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A penalized Allen–Cahn equation for the mean curvature
flow of thin structures
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Abstract. This paper addresses the approximation of the mean curvature flow of thin structures
for which classical phase field methods are not suitable. By thin structures, we mean surfaces that
are not domain boundaries, typically higher codimension objects such as 1D curves in 3D—that
is, filaments, or soap films spanning a boundary curve. To approximate the mean curvature flow of
such surfaces, we consider a small thickening and we apply to the thickened set an evolution model
that combines the classical Allen–Cahn equation with a penalty term that takes on larger values
around the skeleton of the set. The novelty of our approach lies in the definition of this penalty
term that guarantees a minimal thickness of the evolving set and prevents it from disappearing
unexpectedly. We prove a few theoretical properties of our model, provide examples showing the
connection with higher codimension mean curvature flow, and introduce a quasi-static numerical
scheme with explicit integration of the penalty term. We illustrate the numerical efficiency of the
model with accurate approximations of filament structures evolving by mean curvature flow, and
we also illustrate its ability to find complex 3D approximations of (at least local) solutions to the
Steiner problem or the Plateau problem.

1. Introduction

The aim of this paper is to introduce a model and a numerical method for approximating
the evolution of thin structures via mean curvature flow. As a specific example of thin
structures, we focus on filaments in 3D space, which are typical codimension 2 objects
possibly with singularities. The method we introduce is actually suitable for more general
structures, such as surfaces which are not domain boundaries. It is therefore relevant to
various physical applications, as we illustrate with numerical approximations of (at least
local) solutions to the Steiner or Plateau problems in 3D.

The evolution by mean curvature of thin structures such as filaments falls into the
category of higher codimension mean curvature flows, that is, mean curvature flows of
submanifolds with codimension at least 2. A first list of references (see [10]) for the defi-
nition, the analysis, and the approximation of higher-codimension flows is [2, 6, 7, 11, 13,
33, 58, 63]; see also [42, 46, 61], the survey paper [59], and the references therein.
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Various methods have been proposed to approximate numerically these flows. The
curve shortening flow in higher codimension was for example approximated numerically
with finite elements in [8, 9, 34, 36, 38], with a semi-Lagrangian scheme and a level set
approach in [24] (for codimension 2 curves), and with a parametric approach in [48].
Finite elements were also used for approximating the anisotropic curve shortening [51] or
the mean curvature flow of surfaces in arbitrary codimension [14, 52]. Bence–Merriman–
Osher-type algorithms have been introduced and studied to approximate codimension 2
mean curvature flows; see, for instance, [45, 55]. Recently, a method based on neural net-
works was proposed in [22] to handle the mean curvature motion of a large variety of
objects: oriented and non-oriented curves or surfaces, curve networks, multiphase sys-
tems, and curves or surfaces with boundary constraints, with applications to the Steiner or
Plateau problems.

In general, the above numerical approaches are not as effective as their counterparts
designed for codimension 1 surfaces, with the notable exception of [22], which seems
very well suited to extensions to higher codimension (see also the recent contribution [20]
where a phase field approximation of non-oriented interfaces is introduced).

In this paper, we address this limitation by showing how classical phase field meth-
ods can be used to approximate, at least formally, the mean curvature flow of higher
codimension interfaces, possibly associated with boundary constraints. This is achieved
considering the mean curvature motion of tubular neighborhoods of the interfaces, com-
bined with implicit thickness constraints.

1.1. Classical mean curvature flow and its phase field approximation

The classical mean curvature flow starting from a smooth open set � � RN is a time-
dependent set �.t/ whose inner normal velocity Vn.x/ at each point x of @�.t/, as long
as it can be defined, is proportional to the scalar mean curvature H@�.t/.x/. Here, we use
the sign convention that the scalar mean curvature of a convex surface is non-negative. Up
to time rescaling, the evolution flow takes the form

Vn.x/ D H@�.t/.x/; x 2 @�.t/;

which corresponds to the evolution of @�.t/ by the L2-gradient flow of the perimeter

P.�.t// D HN�1.@�.t//;

where HN�1 is the .N � 1/-Hausdorff measure.
This emblematic geometric flow has been the subject of extensive research; see [10]

and the references therein. To deal with singularities, which can develop in finite time
and mark the limit of existence of the smooth flow, various notions of weak mean cur-
vature flows have been introduced; see, for example, the references in [5, 10, 41, 46, 61].
The approximation of mean curvature flow has been addressed with various models and
numerical methods, particularly parametric, level set, convolution-thresholding, or phase
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Figure 1. Phase field approximation beyond singularities of the mean curvature flow of a dumbbell.

field approaches; see [3] for a theoretical perspective on some of these approaches. It is
worth emphasizing that a wider class of singularities can be handled by the last three
methods; see an example in Figure 1.

In the theory of phase field approximation, the fundamental work of Modica and
Mortola [49] showed that the perimeter of a set can be approximated in the sense of �
convergence (for the L1 topology) by the smooth Van der Waals–Cahn–Hilliard energy

P".u/ D

ˆ
Q

� "
2
jruj2 C

1

"
W.u/

�
dx:

where Q � RN is a sufficiently large fixed bounded domain, " > 0 is a small parameter
and W is a smooth double-well potential, typically

W.s/ D
1

2
s2.1 � s/2:

In particular, the characteristic function of a set� of finite perimeter can be approximated
inL1 by functions of the form u" D q.

dist.x;�/
"

/ so that P".u"/! cW P.�/ as "! 0, with
cW D

´ 1
0

p
2W.s/ds. Here, q.s/D 1

2
.1� tanh.s=2// is an optimal profile associated with

the above choice of W , that is, a minimizer of the associated 1D Van der Waals–Cahn–
Hilliard energy with suitable values at ˙1 and 0, and dist.�; �/ is the signed distance
function to � with the convention that dist.�;�/ takes negative values in the interior of �
and positive values outside.

The L2-gradient flow of the Van der Waals–Cahn–Hilliard energy P" results in the
Allen–Cahn equation [1], that is, up to a time rescaling,

ut D �u �
1

"2
W 0.u/: (1.1)

The Cauchy problem for this non-linear parabolic equation has a unique solution that
satisfies a comparison principle; see, for instance, [3, Chap. 14]. Furthermore, a smooth
set � evolving by mean curvature flow can be approximated by

�".t/ D
°
x 2 RN ; u".x; t/ �

1

2

±
;
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where u" solves (1.1) with initial condition

u".x; 0/ D q
�dist.x;�.0//

"

�
:

A formal asymptotic expansion of u" near the interfaces [10] shows that u" is quadrat-
ically close to the optimal profile, that is,

u".x; t/ D q
�dist.x;�".t//

"

�
CO."2/;

and the inner normal velocity V " of the interface ¹u" D 1
2
º satisfies

V " D H CO."2/:

The convergence of @�".t/ to @�.t/ as "! 0 has been rigorously proved for smooth flows
in [12, 28, 32] with a quasi-optimal convergence order O."2j log "j2/. The fact that u" is
quadratically close to the optimal profile has inspired the development of very effective
numerical methods in [19, 54, 60].

1.2. Mean curvature flow of thin tubular sets and thickness constraint

Let† denote a set of codimension at least 2. If it is smooth, its vector mean curvatureH†
is well defined, and therefore the classical motion of † by mean curvature, character-
ized by the (vector) velocity V D H† at each point, is well defined locally in time. To
approximate this higher codimension mean curvature flow, the central idea of this paper
is to consider a � -neighborhood†� of†, and a phase field mean curvature motion of this
neighborhood with a control of its thickness to prevent its disappearance or any topolog-
ical change. There are classical theoretical approaches to the higher codimension mean
curvature flow that involve either phase field methods or tubular neighborhoods (see,
e.g., [6, 7, 11, 13]), but they are difficult to approximate numerically, in contrast to our
model, as will be shown later. In practice, we consider the perturbed Allen–Cahn equation

@tu
"
D �u" �

W 0.u"/

"2
.1C f � /; (1.2)

where the forcing term f � acts as a Lagrange multiplier associated with an implicit con-
straint that the thickness of the evolving domain is bounded from below by � .

