Interfaces Free Bound. 28 (2026), 547-594 © 2025 European Mathematical Society
DOI 10.4171/IFB/547 Published by EMS Press
This work is licensed under a CC BY 4.0 license

A minimizing movements approach for crystalline
eikonal-curvature flows of spirals

Takeshi Ohtsuka and Yen-Hsi Richard Tsai

Abstract. We propose an algorithm for evolving spiral curves on a planar domain by normal
velocities depending on the so-called crystalline curvatures. The algorithm uses a minimizing move-
ments approach and relies on a special level set method for embedding the spirals. We present
numerical simulations and comparisons demonstrating the efficacy of the proposed numerical
algorithm.

1. Introduction

In this paper, we propose a numerical method for the evolution of spirals in a bounded
domain  C R? by the crystalline curvature flow. We denote the spirals at time ¢ by X (¢),
and use n for a continuous unit normal vector field on X (¢) defining the orientation of the
evolution. In this normal direction, the speed of the spirals is formally defined by

Vy:_Ky+f; (11)

where V), and k, respectively denote the normal velocity and the crystalline curvature

of ¥ (¢) and f is the given driving force. Each spiral in X(¢) is attached to a stationary

center denoted by aq,...,ay € 2, and in the evolution of X (¢), portions of different spir-

als may merge. To describe the merger of spirals during the evolution, we formulate X (¢)

by the level set method developed in [28,31]. In this formulation, X (¢) and n are given by
V(u—20)

S@t)={xeW u(t,x)—0(x) =0 mod 2rZ}, n=—m, (1.2)

with an auxiliary function u(¢, x) and the predetermined function

N
0(x) =y mjarg(x —a;),

Jj=1
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where arg(x) denotes the argument of x € R and m; € Z \ {0}, W = Q \ (U_ﬁv=1 B (aj)),
and B, (a) denotes an open disc with center ¢ € R? and a radius » > 0. The domain W
is chosen so that the singularity of arg(x — a;) is removed from €2, and thus X(¢) is well
defined in (1.2), even though 6 is a multi-valued function.

Crystalline mean curvature flow is an anisotropic mean curvature flow with a singular
and nonlocal surface energy density. We refer to the survey paper [17] for the crystal-
line mean curvature flow, and the book [16] for a level set formulation of the geometric

evolution equation. A level set formulation of (1.2) yields that
y(V(u—0))

where y = y(p) € C2(R?\ {0}) and § = (3p,y,dp,¥) for p = (p1, p2) denotes an aniso-
tropic surface energy density and the Cahn—-Hoffman vector, respectively. Hence, (1.1)
will be represented as

Vy Ky = —div[§(V(u —0))],

ur —y(V@u — 0){diviE(V(u —0))]+ f} =0 in(0,T) x W. (1.3)
The Wulff diagram associated with y is defined as

Wy ={peR?:y°(p) =1} wherey°(p) =sup{p-q:y(q) < 1}.
An important feature of the crystalline curvature «,, is that k,, = 1 on the boundary d'W,,
which is a convex polygon (see [6] for details). It is therefore natural to identify a piece-
wise linear y° by 7i; € R?\ {0} for j =0,..., N, — 1, using the formula

y(p) = o< AX 117 P

Consequently, y is also a piecewise linear, that is,

y(p) = o< X )P (1.4)
for some n; € R? \ {0} for j = 0,..., N, — 1. See [34]. We point out that it is not
immediately clear how to make sense of (1.3) classically, as it involves formally taking
the first and second derivatives of y. In this paper, we propose a new numerical algorithm
to compute the solution of (1.3), particularly with y of the form (1.4), in the sense of a
weak formulation.

The variational approach by [2,9] is a powerful option for formulating our problem.
Almgren, Taylor, and Wang [2] launched an algorithm for the isotropic mean curvature
flow by regarding it as a minimizing problem of the functional that consists of its perimeter
and deformation. This idea is also extended to the problem with driving force by [23], or
the crystalline case by [1]. Chambolle [9] proposed an algorithm combining the above idea
and a level set method using a signed distance function from an interface. This algorithm
includes the minimization of the total variation of u, interpreted as minimizing the peri-
meter of each of u’s level sets, and the L2 norm, which measures the deformation from
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one discrete step to the next. Therefore, one may consider a splitting algorithm for the
minimization problem, using more efficient algorithms for the total variation and L? min-
imization separately and iteratively. Oberman, Osher, Takei, and the second author [26]
proposed an algorithm with split Bregman method [18] for interface motion by mean
curvature, and extend it to the crystalline case. The goal of this paper is to extend the
algorithm by [26] to the evolution of spirals.

We now quickly review the formulation in [9]. Let @ C R? be a domain and ¥ C Q
be a given interfacial curve, separating 2 into two disjoint subsets. Let dx: Q2 — R be a
signed distance function to ¥ such that dx, is positive inside of X. The minimizer w* of
the functional

1
Ew) = [ y(Twpds + 3w = dsl

formally satisfies

_div[E(Vw*)] + # —0.

Note that —div[§(Vw™)] denotes an anisotropic curvature of level sets of w* with an
anisotropic energy density y (see [16]). Moreover, ¥ moves to the region of {x € Q :
dx(x) < 0} when V' > 0. Hence, one can find that

Thi={x e Q:w*(x) =0} = {x € Q:dz(x) = —hdiv[§(Vw* (x))]}

is the result of the evolution of ¥ by V = —«,, in a short time interval [0, A].
When we apply the above idea to our problem, it is natural to consider the minimiza-
tion problem of the form

lw—gl7-

o (1.5)

w > / y(V(w —0))dx —/ fwdx +
w w

where g is a function relating to the signed “difference” from the current state of spiral
Y (t) € W. However, one cannot take g as the “signed distance function” because X (¢)
is not an interfacial curve. Indeed, a spiral curve is an open curve in general so that it
does not divide the domain into two regions. For this problem, the level set method by
[28,31] overcomes this issue by considering (1.2) instead of the level set of u. Therefore,
one option is to construct g € C(W) so that g — § = Mdy in a neighborhood of X (¢),
where M > 1 is a constant that is chosen so that g is continuous on w. (Note that there is
a preliminary report [29] in which the first author mentions this algorithm.) Unfortunately,
however, it may be necessary to choose an extremely large M, in particular when there
is a center having multiple spirals, and the resulting algorithm does not seem particularly
robust. To overcome these difficulties, we choose a general level set function, that is,
u, = u(nh, x) to replace g instead of a signed distance function. Then, we consider the
minimizing problem of the form

w|—>/ y(V(w—@))a’x—[ fwdx +
w w

w— Uy
L2

1 2
a3l Jr e )

(1.6)
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instead of (1.5). If w* is the minimizer of the above, then it formally yields the finite
difference approximation of (1.3). Thus, we set u#,4+; = w™ and continue to solve the
above with replaced u, by uz,4;.

Our idea leads to two crucial improvements: our algorithm does not require computing
the signed distance to a curve, and we may choose m; € Z \ {0} so that |m;]| is large. In
fact, if |m;| > 1, then the spiral curves are very crowded around the center a;. This
situation is too difficult to compute by the algorithm using the signed distance without
additional adaptivity in meshing. In particular, the second improvement enables us to treat
the bunching phenomena. In experimental crystal growth, interlace patterns or so-called
illusory spirals and loops are reported in [35,40]. Our formulation can be applied to such
situations.

We briefly mention a special case when u, in (1.6) has a “flat” portion, that is, the
set {x € W : V(u,(x) — (x)) = 0} has an interior, which causes not only the issue of
the zero division in (1.6), but also the nonuniqueness of the evolution. Such a case is
referred to as “fattening.” Evans and Spruck [13] pointed out the possibility of the devel-
opment of an interior in the level set equation for mean curvature flows. In the set-theoretic
approach, Soner [36] gave an example in which fattening occurs. The existing consistency
and convergence results for mean curvature flows, such as threshold dynamics by Merri-
man, Bence, and Osher [24], or the singular limit of the Allen—Cahn equation [5, 10, 12],
are established under the smooth evolution or the case when fattening never occurs; see,
for example, [4] for the MBO algorithm or [5, 12] for the singular limit of the Allen—Cahn
equation. Indeed, these methods may not admit the fattening since they consist of regular-
ization and re-initialization in every iteration. On the other hand, the solution computed
by our approach may admit the development of a flat region, which remains stationary
until some other portions of the spiral curve approach it. In (1.6), we introduce a cut-
off max{y(V(u — 0)), a} with a small constant & > 0 to avoid the zero division. This
means that our approach approximates the solution to a level set equation of (1.1) with an
approximation regularizing the normal velocity of level sets.

We mention the pioneering front-tracking approach of [3,37] on crystalline curvature
motion. This idea has been also extended to the evolution of a single spiral by [19, 20].
This approach is very convenient to compute crystalline curvature flows of a single spiral
in a class of admissible curves. Therefore, we compare our approach and the model due
to [20] as a benchmark test. The value of our approach is in its flexibility to be applied in
situations where spirals may merge (and thus breaking the admissibility condition for the
algorithm of [20]).

In summary, in this paper we deal with spiral curves for which signed distance func-
tions cannot be defined. In Section 2, we propose a new minimizing movements formula-
tion, generalizing Chambolle’s formulation to crystalline eikonal-curvature flows of spiral
curves. We also present analytical results that provide a theoretical foundation for the pro-
posed algorithm. In Section 3, we offer an efficient numerical algorithm for the proposed



A minimizing movements approach for crystalline eikonal-curvature flows of spirals 551

minimizing movements formulation. In Section 4, we provide a few numerical simulations
and comparisons. Also, in Section 4, we generalize the algorithm to simulate motion laws
involving multiple anisotropies. We conclude in Section 5.

2. The proposed formulation

In this section, we propose a minimizing movements formulation for the evolution of
spirals by a normal velocity of the form defined in (1.1). The spirals are embedded by the
level set method developed in [28,31].

2.1. The level set method for evolving spirals

We first review the level set method for evolving spirals due to [28,31] and its evolution
equation for an anisotropic eikonal-curvature flow.

