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Existence of solution and asymptotic behavior for a
two-phase singular elliptic free boundary problem

Eduardo Hitomi and Marcelo Montenegro

Abstract. We study a superlinear two-phase equation related to the diffusion of a magnetic field in
a plasma, which is ruled by a power term in the subcritical Sobolev exponent range plus a singular
inverse of a power. We obtain the existence of a two-parameter family of solutions coming from
critical points of mountain-pass type. We also address the regularity of solutions and the regularity of
free boundaries, which are smooth hypersurfaces outside a set of Hausdorft co-dimension at most 3.
Furthermore, we study the asymptotic behavior of the family with respect to the two parameters,
separately. This leads to approximated solutions of the problem without the singular term, and to a
concentration phenomena of solutions around a point of maximum distance to the boundary of the
domain.

1. Introduction

Let 2 be a bounded smooth domain of RY with N > 2. This work is devoted to the study
of nontrivial solutions of

—Au=(—1=Bwu—-D"P 2w -1)"yp-ny inQ\du > 1},
u=0 ond<, 1)

uf)> —u, > =2 ond{u>1},

where 0 < 8 < 1and A > 0 are constants; p >2if N =2and2 < p <2* =2N/(N —2)
if N > 3; xgu>1y denotes the characteristic function corresponding to the set {u > 1};
d{u > 1} is the free boundary of u;

ur = lim Vu-v

—+ - . —
M and wu, = lim Vu-v~,

§—0+ §—0t
where vt is the normal to d{u > 1 + §} pointing inwards of {u > 1 + §}; and v~ is the
normal to d{u > 1 — §} pointing to the interior of {¥ < 1 — §}, denoted by {u < 1 —§}°,
for every § > 0. The condition on d{u > 1} is read in the weak sense as

fim (IVul> =2)¢ -v* d %V~ — lim IVul¢-v= ddeN =" =0
§—>0+ {u=1+446} §—0+ (u=1—8}
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for every ¢ € C1(Q,RY) with u # 1 on the support of ¢, where #~~! denotes the
(N — 1)-dimensional Hausdorff measure.

Solutions of two-phase problems are often obtained by minimizing the associated
energy functional. In recent advances [14, 15,28,41,51] authors have obtained solutions
arising from general critical points that are not minima. Specifically, Jerison and Per-

era [28] extended the theory known for local minimizers [2, 7, 48, 49] of the functional
J: H} () — R defined by

J(u) = /;Z[EWM + Xu>1y — ;(u -1 X{u>1)]dx. )

The above functional J is associated to the well-known superlinear plasma problem [12,
25,45,46]
—Au=Au— D" ypayy in Q\Hu > 1},
u=0 ondQ, (3)
> —uy > =2 ond{u>1}.

In [28], the authors proved the existence of a nontrivial Lipschitz continuous solution
of (3) arising as a mountain-pass critical point of J and satisfying properties known for
minimizers, such as nondegeneracy and free boundary regularity, meaning the finiteness
of the (N — 1)-dimensional Hausdorff measure and that in fact it is a smooth hypersurface
outside a set of Hausdorff dimension at most N — 3, that is, for N = 2 the free boundary
is a smooth curve. The measure theory issues of the present paper can be recalled from
the book [23].

It is worth noting that the regularity for minimizers, as in the minimal surfaces theory,
is less restrictive: in this case, the singular set has at most Hausdorff dimension N — 5;
see, for instance, [20, 21, 33]. This is in strict relation with the geometry of free bound-
aries [7,47]. Article [28] still relies on the usual methods introduced by Caffarelli in
the seminal works [8—11] toward the study of the free boundary regularity: “flat implies
Lipschitz” and “Lipschitz implies smooth” in dimension 2, along with the monotonicity
formulas of Weiss in [48,49] for higher dimensions. The framework built in [28] was fur-
ther generalized in [41] to achieve results for (3) with a larger class of nonlinearities with
growth of at most a power in the subcritical Sobolev range. In the present note, we use a
such framework to obtain solutions to singular equations.

Problem (1) belongs to the class of singular elliptic equations with Van der Waals—type
interactions, which appear in steady states modeling several fluid dynamics—for example,
non-Newtonian fluids, plasma allocation, stability of thin liquid films, and electrostatic
actuation, among others [29, 30, 32, 39, 40]. Solutions to the one-phase version are well
known and extensively studied [13,16-19,35,37] and in particular, in [14], solutions were
obtained for a similar two-phase free boundary problem ruled by a Prandtl-Batchelor-type
equation with a term u~#, but singular near the boundary of the domain.
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Critical points of the functional E: HJ (Q) — R given by

1 _ A
EG) = [ [31V4P + gy + = DY = S = 17 Jax,
Q p

where (4 — 1) = max{u — 1,0}, are indeed weak solutions of (1). Due to the term y ;> 1},
the functional E is discontinuous and therefore classical variational methods do not apply
directly. We consider approximations like in [19,35], induced by the perturbations f:R
— [0, 2], where f is a C°°-function with support in (0, 1) and satisfying fol f(s)ds =1,
and g.:R - R, 0 < ¢ < 1, given by

t
— ift >0,
ge(t)z (t+8)1+ﬂ 1 =
0 ifr <O.

Thus, we have a family of perturbed functionals E,: HOl (2) - R, 0 < & < 1, defined by
1 —1 A
Eo(u) = / [-|Vu|2 + F(”—) FA=B)Geu—1)— Z(u— 1){1] dx,
Ql2 & b4
where G.(s) = fos ge(t) dt and F(s) = fos f(t) dt are both nonnegative and nondecreas-

ing, and F satisfies F(1) =0ift <0,0< F(t) <1if0<t < l,and F(¢) = 1ift > 1.
Note that each E, is now a C !-functional with E.: H}(Q2) — (H/}(2))* given by

El(u)v = /;Z[Vqu + (éf(

Critical points u, of each E; are weak solutions of

u—1

) + (= Bygeu— 1) = u— 17 o] d.

u—1

_Au:_éf< )= (1= Brgelu =) + A~ DI ing,

u=0 ondf

&

“

and actually, by standard elliptic regularity theory, u, are C2“-solutions in {u, > 1},
where the right-hand side of (4) is Holder continuous, and in {u, < 1}°, where u, is
harmonic. Moreover, a nontrivial u, satisfies

—Au, =0 in{u, <1},
us =1 ond{u, > 1},
U, =0 onad.

and thus the maximum principle guarantees that u, > 0 in Q. If {u, > 1} = @, then
{u, < 1} = Q and thus u, must be trivial, which is a contradiction. Hence, we must have
Ue > 1 in a nonempty open set.

In view of [19,35,37], due to the sign behavior of the nonlinearity, solutions generally
exist for sufficiently large A. In Section 2, we prove the existence of a nontrivial mountain-
pass critical point of each E, for a sufficiently large A. The proof relies on a deformation



E. Hitomi and M. Montenegro 504

lemma and a mountain-pass theorem adapted to this case. We prove some uniform estim-
ates in Section 2.1, which are necessary to obtain in Section 3 a limit candidate u for a
solution of (1) as & — 0T. We show that this candidate is actually a critical point of the
original functional £ and we verify that it is a minimizer when restricted to the associated
Nehari manifold given by

N = {u e HY Q)| (u—1)4 0, [ IVu|? dx

{u>1}

=/ [—(1 = B)(u — D™P + A(u — 1)?] dx}.
{u>1}

Recall that u € H}(€2) is a mountain-pass point of E if, given a neighborhood U
C Hy () of u, the set {v € U | E(v) < E(u)} is neither empty nor path connected.

We can state our results as follows. We denote by £% the N-dimensional Lebesgue
measure.

Theorem 1.1. There exists a Ao > 0 such that, for each A > Ao, there is a sequence u,
in HO1 (§2) of critical points of E¢; converging to a function u € HO1 (Q)NC3(Q\
d{u > 1}) that is Lipschitz continuous on Q and a solution of (1) in Q \ o{u > 1}, as
ej — 0%, and satisfying

Ug;, — U uniformly in Q, ®)
ug; > u in Hy(Q). (6)
E(u) < liminfc} <limsupc) < E(u) + £ w™1(1)), @)
j—oo jooo !
where
g = yienrij max, Eg, (y(1)) ®)
with

T, = {y € C°(0. 1]. Hy () | y(0) = 0. Eq; (y(1)) < 0}. ©)
Furthermore, u € N, E(u) > 0, ¢c* = E(u) = infy E, u is a mountain-pass point of E,
and u satisfies
1 _ A
/ [(5|W|2 PRIy (VR | o ey Y 1);’) div® — Vu(D D) - Vu] dx =0,
Q p
Vo e CH(Q,RY).

To verify that the limit candidate u is actually a solution, we prove in Section 4 that it is
nondegenerate in the following sense, which is essential to obtain the regularity properties
of the free boundary.

Definition 1.2. A function u that is Lipschitz continuous on Q with Lipschitz constant L
is said to be nondegenerate if there exist constants pg, C > 0 depending on N, p, B, and L
such that

u(x) > 14+ Cdist(x,{u <1}) forevery x € {u > 1} with dist(x,{u < 1}) < po.
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Furthermore, a property that implies the nondegeneracy of the phase {u < 1} is defined
as follows.

Definition 1.3. We say that a function u that is Lipschitz continuous on Q2 with Lipschitz
constant L satisfies the positive density property if there exist constants pg, C > 0 depend-
ing on N, p, B, and L such that
oo BV 1N By
- LN (B,(x))
forevery x € {u > 1} and 0 < p < py.

<1-0C,

In possession of the nondegeneracy properties, we also are able to assert the satisfiab-
ility of the free boundary condition in the following sense.

Definition 1.4. We say that a function u that is continuous on 2 satisfies the free boundary
condition of (3) in the viscosity sense if u is of the form

ux) =14+ a((x —xg) - v)+ —y((x —x0) - v)= + 0o(|]x — x0|) when x — xo, (10)

around each tangent point xg, the one where a ball B C {u > 1}) or B C {u < 1}° is
tangent to 3{u > 1} at xg, for some constants a > 0 and y > 0 satisfying a®> — y? = 2.
Here v is the unit normal to 0B at x¢, pointing inwards of B if B C {u > 1}) and outwards
of Bif BC {u<1j}°.

