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A minimizing movements approach for crystalline
eikonal-curvature flows of spirals

Takeshi Ohtsuka and Yen-Hsi Richard Tsai

Abstract. We propose an algorithm for evolving spiral curves on a planar domain by normal
velocities depending on the so-called crystalline curvatures. The algorithm uses a minimizing move-
ments approach and relies on a special level set method for embedding the spirals. We present
numerical simulations and comparisons demonstrating the efficacy of the proposed numerical
algorithm.

1. Introduction

In this paper, we propose a numerical method for the evolution of spirals in a bounded
domain�� R2 by the crystalline curvature flow. We denote the spirals at time t by†.t/;
and use n for a continuous unit normal vector field on †.t/ defining the orientation of the
evolution. In this normal direction, the speed of the spirals is formally defined by

V
 D ��
 C f; (1.1)

where V
 and �
 respectively denote the normal velocity and the crystalline curvature
of †.t/ and f is the given driving force. Each spiral in †.t/ is attached to a stationary
center denoted by a1; : : : ; aN 2�, and in the evolution of†.t/, portions of different spir-
als may merge. To describe the merger of spirals during the evolution, we formulate †.t/
by the level set method developed in [28,31]. In this formulation,†.t/ and n are given by

†.t/ D
®
x 2 W W u.t; x/ � �.x/ � 0 mod 2�Z

¯
; n D �

r.u � �/

jr.u � �/j
; (1.2)

with an auxiliary function u.t; x/ and the predetermined function

�.x/ D

NX
jD1

mj arg.x � aj /;
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where arg.x/ denotes the argument of x 2R2 andmj 2Z n ¹0º,W D� n .
SN
jD1Br .aj //,

and Br .a/ denotes an open disc with center a 2 R2 and a radius r > 0. The domain W
is chosen so that the singularity of arg.x � aj / is removed from �, and thus †.t/ is well
defined in (1.2), even though � is a multi-valued function.

Crystalline mean curvature flow is an anisotropic mean curvature flow with a singular
and nonlocal surface energy density. We refer to the survey paper [17] for the crystal-
line mean curvature flow, and the book [16] for a level set formulation of the geometric
evolution equation. A level set formulation of (1.2) yields that

V
 D
ut


.r.u � �//
; �
 D �divŒ�.r.u � �//�;

where 
 D 
.p/ 2 C 2.R2 n ¹0º/ and � D .@p1
; @p2
/ for p D .p1; p2/ denotes an aniso-
tropic surface energy density and the Cahn–Hoffman vector, respectively. Hence, (1.1)
will be represented as

ut � 
.r.u � �//
®
divŒ�.r.u � �//�C f

¯
D 0 in .0; T / �W: (1.3)

The Wulff diagram associated with 
 is defined as

W
 D
®
p 2 R2 W 
ı.p/ � 1

¯
where 
ı.p/ D sup

®
p � q W 
.q/ � 1

¯
:

An important feature of the crystalline curvature �
 is that �
 � 1 on the boundary @W
 ,
which is a convex polygon (see [6] for details). It is therefore natural to identify a piece-
wise linear 
ı by znj 2 R2 n ¹0º for j D 0; : : : ; N
 � 1 , using the formula


ı.p/ D max
0�j�N
�1

znj � p:

Consequently, 
 is also a piecewise linear, that is,


.p/ D max
0�j�N
�1

nj � p (1.4)

for some nj 2 R2 n ¹0º for j D 0; : : : ; N
 � 1. See [34]. We point out that it is not
immediately clear how to make sense of (1.3) classically, as it involves formally taking
the first and second derivatives of 
 . In this paper, we propose a new numerical algorithm
to compute the solution of (1.3), particularly with 
 of the form (1.4), in the sense of a
weak formulation.

The variational approach by [2, 9] is a powerful option for formulating our problem.
Almgren, Taylor, and Wang [2] launched an algorithm for the isotropic mean curvature
flow by regarding it as a minimizing problem of the functional that consists of its perimeter
and deformation. This idea is also extended to the problem with driving force by [23], or
the crystalline case by [1]. Chambolle [9] proposed an algorithm combining the above idea
and a level set method using a signed distance function from an interface. This algorithm
includes the minimization of the total variation of u, interpreted as minimizing the peri-
meter of each of u’s level sets, and the L2 norm, which measures the deformation from
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one discrete step to the next. Therefore, one may consider a splitting algorithm for the
minimization problem, using more efficient algorithms for the total variation and L2 min-
imization separately and iteratively. Oberman, Osher, Takei, and the second author [26]
proposed an algorithm with split Bregman method [18] for interface motion by mean
curvature, and extend it to the crystalline case. The goal of this paper is to extend the
algorithm by [26] to the evolution of spirals.

We now quickly review the formulation in [9]. Let � � R2 be a domain and † � �
be a given interfacial curve, separating � into two disjoint subsets. Let d†W�! R be a
signed distance function to † such that d† is positive inside of †. The minimizer w� of
the functional

E.w/ D

Z
�


.rw/dx C
1

2h
kw � d†k

2
L2

formally satisfies

�divŒ�.rw�/�C
w� � d†

h
D 0:

Note that �divŒ�.rw�/� denotes an anisotropic curvature of level sets of w� with an
anisotropic energy density 
 (see [16]). Moreover, † moves to the region of ¹x 2 � W
d†.x/ < 0º when V > 0. Hence, one can find that

†h WD
®
x 2 � W w�.x/ D 0

¯
D
®
x 2 � W d†.x/ D �hdivŒ�.rw�.x//�

¯
is the result of the evolution of † by V D ��
 in a short time interval Œ0; h�.

When we apply the above idea to our problem, it is natural to consider the minimiza-
tion problem of the form

w 7!

Z
W


.r.w � �//dx �

Z
W

f wdx C
kw � gk2

L2

2h
; (1.5)

where g is a function relating to the signed “difference” from the current state of spiral
†.t/ � W . However, one cannot take g as the “signed distance function” because †.t/
is not an interfacial curve. Indeed, a spiral curve is an open curve in general so that it
does not divide the domain into two regions. For this problem, the level set method by
[28, 31] overcomes this issue by considering (1.2) instead of the level set of u. Therefore,
one option is to construct g 2 C.W / so that g � � � Md† in a neighborhood of †.t/,
whereM � 1 is a constant that is chosen so that g is continuous onW . (Note that there is
a preliminary report [29] in which the first author mentions this algorithm.) Unfortunately,
however, it may be necessary to choose an extremely large M , in particular when there
is a center having multiple spirals, and the resulting algorithm does not seem particularly
robust. To overcome these difficulties, we choose a general level set function, that is,
un D u.nh; x/ to replace g instead of a signed distance function. Then, we consider the
minimizing problem of the form

w 7!

Z
W


.r.w � �//dx �

Z
W

f wdx C
1

2h




 w � unp

.r.un � �//




2
L2

(1.6)
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instead of (1.5). If w� is the minimizer of the above, then it formally yields the finite
difference approximation of (1.3). Thus, we set unC1 D w� and continue to solve the
above with replaced un by unC1.

Our idea leads to two crucial improvements: our algorithm does not require computing
the signed distance to a curve, and we may choose mj 2 Z n ¹0º so that jmj j is large. In
fact, if jmj j � 1, then the spiral curves are very crowded around the center aj . This
situation is too difficult to compute by the algorithm using the signed distance without
additional adaptivity in meshing. In particular, the second improvement enables us to treat
the bunching phenomena. In experimental crystal growth, interlace patterns or so-called
illusory spirals and loops are reported in [35, 40]. Our formulation can be applied to such
situations.

We briefly mention a special case when un in (1.6) has a “flat” portion, that is, the
set ¹x 2 W W r.un.x/ � �.x// D 0º has an interior, which causes not only the issue of
the zero division in (1.6), but also the nonuniqueness of the evolution. Such a case is
referred to as “fattening.” Evans and Spruck [13] pointed out the possibility of the devel-
opment of an interior in the level set equation for mean curvature flows. In the set-theoretic
approach, Soner [36] gave an example in which fattening occurs. The existing consistency
and convergence results for mean curvature flows, such as threshold dynamics by Merri-
man, Bence, and Osher [24], or the singular limit of the Allen–Cahn equation [5, 10, 12],
are established under the smooth evolution or the case when fattening never occurs; see,
for example, [4] for the MBO algorithm or [5,12] for the singular limit of the Allen–Cahn
equation. Indeed, these methods may not admit the fattening since they consist of regular-
ization and re-initialization in every iteration. On the other hand, the solution computed
by our approach may admit the development of a flat region, which remains stationary
until some other portions of the spiral curve approach it. In (1.6), we introduce a cut-
off max¹
.r.u � �//; ˛º with a small constant ˛ > 0 to avoid the zero division. This
means that our approach approximates the solution to a level set equation of (1.1) with an
approximation regularizing the normal velocity of level sets.

We mention the pioneering front-tracking approach of [3, 37] on crystalline curvature
motion. This idea has been also extended to the evolution of a single spiral by [19, 20].
This approach is very convenient to compute crystalline curvature flows of a single spiral
in a class of admissible curves. Therefore, we compare our approach and the model due
to [20] as a benchmark test. The value of our approach is in its flexibility to be applied in
situations where spirals may merge (and thus breaking the admissibility condition for the
algorithm of [20]).

In summary, in this paper we deal with spiral curves for which signed distance func-
tions cannot be defined. In Section 2, we propose a new minimizing movements formula-
tion, generalizing Chambolle’s formulation to crystalline eikonal-curvature flows of spiral
curves. We also present analytical results that provide a theoretical foundation for the pro-
posed algorithm. In Section 3, we offer an efficient numerical algorithm for the proposed
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minimizing movements formulation. In Section 4, we provide a few numerical simulations
and comparisons. Also, in Section 4, we generalize the algorithm to simulate motion laws
involving multiple anisotropies. We conclude in Section 5.

2. The proposed formulation

In this section, we propose a minimizing movements formulation for the evolution of
spirals by a normal velocity of the form defined in (1.1). The spirals are embedded by the
level set method developed in [28, 31].

2.1. The level set method for evolving spirals

We first review the level set method for evolving spirals due to [28, 31] and its evolution
equation for an anisotropic eikonal-curvature flow.

Let � � R2 be a bounded domain with smooth boundary. We denote the centers of
spirals by a1; a2; : : : ; aN 2 �. We remove small discs Br .aj / D ¹x 2 R2 W jx � aj j < rº
for j D 1; : : : ; N from �, and set the domain for spiral growth to be

W D � n

N[
jD1

Br .aj /:

We choose r > 0 satisfying Br .ai / \ Br .aj / D ; if i ¤ j , and Br .aj / � � so that @W
is smooth. Let mj 2 Z be a signed number of spirals associated with aj , meaning

• jmj j curves are attached to aj as their endpoint,

• if mj > 0 (resp. mj < 0), then these curves rotate around aj with counterclockwise
(resp. clockwise) rotation when V
 > 0.

