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Abstract. Let � be a Hecke cusp form for SL.3;Z/. We bound the second moment average of
L.s; �/ over a short interval to obtain the subconvexity estimate

L.1=2C i t; �/��;" .1C jt j/
3=4�1=8C":

This is the first time a short second moment has been used to obtain a subconvexity bound in a
higher rank group.
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1. Introduction and statement of result

The problem of bounding automorphic L-functions on the central line Re.s/ D 1=2 has
enthralled researchers for over a century. The first subconvexity bound was announced
by Littlewood in proceedings of the London Mathematical Society in 1921. Adopting a
method of Weyl for bounding exponential sums, Hardy and Littlewood proved that

�.1=2C i t/�" .1C jt j/
1=6C";

for any " > 0. In contrast, the trivial (convexity) bound, a simple consequence of the
functional equation of the zeta function, yields the exponent 1=4 in place of 1=6. Com-
plete details of the proof of Hardy–Littlewood’s result appeared only later in a paper of
Landau [23]. The exponent 1=6, which is two-thirds of the convexity bound, is ‘funda-
mental’, and can be achieved using other methods, e.g. short moment computation of
Iwaniec [18] and high moment computation of Heath-Brown [14]. To go beyond 1=6,
the so-called Weyl bound, one needs deeper understanding of short exponential sums, as
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achieved systematically by van der Corput and others [13]. Accordingly the Weyl bound
has been breached, albeit mildly, dozens of times in the last hundred years, and the present
record due to Bourgain [9] states that

�.1=2C i t/�" .1C jt j/
1=6�1=84C":

The interest in such improvements lies not in the bound itself, but in the method that leads
to it. However, the strength of the bound documents the strength of the method, and as
such is an important marker.

The classical result of Hardy–Littlewood–Weyl was first extended to degree 2 L-
functions by Good [12] in the 1980s. For any holomorphic form f of full level, Good
established the bound

L.1=2C i t; f /�f;" .1C jt j/
1=3C":

Since this L-function can be compared with the square of the Riemann zeta function, one
notices that the above exponent matches the Weyl exponent. Later the same bound was
established for Maass forms by Meurmann [27]. Around the same time Jutila [20] proved
the same result using more elementary means based on his study of exponential sums
twisted by GL.2/ Fourier coefficients. More recently, Booker et al. [8] established the
Weyl bound for L-functions of holomorphic cusp forms for �1.N / for any level N . This
was extended to degree 2 L-functions, of any level, nebentypus and spectral parameter by
the first author [2]. However, any improvement over this bound is yet to be achieved. The
recent joint work [15] of the third author with Holowinsky and Qi makes some progress
towards this important problem by establishing cancellation in very short sums (beyond
the Weyl range). Unfortunately, that work does not yield anything new in the generic
length (square root of the conductor), and hence one does not get a sub-Weyl bound for
the L-function.

The t -aspect subconvexity problem for degree 3 L-functions remained an important
open problem for a long time, till the breakthrough work of Li [24], who adopted the
method of Conrey and Iwaniec [10] to establish a subconvex bound for symmetric square
(self-dual) L-functions,

L.1=2C i t;Sym2f /�f;" .1C jt j/
11=16C":

Since non-negativity of central L-values plays a crucial role in the Conrey–Iwaniec
approach, it seems that Li’s method cannot be extended beyond self-dual forms. However,
the bound has been improved substantially. First McKee, Sun and Ye [26] established the
exponent 2=3, using the techniques of Li, but applying finer tools to deal with the expo-
nential integrals. This was further improved by Nunes [33] to 5=8, which doubles the
initial saving given by Li. Qi [34] extended the result to arbitrary number fields with the
same exponent of 5=8. Lin, Nunes and Qi [25] established the much stronger exponent
3=5 over the rationals, which is most likely the limit of the method in this set-up, but still
falls short of the Weyl exponent 1=2. Hybrid bounds have been obtained by Young [35]
and Khan–Young [21] by estimating the second moment of GL.3/ � GL.2/ L-functions.
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In the case of general non-self-dual degree 3 L-functions L.s; �/, the first subconvex
bound was established by the third author [30] using the delta method,

L.1=2C i t; �/��;" .1C jt j/
11=16C":

This was improved by the first author [3], who established the exponent 27=40 by apply-
ing the delta method with more careful analysis of the integral transforms. His exponent
is the limit of the delta method recipe in this context. There has been progress in prov-
ing a t -aspect subconvexity bound for Rankin–Selberg convolutions of GL.2/ and GL.3/
L-functions. The third author [31] used the delta method to prove a subconvexity bound
for GL.3/ � GL.2/ L-functions. Recently, Blomer–Jana–Nelson [6] proved a t -aspect
Weyl-type bound for GL.2/ � GL.2/ L-functions by modifying the ideas of Bernstein–
Reznikov [4] and using the Kuznetsov trace formula.

In a recent preprint, Nelson [32] has announced a solution of the t -aspect subconvex-
ity problem for standard L-functions, regardless of its degree. This breakthrough work
is based on the period approach introduced in earlier landmark papers of Bernstein–
Reznikov [4] and Michel–Venkatesh [28]. For low degree L-functions, Nelson’s bound
is worse than what is already known. It is however understood that the method has the
potential to produce strong bounds even in the case of low degrees.

1.1. Statement of results and methodology

We now state our results and discuss the main ideas. Let � be a Hecke cusp form of type
.�1; �2/ for SL.3;Z/. Let the normalized Fourier coefficients be given by �.m1; m2/ (so
that �.1; 1/ D 1). The L-series associated with � is given by

L.s; �/ D
X
n�1

�.1; n/n�s for Re.s/ > 1:

Our main result is the following theorem.

Theorem 1.1. Let � be a Hecke–Maass cusp form for SL.3;Z/. Then for any " > 0 and
t1=2 < M < t1�", we haveZ tCM

t�M

jL.1=2C iv; �/j2 dv��;" t
"

�
t9=4

M 3=2
C

M 3

t21=20
CM 7=4t3=40 CM 15=14t15=28

�
:

In particular, when M D t2=3, we haveZ tCt2=3

t�t2=3
jL.1=2C iv; �/j2 dv ��;" t

5=4C":

The second moment average can be used to bound the L-function by modifying
Good’s arguments [12] (Lemma 3.5 below). We find that for any log t < M < t1�",

jL.1=2 C i t; �/j2 � .log t /
�
1 C

Z
R
U.v=M/jL.1=2 C i t C iv; �/j2 dv

�
; (1.1)
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where U 2 C1c .Œ1; 2�/ is an appropriate bump function. This yields the following sub-
convexity bound.

Theorem 1.2. Let � be a Hecke–Maass cusp form for SL.3;Z/. Then for any " > 0,

L .1=2C i t; �/��;" t
3=4�1=8C":

Studying moments of L-functions is an important theme in modern analytic number
theory. The bound in Theorem 1.1 compares with the best known unconditional estim-
ate for the sixth moment of the Riemann zeta function, which follows from the work of
Ivić [17]: Z 2T

T

j�.1=2C i t/j6 dt � T 5=4C":

Various results have been obtained by estimating the first and second moment of L-
functions in the last twenty years. This is the first time a short second moment has been
used to obtain a subconvex bound in higher rank.

Li [24] and subsequent works improving her subconvexity exponent consider the short
first moment of a family of GL.3/ � GL.2/ L-functionsX

jtj�T j<M

L.1=2; � � fj /C

Z TCM

T�M

jL.1=2C i t; �/j2 dt:

Here the GL.3/ form � is self-dual and fixed, and the average is taken over a family ¹fj º
of GL.2/ forms with eigenvalues tj . In comparison, we consider a short second moment
of the L-function of a fixed GL.3/ Hecke–Maass cusp form. The clear advantage is our
ability to take � not necessarily self-dual.

We briefly discuss the main ideas to highlight the novelty of our proof. We start by
using an approximate functional equation in (1.1) and execute the v-integral to obtain a
shifted sum twisted with an additive character,

SM;H .N / �M
X
h�H

X
n�N

�.1; n/�.1; nC h/e

�
th

2�n

�
;

withH going up toN 1C"=M . Next, we apply Duke–Friedlander–Iwaniec’s delta method
(Lemma 4.1) to separate the oscillations of the Fourier coefficients,

SM;H .N / �M
X
h�H

X
n�N

�.1; n/e

�
th

2�n

� X
m�N

�.1;m/ı.m D nC h/:

The application of the delta method contributes Q2 additive frequencies of size 1 �
q � Q, where Q is a parameter to be chosen later. This is followed by applying dual
summation formulas to the n-, m- and h-sums. However, at this point, we diverge from
the ‘routine’ and apply a combination of the Cauchy–Schwarz inequality and the duality
principle. This allows us to change the lengths of summations inside the absolute-value
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squared obtained after applying the Cauchy–Schwarz inequality and may be considered
the first novelty of our proof.

The next step is to apply dual summation formulas to the newm- and n-sums followed
by stationary phase analysis of the various integral transforms. Although it is not novel,
one needs extreme care in this analysis. This brings us close to the convexity barrier.

The previous application of Cauchy–Schwarz and the duality principle had created
two copies of the h- and q-sums. The final steps involve applying the Poisson summation
formula to the new h1; h2-sum and the q1; q2-sum. However, we are faced with a unique
issue due to the duality principle. The q1; q2-sum has a structure of the form

sup
kˇk2D1

XX
q1;q2�Q

ˇ.q1/ˇ.q2/e

�
aq2

q1
C
bq1

q2

�
G.q1; q2/;

where a;b are some integers,G is some function and ˇ is a sequence of complex numbers
coming from the duality principle. While we would like to extract savings from the q1; q2-
sums, the presence of ˇ is an obstacle. To overcome this, we apply the Cauchy–Schwarz
inequality to take out the q1-sum. This allows us to get rid of ˇ.q1/ and hence perform
Poisson summation in the q1-sum to obtain cancellations. If we stop the analysis here, the
character sum at this stage is a Kloosterman sum. Application of the Weil–Deligne bound
yieldsZ tCM

t�M

jL.1=2C i t; �/j2 dt ��;" t
"

�
t9=4

M 3=2
C

M 3

t21=20
CM 7=4t3=40 CM 9=8t9=16

�
:

The optimal choice of the length of the second moment is M D t27=42, giving the sub-
convexity bound

L.1=2C i t; �/��;" t
9=14C":

This already improves upon the best known exponent of 27=40 for a not necessarily
self-dual form obtained in [3], but we can do better. Since the above process did not make
use of the q2-sum, the previous Cauchy–Schwarz inequality created two copies of it, say
q2- and q3-sums. The same analysis is done for the q2-sum without using the q3-sum.
We can thus iterate the above process ad infinitum to get further savings. This may be
considered the second novelty of our proof.

We highlight that doing so results in increasingly complicated character sums. We
bound these exponential sums by using the methods due to Adolphson and Sperber [1]
obtained by their extension of Dwork’s cohomology theory from smooth projective hyper-
surfaces in characteristic p to a general class of exponential sums. The associated Newton
polyhedron after the first such application is depicted in Figure 1.

We also highlight that we need a careful application of the sophisticated tools
developed by Adolphson–Sperber because the size of the Newton polyhedron grows with
each application of the Cauchy–Schwarz inequality.
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y

z

x

.0; 0; 1/

.1; 0; 0/

.�1; 0; 0/

.0; 1; 0/.0;�1; 0/

.1; 0;�1/

.0; 1;�1/

.�1; 0; 1/

.0;�1; 1/

Fig. 1. Newton polyhedron for the character sum in the base case

Notations

In the rest of the paper, we use the notation e.x/ D e2�ix . For any real numbers a and b,
we write a � b to mean k1 < ja=bj < k2 for some absolute constants k1; k2 > 0. For
j � 0, a �j b means k1 < a=b < k2 but k1; k2 may depend on j . In certain places, we
will need to choose ki very close to 1 so that stationary phase analysis is simplified later.
Specifically, when we choose k1 D 1 and k2 D 1C 10�10, we write a �0 b. We use "
to denote an arbitrarily small positive constant that can change depending on the context.
For brevity, we assume t > 0. Indeed, the same analysis holds for t < 0 by replacing t
with �t appropriately.

We will denote by U.x/ and '.x/ two compactly supported smooth weight functions
whose definitions can be revised based on the context. For ˛ > 1, C 2 R and k 2 Z, we
refer to the intervals Œ˛kC; ˛kC1C � as dyadic intervals even though ˛ may not equal 2.

We say a function f is Z-inert if x�j d
j

dxj
f .x/�j Z

j for any j � 0. We say f is
flat if it is 1-inert.

2. Sketch of proof

We expand upon the above discussion via a sketch of proof for Theorem 1.1. Let log t <
M < t1�" be a parameter and U 2 C1c .Œ�2; 2�/ be such that U.x/ D 1 for �1 � x � 1.

2.1. Short second moment average and approximate functional equation

By the approximate functional equation (3.1), it suffices to bound

S.N / WD

Z
R
U

�
v

M

�ˇ̌̌̌ 1X
nD1

�.1; n/ n�i.tCv/V

�
n

N

�ˇ̌̌̌2
dv;
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where N � t3=2C" and V 2 C1c .Œ1; 2�/ may depend on t and satisfies V .j /.x/�j 1 for
j � 0. Opening the square and integrating yields a shifted sum (Lemma 6.1),

S.N /�Mt" C sup
H�Nt"=M

jSM;H .N /j

N
;

where the shifted sum is

SM;H .N / �M
X
h�H

X
n�N

�.1; n/�.1; nC h/e

�
th

2�n

�
:

For this sketch, we focus on the generic cases H D N=M , i.e. on SM;N=M .N /.
We note that Lemma 3.6 gives us the trivial bound

SM;N=M .N /� N 2t": (2.1)

2.2. Delta method

Next we apply the DFI delta method of Lemma 4.1 to detect m D nC h,

SM;N=M .N / �
M

Q

X
1�q�Q

1

q

X
h�N=M

X
n�N

�.1; n/e

�
th

2�n

� X
m�N

�.1;m/

�

X?

˛ mod q

e

�
˛.nC h �m/

q

�Z
R
g.q; x/e

�
.nC h �m/x

qQ

�
dx:

For the purpose of this sketch, we focus on the generic case x � 1.

2.3. Dual summation formulas

After separating the variables with the delta method, we apply dual summation formulas.
Applying Poisson summation to the h-sum, and Voronoi summation (Lemma 3.3) to the
m- and n-sums, we roughly get

SM;N=M .N / �
MN 4=3

Q2t1�"

X
q�Q

X
h�qt=N

X
m�N2=Q3

�.m/

m1=3

X
n�N2

Q3
C
Q3t3

M3N

�.n/

n1=3

� S.xh;mI q/S.xh; nI q/

Z
juj�1

e
�
f1.m; h; q; u/C f2.n; h; q; u/

�
du;

with the analytic oscillations being of size f1.m; h; q; u/ � N=.qQ/ and f2.n; h; q; u/ �
.nN /1=3=q. The variable u is a secondary oscillatory term that is created in the Voro-
noi summation of the n-sum. It does not have any significance in the generic case when
N � t3=2, but we get a little extra saving whenN is smaller and the main oscillatory terms
cancel out in the diagonal case. In the rigorous proof, we do not utilize the cancellations
in the integrals until later stages due to the fact that x can be smaller than 1. We choose
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Q �
p
MN=t . Indeed to match the oscillation, we want to choose Q D

p
MN=t , but

we will choose Q smaller when N is small. Focusing on the generic case

m �
N 2

Q3
and n �

N 2

Q3
C
Q3t3

M 3N
�
N 2

Q3
;

we roughly have

SM;N=M .N / �
M

t1�"

X
q�Q

X
h�qt=N

X
m�N2=Q3

�.m/
X

n�N2=Q3

�.n/

� S.xh;mI q/S.xh; nI q/

Z
juj�1

e
�
f1.m; h; q; u/C f2.n; h; q; u/

�
du;

with the analytic oscillations being of size f1.m; h; q/; f2.n; h; q/ � N
qQ

.

2.4. Cauchy–Schwarz inequality

Next we apply the Cauchy–Schwarz inequality to take out the q; h-sums and the u-
integral, giving us

SM;N=M .N /�
p
S1S2;

where roughly

Sj �
M

t1�"

X
q�Q

X
h�qt=N

Z
juj�1

ˇ̌̌ X
m�N2=Q3

�.m/S.xh;mI q/e.fj .m; h; q; u//
ˇ̌̌2
du:

Remark 2.1. Note that the q- and h-sums are shorter than the n- and m-sums. Therefore
it would have been beneficial to instead take out the n- and m-sums out of the absolute
value squared in the above step. However, our approach benefits by allowing us to separate
the n- and m-sums.

2.5. Duality principle

We apply the duality principle (Lemma 4.2) together with Lemma 3.6 to take the n- and
m-sums outside the absolute value squared and obtain

Sj �
MN 2

Q3t1�"
sup
kˇk2D1

X
m�N2=Q3

ˇ̌̌̌X
q�Q

X
h�qt=N

S.xh;mI q/

�

Z
juj�1

ˇ.q; h; u/e.fj .m; h; q; u// du

ˇ̌̌̌2
:

We thus also get rid of the GL.3/ Fourier coefficients, decreasing the complexity of the
problem at hand.
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2.6. Poisson summation formula

Opening the square and applying Poisson summation to the m-sum gives us roughly

Sj �
MN 4

Q8t1�"
sup
kˇk2D1

XX
q1;q2�Q

XX
hi�qi t=N

X
jmj�Q2

p
q1q2=N

X

 mod q1q2

S.h1; 
 Iq1/S.h2; 
 Iq2/

� e

�
m


q1q2

�Z
ju1j�1

Z
ju2j�1

ˇ.q1; h1; u1/ˇ.q2; h2; u2/

�

Z
R
V.y/e

�
f

�
N 2

Q3
y; h1; q1; u1

�
� f

�
N 2

Q3
y; h2; q2; u2

�
�
mN 2y

q1q2Q3

�
dy du1 du2:

Now we have a spectrum of cases depending on the size ofm. For the sketch, we shall
focus on two extreme cases, the diagonal corresponding to m D 0, and the off-diagonal
where m � Q3=N is as large as possible. The other cases will yield bounds in between
these two cases.

2.7. Diagonal terms

For the diagonalmD 0, we essentially have q1D q2 .D q/, h1D h2 and ju1 �u2j� q2t
MN

.
In such a case, one can evaluate the 
 -sum and obtain the bound

MN 4

Q8t1�"
Q3 Q

2t

MN
�

N 3t"

Q3
:

Here is the only place where we extract an extra saving coming from the secondary oscil-
latory terms having u1; u2. This is possible as the main oscillatory terms cancel out when
q1 D q2; h1 D h2. Moreover, we will see that Q

2t
MN

is less than 1 only when N is smaller
than the generic size t3=2 by our choice of Q.

2.8. Off-diagonal terms

For the off-diagonal where m � Q3=N , evaluating the 
 -sum and applying stationary
phase analysis to the y-integral gives us roughly

MN 7=2

Q5t1�"
sup
kˇk2D1

X
m�Q3=N

XX
q1;q2�Q

XX
h1;h2�qt=N

ˇ.q1; h1/ˇ.q2; h2/

� e

�
�
mh1q2

q1
�
mh2q1

q2

�
e.F.m; h1; h2; q1; q2//

with F.m; h1; h2; q1; q2/ � N=Q2. Here we dropped the u1; u2-integral in the sketch as
we will just bound it trivially with kˇk2 D 1. The bound at this point is

MN 7=2

Q5t1�"
Q3

N
Q
Qt

N
�MN 3=2t":
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We want to get a saving from the qj -sums. Assuming we are in the generic case
.q1; q2/ D 1 in this sketch, reciprocity gives us

MN 7=2

Q5t1�"
sup
kˇk2D1

X
m�Q3=N

XX
q1;q2�Q

XX
h1;h2�qi t=N

ˇ.q1; h1/ˇ.q2; h2/

� e

�
q1q2

mh1
C
q2q1

mh2

�
e

�
�

q2

mh1q1
�

q1

mh2q2
C F.m; h1; h2; q1; q2/

�
:

2.9. Infinite Cauchy–Schwarz and Poisson summation

We want to apply Poisson summation to the q1; q2-sums, but the ˇ coefficients obtained
from the duality principle prevent us from doing so. To deal with the ˇ coefficients, we
have to apply the Cauchy–Schwarz inequality to take out the q1-sum while leaving the
q2-sum inside the square. Applying Poisson summation afterwards to the q1-sum would
give us a saving of �s

old length
new length

�1=2
�

�
N 2

Qt2

�1=4
in S1.N /. The Cauchy–Schwarz process creates two copies of q2-sum, say q2; q3-sums.
We then repeat the process of taking out the q2-sum, leaving the q3-sum inside the square
and applying the Poisson summation to the q2-sum. This gives us a saving of�

N 2

Qt2

�1=8
:

Remark 2.2. The above saving is a result of careful analysis of complicated exponential
sums, and we need to apply the Weil–Deligne bound via the result of Adolphson–Sperber
obtained by their extension of Dwork’s cohomology theory from smooth projective hyper-
surfaces in characteristic p to a general class of exponential sums.

Iterating this process � times for � sufficiently large yields a total saving of�
N 2

Qt2

�1=4
�

�
N 2

Qt2

�1=8
� � � � �

�
N 2

Qt2

�1=2�
�

�
N 2

Qt2

�1=2
t�"

and hence the contribution of m � Q3=N is bounded by

MN 3=2t"
�
Qt2

N 2

�1=2
�M

p
QNt1C":

2.10. Final calculations

As a result, assuming all other cases lie between the two cases sketched, we have, for
Q�

p
MN=t ,

Sj �
N 3t"

Q3
CM

p
QNt1C";
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and hence

SM;N=M .N /

N
�

N 2t"

Q3
C

p
QMt1C"
p
N

:

We choose Q D
p
MN 2=3=t3=4 �

p
MN=t , giving us

SM;N=M .N /

N
�

t9=4C"

M 3=2
C
M 5=4t5=8C"

N 1=6
:

Together with the trivial bound in (2.1), we have

SM;N=M .N /

N
�

t9=4C"

M 3=2
Cmin

²
Nt";

M 5=4t5=8C"

N 1=6

³
�

t9=4C"

M 3=2
CM 15=14t15=28C":

The optimal choice is M D t2=3, which gives us the bound

SM;N=M .N /

N
� t5=4C";

and

jL.1=2C i t; �/j2 � .log t /
�
1C

Z
R
U

�
v

t2=3

�
jL.1=2C i t C iv; �/j2 dv

�
��;" t

5=4C":

3. Preliminaries on automorphic forms

Let � be a Maass form for SL.3;Z/, which is an eigenfunction for all the Hecke operators.
Let the Fourier coefficients be �.n1; n2/, normalized so that �.1; 1/ D 1. The Langlands
parameter .˛1; ˛2; ˛3/ associated with � satisfies ˛1 C ˛2 C ˛3 D 0. The dual cusp form
Q� has Langlands parameters .�˛3;�˛2;�˛1/. The L-function L.s; �/ satisfies a func-
tional equation


.s; �/L.s; �/ D 
.1 � s; �/L.1 � s; Q�/;

where 
.s; �/ and 
.s; Q�/ are the associated gamma factors. We refer the reader to Gold-
feld’s book on automorphic forms for GL.n;Z/ [11] for the theory of automorphic forms
on higher rank groups.