Let Q C R? be a bounded domain with smooth boundary. We denote the centers of
spirals by aj,as,...,an € Q. We remove small discs B,(a;) = {x € R? : |[x —a;| <r}
for j = 1,..., N from €, and set the domain for spiral growth to be

N
W=\ B @)

j=1
We choose r > 0 satisfying B, (a;) N Br(a;) =@ if i # j, and B,(a;) C Q2 so that 0W
is smooth. Let m; € Z be a signed number of spirals associated with a;, meaning
* |m;| curves are attached to a; as their endpoint,
* if m; > 0 (resp. m; < 0), then these curves rotate around a; with counterclockwise

(resp. clockwise) rotation when V), > 0.

Our level set representation of spirals relies on a predetermined function 6 that is first
introduced for a phase-field model of evolving spirals [22,25]. Define

N
0(x) = ij arg(x —aj).

Jj=1

Let X(¢) C W be the evolving spirals at time ¢t > 0, and n € S! be a continuous unit
normal vector field of X (¢) denoting the orientation of the evolution of X (¢). Then, we
describe X (¢) and n by
— V(u—0)
St)={xeW: :u(t,x)—0(x) =0 mod27xZ}, n=—-———— 2.1
{ } IV —0)]
with an auxiliary function u:[0, T) x W — R for some T > 0. Note that # should be
a multi-valued function to describe the spirals. However, V6 can be defined as a single-
valued function.
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Let y: R? — [0, co) be convex, continuous, positively homogeneous of degree 1, and
positive on S'. It defines an anisotropic surface energy density. According to [16], an
anisotropic curvature k, of X (¢) with (2.1) is of the form

Ky = —div[§(V(u — 0))] (2.2)

provided that y € C?(R? \ {0}), where &(p) = (3,7, p,¥) for p = (p1, p2). In fact,
y(p) = | p| reduces the above to the isotropic curvature. Note that (2.2) can be interpreted
as the first variation of the anisotropic energy

/ y(V(u - 0))dx
w

for the level sets of u — 6. This viewpoint will be convenient to understand the algorithms
of [2,9].
The support function of {p € R? : y(p) < 1}, denoted by
y°(p) =sup{p-q:y(q) = 1},

plays important roles for the anisotropic curvature flow. In fact, the following hold:
o Ify,y° e C2(R?\ {0}), then for p € R?\ {0} we have

y(Vy°(p) = y°(Vy(p)) =1, (2.3)
Vy(Vy°(p) = —0—, 2.4)
y°(p)
VY (Vy(p) = 2.
y(p)

« v*°(p) =v(p).
See [6] and [34] for details.
Equation (2.4) yields that

ky =1 ondW,, where W, ={peR>:y°(p)<1}.

In other words, by the analogy from the isotropic curvature, the Wulff diagram plays the
role of a unit ball in the anisotropic curvature flow. Thus, we introduce the Finsler metric

dy(x,y) = y°(x —y). (2.5)

(Note that this metric is possibly not symmetric, since we do not assume y is symmetric.)
Then, (2.3) implies y(Vd, (-, y)) = 1in {x : d,(x, y) > 0}. This is a generalized result of
|Vd| = 1 for isotropic distance d(x, y) = |x — y|. Following this fact, we introduce an
anisotropic normal velocity V,, for 3 (¢), which is of the form

Uy

= Sw—o)
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This is analogous to the isotropic normal velocity V = u,/|Vu| for the level set {x :
u(t, x) = 0}. Consequently, we obtain the level set equation of (1.1) as follows:

ur —y(V(u — O {div[E(Vu—6)]+ f} =0 in(0,T)x W. (2.6)

This paper primarily concerns the crystalline curvature flow, that is, the cases in
which ‘W, is a convex polygon with N, sides (¥, > 3). For these cases, it is natural to
write y° as

°(p) = i ith 7i; = Fj(cosd;,sind;) € R2\ {O}.
y°(p) Osjrrsl%_lnj p wi nj =r1;(cos ¥, sin ;) \ {0}

Here we assume that {ii; : j = 0,..., N, — 1} satisfies the following, so that W, is a
convex polygon:

(W1) 3, € [09. 00 + 2x] for j =0,1,2,...,N, — L.

(W2) 0; < ¥j41 <0 +mforj =0,1,...,N, — 1, where Oy, = o + 27.

(W3) Theset{n; : j =0,1,2,..., N, — 1} is minimal, that is,

y°(p) #max{fi; - p:j #k}

forany k € {0,..., N, — 1}.
By y°° = y and conditions (W1)-(W3), there exist #; € R for j = 0,..., N, — 1 which
satisfy

y(p) = max n;-p with n; =rj(cosd;,sind;) € R2\ {0}. 2.7
0<j<N,—1 :

Moreover, {n; : j =0,..., N, — 1} still satisfies (W1)-(W3). The typical example of y
and y° is

v(p) = llpller. v°(p) = llpllee.
and thus W, = [—1, 1]*. Itis given by

2j +1 2j +1 j ]
nj = ﬁ(cos lt ]4+ ),sin ( ]4+ )) nj = (cos %,Sin%).

In general, the following are required of y for the crystalline curvature flow:
(A1) y : RZ — [0, 00) is convex.
(A2) vy is positively homogeneous of degree 1.
(A3) There exists A, > 0 such that A;l <y <A,onS.
(A4) W, ={p:y°(p) <1} isaconvex polygon.
Note that any y given by (2.7) with (W1)—(W3) satisfies (A1)—(A4).
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2.2. The proposed minimizing movements
Now, let the spiral & C W be given as
Y= {x eW tu(x)—6(x) =0 mod ZnZ}

with u € C(W). Corresponding to the level set equation defined in (2.6), we consider
minimizing the energy functional

1
w /W y(V(w — 0))dx — /W fwdx + — (V(u = (2.8)
Formally, the minimizer w* satisfies
. . w*—u
—le[S(V(w — 9))] f + m = O,
which implies
*=u+hy(V(u—0){div[E(V(w* —0)] + f}. (2.9)

On the other hand, the implicit Euler scheme of (2.6) takes the form

u(t +h) =u@) +hy(Vu( +h) — 0)){div[§(V(u(t +h)—0)]+ f} (2.10)
Comparing (2.9) and (2.10), we define

Sp(Z)={xeW: :w*(x)—6(x) =0 mod 27Z}

as the result of the evolution of ¥ for a short time step 2 > 0. We can now iterate the
stepping as follows:

(1) For given =, (n > 0) and u,, € C(W) satisfying

Zp={x €W uy(x)—6(x) =0 mod 27Z},
compute the minimizer w* of (2.8) with u = u,.
(2) Setuy+1; = w* and
Ypt1 = {x eW :upi1(x) —0(x) =0 mod 2712}.

This algorithm can be applied even if y is not smooth, and we can then define X (¢) = X,
whennh <t < (n+ 1)h.

Remark 2.1. Formally, if u — 6 is a signed distance by (2.5), then (2.8) is reduced
to (1.5) by (2.3). In other words, the first variation of the term ||w — dx ||1242 in Chambolle’s
algorithm or ||[(w —u)/+/y(V(u — 0)) ||i2 in (2.8) approximates the normal velocity of
the evolving level set, where dx, denotes the distance function from X.

From another viewpoint, for Chambolle’s algorithm, one has to choose the function u
satisfying y(V(u — 6)) = 1 at least in a tubular neighborhood of X. This is the reason
why Chambolle’s algorithm requires the process of constructing the distance function.
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Remark 2.2. The proposed algorithm is not justified when {x € W : V(u,, — 6)(x) = 0}
has a nonempty interior. This means that the integrand of the functional in (2.8) will
formally involve a division by zero. Unfortunately, when we consider the evolution of
interfacial curve (i.e., 8 = 0), there exists an example such that a level set {x € Q :
u(t, x) = c} has a nonempty interior for ¢ > 0, even though {x € Q : u(0, x) = ¢} does
not have an interior. Let us consider the following isotropic eikonal-curvature motion:

Vu
[Vul

u(0,x) = —|xz| forx = (x1,x2) € Q

s — |Vu|{div( )+1} —0 in(0,T)xQ,

with @ = (R/(2Z))?. Then, one can find that
u(t,x) = min{0,7 — |x>|}

is a viscosity solution to the above problem. However, {x € Q : u(t, x) = 0} has nonempty
interior for every ¢ > 0.

In the practical stage, when fattening develops, we will introduce a cut-off of
y(V(u — 0)) to avoid division by zero; see Sections 2.3 and 3.3.

Remark 2.3. When we consider (1.1) with a more general mobility term of the form

B(mVy = —k, + f, B #0,

one can set U, 41 as
w* —u,

Up+1 = Up + —,B(V(w* — 9)),

where w™* is the minimizer of (2.8).

2.3. Existence of minimizing movements

In this subsection, we prove the existence of the sequence {u,} satisfying our proposed
algorithms. We shall address two essential questions on (i) the existence of a minimizer
of (2.8) for u,, and (ii) whether the obtained minimizer u,4; has Vu,, again.

We first give a rigorous definition of the functional w fW y(V(w — 0))dx to find
the minimizer of E. By analogy of the total variation

[ulgy := sup{— /W u divpdx 1 ¢ € C/(W:R?), || < 1}

and y(p) = (y°)°(p) = sup{p-q: y°(q) < 1} when y is convex, let us define J,,: L' (W)
— [0, o0] by

Jy(w) = sup{— /W w divpdx — /W VO -pdx: ¢ € CCI(W;]R2), y°(p) < 1}. (2.11)

We obtain the following fundamental properties by a standard argument:
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Lemma 2.4. Assume that (A1)—(A3) hold. Then, the following hold:
(1) Jy is convex, and J, > 0.
(2) Ifw € BV(W), then J,(w) < oo.
(3) liminfy—y, J, (1) > Jy(v) in LY(W).
& Ifw e WHL(W), then J,(w) = [ v(V(w — 0))dx.
See Appendix B for the proof of Lemma 2.4.
According to the result of Lemma 2.4, we now define E(-; g): L2(W) — R U {oo}.

