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A Szego limit theorem for a class of Toeplitz operators
on the Bergman space of the unit ball with singular symbols

Daniel Ivan Ramirez-Montafio

Abstract. We obtain a Szego limit theorem for a family of Toeplitz operators defined on the
weighted Bergman space of the unit ball B,,. The symbols of these operators are supported on
some isotropic or co-isotropic submanifold I' € B,, and can be seen, in general, as measures
that are singular with respect to the Lebesgue measure on C”. The theorem given allows to
describe the asymptotic behavior of these operators as the parameter of the weighted Bergman
space tends to infinity.

1. Introduction

In general, a Szego limit theorem is a result that describes the asymptotic behavior of
the spectral measures of an indexed family of operators as the parameter that indexes
the family tends to a limit. This description is often made in terms of operator traces.
Originally, G. Szegd delivered expressions for the limit of determinants of trunca-
tions of infinite Toeplitz matrices as the truncation order tended to infinity [14]. These
relations were later used to obtain information on the asymptotic distribution of the
eigenvalues of the said matrices, expressing the limit of their traces through integrals.
In particular, in [3], it is shown that

. 1 N 1 27
NIEPOON; fyN) = 2/, fla(x))dx,

where A; n are the eigenvalues of the N-th order truncation of the Toeplitz matrix
whose diagonals are the Fourier coefficients of a real-valued a € L*®(S!) and f is any
continuous function on [ess inf a, ess sup a]. Later works focused on reproducing this
result with weaker conditions for a and applying to different families of functions f

(e.g., [15,17]).
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The generalization of some of these ideas to the operator setting is described in [4].
For a bounded self-adjoint operator A on a Hilbert space H, we want a measure {4
on R such that

Tr(f(A) = /R £ dpia (L1)

for any f € C(R). If H has finite dimension, this can be done using the Riesz—
Markov-Kakutani representation theorem, since the assignation f+ Tr( f(A)) results
in a continuous functional on C(R). In fact, ;4 is the sum of the Dirac measures cen-
tered on each eigenvalue of A. In general, this cannot be done when H 1is not of finite
dimension, so an alternative construction is proposed. Taking an increasing sequence
of finite-rank orthogonal projections P, on H such that P, converges to the identity
in H, the correspondent sequence of measures u, satisfying (1.1) for the operator
P, Alp, m) is constructed. Therefore, a natural substitute for 14 would be the weak
limit of the u, measures. In this situation, a Szeg6 limit theorem translates to finding
a measure whose integral reproduces the limit of the traces of continuous images of
a sequence of operators. Particular attention has been paid to this problem when A is
replaced by a pseudo-differential operator (see [4,9, 16]).

An interesting scenario occurs when considering a weighted Hilbert space of com-
plex functions as the domain of the Toeplitz operators. By varying the parameter that
defines the associated weights, we obtain a parametrized family of operators whose
limiting behavior can be studied. This idea was followed in both [2, 12]. In [2], results
of this type were obtained considering Toeplitz operators on the Bergman space of
the disc D and the Fock space of C. Previously, in [12], the problem was studied in
the context of the Fock space of C”. In said work, the integral representations of the
Toeplitz operators had as domain a submanifold I' C C” instead of all C”, the natu-
ral domain of the Fock reproducing kernel. As a result, the symbols of these Toeplitz
operators can be seen as measures that are singular with respect to the Lebesgue mea-
sure on C”. We will also follow this approach, obtaining an analogous result to the
main one of [12] for the case of the weighted Bergman space of the unit ball B,,.

1.1. Definitions

Forn € N, let B, := {z € C" : |z| < 1} denote the unit ball in C” and (, ) the usual
Euclidean inner product in C". For @ > —1, the weighted Bergman space A2 (B,,) is
the Hilbert space of all holomorphic functions in L?(B,, dv,), where

dva(w) = co(1 = |w|*)*dv(w),

with ¢ = T'(¢ + 1 + n)/(n'T (¢ 4 1)) a normalizing constant and dv standing for
the normalized Lebesgue measure on B,,. Moreover, A2(B,,) is a reproducing kernel
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Hilbert space with the inner product inherited from L?(B,, dvy) and with kernel

1
(1= (z,w))rti+e’

K*(z,w) = z,w € B,.

When o = 0, dvg = dv, and we write A*(B,) and K(z, w) instead of 43(B,) and
KO(z,w), respectively. The function K% is known as the (weighted) Bergman kernel,
and it satisfies the reproducing property

£(2) = /B K% (2. w) £ (w) dvg(w).

for any f € A2(B,), z € B,. This integral expression is used to define Toeplitz oper-
ators. For a bounded Lebesgue measurable function a or a regular Borel measure u,
both on B,, their Toeplitz operators 7, and 7, are defined by

Tof(2) = /B K® (2. w)a(w) f (w) dvg (w) (1.2)
and
T f(2) = ca /B K(z.w) fw)(1 — [w]?) dpa(w). (13)

forany f € A%>(B,), z € B,. In each case, a or  is called the symbol of the respec-
tive Toeplitz operator. Definition (1.2) is the classical one for a Toeplitz operator and
is equivalent to the compression to Ai (B,,) of the multiplying operator M, f = af,
while 7, is a natural generalization of 7, as 7 is the special case when u is abso-
lutely continuous with respect to the Lebesgue measure and du = adv.

We present the class of Toeplitz operators that we will work with.

Definition 1.1. Let I" C B,, be a Riemannian submanifold of dimension d, do the
Riemannian volume element on I', and a : I' — C a function such that a € C§°(T").
We define the Toeplitz operator 7,45 by

Tago f(2) = Ca/FK“(Z,w)f(w)a(W)(l — [w[*)* do(w),

forevery f € A2(By), z € B,.

Remark 1.2. We would like to recall that I' C B, being a Riemannian submanifold
means that the inclusion ¢ : I' — B, is a smooth embedding (an immersion which is
also a topological embedding) and that the Riemannian metric on I is the pullback of
the Riemannian metric on B, (see, for example, [10, pp. 15, 132]). The Riemannian
metric on B, will always be taken to be the one obtained from the Bergman Hermitian
metric (see further below), which makes B, a model for hyperbolic geometry.
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Remark 1.3. * Although not explicitly stated in the notation, 7,4, depends on «. We
are interested in the asymptotic behavior of T4, as « tends to infinity.

o Ifd =2n, T isanopen subset of B, and the measure do (w) = n': % isa

multiple of the invariant measure on B Therefore, T, := T,qq 1s the “classical”

aw) __ Explicitly,

Toeplitz operator (1.2) with symbol Z n, T TwPyrFT

Ta = Taiapya-tpyrst-

o If d < 2n, the resulting symbol measure y = ado is singular with respect to
the Lebesgue measure on B,,. Therefore, 7,4, is of the form (1.3) and cannot be
written as (1.2).

* Asa has compact support, 7,4, is bounded, compact and belongs to each Schatten
class S,(A2(By,)), p > 0.

* Condition a € C*°(I") can be changed to a € L*°(I") without affecting the defini-
tion of T,4s. In fact, it is not needed for a substantial part of the results. However,
it is included in the definition since it is necessary for the main theorem.

Prior to stating the Szegd limit theorem, we need to introduce some geometric
definitions (see, for example, [6, 8, 11]).

By writing the local holomorphic coordinates as z; = x¢ + iy, £ = 1,...,n, B,
can be naturally regarded both as a complex manifold of dimension # and as a smooth
manifold of dimension 2n. For p € B,,, the respective real and complex tangent spaces
are given in terms of basic tangent vectors by

T [B%n_span{i 9 ‘ }

0 i
— and T Bc—span{— | } ,
dxglp” Ay (=1

n aZg p aZg

.....

with the relation between the elements of these bases given by the Wirtinger deriva-

o _ e ;0N o _ 19 0
dz¢  2\ox; Ay ) 9z, 2\ dxg e )

The Hermitian metric b defined by

tives

1 92
bir(p) = log K ‘
ik(p) 197,05 08 (z.2)
jok=1,...,n,0n TP]BE for each p € B, is called the Bergman Hermitian metric and

o
it makes B, a Hermitian manifold. It induces a Riemannian metric » on the underlying
o
smooth manifold, thus giving it the structure of a Riemannian manifold. The metric b
is described in terms of b by the matrix

Rebjr(p)  Imbjr(p)
—Imbjr(p)  Rebjr(p))”

B(p) := (bjr(p) = (
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The endomorphism J defined by

J(a )_8 J(a )__8
axelp ) dyelp’ velp)  Oxglp

is a complex structure on T, B, that is compatible with b in the sense that b is invari-
ant under J. This complex structure is in turn induced by the natural one of R?”",
X1y e s Xy V1s oo es Yu) > (=Y1, ooy —Vn, X1, . .., Xp). We also consider the sym-
plectic forms defined by

wp(§,v) :=by(E, Jv)

for&, v e T,B,. If V € T,B, is a subspace, we denote by
Ve = € TpBy: wp(E.v) =0 Vv € V} (1.4)
its symplectic complement.

Definition 1.4. We say that V is isotropic (respectively, co-isotropic, Lagrangian) if
V C V@ (respectively, V 2 V@, V = V®).

