J. Eur. Math. Soc. 28, 4797-4871 (2026) DOI 10.4171/JEMS/1667

© 2025 European Mathematical Society
Published by EMS Press and licensed under a CC BY 4.0 license

JEMS

Keshav Aggarwal - Wing Hong Leung - Ritabrata Munshi

Short second moment bound and subconvexity for GL(3)
L -functions

Received November 7, 2022; revised February 15, 2025

Abstract. Let 7 be a Hecke cusp form for SL(3, Z). We bound the second moment average of
L(s, ) over a short interval to obtain the subconvexity estimate

L2+ it m) Ko (14 [1])3/471/8Fe,

This is the first time a short second moment has been used to obtain a subconvexity bound in a
higher rank group.

Keywords: subconvexity, delta method, short second moment, Voronoi summation.

Contents

1. Introduction and statement of result ... ......... .. ... . . .. i 4798
1.1. Statement of results and methodology . ......... ... .. ... ... .. .. ... ... 4800
NOTALONS .« v v e e et e e e e e e e e e e e e e e e e e 4803

2. Sketch of proof . . ... e 4803
2.1. Short second moment average and approximate functional equation . . . .. ...... 4803
22. Deltamethod . ...... ... . ... . .. . 4804
2.3. Dual summation formulas .. .......... ... .. .. . 4804
2.4. Cauchy-Schwarzinequality . . ... ... .. i 4805
2.5. Duality principle . . ... .. e 4805
2.6. Poisson summation formula . .. ... ... L L 4806
2.7. Diagonal termS . . . . oottt e e e e e 4806
2.8. Off-diagonal terms . . . . .. ..ot e 4806
2.9. Infinite Cauchy—Schwarz and Poisson summation . .. .................... 4807
2.10. Final calculations . . ... .. ... ... .. 4807

3. Preliminaries on automorphic forms . ......... ... . ... . i il 4808

Keshav Aggarwal: Department of Mathematics, Indian Institute of Technology Bombay, Mumbai
400076, India; keshav@math.iitb.ac.in

Wing Hong Leung: Department of Mathematics, Rutgers University, Piscataway, NJ 08854, USA;
joseph.leung @rutgers.edu

Ritabrata Munshi: Stat-Math Unit, Indian Statistical Institute, Kolkata 700108, India;
ritabratamunshi @ gmail.com

Mathematics Subject Classification 2020: 11F66 (primary); 11M41 (secondary).


https://creativecommons.org/licenses/by/4.0/
mailto:keshav@math.iitb.ac.in
mailto:joseph.leung@rutgers.edu
mailto:ritabratamunshi@gmail.com

K. Aggarwal, W. H. Leung, R. Munshi 4798

3.1. Approximate functional equation and Voronoi summation formula ........... 4808
3.2. Short second MOMENt AVETAZE .« . v v v v v v ettt e e e et e e et e e 4810
4. Preliminary lemmas ... ..... .. ... 4811
5. Stationary phase analysiS. . . . . ... 4812
6. Maincalculations . . . . ... o e e 4813
6.1. Ashortsecondmoment. .. .......... ... ...ttt 4813
6.2. Trivialbound . . . ... .. e 4814
6.3. Application of the deltamethod . ........... . ... ... . ... ... . ..., 4815
6.4. Dual summation formulas .. ...... ... .. .. . .. . 4815
6.5. Cauchy—Schwarz inequality and the duality principle . . . .. ................ 4820
7. Opening the square and Poisson summation for Sy x(N)...................... 4822
7.1. Opening the square and Poisson summation . . ......................... 4822
72. Bounding S1,0(N) . .ottt 4824
8. Opening the square and Poisson summation for So(N) .. ..... ... ... ........ 4827
9. Analysisof Sy x(N)and S2(N) .. ..o 4828
9.1. Diagonal contribution . . .. ...« ..t e 4829
9.2. Contributionwhennmissmall . ...... ... ... . ... . 4830
9.3. Integral analysis . . . . ..o ittt e 4831
9.4. Contribution when 7 is of intermediate size . ............. ... ... ... 4832
9.5. Contribution when mislarge . ........ ... ...ttt 4833
9.6. Boundfor R;(N) ... .. .. 4848
10. Finalbound . . . . . oot e 4849
Al Integral analySiS . . . .. oo e 4850
A.1. Stationary phase analysis of $o (7,70, G1,¢2, X1:X2) « « « « e e e vveei e 4850
A.2. Stationary phase analysis of F(g1,¢2, V) « « v oo i v vt 4852
A.3. Stationary phase analysis of §;(q1.42,0) ... ... 4854
A.4. Stationary phase analysis of (9.13) .. ... ... ... L 4855
A.5. Integral analysis involving GL(3) Bessel functions . ..................... 4857
B. Infinite Cauchy—Schwarz. . . .. ... .. e 4861
B.1. Character sum analysis . . . . ... ...ttt 4861
B.2. Proofof Lemma9.4 .. ... ... ... ... .. . 4863
B.3. Proofof Lemma 9.5 ... .. .. e 4868
References . . ... ... 4870

1. Introduction and statement of result

The problem of bounding automorphic L-functions on the central line Re(s) = 1/2 has
enthralled researchers for over a century. The first subconvexity bound was announced
by Littlewood in proceedings of the London Mathematical Society in 1921. Adopting a
method of Weyl for bounding exponential sums, Hardy and Littlewood proved that

C(1/2 + i) < (14 ey,

for any ¢ > 0. In contrast, the trivial (convexity) bound, a simple consequence of the
functional equation of the zeta function, yields the exponent 1/4 in place of 1/6. Com-
plete details of the proof of Hardy-Littlewood’s result appeared only later in a paper of
Landau [23]. The exponent 1/6, which is two-thirds of the convexity bound, is ‘funda-
mental’, and can be achieved using other methods, e.g. short moment computation of
Iwaniec [18] and high moment computation of Heath-Brown [14]. To go beyond 1/6,
the so-called Weyl bound, one needs deeper understanding of short exponential sums, as
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achieved systematically by van der Corput and others [13]. Accordingly the Weyl bound
has been breached, albeit mildly, dozens of times in the last hundred years, and the present
record due to Bourgain [9] states that

;(1/2 + lt) <<8 (1 + |[|)1/6—1/84+8.

The interest in such improvements lies not in the bound itself, but in the method that leads
to it. However, the strength of the bound documents the strength of the method, and as
such is an important marker.

The classical result of Hardy-Littlewood—Weyl was first extended to degree 2 L-
functions by Good [12] in the 1980s. For any holomorphic form f of full level, Good
established the bound

L(1/2+it, f) e (14 [2)1/3Te.

Since this L-function can be compared with the square of the Riemann zeta function, one
notices that the above exponent matches the Weyl exponent. Later the same bound was
established for Maass forms by Meurmann [27]. Around the same time Jutila [20] proved
the same result using more elementary means based on his study of exponential sums
twisted by GL(2) Fourier coefficients. More recently, Booker et al. [8] established the
Weyl bound for L-functions of holomorphic cusp forms for I'; (N) for any level N. This
was extended to degree 2 L-functions, of any level, nebentypus and spectral parameter by
the first author [2]. However, any improvement over this bound is yet to be achieved. The
recent joint work [15] of the third author with Holowinsky and Qi makes some progress
towards this important problem by establishing cancellation in very short sums (beyond
the Weyl range). Unfortunately, that work does not yield anything new in the generic
length (square root of the conductor), and hence one does not get a sub-Weyl bound for
the L-function.

