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Iterative thresholding methods for longest minimal length
partitions

Shilong Hu, Hao Liu, and Dong Wang

Abstract. In this paper, we introduce two iterative methods for the longest minimal length par-
tition problem, which asks whether the disk (ball) is the set maximizing the total perimeter of
the shortest partition that divides the total region into sub-regions with given volume proportions,
under a volume constraint. The objective functional is approximated by a short-time heat flow using
indicator functions of regions and Gaussian convolution. The problem is then represented as a con-
strained max-min optimization problem. Auction dynamics is used to find the shortest partition in
a fixed region, and threshold dynamics is used to update the region. Numerical experiments in two-
dimensional and three-dimensional cases are shown with different numbers of partitions, unequal
volume proportions, and different initial shapes. The results of both methods are consistent with the
conjecture that the disk in two dimensions and the ball in three dimensions are the solution of the
longest minimal length partition problem.

1. Introduction

The fencing problem has a long history and is rooted in the division of land using fences.
One of the earliest studies in this field can be traced back to [1], which investigated the
scenario of a cylinder floating in water. This problem was further explored in subsequent
studies such as [9,15,29], in which one considers dividing a convex set into two equal-area
sets and studies the optimal arc length of the fence.

In the 1950s, Pélya raised a question in [28]: among all convex sets in R? with a fixed
area, which one has the longest shortest arc that bisects the area? This question remained
unresolved throughout the last century. According to [8], Santal6 made a conjecture that
the disk is the answer. In 2012, the conjecture was proven in [13]. A similar conjecture
in high dimensions was proposed in [41] and [26] after Pélya. It considers the case of
dividing a region in R¥ space into two sub-regions of arbitrary given volume proportions,
and asks whether the least length of arc to divide a ball is greater than the least length of
arc to divide any other convex body of the same volume. The new conjecture generalizes
the bisection problem to arbitrary volume constraints. In the literature, some analytical
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Figure 1. The shortest partitions of different 2 in P6lya’s question. The partitions are computed
numerically by auction dynamics in Section 3.

results have been presented in [3] and [36], which offer partial proofs for this conjecture.
As of now, the conjecture remains unanswered for the case of three-dimensional space
and for large fraction areas in the two-dimensional case (except for bisection).

In [4], the authors extend the conjecture even further. They investigate whether the
disk in two dimensions and the ball in three dimensions still provide the longest minimal
length partitions when the region is divided into more than two parts. The mathematical
description of it is given below.

Given © C R¥ an open, connected region with Lipschitz boundary and the number of
partitionn > 1, (w1,. . ., wy,) is said to be a partition of €2 if U7=1 wi=Qandw;, Nw; =0
forany 1 <i < j <n.Given a vector ¢ = (cy,...,cy) € R” with ¢; > 0 and ZLI =1,
the shortest partition of €2 with volume constraint ¢ is defined by

n
SP(Q2,¢) = argmin{z Perg(w;) : (w;)7—, is a partition of Q, |w;| = c,-|£2|},
@iio “i=1
where | - | is the Lebesgue measure, and Perg(w;) is the relative perimeter of w; on €.
Some examples of the shortest partition for different regions are shown in Figure 1. The
relative isoperimetric profile of the partition is defined as

n
PI(Q2,¢) = min{z Perg(w;) @ (w;)—, is a partition of 2, |w;| = c,-|Q|}.
i=1

Then the longest minimal length partitions problem is formulated by

max PI(£2, ¢). (1.1
1Q|=V

When n = 2, problem (1.1) degenerates into the original fencing problem. If we further
set the dimension d = 2 and ¢ = (0.5, 0.5), the problem is exactly the same one that Pélya
raised.

The relative perimeter here is defined by using the total variation. Suppose y,, is the
indicator function of w. Then

Perg(w) = TV (Yo, 2),
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where
TV, 9 = supf [ udivg : g < C(@. R Ilgll < 1}
Q

is the total variation of u on €2, and C, (Q,Rd) means the space of C* vector-valued
functions on Q with compact support. Intuitively speaking, Perg(w) = |[dw \ d€2|, and
>7_i Perg(w;) in PI(Q2, ¢) is 3(3_7_; |0w;| — |092]). More details about the relative
perimeter can be found in [6].

In [4], the authors propose a phase-field method based on shape derivatives to numeri-
cally simulate the longest minimal length partitions. The method involves using a Modica—
Mortola approximation to represent the perimeter, and the total region is parametrized
using a radial function discretized with Fourier coefficients. The authors update the total
region by iteratively modifying the Fourier coefficients based on shape derivatives. To
maintain the volume constraint, they project the Fourier coefficients using a homothety at
each iteration step. The authors claim that the results of their method provide numerical
evidence for the conjecture that for any fixed c, the disk is always the maximizer in two
dimensions, and the ball is always the maximizer in three dimensions.

In [25] the authors present a short-time heat flow approximation for the boundary
integral energy of functions with bounded variation. This approximation utilizes indicator
functions and Gaussian convolution and does not require taking derivatives of the func-
tions. In [23,24], Merriman, Bence, and Osher (MBO) developed a threshold dynamics
method for interface motion. The method has been proved to converge to mean curva-
ture flow in [2, 14]. Esedoglu and Otto further extended this method to the multiphase
case in [11]. The method can be applied to general multiphase problems with arbitrary
surface tensions. The MBO method and its ideas have gained recognition for simplicity
and stability, and have been widely applied in various areas such as motion by mean cur-
vature for filaments [31], volume-preserving interface motion [17,32], image processing
[12,33,34,39,40], graph data processing [5,21,22], foam bubbles [38], grain boundary
motion [10], and wetting phenomena on solid surfaces [42]. Recently, connections among
the MBO method, operator-splitting methods, and deep neural networks are pointed out
in [19,20,35].