Example 1.5. From the skew-symmetry of w), it follows that any subspace of dimen-
sion one is isotropic and any of co-dimension one is co-isotropic. In addition, the total
subspace T, B, is trivially co-isotropic.

For I' € B, a submanifold, let D,¢ : T,I" — T,B,, be the differential of the inclu-
sionmap ¢ : I' — B, at the point p € I'. Then, D,(T,I") is a subspace of T,B,, of
dimension d.

Definition 1.6. Let I' € B, be a submanifold. We say that I is isotropic (respec-
tively, co-isotropic, Lagrangian) if for every p € I', the subspace D,((T,I") € T,B,
is isotropic (respectively, co-isotropic, Lagrangian).

Example 1.7. Following Example 1.5, any curve is isotropic and any hypersurface is
co-isotropic. Also, B,, or any open subset of B,, is co-isotropic.

1.2. Statement of the main result

Our Szego limit theorem will apply to submanifolds that are isotropic or co-isotropic.
In order to include both cases in the same statement, we introduce the notation

g e d, T" isotropic,
2n —d, T co-isotropic.
We also normalize T,4, by means of
~ n! nad
Taao = v 2 ¥ - Tado - (1.5)
22 mw2
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We will prove in Corollary 4.2 that || Toio e A2(B) = O(1) as « tends to infinity,
thus justifying the usage of the term normalization.

We can now state the main result of this paper. It is a Bergman space analog of the
main result of [12].

Theorem 1.8 (Szego limit theorem). Let I' € B,, be an isotropic or co-isotropic sub-
manifold, a € C§°(I") a positive function, and R > 0 such that

a(§)
sup

———— < R.
ger (1 —[€[2)"*!

If ¢ is a function such that “;Lpt) € C|0, R] for some p > 0, then

tim (%) Tr(p (Taao)) = —r (fld/(go)(Lé)) W@, (1.6

w0 2% Je T a=Tgpy
where @, is the operator

1! £\ ds
@00 =5 [ vo(mt) T

when ¢ > 0 (T (g) is the Gamma function evaluated at €) and the identity when ¢ = 0.

Example 1.9 (Absolutely continuous case). The case I' = B, is trivially co-isotropic,
with (1.6) becoming

. T\" N a(w) dv(w)
i () o) = 55 [, o= ye) e

A

In terms of the “classical” operator 7, (1.2), we have 7, = Ty —p2yn+1, and so,

dv(w)

.
Jim Ztwe ) = [ ptawn

The case n = 1 appeared recently as [2, Theorem 1.1] without the smoothness hypoth-
esis for the symbol a, but for a narrower family of functions ¢.

The structure of the proof and the similarities with [12, Theorem 1.7] allow us to
think that, considering the respective adjustments, the theorem may still be valid if
the unit ball B,, is replaced with another similarly constructed Kihler manifold.

The article has the following structure. In the following section, we describe some
aspects of the intrinsic geometry of I'. We obtain a relation involving the Riemannian
metric and the symplectic form in I" that will be needed later. In Section 3, we derive
an integral representation for the trace of a composition of multiple Toeplitz operators
with symbols sharing the same support and then apply the method of stationary phase
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to describe the asymptotic behavior of this integral as o grows to infinity. The expres-
sion we obtain relies on computing the determinant of a given Hessian matrix, which
we leave for Appendix B. The proof of the Szegd limit theorem is delivered in Sec-
tion 4, first for polynomials and then for a wider family of continuous functions. A key
step in the proof involves bounding the traces for small powers (exponents 0 < p < 1)
of the Toeplitz operators. This is done in Appendix A. Section 5 is reserved for pre-
senting some corollaries of the main theorem regarding eigenvalue distribution and
Schatten norm estimates. We also expose an example illustrating the given results.

The line of reasoning used here follows that in [12], with some of the proofs
presented being adaptations to the Bergman setting of the ones therein. In particular,
some proofs in Section 5 and Appendix B.1 proceed virtually unmodified and are,
therefore, omitted for the sake of briefness.

Throughout the article, we will use the lone capital letter C to represent an arbi-
trary constant that may change from line to line. When deemed appropriate, we will
highlight its independence from other variables. The symbol B(0, ¢) will denote the
Euclidean ball in R? with radius & > 0 centered at the origin.

2. The Riemannian metric on I

Recall that, for each v € T, I, the differential of the inclusion
t: ' —> B,

induces a tangent vector D,t(v) to B, at p = ¢(p). As a submanifold I' C B,;, the

Riemannian metric g in I is given by the pullback of the metric bo in B,. More pre-
cisely,

gp(u,v) = l;p (Dpt(u), Dpt(v)),

VYu,v € T,I'. We also define a skew-symmetric, nondegenerate bilinear form /4 in
terms of the symplectic form w,, by

hp(u,v) = w, (Dpt(u), DpL(v)),

Yu,v e T,I.
Let y : B(0,1) — T" be a parametrization, so that, for each p = y(¢) € I', the
tangent space T, I is spanned by the tangent vectors

0

—1, j=1,...,d.
8)/jt J

Denote by y¢ : B(0,1) —> C, £ = 1,...,n, its component functions. The following
lemma relating g, and h, looks rather technical, but will be key in Section 3.2.
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.....

nents of the forms g, and hy, satisfy the relations

gik(p) + ihjk(p) = Y ber(p) - 0;ve(t) - 0V (1), 2.1)
Lir=1

gik(p) —ihji(p) = Y ber(p) - 0;7e(1) - 0cyr(0) (2.2)
L,ir=1

Jorj,k=1,...,d.
Proof. For convenience, we will write

0 | _ 0
xXntelp  dyelp’

First, we note that, foreach j = 1,...,d,

9 2n 9
Dyt =—| ) =9 -
Pt(ay] ‘t) ~ .](Lo)/)ﬁ(t)axz

where (¢ o )¢ denotes the £-th component function of

’
p

Loy :B(0,1) c RY > B, C R?",

and d; (1 o y)¢(2) its partial derivative with respect to the j-th variable valued at ¢.
This is obtained straight from the definitions and using the chain rule. We may now
compute

o 9 9
gjk(p) = bp (DP‘(a_yj‘t)’Dpt(a f))

2n . ;
= D 9o y)e(®)dx(toy) ()b (B_xE‘

L,r=1

0

P’ axr

y

2n
= > 9o (oY) ()b (y(1))

L,r=1

= D [@Coe@®dr(oy)rt) +8; (o Y)nse()k(t 0 Y)ntr (1))

Lr=1
“Re b (y(1) + (37 (0 y)e(@) k(L0 y)nsr (1)

— (Lo Ve (DB (L 0 y)r (1)) Im by, (y(1))]-
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In a similar fashion, we get

o 9 ad
e =i on (51} (on(51)))

= Y [0 o ye@)dr(toy)r(t) + 0;(t 0 Y)nse(D)0k(t o V)ntr (1))
Lir=1

Imbe, (y(1)) + (95 (0 Y)nre ()0 (L0 y)r (1)
=370 Y)e()k( 0 Y)n+r (1)) Re by (y(1)) ]

Using these two relations, we obtain

n

gik(p) +ihj(p) = Y [(9j(o¥)edi(toy)r + 9j(to V)ntedi (Lo YInir)
L,r=1

(Rebgr(p) +iImbyr(p)) + (3j (L © Y)n4edi(toy)r
- aj (L ° V)Zak([ © V)n-i—r)(i Re b(r(p) —Im bh([’))]

= Y ber(P)[(3;(oy)edi(coy)r + 3 (10Y)n 9k (t0Y)n+r)

Lir=1
+i(0j (Lo YIntedk (o y)r — 3 (Lo y)edr (Lo VIntr)]

= Y ber(P)[3j (oy)e+i(t0y)nte) I ((coy)r—i(toy)n+r)]

Lir=1

= 3" by (p) - dyelt) - BT (1),
L,r=1

from which (2.2) is also deduced. Notice that, as we have done when writing the local
holomorphic coordinates of B,,, we have used (t o y)¢ +i(t © ¥)p4r = V1. m

3. The trace of a multiple composition

The first step towards a proof of Theorem 1.8 relies on representing in terms of an
integral the composition of multiple Toeplitz operators with symbols sharing the same
support.

3.1. An integral expression for the composition

We recall some notions from the classic theory of Berezin symbols and kernels [1].
Let A € £(AZ(B,)). The associated kernel K¢ is the function

Ki(z,w) := Aky(z) = (AkkaZ>A§(Bn)f
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where k; = K*(-, z) denotes the reproducing kernel at z € B,,. In the case when A
belongs to the trace class, K¢ satisfies

Tr(A4) = / K5 (z,z)dvg(2), 3.1
By
and whenever B is another bounded operator, we have
Kepzow) = [ K3 KGO0 dua(), (32)

For the instance when A = T,4, is a Toeplitz operator, Fubini’s theorem and the
reproducing property of the Bergman kernels yield in the expression

K, (z.w) = ca /F K. K (E w) a@)(1 - [ED%do®).  (33)

We present a formula for the trace of a composition of m Toeplitz operators.