The t-aspect subconvexity problem for degree 3 L-functions remained an important
open problem for a long time, till the breakthrough work of Li [24], who adopted the
method of Conrey and Iwaniec [10] to establish a subconvex bound for symmetric square
(self-dual) L-functions,

L(1/2+it,Sym? f) <se (1 + |e])11/16Fe,

Since non-negativity of central L-values plays a crucial role in the Conrey—Iwaniec
approach, it seems that Li’s method cannot be extended beyond self-dual forms. However,
the bound has been improved substantially. First McKee, Sun and Ye [26] established the
exponent 2/3, using the techniques of Li, but applying finer tools to deal with the expo-
nential integrals. This was further improved by Nunes [33] to 5/8, which doubles the
initial saving given by Li. Qi [34] extended the result to arbitrary number fields with the
same exponent of 5/8. Lin, Nunes and Qi [25] established the much stronger exponent
3/5 over the rationals, which is most likely the limit of the method in this set-up, but still
falls short of the Weyl exponent 1/2. Hybrid bounds have been obtained by Young [35]
and Khan—Young [21] by estimating the second moment of GL(3) x GL(2) L-functions.
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In the case of general non-self-dual degree 3 L-functions L(s, i), the first subconvex
bound was established by the third author [30] using the delta method,

L(/2+it,7) Lzppe (14 |t|)ll/16+a'

This was improved by the first author [3], who established the exponent 27/40 by apply-
ing the delta method with more careful analysis of the integral transforms. His exponent
is the limit of the delta method recipe in this context. There has been progress in prov-
ing a t-aspect subconvexity bound for Rankin—Selberg convolutions of GL(2) and GL(3)
L-functions. The third author [31] used the delta method to prove a subconvexity bound
for GL(3) x GL(2) L-functions. Recently, Blomer—Jana—Nelson [6] proved a f-aspect
Weyl-type bound for GL(2) x GL(2) L-functions by modifying the ideas of Bernstein—
Reznikov [4] and using the Kuznetsov trace formula.

In a recent preprint, Nelson [32] has announced a solution of the z-aspect subconvex-
ity problem for standard L-functions, regardless of its degree. This breakthrough work
is based on the period approach introduced in earlier landmark papers of Bernstein—
Reznikov [4] and Michel-Venkatesh [28]. For low degree L-functions, Nelson’s bound
is worse than what is already known. It is however understood that the method has the
potential to produce strong bounds even in the case of low degrees.

1.1. Statement of results and methodology

We now state our results and discuss the main ideas. Let = be a Hecke cusp form of type
(v1, v2) for SL(3, Z). Let the normalized Fourier coefficients be given by A(my,m3) (so
that A(1,1) = 1). The L-series associated with 7 is given by

L(s,m) = ZA(I,n)n_S for Re(s) > 1.
n>1
Our main result is the following theorem.

Theorem 1.1. Let w be a Hecke—Maass cusp form for SL(3, Z). Then for any ¢ > 0 and
tY2 < M < 1'% we have

(9/4 M3

t+M
: 2 € 7/4,3/40 15/14,15/28
/t_M IL(1/2 +iv,m)|"dv Lz et (M3/2+t21/20 + Mt + M t )

In particular, when M = t2/3, we have

t+12/3
/ IL(1/2 +iv, 1) > dv K 177478,
t

—42/3

The second moment average can be used to bound the L-function by modifying
Good’s arguments [12] (Lemma 3.5 below). We find that for any log? < M < t!7¢,

IL(1/2 + it, 7)> < (log t)(l +/ Uw/M)|L(1)2 + it + iv, m)? dv), (1.1)
R
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where U € C2°([1, 2]) is an appropriate bump function. This yields the following sub-
convexity bound.

Theorem 1.2. Let w be a Hecke—Maass cusp form for SL(3, Z). Then for any & > 0,
L(1/2+it, ) K t>/471/8Fe

Studying moments of L-functions is an important theme in modern analytic number
theory. The bound in Theorem 1.1 compares with the best known unconditional estim-
ate for the sixth moment of the Riemann zeta function, which follows from the work of
Ivi¢ [17]:

2T
/ 16(1/2 +it)|®dr <« T/*Fe.
T

Various results have been obtained by estimating the first and second moment of L-
functions in the last twenty years. This is the first time a short second moment has been
used to obtain a subconvex bound in higher rank.

Li [24] and subsequent works improving her subconvexity exponent consider the short
first moment of a family of GL(3) x GL(2) L-functions

T+M
> L(1/2,7{ij)+/ |L(1/2 +it, )| dt.
T—-M

ltj~T <M

Here the GL(3) form 7 is self-dual and fixed, and the average is taken over a family { f; }
of GL(2) forms with eigenvalues ¢;. In comparison, we consider a short second moment
of the L-function of a fixed GL(3) Hecke—Maass cusp form. The clear advantage is our
ability to take w not necessarily self-dual.

We briefly discuss the main ideas to highlight the novelty of our proof. We start by
using an approximate functional equation in (1.1) and execute the v-integral to obtain a
shifted sum twisted with an additive character,

SN ~M 3 S A mATn + h)e(%),

h~H n~N

with H going up to N '*¢/M . Next, we apply Duke—Friedlander—Iwaniec’s delta method
(Lemma 4.1) to separate the oscillations of the Fourier coefficients,

SNy ~M S Y A(l,n)e(zjr—hn) m;:v XL, m)8(m = n + h).

h~H n~N

The application of the delta method contributes Q2 additive frequencies of size 1 <
q < Q, where Q is a parameter to be chosen later. This is followed by applying dual
summation formulas to the n-, m- and h-sums. However, at this point, we diverge from
the ‘routine’ and apply a combination of the Cauchy—Schwarz inequality and the duality
principle. This allows us to change the lengths of summations inside the absolute-value
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squared obtained after applying the Cauchy—Schwarz inequality and may be considered
the first novelty of our proof.

The next step is to apply dual summation formulas to the new m- and n-sums followed
by stationary phase analysis of the various integral transforms. Although it is not novel,
one needs extreme care in this analysis. This brings us close to the convexity barrier.

The previous application of Cauchy—Schwarz and the duality principle had created
two copies of the /- and g-sums. The final steps involve applying the Poisson summation
formula to the new /1, h,-sum and the ¢1, ¢>-sum. However, we are faced with a unique
issue due to the duality principle. The g1, g>-sum has a structure of the form

wp Y ﬂ(qnﬂ(qz)e(ﬂ + b%)G(ql,qa

1B12=1 4 o0

where a, b are some integers, G is some function and S is a sequence of complex numbers
coming from the duality principle. While we would like to extract savings from the g1, g»-
sums, the presence of B is an obstacle. To overcome this, we apply the Cauchy—Schwarz
inequality to take out the ¢;-sum. This allows us to get rid of 8(¢;) and hence perform
Poisson summation in the g;-sum to obtain cancellations. If we stop the analysis here, the
character sum at this stage is a Kloosterman sum. Application of the Weil-Deligne bound
yields

19/4 M3

t+M
. 2 P 7/4,3/40 9/8.,9/16
/I_M ILA/2+it,m))?dt Knet (—M3/2 + e + M7 MO )

The optimal choice of the length of the second moment is M = ¢27/42

convexity bound

, giving the sub-

L(1/2+it,7) Kqgp 12148,

This already improves upon the best known exponent of 27/40 for a not necessarily
self-dual form obtained in [3], but we can do better. Since the above process did not make
use of the g,-sum, the previous Cauchy—Schwarz inequality created two copies of it, say
q>- and g3-sums. The same analysis is done for the g,-sum without using the g3-sum.
We can thus iterate the above process ad infinitum to get further savings. This may be
considered the second novelty of our proof.

We highlight that doing so results in increasingly complicated character sums. We
bound these exponential sums by using the methods due to Adolphson and Sperber [1]
obtained by their extension of Dwork’s cohomology theory from smooth projective hyper-
surfaces in characteristic p to a general class of exponential sums. The associated Newton
polyhedron after the first such application is depicted in Figure 1.