Our level set representation of spirals relies on a predetermined function � that is first
introduced for a phase-field model of evolving spirals [22, 25]. Define

�.x/ D

NX
jD1

mj arg.x � aj /:

Let †.t/ � W be the evolving spirals at time t � 0, and n 2 S1 be a continuous unit
normal vector field of †.t/ denoting the orientation of the evolution of †.t/. Then, we
describe †.t/ and n by

†.t/ D
®
x 2 W W u.t; x/ � �.x/ � 0 mod 2�Z

¯
; n D �

r.u � �/

jr.u � �/j
(2.1)

with an auxiliary function uW Œ0; T / � W ! R for some T > 0. Note that � should be
a multi-valued function to describe the spirals. However, r� can be defined as a single-
valued function.
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Let 
 WR2 ! Œ0;1/ be convex, continuous, positively homogeneous of degree 1, and
positive on S1. It defines an anisotropic surface energy density. According to [16], an
anisotropic curvature �
 of †.t/ with (2.1) is of the form

�
 D �divŒ�.r.u � �//� (2.2)

provided that 
 2 C 2.R2 n ¹0º/, where �.p/ D .@p1
; @p2
/ for p D .p1; p2/. In fact,

.p/D jpj reduces the above to the isotropic curvature. Note that (2.2) can be interpreted
as the first variation of the anisotropic energyZ

W


.r.u � �//dx

for the level sets of u� � . This viewpoint will be convenient to understand the algorithms
of [2, 9].

The support function of ¹p 2 R2 W 
.p/ � 1º, denoted by


ı.p/ D sup
®
p � q W 
.q/ � 1

¯
;

plays important roles for the anisotropic curvature flow. In fact, the following hold:

• If 
; 
ı 2 C 2.R2 n ¹0º/, then for p 2 R2 n ¹0º we have


.r
ı.p// D 
ı.r
.p// D 1; (2.3)

r
.r
ı.p// D
p


ı.p/
; (2.4)

r
ı.r
.p// D
p


.p/
:

.

• 
ıı.p/ D 
.p/.

See [6] and [34] for details.
Equation (2.4) yields that

�
 D 1 on @W
 ; where W
 D
®
p 2 R2 W 
ı.p/ � 1

¯
:

In other words, by the analogy from the isotropic curvature, the Wulff diagram plays the
role of a unit ball in the anisotropic curvature flow. Thus, we introduce the Finsler metric

d
 .x; y/ D 

ı.x � y/: (2.5)

(Note that this metric is possibly not symmetric, since we do not assume 
 is symmetric.)
Then, (2.3) implies 
.rd
 .�; y//D 1 in ¹x W d
 .x; y/ > 0º. This is a generalized result of
jrd j D 1 for isotropic distance d.x; y/ D jx � yj. Following this fact, we introduce an
anisotropic normal velocity V
 for †.t/, which is of the form

V
 D
ut


.r.u � �//
:
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This is analogous to the isotropic normal velocity V D ut=jruj for the level set ¹x W
u.t; x/ D 0º. Consequently, we obtain the level set equation of (1.1) as follows:

ut � 
.r.u � �//
®
divŒ�.r.u � �//�C f

¯
D 0 in .0; T / �W: (2.6)

This paper primarily concerns the crystalline curvature flow, that is, the cases in
which W
 is a convex polygon with N
 sides (N
 � 3). For these cases, it is natural to
write 
ı as


ı.p/ D max
0�j�N
�1

znj � p with znj D zrj .cos z#j ; sin z#j / 2 R2 n ¹0º:

Here we assume that ¹znj W j D 0; : : : ; N
 � 1º satisfies the following, so that W
 is a
convex polygon:

(W1) z#j 2 Œz#0; z#0 C 2�� for j D 0; 1; 2; : : : ; N
 � 1.

(W2) z#j < z#jC1 < z#j C � for j D 0; 1; : : : ; N
 � 1, where z#N
 D z#0 C 2� .

(W3) The set ¹znj W j D 0; 1; 2; : : : ; N
 � 1º is minimal, that is,


ı.p/ ¤ max¹znj � p W j ¤ kº

for any k 2 ¹0; : : : ; N
 � 1º.

By 
ıı D 
 and conditions (W1)–(W3), there exist #j 2 R for j D 0; : : : ; N
 � 1 which
satisfy


.p/ D max
0�j�N
�1

nj � p with nj D rj .cos#j ; sin#j / 2 R2 n ¹0º: (2.7)

Moreover, ¹nj W j D 0; : : : ; N
 � 1º still satisfies (W1)–(W3). The typical example of 

and 
ı is


.p/ D kpk`1 ; 
ı.p/ D kpk`1 ;

and thus W
 D Œ�1; 1�
2. It is given by

nj D
p
2
�

cos
�.2j C 1/

4
; sin

�.2j C 1/

4

�
; znj D

�
cos

�j

2
; sin

�j

2

�
:

In general, the following are required of 
 for the crystalline curvature flow:

(A1) 
 W R2 ! Œ0;1/ is convex.

(A2) 
 is positively homogeneous of degree 1.

(A3) There exists ƒ
 > 0 such that ƒ�1
 � 
 � ƒ
 on S1.

(A4) W
 D ¹p W 

ı.p/ � 1º is a convex polygon.

Note that any 
 given by (2.7) with (W1)–(W3) satisfies (A1)–(A4).
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2.2. The proposed minimizing movements

Now, let the spiral † � W be given as

† D
®
x 2 W W u.x/ � �.x/ � 0 mod 2�Z

¯
with u 2 C.W /. Corresponding to the level set equation defined in (2.6), we consider
minimizing the energy functional

w 7!

Z
W


.r.w � �//dx �

Z
W

f wdx C
1

2h




 w � up

.r.u � �//




2
L2
: (2.8)

Formally, the minimizer w� satisfies

�divŒ�.r.w� � �//� � f C
w� � u

h
.r.u � �//
D 0;

which implies

w� D uC h
.r.u � �//
®
divŒ�.r.w� � �//�C f

¯
: (2.9)

On the other hand, the implicit Euler scheme of (2.6) takes the form

u.t C h/ D u.t/C h
.r.u.t C h/ � �//
®
divŒ�.r.u.t C h/ � �//�C f

¯
: (2.10)

Comparing (2.9) and (2.10), we define

Sh.†/ D
®
x 2 W W w�.x/ � �.x/ � 0 mod 2�Z

¯
as the result of the evolution of † for a short time step h > 0. We can now iterate the
stepping as follows:

(1) For given †n (n � 0) and un 2 C.W / satisfying

†n D
®
x 2 W W un.x/ � �.x/ � 0 mod 2�Z

¯
;

compute the minimizer w� of (2.8) with u D un.

(2) Set unC1 D w� and

†nC1 D
®
x 2 W W unC1.x/ � �.x/ � 0 mod 2�Z

¯
:

This algorithm can be applied even if 
 is not smooth, and we can then define †.t/ D †n
when nh � t < .nC 1/h.

Remark 2.1. Formally, if u � � is a signed distance by (2.5), then (2.8) is reduced
to (1.5) by (2.3). In other words, the first variation of the term kw � d†k2L2 in Chambolle’s
algorithm or k.w � u/=

p

.r.u � �//k2

L2
in (2.8) approximates the normal velocity of

the evolving level set, where d† denotes the distance function from †.
From another viewpoint, for Chambolle’s algorithm, one has to choose the function u

satisfying 
.r.u � �// D 1 at least in a tubular neighborhood of †. This is the reason
why Chambolle’s algorithm requires the process of constructing the distance function.
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Remark 2.2. The proposed algorithm is not justified when ¹x 2 W W r.un � �/.x/ D 0º
has a nonempty interior. This means that the integrand of the functional in (2.8) will
formally involve a division by zero. Unfortunately, when we consider the evolution of
interfacial curve (i.e., � � 0), there exists an example such that a level set ¹x 2 � W
u.t; x/ D cº has a nonempty interior for t > 0, even though ¹x 2 � W u.0; x/ D cº does
not have an interior. Let us consider the following isotropic eikonal-curvature motion:

ut � jruj
°

div
�
ru

jruj

�
C1
±
D 0 in .0; T / ��;

u.0; x/ D �jx2j for x D .x1; x2/ 2 �

with � D .R=.2Z//2. Then, one can find that

u.t; x/ D min
®
0; t � jx2j

¯
is a viscosity solution to the above problem. However, ¹x 2� W u.t; x/D 0º has nonempty
interior for every t > 0.

In the practical stage, when fattening develops, we will introduce a cut-off of

.r.u � �// to avoid division by zero; see Sections 2.3 and 3.3.

Remark 2.3. When we consider (1.1) with a more general mobility term of the form

ˇ.�n/V
 D ��
 C f; ˇ ¤ 0;

one can set unC1 as

unC1 D un C
w� � un

ˇ.r.w� � �//
;

where w� is the minimizer of (2.8).

2.3. Existence of minimizing movements

In this subsection, we prove the existence of the sequence ¹unº satisfying our proposed
algorithms. We shall address two essential questions on (i) the existence of a minimizer
of (2.8) for un, and (ii) whether the obtained minimizer unC1 has runC1 again.

We first give a rigorous definition of the functional w 7!
R
W

.r.w � �//dx to find

the minimizer of E. By analogy of the total variation

Œu�BV WD sup
°
�

Z
W

u div'dx W ' 2 C 1c .W IR
2/; j'j � 1

±
and 
.p/D .
ı/ı.p/D sup¹p � q W 
ı.q/� 1º when 
 is convex, let us define J
 WL1.W /
! Œ0;1� by

J
 .w/ D sup
°
�

Z
W

w div'dx �
Z
W

r� � 'dx W ' 2 C 1c .W IR
2/; 
ı.'/ � 1

±
: (2.11)

We obtain the following fundamental properties by a standard argument:
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Lemma 2.4. Assume that (A1)–(A3) hold. Then, the following hold:

(1) J
 is convex, and J
 � 0.

(2) If w 2 BV.W /, then J
 .w/ <1.

(3) lim infu!v J
 .u/ � J
 .v/ in L1.W /.

(4) If w 2 W 1;1.W /, then J
 .w/ D
R
W

.r.w � �//dx.

See Appendix B for the proof of Lemma 2.4.
According to the result of Lemma 2.4, we now define E.�I g/WL2.W /! R [ ¹1º.

For given f;g 2L2.W / and  WW !R such that '=
p
 2L2.W / for every ' 2L2.W /,

define

E.wIg/ WD

8̂<̂
:J
 .w/ �

Z
W

f wdx C
1

2h




w � gp
 




2
L2

if w 2 L2.W /\BV.W /;

1 otherwise:
(2.12)

Lemma 2.5. Assume that (A1)–(A3) hold, and there exist positive constants ˛, A satisfy-
ing

0 < ˛ <  < A on W: (2.13)

Let w 2 L2.W / \ BV.W / be such that E.wI g/ � R for some constant R > 0. Then,
there exist positive constants C0 and C1 such that

kwkBV C kwkL2 � C0 C C1�
2 (2.14)

for � D
p
hA, where kwkBV D kwkL1 C Œw�BV .

Proof. Note that C0, C1, and C2 in the following discussions denote numerical constants,
which will be changed by calculations.

We first demonstrate that

max
®
kwkL1 ; kwkL2

¯
� C0 C C1�C C2�

2: (2.15)

By straightforward calculation, we have

E.wIg/ � J
 .w/C
1

2hA

Z
W

Œ.w � g/2 � 2hAf w�dx

D J
 .w/C
1

2hA

Z
W

Œ.w � .g C hAf //2 � .g C hAf /2 C g2�dx

� J
 .w/C
1

2hA
.kw �Gk2

L2
� kGk2

L2
/; (2.16)

where G D g C hAf . Then, we first obtain

kw �GkL2 �

q
2hARC kGk2

L2
�
p
2hARC kGkL2
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by E.wIg/ � R and J
 .w/ � 0. Hence, we obtain

kwkL2 �
p
2hARC 2kGkL2 �

p
2hARC 2.kgkL2ChAkf kL2/ D C0CC1�CC2�

2:

This also implies that

kwkL1 � jW jkwkL2 � C0 C C1�C C2�
2;

since W is bounded. Hence, we obtain (2.15).
For the bound of Œw�BV , one can find

J
 .w/ �

Z
W

f wdx � E.wIg/ � R:

Let ' 2 C 1c .W IR
2/ be such that j'j � 1. Then, since z' D ƒ�1
 ' satisfies 
ı.z'/ � 1, we

obtain

�

Z
W

wdiv'dx D ƒ

�
�

Z
W

wdivz'dx
�
� ƒ


�
J
 .w/C

Z
W

r� � z'dx
�

� ƒ


�
RC

Z
W

f wdx
�
C

Z
W

r� � 'dx

� ƒ
RC jW jkr�k1 Cƒ
kf kL2kwkL2 :

It implies
Œw�BV D C0 C C1�C C2�

2;

and thus kwkBV � C0 C C1�C C2�2. Since � � .1C �2/=2, we obtain (2.14).