Lemma 3.1. Let m > 2 be a natural number, ay, . . .,a, € L®(T), and S := Ty, 40 ©
--0Ty,,do- Then,

1— &2 \* a; (&) ]
Te(S) = ¢’ / [1 [( (/. §,+1)) (1= (&, &) !

j(mod m)
~do(§1) -+~ do (§m). (34)
Proof. By induction on the relation (3.2), one can prove that
m—1
Kg(z,w) = /BM_IK%“W(LM)[ I K%,jda(yj—hy;)}K%umdo(ym—Lw)
n j=2

< dvg (Yym—1) -+ - dvg (y1).

We write yo = z and y,, = w. Replacing all K%ajdg for their equivalent form

in (3.3), and using Fubini’s theorem together with the reproducing property of the
Bergman kernel, we get

K§(z,w) = ¢ /]B”’_l I1 [/F K*(9j-1.§) K, v) a; () (1 — &) dO(Ej)}
n j=1
- dvg (Ym—1) -+ dvg(y1)

=[] [T IR 051, 6) K 0 lota 000100

m

J T lacE (1 = &»*]do (1) - do (6m)

£=1
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= f K (0. 61K . ym)

|:/ K“(&, yj)kéj+1(yj)dv“(yl):|

j=1
: H [ae(€) (1 — [EP)*]do (€1) -+ do(Em)
=1
= [ KK ) T (k.5 40]
j=1

T lacE = &) ]do () - do(Em).

Using the trace formula in (3.1),

Tr(S):/ K$(z,z)dvg(z)
B,
m—1
= K*(z.60K“GEm.2) [ [ [K*GE.&+0)]
/ /m 1 jl:[l jrSj+1
T lacE)@ = 1&»*]do ) -+ do (Em) dva(2)
(=1

m—1
e /r / K Em ke, (2) dua (2) ,1:[1 (K% &+1)]

H ag(E)(1— [&]»)*]do (§1) -+~ do(Em)

=< / [T [K“G.&0aE) 0 - 18R] doE) - doEm),

Jj(mod m)
from where the statement follows. [

We rewrite the expression (3.4) in the form

Tr(S) = C‘T/r exp[l“(’ Log H%)}(U 1— ;](;JH))”H)

~do(§1) -+ do(Em), (3.5)

with the understanding that the subindices are always taken mod m (i.e., £, 41 = &1).
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We also define
OEr . Em) —lLogl—[$
ZZZLOg S (6
- ml &) —Log K(§;,&+1)]. 3.7
Lz

This notation will be useful when using stationary phase method later.

Remark 3.2. Notice that %5';” € (—00, 0] if and only if (§,.&41) € [1. 00),
which does not occur since &;,§; 11 € B,. It follows from (3.6) that ® is well defined
and continuous on I'"*. Moreover, from (3.5), we find that all the & 7 involved in the
integration are the ones in the support of a;. If each a; has compact support in T",
we conclude that there is an open neighborhood of (—oo, 0] such that only values
outside this neighborhood are used to evaluate Log in the expression for ® when
computing (3.5).

3.1.1. The behavior on the diagonal. We describe the behavior of Im(®(&1,...,&,))
with the following result. From it, we deduce that the critical behavior of ® occurs on
the diagonal of I'™.

Lemma 3.3. The inequality Im(®(&1,...,&,)) = 0 holds for any (&1,...,Em) € T,
with equality if and only if
Si=56==n

We will make use of the following claim.

Claim 3.4. Letm € N, m > 2. Then, for any {dy,...,dn,} C (0, 1),

m
1—d;d;
[ =%%e sy, (3:8)
, 1 —d:
j=1 J
where dy, 41 := dy. Moreover, the equality holds if and only if dy = dp = --- = dj,.
Proof. The proof is straightforward when di = d» = --- = d,,,. Suppose that not all

d; are the same and let do := d,,. We must show that the inequality in (3.8) is strict.
Notice that if &’ is such that dy,y 1 = ds, then

l—dk’ 1dy 1 —dpdigy l—dk’ 14k +1

2 2 - 2 ’
dk’ 1 1_dk' dk’ 1
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and so,

ﬁ 1 —djdjy1 1 —dp—1dir4 ﬁ 1 —d;dj+

2 2 2
et 1—dj 1—df,_, im1 l—dj
A =1,k

The rightmost term is a product of the form of (3.8) over the set of m — 1 elements
{di,...,dm} \ {dr/}. This shows that we can omit repeated consecutive elements from
the list dy, ..., d,, and still get the same result. Hence, without loss of generality, we
can assume that dy, ..., d,, are all different from their neighbors modulo m.

We proceed by induction over m. If m = 2, then

(1—did)?> (1 —didy)?

(1—d>(1—d}) (1—did2)*— (d1 — d»)? b

Now, assume that the statement holds for m — 1. First, we make an observation: there
exists k € {1,...,m} such that d > dr_1,dx+1 or d < dp—1, dx+1. To see this,
suppose dp > di. If d3 < d», then k = 2 satisfies the property, and if not, then d; <
d, < ds. Similarly, if d4 < d3, we have finished; otherwise, di < d, < d3 < d4. In
the worst scenario, d; < --- < dp,, which implies that d,, > d;;,—1, d1. The reasoning
for when d, < d; is analogous. Let k be such an index and define the quadratic
polynomial p(x) = (x — dg—1)(x — dir+1). Notice that, for |x| # 1,

(1 = d—1x)(1 — dg41x)

>0¢&
p(x) 2

> 1 —dg—1dg+1.

The roots of p are dix—1 and di 1, and so, p(x) > 0 for all x such that x > d_1,dr 41
or X < dg—1,dy+1. In particular, p(dy) > 0; therefore,

(I = di—1di)(1 — di41dx)

> 1 —dg—1dg+1,

2
1 —d;
and
| —dprdy 1 —didiyy - 1 —di_1di 41
I—d2, 1-d? I—d2 |

Then,

ﬁ 1—didjpr 1 —diadens 11 1=didin

2 2 2
i1 l—dj 1—di_, =i l—dj
jEk—1k

which by the induction hypothesis is greater than 1 because, as before, the rightmost
term is a product of the form of (3.8) over a set of m — 1 elements. ]
Proof of Lemma 3.3. Foreach j = 1,...,m, we have

1=, &+ =1 =&, §+1) = 1= 151§ +1, (3.9
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which we use for

m (P&, ... .Em) = Im(zLogl_[ l_gfl’;];rl)

- = (. 641)

= U D
1
1—|51||§j+1|

11‘[ —gGP

The last product is nonnegative by (3.8), thus proving the inequality part. The if part
of the equality characterization is straightforward. On the other hand, if the equality
holds, then by Claim 3.4 |&| = --- = |&,]. Inequality (3.9) involves the Cauchy-
Schwarz inequality, so the equality being attained implies that §; and £ 1 are linearly
dependent, and thus, §; = +&;;. Finally, if §; = —§; 11, then

11— (&, &)l = T+ 1§12 > 1= 1&1&41,

which contradicts the assumption of equality; hence, §; =& jandé§; =---=§,. =

3.2. Asymptotic of the trace of a multiple composition

This section is devoted to finding the asymptotic behavior of the integral expression
in (3.4) when « tends to infinity. Throughout the section, we will keep m > 2 and
ai,...,am € Cg°(I') fixed and denote S := Ty 45 0+++ 0 Ty, 4d0-

Consider y : B(0,1) CR? - T',t = (t1,...,t7) — y(t) a parametrization of an

(q)

opensetin I'. Let,s1,...,5m—1, 8¢ = (5 s;q)) denote m variables in R? and

§=(S1,....,5m_1) € ]Rd(”’ ). We define
E:B(0,&)" C RY™ — ™
8(r.8) = (y().y(t +s1).....7(t + sm—1)).

—~

Choosing ¢ small enough, E is a parametrization for an open set 'V C '™, which
intersects the diagonal of I'" whenever s =0, i.e., 51 = --- = s;,—1 = 0. Let y €
Cy° (V). We wish to compute

—m (€ o) [ T a;j(&;)
e =< |- (]1:[1<1—<éj,s,~+1>>n+1))‘@“'“’5'")

-do(§1) -+ do(&m).

asymptotically as &« — oo using the stationary phase method through the parametriza-
tion E(¢,s). The stationary phase will be made over s with ¢ fixed, and then, we will
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integrate over ¢. Regarding 'V as a subset of the product manifold I'™”, its Riemannian
metric Gg satisfies

detGg(t,s) = detG(t) -detG(t + s1) ---det G(t + Sip—1)-

Make ¢(t,8) = o E = O(y(¢), y(t + 51),...,y(t + Sm—1)) so that we have

Iy(@) _ i¢x<I>(E(t,s))( a;j(y(t +si-1)) ) -
“ /B(O’E)m e e (= {y +sj-0). v + s (E9)

-detGg(t,s)% d(z,s)

= / |:/ eiaw(t,s)(ﬁ a;j(y(t + sj—1)) det G(¢ +Sj)% )
poo Lo 1 (L= (@ + -0, 7@+ sp)"™

Jj=1

m

-x(E(.9)) ds:|dt. (3.10)

(For simplicity of the expression, we have adopted the convention that sg := 0 =: 5,,.)
We claim that ¢(z, -) has a critic point at s = 0. Let

l<g<m-—1 and 1<j <d.