As we will see, the sharp interface limit of this equation gives the following law at the
boundary of †� :

Vn D H �
rf � � n

2.1C f � /
;

where n is the inner unit normal on @†� , Vn is the scalar normal velocity, and H is the
scalar mean curvature.
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The main difficulty with the above model lies in identifying a suitable definition for the
forcing term f � . To address this, we exploit the properties of the signed distance function
and the asymptotic expansion of the solutions to the Allen–Cahn equation, which allow
us to identify the skeleton of †� , taken as an approximation of †. This analysis leads us
to the following definition of f � :

f � D c.h� � jhn�u" ; .rn
�
u"/

T n�u"ij/;

where c > 0 is a constant and n�u" D h
� �

ru"

jru"j
, with h� a smoothing kernel, typically a

Gaussian kernel of standard deviation � .
We provide in the following both theoretical and numerical arguments to show that

such a forcing term is primarily active near the skeleton of †� and, in practice, serves
to both locate the skeleton and maintain a minimum distance of � between @†� and the
skeleton throughout the flow. The initialization of our flow involves computing a dis-
tance function; however, in contrast with level set methods, our approach does not require
redistancing at every iteration. In particular, the characterization of the skeleton is solely
based on the computation of the forcing term f � , which eliminates the need for repeated
redistancing and avoids the inaccuracies typically associated with the classical level set
numerical discretization of mean curvature flow.

We will provide theoretical and numerical arguments showing the connection of our
modified Allen–Cahn equation with the (higher codimension) mean curvature flow of †.
In particular, our approach provides an accurate numerical approximation of the mean
curvature flow of tubular sets, possibly with endpoints constraints as in the Steiner prob-
lem. We will also illustrate that our model can be extended to approximate solutions to
the Plateau problem, even in the case where the solution is not orientable. This proves the
versatility of our method and its ability to handle complex geometric problems.

1.3. Outline of the paper

The paper is organized as follows:
In Section 2, we consider a forced mean curvature flow of a domain � with normal

velocity Vn D H C g. We show that, being appropriately chosen, a forcing term g can
prevent the boundary @� from approaching a fixed set † of codimension 2.

Section 3 is devoted to identifying implicitly the skeleton of� by exploiting the prop-
erties of its signed distance function. To address this, we use an approximation of the
term

Sn D hn;rnT ni;

where n is the gradient of the distance function.
In Section 4, we discuss a quasi-static numerical discretization of the perturbed Allen–

Cahn equation (1.2). The section ends with numerical experiments that illustrate the ability
of our approach to model accurately the evolution by mean curvature of filaments.
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Lastly, in Sections 5 and 6, we explain how to couple the perturbed equation with
additional inclusion constraints. We deduce numerical approximations of (at least local)
solutions in 3D to the Steiner problem and to the Plateau problem, using for the latter
a penalization of the volume. Of course, since our method is derived from a gradient
flow, we cannot guarantee theoretically that it converges to global minimizers—it rather
provides local minimizers. We observe, however, that the numerical solutions we obtain
in several classical situations are perfectly consistent with known exact minimizers.

2. Approximation of the mean curvature flow with thin fixed
obstacles

Given a closed obstacle† � RN (typically a closed Lipschitz set possibly with boundary,
but some results proved below remain true for more general sets), the aim of this section
is to study how the classical Allen–Cahn equation can be modified to approximate the
evolution by mean curvature of the boundary of a smooth bounded open set� constrained
to remain at a distance not smaller than � from †.

2.1. Motivations

We assume in the following that the obstacle † is contained in the interior of a smooth
open set� with a distance from @� at least equal to � > 0. The case where it is contained
in the complementary of � can be considered in a similar way. We begin by proving
that, the distance from † to @� being positive, the mean curvature at the point of @�
closest to † is bounded from above. This result is essential since, if we consider the mean
curvature flow with a forcing term g, that is, Vn D H C g, it is possible to choose g
large enough near † to be sure that it prevents @� from flowing closer to †. Moreover,
choosing g such that it takes values close to 0 far from † makes it almost inactive there,
so that the constrained flow of @� far from† is very close to the classical mean curvature
flow.

Lemma 2.1. Let † � RN be a closed set, and � � RN an open, bounded set with C 2

boundary such that dist.@�; †/ D ı > 0. Let s0 2 @� be such that dist.s0; †/ D
dist.@�;†/. Then

H�.s0/ �
N � 1

ı
:

Proof. There exists a point p 2 † such that dist.s0;†/ D ks0 � pk D ı > 0. Up to some
linear transformation on RN , we can assume that p has coordinates .0RN�1 ; ı/, s0 has
coordinates .0RN�1 ; 0/, and the interface @� can be locally considered as the graph of a
regular function  W V � RN�1 ! R defined on a neighborhood V of 0RN�1 such that
 .0RN�1/ D 0 and r .0RN�1/ D 0RN�1 . Therefore, the scalar mean curvature of @� at
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s0 D .0RN�1 ; 0/ is

H�.s0/ D div
�

r p
1C jr j2

�
.0RN�1/ D � .0RN�1/

and we have that

 .x/ D
1

2
hx;r2 .0RN�1/xi C o.kxk2/; as x ! 0: (2.1)

Thanks to the definition of ı, for all x in a neighborhood of 0RN�1 ,

kx � 0RN�1k
2
C . .x/ � ı/2 � ı2;

which gives
kxk2 � 2ı .x/C  .x/2 � 0:

Hence, by considering x D �ej where .e1; : : : ; eN�1/ is the canonical basis of RN�1and
by dividing the above inequality by �2, as � goes to 0, thanks to (2.1), we obtain that

ı.r2 .0//jj � 1;

which leads to

H�.s0/ D

N�1X
jD1

.r2 .0//jj �
N � 1

ı
:

2.2. The Allen–Cahn equation with a forcing term

A classical perturbation of the Allen–Cahn equation consists in adding a forcing term g"

and considering

@tu
"
D �u" �

W 0.u"/

"2
C g":

When the forcing term g" satisfies

sup
">0

ˆ T

0

ˆ
"g".x; t/dxdt < C1;

Mugnai and Röger proved in [50] that the above phase field model converges to a forced
mean curvature flow (in the sense of varifolds) with vector velocity

V D H C g;

where H is the vector mean curvature and g a vector field characterized by

lim
"!0

ˆ T

0

ˆ
RN

� � ru"g" dx dt D

ˆ T

0

ˆ
RN

� � g d�;
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for every � 2 C 0c ..0;T /�RN ;RN /. Here � is a Radon measure on .0;T /�RN obtained
as the limit of the diffuse surface area measures

�" WD
� "
2
jru"j2 C

1

"
W.u"/

�
LNC1:

Recall that the Allen–Cahn equation is, up to a rescaling of time, the L2-gradient flow
of the Cahn–Hilliard energy P". The Allen–Cahn equation combined with the forcing
term g" can be obtained, with the same rescaling of time, as the gradient of

P" C "

ˆ
RN

g"u"dx:

However, the additional penalty term is not well suited to our problem, as it penalizes the
whole interior of �" (see [23]) and not only the interface @�". An easy way to focus on
the boundary of �" is to use a weight of the form W.u"/, which is active only near @�",
along with a penalty term of the form

1

"

ˆ
†

W.u".x; t//dHk.x/;

assuming that † is a k-dimensional set. A diffuse approximation of this penalty term is

1

"

ˆ
RN

f � .x/W.u".x; t//dx;

where f �dx is a non-negative smooth approximation of Hk †. Such a penalty term
leads to the perturbed Allen–Cahn equation

@tu
"
D �u" �

W 0.u"/

"2
.1C f � /;

which has been studied by Qi and Zheng in [53]. In particular, it is proved in [53] that if
1C f � > 0, then the sharp interface limit of the equation corresponds to a forced mean
curvature flow in the sense of varifolds with a vector motion law given by

V D H �
r?f �

2.1C f � /
; (2.2)

where r?f � is obtained from rf � by removing its tangential component.
We will now discuss the behavior of the forcing term in (2.2) and prove that, under

certain conditions on f � , (2.2) provides a flow with obstacle.

2.3. Choosing the forcing term

We define f � as the Lebesgue density of the convolution of Hk † with the Gaussian
kernel

h� .x/ D
1

�N
e
�
jxj2

�2 ;

which provides a natural approximation of Hk †. Let us examine the consequences of
this choice.
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2.3.1. Case where† is a single point. We first consider the simplest case where†D¹0º
and the forcing term f � is defined by

f � .x/ D ı0 � h
� .x/ D

1

�N
e
�
jxj2

�2 :

Lemma 2.2. To any 0 < � < 1, we associate the function f � .x/ D ��N e�
jxj2

�2 : For all
0 < � < exp.2.1�N/

N
/, there exists an interval I� containing �

p
�N ln � such that, for

every open bounded set � 3 0 with smooth boundary and satisfying dist.0; @�/ D ı > 0
with ı 2 I� , and for s0 2 @� such that js0j D dist.0; @�/ D ı, it holds that

H�.s0/ �
rf � � n

2.1C f � /
.s0/ < 0

where n.s0/ is the inner unit normal to @� at s0.