Theorem 2.6. Assume that (A1)–(A3) hold. Then, for every f;g 2L2.W / and WW !R
satisfying (2.13), there exists a unique minimizer w� 2 L2.W / \ BV.W / of E.wIg/.

Proof. By (2.16), we observe that

�1 < �kGk2
L2
=.2hA/ � inf

L2.W /\BV.W /
E.�Ig/ � E.0Ig/ <1:

Thus, there exists wn 2 L2.W / \ BV.W / such that

lim
n!1

E.wnIg/ D inf
w2L2.W /\BV.W /

E.wIg/:

We observe that E.wnI g/ � E.0I g/ C 1 for sufficiently large n, and thus the se-
quence ¹wnº is bounded in L2.W / \ BV.W / by Lemma 2.5. This implies that there
exists a subsequence of wn 2 L2.W / \ BV.W /, which is still denoted by wn, and w� 2
L2.W / \ BV.W / such that wn * w� in L2.W / and kwn � w�kL1 ! 0 as n ! 1;
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see [11, §5.2.3]. It implies

E.w�Ig/ � lim inf
n!1

E.wnIg/ D inf
w2L2.W /\BV.W /

E.wIg/;

since E.�I g/ is lower semicontinuous in L1.W / by Lemma 2.4(3). Hence, w� is the
minimizer of E.

Uniqueness is derived from the strict convexity ofE.�Ig/ onL2.W /\BV.W /, which
is obtained since k.w � g/=

p
 k2

L2
is strictly convex for w 2 L2.W / \ BV.W /.

We next discuss the second problem, that is, the minimizer w� 2 L2.W / \ BV.W /
of E has a function rw� on W . Now, let w 2 BV.W /. According to the theory of func-
tions of bounded variation, there exists a Radon measure � and a �-measurable function
� W W ! R2 satisfying

• j� j D 1 �-almost everywhere in W ,

•
R
W
wdiv'dx D �

R
W
' � �d� for every ' 2 C 1c .W IR

2/.

See [11, §5]. Let � D .�1; �2/ and define the signed measures

�i .U / D

Z
U

� id� .i D 1; 2/

for every Borel set U � W . Then, Lebesgue’s decomposition theorem implies that there
exist signed measures �iac and �is such that

• �i D �iac C �
i
s for i D 1; 2. This decomposition is unique for i D 1; 2.

• �iac is absolutely continuous, and �is is singular for the Lebesgue measure L2 in R2.

• There exists a function ui 2 L1.W / such that

�iac.U / D

Z
U

uidx .i D 1; 2/

for every Borel set U � W .

By combining the above, we observe thatZ
W

w div'dx D �
2X
iD1

�Z
W

'id�iac C

Z
W

'id�is

�
D �

2X
iD1

Z
W

ui'idx Cˆs.'/ (2.17)

for every ' D .'1; '2/ 2 C 1c .W IR
2/, where ˆs.'/ WD �

P2
iD1

R
W
'id�is . From (2.17),

notice that w 2 W 1;1
loc .W / if and only if w 2 L1loc.W /, .u

1; u2/ 2 L1loc.W /, and ˆs � 0.
Hence, we define the weak derivative of w 2 BV.W / by

rw WD .u1; u2/: (2.18)

Now, let un 2 L2.W / \ BV.W / be given for our algorithm. For positive constants
˛ � 1 and A > ˛, set

 D  n WD min
®
max

®

.run � r�/; ˛

¯
; A
¯
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for E.�; un/. Then, the minimizer unC1 of E.�I un/ exists, and also has weak derivat-
ive runC1 in the sense of (2.18). Thus, we can continue the time-stepping iterations of
our algorithm. Consequently, we conclude this section by presenting the following result
for our proposed algorithms:

Theorem 2.7. Let f 2 L2.W /, u0 2 L2.W /\BV.W /. Let h > 0, and 0 < ˛ < A <1
be constants. Then, there exists a unique sequence ¹unºn�0 �L2.W /\BV.W / such that

unC1 D arg min
L2.W /\BV.W /

E.�Iun/

with  D min
®
max

®

.run � r�/; ˛

¯
; A
¯
;

where run is in the sense of (2.18).

3. Numerics for the proposed minimizing movements

This section describes how we use the split Bregman method to efficiently construct the
minimizer of E.wI g/ defined in (2.12). We will see that the Split Bregman algorithm,
combined with a special shrinkage formula, yields a simple algorithm for crystalline
curvature motion. The procedure is then summarized as Algorithm 1.

3.1. The Split Bregman Method

We now review the split Bregman method due to [26] for the calculation of the minim-
izer w� of E.wIg/.

The key idea to find w� is to interpret the problem as a constraint minimization prob-
lem by dividing the dependent variable: find a minimizer .w�; d�/ of

F.w; d/ WD

Z
W


.d � r�/dx �

Z
W

f wdx C
1

2h




w � gp
 




2
L2

subject to d D rw:

To solve this problem, we apply the Bregman iteration due to [7, 33]. Let us introduce the
Bregman distance Dp;q

F of the form

D
p�;q�

F .w; d I yw; yd/ D F.w; d/ � F. yw; yd/ � hp�; w � ywi � hq�; d � yd i

for p� 2 @wF. yw; yd/ and q� 2 @dF. yw; yd/, where

@wF. yw; yd/ D
®
p 2 H 1.W /� W F.w; yd/ � F. yw; yd/ � hp;w � ywi for w 2 H 1.W /

¯
;

@dF. yw; yd/ D
®
q 2 L2.W IR2/� W F. yw; d/ � F. yw; yd/ � hq; d � yd i

for d 2 L2.W IR2/
¯
:
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Then, we set

.wkC1; dkC1/ D arg min
.w;d/2H1.W /�L2.W IR2/

h
D
pk ;qk

F .w; d Iwk ; dk/C
�

2
kd � rwk2

L2

i
;

.w0; d0/ D .g; 0/; pk 2 @wF.w
k ; dk/; qk 2 @dF.w

k ; dk/:

It should hold that .w�; d�/ D limk!1.w
k ; dk/.

Next, we rephrase the above iteration. Since .w; d/ 7! d � rw is linear, the above
iteration is equivalent to the following iteration:

.wkC1; dkC1/ D arg min
.w;d/2H1.W /�L2.W IR2/

h
F.w; d/C

�

2
kd � rw � bkk2

L2

i
; (3.1)

bkC1 D bk CrwkC1 � dkC1; (3.2)

.w0; d0; b0/ D .g; 0; 0/: (3.3)

We solve (3.1)–(3.3) by the following alternate iteration:

wk`C1 D arg min
w2H1.W /

h
F.w; dk` /C

�

2
kdk` � rw � b

k
k
2
L2

i
; (3.4)

dk`C1 D arg min
d2L2.W IR2/

h
F.wk`C1; d /C

�

2
kd � rwk`C1 � b

k
k
2
L2

i
; (3.5)

.wk0 ; d
k
0 / D .w

k ; dk/: (3.6)

For problem (3.4), we consider the Euler–Lagrange equation of the functional

w 7! �

Z
W

f wdx C
1

2h




w � gp
 




2
L2
C
�

2
kdk` � rw � b

k
k
2
L2
;

and then solve the following elliptic equation with the below boundary condition:

w � h� �w D g C h .f � �div.dk` � b
k// in W; (3.7)

.dk` � rw � b
k/ � E� D 0 on @W; (3.8)

where E� denotes the outer unit normal vector field of W . The problem defined in (3.5) is
to find the minimizer of

d 7!

Z
W


.d � r�/dx C
�

2
kd � rwk`C1 � b

k
k
2
L2
:

It is solved by considering the minimizer of the integrand, i.e.,

dk`C1.x/ D arg min
d2R2

h

.d � r�.x//C

�

2
jd � rwk`C1.x/ � b

k.x/j2
i

(3.9)

for every x 2 W . It is mentioned in the next subsection.

Remark 3.1. Note that we shall use  D 
.r.g � �// directly for (3.7) as we will men-
tion in Section 3.4. In this case, one finds that (3.7) is degenerate in an interior of the
set where r.g � �/ D 0. However, numerically it means w� D g there. It seems to be
consistent with the minimizing movement because of the last term of E.wIg/.



A minimizing movements approach for crystalline eikonal-curvature flows of spirals 561

3.2. Shrinkage function

We calculate the polyhedral shrinkage function for the second minimizing problem (3.9)
by following [26]. By considering z
.p/ D .1=�/
.p/ instead of 
.p/ if necessary, (3.9)
is summarized as follows: find a minimizer x� of

x 7! 
.x � z/C
1

2
jx � yj2 (3.10)

for given y; z 2 R2.
First, we consider the necessary condition for the minimizer x� D x�.y; z/ of (3.10)

without assumption (A4). Remark that 
.x/ is represented as


.x/ D sup
p2W


p � x

when 
 is convex, where W
 D ¹p 2R2 W 
ı.p/� 1º, and 
ı.p/D sup¹p � q W 
.q/� 1º.
The following results are a revised version of the formula of x� and its corollary due
to [26]. Since the proofs are similar to those, we omit them. See also [30].

Lemma 3.2. Let x� D x�.y; z/ be the minimizer of (3.10). Then,

x� D y � PW

.y � z/;

where PW

WR2 ! W
 is the projection map of x onto W
 , which is

PW

.x/ D arg min

y2W


jy � xj2:

Corollary 3.3. It holds that y � z 2 W
 if and only if x�.y; z/ D z.

Let us consider the remaining case when y � z …W
 . From here on, let 
 be a convex
and piecewise linear function, that is,


.p/ D max
0�j�N
�1

nj � p;

where nj D rj .cos#j ; sin#j / (rj > 0 is a constant). We here assume that (W1)–(W3) hold
for ¹nj W j D 0; : : : ;N
 � 1º. Note that, when (W1) and (W2) hold, (W3) is equivalent to
the following property:

(W3)’ Qi D ¹p ¤ 0 W ni � p > nj � p for j ¤ iº ¤ ;, and Qi D Ri;i�1 \ Ri;iC1,
where Rj;k D ¹p ¤ 0 W nj � p > nk � pº, and RN
�1;N
 WD RN
�1;0.

Note that (W3)’ implies @Qi D„i�1;i [„i;iC1 [ ¹0º, where„i;iC1 D ¹p ¤ 0 W ni � p D
niC1 � p > 0º. Moreover, 
 is smooth on Qi and has singularities on each „i;iC1. By
using the above notations, we now characterize x� when y � z … W
 .
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Lemma 3.4. Let 
.p/Dmax0�j�N
�1 nj � p with nj D rj .cos#j ; sin#j / for rj > 0 and
#j 2 R, and assume that (W1)–(W3) hold. Let y; z 2 R2 satisfy y � z … W
 . Set

�i D
.y � z/ � .ni � niC1/ � ni � niC1 C jniC1j

2

jni � niC1j2
;

�i D �ini C .1 � �i /niC1:

Let x� be the minimizer of (3.10). Then, the following hold:

(1) If x� � z 2 „i;iC1, then

�i 2 Œ0; 1� and .y � z � �i / � �i � 0: (3.11)

Moreover, x� D y � �i .

