t; x; y/ 7! kit .x; y/ 2 B
�
Cr
˝ DomAn0

�
; i 2 ¹0; : : : ; j º;

satisfying for some constant c <1,

kit .x; y/

B.Cr˝DomAn
0
/
� ectqt .x � y/; x; y 2 Rd ; t > 0:

Then, for t0 > 0, there is a constant C 0 independent of j , such that for 0 < t � t0,
R > 0, Z

SR.0/

Z
s2t�j



�ks 9 � F �.x; x/

Cr�r˝hA0i�nB.H/hA0i�m
ds dx

� C 0ect
.2C /j

j Š
tj�

d
2R�1:

Proof. Let R > 0 and consider first that all Fk are supported outside of BR
2
.0/. Then,

R


Fk.x/

Cr�r˝hA0i�nB.H/hA0i�m

� 2C;

for a.e. x 2 Rd . So,Z
SR.0/

Z
s2t�j



�ks 9 � F �.x; x/

Cr�r˝hA0i�nB.H/hA0i�m
ds dx

� ect .4�t/�
d
2
.2C t/j

j Š
volSR.0/R�j

� C 0ect
.2C /j

j Š
tj�

d
2R�1:

The general case follows by Lemma 6.1.

We are now ready to simplify the right-hand side of the principal trace formula to
its penultimate form, which has its own raison d’être, in so far as it exhibits clearly a
similar form as the classical Callias index formula (i.e., both exhibit a limit of a d � 1
form integrated over spheres with radii tending to infinity). However, it is not the final
form, because we should not forget that

A D An;m;l

is still an approximant. Our general conditions on the familyA do not suffice to enable
us to go to the limit n;m; l !1 in the trace formula of the lemma below.
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Lemma 6.3. For t > 0,

trL2.Rd ;H/trCr
�
e�tD

�D
� e�tDD

��
D trH

 
lim
R!1

Rd�1
Z t

0

.4�s/�
d
2 id�c

Z
S1.0/

A.Ry/

Z
u2s�d�1

dX
jD1

X
˛2¹1;:::;dºd�1

yj ".j;˛/e
�uA.Ry/2 9

��
@E˛1A

�
.Ry/; : : : ;

�
@E˛d�1A

�
.Ry/

�
du dS1.y/ ds

!
;

where ".j;˛/ denotes the Levi-Civita symbol of the tuple .j; ˛/ 2 ¹1; : : : ; dºd .

Proof. For x0 2 Rd , denote

.Mx0f /.x/ WD A.x0/f .x/; x 2 Rd ; f 2 DomM0;

and

Hx0 WD �CM
2
x0
;

which is self-adjoint on DomH0. The smooth integral kernel Qx0
t of e�tHx0 , t > 0,

is given by

Q
x0
t .x; y/ D qt .x � y/1Cr ˝ e

�tA.x0/
2

; x; y 2 Rd :

Duhamel’s principle yields

e�tHB D e�tHx0 �

Z t

0

e�.t�s/Hx0 .A2 �M 2
x0
/e�sHBds;

which implies for a.e. x; y 2 Rd ,

�t .x; y/ D Q
x0
t .x; y/ �

Z t

0

Z
Rd
Q
x0
t�s.x; z/

�
A.z/2 � A

�
x0
�2�
�s.z; y/dz ds: (74)

In fact, the right-hand side is an element of C1m;n.R
2d /, m; n 2 N0, which can be

shown by using Lemma 4.12, Corollaries 4.14 and 4.16 in a similar way as (57)
and (58). So, (74) holds everywhere. We find

rd�1t

�
x0; x0

�
D

Z
s2t�d�1

��
Qx0
s0
; �s1 ; : : : ; �sd�1

� 9

�.i=@B/˝.d�1/
��
x0; x0

�
ds

�

Z
s2t�d

��
Qx0
s0
; �s1 ; : : : ; �sd

� 9

�

�
A2 � A

�
x0
�2
; .i=@B/˝.d�1/

���
x0; x0

�
ds:
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By Lemma 6.1, we have for n;m 2 N0, with A.x/hA0i�1 � C 0, x 2 Rd , and Bx0 WD
A2 � A.x0/