3.1. Approximate functional equation and Voronoi summation formula

We are interested in bounding L.s; �/ on the critical line Re.s/ D 1=2. For that, we
approximate L.1=2C i t; �/ by a smoothed sum of length t3=2C". This is known as the
approximate functional equation and is proved by applying the Mellin transformation to f
followed by using the above functional equation.
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Lemma 3.1 ([19, Theorem 5.3]). Let G.u/ be an even, holomorphic function bounded in
the strip �4 � Re.u/ � 4 and normalized by G.0/D 1. Then for s in the strip 0 � � � 1,

L.s; �/ D
X
n�1

�.1; n/n�sVs.n/C

.1 � s; Q�/


.s; �/

X
n�1

�.1; n/n�.1�s/V1�s.n/;

where

Vs.y/ D
1

2�i

Z
.3/

y�uG.u/

.s C u; Q�/


.s; �/

du

u
;

and 
.s; �/ is a product of certain �-functions appearing in the functional equation of
L.s; �/.

Remark 3.2. On the critical line, Stirling’s approximation to 
.s; �/ followed by integ-
ration by parts to the integral representation of V1=2˙it .n/ gives arbitrary savings for
n� .1C jt j/3=2C".

One of the main tools in our proof is a Voronoi type formula for GL.3;Z/. Let h be
a compactly supported smooth function on .0;1/, and let Qh.s/ D

R1
0
h.x/xs�1 dx be

its Mellin transform. For � > �1C max ¹�Re.˛1/;�Re.˛2/;�Re.˛3/º and a D 0; 1,
define


a.s/ D
��3s�3=2

2

3Y
iD1

�
�
1CsC˛iCa

2

�
�
�
�s�˛iCa

2

� :
Further set 
˙.s/ D 
0.s/� i
1.s/ and let

H˙.y/ D
1

2�i

Z
.�/

y�s
˙.s/ Qh.�s/ ds: (3.1)

We need the following Voronoi type formula (see [5, 24, 29]).

Lemma 3.3. Let h be a compactly supported smooth function on .0;1/. Then

1X
nD1

�.1; n/e.an=q/h.n/ D q
X
˙

X
n0jq

1X
nD1

�.n; n0/

nn0
S.a;˙nI q=n0/H˙.n

2
0n=q

3/;

where .a; q/ D 1 and aa � 1 mod q.

Stirling’s approximation of 
˙.s/ gives 
˙.� C i�/� 1C j� j3�C3=2. Moreover, on
Re.s/ D �1=2,


˙.�1=2C i�/ D .j� j=.e�//
3i�ˆ˙.�/; where ˆ0˙.�/� j� j

�1:

Lemma 3.4 ([5, Lemma 6]). Let h be a compactly supported smooth function on Œa; b� �
.0;1/ and H˙ be defined as in (3.1). Then there exist constants 
` depending only on
the Langlands parameters .˛1; ˛2; ˛3/ such that

H˙.x/ D x

Z 1
0

h.y/

LX
`D1


`

.xy/`=3
e.˙3.xy/1=3/ dy CR.x/;
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where

xk
dk

dxk
R.x/� khk1x

1C.k�L/=3:

The implied constant above depends on a; b; ˛1; ˛2; ˛3; k and L.

3.2. Short second moment average

We bound the square of the L-function by a second moment average over a short interval
by following Good’s arguments [12].

Lemma 3.5. Let T=2 � t � T . Then

jL.1=2C i t; �/j2 � .log t /
�
1C

Z logT

� logT
jL.1=2C i t C iv; �/j2e�v

2=2 dv

�
:

Proof. Let c D 1=log t for t � 10. By the residue theorem,

L2.1=2C i t; �/

D
1

2�i

Z
.c/

L2.1=2C i t C s; �/
es
2

s
ds �

1

2�i

Z
.�c/

L2.1=2C i t C s; �/
es
2

s
ds:

The functional equation for L.s; �/ and Stirling’s approximation give

L.1=2 � c C i.t C v//� .1C jt C vj3c/jL.1=2C c C i.t C v//j:

Therefore

jL.1=2C i t; �/j2 �

Z 1
�1

jL.1=2C c C i.t C v//j2.1C jt C vj6c/
e�v

2

.v2 C c2/1=2
dv:

(3.2)
Similarly, for 1=2 < � < 1,

L2.� C i�1; �/

D
1

2�i

�Z
.1/

L2.� C i�1 C s; �/
es
2

s
ds �

Z
.1=2��/

L2.� C i�1 C s; �/
es
2

s
ds

�
� 1C

Z 1
�1

jL.1=2C i.�1 C �2/; �/j
2 e��

2
2

.�22 C .1=2 � �/
2/1=2

d�2:

Putting � D 1=2C c, �1 D t C v, substituting the above estimate into (3.2) and trivially
estimating the �2-integral, we obtain

jL.1=2C i t; �/j2 � .log t /
�
1C

Z 1
�1

jL.1=2C i t C iv; �/j2e�v
2=2 dv

�
:

Since L.1=2 C i t C iv; �/ is polynomially bounded, the integral can be cut off at
Œ� logT; logT � with a negligible error term.
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We will also use the Ramanujan bound on average which follows from Rankin–
Selberg theory.

Lemma 3.6 (Ramanujan bound on average). We haveX
n2
1
n2�x

X
j�.n2; n1/j

2
��;" x

1C":

4. Preliminary lemmas

Lemma 4.1 (DFI delta method). Let Q > 1. Then

ı.n D 0/ D
1

Q

X
1�q�Q

1

q

X?

a mod q

e

�
an

q

�Z
R
g.q; x/e

�
nx

qQ

�
dx;

where g.q; x/ is a smooth function satisfying

g.q; x/ D 1COA

�
Q

q

�
q

Q
C jxj

�A�
; g.q; x/� jxj�A; for any A � 1; (4.1)

and
@j

@xj
g.q; x/� jxj�j min.jxj�1;Q=q/ logQ for j � 1:

Moreover,

g.q; x/� Q": (4.2)

Proof. See [19, Section 20.5], and [16, Lemma 15] for minor corrections in the original
estimates of the derivatives of g.q; x/. To prove (4.2), we observe that when q > Q1�",
the first property in (4.1) gives us g.q; x/� Q" by taking A D 1. In the case q � Q1�"

and x > Q", the second property in (4.1) gives us g.q; x/� Q" by taking A D 1. In the
remaining case where q; x � Q1�", the first property gives us g.q; x/� 1 by taking A
sufficiently large. Combining all the cases, we get the result.

Note that the properties g.q; x/ stated in Lemma 4.1 give us´
g.q; x/ D 1CO.t�A/ for any A > 0 if x < t�"=10 and q < Qt�"=10;

g.q; x/ is t"=10-inert with respect to x otherwise.
(4.3)

We will also use the duality principle (see [19, Chapter 7]).

Lemma 4.2 (Duality principle). Let � W Z2 ! C. For any complex numbers am,X
n

ˇ̌̌X
m

am�.m; n/
ˇ̌̌2
�

�X
m

jamj
2
�

sup
kˇk2D1

X
m

ˇ̌̌X
n

ˇ.n/�.m; n/
ˇ̌̌2
;

where the supremum is taken over all sequences of complex numbers ˇ.n/ such that

kˇk2 D

sX
n

jˇ.n/j2 D 1:



K. Aggarwal, W. H. Leung, R. Munshi 4812

5. Stationary phase analysis

We need to use stationary phase analysis for oscillatory integrals. Let I be an integral of
the form

I D

Z b

a

w.t/ei�.t/ dt; (5.1)

where w and � are real valued smooth functions on R. The fundamental estimate for
integrals of the form (5.1) is the r th-derivative test

I �
�

Var
Œa;b�

w.t/
�ı�

min
Œa;b�
j�.r/.t/j1=r

�
:

We will however need sharper estimates and will use the stationary phase analysis of
Blomer–Khan–Young [7] to analyze I and state the estimates in the language of inert
functions as given by Kiral–Petrow–Young [22].

Definition 5.1. Let F be an indexing set and X W F ! Œ1;1/ be a function of T 2 F ,
so that XT 2 Œ1;1/. A family ¹wT ºT2F of smooth functions supported on a product of
dyadic intervals in Rd>0 is called X -inert if for each j D .j1; : : : ; jd / 2 Zd�0, we have

sup
T2F

sup
.x1;:::;xd /2Rd

>0

X
�.j1C���Cjd /
T jx

j1
1 : : : x

jd
d
w
.j1;:::;jd /
T .x1; : : : ; xd /j �j1;:::jd 1:

Lemma 5.2. Suppose that w D wT .t/ is a family of X -inert functions with compact
support in ŒZ; 2Z� such that w.j /.t/ � .X=Z/j . Also suppose that � is smooth and
satisfies �.j /.t/� Y=Zj for some Y=X2 � R � 1 for all t in the support of w. Let

I D

Z 1
�1

w.t/ei�.t/ dt:

(1) If j�0.t/j � Y=Z in the support of w, then I �A ZR
�A for arbitrarily large A.

Moreover, the statement also holds under the weaker condition Y=X � R.

(2) If �0.t/� Y=Z2 in the support of w, and there exists some not necessarily unique
t0 2 R such that �0.t0/ D 0, then

I D
ei�.t0/p
�00.t0/

FT .t0/COA.ZR
�A/

for any A � 0, where FT is a family of X -inert functions .possibly depending on A/
supported on t0 � Z.

(3) In the setting of .2/, let U � R".�00.t0//
�1=2 and letW0 2 C1c .Œ�2; 2�/ be such that

W0.x/ D 1 for jxj � 1. Then

I D

Z 1
�1

w.t/W0

�
t � t0

U

�
ei�.t/ dt COA.R

�A/

for any A � 0.



Short second moment bound and subconvexity for GL.3/ L-functions 4813

6. Main calculations

6.1. A short second moment

We first apply Lemma 3.5 to bound the square of L.1=2 C i t; �/ by a short second
moment. Let T=2 � t � T . Then

jL.1=2C i t; �/j2 � .log t /
�
1C

Z logT

� logT
jL.1=2C i t C iv; �/j2e�v

2=2 dv

�
: (6.1)

Let " > 0 and let log t < M < t1�" be a parameter. Let U 2 C1c .R/ be a fixed function
supported in Œ�2; 2� and satisfying U.x/ D 1 for �1 � x � 1. Then (6.1) gives us

jL.1=2C i t; �/j2 � .log t /
�
1C

Z
R
U

�
v

M

�
jL.1=2C i t C iv; �/j2 dv

�
:

Applying Lemma 3.1, we get

jL.1=2C i t; �/j2 � .log t /
�
1C

Z
R
U

�
v

M

�
jL.1=2C i t C iv; �/j2 dv

�
� .log t /

�
1C sup

1�N�t3=2C"

jS.N /j

N

�
;

where

S.N / WD

Z
R
U

�
v

M

�ˇ̌̌̌ 1X
nD1

�.1; n/ n�i.tCv/V

�
n

N

�ˇ̌̌̌2
dv

with V 2 C1c .Œ1; 2�/ depending on t and satisfying V .j /.x/�j 1 for any j � 0 (see e.g.
[19, Proposition 5.4]). Opening the square yields

S.N / D
X
n

�.1; n/V

�
n

N

�X
m

�.1;m/V

�
m

N

��
m

n

�it Z
R
U

�
v

M

��
m

n

�iv
dv:

By repeated integration by parts in the v-integral, we obtain arbitrary savings unless

jm � nj � Nt"=M:

Hence

S.N / DM
X

jhj�Nt"=M

X
n

�.1; n/�.1; nC h/V

�
n

N

�
V

�
nC h

N

��
nC h

n

�it
�

Z
R
U.v/

�
nC h

n

�iMv

dv CO.t�999/:

For h D 0, (3.6) applied to the n-sum gives us

M
X
n

j�.1; n/j2
ˇ̌̌̌
V

�
n

N

�ˇ̌̌̌2 Z
R
U.v/ dv �MNt":
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Now performing a smooth dyadic subdivision of the h-sum for h ¤ 0 yields

S.N /� sup
H�Nt"=M

ˇ̌̌̌X
˙

M
X
h

X
n

�.1; n/�.1; nC h/

� V

�
n

N

�
V

�
nC h

N

�
'˙

�
h

H

��
nC h

n

�it Z
R
U.v/

�
nC h

n

�iMv

dv

ˇ̌̌̌
CMNt";

where '˙.y/ D '.˙y/ for some fixed function ' 2 C1c .Œ1=2; 2�/. Finally, we rewrite�
nC h

n

�it
D e

�
t

2�
log
�
1C

h

n

��
D e

�
th

2�n

�
e

�
t

2�

�
log
�
1C

h

n

�
�
h

n

��
:

Notice that when multiplied by the weight function V.n=N/'˙.h=H/, the integralR
R U.v/.

nCh
n
/iMvdv is t"-inert as a function of n and h, while e. t

2�
.log.1C h

n
/ � h

n
//

is t"-inert as a function of n and h when M � t1=2C". For brevity of notation, we define
W˙.x; y/ as

V.x/V

�
xC

Hy

N

�
'˙.y/e

�
t

2�

�
log
�
1C

Hy

Nx

�
�
Hy

Nx

��Z
R
U.v/

�
NxCHy

Nx

�iMv

dv:

As a result, we obtain the following lemma.

Lemma 6.1. Let ";A > 0 and let t1=2C"�M � t1�". Then there exist t"-inert functions
W˙ 2 C

1
c .Œ1; 2� � Œ˙1;˙2�/ such that

jL.1=2C i t; �/j2 � .log t /
�
1C

Z
R
U

�
v

M

�
jL.1=2C i t C iv; �/j2 dv

�
� .log t /

�
Mt" C sup

H�Nt"=M

sup
1�N�t3=2C"

X
˙

jS˙M;H .N /j

N

�
;

where

S˙M;H .N / WDM
X
h

X
n

�.1; n/�.1; nC h/W˙

�
n

N
;
h

H

�
e

�
th

2�n

�
:

6.2. Trivial bound

Applying the Cauchy–Schwarz inequality together with Lemma 3.6, we get the trivial
bound

S˙M;H .N /�M
X
jhj�H

�X
n�N

j�.1; n/j2
�1=2�X

n�N

j�.1; nC h/j2
�1=2
�MHNt":

(6.2)

We will apply this bound for the cases with H � N=t1�". Hence we will restrict our
attention to H � N=t1�" in the rest of the paper.
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6.3. Application of the delta method

Now we focus on the case H � N=t1�". To bound S˙M;H .N /, we start by applying the
DFI delta method (Lemma 4.1) to separate the oscillations. Let U 2 C1c .Œ1=2; 5=2�/ be
fixed such that U.x/ D 1 for 3=4 � x � 9=4. Then

S˙M;H .N /

DM
X
h

X
n

�.1; n/W˙

�
n

N
;
h

H

�
e

�
th

2�n

�X
m

�.1;m/U

�
m

N

�
ı.m D nC h/

D
M

Q

X
1�q�Q

1

q

X
h

X
n

�.1; n/W˙

�
n

N
;
h

H

�
e

�
th

2�n

�X
m

�.1;m/U

�
m

N

�
�

X?

˛ mod q

e

�
˛.nC h �m/

q

�Z
R
g.q; x/e

�
.nC h �m/x

qQ

�
dx:

We divide the q-sum into segments C � q < .1C 10�10/C , denoted q �0 C , to obtain

S˙M;H .N /� t" sup
1�C�Q

S˙M;H;C .N /; (6.3)

where

S˙M;H;C .N / D
M

Q

X
q�0C

1

q

X
h

X
n

�.1; n/W˙

�
n

N
;
h

H

�
e

�
th

2�n

�X
m

�.1;m/

� U

�
m

N

� X?

˛ mod q

e

�
˛.nC h �m/

q

�Z
R
g.q; x/e

�
.nC h �m/x

qQ

�
dx:

6.4. Dual summation formulas

We shall now apply dual summation formulas to the h-, m- and n-sums.

6.4.1. Analysis of the h-sum. We start with an application of the Poisson summation
formula to the h-sum mod q, giving usX

h

W˙

�
n

N
;
h

H

�
e

�
˛h

q
C

th

2�n
C
hx

qQ

�
D

X
h

1

q

X

 mod q

e

�
.˛ C h/


q

�Z
R
W˙

�
n

N
;
y

H

�
e

�
ty

2�n
C
xy

qQ
�
hy

q

�
dy

D H
X
h

ı.˛ � �h mod q/
Z

R
W˙

�
n

N
; y

�
e

�
tHy

2�n
C
Hxy

qQ
�
hHy

q

�
dy:

The above congruence condition and .˛; q/ D 1 imply .h; q/ D 1, so that when h D 0,
the terms with q > 1 vanish. Since H � N=t1�", choosing Q� N=t1�" and repeated
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integration by parts gives us arbitrary savings unless

h ¤ 0 and h � qt=N � Ct=N :

This gives arbitrary savings unless C � N=t1C" and shows that S˙M;H;C .N / equals

MH

Q

X
H 0�Ct=N

dyadic

X
q�0C

1

q

X
h�0H

0

.h;q/D1

X
n

�.1; n/
X
m

�.1;m/U

�
m

N

�
e

�
h.m � n/

q

�

�

Z
R

Z
R
g.q; x/W˙

�
n

N
; y

�
e

�
.nCHy �m/x

qQ
C
tHy

2�n
�
hHy

q

�
dx dy CO.t�999/:

6.4.2. Analysis of the m-sum. Next we apply the Voronoi summation formula
(Lemma 3.3) to the m-sum,X
m

�.1;m/U

�
m

N

�
e

�
hm

q
�
mx

qQ

�
D q

X
�1D˙

X
m0jq

X
m

�.m;m0/

m0m
S

�
xh; �1mI

q

m0

�
QU�1

�
m20m

q3
; q; x

�
CO.t�999/;

where

QU�1.a; b; c/ D a
2=3

Z 1
0

U

�
w

N

�
U 0.a; w/w

�1=3e

�
�
cw

bQ
C �13.aw/

1=3

�
dw;

and

U0.u;w/ D

LX
`D1


`

.uw/
`�1
3

(6.4)

for a fixed large L, and 
` as given in Lemma 3.4. Note that U0.u; w/ is a fixed flat
function. By a change of variables, we obtain

QU�1

�
m20m

q3
; q; x

�
D

�
m20mN

q3

�2=3 Z 1
0

U.w/U 0

�
m20m

q3
; Nw

�
w�1=3e.f1.w; x// dw;

where the phase function is

f1.w; x/ D �13

�
m20mNw

q3

�1=3
�
Nwx

qQ
:

Repeated integration by parts gives us arbitrary savings unless

m20m� N 2t"=Q3:

Writing

U�1

�
m20m

q3
; q; x

�
D

Z 1
0

U.w/U 0

�
m20m

q3
; Nw

�
w�1=3e.f1.w; x// dw (6.5)

we obtain
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S˙M;H;C .N / D
MHN 2=3t"

Q

X
�1D˙

sup
H 0�Ct=N

X
q�0C

1

q2

X
h�0H

0

.h;q/D1

X
n

�.1; n/

�

X
m0jq

X
m2
0
m�N2t"=Q3

�.m;m0/

�
m0

m

�1=3
S

�
xh; �1mI

q

m0

�
e

�
�hn

q

�
�

Z
R

Z
R
g.q; x/W˙

�
n

N
; y

�
U�1

�
m20m

q3
; q; x

�
� e

�
.nCHy/x

qQ
C
tHy

2�n
�
hHy

q

�
dx dy CO.t�99/:

6.4.3. Analysis of the n-sum. Finally, we apply Voronoi formula (Lemma 3.3) to the n-
sum. Similar analysis to the one above yieldsX
n

�.1; n/W˙

�
n

N
; y

�
e

�
�hn

q
C
nx

qQ
C
tHy

2�n

�
D
N 2=3

q

X
�2D˙

X
n0jq

X
n

�.n; n0/

�
n0

n

�1=3
S

�
�xh; �2nI

q

n0

�
W ˙0;��2.n

2
0n; q; x; y/

CO.t�999/;

where

W ˙0;�2.n
2
0n; q; x; y/ D

Z 1
0

W˙.w; y/U0

�
n20n

q3
; Nw

�
w�1=3

� e

�
Nwx

qQ
C

tHy

2�Nw
� �23

�
n20nNw

q3

�1=3�
dw; (6.6)

where U0 is given in (6.4). Since H � N=t1�", repeated integration by parts gives us
arbitrary savings unless

n20n�

�
N 2

Q3
C
.CHt/3

N 4

�
t":

By choosing Q2 � NM=t1�", the first term on the right side dominates, so that n20n�
N 2t"=Q3. Changing �2 to ��2 for ease of notation shows that S˙M;H;C .N / equals

MHN 4=3t"

Q

X
�1;�2D˙

sup
H 0�Ct=N

X
q�0C

1

q3

X
h�0H

0

.h;q/D1

X
n0jq

X
n2
0
n�N2t"=Q3

�.n; n0/

�
n0

n

�1=3

�

X
m0jq

X
m2
0
m�N2t"=Q3

�.m;m0/

�
m0

m

�1=3
S

�
xh; �1mI

q

m0

�
S

�
xh; �2nI

q

n0

�

�

Z
R

Z
R
g.q; x/W ˙0;�2.n

2
0n; q; x; y/U�1

�
m20m

q3
; q; x

�
e

�
Hxy

qQ
�
hHy

q

�
dy dx

CO.t�99/: (6.7)
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6.4.4. Analysis of integral transforms obtained by dual summations. We now consider
the y;w-integral. Then (6.6) and a change of variable give usZ

R
W ˙0;�2.n

2
0n; q; x; y/e

�
Hxy

qQ
�
hHy

q

�
dy

D

Z 1
0

U0

�
n20n

q3
; Nw

�
w�1=3e

�
Nwx

qQ
� �23

�
n20nNw

q3

�1=3�
�

Z
R
W˙.w; y/e

�
tHy

2�Nw
C
Hxy

qQ
�
hHy

q

�
dy dw

D e

�
tx

2�hQ

�Z
R
U0

�
n20n

q3
;
qt

2�h
CNu

��
qt

2�hN
C u

��1=3
� e

�
Nxu

qQ
� �23

�
n20nN

q3

�
qt

2�hN
C u

��1=3�
�

Z
R
W˙

�
qt

2�hN
C u; y

�
e

�
tHy

2�N

�
qt

2�hN
C u

��1
C
Hxy

qQ
�
hHy

q

�
dy du:

Since C �N=t1C" andH �Nt"=M , choosingMQ> t1C" gives us Hxy
qQ
�

t1C"

MQ
� 1.