We also highlight that we need a careful application of the sophisticated tools
developed by Adolphson—Sperber because the size of the Newton polyhedron grows with
each application of the Cauchy—Schwarz inequality.
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Fig. 1. Newton polyhedron for the character sum in the base case

Notations

In the rest of the paper, we use the notation e(x) = ¢2**. For any real numbers a and b,
we write a ~ b to mean k; < |a/b| < k, for some absolute constants k1, k, > 0. For
j >0,a~jbmeans k; <a/b <k, butky,k, may depend on j. In certain places, we
will need to choose k; very close to 1 so that stationary phase analysis is simplified later.
Specifically, when we choose k1 = 1 and k, = 1 + 10719, we write @ ~¢ b. We use ¢
to denote an arbitrarily small positive constant that can change depending on the context.
For brevity, we assume ¢ > 0. Indeed, the same analysis holds for # < 0 by replacing #
with —¢ appropriately.

We will denote by U(x) and ¢(x) two compactly supported smooth weight functions
whose definitions can be revised based on the context. Fora > 1,C € Rand k € Z, we
refer to the intervals [a* C, a¥+1C] as dyadic intervals even though oo may not equal 2.

We say a function f is Z-inert if x =/ %f(x) & Z’ forany j > 0. We say f is
flat if it is 1-inert.

2. Sketch of proof

We expand upon the above discussion via a sketch of proof for Theorem 1.1. Let log? <
M < 1'7¢ be a parameter and U € C°([—2,2]) be such that U(x) = 1 for -1 < x < 1.

2.1. Short second moment average and approximate functional equation

By the approximate functional equation (3.1), it suffices to bound

o) 2
v —i(t+v n
S(N) ::/RU(M) nEZIA(l,n)n (+)V(ﬁ)‘ dv,
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where N < t3/2%¢ and V € C2([1,2]) may depend on ¢ and satisfies V) (x) < 1for
J = 0. Opening the square and integrating yields a shifted sum (Lemma 6.1),

S N
S(N) €« Mt®* +  sup M
H<Nte/M N

where the shifted sum is

Sua(N)~M > 3" A(L.mA(ln + h)e(%).

h~H n~N

For this sketch, we focus on the generic cases H = N/M, i.e. on Sy n/p (N).
We note that Lemma 3.6 gives us the trivial bound

Su.n/m(N) < N2te. 2.1)

2.2. Delta method

Next we apply the DFI delta method of Lemma 4.1 to detect m = n + h,

SuN/mM(N) ~ — Z Z Z A, n)e( ) Z A1, m)

1<q<Q q h~N/M n~N
* h— h—
oo g q R q0

For the purpose of this sketch, we focus on the generic case x ~ 1.

2.3. Dual summation formulas

After separating the variables with the delta method, we apply dual summation formulas.
Applying Poisson summation to the /#-sum, and Voronoi summation (Lemma 3.3) to the
m- and n-sums, we roughly get

MN*/3 A(m) A(n)
SM,N/M(N)NWz 2 X ik 2 R

q4~Q h~qt/N m&N2/Q3 ne N§+AQ/I3;t;/
x S(h,m;q)S(h,n;q) g e(frm, h,q,u) + fo(n,h,q,u)) du
u|K1

with the analytic oscillations being of size f1(m,h,q,u) ~ N/(qQ) and fo(n,h,q,u) ~
(nN)Y3/q. The variable u is a secondary oscillatory term that is created in the Voro-
noi summation of the n-sum. It does not have any significance in the generic case when
N ~ 13/ but we get a little extra saving when N is smaller and the main oscillatory terms
cancel out in the diagonal case. In the rigorous proof, we do not utilize the cancellations
in the integrals until later stages due to the fact that x can be smaller than 1. We choose
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0 < y/MN/t. Indeed to match the oscillation, we want to choose Q = /M N/t, but
we will choose Q smaller when N is small. Focusing on the generic case

N2 NZ Q3l3 N2
m~-— and n~—7%+4 —— ~—2,
03 03 " M3N Q3

we roughly have
M -
SN~ ) 3 ) Mm ) A
q~Q h~qt/N m~N2/Q3 n~N2/03

x S(h,m;q)S(h,n;q) Y e(film,h,qu) + fo(n,h,q,u))du,
ulK1

with the analytic oscillations being of size fi(m,h,q), fa(n,h,q) ~ %.

2.4. Cauchy—Schwarz inequality

Next we apply the Cauchy—Schwarz inequality to take out the ¢, i-sums and the u-
integral, giving us

Sun/m(N) K /8182,

where roughly

M — 2
Si~TE Y 2 /|u<<1‘ S Am)S(m:g)e(f(m.h.g.u)| du.

q~Q h~qt/N m~N2/03

Remark 2.1. Note that the g- and A-sums are shorter than the #- and m-sums. Therefore
it would have been beneficial to instead take out the n- and m-sums out of the absolute
value squared in the above step. However, our approach benefits by allowing us to separate
the n- and m-sums.

2.5. Duality principle

We apply the duality principle (Lemma 4.2) together with Lemma 3.6 to take the n- and
m-sums outside the absolute value squared and obtain

Yo D Stmg)

q~Q h~qt/N

x / B(g. haw)e(f; (m. h.q.u)) du
|lul<1

sup
Bll2=1 m~N2/Q3

S K

M
Q3t17€ I

2

We thus also get rid of the GL(3) Fourier coefficients, decreasing the complexity of the
problem at hand.



K. Aggarwal, W. H. Leung, R. Munshi 4806

2.6. Poisson summation formula

Opening the square and applying Poisson summation to the m-sum gives us roughly

A Q8,1 F o 122 > > > S(hi.y:q1)S(ha.v:q2)

q1,92~Q hi~q;t/N |m|<Q2./q1q2/N ¥y mod q142

Xe( )/ / B(q1. h1,u1)B(qa. ha, u2)
9192 ) Jluy|<1 Juz|<1

N? mNZ2y
X V(y)e — vy, hy1,q1,u1 | — — v, hy,qga,un | — dy duy du,.
/R o) (f(Q3y 1,41 1) f(Q3y 2:92 2) Q1Q2Q3) yauydup

Now we have a spectrum of cases depending on the size of m. For the sketch, we shall
focus on two extreme cases, the diagonal corresponding to m = 0, and the off-diagonal

where m ~ Q3/N is as large as possible. The other cases will yield bounds in between
these two cases.

2.7. Diagonal terms

For the diagonal m = 0, we essentially have ¢; = ¢2 (= ¢), h1 = hp and [u1 —uz| K 1‘{4—]@
In such a case, one can evaluate the y-sum and obtain the bound

3 Q 2 N 3[8
Qs ,1 € Q 03"
Here is the only place where we extract an extra saving coming from the secondary oscil-
latory terms having u;, u,. This is possible as the main oscillatory terms cancel out when

q1 = q2,h1 = hy. Moreover, we will see that £ N is less than 1 only when N is smaller
than the generic size #3/2 by our choice of Q.

