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A Szegö limit theorem for a class of Toeplitz operators
on the Bergman space of the unit ball with singular symbols

Daniel Ivan Ramirez-Montaño

Abstract. We obtain a Szegö limit theorem for a family of Toeplitz operators defined on the
weighted Bergman space of the unit ball Bn. The symbols of these operators are supported on
some isotropic or co-isotropic submanifold � � Bn and can be seen, in general, as measures
that are singular with respect to the Lebesgue measure on Cn. The theorem given allows to
describe the asymptotic behavior of these operators as the parameter of the weighted Bergman
space tends to infinity.

1. Introduction

In general, a Szegö limit theorem is a result that describes the asymptotic behavior of
the spectral measures of an indexed family of operators as the parameter that indexes
the family tends to a limit. This description is often made in terms of operator traces.
Originally, G. Szegö delivered expressions for the limit of determinants of trunca-
tions of infinite Toeplitz matrices as the truncation order tended to infinity [14]. These
relations were later used to obtain information on the asymptotic distribution of the
eigenvalues of the said matrices, expressing the limit of their traces through integrals.
In particular, in [3], it is shown that

lim
N!1

1

N

NX
jD1

f .�j;N / D
1

2�

Z 2�

0

f .a.x// dx;

where �j;N are the eigenvalues of the N -th order truncation of the Toeplitz matrix
whose diagonals are the Fourier coefficients of a real-valued a 2L1.S1/ and f is any
continuous function on Œess inf a; ess sup a�. Later works focused on reproducing this
result with weaker conditions for a and applying to different families of functions f
(e.g., [15, 17]).
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The generalization of some of these ideas to the operator setting is described in [4].
For a bounded self-adjoint operator A on a Hilbert space H , we want a measure �A
on R such that

Tr.f .A// D
Z

R
f d�A (1.1)

for any f 2 C.R/. If H has finite dimension, this can be done using the Riesz–
Markov–Kakutani representation theorem, since the assignation f 7!Tr.f .A// results
in a continuous functional on C.R/. In fact, �A is the sum of the Dirac measures cen-
tered on each eigenvalue of A. In general, this cannot be done when H is not of finite
dimension, so an alternative construction is proposed. Taking an increasing sequence
of finite-rank orthogonal projections Pn on H such that Pn converges to the identity
in H , the correspondent sequence of measures �n satisfying (1.1) for the operator
PnAjPn.H/ is constructed. Therefore, a natural substitute for �A would be the weak
limit of the �n measures. In this situation, a Szegö limit theorem translates to finding
a measure whose integral reproduces the limit of the traces of continuous images of
a sequence of operators. Particular attention has been paid to this problem when A is
replaced by a pseudo-differential operator (see [4, 9, 16]).

An interesting scenario occurs when considering a weighted Hilbert space of com-
plex functions as the domain of the Toeplitz operators. By varying the parameter that
defines the associated weights, we obtain a parametrized family of operators whose
limiting behavior can be studied. This idea was followed in both [2,12]. In [2], results
of this type were obtained considering Toeplitz operators on the Bergman space of
the disc D and the Fock space of C. Previously, in [12], the problem was studied in
the context of the Fock space of Cn. In said work, the integral representations of the
Toeplitz operators had as domain a submanifold � � Cn instead of all Cn, the natu-
ral domain of the Fock reproducing kernel. As a result, the symbols of these Toeplitz
operators can be seen as measures that are singular with respect to the Lebesgue mea-
sure on Cn. We will also follow this approach, obtaining an analogous result to the
main one of [12] for the case of the weighted Bergman space of the unit ball Bn.

1.1. Definitions

For n 2 N, let Bn WD ¹z 2 Cn W jzj < 1º denote the unit ball in Cn and h ; i the usual
Euclidean inner product in Cn. For ˛ > �1, the weighted Bergman space A2˛.Bn/ is
the Hilbert space of all holomorphic functions in L2.Bn; dv˛/, where

dv˛.w/ D c˛.1 � jwj2/˛dv.w/;

with c˛ D �.˛ C 1C n/=.nŠ�.˛ C 1// a normalizing constant and dv standing for
the normalized Lebesgue measure on Bn. Moreover, A2˛.Bn/ is a reproducing kernel



A Szegö limit theorem for Toeplitz operators on the Bergman space 1431

Hilbert space with the inner product inherited from L2.Bn; dv˛/ and with kernel

K˛.z; w/ D
1

.1 � hz; wi/nC1C˛
; z; w 2 Bn:

When ˛ D 0, dv0 D dv, and we write A2.Bn/ and K.z; w/ instead of A20.Bn/ and
K0.z;w/, respectively. The functionK˛ is known as the (weighted) Bergman kernel,
and it satisfies the reproducing property

f .z/ D

Z
Bn

K˛.z; w/f .w/ dv˛.w/;

for any f 2 A2˛.Bn/, z 2 Bn. This integral expression is used to define Toeplitz oper-
ators. For a bounded Lebesgue measurable function a or a regular Borel measure �,
both on Bn, their Toeplitz operators Ta and T� are defined by

Taf .z/ D

Z
Bn

K˛.z; w/a.w/f .w/ dv˛.w/ (1.2)

and
T�f .z/ D c˛

Z
Bn

K˛.z; w/f .w/.1 � jwj2/˛ d�.w/; (1.3)

for any f 2 A2.Bn/, z 2 Bn. In each case, a or � is called the symbol of the respec-
tive Toeplitz operator. Definition (1.2) is the classical one for a Toeplitz operator and
is equivalent to the compression to A2˛.Bn/ of the multiplying operator Maf D af ,
while T� is a natural generalization of Ta, as Ta is the special case when � is abso-
lutely continuous with respect to the Lebesgue measure and d� D adv.

We present the class of Toeplitz operators that we will work with.

Definition 1.1. Let � � Bn be a Riemannian submanifold of dimension d , d� the
Riemannian volume element on � , and a W � ! C a function such that a 2 C10 .�/.
We define the Toeplitz operator Tad� by

Tad�f .z/ D c˛

Z
�

K˛.z; w/f .w/a.w/.1 � jwj2/˛ d�.w/;

for every f 2 A2˛.Bn/, z 2 Bn.

Remark 1.2. We would like to recall that � � Bn being a Riemannian submanifold
means that the inclusion � W � ! Bn is a smooth embedding (an immersion which is
also a topological embedding) and that the Riemannian metric on � is the pullback of
the Riemannian metric on Bn (see, for example, [10, pp. 15, 132]). The Riemannian
metric on Bn will always be taken to be the one obtained from the Bergman Hermitian
metric (see further below), which makes Bn a model for hyperbolic geometry.
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Remark 1.3. • Although not explicitly stated in the notation, Tad� depends on ˛. We
are interested in the asymptotic behavior of Tad� as ˛ tends to infinity.

• If d D 2n, � is an open subset of Bn and the measure d�.w/D �n

nŠ
dv.w/

.1�jwj2/nC1
is a

multiple of the invariant measure on Bn. Therefore, Ta WD Tad� is the “classical”
Toeplitz operator (1.2) with symbol �

n

nŠ
a.w/

.1�jwj2/nC1
. Explicitly,

Ta D T nŠ
�n
a.�/.1�j�j2/nC1 :

• If d < 2n, the resulting symbol measure � D ad� is singular with respect to
the Lebesgue measure on Bn. Therefore, Tad� is of the form (1.3) and cannot be
written as (1.2).

• As a has compact support, Tad� is bounded, compact and belongs to each Schatten
class Sp.A2˛.Bn//, p > 0.

• Condition a 2 C1.�/ can be changed to a 2 L1.�/ without affecting the defini-
tion of Tad� . In fact, it is not needed for a substantial part of the results. However,
it is included in the definition since it is necessary for the main theorem.

Prior to stating the Szegö limit theorem, we need to introduce some geometric
definitions (see, for example, [6, 8, 11]).

By writing the local holomorphic coordinates as z` D x` C iy`, ` D 1; : : : ; n, Bn
can be naturally regarded both as a complex manifold of dimension n and as a smooth
manifold of dimension 2n. For p 2Bn, the respective real and complex tangent spaces
are given in terms of basic tangent vectors by

TpBnDspan
²
@

@x`

ˇ̌̌
p
;
@

@y`

ˇ̌̌
p

³
`D1;:::;n

and TpBC
n Dspan

²
@

@z`

ˇ̌̌
p
;
@

@ Nz`

ˇ̌̌
p

³
`D1;:::;n

;

with the relation between the elements of these bases given by the Wirtinger deriva-
tives

@

@z`
D
1

2

�
@

@x`
� i

@

@y`

�
;

@

@ Nz`
D
1

2

�
@

@x`
C i

@

@y`

�
:

The Hermitian metric b defined by

bjk.p/ WD
1

nC 1

@2

@zj @ Nzk
logK.z; z/

ˇ̌̌
zDp

;

j; k D 1; : : : ; n, on TpBC
n for each p 2 Bn is called the Bergman Hermitian metric and

it makes Bn a Hermitian manifold. It induces a Riemannian metric Vb on the underlying
smooth manifold, thus giving it the structure of a Riemannian manifold. The metric Vb
is described in terms of b by the matrix

VB.p/ WD
�
Vbjk.p/

�
D

 
Re bjk.p/ Im bjk.p/

� Im bjk.p/ Re bjk.p/

!
:
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The endomorphism J defined by

J

�
@

@x`

ˇ̌̌
p

�
D

@

@y`

ˇ̌̌
p
; J

�
@

@y`

ˇ̌̌
p

�
D �

@

@x`

ˇ̌̌
p

is a complex structure on TpBn that is compatible with Vb in the sense that Vb is invari-
ant under J . This complex structure is in turn induced by the natural one of R2n,
.x1; : : : ; xn; y1; : : : ; yn/ 7! .�y1; : : : ;�yn; x1; : : : ; xn/. We also consider the sym-
plectic forms defined by

!p.�; �/ WD Vbp.�; J �/

for �; � 2 TpBn. If V � TpBn is a subspace, we denote by

V ! WD
®
� 2 TpBn W !p.�; v/ D 0 8v 2 V

¯
(1.4)

its symplectic complement.

Definition 1.4. We say that V is isotropic (respectively, co-isotropic, Lagrangian) if
V � V ! (respectively, V � V ! , V D V !).

Example 1.5. From the skew-symmetry of !p , it follows that any subspace of dimen-
sion one is isotropic and any of co-dimension one is co-isotropic. In addition, the total
subspace TpBn is trivially co-isotropic.

For � � Bn a submanifold, let Dp� W Tp� ! TpBn be the differential of the inclu-
sion map � W � ! Bn at the point p 2 � . Then, Dp�.Tp�/ is a subspace of TpBn of
dimension d .

Definition 1.6. Let � � Bn be a submanifold. We say that � is isotropic (respec-
tively, co-isotropic, Lagrangian) if for every p 2 � , the subspace Dp�.Tp�/ � TpBn
is isotropic (respectively, co-isotropic, Lagrangian).

Example 1.7. Following Example 1.5, any curve is isotropic and any hypersurface is
co-isotropic. Also, Bn or any open subset of Bn is co-isotropic.