We differentiate ¢(¢, -) with respect to sl(.q) using (3.7) and the fact that Log K(z, w)
is holomorphic in z and antiholomorphic in w. We obtain

— _as}q)w(t’s) = ; [8—24 Log K(y(t + 5q). y(t +5¢)) - 0;ve(t + 54)

+ % Log K(y (1 + sq), y(t + 5¢)) - 0;7e(t + 5¢)

g Lo K (14 5007 +5420) - 7t +59)

- a%@ Log K (y(t + sq—1), y(t +s9)) - 0;7¢(t + sq)}, (3.11)
from which it follows that Vs¢(z, 0) = 0.

We now use (3.11) to compute the Hessian of ¢ ats =0.Let1 < ¢’ <m — 1 and
1 <k <d.Notice thatif ¢’ ¢ {g — 1,q,q + 1}, then (3.11) does not depend on s,((q ),

2 ..
and therefore, Wq)(l, s) = 0. For the remaining three no null cases, we have
Sk Sj

2 i n 82
.@-Dq.@ ’0 =1 T L K ’ 8_ a r )
8S](€q_1)8s](.q) (p(l ) n+ 1 e’riz:l [azrawe 0g ()/(l) V(Z)) ]W(l) kY (l):|
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02 _; n 52
v _ Lo | _ |
3S](€q+1)8s](q)‘p(l’0) n4+1 621 [azﬁ)w, og K (y(1), y())d;ve(t) 0k (l)i|

. 92 (t,0) = 1 Xn: 02 L K( » ([))a (t)a B
lasl(cq)as](.q)(p ’ T n +1 Pl 9200w, 0g y),y i Ve KVr
2
Log K R TT 1.
t oz om, 08 (@), y(1))3;7e() 0y ]
Recall that
: > lo K(Z Z)
n+10z,0z, & g oS

are the components by, of the Bergman Hermitian metric of B, at y(z). Comparing
with (2.1) and (2.2) of Lemma 2.1, we get

2

_,-W<p(t, 0) = —gjx(p) +ihjx(p),

. 02 .
—I Wfﬁ(h 0) = —gjk(p) —ihjr(p).
j

82
—i— 5y %(1,0) = 2g;k (),
(@) 5 (@) 4
sy, asj
where, in accordance with Section 2, g;x(p) and hji(p) are the components at p =
y(t) of the Riemannian metric g and the skew-symmetric form /4 in I".

Remark 3.5. Here is exhibited how Lemma 2.1 acts as the link between the deriva-
tives of the phase function ¢ and the geometry of I' C B,,, which in turn can be done
because of the way the Bergman Hermitian metric b of T,BS is defined in terms
of the logarithm of the Bergman kernel. This suggests that this kind of construction
can be done for other Kihler manifolds that share this feature (see [7, Example 6.6,
p. 162]).

If we define the matrices G = (g;x(p)) and H = (h;r(p)), then the Hessian
matrix of ¢ at s = 0 can be expressed as an (m — 1) x (m — 1) block matrix with
blocks of size d x d in the form

2G -G —-iH 0 0
-G +iH 2G -G —-iH 0
0 -G +iH 2G 0
—i Hess ¢(¢,0) = ) . .
0 -G +iH 2G -G —iH

0 0 -G +iH 2G
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To express the determinant of the Hessian, make

W:=G'H
to rewrite
G O 0
0 G 0
—i Hessp(2,0) = | : o

0 G O

0 0 G
21 - —iW 0

-1 +iW 21 0
: : : S R T)
0 21 14
0 -1 +iW 21

and let @,,—1 be the rightmost matrix of the factorization. We then have
det(—i Hess ¢(z,0)) = (det G)" ' det O,,_;.

In Appendix B, it is shown that det @,,—; is positive, while so is det G because G
is positive-definite. This implies that det(—i Hess ¢(¢, 0)) is also positive, and so, the
application of the stationary phase method is justified. Apply [5, Theorem 7.7.5] to
estimate the integral inside the brackets in (3.10) to obtain

iags) [ T aj()/(t+Sj_1))detG(z+sj)% ) -
E(t,s))ds
/B(O’S)m_‘e (— (1= + -0y +sp)" ™ 1(8(.9)

m

a; (y(1)) detG(z)%}
,1:[1 (1= lyoR)"™
(@ y@) (1 + 0(@).

Notice that up to this point we had not made use of the smoothness of the sym-

1
o -z
= det(% Hess ¢(t, 0)) |:

bols ay, ..., an. In order to apply the cited theorem to obtain the previous estimate,
we need each a; € COZk (I") for some k > M + 1. As we wish for the hypothe-
ses on the symbols to be independent of their quantity m, we have rather requested
aj € Cg°(I') for each j. Also, as we will see later, this same m will represent the
exponent of the powers of fadg. This is the reason why we requested a € C°(I") in
Definition 1.1.
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Substituting in (3.10) the resulting estimate, we get
1
Iy(@) / o ~3 17 4 (r(0) det G(1)2
X det(=—— Hess ¢(¢,0)) 2
T N LS v ) ,1:[1 =y O
X @), .. y@)(1 + O(a_l)):|dt

_2my et oo A@(@).....y(1)  detG(r)?
B ( o ) /B(o,s) (Ha] (V(t))) ( 3

1= [y@)2)" " (det O1)?

j=1
(1+0(™)
_(2m\ - - §) do(§)
a ( o ) /y(B(o &) (l:[ ) |§|2)"’("+1) (det Op—1)?
1+ 0(«™)). (3.13)

In this last expression, the integration can be changed to be done on all I" instead of
just y(B(0, )) without affecting the outcome. To see this, note that if £ ¢ y(B(0, ¢)),

then (§,...,§) ¢ BE(B(0,8)") =V D suppy.
Let y1,....yL : B(0,1) — I be parametrizations of I" such that

L
| ve(BO.1)) =T.

=1

Without loss of generality, we have taken this as a finite union since, even if I" is
not compact, the integral in which we are interested is done on the supports of the
functions a; . Take & small enough and define

E¢:B(,8)" - T™

E@([,S) = (W(f),l/li(t +Sl)7"'?y€(t +Sm_1)),

so that each E¢(B(0, €)") is, as described in the previous construction, an open set in
' that intersects the diagonal when s = 0. Then,

L
= | J 2e(B0.&)™
=1

is an open neighborhood of the diagonal in I'”* and {E¢, B(0, &)™ }¢—;,... L is an atlas
for U. It follows from (3.5) and Lemma 3.3 that Tr(S) decays exponentially fast
outside U when o grows. Let {x¢}¢=1,.... 1 be a partition of unity subordinated to the
aforementioned atlas. Applying what we obtained in (3.13) to each y, and substituting
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itinto (3.5), we get

Tr(S)
— .m ia®(Eq,....Em) =~ aj(&;)
K [u ) (11:[1 (1- (5j7§j+1))"+1> do(§1)---do(&m)
+ 0(a™™)
L m
=cq QD .. Em) aj(&)
Cy Z} /:'E(Z(B(O’s)m) € (]1:[1 (1 _ <SJ’ Ej+1))n+l))(£($1, ey Em)
4o (E) - doEm) + O(a™)
L

E:XA®+0 )

d(m n L
o qe, ... 8) do (§)
=" ( " / ( aj S)) (- |E|2)m(n+1) (det@,_1)3

-(1+0(a‘ ))
=Cg(2£)zfr(l—[ ]@)) Sl )o@ o,

j=1 (1 —|§|2)m(n+l) (det Op—1)2

d(m 1) m )
:Ca(Zﬂ) /F(l_[ a; (§) ) OO 4oy G4

o i1 (1=182)""" ) (et Op)®

since ) , y¢=1inT.

In order to obtain an explicit formula from (3.14), we would like det 9,,—; to be
computable, while it would be ideal for it to be constant for all £ = y(¢) € I'. This
does not need to be true in general, but in Appendix B, it is shown that this is the case
when I is isotropic or co-isotropic. Namely, Proposition B.10 states

d

mz, T" isotropic,
VdetO,,—1 = { d P

2d=m)m=1)n=5 = T co-isotropic,

which, rewriting it in terms of d’, leads to

d(m a’ (m—1) d’

(det@m 1) 2 m 2 (3.15)

for both I' isotropic or co-isotropic. Also, recall that

A~ }’l' d
— —-n+5
Taso = 7 o 2 Tado
22w

DR
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We conclude this section by presenting a statement that describes the resulting esti-
mate when adding this hypothesis.

Lemma 3.6 (Asymptotics for the trace of a composition). Let I' be isotropic or co-
isotropic and ay, . .. ,am € C3°(I"). Then,

&.

it~ 8 s ()

QM)Z

Proof. It can be verified using Stirling’s formula that

r 1 n 1
P G e DR PRt
n'T(ax+1) n! o
By the linearity of the trace, the result w111 follow from (3. 14) by substituting the last
identity for ¢, and the expression for 2 (det Om-1)" 3 given in (3.15). ]

4. Proof of the main result

In this section, we demonstrate Theorem 1.8. First, we state the result for monomial
functions and then extend it to polynomials by linearity. Next, we will use a Weier-
strass argument to derive the theorem for continuous functions.