For given f,g € L?>(W) and ¥: W — R such that ¢ / ./t € L?(W) for every ¢ € L2(W),
define

1 — g2
‘u ifw e L2(W)NBV(W),

il 7y s

00 otherwise.

Jy(w) — /W Sfwdx +

E(w;g) =

2.12)

Lemma 2.5. Assume that (A1)-(A3) hold, and there exist positive constants o, A satisfy-
ing
O<a<y¥y <A onW. (2.13)

Let w € L2(W) N BV(W) be such that E(w; g) < R for some constant R > 0. Then,
there exist positive constants Cy and Cy such that

lwllgy + lwlr2 < Co + Cin? (2.14)

forn = ~hA, where |w|py = ||w| 1 + [w]sy

Proof. Note that Cy, C1, and C; in the following discussions denote numerical constants,
which will be changed by calculations.
We first demonstrate that

max{[lwlz1. lwllz2} < Co + Cin + Can’. (2.15)
By straightforward calculation, we have
1 2
> — —
E(w;g) > J,(w) + 2hA/ [(w—g)* —2hAfw]dx
Iy ) + % | 10—+ 1A = (5 +hAf P + glax
= Jy(w) + 2hA(”w GlIz. = 1G172). (2.16)

where G = g + hAf. Then, we first obtain

lw—Gllz2 < \/2hAR + |G|}, = V2hAR + ||G||2
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by E(w; g) < R and J,(w) > 0. Hence, we obtain
lwll> < V2hAR +2||GllL2 < V2hAR + 2(|gll2+hA] f1|L2) = Co+Cin+Can’.
This also implies that
lwlzr < [Wlllwllz2 < Co + Cin+ Can?,

since W is bounded. Hence, we obtain (2.15).
For the bound of [w]gy, one can find

s = [ fudx < Ewio < R

Let ¢ € C}(W:R?) be such that || < 1. Then, since § = A} !¢ satisfies y°(@) < 1, we
obtain

_ /W wdivgdx = Ay(— /W wdiv&idx) < A,,(Jy(w) + /W Vo - @dx)

gAy(R—i-/ fwdx) +/ VO - pdx
14 W
SAyR+[WI[VOoo + Ayl fllL2lwllL2-
It implies
[w]gy = Co + C1n + Can?,
and thus ||w||gy < Co + C1n + Can?. Since n < (1 4+ n?)/2, we obtain (2.14). n

Theorem 2.6. Assume that (A1)—(A3) hold. Then, for every f.g € L>(W) and y: W — R
satisfying (2.13), there exists a unique minimizer w* € L>(W) N BV(W) of E(w; g).

Proof. By (2.16), we observe that

—00 < —||G|13./(2hA) < inf  E(;g) < E(0;g) < oo.
L2(W)NBV (W)

Thus, there exists w, € L2(W) N BV(W) such that

E(w; g).

lim E(wy,;g) = inf

n—00 weL2(W)NBV(W)
We observe that E(wy; g) < E(0; g) + 1 for sufficiently large n, and thus the se-
quence {wy} is bounded in L?(W) N BV(W) by Lemma 2.5. This implies that there
exists a subsequence of w, € L2(W) N BV(W), which is still denoted by w,, and w* €
L*(W) N BV(W) such that w, — w* in L2(W) and |jw, — w*||p1 — 0 as n — oo;
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see [11, §5.2.3]. It implies

E(w*; g) < liminf E(wy,; g) = inf E(w; g),
n—o00 weL2(W)NBV(W)

since E(-; g) is lower semicontinuous in L'(W) by Lemma 2.4(3). Hence, w* is the
minimizer of E.

Uniqueness is derived from the strict convexity of E(+;g) on L2(W) N BV(W), which
is obtained since ||(w — g)/ﬁ”iz is strictly convex for w € L2(W) N BV(W). |

We next discuss the second problem, that is, the minimizer w* € L2(W) N BV(W)
of E has a function Vw* on W. Now, let w € BV(W). According to the theory of func-
tions of bounded variation, there exists a Radon measure v and a v-measurable function
o : W — RZ satisfying
* |o| = 1 v-almost everywhere in W,

o [y wdivpdx = — [, ¢ - odv forevery ¢ € C}(W;R?).

See [11, §5]. Let o = (0!, 0?) and define the signed measures
Vi(U) = / oldv (i =1,2)
U

for every Borel set U C W. Then, Lebesgue’s decomposition theorem implies that there
exist signed measures v._ and v} such that

e vl =l + vl fori = 1,2. This decomposition is unique fori = 1, 2.

vl is absolutely continuous, and v! is singular for the Lebesgue measure £2 in R2.

* There exists a function u? € L'(W) such that

V;C(U)=/Uu"dx (i=12)

for every Borel set U C W.

By combining the above, we observe that

2 2
w divpdx = — f @idvéc + / (pidvé =— / u'pldx + dy(p) (2.17)
J, 2(Jy Sl =2,

i=1
for every ¢ = (¢!, 92) € CH(W;R?), where ®y(¢) := — Y 7_, [ ¢'dvi. From (2.17),
notice that w € W, (W) if and only if w € LL (W), u',u?) € LL (W), and ®; = 0.

loc loc loc

Hence, we define the weak derivative of w € BV (W) by
Vw = (ul,uz). (2.18)

Now, let u, € L?>(W) N BV(W) be given for our algorithm. For positive constants
a K land 4 > «, set

¥ = ¥, = min{max{y(Vu, — V0),a}, A}
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for E(-, u,). Then, the minimizer u,1; of E(-; u,) exists, and also has weak derivat-
ive Vu, 41 in the sense of (2.18). Thus, we can continue the time-stepping iterations of
our algorithm. Consequently, we conclude this section by presenting the following result
for our proposed algorithms:

Theorem 2.7. Let f € L>(W), ug € L2(W)NBV(W). Leth > 0,and0 < a < A < 00
be constants. Then, there exists a unique sequence {uy, }n>0 C L>(W) N BV(W) such that

Upy1 = arg min E(;up)
L2(W)NBV(W)

with W = min{max{y(Vun — V@),a}, A},

where Vuy, is in the sense of (2.18).

3. Numerics for the proposed minimizing movements

This section describes how we use the split Bregman method to efficiently construct the
minimizer of E(w; g) defined in (2.12). We will see that the Split Bregman algorithm,
combined with a special shrinkage formula, yields a simple algorithm for crystalline
curvature motion. The procedure is then summarized as Algorithm 1.

3.1. The Split Bregman Method

We now review the split Bregman method due to [26] for the calculation of the minim-
izer w* of E(w; g).

The key idea to find w* is to interpret the problem as a constraint minimization prob-
lem by dividing the dependent variable: find a minimizer (w*, d*) of

2
L2

F(w,d) := [W y(d —V0)dx —/W fwdx +

subjectto d = Vw.

1 yw—g
Tieva

To solve this problem, we apply the Bregman iteration due to [7,33]. Let us introduce the
Bregman distance D57 of the form

A~

DY (w,d;®,d) = F(w,d)— F(,d) — (p*,w— ) — (¢*,d — d)
for p* € 0 F(®,d) and ¢* € 34 F (i, d), where

={pe H'W)*: F(w,d) > F(®,d) — (p,w — ®) forw € H' (W)},
= {q € LA(W;R>»* . F(id,d) > F(i,d) — (¢.d —d)
ford € L>(W;R?)}.
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Then, we set

(k1 gk +Y) = or min [ 4w, dywk k) + B Sld = vu] 2]
(w,d)e HL(W)xL2(W;R?) L

°.d% = (g.0). p* € d,Fw* d¥). ¢* e 04F(w*.d").
It should hold that (w*, d*) = limg_, o (w¥, d¥).

Next, we rephrase the above iteration. Since (w, d) — d — Vw is linear, the above
iteration is equivalent to the following iteration:

K+l gty - i [Fw.a)+ Lld = vw - bk |2,]. 31
(W™, ) = arg P ——— w.d) + > w 721 G.D
bk+1 — bk + VwkH —dk+1 (3.2)
°.d° 0% = (5.0.0). (3.3)
We solve (3.1)—(3.3) by the following alternate iteration:
k k A PLs k
Wy, = argwergllr(l [F(w,de )+ 5||d€ —Vw-> ||%2], (3.4
k : k M k k2
dk | = argdeer%er;Rz)[F(wm,d) + Sld = Vol — ] 69
(wg, dy) = w*,d*). (3.6)
For problem (3.4), we consider the Euler—Lagrange equation of the functional
w > — / fwdx+ %||d§—Vw—bk||,{2,
and then solve the following elliptic equation with the below boundary condition:
w—huyAw = g + hy(f — pdiv(df —b%)) in W, (3.7)
df —vw—-b5 .5 =0 on W, (3.8)

where V denotes the outer unit normal vector field of W. The problem defined in (3.5) is
to find the minimizer of

d / y(d — VO)dx + %Hd — Vwk,, — bF|2,.
w
It is solved by considering the minimizer of the integrand, i.e.,

dF, (x) = arg ;reanz[y(d —VO(x)) + %|d — Vb, (x) - bk(x)|2] (3.9)

for every x € W. It is mentioned in the next subsection.

Remark 3.1. Note that we shall use ¢ = y(V(g — 0)) directly for (3.7) as we will men-
tion in Section 3.4. In this case, one finds that (3.7) is degenerate in an interior of the
set where V(g — 6) = 0. However, numerically it means w* = g there. It seems to be
consistent with the minimizing movement because of the last term of E(w; g).
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3.2. Shrinkage function

We calculate the polyhedral shrinkage function for the second minimizing problem (3.9)
by following [26]. By considering ¥(p) = (1/u)y(p) instead of y(p) if necessary, (3.9)
is summarized as follows: find a minimizer x* of

1
x»—>y(x—z)—|—§|x—y|2 (3.10)

for given y,z € R2.
First, we consider the necessary condition for the minimizer x* = x*(y, z) of (3.10)
without assumption (A4). Remark that y(x) is represented as

y(x) = sup p-x
PEW,
when y is convex, where W, = {p e R : y°(p) < 1}, and y°(p) = sup{p-q : y(q) < 1}.
The following results are a revised version of the formula of x* and its corollary due
to [26]. Since the proofs are similar to those, we omit them. See also [30].