1.2. Statement of the main result

Our Szegö limit theorem will apply to submanifolds that are isotropic or co-isotropic.
In order to include both cases in the same statement, we introduce the notation

d 0 WD

´
d; � isotropic;

2n � d; � co-isotropic:

We also normalize Tad� by means of

yTad� WD
nŠ

2
d 0

2 �
d
2

˛�nC
d
2 Tad� : (1.5)
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We will prove in Corollary 4.2 that k yTad�kL.A2˛.Bn//
D O.1/ as ˛ tends to infinity,

thus justifying the usage of the term normalization.
We can now state the main result of this paper. It is a Bergman space analog of the

main result of [12].

Theorem 1.8 (Szegö limit theorem). Let � � Bn be an isotropic or co-isotropic sub-
manifold, a 2 C10 .�/ a positive function, and R > 0 such that

sup
�2�

a.�/

.1 � j�j2/nC1
< R:

If ' is a function such that '.t/
tp
2 C Œ0;R� for some p > 0, then

lim
˛!1

��
˛

�d
2 Tr

�
'
�
yTad�

��
D

1

2
d 0

2

Z
�

Qd 0

2

�
'
�� a.�/

.1 � j�j2/nC1

�
d�.�/; (1.6)

where Q" is the operator

Q".'/.t/ WD
1

�."/

Z t

0

'.s/

�
ln
t

s

�"�1 ds
s

when " > 0 (�."/ is the Gamma function evaluated at ") and the identity when " D 0.

Example 1.9 (Absolutely continuous case). The case � DBn is trivially co-isotropic,
with (1.6) becoming

lim
˛!1

��
˛

�n
Tr
�
'
�
yTa
��
D
�n

nŠ

Z
Bn

'

�
a.w/

.1 � jwj2/nC1

�
dv.w/

.1 � jwj2/nC1
:

In terms of the “classical” operator Ta (1.2), we have Ta D yTa.�/.1�j�j2/nC1 , and so,

lim
˛!1

nŠ

˛n
Tr.'.Ta// D

Z
Bn

'.a.w//
dv.w/

.1 � jwj2/nC1
:

The case nD 1 appeared recently as [2, Theorem 1.1] without the smoothness hypoth-
esis for the symbol a, but for a narrower family of functions '.

The structure of the proof and the similarities with [12, Theorem 1.7] allow us to
think that, considering the respective adjustments, the theorem may still be valid if
the unit ball Bn is replaced with another similarly constructed Kähler manifold.

The article has the following structure. In the following section, we describe some
aspects of the intrinsic geometry of � . We obtain a relation involving the Riemannian
metric and the symplectic form in � that will be needed later. In Section 3, we derive
an integral representation for the trace of a composition of multiple Toeplitz operators
with symbols sharing the same support and then apply the method of stationary phase
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to describe the asymptotic behavior of this integral as ˛ grows to infinity. The expres-
sion we obtain relies on computing the determinant of a given Hessian matrix, which
we leave for Appendix B. The proof of the Szegö limit theorem is delivered in Sec-
tion 4, first for polynomials and then for a wider family of continuous functions. A key
step in the proof involves bounding the traces for small powers (exponents 0 < p < 1)
of the Toeplitz operators. This is done in Appendix A. Section 5 is reserved for pre-
senting some corollaries of the main theorem regarding eigenvalue distribution and
Schatten norm estimates. We also expose an example illustrating the given results.

The line of reasoning used here follows that in [12], with some of the proofs
presented being adaptations to the Bergman setting of the ones therein. In particular,
some proofs in Section 5 and Appendix B.1 proceed virtually unmodified and are,
therefore, omitted for the sake of briefness.

Throughout the article, we will use the lone capital letter C to represent an arbi-
trary constant that may change from line to line. When deemed appropriate, we will
highlight its independence from other variables. The symbol B.0; "/ will denote the
Euclidean ball in Rd with radius " > 0 centered at the origin.

2. The Riemannian metric on �

Recall that, for each v 2 Tp� , the differential of the inclusion

� W � ! Bn

induces a tangent vector Dp�.v/ to Bn at p D �.p/. As a submanifold � � Bn, the
Riemannian metric g in � is given by the pullback of the metric Vb in Bn. More pre-
cisely,

gp.u; v/ D Vbp
�
Dp�.u/;Dp�.v/

�
;

8u; v 2 Tp� . We also define a skew-symmetric, nondegenerate bilinear form h in
terms of the symplectic form !p by

hp.u; v/ D !p
�
Dp�.u/;Dp�.v/

�
;

8u; v 2 Tp� .
Let 
 W B.0; 1/ ! � be a parametrization, so that, for each p D 
.t/ 2 � , the

tangent space Tp� is spanned by the tangent vectors

@

@
j

ˇ̌̌
t
; j D 1; : : : ; d:

Denote by 
` W B.0; 1/! C, ` D 1; : : : ; n, its component functions. The following
lemma relating gp and hp looks rather technical, but will be key in Section 3.2.
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Lemma 2.1. When taking into account the basis ¹ @
@
j
jtºjD1;:::;d of Tp� , the compo-

nents of the forms gp and hp satisfy the relations

gjk.p/C ihjk.p/ D

nX
`;rD1

b`r.p/ � @j 
`.t/ � @k
r.t/; (2.1)

gjk.p/ � ihjk.p/ D

nX
`;rD1

b`r.p/ � @j 
`.t/ � @k
r.t/ (2.2)

for j; k D 1; : : : ; d .

Proof. For convenience, we will write

@

@xnC`

ˇ̌̌
p
D

@

@y`

ˇ̌̌
p
:

First, we note that, for each j D 1; : : : ; d ,

Dp�
�
@

@
j

ˇ̌̌
t

�
D

2nX
`D1

@j .� ı 
/`.t/
@

@x`

ˇ̌̌
p
;

where .� ı 
/` denotes the `-th component function of

� ı 
 W B.0; 1/ � Rd ! Bn � R2n;

and @j .� ı 
/`.t/ its partial derivative with respect to the j -th variable valued at t .
This is obtained straight from the definitions and using the chain rule. We may now
compute

gjk.p/ D Vbp

�
Dp�

�
@

@
j

ˇ̌̌
t

�
;Dp�

�
@

@
k

ˇ̌̌
t

��
D

2nX
`;rD1

@j .� ı 
/`.t/@k.� ı 
/r.t/ Vbp

�
@

@x`

ˇ̌̌
p
;
@

@xr

ˇ̌̌
p

�

D

2nX
`;rD1

@j .� ı 
/`.t/@k.� ı 
/r.t/ Vb`r.
.t//

D

nX
`;rD1

��
@j .� ı 
/`.t/@k.� ı 
/r.t/C @j .� ı 
/nC`.t/@k.� ı 
/nCr.t/

�
� Re b`r.
.t//C

�
@j .� ı 
/`.t/@k.� ı 
/nCr.t/

� @j .� ı 
/nC`.t/@k.� ı 
/r.t/
�

Im b`r.
.t//
�
:
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In a similar fashion, we get

hjk.p/ D Vbp

�
Dp�

�
@

@
j

ˇ̌̌
t

�
; J

�
Dp�

�
@

@
k

ˇ̌̌
t

���
D

nX
`;rD1

��
@j .� ı 
/`.t/@k.� ı 
/r.t/C @j .� ı 
/nC`.t/@k.� ı 
/nCr.t/

�
� Im b`r.
.t//C

�
@j .� ı 
/nC`.t/@k.� ı 
/r.t/

� @j .� ı 
/`.t/@k.� ı 
/nCr.t/
�

Re b`r.
.t//
�
:

Using these two relations, we obtain

gjk.p/C ihjk.p/ D

nX
`;rD1

��
@j .� ı 
/`@k.� ı 
/r C @j .� ı 
/nC`@k.� ı 
/nCr

�
�
�

Re b`r.p/C i Im b`r.p/
�
C
�
@j .� ı 
/nC`@k.� ı 
/r

� @j .� ı 
/`@k.� ı 
/nCr
��
i Re b`r.p/ � Im b`r.p/

��
D

nX
`;rD1

b`r.p/
��
@j .�ı
/`@k.�ı
/r C @j .�ı
/nC`@k.�ı
/nCr

�
C i

�
@j .� ı 
/nC`@k.� ı 
/r � @j .� ı 
/`@k.� ı 
/nCr

��
D

nX
`;rD1

b`r.p/
�
@j
�
.�ı
/`Ci.�ı
/nC`

�
@k
�
.�ı
/r�i.�ı
/nCr

��
D

nX
`;rD1

b`r.p/ � @j 
`.t/ � @k
r.t/;

from which (2.2) is also deduced. Notice that, as we have done when writing the local
holomorphic coordinates of Bn, we have used .� ı 
/` C i.� ı 
/nC` D 
`.

3. The trace of a multiple composition

The first step towards a proof of Theorem 1.8 relies on representing in terms of an
integral the composition of multiple Toeplitz operators with symbols sharing the same
support.

3.1. An integral expression for the composition

We recall some notions from the classic theory of Berezin symbols and kernels [1].
Let A 2 L.A2˛.Bn//. The associated kernel K˛A is the function

K˛A.z; w/ WD Akw.z/ D hAkw ; kziA2˛.Bn/;
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where kz D K˛.�; z/ denotes the reproducing kernel at z 2 Bn. In the case when A
belongs to the trace class, K˛A satisfies

Tr.A/ D
Z

Bn

K˛A.z; z/ dv˛.z/; (3.1)

and whenever B is another bounded operator, we have

K˛AB.z; w/ D

Z
Bn

K˛A.z; y/K
˛
B.y; w/ dv˛.y/: (3.2)

For the instance when A D Tad� is a Toeplitz operator, Fubini’s theorem and the
reproducing property of the Bergman kernels yield in the expression

K˛Tad�
.z; w/ D c˛

Z
�

K˛.z; �/K˛.�; w/ a.�/.1 � j�j2/˛ d�.�/: (3.3)

We present a formula for the trace of a composition of m Toeplitz operators.

Lemma 3.1. Letm� 2 be a natural number, a1; : : : ; am 2 L1.�/, and S WD Ta1d� ı

� � � ı Tamd� . Then,

Tr.S/ D cm˛

Z
�m

Y
j.mod m/

��
1 � j�j j

2

1 � h�j ; �jC1i

�˛
aj .�j /

.1 � h�j ; �jC1i/nC1

�
� d�.�1/ � � � d�.�m/: (3.4)

Proof. By induction on the relation (3.2), one can prove that

K˛S .z; w/ D

Z
Bm�1n

K˛Ta1d�
.z; y1/

"
m�1Y
jD2

K˛Taj d�
.yj�1; yj /

#
K˛Tamd�

.ym�1; w/

� dv˛.ym�1/ � � � dv˛.y1/:

We write y0 D z and ym D w. Replacing all K˛Taj d�
for their equivalent form

in (3.3), and using Fubini’s theorem together with the reproducing property of the
Bergman kernel, we get

K˛S .z; w/ D c
m
˛

Z
Bm�1n

mY
jD1

� Z
�

K˛.yj�1; �j /K
˛.�j ; yj / aj .�j /.1 � j�j j

2/˛ d�.�j /
�

� dv˛.ym�1/ � � � dv˛.y1/

D cm˛

Z
�m

Z
Bm�1n

mY
jD1

�
K˛.yj�1; �j /K

˛.�j ; yj /
�
dv˛.y1/ � � � dv˛.ym�1/

�

mY
`D1

�
a`.�`/.1 � j�`j

2/˛
�
d�.�1/ � � � d�.�m/
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D cm˛

Z
�m
K˛.y0; �1/K

˛.�m; ym/

�

m�1Y
jD1

� Z
Bn

K˛.�j ; yj /k�jC1.yj / dv˛.yj /
�

�

mY
`D1

�
a`.�`/.1 � j�`j

2/˛
�
d�.�1/ � � � d�.�m/

D cm˛

Z
�m
K˛.z; �1/K

˛.�m; w/

m�1Y
jD1

�
K˛.�j ; �jC1/

�
�

mY
`D1

�
a`.�`/.1 � j�`j

2/˛
�
d�.�1/ � � � d�.�m/:

Using the trace formula in (3.1),

Tr.S/ D
Z

Bn

K˛S .z; z/ dv˛.z/

D cm˛

Z
Bn

Z
�m
K˛.z; �1/K

˛.�m; z/

m�1Y
jD1

�
K˛.�j ; �jC1/

�
�

mY
`D1

�
a`.�`/.1 � j�`j

2/˛
�
d�.�1/ � � � d�.�m/ dv˛.z/

D cm˛

Z
�m

Z
Bn

K˛.�m; z/k�1.z/ dv˛.z/
m�1Y
jD1

�
K˛.�j ; �jC1/

�
�

mY
`D1

�
a`.�`/.1 � j�`j

2/˛
�
d�.�1/ � � � d�.�m/

D cm˛

Z
�m

Y
j.mod m/

�
K˛.�j ; �jC1/aj .�j /.1 � j�j j

2/˛
�

d�.�1/ � � � d�.�m/;

from where the statement follows.