We state the regularity results of the free boundary obtained in Sections 4 and 5. It is
worth mentioning that except for the free boundary condition in the viscosity sense, the
results are valid for any solution satisfying the properties of u in Theorem 1.1, and do
not depend now on the behavior of the critical points of regularized functional E, when
e —07F.

Theorem 1.5. If u is the limiting function of Theorem 1.1, then u is nondegenerate,
FN=1({u > 1)) < oo, and u satisfies the positive density property and the free boundary
condition of (3) in the viscosity sense. Moreover, 3{u > 1} is a C “*-hypersurface outside
a singular set of Hausdorff dimension at most N — 3.

Note that the results above guarantee two families ug and u of solutions of (1), one
with respect to the parameter 0 < 8 < 1 and the other one with respect to A > A, where
Ao > 0 is given by Theorem 1.1, respectively.

In [36] the following one-phase problem was studied:

—Au = (=1 = B + ) g0y in Q.
u = O on 89,

where 0 < g < 1. The authors obtained a family of solutions ug in Cli;y (), with y =
(1—=p8)/(1 + B), admitting a subsequence ug, that converges to a minimizer of

— 1 2 q+1
30 = [ (31902 + tmo = ™) dn

q+1
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when B; — 17. Motivated by their approach to recover solutions of a so-called Alt—
Caffarelli-type functional [1], in Section 6 we obtain an approximation to a critical point
of the functional J defined in (2). In this respect, we establish the result below.

Theorem 1.6. Ifug are the limiting functions of Theorem 1.1 for each fixed B, then there
is a subsequence ug, converging, as fj — 17, to a critical point of the functional

u EN{u > 1) + Ju).

The volume of the phase {u > 1} appears here due to the convergence
/ (ug — )P dx — ¥ ({u > 1))
{ug>1}

and because the functional E carries a term £V ({u > 1}).
Furthermore, the one-phase free boundary problem

—Au = —u_ﬂ)({u>o} + Au? in Q,
u>0 in 2,

u=0 ondQ2

was studied in [19], where the authors obtained a family of nontrivial solutions u, €
C'(Q) N C>®(Q) for all A > 0, which for sufficiently large A exhibit a radial profile of
least energy around some x, € 2. They also showed that this sequence of points converges
to a point Xy, of maximum distance from the boundary 92 as A — oo. In Section 7,
we show that this concentration phenomena also holds for a family u, obtained in The-
orem 1.1. We mention [24,44] where such themes were also studied.

Theorem 1.7. Let u, be limit solutions of (1) obtained by Theorem 1.1. Then a se-
equence X, of maximum points of u, converges to a point Xmax of maximum distance
from the boundary 02 when A — o0.

By the maximum principle, the points x; must be inside the cores {1, > 1} and there-
fore as A — o0, the location of {u,; > 1} tends to be as equidistant from the boundary as
possible. We remark that this result was possible due to the strategy in [19], which only
relies on localized energy expansions.

Throughout the work, we write the positive and the negative parts of a function w by

w4+ = max{w,0} and w- = max{—w,0},

respectively.

2. Existence of critical points of E,

In this section, we show that each E, possesses a critical point of mountain-pass-type
when the parameter A is sufficiently large.
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Proposition 2.1. There exists a Ao > 0 independent of ¢ such that E. has a nontrivial
critical point for every A > Ag.

The hypothesis on A appears when we guarantee in Lemma 2.3 below that the class T,
of continuous paths from the origin to {u € Hj () | E¢(u) < 0} is nonempty. The key
ingredient to prove Proposition 2.1 is the first deformation lemma, providing a homotopy
of paths in I'; and leading to a mountain-pass-type theorem (see [4]) in Lemma 2.5.

We will break the proof in some lemmas. Recall that a Palais—Smale sequence for
each E, is a sequence of functions u; in HJ () such that E¢(u;) is bounded and E/(u;)
— 0 as j — oo. If every Palais—Smale sequence for E, possesses a convergent sub-
sequence in H| (), we say that E, satisfies the Palais—Smale condition.

Lemma 2.2. The energy functional E. satisfies the Palais—Smale condition.

Proof. Let u; be a Palais—Smale sequence for E,. We first show that u; is bounded
in Hy(2). Fix a sequence 0 < p; < 1 with p; — 0% as j — co. By the definition of
a Palais—Smale sequence, there exists a jo € N such that if j > jo, then

1 i — 1 A
Eatuy) = [ [3190 + F(U2) + 0= BGetty = ) = 2y = 17 ] dx
<C (1T)

for some constant C > 0 and

|Eg(uj)v|
1 ui —1 _
_ ‘/ [V 90+~ £ (=)o + (1= Brgetay — v =2y = D270 d|
Q & &
< pilvllgi. Vv € Hy(Q). (12)
Write u; as

uj = ;= Dy + 1= —1)-).

Since F, and G, are nonnegative, (11) and the Sobolev embedding theorem yield
1 , 1 > A
[-|V(u, — D4+ =V — 1) ] dx <C+ 2 | (; —D)p)? dx.  (13)
Ql2 2 rJa

From (12) with v = (4 — 1)/ p and the facts that f(¢) <2 and g.(¢)t < |t~ for all
t > 0, we obtain

w [y =107

) /Q”V(“f — D4 P 24 (= Bl — D] ) dx

+ 0ill(; = Dl )- (14)
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Combining (13) with (14) gives

/Q[G - %)W(uj — D+ + %lV(u,- ~ -] dx
< € 2 Vel + [ [+ 5P 00 =11 Jas

3— 1
<0+ RN @) 4 2 = Delyey

1=
+ SB[y =14 dx

Since p > 2, the Sobolev embedding theorem shows that

11 ) 11 , 1 )
(3= )05 = D+l = (5 =5 )05 = Dl + 31005 = Dl

= Ci+ Gl = Dy llgp o

for some constants Cy, C, > 0 independent of u; . This implies that both || (x; — 1)4 || HIQ)
and ||(u; — 1)_||H(} () are bounded, and hence u; is bounded in Hy (Q).
Now there exists a subsequence, still denoted by u;, such that

uj —u weakly in Hy (2),
u; —>u in LY(Q) forevery 1 < g < 2%, (15)

uj > u aein asj— oo

for some u € H} (R2). Since f(1) <2 and g.(r) < g.(¢/p) forall t € R, (15) implies that

‘Af(ujg_l)uj dx—/gf(ujg_l)udx -0, (16)

*‘/ ge(uj — Nuj dx_f ge(uj —Dudx| =0
Q Q

and, using Holder inequality, that

‘/(u,—l)i‘lu,- dx—/(u,—l)i‘lu dx| — 0. (17)
Q Q
Since E[(u;)u; — 0 and E}(u;)u — 0, from (12) and (16)-(17), we obtain
. 12
— lim — [——f(
Jj—>00 Q &
1
— lim [——f(
j—>0 Jo I

= lim | Vu;Vudx

j—>o Jo

uj—l

Juts = (1= Brgetaty = Dy + 261, = DYy | dx

Mj—l

)u — (1= B)ge(uj — Du + A(u; — 1)1_114] dx
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It follows that u; converges strongly to u in HO1 (£2) and the proof is concluded. ]

We now check that E, has a functional geometry of mountain-pass-type with local
minimum at 0.

Lemma 2.3. There exists a Ay > 0 independent of € such that if A > Mg, then Iy defined
in (9) is nonempty. Furthermore,

1 .
AOES Vu € Hy () with lull gy ) < o (18)

2
H; ()
and the levels ¢} defined in (8) are positive.

Proof. Let ¢ € H((S2) be a function with {¢ > 1} # @ and ||(¢ — D+ llgp @) = 1. For

instance, let xo € Q2 be such that there exists an r satisfying 0 < PN-1 < min{1, 4N /
(&N (B1(0))(3Y —2M))} with B,(x0) C Q and take ¢ a smooth function on  which is
symmetric with respect to xo such that ¢ = 0in Q2 \ B, (xp),

3r
= B
’ V&N (B3,/4(x0)) — LN (B, 2(x0)) in By/4(xo)
and
¢(X) = 4(r — |x — x0l) in BBr/4(X0) \ Br/2(x0).

VEN (Bra(xo)) — £V (Brj2(x0))
Since F(t) < 1, (1 —B)Ge(t) < |t|'~ forall t € R and
|@-vifa= [ @-F s [ @ — DL dx
Q {(—1)+=1} {(p—1)+>1}

st<sz>+/ 16— 1] dx < 2¥(Q) + 61
{(p—1)1>1}

we have that

1 2 N 1-B A
Ee(@) < 519120 + LV () + /Q e
< 0, VA > A(),

where
Uy g + 22V (@) + 19l )
B ¢ = D+175 @
The path yg € C%([0, 1], H} (2)) given by y4 (1) = t¢ implies that I'; # 0.
Now, since F and G are nonnegative, (t — 1)y < || forevery t € R,and 2 < p < 2%,
we have

Ao

1 2 A )4 1
Ee(0) 2 5l 0~ S Wl gy Vit € HO(@),
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where €, is the best constant of the Sobolev embedding into L7 (£2); see [22]. Taking

p < min{l, (@);2}

we deduce (18). Hence, since E.(0) = 0, any path y € I'; must pass through the region

||u||§11(9) < p where E, > 0 before E,|, becomes negative (note that ”¢”12v-11(9) > p). It
0 0
follows that

1
c:ZZp2>O. n

Corollary 2.4. Let Ao and ¢} be given by Lemma 2.3. If

¢* = inf max E(y(t)),
y€ly tef0,1]

where
To = {y € C°([0.1]. Hy(2)) | y(0) = 0. E(y(1)) < 0},

then c* > ¢} > 0.

Proof. 1fu € H}(2), then F((u —1)/¢) < ys1yand (1 — B)Ge(u —1) < (u — 1)}‘__’3.
It follows that E.(u) < E(u), which implies that 'y is a subset of ;. Hence, if y € Ty,
we obtain

¢y < max E,< max E

uey([0,1]) uey([0,1])

and the result follows from Lemma 2.3. [

We now conclude the proof of Proposition 2.1.

Lemma 2.5. Let Ay be given by Lemma 2.3. If A > Ag, then there exists a nontrivial
critical point of E; at level ¢} defined in (8).