2,

lim sup
R!1

Z t

0

Z
SR.0/

Z
u2s�d



A�x0���Qx0
u0
; �.u1;:::;ud /

� 9

�

�
Bx0 ; .i=@B/

˝.d�1/
��

�
�
x0; x0

�


Cr�r˝hA0i�nB.H/hA0i�m

du dSR
�
x0
�

ds

D lim sup
R!1

Z t

0

Z
SR.0/

Z
u2s�d



A�x0���Qx0
u0
; �.u1;:::;ud /

�
�

9

�

�
Bx0 ;

�
1BR

2
.0/c i.=@B/

�˝.d�1/���
x0; x0

�


Cr�r˝hA0i�nB.H/hA0i�m

� du dSR
�
x0
�

ds

� C 0C d�1 lim sup
R!1

Z t

0

ecs
Z
S1.0/

Z s

0

Z
Rd
qs�u.Ry � z/

�


A.z/2 � A.Ry/2



B.H;DomA0/
qu.z �Ry/dz

ud�1

.d � 1/Š
du dS1.y/ ds

D C 0C d�1 lim sup
R!1

Z t

0

ecs
Z
S1.0/

Z s

0

Z
Rd
qs�u.w/qu.w/

�


A.Ry C w/2 � A.Ry/2



B.H;DomA0/
dw

ud�1

.d � 1/Š
du dS1.y/ ds: (75)

The integrand of the last line of (75) has an integrable dominant, since

A.Ry C w/2 � A.Ry/2


B.H;DomA0/

is uniformly bounded (since the function B is uniformly bounded with values in
hA0i

�mB.H/hA0i
n for any m; n 2 N0), and we may take the limit R !1 inside

the integrals, which yields 0. Therefore,

lim
R!1

Rd�1
Z t

0

Z
S1.0/

trCr
�
ihc; yiA.Ry/rd�1s .Ry;Ry/

�
dS1.y/ ds

D lim
R!1

Rd�1
Z t

0

Z
S1.0/

trCr

�
ihc; yiA.Ry/

�

Z
u2s�d�1

��
QRy
u0
; �u1;:::;ud�1

� 9

�.i=@B/˝.d�1/
�
.Ry;Ry/du

�
dS1.y/ ds:

By iterating the procedure, we obtain

lim
R!1

Rd�1
Z t

0

Z
S1.0/

trCr
�
ihc; yiA.Ry/rd�1s .Ry;Ry/

�
dS1.y/ ds

D lim
R!1

Rd�1
Z t

0

Z
S1.0/

trCr
�
ihc; yiA.Ry/ps.Ry/

�
dS1.y/ ds;
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where for t > 0, x0 2 Rd we define

pt
�
x0
�
WD

Z
s2t�d�1

�
Qx0
s

9

�.i=@B/˝.d�1/
��
x0; x0

�
ds:

Denote .Nx0f /.x/ WD .i=@B/.x0/f .x/, f 2 DomM0; then,

lim sup
R!1

Z t

0

Z
SR.0/

Z
u2s�d�1



A�x0�Qx0
u

9

�

�
i.=@B/ �Nx0 ; .i=@B/

˝.d�2/
�

�
�
x0; x0

�


Cr�r˝B.H/

du dSR
�
x0
�
ds

D lim sup
R!1

Z t

0

Z
SR.0/

Z
u2s�d�1

kA
�
x0
��
Qx0
u

9

�

�
i.=@B/

�Nx0 ;
�
1BR

2
.0/c i.=@B/

�˝.d�2/���
x0; x0

�


Cr�r˝B.H/

du dSR
�
x0
�
ds

� C 0C d�1 lim sup
R!1

Z t

0

ecs
Z
S1.0/

Z s

0

Z
Rd
qs�u.Ry � z/R



.=@B/.z/
� .=@B/.Ry/




B.H;DomA0/

qu.z �Ry/dz
ud�2

.d � 2/Š
du dS1.y/ ds

D C 0C d�1 lim sup
R!1

Z t

0

ecs
Z
S1.0/

Z s

0

Z
Rd
R


.=@B/.Ry C w/

� .=@B/.Ry/



B.H;DomA0/

qs�u.w/qu.w/dw
ud�2

.d � 2/Š
du dS1.y/ ds: (76)