We rewrite the expression (3.4) in the form

Tr.S/ D cm˛

Z
�m

exp
�
i˛

�
i Log

mY
jD1

1 � h�j ; �jC1i

1 � j�j j2

��� mY
jD1

aj .�j /

.1 � h�j ; �jC1i/nC1

�
� d�.�1/ � � � d�.�m/; (3.5)

with the understanding that the subindices are always taken mod m (i.e., �mC1 D �1).
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We also define

ˆ.�1; : : : ; �m/ WD i Log
mY
jD1

1 � h�j ; �jC1i

1 � j�j j2

D i

mX
jD1

Log
1 � h�j ; �jC1i

1 � j�j j2
(3.6)

D
i

nC 1

mX
jD1

�
LogK.�j ; �j / � LogK.�j ; �jC1/

�
: (3.7)

This notation will be useful when using stationary phase method later.

Remark 3.2. Notice that 1�h�j ;�jC1i
1�j�j j

2 2 .�1; 0� if and only if h�j ; �jC1i 2 Œ1;1/,
which does not occur since �j ; �jC1 2 Bn. It follows from (3.6) that ˆ is well defined
and continuous on �m. Moreover, from (3.5), we find that all the �j involved in the
integration are the ones in the support of aj . If each aj has compact support in � ,
we conclude that there is an open neighborhood of .�1; 0� such that only values
outside this neighborhood are used to evaluate Log in the expression for ˆ when
computing (3.5).

3.1.1. The behavior on the diagonal. We describe the behavior of Im.ˆ.�1; : : : ; �m//
with the following result. From it, we deduce that the critical behavior of ˆ occurs on
the diagonal of �m.

Lemma 3.3. The inequality Im.ˆ.�1; : : : ; �m// � 0 holds for any .�1; : : : ; �m/ 2 �m,
with equality if and only if

�1 D �2 D � � � D �m:

We will make use of the following claim.

Claim 3.4. Let m 2 N, m � 2. Then, for any ¹d1; : : : ; dmº � .0; 1/,

mY
jD1

1 � djdjC1

1 � d2j
� 1; (3.8)

where dmC1 WD d1. Moreover, the equality holds if and only if d1 D d2 D � � � D dm.

Proof. The proof is straightforward when d1 D d2 D � � � D dm. Suppose that not all
dj are the same and let d0 WD dm. We must show that the inequality in (3.8) is strict.
Notice that if k0 is such that dk0C1 D dk0 , then

1 � dk0�1dk0

1 � d2
k0�1

�
1 � dk0dk0C1

1 � d2
k0

D
1 � dk0�1dk0C1

1 � d2
k0�1

;
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and so,
mY
jD1

1 � djdjC1

1 � d2j
D
1 � dk0�1dk0C1

1 � d2
k0�1

mY
jD1

j¤k0�1;k0

1 � djdjC1

1 � d2j
:

The rightmost term is a product of the form of (3.8) over the set of m � 1 elements
¹d1; : : : ;dmº n ¹dk0º. This shows that we can omit repeated consecutive elements from
the list d1; : : : ; dm and still get the same result. Hence, without loss of generality, we
can assume that d1; : : : ; dm are all different from their neighbors modulo m.

We proceed by induction over m. If m D 2, then

.1 � d1d2/
2

.1 � d21 /.1 � d
2
2 /
D

.1 � d1d2/
2

.1 � d1d2/2 � .d1 � d2/2
> 1:

Now, assume that the statement holds form� 1. First, we make an observation: there
exists k 2 ¹1; : : : ; mº such that dk > dk�1; dkC1 or dk < dk�1; dkC1. To see this,
suppose d2 > d1. If d3 < d2, then k D 2 satisfies the property, and if not, then d1 <
d2 < d3. Similarly, if d4 < d3, we have finished; otherwise, d1 < d2 < d3 < d4. In
the worst scenario, d1 < � � � < dm, which implies that dm > dm�1; d1. The reasoning
for when d2 < d1 is analogous. Let k be such an index and define the quadratic
polynomial p.x/ D .x � dk�1/.x � dkC1/. Notice that, for jxj ¤ 1,

p.x/ > 0,
.1 � dk�1x/.1 � dkC1x/

1 � x2
> 1 � dk�1dkC1:

The roots of p are dk�1 and dkC1, and so, p.x/ > 0 for all x such that x > dk�1; dkC1
or x < dk�1; dkC1. In particular, p.dk/ > 0; therefore,

.1 � dk�1dk/.1 � dkC1dk/

1 � d2
k

> 1 � dk�1dkC1;

and
1 � dk�1dk

1 � d2
k�1

�
1 � dkdkC1

1 � d2
k

>
1 � dk�1dkC1

1 � d2
k�1

:

Then,
mY
jD1

1 � djdjC1

1 � d2j
>
1 � dk�1dkC1

1 � d2
k�1

mY
jD1

j¤k�1;k

1 � djdjC1

1 � d2j
;

which by the induction hypothesis is greater than 1 because, as before, the rightmost
term is a product of the form of (3.8) over a set of m � 1 elements.

Proof of Lemma 3.3. For each j D 1; : : : ; m, we have

j1 � h�j ; �jC1ij � 1 � jh�j ; �jC1ij � 1 � j�j jj�jC1j; (3.9)
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which we use for

Im
�
ˆ.�1; : : : ; �m/

�
D Im

 
i Log

mY
jD1

1 � h�j ; �jC1i

1 � j�j j2

!

D ln

ˇ̌̌̌
ˇ mY
jD1

1 � h�j ; �jC1i

1 � j�j j2

ˇ̌̌̌
ˇ

� ln
mY
jD1

1 � j�j jj�jC1j

1 � j�j j2
:

The last product is nonnegative by (3.8), thus proving the inequality part. The if part
of the equality characterization is straightforward. On the other hand, if the equality
holds, then by Claim 3.4 j�1j D � � � D j�mj. Inequality (3.9) involves the Cauchy–
Schwarz inequality, so the equality being attained implies that �j and �jC1 are linearly
dependent, and thus, �j D ˙�jC1. Finally, if �j D ��jC1, then

j1 � h�j ; �jC1ij D 1C j�j j
2 > 1 � j�j jj�jC1j;

which contradicts the assumption of equality; hence, �j D �jC1 and �1D � � � D �m.

3.2. Asymptotic of the trace of a multiple composition

This section is devoted to finding the asymptotic behavior of the integral expression
in (3.4) when ˛ tends to infinity. Throughout the section, we will keep m � 2 and
a1; : : : ; am 2 C

1
0 .�/ fixed and denote S WD Ta1d� ı � � � ı Tamd� .

Consider 
 W B.0; 1/ � Rd ! � , t D .t1; : : : ; td / 7! 
.t/ a parametrization of an
open set in � . Let t; s1; : : : ; sm�1, sq D .s

.q/
1 ; : : : ; s

.q/

d
/ denote m variables in Rd and

sss D .s1; : : : ; sm�1/ 2 Rd.m�1/. We define

„ W B.0; "/m � Rdm ! �m

„.t; sss/ D
�

.t/; 
.t C s1/; : : : ; 
.t C sm�1/

�
:

Choosing " small enough, „ is a parametrization for an open set V � �m, which
intersects the diagonal of �m whenever sss D 000, i.e., s1 D � � � D sm�1 D 0. Let � 2
C10 .V/. We wish to compute

I�.˛/ D c
m
˛

Z
V

ei˛ˆ.�1;:::;�m/

 
mY
jD1

aj .�j /

.1 � h�j ; �jC1i/nC1

!
�.�1; : : : ; �m/

� d�.�1/ � � � d�.�m/;

asymptotically as ˛!1 using the stationary phase method through the parametriza-
tion „.t; sss/. The stationary phase will be made over sss with t fixed, and then, we will
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integrate over t . Regarding V as a subset of the product manifold �m, its Riemannian
metric G„ satisfies

detG„.t; sss/ D detG.t/ � detG.t C s1/ � � � detG.t C sm�1/:

Make '.t; sss/ D ˆ ı„ D ˆ.
.t/; 
.t C s1/; : : : ; 
.t C sm�1// so that we have

I�.˛/

cm˛
D

Z
B.0;"/m

ei˛ˆ
�
„.t;sss/

� mY
jD1

aj .
.t C sj�1//�
1 �

˝

.t C sj�1/; 
.t C sj /

˛�nC1
!
�
�
„.t; sss/

�
� detG„.t; sss/

1
2 d.t; sss/

D

Z
B.0;"/

"Z
B.0;"/m�1

ei˛'.t;sss/

 
mY
jD1

aj .
.t C sj�1// detG.t C sj /
1
2�

1 �
˝

.t C sj�1/; 
.t C sj /

˛�nC1
!