Proof. Suppose that there are no critical points at level ¢}. Since E, satisfies the Palais—
Smale condition by Lemma 2.2, I'; # @, and ¢} > 0 by Lemma 2.3, it follows from
[42, Lemma 1.3.3] that there exist a constant 0 < § < ¢} /2 and a continuous mapping
ns € C°(Hy () x [0, 1], H} (2)) such that

ns(-, ) is a homeomorphism forall 0 <t <1,

ns({u € Hy | Ec(u) <cf + 8} x{1}) C{u e Hy | Es(u) <c} -6}

and
n5|{ueH01‘Es(u)§0}x{,} is the identity mapping for all 0 < ¢ < 1.

By the definition of infimum, there exists a path y € I'; with

max E.(u) <cX+38.
uey([0,1) 2(4) <5
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But 74 takes y to a path y € I'; with
max E.(u) <cX-3§,
uelioy Fe0) = ¢

which contradicts the definition of infimum in ¢ m

2.1. Uniform estimates

Aiming a limit solution when &; — 0% for some sequence, we need uniform estimates
to guarantee sufficient regularity and growth rate so that convergence happens. Here we
assume that A > Ag ineach E,, 0 < & < 1, where A is given by Lemma 2.3 and we denote
by u, a nontrivial critical point of E, from Lemma 2.5. As noted in the introduction, recall
that each u, is a solution of (4), which is C?*% in {1, > 1} and {u, < 1} and strictly positive
in Q.

Proposition 2.6. There exists a constant C > 0 independent of € such that

el @) = €. (19)
max i <C (20)

and
Ue < g, inparticular with {u, > 1} C {po > 1} CC Q, 21

where @y is the solution of

—Apyg=A in<,
0o =0 ondQ,

and here A > 0 is a constant independent of € such that A(u, — 1){7_71 < A, which exists

by (20). Moreover,
C

max |Vug| < — forallx € Q andr > 0 with B,(x) C Q. (22)
Byj2(x) r

Proof. First we prove (19). By Lemma 2.5 and Corollary 2.4, it follows that

Ee(up) — E;(us)% = <c*. 23)

Write u, as

ug = (g — Dy + (1 = (ue — 1)-).
Using the facts that F, G, > 0, f(t)t <2,and g¢(¢)t < |¢|'~# forall > 0 and the Sobolev
embedding in (23), we obtain

1 1 ) 1 2
(5= )0t = Dl ) + 5100 = Dol

2
<c*+ /Q[% + @K%- 1)+|1_ﬂ] dx

= C1 4+ G (ue = Dt ll g @)
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for some constants Cy, C, > 0 independent of . This implies that both [|(u; — 1)1 5 L@
and ||(u, — 1)— ||H01 () are bounded by a constant independent of ¢, and so is ||u€||H(} -
Now, we deal with estimate (20). Since f, g. > 0, we have

—Aug < A — DI < qulL (24)

The fact that 2 < p < 2* implies that N(p — 2)/2 < 2*, and hence we can fix an expo-
nent ¢ satisfying
max{1, N(p —2)/2} < q <2*.

Thus, by [5, Theorem 3.1] and the Sobolev embedding, we obtain

2q/(2q—N(p—2))

2q/(2q—N(p—2
max s < C e 7(g) < Csu |38 SN E=D)

Hi () ’
for some constant C3 > 0 independent of ¢. The proof of (20) follows immediately from
estimate (19).

To check (21), we observe from (24) that

—Au, < A =—Ago.

The estimate is then direct from the comparison principle.
Finally, we prove (22). Let x € 2 and r > 0 such that B,(x) C 2. We have that v,
defined by
Ve(¥) = ug(ry +x)—1 fory € B;(0)

satisfies

r2

U
—Av, + r2(1 - ﬁ))((vg>o}m — _?
£

v - .
f(?s) + I‘zkvf l)({v€>0) in B1(0).

Since f < 2 and v, is bounded independently of ¢ by estimate (20), then [19, Proposi-
tion 2.2] implies that
[Vve|?> < Cavl ™ in By )2 (0),

where C4 > 0 is a constant independent of ¢. Using (20), we conclude that

1 C
max |Vug| < — max |Vug| < =
B, /5 (x) I By/2(0) r
for some constant C5 > 0 independent of &. ]

3. Nonminimizing solution

We are going to show that (5), (6), and (7) in Theorem 1.1 hold, concerning the limit of
a sequence u, of critical points of E, when ¢ — 0. In what follows, given a § > 0, we
denote the §-neighborhood of 92 in 2 by

Ns(0Q) = {x € Q | dist(x, I) < §}. (25)
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Proposition 3.1. Let Ao be given by Lemma 2.3 and 0 < gj < 1 be a sequence such
that e; — 0" as j — oo. If A > A and ue; is a critical point of E¢; at level C:j from
Lemma 2.5, then there exists a subsequence, still denoted by ¢j, and a function u €
H}(Q)N C2(Q \ 8{u > 1}) that is Lipschitz continuous on Q such that

ug, —u  uniformly in Q, (26)
—Au=(—(1=B)u—D"P +2u—-D"yps1y inQ\o{u>1}, Q7
ug; —u in Hy(Q) (28)
and
E(u) <liminfc} <limsupc’ < E(u) + £ @™1(1)). (29)
jooo jooo

Proof. We start by showing (26). By estimate (19), the family u; is uniformly bounded
in Hy(€2) and hence, by the Sobolev embedding, there exists a subsequence, still denoted
by ue;, such that u,; converges weakly in HO1 (2) and strongly in L4(S2), for every
1 <g<2* tosomeu € HO1 (R2). Estimate (21) implies that there exists a 6o > 0 inde-
pendent of &; such that ug; < 11in Ng,(0€2) defined by (25), for every ¢;. It follows that
each u,; is harmonic in Nj,(d€2) and hence, by elliptic regularity theory, the family u,; is
uniformly bounded in C3(Ng, /2(0€2)). Thus there is a subsequence, still denoted by &;,
such that u; converges to u in C?(Ns,/2(32)). Taking a finite covering of Q \ N, /2(92)
by balls of radius §y/4 so that each ball of radius 8o/2 is contained in €2, estimate (22)
and the mean value inequality imply that the family u,; is uniformly Lipschitz continuous
in Q\ Nj,/2(3€2). Notice that the mean value inequality also implies that u; is Lipschitz
continuous in Ng,/»(d€2), hence on 2. Therefore, by estimate (20) and the Arzela—Ascoli
theorem, there exists a further subsequence, still denoted by ¢;, such that Ug; converges
uniformly to u on €2 and u is Lipschitz continuous on 2. Summing up, we have

ug, —u weakly in HOI(S'Z),
U, — u in LY(Q) forevery 1 < q < 2%,
—u  in C*(Nsy2(09)),

Ug; — u uniformly on €2 as j — oo.

(30)

Now we prove (27) with a similar approach to the proof in [37]. First, we claim that
= D7 tus1y € Li(R). (31)

In fact, if K C €2 is a compact set and ¢ € C§°(£2) is a function such that 0 < ¢ < 1 and
¢ = lin K, then by (30), we have

(=) [ 50,00 =D dx = A [ (0, =125 dx— [ u, Vs ax

ak/(u—l)i_lgdx—/ VuVe¢ dx as j — oo.
Q Q
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Consequently, if p > 0, applying Fatou’s lemma gives
/ (u — 1)_ﬁX{u>1+p} dx < liminf[ ge; (ug; — 1) dx < oo.
K - j—oo Ja

Letting p — 0%, from Fatou’s lemma we conclude that (u — 1)7 y,~1y € L'(K) and
the claim is proved.

Letop e C§°({u > 1}) and n € CP(R) with0 <n <1,n(s) =0ifs <1/2and n(s) =1
if s > 1. Moreover, let | be an open set with @ C {u > 1} and support(¢) C Q1. By (30),
for every 0 < m < 1 there exists a jo > 0 such that [u,; —u| < m/8 whenever j > jo
with &; < m/8. Recalling that u,; is a critical point of E,, E;j (ue,)on((ue; —1)/m) =0
implies that

/Qvuejv(m(”sf'm_ 1)) dx = I,,. (32)
where
1= [ (o () -a- B, ey~ 1) + e, ~ 1% Jon(ME 0
Note that

I —>/Q (—(1 —BYu—1)"P + Au— l)p_l)wn(uT_l) dx asj —o0. (33)

In fact, let j > jo. In {u < 1+ m/4}, we have that uy; < 1+ m/2, and hence n((ue; —
1)/m) = 0. Moreover, in {u > 1 + m/4}, itholds that ug; > 1 +m/8 > 1 + ¢;. Thus

u, —1
Qi N{u>14+m/4} "

and (33) follows directly from (30) and the dominated convergence theorem. Since
n < 1, (31) and the dominated convergence theorem once more imply that

/ (1= By~ 4 20— 1P n(“ L) dx

> | Q=-Pu—-DP+ru-1)?"YHedx asm— 0.
Q

Hence

Iy [ (=B 17+ 2= 17y dx
=

as j — oo and thenas m — 0. (34)

Now we deal with the left-hand side of (32). Since support(¢) C 21, we can write

Jo o

_l>) dx =11 + I,
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sj_l)dx

Vug, | Ug, — 1
Iz=/ [Vize | 7}’( A )(p dx.
Q m m

Letting j — oo and then m — 0%, (30) and the dominated convergence theorem give

where

u
L= (Vug, - Vorn(
Q1

and

I — Vu -V dx.
Q1

Note that there exists a finite covering of 1, say B, by balls of radius
2

p dist(Qy,09)
2 2 '
By estimate (22), (30), and the dominated convergence theorem, it follows that

2 ; (ugj - (p‘ ix

C
limsup | 17| < Z —— lim
m

j—o00 — mp?> j—oo Bl 1§ sy ~15m)
C2
-,

Finally, by the fact that ' ((u — 1)/m) is uniformly bounded and the dominated conver-
gence theorem, we have that each integral in B, on the right-hand side of (35) tends to 0
as m — 0. This implies that I, — 0 and thus

/QVuej -V(gon(usjm_ 1)) dx — /;2 Vu-Vo dx

1

as j — oo and then as m — or. (36)

(”; l)gz)‘ dx. (35)

ﬂ{’" <u—1<m}

Hence, by (32), (34), and (36) we obtain

/Q Vu-Ve dx = /Q[—a B u—-1)"P +Au - l)p_l](p dx. (37)

Therefore, u is a weak solution (and thus C?) of (27) in {u > 1}.