By the same reasoning as for (75), we may take the limit R!1 inside the integrals
in (76), which is 0. Thus,

lim
R!1

Rd�1
Z t

0

Z
S1.0/

trCr
�
ihc; yiA.Ry/ps.Ry/

�
dS1.y/ ds

D lim
R!1

Rd�1
Z t

0

Z
S1.0/

trCr

�
ihc; yiA.Ry/

�

Z
u2s�d�1

�
QRy
u

9

�

�
NRy ; .i=@B/˝.d�2/

��
.Ry;Ry/

�
dS1.y/ ds:

By iterating the procedure, we obtain

lim
R!1

Rd�1
Z t

0

Z
S1.0/

trCr
�
ihc; yiA.Ry/ps.Ry/

�
dS1.y/ ds

D lim
R!1

Rd�1
Z t

0

Z
S1.0/

trCr
�
ihc; yiA.Ry/�s.Ry/

�
dS1.y/ ds;
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where for t > 0, x0 2 Rd ,

�t
�
x0
�
WD

Z
s2t�d�1

�
Qx0
s

9

�

�
Nx0

�˝.d�1/��
x0; x0

�
ds

D .4�t/�
d
2

Z
s2t�d�1

�
1˝dCr ˝ e

�sA.x0/
2� 9 �i.=@B/�x0��˝.d�1/ds:

The claim then follows if we apply trCr to ihc; yi�s , using Lemma 2.1.

6.1. The main result

Throughout the previous sections, we used tacitly the approximation family Bn;m;l
instead of B for notational brevity. Now, we are prepared to take the limits n!1,
m!1, l !1 to arrive at the principal trace formula, which is our main result,
presented in the following theorem.

If we assume Hypothesis 2.12, by Remark 2.13, the model operator A0 is allowed
to be A.x0/, for a.e. x0 2 Rd . We fix such a x0 and set A0 D A.x0/ in the following.

Theorem 6.4. Assume Hypothesis 2.12. For � 2 C1c .R
d /, denote

A� WD A0 C .1 � �/.A � A0/:

Then, for t > 0, and any � 2 C1c .R
d /,

trL2.Rd ;H/trCr
�
e�tD

�D
� e�tDD

��
D
2

d
.4�/�

d
2 id�ct

d
2

Z
s2�d�1

Z
Rd

trH
d�1̂

jD0

��
dA�

�
e�tsjA

2
�
�
ds; (77)

where
V

denotes the exterior product, and �c D trCr .c
1 : : : cd /. In case of the irre-

ducible choice
r D 2

d�1
2 ;

we have �c D .2i/
d�1
2 .�i/d (see Lemma 2.1).

Proof. Denote A� WD An;m;l , andD� WDDn;m;l . Let r D jxj. For x D ry 2 Rd with
y 2 S1.0/, we have dr D

Pd
jD1 y

j dxj , and for u 2 s�d�1, s > 0, we have

dr ^ e�u0A
2
�

d�1̂

jD1

�
dA�

�
e�ujA

2
�

D

dX
jD1

X
˛2¹1;:::;dºd�1

yj ".j;˛/e
�uA2� 9

�
@E˛1A�; : : : ; @

E
˛d�1

A�
�
dx:
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If we apply �dr] , the interior multiplication with the radial field, to both sides and
restrict to SR.0/, we obtain

e�u0A
2
�

d�1̂

jD1

�
dA�

�
e�ujA

2
�

D

dX
jD1

X
˛2¹1;:::;dºd�1

yj ".j;˛/e
�uA2� 9

�
@E˛1A�; : : : ; @

E
˛d�1

A�
�
dSR.x/: (78)