(2) If x� � z 2 Qi , then
�i > 1 and �i�1 < 0: (3.12)

Moreover, x� D y � ni .

According to Corollary 3.3 and Lemma 3.4, we introduce the following procedure to
obtain dkjC1:

Scheme (Sh) to obtain dk
`C1

of (3.5).

We do the following for every x 2 W : set y D rwk
`C1

.x/C bk.x/ and z D r�.x/.

Step 1. Check either y � z 2 W
 (i.e., 
ı.y � z/ � 1) or not.
If y � z 2 W
 , then x� D z by Corollary 3.3. Otherwise, we go to the next step.

Step 2. When y � z …W
 , check either x� � z 2
SN
�1

iD0 „i;iC1 or x� � z 2
SN
�1

iD0 Qi .
Note that Lemma 3.4 gives a necessary condition for the minimizer x�. Then, we can

divide the situation into the two cases below.

Case A. There is no i 2 ¹0; 1; 2; : : : ; N
 � 1º satisfying (3.11).
In this case we find x� � z …

SN
�1

iD0 „i;iC1 and then x� � z 2
SN
�1

iD0 Qi . Therefore,
find i0 2 ¹0; 1; : : : ; N
 � 1º satisfying (3.12). If there exists such an i0 uniquely, then set

x� D y � ni0 :

If there exist several i satisfying (3.12), choose i0 that minimizes

i 7! 
.zx�i � z/C
1

2
jzx�i � yj

2 subject to (3.12);

where zx�i D y � ni .
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Case B. There is no i 2 ¹0; 1; 2; : : : ; N
 � 1º satisfying (3.12).
In this case we find x� � z …

SN
�1

iD0 Qi and then x� � z 2
SN
�1

iD0 „i;iC1. Therefore,
find i0 2 ¹0; 1; : : : ; N
 � 1º satisfying (3.11). If there exists such an i0 uniquely, then set

x� D y � �i0 :

If there exist several i satisfying (3.11), choose i0 as that minimizes

i 7! 
.xx�i � z/C
1

2
jxx�i � yj

2 subject to (3.11);

where xx�i D y � �i .

3.3. Algorithm and discretization

We begin by outlining the key steps in Algorithm 1. First, we set up the initial datum
u0 2 C.W / and � for a given initial curve†0 and its orientation of the evolution. Accord-
ingly, the function unC1 for n � 0 is determined by

unC1 WD arg min
w
E.wIun/:

Then, we obtain the sequence of functions un and then the curves †n approximating a
solution †.tn/ at tn D nh by

†n WD
®
x 2 W W un.x/ � �.x/ � 0 mod 2�Z

¯
: (3.13)

In the algorithm, one can find the following two loops:

Outer loop. Finding .wkC1; dkC1/ from .wk ; dk/ by (3.1)–(3.3).

Inner loop. Finding .wk
`C1

; dk
`C1

/ from .wk
`
; dk
`
/ by (3.4)–(3.6).

In these loops, we compute the functional

F k� .w; d Ig/ WD F.w; d/C
�

2
kd � rw � bkk2

L2

D

Z
W


.d � r�/dx �

Z
W

f wdx C
1

2h




w � gp
 




2
L2

C
�

2
kd � rw � bkk2

L2

to check if the functions .wk
`
; dk
`
/ or .wk ; dk/ reach the desired minimizer in the inner or

outer loop, respectively. Here,  D 
.r.un � �//, which may be zero in the computation.
To avoid the division by zero in Algorithm 1, we introduce an approximation of F k� of the
form

F k�;˛.w; d Ig/ WD

Z
W


.d � r�/dx �

Z
W

f wdx C
1

2h




 w � gp
max¹ ; ˛º




2
L2

C
�

2
kd � rw � bkk2

L2
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Algorithm 1: Minimizing movements of spiral curves

Input: †0 � W and u0 2 C.W / such that †0 D ¹u0 � � � 0º.

Output: †.T / D ¹u.T / � � � 0º with some function u.T /WW ! R.

(Time step) for n D 0; 1; : : : ; ŒT=h� � 1 do
Set g D un;

Initialize w0 D un, b0 D d0 D 0;

(Outer loop) for k D 0; 1; : : : do
Initialize wk0 D w

k , dk0 D d
k ;

(Inner loop) for ` D 0; 1; 2; : : : do
Solve (3.7)–(3.8) with  D 
.r.un � �// to obtain wk

`C1
;

Calculate dk
`C1

with Scheme (Sh);

if jF k�;˛.wk`C1; d
k
`C1
Ig/ � F k�;˛.w

k
`
; dk
`
Ig/j < "in then break;

Set wkC1 D wkjC1, dkC1 D dkjC1;

Set bkC1 D bk CrwkC1 � dkC1;

if jF k�;˛.wkC1; dkC1Ig/ � F k�;˛.wk ; dk Ig/j < "out then break;

Set unC1 D wkC1;

with a positive constant ˛ � 1. In summary, we check if´
(for inner) jF k�;˛.w

k
`C1; d

k
`C1Iun/ � F

k
�;˛.w

k
` ; d

k
` Iun/j < "in;

(for outer) jF k�;˛.w
kC1; dkC1Iun/ � F

k
�;˛.w

k ; dk Iun/j < "out

for some "in; "out � 1 to break the inner and outer loop.
On the discretization, we apply the finite difference method. Note that r� should

be considered as a smooth branch of it around the point xi;j at where we discretize the
equations or functionals. See [31] for the details to avoid the discontinuity of � in the
computation. The boundary value problem given by (3.7)–(3.8) can be solved easily, for
example, by the SOR method.

3.4. Discretization of the partial derivatives on a grid

We now summarize the discretization of  D 
.r.un � �// in (3.7) for Algorithm 1. In
fact, one can find that (3.7) implies w D g when 
.r.g � �// D 0. This fact may cause
unexpected motions. For example, a small closed curve does not vanish even though it
should be shrunk because of the curvature. Such an unexpected motion often appears
when we approximate r.g � �/ by the usual central difference. To avoid such a situation,
we introduce an upwind difference for 
.r.g � �// as follows.
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For simplicity of notation, we set Gi;j D g.xi;j / � �.xi;j / with xi;j D .i�x; j�x/
for a uniform grid spacing �x > 0. We present two upwind difference formulas; the first
one is of the form

y@˙x Gi;j D ˙
°Gi˙1;j �Gi;j

�x

�
�x

2
�
�Gi˙2;j � 2Gi˙1;j CGi;j

�x2
;
GiC1;j � 2Gi;j CGi�1;j

�x2

�±
;

where

�.p; q/ D

´
p if jpj < q;

q otherwise:

The second one is just a usual difference in the form

z@˙x U D ˙
Gi˙1;j �Gi;j

�x
:

Then, we define

@˙x Gi;j D

´
y@˙x Gi;j if xi˙1;j 2 W and xi;j˙1 2 W;

z@˙x Gi;j otherwise:

Note that Gi˙1;j in z@˙x Gi;j (resp. Gi˙2;j in y@˙x Gi;j ) is calculated by extension of Gi;j
with the Neumann boundary condition if xi˙1;j … W (resp. xi˙2;j … W ). We also de-
fine @˙y Gi;j with the similar manner of the above. Note that we use z@˙x Gi;j in this paper
even when xi;j˙1 … W . We use the same order of the approximation of @x.g � �/
and @y.g � �/.

We now introduce the approximation formula of D 
.r.g� �//. For qD .q1; q2/ 2
R2 n ¹0º, let us set

.q � r.g � �//i;j D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

q1@Cx Gi;j C q
2@Cy Gi;j if q1 � 0; q2 � 0;

q1@�xGi;j C q
2@Cy Gi;j if q1 < 0; q2 � 0;

q1@Cx Gi;j C q
2@�yGi;j if q1 � 0; q2 < 0;

q1@�xGi;j C q
2@�yGi;j if q1 < 0; q2 < 0:

(3.14)

Then, for 
.p/ D max0�k�N
�1 nk � p, we introduce the approximation  i;j � 
.r.g �
�/.xi;j // in (3.7) for Algorithm 1 as

 i;j D max
0�k�N
�1

.nk � r.g � �//i;j :

Hence, we obtain the difference equation for (3.7), which is of the form

wi;j � h� i;j�wi;j D gi;j C h i;j .fi;j � �Œdiv.dk` � b
k/�i;j /;

where �wi;j is the usual finite difference approximation of �w at xi;j .
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4. Numerical results

We now apply the algorithm introduced in the previous sections to the evolution of spirals
by (1.1) and propose some numerical results.

Throughout this section, we set the domain � D Œ�1:5; 1:5�2 with the Cartesian grid

D4 D
°
xi;j D .i�x; j�x/ 2 � W

�1:5

�x
� i; j �

1:5

�x

±
for a uniform grid spacing�x. We will set�x D 0:02=s with s D 1; 2; 3; 4; 5 to examine
the numerical accuracy of our algorithms in Section 4.1, and often visualize the spiral
profiles for s D 3.

We will further assume that the centers of the spirals lie on the grid nodes, that is,
a` 2 D4 for every ` D 1; 2; : : : ; N . As in the definition of W , we will exclude the grid
nodes xi;j such that

jxi;j � a`j < r D 2�x

to avoid the complexity of computations around the centers a`, ` D 1; 2; : : : ; N .
The evolution equation in (1.1) is rephrased in this section as

V
 D v1.1 � �c�
 / (4.1)

for consistency with [31, 32] and [8], where v1 and �c are positive constants. Here, we
consider only a constant driving force. By considering zf D v1 and z
 D v1�c
 instead
of f and 
 in (1.1), we can apply the algorithms as in the previous sections to (4.1).

4.1. Unit spiral

In this section we consider the fundamental case, that is, a single center with a single
spiral. Let N D 1, a1 D 0, m1 D 1 and thus we set �.x/ D arg x. We choose the size
of the center as r D 2�x. We present numerical studies for the case corresponding to a
triangular spiral; this means N
 D 3 and

nj D 2
�

cos
�.2j C 1/

3
; sin

�.2j C 1/

3

�
; for j D 0; 1; 2: (4.2)

Note that, in this case, 
ı.p/ D max0�j�2 znj � p with

znj D
�

cos
�2�j
3

�
; sin

�2�j
3

��
:

(See [21] for details of the calculation of 
ı from 
 .) We examine the proposed algorithm
for

V
 D 1 � 0:01�
 .v1 D 1; �c D 0:01/I

the time interval is Œ0; 0:8� with time span h D 0:04�x. The other parameters for the
presented computational results are �, "in, "out, ˛ as follows:

� D v1�c ; "in D 10
�2v1�c ; "out D 10

�5v1�c ; ˛ D 10�8:
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We compare the numerical results computed by our algorithm with those by the front-
tracking model introduced in [20]. A brief review of the front-tracking model is provided
in Appendix A.

We will use two functions to quantify the difference between the spirals computed by
our algorithm and those from the front-tracking approach. We denote the spiral computed
by Algorithm 1 as †h.t/ and the one computed by the front-tracking method as †d.t/.

The first one, D.t/ is based on the distance function to†h. Let d†h.t; x/ be a distance
function from †h.t/ with the usual Euclidean metric. Then,

D.t/ D sup
®
d†h.t; x/ W x 2 †d.t/

¯
expresses the distance between †h.t/ and †d.t/.