� �
�
„.t; sss/

�
dsss

#
dt: (3.10)

(For simplicity of the expression, we have adopted the convention that s0 WD 0DW sm.)
We claim that '.t; �/ has a critic point at sss D 000. Let

1 � q � m � 1 and 1 � j � d:

We differentiate '.t; �/ with respect to s.q/j using (3.7) and the fact that LogK.z; w/
is holomorphic in z and antiholomorphic in w. We obtain

�i
@

@s
.q/
j

'.t; sss/ D
1

nC 1

nX
`D1

�
@

@z`
LogK

�

.t C sq/; 
.t C sq/

�
� @j 
`.t C sq/

C
@

@ Nw`
LogK

�

.t C sq/; 
.t C sq/

�
� @j 
`.t C sq/

�
@

@z`
LogK

�

.t C sq/; 
.t C sqC1/

�
� @j 
`.t C sq/

�
@

@ Nw`
LogK

�

.t C sq�1/; 
.t C sq/

�
� @j 
`.t C sq/

�
; (3.11)

from which it follows that rsss'.t; 0/ D 0.
We now use (3.11) to compute the Hessian of ' at sss D 000. Let 1 � q0 � m� 1 and

1 � k � d . Notice that if q0 … ¹q � 1; q; q C 1º, then (3.11) does not depend on s.q
0/

k
,

and therefore, @2

@s
.q0/

k
@s
.q/

j

'.t; sss/ D 0. For the remaining three no null cases, we have

@2

@s
.q�1/

k
@s
.q/
j

'.t; 0/ D
�i

nC 1

nX
`;rD1

�
@2

@zr@ Nw`
LogK

�

.t/; 
.t/

�
@j 
`.t/@k
r.t/

�
;
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@2

@s
.qC1/

k
@s
.q/
j

'.t; 0/ D
�i

nC 1

nX
`;rD1

�
@2

@z`@ Nwr
LogK

�

.t/; 
.t/

�
@j 
`.t/@k
r.t/

�
;

i
@2

@s
.q/

k
@s
.q/
j

'.t; 0/ D
1

nC 1

nX
`;rD1

�
@2

@z`@ Nwr
LogK

�

.t/; 
.t/

�
@j 
`.t/@k
r

C
@2

@zr@ Nw`
LogK

�

.t/; 
.t/

�
@j 
`.t/@k
r

�
:

Recall that
1

nC 1

@2

@z`@ Nzr
logK.z; z/

ˇ̌̌
zD
.t/

are the components b`r of the Bergman Hermitian metric of Bn at 
.t/. Comparing
with (2.1) and (2.2) of Lemma 2.1, we get

�i
@2

@s
.q�1/

k
@s
.q/
j

'.t; 0/ D �gjk.p/C ihjk.p/;

�i
@2

@s
.qC1/

k
@s
.q/
j

'.t; 0/ D �gjk.p/ � ihjk.p/;

�i
@2

@s
.q/

k
@s
.q/
j

'.t; 0/ D 2gjk.p/;

where, in accordance with Section 2, gjk.p/ and hjk.p/ are the components at p D

.t/ of the Riemannian metric g and the skew-symmetric form h in � .

Remark 3.5. Here is exhibited how Lemma 2.1 acts as the link between the deriva-
tives of the phase function ' and the geometry of � � Bn, which in turn can be done
because of the way the Bergman Hermitian metric b of TpBC

n is defined in terms
of the logarithm of the Bergman kernel. This suggests that this kind of construction
can be done for other Kähler manifolds that share this feature (see [7, Example 6.6,
p. 162]).

If we define the matrices G D .gjk.p// and H D .hjk.p//, then the Hessian
matrix of ' at sss D 000 can be expressed as an .m � 1/ � .m � 1/ block matrix with
blocks of size d � d in the form

�i Hess'.t; 0/ D

0BBBBBBBB@

2G �G � iH 0 � � � 0

�G C iH 2G �G � iH � � � 0

0 �G C iH 2G � � � 0
:::

:::
:::

:::
:::

0 � � � �G C iH 2G �G � iH

0 � � � 0 �G C iH 2G

1CCCCCCCCA
:



A Szegö limit theorem for Toeplitz operators on the Bergman space 1445

To express the determinant of the Hessian, make

W WD G�1H

to rewrite

�i Hess'.t; 0/ D

0BBBBBB@
G 0 � � � 0

0 G � � � 0
:::

:::
:::

:::

0 � � � G 0

0 � � � 0 G

1CCCCCCA

�

0BBBBBB@
2I �I � iW � � � 0

�I C iW 2I � � � 0
:::

:::
:::

:::

0 � � � 2I �I � iW

0 � � � �I C iW 2I

1CCCCCCA ; (3.12)

and let Om�1 be the rightmost matrix of the factorization. We then have

det.�i Hess'.t; 0// D .detG/m�1 det Om�1:

In Appendix B, it is shown that det Om�1 is positive, while so is detG because G
is positive-definite. This implies that det.�i Hess '.t; 0// is also positive, and so, the
application of the stationary phase method is justified. Apply [5, Theorem 7.7.5] to
estimate the integral inside the brackets in (3.10) to obtainZ

B.0;"/m�1
ei˛'.t;sss/

 
mY
jD1

aj .
.t C sj�1// detG.t C sj /
1
2�

1 �
˝

.t C sj�1/; 
.t C sj /

˛�nC1
!
�
�
„.t; sss/

�
dsss

D det
� ˛

2�i
Hess'.t;000/

�� 12" mY
jD1

aj .
.t// detG.t/
1
2�

1 � j
.t/j2
�nC1

#
� �
�

.t/; : : : ; 
.t/

��
1CO

�
˛�1

��
:

Notice that up to this point we had not made use of the smoothness of the sym-
bols a1; : : : ; am. In order to apply the cited theorem to obtain the previous estimate,
we need each aj 2 C 2k0 .�/ for some k � d.m�1/

2
C 1. As we wish for the hypothe-

ses on the symbols to be independent of their quantity m, we have rather requested
aj 2 C

1
0 .�/ for each j . Also, as we will see later, this same m will represent the

exponent of the powers of yTad� . This is the reason why we requested a 2 C10 .�/ in
Definition 1.1.



D. I. Ramirez-Montaño 1446

Substituting in (3.10) the resulting estimate, we get

I�.˛/

cm˛
D

Z
B.0;"/

"
det
� ˛
2�i

Hess'.t; 0/
�� 12 mY

jD1

aj .
.t// detG.t/
1
2

.1 � j
.t/j2/nC1

!

� �.
.t/; : : : ; 
.t//
�
1CO

�
˛�1

��#
dt

D

�2�
˛

�d.m�1/
2

Z
B.0;"/

 
mY
jD1

aj .
.t//

!
�.
.t/; : : : ; 
.t//�
1 � j
.t/j2

�m.nC1/ detG.t/
1
2

.det Om�1/
1
2

dt

�
�
1CO

�
˛�1

��
D

�2�
˛

�d.m�1/
2

Z

.B.0;"//

 
mY
jD1

aj .�/

!
�.�; : : : ; �/�
1 � j�j2

�m.nC1/ d�.�/

.det Om�1/
1
2

�
�
1CO

�
˛�1

��
: (3.13)

In this last expression, the integration can be changed to be done on all � instead of
just 
.B.0; "// without affecting the outcome. To see this, note that if � … 
.B.0; "//,
then .�; : : : ; �/ … „.B.0; "/m/ D V � supp�.

Let 
1; : : : ; 
L W B.0; 1/! � be parametrizations of � such that

L[
`D1


`.B.0; 1// D �:

Without loss of generality, we have taken this as a finite union since, even if � is
not compact, the integral in which we are interested is done on the supports of the
functions aj . Take " small enough and define

„` W B.0; "/
m
! �m

„`.t; sss/ D
�

`.t/; 
`.t C s1/; : : : ; 
`.t C sm�1/

�
;

so that each„`.B.0; "/m/ is, as described in the previous construction, an open set in
�m that intersects the diagonal when sss D 0. Then,

U WD

L[
`D1

„`.B.0; "/
m/

is an open neighborhood of the diagonal in �m and ¹„`; B.0; "/mº`D1;:::;L is an atlas
for U. It follows from (3.5) and Lemma 3.3 that Tr.S/ decays exponentially fast
outside U when ˛ grows. Let ¹�`º`D1;:::;L be a partition of unity subordinated to the
aforementioned atlas. Applying what we obtained in (3.13) to each �` and substituting



A Szegö limit theorem for Toeplitz operators on the Bergman space 1447

it into (3.5), we get

Tr.S/

D cm˛

Z
U

ei˛ˆ.�1;:::;�m/

 
mY
jD1

aj .�j /

.1 � h�j ; �jC1i/nC1

!
d�.�1/ � � � d�.�m/

CO
�
˛�1

�
D cm˛

LX
`D1

Z
„`.B.0;"/

m/

ei˛ˆ.�1;:::;�m/

 
mY
jD1

aj .�j /

.1 � h�j ; �jC1i/nC1

!
�`.�1; : : : ; �m/

� d�.�1/ � � � d�.�m/CO
�
˛�1

�
D

LX
`D1

I�`.˛/CO
�
˛�1

�
D cm˛

�2�
˛

�d.m�1/
2

LX
`D1

Z
�

 
mY
jD1

aj .�/

!
�`.�; : : : ; �/�
1 � j�j2

�m.nC1/ d�.�/

.det Om�1/
1
2

�
�
1CO

�
˛�1

��
D cm˛

�2�
˛

�d.m�1/
2

Z
�

 
mY
jD1

aj .�/

!PL
`D1 �`.�; : : : ; �/�
1 � j�j2

�m.nC1/ d�.�/

.det Om�1/
1
2

�
1CO

�
˛�1

��
D cm˛

�2�
˛

�d.m�1/
2

Z
�

 
mY
jD1

aj .�/�
1 � j�j2

�nC1
!

d�.�/

.det Om�1/
1
2

�
1CO

�
˛�1

��
; (3.14)

since
P
` �` D 1 in � .

In order to obtain an explicit formula from (3.14), we would like det Om�1 to be
computable, while it would be ideal for it to be constant for all � D 
.t/ 2 � . This
does not need to be true in general, but in Appendix B, it is shown that this is the case
when � is isotropic or co-isotropic. Namely, Proposition B.10 states

p
det Om�1 D

´
m
d
2 ; � isotropic;

2.d�n/.m�1/mn�
d
2 ; � co-isotropic;

which, rewriting it in terms of d 0, leads to

2
d.m�1/
2 .det Om�1/

� 12 D 2
d 0.m�1/

2 m�
d 0

2 (3.15)

for both � isotropic or co-isotropic. Also, recall that

yTad� D
nŠ

2
d 0

2 �
d
2

˛�nC
d
2 Tad� :
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We conclude this section by presenting a statement that describes the resulting esti-
mate when adding this hypothesis.

Lemma 3.6 (Asymptotics for the trace of a composition). Let � be isotropic or co-
isotropic and a1; : : : ; am 2 C10 .�/. Then,

Tr
�
yTa1d� ı � � � ı yTamd�

�
D

�
˛
�

�d
2

.2m/
d 0

2

Z
�

mY
jD1

aj .�/

.1 � j�j2/nC1
d�.�/

�
1CO

�
1

˛

��
:

Proof. It can be verified using Stirling’s formula that

c˛ D
�.˛ C 1C n/

nŠ�.˛ C 1/
D
˛n

nŠ

�
1CO

�
1

˛

��
:

By the linearity of the trace, the result will follow from (3.14) by substituting the last
identity for c˛ and the expression for 2

d.m�1/
2 .det Om�1/

� 12 given in (3.15).

4. Proof of the main result

In this section, we demonstrate Theorem 1.8. First, we state the result for monomial
functions and then extend it to polynomials by linearity. Next, we will use a Weier-
strass argument to derive the theorem for continuous functions.

4.1. The polynomial case

As a consequence of Lemma 3.6, we obtain the following proposition, which can be
seen as a first form of our Szegö limit theorem applying to monomial functions

'.t/ D tm:

Proposition 4.1. Let � be isotropic or co-isotropic and a 2 C10 .�/. Then,

Tr
��
yTad�

�m�
D

�
˛
�

�d
2

.2m/
d 0

2

Z
�

�
a.�/

.1 � j�j2/nC1

�m
d�.�/

�
1CO

�
1

˛

��
: (4.1)

Proof. Take a1 D � � � D am D a in Lemma 3.6.