We insert (78) into Lemma 6.3 and change variables in the u-integration,

Xt WD trL2.Rd ;H/trCr
�
e�tD

�
�D� � e�tD�D

�
�
�

D id .4�/�
d
2 �c trH

 
lim
R!1

Z t

0

s
d
2 �1

Z
SR.0/

A�

Z
u2�d�1

� e�su0A
2
�

d�1̂

jD1

�
dA�

�
e�sujA

2
�du ds

!
: (79)

Due to the limit R !1, we may replace A� by A�;� WD A0 C .1 � �/.A� � A0/,
for any � 2 C1c .R

d /, in (79). We note that the integrand is Bochner integrable in
trace-class, since dA� is finite rank. We apply Stokes’ theorem, and the trace trH , and
get

Xt D id .4�/�
d
2 �c

Z t

0

s
d
2 �1

Z
Rd

�
!1s C !

2
s

�
ds; (80)

where

!1s WD

Z
u2�d�1

trH
d�1̂

jD0

��
dA�;�

�
e�sujA

2
�;�
�
du;

!2s WD �2s

Z
u2�d

trH

 
A2�;�e

�su0A
2
�;�

d̂

jD1

�
dA�;�

�
e�sujA

2
�;�

!
du

D �2s

Z
u2�d�1

u0trH

 �
dA�;�

�
e�su0A

2
�;�A2�;�

d�1̂

jD1

�
dA�;�

�
e�sujA

2
�;�

!
du:

By cyclically commuting the factor A2�;� under the trace and changing variables, we
obtain for !2s ,

!2s D
2

d
s@s!

1
s :

Integrating by parts in (80), we thus obtain

Xt D
2

d
.4�/�

d
2 t

d
2 id�c

Z
Rd
!1t : (81)



O. Fürst 1420

The argument of the trace of the n,m, l-dependent !1t possesses iteratively integrable
dominants in trace-norm. Indeed, first, for fixed n;m 2 N, there exists a constant C
independent of l (because Km is finite rank), such that




d�1̂

jD0

��
dA�;n;m;l

�
e
�sujA

2
�;n;m;l

�
.x/







S1.H/

� C


ıl�KmPnBPnKm�

dF"hxi�d�"dx

Lemma 3.2
� C 0



KmPnBPnKm

dF"hxi�d�"dx;
which is an integrable dominant on Rd ��d�1, and thus allows us to take the limit
l !1 under the integral.

Now, fix n. Since
B.x0/ D A.x0/ � A0 D 0;

the operator function hA0i�˛CˇBhA0i�ˇ is Lipschitz with values in Sd .H/, for ˛, ˇ
as in Hypothesis 2.12. Sincer� is compactly supported, it follows that .r�/PnBPn2
Cc.Rd ; Sd .H//. Hence, there is a constant C independent of m, such that

�E �.1 � �/KmPnBKmPn�.x/

Sd .H/ � C hxi�1��;
where � is a vector field, � � 0, and � D " for � D @R. Thus,




d�1̂

jD0

��
dA�;n;m

�
e�sujA

2
�;n;m

�
.x/







S1.H/

� C d hxi�d�"dx;

which is integrable on Rd ��d�1, which allows us to take the limit m!1 under
the integral.

For the last limit n!1, we partition �d�1 via

�d�1 D

d�1[
kD0

Mk D
P[d�1

kD0
Nk;

whereMk WD ¹u 2�d�1; uk �
1
d
º, Nk WDMkn.

Sk�1
lD0Ml/. For u 2 Nk , we have by

Hypothesis 2.12 a constant C independent of n, such that, for t > 0,




d�1̂
jD0

��
dA�;n

�
e�sujA

2
�;n
�





S1.H/

� C

d�1Y
jD0

�˛; ǰ ;�j ;d;ıj
�
.1 � �/B

�
sup
�2R

�
h�i�d˛e�tuk�

2�
hxi�d�"dx;
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where ǰ D j˛, �j D r for j ¤ k, �k D @R, and ıj D 1 for j ¤ k, and ık D 1C ".
In the estimate, we used the fact that Pn commutes with A0, and, as seen before, that
hA0i

�˛C ǰ .�j�/BhA0i
� ǰ 2 Cc.Rd ; Sd .H//, which implies that the involved semi-

norms ��..1 � �/B/ are finite. We may interchange the limit n!1 with the trace
and the integrals in (81) and obtain the claimed formula (77).