The second one, denoted by A.t/ (and defined in (4.3) below), measures the area of the
interposed region by †d.t/ and †h.t/. This concept is introduced in [21]. The function A

involves the height function of the crystal surfaces. Let H†h.t; x/ and H†d.t; x/ denote
the height functions corresponding to †h.t/ and †d.t/ (as defined in [21]).

For†h.t/ given by (3.13), we prepare the principal value y�.x/D argx 2 Œ��;�/, and
let �.t; x/ 2 Z be such that

2��.t; x/ < un.x/ � y�.x/ � 2�.�.t; x/C 1/

for .t; x/ 2 Œ0;1/ �W . Then,

�h.t; x/ D y�.x/C 2��.t; x/

yields the branch of arg x whose discontinuities are only on †h.t/.
For H†d.t/, let

Nj D
znj

jznj j
; Tj D

�
1 0

0 �1

�
Nj for j 2 Z=.N
Z/

denote the outer unit normal and tangential vector of j -th facet of W
 with the extended
facet number j 2 Z=.N
Z/. We now consider a polygonal curve †d.t/ D

Sk
jD0†d;j .t/

given by

†d;j .t/ D

´®
.1 � �/yj .t/C �yj�1.t/ W � 2 Œ0; 1�

¯
if j D 1; 2; : : : ; k;®

y0.t/C �T0 W � � 0
¯

if j D 0

with its vertices ¹yj .t/ W j D 0; : : : ; kº. Note that

yj�1.t/ � yj .t/

jyj�1.t/ � yj .t/j
D Tj

and then all facets of †d.t/ are parallel to those of W
 . (See (A.1)–(A.3) and Appendix A
for details on how to determine yj .t/.) Let z#� D z#k � �=2, that is, .cos z#�; sin z#�/D Tk .
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TIME=0.600000 Figure 1. Spiral step function H†d .

We first prepare a branch of argx denoted by‚d.t; x/ 2 .z#
� � 2�; z#�� whose discontinu-

ity is only on a half line including †d;k.t/. Let

Dj .t/ D
®
x 2 R2 W .x � yj / � Nj > 0

¯
for j D 0; : : : ; k, which denotes the region including the terrace in front of†d;j .t/. Then,

�d.t; x/ D ‚d.t; x/ � 2�

kX
jD1

�.xIDc
j .t/ \Dj�1.t//

yields the branch of arg x whose discontinuities are only on †d.t/, where

�.xIU/ D

´
1 if x 2 U;

0 otherwise

for U � R2. Hence,

H†d.t; x/ D
1

2�
�d.t; x/; H†h.t; x/ D

1

2�
�h.t; x/

yield the surface height functions of†d.t/ (resp.†h.t/), which have 1-jump discontinuity
on †d.t/ (resp. †h.t/). Figure 1 is an example of H†d .

Now, set up the initial data so thatH†d DH†h at t D 0. Then, the function jH†d.t; x/

� H†h.t; x/j plays the role of a characteristic function of the interposed region be-
tween †d.t/ and †h.t/ with multiplicity. (An example of the graph of jH†d.t; x/

�H†h.t; x/j is shown in Figure 2.) Hence, we define

A.t/ D
1

jW j

Z
W

jH†d.t; x/ �H†h.t; x/jdx: (4.3)
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TIME=0.600000Figure 2. Graph of jH†d � H†h j. In the left panel, the dashed and solid lines indicate †d.t/

and †h.t/, respectively.

This quantity indicates the difference between †h.t/ and †d.t/ by area of the interposed
region.

We take the opportunity to provide some additional mathematical exposition on A.t/.
Following [28], we introduce a covering space X of the form

X D

²
.x; �/ 2 W �RN W � D .�1; : : : ; �N / satisfies

.cos �j ; sin �j / D arg
x � aj

jx � aj j
for j D 1; 2; : : : ; N

³
;

where aj ; j D 1; 2; : : : ; N; are the centers of the spirals. We then consider spiral curves
on the Riemannian-like surface

W D

²
.x; z/ 2 W �R W z D

1

2�

NX
jD1

mj �j ; .x; �1; : : : ; �N / 2 X

³
:

In other words, the height function H†d.t; x/ of †d.t/ divides W into the inside of †d.t/

of the form
zId.t/ D

®
.x; �/ 2W W � � H†d.t; x/

¯
;

and the outside as W n zId.t/. We here define zIh.t/, the inside of †h.t/, in the same man-
ner as with †h.t/ and H†h.t; x/. Then, the interposed region between †d.t/ and †h.t/
indicates zIh.t/4zId.t/ D . zIh.t/ n zId.t// [ . zId.t/ n zIh.t//. The quantity A.t/ computes
the area of zIh.t/4zId.t/ in the sense of the usual Lebesgue measure in R2. Moreover, note
that A.t/ includes the multiplicity of the interposed region. In fact, let us consider the
situationW D ¹x 2R2 W � � jxj � Rº for someR > � > 0, �.x/D argx,†d.t/D†h.t/

D ¹x D .x1; 0/ 2W W x1 > 0º, but zId D ¹.x; �/ 2W W � � 0º, zIh D ¹.x; �/ 2W W � � 2º.
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In this case D.t/ D 0. At first glance, it might seem that the area of ¹x 2 W W .x; �/ 2
zIh.t/4zId.t/º is zero, but A.t/ D 2 (twice jW j).

We provide several numerical results verifying the accuracy of our scheme. In the
following examinations, we set up the initial curve as

†d.0/ D †h.0/ D
®
�T0 W � 2 Œ0;1/

¯
:

Accordingly, we set the initial data as

The front-tracking model W k D 1; d1.0/ D 0:

Algorithm 1 W u0 D �
�

2
:

In this paper, the solution †d.t/ by the front-tracking model is obtained by solving the
ODE system (A.4) with a fourth-order Runge–Kutta method and smaller time span
�t D 10�6 than that of our approach. Then, we compute the height function H†d.t; x/

by the solution of front-tracking model. Figure 3 displays overlapped snapshots of the
evolving spirals computed using the front-tracking model and using Algorithm 1 at
t D 0; 0:4; 0:6, and 0:8, for the case (4.2). In Figure 4 we show the graphs of D.t/

and A.t/ under the above settings. One can find that the difference becomes smaller when
we choose smaller�x (higher s). However, both D.t/ and A.t/ increase with respect to t
for all cases. From Figure 3, these differences arise and develop around the center when
the facet associated with the center turns around the direction of their evolution. On the
other hand, one also finds that the graphs of D.t/, in particular when s D 1 or 2, seem
to be concave even when the graphs of A.t/ in the same cases are convex. This seems
to be the situation in which the difference between the two simulations around the center
becomes too large so that the step from the front-tracking model catches up with some
other portion of the steps by Algorithm 1.

Next, we investigate the number of inner and outer loops as the computational cost of
our approach. Figure 5 presents the numbers of outer loops for each time step. We find
that the number of outer loops in a time step ranges from 20 to 80. On the other hand,
Figure 6 present the graphs of average numbers of inner loops par one outer loop for each
time step. We find that the range of inner loops is from 1 to 1.5 in all cases. In particular,
the number of inner and outer loops seem to remain very similar for the different values
of �x used in the study.

We here give some remarks on numerical computation. For the level set equation
in (2.6), the fully explicit finite difference method is a simple approach to compute it;
see [21] for details. Our numerical results in this paper are close to those in [21]. It is
well known that we often set the time span as h D O.�xp/. For the level set equation for
crystalline curvature, we shall choose p � 2 for stable and highly accurate computation
when we choose smaller �x. On the other hand, in our approach we can set h D O.�x/
(p D 1), which is an advantage for computation with smaller�x. However, our approach
has a lot of numerical parameters affecting numerical accuracy. In particular, � affects
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t = 0 t = 0.4

Min-move(w/o dist) vs ODE

Evolution of spirals

TIME=0.000000
V = 1.0 (1.000 - 0.010 k)

Domain: [0,0.8000]x[-1.50,1.50]^2
dx=0.0066666667
dt=0.0002666667 (CFL*dx)
CFL: 0.040000

LCM: 1.000000
[Theta = m*arg(x-a)/(BG_LCM*PI)]

Center: (x,y;mag,rad)
#0: (0.0000, 0.0000; 1.0, 0.0033)

ODE approach Min-move

Combine

Min-move(w/o dist) vs ODE

Evolution of spirals

TIME=0.400000
V = 1.0 (1.000 - 0.010 k)

Domain: [0,0.8000]x[-1.50,1.50]^2
dx=0.0066666667
dt=0.0002666667 (CFL*dx)
CFL: 0.040000

LCM: 1.000000
[Theta = m*arg(x-a)/(BG_LCM*PI)]

Center: (x,y;mag,rad)
#0: (0.0000, 0.0000; 1.0, 0.0033)

ODE approach Min-move

Combine

t = 0.6 t = 0.8

Min-move(w/o dist) vs ODE

Evolution of spirals

TIME=0.600000
V = 1.0 (1.000 - 0.010 k)

Domain: [0,0.8000]x[-1.50,1.50]^2
dx=0.0066666667
dt=0.0002666667 (CFL*dx)
CFL: 0.040000

LCM: 1.000000
[Theta = m*arg(x-a)/(BG_LCM*PI)]

Center: (x,y;mag,rad)
#0: (0.0000, 0.0000; 1.0, 0.0033)

ODE approach Min-move

Combine

Min-move(w/o dist) vs ODE

Evolution of spirals

TIME=0.800000
V = 1.0 (1.000 - 0.010 k)

Domain: [0,0.8000]x[-1.50,1.50]^2
dx=0.0066666667
dt=0.0002666667 (CFL*dx)
CFL: 0.040000

LCM: 1.000000
[Theta = m*arg(x-a)/(BG_LCM*PI)]

Center: (x,y;mag,rad)
#0: (0.0000, 0.0000; 1.0, 0.0033)

ODE approach Min-move

Combine

Figure 3. Overlapping snapshots of two spirals at t D 0; 0:4; 0:6, and 0:8, computed using the front-
tracking model (dashed curves) and Algorithm 1 (solid curves), with �x D 1=150 (s D 3).
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Figure 4. Graphs of the distances D.t/ and the area difference A.t/ between the spirals computed
using the front-tracking model and Algorithm 1. The lines with �, ı, �, 4, N correspond to the
cases of s D 1; 2; 3; 4; 5, respectively.
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Figure 5. The number of outer loops used in the simulations involving three different values of s.
The horizontal axis reveals the number of time steps performed in the evolution, while the vertical
axis shows the number of outer loops.

Figure 6. The number of inner loops used in the simulations involving three different values of s.
The horizontal axis reveals the number of time steps performed in the evolution and the vertical axis
shows the average number of inner loops per outer loop.

the profile of spirals and numerical costs. In Figure 3 one can find that the solution of
our approach has smoothing effect, particularly around the corner of the polygonal curve.
If one wants to obtain sharp corner in the solution, one option is to set � to be smaller.
However, if we do so, the number of inner and outer loops may increase.

Here we also give some remarks on the comparison between the front-tracking model
and our approach. For the computation of the evolution of a single spiral, the front-
tracking model is extremely quick to obtain the solution †d.t/. If we compute the height
function H†d.t; x/, almost all of the computation time is spent to compute H†d.t; x/

from †d.t/. Moreover, the front-tracking approach requires generating new facets, so the
ODE system (A.4) and thus the facet number k becomes larger in time. Thus, the compu-
tational time of the front-tracking model for one time step increases, although that of our
approach seems to be constant.