Lemma 3.2. Let x* = x*(y, z) be the minimizer of (3.10). Then,
x* =y —Pw,(y—2),
where Py, R2 — W, is the projection map of x onto 'W,, which is
Py (x) = arg min |y — x|°.
w, (X) gyewy [y — x|

Corollary 3.3. It holds that y — z € 'W,, if and only if x*(y,z) = z.

Let us consider the remaining case when y — z ¢ ‘W,,. From here on, let y be a convex
and piecewise linear function, that is,

y(p) = o< MAX 1) P

where nj = r;(cos¥;,sind;) (r; > 0 is a constant). We here assume that (W 1)—(W3) hold
for{n; : j =0,..., N, — 1}. Note that, when (W1) and (W2) hold, (W3) is equivalent to
the following property:

W3y Qi={p#0:n;-p>nj-p forj#i}#0,and Q; = R;i—1 N Riit1,

where R;x ={p #0:n;-p>ng-p} and Ry,—1,n, := Rn,—1,0-

Note that (W3)’ implies 0Q; = E;_1; U ;41 U {0}, where E; ;41 ={p#0:n;-p =
nit+1 - p > 0}. Moreover, y is smooth on Q; and has singularities on each E;;41. By
using the above notations, we now characterize x* wheny —z ¢ W,.
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Lemma 3.4. Let y(p) = maxo<j<n,—17j - p withn;j = rj(cos;,sind;) for r; > 0 and
¥, € R, and assume that (W1)~(W3) hold. Let y,z € R? satisfy y —z ¢ 'W,. Set

_ (y —z)-(ni —nit1) —ni ~nip1 + [nip 2
[ni —nip1]?
& =Ang + (1= A)n;q.

Ai

3

Let x* be the minimizer of (3.10). Then, the following hold:

(1) Ifx* —z € Ejit1, then
Ai €[0,1] and (y—z—§&)-§& >0. (3.11)

Moreover, x* = y — §&;.

2) If x* —z € Qj, then
Ai>1 and Aj—q <O. (3.12)

Moreover, x* = y — n,.

According to Corollary 3.3 and Lemma 3.4, we introduce the following procedure to

: k .
obtain de.

Scheme (Sh) to obtain dj/ | of (3.5).

We do the following for every x € W:set y = waﬂ(x) + bF(x) and z = VO(x).

Step 1. Check either y —z € W, (i.e., y°(y —z) < 1) or not.
If y —z € 'W,, then x* = z by Corollary 3.3. Otherwise, we go to the next step.
Step 2. When y — z ¢ 'W,, check either x* —z € Uf.vz"o_l Eiit10rx*—ze Ufi’o_l i
Note that Lemma 3.4 gives a necessary condition for the minimizer x*. Then, we can
divide the situation into the two cases below.

Case A. Thereisnoi € {0,1,2,..., N, — 1} satisfying (3.11).
Ny—1

. Ny—1
In this case we find x* —z ¢ ( J;Z, Eii+1andthenx* —z € | J;Z,  Q;. Therefore,

findip € {0, 1,..., N, — 1} satisfying (3.12). If there exists such an iy uniquely, then set
x* =y —nj.
If there exist several i satisfying (3.12), choose 7o that minimizes

1
i—>yX —2)+ §|551* —y|* subject to (3.12),

where X/ = y —n;.
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Case B. Thereisnoi € {0,1,2,. — 1} satisfying (3.12).
In this case we ﬁnd x*—z¢ UNV 1 Q; and then x* —z € vaz”o_l Ei,i+1. Therefore,
find ip € {0, 1,..., — 1} satisfying (3.11). If there exists such an iy uniquely, then set
x* = y—= giO'

If there exist several i satisfying (3.11), choose iy as that minimizes
1
iy —z)+ 5|7c,.* —y|* subjectto (3.11),
where X = y —§;.

3.3. Algorithm and discretization

We begin by outlining the key steps in Algorithm 1. First, we set up the initial datum
ug € C(W) and 6 for a given initial curve ¥ and its orientation of the evolution. Accord-
ingly, the function u, 4+ for n > 0 is determined by

Up4+1 = argmin E(w;u,).
w

Then, we obtain the sequence of functions u, and then the curves X, approximating a
solution X (t,) att, = nh by

Tpo={xeW upy(x)—60(x) =0 mod 27Z}. (3.13)
In the algorithm, one can find the following two loops:
Outer loop. Finding (wk+1, d¥*1) from (w*, 4%) by (3.1)-(3.3).
Inner loop. Finding (wifH, dé‘H) from (wf, dé‘) by (3.4)—(3.6).
In these loops, we compute the functional
k o) — K k2
Fy(w,d;g):=F(w,d)+ E”d - Vw —b"|72

_ 1 jw—g)?
- /W y(d—V@)dx—fW fwdx + EH— L

n %Hd — Vw — bF |12,

to check if the functions (wf, d é‘) or (wk, d k) reach the desired minimizer in the inner or
outer loop, respectively. Here, ¥ = y(V(u,, — 8)), which may be zero in the computation.
To avoid the division by zero in Algorithm 1, we introduce an approximation of F l’f of the
form

1
FF (w.d:g) ::f y(d—ve)dx—/ fwdx + —
e w w 2h

max{l,// o}

+ %Hd — YV — b2,
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Algorithm 1: Minimizing movements of spiral curves
Input: Xy C W and uy € C(W) such that £ = {ug — 0 = 0}.
Output: X(7) = {u(T) — 6 = 0} with some function u(T): W — R.
(Time step) forn = 0,1,...,[T/h] —1do

Set g = uy;

Initialize w° = u,, b° = d° = 0;

(Outer loop) for k = 0,1, ... do

Initialize w’g = wk, dé‘ = dk;

(Inner loop) for £ = 0,1,2,...do
Solve (3.7)—(3.8) with ¥ = y(V(u, — 0)) to obtain wéfH;
Calculate df, | with Scheme (Sh);

if |F/]f’a(wéf+1, dlf‘ﬂ; g)— F"j’a(wé‘, dé‘;g)| < &, then break;

k+1 k+1 _ gk .
Set w d —dj+1,

Set bk—H — bk + Vwk+l _ dk+l.
if |F£’a(wk+1, dkt+1: gy — F/’f’a(wk, d¥; g)| < €ou then break;

— ok
= Wiy,

k+1.

Setup,41 =w

with a positive constant @ < 1. In summary, we check if

{(for inner) |F[f,a(w§+l,dé‘+l;un) - F:’a(wé‘,dek;unﬂ < &in,

(for outer) |F5,a(wk+1,dk+l;u,,) - Fl]fja(wk, dk: Un)| < Eout

for some &, €oue K 1 to break the inner and outer loop.

On the discretization, we apply the finite difference method. Note that V& should
be considered as a smooth branch of it around the point x; ; at where we discretize the
equations or functionals. See [31] for the details to avoid the discontinuity of 6 in the
computation. The boundary value problem given by (3.7)—(3.8) can be solved easily, for
example, by the SOR method.

3.4. Discretization of the partial derivatives on a grid

We now summarize the discretization of ¥ = y(V(u, — 6)) in (3.7) for Algorithm 1. In
fact, one can find that (3.7) implies w = g when y(V(g — 6)) = 0. This fact may cause
unexpected motions. For example, a small closed curve does not vanish even though it
should be shrunk because of the curvature. Such an unexpected motion often appears
when we approximate V(g — 6) by the usual central difference. To avoid such a situation,
we introduce an upwind difference for y(V(g — 6)) as follows.



A minimizing movements approach for crystalline eikonal-curvature flows of spirals 565

For simplicity of notation, we set G;,; = g(x;,;) — 0(x; ;) with x; ; = (i Ax, jAx)
for a uniform grid spacing Ax > 0. We present two upwind difference formulas; the first

one is of the form

~ Git1,; —Gi
+ i+l,j i,J
0 Giy = |
_ HU(GH&J —2Gix1,; +Gij Git1,; —2Gij + Gi-1,
2 Ax? Ax?
where
p if|pl <gq.
o(p.q) = ,
q otherwise.
The second one is just a usual difference in the form
FEy iGi:I:I,j —Gi,j
* Ax '

Then, we define

EG;; = {

x4t .
0y G;,; otherwise.

BfG,-,j ifxiil,j € W and Xij+1 € W,

)}

Note that G;+1,; in 5fG,-,j (resp. Gi+2,j in 5fG,~,j) is calculated by extension of G; ;
with the Neumann boundary condition if x;+1,; ¢ W (resp. x;+2,; ¢ W). We also de-
fine Bf G;,; with the similar manner of the above. Note that we use 5)% G; ; in this paper
even when x; ;+1 ¢ W. We use the same order of the approximation of dx(g — 60)

and 0y (g — 6).

We now introduce the approximation formula of y = y(V(g — #)). Forq = (¢'.¢?) €

R2 \ {0}, let us set
qlajGi,j + qza;LGi,j
qla;Gi,j + qza;Gi,]‘
(@-V(g=0ij =y | 20—
q 97 Gi,j +479,Gi,;

q'0;Gij +q°0,Gi

ifg' >0, ¢g*> >0,
ifg' <0, g*> >0,
ifg! >0, ¢*> <0,

ifg! <0, ¢*> <0.

(3.14)

Then, for y(p) = maxo<x<n, -1k - p, We introduce the approximation ¥;,; ~ y(V(g —

8)(x;,;)) in (3.7) for Algorithm 1 as

Yi,j = max 1(”k V(g —90)),;.

0<k<N,—

Hence, we obtain the difference equation for (3.7), which is of the form

wi,j —hpij Awi ;= gij + i (fij — pldiv(df — %) ).

where Aw; ; is the usual finite difference approximation of Aw at x; ;.
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4. Numerical results

We now apply the algorithm introduced in the previous sections to the evolution of spirals
by (1.1) and propose some numerical results.