If the one-forms dA admit radial limits, we may pass to these limits in the above
trace formula.

Corollary 6.5. Assume Hypothesis 2.12, and denote Aı.y/ WD limR!1 A.Ry/ ,
for  2 DomA0, and y 2 S1.0/. Assume that Aı is differentiable on S1.0/ for
 2 DomA0, such that for a.e. y 2 S1.0/,

lim
R!1

R


@iAı.y/ � @iA.Ry/ 

H D 0; (82)

and that for ˇ 2 Œ�2N C ˛; 2N C 1�, and all unit vector fields � in TS1.0/,

hA0i
�˛Cˇ

�
�Aı

�
hA0i

�ˇ
2 L1

�
S1.0/; S

d .H/
�
: (83)

Denote, for � 2 C1c .R/,

fAı�.x/ WD A0 C �1 � ��jxj���Aı� x

jxj

�
� A0

�
:

Then, for t > 0, and any � 2 C1c .R/, with � � 1 near 0,

trL2.Rd ;H/trCr
�
e�tD

�D
� e�tDD

��
D
2

d
.4�/�

d
2 id�ct

d
2

Z
s2�d�1

Z
Rd

trH
d�1̂

jD0

��
dfAı��e�tsj eAı2��du:

Proof. We first note that Aı is well defined. Indeed, for a.e. y 2 S1.0/,

A.Ry/ � A.0/ D

Z R

0

�
@RA

�
.sy/ds;

and by Hypothesis 2.12, there is a constant C , such that, for ˇ 2 Œ�2N C ˛; 2N C 1�,

hA0i�˛Cˇ �@RA�.sy/hA0i�ˇ

Sd .H/ � C hsi�1�";
which is integrable on s 2 .0;1/. Moreover, we estimate for y 2 S1.0/, and k 2
Œ�2N; 2N � by Hypothesis 2.12,

hA0ik�Aı.y/ � A0�hA0i�khA0i�1z 



B.H/

� sup
x2Rd



hA0ik�A.x/ � A0�hA0i�khA0i�1z 


B.H/

z!1
����! 0; (84)
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which implies thatAı.y/ is self-adjoint on DomA0 and that Dom.Aı.y//kDDomAk0 ,
for k 2 Œ0; 2N �, and that the graph norms are equivalent, uniformly in y 2 S1.0/ by
Kato–Rellich. Similarly, we introduce for n;m 2 N, � 2 C1c .R/,fAın;m;l;� WD A0 C ıl�KmPn�fAı� � A0�PnKm�:
Analogously to (84), we conclude that the graph norms of fAık

n;m;l;�
and Ak0 are equi-

valent, uniformly in n; m; l 2 N for k 2 Œ0; 2N �. In the proof of Theorem 6.4, we
replace, due to the limit R ! 1, in (79), the terms A� by fAın;m;l;� and dA� by
dfAın;m;l;�, which follows from the additional condition (82), and dominated conver-
gence after scaling coordinates from SR.0/ to S1.0/. The presence ofKm ensures that
the limit R!1 of the integrand is still in trace-class. We now proceed similarly to
the proof of Theorem 6.4 and obtain

trL2.Rd ;H/trCr
�
e�tD

�D
� e�tDD

��
D lim
n!1

lim
m!1

lim
l!1

2

d
.4�/�

d
2 id�ct

d
2

�

Z
s2�d�1

Z
Rd

trH
d�1̂

jD0

��
dfAın;m;l;��e�tsj eAı2n;m;l;��du:

It remains to evaluate the iterated limits n;m; l !1. Since the graph norms of the
powers of fAın;m;l;� are uniformly equivalent to those of A0, the limiting procedure
is similar to the one in the proof of Theorem 6.4, if we show that the operator familyfAı� satisfies, for ˇ 2 Œ�2N C ˛; 2N C 1�,

�˛;ˇ;r;d;1
�fAı� � A0� <1;

9" > 0 W �˛;ˇ;@R;d;1C"
�fAı� � A0� <1: (85)

Indeed, by (83), we have a constant C , such that



hA0i�˛Cˇ�Aı� x

jxj

�
� A0

�
hA0i

�ˇ






Sd .H/

� C:

The fact that �0 is compactly supported, and condition (83), are implied by direct
calculation (85) for any choice of " > 0.