We conclude this subsection by presenting a numerical result of the case of a single
center with multiple spirals. Figure 7 presents the profiles of triple spirals evolving by

V D 2.1 � 0:04�
 /; (4.4)


.p/ D jp1j C jp2j; 
ı.p/ D max
®
jp1j; jp2j

¯
; p D .p1; p2/ 2 R2 (4.5)
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t = 0 t = 0.25

t = 0.5 t = 1.0

Figure 7. Profiles of triple spirals evolving by (4.4) and (4.5) from a single center at t D 0, t D 0:25,
t D 0:5, and t D 1.

with N D 1, a1 D 0, and m1 D 3, and thus � D 3 arg x. In our earlier work [29], an
approach using a signed distance function in a neighborhood of spirals is investigated.
However, it is difficult to apply that approach in this situation.

Remark 4.1. According to the front-tracking model [20], the facet associated with the
center (center-facet) is stationary if it is shorter than the critical length. The critical length
in question is the length of the facet of W
 facing the same direction as the center facet.
When the length of the center-facet reaches the critical length, a new facet is generated at
the center, and the newly generated facet becomes the center-facet. Our approach does not
have such a generation rule. However, the behavior of the facet around the center for our
algorithms is very similar to the generation rule outlined in [20].

Figure 8 show a superposition of snapshots of a spiral evolving with

V D 4.1 � 0:2�
 /; (4.6)
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and (4.5) by Algorithm 1. The dashed line is x D˙.0:4C r/, y D˙.0:4C r/. The initial
curve is ¹.x; 0/ W x > 0º.

We now consider the same situation with the front-tracking model. Then, the ini-
tial data is †d.0/ D †1;d.0/ [ ¹.x; 0/ W x � 0º, †1;d.t/ D ¹.0; y/ W 0 � y � d1.t/º and
d1.0/ D 0. For the evolution equation (4.6) with (4.5), we find W
 D Œ�0:2; 0:2�

2 in this
case so that the center-facet †1;d.t/ can move after the time t� > 0 when d1.t�/ D 0:4.
In other words, †d.t/ evolves as follows:

(1) First, the initial horizontal line ¹.x;0/ W x � 0ºmoves upwards, yielding†0;d.t/D
¹.x; d1.t// W x � 0º, while being connected to the center by the vertical line
†1;d.t/ D ¹.0; y/ W 0 � y � d1.t/º while d1.t/ < 0:4.

(2) When d1.t/D 0:4, the new facet†2;d.t/D ¹.x;0/ W �d2.t/� x � 0º is generated.
The center facet of†d.t/ is changed from†1;d.t/ to†2;d.t/, and then†1;d.t/ can
move as †1;d.t/ D ¹.�d2.t/; y/ W 0 � y � d1.t/º.

The motion of †h.t/ is similar to the above scenario. The vertical line in Figure 8 moves
very slowly until the horizontal line reaches the dashed line (y D 0:4 C r). After the
horizontal line goes over the dashed line, the vertical line accelerates. This seems to be the
reason why we observe that †d.t/ and †h.t/ are very close in a numerical sense.

Figure 8. Serial picture of an evolving spiral from t D 0 to t D 0:25 per �t D 0:025, whose center
is the origin, by (4.6) and (4.5). The dashed lines denote x D ˙.0:4C r/ and y D ˙.0:4C r/.

4.2. Merging of spirals

Co-rotating and opposite rotational pairs are given by setting

�.x/ D m1 arg.x � a1/Cm2 arg.x � a2/I

setm1m2 > 0 for a co-rotating pair, orm1m2 < 0 for an opposite rotational pair. Figure 9
shows the profiles of co-rotating spirals at t D 0, 0:25, 0:39, 0:40, 0:50, and 1:0 evolving
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t = 0 t = 0.25 t = 0.39

t = 0.40 t = 0.5 t = 1

Figure 9. Profiles of co-rotating spirals at t D 0, 0:25, 0:39, 0:40, 0:5, and 1:0 evolving by (4.7)
with Algorithm 1. Note that �x D 1=150 (s D 3).

by
V D 2.1 � 0:1�
 /; (4.7)

with 
 defined in (4.5). The other parameters are as follows:

• Centers: a1 D .�0:7; 0/, a2 D .0:7; 0/, m1 D m2 D 1.

• Initial curve: †0 D ¹a1 C .�x; 0/ 2 W W x > 0º [ ¹a2 C .x; 0/ 2 W W x > 0º, and
thus u0.x/ D 0.

The panels of t D 0:39 and 0:40 in Figure 9 show the detailed profiles when the spir-
als merge. Our approach can keep very narrow parallel facing steps just before merging,
at t D 0:39. It means that our approach has a good performance to reduce the unwanted
smoothing effect. Note that r.u � �/ D 0 where facing steps merge. Thus, one may find
that an unexpected hole (closed curve whose direction is inside of the curve) remains in
such a situation, in particular when we use the usual central difference for the computa-
tion of  D 
.r.un � �// in Algorithm 1. We use the higher-order upwind discretiza-
tion (3.14) to avoid this unwanted effect.

In the works [3, 19, 20, 37], the solution is defined in a class of admissible polygonal
curves, which satisfy
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• There is no self-intersection.

• If a facet of the curve has the same direction as the normal n D Nj as the j -th facet
of W
 , its adjacent facet has the direction of a normal either n D Nj�1 or n D NjC1.

The second property of the above is required to define the crystalline curvature for W
 .
However, the merging of spirals make break the admissibility of the curve, even though
each facets of merged spiral are parallel to some facet of W
 . Figure 10 shows profiles of
co-rotating pentagonal spirals at t D 0; 0:2; 0:4, and 0:6 evolving by8<:V
 D 3.1 � 0:01�
 /;with 
.p/ D max

0�j�4
nj � p; nj D

�
cos

�.2j C 1/

5
; sin

�.2j C 1/

5

�
:

(4.8)

The two centers are at a1 D .�1; 0:4/ and a2 D .1; �0:4/ with m1 D m2 D 1. Note
that the above situation provides a regular pentagonal W
 whose facet has the normal
Nj D .cos.2�j=5/; sin.2�j=5// for j D 0; 1; 2; 3; 4. We choose the initial curve as

†0 D
®
a1 C �T0 W � > 0

¯
[
®
a2 C �T2 W � > 0

¯
: (4.9)

In this situation, a vertex of the curve provided from a2 touches to the flat portion of
the curve from a1 between t D 0:2 and t D 0:4. At that time, the curve is divided into
two parts, which are the merging curves between the facets parallel to T0 and T2, or T0
and T3. Hence, one can find that merging spirals may fail to satisfy the second require-
ment of the admissibility condition. In such cases, the ODE approach due to [20] needs a
procedure adding several zero-length facets fulfilling admissibility; see [14, 15, 27]. Such
an intermediate facet also seems to appear in the evolving curve by our methods, although
it is too hard to find in Figure 10. To clarify the behavior around the merging of spirals,
we examine the situation´

V D 1 � 0:1�
 with the same anisotropy of (4.8);

a1 D .�0:2; 1/; a2 D .0:2;�1/; m1 D m2 D 1;
(4.10)

Figure 11 presents the profiles of the evolving curve by (4.10) with the same initial curve
as (4.9). One can find that the intermediate facet parallel to T1 appears in the merging
curves between the facets parallel to T0 and T2; see the panel of t D 0:8 or t D 1 in
Figure 11.

4.3. Combination of anisotropy

Let us consider the situation such that the anisotropies of crystalline curvature and the
eikonal term, which are denoted by 
1 and 
2, are possibly different. In other words, we
now solve the level set equation of the form

ut � 
1.r.u � �//
®
divŒ�2.r.u � �//�C f

¯
D 0 in .0; T / �W;

where �2 D r
2. For such an equation, our approach can easily be adapted as follows:
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t = 0 t = 0.2 Wulff diagram

t = 0.4 t = 0.6

Figure 10. Profiles of co-rotating spirals evolving by (4.8) at t D 0; 0:2; 0:4; 0:6 with Algorithm 1,
and the Wulff diagram W
 of this case.

(1) Solve (3.7)–(3.8) with  D
p

1.r.un � �//.

(2) Solve (3.9) by the scheme (Sh) with 
 D 
2.

Figure 12 shows the profiles of a spiral at t D 0, 0:25, 0:50, and 1:0 evolving by8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂:

V1 D 2.1 � 0:01�2/;


1.p/ D max
0�j�4

n1;j � p;

n1;j D
�

cos
�.2j C 1/

5
; sin

�.2j C 1/

5

�
;


2.p/ D max
0�j�3

n2;j � p;

n2;j D
p
2
�

cos
�.2j C 1/

4
; sin

�.2j C 1/

4

�
.case (4.5)/

(4.11)

with Algorithm 1, where V1 and �2 denotes the normal velocity defined by 
1 and the
crystalline curvature defined by 
2, respectively. The Wulff diagrams W1 by 
1 and W2

by 
2 are respectively regular pentagon and square, whose facets have the following nor-
mal vectors:

W1 W N1;j D
�

cos
2�j

5
; sin

2�j

5

�
; W2 W N2;j D

�
cos

�j

2
; sin

�j

2

�
:
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t = 0 t = 0.25 t = 0.30

t = 0.5 t = 0.80 t = 1.0

Figure 11. Profiles of merging spirals breaking admissibility. The setting of this situation is as
in (4.10), and �x D 0:00667 (s D 3).

Thus, the evolving spiral forms an octagonal polygonal curve whose normal directions
are chosen from ¹N1;j W 0 � j � 4º [ ¹N2;j W 0 � j � 3º. Yazaki [41] shows that a curve
evolving by V D ��
 C 1 asymptotically converges to the solution of V D 1, after the
curve has moved sufficiently far away. From the context of this result, the evolving spiral
will show the profile as follows:

• It is close to the rescaling of W2 around the center.

• It becomes a convex polygonal curve whose normal directions are chosen from N1;j
or N2;j in the intermediate region.

• Asymptotically, it is close to the rescaling of W1 on a far away region.

4.4. Interlace motion

Let us consider the situation such that all centers have the same multiple numbers of
spirals, that is, mj D zmjm0 with zmj 2 Z and m0 � 2 for j D 1; : : : ; N . Then, the level
set description of spiral curves

†.t/ D
®
x 2 W W u.t; x/ � �.x/ � 0 mod 2�Z

¯
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t = 0 t = 0.25

t = 0.50 t = 1.0

Figure 12. Profiles of a spiral at t D 0, 0:25, 0:50, and 1:0 evolving by (4.11) with Algorithm 1 and
�x D 1=150 (s D 3).

is divided by m0 components of continuous curves †`.t/ for ` D 0; 1; : : : ; m0 � 1 as

†.t/ D

m0�1[
`D0

†`.t/; (4.12)

†`.t/ D
®
x 2 W W u.t; x/ � �.x/ � 2�` mod 2�m0Z

¯
: (4.13)

In such a case, we attempt to consider the situation such that each †`.t/ evolves its own
evolution equation

V
` D f` � �
` on †`.t/ (4.14)

by an anisotropic curvature �
` with an anisotropic energy density 
` and a driving forcef`
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for ` D 0; 1; : : : ; m0 � 1. We call such an evolution interlace motion. One can find such
a situation in some real crystal growth experiments; see, for example, [40]. Its growth
mechanism is understood as in [39].