Throughout this section, we set the domain = [—1.5, 1.5]? with the Cartesian grid
-1.5 . L5 }

DAz{x,-,j =(iAx,ij)€QIA—x§i,] SA_X

for a uniform grid spacing Ax. We will set Ax = 0.02/s with s = 1,2, 3,4, 5 to examine
the numerical accuracy of our algorithms in Section 4.1, and often visualize the spiral
profiles for s = 3.

We will further assume that the centers of the spirals lie on the grid nodes, that is,
ag € Da forevery £ = 1,2,..., N. As in the definition of W, we will exclude the grid
nodes x;_; such that

|xi; —ag| <r =2Ax

to avoid the complexity of computations around the centers ay, £ = 1,2, ..., N.
The evolution equation in (1.1) is rephrased in this section as

Vy = voo(l — peky) 4.1)

for consistency with [31,32] and [8], where v, and p,. are positive constants. Here, we
consider only a constant driving force. By considering f = voo and ¥ = veopc ) instead
of f and y in (1.1), we can apply the algorithms as in the previous sections to (4.1).

4.1. Unit spiral

In this section we consider the fundamental case, that is, a single center with a single
spiral. Let N = 1, a; = 0, m; = 1 and thus we set 8(x) = arg x. We choose the size
of the center as r = 2Ax. We present numerical studies for the case corresponding to a
triangular spiral; this means N, = 3 and

x(2j +1) sin x(2j +1)
3 ’ 3

Note that, in this case, y°(p) = maxo<;j<» 11 - p with

= (o5 (),

(See [21] for details of the calculation of y° from y.) We examine the proposed algorithm
for

nj = 2<Cos ) for j = 0,1,2. (4.2)

V, =1-00lk, (veo =1, po = 0.01);

the time interval is [0, 0.8] with time span 7 = 0.04Ax. The other parameters for the
presented computational results are i, €in, Eout, @ as follows:

K= VooPe, &in = 10Voope, Eout = 10 veope, o = 1075,
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We compare the numerical results computed by our algorithm with those by the front-
tracking model introduced in [20]. A brief review of the front-tracking model is provided
in Appendix A.

We will use two functions to quantify the difference between the spirals computed by
our algorithm and those from the front-tracking approach. We denote the spiral computed
by Algorithm 1 as X (¢) and the one computed by the front-tracking method as ¥4(¢).

The first one, O(¢) is based on the distance function to Xj. Let dx, (¢, x) be a distance
function from Xj,(¢) with the usual Euclidean metric. Then,

D(r) = sup{ds, (t.x) : x € Zq(t)}

expresses the distance between Xy (¢) and X4(%).

The second one, denoted by A (?) (and defined in (4.3) below), measures the area of the
interposed region by ¥4(¢) and X (¢). This concept is introduced in [21]. The function 4
involves the height function of the crystal surfaces. Let Hy, (¢, x) and Hx, (¢, x) denote
the height functions corresponding to X (¢) and X4(¢) (as defined in [21]).

For X, (¢) given by (3.13), we prepare the principal value ] (x) = argx € [—m, ), and
let (¢, x) € Z be such that

2L(t, x) < un(x) — 0(x) <27t x) + 1)
for (¢, x) € [0, 00) x W. Then,
On(t,x) = 0(x) + 27L(t, x)
yields the branch of arg x whose discontinuities are only on X (¢).
For Hx, (1), let

N, = i’ T, = (1 _01) N; forj €Z/(N,Z)

denote the outer unit normal and tangential vector of j-th facet of 'W,, with the extended
facet number j € Z/(N,Z). We now consider a polygonal curve X4(¢) = Uf:o 24,7 (1)
given by

{(1—0)yj(t) +oyj—1(t):0 €0, 1]} ifj =1,2,....k,

i ()= {{yo(t)—FaTo:on} if j =0

with its vertices {y;(¢) : j =0,...,k}. Note that
im0 =y
|yj—1() = y; (D)

and then all facets of 34(¢) are parallel to those of ‘W,,. (See (A.1)—(A. %) and Appendlx A
for details on how to determine y; (¢).) Let 9* =0 — /2, that is, (cos 9*, sin 9* ) =Ty.

J
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Figure 1. Spiral step function Hy,.

We first prepare a branch of arg x denoted by ®y(z, x) € (5* — 2, 5*] whose discontinu-
ity is only on a half line including X4z (?). Let

D;() = {xeRz t(x—yj)-N; >0}

for j =0,...,k, which denotes the region including the terrace in front of X ;(¢). Then,
k
Oa(t.x) = Oq(t,x) =2 Y x(x: D§ () N Dj—1(1))
j=1

yields the branch of arg x whose discontinuities are only on X4(¢), where

1 ifxelU,

0 otherwise

x(x:U)={

for U C R2. Hence,
1 1
sz(f,x) = Zed(t’x)’ th(t7x) = Zeh(tvx)

yield the surface height functions of ¥4(¢) (resp. X (¢)), which have 1-jump discontinuity
on X4(t) (resp. £j(¢)). Figure 1 is an example of Hy,.

Now, set up the initial data so that Hx,, = Hy, att = 0. Then, the function | Hxq(t, x)
— Hy, (¢, x)| plays the role of a characteristic function of the interposed region be-
tween X4(f) and Xj,(¢r) with multiplicity. (An example of the graph of |Hx, (¢, x)
— Hy, (t, x)| is shown in Figure 2.) Hence, we define

1
At) = W /W |Hs,(t,x) — Hg, (t,x)|dx. 4.3)
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.‘ ‘ \‘ ‘\‘\‘\l‘

Figure 2. Graph of |Hy, — Hx,|. In the left panel, the dashed and solid lines indicate Xq(?)
and Xy, (¢), respectively.

This quantity indicates the difference between X (¢) and X4(¢) by area of the interposed
region.

We take the opportunity to provide some additional mathematical exposition on (?).
Following [28], we introduce a covering space X of the form

X = {(x,g) eW xRN 1 £ = (&,... &Ey) satisfies

X —aj
(cos&j,sin&;) = arg J forj:1,2,...,N},
|x —aj|
where a;, j = 1,2,..., N, are the centers of the spirals. We then consider spiral curves

on the Riemannian-like surface
_ 1 &
W = {(x,z) eWxR:z= g;mﬁj, (x,&1,....6N) € Eﬁ}

In other words, the height function Hx, (¢, x) of X4(¢) divides S into the inside of X4(¢)
of the form

Io(t) = {(x.£) e W : £ < Hy,(1.x)}.

and the outside as T \ fd(t). We here define I~h(t), the inside of Xj(¢), in the same man-
ner as with X, (¢) and Hy, (¢, x). Then, the interposed region between ¥4(t) and Zp(t)
indicates I (1) ATq(r) = (In(t) \ Ta(1)) U (Ia(r) \ T(¢)). The quantity #4() computes
the area of Ij,(1) AT4(¢) in the sense of the usual Lebesgue measure in R2. Moreover, note
that #4(¢) includes the multiplicity of the interposed region. In fact, let us consider the
situation W = {x € R%: p < |x| < R} forsome R > p > 0, 0(x) = argx, Zq(t) = X ()
={x=(x1,0) €W :x; >0} but Iy ={(x,6) eW:£ <0}, I, = {(x,£) e W:& <2.
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In this case D(t) = 0. At first glance, it might seem that the area of {x € W : (x,£) €
T, (1) AT4(1)} is zero, but A(t) = 2 (twice |W ).

We provide several numerical results verifying the accuracy of our scheme. In the
following examinations, we set up the initial curve as

24(0) = £,(0) = {0 T : 0 € [0,00)}.
Accordingly, we set the initial data as

The front-tracking model : k = 1, d;(0) = 0.
Algorithm 1 : ug = —%.
In this paper, the solution X4(¢) by the front-tracking model is obtained by solving the
ODE system (A.4) with a fourth-order Runge—Kutta method and smaller time span
At = 107 than that of our approach. Then, we compute the height function Hs,(z, x)
by the solution of front-tracking model. Figure 3 displays overlapped snapshots of the
evolving spirals computed using the front-tracking model and using Algorithm 1 at
t =0,0.4,0.6, and 0.8, for the case (4.2). In Figure 4 we show the graphs of D(t)
and #(¢) under the above settings. One can find that the difference becomes smaller when
we choose smaller Ax (higher s). However, both D (¢) and +4(¢) increase with respect to ¢
for all cases. From Figure 3, these differences arise and develop around the center when
the facet associated with the center turns around the direction of their evolution. On the
other hand, one also finds that the graphs of D(¢), in particular when s = 1 or 2, seem
to be concave even when the graphs of #4(z) in the same cases are convex. This seems
to be the situation in which the difference between the two simulations around the center
becomes too large so that the step from the front-tracking model catches up with some
other portion of the steps by Algorithm 1.

Next, we investigate the number of inner and outer loops as the computational cost of
our approach. Figure 5 presents the numbers of outer loops for each time step. We find
that the number of outer loops in a time step ranges from 20 to 80. On the other hand,
Figure 6 present the graphs of average numbers of inner loops par one outer loop for each
time step. We find that the range of inner loops is from 1 to 1.5 in all cases. In particular,
the number of inner and outer loops seem to remain very similar for the different values
of Ax used in the study.