Hence repeated integration by parts in the y-integral gives us arbitrary savings unlessˇ̌̌̌
tH

2�N

�
qt

2�hN
C u

��1
�
hH

q

ˇ̌̌̌
� t"=2 ”

ˇ̌̌̌
1

1C 2�hNu
qt

� 1

ˇ̌̌̌
�

qt"

hH
�

N

Ht1�"=2

” juj �
N

Ht1�"=2
:

Take a fixed function U 2 C1c .Œ�2;�2�/ such that U.x/ D 1 for �1 � x � 1, and let

�1.a; b; c; d/ D

�
bt

2�cN
C

Na

Ht1�"

��1=3 Z
R
W˙

�
bt

2�cN
C

Na

Ht1�"
; y

�
� e

�
tHy

2�N

�
bt

2�cN
C

Na

Ht1�"

��1
C
dHy

bQ
�
cHy

b

�
dy:

Then �1 is t"-inert and the y;w-integral becomes

e

�
tx

2�hQ

�Z
R
U

�
uHt1�"

N

�
�1

�
uHt1�"

N
; q; h; x

�
U0

�
n20n

q3
;
qt

2�h
CNu

�
� e

�
Nxu

qQ
� �23

�
n20nN

q3

�
qt

2�hN
C u

��1=3�
duCO.t�999/

D
N

Ht1�"
e

�
tx

2�hQ

�Z
R
U.u/�1.u; q; h; x/U0

�
n20n

q3
;
qt

2�h
C

N 2u

Ht1�"

�
� e

�
N 2xu

qQHt1�"
� �23

�
n20nN

q3

�
qt

2�hN
C

Nu

Ht1�"

��1=3�
duCO.t�999/:
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Defining

W ˙�2 .n
2
0n; q; h; u/ WD U0

�
n20n

q3
;
qt

2�h
C

N 2u

Ht1�"

�
� e

�
��23

�
n20nN

q3

�
qt

2�hN
C

Nu

Ht1�"

��1=3�
; (6.8)

we find that S˙M;H;C .N / equals

MN 7=3t"

Qt1�"

�

X
�1;�2D˙

sup
H 0�Ct=N

X
q�0C

1

q3

X
h�0H

0

.h;q/D1

X
n0jq

X
n2
0
n�.N2=Q3C.CHt/3=N4/t"

�.n; n0/

�
n0

n

�1=3

�

X
m0jq

X
m2
0
m�N2t"=Q3

�.m;m0/

�
m0

m

�1=3
S

�
xh; �1mI

q

m0

�
S

�
xh; �2nI

q

n0

�
�

Z
R
U.u/W ˙�2 .n

2
0n; q; h; u/

Z
R
g.q; x/�1.u; q; h; x/

� U�1

�
m20m

q3
; q; x

�
e

�
N 2xu

qQHt1�"
C

tx

2�hQ

�
dx duCO.t�99/:

Applying smooth dyadic subdivisions to the m20m; n
2
0n-sums, we get

S˙M;H;C .N /� t" sup
�1;�2D˙

sup
N1�N2t"=Q3

sup
N2�N2t"=Q3

sup
H 0�Ct=N

MN 7=3

Qt

�

X
q�0C

1

q3

X
h�0H

0

.h;q/D1

X
m0jq

X
m

�.m;m0/

�
m0

m

�1=3
'

�
m20m

N1

�X
n0jq

X
n

�.n; n0/

�

�
n0

n

�1=3
'

�
n20n

N2

�
S

�
xh; �1mI

q

m0

�
S

�
xh; �2nI

q

n0

�Z
R
U.u/W ˙�2 .n

2
0n; q; h; u/

�

Z
R
g.q; x/�1.u; q; h; x/U�1

�
m20m

q3
; q; x

�
e

�
N 2xu

qQHt1�"
C

tx

2�hQ

�
dx duC t�99

for some fixed ' 2 C1c .Œ1=2; 2�/.

6.4.5. x-integral. We get arbitrary savings for jxj � t" due to bounds on g.q;x/ as given
in (4.1). So we can restrict to jxj � t". Moreover, we expect to obtain cancellations in the
x-integral when jxj � CQt"=N . Therefore we use a smooth partition of unity to split the
x-integral into dyadic segments and a small ‘remainder’ part of size CQt"=N .

Let ' W .0;1/! Œ0; 1� be a smooth compactly supported function satisfying

supp.'/ � Œ1=2; 2� and
X
j2Z

'

�
y

2j

�
D 1 for y 2 .0;1/: (6.9)
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Define '0.0/ D 1, and for y 2 R n ¹0º,

'0.y/ WD
X
i�1

'

�
2iy

CQt"=N

�
C '

�
�2iy

CQt"=N

�
;

'X .y/ WD '

�
y

X

�
for jX j �

2j�1CQt"

N
and j � 1:

Then '0 is smooth and supported in .�CQt
"

N
; CQt

"

N
/with '0.y/D1 for y2 Œ�CQt

"

2N
; CQt

"

2N
�.

Therefore

S˙M;H;C .N /� t" sup
CQt"=N�jX j�t"

orXD0

sup
N1�N2t"=Q3

sup
N2�N2t"=Q3

sup
H 0�Ct=N

sup
�1;�2D˙

MN 7=3=Qt

�

ˇ̌̌̌ X
q�0C

1

q3

X
h�0H

0

.h;q/D1

X
m0jq

X
m

�.m;m0/

�
m0

m

�1=3
'

�
m20m

N1

�X
n0jq

X
n

�.n; n0/

�
n0

n

�1=3

� '

�
n20n

N2

�
S

�
xh; �1mI

q

m0

�
S

�
xh; �2nI

q

n0

�Z
R
U.u/W ˙�2 .n

2
0n; q; h; u/

�

Z
R
'X .x/g.q; x/�1.u; q; h; x/U�1

�
m20m

q3
; q; x

�
e

�
N 2xu

qQHt1�"
C

tx

2�hQ

�
dx du

ˇ̌̌̌
C t�99:

6.5. Cauchy–Schwarz inequality and the duality principle

We now apply the Cauchy–Schwarz inequality to take out everything in (6.7) except the
m;m0; n; n0-sums and the x-integral, showing that S˙M;H;C .N / is

O

�
t" sup
�1;�2D˙

sup
CQt"

N �jX j�t"

orXD0

sup
N1�

N2t"

Q3

sup
N2�

N2t"

Q3

sup
H 0�CtN

. QS1;X .N / QS2.N //
1=2
C t�99

�
;

where

QS1;X .N / WD QS
˙;�1
1;M;H;H 0;C;X .N;N1/ D

MN 7=3

Qt

�

X
q�0C

1

q3

X
h�0H

0

.h;q/D1

Z
R
U.u/

ˇ̌̌̌X
m0jq

X
m

�.m;m0/

�
m0

m

�1=3
'

�
m20m

N1

�
S

�
xh; �1mI

q

m0

�

�

Z
R
'X .x/g.q; x/�1.u; q; h; x/U�1

�
m20m

q3
; q; x

�
e

�
N 2xu

qQHt1�"
C

tx

2�hQ

�
dx

ˇ̌̌̌2
du
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and

QS2.N / WD QS
˙;�2
2;M;H;H 0;C .N;N2/ D

MN 7=3

Qt

X
q�0C

1

q3

X
h�0H

0

.h;q/D1

Z
R
U.u/

�

ˇ̌̌̌X
n0jq

X
n

�.n; n0/

�
n0

n

�1=3
'

�
n20n

N2

�
S

�
xh; �2nI

q

n0

�
W ˙�2 .n

2
0n; q; h; u/

ˇ̌̌̌2
du:

By the duality principle (Lemma 4.2) and Lemma 3.6, we get the following theorem.

Theorem 6.2. For any positive numbers
p
t � M � N , N=t1�" � H � Nt"=M ,

Q� N=t1�", C � Q, we have

S˙M;H;C .N /� t�99

unless C � N=t1C". When C � N=t1C", S˙M;H;C .N / is

O

�
t" sup
juj�1

sup
�1;�2D˙

sup
CQt"

N �jX j�t"

orXD0

sup
N1�

N2t"

Q3

sup
N2�

N2t"

Q3

sup
H 0�CtN

.S1;X .N /S2.N //
1=2
C t�99

�
;

where

S1;X .N / WD S
˙;�1
1;M;H;H 0;C;X .N;N1/

D
MN

1=3
1 N 7=3

Qt1�"
sup
kˇk2D1

X
m0

1

m0

X
m

'

�
m20m

N1

�ˇ̌̌̌ X
q�0C=m0

1

q3=2

�

X
h�0H

0

.h;qm0/D1

S.xh; �1mI q/

Z
R
U.u/ˇ.m0q; h; u/

Z
R
'X .x/g.m0q; x/�1.u;m0q; h; x/

� U�1

�
m

q3m0
; m0q; x

�
e

�
N 2xu

m0qQHt1�"
C

tx

2�hQ

�
dx du

ˇ̌̌̌2
; (6.10)

and

S2.N / WD S
˙;�2
2;M;H;H 0;C;u.N;N2/

D
MN

1=3
2 N 7=3

Qt1�"
sup
kˇk2D1

X
n0

1

n0

X
n

'

�
n20n

N2

�ˇ̌̌̌ X
q�0C=n0

1

q3=2

X
h�0H

0

.h;qn0/D1

S.xh; �2nI q/

�

Z
R
U.u/ˇ.n0q; h; u/W

˙
�2
.n20n; n0q; h; u/ du

ˇ̌̌̌2
; (6.11)

with U�1 and W ˙�2 as defined in (6.5) and (6.8) respectively.
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7. Opening the square and Poisson summation for S1;X .N/

In this section we focus on the analysis of S1;X .N /. We will then apply similar treatment
to S2.N / in the next section.

7.1. Opening the square and Poisson summation

Opening the square in (6.10), we get

S1;X .N / D
MN

1=3
1 N 7=3

Qt1�"
sup
kˇk2D1

X
m0

1

m0

X
m

'

�
m20m

N1

� XX
q1;q2�0C=m0

1

.q1q2/3=2

�

XX
h1;h2�0H

0

.h1;q1m0/D1

.h2;q2m0/D1

S.h1; �1mI q1/S.h2; �1mI q2/

�

Z
R
U.u1/ˇ.m0q1; h1; u1/

Z
R
'X .x1/g.m0q1; x1/�1.u1; m0q1; h1; x1/

� U�1

�
m

q31m0
; m0q1; x1

�
e

�
N 2x1u1

m0q1QHt1�"
C

tx1

2�h1Q

�
dx1du1

�

Z
R
U.u2/ˇ.m0q2; h2; u2/

Z
R
'X .x2/ g.m0q2; x2/�1.u2; m0q2; h2; x2/

� U�1

�
m

q32m0
; m0q2; x2

�
e

�
�

N 2x2u2

m0q2QHt1�"
�

tx2

2�h2Q

�
dx2 du2:

Applying Poisson summation to the m-sum, we haveX
m

'

�
m20m

N1

�
S.h1; �1mI q1/S.h2; �1mI q2/

� U�1

�
m

q31m0
; m0q1; x1

�
U�1

�
m

q32m0
; m0q2; x2

�
D

N1

m20q1q2

X
m

C�1.m; h1; h2; q1q2/J0.m;m0; q1; q2; x1; x2/;

where

C�1.m; h1; h2; q1q2/ D
X


 mod q1q2

S.h1; �1
 I q1/S.h2; �1
 I q2/e

�
m


q1q2

�
(7.1)

and

J0.m;m0; q1; q2; x1; x2/

D

Z 1
0

'.z/U�1

�
N1z

.m0q1/3
; m0q1; x1

�
U�1

�
N1z

.m0q2/3
; m0q2; x2

�
e

�
�
mN1z

m20q1q2

�
dz:

(7.2)
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Now applying stationary phase analysis with the calculations of Appendix A.1 gives
us

S1;0.N /�
QMN

4=3
1 N 1=3

Ct1�"
ı.N1 � C 3t"=N/ sup

kˇk2D1

X
m0

XX
q1;q2�0C=m0

1

q1q2

�

XX
h1;h2�0H

0

.h1;q1m0/D1

.h2;q2m0/D1

Z
ju1j�1

Z
ju2j�1

jˇ.m0q1; h1; u1/ˇ.m0q2; h2; u2/j du2 du1

�

X
jmj�C2t"=N1

jC�1.m; h1; h2; q1q2/j C t
�99; (7.3)

and for X ¤ 0,

S1;X .N /�
CMN1N

2

Qt1�"
ı.�1X > 0/ sup

kˇk2D1

X
m0

m�30

XX
q1;q2�0C=m0

.q1q2/
�5=2

�

XX
h1;h2�0H

0

.h1;q1m0/D1

.h2;q2m0/D1

X
jmj� CQ2

NX2
t"

C�1.m; h1; h2; q1q2/

�

Z
R

Z
R
U.u1/U.u2/ˇ.m0q1; h1; u1/ˇ.m0q2; h2; u2/J.q1; q2; Ev / du2 du1 C t

�99;

(7.4)

where for brevity of notation, we write Ev D .n; n0; h1; h2; u1; u2/,

J.q1; q2; Ev / D

Z
R
'X .x1/g.m0q1; x1/�1.u1; m0q1; h1; x1/

�

Z
R
'X .x2/g.m0q2; x2/�1.u2; m0q2; h2; x2/

�

Z 1
0

'.z/U3

�
N1Q

3z

N 2jx1j3
; m0q1; x1

�
U3

�
N1Q3z

N 2jx2j3
; m0q2; x2

�
� e

�
2

s
N1Qz

m20q
2
1 jx1j

� 2

s
N1Qz

m20q
2
2 jx2j

�
mN1z

m20q1q2

�
dz

� e

�
N 2x1u1

m0q1QHt1�"
�

N 2x2u2

m0q2QHt1�"
C

tx1

2�h1Q
�

tx2

2�h2Q

�
dx2 dx1;

(7.5)

and U3 is some t"-inert function supported on Œ1=4; 25=4� �R �R.
For X ¤ 0, applying stationary phase analysis to the x1; x2-integrals and calcu-

lations of Appendix A.2 shows that there exists a t"-inert function ˆ supported on
Œ1=4; 25=4� �R4 such that
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S1;X .N / D
C 2M

p
N1N

2X5=2

Q3=2t1�"
ı.�1X > 0/ sup

kˇk2D1

X
m0

m�30

XX
q1;q2�0C=m0

.q1q2/
�5=2

�

XX
h1;h2�0H

0

.h1;q1m0/D1

.h2;q2m0/D1

X
jmj� CQ2

NX2
t"

C�1.m; h1; h2; q1q2/

Z
R

Z
R
U.u1/U.u2/

� ˇ.m0q1; h1; u1/ˇ.m0q2; h2; u2/

Z 1
0

'.z/ˆ

�
N1Q

3z

N 2X3
; m0q1; m0q2; u1; u2

�
� g.m0q1; Xx1;0/g.m0q2; Xx2;0/e

�
3

�
N1tz

2�h1.m0q1/2

�
1C

2�h1N
2u1

m0q1Ht2�"

��1=3�
� e

�
�3

�
N1tz

2�h2.m0q2/2

�
1C

2�h2N
2u2

m0q2Ht2�"

��1=3
�
mN1z

m20q1q2

�
dz du2 du1 CO.t

�99/;

(7.6)

and for j D 1; 2,

xj;0 D

�
2�hj

m0qj t

�2=3
Q.N1z/

1=3

X

�
1C

2�hjN
2uj

m0qjHt2�"

��2=3
: (7.7)

7.2. Bounding S1;0.N /

To bound S1;0.N /, we are left to bound the character sum C�1.m; h1; h2; q1q2/ in (7.3).
Recalling the definition in (7.1) we get, for m D 0,

C�1.0; h1; h2; q1q2/ D
X


 mod q1q2

S.h1; �1
 I q1/S.h2; �1
 I q2/

D

X?

˛1 mod q1

e

�
˛1h1

q1

� X?

˛2 mod q2

e

�
˛2h2

q2

� X

 mod q1q2

e

�
�1
.˛1q2 C ˛2q1/


q1q2

�
D q1q2

X?

˛1 mod q1

e

�
˛1h1

q1

� X?

˛2 mod q2

e

�
˛2h2

q2

�
ı.˛1q2 � �˛2q1 mod q1q2/

D q21

X?

˛ mod q1

e

�
˛.h1 � h2/

q1

�
ı.q1 D q2/

D q21

X
q0
1
jq1

q01�

�
q

q01

�
ı.h1 � h2 mod q01; q1 D q2/: (7.8)

Hence the contribution of m D 0 to S1;0.N / is

�
QMN

4=3
1 N 1=3

Ct1�"
ı

�
N1 �

C 3t"

N

�
sup
kˇk2D1

X
m0

X
q�0C=m0

X
q0jq

q0

�

XX
h1;h2�0H

0

.h1;q1m0/D1

.h2;q2m0/D1
h1�h2 mod q0

Z
ju1j�1

Z
ju2j�1

jˇ.m0q; h1; u1/ˇ.m0q; h2; u2/j du2 du1:



Short second moment bound and subconvexity for GL.3/ L-functions 4825

Applying the AM-GM inequality

jˇ.m0q; h1; u1/ˇ.m0q; h2; u2/j � jˇ.m0q; h1; u1/j
2
C jˇ.m0q; h2; u2/j

2;

we find that the above is

�
QMN

4=3
1 N 1=3

Ct1�"
ı

�
N1 �

C 3t"

N

�
sup
kˇk2D1

.js0;1j C js0;2j/;

where for brevity of notation, we have temporarily defined

s0;� WD
X
m0

X
q�0C=m0

X
q0jq

q0
XX
h1;h2�0H

0

h1�h2 mod q0

Z
ju1j�1

Z
ju2j�1

jˇ.m0q; h� ; u�/j
2 du2 du1

for � D 1; 2. Hence the contribution of m D 0 to S1;0.N / is

�
QMN

4=3
1 N 1=3

t1�"

�
1C

t

N

�
ı

�
N1 �

C 3t"

N

�
: (7.9)

For the case m ¤ 0, the character sum is

C�1.m; h1; h2; q1q2/ D
X


 mod q1q2

S.h1; �1
 I q1/S.h2; �1
 I q2/e

�
m


q1q2

�
D

X?

˛1 mod q1

e

�
˛1h1

q1

� X?

˛2 mod q2

e

�
˛2h2

q2

� X

 mod q1q2

e

�
.�1.˛1q2 C ˛2q1/Cm/


q1q2

�
� q1q2

X?

˛1 mod q1

X?

˛2 mod q2

ı.��1m � ˛1q2 C ˛2q1 mod q1q2/: (7.10)

Hence (7.3) shows that the contribution of m ¤ 0 to S1;0.N / is

�
QMN

4=3
1 N 1=3

Ct1�"
ı

�
N1 �

C 3t"

N

�
sup
kˇk2D1

X
m0

XX
q1;q2�0C=m0

XX
h1;h2�0H

0

.h1;q1m0/D1

.h2;q2m0/D1Z
ju1j�1

Z
ju2j�1

jˇ.m0q1; h1; u1/ˇ.m0q2; h2; u2/j du2 du1

�

X
jmj�C2t"=N1

X?

˛1 mod q1

X?

˛2 mod q1

ı.��1m � ˛1q2 C ˛2q1 mod q1q2/C t�99:

Applying the AM-GM inequality as in the m D 0 case, we find that the above is

�
QMN

4=3
1 N 1=3

Ct1�"
ı

�
N1 �

C 3t"

N

�
sup
kˇk2D1

.js1;1j C js1;2j/;
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where for brevity, we have set

s1;� WD
X
m0

XX
q1;q2�0C=m0

XX
h1;h2�0H 0

X
jmj�C2t"=N1X?

˛1 mod q1

X?

˛2 mod q2

ı.��1m � ˛1q2 C ˛2q1 mod q1q2/

�

Z
ju� j�1

jˇ.m0q� ; h� ; u�/j
2 du� :

To analyse the congruence condition, we let q0 D .q1; q2/, q1 D q0q1;0q01, q2 D q0q2;0q02
be such that q1;0; q2;0 j q10 and .q0; q01/ D .q0; q

0
2/ D 1. Then the congruence condition

decomposes into q0 jm and

��1
m

q0
� ˛1q2;0q

0
2 C ˛2q1;0q

0
1 mod q0q1;0q2;0;

˛1 � � �1
mq2;0q

0
2

q0
mod q01;

˛2 � � �1
mq1;0q

0
1

q0
mod q02:

(7.11)

This leads to

s1;� �
X
m0

X
q0

X
q1;0;q2;0jq

1
0

X
.q0
1
;q0
2
/D1

.q0
1
q0
2
;q0/D1

m0q0q1;0q
0
1
;m0q0q2;0q

0
2
�C

XX
h1;h2�H 0

X
jm0j� C2t"

q0N1

X?

˛1 mod q0q1;0

X?

˛2 mod q0q2;0
��1m0�˛1q2;0q

0
2
C˛2q1;0q

0
1

mod q0q1;0q2;0

Z
ju� j�1

jˇ.m0q0q�;0q
0
� ; h� ; u�/j

2 du�

�
C 2T "

N1
H 0
X
m0

X
q0

X
q1;0;q2;0jq

1
0

X
.q0
1
;q0
2
/D1

.q0
1
q0
2
;q0/D1

m0q0q1;0q
0
1
;m0q0q2;0q

0
2
�C

X
h��H 0

Z
ju� j�1

jˇ.m0q0q�;0q
0
� ; h� ; u�/j

2 du� :

(7.12)

Here we have used the fact that, for any m01; q0; q1;0; q2;0; q
0
1; q
0
2,X?

˛1 mod q0q1;0

X?

˛2 mod q0q2;0
��1m0�˛1q2;0q

0
2
C˛2q1;0q

0
1

mod q0q1;0q2;0

: : :� q0;

because the congruence condition determines ˛1 mod q1;0, and ˛2 is completely determ-
ined once ˛1 is chosen. Since kˇk2 D 1 and H 0 � Ct=N , we have

s1;� �
C 4t1C"

N1N
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for � D 1; 2 and hence the contribution of m ¤ 0 to S1;0.N / is

�
QMN

4=3
1 N 1=3

Ct1�"
ı

�
N1 �

C 3t"

N

�
C 4t

N1N
�

C 3QMN
1=3
1 t"

N 2=3
ı

�
N1 �

C 3t"

N

�
:

(7.13)

We remark that the point counting computation in (7.11) and (7.12) will be repeated
several times in a similar fashion throughout the paper. Since such computations are unin-
spiring and tedious, we will simply refer to these lines whenever we apply a similar point
counting bound.