Remark 2.3. This result implies that, for a time-dependent set �.t/ evolving by the
forced mean curvature motion (2.2) and such that 0 is in the interior of �, the forcing
term f � acts as a repulsive source in a ring around 0. These observations can be extended
to the case where the obstacle † is a general C 2 set.

Remark 2.4. One of the advantages of using the forced flow (2.2) with the above defi-
nition of f � is that, when the interface is far from the obstacle, the flow behaves almost
exactly like a mean curvature flow. As the interface begins to approach the obstacle, the
perturbation term forces it to maintain a minimum distance from the obstacle. It is natural
to extend this idea to dynamic obstacles, and even to obstacles provided by the interface
itself, typically its skeleton. This is the purpose of the next section.

Proof of Lemma 2.2. We have that rf � .s0/ � n.s0/ D @n.s0/f
� with n.s0/ D �

s0
js0j

D �
s0
ı

. Therefore,

f .s0/ D
1

�N
e
� ı

2

�2 and rf � .s0/ � n.s0/ D
2ı

�NC2
e
� ı

2

�2 :

Thanks to Lemma 2.1, it follows that

H�.s0/ �
rf � � n

2.1C f � /
.s0/ �

N � 1

ı
�

ı

� .NC2/
e
� ı

2

�2

1C 1
�N
e
� ı

2

�2

:

In order to have the left-hand term negative, it is sufficient to find an interval I� depending
on � such that, for all ı 2 I� ,

w� .ı/ WD

ı2

� .NC2/
e
� ı

2

�2

1C 1
�N
e
� ı

2

�2

> N � 1:
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Observe that, since 0 < � < 1,

max
Œ0;C1Œ

w� � w� .�
p
� ln �N / D

� ln �N

2
:

For all 0 < � < exp 2.1�N/
N

, w� is continuous on Œ0;C1/; hence, there exists an inter-
val I� containing �

p
� ln �N such that, for every ı 2 I� , w� .ı/ > N � 1, and the lemma

ensues.

2.3.2. Case of a general fixed obstacle. Thanks to Lemma 2.1, we show in the following
that, for � > 0 small enough, we can avoid the interface colliding with a given static
obstacle:

Theorem 2.5. Let † � RN be a closed k-rectifiable set and, for 0 < � < 1, let f �dx D
h� �Hk † where

h� .x/ D
1

�N
e
�
jxj2

�2 :

Let t 2 Œ0; T � 7! �.t/ be the smooth mean curvature flow of a smooth open, bounded set.
There exists 0< � < 1 such that, if†��.0/� (the interior of�.0/) and dist.@�.0/;†/�
ı > 0, then for every t 2 Œ0; T �, dist.@�.t/;†/ � ı:

Proof. Let t > 0 be such that dist.@�.t/;†/D ı. Thanks to Lemma 2.1 and the definition
of the forced mean curvature flow (2.2), for every st 2 @�.t/ satisfying dist.@�.t/;†/ D
dist.st ; †/ D ı, we have that

Vn.st / D H�.t/.st / �
rf � .st / � n.st /

2.1C f � .st //
�
N � 1

ı
�
rf � .st / � n.st /

2.1C f � .st //
;

Assume that † � �.t/�. Then

lim
�!0

rf � .st / � n.st /

f � .st /
D C1I

therefore, for �t > 0 small enough, we get that

Vn.st / �
N � 1

ı
�
rf �t .st / � n.st /

2.1C f �t .st //
< 0:

By contradiction, assume now that † \ .�.t/�/c is not empty. By the regularity theory,
the flow is continuous in space so there exists an earlier time 0 � t 0 < t such that †
��.t 0/� and dist.@�.t 0/;†/D dist.s0;†/D ı with s0 2 @�.t 0/. By the above argument,
Vn.s

0/ < 0 for a suitable �t 0 so the distance with † cannot decrease, which contradicts
the original assumption. It follows that, for every t 2 Œ0; T � there exists �t > 0 and a
closest point st of @�.t/ to † such that Vn.st / < 0. Using the smoothness of rf

�t .s/�n.s/
2.1Cf �t .s//

on a suitable open set containing † and strictly contained in �.t/� for all t , we deduce
the existence of � > 0 such that Vn.st / < 0 for every t 2 Œ0; T �. Hence, the distance
between @� and † is bounded below by ı, which completes the proof.
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3. The skeleton and its approximation

There is a rich literature on medial axes, skeletons, and cut locus of sets with various
definitions. Since it is more suitable for what we need later, we define the skeleton as
follows:

Definition 3.1. The skeleton of a non-empty set � � RN is the singular set S� of the
signed distance function dist.�; �/ from �, that is,

S� D ¹x 2 RN ; dist.�; �/ is not differentiable at xº:

Remark 3.2. Obviously,rdist.�;�/ is well defined on RN nS� and takes values in SN�1.
In addition (see [3]), x 2 S� n@� if and only if there exist two distinct points y1; y2 2 @�
such that jx � y1j D jx � y2j.

The following regularity properties are proved in [47] for the singular set of the dis-
tance function from a closed, non-empty set. They naturally extend to the signed distance
function dist.�; �/ from a general set � � RN with non-empty boundary.

Proposition 3.3. If � � RN has non-empty boundary, then

• S� n@� is C 2-.N � 1/-rectifiable.

• If, in addition, @� is of class C r with r � 3, then the closure S� of S� is C r�2-
.N � 1/-rectifiable. In particular,

– the Hausdorff dimension of S� is at most .N � 1/.

– the vector field rdist.�; �/ belongs to the space SBVloc.RN /.

Remark 3.4. Given a general set� � RN with non-empty boundary, S� is not .N � 1/-
rectifiable in general. There is an example in [47] of a convex open set in R2 with C 1;1

boundary such that the closure of its skeleton has positive Lebesgue measure.

The boundary of� is the set of points where dist.�;�/ vanishes. Is there a similar way
to link the skeleton of � with the (complement of the) support of a map defined either
with dist.�; �/ or rdist.�; �/? There is no easy way to do it directly, but the skeleton
can be obtained as (a subset of) the support of the distributional limit of a sequence of
well-defined approximate maps.

There are however essentially two difficulties with the skeleton:

• A smooth shape may have a non-smooth, and possibly very non-smooth skeleton [47].

• There is no continuous dependence of the skeleton of a set � with respect to pertur-
bations of �. A disk in R2 has its center as skeleton but it is easy to design arbitrarily
small perturbations of the disk’s boundary to get a collection of skeletons with Haus-
dorff dimension 1 and whose Hausdorff distance to the disk’s center is bounded from
below by a positive number.
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We shall see however that using a regularized skeleton-based term yields an interesting
and effective model for the numerical approximation of the mean curvature flow of thin
structures.

The purpose of the next section is to provide a constructive formula for approximating
a weighted Hausdorff measure supported on the skeleton † D S� of a non-empty set �.

3.1. Skeleton approximation using a constructive formula

The vector field n D rdist.�; �/ satisfies the equality jnj2 D 1 at every point where is it
defined. In particular, if n is regular at x, then

Sn.x/ WD hrnT .x/n.x/; n.x/i D 0;

where rnT is the transpose of the matrix rn. This motivates the following definition:

Definition 3.5. Let n 2 SBV.RN ;RN /. The skeletal term of n is defined as

Sn WD hn; .rn/T ni:

Remark 3.6. For every u 2 SBV.RN /, Du is a Radon measure that can be written
(see [4]) as the sum of an absolutely continuous part and a singular part with respect
to the Lebesgue measure, that is,

Du D DAuCDJu;

where DAu D rAuLN and DJu D Œu��HN�1 †, with † the jump set of u, � a unit
normal on †, and Œu� the jump of u on †. Recall also that u is approximately differ-
entiable almost everywhere and its approximate differential coincides with rAu almost
everywhere in �.

The skeletal term associated with n D rdist.�; �/ is not defined on † WD S�, so we
rather consider the skeletal term associated with a smooth approximation n� D n � h�

of n. Given a field n 2 SBV.RN ;SN�1/ with smooth, .N � 1/-dimensional jump set †,
the next result shows a connection between the asymptotic limit of Sn� and †.