2.8. Off-diagonal terms

For the off-diagonal where m ~ Q3/N, evaluating the y-sum and applying stationary
phase analysis to the y-integral gives us roughly

MN7/2
o5 oYY Blarh)Blga o)

~ m~Q3/N q1,q2~Q hy,ha~qt/N

mhiqa  mhy
x e(——lq2 - —Zm)e(F(m,hl,hz,ql,qz))
q1 q2
with F(m, h1,hs,q1,492) ~ N/Q?. Here we dropped the u1, u,-integral in the sketch as
we will just bound it trivially with ||8]|2 = 1. The bound at this point is

MN72 Q3 Q1
o5 % QQ— < MNP,
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We want to get a saving from the g;-sums. Assuming we are in the generic case
(91, 92) = 1 in this sketch, reciprocity gives us

MN7/2
I D DD D) DD D) DR LR NI

Bll2=1 m~Q3/N q1,92~Q hy,ho~qit/N

etz RO (B2 I 4 pon by hogr,go) ).
mh mho mhiqy  mhags

2.9. Infinite Cauchy—Schwarz and Poisson summation

We want to apply Poisson summation to the g1, g»-sums, but the  coefficients obtained
from the duality principle prevent us from doing so. To deal with the B coefficients, we
have to apply the Cauchy—Schwarz inequality to take out the ¢;-sum while leaving the
q>-sum inside the square. Applying Poisson summation afterwards to the ¢;-sum would

give us a saving of
old length 1/2 N2\ V4
new length Q1t?

in S1(N). The Cauchy—Schwarz process creates two copies of g-sum, say ¢, g3z-sums.
We then repeat the process of taking out the g,-sum, leaving the g3-sum inside the square
and applying the Poisson summation to the g,-sum. This gives us a saving of

N2 1/8
(en)

Remark 2.2. The above saving is a result of careful analysis of complicated exponential
sums, and we need to apply the Weil-Deligne bound via the result of Adolphson—Sperber
obtained by their extension of Dwork’s cohomology theory from smooth projective hyper-
surfaces in characteristic p to a general class of exponential sums.

Iterating this process v times for v sufficiently large yields a total saving of

N2\U4 N2\ 1/8 N2\ /2" N2\ /2
— x| — XX | — ~| = 1=t
0or? 0r? or? 0r?

and hence the contribution of m ~ Q3/N is bounded by

32,0 217\ Ite

2.10. Final calculations

As a result, assuming all other cases lie between the two cases sketched, we have, for

0 < /MNJ/1,

N3¢t
S; € ——

Q3 +M QNZ‘1+S,
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and hence

Su.n/m(N) < N2 n VOM!te
N Q3 N/

We choose QO = VM N?/3/t3/* « \/MN/t, giving us

Sy N/M (N) 19/4+e M5/445/8+¢
N M3/2 + N1/6

Together with the trivial bound in (2.1), we have

S N t9/4+s
m.N/m(N) <

N M3/2 + M 15/14415/28+e

MS5/4;5/8+e 19/4+e
+ min {Nﬁ, } <

N1/6 M3/2
The optimal choice is M = 12/3, which gives us the bound

Syu.n/m(N)

t5/4+s’
N <

and

v

IL(1/2 + i1, m)|* < (logt)(l +/ U(t2/3)|L(1/2+it+iv,n)|2dv)
R

Loe t5/4+a.

3. Preliminaries on automorphic forms

Let v be a Maass form for SL(3, Z), which is an eigenfunction for all the Hecke operators.
Let the Fourier coefficients be A(n1, 1), normalized so that A(1, 1) = 1. The Langlands
parameter (o1, @2, ®3) associated with 7 satisfies o1 + a2 + a3 = 0. The dual cusp form
7 has Langlands parameters (—o3, —otp, —o¢q). The L-function L(s, ) satisfies a func-
tional equation

y(s,m)L(s,7) =yl —s,7m)L(1 —s,7),

where y(s, ) and y(s, ) are the associated gamma factors. We refer the reader to Gold-
feld’s book on automorphic forms for GL(#, Z) [11] for the theory of automorphic forms
on higher rank groups.

3.1. Approximate functional equation and Voronoi summation formula

We are interested in bounding L(s, 7r) on the critical line Re(s) = 1/2. For that, we
approximate L(1/2 + it, ) by a smoothed sum of length #3/2*¢. This is known as the
approximate functional equation and is proved by applying the Mellin transformation to f
followed by using the above functional equation.
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Lemma 3.1 ([19, Theorem 5.3]). Let G(u) be an even, holomorphic function bounded in
the strip —4 < Re(u) < 4 and normalized by G(0) = 1. Then for s in the strip 0 <o <1,

Lis.m) = > A(lmn™Vy(n) + (( S)”)Zx(l ==V, ),
n>1 ’ n>1
where . Gtud)d
_ —u y(s +u.7) du
V) = 5 /(3)y G LD S

and y(s, ) is a product of certain T-functions appearing in the functional equation of
L(s, ).

Remark 3.2. On the critical line, Stirling’s approximation to y(s, 7) followed by integ-
ration by parts to the integral representation of Vj/,4;,(n) gives arbitrary savings for
n>> (14 |t])3/2+e.

One of the main tools in our proof is a Voronoi type formula for GL(3,7Z). Let h be
a compactly supported smooth function on (0, co), and let h(s) = fooo h(x)x*~! dx be
its Mellin transform. For 0 > —1 + max {— Re(«1), — Re(z), —Re(wz)} and a = 0, 1,

define
71,—3s—3/2 3 F( 1+s+o; +a)

Ya(s) = — _24 .
i D=5
Further set y1(s) = yo(s) Fiy1(s) and let
1 _ ~
He() = 5= [ 37 re)i(-s) ds. G
Tl J(o)

We need the following Voronoi type formula (see [5, 24,29]).
Lemma 3.3. Let h be a compactly supported smooth function on (0, 00). Then
A(n no) _ 3
Z A(Lme(an/@h(n) =q) ) Z S@.£n:q/no)He(njn/q?),
n=1 + nolgn=1
where (a,q) = 1 and aa = 1 mod q.

Stirling’s approximation of y (s) gives y+ (0 + it) < 1 + ||>°T3/2. Moreover, on
Re(s) = —1/2,

ye(=1/2+it) = (|tl/(en))* @4 (r),  where @ (7) < |¢[7".

Lemma 3.4 ([5, Lemma 6]). Let h be a compactly supported smooth function on [a,b] C
(0, 00) and Hy be defined as in (3.1). Then there exist constants y; depending only on
the Langlands parameters (a1, 02, a3) such that

Ha(x) = x /0 h(y) Z e ) dy + R,
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where
k

d
K R(x) < [[hl|ooxTE3,
dx

The implied constant above depends on a,b, a1, 0, a3,k and L.

3.2. Short second moment average

We bound the square of the L-function by a second moment average over a short interval
by following Good’s arguments [12].

Lemma 3.5, LetT/2 <t <T. Then

logT

IL(1/2+it,7))* < (logt)(l +[

IL(1/2 + it + iv, )P V"/? dv).
—log T

Proof. Letc = 1/logt fort > 10. By the residue theorem,

L>(1/2 +it, )
2 2
1 > . e’ 1 5 . e’
= — L=(1/2+it+s,7)—ds — — L=(1/2 4+ it +s,m)— ds.
2mi (c) N 2mi (—c¢) N
The functional equation for L(s, =) and Stirling’s approximation give
LA2—cH+i(t+v) < A+t +v*)LA/2+c+it +v)).

Therefore

[e0] 2

. 2 . 2 6 e’
[L(1/2+it,m)|* K /_OO [L(1/2+c+i(t+v)|"(1+ |t + v “)m dv.
(3.2)

Similarly, for 1/2 <o < 1,

L*(o +it, )
1 es’ es’
=—(/ L2(0+iT1+S,7T)—dS—/ Lz(a—i-irl—}—s,n)—ds)
2mi (1) N (1/2—0) N
2

o0 e—fz
1 L(1/2+i )|? dt,.
< +/_oo| (1/2+i(t1 + 12), 7)| (r22+(1/2—0)2)1/2 2

Putting 0 = 1/2 + ¢, 11 = t + v, substituting the above estimate into (3.2) and trivially
estimating the t,-integral, we obtain

[o.¢]

IL(1/2 +it, 1) < (logt)(l +/

—00

IL(1/2 + it +iv, m)[2e V72 dv).

Since L(1/2 + it + iv, ) is polynomially bounded, the integral can be cut off at
[—log T, log T'] with a negligible error term. |
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We will also use the Ramanujan bound on average which follows from Rankin—
Selberg theory.