4.1.1. An estimate for the operator norm. As a first application, we obtain an esti-
mate of the growth rate of the operator norm of the Toeplitz operators. This result
shows that the operators defined in (1.5) are, indeed, normalizations of the Toeplitz
operators defined in Definition 1.1.
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Corollary 4.2. Let � be isotropic or co-isotropic and a 2 C10 .�/. There exists a
constant C > 0 such that 

 yTad�




L.A2˛.Bn//

< C

for all ˛ > 0.

Proof. Let a D a1 C ia2 with a1 and a2 real-valued. We can write

yTad� D yT.a1Ckak1/d� C i
yT.a2Ckak1/d� � .1C i/

yTkak1d� ;

and so,

 yTad�




L.A2˛.Bn//
�


 yT.a1Ckak1/d�

L.A2˛.Bn//

C


 yT.a2Ckak1/d�

L.A2˛.Bn//

C
p
2


 yTkak1d�




L.A2˛.Bn//

;

where the three operators on the right-hand side have positive symbols. Therefore, it
suffices to prove the proposition for a � 0, which in turn implies that yTad� is self-
adjoint and positive.

Let a � 0, and let ` be a positive integer. Then,

 yTad�


`

L.A2˛.Bn//
D


� yTad�

�`


L.A2˛.Bn//

� Tr
��
yTad�

�`�
: (4.2)

On the other hand, using the result for the trace of the power of a Toeplitz operator in
Proposition 4.1,

Tr
��
yTad�

�`�
D

�
˛
�

�d
2

.2`/
d 0

2

Z
�

�
a.�/

.1 � j�j2/nC1

�`
d�.�/

�
1CO

�
1

˛

��
� C

�
sup
�2�

a.�/

.1 � j�j2/nC1

�`
˛
d
2

`
d 0

2

;

with the constant C not depending on ˛ nor `. Substitute this into (4.2) and take `-th
roots to get

 yTad�




L.A2˛.Bn//

� C
1
`

�
sup
�2�

a.�/

.1 � j�j2/nC1

�
˛
d
2`

`
d 0

2`

� C
�
˛
1
`

�d
2 ; (4.3)

again with the last constant C not depending on ˛ nor `, and where we have used that
.1
`
/
1
` � 1 for all `. This is valid for ` any positive integer, particularly for any ` > ˛.

Then, 

 yTad�




L.A2˛.Bn//
� C inf

`2N

�
˛
1
`

�d
2 � C

�
˛
1
˛

�d
2 � C:

Here, we have used lim˛!1 ˛
1
˛ D 1.

Remark 4.3. From (4.3) and the arguments given thereafter, we find that if a > 0,
sup�2�

a.�/

.1�j�j2/nC1
is a bound for both the operator norm of yTad� and its largest eigen-

value.
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4.1.2. The Szegö limit theorem for polynomials. We rely on the operator Q" to
extend the result in Proposition 4.1, first to encompass polynomials. Recall that Q" is
defined by

Q".'/.t/ D
1

�."/

Z t

0

'.s/

�
ln
t

s

�"�1 ds
s

when " > 0 and the identity when " D 0.

Remark 4.4. We summarize some important features of this operator.

• Q" is linear in the first entry.

• For p >0, Q".s
p/.t/D tp

p"
. This follows from the change of variables xDp ln. t

s
/.

In particular,

Qd 0

2

.sm/.t/ D
tm

m
d 0

2

:

This remains valid even for t 2 C. In this case, the integration domain is taken to
be the open line segment joining 0 and t .

• Equation (4.1) in Proposition 4.1 can be rewritten as

Tr
��
yTad�

�m�
D

�
˛
�

�d
2

2
d 0

2

Z
�

Qd 0

2

�
sm
�� a.�/

.1 � j�j2/nC1

�
d�.�/

�
1CO

�
1

˛

��
:

(4.4)

We now state the result for the polynomial case.

Proposition 4.5 (Szegö limit theorem for polynomials). Let � be isotropic or co-
isotropic, a 2 C10 .�/, and let P be a polynomial without constant term. Then,

Tr
�
P
�
yTad�

��
D

�
˛
�

�d
2

2
d 0

2

Z
�

Qd 0

2

�
P
�� a.�/

.1 � j�j2/nC1

�
d�.�/

�
1CO

�
1

˛

��
:

Proof. The proof follows from (4.4) and the linearity of both the trace and Q".

Remark 4.6. Notice that, for this case, the hypothesis regarding a > 0 in Theorem 1.8
is not needed and is, therefore, omitted.

4.2. The Szegö limit theorem

We now wish to extend our result to apply to more general continuous functions. From
now on, we will consider a > 0. Fix R > 0 so that

sup
�2�

a.�/

.1 � j�j2/nC1
� R:
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From Remark 4.3, we infer that[
˛>0

�
�
yTad�

�
� Œ0; R�:

This is important as '. yTad� / is only well defined if ' is continuous on the spectrum of
yTad� . Because we seek to analyze the asymptotic behavior of '. yTad� / when ˛ grows,
we require ' to be continuous on the spectrum of yTad� for all ˛.

We define the family of functions, for which we will extend the past results.

Definition 4.7. Let C be defined by

C D

²
' 2 C Œ0;R� W 9p > 0;

'.t/

tp
2 C Œ0;R�

³
:

Remark 4.8. Without loss of generality, we can restrict the definition to consider
only p 2 .0; 1/.

Proposition 4.9. The family C satisfies the following.

(a) C � ¹P W P is a polynomial without constant termº.

(b) '. yTad� / is trace class for every ' 2 C .

(c) Q".'/.t/ is well defined 8" � 0, t 2 Œ0;R�, and ' 2 C . Moreover, if p > 0 is
such that '.s/

sp
2 C Œ0;R�, then

jQ".'/.t/j �





 'sp





L1Œ0;R�

tp

p"
:

(d) For every ' 2 C ,Z
�

Qd 0

2

�
'
�� a.�/

.1 � j�j2/nC1

�
d�.�/ <1:

Proof. (a) is obvious. For (b), let �j be the eigenvalues of yTad� . Recall that as a is
taken to be positive, so is yTad� . Then, for ' 2 C , the norm of '. yTad� / in the trace
class S1.A2˛.Bn// satisfies



'� yTad�
�


S1.A

2
˛.Bn//

D

1X
jD1

j'.�j /j

D

1X
jD1

j'.�j /j

j�j jp
j�j j

p

� sup
t2Œ0;R�

ˇ̌̌̌
'.t/

tp

ˇ̌̌̌ 1X
jD1

j�j j
p
D




 '
sp





L1Œ0;R�



 yTad�


p
Sp.A

2
˛.Bn//

;
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which is finite because yTad� belongs to the Schatten class Sp.A2˛.Bn//. For (c), we
compute

jQ".'/.t/j D

ˇ̌̌̌
1

�."/

Z t

0

'.s/

�
ln
t

s

�"�1 ds
s

ˇ̌̌̌
�

1

�."/

Z t

0

ˇ̌̌̌
'.s/

sp

ˇ̌̌̌
sp
�

ln
t

s

�"�1 ds
s

�



 '
sp




L1Œ0;R�

�."/

Z t

0

sp
�

ln
t

s

�"�1 ds
s
D




 '
sp





L1Œ0;R�

tp

p"
:

Finally, for (d), we use (c) to getˇ̌̌̌ Z
�

Qd 0

2

�
'
�� a.�/

.1 � j�j2/nC1

�
d�.�/

ˇ̌̌̌
�

Z
�

ˇ̌̌̌
Qd 0

2

�
'
�� a.�/

.1 � j�j2/nC1

�ˇ̌̌̌
d�.�/

�




 '
sp





L1Œ0;R�

1

p
d 0

2

Z
�

�
a.�/

1 � j�jnC1

�p
d�.�/

�




 '
sp





L1Œ0;R�

�.supp.a//

p
d 0

2

�
sup
�2�

a.�/

1 � j�jnC1

�p
<1; (4.5)

where �.supp.a// D
R

supp.a/ d�.�/.

For the proof of the Szegö limit theorem, we will use the following two results.
The proof of the first one relies strongly on the hyperbolic geometry of Bn and is left
for Appendix A.

Lemma 4.10. Let � � Bn be a submanifold and a 2 C10 .�/ a positive function. For
p 2 .0; 1/, ��

˛

�d
2

Tr
��
yTad�

�p�
is bounded as ˛ !1.

Lemma 4.11. Let � be isotropic or co-isotropic, a 2 C10 .�/ a positive function, and
P a polynomial without constant term. For p 2 .0; 1/,

lim
˛!1

��
˛

�d
2

Tr
��
yTad�

�p
P
�
yTad�

��
D

1

2
d 0

2

Z
�

Qd 0

2

�
spP.s/

�� a.�/

.1 � j�j2/nC1

�
d�.�/:

Proof of Lemma 4.11. In order to ease the notation, we will write

VQ.'/ WD
1

2
d 0

2

Z
�

Qd 0

2

�
'
�� a.�/

.1 � j�j2/nC1

�
d�.�/:
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and S WD yTad� . Let � > 0, and let ¹gj ºj2N be a sequence of polynomials without
constant terms that converges uniformly to the function sp in Œ0;R�. For each j 2 N,
we have ˇ̌̌̌��

˛

�d
2

Tr
�
.S/pP.S/

�
� VQ.spP.s//

ˇ̌̌̌
�

��
˛

�d
2 ˇ̌

Tr
�
.Sp � gj .S//P.S/

�ˇ̌
C

ˇ̌̌̌��
˛

�d
2

Tr
�
gj .S/P.S/

�
� VQ.gjP /

ˇ̌̌̌
C
ˇ̌
VQ..gj � s

p/P /
ˇ̌

DW VI1 C VI2 C VI3: (4.6)

We first bound VI1. Let zP be the polynomial whose coefficients are the absolute values
of the coefficients of P . In this way, jP.s/j � zP .s/ for all s 2 Œ0; R�, and hence,
. zP � jP j/.S/ is a positive operator, which in turn implies Tr.jP.S/j/ � Tr. zP .S//.
As zP is a polynomial without constant term, applying Proposition 4.5, we can find a
constant C such that .�

˛
/
d
2 Tr. zP .S// < C . We can now get

VI1 D
��
˛

�d
2 ˇ̌

Tr
�
.Sp � gj .S//P.S/

�ˇ̌
�

��
˛

�d
2

kP.S/kS1.A2˛.Bn//kS
p
� gj .S/kL.A2˛.Bn//

D

��
˛

�d
2

Tr
�
jP.S/j

�
ksp � gj kL1Œ0;R�

�

��
˛

�d
2

Tr
�
zP .S/

�
ksp � gj kL1Œ0;R� � Cks

p
� gj kL1Œ0;R�: (4.7)

To estimate VI3, we first notice that



 .gj � sp/Psp






L1Œ0;R�

� kgj � s
p
kL1Œ0;R�





Psp





L1Œ0;R�

;

with k P
sp
kL1Œ0;R� bounded as P has no constant term and p 2 .0; 1/. We then apply

inequality (4.5) from (d) in Proposition 4.9 to get

VI3 �
�.supp.a//

p
d 0

2

�
sup
�2�

a.�/

1 � j�jnC1

�p



 .gj � sp/Psp






L1Œ0;R�

� Ckgj � s
p
kL1Œ0;R�: (4.8)

Both (4.7) and (4.8) are valid for all j 2 N, and the constants involved in each of
them do not depend on j or ˛. Since kgj � spkL1Œ0;R� tends to zero, we can choose
j � 2 N large enough so that VI1 < �

3
and VI3 < �

3
. Finally, for this fixed j �, gj�P is a
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polynomial without constant term, so by Proposition 4.5,

VI2 D

ˇ̌̌̌��
˛

�d
2

Tr
�
gj�.S/P.S/

�
� VQ.gj�P /

ˇ̌̌̌
<
�

3

for all ˛ large enough, which together with (4.6) proves the claim.