In {u < 1}, to see that u is harmonic in {# < 1}, let ¢ € C§°({u < 1}). Note that there
exists an g9 > 0 such that u < 1 — 2¢g in support(¢), which implies that u;; < 1 —¢; in
support(g) for j sufficiently large with &; < &9. Consequently, £’ (u,; )¢ = 0 implies that

/ Vug, - Vo dx = 0.
Q
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By (30) and the dominated convergence theorem, we have that u is harmonic in the weak
sense. We remark that u is harmonic in the larger set {u < 1}°, interior of {u < 1}. Since f
and g.; are nonnegative, from E’(u¢,;) = 0 we have

/ Vug, - Vo dx < / Alug; — l)i_lgo dx, V¢ e Cg°(Q).
Q Q
Letting j — oo, it follows that u satisfies
~Au<A2u—-1E" inQ (38)

in the weak sense. Thus, the same argument as in the proof of [28, Lemma 3.1] applies:
since u is harmonic in {u < 1}, we deduce that min{u, 1} satisfies the super-mean-value
property and thus A min{u, 1} < 0 in the weak sense. This implies, along with (38), that u
is harmonic in the weak sense (and thus strongly) in {u < 1}°.

To prove (28), we only need to verify that

limsup [lue, [l g1 @) < 1l g oy (39
J]—>00

because weak convergence already implies that ||u|| i@ = liminf; 00 [|ue; | g L@ (see
[6, Propositions 3.5 and 3.32]). Testing (4) with (u, ;= 1) and using that f > 0, we obtain

[ 19 dx = [ [0 Brge e, = D = 1)+ A, = 1)2] dx

_/ 31/{8]. d](N_l,
IQ av

where v is the outer unit normal to 9€2. By (30), it follows that

U,
Aug, — )2 dx — | —L dgeN—!
/;2 (us, )+ X /BQ I
p du N-1 .
= [ Au—-1)5 dx— —dH as j — oo,
Q aq v
and thus

/Q [Vue, [* dx < /Q[—(l — B —DP A - 1)1] dx —/

9
. a—z dFN=1. (40

Now, fix a sequence 0 < p; < 1 with p; — 0 as i — oo. For every p;, if we input ¢ =
(u —1— p;)4 in (37), it holds that

/ Vul? dx =f [~ =By =P —1-p)s
{u>1+p;} {u>1+p;}
F A= DI -1 - p,-)+] dx (1)
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and if we test Au = 0 with (u — 1 + p;)— over 2, we have

ou

/ |Vul|? dx = —(1 —p,-)/ — dJgeN, (42)
{u<1—p;} aQ Ov

Thus, since fu—l(l) |[Vu|? dx = 0, adding (41) and (42) and letting i — oo yields

_ ad
/ IVul? dx = / [—(1 — B -1 - 1){;] dx —/ S g geN-1,
Q Q aq v
This implies, along with (40), that
limsup/ |Vuej|2 dx 5/ |Vul|? dx
Q Q

j—oo

and thus (39) is verified.
Finally, we prove (29). Consider the decomposition

ugj—l

)ty + (1= B)Ge, (e, = Dot

by
— 4 l)f_]dx

1 2
e i) = [ [5190, P+ F(*

+/ [F(Ll) + (1= )G, (e, — 1) ]d. 43)
u=l(1) &j

Since F((us; — 1)/€j) x{u=1) converges almost everywhere t0 y (y>13, Ge,(Ue; —1) X (u1}
converges almost everywhere to (1 — 1)1 =8 X{u>1}, by (30) it follows that the first integral
in (43) converges to E (u). Furthermore, since 0 < F < 1 and 0 < (1 — B)G(t) < |t|' P
for all € R, it follows that

0< /MI(I)[F(”G’ — 1) + (1= )G, (ug; — 1)] dx

&j

<ENw (1)) +/ g, = 11"P dx — 2N ™' (1)) asj — oo,

u=1(1)
which concludes the proof of (29). ]

We verify that u obtained in Proposition 3.1 is a critical point of mountain-pass-type
on the Nehari manifold N .

Proposition 3.2. The limit solution u given by Proposition 3.1 satisfies

ueN, (44)
E(u) > 0, (45)
c*=E®@)= i}}/fE, (46)

u is a mountain-pass point of E 47
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and
1 2 1-p_ A P\ g dx =
Q[(§|Vu| + fus1y + @ —1) —;(u—1)+) d1Vd>—(Vu)Dd>-Vu] x =0,
Yo e CJ(2,RY). 48)

Proof. First, we prove (44). Since u satisfies (27), testing this equation with (v — 1)+
over €2 yields

/ [Vul? dx = f [—(1 —B)u—-D"P ¢ A - 1)1’] dx (49)
{u>1} {u>1}

and thusu € N.
To check (45), using (49) in E(u) gives

E(u) = / %IVulz dx + £ ({u > 1))
{u<1}
* /{u>1}|:(% - %)'WF + (1 - %)(u - l)l‘ﬁ] dx.  (50)

Since p > 2 > 1 — B, it follows that E(u) > 0.

Now we prove (46). The minimality of u in the restriction E|y follows from the
claim: ¢* < infy E. In fact, since u € N, we have that infy E < E(u), and by (29),
Corollary 2.4, and the claim, it follows that

E(u) <liminfe} <limsupcl <c¢* <infE < E(u). (51
j—oo Y Jj—o0 / N

We will prove the claim next. Define
W ={ueHy(Q)| -1+ #0}.
Note that &' C W and since
u=@w—-4+0-@w-1)-),
we can take the curve passing through u, given by

§u(t):{ A+ =-@m—1)_) if —1<r<0,

. (52)
A-w—-1)_)4+tmw—-1)4 ifr>0.

Along the curve, if —1 <t < 0, it holds that

_(1+0? 2
) = = /{M Vul? dx
and IE
@”)(t) =(1+1) |Vu|? dx.

dt fu<1}
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If t > 0, we have

1 t2
E(u(0)) = —/ VP dx + —/ VaP dx + £V (> 1))
2 {u<1} 2 {u>1}
AtP
+t1—ﬁ/ u—1""Pdx - (u—1)? dx
{u>1} V4 {u>1}

and

w(z) = t/ |Vul? dx + (1 —ﬂ)fﬂ/ u—1)""Pdx
dt (w>1} (w>1}
—)Llp_I/ (u—1)? dx.
{u>1}

Note that £ |;u is not smooth. In fact, it is discontinuous at t = 0 and

. _ 1 2 N 1
Jim B (G (1) = /{M<I}IVM| dx + L7 ({u>1}) > 2/

|Vul? dx = E(8u(0)).
2 {u<1}

Also, there exists a #,, > 0 satisfying

/ |Vul? dx + (1 —ﬁ)(zu)—ﬁ—I/ (u—1)""P dx
{u>1}

{u>1}

— x(z,,)P—Z/ u—1)?dx =0, (53)
{u>1}

since E|¢, is positive for ¢ close to 0 and negative for ¢ sufficiently large, so that E|,
is increasing in [1, ;) (it is always increasing in [—1, 0]) and decreasing in (z,, o) with
E(y(t)) > —oo when t — oo.

This last property implies in particular that there exists a 7 > 1 sufficiently large so
that £ (¢, (7)) < 0. We have a path y,, € [’y given by

Yu(t) = &u(@+ D1 = 1) (54)

satisfying
¢ = max E(@)=Eu(ta) = E),
veyy([0,1])
and therefore the claim is proved.

Now, to show (47), suppose that U is a neighborhood of u. Using continuity of the
path y,, defined in (54), there are points 0 < 1% <7 < t? < 1 such that y, (¢%), y, (t?) € U
and {w € U | E(w) < ¢*}is nonempty. If U is path connected, then there exists a path ¥
joining ¥, (t%) and y,,(¢?). But Yullo.ra] © ¥ © Yulys 17 is a path in I with E restricted to
this path being less than ¢*, which is a contradiction. Hence u is a mountain-pass point
of E.
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Finally, we deal with (48). Note that the variational equation corresponding to vari-
ations P to each E¢; is

LTG0 7 (M) 0160y~ 10— B = 1) v

J
— Ve, (D®) - Vug, | dx = 0. (55)

In fact, if ® € CO1 (Q,RN), then

/Qdiv[(%Wusj 2+ F(”Efg_ 1) + (1= B)Ge; (g, — 1) — %(ug, - 1)1;)@

J
~ (Vug, @) Vg, | dx

_ /Q[(%Ivuejw2 + F(u’g—l_1> + (1= B)Ge, (e, — 1) — %(uel. ~1)2)dive

— Vg, (DD) - Vuaj] dx

L (s — 1 p=1
+ /Q(—Ausj +—f (=) + (1= Brgelue, =) = Mg, = D) d.
Since the left-hand side vanishes by the divergence theorem and u,, satisfies (4), we
obtain (55).

Note that by (51), we have c:j — ¢* as j — oo, which implies also that E, (us;)
— E(u). Since Proposition 3.1 guarantees that u,; converges uniformly to u and strongly
in Hy (), the same computation in [28] (see paragraphs after its Definition 4.3) yields

U, — 1 U, — 1
lim F( Z )div@dx: lim F( Z )div@dx:/ div ® dx
Q {u>1} {u>1}

Jj—o00 Ej Jj—>00 Ej

and we can let j — oo in (55) and apply dominated convergence theorem in the other
terms to obtain (48). [ ]

4. Nondegeneracy property

We now verify that u is nondegenerate in the sense of Definition 1.2, meaning that around
the free boundary d{u > 1}, the function u is not equal to 1, but instead, it grows in {u > 1}
above the distance function when close to the free boundary.

Proposition 4.1. The limit solution u given by Proposition 3.1 is nondegenerate.