Theorem 3.7. Let n 2 SBV.RN ; SN�1/ with C 1-jump set † oriented HN�1-almost
everywhere by the unit vector �. Let h 2 C1c .R

N ;RC/ be such that
´

RN hdx D 1, and
let h� D 1

�N
h. �
�
/. Define n� D n � h� and consider Sn� D hn� ; .rn� /T n� i. Then

Sn� !
1

12
jŒn�j2hŒn�; �iHN�1 † in D 0.RN / as � ! 0; (3.1)

where Œn� WD nC � n� with nC; n� the approximate limits of n with respect to � on †,
that is,

n˙.x/ WD lim
r!0

 
B˙.x;r/

n.y/ dy

with BC.x; r/ D ¹y 2 RN j hy; �.x/i > 0º and B�.x; r/ D ¹y 2 RN j hy; �.x/i < 0º.
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Proof. Since n� D h� � n, we have that

@jn
�
i D h

�
� @jni D h

�
� @Aj ni C h

�
� @Jj ni D h

�
� @Aj ni C h

�
� Œni ��j HN�1 †:

Therefore, for every function with compact support ' 2 C1c .R
N /, we can write thatX

i;j

ˆ
RN

n�i @jn
�
i n
�
j 'dx D I

�
1 C I

�
2 ;

where

I �1 D
X
i;j

ˆ
RN

n�i .h
�
� @Aj ni /n

�
j ' dx and I �2 D

X
i;j

ˆ
RN

n�i g
�
ijn

�
j ' dx (3.2)

with
g�ij D h

�
� Œni ��j HN�1 †:

Without loss of generality, we can consider the restriction of these integrals to the set
Q D †.1/ WD ¹x 2 � j d.x;†/ � 1º and assume that the map

� W †.1/! Œ�1; 1� �†;

x 7! .r; s/

is a diffeomorphism, with s D �†.x/ the normal projection of x on † and r D

hx � s; �.s/i, so that x D s C r�.s/. Thanks to the fact that

n�i D h
�
� ni ! ni a.e., h� � @Aj ni ! @Aj ni a.e. as � ! 0;

and jnj2 D
P
i n
2
i D 1, we get that for every � > 0, jn�i .h

� � @Aj ni /j � C j@
A
j ni j for some

C > 0, andX
i

n�i .h
�
� @Aj ni /!

X
i

ni@
A
j ni D

1

2
@j .jnj

2/ D 0 a.e. as � ! 0;

which, thanks to Lebesgue’s theorem, leads to

lim
�!0

I �1 D
X
i;j

ˆ
Q

ni@
A
j ninj' dx D 0:

In order to estimate I �2 defined in (3.2), by identifying x D .r; s/� and taking z D r=� ,
we write that

I �2 D
X
i;j

ˆ 1

�1

ˆ
†

n�i .r; s/g
�
ij .r; s/n

�
j .r; s/'.r; s/J†.r; s/dsdr
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D

X
i;j

ˆ 1
�1

ˆ
†

n�i .�z; s/g
�
ij .�z; s/n

�
j .�z; s/'.�z; s/�Œ�1=�;1=��.z/�

J†.�z; s/dsdz; (3.3)

where J†.r; s/ D j det.@.r;s/��1.r; s//j is the Jacobian of ��1 at .r; s/ and �Œ�1=�;1=�� is
the characteristic function of Œ�1=�; 1=��.

We now study the pointwise limit of the integrand as � goes to 0. At .�z0; s0/ 2
Œ�1; 1� �†, we have that

�g�ij .�z0; s0/ D

ˆ
†

�h� ..�z0; s0/ � .0; s//Œni �.s/�j .s/ds: (3.4)

As† is C 1, we can parametrize† locally as a graph around s0. More precisely, up to rota-
tion, we can assume that �.s0/ D .0RN�1 ; 1/ and then there exists a neighborhood V.s0/
of s0 and ı > 0 such that for all s 2 V.s0/, we can write that

s D s.u/ D s0 C .u;‰.u//;

where u 2 BN�1.0; ı/ and ‰ W BN�1.0; ı/! R is a C 1-map such that ‰.0/ D jr‰.0/j
D 0. For � > 0 small enough, (3.4) can thus be written as

�g�ij .�z0; s0/

D

ˆ
BN�1.0;ı/

�h� ..�z0; s0/ � .0; s.u///Œni ��j .s.u//
p
1C jr‰.u/j2 duC o.1/

D

ˆ
BN�1.0;ı=�/

h
� .�z0; s0/ � .0; s.�u//

�

�
Œni ��j .s.�u//

p
1C jr‰.�u/j2 du

C o.1/; (3.5)

where the second equality is obtained by replacing u with �u. Moreover, we have that

.�z0; s0/ � .0; s.�u//

�
D
s0 C .0RN�1 ; �z0/ � s0 � .�u;‰.�u//

�

D

�
�u; z0 �

‰.�u/

�

�
! .�u; z0/ as � ! 0: (3.6)

Together with (3.5) and (3.6), we get that

�g�ij .�z0; s0/! g.z0/Œni �.s0/�j .s0/ as � ! 0; (3.7)

where g.z0/ D
´

RN�1 h.�u; z0/du D
´

RN�1 h.u; z0/ du.
By analogy, for � small enough, we also have

n�i .�z0; s0/ D

ˆ 1=�

�1=�

ˆ
†

h� ..�z0; s0/ � .�z; s//ni .�z; s/�J†.�z; s/ ds dz
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D

ˆ 1=�

�1=�

ˆ
BN�1.0;ı=�/

h
� .�z0; s0/ � .�z; s.�u//

�

�
ni ..�z; s.�u///J†.�z; s.�u//

p
1C jr‰.�u/j2 dudz: (3.8)

Moreover, as � ! 0,

ni ..�z; s.�u///!

´
nCi .s0/ if z > 0;

n�i .s0/ if z < 0;

J†..�z; s.�u///! 1;

.�z0; s0/ � .�z; s.�u//

�
! .�u; z0 � z/:

(3.9)

Notice that the second limit is due to the fact that J†.r; s/D 1CH†.s/r C o.r/; see [57].
Thanks to (3.8) and (3.9), we get that

ni .�z0; s0/!

ˆ C1
0

ˆ
RN�1

h.�u; z0 � z/n
C

i .s0/ du dz

C

ˆ 0

�1

ˆ
RN�1

h.�u; z0 � z/n
�
i .s0/ du dz

D

�ˆ z0

�1

g.z/ dz
�
nCi .s0/C

�ˆ C1
z0

g.z/ dz
�
n�i .s0/

D G.z0/n
C

i .s0/C
�
1 �G.z0/

�
n�i .s0/; (3.10)

as � ! 0, where G.z0/ D
´ z0
�1

g.z/dz.
Lastly, together with (3.3), (3.7), (3.9), and (3.10), we obtain that

lim
�!0

I �2 D
X
i;j

ˆ
†

ˆ
R

�
G.z/nCi .s/C .1 �G.z//n

�
i .s/

�
.g.z/Œni ��j /

�
�
G.z/nCj .s/C .1 �G.z//n

�
j .s/

�
dz '.0; s/ ds

D

X
i

ˆ
†

ˆ
R
G.z/g.z/Œni �.G.z/n

C

i C .1 �G.z//n
�
i /hn

C; �i.s/'.0; s/ ds

C

X
i

ˆ
†

ˆ
R
.1 �G.z//g.z/Œni �.G.z/n

C

i

C .1 �G.z//n�i /hn
�; �i.s/'.0; s/ ds;

which, thanks to the fact that
P
i .1 � n

C

i n
�
i / D

jŒn�j2

2
, leads to

lim
�!0

I �2 D
X
i

ˆ
†

ˆ
R
G.z/g.z/.2G.z/ � 1/.1 � nCi n

i
i /hn

C; �i.s/'.0; s/ ds

C

X
i

ˆ
†

ˆ
R
.1 �G.z//g.z/.2G.z/ � 1/.1 � nCi n

i
i /hn

�; �i.s/'.0; s/ ds
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D

ˆ
†

�ˆ
R
G.z/g.z/.2G.z/ � 1/ dz

�
jŒn�j2

2
hnC; �i.s/'.0; s/ ds

C

ˆ
†

�ˆ
R
.1 �G.z//g.z/.2G.z/ � 1/ dz

�
jŒn�j2

2
hn�; �i.s/'.0; s/ ds

D
1

12

ˆ
†

jŒn�j2hŒn�; �i'.0; s/ ds D
D 1
12
jŒn�j2hŒn�; �iHN�1 †; '

E
;

and Theorem 3.7 ensues.