Numerous algorithms and rigorous error analyses have been developed to refine and
expand upon the original MBO method [16, 24, 30]. For instance, in [17], the authors
extend the MBO method to multiphase volume-constrained curvature motion using an
auction dynamics scheme. This extension allows for solving problems related to minimal
surface area with multiphase volume constraints.

In this paper, two new iterative methods are introduced for longest minimal length
partitions. The objective functional is approximated by a short-time heat flow. Then, the
method of threshold dynamics is used to maximize PI(€2, ¢) under volume constraints,
and auction dynamics is used to find SP(£2, ¢) for a fixed 2. Effectiveness of the proposed
methods are demonstrated by comprehensive numerical experiments in two-dimensional
and three-dimensional cases with different numbers of partitions, unequal volume pro-
portions, and different initial shapes. The results of both methods are consistent with the
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conjecture that the disk in two dimensions and the ball in three dimensions are the solution
of the longest minimal length partition problem.

The rest of this paper is organized as follows: Section 2 introduces approximations
for the objective functional. These approximations serve as the foundation for the subse-
quent methods. Section 3 presents the derivation of the two-step methods based on the
introduced approximations. In Section 4, we present numerical experiments in two and
three dimensions to demonstrate the performance of the proposed methods. We propose
in Section 5 an objective functional-monotone method. We then draw conclusions and
discussions in Section 6.

2. Approximations of the objective functional

Let @ C R¥ be an open and connected set to be partitioned. We define the objective
functional (the length of the partition of €2) by

E(Q.(0)=y) = Y_ Perg (). 2.1)

i=1
Given a volume constraint V' > 0 and partition proportions ¢ = (cy, ..., ¢,), the relative
isoperimetric profile is written as
PI(Q.¢c) = min_ E(Q. (w;)!-).
lwi|=c;

The longest minimal length problem can be formulated as the following max-min opti-
mization problem:

max PI(2,¢) = max min E(Q, (w;)"_,). 2.2

qZy PIER0 = o ey (@ @) @2

To approximate the objective functional, we use indicator functions to implicitly rep-

resent the regions  and (w;)7_,. Define ug and (u;)?_, by

fori =1,...,n.

1 ifxeQ, 1 ifx e w;,
uq(x) = { u;(x) = { l

0 ifx¢Q, 0 ifx ¢ w;,

The volume constraints in (2.2) can be expressed as [pq u@dx =V and [pq uidx = ¢; V.
Since (w;)?_, is a partition of 2, we also have Yo ui = ug.

To approximate the objective functional, instead of using a Modica—Mortola approxi-
mation as in [4], we use indicator functions and Gaussian convolution. Note that Perg(w;)
= Z;-’:l Pery, U, (@i), and Pery,uw, (@) = Pery, (w;) = 0. For any i # j, we have
Pery, Uw, (@) = Pery, uw, (@i ), which can be approximated by

3
Pery,; Uw; (0)) =~ \/;/I‘Rd u; (Gr * uj)dx, 2.3)
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where

_ 1 |x|?
G (x) = )l CXP(—?)

is the Gaussian kernel and * denotes convolution in R . The convergence of this approx-
imation for closed curves has been shown in [25] as 7 goes to 0" and the multiphase
formula was proposed in [11]. By utilizing (2.3), we approximate E(£2, (w;)7_,) in (2.1)
by

n

E(Q , (a),-)l'-’zl) = Z Z Pery, uw,; (@)

i=1jsi

~ \/?ZZ/W i (Gy % uj)dx (2.4)

i=1j#i

= \/ggfﬂ&d ui(Gr * (Z u‘,-))dx

J#i

- ﬁZ/Rd u;j (G * (ug —u;))dx

i=1
- \/EZf (Grj2 % ui) (G * (ug — ui))dx. 2.5)
T =1 R4

Since /Z(Gq/a * u;)(Gy/2 * (ug — u;)) concentrates on §2 as t goes to 0T, that is,
T Ut/ / g

. |7
lim ,/— / (G2 ¥ u;i)(Geyo * (g —u;))dx =0,
=0t T JRA\Q

when 7 is sufficiently small, the objective functional will not change too much if we
replace the integrating domain in (2.5) from R? to . To achieve this, recall that ug is the
indicator function of €2, and we multiply the integrand in (2.5) by ugq. Thus, the objective
functional in (2.5) is further approximated by

= n
(2.5) ~ ‘/? Z/Rd uQ (G2 * ui)(Geyo * (ug —u;))dx
i=1
T n
= l? Ad MQ(S-[/Z — ;(G‘L’/Z k ui)Z)dx

T

—JZ / 40 Se/a(Geya * (1 — ug))dx,
T JRA

where S;/5 denotes Sy/2(X) 1= Gz * (3 ;—; ui)(X). By [37], in the sense of t going
to 0T, the last quadratic term can be approximated by

b/ T 1 1
‘I—/ uQSr/2(Gejo * (1 —ug))dx ~ 1/—/A uQSrz/z(Gr/z * (Srz/z(l - uQ)))dX.
T JRA T JRA
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Denote the approximate objective functional by

Ec(ug. (u)—y) = @/Rd ”Q(Sr/z > (G ui)z)dX

i=1
T 3 3
-z L uQSr/z(Gr/z * (51/2(1 —ug)))dx. (2.6)

The original problem given by (2.2) is approximated by

max min E‘C (UQ, (ui)?:l)’ (27)
uQ€eB u;eB
-[]Rd uqdx=V f]Rd ujdx=c¢; V
Yui=ugq

where B := {u € BV(Q2,R): u = {0, 1}}, and BV(2, R) denotes the bounded-variation
functional space.

Note that (2.4) can also be used for approximation, leading to another approximation
of the objective functional

fr(ug, wi)i=y) = EZZ/W u; (G * uj)dx. (2.8)

i=1j#i

The corresponding modified problem is

max min  E:(ug, (u;)i—)). 2.9)
uQ€EB u;eB
f]Rd uqdx=V fRd ujdx=c; V
Yui=ug

Here, £, and E\r are equivalent to each other in the sense of 7 converging to 0%, and
hence are (2.7) and (2.9).