Proof. From the proof of Proposition 3.2, we take for every v € W the path ¢, defined
in (52), which intersects N at t,, the point given in (53). The key ingredient is the use of
the continuous projection 7: W — N defined by

r() =C(ty) = (1= (—=1)-) + v —1).
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Note that by (50), if v € W, then

Emw»=§/

{v<

11
Vo2 dx + £V (v > 1)) + (- - —)tg/ IVol? dx
1} 2 p (w>1)

+ (1 - M)t;—ﬁ/ (-1 dx, (56)
p {v>1}

andifv € N,
1
E®) = 5/ Vo2 dx + £V ({v > 1))
{v<1}

l_l 2 _(l_ﬂ) _ 1\1-8
+(2 p)/{u>1}|w| dx+(1 . )/{M}(U D=8 dx. (57)

Let xo € {u > 1}. By continuity, there exists a 0 < p < 1 such that B,(x¢) C {u > 1} with
some Xo € 0B,(xo) satisfying u(xg) = 1. We need to show that v given by

vur=ﬂ@ifﬂii,Vye&m>

satisfies v(0) > k > 0, for some constant k > 0.
Since u is Lipschitz by Proposition 3.1 with Lipschitz constant L > 0 in {u > 1}, we
have

0<v(y)=p "(u(xo+ py) —u(¥p)) < Lp '|xo — %o + py|
< Lp~'|xo —Xol + Lp~'|py| <2L, (58)

for every y € B1(0). Also, note that
—Av(y) = —pAu(xo + py) = —p" P (1 = v(»)™F + pPAv(y)? 7"
Let /1 be the solution of

—Ah=—p"B(1 = B)yv B + pPAvP"! in B1(0),
h=0 ondBi(0),

which exists by [27, Corollary 6.14] and satisfies

max |h| < CApPLP™,
Q

by [27, Proposition 2.15]. By the Harnack inequality on v — 4 4+ CAp? L?~! and estim-
ate (58), it holds that

v(y) = C(0) +p”). ¥y € By3(0)
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for some constant C > 0 depending only on n and L. Let : B;(0) — [0, 1] be a smooth
cutoff function vanishing in By/3(0), positive in B,;3(0) \ B1/3(0), and equal to 1 in
B1(0) \ B,/3(0). Moreover, define

— Xo

z(x) =1+ pw(x ), Vx e Bp(X()),

where w: B1(0) — R is given by
)= {min{v(y>,C(v(0> + ")y} iy € Bay3(0).
v(y) if y € B1(0)\ B23(0)
and set
D = {x € Byp/3(x0) | v(y) > C(0) + p")Y(y), y = p~ ' (x = x0)}.

Note that (z — 1)— = (u — 1)_, z|m =1,{z > 1} ={u > 1} \ B,/3(xp), and that
P,

outside D, z is equal to u. Since u is a minimizer of E| by Proposition 3.2, (56) and (57)

imply that

1 1 2/ 2 1 1 2 2
Sp— VzPdx + (s — =)@ -1 Vul* dx
(2 p)z @l | (2 p)(z ){u>1}\:o| |

1—
+ (1 —~ (—ﬂ))(zg—ﬂ —-1) (u—1)"" dx
p {u>1\D
(1- /3) 1-8 1-B
+ (1 — T)[Z /;D(Z — 1) dx
> £V (By/3(0)p". (59
Furthermore, since u, 7 (z) € #, it follows that
f |Vul? dx = —(1 — B) wu—1D"Pdx+2 u—1)?dx=A
{u>1} {u>1} {u>1}
and

/ 2V =14 *dx=—(1-B) 1Bz —1)F dx+)L/ t!(z - 1)Pdx,
{z>1}

{z>1} {z>1}

which implies that 7, > 1, because from (59) if £, < 1 by contradiction, we would obtain

B0 < (1-152) /{m}[(z I — (= )] ax

ili=p) [l e

_ (1_ (1;l3))/ (u — l)l—ﬂ dx
B

0/3(X0)

_)‘G_%)/B (u— 1) dx <0.

p/3 (x0)
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By definition (53) of ¢,, we also have

/ |Vu|? a’x—i—/ |Vz|2 dx + (1 —,B)tz_ﬂ_lf (u—1)""P dx
u>1)\D D (w>1)\D

+ (1 —ﬂ)tz_ﬁ_lf (z— D' dx
D
= Atf_z/ (u—1? dx + )Ltf_Z/ (u—1)? dx.
{u>=1\2 D
Moreover, since u — 1 < 2Lp in D for p sufficiently small, we deduce that
[ vapax = oo+ 2t [ vuPdy i
D {y | xeD}
V(D) < Cp",
/ (u—1)? dx < C3pP™.
D
and

/i)(u — DB dx < Cup' PN,

From (60)—(62) and using that #, > 1, we obtain

2 Josy IVuP? dx + [5 V212 dx + (1= B) foy (6 — D' 7P dx
z - )‘f{u>1)(“ — 1P dx =L [p(u—1)? dx

B+ [ |Vz|* dx 1 ’
= <1+ — [ |Vz?dx + Csp?™V,
B— A [pu— )P dx ~ +B/@| 2" dx + Csp

523

(60)

(61)

(62)

where B=A+ (1) f{u>1}(u — 1)!=# and Cs > 0 is a constant depending only on L

and N, and ¢ = min{p, N}. Then, by (59), it holds that

/i) |Vz|? dx + Cep?tN = 2£N (By/3(0))p".

Therefore, for p sufficiently small, it follows from (61) that v(0) is bounded from below

by a positive constant k, and the proof is concluded.

5. Free boundary regularity

This section is devoted to the proof of Theorem 1.5, concerning the free boundary regu-

larity for u given by Proposition 3.1.

5.1. Finiteness of the Hausdorff measure

First, we show that the free boundary does not develop large sets of singularities.
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Proposition 5.1. If xo € 0{u > 1}, then there exists a universal constant C > 0 such that
FHNTH@{u > 1} N By(xo)) < CoN™!
for every p < dist({u > 1},0)/2.

Proof. Letx; € d{u > 1} and 0 < p; < min{p/2,1/2} such that B, (x;) is a finite cov-
ering of 9{u > 1} N B,(xp). Let § = min; p;/2 and, for each 1 < j < N, take points
)CJ’.c € d{u > 1} such that Bg (x;‘) is a finite covering of d{u > 1} N B, (x;). Moreover,
let # 8N ~1 denote the (N — 1)-Hausdorff measure of step § and

Vs({u > 1}) = {x € Q| dist(x, {u > 1}) < §}
be the §-neighborhood of d{u > 1}. Once we prove that

N (Vs(3{u > 1} N Byys(x0)) < C8(p+ 8N, (63)
then we have

HV T > 110 By(xo) < D Y &N (Bs(xf))
J ok
< CEN(Vs({u > 1}) N Byys(xo))
<C8p+H" ' <Cl+HN!

and the proof is concluded as § — 0. We note that (63) follows from Lemmas 5.2 and 5.3
below, which imply that

LV Vs0u > 1) N Bpys(xo) < DY &N (Bas(x)) =€ YD N (Bs(x))
k J

k

“ery)

< C/ |Vu|? dx < C8(p + §)N 71,
By (x0){lu—1|<6}

|Vu|*dx §C/ |Vu|?dx

5 () U Bs (x¥)

and we now conclude the proof. ]

Lemma 5.2. If Qo C 2 is compact, then
[ 1vuldx = 28, (o
By (x0)

for some constant C > 0 and all r < rg, where ry is a radius depending on 2.

Proof. We just need to follow the proof of [38, Proposition 7.3], using that u is Lipschitz
continuous on § by Proposition 3.1 and nondegenerate by Proposition 4.1. ]
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Lemma 5.3. Ifr <dist({u > 1},9R) and t > 0, then

/ |Vul? dx < CerV 71,
By (xo)N{lu—1|=<7}

for some constant C > 0.
Proof. Let0 < s < t and define uy = min{(u — 1 — s), 7 — s}. It follows that
—usAu = (—(1 = B — )P ypony + A — DE s in Q.

Integrating it over B, (x¢), we have

d
/ VuVuy dx:/ —uus dyN1
B, (x0) 3B, (xg) OV

[ (=B = 0P gy + A= D2 s
By (x0)
where v points out of dB,(xg). Since u is Lipschitz continuous, we obtain
du N-1 N-1
’ — Uy dcr’ < Lt (0Br(x9)) < Cztr .
0B (xg) IV
Thus, if M = maxgu, then

/ (—(1 — B — 1) ppusny + A — 1);"1)us dx < CtMP~ 2N (B, (x0))
B (x0)

< CcrV.

Since

/ Vu Vug dxz/ |Vu|? dx,
By (x0) B (xo)N{14+s<u<1+1}

the result follows as s — 0. [

Taking a finite cover of d{u > 1} as the restriction of balls of radii p < dist(
{u > 1},3K2)/2, Proposition 5.1 readily implies that #V~1(d{u > 1}) < oo.

5.2. Topological boundary equals measure-theoretic boundary

We will show that d{u > 1} C d.{u > 1}, since the other inclusion holds trivially by
definition of the measure-theoretic boundary d; see [23]. This is a consequence of the
positive density property (see Definition 1.3).

Proposition 5.4. The solution u satisfies the positive density property.

The proof of this result makes use of the superlinear growth of u around the free
boundary and some estimates concerning the behavior of v also around the free boundary
from the phase {# < 1}, which we clarify below.
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Lemma 5.5. Given x¢ € 0{u > 1}, there exist constants 0 < pog < dist({u > 1}, 9Q) and
y > 0 such that

sup (u—1) > yp
Bp(xO)

holds for every 0 < p < po. In particular, for each p, the supremum is achieved at least at
a point in B, (xo) \ By/2(x0).

Proof. We claim that there exist constants 0 < po < dist({u > 1}, 9dQ) and C > 0 such
that if x € {u > 1} with dist(x, {u > 1}) < pyg, then there holds

ux)—1>1+C)(u(x)—1)

for some X € Bigi(x {u>1})(¥). Let xo € 9{u > 1} and fixa 0 < p < po. Then by continuity,
there exists an x1 € B,4(xo) such that u(x;) > 1 and it follows that

r1 = dist(x, {u > 1}) < |x; —xo| < g < po.
Then by the claim, there exists a x, € dB;, (x1) such that
u(xz) — 1> (1 +C)(u(xy) —1).