7. Applications

The principal trace formulas displayed in Theorem 6.4 and in Corollary 6.5 enable
us to establish a condition of the existence and a formula for the index of D. At
this stage, we introduce the following regularized notion of an index, which might
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still exist even if D fails to be Fredholm, which is called the (partial) Witten index.
Without the presence of the partial trace, its notion was introduced in [26].

Definition 7.1. Let T be a linear, densely defined operator on Cr ˝X for some sep-
arable complex Hilbert space X . We say the partial (semi-group regularized) Witten
index of T exists, if for some t0 > 0,

trCr
�
e�tT

�T
� e�tT T

��
2 S1.X/; t � t0;

and if the limit

indW T WD lim
t!1

trX
�
trCr

�
e�tT

�T
� e�tT T

���
exists. Then, indW T is called the partial Witten index of T .

Remark 7.2. Similar to the proof of [13, Lemma 1], one obtains the analogous result
for the partial Witten index. Namely, if for some t0 > 0, the condition

trCr
�
e�tT

�T
� e�tT T

��
2 S1.X/; t � t0;

holds, and T is additionally Fredholm, then T admits a partial Witten index, indW T ,
which coincides with the Fredholm index indT D dim kerT � dim cokerT .

It is clear that indW D exists, whenever the right-hand sides of the principal trace
formulas in Theorem 6.4 or Corollary 6.5 admit a limit for t !1. IfD is Fredholm,
this is the case by Remark 7.2. However, for the interesting case where D is non-
Fredholm, we also present an example for which the Witten index exists, and can be
calculated directly in terms of its symbol. We start with the Fredholm result first.

Theorem 7.3. Assume Hypothesis 2.12. Additionally, assume that there existsR0� 0,
such that, for jxj �R0, we have 0 2 �.A.x//. Then,D is Fredholm, and the Fredholm
index indD is given by

indW D D
2

d
.4�/�

d
2 id�c lim

t!1
t
d
2

Z
s2�d�1

Z
Rd

trH
d�1̂

jD0

��
dA�

�
e�tsjA

2
�
�
ds; (86)

where A� WD A0 C .1 � �/.A � A0/ for any � 2 C1c .R
d /, and the formula is inde-

pendent of the choice of �.

Proof. If D is Fredholm, D admits a partial Witten index, according to Remark 7.2,
and it equals the right-hand side of (86) by Theorem 6.4. We, thus, only need to show
that D is Fredholm. Since A.x/ is invertible for jxj large enough, let C > 0 be a
constant such that A.x/2 � C for jxj � R0. Note that D�D D �C A2 � i.=@B/ as
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differential operator. On the domain of D�D, we thus have some constant C 0, such
that

D�D � �C C �
C 0

hXi
; (87)

where we used the fact that A2 � 0, and i.=@B/ is bounded and decays like jxj�1

for jxj ! 1. By Seeley’s theorem [13, Theorem 1], the elliptic differential operator
�CC � C 0

hXi
is Fredholm. The operator inequality (87) then implies thatD�D is also

Fredholm. The analogous argument works for DD� as well; hence, D is Fredholm.

The following examples are presented in more detail in [23]; here, we merely
quote the results without the proofs. The basic object is a Dirac–Schrödinger operator
DV which is non-Fredholm.