We will propose two algorithms to solve the longest minimal length partitions. Both
algorithms contain two steps: the first step updates uq and the second step finds the short-
est partition of the updated ug. Approximations (2.6) and (2.8) are designed so that both
steps can be computed effectively. Approximation (2.6) is a functional of ug, making it
well suited to be used in the first step. In the second step, we use approximation (2.8) so
that the auction dynamics algorithm can be directly used to update u;’s. Details on how
the two approximations are used are presented in the next section.

3. Derivation of the methods

Based on the two objective functional approximations in (2.6) and (2.8), in this sec-
tion, two iterative methods are derived for longest minimal length partitions. Denote the
indicator functions of the total region and the shortest partition in k-th iteration by u’é
and (uf.c )?_, respectively. Each method contains two steps:
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Step 1:  Fix (u{.‘);;l and find ug"’l by maximizing E,.

Step 2:  Fix MIEZ‘H and find (uf“)" by minimizing E..

i=1

In Step 2, due to the good form of E., auction dynamics [17] can be directly employed
in both methods. The (uf.‘ )?_, given by the two methods preserve Y uf.‘ =
that the collection of subsets is a partition of the total region. In Step 1, the update is based
on the objective functional E, and threshold dynamics is used. The constraint S ui
= ugq is relaxed in this part to update the total region. Otherwise, if u’S‘;rl =37, uf‘
= ulg‘z, the total region would remain unchanged during iterations. To maintain the stability
of the method, in the first method, the update of u’S‘;rl is fully led by the behavior of E -
while (uﬁc +1)?=1 are updated by running auction dynamics several times to avoid local
minimizers of E,. But this treatment makes the method slow. In the second method, only
a one-time auction dynamics is used to updated (uf“)?zl. It makes the method more
efficient but less stable. In order to balance the efficiency and stability, we introduce a
proximal term to control the evolution of ugq, which prevents ug from evolving too fast.

In general, the first method is more stable and the second method is more efficient.

k
Uug to ensure

3.1. The first method

3.1.1. Update of uf;l. In this step, we relax the constraint Z;’zl u; = ug. We fix
(uf.‘)?zl and find uls‘;l by maximizing E- in (2.6). Fixing (uf-‘)?zl, we update ugﬂ by

ub Tl = argmax  E.(ug, ub)r)). (3.1

UQeEB
f]Rd ugdx=V

Directly solving (3.1) is difficult due to the constraint ug € B, which is a non-convex
set. To solve (3.1), we relax the constraint ug € {0, 1} to ug € [0, 1]. Specifically, we
define KX := {u € BV(Q2,R):u € [0, 1]} and consider the following problem instead:

ub = argmax  E.(ug, ub)r)). (3.2)
ug€eX
fRd ugdx=V
The following lemma shows that (3.1) and (3.2) have the same maximizer:

Lemma 3.1. Problems (3.1) and (3.2) have the same maximizer, that is,

argmax  E;(ug. (uf)/_,) = argmax E(ug.(uf)_,).
ugEi‘? MQEJC
Jrd uodx=V Jed ugdx=V

Proof. Note that

max E,(ug,(uf-‘)?zl) <  max E,(ug,(uf‘)?:l ,
uQ€B ugeX
fRd uqdx=V fRd uqdx=V
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since B8 C K. To prove the equivalence, it suffices to show

argmax E.(ug, (uf);’zl) € {ug € B: / uqdx = V}.
ugeX R4
Jrd u@dx=V

Assume this is not true and the maximizer is u*. Then there exists a set A C Q with
|A] >0and 0 < ¢ < % such that

u*(x) € (c,1—c), foranyxe Q.

Divide A into two subsets A and A, such that A; U A = A, Ay N A, = @ and |A| =
|Az| = %|A|. Define u’ = u* + ty4, — t x4, where y4, and y4, are indicator functions
of A; and A, respectively. Then u’ € {ug € KX : [ugdx = V} forany |f| < 5. Observe
that

2 ~ 1 1
37 B u)izy) = 2\@ /R Ot = 242)(8512)2 (Geya * ((ay = 24:)(S5)) ) )dx
= 2\@ /R (Gera® (Guay = 14)(82)9) x> 0,

where S f/z denotes S*_ (x) = G, 2% (i uf-‘)(x). In particular, when taking t = 0, we

/2
2 5 . . . . .
get u® = u*, (ﬁ:—zE, (u*, (uf-‘ )?_,) > 0, which contradicts with that ™ is the maximizer.
Therefore, the maximizer is in B and this ends the proof. ]

By Lemma 3.1, solving (3.1) is converted to solving (3.2), for which we follow [11]
to linearize E;(ug, (u{-‘);;l) as

Letug. . (i) = [ uagtax

where the dominant function is

P (x) = \E (852 = D2 (Gao # ub) + (5503 Ggo # ((SE0)? uly — 1))). (3.3)

i=1

By threshold dynamics, u]grl is updated by maximizing the linearized objective functional

under the volume constraint

1
u’é‘”‘ = argmax L,(ugz,ulé,(ugC D

fRd uqdx=V

Let 0 > 0 be such that
/ Ho(X)dx =V, (3.4)
R4
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(a) initial (b) after one iteration

Figure 2. The initial condition is a disk. After one iteration by (3.5), the total region changes instead
of remaining round.

where y, (x) is the indicator function of the set {x € R¥ : ¢*(x) > o}. It is easy to see that

the maximizer ulg'l is determined pointwise by

ek
k+1(x) — {1 1f¢ (X) > 0, (35)

u
@ 0 if¢F(x) <o,
g k+1

which is exactly uQ+ (x) = yo(x).
Remark 3.2. In [4], during the update of Fourier coefficients of the radial function that
represents the total region, the volume constraint is broken. Then the authors project the
updated coefficients onto the volume constraint using a homothety. For the methods in this
paper, volume preserving is kept in the way of (3.4) and (3.5). For regular discretization,
such a o is easy to find. Besides, since o is a threshold of the dominant function, it makes
sure that the update maximizes the approximate objective functional in this time step under
the volume constraint.