Iteratively, we have x; 11 € 0B, (x;) with p; = dist(x;, {u > 1}) such that

u(xj+1) — 1> (1 + C)(u(x;) — 1)
for1 < j <kandx,,...,xx € By(xp). By induction we deduce that

u(xjp1) — 1= (14 C)*u(x) — 1)
and since u is bounded, we obtain xx 41 ¢ B,(xo). Since u is nondegenerate, we have

u(xj+1) —u(x;) = Cu(x;) — 1) = Cp,

for 1 < j <k — 1, which implies, by the triangle inequality, that

k—1 k—1
u(xg) > u(xy) +C ij >14+C Z |xj+1 —x;] = 1+ Ac|xx — xq]. (64)
J=1 j=1

Suppose that x; € B,/2(x0). We have

)
|xXk4+1 — Xk | =[xk — xo| < >

and so
Xk+1 — Xo| < p,
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which cannot occur because xi41 ¢ B,(xg). Thus, we have xx ¢ B,/2(xo). Since x;
€ B,/4(x0), it follows that

0
X —Xx1| > =,
lxg — x1] 2

which implies that
Cp
—1>=
ulxe) =1z
by (64).
It remains to prove the claim. We argue by contradiction to obtain sequences x; €
{u>1}and C;, pj — 0" as j — oo, where p; = dist(x;, {u < 1}), satisfying

u(x) = 1< (1+C)ulx)) - 1) (65)

for all x € dB,, (x;). By continuity, there exist X; € dB,, (x;) such that u(X;) = 1. Define
then the rescalings
u(x; +pjy)—1
v (y) = ——F"—
Pj

and .
y =9
Pj

So Proposition 3.1 guarantees that v; is a solution in C(B1(0)) N C?(B1(0)) of

—Av; = (=(1=B)p; Pu P + 2207 ")y, 0y (66)
in B1(0) with v;(y;) = 0, and by (65),
vi(y) =1 <1+ Cj)v;(0) (67)

for all y € 9B1(0). By the nondegeneracy of u, we have u(x;) > 1 + Cp; and this also
implies that
vj(0) > C. (68)

By Lipschitz continuity of u, we have that v; is also Lipschitz continuous in B1(0),

L _
vi(y) < ;|xj —Xj +p;y| 2L,
j

for all y € B;(0) and we obtain

/ Vo, 2 dy = p].—N/ \Vul? dx < CL2.
BI(O) p; (Xj

7

Thus, by the Sobolev embedding and the dominated convergence theorem, there exists a
subsequence, which we still denote by v;, converging to a Lipschitz continuous function v,
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uniformly in B;(0) and weakly in H, (B;(0)). Also, y; converges to some yo € dB;(0).
Multiplying equation (66) by ¢ € C§°(B1(0)) and integrating over B;(0), we obtain

/ Vv; Vo dx = / (—(1 — ,B)p}_’gvj_ﬂ + /\pj’vf_l))((vj>o}<p dx.
B1(0) B1(0)

Letting p; — 07, we have that v is harmonic in By (0) with v(y) < v(0) forall y € 3B1(0),
by (67). By the maximum principle, v is constant, but (68) implies that v(0) > C > 0
= v(y9), which is a contradiction and the claim is proved. ]

Lemma 5.6. Given x¢ € 0{u > 1}, there exist constants 0 < py < dist({u > 1}, 0R2),
co, c1 > 0 such that
u(xy)) —1=cip (69)

for some x1 € 0B, (x¢) and

1

S — (u—1)y dFN71 > cop. (70)
9B,x0)l Jogyey ’

Proof. By contradiction, suppose (69) does not hold. Then there exist sequences p;, c;
— 07 and x; € 3{u > 1} such that
u(x) —1<cjp;
for all x € 9B, (x;). Since u is Lipschitz, we obtain
(@) — Dy < u(x) —u(x)] < Llx - x;] < Lpj.
for all x € By, (x;). It follows that
~Aw—1) <=1 =P -1 +ru—DF" <aLr=1pr

Consider the sequence v; of solutions of

—Avj = )&L"_lpj’_l in By, (x;),

{ v; =cjpj ondB, (x;).

‘We have
p—1
Vj = ¢ipj tC2p;

for some ¢, > 0. By Lemma 5.5, there exists y > 0 and for j sufficiently large, a point
Yj € Bp;(xj) \ By, /2(x;) such that

u(y;)—1=>yp;.

Since
u(y;) —1=<v;(y),
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we have
-2
y<¢i+eapl T,

which is a contradiction since ¢j + ¢ pj’ 2 0.
Now, for x;1 € 9B,(x¢), we deduce by (69) and the Lipschitz continuity of u that

c1p
ux)—1> —
() -1>
forall x € B, ,/2p)(x1). This readily implies (70) by some cg. ]

Lemma 5.7. Let A > Ag for Ao given by Proposition 2.1 and u be the limit solution given
by Proposition 3.1. Given xo € 0{u > 1}, there exist constants 0 < pg < dist({u > 1},09),
&9, ¢, C > 0 such that if

FHN T ({u <1} N 9B,(xo)) < ep™ T, (71)

forevery 0 < p < pg and some 0 < ¢ < &g, then the following estimates hold:

/ |Vv|? dx < / |Vu|* dx — cp®, (72)
B, (xo0) B, (xo)

/ V(v = 1)_|? dx < Ce'/NpN
B,u(xo)

and

%/Bp(xo)[(u —1)? 4+ (- 1)1] dx

—/ [(u —)P - 1)‘;’3] dx < CpP*N, (73)
Bp(xO)

where v is the solution of
—Av =0 in By(xp),
v=u ondB,(xp).

Proof. Estimates (71) and (72) are proved in exactly the same way as estimates 7.4 and 7.5
of [28, Lemma 7.3]. Let pg be from Lemma 5.6. Since u is Lipschitz, we have

u(x) = 1] = u(x) —u(xo)| = Lx — xo| < Lp,

for all x € By(xp). Since v is harmonic in B,(xo) and it satisfies the Dirichlet condition
v = u on dB,(x) where |u — 1| < Lp, we obtain by the maximum principle that

lv(x) =1] < Lp
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for all x € B,(xp). Since
~(1=p)a =P +A@—1F <AL7p!
in B,(xo), estimate (73) follows. |
We are going to prove Proposition 5.4 next.

Proof. Let xg € 0{u > 1}. By Lemma 5.5, there exist constants 0 < pg < dist({u > 1},9)
and y > 0 such thatif 0 < p €< pp, then we have

u(xy) — 1> % (74)

for some x1 € B,,/5(x0) \ Bpj4(xo). Let p be the minimum between po and the constant po
in Lemma 5.7. Since u is Lipschitz, taking k = min{1/2,y/(2L)}, we have

u(x) > u(xy) — Lix —x1| > 1+ % —Lkp>1
for all x € By, (x1), by (74) and k < y/(2L). This implies that

é(iN({u > 1} N By(x0)) -
LN (B (x0)) -

kN

which proves the first inequality.
Now suppose by contradiction that the second inequality does not occur, that is, the
quantity is not bounded away from 1. We have that there exists a xo € d{u > 1} such that

£V (fu < 1) N B(xo)) < 67 (75)
for some 6, p > 0. By the coarea formula [23], we have
FN T ({u < 13N 9By (x0)) < ep™ 7!

for some p/2 < p < p, where ¢ = 2"V 6. Take v as in Lemma 5.5 and a function w satisfying
w = vin By(xp) and w = u in Q \ B,(xo). We claim that E(mw(w)) < E(u) for p and ¢
sufficiently small. But this is a contradiction, since 7 (w) € N and by Proposition 3.2, u
is a minimizer of E| . So, we will now prove the claim. By Lemma 5.5, we obtain

/Q |[Vw|? dx < /Q |Vul? dx — cp®, (76)
f [Vw|? dx < / Vul* dx + Ce'/N p" (77)
{w<1} {u<1}
and

% /sz[(w ~Df — =1 ]dx /Q (=17 + @- 1P| ax| = cort™. as)
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By (75), we have

/ IV —1)_|> dx < / |V —1)_|> dx < L?ApY < L?¢p".
Bp(xo)

B5(xo)

By (76), we deduce that

[ 1@ =14 P dx < [ 19012 dx o (19)
Q Q
for ¢ sufficiently small and

£V (w > 1) < 2V ({u > 13\ Bo(x0)) + £V (B,(x0))
= £V ({u > 1) + 2V ({u < 1} N By(x0))
< £V (> 1) + 45" < 2V (fu > 1) + e (80)

Since u, 7(w) € N, we have
/ |Vul? dx = / (—(1 — By — 1" A — 1)1’) dx 1)
{u>1} {u>1}
and by (53),

/{ 1}|Vw|2 dx +(1— ,3):;,1’—1/{ 1}(w —1)'"Pax —mg—Z/ (w—1)? dx =0.
w> w>

{w>1}

By (79) and (81), we obtain

/ IV(w—1)4]* dx < / (—(1=B)(u— l)rﬁ +Au—1E) dx - EPN
Q Q 2

= / (_(1 - B)(w— 1)_1|__ﬂ + AMw — 1)1) dx — E'ON 4 Cpp+N
§2 2
= /Q(—(l —B)w -1 4w —1)2) dx,

for p sufficiently small. Since #,, < 1 by (76), (81), and (78), using (57) and (81), it follows
that

1 1 1
E(x(w)) = 5/{ 1}|Vu)|2 dx + £V ({w > 1})+t3]<§—;>/{ 1}|Vw|2 dx
w< w>

+(1- £ ;ﬂ))t,}fﬂ /{w>1}(w —D'F dx

1 11
5-/ IVw|? dx + N ((w > 1})+(-——)/ IVw|? dx
2 Jiw<1y 2 p/ Jws1y

+(1-¢ ;ﬂ)) /{w>1}(w ~ )" dx. (82)




E. Hitomi and M. Montenegro 532

Finally, using (82) with (77), (78), (79), (80), and (81), we have

1 1 1
E(r(w)) < -[ IVul? dx + £V (u > 1)) + (- — —)/ IVul? dx
2 {u<1} 2 p {u>1}
1—
+ (1 — ﬂ)/ (u—1)""P dx
p {u>1}
C 1/N N 1 1)‘7 N N N
_ Y . CoP™t
+28,O (2p2p+8p+p
C 1 1
=E(@u)— [—ESI/N + (5 - ;)% —&— C,op],oN < E(u),
for ¢ sufficiently small and the claim is proved. ]

5.3. Free boundary condition

Once the nondegeneracy and the positive density properties are proved, we are able to
verify that the limit solution u satisfies the free boundary condition of (3) in the weak
sense (1.4).