Lemma 3.6 (Ramanujan bound on average). We have

30 e K xMHE

n%nzsx

4. Preliminary lemmas

Lemma 4.1 (DFI delta method). Let Q > 1. Then
1 1 *
s=0=5 ¥ 2 X () [ s B ) ax
Q 209 amag V4 /R qQ
where g(q, X) is a smooth function satisfying

A
glg,x) =1+ OA(%(% + |x|) ) glg,x) K |x|_A, forany A >1, (4.1)

and ]

i i . _ .
558(¢.%) < |x[7/ min(lx| "' Q/q)log @ for j = 1.
Moreover,

g(g,x) € 0°. 4.2)

Proof. See [19, Section 20.5], and [16, Lemma 15] for minor corrections in the original
estimates of the derivatives of g(g, x). To prove (4.2), we observe that when ¢ > Q!7¢,
the first property in (4.1) gives us g(gq, x) < Q¢ by taking A = 1. In the case ¢ < Q!¢
and x > QF, the second property in (4.1) gives us g(g, x) < Q¢ by taking A = 1. In the
remaining case where ¢, x < Q7%, the first property gives us g(g, x) < 1 by taking A4
sufficiently large. Combining all the cases, we get the result. ]

Note that the properties g(q, x) stated in Lemma 4.1 give us

{g(q,x) =14 0@ 4 foranyA>0 ifx<t¥1%andqg < Qr=¢/19, 43)

g(g. x) is t*/1%-inert with respect to x  otherwise.
We will also use the duality principle (see [19, Chapter 7]).

Lemma 4.2 (Duality principle). Let ¢ : Z?> — C. For any complex numbers a,,,

Z ‘Za,ﬁ)(m,n)‘z & (Z |am|2) ||ﬁS“upzl Z )Z B(n)p(m,n) 2,

where the supremum is taken over all sequences of complex numbers B(n) such that

1Bl = [ 1Bm)2 =1.
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5. Stationary phase analysis

We need to use stationary phase analysis for oscillatory integrals. Let 4 be an integral of
the form

b
d =/ w(t)e!®® dp, (5.1)

where w and ¢ are real valued smooth functions on R. The fundamental estimate for
integrals of the form (5.1) is the rth-derivative test

J < ({}l’alf] w(t))/(%r} |¢(’)(t)|1/’)-

We will however need sharper estimates and will use the stationary phase analysis of
Blomer—Khan—Young [7] to analyze d and state the estimates in the language of inert
functions as given by Kiral-Petrow—Young [22].

Definition 5.1. Let ¥ be an indexing set and X : ¥ — [1, 00) be a function of T € ¥,
so that X7 € [1, 00). A family {wr }7ecs of smooth functions supported on a product of

dyadic intervals in ]R‘io is called X -inert if for each j = (j1,...,jq) € Zgo, we have
sup sup X;(]‘+"'+]d)|x{1 Sx wgfl""’]")(xl,...,xd)| Ljyreja L

TeF (x1,...xq) ERZ

Lemma 5.2. Suppose that w = wr(¢) is a family of X-inert functions with compact
support in [Z,2Z] such that w9 (t) < (X/Z)/. Also suppose that ¢ is smooth and
satisfies 9 (1) < Y/ Z7 for some Y/ X% > R > 1 forall t in the support of w. Let

S .
d =/ w(r)e'?® di.

() If |¢'(t)| > Y/Z in the support of w, then d <4 ZR™4 for arbitrarily large A.
Moreover, the statement also holds under the weaker condition Y /X > R.

Q) If ¢'(t) > Y/Z? in the support of w, and there exists some not necessarily unique
to € R such that ¢'(ty) = 0, then

ei9(t0) 4
d = ——=Fr(t) + Oa(ZR™")
¢" (to)
for any A > 0, where Fr is a family of X -inert functions (possibly depending on A)
supported on ty ~ Z.
(3) In the setting of (2), let U > R®(¢" (o)) ~"/? and let Wy € C2([~2,2]) be such that
Wo(x) = 1 for |x| < 1. Then

o —_ .
d :f w(t)WO(t U“))e”“f) dt + O4(R™)

o0

forany A > 0.
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6. Main calculations

6.1. A short second moment

We first apply Lemma 3.5 to bound the square of L(1/2 + it, =) by a short second
moment. Let 7/2 <t < T. Then

logT

[L(1/2+it,7)]* < (logt)(l +/

L2 iv,m)|2ev /2 dv). (6.1)
—log

Lete > 0 and letlogs < M < t!7¢ be a parameter. Let U € C2°(R) be a fixed function
supported in [—2, 2] and satisfying U(x) = 1 for —1 < x < 1. Then (6.1) gives us

[L(1/2+it,7)]* < (logz)(1+/ U(%)|L(l/2+it+iv,7t)|2dv).
R
Applying Lemma 3.1, we get

IL(1)2 + it, 7)]> < (10gt)(1+/ U(%)|L(1/2+it+iv,n)|2dv)
R
IS(N)I)

1SN <3/2+e N

< (logt)(l +

. L - —i(t+v) l
S(N) .—/H{U(M);/\(l,n)n + V(N)

with V' e C2°([1,2]) depending on ¢ and satisfying Vi (x) & 1forany j > 0 (seee.g.
[19, Proposition 5.4]). Opening the square yields

son= St () e (§)(2) L) (3)

By repeated integration by parts in the v-integral, we obtain arbitrary savings unless

where

2
dv

|m —n| < Nt®/M.

Hence
N it
svy=M Y a0 min +h)V(£)V(” + h)(” + h)
|h|<Nts/M n N N n
iMv
x/ U(v)(n +h) dv + 0(t™°%).
R n

For i = 0, (3.6) applied to the n-sum gives us

2
M Z [A(1,n)|? V(%) A;U(v)dv <« MNt.
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Now performing a smooth dyadic subdivision of the A-sum for & # 0 yields

S(N) K sup
H<KNt* /M

XV(%)V(”—Wf(%)(”I”) AU(U)("I”)indv

where ¢4+ (y) = (%) for some fixed function ¢ € C2°([1/2, 2]). Finally, we rewrite

() =G+ 3)) =G ) o= 1+ 3)-2)

Notice that when multiplied by the weight function V(n/N)ei(h/H), the integral
f]R U(v)(”nﬂ)"M“dv is t%-inert as a function of n and %, while e(ﬁ(log(l + %) - %))
is £%-inert as a function of n and & when M >> /2% For brevity of notation, we define
Wi(x,y)as

- iMv
V(X)V(X+HT)¢¢(}’)3(I (log(H%)_%))/ U(v)(Nx];rxHy) -

As aresult, we obtain the following lemma.