In fact, if we just update the total region by (3.5) in each iteration, ué‘z“ will not con-
verge to a stationary point, and the iterations will not stop. This is because the update
of u’é“ depends on (ugc )7_,, which represents a shortest partition of u’s?2 but may not
be unique. For example, each diameter of a disk gives a shortest partition in the two-
dimensional bisection case, and there are infinity many diameters. When we update the
total region, u’EZH differs from u’s‘2 in the direction of increasing the objective functional
of (uf-‘ )7_,. However, this may decrease the objective functional of other shortest parti-
tions and eventually decrease the objective function we want to maximize. As Figure 2
shows, if we take a disk as the initial total region, the update by (3.5) will give a region
that is not a disk after one iteration. This contradicts the analytical result in [13] that the

disk is the optimal solution of bisection in the two-dimensional case.
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To address this issue, one approach is to identify all the shortest partitions of ug, and
then update the total region in the direction of increasing the objective functional of all of
them. However, this is impractical to implement as the number of shortest partitions can
be infinite. An alternative approach is to reduce the update rate gradually when the change
of objective functional is small. Then when ug is close to the optimal solution, it will not
change too much and go far away.

Instead of using all the points in the level set {x € R? : ¢¥(x) > o}, we only use a
part of it during the update of the total region. Denote 0 < 8 < 1 the update step-length,
and uProcm(x) = )0 (x) the indicator function obtained by (3.5). Denote €2process the region
corresponding to ugocess, A = Qprocess — QK and B = QF — Qprocess- Intuitively speaking,
to increase the approximate objective functional in the direction of (ugC )7_,, the original
algorithm tends to delete the points in B and add the points in A into the total region.
Since |Qprocess| = |Q2¥| by volume conservation, |A| = |B| and A N B = @. In order to
reduce the update rate, we find 0}, 0> such that

[xm(x)dx= BlAl. / Yon®)dx = (1— B)[B|.
A B

and define A = {x € A: ¢*(x) > 01} and B = {x € B : $*(x) < 0,}. Then A is a subset
of A with |A| = B|A|, and for any x; € 4, x, € (A — A), we have

¢*(x1) = 01 > ¢F(x2),

which means A is the part of A with higher dominant function values. Similarly, | B| C | B|,
|§ | = B|B], and B is the part of B with lower dominant function values. We update the
total region by

ugt (0 = u§ () + 17— x5 (3.6)
where y ic and y 5 are the indicator functions of A and B. In other words, we delete the
points in B and add the pomts in A into the total region, instead of the whole of B and A.
Note that |A| = | B| and A N B = @. The update of the total region follows volume conser-
vation. Here 8 controls the degree of differences between ué‘z and ug"l. When 8 = 0, the
total region will not update during iterations; when 8 = 1, the update is the same as (3.5).
Now the update step-length can be controlled by setting a different value for S.

When B is large, u’é may be difficult to converge due to the non-uniqueness of the
solution and the two-step updating strategy. In fact, it oscillates around a disk. To obtain a
stable and convergent scheme, we need to control the updating rate of ug which is § here.
For a fixed B, after sufficiently many iterations, even though ug oscillates, its objective
functional stays at a certain scale. To evaluate the change of objective functional during
iterations, we calculate the change of averaged objective functional over a few (M in Algo-
rithm 3) consecutive iterations. When the change is less than a tolerance ry,, it is regarded
to be small, and we reduce 8 by multiplying it by a factor y (0 < y < 1). Here the aver-
aged objective functional of a few steps is used instead of the objective functional in one
iteration. This can mitigate the impact of local shortest partitions on objective functional
calculation.



Iterative thresholding methods for longest minimal length partitions 627

3.1.2. Update of (u:.""l);’:l. In the update of shortest partition, we fix u’é"’l and use the

approximate objective functional Er defined in (2.8). Functions (uf-c +1)§’=1 are computed
by solving
k+1 . 5o k+1
(ui+ )?:1 = argmin Er(ugz+ v(ui)?:] .
uiE£
Jga widx=c;V
Suj=ukt!

Observe that £ is proportional to the heat content energy in [17]

HC, = %;/ui(x)(@ % 1) (x)dx.

Therefore, given ulng with parameters of stopping criterion g, auction dynamics with
volume constraints from [17] directly finds a shortest partition (uf“);’zl. Here u =
(m, &min, @, €9), M is the number of maximum steps, &y, is the auction error tolerance, « is
the epsilon scaling factor, and ¢ is the initial epsilon value. Denote the auction dynamics

k+1
method by ADM. We compute (u; " )7_; as
@I, = ADM@ugt . V.e, ti p),

where details of ADM are summarized in Algorithm 1, with the sub-routine membership
auction summarized in Algorithm 2.

Remark 3.3. In Algorithm 1, ¥/ is a tensor whose i-th element is 1//1.1 (x). After discretiz-
ing the space, it becomes a matrix. The criterion for convergence is u; ;4 (X) = u; (X)
foralli = 1,...,n, that is, when the partitions are no longer updated. In Algorithm 2,
ics(X, p) and ipex (X, p, ™) are defined by

ics(x, p) = argmax(a; (X) — pi]. inext (X, p.i") € argmax|a; (x) — p;].
1<i<n JFEL*
Here i.s(x, p) is a set containing all indices satisfying the right-hand side, iyexc(X, p,i*) is
just an arbitrary element of the set satisfying the right-hand side.