Combining (7.9) and (7.13), we get

S1;0.N /�
C 3QMN

1=3
1 t"

N 2=3
ı

�
N1 �

C 3t"

N

�
: (7.14)

8. Opening the square and Poisson summation for S2.N/

In this section, we apply similar treatment to S2.N /. Recall that in (6.11) we have

S2.N /D
MN

1=3
2 N 7=3

Qt1�"
sup
kˇk2D1

X
n0

1

n0

X
n

'

�
n20n

N2

�ˇ̌̌̌ X
q�0C=n0

1

q3=2

X
h�0H

0

.h;qn0/D1

S.xh; �2nIq/

�

Z
R
U.u/ˇ.n0q; h; u/W

˙
�2
.n20n; n0q; h; u/ du

ˇ̌̌̌2
:

Opening the square, we get

S2.N / D
MN

1=3
2 N 7=3

Qt1�"
sup
kˇk2D1

X
n0

1

n0

X
n

'

�
n20n

N2

� XX
q1;q2�0C=n0

1

.q1q2/3=2

�

XX
h1;h2�0H

0

.h1;q1n0/D1

.h2;q2n0/D1

S.h1; �2nI q1/S.h2; �2nI q2/

Z
R

Z
R
U.u1/U.u2/ˇ.n0q1; h1; u1/

� ˇ.n0q2; h2; u2/W
˙
�2
.n20n; n0q1; h1; u1/W

˙
�2
.n20n; n0q2; h2; u2/ du2 du1: (8.1)

Applying Poisson summation to the n-sum, we haveX
n

'

�
n20n

N2

�
S.h1; �2nI q1/S.h2; �2nI q2/

�W ˙�2 .n
2
0n; n0q1; h1; u1/W

˙
�2
.n20n; n0q2; h2; u2/

D
N2

n20q1q2

X
n

C�2.n; h1; h2; q1q2/J2.q1; q2; Ev/;

where

C�2.n; h1; h2; q1q2/ D
X


 mod q1q2

S.h1; �2
 I q1/S.h2; �2
 I q2/e

�
n


q1q2

�
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is the same character sum defined in (7.1) and

J2.q1;q2; Ev/D

Z 1
0

'.z/W ˙�2 .N2z;n0q1;h1;u1/W
˙
�2
.N2z; n0q2; h2; u2/e

�
�
nN2z

n20q1q2

�
dz

with Ev D .n; n0; h1; h2; u1; u2/ as before. Repeated integration by parts in the z-integral
gives us arbitrary savings unless

jnj � CN 1=3t"=N
2=3
2 :

Inserting this back into (8.1), we get

S2.N / D
MN

4=3
2 N 7=3

Qt1�"
sup
kˇk2D1

X
n0

n�30

X
jnj�CN1=3t"=N

2=3
2

XX
q1;q2�0C=n0

.q1q2/
�5=2

�

XX
h1;h2�0H

0

.h1;q1n0/D1

.h2;q2n0/D1

C�2.n; h1; h2; q1q2/

Z
R

Z
R
U.u1/U.u2/ˇ.n0q1; h1; u1/ˇ.n0q2; h2; u2/

� J2.q1; q2; Ev / du2 du1 CO.t
�99/: (8.2)

9. Analysis of S1;X .N/ and S2.N/

Recall that N2 � N 2t"=Q3. Using N1 � N 2X3=Q3, splitting the n-sum into n � 0
and n < 0, and collecting the above analysis (6.8), (7.6), (7.14) and (8.2), we obtain the
following lemma.

Lemma 9.1. For 0 � jX j � t", we have

S1;X .N /�
C 2QMN

4=3
1 N 1=3

t1�"
ı

�
�1X � 0; N1 �

N 2X3

Q3

�
�

�
Ct

N1N
ı

�
N1 �

C 3t"

N

�
C sup
˙

jR˙1 .N /j

�
CO.t�99/

and

S2.N /�
MN

4=3
2 N 7=3

Qt1�"
sup
˙

jR˙2 .N /j CO.t
�99/;

where for j D 1; 2,

R˙j .N / D sup
kˇk2D1

X
n0

n�30

X
n�CN1=3t"=N

2=3

j

XX
q1;q2�0C=n0

.q1q2/
�5=2

�

XX
h1;h2�0H

0

.h1;q1n0/D1

.h2;q2n0/D1

C�j .˙n; h1; h2; q1q2/

Z
R

Z
R
U.u1/U.u2/ˇ.n0q1; h1; u1/

� ˇ.n0q2; h2; u2/Jj .q1; q2; Ev / du2 du1
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and

Jj .q1; q2; Ev /

D

Z 1
0

'.z/ ĵ;�j .n0q1; n0q2; u1; u2; z/
�
g.n0q1; Xx1;0/g.n0q2; Xx2;0/

�2�j
� e

�
�3�0j

�
NjNz

.n0q1/3

�
n0q1t

2�h1N
C

Nu1

Ht1�"

��1=3
C 3�0j

�
NjNz

.n0q2/3

�
n0q2t

2�h2N
C

Nu2

Ht1�"

��1=3
�

nNj z

n20q1q2

�
dz;

and where �01 D 1; �
0
2 D �2, x1;0; x2;0 are defined in (7.7) and ĵ;�j is a t"-inert function.

Moreover, x1;0; x2;0 are flat with respect to q1; q2; z.

With the above lemma, we are left to bound R˙j .N /. Since the treatment for ˙ D C
and˙D� is the same, we will assume˙DC and denote Rj .N /DRCj .N / henceforth.
We separate the analysis into four cases depending on the size of n.

9.1. Diagonal contribution

We first deal with the case n D 0. Its contribution to Rj .N / is equal to

sup
kˇk2D1

X
n0

n�30

XX
q1;q2�0C=n0

.q1q2/
�5=2

XX
h1;h2�0H

0

.h1;q1n0/D1

.h2;q2n0/D1

C�j .0; h1; h2; q1q2/

�

Z
R

Z
R
U.u1/U.u2/ˇ.n0q1; h1; u1/ˇ.n0q2; h2; u2/Jj .q1; q2; Ev0/ du2 du1;

where Ev0 D .0; n0; h1; h2; u1; u2/. Recall that (7.8) gives us

C�j .0; h1; h2; q1q2/ D q
2
1

X
q0
1
jq1

q01�

�
q

q01

�
ı.h1 � h2 mod q01; q1 D q2/:

Using (4.3) and since xj;0 is flat with respect to z, repeated integration by parts in the
z-integral in Jj with q1 D q2 D q gives us arbitrary savings unlessˇ̌̌̌�

NjN

.n0q/3

�
n0qt

2�h1N
C

Nu1

Ht1�"

��1=3
�

�
NjN

.n0q/3

�
n0qt

2�h2N
C

Nu2

Ht1�"

��1=3 ˇ̌̌̌
� t"

”

ˇ̌̌̌
n0qt

2�N
.h�11 � h

�1
2 /C

N

Ht1�"
.u1 � u2/

ˇ̌̌̌
�

Ct"

.NjN/1=3

” 0 ¤ jh2 � h1j �
C 2t1C"

N
1=3
j N 4=3

C
Ct"

H
or
�
h1 D h2 and ju2 � u1j �

CHt1C"

N
1=3
j N 4=3

�
:

Note that (4.2) gives us Jj .q1; q2; Ev0/� t" for both j D 1; 2.
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Applying the AM-GM inequality

jˇ.n0q1; h1; u1/ˇ.n0q2; h2; u2/j � jˇ.n0q1; h1; u1/j
2
C jˇ.n0q2; h2; u2/j

2

shows that the contribution of n D 0 to Rj .N / is

�
t"

C 3
sup
kˇk2D1

.js4;1j C js4;2j/;

where for brevity, we have set

s4;� WD
X
n0

X
q�0C=n0

X
q0jq

q0
XX
h1;h2�0H

0

h1�h2 mod q0

jh2�h1j�
C2t1C"

N
1=3
j

N4=3
CCt

"

H

Z
ju1j�1

Z
ju2j�1

jˇ.n0q; h� ; u�/j
2

�

�
ı.h1 ¤ h2/C ı

�
h1 D h2; ju2 � u1j �

CHt1C"

N
1=3
j N 4=3

��
du2 du1

for � D 1; 2. Applying a point counting argument similar to (7.12), the contribution of
n D 0 to Rj .N / is

�
t"

C 2H
C

Ht1C"

CN
1=3
j N 4=3

: (9.1)

9.2. Contribution when n is small

Now we deal with the case 0 ¤ nNj � C 2t". In that case, e.� nNj z

n2
0
q1q2

/ is t"-inert. Using

(4.3) and since xj;0 is flat with respect to z, repeated integration by parts in the z-integral
in Jj gives us arbitrary savings unlessˇ̌̌̌�

NjN

.n0q1/3

�
n0q1t

2�h1N
C

Nu1

Ht1�"

��1=3
�

�
NjN

.n0q2/3

�
n0q2t

2�h2N
C

Nu2

Ht1�"

��1=3 ˇ̌̌̌
� t"

”

ˇ̌̌̌
t

2�n20N

�
1

q21h1
�

1

q22h2

�
C

N

n30Ht
1�"

�
u1

q31
�
u2

q32

�ˇ̌̌̌
�

t"

C 2.NjN/1=3

”

ˇ̌̌̌
q2 �

s
h1

h2
q1

ˇ̌̌̌
�

C 2t"

n0.NjN/1=3
C

CN

n0Ht1�"
:

Together with (7.10) giving us

C�j .n; h1; h2; q1; q2/� q1q2
X?

˛1 mod q1

X?

˛2 mod q2

ı.n � ˛1q2 C ˛2q1 mod q1q2/;

the contribution of 0 ¤ nNj � C 2t" to Rj .N / is
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� t" sup
kˇk2D1

X
n0

n�30

X
0¤n�C2t"

Nj

XX
h1;h2�0H 0

XX
q1;q2�0C=n0

jq2�
p
h1=h2q1j�

C2t"

n0.NjN/
1=3
C CN

n0Ht
1�"

.q1q2/
�3=2

�

X?

˛1 mod q1

X?

˛2 mod q2

Z
ju1j�1

Z
ju2j�1

jˇ.n0q1; h1; u1/j jˇ.n0q2; h2; u2/j du2 du1

�
�
g.n0q1; Xx1;0/g.n0q2; Xx2;0/

�2�j
ı.n � ˛1q2 C ˛2q1 mod q1q2/:

Applying the AM-GM inequality

jˇ.n0q1; h1; u1/ˇ.n0q2; h2; u2/j � jˇ.n0q1; h1; u1/j
2
C jˇ.n0q2; h2; u2/j

2

with (4.2) giving us g.m0qj ;Xxj;0/� t", the same point counting analysis as in S1;0.N /
using (7.11) and (7.12) implies that the contribution of 0 ¤ nNj � C 2t" to Rj .N / is

�
t"

C 3
C 2

Nj

Ct

N

�
1C

C 2

.NjN/1=3
C
CN

Ht

�
�

t1C"

NjN

�
1C

C 2

.NjN/1=3
C
CN

Ht

�
: (9.2)

Notice we have this contribution only when Nj � C 2t".

9.3. Integral analysis

Now we continue with the analysis when nNj � C 2t". Recalling the definition of
Jj .q1; q2; Ev / in Lemma 9.1, applying stationary phase analysis with the calculations of
Appendix A.3 yields

Jj .q1; q2; Ev / D
Cp
nNj

�
g.n0q1; Xx1/g.n0q2; Xx2/

�2�j
ˆ2
�
z0.n0q1; n0q2/; q1; q2I �

�
� e.z0.n0q1; n0q2//CO.t

�A/ (9.3)

for any A > 0, with some flat function ˆ2 supported on Œ1=2; 5=2� �R7, and

xj WD xj .z0.n0q1; n0q2//

D

�
2�hj

n0qj t

�2=3
Q.N1z0.n0q1; n0q2//

1=3

X

�
1C

2�hjN
2u

n0qjHt2�"

��2=3
for j D 1; 2. Inserting this back into (8.2) shows that the contribution of nNj � C 2t" to
Rj .N / is equal to

1

C 2
p
Nj

sup
kˇk2D1

X
n0

X
C2t"=Nj�n�CN

1=3t"=N
2=3

j

1
p
n

XX
q1;q2�0C=n0

1

q1q2

�

XX
h1;h2�0H

0

.h1;q1n0/D1

.h2;q2n0/D1

C�j .n; h1; h2; q1q2/

Z
R

Z
R
U.u1/U.u2/ˇ.n0q1; h1; u1/

� ˇ.n0q2; h2; u2/ˆ
�
z0.n0q1; n0q2/; q1; q2I �

�
e
�
F3.z0.n0q1; n0q2//

�
du2 du1

CO.t�999/;
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where we define ˆ.z0.n0q1; n0q2/; q1; q2I �/ as

ˆ.� � � / WD
C 3

.n20q1q2/
3=2
ˆ2
�
z0.n0q1; n0q2/q1; q2I �

��
g.n0q1; Xx1/g.n0q2; Xx2/

�2�j
:

By (4.2) and (4.3), ˆ is a t"-inert function supported on Œ1=2; 5=2� � R7 up to an arbit-
rarily small error.

9.4. Contribution when n is of intermediate size

For a technical reason, we deal with the case
C 2t"

Nj
� n�

CN 4=3

N
2=3
j Ht1�"

before proceeding further. Note that the restriction of z0.n0q1; n0q2/ � 1 impliesˇ̌̌̌
n0q2

�
n0q1t

2�h1N
C

Nu1

Ht1�"

�1=3
� n0q1

�
n0q2t

2�h2N
C

Nu2

Ht1�"

�1=3 ˇ̌̌̌
�
nN

2=3
j

N 1=3

”

ˇ̌̌̌
n0q2

�
n0q1t

h1N

�1=3
� n0q1

�
n0q2t

h2N

�1=3 ˇ̌̌̌
�

nN
2=3
j

N 1=3
C

CN

Ht1�"
�

CN

Ht1�"

”

ˇ̌̌̌
q2 �

s
h1

h2
q1

ˇ̌̌̌
�

CN

n0Ht1�"
:

By a similar procedure to the case 0 ¤ nNj � C 2t", the AM-GM inequality

jˇ.n0q1; h1; u1/ˇ.n0q2; h2; u2/j � jˇ.n0q1; h1; u1/j
2
C jˇ.n0q2; h2; u2/j

2

and (7.10) imply that the contribution of C
2t"

Nj
� n� CN4=3

N
2=3

j
Ht1�"

to Rj .N / is

�
t"

C 2
p
Nj

sup
kˇk2D1

.js3;1j C js3;2j/;

where for brevity, we have set

s3;� WD
X

0¤n� CN4=3

N
2=3
j

Ht1�"

1
p
n

X
n0

XX
h1;h2�0H 0

XX
q1;q2�0C=n0

jq2�
p
h1=h2q1j�

CN

n0Ht
1�"X?

˛1 mod q1

X?

˛2 mod q2

Z
ju1j�1

jˇ.n0q� ; h� ; u�/j
2 du1ı.n � ˛1q2 C ˛2q1 mod q1q2/

for � D 1;2. By the same analysis as for S1;0.N / using (7.11), the contribution of C
2t"

Nj
�

n� CN4=3

N
2=3

j
Ht1�"

to Rj .N / is

�
t"

C 2
p
Nj

p
CN 2=3

N
1=3
j

p
Ht

C t

N

�
1C

CN

Ht

�
D

t1=2C"

p
CHN

5=6
j N 1=3

�
1C

CN

Ht

�
: (9.4)

Notice we have this contribution only when Nj � C3=2N2

.Ht/3=2
t".
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9.5. Contribution when n is large

Denote

NS WD

�
C 2

Nj
C

CN 4=3

N
2=3
j Ht

�
t";

NB WD
CN 1=3t"

N
2=3
j

:;

(9.5)

Denote by R�j .N / the contribution of n� NS to Rj .N / in Lemma 9.1, i.e.

R�j .N / D sup
kˇk2D1

X
n0

n�30

X
NS�n�NB

XX
q1;q2�0C=n0

.q1q2/
�5=2

�

XX
h1;h2�0H

0

.h1;q1n0/D1

.h2;q2n0/D1

C�j .n; h1; h2; q1q2/

�

Z
R

Z
R
U.u1/U.u2/ˇ.n0q1; h1; u1/ˇ.n0q2; h2; u2/Jj .q1; q2; Ev / du2 du1:

9.5.1. Character sum analysis. Recall that by (7.10), C�j .n; h1; h2; q1q2/ equals

q1q2
X?

˛1 mod q1

e

�
˛1h1

q1

� X?

˛2 mod q2

e

�
˛2h2

q2

�
ı.��jn � ˛1q2 C ˛2q1 mod q1q2/:

We apply the same analysis as in (7.11): Write .q1; q2/ D q0, let q1;0; q01; q2;0; q
0
2 be

unique positive integers such that q1;0; q2;0 j q10 , .q01q
0
2; q0/ D 1 with q1 D q0q1;0q01 and

q2 D q0q2;0q
0
2. Then the congruence condition above breaks down into q0 jn and

��j
n

q0
� ˛1q2;0q

0
2 C ˛2q1;0q

0
1 mod q0q1;0q2;0;

˛1 � ��j
n

q0
q2;0q

0
2 mod q01;

˛2 � ��j
n

q0
q1;0q

0
1 mod q02:

Then the Chinese Remainder Theorem yields

C�j .n; h1; h2; q1q2/ D q1q2e

�
��j

nh1q1;0q2;0q
0
2

q01
� �j

nh2q2;0q1;0q
0
1

q02

�
�

X?

ˇ1 mod q0q1;0

X?

ˇ2 mod q0q2;0

e

�
ˇ1h1q

0
1

q0q1;0
C
ˇ2h2q

0
2

q0q2;0

�
� ı

�
q0 jn; ��j

n

q0
� ˇ1q2;0q

0
2 C ˇ2q1;0q

0
1 mod q0q1;0q2;0

�
:
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By reciprocity together with a change of variable, C�j .n; h1; h2; q1q2/ equals

q1q2e

�
�j
q01q2;0q

0
2

nh1q1;0
C �j

q02q1;0q
0
1

nh2q2;0
� �j

q2;0q
0
2

nh1q1;0q
0
1

� �j
q1;0q

0
1

nh2q2;0q
0
2

�
�

X?

ˇ1 mod q0q1;0

X?

ˇ2 mod q0q2;0

e

�
ˇ1

q0q1;0
C

ˇ2

q0q2;0

�
� ı

�
q0 jn; ��j

n

q0
� ˇ1h1q

0
1q2;0q

0
2 C ˇ2h2q

0
2q1;0q

0
1 mod q0q1;0q2;0

�
:

Before we proceed further, we first remove the coprimality condition .q01; q
0
2/ D 1 by

Möbius inversion, i.e. for any function F ,X
.q0
1
;q0
2
/D1

F.q01; q
0
2/ D

X
r

�.r/
X
q0
1
;q0
2

F.q01r; q
0
2r/I

this yields

R�j .N / D sup
kˇk2D1

X
n0

n�30

X
NS�n�NB

XXXXXX
q1Dq0q1;0q

0
1
r;q2Dq0q2;0q

0
2
r

q1;0q2;0jq
1
0
;.q0
1
q0
2
r;q0/D1

q1;q2�0C=n0

�.r/.q1q2/
�5=2

�

XX
h1;h2�0H

0

.h1;q1n0/D1

.h2;q2n0/D1

C�j .n; h1; h2; q1q2/

�

Z
R

Z
R
U.u1/U.u2/ˇ.n0q1; h1; u1/ˇ.n0q2; h2; u2/Jj .q1; q2; Ev / du2 du1:

To prepare ourselves for a character sum analysis in later steps, we pull out .n; q10 /,
.h2; .nh1/

1/ and the square-full part of nh1. Write n D n1n2n0, h1 D h1;0h01 and h2 D
h2;0h

0
2 where n1 jq10 , .n2h1;0h2;0; n0h01h

0
2q0/D .n

0h01; h
0
2q0/D 1, h2;0 j .n2h1;0/1, n0h01

is square-free and n2h1;0h2;0 is square-full, i.e. for any prime p j n2h1;0h2;0, we have
p2 jn2h1;0h2;0. With this notation, we arrive at

R�j .N / D sup
kˇk2D1

X
n0

n�30

X
q0

X
q0jn1jq

1
0

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1XXXXX

q1Dq0q1;0q
0
1
r;q2Dq0q2;0q

0
2
r

q1;0q2;0jq
1
0
;.q0
1
q0
2
r;q0/D1

.q1;h1/D.q2;h2/D1
q1;q2�0C=n0

�.r/.q1q2/
�5=2C�j .n; h1; h2; q1q2/

�

Z
R

Z
R
U.u1/U.u2/ˇ.n0q1; h1; u1/ˇ.n0q2; h2; u2/Jj .q1; q2; Ev / du2 du1:
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9.5.2. Second Cauchy–Schwarz inequality and Poisson summation. Notice that by the
same point counting argument as in (7.12), we have

sup
kˇk2D1

XXX
n2h1;0h2;0�-full

1p
n2h2;0

X
q1�C

XXXX
n0q0q1;0rjq1
q1;0jq

1
0

X
q2;0�C

q2;0jq
1
0

XX
0¤n1n

0�NB
q0jn1jq

1
0

1

n0

�

XX
h0
1
;h0
2
�H 0

1

h02

Z
ju1j�1

jˇ.q1; h1;0h
0
1; u1/j

2 du1

Z
ju2j�1

du2 � t":

Let ‡ 2 C1c .Œ1 � 10
�9; 1C 10�9�/ be a fixed function such that ‡.x/ D 1 for 1 � x <

1C 10�10. Now we apply the Cauchy–Schwarz inequality to take out n0; n1; n0; q0; q1;0;
q2;0; q

0
1; r; h1;0; h

0
1; h2;0; h

0
2-sums and the u1; u2-integrals. Together with (9.3) and the

character sum analysis above, we get

R�j .N /�
t"

C 2
p
Nj

sup
kˇk2D1

sup
ju1j�1

²Z
ju2j�1

X
n0

X
q0

X
q0jn1jq

1
0

X
r

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

�

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1

XX
q1;0;q2;0jq

1
0

p
h2;0h

0
2

n1
p
n2

X
q0
1

‡

�
n0q0q1;0q

0
1r

C

�

�

XX
q2Dn0q0q2;0q

0
2
r�0C

q3Dn0q0q2;0q
0
3
r�0C

D1.q
0
1/ˇ.q2; h2; u2/ˇ.q3; h2; u2/‰.n0q0q1;0q

0
1r; q2; q3/

� e
�
F3.z0.n0q0q1;0q

0
1r; q2// � F3.z0.n0q0q1;0q

0
1r; q3//

�
du2

³1=2
C t�999; (9.6)

where

D1.q
0
1/ D e

�
�j
q01q2;0.q

0
2 � q

0
3/

nh1q1;0
C �j

.q02 � q
0
3/q1;0q

0
1

nh2q2;0

�
�

X?