Definition 7.4. For a potential V WRd �R!Bsa.H/, define the associated massless
.d C 1/-Dirac–Schrödinger operator DV ,

�
DV f

�
.x; y/ WD i

dX
jD1

cj @xj f .x; y/C i@yf .x; y/C V.x; y/f .x; y/;

x 2 Rd ; y 2 R;

f 2 W 1;2
�
RdC1;Cr

˝H
�
:

Example 7.5 ([23, Theorem 1.1]). Let V 2 C 2
b
.Rd �R; Bsa.H//, where Bsa.H/ is

equipped with the strong operator topology. Assume furthermore that, for i2¹1; : : : ;dº
and k 2 ¹0; 1; 2º,

y 7! @xi @

k
yV.x; y/




Ld .R;Sd .H//

D O
�
jxj�1

�
; jxj ! 1;

9" > 0 W


y 7! @R@

k
yV.x; y/




Ld .R;Sd .H//

D O
�
jxj�1�"

�
; jxj ! 1;

and that for any Ox 2 S1.0/, x0 2 Rd , and 
 2 Nd
0 with j
 j � 1, we have

lim
R!1

Rj
 j


�@
xV ��x0 CR Ox; �� � �@
xV ��R Ox; ��

L1.R;B.H// D 0:

Then,

indW DV D
1

2�
.4�/�

d�1
2
.d�1
2
/Š

d Š
�c

Z
Rd

trH
��
U V

��1dU V
�^d

;

where ^d is the d -fold exterior power,

�c WD trCr
�
c1 � : : : � cd

�
;
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and the unitary U V is given by

U V .x/ WD lim
n!1

U V.x;�/.n;�n/; x 2 Rd ;

whereUA.y1;y2/, y1;y2 2R, for a givenA WR!Bsa.H/, is the (unique) evolutions
system of the equation

u0.y/ D iA.y/u.y/; y 2 R;

i.e., for y; y1; y2; y3 2 R,

@y1U
A
�
y1; y2

�
D iA

�
y1
�
UA

�
y1; y2

�
;

@y2U
A
�
y1; y2

�
D �iUA

�
y1; y2

�
A
�
y2
�
;

UA
�
y1; y2

�
UA

�
y2; y3

�
D UA

�
y1; y3

�
;

UA
�
y; y

�
D 1H :

With the minimal choice r D 2
d�1
2 , and sign convention4

�c D l.�i/d .2i/
d�1
2 ;

we have

indW DV D
�
2� i

��dC12 .d�1
2
/Š

d Š

Z
Rd

trH
��
U V

��1dU V
�^d

:

This formula generalizes an index formula found in [7, 14, 16] for the case d D 1
to d � 3 odd. For a special choice of the potential V , the index formula becomes even
more concrete. We will close the paper with this example.

Definition 7.6. Let F WRd !Rd be a bounded smooth function with bounded deriv-
atives, such that

@xiF.x/ D O
�
jxj�1

�
; jxj ! 1;

9" > 0 W @RF.x/ D O
�
jxj�1�"

�
; jxj ! 1;

and that for any Ox 2 S1.0/, x0 2 Rd , and 
 2 Nd
0 with j
 j � 1,

lim
R!1

Rj
 j
ˇ̌�
@
F

��
x0 CR Ox

�
�
�
@
F

��
R Ox
�ˇ̌
D 0:

Set V.x; y/ WD i
Pd
jD1 c

jFj .x/�.y/, x 2 Rd , y 2 R, for some function � 2 C1c .R/
with

R
R �.y/dy D 1.

4This corresponds to the choice cj D �i�j , where �j are classical Pauli matrices.
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Example 7.7 ([23, Proposition 1.2]). With V as in Definition 7.6, with the minimal
choices rank.ci /D 2

d�1
2 and sign convention �c D l.�i/d .2i/

d�1
2 , the partial Witten

index of DV exists, and

indW DV D .2�/�
dC1
2
.d�1
2
/Š

d

Z
Rd

.jF j C d � 1/.cos.2jF j/ � 1/
d�1
2

jF jd
det DF dx;

where DF is the Jacobian of F . Note that the integrand extends continuously to FD0.

The above formula allows one to show that indW may assume any real number
for this class of operators DV if one chooses appropriate diffeomorphisms of Rd

onto balls centred around 0 for the function F (cf. [23, Corollary 4.6]).

Acknowledgements. The author would like to thank Elmar Schrohe, Matthias Lesch,
Lennart Ronge, Robert Fulsche, and Philipp Schmitt for many fruitful discussions
concerned with this paper.
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