4.1. The polynomial case

As a consequence of Lemma 3.6, we obtain the following proposition, which can be
seen as a first form of our Szeg6 limit theorem applying to monomial functions

p(t) =t"

Proposition 4.1. Let I' be isotropic or co-isotropic and a € C§°(I"). Then,

d

- ) (o)
Tr((Taso) ") = (2m)‘é’/r Tyt ) @©(1+0o()) @D
Proof. Takea; = --- = a,, = a in Lemma 3.6. ]

4.1.1. An estimate for the operator norm. As a first application, we obtain an esti-
mate of the growth rate of the operator norm of the Toeplitz operators. This result
shows that the operators defined in (1.5) are, indeed, normalizations of the Toeplitz
operators defined in Definition 1.1.
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Corollary 4.2. Let T" be isotropic or co-isotropic and a € Cg°(I"). There exists a
constant C > 0 such that
| Tado ”:(i(Agl(B,,)) <C

forall o > 0.
Proof. Leta = a; + ia, with a; and a, real-valued. We can write
Tado = T(a, +lallso)do + 1 T(az+lallec)dc = (1 4 1)Tjafccdo

and so,

[7aso | 2z ey = 1@ tiatoore | ez @,y + 1T +ialcoe | ez s,
+ V2| Tjalooto | 2042 @,y

where the three operators on the right-hand side have positive symbols. Therefore, it
suffices to prove the proposition for ¢ > 0, which in turn implies that fadg is self-
adjoint and positive.

Leta > 0, and let £ be a positive integer. Then,

N L NN/ I/
H Tado ”;c(Ag(]B,,)) = ”(Tada) ”;c(A 2(B,)) — Tr((TadG) ) (4.2)

On the other hand, using the result for the trace of the power of a Toeplitz operator in
Proposition 4.1,
d

Tr((Taso)) = ((ziéfr( C|l§|§2))n+l)eda($)(l+0(é))

a®) 1a®
<C _— ,
[22? (- |$|2>"+1] 4

with the constant C not depending on « nor £. Substitute this into (4.2) and take £-th
roots to get

R
[N SW

~ 1 a(§) 1
Taa 2 §Cl|:sup—] - < C(a?)?, (4.3)
“ a UHJZ(AO[(Bn)) fer (1 _ |%—|2)n+1 537 ( )
again with the last constant C not depending on « nor £, and where we have used that
(%)% < 1 for all £. This is valid for £ any positive integer, particularly for any £ > «.
Then,

eal 1,4 1.4
| Tado | £ a2,y = Czlglg( @t)? <C(aw)> <C.
Here, we have used limg_s o a& =1. .

Remark 4.3. From (4.3) and the arguments given thereafter, we find that if a > 0,
SUPger U—Ig\(% is a bound for both the operator norm of 7,4, and its largest eigen-
value.
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4.1.2. The Szego limit theorem for polynomials. We rely on the operator @, to
extend the result in Proposition 4.1, first to encompass polynomials. Recall that @, is
defined by

ds

1! AN
Qo)) = 15 [ oo (nt) T

when & > 0 and the identity when ¢ = 0.

Remark 4.4. We summarize some important features of this operator.
* @, is linear in the first entry.

e Forp>0,Q.(s?)(t)= ;—i. This follows from the change of variables x = p ln(f;).

In particular,
m

t

Qa (s")(1) = —.
2 ms
This remains valid even for ¢ € C. In this case, the integration domain is taken to
be the open line segment joining 0 and ¢.
* Equation (4.1) in Proposition 4.1 can be rewritten as
(&) ©
Ca my \gx m a 1
(o)) = 2 [ @6 (=g @ (1+0(3))

27
4.4

We now state the result for the polynomial case.

Proposition 4.5 (Szeg6 limit theorem for polynomials). Let I' be isotropic or co-
isotropic, a € C§°(I"), and let P be a polynomial without constant term. Then,

R ()

(P () = 2 [ @ ()= ) 0@ (1 + 0 ))

Proof. The proof follows from (4.4) and the linearity of both the trace and @,. |

Remark 4.6. Notice that, for this case, the hypothesis regarding a > 0 in Theorem 1.8
is not needed and is, therefore, omitted.

4.2. The Szego limit theorem

We now wish to extend our result to apply to more general continuous functions. From
now on, we will consider ¢ > 0. Fix R > 0 so that

a®)
WAy =
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From Remark 4.3, we infer that

| o(Tugo) < [0. RI.

a>0

This is important as (p(fada) is only well defined if ¢ is continuous on the spectrum of
fada. Because we seek to analyze the asymptotic behavior of (p(fada) when o grows,
we require ¢ to be continuous on the spectrum of fadg for all .

We define the family of functions, for which we will extend the past results.

Definition 4.7. Let € be defined by

€= {(peC[O R]:3p >o@eC[o,R]}.

Remark 4.8. Without loss of generality, we can restrict the definition to consider
only p € (0,1).
Proposition 4.9. The family € satisfies the following.
(a) € D {P : P isapolynomial without constant term}.
(b) @(Tado) is trace class for every ¢ € €.
(©) Q:(p)(t) is well defined Ve > 0, t € [0, R], and ¢ € €. Moreover, if p > 0 is
such that % € CJ0, R], then

@ P
1Qe(@) )] = | —

Lo<o.R] PE

(d) Forevery g € €,

a(é)
/r . (¢)(W) do () < 0.

Proof. (a) is obvious. For (b), let A; be the eigenvalues of fadg. Recall that as a is
taken to be positive, so is Ty4o. Then, for ¢ € €, the norm of ¢(T,40) in the trace
class S1(A2(B,)) satisfies

o0
|(Tado) | S1(A2(B,)) — Z lp(A;)]

o lo())]
Z G 14517

w(t)

< sup
t€[0,R]

Z' J H HLOOOR] ado ”Sp(A2(IBn))’
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which is finite because fadg belongs to the Schatten class S, (Ai (B,)). For (c), we
compute

e e I (A
=ria | [ (od)
9 t
et (o) S B
Finally, for (d), we use (c) to get
(=g o)

p
H HLoook]p2 /(%) do (§)

D) (4 ) )”<oo
p% \eer - ’

o i P “3)

where o (supp(a)) = fsupp(a) do (§). m

For the proof of the Szeg6 limit theorem, we will use the following two results.
The proof of the first one relies strongly on the hyperbolic geometry of B, and is left
for Appendix A.

Lemma 4.10. Let I' C B, be a submanifold and a € C§°(I") a positive function. For
p<(0,1),

R

b4
(5) Tr((Tase))
is bounded as ¢ — o0.

Lemma 4.11. Let I" be isotropic or co-isotropic, a € C5°(I") a positive function, and
P a polynomial without constant term. For p € (0, 1),

67PN (=g oo ©

A~

lim (£)° £ Tr[(Tago)” P (Taso) ]

a—00 \ (¢

Proof of Lemma 4.11. In order to ease the notation, we will write

9 ._1 a(§)
4= 5 [ 240 (=g ) 00
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and § := fadg. Let € > 0, and let {g;};en be a sequence of polynomials without
constant terms that converges uniformly to the function s? in [0, R]. For each j € N,

(2

< (2)Iml(s” - g (NP

we have

R

Tr[(S)? P(S)] - é"z(s”P(s))’

d
n 7 o o
+ ‘(;) Trlg; ($)P(5)] - (g P)‘ + &g —s"P)|
=h+L+1 (4.6)
We first bound 1. Let P be the polynomial whose coefficients are the absolute values
of the coefficients of P. In this way, |P(s)| < P(s) for all s € [0, R], and hence,
(P — |P|)(S) is a positive operator, which in turn implies Tr(|P(S)|) < Tr(P(S)).

As P is a polynomial without constant term, applying Proposition 4.5, we can find a
constant C such that (g)%Tr(P(S )) < C. We can now get

= (2)"[((s” = gi(snP(S))

[S/iSY

b4
= (a) ||P(S)||SI(A§,(]BH))”SP _gJ(S)”;C(Aﬁ(]Bn))

- (g) Te(|P(S)])lls” — &) llLoogo.k)

[N\

d
T\ 5 ~
< () Te(FS)Is” - g lLor = Clls” = g lL=rorr @)

o
To estimate I3, we first notice that

(gj —sP)P P
|5

< llg; —s%llLeo10,R] N

L*°[0,R]

s

L°°[0,R]

with ||s£p|| Loo[0,R] bounded as P has no constant term and p € (0, 1). We then apply
inequality (4.5) from (d) in Proposition 4.9 to get

7 < o (supp(a)) (Sup a(§) )p (gj —sP)P
Tp% ger 1 —[§"F1 sP L>[0,R]
< Cligj = sPllL0,R)- (4.8)

Both (4.7) and (4.8) are valid for all j € N, and the constants involved in each of
them do not depend on j or «. Since ||g; — || oo[0,R] tends to zero, we can choose
j* € N large enough so that 101 < % and 103 < 5. Finally, for this fixed j*, gj+ P isa
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polynomial without constant term, so by Proposition 4.5,

I, = ‘(g)zTr[gj*(S)P(S)] — Qg+ P)| < %

for all o large enough, which together with (4.6) proves the claim. |
We now give a proof of the main result of the paper.