ˇ1 mod q0q1;0

X?

ˇ 0
1

mod q0q1;0

X?

ˇ2 mod q0q2;0

X?

ˇ 0
2

mod q0q2;0

e

�
ˇ1 � ˇ

0
1

q0q1;0
C
ˇ2 � ˇ

0
2

q0q2;0

�
� ı

�
��j

n

q0
� ˇ1h1q

0
1q2;0q

0
2 C ˇ2h2q

0
2q1;0q

0
1 mod q0q1;0q2;0;

� �j
n

q0
� ˇ01h1q

0
1q2;0q

0
3 C ˇ

0
2h2q

0
3q1;0q

0
1 mod q0q1;0q2;0

�
; (9.7)

‰.n0q0q1;0q
0
1r; q2; q3/ D

C 3

.q2q3/3=2
ˆ.z0.n0q0q1;0q

0
1r; q2/; n0q0q1;0q

0
1r; q2I �/

�ˆ.z0.n0q0q1;0q
0
1r; q3/; n0q0q1;0q

0
1r; q3I �/

� e

�
��j

q2;0.q
0
2 � q

0
3/

nh1q1;0q
0
1

� �j
q1;0q

0
1

nh2q2;0q
0
2

C �j
q1;0q

0
1

nh2q2;0q
0
3

�
(9.8)
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with

z0.x; q/D

p
N

n3=2Nj

�
��0j q

�
xt

2�h1N
C

Nu1

Ht1�"

�1=3
C�0jx

�
qt

2�h2N
C

Nu2

Ht1�"

�1=3�3=2
;

and

F3.z0.x; q// D
2nNj

xq
z0.x; q/

as before. Here coprimalities between variables are assumed such that D1.q01/ is well-
defined. In particular, the condition .q01; nh1q0/ D .q

0
2q
0
3; nh2q0/ D 1 is assumed.

Consider the q01-sum. Notice that D1.q
0
1/ is determined by q01 mod nh1h2q0q1;0q2;0,

hence applying Poisson summation gives usX
q0
1

‡

�
n0q0q1;0q

0
1r

C

�
D1.q

0
1/'

�
n0q0q1;0q

0
1r

C

�
‰.n0q0q1;0q

0
1r; q2; q3/

� e.F3.z0.n0q0q1;0q
0
1r; q2// � F3.z0.n0q0q1;0q

0
1r; q3///

D
C

n0nh1h2q
2
0q
2
1;0q2;0r

X
q0
1

X

 mod nh1h2q0q1;0q2;0

D1.
/e

�
q01


nh1h2q0q1;0q2;0

�
� I2.q

0
1; q2; q3/;

where I2.q01; q2; q3/ is the integralZ 1
0

‡.y/‰.Cy; q2; q3/e

�
F3.z0.Cy; q2// � F3.z0.Cy; q3//

�
q01Cy

n0nh1h2q
2
0q
2
1;0q2;0r

�
dy: (9.9)

Differentiating gives us

d

dy
z0.Cy; q/ D z0.Cy; q/

1=3

�
��0j qC t

4�nh1N 2=3N
2=3
j

�
Cyt

2�h1N
C

Nu1

Ht1�"

��2=3
C
3�0jN

1=3C

2nN
2=3
j

�
qt

2�h2N
C

Nu2

Ht1�"

�1=3�
: (9.10)

In order to bound the higher derivatives, we temporarily set

G WD
N

n3N 2
j

q3
Ct

2�h1N
�

N

n3N 2
j

q3;

K WD
N

n3N 2
j

q3
Nu1

Ht1�"
� Gt�"=2;

J WD
CN 1=3

nN
2=3
j

�
qt

2�h2N
C

Nu2

Ht1�"

�1=3
� G1=3;
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where we have used the conditions H � N=t1�" and q � C . Then we may write

z0.Cy; q/ D J
3=2

�
��0j

�
G

J 3
y C

K

J 3

�1=3
C �0jy

�3=2
;

so that the coefficients of y are of size O.1/ and one can see that dk

dyk
z2=3 � J for any

k � 0. By Faà di Bruno’s formula, we haveˇ̌̌̌
dk

dyk
z0.Cy; q/

ˇ̌̌̌
;

ˇ̌̌̌
dk

dyk
‰.Cy; q2; q3/

ˇ̌̌̌
�k

�
CN 1=3

nN
2=3
j

�k
;

ˇ̌̌̌
dk

dyk
F3.z0.Cy; q//

ˇ̌̌̌
�k

�
.NjN/

1=3

C

�k
(9.11)

for any k � 0 and q � C . Hence repeated integration by parts gives us arbitrary savings
unless

jq01j �
n0nh1h2q

2
0q
2
1;0q2;0r

C

�
1C

CN 1=3

nN
2=3
j

C
.NjN/

1=3

C

�
t" � Q1QB ;

where

Q1 WD n1n2h1;0h2;0q0q
2
1;0 and QB WD

n0n
0q0q2;0rN

1=3
j t2C"

h1;0h2;0N 5=3
: (9.12)

Here we have used C 2t"=Nj D NS � n and h1; h2 � H 0 � Ct=N . Inserting the above
back into (9.6) yields

R�j .N /�
t"

C 3=2
p
Nj

sup
kˇk2D1

sup
ju1j�1

²Z
ju2j�1

X
n0

X
q0

X
q0jn1jq

1
0

X
r

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1

XX
q1;0;q2;0jq

1
0

XX
q2Dn0q0q2;0q

0
2
r�0C

q3Dn0q0q2;0q
0
3
r�0C

ˇ.q2; h2; u2/ˇ.q3; h2; u2/

n0n
2
1n
3=2
2 n0h1

p
h2;0q

2
0q
2
1;0q2;0r

�

X
jq0
1
j�Q1QB

X

 mod nh1h2q0q1;0q2;0

D1.
/e

�
q01


nh1h2q0q1;0q2;0

�
I2.q

0
1; q2; q3/ du2

³1=2
C t�999: (9.13)

We first deal with the character sumX

 mod nh1h2q0q1;0q2;0

D1.
/e

�
q01


nh1h2q0q1;0q2;0

�
:
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Recalling the definition of D1 in (9.7), the Chinese Remainder Theorem implies that the
above equals

h02S
�
q01n1n2h1;0h2q0q1;0q2;0 C �j .q

0
2 � q

0
3/q1;0n1n2h2q2;0;

�j .q
0
2 � q

0
3/q2;0n1n2h1;0q1;0In

0h01
�

� ı
�
q01 � ��j q0q

2
1;0h1.q

0
2 � q

0
3/ mod h02

�
D0.q

0
2; q
0
3/;

where M0 D n1n2h1;0h2;0q0q1;0q2;0 and D0.q
0
2; q
0
3/ equals

X

 mod M0

e

�
q01
n

0h01h
0
2

M0

C �j
q2;0.q

0
2 � q

0
3/
n

0h01
n1n2h1;0q1;0

C �j
.q02 � q

0
3/q1;0
n

0h02
n1n2h2;0q2;0

�
�

X?

ˇ1 mod q0q1;0

X?

ˇ 0
1

mod q0q1;0

X?

ˇ2 mod q0q2;0

X?

ˇ 0
2

mod q0q2;0

e

�
ˇ1 � ˇ

0
1

q0q1;0
C
ˇ2 � ˇ

0
2

q0q2;0

�
� ı

�
��j

n

q0
� ˇ1h1
q2;0q

0
2 C ˇ2h2q

0
2q1;0
 mod q0q1;0q2;0;

� �j
n

q0
� ˇ01h1
q2;0q

0
3 C ˇ

0
2h2q

0
3q1;0
 mod q0q1;0q2;0

�
� n1n2h1;0h2;0q

3
0q1;0q2;0: (9.14)

Hence the Weil bound for Kloosterman sums gives usX

 mod nh1h2q0q1;0q2;0

D1.
/e

�
q01


nh1h2q0q1;0q2;0

�
� n1n2h1;0h2q

3
0q1;0q2;0t

"
q
n0h01.q

0
1; q
0
2 � q

0
3; n
0h01/

� ı
�
q01 � ��j q0q

2
1;0h1.q

0
2 � q

0
3/ mod h02

�
: (9.15)

Next we analyse the y-integral with the phase function being

F3.z0.Cy; q2// � F3.z0.Cy; q3// �
q01Cy

n0nh1h2q
2
0q
2
1;0q2;0r

D
2nNj

Cy

�
z0.Cy; q2/

q2
�
z0.Cy; q3/

q3

�
�

q01Cy

n0nh1h2q
2
0q
2
1;0q2;0r

:

Denote

G.y; z/ D Gh1;h2.y; z/ D F3.z0.Cy; Cz//

D

r
2t

�n

�
��0j

�
z

h1y
C
2�N 2u1z

CHt2�"y2

�1=3
C �0j

�
y

h2z
C
2�N 2u2y

CHt2�"z2

�1=3�3=2
: (9.16)

We start by analysing the case when jq01j � Q1QS (including q01 D 0), where Q1 is
defined in (9.12) and

QS WD
n0q0q2;0rC

3t2C"

n1n2nh1;0h2;0.NjN/4=3
: (9.17)
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Remark 9.2. The threshold Q1QS is chosen such that when jq01j � Q1QS , the phase
satisfies

q01Cy

n0nh1h2q
2
0q
2
1;0q2;0r

�

�
CN 1=3

nN
2=3
j

�2
t":

Since the weight function ‰.Cy; q2; q3/ consists of an inert function with z0 as an
argument, we can apply Lemma 5.2 (2, 3) in the range jq01j � Q1QS . This condition
is ultimately used in Lemma 9.5.

Applying stationary phase analysis with the calculations of Appendix A.4 shows that
the y-integral is bounded by

�
nN

2=3
j t"

CN 1=3
ı

�
jq2 � q3j �

C 3t"

nNj

�
C t�999:

Together with (9.15), this shows that the contribution of jq01j � Q1QS to R�2.N / in
(9.13) is

�
t"

C 3=2
p
Nj

� sup
kˇk2D1

sup
ju1j�1

²Z
ju2j�1

X
n0

X
q0

X
q0jn1jq

1
0

X
r

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1XX

q1;0;q2;0jq
1
0

XX
q2Dn0q0q2;0q

0
2
r�0C

q3Dn0q0q2;0q
0
3
r�0C

jq2�q3j�
C3t"

nNj

X
jq0
1
j�Q1QS

q0
1
���j q0h1.q

0
2
�q0
3
/ mod h0

2

jˇ.q2; h2; u2/ˇ.q3; h2; u2/jdu2

�
N
2=3
j

CN 1=3

p
n2n0h2;0h

0
2q0

n0
p
h01q1;0r

q
.q01; q

0
2 � q

0
3; n
0h01/

³1=2
:

Recall the definition of NS and NB in (9.5). Applying the AM-GM inequality

jˇ.q2; h2; u2/ˇ.q3; h2; u2/j � jˇ.q2; h2; u2/j
2
C jˇ.q3; h2; u2/j

2

and the same point counting argument as in (7.12) implies that the contribution of jq01j �
Q1QS to R�2.N / in (9.13) is

�
t"

C 3=2
p
Nj

²
H 02N 2

BN
2=3
j

CN 1=3„ ƒ‚ …
q0
1
D0;q2Dq3

C
C 2
p
H 0NB

.NjN/1=3„ ƒ‚ …
q0
1
D0;q2¤q3

C
C 2
p
H 0NB t

2

N
2=3
j N 5=3„ ƒ‚ …

q0
1
¤0;q2Dq3

C
C 5
p
H 0t2

p
NS .NjN/5=3„ ƒ‚ …
q0
1
¤0;q2¤q3

³1=2

� t"
�

t

.NjN/5=6
C

t1=4

N
5=6
j N 1=3

C
t5=4

NjN
C

C 3=4t5=4

.NjN/13=12

�
DW B1: (9.18)
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Inserting the above analysis back into (9.13) yields

R�j .N /�
t"

C 3=2
p
Nj

sup
kˇk2D1

sup
ju1j�1

²Z
ju2j�1

X
n0

X
q0

X
q0jn1jq

1
0

X
r

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1

XX
q1;0;q2;0jq

1
0

XX
q2Dn0q0q2;0q

0
2
r�0C

q3Dn0q0q2;0q
0
3
r�0C

h02ˇ.q2; h2; u2/ˇ.q3; h2; u2/

n0n
2
1n
3=2
2 n0h1

p
h2;0q

2
0q
2
1;0q2;0r

�

X
Q1QS�jq

0
1
j�Q1QB

D2.q
0
2; q
0
3/I2.q

0
1; q2; q3/ du2

³1=2
CB1;

where D2.q
0
2; q
0
3/ equals

S
�
q01n1n2h1;0h2q0q1;0q2;0 C �j .q

0
2 � q

0
3/q1;0n1n2h2q2;0;

�j .q
0
2 � q

0
3/q2;0n1n2h1;0q1;0In

0h01
�

�ı.q01 � ��j q0q
2
1;0h1.q

0
2 � q

0
3/ mod h02/D0.q

0
2; q
0
3/ (9.19)

and D0.q
0
2; q
0
3/ is as in (9.14).

9.5.3. Third Cauchy–Schwarz inequality and Poisson summation. Now we consider the
remaining case jq01j � Q1QS by iterating the above process.

Notice that by the same counting argument as in (7.12),

sup
kˇk2D1

X
q2�C

XXXX
n0q0q2;0q

0
2
rDq2

q2;0jq
1
0

X
q1;0�C

q1;0jq
1
0

X
q0jn1jq

1
0

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

X
n0�NB

XX
h0
1
;h0
2
�H 0

X
0<jq0

1
j�Q1QB

1

n1n
3=2
2 n0h

3=2
1;0 h2;0h

0
1q0q1;0q2;0jq

0
1j

Z
ju2j�1

jˇ.q2; h2;0h
0
2; u2/j

2 du2
X


 mod n1n2h1;0h2;0q0q1;0q2;0ˇ̌̌̌ X?

ˇ1 mod q0q1;0

X?

ˇ2 mod q0q2;0

ı

�
��j

n1n2n
0

q0
� ˇ1h1;0h

0
1
q2;0q

0
2 C ˇ2h2;0h

0
2q
0
2q1;0
 mod q0q1;0q2;0

�ˇ̌̌̌2
� t":

Recalling the definition of D2 in (9.19) and applying the Cauchy–Schwarz inequality to
take out n0; n1; n2; n0; q0; q1;0; q2;0; q01; q

0
2; h1;0; h

0
1; h2;0; h

0
2; 
-sums we get, for the same

fixed ‡ 2 C1c .Œ1 � 10
�9; 1C 10�9�/ as before,
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R�j .N /�
t"

C 3=2
p
Nj

sup
kˇk2D1

sup
ju1j�1

²Z
ju2j�1

X
n0

X
q0

XX
q1;0;q2;0jq

1
0

X
q0jn1jq

1
0

X
rXXX

n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1

XX
q3Dn0q0q2;0q

0
3
r�0C

q4Dn0q0q2;0q
0
4
r�0C

X
Q1QS�jq

0
1
j�Q1QB

X
q2Dn0q0q2;0q

0
2
r

‡

�
q2

C

�
h022 jq

0
1jˇ.q3; h2; u2/ˇ.q4; h2; u2/

n20n
3
1n
3=2
2 n0

p
h1;0h

0
1q
3
0q
3
1;0q2;0r

2

�D 02.q
0
2; q
0
3/D

0
2.q
0
2; q
0
4/D0.q

0
3; q
0
4/I2.q

0
1; q2; q3/I2.q

0
1; q2; q4/du2

³1=4
CB1; (9.20)

where D 02.q
0
2; q
0/ equals

S.q01n1n2h1;0h2q0q1;0q2;0 C �j .q
0
2 � q

0/q1;0n1n2h2q2;0;

�j .q
0
2 � q

0/q2;0n1n2h1;0q1;0In
0h01/

� ı.q01 � ��j q0q
2
1;0h1.q

0
2 � q

0/ mod h02/

with D0.q
0
3; q
0
4/ as in (9.14). Notice that D 02 is defined mod n0h01h

0
2. Now we apply Pois-

son summation to the q02-sum to get

X
q0
2

‡

�
n0q0q2;0q

0
2r

C

�
D 02.q

0
2; q
0
3/D

0
2.q
0
2; q
0
4/I2.q

0
1; q2; q3/I2.q

0
1; q2; q4/

D
C

n0n0h
0
1h
0
2q0q2;0r

X
q0
2

X

 mod n0h0

1
h0
2

D 02.
; q
0
3/D

0
2.
; q

0
4/e

�

q02
n0h01h

0
2

�
�

Z 1
0

‡.y3/I2.q
0
1; Cy3; q3/I2.q

0
1; Cy3; q4/e

�
�

q02Cy3

n0n0h
0
1h
0
2q0q2;0r

�
dy3:

By a similar computation to that for D1 in the previous section with the Chinese
Remainder Theorem, the character sum simplifies toX


 mod n0h0
1
h0
2

D 02.
; q
0
3/D

0
2.
; q

0
4/e

�

q02
n0h01h

0
2

�

D ı.q03 � q
0
4 mod h02/e

�
h1;0q0q

2
1;0q

0
2n
0.h1q0q

2
1;0q

0
3 � �j q

0
1/

h02

�
D3.q

0
3; q
0
4/;



K. Aggarwal, W. H. Leung, R. Munshi 4842

where

D3.q
0
3; q
0
4/ D

X?


 mod n0h0
1

e

�

q02h

0
2

n0h01

�
� S

�
q01n1n2h1;0h2q0q1;0q2;0 C �j .
 � q

0
3/q1;0n1n2h2q2;0;

�j .
 � q
0
3/q2;0n1n2h1;0q1;0In

0h01
�

� S
�
q01n1n2h1;0h2q0q1;0q2;0 C �j .
 � q

0
4/q1;0n1n2h2q2;0;

�j�j .
 � q
0
4/q2;0n1n2h1;0q1;0In

0h01
�
: (9.21)

Applying Lemma B.1, we obtain

D3.q
0
3; q
0
4/� .n0h01/

2t"ı.�0/C .n
0h01/

3=2t"; (9.22)

where �0 is the condition

�0 D
®
q03 � q

0
4 mod n0h01

or q01h1;0q0q1;0 ˙ q1;0.q
0
3 � q

0
4/ � 0 mod n0h01

or q01h1;0q0q1;0 � �j q1;0q
0
3 � 0 mod n0h01

or q01h1;0q0q1;0 � �j q1;0q
0
4 � 0 mod n0h01

¯
:

Using (9.11) as before, repeated integration by parts now gives us arbitrary savings
unless

jq02j �
n0n
0h01h

0
2q0q2;0r

C

�
1C

CN 1=3

nN
2=3
j

C
.NjN/

1=3

C

�
t" � QB ;

with QB defined in (9.12). Inserting this back into (9.20), we get

R�j .N /�
t"

C 3=2
p
Nj

sup
kˇk2D1

sup
ju1j�1

²
C

Z
ju2j�1

X
n0

X
q0

XX
q1;0;q2;0jq

1
0

X
q0jn1jq

1
0

X
rXXX

n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1

XX
q3Dn0q0q2;0q

0
3
r�0C

q4Dn0q0q2;0q
0
4
r�0C

q0
3
�q0

4
mod h0

2X
Q1QS�jq

0
1
j�Q1QB

X
jq0
2
j�QB

h02jq
0
1jˇ.q3; h2; u2/ˇ.q4; h2; u2/

n30n
3
1n
3=2
2 n02

p
h1;0h

02
1 q

4
0q
3
1;0q

2
2;0r

3

�D3.q
0
3; q
0
4/D3;0.q

0
3; q
0
4/I3.q

0
1; q
0
2; q3; q4/ du2

³1=4
CB1; (9.23)

where D3;0.q
0
3; q
0
4/ equals

e

�
h1;0q0q

2
1;0q

0
2n
0.h1q0q

2
1;0q

0
3 � �j q

0
1/

h02

�
D0.q

0
3; q
0
4/�n1n2h1;0h2;0q

3
0q1;0q2;0 (9.24)
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by (9.14), and I3.q01; q
0
2; q3; q4/ equalsZ 1

0

‡.y3/I2.q
0
1; Cy3; q3/I2.q

0
1; Cy3; q4/e

�
�

q02Cy3

n0n0h
0
1h
0
2q0q2;0r

�
dy3: (9.25)

Now we want to again separate the contribution when jq02j is small, arguing similarly
to the case jq01j � Q1QS . To be precise, we first deal with the case

jq02j � QS D
n0q0q2;0rC

3t2C"

n1n2nh1;0h2;0.NjN/4=3

including the case q02 D 0. Applying Lemma 5.2 (1) to the y3-integral, we get arbitrary
savings unless there exists y03 2 Œ1=2; 5=2� such thatˇ̌̌̌

d

dy3

ˇ̌̌̌
yDy0

3

.G.y1; y3/ �G.y2; y3//

ˇ̌̌̌
�

C 2N 2=3t"

n2N
4=3
j

:

Applying the same analysis as in the previous subsection (to get (A.2)) with Lemma A.1,
(A.1) on z0.Cy1; y3/; z0.Cy2; y3/ � 1 in ‰, the above bound for the derivative yields

jy1 � y2j �
C 2t"

nNj
: (9.26)

Inserting these conditions into I3.q01; q
0
2; q3; q4/, writing y2 D y1 C v and bounding the

y3-integral trivially yields, for jq02j � QS ,

I3.q
0
1; q
0
2; q3; q4/� t" sup

y3�1

ˇ̌̌̌Z
jvj�C2t"

nNj

Z 1
0

‡.y1/‡.y1 C v/‰.Cy1; Cy3; q3/

�‰.C.y1 C v/; Cy3; q4/e

�
G.y1; y3/�G

�
y1;

q3

C

�
�G.y1Cv;y3/CG

�
y1Cv;

q4

C

�
C

q01Cv

n0nh1h2q
2
0q
2
1;0q2;0r

�
dy1 dv

ˇ̌̌̌
C t�A

for any A > 0. Applying Taylor expansion to the functions involving 1C v
y1

and 1C v
y1

,
usingH �N=t1�", and bounding the v1-integral trivially, there exists some CN

n3=2Nj
p
t
t"-

inert function ' such that I3.q01; q
0
2; q3; q4/ is

O

�
C 2t"

nNj
sup

jv1j�
C2t"

nNj

ˇ̌̌̌Z 1
0

‡.y/‰2.Cy;q3; q4/e

�
�G

�
y;
q3

C

�
CG

�
y;
q4

C

��
dy

ˇ̌̌̌
Ct�A

�
with

‰2.Cy; q3; q4/ D ‰.Cy;Cy3; q3/‰.C.y C v/; Cy3; q4/'.y; y3; v; q3; q4/;
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which is a .CN
1=3

nN
2=3

j

C
CN

n3=2Nj
p
t
/t"-inert function. Applying the same repeated integration

by parts process to the y-integral using (9.11), we get

I3.q
0
1; q
0
2; q3; q4/�

C 2t"

nNj
ı

�
jq3 � q4j �

�
C 2

.NjN/1=3
C

C 2N 1=3

p
ntN

2=3
j

�
t"
�
C t�A

for any A > 0.
Inserting (9.24) and the above bound for I3 into (9.23), we deduce that the contribution

of jq02j � QS is

�
t"