We now give a formal discussion to examine the interlace motion with our algorithm.
For simplicity of exposition, we tentatively assume that 
` are smooth so that the level set
equation

ut C F`.r.u � �/;r
2.u � �// D 0

where F`.rw;r
2w/ D 
`.rw/¹div.�`.rw//C f`º; �` D r
`

for (4.14) is well defined for each ` D 0; 1; : : : ; m0 � 1. Due to the idea by [38], we now
introduce a periodic cut-off function � W R=.2�m0Z/! R; define

�.�/ D max
°
0;min

°
1;
� � j� j

"
C
1

2

±±
for a constant 0 < "� 1. Note that � satisfies

�.�/ D

8̂<̂
:
1 if � 2

h
�� C

"

2
; � �

"

2

i
;

0 if � 2 Œ�m0�;m0�� n
�
�� �

"

2
; � C

"

2

�
;

m0�1X
`D0

�.� � 2�`/ D 1:

Then, formally, we find that the motion by (4.14) will be formulated with the solu-
tion u.t; x/ to

ut C �.u � �/F0.r.u � �/;r
2.u � �//

C �.u � � � 2�/F1.r.u � �/;r
2.u � �//

C � � � C �.u � � � 2�.m0 � 1//Fm0�1.r.u � �/;r
2.u � �// D 0 (4.15)

in .0; T /�W . Now, we consider the implicit difference scheme of (4.15) only in the time
variable. Then, we obtain

u.t C h/ D u.t/

C h

m0�1X
`D0

�.u.t C h/ � � � 2�`/F`.r.u.t C h/ � �/;r
2.u.t C h/ � �//:

According to Section 2.2, the minimizer w�
`

of

w 7!

Z
W


`.r.w � �//dx �

Z
W

f`wdx C
1

2h




 w � u.t/p

`.r.u.t/ � �//




2
L2
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satisfies

w�` D u.t/C h
`.r.u.t/ � �//
®
div¹�`.r.u.t C h/ � �//º C f`

¯
� u.t/C hF`.r.u.t C h/ � �/;r

2.u.t C h/ � �//:

Hence, we observe that

w� D

m0�1X
`D0

�.u.t/ � � � 2�`/w�`

� u.t/C h

m0�1X
`D0

�.u.t/ � � � 2�`/F`.r.u.t C h/ � �/;r
2.u.t C h/ � �//

gives a finite difference scheme of (4.15). Thus, we define an algorithm of the interlace
motion by (4.12), (4.13), and (4.14) as follows:

(1) For given †n (n � 0) and un 2 C.W / satisfying

†n D
®
x 2 W W un.x/ � �.x/ � 0 mod 2�Z

¯
; n D �

r.un � �/

jr.un � �/j
;

†n;` D
®
x 2 W W un.x/ � �.x/ � 2�` mod 2�m0Z

¯
for ` D 0; : : : ; m0 � 1;

find the minimizer w�
`
2 L2.W / [ BV.W / of

w 7!

Z
W


`.r.w � �//dx �

Z
W

f`wdx C
1

2h




 w � unp
max¹ `; ˛º




2
L2

with  ` D 
`.r.un � �// for every ` D 0; 1; : : : ; m0 � 1.

(2) Set

unC1 D

m0�1X
`D0

�.un � � � 2�`/w
�
`

to return (1).

Figure 13 presents an example of interlace motion by two minor steps with a triangle
anisotropy successively rotating � . The details of the setting are as follows:8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

Center W N D 1; a1 D O; �.x/ D 2 arg x;

Evolution equation W V` D 3.1 � 0:02�`/;

Energy density W 
`.p/ D max
0�j�2

.cos#`;j ; sin#`;j / � p

with #`;j D
2�j

3
C
�

6
C �` .j D 0; 1; 2; ` D 0; 1/;

Initial data W The curve obtained from u0 D 0:

(4.16)

One can find a hexagonal pattern made by evolution and bunching of curves with triangle
anisotropy.
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t = 0 t = 0.25

t = 0.50 t = 1.0

Figure 13. Profiles of interlace motion at t D 0; 0:25; 0:5, and 1:0 by (4.16).

Shtukenberg et al. [35] reports fascinating phenomena—so-called illusory loops and
spirals. According to [35], L-cystine crystals have the following features:

• The crystal lattice has a hexagonal structure (N
 D 6).

• The unit cell of the lattice consists of six layers (m0 D 6) successively rotated clock-
wise by �=3.

• Each minor layer has a hexagonal pattern, whose unit cell has one facet having small
energy density, and five facets having large energy density.

By the above structure, screw dislocation with the height of the unit molecule in an L-
cystine crystal provides six minor steps evolving by hexagonal crystalline motion.
Moreover, because of the asymmetry of energy density and the twisted structure of it,
a bunch of minor steps forms

• a hexagonal target pattern (sequence of closed curves) even when the minor steps form
spiral steps,
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• a hexagonal spiral pattern even when the minor steps form closed curves.

We here propose a way to examine this situation using our approach.
By the above situation, we consider that the fundamental Wulff shape W
 of minor

steps satisfies the following:

• The unit normal vector Nj of j -th facet of W
 is

Nj D
�

cos
�j

3
; sin

�j

3

�
for 0 � j � 5: (4.17)

• The surface energy of 0-th facet is a times of the other facets, that is,


.N0/ D a
.Nj / for 1 � j � 5; (4.18)

where 0 < a < 1 is a constant.

Note that if the Frank diagram F
 D ¹p 2 R2 W 
.p/ � 1º is represented as a convex hull
of its vertices qj , that is,

F
 D
°N
�1X
jD0

cjqj W 0 � cj � 1;
N
�1X
jD0

cj�1
±
;

then we observe that


ı.p/ D sup
®
p � q W 
.q/ � 1

¯
D max
0�j�N
�1

p � qj :

Therefore, we now set the vertices qj of F
 as

q0 D
1

a
N0 D

�1
a
; 0
�
; qj D Nj for 1 � j � 5

to establish (4.17) and (4.18). To establish the successively rotating anisotropies of minor
steps, we set


ı` .p/ D max
0�j�5

p � qjC` for 0 � ` � 5: (4.19)

Here, we have considered j C ` 2 Z=.6Z/ in the above formula. See Figure 14 for the
profiles of W
0 and F
0 for 
0 and 
ı0 using the above setting with a D 0:5.

Figure 15 and 16 show the profiles of illusory loops and spirals, respectively, by the
above algorithm with a D 0:5. The settings are as follows:

• Evolution equation: V
` D 3.1 � 0:02�
`/ for 0 � ` � 5.

• Centers:

– (Figure 15) N D 1, a1 D .0; 0/, m1 D 6.

– (Figure 16) N D 2, a1 D .�0:1; 0/, a2 D .0:1; 0/, m1 D 6, m2 D �6.

• Initial curve: †0 is the curve given by setting u0 � �� .
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Figure 14. Graphs of 
0 and F
0 , or 
ı0 and W
0 defined by (4.19) with a D 0:5.

In both cases, there are slower steps, catching the following faster steps, and then bunching
phenomena make an irregular pattern against the situation of minor steps. In the case of
Figure 15, each minor step forms a spiral curve that is not closed. However, bunches of
minor steps make a target pattern that looks like a sequence of closed loops. Similarly, in
the case of Figure 16, a bunch of minor steps make a spiral pattern, although each minor
step forms a closed curve.

5. Summary

In this paper, we have introduced a minimizing movements algorithm based on [9, 26]
for the evolution of spirals by crystalline curvature flow. Chambolle’s formulation [9]
involves a signed distance function to the interface. However, in the case of the evolving
spirals, the signed distance function of a spiral curve is not convenient to work with, even
in a small neighborhood around the spiral. Therefore, this paper introduced a modification
that does not require the construction of signed distance functions after the time step. This
modification, therefore, leads to a simpler numerical algorithm. As in the minimizing
movements formulation, the algorithm requires solving optimization problems involving
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t = 0 t = 0.1 t = 0.2

t = 0.3 t = 0.4 t = 1

Figure 15. Numerical simulation forming illusory loops.

t = 0 t = 0.1 t = 0.2

t = 0.4 t = 0.6 t = 1

Figure 16. Numerical simulation forming illusory spirals.
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L1-type surface energy density. We proved the existence of minimizers for our approach
(the functions whose zero level sets embed the spirals) and showed that the derivatives of
the minimizers are in BV .

For the evolution of a single spiral, our computational results are very close to those
computed by the front-tracking algorithm developed by [20]. Since our proposed algo-
rithm for advancing the spiral involves outer and inner loops, we present empirical evid-
ence that the number of inner and outer loops does not increase as the underlying Cartesian
grid is refined.

By using level set functions, our approach enables us to handle merging of multiple
spirals. Moreover, since our approach does not rely on the distance functions to the spir-
als, it allows us to handle the case in which bunching occurs. As applications of it, we
showcased computational results on interlace motion [39,40], and illusory loops and spir-
als [35].

A. A front-tracking model for a single spiral

In this section we present a quick review of the model by [20].
Assume that W
 is a convex polygon having N
 facets. The normal and tangential

vector of the j -th facet of W
 is denoted by

Nj D .cos z#j ; sin z#j /; Tj D .sin z#j ;� cos z#j /:

We also denote the length of the j -th facet as j̀ > 0. We here assume that z#j satisfies
(W1)–(W3), and extend #j from j D 0; 1; : : : ; N
 � 1 to all j 2 Z by

z#jCnN
 D
z#j C 2�n for j D 0; 1; : : : ; N
 � 1 and n 2 Z:

We choose z#0 2 Œ��; �/ in this section. Accordingly, the facets of W
 are numbered
with counterclockwise rotation, and the numbering of facets are extended from j D

0; 1; : : : ; N
 � 1 to j 2 Z=.N
Z/ as

NjCnN
 D Nj ; TjCnN
 D Tj ; j̀CnN
 D j̀

for every n2Z and j D 0;1; : : : ;N
 � 1. See Figure 17 for details of the notations for W
 .

Let†d.t/D
Sk
jD0†d;j .t/ be a polygonal spiral evolving by the front-tracking model

of [20]. We denote the j -th facet of †d.t/ by †d;j .t/. Here, we consider only the case
when †d.t/ is convex, so that we assume that †d;j .t/ is parallel to the j -th facet of W


for j 2 Z=.N
Z/. We also denote the center of †d.t/ by yk.t/, and the vertices of †d.t/

by yk�1.t/, yk�2.t/; : : : ; y1.t/, and y0.t/. Assume that yk.t/ D O , that is, the center
is fixed at the origin. We also assume that †d;0.t/ has infinite length. Then, †d;j .t/ is
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<latexit sha1_base64="8adnuljqBegBTI7Ozpb5vmbm1ks="></latexit>W�

<latexit sha1_base64="HqNttR7sgTzjxuYNrgj5gOR0JSY="></latexit>

`j

<latexit sha1_base64="Yz4ZX0XKjbniRSkxi/vYqDJxa4U="></latexit>

Nj

<latexit sha1_base64="5TZGGS4EQN8jdjsDZ0zxxVBRR2I="></latexit>

Tj

<latexit sha1_base64="8SsbVLzq3UhcLaOxmJ/KlFPnnFs="></latexit>

Nj+1

<latexit sha1_base64="8QBseIh0cRchHwm2Wb/o83PVgGw="></latexit>

Tj+1

Figure 17. Notations for the Wulff diagram W
 .

described as

†d;j .t/ D

´
¹yj .t/C �Tj W � 2 Œ0; dj .t/�º if j D 1; 2; : : : ; k;

¹y0.t/C �T0 W � 2 Œ0;1/º if j D 0;
(A.1)

yj�1.t/ D yj .t/C dj .t/Tj for j D k; k � 1; k � 2; : : : ; 1; (A.2)

yk.t/ D O; (A.3)

where dj .t/ denotes the length of †d;j .t/. By the above formulation and [3,37], the crys-
talline curvature of †d;j .t/ is defined by

�
 D
j̀

dj .t/
:

Thus, (1.1) is translated as a formula of normal velocity Vj of j -th facet of the form

Vj D �
j̀

dj
C f:

Consequently, the motion of †d.t/ by (1.1) is described by the evolution of dj .t/ by the
following ODE system:8̂̂̂̂

ˆ̂̂̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂:

Pdk D c
�
k

�
f �

`k�1

dk�1

�
;

Pdk�1 D �bk�1

�
f �

`k�1

dk�1

�
C c�k�1

�
f �

`k�2

dk�2

�
;

Pdj D �bj

�
f �

j̀

dj

�
C cCj

�
f �

j̀C1

djC1

�
C c�j

�
f �

j̀�1

dj�1

�
for j D 2; 3; : : : ; k � 2;

Pd1 D �b1

�
f �

`1

d1

�
C cC1

�
f �

`2

d2

�
C c�1 f;

(A.4)

where bj and c˙j > 0 are constants determined by z#j . Moreover, the generation of a new
facet at the origin is proposed in [20] for the evolution of a spiral; as the result of the
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motion of †d.t/, if the length of †d;k.t/ reaches the critical length `k=f , then we add a
new facet †d;kC1.�/ to †d and change the fixed center of †d.t/ to ykC1.t/ at t D Tk . In
summary, an algorithm proposed in [20] is outlined as follows:

(1) Give an initial data †d.0/ D
Sk
jD0 †d;j .0/ with suitable initial data dj .0/ for

j D 1; : : : ; k � 1 and dk.0/ D 0. Set Tk�1 D 0.