3.2. Numerical illustrations

We provide in this section numerical illustrations of Theorem 3.7 for various sets in R2

and R3. More precisely, we compute, for each set �, numerical approximations on a
Cartesian grid of n D r dist.�; �/, of n� D h� � n with

h� D
1

�N
e
��
jxj2

�2

a Gaussian kernel, and of the approximate skeletal term Sn� .

3.2.1. 2D examples. Figure 2 shows, for three 2D sets whose boundaries consist of,
respectively,

• two concentric circles,

• two parallel lines,

• a rectangle,

the values taken by the approximate skeletal term Sn� for different choices of the regu-
larization parameter � > 0.The resolution is set to 27 nodes for each grid dimension. On
each numerical example, Sn� charges essentially the (codimension 1) main part of the
skeleton †, with a weight that depends on the normal � of †, which is consistent with the
term hŒn�; �i in (3.1). Negligible parts of the skeleton (i.e., of codimension greater than 1)
are also detected; for example, the center of the ring is activated in the first example.

3.2.2. 3D examples. We perform a similar test in 3D with a numerical resolution of 27

nodes for each grid dimension. The examples used for the illustration in Figure 3 have as
boundaries, respectively,

• two concentric spheres,

• two parallel planes,

• a circular torus.

The values taken by the skeletal term Sn� are captured on the three hyperplanes ¹x1 D 0º,
¹x2 D 0º, and ¹x3 D 0º, respectively. As for the 2D examples, the skeletons are correctly
localized by Sn� .
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Figure 2. Numerical values of the approximate skeletal term Sn� for various 2D configurations, and
for various values of � . The first figure of each line corresponds to the considered set. Columns 2, 3,
and 4 show the values of the scalar field Sn� for, respectively, � D 0:02, 0:01, and 0:005.

3.3. Skeleton and asymptotic expansion of the skeletal term

According to Theorem 3.7, the skeletal term Sn� approximates the codimension 1 jump
set of n weighted by the height of the jump and the angle with the normal to the set.
At order 0, Sn� does not charge at the limit higher codimensional singular parts of the
skeleton. To identify these parts, we believe it is necessary to look at higher order terms in
the expansion of Sn� with respect to � , which yields the conjecture below. Although we
were not able to prove it in full generality, we will illustrate it with two examples, a round
sphere in RN and a circular torus in R3.

Conjecture 3.8. Let��RN be a non-empty open set, nDrdist.�;�/, and n� D n � h� ,
with h� D 1

�N
h. �
�
/ where h 2 C1c .R

N ;RC/ is such that
´

RN hdx D 1. Let Sn� D
hn� ; .rn� /T n� i. Then

Sn� �

N�1X
kD0

�k ˛k HN�1�k †k ; (3.11)

where

• ˛k are R-valued density functions,
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Figure 3. Numerical values of the skeletal term Sn� for 3D examples. Each line shows the consid-
ered set, then the values taken by the skeletal term on the planes ¹x1 D 0º, ¹x2 D 0º, and ¹x3 D 0º,
respectively.

• †k are .N � 1 � k/-dimensional sets,

• the skeleton † D S� of � satisfies † D
[
k

†k .

3.3.1. Expansion of the skeletal term of a sphere in RN . The skeleton † of the signed
distance function n to the sphere is a point. Without loss of generality, we assume that
† D ¹0RN º and

n.x/ D �
x

jxj
; 8x ¤ 0:

Thanks to the definition of n� and its symmetric properties, we get that

n� .x/ D w
�
jxj

�

�
n.x/; 8x ¤ 0; (3.12)
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where w W RC ! Œ0; 1� is a smooth function such that w.0/ D 0 and limt!C1w.t/ D 1.
Since

P
i;j ni@jninj D 0 almost everywhere, we get from (3.12) that

Sn� .x/ D
X
i;j

w
�
jxj

�

�
ni

�
w
�
jxj

�

�
@jnj

�
w
�
jxj

�

�
nj

D �

X
j

�
w
�
jxj

�

��2
w0
�
jxj

�

�
nj

xj

� jxj

D �
1

�

�
w
�
jxj

�

��2
w0
�
jxj

�

�
:

Therefore, for every ' 2 C1c .R
N /, we have that

hSn� ; 'i D �
1

�

ˆ
RN

�
w
�
jxj

�

��2
w0
�
jxj

�

�
'.x/ dx

D �
1

�

ˆ 1
0

ˆ
Sr

�
w
� r
�

��2
w0
� r
�

�
'.r; s/dsSrdr

D �
1

�

ˆ 1
0

�
w
� r
�

��2
w0
� r
�

�
rN�1

�ˆ
SN�1

'.r; s/ ds
�
dr

D ��N�1
ˆ 1
0

w.u/2w0.u/
�ˆ

SN�1
'.�u; s/ ds

�
uN�1 du

� ��N�1'.0/

ˆ
RN

w.jxj/2w0.jxj/dx;

which gives
1

�N�1
hSn� ; 'i !

�
�

ˆ
RN

w.jxj/2w0.jxj/dx
�
'.0/;

as � ! 0.

3.3.2. Expansion for a circular torus in R3. We now consider a circular torus �� D
¹x 2 R3; d.x;†/ � �º whose skeleton†D ¹.x1; x2; 0/ 2 R3; x21 C x

2
2 D 2

2º is a planar
circle in R3. The same kind of argument as below can be actually used for any regular
closed curve in R3. For � > 0 small enough, and for every x 2 �� , we write that

x D s C �u;

where s D �†.x/ is the orthogonal projection of x on † and u 2 Ns† is a unit vector of
the normal space at s. In particular, the map

�� W N ! ��

.s; u/ 7! s C �u;

where N D
S
s2†¹sº � Ns WD

S
s2†¹sº � ¹u 2 Ns†; juj D 1º, is a diffeomorphism.

We take the canonical orthonormal basis on �� denoted by .es; eu1 ; eu2/. Thanks to the
definition of �� , for every x�0 2 �� , we can write that

x�0 D �� .s0; u0/:
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Using integration by substitution, we obtain that

n� .x�0 / D

ˆ
��

n.y/h� .x�0 � y/ dy

D

ˆ
†

�ˆ
Ns

n.�� .s; u//h
� .�� .s0; u0/ � �� .s; u//J�� .s; u/ du

�
ds

D
1

�3

ˆ
†

�ˆ
Ns

n.�� .s; u//h
��� .s0; u0/ � �� .s; u/

�

�
J�� .s; u/ du

�
ds

D
1

�3

ˆ
†

�ˆ
Ns

n.�� .s; u//h
�s0 � s

�
C .u0 � u/

�
J�� .s; u/ du

�
ds; (3.13)

where J�� .s; u/ is the Jacobian of �� . Since J�� .s; u/ D �2J�1.s; u/ D O.�2/, thanks
to (3.13) and the symmetries of n and h, we get that

@un
� .x�0 / D O

� 1
�

�
and @sn

� .x�0 / D 0; (3.14)

as � ! 0. Finally, injecting (3.14) into Definition 3.5 of Sn� , we have that

hSn� ; 'i D
X
i;j

ˆ
��

n�i @jn
�
i n
�
j ' dx

D O
�ˆ
†

�ˆ
Ns

@un
� .�� .s; u//'.�� .s; u//J�� .s; u/ du

�
ds
�

D O
�
�

ˆ
†

'.s/ ds
�
;

as � ! 0.

Remark 3.9. In the numerical computations of Figures 2 and 3, the magnitude of the
skeletal term appears to be linear with respect to � , independently of the local dimension
of the skeleton, and this is not in contradiction with (3.11). Consider for instance the two
concentric circles of Figure 2. The skeletal term calculated at the center has the same
order of magnitude (up to a sign difference) as on the circle. This is due to the fact that ı0
charges numerically the inverse of the pixel area, that is, ı0.†/' 1

�2
. Besides, the uniform

measure on the discrete circle satisfies�1.†/' 1
L�

, since the circle of lengthL is approx-
imated numerically by a band of area L� in 2D. Therefore, �ı0.†/ ' L�1.†/ '

1
�
;

which justifies the fact that the skeletal term in Figure 2 has approximately the same mag-
nitude at the center and on the circle.