Proof of Theorem 1.8 (Szegd limit theorem). Because ¢ € €, ¢(0) = 0 and we can
find p € (0, 1) such that ‘p(s) € C[0, R] and “’(s) =0ats =0.Let {p;}jen be a

sequence of polynomials w1thout constant terms that converges uniformly to ‘p(s)

in
[0, R]. This in turn implies that s” p; converges uniformly to ¢ in [0, R]. We use once
more the notation for Q(¢) and S that we defined in the proof of Lemma 4.11 and
follow a similar approach. Let € > 0. For each j € N, we have

‘(g)gn(so(s)) - = (g)g!Tr(so(S) = S7p;(9)]|

d ° o
+'( ) (57 p;(8)) = &G p)| + [E57py — 0|
= Ty + 15+ 1. (4.9)

For 104,
ITr((p — 57 p)(S))]
Te(s7(55 = 2s)®)|

4
» ¢ _
ISP, 2B, H (sp p’)(S)H.:c(AZ(Bn))

TS5 =] o = €15 = 2ol oy 19

Le°[o R] L°[0,R]

where the last inequality is obtained applying Lemma 4.10.
For I¢, we employ inequality (4.5) from (d) in Proposition 4.9 to obtain

fo<c| =2

cl% -]

Lo°Jo, R] L>°[0,R]’

Both (4.10) and (4.11) hold for any j and are independent of &, so we can pick j* € N
such that I, < % and Ig < § for all @ > 0. Finally, for j* fixed, Lemma 4.11 asserts

I s < § for all « large enough. Applying all these inequalities in (4.9) concludes the
proof of the theorem. =
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5. Corollaries and follow-up results

We present some applications of the Szego limit theorem 1.8, concretely, results that
describe asymptotically the distribution of eigenvalues and the Schatten norms of
ﬁldg. Both of these results are comparable to those obtained in [12] and their proofs
are analogous to the ones therein.

5.1. Distribution of eigenvalues

We begin by stating the equality in Theorem 1.8 in an alternate form. Addressing the
definition of @, the right-hand side of (1.6) equals

4
a- |&|2>"+1 a(§) 27 ds
/ / / (s )(ln 2 n+1) —do(§).
27 r(d —EP) s
and interchanging the integrals order by Fubini’s theorem, it can be rewritten as

a®)
1 MAXEET (1 Z1g2ynF1

(s)

a(§) G-
|:F( s /{ser }(IHW) da(f)}ds.

If we define D, (s) to be the function defined by what is inside the brackets in the last
expression, then (1.6) can be restated as

d/
272z

- ISIZ)”‘H

a®)
. 1 [MEET (g 2ynFT
o{ll)rro1o <E) Tr(go(Tadg)) = —2%, ; @(5)Dy (s) ds.

Notice that by doing this, we are now interpreting the asymptotics given in the Szego
limit theorem as an integral with respect to a measure 9, (s) ds that is absolutely
continuous with respect to the Lebesgue measure in R.

Corollary 5.1. Let I C (0, maxger %] be a closed interval and denote by
Nr (Tad(,) the number of eigenvalues of fada in I. Then,

a—>00

. T\ % ~ 1
tim (2)” N (Taaa) = " / Dy (s) ds,
2 JI

5.2. Schatten norm estimates

Let p > 0. Recall that for A a compact operator on A2(B,), A is a member of the
Schatten class S,(A42(B,)) if and only if |4|? is of trace class. This is equivalent to
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having the quantity
£ 2.1
1415, 42 B,y = Tr((A"4)2) >

being finite. For p > 1, ||-||Sp(A§(Bn)) is a norm in S, (A42(By,)), while for0 < p < 1,
it is a quasi-norm.

Corollary 5.2. Let I' be isotropic or co-isotropic and a € C§°(I"). For any p > 0,

m ()77 ! @\’
oim (E) | “d"”Sp(A 2Bn) — ((zp)g/r((l_mz)nﬂ) da(é))

N

5.3. An example

We illustrate some of the results given by presenting a concrete example.
Forr € (0,1),letT' =rS' ={z e C : |Z| = r}. If we use the parametrization
:(0,1) > T, y(0) = re?™? thendo = 27 %5 d6. Notice that in this case d = 1
and n=1;thus,d =1.Leta=1inT and denote by T, := Ti4s the associated
Toeplitz operator. Then,

1
Trf(Z) = 27-”-(] _ r2)a—1(a + ])/ Ka(Z, reZniG)f(reZ:rriG) do
0

forany f € A2(D).

Recall that e, (z) = 6§,z with &, := ,/%, m € Ny, is an orthonormal
basis for A2 (D), and that the Bergman kernel can be expressed as a hypergeometric

series via

K%z, w) =

1 —ir(“+j+2)(zw)f.

(1—zw)*+2 = T+2))!
Using this, we compute

Trem(2) / F(OH'J +2) ;i _anjie 2w mif
1 8 ] Tf]l m Tmi de
2= r2yart @D Tt ’

= (a + 1), Z F(a /2 rmtigi lez”(’"_j)"e de
MNo+2);! 0

_ 2mF(oz +m+2)
=(+ Dr —I'(a 2] em(z),

from which it follows that the eigenvalues of YA} = ﬁTr are

_ 2w 2a1F(a+m+2) 2m+1
Am = V a( ) (o + I)m! d » m & No. G-
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5.3.1. Operator norm. We seek to analyze the behavior of the operator norm of T,
by estimating its largest eigenvalue. For any fixed o, we notice that the sequence of
quotients

Am (@ +Dr?
Am—l B m
is monotonically decreasing to > < 1. Thus, the largest eigenvalue of Tr for this o
2
is Am*, where m* is the largest natural number such that (“:ll)r + r? > 1. This is

obtained when m™ = [ (& + 1) 1= zj Assume « is such that (& + 1) = r> — € N. Then,
in terms of the Beta function,

I'(a +m* +2) 2\,
= T Y _B 1, 1 .
T(a + Dm*! (“+ @+ Di—3) r
If o grows, so does m* = (o + 1) 2, and we can derive that

(1 _ r2)a+lr2m*—l

2
Bla+1l,(a+1)—— | ~
1—r2

x—1 51
from the known asymptotic formula B(x, y) ~ +/ 27[% for large x and y.
(x+y)* T2
Substituting this in the expression for A, in (5.1), we get

5 o+ 1 1 1
N e =122 (1-r2)2

when o grows. This shows that the normalization proposed in (1.5) and Corollary 4.2
is optimal in terms of the growth rate of o, while also exhibiting the sharpness of the
bound given in Remark 4.3.

5.3.2. Eigenvalue distribution comparison. Keeping with T, as defined above,
given an interval [t1, #;] C (0, ﬁ), Corollary 5.1 implies

| e ] 1
s, [N[’l o)(7r) T 1-r2 |:\/1 ((1 — F2)n+1t1) - \/ln (m)}

5.2)

which is also written as an asymptotic equivalence in the form

~. 8ar 1 1
Mtl,lz] (Tr) ~ m |:\/ln (m) — \/11’1 (m)] (53)

For fixed values of 7 € (0,1) and #; <t < (1 — r?)™2, we have numerically

counted the number of eigenvalues of T, in [t1,1,] for growing values of & using (5.1).
Tables 1 and 2 present two comparisons between these numerical outputs and the
expected results given by (5.2) and (5.3).
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o Nygagr(Ty)  RHS.of 53 [ZNe 16)(Ty)
100 14 13.47 2.4814

500 30 30.13 2.378

103 42 42.61 2.3541

5.103 95 95.29 2.3813

104 134 134.76 2.3750

5.10% 301 301.35 2.3859

10° 426 426.17 2.3877

Table 1. Comparison for r = %, H = %, th = 9 The values in the second column were

obtained by counting numerically for how many values of m the eigenvalue A,,, as given in (5.1)

16 16

lies in [{2, 5°]. As expected, the numbers on the rightmost column seem to be tending to the
value of the R.H.S. of (5.2), approximately 2.3887 in this case.

A~

o Mza(Ty)  RHS.0FG3 TNz (7,)
100 5 5.60 0.8862
500 12 12.52 0.9511
103 18 17.71 1.0088
5-10° 39 39.61 0.9775
10* 56 56.02 0.9925
5.10% 125 125.28 0.9908
10° 177 177.17 0.9920
Table 2. Comparison for r = %, = %, 1) = % The values in the second column were

obtained by counting numerically for how many values of m the eigenvalue A, as given in (5.1)

lies in [%, %] As expected, the numbers on the rightmost column seem to be tending to the value
of the R.H.S. of (5.2), approximately 0.9930 in this case.

A. Proof of Lemma 4.10

Throughout this section, a will be a positive symbol and 0 < p < 1. Lemma 4.10 is
equivalent to there being some constant C > 0 such that

Tr(T5,) < Ca?®= %%

for all o large enough. We will prove this inequality.

(A.1)
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Let Tadg be the Berezin symbol of 7,4,, namely,

7~-'ada (z) = (Tadclgz’ IQZ)Aé(Bn)’

r Ko, A/ 1-] . .
wheg k, = JKa(( ZZ)Z) (=¢ j )”+1+"‘ is the normalized reproducing kernel at
z € By.