The results of ADM critically depend on its initialization, which is usually set as ran-
dom. In many cases, ADM does not always give global shortest partitions, but a local one.
To make the partitions more likely to be a global shortest one, in the first method, ADM
is repeated several times in each iteration. Every time a random initialization is given and
a corresponding partition is created, we compute the objective functional of all partitions.
The partitions with minimal objective functional are regarded as the shortest partitions.
This increases the stability of the method.

The first two-step iterative method for the longest minimal length partitions problem
is summarized in Algorithm 3. The stopping criterion is set to be 8 < B, for some
constant B, or the total regions between two iterations are exactly the same.

Remark 3.4. In Algorithm 3 and Algorithm 4, convergence means ulgrl = u’é
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Algorithm 1: Auction dynamics

Input: Discrete total region u g, volume constraint V', partition proportions c,
time step 7, parameters of stop conditions . = (m, &min, @, £0).
Output: Shortest partitions (u;)}_,.

1 Set ! = 0; initialize (u;,0)?_, randomly with [ u;odx = ¢;V;set& = &/n;
compute G;
while | < m and not converged do
Compute the convolutions: wil x) = Z# (G ok uj)(x);

Initialize the prices p = 0, and ¢ = &¢;

2
3
4 Compute the assignment problem coefficients: a’ = 1 — y/;
5
6 while ¢ > £ do

7

Run Algorithm 2: ((u¢**)"_,, p°**)= Membership
auction(e, Ve, al, P, uQ);
8 Set p = p°¥;
9 Divide ¢ by «;
10 if ¢ < £ then
11 | Set (uig1)f—y = @)
12 end
13 end
14 Setl =1+1;
15 end

16 Return (u;)?_; = (u;1)7_,

Remark 3.5. In Algorithm 3, although ADM is repeated with the same parameters, the
random initialization makes the output (uf.i;;l);;l different each time.

3.2. The second method

In the first method, to increase the stability, ADM is repeated several times in one iteration
to find the shortest partitions. However, this increases the time complexity. To address this
issue, the second method uses a more efficient way for stability. In the updating of (ufc )i
the second method follows a similar process as the first method but only employs ADM
once. We omit the details here. In the updating of u’é“, a regularization term is intro-

duced.

In the update of the total region, the approximate

A u’é"'l is attained by

3.2.1. Update of ub*! by (uk)"

i=1"

objective functional E. in (2.6) is used. Given ug and (ufc )

n
k+1 _ =~ kyn k
ug = arg urgzeii% Er(uq, (u;)i—,) + A A&d UGy * (; u; )dx, 3.7
Jug=V =
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Algorithm 2: Membership auction

Input: ¢ > 0, volumes V, coefficients a, initial prices p0 and indicator function
ug (x).
Output: Final partitions and prices ((u;)7_,.p).

1 Foreveryi € {1,...,n}setu;(x) = 0 for all x such that ug(x) = 1; set p = p°
2 while some x is unassigned, i.e., ug(x) = 1 but )", u;(x) = 0, do

3 for each unassigned x do

4 Compute i.5(X, p) and choose one element i * € i (X, p);

5 Set b(x) = pir + & + (@i (X) = Pi*) = (Qipeq(x,p,i*) (X) = Pirerixp,i*))3
6 if [uj~dx = Vj« then

7 Find y = argminy,, ;=1 b(2);

8 Set u;+(y) = 0 and u;~(x) = 1;

9 Set pix = minui*(z)=1 b(z);

10 else

1 Set ujx(x) = 1;

12 if [uj+~dx = V;« then

13 ‘ Set pi» = miny,, (=1 b(2);

14 end

15 end
16 end
17 end

18 Return ((u;)"_,, p)

where A > 0,7’ > 0.In (3.7), the second term is a regularization term to relax the constraint
of Y7/, ui = ug and ensure that ué‘z“ does not deviate significantly from u%. In the
following, we denote the regularized objective functional as

n

B otug (b)) = Eelum o)+ [ waGo x (3 uf)ax
i=1

In fact, (3.7) is a discretized scheme for an evolution equation of ug. Based on equa-
tion (2.6), ugﬂ is expected to maximize E;(ug, (uf);’=1). Consider a gradient ascent

flow 3
u ~
8—:2 — 0B, (ug. ¥)'_)) = 0. (3.8)

We update u’s‘;l by solving (3.8) by a short-time (one time step), and discretize (3.8) with
the time step 1/A by a backward Euler scheme:

k+1 _ k

u ~
W —dE (ug™, )iy = 0.
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Algorithm 3: The first method for longest minimal length partitions

Input: Volume constraint V, partition proportions ¢ = (cy, ..., ¢) satisfying
¢i >0and Y/, ¢; = 1, time step T > 0, auction dynamics parameters
It, repeat times of auction dynamics p, update step-length parameters
0 < Bo < 1,0 < y < 1, the number of steps in average objective
functional M € N, rq; > 0,0 < Bpin < 1.
Output: ug maximizing the objective functional, shortest partitions (u;)7_,.
1 Set k = 0; initialize u% randomly with f u?zdx =V;B = PBo;
2forl <g<pdo
3 ‘ Compute (u = ADM(MQ, V,e,t; 1);
4 end
5 Set (u = argmm(u iy E (uQ (ul q)l_l
6 while 8 > B, and not converge do
7 Compute dominant function ¢* by (3.3);
8 Update ug"l by (3.6) using f;
9 for1 <g<pdo
10 ‘ Compute (ukJrl = ADM(ugH, V,e,t; w);
11 end
12 Set (uk+1)l_1 = argmin(uﬁzl)g, E (uk+1 (uk+1)l_1 :

13 if kK > M then

14 Compute EX, = 4~ Zk_k M1 Er(uéz, w)r_));
15 Compute EXT1 = - Zkf,i Maa Ec(ud, (u{),’-;l),
16 if [EXH1 — EK |/|EEEY| < 1) then