4. An Allen–Cahn equation with a skeleton-aware forcing term

What is a natural candidate phase field model to approximate the mean curvature flow of
a thin structure? Thanks to the results and remarks from the previous sections, a natural
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approach is to consider a phase field approximation u" of a tubular neighborhood of the
thin structure, and to use the Allen–Cahn equation coupled with a skeletal term, that is,

@tu
"
D �u" �

W 0.u"/

"2
.1C f �u"/ (4.1)

where

f �u" D c.h
�
� jSn�u" j/ and n�u" D h

�
�
ru"

jru"j
:

Here, h� is a smooth kernel, typically a Gaussian kernel of standard deviation � > 0, and c
is a constant to be chosen sufficiently large in order to enforce the thickness constraint.

The theoretical analysis of such a phase field model seems rather difficult and is
beyond the scope of this article. Our first goal is to propose a semi-implicit numerical
discretization of this model and to illustrate its potential for handling a minimum thick-
ness constraint and, more generally, for obtaining, at least formally, approximations of
motion by mean curvature of filaments and other fine structures.

The code used for the numerical experiments shown below can be downloaded from a
GitHub repository.1

Remark 4.1. In all the numerical simulations presented in this section, we do not cal-
culate at each time step either the distance function from the interface or the skeleton of
the interface, but only the forcing term f �u" . This term charges implicitly the singularities
of ru", thus imposes a repulsive force related to the skeleton of the interface. It is clear
that, in practice, the skeleton is not stable with respect to small perturbations of the inter-
face. This is why we use a convolution kernel of size � , which in a way allows greater
stability by considering a regularization of the measure supported on the skeleton, rather
than using the skeleton directly.

4.1. Numerical discretization of the penalized Allen–Cahn equation and a first
numerical simulation

To approximate numerically the above flow, we propose a quasi-static approach with
explicit integration of the skeletal term. More precisely, we consider the sequence of
approximate solutions .un/n defined recursively by unC1.x/ ' v.x; ıt / where v is solu-
tion to the following PDE:8<:@tv.x; t/ D �v.x; t/ � W

0.v.x; t//

"2
.1C f �un.x//;

v.�; 0/ D un
(4.2)

and ıt represents the time step. Notice that this equation is variational as it is the L2-
gradient flow of the perturbed Cahn–Hilliard energy

J "un.v/ D

ˆ
RN

� "
2
jrvj2 C

1

"
W.v/.1C f �un/

�
dx:

1httpsW//github.com/eliebretin/skeleton_Allen_Cahn.git visited on 30 March 2026

https://github.com/eliebretin/skeleton_Allen_Cahn.git
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Equation (4.2) is solved numerically in a box Q with periodic boundary conditions.
We use a semi-implicit approach based on a convex-concave splitting of the perturbed
Cahn–Hilliard energy. More precisely, we define the solution un as an approximation of u
at time nıt given by the scheme

unC1 � un

ıt
D .�unC1 �

˛

�2
unC1/ �

�
.1C f �un/

W 0.un/

"2
�
˛

�2
un
�
:

The stabilization coefficient ˛ is assumed to be sufficiently large to ensure the concavity
of the functional

v 7!

ˆ
Q

.1C f �un/
W.v/

�2
� ˛

v2

2"2
dx:

Indeed, it suffices to choose

˛ > max
0�s�1

j1C f �un j jW
00.s/j D max¹1; c��2º

to ensure that the perturbed Cahn–Hilliard energy is non-increasing over the iterations,
that is,

J "un.u
nC1/ � J "un.u

n/;

and the scheme is unconditionally energy-stable.
A convenient formulation of the scheme is

unC1 D
h
Id � ıt .� �

˛

�2
Id /

i�1�
un � ıt

�
.1C f �un.x//

W 0.un/

"2
�
˛

�2
un
��

because the operator .Id � ıt .� � ˛
�2
Id //

�1 can be computed very efficiently in Fourier
space using the Fast Fourier Transform and periodic boundary conditions on Q.

In practice, we consider the box Q D Œ�0:5; 0:5�3, discretized with N nodes on each
axis. All 3D numerical experiments presented in this section are obtained using a resolu-
tion of N D 27, a phase-field parameter " D 2=N , and ıt D "2. As for the skeletal term,
we set �2 D 0:1"2 and c D 0:35"N 3.

The first numerical experiment illustrates the influence of the skeletal term in our
model. We consider a dumbbell as the initial set, and we recall that its evolution by
classical phase field mean curvature flow yields a topology change in finite time. This
is illustrated on the first line of Figure 4 where we plot the 0-level set of an approximate
solution un of the Allen–Cahn equation, computed at different times tn D nh, without
using the skeletal term (which corresponds to setting c D 0). On the second line, we plot
the 0-level set of the approximate solution un of our model. Clearly, the skeletal term
enforces the topological conservation other the iterations.

4.2. Second simulation: comparison with a codimension 2 mean curvature flow

We consider the evolution of a planar circle in 3D as an example of a smooth codimen-
sion 2 mean curvature flow. As the circle lies in a plane, its evolution is actually 2D. More
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Figure 4. Evolution of a dumbbell: the solution un shown at different times t . The first and second
lines correspond to the approximate mean curvature flow with or without, respectively, the skeletal
term.

precisely, the evolving curve is a shrinking circle whose radius evolves with time as

R.t/ D
p
R.0/2 � 2t :

We show in Figure 5 the numerical approximations provided by our model at different
times tn D nh. They clearly show the evolution of an approximate circle whose radius
decreases over the iterations. We also illustrate in the last figure that the evolution over the
iterations of the squared mass .

´
Q
un.x/dx/2 of un is consistent, except at the very begin-

ning of the simulation, with the linear decreasing of the squared circle’s radius. In other
words, the approximate circle evolves consistently with the higher codimension mean cur-
vature flow up to a multiplicative factor, which is close to 8 for the parameters used in this
numerical experiment. One possible reason for the initial “bad” behavior is an inconsistent
initialization, which is quickly regularized by the flow.
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Figure 5. Evolution in 3D of a circle’s tubular approximation: the approximate solution un is shown
at different times. The squared mass .

´
Q u

n.x/dx/2 over the iterations is plotted on the right figure.

To further justify the link, at least formally, between our model and a higher codi-
mension mean curvature flow, we compare in Figure 6 the numerical evolution in 3D of a
planar curve with the evolution approximated with our model of a 3D tubular approx-
imation of the curve. The planar evolution of the curve is approximated with the 2D
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Figure 6. First line: a planar curve in 3D evolving by mean curvature approximated with the 2D
Allen-Cahn equation. Second line: a 3D tubular neighborhood of the curve evolving by our 3D
Allen-Cahn equation with skeletal penalty.

Allen–Cahn equation, which provides with theoretical guarantees an approximation of
the real 2D mean curvature flow, as recalled in the introduction. The two dynamics look
very similar.

4.3. Analytical comparison with a codimension 2 mean curvature flow

The simulations of the previous section show two configurations where the dynamics
obtained with our model is consistent with a codimension 2 mean curvature flow. We
develop in this section an analysis which provides an additional argument in favor of
consistency: we compare the evolution by mean curvature of a closed smooth curve �
embedded in 3D with the evolution of a small tubular neighborhood of � moved by the
forced mean curvature flow

V D H C g� (4.3)

where

g� D
�r?f �

2.1C f � /
;

f �dx D h� �H1 � , and h� .x/ D 1
�3
e
�
jxj2

�2 . We consider an arc-length parametriza-
tion ˛ W Œ0; L/ 7! R3 of � , and, for each s 2 Œ0; L/, we denote T .s/ D ˛0.s/ the tangent
vector at ˛.s/, and .T .s/;N.s/;B.s// the Frenet–Serret frame, with N.s/ the unit normal
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and B.s/ the unit binormal [35]. We recall the Frenet–Serret formulas [35]8̂<̂
:
Ts D kN;

Ns D �kT C �B;

Bs D ��N;

where k.s/D j˛00.s/j is the scalar curvature of � at ˛.s/, and �.s/ the torsion. The normal
plane to � at ˛.s/ is spanned by .N.s/; B.s// thus, choosing 0 < � < 1

maxŒ0;L/ k.s/
, the

boundary of the � -tubular neighborhood of � is the surface parametrized by

x W .s; �/ 2 Œ0; L/ � Œ��; �/ 7! ˛.s/C �n.s; �/;

where n.s; �/DN.s/ cos� CB.s/ sin� . Observe that n.s; �/ is a unit outer normal to the
surface at x.s; �/. Indeed, jnj2 D 1, thus hn;nsi D hn;n� i D 0. In addition, xs D T C �ns
and x� D �n� ; therefore, hn; xsi D hn; x� i D 0. Using the Frenet–Serret formulas, we
calculate that

n� D �.sin �/N C .cos �/B;

ns D .cos �/Ns C .sin �/Bs D �k.cos �/T C �.cos �/B C .sin �/Bs
D �k.cos �/T C � n� C �.sin �/N C .sin �/Bs D �k.cos �/T C � n� ;

xs D T C �ns D .1 � �k cos �/T C �� n� :