We now give a proof of the main result of the paper.

Proof of Theorem 1.8 (Szegö limit theorem). Because ' 2 C , '.0/ D 0 and we can
find p 2 .0; 1/ such that '.s/

sp
2 C Œ0; R� and '.s/

sp
D 0 at s D 0. Let ¹pj ºj2N be a

sequence of polynomials without constant terms that converges uniformly to '.s/
sp

in
Œ0;R�. This in turn implies that sppj converges uniformly to ' in Œ0;R�. We use once
more the notation for VQ.'/ and S that we defined in the proof of Lemma 4.11 and
follow a similar approach. Let � > 0. For each j 2 N, we haveˇ̌̌̌��
˛

�d
2

Tr
�
'.S/

�
� VQ.'/

ˇ̌̌̌
�

��
˛

�d
2 ˇ̌

Tr
�
'.S/ � Sppj .S/

�ˇ̌
C

ˇ̌̌̌��
˛

�d
2

Tr
�
Sppj .S/

�
� VQ.sppj /

ˇ̌̌̌
C
ˇ̌
VQ.sppj � '/

ˇ̌
DW VI4 C VI5 C VI6: (4.9)

For VI4,

VI4 D
��
˛

�d
2 ˇ̌

Tr
�
.' � sppj /.S/

�ˇ̌
D

��
˛

�d
2
ˇ̌̌
Tr
�
Sp
� '
sp
� pj

�
.S/

�ˇ̌̌
�

��
˛

�d
2

kSpkS1.A2˛.Bn//




� '
sp
� pj

�
.S/





L.A2˛.Bn//

D

��
˛

�d
2

Tr
�
Sp
�


 '
sp
� pj





L1Œ0;R�

� C



 '
sp
� pj





L1Œ0;R�

; (4.10)

where the last inequality is obtained applying Lemma 4.10.
For VI6, we employ inequality (4.5) from (d) in Proposition 4.9 to obtain

VI6 � C



sppj � '

sp





L1Œ0;R�

D C



 '
sp
� pj





L1Œ0;R�

: (4.11)

Both (4.10) and (4.11) hold for any j and are independent of ˛, so we can pick j � 2N

such that VI4 < �
3

and VI6 < �
3

for all ˛ > 0. Finally, for j � fixed, Lemma 4.11 asserts
VI5 <

�
3

for all ˛ large enough. Applying all these inequalities in (4.9) concludes the
proof of the theorem.
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5. Corollaries and follow-up results

We present some applications of the Szegö limit theorem 1.8, concretely, results that
describe asymptotically the distribution of eigenvalues and the Schatten norms of
yTad� . Both of these results are comparable to those obtained in [12] and their proofs
are analogous to the ones therein.

5.1. Distribution of eigenvalues

We begin by stating the equality in Theorem 1.8 in an alternate form. Addressing the
definition of Q, the right-hand side of (1.6) equals

1

2
d 0

2 �.d
0

2
/

Z
�

Z a.�/

.1�j�j2/nC1

0

'.s/

�
ln

a.�/

s.1 � j�j2/nC1

�d 0
2 �1 ds

s
d�.�/;

and interchanging the integrals order by Fubini’s theorem, it can be rewritten as

1

2
d 0

2

Z max�2�
a.�/

.1�j�j2/nC1

0

'.s/

�

"
1

�.d
0

2
/s

Z®
�2�W a.�/

.1�j�j2/nC1
�s
¯�ln

a.�/

s.1 � j�j2/nC1

�d 0
2 �1

d�.�/

#
ds:

If we define Da.s/ to be the function defined by what is inside the brackets in the last
expression, then (1.6) can be restated as

lim
˛!1

��
˛

�d
2

Tr
�
'
�
yTad�

��
D

1

2
d 0

2

Z max�2�
a.�/

.1�j�j2/nC1

0

'.s/Da.s/ ds:

Notice that by doing this, we are now interpreting the asymptotics given in the Szegö
limit theorem as an integral with respect to a measure Da.s/ ds that is absolutely
continuous with respect to the Lebesgue measure in R.

Corollary 5.1. Let I � .0;max�2�
a.�/

.1�j�j2/nC1
� be a closed interval and denote by

NI . yTad� / the number of eigenvalues of yTad� in I . Then,

lim
˛!1

��
˛

�d
2

NI . yTad� / D
1

2
d 0

2

Z
I

Da.s/ ds:

5.2. Schatten norm estimates

Let p > 0. Recall that for A a compact operator on A2˛.Bn/, A is a member of the
Schatten class Sp.A2˛.Bn// if and only if jAjp is of trace class. This is equivalent to
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having the quantity
kAkSp.A2˛.Bn// WD Tr..A�A/

p
2 /

1
p

being finite. For p � 1, k�kSp.A2˛.Bn// is a norm in Sp.A2˛.Bn//, while for 0 < p < 1,
it is a quasi-norm.

Corollary 5.2. Let � be isotropic or co-isotropic and a 2 C10 .�/. For any p > 0,

lim
˛!1

��
˛

� d
2p 

 yTad�




Sp.A

2
˛.Bn//

D

�
1

.2p/
d 0

2

Z
�

�
ja.�/j

.1 � j�j2/nC1

�p
d�.�/

� 1
p

:

5.3. An example

We illustrate some of the results given by presenting a concrete example.
For r 2 .0; 1/, let � D rS1 D ¹z 2 C W jzj D rº. If we use the parametrization


 W .0; 1/! � , 
.�/ D re2�i� , then d� D 2� r
1�r2

d� . Notice that in this case d D 1
and n D 1; thus, d 0 D 1. Let a � 1 in � and denote by Tr WD T1d� the associated
Toeplitz operator. Then,

Trf .z/ D 2�r.1 � r
2/˛�1.˛ C 1/

Z 1

0

K˛.z; re2�i� /f .re2�i� / d�

for any f 2 A2˛.D/.

Recall that em.z/ D ımzm with ım WD
q
�.mC˛C2/
mŠ�.˛C2/

, m 2 N0, is an orthonormal

basis for A2˛.D/, and that the Bergman kernel can be expressed as a hypergeometric
series via

K˛.z; w/ D
1

.1 � z Nw/˛C2
D

1X
jD0

�.˛ C j C 2/

�.˛ C 2/j Š
.z Nw/j :

Using this, we compute

Trem.z/

2�r.1 � r2/�˛C1
D .˛C1/ım

Z 1

0

� 1X
jD0

�.˛CjC2/

�.˛ C 2/j Š
zj rj e�2�ji�

�
rme2�mi�d�

D .˛ C 1/ım

1X
jD0

�.˛ C j C 2/

�.˛ C 2/j Š
rmCj zj

Z 1

0

e2�.m�j /i� d�

D .˛ C 1/r2m
�.˛ CmC 2/

�.˛ C 2/mŠ
em.z/;

from which it follows that the eigenvalues of yTr D 1p
2�˛

Tr are

�m D

r
2�

˛
.1 � r2/˛�1

�.˛ CmC 2/

�.˛ C 1/mŠ
r2mC1; m 2 N0: (5.1)
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5.3.1. Operator norm. We seek to analyze the behavior of the operator norm of yTr
by estimating its largest eigenvalue. For any fixed ˛, we notice that the sequence of
quotients

�m

�m�1
D
.˛ C 1/r2

m
C r2

is monotonically decreasing to r2 < 1. Thus, the largest eigenvalue of yTr for this ˛
is �m� , where m� is the largest natural number such that .aC1/r

2

m�
C r2 � 1. This is

obtained whenm� D b.˛C 1/ r2

1�r2
c. Assume ˛ is such that .˛C 1/ r2

1�r2
2 N. Then,

in terms of the Beta function,

�.˛ Cm� C 2/

�.˛ C 1/m�Š
D B

�
˛ C 1; .˛ C 1/

r2

1 � r2

��1
r�2:

If ˛ grows, so does m� D .˛ C 1/ r2

1�r2
, and we can derive that

B
�
˛ C 1; .˛ C 1/

r2

1 � r2

�
�

r
2�

˛ C 1
.1 � r2/˛C1r2m

��1

from the known asymptotic formula B.x; y/ �
p
2� x

x� 1
2 y
y� 1

2

.xCy/
xCy� 1

2

for large x and y.

Substituting this in the expression for �m� in (5.1), we get

�m� �

r
˛ C 1

˛

1

.1 � r2/2
�

1

.1 � r2/2

when ˛ grows. This shows that the normalization proposed in (1.5) and Corollary 4.2
is optimal in terms of the growth rate of ˛, while also exhibiting the sharpness of the
bound given in Remark 4.3.

5.3.2. Eigenvalue distribution comparison. Keeping with yTr as defined above,
given an interval Œt1; t2� � .0; 1

.1�r2/2
/, Corollary 5.1 implies

lim
˛!1

r
�

˛
NŒt1;t2�

�
yTr
�
D

p
8�r

1 � r2

"s
ln
�

1

.1 � r2/nC1t1

�
�

s
ln
�

1

.1 � r2/nC1t2

�#
;

(5.2)
which is also written as an asymptotic equivalence in the form

NŒt1;t2�

�
yTr
�
�

p
8˛r

1 � r2

"s
ln
�

1

.1 � r2/nC1t1

�
�

s
ln
�

1

.1 � r2/nC1t2

�#
: (5.3)

For fixed values of r 2 .0; 1/ and t1 < t2 � .1 � r
2/�2, we have numerically

counted the number of eigenvalues of yTr in Œt1; t2� for growing values of ˛ using (5.1).
Tables 1 and 2 present two comparisons between these numerical outputs and the
expected results given by (5.2) and (5.3).
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˛ NŒ 1615 ;
16
9 �

�
yT 1
2

�
R.H.S. of (5.3)

q
�
˛

NŒ 1615 ;
16
9 �

�
yT 1
2

�
100 14 13.47 2.4814

500 30 30.13 2.378

103 42 42.61 2.3541

5 � 103 95 95.29 2.3813

104 134 134.76 2.3750

5 � 104 301 301.35 2.3859

105 426 426.17 2.3877

Table 1. Comparison for r D 1
2

, t1 D 16
15

, t2 D 16
9

. The values in the second column were
obtained by counting numerically for how many values ofm the eigenvalue �m as given in (5.1)
lies in Œ16

15
; 16
9
�. As expected, the numbers on the rightmost column seem to be tending to the

value of the R.H.S. of (5.2), approximately 2:3887 in this case.

˛ NŒ 25 ;
3
5 �

�
yT 1p

2

�
R.H.S. of (5.3)

q
�
˛

NŒ 25 ;
3
5 �

�
yT 1p

2

�
100 5 5.60 0.8862

500 12 12.52 0.9511

103 18 17.71 1.0088

5 � 103 39 39.61 0.9775

104 56 56.02 0.9925

5 � 104 125 125.28 0.9908

105 177 177.17 0.9920

Table 2. Comparison for r D 1p
2

, t1 D 2
5

, t2 D 3
5

. The values in the second column were
obtained by counting numerically for how many values ofm the eigenvalue �m as given in (5.1)
lies in Œ2

5
; 3
5
�. As expected, the numbers on the rightmost column seem to be tending to the value

of the R.H.S. of (5.2), approximately 0:9930 in this case.