17 ‘ B =1vB;

18 end

19 end

20 k=k+1,

21 end

22 Return ug = uk, (u)?_, = Wb)r_,

Then ué‘z“ solves

:argmax[fr(ug,(uf-c - —/ lug —ulede]

uQ

= argmax[E (ug, WO ) — —/ ((ug)* + &) - 2ugu]§2)dx].

uQ
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Using the constraint ug € B, [p ugdx = V and the fact u’é € B, |z ulgzdx =V, we
further deduce

_ A
u’;z+1 = argmax[Er(uQ, (uf)?zl) —3 /R(ug + u]é - 2ugu’§)dx]

uQ

= argmax[f,(ug, W) — A /R(—Zugu’g‘z)dx] 4

ug 2

_ 1 k\n k

=argmax| E¢(ugq, (u;)i—1) + A | uqugdx|. 3.9)
uQ R

Notice that Z:‘l=1 uf‘ = u’g‘2 Thus, (3.7) is an approximation of (3.9), and such an approx-
imation becomes exact as 7/ — 07 .
To solve (3.7), similar to the first method, we relax the optimization to an equivalent

problem: finding u’é“ such that

k+1 A k

uQ+ = arg max Et,r’(uﬂ’(ui)?=l)’
ug€eX
Jue=V

where X := {u € BV(2,R) :u € [0, 1]}. The proof of equivalence is similar to that of
Lemma 3.1, and is omitted here.
The linearity of 2, (ug, (uf-c )7_,) is computed as

7,7’

LY (ug.uly. b)) = /n;d uggrdx,

where the dominant function is

¢* () = \@ (852 = Y2 (Gap xul)? + (85,02 Gop x (K 2uby — 1)) )
i=1

+AGy % (Z uf), (3.10)

i=1

and Sf/z denotes Sf/z(x) =G *x (X u{.‘)(x). Then ué‘;‘l can be computed by (3.6),
the same as in the first method.

For the stopping criterion, the second method also uses f to control the update step-
length, and reduces B when the rate of change of the averaged objective functional in a
few iterations is less than the tolerance ri,. The iteration stops when 8 < B, or when
the total region between two consecutive steps are the same. The algorithm of the second
method is summarized in Algorithm 4.

In the first method, the auction dynamics method is run several times in each iteration
to find a partition, making the algorithm more stable and the partition more likely to be the
global shortest one instead of a local one. However, the computational complexity of this
method is high. In the second method, a regularization term is added in the approximate
objective functional for stability. It does not need to run the auction dynamics several
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Algorithm 4: The second method for longest minimal length partitions

Input: Volume constraint V, partition proportions ¢ = (cy, ..., ¢) satisfying
¢; > 0and Z?:l ¢; = 1, time step t > 0, regularization parameter A > 0,
time step in regularization term v’/ > 0 auction dynamics parameters g,
update step-length parameters 0 < 89 < 1,0 <y <1, M € N, rq > 0,
0< ﬁmin <1
Output: uo maximizing the objective functional, relative shortest partitions
(ui)lr'Lzl
1 Set k = 0; initialize ”gz randomly with f u?zdx =V,
2 Find (u?)7_, = ADM(u, V., ¢, 7; p);
3 while 8 > By and not converge do
4 Compute dominant function ¢¥ by (3.10) using 7 and 7’;
s | Update ub by (3.6);
6 Compute (uf.c+1)f’=1 = ADM(u]S‘ZH, V,e,t; pn);
7 if k > M then
8

1 k - J J .
Compute Ee{(ve = Zj:k—M+1 Er(uép (ui )?:1 >

9 Compute EX1 = - Zj'{:]i_M_FZ Er(ué» (“{),"’:1 ;
10 if |[EXTY — EX |/|EXTY| < rioi then

11 ‘ B =vB;

12 end

13 end

14 k=k+1;

15 end

16 Return ug = M]Ez wi)i=, = (”;c)z"l=1

times at every iteration in order to maintain the stability of the algorithm. Thus, it is faster
than the first method. Since the partition in each step may not be the global minimizer but
a local one, the second method may need more iterations to converge.

4. Numerical experiments

We demonstrate the effectiveness of the proposed methods by experiments in two and
three dimensions. Our methods are implemented by MATLAB. Convolutions are imple-
mented using the Fast Fourier Transform, and for both methods, we stop iterating

k+1 _  k
when ug"™ = ug.
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Figure 3. Two uniform partitions in two dimensions. The initial condition is set to be a five-petal
flower. The total regions and their shortest partitions of both methods in the initial, 5th, 10th, and
final iterations are plotted.

4.1. Numerical experiments in two dimensions

To simulate the longest minimal length partitions in two dimensions, a 256 x 256 regular
grid is formed in [—7, 7r]? with a space step Ax = 27/256. The time step is set to be T =
2Ax ~0.049, and T’ = 0.5Ax = 0.013. The stopping parameters in the auction dynamics
method are set to be . = (1, &min, @, £9) = (1000, 1077, 4,0.1). Other parameters are set
as Bo = 1 (the initial update rate for ug), y = % (the decay factor of ), Bmin = 0, 05 (the
lower bound of B), M = 5 (the number of steps in averaged objective functional), and
ol = 1074, For the first method, auction dynamics repeat-time is p = 5. For the second
method, regularization parameter is A = 10.

4.1.1. Two partitions. We first conduct experiments for the two-dimensional example
with two partitions of equal proportions. The initial condition is set to be a five-petal
flower with the indicator function p? < 72(0.4 4+ 0.2sin 50), where p and 6 are the radius
and angle in the polar coordinates respectively. The partition proportion is ¢ = (%, %).
Both methods derived in Section 3 are implemented. The first method stops after 34 itera-
tions, and the second method stops after 63 iterations. The total regions and their shortest
partitions of both methods in the initial, Sth, 10th and final iterations are plotted in Fig-
ure 3. For visualization of the results, the indicator functions of the region and partitions
are smoothed using a Gaussian kernel convolution before being plotted in Figure 3 and
the figures in the following.