Both T and n� are unit vectors and orthogonal to n so .T; n� / is an orthonormal basis of
the tangent plane to the surface at x.s; �/. We observe that dnD nsdsC n�d� ; therefore,

dn.T / D nsds.T /C n�d�.T /:

By the calculations above, we have that T D 1
1��k cos � xs �

��
1��k cos � n� . As x� D �n� ,

we get that

T D
1

1 � �k cos �
xs �

�

1 � �k cos �
x� I

therefore,

ds.T / D
1

1 � �k cos �
and d�.T / D �

�

1 � �k cos �
;

and finally,

dn.T / D
1

1 � �k cos �
ns �

�

1 � �k cos �
n� :

Besides, the above formulas for xs and T imply that

xs D .1 � �k cos �/T C �� n� D xs � �x� C �� n� I hence, n� D
1

�
x� :

Thus,
dn.n� / D nsds.n� /C n�d�.n� / D

n�

�
:
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It follows that�
dn.T /

dn.n� /

�
D

�
1

1��k cos � �
�

1��k cos �
0 1

�

��
ns
n�

�
D

�
1

1��k cos � �
�

1��k cos �
0 1

�

��
�k cos � �

0 1

��
T

n�

�
;

thus, �
dn.T /

dn.n� /

�
D

�
�k cos �
1��k cos � 0

0 1
�

��
T

n�

�
;

which completes the identification of the Weingarten map of the surface at x.s; �/ [35].
We deduce that the mean curvature vector at x.s; �/ is

H.s; �/ D �ŒhT; dn.T /i C hn� ; dn.n� /i�n

D

� k cos �
1 � �k cos �

�
1

�

�
.N.s/ cos � C B.s/ sin �/:

The barycenter of each normal section of the � -tubular neighborhood is a point ˛.s/ 2 � .
Let us compare the average velocity over a � -normal circle

� 2 Œ��; �/ 7! ˛.s/C �n.s; �/

moved by (4.3) with the velocity at ˛.s/ of � moved by mean curvature. The integral of
the mean curvature vector along the � -circle reduces to

ˆ �

��

H.s; �/d� D

ˆ �

��

k cos �
1 � �k cos �

.N.s/ cos � C B.s/ sin �/d�

D N.s/

ˆ �

��

k cos2 �
1 � �k cos �

d� C B.s/

ˆ �

��

k cos � sin �
1 � �k cos �

d�

D N.s/

ˆ �

��

k cos2 �
1 � �k cos �

d�:

Recall the standard formula
ˆ �

0

cos.nt/
1C a cos t

dt D
�

p
1 � a2

�p1 � a2 � 1
a

�n
; 0 < a2 < 1; n � 0:

We calculate here thatˆ �

��

k cos2 �
1 � �k cos �

d� D

ˆ �

0

k cos 2�
1 � �k cos �

d� C

ˆ �

0

k

1 � �k cos �
d�

D
k�

p
1 � �2k2

h
1C

�p1 � �2k2 � 1
�k

�2i
;

so the integrated mean curvature vector on the normal � -circle centered at ˛.s/ is
ˆ �

��

H.s; �/d� D
k�

p
1 � �2k2

h
1C

�p1 � �2k2 � 1
�k

�2i
N.s/I
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therefore, the average mean curvature vector on the normal � -circle centered at ˛.s/ is

xH.s/ D
k

2
Œ1CO.�2k2/�N.s/:

The velocity of the surface at x.s; �/ under flow (4.3) is

Vx.s;�/ D H.s; �/C g� .s; �/:

The skeletal term satisfies g� .s; �/D�g� .sC�;�/ so the average velocity on the normal
� -circle centered at ˛.s/ is

xVx.s/ D xH.s/ D
k

2
Œ1CO.�2k2/�N.s/;

which is, up to a constant multiplier, consistent with the velocity at ˛.s/ of � moved by
mean curvature. The forced mean curvature flow of the tubular � -neighborhood of � is
therefore consistent with the codimension 2 mean curvature flow of the curve.

4.4. Applications to smooth or non-smooth curves (and filaments) in 3D

We present two filament evolutions (i.e., smooth curves) in Figure 7. The first line shows
the evolution of a simple filament which converges, using periodic boundary conditions,
to a simple line. The second line shows the evolution of a more complex filament with the
presence of a triple junction.
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Figure 7. Numerical approximations of mean curvature flows of filaments: each line corresponds to
the evolution obtained at different times from a given initial condition.

To get a better idea of the numerical flows calculated with our model, videos (in .avi
format) can be downloaded from the following addresses:

• Video of the flow shown in Figure 7, top: Filament 1.2

2httpsW//plmbox.math.cnrs.fr/f/08600d79871e45149d28/ visited on 30 March 2026

https://plmbox.math.cnrs.fr/f/08600d79871e45149d28/


E. Bretin, C.-K. Huang, and S. Masnou 490

• Video of the flow shown in Figure 7, bottom: Filament 2.3

• In the second video, the filament remains connected but the inner cycle disappears. It
is actually possible to play with that behavior by simply changing the weight of the
skeletal term: a higher weight c yields a higher sensitivity. This is the choice made for
the numerical simulation shown in the following third video where the inner cycle is
conserved: Filament 3.4 More precisely, the mean curvature of a linear-type � -tubular
neighborhood is approximately 1

�
, and it is of order 2

�
for an inner cycle associated

with a circle of radius � . In the case of the Filament 2 video, the value of c is chosen to
preserve structures with mean curvature 1

�
, but not structures with mean curvature 2

�
.

A larger value of c is chosen for the Filament 3 video so that both structures are
preserved.

5. Application to the Steiner problem

The numerical experiments and observations of the previous sections on the Allen–Cahn
equation coupled with the skeletal term (4.1) lead us naturally to address the application
to the Steiner problem in 3D. Recall that the Steiner problem consists in finding, for a
given collection of points a0; : : : ; aN 2 Q, a compact connected set K � Q containing
all the ai ’s and having minimal length. In other words, it amounts to solving the following
minimization problem:

min
®
H1.K/ jK � Q; K connected, 8i; ai 2 K

¯
:

The numerical approximation of solutions to this problem is notoriously difficult, espe-
cially in dimension� 3; see, for instance, [15–18,26,27,31,43,44]. The model we propose
provides an effective and natural way to approximate these solutions in 3D (and actually
even in higher dimensions, because the extension is straightforward).

5.1. A � -thickened Steiner problem

We consider an approximation of the Steiner problem in 3D for the � -tubular set K� WD
¹x 2 R3 j dist.x; K/ � �º, which is the � -thickening of K. We choose the thickening
parameter � to be small enough, as in Lemma 2.2, so that a minimal distance between the
boundary of K� and its skeleton K is ensured.

It is clear that the length ofK is approximated by the perimeter ofK� in the sense that

P .K� / ' 2��H1.K/:

3httpsW//plmbox.math.cnrs.fr/f/833b8a034cf143c68e30/ visited on 30 March 2026
4httpsW//plmbox.math.cnrs.fr/f/bc7254ad02384e788cea/ visited on 30 March 2026

https://plmbox.math.cnrs.fr/f/833b8a034cf143c68e30/
https://plmbox.math.cnrs.fr/f/bc7254ad02384e788cea/
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Moreover, the property that K contains all points ai can be replaced by the inclusion
constraint

N[
iD1

B.ai ; �/ � K� ; (5.1)

which means that K� contains all the balls B.ai ; �/ of radius � .
We now explain how to obtain a phase field approximation of the minimization prob-

lem

min
°
H2.K� / j

N[
iD1

B.ai ; �/ � K� and dist.@K� ; †.K� // � �
±
;

where †.K� / is the skeleton of @K� .