A. Proof of Lemma 4.10

Throughout this section, a will be a positive symbol and 0 < p < 1. Lemma 4.10 is
equivalent to there being some constant C > 0 such that

Tr
�
T
p
ad�

�
� C˛p.n�

d
2 /C

d
2 (A.1)

for all ˛ large enough. We will prove this inequality.
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Let zTad� be the Berezin symbol of Tad� , namely,

zTad� .z/ D hTad� Okz; OkziA2˛.Bn/;

where Okz D
K˛.�;z/
p
K˛.z;z/

D .

p
1�jzj2

1�h�;zi
/nC1C˛ is the normalized reproducing kernel at

z 2 Bn.
For any Hilbert space H and any positive operator A 2 L.H/, the relationship

hApx; xi � hAx; xip is true for all unitary x 2 H whenever 0 < p < 1 [19, Proposi-
tion 1.31]. Combining this with the definition of zTad� yields

eT pad� .z/ �
�
zTad� .z/

�p
for all z 2 Bn. Using the formula for the trace of an operator in terms of its Berezin
symbol, we get

Tr
�
T
p
ad�

�
D c˛

Z
Bn

eT pad� .z/ d�.z/

� c˛

Z
Bn

�
zTad� .z/

�pd�.z/

D c1Cp˛

Z
Bn

� Z
�

�
.1 � jzj2/.1 � jwj2/

j1 � hz; wij2

�nC1C˛
a.w/d�.w/
.1 � jwj2/nC1

�p
d�.z/;

(A.2)

where d�.z/ D dv.z/
.1�jzj2/nC1

is the invariant measure on Bn.

Remark A.1. If 'z denotes the involutive automorphism in Bn that interchanges z
with the origin, then

.1 � jzj2/.1 � jwj2/

j1 � hz; wij2
D 1 � j'z.w/j

2:

Moreover, j'z.w/j is the pseudo-hyperbolic distance between z and w, while the
hyperbolic distance is ˇ.z; w/ D tanh�1 j'z.w/j. This then implies

.1 � jzj2/.1 � jwj2/

j1 � hz; wij2
� 1;

with equality if and only if ˇ.z; w/ D 0, if and only if z D w (see [18, Sections 1.2
and 1.5, Lemma 1.2 and Proposition 1.21], particularly).

For � > 0, we now define

V D ¹z 2 Bn W 9w 2 �; ˇ.z; w/ < �º

a hyperbolic tubular neighborhood of � in Bn.
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Proposition A.2. The neighborhood V satisfies

c1Cp˛

Z
BnnV

� Z
�

�
.1 � jzj2/.1 � jwj2/

j1 � hz; wij2

�nC1C˛
a.w/d�.w/
.1 � jwj2/nC1

�p
d�.z/ D O

� 1
˛1

�
:

(A.3)

Proof. Let r.a/ > 0 be such that ˇ.w; 0/ < r.a/ for all w 2 supp.a/. There exists
some constant Cr.a/ > 0 that only depends on r.a/ such that

C�1r.a/ �
1 � juj2

1 � jvj2
� Cr.a/

for any u; v 2 Bn with ˇ.u; v/ < r.a/ [18, Lemma 2.20]. Let � < 1 be such that
Cr.a/.1 � �

2/ < 1=2. It suffices to prove that

J1 WD

Z
.BnnV/\¹z2BnWjzj��º

�
�
�p d�.z/ and J2 WD

Z
.BnnV/\¹z2BnWjzj<�º

�
�
�p d�.z/

are both O.˛�1/, where � represents what is inside the brackets in (A.3).
If z 2 Bn, w 2 supp.a/, the invariance under automorphisms of the Bergman met-

ric leads to ˇ.'z.w/; z/ D ˇ.w; 0/ < r.a/, and so,

.1 � jzj2/.1 � jwj2/

j1 � hz; wij2
D
1 � j'z.w/j

2

1 � jzj2
.1 � jzj2/

� Cr.a/.1 � jzj
2/:

Using this, we compute

J1 � C
.nC1C˛/p

r.a/

� Z
�

a.w/d�.w/
.1 � jwj2/nC1

�p Z
¹z2BnWjzj��º

.1 � jzj2/˛p�.nC1/.1�p/ dv.z/

� C
�
Cr.a/.1 � �

2/
�˛p

< C
1

2˛p
D O

� 1
˛1

�
for all ˛ large enough so that ˛p � .nC 1/.1 � p/ > 0.

If z … V , then ˇ.z; w/ � � for all w 2 � , and hence,

1 � j'z.w/j
2
D 1 � tanh2 ˇ.z; w/ � 1 � tanh2 �;

which we use to conclude that

J2 � .1 � tanh2 �/.nC1C˛/p
� Z

�

a.w/d�.w/
.1 � jwj2/nC1

�p Z
¹z2BnWjzj<�º

d�.z/

� C.1 � tanh2 �/˛p D O
�
1

˛1

�
:
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We take a moment to focus on the case d D 2n, so � is an open subset of Bn and
Tad� D Ta. Considering the result in the last statement and using it together with the
first inequality in (A.2), we can get

Tr.Ta/ � c˛

Z
ıBn

�eTa.z/�p d�.z/CO
�
1

˛1

�
;

where ı < 1 is so that ıBn� supp.a/. In this case, the exponent of ˛ in (A.1) simplifies
to n, which is the growth order of c˛ D ˛n

nŠ
.1C O.˛�1//. Therefore, it will suffice

to show that
R
ıBn

.eTa.z//pd�.z/ remains bounded when ˛ grows. For this, we recall
that the Berezin transform is a contraction from L.A2˛.Bn// to L1.Bn/, soZ

ıBn

�eTa.z/�p d�.z/ �


eTa

pL1.Bn/ Z

ıBn

d�.z/

� CkTak
p

L.A2˛.Bn//
:

Since the restriction d D 2n implies � being co-isotropic and d 0D0, kTakL.A2˛.Bn//D
�n

nŠ
k yTakL.A2˛.Bn// is bounded for all ˛ > 0 by Corollary 4.2, thus proving the claim

for d D 2n.
Let d � 2n � 1. From Proposition A.2, and rewriting the integral expression

in (A.2), we conclude that proving our claim relies on bounding the integral

	p.˛/ WD c
1Cp
˛

Z
V

� Z
�

e˛ ln.1�j'z.w/j2/ a.w/ d�.w/
j1 � hz; wij2.nC1/

�p dv.z/
.1 � jzj2/.nC1/.1�p/

:

We now give a parametrization for V . Using a partition of unity subordinated to an
open cover of the support of a if necessary, we can assume without loss of gen-
erality that the support of a is contained in the image of a single parametrization

 WB.0; 1/!� of � . For each pD
.t/2� , let ¹E1.t/; : : : ;E2n�d .t/º be an orthonor-
mal basis for the normal space Dp�.Tp�/? � TpBn at p, so the ambient tangent space
TpBn splits as a direct sum

TpBn D Dp�.Tp�/˚ span¹E1.t/; : : : ; E2n�d .t/º:

Also, let exp
.t/ W TpBn ! Bn denote the exponential map. As the Bergman ball is
geodesically complete, exp
.t/ has all of TpBn as its domain. Denote by B 0.0; �/ �
R2n�d the ball of radius � centered at the origin. We define

� W B.0; 1/ � B 0.0; �/ � Rd �R2n�d ! Bn

�.t; x/ D exp
.t/

 
2n�dX
jD1

xjEj .t/

!
:
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By choosing � small enough, we can guarantee the following.

(i) �.t; x/ is in a geodesic ball centered at 
.t/ and therefore the Bergman and
radial distances between �.t; x/ and 
.t/ coincide, this is,

ˇ.
.t/; �.t; x// D

 
2n�dX
jD1

x2j

! 1
2

:

(ii) The Bergman distance from �.t; x/ to � is attained at 
.t/, this is,

ˇ.
.t/; �.t; x// � ˇ.
.s/; �.t; x//

for all 
.s/ 2 � . Moreover, t is the only critical point of the function
ˇ.
.�/; �.t; x// in B.0; 1/; therefore, the last inequality is strict whenever
s ¤ t .

It follows that V D �.B.0; 1/ � B 0.0; �// and

	p.˛/ WD c
1Cp
˛

Z
B.0;1/�B0.0;�/

� Z
B.0;1/

ei˛‰..t;x/;s/
a.
.s//m.s/ ds

j1 � h�.t; x/; 
.s/ij2.nC1/

�p
�

n.t; x/ dtdx
.1 � j�.t; x/j2/.nC1/.1�p/

; (A.4)

where m.s/ds D d�.w/, n.t; x/dtdx D dv.z/, and we have introduced the phase
function

‰..t; x/; s/ D �i ln.1 � j'�.t;x/.
.s//j2/:

The observations made in (ii) and in Remark A.1 translate to that, for each .t; x/ 2
B.0; 1/ � B 0.0; �/, the function ‰..t; x/; � / has its only critical point at s D t .

Applying the stationary phase method (Theorem 7.7.5 in [5]) yieldsZ
B.0;1/

ei˛‰..t;x/;s/
a.
.s//m.s/ ds

j1 � h�.t; x/; 
.s/ij2.nC1/

D

�2�
˛

�d
2

ei˛‰..t;x/;t/
a.
.t//m.t/

j1 � h�.t; x/; 
.t/ij2.nC1/
�

1CO
�
1
˛

�
det.�i Hess‰..t; x/; t//

1
2

:

(A.5)

The continuity of the functions involved and the compactness of the domain also
imply that

a.
.t//m.t/

j1 � h�.t; x/; 
.t/ij2.nC1/
�

det.�i Hess‰..t; x/; t//�
1
2n.t; x/

.1 � j�.t; x/j2/.nC1/.1�p/
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is uniformly bounded for .t; x/ 2 B.0; 1/ � B 0.0; �/. Implementing this and (A.5) in
the expression for 	p.˛/ in (A.4), we find that there exists some constant C > 0 such
that for all ˛ large enough

1

c
1Cp
˛

	p.˛/ � C
�2�
˛

�dp
2

Z
B0.0;�/

eip˛‰..t;x/;t/ dx

D C
�2�
˛

�dp
2

Z
B0.0;�/

�
1 � tanh2 ˇ

�

.t/; �.t; x/

��p˛ dx

D C
�2�
˛

�dp
2

Z
B0.0;�/

�
1 � tanh2 jxj

�p˛ dx: (A.6)

We can find some constant C > 0 such that Cr2n�d�1 � .tanh r/2n�d�1 for all
r 2 .0; �/. This can be done because tanh r

r
tends to 1 as r approaches 0. Integrating in

polar coordinates,Z
B0.0;�/

�
1 � tanh2 jxj

�p˛ dx D .2n � d/
Z �

0

r2n�d�1.1 � tanh2 r/p˛ dr

�
2n � d

C

Z �

0

tanh2n�d�1 r .1 � tanh2 r/p˛dr

D
n � d

2

C

Z tanh2 �

0

�n�
d
2 �1 .1 � �/p˛�1 d�

�
n � d

2

C
B
�
n �

d

2
; p˛

�
; (A.7)

where we have used the change of variables � D tanh2 r and B.z; w/ is the Beta
function. As a consequence of Stirling’s formula, the Beta function has the asymptotic
approximation

B
�
n �

d

2
; p˛

�
� �

�
n �

d

2

�
.p˛/�nC

d
2

as ˛ !1. Combining this and (A.7) with (A.6) and the fact that c˛ � ˛n, we get

	p.˛/ � C˛
n.1Cp/�dp2 �nC

d
2 D C˛p.n�

d
2 /C

d
2 ;

which by Proposition A.2 implies (A.1), concluding the proof of Lemma 4.10.