For any Hilbert space H and any positive operator A € £(H), the relationship
(APx,x) < (Ax, x)? is true for all unitary x € H whenever 0 < p < 1[19, Proposi-
tion 1.31]. Combining this with the definition of Tadg yields

ado(Z) = (~ad‘7(z))p

for all z € B,. Using the formula for the trace of an operator in terms of its Berezin
symbol, we get

TH(TL,) = o || Tl(:)dr(2)
< cq /B (Tado (2))7d(z)

=l 1=z = [wP)\" ' a(w)do(w) 17
ca+p/n [/F( 11— (z, w)|? ) W} dz(z),
(A2)

dv(z)

where dT(Z) = m

is the invariant measure on [B,,.

Remark A.1. If ¢, denotes the involutive automorphism in B,, that interchanges z
with the origin, then

1=z = [w[*)
11— (z.w)[?

=1- |(pz(w)|2-

Moreover, |@,(w)] is the pseudo-hyperbolic distance between z and w, while the
hyperbolic distance is B(z, w) = tanh™! |, (w)|. This then implies

(-2 —JwP) _,
= {zw)> ~~

with equality if and only if 8(z, w) = 0, if and only if z = w (see [18, Sections 1.2
and 1.5, Lemma 1.2 and Proposition 1.21], particularly).

For € > 0, we now define
={zeB,:werTl, B(z,w) <e}

a hyperbolic tubular neighborhood of T" in B,,.
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Proposition A.2. The neighborhood 'V satisfies

A=z = w» " a(w)do(w) 7?7 - 1
coll+p /Bn\V |:/r ( 11— (z,w)|? ) W] dz(z) = O(O[To)'
(A.3)

Proof. Let r(a) > 0 be such that (w, 0) < r(a) for all w € supp(a). There exists
some constant C,,) > 0 that only depends on r(a) such that

1= Jul?
—1
r(a) = —1 _ |v|2 =< Cr(a)

for any u, v € B, with S(u,v) < r(a) [18, Lemma 2.20]. Let p < 1 be such that
Cr@a)(1 — p?) < 1/2. It suffices to prove that

[*]pdr(z) and 3’2::/ [*]pdr(z)

1=
/;Bn\v)m{ZEBrli|Z|ZP} By \V)N{z€By:|z|<p}

are both O(a~°), where * represents what is inside the brackets in (A.3).
If z € B, w € supp(a), the invariance under automorphisms of the Bergman met-
ric leads to B(¢,(w), z) = B(w,0) < r(a), and so,

A= D= wP)  1=lg@P,.
i—Gwp  — i-p D
< Criay(1—12]?).

Using this, we compute

(n+14+a)p a(w)do (w) P 2\ap—(n+1)(1—p)
i =C [ (- 12P) av(2)
! r(@) r (1 - |w|2)n—H {zeB,:|z|>p}

< C(Cr(a)(l - pz))ap

1 1
< CZTP = O(O[T.o)

for all « large enough so thatap — (n + 1)(1 — p) > 0.
If z ¢ V, then B(z,w) > € for all w € T, and hence,

1 —|p(w)|*> = 1 —tanh? B(z,w) < 1 —tanh’e,

which we use to conclude that

4, < (1 — tanh? 6)(n+1+a)p[/ M]p/ dz(2)
r {zeB,:|z|<p}

1= lwPy ™

1
< C(1 —tanh? €)* = 0(—). "

aOO



A Szegd limit theorem for Toeplitz operators on the Bergman space 1461

We take a moment to focus on the case d = 2n, so I is an open subset of B, and
Tad46 = T,. Considering the result in the last statement and using it together with the
first inequality in (A.2), we can get

T <o [ (Tu@) ar)+ 0 )
where § < 1 is so that B,, D supp(a). In this case, the exponent of « in (A.1) simplifies
to n, which is the gzowth order of ¢y = %(1 + O(a™1)). Therefore, it will suffice
to show that |, 5B, (Ta(2))Pdz(z) remains bounded when & grows. For this, we recall
that the Berezin transform is a contraction from £(A42(B,)) to L>(B,), so

/mn (Ta(2)" dv (@) = | Ta| oo s, /mn B
< ClTally 42,

Since the restriction d = 2n implies I" being co-isotropic and d’ =0, || T, | ¢ (A2(Bn) =
% I T, Il £(42 ®,,)) is bounded for all & > 0 by Corollary 4.2, thus proving the claim
ford = 2n.

Let d < 2n — 1. From Proposition A.2, and rewriting the integral expression
in (A.2), we conclude that proving our claim relies on bounding the integral

p
o 14p ain(l—lp- )2y 4(w)do(w) dv(z)
Ip(Ol) = C(x /V |:/F e |1 _ (Z, w>|2(n+l) (1 _ |Z|2)(n+1)(1—p) .

We now give a parametrization for V. Using a partition of unity subordinated to an
open cover of the support of a if necessary, we can assume without loss of gen-
erality that the support of a is contained in the image of a single parametrization
y:B(0,1)—>T of . Foreach p=y(t) e I',let{E1(¢),..., E2,_q(t)} be an orthonor-
mal basis for the normal space D¢ (T, Nt c T,B, at p, so the ambient tangent space

T,B, splits as a direct sum
TpB, = Dpt(TpI) @ span{E(t), ..., Ezp—q(t)}.

Also, let exp,, ) : TpB, — B, denote the exponential map. As the Bergman ball is
geodesically complete, exp,,(,) has all of T,B), as its domain. Denote by B’(0,¢) C
R2"=4 the ball of radius € centered at the origin. We define

n:B(0,1)x B'(0,¢) c R xR?>"4 > B,

2n—d
n(t, x) = exp, () ( Z ijj(f))-
j=1
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By choosing € small enough, we can guarantee the following.

(i)  n(¢, x) is in a geodesic ball centered at y(¢) and therefore the Bergman and
radial distances between 7(z, x) and y(¢) coincide, this is,

2n—d %
Bly (1), n(t,x)) = ( > xf) :
j=1
(ii) The Bergman distance from 7(z, x) to I' is attained at y(¢), this is,

By(@).n(t.x)) < B(y(s). 0. x))

for all y(s) € I'. Moreover, ¢ is the only critical point of the function
B(y(), n(t, x)) in B(0, 1); therefore, the last inequality is strict whenever
s F#t.

It follows that 'V = n(B(0, 1) x B’(0, ¢)) and

— 1+p 10 W((1,%),5) a(y(s))m(s)ds P
Ip(@):=c, e SCESY
B(0,1)xB"(0,¢) L JB(0,1) 11— (n(, x),y(s))

u(t, x) dedx Ad
A= 0P (A

where m(s)ds = do(w), u(z, x)dtdx = dv(z), and we have introduced the phase
function

V(7. x),8) = =i In(1 = @y 0 ().

The observations made in (ii) and in Remark A.1 translate to that, for each (¢, x) €
B(0,1) x B’(0, €), the function ¥((, x), - ) has its only critical point at s = ¢.
Applying the stationary phase method (Theorem 7.7.5 in [5]) yields

/ eia\ll((t,x),s) a()/(s))m(s) ds
B(0.1) [1— (n(z, x), y(s)) [PV
_ (z_ﬂ)geia\ll((t,x),t) a(y(t))wm(t) _ 1+0(y) ‘
o [T = (n(t, x), yO)PTTD det(—i Hess W((t, x),1))2
(A.5)

The continuity of the functions involved and the compactness of the domain also
imply that

a(y(@))m() det(—i Hess W((t, x),1))"2n(t, x)
11— (n(t, %), y@)P@+D " (1 = [5(z, x)|2)@+D(=p)
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is uniformly bounded for (¢, x) € B(0, 1) x B’(0, €). Implementing this and (A.5) in
the expression for I,(«) in (A.4), we find that there exists some constant C > 0 such
that for all « large enough

1 27\ L
5 1p(@) = C(—) : / PV ((@.x)0) 4y
Ca g a B’(0,¢)

_ (27 . .
=<(%) /B’(O,e)(l tanh® (y (1), n(t, x))) ™ dx

o

2 4

= C(—n) : / (1 — tanh? |x|)pa dx. (A.6)
o B’(0,¢)

We can find some constant C > 0 such that Cr2"~¢~! < (tanh r)>*~¢~1 for all

tanh r
r

r € (0, €). This can be done because tends to 1 as r approaches 0. Integrating in

polar coordinates,

€
/ (1 — tanh? |x|)pa dx = (2n — d)/ rzn_d_l(l — tanh? r)P%dr
B/(0,€) 0

2n—d (€
< ! / tanh?" =4~ r (1 — tanh? r)?*dr
¢ Jo
d ptanhZe
n—=% ,
=2 / P (1= )P dp
C Jo
P B(n_2 AT
=—c n——.pel, (A7)

where we have used the change of variables p = tanh? r and B(z, w) is the Beta
function. As a consequence of Stirling’s formula, the Beta function has the asymptotic

approximation
d d /
B(n — 5 poe) ~ F(n - E)(poz)_'”rg

as « — oo. Combining this and (A.7) with (A.6) and the fact that ¢, ~ ™, we get

Ip(a) < Ca”(1+p)_d7p_"+% — Cap(n—%)_f_%’

which by Proposition A.2 implies (A.1), concluding the proof of Lemma 4.10.