(2) Solve (A.4) in .Tk�1;1/.

(3) Let us set Tk D sup¹T > Tk�1 W dk.t/ < `k=f for t 2 ŒTk�1; T /º. If Tk <1, then
we add a new facet †d;kC1.Tk/ to †d.Tk/, and change the fixed center of †d.t/

to ykC1.t/ at t D Tk .

(4) Return to (2), changing its center facet number k to k C 1.

Note that the evolution law, in particular the behavior of the terminal facets †d;k.t/

and †d;0.t/ of the front-tracking model or the boundary condition are slightly differ-
ent from our minimizing movements approach. However, in Section 4.1 we have seen
that †d.t/ and †h.t/ are numerically close.

B. Proof of Lemma 2.4

We now prove

(1) J
 is convex and nonnegative.

(2) J
 .w/ <1 for w 2 BV.W /.

(3) lim infu!v J
 .u/ � J
 .v/ in L1.W /.

(4) If w 2 W 1;1.W /, then J
 .w/ D
R
W

.r.w � �//dx.

However, we omit the proof of (1) since it is clear. See (2.11) for the definition of J
 .

Proof. We demonstrate (2) and (3). Letw 2BV.W / and ' 2 C 1c .W IR
2/with 
ı.'/� 1.

Note that

1

ƒ

� 
ı � ƒ
 on S1;


.p/ � 1; or 
ı.p/ � 1 implies jpj � ƒ
 (B.1)

by (A2) and (A3). Then,

�

Z
W

wdiv'dx �
Z
W

r� � 'dx

� k'k1

�
�

Z
W

wdiv
'

k'k1
dx
�
C jW jkr�k1k'k1

� ƒ
 .Œw�BV C jW jkr�k1/

by (B.1), where jW j is a Lebesgue measure ofW, and k'k1 D supW j'j. This implies (2).
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Next, we observe thatZ
W

udiv'dx !
Z
W

vdiv'dx as u! v in L1.W /;

since div' is bounded on W . Hence, we obtain

lim inf
u!v

J
 .u/ � lim inf
u!v

h
�

Z
W

udiv'dx �
Z
W

r� � 'dx
i

D �

Z
W

vdiv'dx �
Z
W

r� � 'dx;

which implies (3).
Finally, we prove (4). First, let w 2 W 1;1.W / and ' 2 C 1c .W IR

2/ with 
ı.'/ � 1.
Then, we obtain

�

Z
W

wdiv'dx �
Z
W

r� � 'dx D

Z
W

r.w � �/ � 'dx �

Z
W


.r.w � �//dx;

since 
.p/ D sup¹p � q W 
ı.q/ � 1º, which implies J
 .w/ �
R
W

.r.w � �//dx.

We next show that Z
W


.r.w � �//dx � J
 .w/ (B.2)

for w 2 W 1;1.W /. We first note that 
 is Lipschitz continuous, that is,

j
.p1/ � 
.p2/j � ƒ
 jp1 � p2j for p1; p2 2 R2: (B.3)

This implies thatˇ̌̌Z
W


.r.w � �//dx �

Z
W


.r.v � �//dx
ˇ̌̌
� ƒ
kw � vkW 1;1 for w; v 2 W 1;1.W /:

Then, it suffices to prove (B.2) for w 2 C 1c .R
2/, since C 1c .R

2/ is dense in W 1;1.W /.
We now make some preparations for the proof. Note that r.w � �/ is uniformly con-

tinuous on W . Let us fix " > 0 as arbitrary, and fix ı > 0 satisfying

sup
jy�xj<ı

jr.w � �/.y/ � r.w � �/.x/j <
"

4ƒ
 jW j
:

Then, since ¹Bı.x/ W x 2 W º is an open covering of W , there exists x1; x2; : : : ; xM
2 W such that W �

SM
jD1 Bı.xj /. Let �j WR2 ! Œ0; 1� be the partition of unity, that is,

�j 2 C
1.R2/ for j D 0; 1; : : : ;M such that

• supp�j � Bı.xj / for j D 1; : : : ;M , and supp�0 � R2 nW ,

•
PM
jD0 �j � 1, in particular

PM
jD1 �j .x/ D 1 for x 2 W .
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Let q";j 2 R2 be such that 
ı.q";j / � 1 and


.r.w � �/.xj // �
"

2jW j
< r.w � �/.xj / � q";j for j D 1; : : : ;M:

Let d.x/ be a distance function of @W for x 2 R2, that is,

d.x/ D

´
inf¹jx � yj W y 2 @W º if x 2 W;

� inf¹jx � yj W y 2 @W º otherwise:

Then, since @W is smooth, there exists ı0 > 0 such that d 2 C 1.@W ı0/, where

@W ı0 D
®
x 2 R2 W jd.x/j < ı0

¯
:

We now consider a cut-off function � 2 C 1.R/ such that � is monotone nondecreasing
and satisfies

�.r/ D

´
0 if r � 1=2;

1 if r � 1:

Then, we observe that zdn.x/ D �.nd.x// 2 C 1.R2/ for sufficiently large n 2 N.
Set

J.wI'/ D �

Z
W

w.y/div'.y/dy �
Z
W

r�.y/ � '.y/dy

for w 2 C 1c .W / and ' 2 C 1c .W IR
2/. We now choose n 2 N sufficiently large so that

zdn.x/ 2 C
1.R2/, zdn.xj / D 1 for every j D 1; : : : ;M , and

j@W
1
n \W j <

"

ƒ
 .1C L/
where L D sup

W

jr.w � �/j:

Note that

W \ @W
1
n D

®
x 2 W W 0 � zdn.x/ < 1

¯
; W n @W

1
n D ¹x 2 W W zdn.x/ D 1º:

Now, let us set '".x/ D
PM
jD1
zdn.x/�j .x/q";j . Then, '" 2 C 1c .W IR

2/ and


ı.'".x// �

MX
jD1

�j .x/ D 1

for x 2 W by (A1) and (A2). We now calculate J.wI '"/ with integration by parts and
obtain Z

W


.r.w � �/.y//dy � J.wI'"/

D

Z
W

�

.r.w � �/.y// � r.w � �/.y/ � '".y/

�
dy D I C II; (B.4)
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where

I D

Z
W1

�

.r.w � �/.y// � r.w � �/.y/ � '".y/

�
dy; W1 D W n @W

1
n ;

II D
Z
W2

�

.r.w � �/.y// � r.w � �/.y/ � '".y/

�
dy; W2 D W \ @W

1
n :

In the first part, since zdn D 1 on W1, we have

I D

MX
jD1

Z
W1\Bı .xj /

�j .y/
�

.r.w � �/.y// � r.w � �/.y/ � q";j

�
dy:

For y 2 W1 \ Bı.xj /, we observe that


.r.w � �/.y// � r.w � �/.y/ � q";j

� 
.r.w � �/.xj // � r.w � �/.xj / � q";j

C .ƒ
 C jq";j j/jr.w � �/.y/ � r.w � �/.xj /j

<
"

jW j

by (B.3) and (B.1). Then, we obtain

I <
"

jW j

MX
jD1

Z
W1\Bı .xj /

�j .y/dy D ": (B.5)

On the second part of (B.4), we give an estimate of

II D
MX
jD1

Z
W2\Bı .xj /

�j .y/
�

.r.w � �/.y// � zdn.y/r.w � �/.y/ � q";j

�
dy:

Note that 
.p/ � ƒ
 jpj for every p 2 R2. Thus, we haveˇ̌

.r.w � �/.y//�zdn.y/r.w � �/.y/ � q";j

ˇ̌
� 
.r.w � �/.y//Cjr.w � �/.y/jjq";j j

� 2ƒ
L

for y 2 W2 \ Bı.xj /. Hence, we obtain

jIIj � 2ƒ
L
MX
jD1

Z
W2\Bı .xj /

�j .y/dy D 2ƒ
LjW2j � 2": (B.6)

By combining (B.4), (B.5), and (B.6), we obtainZ
W


.r.w � �/.y//dy � J.wI'"/ � 3";
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which implies Z
W


.r.w � �//dx � J
 .w/C 3":

Letting "! 0, we obtain (B.2) for w 2 C 1c .R
2/, and thus (4).

Acknowledgements. The authors are grateful to Professor Y. Giga for valuable com-
ments and for bringing the papers [14, 17, 27] to their attention. The authors are also
grateful to anonymous referees for valuable suggestions to improve the presentation of
this paper.

Funding. The work of Ohtsuka is partly supported by JSPS KAKENHI Grant Number
21K03319. Tsai is partially supported by NSF Grant DMS-2110895. Tsai also acknow-
ledges support from the National Center for Theoretical Sciences (NCTS), Taiwan, during
his visits.

References

[1] F. Almgren and J. E. Taylor, Flat flow is motion by crystalline curvature for curves with crys-
talline energies. J. Differential Geom. 42 (1995), no. 1, 1–22 Zbl 0867.58020 MR 1350693

[2] F. Almgren, J. E. Taylor, and L. Wang, Curvature-driven flows: a variational approach. SIAM
J. Control Optim. 31 (1993), no. 2, 387–438 Zbl 0783.35002 MR 1205983

[3] S. Angenent and M. E. Gurtin, Multiphase thermomechanics with interfacial structure. II.
Evolution of an isothermal interface. Arch. Rational Mech. Anal. 108 (1989), no. 4, 323–391
Zbl 0723.73017 MR 1013461

[4] G. Barles and C. Georgelin, A simple proof of convergence for an approximation scheme for
computing motions by mean curvature. SIAM J. Numer. Anal. 32 (1995), no. 2, 484–500
Zbl 0831.65138 MR 1324298

[5] G. Barles, H. M. Soner, and P. E. Souganidis, Front propagation and phase field theory. SIAM
J. Control Optim. 31 (1993), no. 2, 439–469 Zbl 0785.35049 MR 1205984

[6] G. Bellettini and M. Paolini, Anisotropic motion by mean curvature in the context of Finsler
geometry. Hokkaido Math. J. 25 (1996), no. 3, 537–566 Zbl 0873.53011 MR 1416006

[7] L. M. Brègman, A relaxation method of finding a common point of convex sets and its applic-
ation to the solution of problems in convex programming. Ž. Vyčisl. Mat i Mat. Fiz. 7 (1967),
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