The evolution of the approximate objective functionals E. (uQ (uk) ?_,) of both meth-
ods are plotted in Figure 4. As we can see, the final approximate objective functionals of
two methods are both about 9.32. In the 10th iteration of the first method, the objective
functional is near the final maximum objective functional, and the shape of total region
shown in Figure 3 is close to a disk. Compared with the approximate objective functional
of the second method, the approximate objective functional of first method has less fluc-
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Figure 4. Two uniform partitions in two dimensions. The approximate objective functionals

E, uk s uk n_ ) of two methods versus iteration times. The horizontal axis represents the number
Q\Mili=1 P

of iterations. The vertical axis represents the functional value.

tuation. This is because auction dynamics is repeated several times in each step of the first
method, which increases the likelihood of obtaining a global shortest partition instead of
a local minimizer. Thus, the approximate objective functional in the first method should
have a smaller gap with the exact objective functional compared to the second method.

To further confirm that we get a disk as the optimal total region, the isoperimetric
inequality is checked for the final iteration results in Figure 3. For any simply connected
region 2 in 2D, we have

4r|Q| < |9QP?,

and the equality holds only when €2 is a disk. Using the indicator function of the initial
condition, the area is computed to be 0.4773. For the perimeter, we use the approximation

02| & \/z/ uoGr * (1 —ug)dx.
T JRA

Then the values of 47|2|/|dS2|? for the results given by both methods are computed,
which are 1.0056 and 1.0055. Here the final values are bigger than 1 due to the numerical
error. Since they are close to 1, the isoperimetric inequality corroborates that the optimal
total region by each method is a disk.

For the longest minimal partition problem, it is difficult to define accuracy, as there are
infinitely many solutions. Suppose the conjecture (the solution is a disk in two dimension
and a ball in three dimension) is true. If one can find one partition solving the problem,
rotate the partition by any angle is also a solution to the problem. One surrogate for mea-
suring accuracy is to check how close uq is to a disk. Besides checking it visually, the
quantity 47 |$2|/|0S2|? provides another perspective to quantify the accuracy. However,
when we compute the quantity, the approximation of |d€2| introduces additional error,
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Figure 5. Three partitions in two dimensions. The initial condition is set to be a five-petal flower.
The total regions and their shortest partitions of both methods in the final iterations are plotted for
different values of ¢ of the three-partition case.

making a convergence test unreliable. We leave a comprehensive study of the solution
property and design of reliable accuracy measurement as our future work.

As the experiments show, for the uniform two-partition case, numerical simulations
imply that the disk is the maximizer for longest minimal length partitions, which is com-
patible with the analytical results proved in [13].

4.1.2. Three partitions. We then test the proposed methods to find the optimal solution
for three partitions with equal and unequal proportions. The volume proportion parame-
ter ¢ is set to be (% % %), (% %, %), (é, é, %), (é, %, %) and (% é, 17—0). The results of two
methods are shown in Figure 5. As we can see, although the value of ¢ varies, the optimal
total regions given by both methods continue to be discs, and the partition results of both
methods look similar.

4.1.3. Sensitivity to initial shape. We test the sensitivity of the proposed methods to
the initial shape. In this experiment, both methods are used to find the optimal solution for
three partitions with equal proportions. The shape of initial condition is set to be a triangle,
a rectangle, and randomly generated pentagons. The results are shown in Figure 6. Both
methods give the optimal total region to be a disk no matter how the shape of initial
condition changes.

4.1.4. Six and nine partitions. In this set of experiments, the initial condition is set to be
the five-petal flower, whose indicator function is given in Section 4.1.1. The two methods
are tested to solve the six-partition and nine-partition problems. For each problem, the
volume proportions of every part in the partitions are set to be equal. The total regions and
their shortest partitions of both methods in the initial, 5th, 10th, 20th, and final iterations
are plotted in Figure 7.
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Figure 6. Three partitions in two dimensions, with sensitivity to initial shape. The proportion is
set to be ¢ = (%, %, %). The total regions and their shortest partitions of both methods in the final
iterations are plotted for different shape of initial conditions.
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Figure 7. Six and nine uniform partitions in two dimensions. The initial condition is set to be a
five-petal flower. The total regions and their shortest partitions of both methods in the initial, Sth,
10th, and final iterations are plotted.

The evolution of the approximate objective functional £, (u’s‘z, (uf )7_,) for both prob-
lems is plotted in Figure 8. We observe some irregular protrusions in the objective func-
tional evolution. This is because the auction dynamics may give a local shortest partition
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Figure 8. Six and nine uniform partitions in two dimensions. The approximate objective functionals
E; (ulsfz, (uf‘):’= 1) of two methods versus iteration times. The horizontal axis represents the number
of iterations. The vertical axis represents the functional value.

instead of a global one in some iterations. Then the approximate objective functional is
computed to be larger than the real objective functional, which leads to a protrusion. Since
the first method repeats the auction dynamics several times, it is more likely to get a global
shortest partition than the second method. Thus, the first method produces fewer protru-
sions in the evolution of the objective functional. This implies that the first method is more
stable than the second one. However, since it repeats auction dynamics many times, the
first method requires more time than the second one in general. We show the CPU times of
both methods with different numbers of partitions in Table 1. As mentioned above, even
though the first method requires fewer iterations, since it repeats auction dynamics several
times, its overall CPU time is higher than that of the second method.
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No. of partitions No. of Iter. CPU time(s)
First method Second method First method Second method
2 34 63 281.49 112.72
6 31 74 995.67 427.05
9 32 59 1611.79 650.43

Table 1. Uniform partitions in two dimensions. Number of iterations and CPU times of both methods
with different numbers of partition.