Proposition 5.8. If A > Aq for Ay given by Proposition 2.1, then the limit solution u
given by Proposition 3.1 satisfies the free boundary condition in the viscosity sense (10)
of Definition 1.4.

Proof. Let ug; be the sequence of solutions of (4) given by Proposition 3.1 converging
to u. Since

(1= B)ge(tte, — 1) = Mg, — DE™" > (1= ) = D3P — (= D5

uniformly when ¢; — 0 and u is nondegenerate, then [31, Corollaries 7.1 and 7.2] imply
that u satisfies the free boundary condition in the viscosity sense. We note that since
around 0{u > 1} the sides {u > 1} and {u < 1} are nondegenerate by Proposition 5.4, it
follows that y < 0 indeed does not happen in (10). ]

5.4. The free boundary as a smooth hypersurface

Now we conclude the free boundary regularity analysis. This can be obtained along the
same lines from [28, Section 8] and [41, Theorem 2.8] and we highlight it for complete-
ness. Here we assume that u is the limit solution given by Proposition 3.1. Instead of the
inhomogeneous modification in [28,41] of the theory developed for zero right-hand side
in [9, 11], we now deal with —Au = —(u — 1)™# in {u > 1} near the free boundary and
we can rely on an inhomogeneous modification of the methods in [3,34,43].

Proposition 5.9. The free boundary 9{u > 1} is a C “"*-hypersurface outside a singular
set of Hausdorff dimension at most N — 3.
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The idea to prove Proposition 5.9 is to argue by induction on dimension and follow
the framework introduced by Caffarelli in the series of seminal works [8—11] to the study
of regularity of free boundaries. We start with the base case N = 2.

To this aim, we perform a blow-up analysis for all N > 2, by considering the sequence
of rescaled blow-up limits around each x € d{u > 1}, given by

u(x +rjy)—1

w;(y) = (83)

Tj

By the Arzela—Ascoli theorem, this sequence converges uniformly to a Lipschitz func-
tion Wee on compact sets of RV . This limit inherits the regular properties of u, translated
as follows.

Proposition 5.10. The limiting function weo of the rescaled w; defined in (83) satisfies:

Woo is Lipschitz continuous in RN and harmonic in {wee > 0} and in {wee < 0}°; (84)

Weo is nondegenerate, (85)

that is, there exists a constant C > 0 such that weo(y) = Cr, for every r > 0 and y with
B, (y) C{wee > 0}

d{Weo > 0} has locally finite perimeter, (86)
that is, there exists a constant C > 0 such that
HV (B, (x0) N d{wee > 0}) < CrV~1
for every xg € 0{woo > 0} and r > 0;
Woo Satisfies the positive density property for open sets, &7
that is, there exists a constant C > 0 such that
£V (B, (x) N{weo < 0}°) = CrY

and
£Y(Br(x) N{weo > 0}) = CrY

for every x € {weo > 0} and r > 0;
Weo Satisfies the free boundary condition in the viscosity sense, (88)

that is, it holds that

Woo(y) = a((y = y0) - v) . = ¥((y = ¥0) -v)_ +0(ly — yol) when y — yo,
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for every tangent ball B to the free boundary and yo € d{weo > 0} N B, and some
a,y > 0 satisfying a® — y? = 2, where v is the unit normal to 0B pointing inwards at x
if B C{ws > 0}, and outwards if B C {weo < 0}°;

1 .
/RN[(E'Vwoo|2+X{woo>o}) div @—Vwe (D D) - Vwoo]dx =0,
Yo e CRY, RY); (89)

and
Woo IS homogeneous of degree 1, (90)

that is,
Weo(Fy) = rweo(y), Vy € RV

Proof. The proof follows exactly the one of [28, Lemma 8.1], and for convenience, we
outline it here with the appropriate modifications.

First, we prove (84). Let xo € d{u > 1} and consider its blow-up w; defined in (83).
On every compact K C {weo > 0}, we have w; > 0 for j sufficiently large in a small
neighborhood of K and it holds that

—Aw; = (=} P (1= Byw; P + 12w ) x>0

By standard elliptic regularity theory, we have that w; € C2%*(K), which implies that
Wj —> Weo in the C?-norm as rj — 0. To conclude that

—AWs =0
both in {we, > 0} and in {we, < 0}°, it suffices to show that
dist({w; > 0} N By(y), {weo > 0} N By(y)) = 0

for every p and y € RY, where dist here is the Hausdorff distance. We can verify at
one phase and the other will follow in exactly the same way. It suffices to show that
if x ¢ {wee > 0}, then there exists a ball Bs(x) sufficiently small such that w;(y) <0
for all y € Bs(x) and all j sufficiently large. Since weo is continuous, there exists a
8 > 0 sufficiently small such that By CC {wee < 0}°. By the uniform convergence of w;
t0 Weo, We have w; < § in Bog (x), for j sufficiently large and 0 < §<8 sufficiently
small. Suppose by contradiction that there exists a y; € Bs(x) with w; (y1) > 0. Since w;
is nondegenerate by Proposition 4.1, it follows that there exists a y, with [y, — y1| < C §
such that w; (y2) < 0, which implies by continuity that there exists a y3 € d{w; > 0}. This
is a contradiction with the nondegeneracy of w;, because this gives us w; > § in Bs(x).
This proves (84).

Now (85) follows directly from the nondegeneracy of w; by Proposition 4.1 and (86)
is a consequence of Proposition 5.1 and the fact that {w; > 0} N B,(y) = {wee > 0}
N B,(y) in Hausdorff distance for every p and y € R¥ as in the proof of (84).
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To prove (87), note that since the positive density property holds for w; by Proposi-
tion 5.4, we only have to verify that the sets {w; > 0} and {wo, > 0} only differ locally by
a set of zero Lebesgue measure. But by the uniform convergence of w; to weo, it follows
that

él.‘iN(({woc > 0}\{w; >0}) N B) =o(dist{w; >0} N B - {we >0} N B)) asr; —07F

for every ball B C RY . The same applies to {w; < 0}° and {we, < 0}°. This proves (87).
Now, since w is a solution of the classical free boundary harmonic problem by (84)

and by (85) it is nondegenerate, we have that (88) is a consequence of the works [7,11,31].
By Proposition 3.2, w; satisfies

1 81— A .
/B[(§|Vw1|2 + Hwr=or + rjl ﬂw.} ﬂX{wj'>0} — Vjp;wjp)({wj>0}) div @

— Vu(D®)- Vw; | dx =0, Vo e CJ(B.RY).

By the proof of (87), we have that ) {w; >0} = X{w.>0} in L'(B) and since Vw; converges
pointwise up to a subsequence to Vwee, (89) follows from the dominated convergence
theorem as r; — 0.

Finally, (90) is a consequence of [28, Corollary 9.2] and the proof is concluded. [

By the properties of weo, we can guarantee that the free boundary of u is flat around
each of its points.

Lemma 5.11. If N = 2, u is locally flat around each point in d{u > 1}.

Proof. By Proposition 5.10, we is harmonic in {we > 0} and in {ws < 0}° and since
it is nondegenerate and homogeneous of degree 1, then wo, should be a plane in both
{weo > 0} and {we < 0}°. Since wyo satisfies the boundary condition in the viscosity
sense and the positive density property, then we, must be of type

Woo(y) = a(y - v)+ —y(y-v)-,
forallye]RN andforsomeoc>0,yzO,andveSl. [

In dimension 2, the regularity of the free boundary follows in the literature ([8—11])
as the “flat implies Lipschitz” and the “Lipschitz implies smooth” programs to conclude
that in dimension 2, the free boundary is locally a C Le curve. As in [28,41] where the
inhomogeneous modification of the theory developed for zero right-hand side in [9, 11] is
considered to guarantee that regularity, since in (1) the right-hand side is also zero at the
free boundary and behaves like —Au = (u — 1)~ in {u > 1}, we can rely on the methods
in [3,34,43], which can also be modified to our inhomogeneous version.
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Finally, we are ready to prove Proposition 5.9. The exact same inductive argument
on dimension as in the proof of [28, Theorem 1.5] follows. It relies on [49, Section 4],
which is an adaptation of the classical dimension reduction technique used to prove meas-
ure regularity of minimal surfaces arising as minimizers of the area functional (see [26,
Chapter 11]).

We proceed to the proof of Proposition 5.9 in what follows.

Proof. Suppose N = 3, fix a xo € d{u > 1} and consider woo defined in (83). For every
Yo € {weo > 0} \ {0}, since weo is Lipschitz by Proposition 5.10, there exists a sequence
{p;j} C Ry with p; — 0T such that pj_lwoo(yo + pjz) = Woo(z) for some function Weo.
We have that this limit is two-dimensional, since yo Vg (z) = 0 forall z € RV \ d{weg
> 0}, by the vanishing of the radial derivative of w,. By Proposition 5.10, it is also
homogeneous. Hence wo, must be flat and by the same argument in dimension 2, the
free boundary d{ws, > 0} is locally smooth around y,. Thus u is flat locally around xg,
except for possibly xg itself. Taking a finite cover, we have that 0{u > 1} is smooth except
for finitely many points, which proves the case N = 3. [49, Theorem 4.5] proves that
FHN=2+d (§{y > 1}) = 0 for all d > 0, and therefore the proof is concluded. n

6. Approximation to the functional £~ ({u > 1)) + J(v)

We prove the asymptotic behavior 8 — 17 in Theorem 1.6.

Proof. Fix a sequence 0 < 8; < 1 with §; — 17 as j — oo. From Proposition 3.1, for
every B; there exists a solution ug, € Hy () N C(Q \ d{up > 1}) of (1) that is Lipschitz
continuous on 2. Moreover, Proposition 3.2 guarantees that ug; is a minimizer of E|y
and also satisfies

1 -8, A .
/S;I:(§|Vuﬂ]|2 + X{u5j>1} + (uﬂj — 1)+ Bi _ ;(uﬂj — l)i) div ®
—vuﬂj(mb)-vuﬂj] dx =0, V®eClQ.RY). ()

Write
ug, = (uﬁj - Dy +(1- (u/;j —1)-).