We here give some remarks on numerical computation. For the level set equation
in (2.6), the fully explicit finite difference method is a simple approach to compute it;
see [21] for details. Our numerical results in this paper are close to those in [21]. It is
well known that we often set the time span as # = O(Ax?). For the level set equation for
crystalline curvature, we shall choose p > 2 for stable and highly accurate computation
when we choose smaller Ax. On the other hand, in our approach we can set 1 = O(Ax)
(p = 1), which is an advantage for computation with smaller Ax. However, our approach
has a lot of numerical parameters affecting numerical accuracy. In particular, u affects
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t=0 t=0.4

Figure 3. Overlapping snapshots of two spirals atz = 0, 0.4, 0.6, and 0.8, computed using the front-
tracking model (dashed curves) and Algorithm 1 (solid curves), with Ax = 1/150 (s = 3).
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—0.3
+>
~—
Q 0.2

0.1

Figure 4. Graphs of the distances £ (¢) and the area difference 4A(¢) between the spirals computed
using the front-tracking model and Algorithm 1. The lines with B, o, e, A, A correspond to the
cases of s = 1,2, 3,4, 5, respectively.
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Figure 5. The number of outer loops used in the simulations involving three different values of s.
The horizontal axis reveals the number of time steps performed in the evolution, while the vertical
axis shows the number of outer loops.
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Figure 6. The number of inner loops used in the simulations involving three different values of s.
The horizontal axis reveals the number of time steps performed in the evolution and the vertical axis
shows the average number of inner loops per outer loop.

the profile of spirals and numerical costs. In Figure 3 one can find that the solution of
our approach has smoothing effect, particularly around the corner of the polygonal curve.
If one wants to obtain sharp corner in the solution, one option is to set i to be smaller.
However, if we do so, the number of inner and outer loops may increase.

Here we also give some remarks on the comparison between the front-tracking model
and our approach. For the computation of the evolution of a single spiral, the front-
tracking model is extremely quick to obtain the solution X4(¢). If we compute the height
function Hy,(t, x), almost all of the computation time is spent to compute Hy, (¢, x)
from X4(¢). Moreover, the front-tracking approach requires generating new facets, so the
ODE system (A.4) and thus the facet number k becomes larger in time. Thus, the compu-
tational time of the front-tracking model for one time step increases, although that of our
approach seems to be constant.

We conclude this subsection by presenting a numerical result of the case of a single
center with multiple spirals. Figure 7 presents the profiles of triple spirals evolving by

V =2(1 — 0.04,). (4.4)
y(p) = Ip' |+ 1P?, v°(p) = max{|p'[.1p*I}, p = (p'.p*) eR*  (4.5)
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t=0 t=10.25

\—

Figure 7. Profiles of triple spirals evolving by (4.4) and (4.5) from a single center at = 0, ¢ = 0.25,
t=0.5,andt = 1.

with N =1, a; = 0, and m; = 3, and thus 6 = 3 arg x. In our earlier work [29], an
approach using a signed distance function in a neighborhood of spirals is investigated.
However, it is difficult to apply that approach in this situation.

Remark 4.1. According to the front-tracking model [20], the facet associated with the
center (center-facet) is stationary if it is shorter than the critical length. The critical length
in question is the length of the facet of W, facing the same direction as the center facet.
When the length of the center-facet reaches the critical length, a new facet is generated at
the center, and the newly generated facet becomes the center-facet. Our approach does not
have such a generation rule. However, the behavior of the facet around the center for our
algorithms is very similar to the generation rule outlined in [20].
Figure 8 show a superposition of snapshots of a spiral evolving with

V =4(1-0.2«,), (4.6)
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and (4.5) by Algorithm 1. The dashed line is x = +(0.4 + r), y = £(0.4 + r). The initial
curve is {(x,0) : x > 0}.

We now consider the same situation with the front-tracking model. Then, the ini-
tial data is X4(0) = £1,4(0) U {(x,0) : x >0}, £, 4(¢t) = {(0,y) : 0 < y < d;(¢)} and
d1(0) = 0. For the evolution equation (4.6) with (4.5), we find W,, = [-0.2, 0.2]? in this
case so that the center-facet X 4(f) can move after the time ¢* > 0 when d; (t*) = 0.4.
In other words, X4(¢) evolves as follows:

(1) First, the initial horizontal line {(x,0) : x > 0} moves upwards, yielding ¥¢ 4(¢) =
{(x,d;(t)) : x > 0}, while being connected to the center by the vertical line
¥1,4(t) ={(0,y): 0 <y <dy(¢)} while d;(t) < 0.4.

(2) When d;(t) = 0.4, the new facet X5 4(t) = {(x,0) : —d(t) < x <0} is generated.
The center facet of 34(¢) is changed from X 4(¢) to X5 4(¢), and then X; 4(¢) can
move as X 4(t) = {(—d2(t),y) : 0 <y < di(1)}.
The motion of Xj(¢) is similar to the above scenario. The vertical line in Figure 8 moves
very slowly until the horizontal line reaches the dashed line (y = 0.4 + r). After the
horizontal line goes over the dashed line, the vertical line accelerates. This seems to be the
reason why we observe that ¥4(¢) and X (¢) are very close in a numerical sense.

Figure 8. Serial picture of an evolving spiral from # = 0 to # = 0.25 per At = 0.025, whose center
is the origin, by (4.6) and (4.5). The dashed lines denote x = +(0.4 4+ r) and y = £(0.4 + r).

4.2. Merging of spirals
Co-rotating and opposite rotational pairs are given by setting
O(x) = myarg(x —ay) + my arg(x — a);

set mym, > 0 for a co-rotating pair, or mm, < 0 for an opposite rotational pair. Figure 9
shows the profiles of co-rotating spirals at ¢ = 0, 0.25, 0.39, 0.40, 0.50, and 1.0 evolving
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t=0 t=0.25 t=0.39
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Figure 9. Profiles of co-rotating spirals at = 0, 0.25, 0.39, 0.40, 0.5, and 1.0 evolving by (4.7)
with Algorithm 1. Note that Ax = 1/150 (s = 3).

by
V =2(1-0.1k,), (4.7)

with y defined in (4.5). The other parameters are as follows:
e Centers: a; = (=0.7,0), a2, = (0.7,0), my = my = 1.
+ Initial curve: B¢ = {a; + (—x,0) € W : x > 0} U {a> + (x,0) € W : x > 0}, and
thus ug(x) = 0.
The panels of + = 0.39 and 0.40 in Figure 9 show the detailed profiles when the spir-
als merge. Our approach can keep very narrow parallel facing steps just before merging,
at t = 0.39. It means that our approach has a good performance to reduce the unwanted
smoothing effect. Note that V(1 — 0) = 0 where facing steps merge. Thus, one may find
that an unexpected hole (closed curve whose direction is inside of the curve) remains in
such a situation, in particular when we use the usual central difference for the computa-
tion of ¢ = y(V(u, — 0)) in Algorithm 1. We use the higher-order upwind discretiza-
tion (3.14) to avoid this unwanted effect.
In the works [3, 19,20, 37], the solution is defined in a class of admissible polygonal
curves, which satisfy
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e There is no self-intersection.

» If a facet of the curve has the same direction as the normal n = N; as the j-th facet
of 'W,,, its adjacent facet has the direction of a normal eithern = N;_j orn = N;4;.

The second property of the above is required to define the crystalline curvature for 'W,,.
However, the merging of spirals make break the admissibility of the curve, even though
each facets of merged spiral are parallel to some facet of ‘W,,. Figure 10 shows profiles of
co-rotating pentagonal spirals at f = 0,0.2, 0.4, and 0.6 evolving by

V, = 3(1—0.01k,).

2j +1 2j +1 4.
with y(p):orgja§4nj.p, nj =(cos ull ]5+ ),sinn( ]5+ )). (4.8)

The two centers are at a; = (—1,0.4) and a, = (1, —0.4) with m; = m, = 1. Note
that the above situation provides a regular pentagonal ‘W, whose facet has the normal
N; = (cos(27j/5),sin(27j/5)) for j = 0,1,2,3,4. We choose the initial curve as

So={a14+0To:0>0}U{az+0T2:0 > 0}. (4.9)

In this situation, a vertex of the curve provided from a, touches to the flat portion of
the curve from a; between t = 0.2 and ¢t = 0.4. At that time, the curve is divided into
two parts, which are the merging curves between the facets parallel to Ty and T, or Ty
and T3. Hence, one can find that merging spirals may fail to satisfy the second require-
ment of the admissibility condition. In such cases, the ODE approach due to [20] needs a
procedure adding several zero-length facets fulfilling admissibility; see [14, 15,27]. Such
an intermediate facet also seems to appear in the evolving curve by our methods, although
it is too hard to find in Figure 10. To clarify the behavior around the merging of spirals,
we examine the situation

V =1-0.1k, with the same anisotropy of (4.8),
{ y py of (4.8) 4.10)

ay = (—0.2, 1), ay = (0.2,—1), mp =mpy = 1,

Figure 11 presents the profiles of the evolving curve by (4.10) with the same initial curve
as (4.9). One can find that the intermediate facet parallel to T appears in the merging
curves between the facets parallel to Ty and T,; see the panel of 1t = 0.8 or t = 1 in
Figure 11.

4.3. Combination of anisotropy

Let us consider the situation such that the anisotropies of crystalline curvature and the
eikonal term, which are denoted by y; and y», are possibly different. In other words, we
now solve the level set equation of the form

uy = y1(Vu = O)diviE2 (V@ — 0)] + f} =0 in (0.7) x W,

where &, = Vy,. For such an equation, our approach can easily be adapted as follows:
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Figure 10. Profiles of co-rotating spirals evolving by (4.8) at t = 0,0.2, 0.4, 0.6 with Algorithm 1,
and the Wulff diagram ‘W), of this case.

(1) Solve (3.7)—~(3.8) with ¢ = {/y1(V(u, — 9))
(2) Solve (3.9) by the scheme (Sh) with y = y».
Figure 12 shows the profiles of a spiral at # = 0, 0.25, 0.50, and 1.0 evolving by

Vi = 2(1 — 0.0le),
r1(p) = omax 11j - P

( 72j+1) . 7(2j+1)
ni,;j = (cos s , sin z ),

v2(p) = omax. na,j - P,

2j +1 T(2j +1
na,j = ﬁ(cos ut ]4+ ),sin ( ]4+ )> (case (4.5))
with Algorithm 1, where V; and k» denotes the normal velocity defined by y; and the
crystalline curvature defined by y,, respectively. The Wulff diagrams ‘W, by y; and ‘W,
by y» are respectively regular pentagon and square, whose facets have the following nor-
mal vectors:

.11

21j 21j j i
Wi Ny, = (COS %,Sin %), Wy Ny = (COS %,sin %)
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t=0 t=0.25 t=0.30

‘
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Figure 11. Profiles of merging spirals breaking admissibility. The setting of this situation is as
in (4.10), and Ax = 0.00667 (s = 3).