C 3=2
p
Nj

sup
kˇk2D1

sup
ju1j�1

²
C

Z
ju2j�1

X
n0

X
q0

XX
q1;0;q2;0jq

1
0

X
q0jn1jq

1
0

X
rXXX

n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1

XX
q3Dn0q0q2;0q

0
3
r�0C

q4Dn0q0q2;0q
0
4
r�0C

jq3�q4j�.
C2

.NjN/
1=3
C C2N1=3
p
ntN

2=3
j

/t"

q0
3
�q0

4
mod h0

2X
Q1QS�jq

0
1
j�Q1QB

X
jq0
2
j�QS

p
h1;0h2jq

0
1j jˇ.q3; h2; u2/ˇ.q4; h2; u2/j

n30n
2
1

p
n2n02h

02
1 q0q

2
1;0q2;0r

3

�
C 2

nNj
jD3.q

0
3; q
0
4/jD3;0.q

0
3; q
0
4/ du2

³1=4
:

Recall that QS ; QB are defined in (9.17) and (9.12) respectively. Applying the AM-GM
inequality

jˇ.q2; h2; u2/ˇ.q3; h2; u2/j � jˇ.q2; h2; u2/j
2
C jˇ.q3; h2; u2/j

2

and using (9.22) and (9.24) with the same counting argument as in (7.12) shows that the
above is

�
t"

C 3=2
p
Nj

² X
n�CN1=3t"=N

2=3

j

C 3

nNj

�
nN

1=3
j t2

N 5=3

�2�
1C

C 3t2

n.NjN/4=3

�
1

n2

�
Ct

N

��1

�

�
C 2

.NjN/1=3
C

C 2N 1=3

p
ntN

2=3
j„ ƒ‚ …

q0
3
¤q0

4

C
Ct

N„ƒ‚…
q0
3
Dq0

4

��
nC t

N

�3=2³1=4

�
t9=8C"

C 1=4.NjN/5=6

�
1C

p
Ct

N
1=6
j N 5=12

��
C 2

.NjN/1=3
C
Ct

N

�1=4
:

Indeed, with the same process we get the following technical lemma that we will apply
repeatedly later.
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Lemma 9.3. Let q3; q4 �C . LetB� C2N2=3t"

n2N
4=3

j

and let �D 0 or 1. LetW be a .CN
1=3

nN
2=3

j

C

� CN

n3=2Nj
p
t
/t"-inert function and let J be equal toZ 1

0

‡.y/

Z 1
0

‡.y1/

Z 1
0

‡.y2/‰.Cy1; Cy; q3/‰.Cy2; Cy; q4/W.y; y1; y2; q3; q4/

� e

�
G.y1; y/ �G

�
y1;

q3

C

�
�G.y2; y/CG

�
y2;

q4

C

�
C .1 � �/By

�
dy2 dy1 dy:

Then there exists some .CN
1=3

nN
2=3

j

C
CN

n3=2Nj
p
t
/t"-inert function QW and some function F

such that J equalsZ 5=2

1=2

Z
jvj�..1��/ C

2

nNj
C�. C

.NjN/
1=3
C CN1=3
p
ntN

2=3
j

//t"
F.u; v/

�

Z 1
0

‡.y/‡.y C v/‰.Cy; Cu; q3/

�‰.C.y C v/; Cu; q4/ QW .u;y;y C v; q3; q4/e

�
�G

�
y;
q3

C

�
CG

�
y;
q4

C

��
dy dv du:

Moreover,

J �

�
.1 � �/

C 2

nNj
C �

�
C

.NjN/1=3
C

CN 1=3

p
ntN

2=3
j

��
t"

� ı

�
jq3 � q4j �

�
C 2

.NjN/1=3
C

C 2N 1=3

p
ntN

2=3
j

�
t"
�
C t�A

for any A > 0.

Altogether we have

R�j .N /�
t"

C 3=2
p
Nj

sup
kˇk2D1

sup
ju1j�1

²
C

Z
ju2j�1

X
n0

X
q0

XX
q1;0;q2;0jq

1
0

X
q0jn1jq

1
0

X
rXXX

n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1

XX
q3Dn0q0q2;0q

0
3
r�0C

q4Dn0q0q2;0q
0
4
r�0C

q0
3
�q0

4
mod h0

2X
Q1QS�jq

0
1
j�Q1QB

X
QS�jq

0
2
j�QB

h02jq
0
1jˇ.q3; h2; u2/ˇ.q4; h2; u2/

n30n
3
1n
3=2
2 n02

p
h1;0h

02
1 q

4
0q
3
1;0q

2
2;0r

3

�D3.q
0
3; q
0
4/D3;0.q

0
3; q
0
4/I3.q

0
1; q
0
2; q3; q4/ du2

³1=4
CB1 CB2;

where B1 is defined in (9.18) and

B2 WD
t9=8C"

C 1=4.NjN/5=6

�
1C

p
Ct

N
1=6
j N 5=12

��
C 2

.NjN/1=3
C
Ct

N

�1=4
: (9.27)
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9.5.4. Iteration of the above process. Iterating the above process, we obtain the following
lemma.

Lemma 9.4. For any positive integer � � 2, we have

R�j .N /� jA� j C

�X
jD1

Bj ;

where A� equals

t"

C 3=2
p
Nj

sup
kˇk2D1

sup
ju1j�1

²Z
ju2j�1

X
n0

X
q0

XX
q1;0;q2;0jq

1
0

X
q0jn1jq

1
0

X
r

X
Q1QS�jq

0
1
j�Q1QBX

� � �

X
QS�jq

0
2
j;:::;jq0� j�QB

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1

XX
q�C1Dn0q0q2;0q

0
�C1

r�0C

q�C2Dn0q0q2;0q
0
�C2

r�0C

q0
�C1
�q0

�C2
mod h0

2� p
h1;0h2;0C

n20n1n
0h01q

2
0q1;0q2;0r

2

�2��1
n0h
0
2r

n1n
3=2
2 h

3=2
1;0 h2;0q1;0C

��1Y
jD1

jqj j
2��j�1D.�/

� ˇ0.q�C1; h2; u2/ˇ0.q�C2; h2; u2/D�C1.q
0
�C1; q

0
�C2/D

0
0.q
0
�C1; q

0
�C2/

� I�C1.q
0
1; : : : ; q

0
� ; q�C1; q�C2/ du2

³2��
;

with the notations ˇ0 D ˇ or ˇ, D 00 D D0 or D0 depending on �, with B1, D0, D3, I3
as defined in (9.18), (9.14), (9.21) and (9.25) respectively, and

D.�/ D

8̂̂̂̂
<̂
ˆ̂̂:
e

�
h1;0q0q

2
1;0q

0
2n
0.h1q0q

2
1;0q

0
3 � �j q

0
1/

h02

�
; � D 2;

e

�
q0�q
0
�C1n

0h01

h02

�
; � > 2:

The character sum D�.q
0
�C1; q

0
�C2/ and the integral I�.q01; : : : ; q

0
� ; q�C1; q�C2/ are

defined recursively by

D�C1.q
0
�C1; q

0
�C2/ D

X

 mod n0h0

1

D�.
; q
0
�C1/D�.
; q

0
�C2/e

�

q0�h

0
2

n0h01

�
and

I�C1.q
0
1; : : : ; q

0
� ; q�C1; q�C2/ D

Z 1
0

‡.y2��1/I�.q
0
1; : : : ; q

0
��1; Cy2��1; q�C1/

� I�.q
0
1; : : : ; q

0
��1; Cy2��1; q�C2/e

�
�

q0�Cy2��1

n0n0h1h2q0q2;0r

�
dy2��1;
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and for ` � 2,

B` D

p
Ct2C"

NjN 3=2

²
N
2=3
j N 8=3

C 3t7=2

�
1C

C 2t2

N
2=3
j N 5=3

��
Ct

N
C

C 2

.NjN/1=3

�³2�`
:

Moreover,

D�C1.q
0
�C1; q

0
�C2/� .n0h01/

2��1�1=2t"
�q
n0h01ı.���2/C 1

�
;

where ���2 is the condition

���2 D
®
q0�C1 � q

0
�C2 mod n0h01

or q01q0q1;0 ˙ h1q1;0.q
0
�C1 � q

0
�C2/ � 0 mod n0h01

or q01q0q1;0 � �jh1q1;0q
0
�C1 � 0 mod n0h01

or q01q0q1;0 � �jh1q1;0q
0
�C2 � 0 mod n0h01

¯
:

Proof. The proof is presented in Appendix B.2.

With the above lemma and the bound for D0 in (9.14), we are left to bound
I�C1.q

0
1; : : : ; q

0
� ; q�C1; q�C2/. We do so with the following lemma.

Lemma 9.5. Let q01; : : : ; q
0
� ; q�C1; q�C2 be integers such that

jq01j � Q1QS ; jq
0
2j; : : : ; jq

0
� j � QS and q�C1; q�C2 � C:

With I3 defined in (9.25) and I� defined in Lemma 9.4, we have

I�C1.q
0
1; : : : ; q

0
� ; q�C1; q�C2/��

�Y
jD2

�
1C

.NjN/
1=3n0n

0h1h2q0q2;0rq
min ¹q00u W 1 � u � j � 1ºq

00
j C

2

�2��j

�
.n1n2h1;0h2;0q0q

2
1;0/

2��2.n0n
0h1h2q0q2;0r/

2��1�1=2

q02
��2

1 q02
��3

2 � � � q02
�1

� C 2
��1�1=2

t"

for � � 2.

Proof. The proof is presented in Appendix B.3 via a careful iterative stationary phase
analysis. Indeed, we have to use (3) instead of (2) of Lemma 5.2, and the parameter U for
each stationary phase step has to be chosen carefully to yield a recursive structure.

Inserting the above bound into the bound of R�j .N / in Lemma 9.4, together with

D.k C 1/� 1; D0 � n1n2h1;0h2;0q
3
0q1;0q2;0

as in (9.14) and the last statement of Lemma 9.4 on D�C1.q
0
�C1; q

0
�C2/, we get, for any

� � 2,
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R�j .N /

�
t"

C 3=2
p
Nj

sup
kˇk2D1

sup
ju1j�1

²Z
ju2j�1

X
n0;r

X
q0

XX
q1;0;q2;0jq

1
0

X
q0jn1jq

1
0

X
Q1QS�jq

0
1
j�Q1QBX

� � �

X
QS�jq

0
2
j;:::;jq0� j�QB

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1

XX
q�C1Dn0q0q2;0q

0
�C1

r�0C

q�C2Dn0q0q2;0q
0
�C2

r�0C

q0
�C1
�q0

�C2
mod h0

2� p
h1;0h2;0C

n20n1n
0h01q

2
0q1;0q2;0r

2

�2��1
n0h
0
2r

n1n
3=2
2 h

3=2
1;0 h2;0q1;0C

��1Y
jD1

jqj j
2��j�1

jˇ.q�C1; h2; u2/j

� jˇ.q�C2; h2; u2/jdu2.n
0h01/

2��1�1=2
�q
n0h01ı.���2/C 1

�
n1n2h1;0h2;0q

3
0q1;0q2;0

�

�Y
jD2

�
1C

.NjN/
1=3n0n

0h1h2q0q2;0rq
min ¹q00u W 1 � u � j � 1ºq

00
j C

2

�2��j

�
.n1n2h1;0h2;0q0q

2
1;0/

2��2.n0n
0h1h2q0q2;0r/

2��1�1=2

q02
��2

1 q02
��3

2 � � � q02
�1

� C 2
��1�1=2

³2��
C

�X
`D1

B`

with .���2/ as defined in Lemma 9.4. Recall the definition ofQB in (9.12). Applying the
AM-GM inequality

jˇ.q�C1; h2; u2/ˇ.q�C2; h2; u2/j � jˇ.q�C1; h2; u2/j
2
C jˇ.q�C2; h2; u2/j

2

and the same counting argument as in (7.12) implies that the above is

R�j .N /�

t"

C 3=2
p
Nj

² X
n�CN1=3t"=N

2=3

j

n2
��1�1=2

p
C

�
Ct

N

�2��nN 1=3
j t2

N 5=3

�2��1�3=2�
Ct

N
C C

�³2��

C � sup
1�`��

B` �

p
Ct2C"C99=2

�

NjN 3=2
C � sup

1�`��

B` (9.28)

for N � t1�".

Remark 9.6. To get the above bound in the first line, first observe that the worst case
scenario for q0j is when q02; : : : ; q

0
� are as large as possible, and jq01j is either 1 or as large

as possible.

9.6. Bound for Rj .N /

Recall the definition of Rj .N / in Lemma 9.1, and the definition of B` in (9.18) and in
Lemma 9.4. Taking � D t" in (9.28) and combining it with the bounds (9.1), (9.2) and
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(9.4) we get, for N � t1�",

Rj .N /� t"
²

1

C 2H
C

Ht

CN
1=3
j N 4=3

C
t

NjN

�
1C

C 2

.NjN/1=3
C
CN

Ht

�
ı.Nj � C 2t"/

C

p
t

p
CHN

5=6
j N 1=3

�
1C

CN

Ht

�
ı

�
Nj �

C 3=2N 2

.Ht/3=2
t"
�
C

p
Ct2

NjN 3=2

C
t

.NjN/5=6
C

t1=4

N
5=6
j N 1=3

C
t5=4

NjN
C

C 3=4t5=4

.NjN/13=12

C sup
2�`�t"

p
Ct2

NjN 3=2

²
N
2=3
j N 8=3

C 3t7=2

�
1C

C 2t2

N
2=3
j N 5=3

��
Ct

N
C

C 2

.NjN/1=3

�³2�`
: (9.29)

10. Final bound

We choose Q such that N
t1�"

< Q < Np
Ht
t". Inserting (9.29) into Lemma 9.1, the condi-

tionsN=t1C"� C �Qt", t1=2C"�H �Nt"=M , t1=2C"�M � t1�",N � t3=2C",
N1 � N

2X3=Q3 and N2 � .N 2=Q3 C .CHt/3=N 4/t" � N 2t"=Q3 (by the choice
of Q) imply

.S1;X .N /S2.N //
1=2

�
CM.N1N2/

2=3N 4=3

t1�"

²�
Ct

N1N
ı

�
N1 �

C 3t"

N

�
CR1.N /

�
R2.N /

³1=2
� t"

²
Q3M C

MHN 2

Q3
CQ5=3MN 1=3

�
1C

Q4=3

N 1=3
C
QN

Ht

�
C
Q5=4MN 2

.Ht/5=4

�
1C

QN

Ht

�
C
MN 3=2

p
Q
CQMN 3=4t1=4

C
p
QNMt

�
1C

N

Q5=4t7=8

�
1C

Q
p
t

N 3=4

���
Qt

N

�1=4
C
Q3=4

N 1=4

��³
;

including the case X D 0.
We choose Q D M 5=6H 1=3N 1=3=t3=4. Then Q satisfies N

t1�"
< Q < Np

Ht
t" when

H � N2

M5=2t3=4�"
. Inserting the bound into Theorem 6.2 and then using (6.3) we get, for

t1=2C" �M � t1�", N � t3=2C",
p
t C N2

M5=2t3=4�"
� H � Nt"

M
,

S˙M;H .N /

N
� t"

²
M 5=2

t3=4
C

t9=4

M 3=2
C

M 29=9

H 1=9t7=6
C
M 23=8t3=16

H 3=2
C
M 7=12t7=8

H 1=6

CM 3=2t1=8 C
M 5=4t5=8

N 1=6

³
:
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Remark 10.1. The optimal choice of Q presented above is determined by minimizing
MHN 2=Q3 C

p
QNMt restricted to Q < Nt"=

p
Ht .

Inserting the above bound together with the trivial bound (6.2) into Lemma 6.1, we
get

jL.1=2C i t; �/j2 � .log t /
�
1C

Z
R
U

�
v

M

�
jL.1=2C i t C iv; �/j2 dv

�
� t"

�
M 5=2

t3=4
C

t9=4

M 3=2
C sup

H

min
²
M 29=9

H 1=9t7=6
C
M 23=8t3=16

H 3=2
C
M 7=12t7=8

H 1=6
;MH

³
CM 3=2t1=8 C sup

N

min
²
M 5=4t5=8

N 1=6
; N

³�
� t"

�
M 5=2

t3=4
C
t9=4

M 3=2
C

M 3

t21=20
CM 7=4t3=40CM 9=14t3=4CM 3=2t1=8CM 15=14t15=28

�
� t"

�
t9=4

M 3=2
C

M 3

t21=20
CM 7=4t3=40 CM 15=14t15=28

�
:

The optimal choice of M is M D t2=3, which yields

jL.1=2C i t; �/j2 � .log t /
�
1C

Z
R
U

�
v

t2=3

�
jL.1=2C i t C iv; �/j2 dv

�
� t5=4C":

This completes the proof of Theorems 1.1 and 1.2.

Appendix A. Integral analysis

A.1. Stationary phase analysis of J0.m;m0; q1; q2; x1; x2/

Let x1; x2 be such that 'X .xj / ¤ 0 for j D 1; 2, with 'X as defined in (6.9). Recall from
(7.2) that

J0.m;m0; q1; q2; x1; x2/

D

Z 1
0

'.z/U�1

�
N1z

.m0q1/3
; m0q1; x1

�
U�1

�
N1z

.m0q2/3
; m0q2; x2

�
e

�
�
mN1z

m20q1q2

�
dz

and

U�1.a; b; c/ D

Z 1
0

U.w/U 0.a;Nw/w
�1=3e

�
�
cNw

bQ
C �13.aNw/

1=3

�
dw

for j D 1; 2 with U0 being a fixed flat function.
The oscillatory integral in U�1 has the phase function

f1.w/ D �
Nwxj

m0qjQ
C �13

�
N1Nwz

.m0qj /3

�1=3
:
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Differentiating gives us

f 01.w/ D �
Nxj

m0qjQ
C �1

�
N1Nz

.m0qj /3w2

�1=3
;

f 001 .w/ D � �1
2

3

�
N1Nz

.m0qj /3w5

�1=3
;

f
.j /
1 .w/� j

.N1N/
1=3

C
for any j � 2.

For X D 0, the support of '0.xj / yields Nxj
CQ
� t", and hence Lemma 5.2 (1) gives

us arbitrary savings unless

.N1N=C
3/1=3 � t" ” N1 � x

C 3t"

N
:

In such a case,U�1 is t"-inert. Now by repeated integration by parts in the z-integral in J0,
we get arbitrary savings unless

jmj � C 2t"=N1:

The function J0.m;m0; q1; q2; x1; x2/ is t"-inert when jmj � C 2t"=N1.
ForX ¤ 0, the support of 'X .xj / yields N jxj j

CQ
�
N jX j
CQ
� t", and Lemma 5.2 (1) gives

us arbitrary savings unless

�1X > 0 and
.N1N/

1=3

C
�
N jX j

CQ
� t":

In such a case, we have f 001 .w/� t". Computing the stationary phase point f 01.w0/ D 0,
we get

w0 D

s
N1Q3z

N 2jxj j3
and f1.w0/ D

2Nxjw0

m0qjQ
D 2

s
N1Qz

.m0qj /2jxj j
:

Hence for any A > 0, Lemma 5.2 (2) yields

U�1

�
N1z

.m0qj /3
; m0qj ; xj

�
D
ı.�1X > 0/p
f 001 .w0/

U2

�
N1Q

3z

N 2jxj j3

�
e

�
2

s
N1Qz

.m0qj /2jxj j

�
CO.t�A/

for some t"-inert function U2 2 C1c .Œ1=4; 25=4�/.
Write

U3

�
N1Q

3z

N 2jxj j3
; m0qj ; xj

�
D
.N1N/

1=6

p
C

1p
f 001 .w0/

U2

�
N1Q

3z

N 2jxj j3

�
:
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Then U3 is a t"-inert function supported on Œ1=4; 25=4� �R �R such that

U�1

�
N1z

.m0qj /3
; m0qj ; xj

�
D

p
C

.N1N/1=6
ı.�1X > 0/U3

�
N1Q

3z

N 2jxj j3
; m0qj ; xj

�
� e

�
2

s
N1Qz

.m0qj /2jxj j

�
CO.t�A/:

Inserting this back into (7.2) yields

J0.m;m0; q1; q2; x1; x2/

D
C

.N1N/1=3
ı.�1X > 0/

Z 1
0

'.z/U3

�
N1Q

3z

N 2jx1j3
; m0q1; x1

�
U3

�
N1Q3z

N 2jx2j3
; m0q2; x2

�
� e

�
2

s
N1Qz

.m0q1/2jx1j
� 2

s
N1Qz

.m0q2/2jx2j
�
mN1z

m20q1q2

�
dz:

Repeated integration by parts gives us arbitrary savings unless

jmjN1

m20q1q2
�

s
N1Q

C 2jX j
” jmj �

C
p
Qp

N1jX j
t" �

CQ2

NX2
t":

A.2. Stationary phase analysis of J.q1; q2; Ev /

Recall from (7.5) that

J.q1; q2; Ev / D

Z
R
'X .x1/g.m0q1; x1/�1.u1; m0q1; h1; x1/

�

Z
R
'X .x2/g.m0q2; x2/�1.u2; m0q2; h2; x2/

Z 1
0

'.z/U3

�
N1Q

3z

N 2jx1j3
; m0q1; x1

�
� U3

�
N1Q3z

N 2jx2j3
; m0q2; x2

�
e

�
2

s
N1Qz

m20q
2
1 jx1j

� 2

s
N1Qz

m20q
2
2 jx2j

�
mN1z

m20q1q2

�
dz

� e

�
N 2x1u1

m0q1QHt1�"
�

N 2x2u2

m0q2QHt1�"
C

tx1

2�h1Q
�

tx2

2�h2Q

�
dx2 dx1;

and U3 is some t"-inert function supported on Œ1=4; 25=4� �R �R. ConsiderZ
R
'X .x1/g.m0q1; x1/�1.u1; m0q1; h1; x1/U3

�
N1Q

3z

N 2jx1j3
; m0q1; x1

�
� e

�
2

s
N1Qz

m20q
2
1 jx1j

C
N 2x1u1

m0q1QHt1�"
C

tx1

2�h1Q

�
dx1

D X

Z
R
'.x1/g.m0q1; Xx1/�1.u1; m0q1; h1; Xx1/

� U3

�
N1Q

3z

N 2X3x31
; m0q1; Xx1

�
e.F1.x1// dx1:
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The phase function is

F1.x1/ D 2

s
N1Qz

m20q
2
1 jX jx1

C
N 2Xx1u1

m0q1QHt1�"
C

tXx1

2�h1Q
:

Recall that N1 � N 2X3=Q3 by the support of U3. Differentiating, we obtain

F 01.x1/ D �

s
N1Qz

m20q
2
1 jX jx

3
1

C
N 2Xu1

m0q1QHt1�"
C

tX

2�h1Q
;

F 001 .x1/ D
3

2

s
N1Qz

m20q
2
1 jX jx

5
1

�

p
N1Q

C
p
X
;

F
.j /
1 .x1/�j

p
N1Q

C
p
X

for any j � 2.