+ MNtE,

Lemma 6.1. Lete, A > 0and let 1121 « M < t'7¢. Then there exist t&-inert functions
Wi € C2([1,2] x [£1, £2]) such that

ILA/2+it ) < (logt)(l +/ U(%)IL(1/2+it+iv,n)|2dU)
R
SE g (N
<« (log t)(MtE + sup sup M)
H<KN1e/M 1<N<t3/2+e N

where

- h h
SEa(V) =M 3 S A, n+h)Wi(N H) (2;’1)

h n

6.2. Trivial bound

Applying the Cauchy—Schwarz inequality together with Lemma 3.6, we get the trivial
bound

SiaM) <M Y (3 |/\(1,n)|2)1/2( 3 Atn + h)|2)1/2 < MHNZ®.
|h|«H n<N n<<N
(6.2)

We will apply this bound for the cases with H <« N/t!7¢. Hence we will restrict our
attention to H >> N/t'~° in the rest of the paper.
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6.3. Application of the delta method

Now we focus on the case H > N/t!7¢. To bound S Aj; y (), we start by applying the
DFI delta method (Lemma 4.1) to separate the oscillations. Let U € C2°([1/2,5/2]) be
fixed such that U(x) = 1 for 3/4 < x < 9/4. Then

Situ(N)

MZZA(],n)Wi(%,%)e(%);A(l,m)U(%)S(m=n+h)
K\ [ th
- Z ZZ/\(I n)Wi( ) (%)ZA(I,m)U(%)

1<q<Q h m
h h—
< ¥ (u) / g(q,x)e(u) dx.
o mod g R qQ
We divide the g-sum into segments C < g < (1 4+ 1071%)C, denoted ¢ ~¢ C, to obtain
Sita(N) <1t° sup Sizyc(N), 6.3)
1<CKQ
where
Sk =1 % o ZZMI (5537 )¢ (5 ) S A
q~0C
* h — h—
X U(—) Z e(—a(n * m)) / g(qu)e(—(n + m)x) dx.
N o mod g q R qQ

6.4. Dual summation formulas

We shall now apply dual summation formulas to the 4-, m- and n-sums.

6.4.1. Analysis of the h-sum. We start with an application of the Poisson summation
formula to the 2-sum mod ¢, giving us

S (2 Yoo o e
- *\N'H g 2nn  qQ

1 h
Ly e(w)/ Wi(i,i)e(f_y+ﬂ__y)d
q q R N H) \2rn  qQ ¢

n tHy Hxy hHy
= H ) $(¢ =—h mod q)/ Wi(—,y)e( + - dy.
P R N 2rn - qQ q

The above congruence condition and (¢, ¢) = 1 imply (4, g) = 1, so that when h = 0,
the terms with ¢ > 1 vanish. Since H > N/t'7¢, choosing O > N/t'~¢ and repeated
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integration by parts gives us arbitrary savings unless
h#0 and h~gqt/N ~Ct/N.

This gives arbitrary savings unless C > N/t!'*¢ and shows that S j; a.c(N) equals

o Z > 2 n)Zm )U( )(@)

H’~Ct/Nq~0C h~oH' 1
dyadic (h,q)=1

Hy — tH hH
x/ / g(q,x)Wi(” ,y)e((n—i- y —m)x n y y)dxdy+0(t_999).
R JR N q0 2mn q

6.4.2. Analysis of the m-sum. Next we apply the Voronoi summation formula
(Lemma 3.3) to the m-sum,

— (m hm mx
S (5 )e(5 - 15)
_ Z ZZA(’" mO) m L \o mgm X))+ 01=%)
=4 mom nm "mo) M\ ¢3 4 ’

ni==mplqg m

where
- o0 w )\ —
Um<a,b,c>=a”3f0 U(N)”o(a,w)w‘l“e( ) +m3(aw)”3)

and
L

Upluow) = Y —24 (6.4)

= (Mw) 3

for a fixed large L, and y; as given in Lemma 3.4. Note that Uy(u, w) is a fixed flat
function. By a change of variables, we obtain

2/3
0 m%m,q,x _ (mgmN /3 poo T, m§m7
m 3 3 3
q q 0 q

where the phase function is

Nw)w_1/3e(f1 (w, x)) dw,

m2mNw\'"?  Nwx
fl(w,x)=7113(—0 3 ) - .
q qQ

Repeated integration by parts gives us arbitrary savings unless
mim <« N%t¢/ Q3.
Writing
m2m o0 — (m2m _
Un, (_q03 ,q,x) = / U(w)Uo(—qO3 '»Nw)w Ye(fi(w, x)) dw (6.5)
0

we obtain
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2/3.¢
SimeW) =25 ¥ wp Y 5 ¥ Y adm

med H'~Ct/N o 2oc 4 3 2 o
(h.q)=1

/3, _h
XZ Z /\(m,mo)(@) S(h,mm;i)e(—n)
m mo q
molg mIm<N2t¢/Q3

n mim
x g(q,x)Wi(—,y)U (—0 ,q,x)
/]R/]R N "\ g

Hy)x _tHy hH
e((”+ Dx o Hy y)dxdy+0(t_99).
q0 2mn q

6.4.3. Analysis of the n-sum. Finally, we apply Voronoi formula (Lemma 3.3) to the n-
sum. Similar analysis to the one above yields

n —hn  nx tHy
;*“’”)W*(ﬁ’y)e(7+@+ﬁ)
/3
= S S () s (s L Y 3

m==xnolg n
+ 0(1_999),

where
2

° ngn _
Woﬂfnz(n%n,q,x,y)Z/O Wi(w,y)Uo(qO—3,Nw)w 173

Nwx tHy n%an 1/3
—_— — 123 dw, 6.6
Xe( 40 " 2iNw " ( 7’ e 00

where Uy is given in (6.4). Since H > N/t!7¢, repeated integration by parts gives us
arbitrary savings unless
2 (CH1)?
ngn K Q3 + Ne t?

By choosing 0?2 <« NM/t'~¢, the first term on the right side dominates, so that n3n <
N?2t¢/ Q3. Changing 1, to —n, for ease of notation shows that Saj;,H,c (N) equals

4/3 ¢ 1/3
S DI D 31D DI DI DRI

’
momp=+H'~Ct/N 4 c g’ (h~o)H’ nolg n2n<N2t¢/0Q3
h,q)=

1/3
- ([ m — —
X Z Z k(m,mo)(zo) S(h,nlm; mi)S(h,nzn;ni)

0 0
molg mIm< N2t¢/Q3

m2m Hxy th
X g(g. x)Wgh, (ngn.q.x. y)U (L,q,x)e( )d dx
/R/R 020 "\ g q0 q

+0@1™%). (6.7
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6.4.4. Analysis of integral transforms obtained by dual summations. We now consider
the y, w-integral. Then (6.6) and a change of variable give us

Hxy th
/ Weh, (ngn.q. x. y)e( 40 7 )dy

1/3

_ /oo Uo(ngn Nw)w_1/3e(wa —7723(ngnj3vw) /)
0 q* q0 q
tHy H hH

+ AR dy dw
2nNw q0 q

-1/3
tx ngh  qt qt
= Uo| —%-. N
e(ZnhQ)/R 0( q3 2mh + u)(ZnhN +u)
Nxu n2nN [ qt 1/3
— 13 o’ 1
Xe( 0 " ( 9’ (2ﬂhN +u)) )
qt tHy qt -1 Hxy hHy
W. , — ——= )dydu.
X/R i(2nh1v o y)e(an(znhN +”) t0 T Tq )

Since C > N/t'*¢ and H <« Nt®/ M, choosing MQ > t' ¢ gives us < tA];g < 1.