B. The determinant of the Hessian

B.1. The determinant as a block matrix

Recall from (3.12) that computing the determinant of the Hessian of '.t; 000/ relies on
computing that of Om�1, which we have defined as the .m � 1/d � .m � 1/d matrix
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that expressed as an .m � 1/ � .m � 1/ block matrix with blocks of size d � d has
the tridiagonal form

Om�1 D

0BBBBBB@
2I �I � iW � � � 0

�I C iW 2I � � � 0
:::

:::
:::

:::

0 � � � 2I �I � iW

0 � � � �I C iW 2I

1CCCCCCA :

Here,
W WD G�1H;

where G and H are the matrices encoding the Riemannian metric gp and the skew-
symmetric form hp on Tp� in terms of a parametrization 
 of � with 
.t/ D p. This
same block matrix appeared in [12] in the Fock space situation.

Let R stand for the ring of d � d complex matrices generated by I andW . Then,
Om�1 can also be regarded as an .m � 1/ � .m � 1/ matrix with entries in R. As
R is commutative, any such matrix has a well-defined determinant in R, which we
will denote by detR, and that possesses all the usual properties of determinants of
matrices with complex entries. The relation between this determinant and the usual
one det Om�1 is given in [13, Theorem 1]. From that theorem, it follows that

det Om�1 D det
�
detR Om�1

�
:

Notice that the right-hand side of the equation makes sense since detR Om�1 is an
element of R, and thus a d � d matrix with complex entries. This relation was used
in [12] to compute det Om�1. We cite the result therein that expresses detR Om�1 in
terms of W , as all the computations involved translate straightforwardly.

Proposition B.1. Let m � 2. Then,

detR Om�1 D

bm�12 cX
`D0

�
m

2`C 1

�
.�1/`W 2`: (B.1)

We interpret the geometric meaning of the matrix W . For every p 2 � , define the
endomorphism Kp W Dp�.Tp�/! Dp�.Tp�/ by

Kp D …p ı J jDp�.Tp�/; (B.2)

where …p W TpBn ! Dp�.Tp�/ is the orthogonal projection and J jDp�.Tp�/ is the
restriction of J to Dp�.Tp�/.
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Proposition B.2. Consider 
 W B.0; 1/! � a parametrization of � around p. Then,
W is the matrix representation of the endomorphism Kp with the basis for Dp�.Tp�/
given by ¹Dp�. @

@
j
jt /ºjD1;:::;d .

Proof. The definition of W is equivalent to GW D H , which in turn implies

hjk D

dX
`D1

gj`w`k

D

dX
`D1

gp

�
@

@
j

ˇ̌̌
t
;
@

@
`

ˇ̌̌
t

�
w`k

D

dX
`D1

Vbp

�
Dp�

�
@

@
j

ˇ̌̌
t

�
;Dp�

�
@

@
`

ˇ̌̌
t

��
w`k

D Vbp

�
Dp�

�
@

@
j

ˇ̌̌
t

�
;

dX
`D1

w`kDp�
�
@

@
`

ˇ̌̌
t

��
(B.3)

for any 1 � j; k � d . On the other hand, we know from the definition that

hjk D Vbp

�
Dp�

�
@

@
j

ˇ̌̌
t

�
; J Dp�

�
@

@
k

ˇ̌̌
t

��
:

This together with (B.3) leads to

Vbp

�
Dp�

�
@

@
j

ˇ̌̌
t

�
; J Dp�

�
@

@
k

ˇ̌̌
t

�
�

dX
`D1

w`kDp�
�
@

@
`

ˇ̌̌
t

��
D 0

for any 1 � j; k � d . Since ¹Dp�. @
@
j
jt /ºjD1;:::;d is a basis for Dp�.Tp�/, we get

J Dp�
�
@

@
k

ˇ̌̌
t

�
�

dX
`D1

w`kDp�
�
@

@
`

ˇ̌̌
t

�
2 Dp�.Tp�/?;

and consequently,

…p ı J

�
Dp�

�
@

@
k

ˇ̌̌
t

��
D

dX
`D1

w`k…p

�
Dp�

�
@

@
`

ˇ̌̌
t

��
D

dX
`D1

w`k Dp�
�
@

@
`

ˇ̌̌
t

�
for each 1 � k � d , which proves the statement.
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It can be verified from its definition in terms of …p and J that Kp is skew-adjoint
with respect to Vbp . This implies that W is skew-adjoint, and hence, all its nonzero
eigenvalues are pure imaginary and come in conjugate pairs. Let˙i�k , k D 1; : : : ; r
stand for said eigenvalues with possible repetitions due to multiplicity and satisfying

0 < �1 � �2 � � � � � �r : (B.4)

Let Pm�1 be the polynomial defined by the right-hand side of (B.1). Then, by the
spectral mapping theorem, the eigenvalues of Pm�1.W / are

Pm�1.˙i�k/ D

bm�12 cX
`D0

�
m

2`C 1

�
.�1/`.˙i�k/

2`

D

bm�12 cX
`D0

�
m

2`C 1

�
�2`k

D
.1C �k/

m � .1 � �k/
m

2�k
;

each with double the multiplicity as in W , together with the eigenvalue

Pm�1.0/ D m

with multiplicity d � 2r corresponding to the kernel of W . We use this to express
det Om�1 in terms of the eigenvalues of W .

Proposition B.3. Let˙i�k , k D 1; : : : ; r , be the nonzero eigenvalues of W. Then,p
det Om�1 D m

d
2 �r

rY
kD1

.1C �k/
m � .1 � �k/

m

2�k
: (B.5)

Proof. We compute

det Om�1 D det
�

detR Om�1
�

D detPm�1.W /

D md�2r
rY
kD1

�
.1C �k/

m � .1 � �k/
m

2�k

�2
:

B.2. The case of isotropic or co-isotropic manifolds

In this section, we describe the behavior of Kp when � is isotropic or co-isotropic,
in order to express the eigenvalues˙i�k of W needed to compute the determinant of
Om�1.
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Let .X; !/ be a symplectic vector space of dimension 2n, where the symplectic
form is constructed using the formula

!.�; �/ D g.�; J �/

with J a complex structure onX and g an inner product onX compatible with J . Let
V � X be a subspace of dimension d and denote by V ! its symplectic complement
as defined in (1.4) and by V ? its orthogonal complement with respect to g. These sets
are also subspaces of X , and one can verify directly from the definitions that

V ? D J.V !/ and J.V ?/ D V ! : (B.6)

Notice that this will imply

dimV ! D dimV ? D 2n � d:

According to the definition of Kp , we define the endomorphism KV W V ! V by

KV D …V ı J jV ;

where…V W X ! V is the orthogonal projection and J jV is the restriction of J to V .
We will describe these transformations, obtaining results that we will then interpret to
the particular case of Kp . These calculations appear in [12] with Tp� instead of V .

Proposition B.4. The endomorphism KV satisfies

kerKV D V ! \ V:

Proof. Using the relation in (B.6),

kerKV D ker.…V ı J jV /

D J�1.ker…V / \ V

D J�1.V ?/ \ V

D V ! \ V:

Recall from Definition 1.4 that V is isotropic if V � V ! and co-isotropic if V �
V ! . The next corollary follows straightforwardly.

Corollary B.5. If V is isotropic, then KV is identically zero.

This fully describes the isotropic case. We turn our attention to the co-isotropic
case.

Proposition B.6. If V is co-isotropic, then the image of KV satisfies

KV .V / D J.V / \ V:
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Proof. Assume � D KV v for some v 2 V . Then,

Jv D � C u

for some u 2 V ? D J.V !/. Next, we can find some w 2 V ! such that u D Jw,
and hence, � D J.v �w/ 2 J.V /, since w 2 V ! � V because V is co-isotropic. For
the reverse inclusion, if � 2 J.V / \ V , then � D Jv for some v 2 V , and therefore,
� D …V � D …vJv D KV v.

Corollary B.7. If V is co-isotropic, then it splits as a direct sum

V D KV .V /˚ V
! : (B.7)

Proof. By Proposition B.4, kerKV D V ! , and thus,

dim.kerKV / D dimV ! D 2n � d:

On the other hand, by the dimension theorem, we have

dim.kerKV / D d � dimKV .V /:

Comparing both expressions yields dimKV .V / D 2d � 2n. It follows that

dimV ! D 2n � d and dimKV
�
V
�
D 2d � 2n;

which together add up to d D dimV . Finally, by the previous proposition, KV .V / �
J.V /, and therefore,

KV .V / \ V
!
� J.V / \ J.V ?/ D ;:

Remark B.8. We have so far shown that

dimKV .V / D

´
0; V isotropic;

2.d � n/; V co-isotropic:

In general, the rank of KV is always pair regardless of V being isotropic or co-
isotropic because KV is skew-adjoint. In order to maintain consistency with the def-
inition we gave for the eigenvalues of Kp in (B.4), we will use r to denote half the
rank of KV .

Keeping up with V co-isotropic, consider the action of KV on the splitting (B.7)
of V : if � 2 V ! , then J � 2 JV ! D V ?, and hence,KV � D…V J � D 0. Alternatively,
if � 2 KV .V / � JV , then J � 2 V ; thus, in this scenario,

KV � D …V J � D J �:
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From this, we conclude that, in the co-isotropic case, KV behaves like J on KV .V /
and like the zero function on V ! . We can, therefore, find bases for KV .V / and V !

such that KV has the matrix representation

�
KV

�
D

0B@ 0 �Ir�r 0

Ir�r 0 0

0 0 0

1CA ;
where Ir�r is the identity matrix of size r . To obtain the eigenvalues of KV , we now
compute the zeros of

det
� �
KV

�
� �Id�d

�
D det

0B@��Ir�r �Ir�r 0

Ir�r ��Ir�r 0

0 0 ��I.d�2r/�.d�2r/

1CA
D det

 
��Ir�r �Ir�r

Ir�r ��Ir�r

!
det

�
��I.d�2r/�.d�2r/

�
D .�2 C 1/r.��/d�2r :

It follows that the eigenvalues of KV are ˙i , each with multiplicity r and the zero
eigenvalue with multiplicity d � 2r .

We return to the case of the symplectic space .TpBn;!p/, with Dp�.Tp�/� TpBn
andKp as defined in (B.2). The results exposed in this subsection can be summarized
in the next statement.

Proposition B.9. If � is isotropic, thenKp has no nonzero eigenvalues, that is, r D 0.
If � is co-istropic, then the eigenvalues ofKp are˙i , each with multiplicity r D d � n
and the zero eigenvalue with multiplicity 2n � d .

We conclude the section with the result we used in Section 3.2 expressing the
value of det Om�1. It follows from (B.5) in Proposition B.3, taking into account the
form of the eigenvalues i�k described in the last proposition.

Proposition B.10. Let � be isotropic or co-isotropic. Then,

p
det Om�1 D

´
m
d
2 ; � isotropic;

2.d�n/.m�1/mn�
d
2 ; � co-isotropic:
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