The stationary point x1;0 satisfying F 01.x1;0/ D 0 is

x1;0 D

�
2�h1

m0q1t

�2=3
Q.N1z/

1=3

jX j

�
1C

2�h1N
2u1

m0q1Ht2�"

��2=3
;

and

F1.x1;0/ D 3

s
N1Qz

m20q
2
1 jX jx1;0

D 3

�
N1tz

2�h1.m0q1/2

�
1C

2�h1N
2u1

m0q1Ht2�"

��1=3
:

Since X � CQt"=N , we have

F 001 .x1/ �

p
N1Q

C
p
jX j
�
N jX j

CQ
� t":

Together with (4.3), Lemma 5.2 (2) implies that there exists a t"-inert function Q̂ suppor-
ted on Œ1=4; 25=4� �R2 such that the x1-integral is equal to

X

Z
R
'.x1/g.m0q1; Xx1/�1.u1; m0q1; h1; Xx1/U3

�
N1Q

3z

N 2X3x31
; m0q1; Xx1

�
� e.F1.x1// dx1

D X

s
C
p
X

p
N1Q

t" Q̂

�
N1Q

3z

N 2X3
; m0q1; u1

�
g.m0q1; Xx1;0/

� e

�
3

�
N1tz

2�h1.m0q1/2

�
1C

2�h1N
2u1

m0q1Ht2�"

��1=3�
CO.t�A/

for any A > 0. Applying the same argument to the x2-integral, we find that there exists a
t"-inert function ˆ supported on Œ1=4; 25=4� �R4 such that J.q1; q2; Ev / equals
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CX5=2t"
p
N1Q

Z 1
0

'.z/ˆ

�
N1Q

3z

N 2X3
; m0q1; m0q2; u1:u2

�
g.m0q1; Xx1;0/

� g.m0q2; Xx2;0/e

�
3

�
N1tz

2�h1.m0q1/2

�
1C

2�h1N
2u1

m0q1Ht2�"

��1=3�
� e

�
�3

�
N1tz

2�h2.m0q2/2

�
1C

2�h2N
2u2

m0q2Ht2�"

��1=3
�
mN1z

m20q1q2

�
dz CO.t�A/

for any A > 0, and

xj;0 D

�
2�hj

m0qj t

�2=3
Q.N1z/

1=3

X

�
1C

2�hjN
2u

m0qjHt2�"

��2=3
for j D 1; 2. Note that xj;0 is flat with respect to z.

A.3. Stationary phase analysis of Jj .q1; q2; Ev /

Let nNj � C 2t". Recall the definition of Jj .q1; q2; Ev / in Lemma 9.1:

Jj .q1; q2; Ev / D

Z 1
0

'.z/ ĵ;�j .n0q1; n0q2; u1; u2/
�
g.n0q1; Xx1;0/g.n0q2; Xx2;0/

�2�j
� e

�
�3�0j

�
NjNz

.n0q1/3

�
n0q1t

2�h1N
C

Nu1

Ht1�"

��1=3
C 3�0j

�
NjNz

.n0q2/3

�
n0q2t

2�h2N
C

Nu2

Ht1�"

��1=3
�

nNj z

n20q1q2

�
dz:

The phase function, denoted F3.z/, equals

��0j 3

�
NjNz

.n0q1/3

�
n0q1t

2�h1N
C

Nu1

Ht1�"

��1=3
C �0j 3

�
NjNz

.n0q2/3

�
n0q2t

2�h2N
C

Nu2

Ht1�"

��1=3
�

nNj z

n20q1q2
:

Differentiating, we obtain

F 03.z/ D ��
0
j

�
NjN

.n0q1/3z2

�
n0q1t

2�h1N
C

Nu1

Ht1�"

��1=3
C �0j

�
NjN

.n0q2/3z2

�
n0q2t

2�h2N
C

Nu2

Ht1�"

��1=3
�

nNj

n20q1q2
;

F 003 .z/ D �
0
j

2

3

�
NjN

.n0q1/3z5

�
n0q1t

2�h1N
C

Nu1

Ht1�"

��1=3
� �0j

2

3

�
NjN

.n0q2/3z5

�
n0q2t

2�h2N
C

Nu2

Ht1�"

��1=3
;
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F
.j /
3 .z/�j .NjN/

1=3

�
1

n0q1

�
n0q1t

2�h1N
C

Nu1

Ht1�"

�1=3
�

1

n0q2

�
n0q2t

2�h2N
C

Nu2

Ht1�"

�1=3�
for any j � 2. The stationary point of F3.z/, denoted z0.n0q1; n0q2/, equals
p
N

n3=2Nj

�
��0jn0q2

�
n0q1t

2�h1N
C

Nu1

Ht1�"

�1=3
C �0jn0q1

�
n0q2t

2�h2N
C

Nu2

Ht1�"

�1=3�3=2
;

so that

F3.z0.n0q1; n0q2// D
2nNj z0

n20q1q2
D 2

r
N

n

�
��0j

�
q2t

2�h1q1N

�
1C

2�h1N
2u1

n0q1Ht2�"

��1=3
C �0j

�
q1t

2�q2h2N

�
1C

2�h2N
2u2

n0q2Ht2�"

��1=3�3=2
:

By (4.3) and the fact that xj;0 is flat with respect to z and nNj � C 2t", Lemma 5.2 (1)
gives us arbitrary savings unless

F 003 .z/ � nNj =C
2
� t":

Hence Lemma 5.2 (2) yields

Jj .q1; q2; Ev / D
Cp
nNj

�
g.n0q1; Xx1/g.n0q2; Xx2/

�2�j
ˆ2
�
z0.n0q1; n0q2/; q1; q2I �

�
� e.F3.z0.n0q1; n0q2///CO.t

�A/

for any A > 0, with some flat function ˆ2 supported on Œ1=2; 5=2� �R7, and

xj WD xj .z0.n0q1; n0q2//

D

�
2�hj

n0qj t

�2=3
Q.N1z0.n0q1; n0q2//

1=3

X

�
1C

2�hjN
2u

n0qjHt2�"

��2=3
for j D 1; 2.

A.4. Stationary phase analysis of (9.13)

Here we analyse the y-integralZ 1
0

‡.y/‰.Cy;q2;q3/e

�
F3.z0.Cy;q2//�F3.z0.Cy;q3//�

q01Cy

n0nh1h2q
2
0q
2
1;0q2;0r

�
dy

in (9.13) when jq01j � Q1QS with

QS D
n0q0q2;0rC

3t2C"

n1n.NjN/4=3
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as defined in (9.17). Recall that

G.y; z/ D Gh1;h2.y; z/ D F3.z0.Cy; Cz//

D

r
2t

�n

�
��0j

�
z

h1y
C
2�N 2u1z

CHt2�"y2

�1=3
C �0j

�
y

h2z
C
2�N 2u2y

CHt2�"z2

�1=3�3=2
:

Lemma A.1 gives us

@G

@y

�
y;
q

C

�
D �0j

r
t

2�n

�
��0j

�
q

h1Cy
C

2�qN 2u1

C 2Ht2�"y2

�1=3
C �0j

�
Cy

h2q
C
2�CN 2u2y

q2Ht2�"

�1=3�1=2
�

²�
q

h1Cy4
C

2�qN 2u1

C 2Ht2�"y5

�1=3
C

�
C

h2qy2
C
2�CN 2u2

q2Ht2�"y2

�1=3
C

2�qN 2u1

C 2Ht2�"y3

�
q

h1Cy
C

2�qN 2u1

C 2Ht2�"y2

��2=3³
:

Using (9.11) to bound the derivatives of ‰ (see (9.8) for the definition of ‰) and
applying Lemma 5.2 (1) to the y-integral gives us arbitrary savings unless there exists
y0 2 Œ1 � 10�9; 1C 10�9� such that z0.Cy0; qj / � 1 for j D 1; 2 and

d

dy

ˇ̌̌̌
yDy0

�
G

�
y;
q2

C

�
�G

�
y;
q3

C

��
�

C 2N 2=3t"

n2N
4=3
j

:

Note that for any y such that z0.Cy; q/ � 1, together with the condition n � NS �
CN4=3

N
2=3

j
Ht1�"

, we have

ˇ̌̌̌
��0j q

�
Cty

2�h1N
C

Nu1

Ht1�"

�1=3
C �0jCy

�
qt

2�h2N
C

Nu2

Ht1�"

�1=3 ˇ̌̌̌
�
nN

2=3
j

N 1=3
;

H)

ˇ̌̌̌�
q

h1Cy
C

2�qN 2u1

C 2Ht2�"y2

�1=3
�

�
Cy

h2q
C
2�CN 2u2y

q2Ht2�"

�1=3 ˇ̌̌̌
�

nN
2=3
j

C 4=3t1=3
:

(A.1)

Hence when such a y0 exists, the bound for the derivative above impliesˇ̌̌̌��
q2

h1Cy0
C

2�q2N
2u1

C 2Ht2�"y02

�1=3
�

�
Cy0

h2q2
C
2�CN 2u2y

0

q22Ht
2�"

�1=3�
�

��
q2

h1Cy0
C

2�q2N
2u1

C 2Ht2�"y02

�1=3
C

�
Cy0

h2q2
C
2�CN 2u2y

0

q22Ht
2�"

�1=3
C

2�q2N
2u1

C 2Ht2�"y02

�
q2

h1Cy0
C

2�q2N
2u1

C 2Ht2�"y02

��2=3�2
�

��
q3

h1Cy0
C

2�q3N
2u1

C 2Ht2�"y02

�1=3
�

�
Cy0

h2q3
C
2�CN 2u2y

0

q23Ht
2�"

�1=3�



Short second moment bound and subconvexity for GL.3/ L-functions 4857

�

��
q3

h1Cy0
C

2�q3N
2u1

C 2Ht2�"y02

�1=3
C

�
Cy0

h2q3
C
2�CN 2u2y

0

q23Ht
2�"

�1=3
C

2�q3N
2u1

C 2Ht2�"y02

�
q3

h1Cy0
C

2�q3N
2u1

C 2Ht2�"y02

��2=3�2 ˇ̌̌̌
�

C 2N 2=3

n2N
4=3
j

n.NjN/
1=3

Ct1�"
D

CN

nNj t1�"
:

To simplify this condition, observe that the expression inside the absolute value can be
expressed as T2 � T3, where for suitable A;B;C;D,

Tj WD

�
q
1=3
j A1=3�q

�1=3
j

�
BC

C

qj

�1=3��
q
1=3
j A1=3Cq

�1=3
j

�
BC

C

qj

�1=3
Cq

1=3
j D

�2
D qj .AC 2A

2=3D C A1=3D2/C q
1=3
j .A2=3 �D2/

�
B C

C

qj

�1=3
�

1

q
1=3
j

.A1=3 C 2D/

�
B C

C

qj

�2=3
�
1

qj

�
B C

C

qj

�
:

Applying the mean value theorem, we can factor out q2 � q3 from the terms in T2 � T3,
simplifying which gives

jq2 � q3j �
C 3t"

nNj
: (A.2)

Moreover, (A.1) yieldsˇ̌̌̌
y2=3 �

�
h2q

2
2

h1C 2

�1=3 ˇ̌̌̌
�
nN

2=3
j

CN 1=3
CO

�
N

Ht1�"

�
; so

ˇ̌̌̌
y �

p
h2q2
p
h1C

ˇ̌̌̌
�
nN

2=3
j

CN 1=3
:

Here we have used jnj � CN4=3

N
2=3

j
Ht1�"

. Hence the y-integral is

�
nN

2=3
j t"

CN 1=3
ı

�
jq2 � q3j �

C 3t"

nNj

�
C t�A

for any A > 0.

A.5. Integral analysis involving GL.3/ Bessel functions

Lemma A.1. Let �D˙1 and let h1;h2;A1;A2;x;y be such that �. x
h2y

/1=3 � �. y
h1x

/1=3.
Let

g.x; y; h1; h2; A1; A2/ D

�
��

�
y

h1x
C
A1y

x2

�1=3
C �

�
x

h2y
C
A2x

y2

�1=3�3=2
:

Then
g.x; y; h1; h2; A1; A2/ D .�1/

3=2g.y; x; h2; h1; A2; A1/:
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Differentiating yields

gx.x; y; h1; h2; A1; A2/ D .�1/
3=2gy.y; x; h2; h1; A2; A1/

D
�

2x

�
��

�
y

h1x
C
A1y

x2

�1=3
C �

�
x

h2y
C
A2x

y2

�1=3�1=2
�

��
y

h1x
C
A1y

x2

�1=3
C

�
x

h2y
C
A2x

y2

�1=3
C
A1y

x2

�
y

h1x
C
A1y

x2

��2=3�
:

Lemma A.2. Let � D ˙1 and let h1; h2; x; y be such that �. x
h2y

/1=3 � �. y
h1x

/1=3. Let

f .x; y; h1; h2/ D

�
��

�
y

h1x

�1=3
C �

�
x

h2y

�1=3�3=2
:

Then

f .x; y; h1; h2/ D .�1/
3=2f .y; x; h2; h1/:

Differentiating yields

fx.x; y; h1; h2/ D .�1/
3=2fy.y; x; h2; h1/

D
�

2

�
��

�
y

h1x

�1=3
C �

�
x

h2y

�1=3�1=2��
y

h1x4

�1=3
C

1

.h2x2y/1=3

�
;

fxx.x; y; h1; h2/ D .�1/
3=2fyy.y; x; h2; h1/ D

1

12

�
��

�
y

h1x

�1=3
C �

�
x

h2y

�1=3��1=2�
9y2=3

h
2=3
1 x8=3

�
2

.h1h2/1=3x2
�

3

h
2=3
2 x4=3y2=3

�
;

fxy.x; y; h1; h2/ D

�
1

12

�
��

�
y

h1x

�1=3
C�

�
x

h2y

�1=3��1=2�
3

.h21x
5y/1=3

C
3

.h22xy
5/1=3

�
2

.h1h2/1=3xy

�
;

and

fxxy.x; y; h1; h2/ D
�

72

�
��

�
y

h1x

�1=3
C �

�
x

h2y

�1=3��3=2
�

�
9

h2xy2
C

43

h
2=3
1 h

1=3
2 x7=3y2=3

�
17

h
1=3
1 h

2=3
2 x5=3y4=3

�
27

h1x3

�
:

Define

G.x; y/ D Gh1;h2.x; y/ D

r
2t

�n
f .x; y; h1; h2/

as in the main sections. Then we have the following integral analysis lemmas.
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Lemma A.3. Let 1 � a; b; h1=H
0; h2=H

0 < 1 C 10�10. Fix ‡ 2 C1c .Œ1 � 10
�9;

1C 10�9�/ and letW be an X -inert function such thatW.y; a; b/ contains the restrictionˇ̌̌̌�
a

h1y

�1=3
�

�
y

h2a

�1=3 ˇ̌̌̌
�

ˇ̌̌̌�
b

h1y

�1=3
�

�
y

h2b

�1=3 ˇ̌̌̌
�

nN
2=3
j

C 4=3t1=3
: (A.3)

Let Z > 0 and let jq0j � X2

Z
t". Let

J D

Z 1
0

‡.y/W.y; a; b/e
�
G.y; a/ �G.y; b/ � q0Zy

�
dy

and let y0 be such that

Gx.y0; a/ �Gx.y0; b/ D q
0Z:

Let U �

r
nN

2=3

j

CN1=3q0Z
t" and let W0 2 C1c .Œ�2; 2�/ with W0.x/ D 1 for jxj � 1. Then

J D

Z 1
0

‡.y/W.y; a; b/W0

�
y � y0

U

�
e
�
G.y; a/ �G.y; b/ � q0Zy

�
dy CO.t�A/

for any A > 0. Moreover,

d jy0

daj
;
d jy0

dbj
�j

�
nN

2=3
j

CN 1=3
C
.NjN/

1=3

Cq0Z

�j
for any j � 1.

Proof. Since W is X -inert and jq0j � X2

Z
t", Lemma 5.2 (1) gives us arbitrary savings

unless there exists 1 � y0 < 1C 10�10 such that

d

dy

ˇ̌̌̌
yDy0

.G.y; a/ �G.y; b// D Gx.y
0; a/ �Gx.y

0; b/ � q0Z:

Applying the same analysis that concludes in (9.26) yields

ja � bj �
nN

1=3
j

N 2=3
q0Z: (A.4)

Differentiating once more with Lemma A.2 yields

d2

dy2
.G.y; a/ �G.y; b// D

r
t

72�n
.F.a/ � F.b//;

where F.x/ WD Gxx.y; x/ equals�
��

�
x

h1y

�1=3
C �

�
y

h2x

�1=3��1=2�
9x2=3

h
2=3
1 y8=3

�
2

.h1h2/1=3y2
�

3

h
2=3
2 x2=3y4=3

�
:
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We want to compute the bounds for the derivatives of G in order to apply the stationary
phase analysis of Lemma 5.2. Notice that

F 0.x/ D
�

6

�
��

�
x

h1y

�1=3
C �

�
y

h2x

�1=3��3=2
�

�
43

.h21h2x
2y7/1=3

C
9

h2x2y
�

27

h1y3
�

17

.h1h
2
2x
4y5/1=3

�
:

Moreover, the fact that . x
h1y

/1=3 � . y
h2x

/1=3 is increasing with respect to x for x; y > 0
together with (A.3) gives us

min
xDa;b

ˇ̌̌̌�
x

h1y

�1=3
�

�
y

h2x

�1=3 ˇ̌̌̌
�

ˇ̌̌̌�
x

h1y

�1=3
�

�
y

h2x

�1=3 ˇ̌̌̌
� max
xDa;b

ˇ̌̌̌�
x

h1y

�1=3
�

�
y

h2x

�1=3 ˇ̌̌̌
;

so ˇ̌̌̌�
x

h1y

�1=3
�

�
y

h2x

�1=3 ˇ̌̌̌
�

nN
2=3
j

C 4=3t1=3
(A.5)

for any x between a and b. Together with 1 � a; b; h1=H
0; h2=H

0 < 1 C 10�10;

1 � 10�9 � y � 1C 10�9 by assumption and the support of ‡ , we get

F 0.x/�

�
nN

2=3
j

C 4=3t1=3

��3=2�
Ct

N

��1
D

CN

n3=2Nj
p
t

for all x between a and b. Hence the mean value theorem yields

d2

dy2
.G.y; a/ �G.y; b// D

r
t

72�n
.F.a/ � F.b//

� min
min ¹a;bº�x�max ¹a;bº

r
t

72�n
jF 0.x/j ja � bj �

CN

n2Nj
ja � bj �

CN 1=3

nN
2=3
j

q0Z:

With similar analysis we obtain

d j

dyj
.G.y; a/ �G.y; b//�j

�
CN 1=3

nN
2=3
j

�j�1
q0Z for any j � 2.

Let y0 be as in the statement, i.e.

d

dy

ˇ̌̌̌
yDy0

.G.y; a/ �G.y; b// D Gx.y0; a/ �Gx.y0; b/ D q
0Z: (A.6)

Then Lemma 5.2 (3) yields the first statement.
For the second statement about the derivatives of y0, notice that differentiating (A.6)

yields
dy0

da
D

Gxy.y0; a/

Gxx.y0; b/ �Gxx.y0; a/
:
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The mean value theorem then implies that there exists some x0 between a and b such that

Gxx.y0; b/ �Gxx.y0; a/ D Gxxy.y0; x
0/.b � a/;

with Gxxy.y0; x
0/ computed with Lemma A.2 like F above. Then (A.4) and (A.5)

together with 1 � x0; a; b; h1=H 0; h2=H 0 < 1C 10�10; 1 � 10�9 � y0 � 1C 10�9 give

dy0

da
D

Gxy.y0; a/

.b � a/Gxxy.y0; x0/
D

6�

a � b

�
��

�
a

h1y0

�1=3
C �

�
y0

h2a

�1=3��1=2
�

�
3

.h21ay
5
0/
1=3
C

3

.h22a
5y0/1=3

�
2

.h1h2/1=3ay0

�
�

�
��

�
x0

h1y0

�1=3
C �

�
y0

h2x0

�1=3�3=2
�

�
43

.h21h2x
02y7/1=3

C
9

h2x02y0
�

27

h1y
3
0

�
17

.h1h
2
2x
04y50/

1=3

��1
�

N 2=3

nN
1=3
j q0Z

nN
2=3
j

C 4=3t1=3

�
Ct

N

�1=3
D
.NjN/

1=3

Cq0Z
:

Similar analysis yields

d jy0

daj
;
d jy0

dbj
�j

�
nN

2=3
j

CN 1=3

�j�
1C

N 2=3

nN
1=3
j q0Z

�j
D

�
nN

2=3
j

CN 1=3
C
.NjN/

1=3

Cq0Z

�j
:

Appendix B. Infinite Cauchy–Schwarz

B.1. Character sum analysis

Let a; b1; b2; b3; c; q1; q2 be integers such that .q1q2; c/ D 1 and c − b2; b3 with c being
square-free. Let

C.a; b1; b2; b3; c; q1; q2/ D
X?


 mod c

e

�
a


c

�
S.b1 � q1b2 C 
b2; b3.
 � q1/I c/

� S.b1 � q2b2 C 
b2; b3.
 � q2/I c/:

Lemma B.1. If q1 � q2 mod c or b1˙ b2.q1 � q2/� 0 mod c or b1 � q1b2 � 0 mod c
or b1 � q2b2 � 0 mod c, then

C.a; b1; b2; b3; c; q1; q2/� c2C":

Otherwise,

C.a; b1; b2; b3; c; q1; q2/� c3=2C":
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Proof. Write dj .
/ D gcd.b1 � qj b2 C 
b2; b3.
 � qj /; c/ for j D 3; 4. For the first
statement, applying the Weil bound to the two Kloosterman sums yields

C.a; b1; b2; b3; c; q1; q2/� c1C"
X?


 mod c

p
.d3.
/d4.
//� c2C":

For the second statement, we apply the method of [1]. Consider the Newton polyhed-
ron �.f / of

f .x; y; z/ D az C x.b1 � q1b2/C xz
�1b2 C x

�1zb3 � x
�1b3q1 C y.b1 � q2b2/

C yz�1b2 C y
�1zb3 � y

�1b3q2:

We have to consider two cases:

(1) a � 0 mod c, while the other coefficients of f are not 0 mod c.