Hence repeated integration by parts in the y-integral gives us arbitrary savmgs unless

tH ( qt Y
R _ te/2 .
27N (ZnhN + M) q ' < ‘

ny

) qtt N
-1 K h_H < —Htl_s/z

1 + 2zhNu 2nhNu

— |u| K W

Take a fixed function U € C°([-2, —2]) such that U(x) = 1 for —1 < x < 1, and let

br(a.b.c.d) bt n Na 1/3[ W bt n Na
a C = _— _—
1. 0.6 2meN T Hil—e e\ 2xeN T H?

tHy bt Na \! dHy cHy
— — —=]dy.
e(an (27rcN + Hzl—s) 50 T ) Y

Then ¢, is t®-inert and the y, w-integral becomes
tx uH'—* uH1—* nin gt
U g hox U % =—+ N
e(2ﬂhQ)/n; ( N )¢’1( Nt x) °( T amh “)
wof N 3 monN (_at + . du + 0(t™°%)
e — u U
q0 2 q®> \2mhN
N tx nin gt N2y
= 7=l = U g h U % o+ ———
Hzl—se(znhQ)/R ()¢1 (.. b, x) °(q3 2nh+Ht1—€)

N2xu nnN [ gt Nu 1/3 _
e(qQHtl_'f —r]23( 0q3 (2nhN + Htl—s)) )du+0(t 999y,
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Defining

ndn gt N2u
(non q,h,u) :=Up (q3 ’ﬂ—l_ tl_s)

el—n3 nOnN qt n Nu 1/3 6.8)
122\ "3\ 2N T HO ’ '

we find that S Aﬂ; H.C (N) equals

MN7/3ts
QZI—E

Y L m YEYY Y ()

/N
nm=+H C’/Nq~oC (hh~o)H n0la n2n<(N2/Q3+(CH1)3/N4)ye
sqd)=

1/3
(" - 4 \ofr q
X Z Z )L(m,mo)(?o) S(h,nlm;m—O)S(h,nzn;%)

molg mIm<N2t¢/Q3

< [ vaowgEwdng.nw [ e eing.h)

2 N? t
xU,,l(mq3m,q x) ( e + a )dxdu+0(t_99).

qQHt'=¢  2mhQ
Applying smooth dyadic subdivisions to the m3m, n3n-sums, we get

MN7/3
SAiI,H,C (N) < t® sup sup sup sup
M=% Ny <N21¢/Q3 Na<N2t¢/Q3 H'~Ct/N Q1

DI 39 Sz () TCES Do) s

q~oC (h~o)H’ molg m nolg n
h,q)=1

1/3 2 _ _
x (22 ® Bl )s h,mm;i S h,??zn;i / U)WEm2n, q,h,u)
n N> mo no /) JR 72

mam N2xu tx 99
/g(q )1 (u. g, h, X)Um( el X) (qQHtl_s + ZﬂhQ)dxdu—i-t

for some fixed ¢ € C°([1/2,2]).

6.4.5. x-integral. We get arbitrary savings for | x| >> ¢¢ due to bounds on g(q, x) as given
in (4.1). So we can restrict to | x| < t¢. Moreover, we expect to obtain cancellations in the
x-integral when |x| > CQt°/N. Therefore we use a smooth partition of unity to split the
x-integral into dyadic segments and a small ‘remainder’ part of size CQt°/N.

Let ¢ : (0, 00) — [0, 1] be a smooth compactly supported function satisfying

supp(¢) C [1/2,2] and Zﬁf’(%) = 1for y € (0,00). (6.9)

JEZ
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Define ¢o(0) = 1, and for y € R \ {0},

N Y (b WO (i i

i>1
2/71CQ¢e
ox(y) = (p(%) for | X| > TQ and j > 1.

Then ¢ is smooth and supported in (—5— CQ’E CQZE) with go(y) =1 for y €[~ Cng , CZQA;S !
Therefore
Sit.u.c(N) <1* sup sup sup sup  sup MN'/3/Qt

CQtE/N<|X\<t£N1 «N2t8/Q3 NoKN2ts/Q3H'~Ct/N ni,ma==%
or

5 T T yrmmm(%) o) S S (%)

q~oC q° ~oH’ molg m nolg n
(h q)=1

nin — -
X @(NLZ)S(h, nm; miO)S(h, n2n; :—0) /R U(u)anzE(ngn,q,h, u)

2 N2
/ ox (X)g(q, x)p1(u, ¢, h, x)Up, (mq3m,q X) (qQH);?—S + zizg) dx du

47

6.5. Cauchy—-Schwarz inequality and the duality principle

We now apply the Cauchy—Schwarz inequality to take out everything in (6.7) except the
m, mg, n, ng-sums and the x-integral, showing that S Ai,l gc(N)is

O(ts sup sup sup sup sup (51’;((N)§2(N))1/2 + t_99),
ni,me==+ CQt <|X|<t® Ny <<N e Ny N228 NZtS H/~ ?Vt
orX 0 o’

where

MN7/3
ot

1/3 2 _
s smma(2) ()5 (rmt )

molg m 0

~ S,
SI,X(N) = SI,AZ,IH,H/,C,X(N’ Nl) =

XZ Z[U(u)

q~0C
(h q) 1

2 N2
/ ¢x (x)g(q. x)p1(u.q. h. x)Up, (mqsm’q x) (qQH);A_s * 2;;Q)dx

2
du
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and

. MN73 1
SV i= S5 c NN = 25— 0 = 2 [ v
oH’

(hg)=1

< o (22) (BB (Foans L) a8
mno ) e\ s - | W (ngn. g B

nolg n

2

By the duality principle (Lemma 4.2) and Lemma 3.6, we get the following theorem.

Theorem 6.2. For any positive numbers \/t < M < N, N/t'7¢ « H < Nt°/M,
0 > N/t'7¢, C < Q, we have

S nc(N) <17

unless C > N/t'7¢. When C > N/t' T, Snj,;’H’C(N) is

0( t¥ sup  sup sup sup sup sup (SLX(N)Sz(N))l/2 +t_99),
[u|<L1n1,m==% CQt <IX|<t® Ny <<1v L& N2<<NQ2t£ H~SE
orX 0
where

+,
SI,X(N) = SI,AZIH H, CX(N’ Nl)

MN,*N7/3
= M e Yo

Blaet e o

;)

1
2 an

q~0C/mo
x Y S(homm: q)f U(u)B(mog. h. u)/ @x (x)g(mog, x)p1(u, mog, h, x)
h~oH’
(h,gmo)=1
m N2xu tx 2

U 2 ) d d N 6.10

. ’“(cﬁmo ot X)e(moqQHtl—s +2nhQ) e (€10
and

+,
S2(N) = SZ,AZ?H,H/,C M(N’ NZ)

MN,>N7/3
- o e T o)

IIﬁllz 1

1 _
> pevE) Y. S(hmaniq)
g~0C/no h~oH’
(h,gno)=1
2

X/ Uu)B(noq. h. )W, 5 (ngn.nog. hou)du) (6.11)
R

with Uy, and Wnﬂ; as defined in (6.5) and (6.8) respectively.
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7. Opening the square and Poisson summation for S, x (V)

In this section we focus on the analysis of S; x (V). We will then apply similar treatment
to S(N) in the next section.

7.1. Opening the square and Poisson summation

Opening the square in (6.10), we get

MN}?N
Six(N) = W Z Z (mom) ZZ (611612)3/2

mo
”'8”2 1mo q1,92~0C/mo

X Z Z S(hy.mm; q1)S (ha, mms: q2)
hi,ho~oH'
(h1,91mo)=1
(h2,q2mp)=1

X/ U(”l)ﬁ(mothlv”l)[ @x (x1)g(moq1, x1)P1 (11, moq1, hy, x1)
R R

m N2x1u, X1
XUy | —, , dxid
m(q?mo moq1 X1)e(m0q1QHt1_‘9 + 2nh1Q) X1duy

><[I;U(uz)ﬁ(moch,hz,uz)/wa(xz) g(mogqa, x2)¢1 (U2, moqz, ha, x3)

x U, Lmq X2 |el — Nxzuz __tn dxy du
m o’ 092, X2 modaOHI ¢ 271, 0 2dUs.