B. The determinant of the Hessian

B.1. The determinant as a block matrix

Recall from (3.12) that computing the determinant of the Hessian of ¢(z, 0) relies on
computing that of 0,,—1, which we have defined as the (m — 1)d x (m — 1)d matrix
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that expressed as an (m — 1) x (m — 1) block matrix with blocks of size d x d has
the tridiagonal form

21 I —iWw 0
-1 +iW 21 0
Om—1 = : : : :
0 21 -1 —iw
0 I +iW 21
Here,
W :=G 'H,

where G and H are the matrices encoding the Riemannian metric g, and the skew-
symmetric form /&, on T, I in terms of a parametrization y of I" with y(t) = p. This
same block matrix appeared in [12] in the Fock space situation.

Let R stand for the ring of d x d complex matrices generated by / and W. Then,
Om—1 can also be regarded as an (m — 1) x (m — 1) matrix with entries in R. As
R is commutative, any such matrix has a well-defined determinant in R, which we
will denote by detg, and that possesses all the usual properties of determinants of
matrices with complex entries. The relation between this determinant and the usual
one det O,,_; is given in [13, Theorem 1]. From that theorem, it follows that

det 01 = det(detgg (9m_1).

Notice that the right-hand side of the equation makes sense since detg O,—1 is an
element of R, and thus a d x d matrix with complex entries. This relation was used
in [12] to compute det 9,,—1. We cite the result therein that expresses detg 9,,—1 in
terms of W, as all the computations involved translate straightforwardly.

Proposition B.1. Let m > 2. Then,
251

m
detg Om—1 = ) ( )(—1)‘5W25. (B.1)
= \2t+1

We interpret the geometric meaning of the matrix W. For every p € I', define the
endomorphism K, : D,t(T,I") — D,t(T,I") by

Kp =Tp o Jp,ur,m)> (B.2)

where T1, : T,B, — D,t(T,I) is the orthogonal projection and J|p,.(r,r) is the
restriction of J to D, (T,T).
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Proposition B.2. Consider y : B(0,1) — T" a parametrization of " around p. Then,
W is the matrix representation of the endomorphism K, with the basis for Dpt(T,T)

given by {Dpl(a;?,jlt)}j=l ..... d-

Proof. The definition of W is equivalent to GW = H, which in turn implies

9
7

0
= E gp(_ )wlik
8)/j t

= b (o] )0 (2] ))u
- D §4 8J/jt’p a}/[t Lk

) Er(il) s

forany 1 < j,k < d. On the other hand, we know from the definition that

i d
hj = b Dy -—| ).
= (on (1))

This together with (B.3) leads to
d
)~ X wadn(5;

b (o0 (551) -+ on (5 )=

forany 1 < j,k < d. Since {Dpt(%h)}j:l,,_,,d is a basis for D,((T,I"), we get

J Dpt
(3)/k

and consequently,

I1, OJ(DP (83
Vit

) ngkD L( ) ) € Dpt(T,I)L,

for each 1 < k < d, which proves the statement. ]
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It can be verified from its definition in terms of IT, and J that K, is skew-adjoint
with respect to bop. This implies that W is skew-adjoint, and hence, all its nonzero
eigenvalues are pure imaginary and come in conjugate pairs. Let iz, k = 1,...,r
stand for said eigenvalues with possible repetitions due to multiplicity and satisfying

Let P,,—; be the polynomial defined by the right-hand side of (B.1). Then, by the
spectral mapping theorem, the eigenvalues of P,,_; (W) are

251
. _ m Vi 2t
Poain = 3 (o)1 )bt ing
251 m
= Z A2
2 (o)
(14 2" — (1= )"
20k '

each with double the multiplicity as in W, together with the eigenvalue
Pp—1(0) =m

with multiplicity d — 2r corresponding to the kernel of W. We use this to express
det O,,—1 in terms of the eigenvalues of W.

Proposition B.3. Let +idg, k = 1,...,r, be the nonzero eigenvalues of W. Then,

Vet Opy =m® " [ I+ A" — (1= A" (B.5)

Pl 2Ag

Proof. We compute

det O,,—1 = det (detgq (9,,,_1)

= det Pp_1 (W)
g T (LA™ = (1= A)™?

B.2. The case of isotropic or co-isotropic manifolds

In this section, we describe the behavior of K, when I is isotropic or co-isotropic,
in order to express the eigenvalues i A; of W needed to compute the determinant of
Om-1.



A Szegd limit theorem for Toeplitz operators on the Bergman space 1467

Let (X, w) be a symplectic vector space of dimension 27, where the symplectic
form is constructed using the formula

w() =g J)

with J a complex structure on X and g an inner product on X compatible with J. Let
V C X be a subspace of dimension d and denote by V¢ its symplectic complement
as defined in (1.4) and by V' its orthogonal complement with respect to g. These sets
are also subspaces of X, and one can verify directly from the definitions that

Vvi=JWw® and J(VY) =Ve. (B.6)
Notice that this will imply
dimV® = dimV+ = 2n —d.
According to the definition of K,,, we define the endomorphism Ky : V — V by
Ky =Ty o J|y,

where ITy : X — V is the orthogonal projection and J |y is the restriction of J to V.
We will describe these transformations, obtaining results that we will then interpret to
the particular case of K. These calculations appear in [12] with T, I" instead of V.

Proposition B.4. The endomorphism Ky satisfies
ker Ky =V NV.
Proof. Using the relation in (B.6),

ker Ky = ker(Ily o J|y)
= J YkerTIy) NV
=Jt'ovHnv
=VenV. [
Recall from Definition 1.4 that V' is isotropic if V € V¢ and co-isotropic if V' 2
V@ The next corollary follows straightforwardly.

Corollary B.5. If V is isotropic, then Ky is identically zero.

This fully describes the isotropic case. We turn our attention to the co-isotropic
case.

Proposition B.6. If V is co-isotropic, then the image of Ky satisfies

Ky(V)=J(V)NV.
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Proof. Assume & = Ky v for some v € V. Then,
Jv=E§&+u

for some u € VL = J(V®). Next, we can find some w € V¢ such that u = Jw,
and hence, £ = J(v —w) € J(V), since w € V¥ C V because V is co-isotropic. For
the reverse inclusion, if £ € J(V) NV, then £ = Jv for some v € V, and therefore,
§=IMyé =1I,Jv = Kyv. ]

Corollary B.7. If V is co-isotropic, then it splits as a direct sum
V=Ky(V)eVe. (B.7)
Proof. By Proposition B.4, ker Ky = V®, and thus,
dim(ker Ky) = dimV® =2n —d.
On the other hand, by the dimension theorem, we have
dim(ker Ky) = d —dim Ky (V).
Comparing both expressions yields dim Ky (V) = 2d — 2n. It follows that
dimV?® =2n—d and dimKy(V)=2d —2n,

which together add up to d = dim V. Finally, by the previous proposition, Ky (V') C
J(V), and therefore,

Ky(V)nve cJw)ynJyvt) =o. "
Remark B.8. We have so far shown that

) 0, V isotropic,
dim Ky (V) =
2(d —n), V co-isotropic.

In general, the rank of Ky is always pair regardless of V' being isotropic or co-
isotropic because Ky is skew-adjoint. In order to maintain consistency with the def-
inition we gave for the eigenvalues of K, in (B.4), we will use r to denote half the
rank of Ky .

Keeping up with V' co-isotropic, consider the action of Ky on the splitting (B.7)
of V:iif§ € V®, then JE € JV® =V, and hence, Ky & = [Ty J £ = 0. Alternatively,
if € € Ky (V) C JV, then J& € V; thus, in this scenario,

Kyt =TIy JE = JE.
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From this, we conclude that, in the co-isotropic case, Ky behaves like J on Ky (V)
and like the zero function on V®. We can, therefore, find bases for Ky (V') and V®
such that Ky has the matrix representation

0 _]rxr 0
(KV): Irxr 0 01,
0 0 0

where [, is the identity matrix of size r. To obtain the eigenvalues of Ky, we now
compute the zeros of

_Alrxr _Irxr 0
det[ (Kv) — AMaxa] =det| Ly  —Alx 0
0 0 —M(a-2r)x(d—2r)
_/llrxr _Irxr
= det det (—A1(g—o,yx(d—
( Ly Al (=A@ —2r)x(d—2r))

=+ 1))

It follows that the eigenvalues of Ky are +i, each with multiplicity r and the zero
eigenvalue with multiplicity d — 2r.

We return to the case of the symplectic space (T,B,, @p), with D, (T,I") C T,B,
and K, as defined in (B.2). The results exposed in this subsection can be summarized
in the next statement.

Proposition B.9. If I is isotropic, then K, has no nonzero eigenvalues, that is, r = 0.
If T is co-istropic, then the eigenvalues of K, are £i, each with multiplicityr =d —n
and the zero eigenvalue with multiplicity 2n — d.

We conclude the section with the result we used in Section 3.2 expressing the
value of det O,,—;. It follows from (B.5) in Proposition B.3, taking into account the
form of the eigenvalues i A; described in the last proposition.

Proposition B.10. Let I be isotropic or co-isotropic. Then,

d . .
mz2, T isotropic,
VdetOy—q1 = {

2(d—n)(m—1),,n—% , I co-isotropic.
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