Since ug; € N, we obtain
2 2
”(uﬁj - 1)+||HO1(Q) + ”(Mﬂ] - 1)—||HO1(Q)
< Cl[(ug; — 1)+||H01(sz)+/9<—(1 —Bi)((ug, — D) + A((ug, — 1)+)”)dx

= Ci + Gol(ug; — 1)+||ZOI(Q)
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for some constants C1, C2 > 0 independent of ;. This implies that || (ug, —1)+ | @ and
[(ug; — D- ||H01 (g) are bounded by a constant independent of f;, and so is [ug; ||H& ©-
By the Sobolev embedding there exists a subsequence, still denoted by ug, , such that

ug, —u weakly in HO1 (),
ug, — u in L9(Q) forevery 1 < g < 2%,

ug, > u ae.in asj— oo
J

for some u € HO1 (£2). Proceeding analogously as in the proof of Proposition 3.1, we fur-
ther obtain that up to a subsequence, still denoting it by ;,

{uﬂj —u  in C*(Ns,2(09)),

ug; — u uniformly onQ asj — oo.

We shall prove that u satisfies

1 A
/ [(E|Vu|2 + 2ty — = — 1)1;) div® — Vu(D®) - Vu] dx =0,
Q p

Vo e CJ(2,RY).

It suffices to note that

lim /(u,g/. - 1):__'3" dx = lim (up, — DB dx = 2V ({u > 1))
j—>oo Jo

j—o00 {uﬁj >1}

and hence, the result follows by letting j — oo in (91) and applying the dominated con-
vergence theorem. Then, we have the following energy bounds:

Vu>1)+Jw) < I;Hligfczi < limsupc;f]_ <EN(u>1)+c3
’ j—00
< EV{u> 1)+ J).

where c7 is the critical level associated to the mountain-pass level of J(u) as in [28,
Theorem 1.2]. [

7. Concentration as A — oo

Finally, we deal with Theorem 1.7. Its proof follows some ideas related to the ones of
[19, Theorem 1.2].

Proposition 7.1. Let u) be the family of limit solutions of (1) obtained by Proposition 3.1
with each A > Ag for Ay given by Proposition 2.1. Then there exists a sequence x) of max-
imum points of uy converging to a point Xma.x of maximum distance from the boundary 02,
when A; — oo.
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Proof. Note that each x; occurs in {u, > 1}, since each u is nondegenerate by Proposi-
tion 4.1. The proof is concluded once we show the claim below.

Claim 7.2. There exists a constant C > 0 such that

dist(x;. 02) > max dist(x, 02) — C A~ U+A/2(+B-1)
xXe

For each A, consider the sequence u, . in Proposition 3.1 converging to u . Let x; .
€ 2 be a point satisfying

”A,e(x)\,s) = e I'lI‘laX> }uk,e(x)
A

and the rescaling
vie(y) = )11/(P—1+/3)(u)L (5 e + )L—(l+ﬂ)/2(P—l+,3)y) —1),
defined for all
yEQe= {/\(l+ﬂ)/2(p+ﬂ—l)(x — X34 | x € 9}7

which satisfies

1 Uhe
—Avie = T ) B/(p+B-1) f(gp/(wrﬁ—l))
— (1= B)gapiorsnWae) + i)' in Q.
Vae =0 on 092 .

The associated energy to this equation is given by

1 2 1 v
Ere(v) = /QM[EWU| + )L(B—l)/(p+ﬂ—l)F(gkl/(pﬂfi—l))

1
F U= PG ) = oL |dy. Vo€ Hi(@0)

The mountain-pass level ¢ , defined in (8) is equivalent to

cie= inf max E; (tv);

veH!(Q, ) {120}
see, for instance, [50, Theorem 4.2]. Claim 7.2 is proved from the fact that

lim dist(x; ¢, 02) > mas)z( dist(x, 02) — CA~+R)/2(p+B=1)
X€E

e—>0t

for some C > 0, which is a consequence of the estimates

log(cy o — C;,Ml/(pwfl))
< _2(5—(14-/3)/2/1—(1+3)/2(P+ﬂ—1) _ C)(A(1+ﬂ)/2(17+f3—1) max dist(x, Q) — Cl)
- xeQ
+ Clog(}) 92)
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and

log(ci"s - 61,5,11/(”5—1))
> (e UFA2)=AFA2(p A=D1 C)(dist(0, 9R2.¢) + 0(1) — C2)
— Clog(}) (93)

for some constants Cy, C,, and C, and that
dist(0, 92, ;) = AUFA2C+B=D gist(x; .. 09).

We will prove (92) and (93) based on the following reasoning concerning local energy
expansions: consider critical points of the functionals defined on a ball B,(0) C RY, for
all p > 0and € > 0, by

v € Hy(B,(0) 1 1
HE”’E(U)ZLP(O>[E|V”|2 2B+ B—1) ( )Hl_ﬂ)G ©) - _”+] Y

They satisfy

1 v -1 .
~Av = e /(5) — (1= Bge) + 027 in B,(0),

v=0 ondB,0),

with critical level

.= 1nf max E,z(tv).

*
PE veH! (By(0)) (=0}
When p — oo, we can consider the full energy

ve HH(RY)

_ 1 5 1 v 1,
> Egn z(v) = AN [§|VU| + WF<§> + (1= B)Gz(v) — ;%]dy,

with critical level given by

*
cpyz= inf  max Epw z(tv),
REE veml®N) {120}

We need the following estimates from [19, Proposition 6.1], which are still valid with
the terms f or F added, with no relevant changes in its proof:

Lemma 7.3. There exist constants C1, C, C, ¢ > 0 such that
log(cyz = cu z) = =2(e” A2 — C)(p — C2) — Cllog(p) (94)

and
log(cy o — cpw ) < —2(7 P2 4 C)(p — C1) + Clog(p). 95)

forallp > Cy +3and € < &y.
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Since Q1 . C B,(X1.e), for p= AUFA/ 208D max o dist(x,dQ) and ¥ € Rz
the point of maximum distance from 0€2, ., we obtain

with & = eAV/@+B=D and thus estimate (92) follows from (95).

To prove estimate (93), denote v = v, . and assume without loss of generality that
X1 — X in Q for the same subsequence ¢ — 0T such that Uy — uy. Denote Ry =
dist(x;, ¢, 0S2) and Ro = dist(x,,0S2). For each § > 0, take Ry, > 0 such that :EN(B% (xy))
= £N(Q N Bry+s(x2)) and §’ € (R} — Ry, §). Take also a smooth cut-off 7 with uni-
formly bounded gradient and

1 if 0<s<Ry.+7,
n(s) = .
0 if s>R; .+,

and set n; (s) = n(A~A+A/2(+B=Dg) and T(y) = v(y)na(|y]), for all y € Q; .. For
each 0 <t <1y, for ¢ sufficiently large, it holds that

v (lyDI?

2 4y

E3.0(%) < E3o(t0) + / (DI, (yDlvlVol + 12

Q/\,s

1 v tvny (|x])
T B—D/G—A-D /QM F(gp/(wﬂ—l)) B F(gm/(wﬂ—l)) dy

L) /Q Gotsirs 1 (V) — Goguiipspn (tvma (1)) dy
Ae

14
2 / 0P (1= 72(x)?) dy. 96)
P Ja;,

Again, since Q3 ; C B, (X)), for p = AUFA/2(+B=1 max o dist(x, dQ), then we can
consider radial solutions. By the fact that f and F are non-negative, [19, Lemma 6.3] still
holds and it asserts that there exist constants Cy, &g > 0 such that

v(y) < exp(—((AYPTE=DY _)12(|y| - Cy))
and
[Vu(y)] < exp(—((eAV/PTE=DY — 1)1V2(|y| — Cy) + Clog(1/e) + C log(X))

forall y € Q, , with |y| > C; and € < g9. Expanding G;1/(+5-1, We have

)-

v? v3
Gep/p-1 (V) = ————5— + 0<—2+ﬂ
2el+B ) prp-1 g2+B ) prp-1



Existence and asymptotics in a two-phase singular elliptic problem 541

given thalt+lé < 27 1A/ @+B=1) wwhich holds in Qe \ Bra,e)(0), where r(A,8) = (Ra ¢
+6")A2G+8=D | Therefore, it holds that
Ct3
2+8 v
82+ﬁkm QA,E\Br()L,e) 0)
< exp(—3((8)tl/(”+ﬂ_l)) — l)l/z(r()t, g)—Cy) + Clog(s™") +C log()t)). 97)

/ Gop/w+8-0 (tV) — Goym+p-v (tvna(|x])) dy < 3
Q/\,s

Analogously, we have

tv tona(yl)
/QM F(gxl/(p+6—1)) B F<g,11/(p+ﬂ—1)> dy

< exp(=3((eAV/PTED) — )12(r(X,e) — C1) + Clog(e™) + C log(R)),
p
[ Sora=mash? ay
Q. P

<exp(—(p + D((AYPE=D) —1)12(:(A,e) — C1) + Clog(e™") + C log(R)),
/Q o (DI, (yDull Vol dy

< exp(=2((eAPTE=DY —1)12(r (X, e) — C1) + Clog(e™") + C log(R)),

and

2, 2
S v ImaxDI” dy
Q)L,e
< exp(—2((8)tl/(p+ﬁ_1)) — l)l/z(r()k,s) —C))+Clog(eH) +C log()t)). (98)
Hence, using estimates (97) and (98) with the aid of (96), it holds that

Ej o (t0) < Ej o(tv) + exp(=2((eAVPTA=D) — )12(r (X, e) — Cy) + C log(e™)
+C log()t)). 99)

Now the rest of the proof follows exactly as in the one of [19, Theorem 1.2]. We choose
R’A’E > 0 satisfying éCN(BR:LS (xn) =£N@n BR, ,+5(x3)). Considering the symmet-
ric decreasing rearrangement v* of U given by

o0
T (y) =/ X(EG)=e di,
0
where

T >t} ={y eRN | ¥ B O)yIN < 2V ({y e RN | 5(y) > t})},

we obtain
Ej (D) = E, c31/0+8-0 (107),
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1+8
with p = R} A2G+-D . Lett be such that

~% ~%
E, enr/orp-n((07) = max E, j1/p+p-1n(s07).
s€[0,20]

By (99), we have

Che— CI,SAI/@w—l)
> —exp(—Z(s_(l+ﬂ))t_(1+ﬁ)/(p+ﬂ_l) — l)l/z(r()&,s) - C1) + Clog(e™h)
+ C log(})). (100)

Using (94) in (100), we obtain (93) and the proof of the Claim 7.2 is concluded. ]
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