5.2. Phase field approximation of the thickened Steiner problem

There is a natural way to approximate inclusion constraint (5.1) using phase fields
(see [21]). This can be done by first introducing the function u"in defined by

u"in.x/ WD q
�dist.x;[NiD1¹aiº/ � z�

"

�
;

where dist.x;
SN
iD1¹aiº/ denotes the distance function to the collection of all points ai , q

is the usual optimal profile associated with the double-well function, and z� > 0. Inclusion
constraint (5.1) can thus be implemented by considering the inequality constraint u"in � u

".
Indeed, it is not difficult to observe that

u"in � u
"
H)

N[
iD1

B.ai ; z�/ �
®
xIu".x/ � 0

¯
:

Therefore, we define recursively the sequence ¹unºn2N by unC1.x/Dmax.zunC1;u"in.x//,
where

zunC1 D .Id � ıt .� �
˛

�2
Id //

�1
�
un � ıt

�
.1C f �un.x//

W 0.un/

"2
�
˛

�2
un
��
:

5.3. Numerical experiments

We define Q D Œ�0:5; 0:5�3 and we use the following settings: N D 27, " D 2=N , h D
ıt D "

2, �2 D 0:1"2, c D 0:35"N 3, and z� D 0:02.
The first example in Figure 8 represents the case where the ai ’s are the vertices of a

cube. The initial set is also a cube containing all nodes ai . We show in Figure 8 approxi-
mate solutions at different times of the phase field flow.

We note that although the initial set is of dimension 3 (the initial cube), the stationary
solution is close to a tubular thickening of a set of dimension 1 containing all the nodes ai .
We observe that this solution is very close to the real Steiner tree associated with the cube
vertices; in particular, all the angles at each triple junction are equal to 2�=3.
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As a comparison, we consider in Figure 9 an example with 10 points randomly dis-
tributed in Q, which leads exactly to the same conclusion.
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Figure 8. A Steiner tree associated with cube vertices: illustration of the approximate solutions at
different times of the numerical flow. The red and blue interfaces are, respectively, the 0-level set
of un and the set

SN
iD1 B.ai ; z�/.
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Figure 9. A Steiner tree associated with 10 points randomly chosen inQ: illustration of the approx-
imate solutions at different times of the numerical flow. The red and blue interfaces are, respectively,
the 0-level set of un and the set

SN
iD1 B.ai ; z�/.

To get a better idea of the numerical flows computed with our model, videos (in .avi
format) can be downloaded at the following addresses:

• Video of the flow of Figure 8: Approximation of the Steiner set of cube vertices.5

• Approximation of the Steiner tree associated with 50 randomly chosen points: Approx-
imation of the Steiner set of 50 random points.6

6. Application to the Plateau problem

Our last numerical application is devoted to the celebrated Plateau problem. Recall that
the Plateau problem was formulated by Lagrange in 1760 and consists in finding, for a
given closed Jordan curve 
 , a surface E in R3 with a (locally minimal) area such that
the boundary of E coincides with 
 . In other words, it amounts to solving the following
minimization problem:

5httpsW//plmbox.math.cnrs.fr/f/a0ea6869c4ca4a5a903a/ visited on 30 March 2026
6httpsW//plmbox.math.cnrs.fr/f/01edbac59d534206a36d/ visited on 30 March 2026

https://plmbox.math.cnrs.fr/f/a0ea6869c4ca4a5a903a/
https://plmbox.math.cnrs.fr/f/01edbac59d534206a36d/
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min
®
H2.E/; E � �; connected and such that @E D 


¯
:

Solutions to this problem are called minimal surfaces. Many numerical methods have
been developed to approximate such surfaces: parametric approaches involving tools from
discrete or continuous differential geometry [30, 37, 37, 39, 40, 56, 62, 64], level set meth-
ods [25,29], or phase field models [27] that provide particularly suitable numerical approx-
imations, but restricted to oriented surfaces.

6.1. A � -thickened Plateau problem

We consider a � -thickened minimal surface problem for the � -tubular thickening of a
given Jordan curve 
 ,


� WD
®
x j d.x; 
/ � �

¯
;

by considering the following minimization problem:

min
°
P .E� /C

c

�
H3.E� / jE� � R3connected and 
� � E�

±
;

where H3.E� / stands for the volume of E� . Here, with � chosen sufficiently small, the
volume term is included to constrain E� to have a thickness of order � , provided there
exists a connected set E such that

E� ' ¹x 2 R3I dist.x;E/ � �º and P .E� / ' 2H
2.E/:

Figure 10 shows what may happen if this volume term is not used: it is not possible to get
in the limit a “thin” volume that approximates a minimal surface.

As before, from an initial connected set, the connectedness property is preserved
thanks to the skeletal term in the penalized mean curvature flow.

Remark 6.1. Unlike the thickened Plateau problem, there is no need to penalize volume
in the thickened Steiner problem. The reason for this is simple: in the Steiner problem,
the constraints on the vertices, combined with a property of minimizing the surface area
of the flow, lead to a natural reduction in volume to achieve a final tubular set.

6.2. Phase-field approximation of the thickened Plateau problem

Similarly to the thickened Steiner problem, let us define u"in as

u"in.x/ D q
�dist.x; 
z� /

"

�
;

where z� > 0, and consider the sequence .un/n by combining a perturbed Allen–Cahn
equation with an additional inclusion constraint—that is, we compute

unC1.x/ D max.zunC1; u"in/;
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where zunC1 is an approximation of v at time ıt , where v is solution of the flow8<:@tv.x; t/ D �v.x; t/ �
W 0.v.x; t//

"2
.1C f �un.x//C

cvolume

"�

p
2W.un/;

v.�; 0/ D un:

More precisely, similarly to the Steiner problem, we use the following numerical
approximation in practice:

zunC1 D
�
Id � ıt

�
� �

˛

�2
Id

���1�
un � ıt

�
.1C f �un.x//

W 0.un/

"2
�
˛

�2
un
�

C
cvolume

"�

p
2W.un/;

�
:

6.3. Numerical experiments

We set Q D Œ�0:5; 0:5�3, N D 27, " D 2=N , h D ıt D "2, �2 D 0:1"2, c D 0:35"N 3,
and z� D 0:02.

In Figure 10, we show the solution obtained at different times using the parameter
cvolume D 0. With this setting, the volume is not penalized over the iterations. We observe
that the final stationary set has not the right form in the sense that its thickness is not of
size z� , that is, the set cannot be associated with a minimal 2D surface. This experiment
shows all the interest to penalize the volume in our computations.

All subsequent numerical experiments in this section are therefore performed with the
setting cvolume D 1.

The main purpose of Figure 11 is to illustrate the influence on the result of the topol-
ogy of the initial set. The two lines correspond to two distinct initial configurations, and
the images show the evolving approximate solutions at different times. Our model appears
to be capable of approximating various minimal surfaces associated with a given curve.
The topology of the limit surface depends naturally on the choice of the initial set.

Figure 12 illustrates the ability of our method to approximate non-orientable min-
imal surfaces and minimal surfaces with triple line singularities. The first line shows
an example of a non-smooth (approximate) minimal surface, while the second gives an
approximation of a Möbius strip. Note that in the latter case, we start from an initial con-
nected set given by a cube with a cylindrical hole.

To get a better idea of numerical flows computed with our model, videos (in .avi for-
mat) can be downloaded at the following addresses:

• Video of the flow illustrated in Figure 11, right: An (approximate) Plateau solution.7

• Approximation of a Möbius strip with a singularity line: A singular (approximate)
Möbius strip.8

7httpsW//plmbox.math.cnrs.fr/f/8146f9724e564893b1e2/ visited on 30 March 2026
8httpsW//plmbox.math.cnrs.fr/f/035ab68314754a4897c6/ visited on 30 March 2026

https://plmbox.math.cnrs.fr/f/8146f9724e564893b1e2/
https://plmbox.math.cnrs.fr/f/035ab68314754a4897c6/
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Figure 10. Numerical illustration of the gradient flow for the thickened Plateau problem without
volume penalization: the stationary shape is not at all close to a minimal surface
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Figure 11. Numerical approximation of (at least local) solutions to the Plateau problem using our
phase field method. The experiment illustrates the influence on the result of the initial set’s topology.
Each line shows the numerical solution at different times starting from a distinct initial configuration.
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Figure 12. Numerical approximation of (at least local) solutions to the Plateau problem using the
proposed flow. First line: convergence to a minimal surface with a triple line singularity. Second line:
convergence to a Möbius strip, an example of non-orientable surface that our model can compute.
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• An hybrid solution combining a Steiner set and a minimal surface: A Steiner-Plateau
hybrid solution.9
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