Thus, the evolving spiral forms an octagonal polygonal curve whose normal directions
are chosen from {N; ; : 0 < j <4} U{N, ; : 0 < j < 3}. Yazaki [41] shows that a curve
evolving by V' = —«, + 1 asymptotically converges to the solution of V' = 1, after the
curve has moved sufficiently far away. From the context of this result, the evolving spiral
will show the profile as follows:

* Itis close to the rescaling of ‘W, around the center.

* It becomes a convex polygonal curve whose normal directions are chosen from Ny ;

or N, _; in the intermediate region.

* Asymptotically, it is close to the rescaling of ‘W, on a far away region.

4.4. Interlace motion

Let us consider the situation such that all centers have the same multiple numbers of
spirals, that is, m; = mjmo with nj € Z and mg > 2 for j = 1,..., N. Then, the level
set description of spiral curves

() = {x eW u(t,x)—0(x) =0 mod ZJTZ}



A minimizing movements approach for crystalline eikonal-curvature flows of spirals 579

t=20 t=0.25

——

Figure 12. Profiles of a spiral at ¢t = 0, 0.25, 0.50, and 1.0 evolving by (4.11) with Algorithm 1 and
Ax = 1/150 (s = 3).

is divided by mo components of continuous curves ¥¢(¢) for£ = 0,1,...,mo — 1 as
mo—l
=) = |J =, (4.12)
{=0
S(t) ={x € W :u(t,x) — 6(x) = 2rf mod 2rmoZ}. (4.13)

In such a case, we attempt to consider the situation such that each X, (¢) evolves its own

evolution equation
Vyy = fo —ky, on Xg(t) (4.14)

by an anisotropic curvature k., with an anisotropic energy density y; and a driving force fy
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for{ =0,1,...,mg — 1. We call such an evolution interlace motion. One can find such
a situation in some real crystal growth experiments; see, for example, [40]. Its growth
mechanism is understood as in [39].

We now give a formal discussion to examine the interlace motion with our algorithm.
For simplicity of exposition, we tentatively assume that y, are smooth so that the level set
equation

u; + Fy(Vu —0),Vu—6)) =0
where  Fy(Vw, V2w) = yp(Vw){div(E(Vw)) + fi}. & =V

for (4.14) is well defined for each £ = 0, 1,...,my — 1. Due to the idea by [38], we now
introduce a periodic cut-off function A : R/(2nm¢Z) — R; define

Alo) = maX{O,min{L T —8|a| N %}}

for a constant 0 < ¢ << 1. Note that A satisfies

. e e
1 ifoe [—n+—,n——],

Ao) = 2 2 & &
0 ifo € [—mom,mom]\ (—JT - E,JT + 5),

mo—l

> Mo —2xt) =1

£=0

Then, formally, we find that the motion by (4.14) will be formulated with the solu-
tion u(¢, x) to

u; + A — 0)Fo(V(u —0), Vi(u — 6))
+Au—0—=27)F (V(u —6),Vi(u —0))
o AU — 0 = 27(mg — 1)) Frig—1(V(u — ), VZ(u —6)) =0 (4.15)

in (0, 7)) x W. Now, we consider the implicit difference scheme of (4.15) only in the time
variable. Then, we obtain

u(t +h) =u()
mo—l
+h Z Au(t +h)— 0 =27L)Fy(V(u(t + h) — 0), VZ(u(t + h) —0)).
{=0

According to Section 2.2, the minimizer w; of

w —u(t) ‘

VeV (u() —0))

2
L2

W > /W Ve(V(w — 8))dx — /W frwdx + %H
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satisfies

wy = u(t) + hy (V) — ) {divig (V(u(t + h) — 0)} + f¢}
~u(t) +hFo(Vu(t + h) —0), Viu( + h) —0)).

Hence, we observe that

mo—1
w* = Z Au(t) — 0 —2nl)wy
(=0
mo—1
~u() +h Y M) — 0 — 200 F(V(u(t + h) — ), VXu(t + h) — 0))
{=0

gives a finite difference scheme of (4.15). Thus, we define an algorithm of the interlace
motion by (4.12), (4.13), and (4.14) as follows:

(1) For given =, (n > 0) and u, € C(W) satisfying
V(u, —0)
IV(un —0)|
Py ={x e W :uu(x)—6(x) = 2xf mod anOZ} for{ =0,...,my—1,

Zp={xeW:uu(x)—0(x) =0 mod 27Z}, n=

find the minimizer w; € L*(W) U BV(W) of

w— Uy 2

1
— V(w —6))d —/ dx + — | —
we [ rw—ondx— [ fowds + | —
with ¥y = y¢(V(u, —0)) forevery £ =0,1,...,mo— 1.
(2) Set

L2

mo—1

Unt1 = Y Alun — 0 —2wl)w;}
£=0

to return (1).

Figure 13 presents an example of interlace motion by two minor steps with a triangle
anisotropy successively rotating 7. The details of the setting are as follows:

Center: N =1, a; = 0, 0(x) =2argx,
Evolution equation : V; = 3(1 — 0.02«y),

Energy density : y¢(p) = Ogljgligz(cos By, j,sinvg ;) p 4.16)
i
with 9 = % + % fxl (j=01,2£=01),

Initial data : The curve obtained from ug = 0.

One can find a hexagonal pattern made by evolution and bunching of curves with triangle
anisotropy.
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Figure 13. Profiles of interlace motion at ¢ = 0, 0.25, 0.5, and 1.0 by (4.16).
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Shtukenberg et al. [35] reports fascinating phenomena—so-called illusory loops and
spirals. According to [35], L-cystine crystals have the following features:

» The crystal lattice has a hexagonal structure (N, = 6).

e The unit cell of the lattice consists of six layers (my = 6) successively rotated clock-

wise by /3.

» Each minor layer has a hexagonal pattern, whose unit cell has one facet having small
energy density, and five facets having large energy density.

By the above structure, screw dislocation with the height of the unit molecule in an L-
cystine crystal provides six minor steps evolving by hexagonal crystalline motion.
Moreover, because of the asymmetry of energy density and the twisted structure of it,

a bunch of minor steps forms

* ahexagonal target pattern (sequence of closed curves) even when the minor steps form

spiral steps,
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* ahexagonal spiral pattern even when the minor steps form closed curves.

We here propose a way to examine this situation using our approach.
By the above situation, we consider that the fundamental Wulff shape 'W,, of minor
steps satisfies the following:
* The unit normal vector N; of j-th facet of W, is
N; = (cos %,sin %) for0 < j <5. 4.17)

* The surface energy of O-th facet is a times of the other facets, that is,
y(No) =ay(N;) forl <j <5, (4.18)

where 0 < a < 1 is a constant.

Note that if the Frank diagram %, = {p € R? : y(p) < 1} is represented as a convex hull
of its vertices q;, that is,

Ny—1 Ny—1
Fy = { Yoq0<e <1 Y C.ifl}’
=0 =0

then we observe that

sup{p-q:y(g) <1} = max p-q;.

y°(p) oA

Therefore, we now set the vertices q; of ¥, as

lN (1 0) N; forl<j<5
= — = -, s ;= i or = =
9o = —No P q; j J

to establish (4.17) and (4.18). To establish the successively rotating anisotropies of minor
steps, we set
ve(p) = max p-qj4¢ for0<{€<5. (4.19)
0<j<5

Here, we have considered j + £ € Z/(6Z) in the above formula. See Figure 14 for the
profiles of W, and ¥, for yo and y, using the above setting with a = 0.5.

Figure 15 and 16 show the profiles of illusory loops and spirals, respectively, by the
above algorithm with a = 0.5. The settings are as follows:

+ Evolution equation: V,,, = 3(1 — 0.02«,,) for 0 < £ < 5.
* Centers:
— (Figure 15) N = 1,a; = (0,0), m; = 6.
- (Figure 16) N =2,a; = (-0.1,0),a, = (0.1,0), m; = 6, m; = —6.

» Initial curve: X is the curve given by setting ug = —r.
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Figure 14. Graphs of yg and Fy,, or yg and Wy, defined by (4.19) with a = 0.5.

In both cases, there are slower steps, catching the following faster steps, and then bunching
phenomena make an irregular pattern against the situation of minor steps. In the case of
Figure 15, each minor step forms a spiral curve that is not closed. However, bunches of
minor steps make a target pattern that looks like a sequence of closed loops. Similarly, in
the case of Figure 16, a bunch of minor steps make a spiral pattern, although each minor
step forms a closed curve.

5. Summary

In this paper, we have introduced a minimizing movements algorithm based on [9,26]
for the evolution of spirals by crystalline curvature flow. Chambolle’s formulation [9]
involves a signed distance function to the interface. However, in the case of the evolving
spirals, the signed distance function of a spiral curve is not convenient to work with, even
in a small neighborhood around the spiral. Therefore, this paper introduced a modification
that does not require the construction of signed distance functions after the time step. This
modification, therefore, leads to a simpler numerical algorithm. As in the minimizing
movements formulation, the algorithm requires solving optimization problems involving
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L'-type surface energy density. We proved the existence of minimizers for our approach
(the functions whose zero level sets embed the spirals) and showed that the derivatives of
the minimizers are in BV'.

For the evolution of a single spiral, our computational results are very close to those
computed by the front-tracking algorithm developed by [20]. Since our proposed algo-
rithm for advancing the spiral involves outer and inner loops, we present empirical evid-
ence that the number of inner and outer loops does not increase as the underlying Cartesian
grid is refined.

By using level set functions, our approach enables us to handle merging of multiple
spirals. Moreover, since our approach does not rely on the distance functions to the spir-
als, it allows us to handle the case in which bunching occurs. As applications of it, we
showcased computational results on interlace motion [39,40], and illusory loops and spir-
als [35].