First method Second method

Partition
number
Final

3

iteration
An

expanded “
view
translucent “

expanded
view

S HO-
O PO -
® 00
© 00 -
PO

Figure 9. Uniform partitions in three dimensions. The initial condition is set to be a cube. The total
regions and their shortest partitions of both methods in the final iteration (together with an expanded
view and a translucent expanded view) are plotted for three-partition case, six-partition case, and
nine-partition case.

4.2. Numerical experiments in three dimensions

To simulate the problem in three-dimensional cases, a 128 x 128 x 128 regular grid is
formed in [—, w]3. The tolerance of objective functional rate is set to be r,; = 0.0005. For
the first method, auction dynamics repeats p = 3 times in each iteration. Other parameters
are the same as in two-dimensional cases. The initial total region is set to be a cube. We
test both methods for three-partition, six-partition, and nine-partition cases. The volume
proportions of every part in the partitions are set to be equal in each case. The results of
both methods are shown in Figure 9, together with an expanded view and a translucent
expanded view.

In Figure 9, the solutions of the total region after convergence by the first method
is consistent with the solutions of the second method. They both give a ball as the opti-
mal solution for different numbers of partitions. This numerically supports the conjecture
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Figure 10. Uniform partitions in three dimensions. The approximate objective functionals
E; (u’s‘z, (u{.‘):?zl) of the two methods versus iteration times. The horizontal axis represents the
number of iterations. The vertical axis represents the functional value.

No. of partitions No. of Iter. CPU time(s)
First method Second method First method Second method
3 18 18 10678.05 2768.09
6 15 15 11053.22 4260.25
9 12 15 15129.92 6282.31

Table 2. Uniform partitions in three dimensions. Number of iterations and CPU times of both meth-
ods.

that the ball is the maximizer of the longest minimal length partitions problem in three
dimensions.

The evolution of approximate objective functionals for each experiment are shown in
Figure 10. As the number of partitions increases, the approximate objective functional of
final total region also increases. In each case, the objective functional by the first method
is consistent with the objective functional by the second method.

The CPU time of both methods with different numbers of partitions are given in
Table 2. Again, the second method uses more iterations but less GPU time compared
to the first method.
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Figure 11. Objective-functional-monotone method. The initial condition is set to be a “five-petal
flower”. The total regions and their shortest partitions of the objective functional monotone method
in some iterations are plotted for two-partition and three-partition cases with equal proportions.

5. An objective-functional-monotone method

Based on the first method, we further develop a method that promises the approximate

objective functional is increasing durrng iterations. The idea is to check whether E, (uk S

(u f“)l’-’zl) is greater than or equal to E, (uQ, (ui )7_,) in each step. If not, then (uf.‘)i=1
could be a local minimizer instead of global shortest partition, or u’fz is near the optimal
solution. In this case, we just reduce § from 1, get new uk+1 (uk“)l_l, and check if the
objective functional is increasing. If the objective functlonal is increasing, then the itera-
tions keep going. Otherwise, § is further reduced, and new uk +1 (uk “)l _, are computed
to compare with the objective functional. If uk +1 (uk +1)l_1 are not found to increase the
objective functional, and S is reduced to 0, then (uf )7—, is not a global shortest partition,
or u’S‘Z is likely to be the optimal total region. To check which case it is, auction dynamics
is repeated multiple times to find a partition of uls‘2 with smaller objective functional than
(uk)" . If such partltlon is found, then it is set to be the new (uk )7 —1> and we take a step
back to check whether £ (uQ (uk )i_y) is greater than or equal to E (usz 1 (uk 1)l_1
If such partition is not found, then we accept uQ to be the result, and (uk )7_, is its shortest
partition.

This method is tested for two-dimensional examples with two and three partitions and
equal proportions. The total regions and their shortest partitions of both cases in some
iterations are shown in Figure 11. The approximate objective functionals are shown in
Figure 12. For the two-partition case, this method uses 12 iterations and 3147.61 seconds.
For the three-partition case, this method uses 19 iterations and 3896.23 seconds. Although
the method promises the objective functional is increasing, it spends ten times more CPU
time than the first method for the two-partition case. This is because the new method uses
a lot of time (many repetitions of auction dynamics) for checking whether uQ and (uk )
are global optimizers.
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Figure 12. Objective-functional-monotone method for uniform partitions in two dimensions. The

approximate objective functionals E. (ulgz, (u{c )7_1) of both cases versus iteration times are plotted.

The horizontal axis represents the number of iterations. The vertical axis represents the functional
value.

6. Conclusions

In this paper, two numerical methods are derived for the simulation of the longest mini-
mal length partitions problem. The methods are based on approximations of the objective
functional by a short-time heat flow, threshold dynamics, and splitting methods to solve the
relative constrained max-min optimization problem. In both methods, auction dynamics
is used to find the shortest partitions, and the update of total region is based on threshold
dynamics. The shortest partitions and total region are updated in an alternative manner. To
reduce the influence of local minimal partitions, the first method repeats auction dynamics
several times in each iteration, and the second method introduces a proximal regulariza-
tion term, which is shown to be equivalent to a gradient ascent flow. Both methods update
the total region by introducing an update step-length, which decreases gradually according
to some criterion during iterations. The effectiveness of both methods are demonstrated
by comprehensive numerical experiments, which validate the conjecture that the disk is
the maximizer for two-dimensional problems and the ball is the maximizer for three-
dimensional problems.

This paper focuses on the simulation to an approximate problem to provide the numer-
ical evidence to the conjecture for the longest minimal length partitions problem. It would
be interesting to consider the proof of the conjecture in the sense of the approximate objec-
tive functional and further consider the limit as 7 goes to 0. It would be also interesting to
use the level-set-based framework [7, 18,24, 27] to approximate such problems.
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