(2) No coefficient of f is 0 mod c.

The Newton polyhedron �.f / for case (2) is illustrated in Figure 1. One can check that
the locus of @f�=@xD @f�=@yD @f�=@zD 0 is empty in ..Z=cZ/�/3 for any face � of the
Newton polyhedron�.f / that corresponds to any of the three cases unless q1� q2 mod c
or b1 ˙ b2.q1 � q2/ � 0 mod c.

In general, we can extend the above lemma to the following setting. Let � � 0 be an
integer and let I� � P .¹1; 2; : : : ; 2�º/ be the set defined by

I� D
®
¹2j C 1; 2j C 2º W 0 � j � 2��1 � 1

¯
[
®
¹2k.1C 4j /; 2k.3C 4j / W j; k � 0; 2k.3C 4j / � 2�º n ¹2��1; 2�º

¯
:

Let J� D ¹.j; S/ W 1 � j � 2� ; S 2 I� and j 2 Sº. Let a1; : : : ; a2� ; aS .S 2 I�/,
b1; b2; b3; c; q1; q2 be integers. Write aI� D ¹a1; : : : ; a2� ; aS W S 2 I�º and define

C�.aI� ; b1; b2; b3; c; q1; q2/

D

X?
� � �

X?

¹ j̨;S W .j;S/2J�º;ˇ1;ˇ2;
1;:::;
2� ;¹
S WS2I�º mod c

e

�
f�.˛J� ; ˇ1; ˇ2; 
I� /

c

�
with

f�.˛J� ; ˇ1; ˇ2; 
I� / D

2�X
jD1

aj 
j C
X
S2I�

aS
S

C

X
.j;S/2J�

�
j̨;S .b1 � 
Sb2 C 
j b2/C j̨;S .
j � 
S /b3/

�
ˇ1.b1 � q1b2 C 
2��1b2/

C ˇ1.
2��1 � q1/b3/C ˇ2.b1 � q2b2 C 
2�b2/C ˇ2.
2� � q2/b3/;

and the notation ˛J� D ¹ j̨;S W .j; S/ 2 J�º and 
I� D ¹
1; : : : ; 
2� ; 
S W S 2 I�º.
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Lemma B.2. With notations as above, let a1; : : : ; a2� ; aS .S 2 I�/, b1; b2; b3; c; q1; q2 be
integers such that .q1q2; c/ D 1 and c − b2; b3. If q1 � q2 mod c or b1 ˙ b2.q1 � q2/ �
0 mod c or b1 � q1b2 � 0 mod c or b1 � q2b2 � 0 mod c, then

C�.aI� ; b1; b2; b3; c; q1; q2/� c2
�C1C":

Otherwise,

C�.aI� ; b1; b2; b3; c; q1; q2/� c2
�C1�1=2C":

Proof. We apply the same method as in the proof of Lemma B.1.
For the second statement, we apply the method of [1]. Studying all the cases where

each aj ; aS for 1 � j � 2� ; S 2 I� can be 0 mod c or not, one can check that the
locus of @f��=@xj D 0 for all 1 � j � 2�C2 � 1 is empty in ..Z=cZ/�/2

�C2�1 for any
face � of the Newton polyhedron �.f�/ that corresponds to any of the three cases unless
q1 � q2 mod c or b1 ˙ b2.q1 � q2/ � 0 mod c.

For the first statement, we use induction. Note that � D 0 is precisely the statement of
Lemma B.1. Notice that

C�.aI� ; b1; b2; b3; c; q1; q2/ D
X?



2��2;3�2��2

e

�
a¹2��2;3�2��2º
¹2��2;3�2��2º

c

�
� C��1.aI��1 ; b1; b2; b3; c; 
2��2;3�2��2 ; q1/

� C��1.a
0
I��1

; b1; b2; b3; c; 
2��2;3�2��2 ; q2/;

with appropriate choices of aI��1 and a0I��1 given aI� . Hence we have

C�.aI� ; b1; b2; b3; c; q1; q2/

�

X?



2��2;3�2��2

mod c

jC��1.aI��1 ; b1; b2; b3; c; 
2��2;3�2��2 ; q1/j

� jC��1.a
0
I��1

; b1; b2; b3; c; 
2��2;3�2��2 ; q2/j:

For j D 1; 2, write .�j / as the condition ¹
2��2;3�2��2 � qj mod c or b1 ˙

b2.
2��2;3�2��2 � qj / � 0 mod c or b1 � 
2��2;3�2��2b2 � 0 mod c or b1 � qj b2 �
0 mod cº. By induction hypothesis, we have

jC��1.aI��1 ; b1; b2; b3; c; 
2��2;3�2��2 ; qj /j � c2
��1=2C".

p
cı.�j /C 1/:

Hence

C�.aI� ; b1; b2; b3; c; q1; q2/�
X?



2��2;3�2��2

mod c

c2
�C1�1C"

Y
jD1;2

.
p
cı.�j /C 1/;

which yields the desired result.

B.2. Proof of Lemma 9.4

We argue by induction. Note that B2 coincides with the definition in (9.27) and the state-
ment for � D 2 is proved in the previous subsection. Assume the statement is true for
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� D k. Then

S2.N /
�
� jAkj C

kX
jD1

Bj ;

with Ak , B1, . . ., Bk defined as in Lemma 9.4. Notice that by the same counting argument
as in (7.12),

sup
kˇk2D1

X
qkC1�C

XXXX
n0q0q2;0q

0
kC1

rDqkC1

q2;0jq
1
0

X
q1;0�C

q1;0jq
1
0

X
q0jn1jq

1
0

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

X
n0�NB

XX
h0
1
;h0
2
�H 0

X
0<jq0

1
j�Q1QB

X
� � �

X
0<jq0

2
j;:::;jq0

k
j�QB

1

n1n
3=2
2 n0h

3=2
1;0 h2;0h

0
1q0q1;0q2;0jq

0
1 � � � q

0
k
j

�

Z
ju2j�1

jˇ.qkC1; h2; u2/j
2 du2

X

 mod n1n2h1;0h2;0q0q1;0q2;0

ˇ̌̌̌
D.k/

X?

ˇ1 mod q0q1;0X?

ˇ2 mod q0q2;0

ı

�
��j

n

q0
� ˇ1h1q2;0
q

0
kC1 C ˇ2h2q1;0
q

0
kC1 mod q0q1;0q2;0

�ˇ̌̌̌2
� t":

Recalling the definition of D0 in (9.14), and applying the Cauchy–Schwarz inequality to
take out the n; n0; q0; q1;0; q2;0; q01; q

0
2; h1; h2-sums, the 
 -sum in D0 and the u2-integral,

we get, for the same fixed ‡ 2 C1c .Œ1 � 10
�9; 1C 10�9�/ as before,

Ak �
t"

C 3=2
p
Nj

sup
kˇk2D1

sup
ju1j�1

²Z
ju2j�1

X
n0

X
q0

XX
q1;0;q2;0jq

1
0

X
q0jn1jq

1
0

X
rX

Q1QS�jq
0
1
j�Q1QB

X
� � �

X
QS�jq

0
2
j;:::;jq0� j�QB

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1X

qkC1Dn0q0q2;0q
0
kC1

r

‰

�
qkC1

C

� XX
qkC2Dn0q0q2;0q

0
kC2

r�0C

qkC3Dn0q0q2;0q
0
kC3

r�0C

q0
kC1
�q0

kC2
�q0

kC1
mod h0

2

� p
h1;0h2;0C

n20n1n
0h01q

2
0q1;0q2;0r

2

�2k

�

�
n0h
0
2r
Qk�1
jD1 jqj j

2k�j�1

n1n
3=2
2 h

3=2
1;0 h2;0q1;0C

�2
n1n

3=2
2 n0h

3=2
1;0 h2;0h

0
1q0q1;0q2;0jq

0
1 � � � q

0
kj

� ˇ0.qkC2; h2; u2/ˇ0.qkC3; h2; u2/DkC1.q
0
kC1; q

0
kC2/DkC1.q

0
kC1

; q0
kC3

/

�D 00.q
0
kC2

; q0
kC3

/IkC1.q
0
1; : : : ; q

0
k ; qkC1; qkC2/

� IkC1.q
0
1; : : : ; q

0
k
; qkC1; qkC3/ du2

³2�k�1
:
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Note that Dk is defined mod n0h01. Applying Poisson summation to the q0
kC1

-sum
gives

X
q0
kC1

‡

�
n0q0q2;0q

0
kC1

r

C

�
DkC1.q

0
kC1; q

0
kC2/DkC1.q

0
kC1

; q0
kC3

/

� ı.q0kC1 � q
0
kC2 � q

0
kC3 mod h02/IkC1.q

0
1; : : : ; q

0
k ; qkC1; qkC2/

� IkC1.q
0
1; : : : ; q

0
k
; qkC1; qkC3/

D
C

n0n0h
0
1h
0
2q0q2;0r

X
q0
kC1

X

 mod n0h0

1
h0
2

DkC1.
; q
0
kC2/DkC1.
; q

0
kC3

/

� ı.
 � q0kC2 � q
0
kC3 mod h02/e

�

q0
kC1

n0h01h
0
2

�
�

Z 1
0

‡.y2kC1�1/IkC1.q
0
1; : : : ; q

0
k ; Cy2kC1�1; qkC2/

� IkC1.q
0
1; : : : ; q

0
k
; Cy2kC1�1; qkC3/e

�
�
q0
kC1

Cy2kC1�1

n0n0h
0
1h
0
2q0q2;0r

�
dy2kC1�1:

For the character sum, the Chinese Remainder Theorem yields

X

 mod n0h0

1
h0
2

DkC1.
; q
0
kC2/DkC1.
; q

0
kC3

/ı.
 � q0kC2 � q
0
kC3 mod h02/e

�

q0
kC1

n0h01h
0
2

�

D e

�
qkC10q

0
kC2

n0h01

h02

�
ı.q0kC2 � q

0
kC3 mod h02/

�

X

 mod n0h0

1

DkC1.
; q
0
kC2/DkC1.
; q

0
kC3

/e

�

q0
kC1

h02

n0h01

�
D D.k C 1/DkC2.q

0
kC2; q

0
kC3/ı.q

0
kC2 � q

0
kC3 mod h02/:

For the integral, note that the phase function in the y2kC1�1-integral is

.�1/kC1.G.y2k�1�kC1; y2kC1�1/ �G.y2kC2k�1�k ; y2kC1�1// �
q0
kC1

Cy2kC1�1

n0n0h
0
1h
0
2q0q2;0r

:

Hence repeated integration by parts gives us arbitrary savings unless jq0
kC1
j � QB .

Let BkC1 be the contribution of jq0
kC1
j �QS including the case q0

kC1
D 0. Then the

above analysis yields

S2.N /
�
� jAkC1j C

kX
jD1

Bj C QBkC1;

with AkC1;B1; : : : ;Bk as defined in the statement and
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QBkC1 WD
t"

C 3=2
p
Nj

� sup
kˇk2D1

sup
ju1j�1

²Z
ju2j�1

X
n0

X
q0

XX
q1;0;q2;0jq

1
0

X
q0jn1jq

1
0

X
r

X
Q1QS�jq

0
1
j�Q1QBX

� � �

X
QS�jq

0
2
j;:::;jq0

k
j�QB

X
jq0
kC1
j�QS

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1XX

qkC2Dn0q0q2;0q
0
kC2

r�0C

qkC3Dn0q0q2;0q
0
kC3

r�0C

q0
kC2
�q0

kC3
mod h0

2

� p
h1;0h2;0C

n20n1n
0h01q

2
0q1;0q2;0r

2

�2k
n0h
0
2r

n1n
3=2
2 h

3=2
1;0 h2;0q1;0C

�

kY
jD1

jqj j
2kC1�j�1D.k C 1/ˇ0.qkC2; h2; u2/ˇ0.qkC3; h2; u2/

�DkC2.q
0
kC2; q

0
kC3/D

0
0.q
0
kC2; q

0
kC3/IkC2.q

0
1; : : : ; q

0
kC1; qkC2; qkC3/ du2

³2�k�1
:

Applying Lemma 9.3 with � D 0 to the y2kC1�1-integral, then � D 1 (2k � 2 times) to
the remaining integrals, followed by the final statement on the single integral left after the
process, we get, for jq0

kC1
j � QS ,

IkC2.q
0
1; : : : ; q

0
kC1; qkC2; qkC3/�

C 2t"

nNj

�
C

.NjN/1=3
C

CN 1=3

p
ntN

2=3
j

�2k�2
� ı.jqkC2 � qkC3j �

�
C 2

.NjN/1=3
C

C 2N 1=3

p
ntN

2=3
j

/t"
�
C t�A

for any A > 0. The fact that every use of Lemma 9.3 will truncate the difference between
two variables of integration and finally truncate the difference between q0

kC2
; q0
kC3

can
be seen by noticing that every integral yi appears in some G.�; �/ in the phase function of
the .2kC1 � 1/-fold integral twice and no two of them appear in the same G.�; �/. Also,
the way qkC2; qkC3 is constructed through iterations of the Cauchy–Schwarz inequality
shows that the truncation between them occurs at last.

On the other hand, notice that the character sum DkC2 is exactly of the form defined
before Lemma B.2. Indeed, we have

DkC2.q
0
kC2; q

0
kC3/ D Ck�1

�
aIk�1 ; q

0
1n1n2h1;0h2q0q1;0q2;0; �j q1;0n1n2h2q2;0;

�j q2;0n1n2h1;0q1;0; n
0h01; q

0
kC2; q

0
kC3

�
;
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with aIk�1 being an appropriate sequence of numbers consisting of q0jh
0
2. Hence Lemma

B.2 gives us

DkC2.q
0
kC2; q

0
kC3/� .n0h01/

2k�1=2t"
�q
n0h01ı.�k�1/C 1

�
;

where �k�1 is the condition

�k�1 D
®
q0kC2 � q

0
kC3 mod n0h01

or q01q0q1;0 ˙ h1q1;0.q
0
kC2
� q0

kC3
/ � 0 mod n0h01

or q01q0q1;0 � �jh1q1;0q
0
kC2
� 0 mod n0h01

or q01q0q1;0 � �jh1q1;0q
0
kC3
� 0 mod n0h01

¯
:

This proves the last statement of the lemma.
Together with D.k C 1/� 1 and D0 � n1n2h1;0h2;0q

3
0q1;0q2;0 as in (9.14), this

yields

QBkC1 �
t"

C 3=2
p
Nj

sup
kˇk2D1

sup
ju1j�1

²Z
ju2j�1

X
n0

X
q0

XX
q1;0;q2;0jq

1
0

X
q0jn1jq

1
0

X
rX

Q1QS�jq
0
1
j�Q1QB

X
� � �

X
QS�jq

0
2
j;:::;jq0

k
j�QB

X
jq0
kC1
j�QS

XXX
n2h1;0h2;0�-full
h2;0j.n2h1;0/

1

.n2;q0/D1

XXX
NS�nDn1n2n

0�NB
h1Dh1;0h

0
1
;h2Dh2;0h

0
2
�0H

0

n0h0
1

�-free;.n0
1
h0
1
;h0
2
/D1

.n0h0
1
h0
2
;n1h1;0h2;0q0/D1XX

qkC2Dn0q0q2;0q
0
kC2

r�0C

qkC3Dn0q0q2;0q
0
kC3

r�0C

q0
kC2
�q0

kC3
mod h0

2

jqkC2�qkC3j�.
C2

.NjN/
1=3
C C2N1=3
p
ntN

2=3
j

/t"

� p
h1;0h2;0C

n20n1n
0h01q

2
0q1;0q2;0r

2

�2k
n0h
0
2r

n1n
3=2
2 h

3=2
1;0 h2;0q1;0C

�

kY
jD1

jqj j
2kC1�j�1

jˇ.qkC2; h2; u2/j

� jˇ0.qkC3; h2; u2/jn1n2h1;0h2;0q
3
0q1;0q2;0.n

0h01/
2k�1=2t"

�q
n0h01ı.�k�1/C 1

�
�
C 2

nNj

�
C

.NjN/1=3
C

CN 1=3

p
ntN

2=3
j

�2k�2
du2

³2�k�1
:

Recall the definition of QS ;QB in (9.17) and (9.12). Applying the AM-GM inequality

jˇ.qkC2; h2; u2/ˇ.qkC3; h2; u2/j � jˇ.qkC2; h2; u2/j
2
C jˇ.qkC3; h2; u2/j

2

and the same counting argument as in (7.12) yields
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QBkC1 �
t"

C 3=2
p
Nj

�

²
C 2

kC1

Nj

X
n�CN1=3t"=N

2=3

j

n�3=2
�
nN

1=3
j t2

N 5=3

�2kC1�2�
1C

C 3t2

n.NjN/4=3

�r
Ct

N

�

�
Ct

N„ƒ‚…
qkC2DqkC3

C
C 2

.NjN/1=3
C

C 2N 1=3

p
ntN

2=3
j„ ƒ‚ …

qkC2¤qkC3

��
C

.NjN/1=3
C

CN 1=3

p
ntN

2=3
j

�2k�2³2�k�1

�

p
Ct2C"

NjN 3=2

²
N
2=3
j N 8=3

C 3t7=2

�
1C

C 2t2

N
2=3
j N 5=3

��
Ct

N
C

C 2

.NjN/1=3

�³2�k�1
:

B.3. Proof of Lemma 9.5

Recall that the relevant integral is defined recursively by

I�C1.q
0
1; : : : ; q

0
� ; q�C1; q�C2/ D

Z 1
0

‡.y2��1/I�.q
0
1; : : : ; q

0
��1; Cy2��1; q�C1/

� I�.q
0
1; : : : ; q

0
��1; Cy2��1; q�C2/e

�
�

q0�Cy2��1

n0n0h1h2q0q2;0r

�
dy2��1

with

I3.q
0
1; q
0
2; q3; q4/ D

Z 1
0

‡.y3/I2.q
0
1; Cy3; q3; q4/e

�
�

q02Cy3

n0n0h1h2q0q2;0r

�
dy3

D

Z 1
0

‡.y3/

Z 1
0

‡.y1/‰.Cy1; Cy3; q3/e

�
G.y1; y3/ �G

�
y1;

q3

C

�
�

q01Cy1

n0nh1h2q
2
0q
2
1;0q2;0r

�
dy1

�

Z 1
0

‡.y2/‰.Cy2; Cy3; q4/e

�
�G.y2; y3/CG

�
y2;

q4

C

�
C

q01Cy2

n0nh1h2q
2
0q
2
1;0q2;0r

�
dy2e

�
�

q02Cy3

n0n0h1h2q0q2;0r

�
dy3:

Recall the definition of G in (9.16). Applying Taylor expansion, we get

G.y; z/ D QG.y; z/C �.y; z/;

where

QG.y; z/ D

r
2t

�n

�
��0j

�
z

h1y

�1=3
C �0j

�
y

h2z

�1=3�3=2
and



Short second moment bound and subconvexity for GL.3/ L-functions 4869

�.y; z/ D

r
2t

�n

1X
jD1

aj

�
��0j

�
z

h1y

�1=3
C �0j

�
y

h2z

�1=3�3=2�j
�

�
��0j

�
z

h1y

�1=3 1X
`D1

b`

�
2�h1N

2u1

CHt2�"y

�`
C �0j

�
y

h2z

�1=3 1X
`D1

b`

�
2�h2N

2u2

CHt2C"z

�`�j
for some constants aj ; b` 2 R. Then e.�.y; z// is N3=2p

CnHt1�"
-inert and I3 simplifies to

I3.q
0
1; q
0
2; q3; q4/

D

Z 1
0

‡.y3/

Z 1
0

‡.y1/ Q‰.Cy1; Cy3; q3/e

�
QG.y1; y3/ � QG

�
y1;

q3

C

�
�

q01Cy1

n0nh1h2q
2
0q
2
1;0q2;0r

�
dy1

�

Z 1
0

‡.y2/ Q‰.Cy2; Cy3; q4/e

�
� QG.y2; y3/C QG

�
y2;

q4

C

�
C

q01Cy2

n0nh1h2q
2
0q
2
1;0q2;0r

�
dy2 e

�
�

q02Cy3

n0n0h1h2q0q2;0r

�
dy3;

where

Q‰.x; y; z/ D ‰.x; y; z/e.�.x; y/ � �.x; z//

is .1C CN1=3

nN
2=3

j

C
N3=2p
CnHt

/t"-inert by (9.11) and the above analysis of � .

Write q001 D q
0
1=Q1D q

0
1=n1n2h1;0h2;0q0q

2
1;0 and q00j D q

0
j for all 2� j � �. Note that

n� NS and jq00j j �QS ; this allows us to apply Lemma A.3 (2� � 1 times) to bound the
integral. (The lower bounds for q0j and n are needed so that the oscillation of Q‰ satisfies
the condition in Lemma A.3.) For 1 � j � �, we choose

Uj D

�
1C ı.j > 1/

�
1C

.NjN/
1=3n0n

0h1h2q0q2;0rq
min ¹q00u W 1 � u � j � 1ºq

00
j C

2

��s
n0n0h1h2q0q2;0r

q00j C

as the parameter U in Lemma A.3 for the 2��j integrals with q0j . We first apply the lemma
once to the integral with q0� , then twice to the two integrals with q02 and go on until we
apply it 2��1 times to the 2��1 integrals with q01. The choices of U are made so that the
conditions of Lemma A.3 are fulfilled in the next iteration.

Remark B.3. Explanation on the choice of Uj : Suppose we have applied Lemma A.3
to all the integrals involving q00� ; : : : ; q

0
k

. Then a number of functions of the form

W0.
yu�y0
Uj

/ is created, and they are t"

Uj
.1 C

.NjN/
1=3

Cq00
j
Z
/-inert by Lemma A.3, where

Z D C
n0n0h1h2q0q2;0r

. To apply Lemma A.3 to the integrals involving q0
k�1

, we need to
make sure U� ; : : : ; Uk are chosen such that

q00k�1Z �
t"

U 2j

�
1C

.NjN/
1=3

Cq00j Z

�2
for all k � j � �.
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Applying the above procedure and bounding the resulting integral trivially yields

I�C1.q
0
1; : : : ; q

0
� ; q�C1; q�C2/�� U

2��1

1 U 2
��2

2 � � �U� t
"

��

�Y
jD2

�
1C

.NjN/
1=3n0n

0h1h2q0q2;0rq
min ¹q00u W 1 � u � j � 1ºq

00
j C

2

�2��j

�
.n1q0q

2
1;0/

2��2.n0n
0h1h2q0q2;0r/

2��1�1=2

q02
��2

1 q02
��3

2 � � � q02
�1

� C 2
��1�1=2

t"

for any � � 2.
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