A. A front-tracking model for a single spiral

In this section we present a quick review of the model by [20].
Assume that ‘W, is a convex polygon having N, facets. The normal and tangential
vector of the j-th facet of ‘W, is denoted by

N; = (cosﬁ-,sinzgj), T; = (sing-,—cosgj).

We also denote the length of the j-th facet as £; > 0. We here assume that 5]- satisfies
(W1)-(W3), and extend ¢; from j =0,1,...,N, —1toall j € Z by

5j+nNy =1§j +2nn forj=0,1,...,N,—1landn € Z.

We choose U € [—m, ) in this section. Accordingly, the facets of ‘W, are numbered
with counterclockwise rotation, and the numbering of facets are extended from j =
0,1,....,N,—1toj € Z/(N,Z) as

Njinn, =Nj,  Titan, =T, Livan, =4

foreveryn € Zand j =0,1,..., N, — 1. See Figure 17 for details of the notations for 'W,,.

Let Z4(¢) = U?:o 34,7 (¢) be a polygonal spiral evolving by the front-tracking model
of [20]. We denote the j-th facet of X4(¢) by Xg4,;(¢). Here, we consider only the case
when X4(¢) is convex, so that we assume that X4 ;(¢) is parallel to the j-th facet of ‘W,
for j € Z/(N,Z). We also denote the center of X4(¢) by yx(¢), and the vertices of X4(¢)
by yr—1(t), Yk—2(t),..., y1(t), and yo(¢). Assume that y;(¢) = O, that is, the center
is fixed at the origin. We also assume that 34 (f) has infinite length. Then, X4 ; () is
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Nj+1

Figure 17. Notations for the Wulff diagram ‘W,,.

described as

i T;: 0,d; ifj =1,2,....k
Ed’]([): {y](t)+o— J UE[ ’ ](t)]} 1 J s~ s Ny (Al)
{yo(t) + 0Ty :0 €[0,00)} if j =0,
Vi-i@®)=y;@¢) +di)T; forj=kk—-1k—-2,...,1, (A2)
yi(t) = 0, (A.3)

where dj (¢) denotes the length of X4 ;(¢). By the above formulation and [3,37], the crys-
talline curvature of Xy ; (¢) is defined by

&
Ky = .
RI0)
Thus, (1.1) is translated as a formula of normal velocity V; of j-th facet of the form
¢,
Vi=—2L+ 7
J 4 +

Consequently, the motion of 34(¢) by (1.1) is described by the evolution of d; (¢) by the
following ODE system:

dk:c]:(f_dk 1)
i = —ber (£ = 55 + e (1 - 22),
I B
forj =2,3,...,k—2,
d1=—b1(f—2—1) (f——)+clf

where b; and c]i > 0 are constants determined by 51-. Moreover, the generation of a new
facet at the origin is proposed in [20] for the evolution of a spiral; as the result of the
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motion of X4(¢), if the length of X4 i (¢) reaches the critical length £;/f, then we add a
new facet Xqx+1(-) to X4 and change the fixed center of X4(¢) to yg41(¢) att = T. In
summary, an algorithm proposed in [20] is outlined as follows:

(1) Give an initial data ¥4(0) = U?:o X4,7(0) with suitable initial data d;(0) for
j=1,....,k—1and di(0) = 0. Set T,_; = 0.

(2) Solve (A.4)in (Tk_1,00).

(3) Letusset Ty =sup{T > Ty :di(t) <ly/f fort € [Ty_1,T)}. If T} < 00, then
we add a new facet X4 x41(7%) to X4(Tk), and change the fixed center of X4(?)
to yr+1(t) att = Tg.

(4) Return to (2), changing its center facet number k to k + 1.

Note that the evolution law, in particular the behavior of the terminal facets X4« (?)
and X40(¢) of the front-tracking model or the boundary condition are slightly differ-
ent from our minimizing movements approach. However, in Section 4.1 we have seen
that X4(¢) and Xy (¢) are numerically close.

B. Proof of Lemma 2.4

We now prove
(1) Jy is convex and nonnegative.
2) Jy(w) < ooforw e BV(W).
(3) liminfy—, Jy (u) > Jy(v) in LY(W).
4 Ifw e WH(W), then J,, (w) = [y, y(V(w — 6))dx.
However, we omit the proof of (1) since it is clear. See (2.11) for the definition of J,.

Proof. We demonstrate (2) and (3). Let w € BV(W) and ¢ € C1(W;R?) with y°(p) < 1.
Note that

1
— <y° <A, on St,

AV

y(p) <1, 0ry°(p) <1 implies |[p| <A, (B.1)

by (A2) and (A3). Then,

—/ wdivqodx—/ Vo - pdx
w w

.9
< lolloo(— [ waiviEdx) + W16 ol l
w " Tl

< Ay([wlsy + [W][[VO]l0)

by (B.1), where |W| is a Lebesgue measure of W, and ||¢||oo = supy |¢|. This implies (2).
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Next, we observe that

/ udivpdx — / vdivpdx asu — vin LY (W),
w w
since dive is bounded on W . Hence, we obtain
liminf J, () > liminf[— / udivodx — / Vo - (pdx]
u—>v u—>v w w
= —/ vdivgodx—/ Vo - pdx,
w w
which implies (3).

Finally, we prove (4). First, let w € WL (W) and ¢ € C1(W;R?) with y°(¢) < 1.
Then, we obtain

—/ wdivpdx —/ Vo -pdx = / V(w—0)-pdx < / y(V(w — 0))dx,
w w w w

since y(p) = sup{p - ¢ : y°(¢) < 1}, which implies J,,(w) < [}, y(V(w — 6))dx.
We next show that

| v =ends < 1y w) (B.2)
for w € WL1(W). We first note that y is Lipschitz continuous, that is,
ly(p1) = y(p2)| < Aylpr = pa| for p1, p2 € R%. (B.3)
This implies that
‘/W y(V(w —0))dx — /W y(V(v—=0)dx| < Ay||lw—v|prr forw,v e whiw).
Then, it suffices to prove (B.2) for w € C}(R?), since C}(R?) is dense in WL1(W).

We now make some preparations for the proof. Note that V(w — 6) is uniformly con-
tinuous on W. Let us fix & > 0 as arbitrary, and fix § > 0 satisfying

e
sup [V(w —0)(y) = V(w—0)(X)| < ——.
ly—x| <8 4N, W |
Then, since {Bs(x) : x € W} is an open covering of W, there exists X1, X2, ..., Xp

€ W such that W C Ujle Bs(x;). Let x;: R? — [0, 1] be the partition of unity, that is,
1 € C®(R?) for j =0,1,..., M such that

 suppy; C Bs(x;) for j =1,..., M, and suppyo C RZ\ W,
. Zj“io xj = 1, in particular ZjM=1 xi(x) =1forx e w.
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Letge,; € R? be such that ¥°(ge,j) < 1 and

y(V(w —0)(x;)) — <V(w—-0)(x;)-qs; forj=1...,M.

2[W| WI
Let d(x) be a distance function of dW for x € R2, that is,

) inf{|x —y|:yedW} ifxeW,
B —inf{|x — y|: y € dW} otherwise.

Then, since W is smooth, there exists 8o > 0 such that d € C! (BW&’), where
W = {x e R? : |d(x)| < 8o}
We now consider a cut-off function ¢ € C!(R) such that ¢ is monotone nondecreasing

and satisfies
£) 0 ifr<1/2,
r) =
1 ifr>1.

Then, we observe that dy, (x) = ¢(nd(x)) € C!(R?) for sufficiently large n € N.
Set

J(wig) = — /W w()dive()dy — / VO(y) - o(y)dy

for w € C}(W) and ¢ € C}(W;R2). We now choose n € N sufficiently large so that
dy(x) € CY(R2), d,(x;) = 1 forevery j = 1,..., M, and

1 &
oWnr NW| < ——— where L =sup|V(w — 0)|.
| < GTD up V(1w =)

Note that
WRaWn ={x e W:0<dy(x) <1}, W\IWn ={xeW:d,(x)=1}.
Now, let us set @g(x) = ZJMZI dy (X)) (X)ge.; . Then, g, € CH(W:R2) and
M
Yo (pe(x) <Y xi(x) =1
j=1

for x € W by (Al) and (A2). We now calculate J(w; ¢,) with integration by parts and
obtain

/W Y (V(w — 8)(»))dy — F(w: e)

= /W(V(V(w — () = VW —0)()-¢:(y)dy =1+1, (B4
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where
1= [ (V=00 = Vw00 )y, W= W\ OWE,
1= [ (V= 6)0) = Vw = 0)) - gu(r)dy, W= W 10w

In the first part, since 67,, = 1 on Wi, we have

M
I= Z /WmBs ) 1O (V(w —0)(») — V(w —0)(¥) - ¢e,;)dy.

j=1
For y € Wi N Bs(x;), we observe that
y(V(w = 0)(») = V(w = 0)(y) - ge,;

= y(Vw —0)(xj)) = V(w = 0)(x}) - ge,;

+ (Ay +14e.; DIV(w = 0)(y) = V(w — 0)(x))]
<2
W]

by (B.3) and (B.1). Then, we obtain
e M
I < — / xi(y)dy =e. (B.5)
W1 Z WinBs(x)

On the second part of (B.4), we give an estimate of

1= Z/ 1LV = 0)(») — dn()V(w — 0)(¥) - e ;) dy.

W>2NB g(x,

Note that y(p) < A,|p| for every p € R2. Thus, we have

ly(V(w — 0)(»)—=dn(»)V(w — 0)(¥) - G,/ |
< y(V(w — ) () +IV(w — 0)(»)|ge.|
<2A,L

for y € W, N Bs(x;). Hence, we obtain

1| <2A,L Z/ X )y =2, LIW,| < 2. (B.6)

zﬂBg(x]

By combining (B.4), (B.5), and (B.6), we obtain

/W Y (V(w — 0)(0))dy — d(w: ge) < 3.
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which implies

/ y(V(w —0))dx < J,(w) + 3e.
w

Letting ¢ — 0, we obtain (B.2) for w € C}(R?), and thus (4). n
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