Applying Poisson summation to the m-sum, we have

mzm — J—
Z(p( N )S(hl, mm; q1)S(ha, mm; qz)
1

m
m m
x U, mle,Xl)U (—,m0612,xz)
n (ql n q;mo
N
= ! Z‘C’,,I(m hlﬂleQZ)ﬂo(m Mo, 41,42, X1, X2),
m(ﬂlq
where

— — m
Cp (m i ho i) = ) S(hl,my:ch)S(hz,nly;qz)e(ﬁ) (7.1)

y mod 142

and

Jo(m, mo,q1,92, X1, X2)

© Niz Niz mNyz
= p(2)U (—,mom,xl)U (—,Wlo%,xz el — dz.
/o "\ (mogq1)3 "\ (mog2)3 mgqiqz

(7.2)
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Now applying stationary phase analysis with the calculations of Appendix A.l gives

us
MNP N1/3
S10(N) K Q — i K C3t*/N) sup Z ZZ
¢t 1Blo=1 52 o 2 142
X Z / / |B(moq1, h1,u1)B(moqa, ha, uz)| dus duy
hi,ha~o H' Ju1 |1 Juz| K1
(h1,q1mp)=1
(h2,q2mp)=1
x Y [y (mhy haqiga)] + 170, (7.3)
Im|<C2t¢ /N,
and for X # 0,

Six(V) < CMQLS(TMX >0) sup Y mg® Y > (qug2)”?

1B12=1 ", q1,92~0C/mo
> Z €y, (m. h1.h2.q142)
hyho~oH'
(h1,q1mo)=1" NX2
(h2,q2mp)=1
x [ [ UanUa)Btm0gs . Blnoda: ) 1. 42,7 diez s + 17
R JR
(7.4)
where for brevity of notation, we write ¥ = (n,n9, by, ha, Uy, u3),
3(611,612,5)2/¢X(X1)g(m06]1,x1)¢1(“1,m0611,h1,xl)
R
X/ ox (x2)g(moq2, x2)P1 (U2, Mog2, ha, X2)
[ (7 o B )
X zZ)Us ,Moq1, X1 ,Moq2, X2
0 N2|xq 3 N2|xy|3
N N N
Xe(2 212QZ -2 212QZ _n12 1Z)dz
myq |x1| myqy1xal  mgqi1q2
N? N? t t
% X1U1 _ XoUp + X1 X2 dx2 dx“
moqi QHI'™¢  mog2 QHt'=¢ " 2xhiQ  27hyQ
(7.5)

and Uj; is some ¢¢-inert function supported on [1/4,25/4] x R x R.

For X # 0, applying stationary phase analysis to the x;, x»-integrals and calcu-

lations of Appendix A.2 shows that there exists a t°-inert function ® supported on
[1/4,25/4] x R* such that
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C2M /N,N?Xx5/? _
S1,x(N) = : §(mX >0) sup Zmo ZZ (q192) 7>

3/2;1—¢
0 1B12=1"mq q1,92~0C/mo

x Y Y Y ey m. hl,hz,Q1Q2)//U(ul)U(U2)

hi,ha~oH' co2? .
(h1,g1mo)=1 Iml <55zt
(h2,q2mp)=1

- N1Q3z
Xﬁ(moql,hl,ul)ﬁ(moﬁ,hz,uz) <P(Z) N2X3 5 va Moq1,Moqz, U1, U

Ntz 2nh1N2u1 1/3
X X WNWe—7———————— 1+ ———
x g(moq1, Xx1,0)8(Mog2 Xz,o)e( (Znhl(moql)z( + o HI2—¢

Nyt 2hy N? 1/3 N
Xe(—3( 1z (1+ T2 ”2)) _n lz)dzduzdu1+0(l_99),

27ha(mog2)? moqa H1>=¢ mgq1q>
(7.6)
and for j = 1,2,
2mh; \*? Q(Ny2)!/3 2mh; N2u; \ 23
Xjo = 1+ L . (7.7)
mog;t X mog; Ht

7.2. Bounding S1,0(N)

To bound S;,9(N), we are left to bound the character sum €, (m, hy, h2, g192) in (7.3).
Recalling the definition in (7.1) we get, for m = 0,

€y, (0.h1.ha q1g2) = Y S(hi.my:q1)S(ha. my:q2)

y mod ¢142
_ Z* e(alﬂ) Z* e(azE) 3 e(m @192 +@ql)y)
a1 mod g1 7 a2 mod g2 12 y mod ¢1492 9192
* o h_ * (07 h_ - _
= q142 Z e( ! 1) Z e( 2 2)8(a1q25—a2q1 mod ¢1¢>)
a1 mod g1 £ a2 mod g2 42
Ol(hl h2)
=¢ Y ( 8(q1 = q2)
o mod g1
=q; Z qlﬂ( )5(h1 = hy mod ¢, g1 = q2). (7.8)

q41q1
Hence the contribution of m = 0to S1,0(N) is

MN4/3N1/3 3t8
<<QC#8(N1 < ) sup Z Z Zq

1B12=1"mo g~oC/mo q'la

Z / / |B(moq, h1,u1)B(mogq, ha,uz)| duz du;.
lup |1 Juz |1

hi,hr~oH’
(h1,q1mp)=1
(h2,92mp)=1
hi1=h5 mod q’
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Applying the AM-GM inequality
|B(mog, by, u1)B(mog, ha, uz)| < |B(mog, hi,ui)* + |B(mogq, ha, ua)|?,

we find that the above is

/3 1/3 3.8

OMN;*N C3t
=L $§(N ,
< Ctle 1 K N ”ﬂsnllpzl(|%0,1| + [%0,2])

where for brevity of notation, we have temporarily defined

=Y ¥ Yo ¥Y [

mo q~oC/mo q’'lq ~ hy,ha~oH’ I
hi=hy mod q’

/ |:3(m0q’ hy, uv)|2 du, duy
11«1 Jua k1

for v = 1, 2. Hence the contribution of m = 0to S1,0(N) is

MNPN3 t C3re
< Ql—(l + N)8(N1 < — ) (7.9)

tl—s

For the case m # 0, the character sum is

_ . m
€ (m.hiha i) = Y S(hl,UIV;QI)S(hZ»an;qZ)e(qI;;)

y mod 142
* h * h
= Z e(al 1) Z e(“2 2) Z e((’h(alch + a2q1) +m)y)
a1 mod g1 8 a2 mod g2 92 y mod q1¢2 49192
<192 Z Z §(=mm = a192 + a2¢1 mod ¢142). (7.10)

o1 mod g1 ap mod g

Hence (7.3) shows that the contribution of m # 0 to Sy ,0(N) is

4/3 a71/3
< %s(m < C_) ap Y YT Ty

1Bll2=1 mo q1,92~0C/mo hy,ho~oH’

(h1,q1mo)=1
(h2,q2mp)=1
/ / |B(moq1, by, u1)B(moga, ha,uz)| dus duy
Jug|<K1 Juz |1
x ) Yo ) S(=mm=a1qz + eaq1 mod q1q2) + 17

|m|<«C2t€/N; @1 mod g1 @z mod g1

Applying the AM-GM inequality as in the m = 0 case, we find that the above is

/3 1/3 3.8

OMN;*N C3t
=L §(N ,
< Ctle 1 K N ”ﬂsnllpzl(|%1,1| + [51,2])
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where for brevity, we have set

se=) 20 20 )

mo q1,q2~0C/mo h1,ho~oH’ |m|<C2t8 /N

Yo ) S(=mm=a1gz + a2q1 mod ¢145)

o mod q1 o mod q>2

X / |B(moqy. hy, uv)|2 du,.
luy |1

To analyse the congruence condition, we let go = (¢1.42). 91 = 4041,04- 92 = 4042,095

be such that ¢1,0. 92,0 | ¢5° and (go. g7) = (qo. ¢5) = 1. Then the congruence condition
decomposes into gg | m and

m
—771q— = 142,095 + 241,047 mod ¢0q1,042,0.
0
m !
ar = — i 24209 1oq ¢t (7.11)
qo
m /
= — nlﬂ mod ¢5.
qo

This leads to

AP IED DD VDI DD

mo 40 q1,0,42.0195° (q1,45)=1 hiha~H' || C218

(4, d5.90)=1 20N
moqoq1.041-"09092.045~C
* *
Z Z / |ﬁ(m061061u,061,/,,hu,Mv)|2duv
luy |1

a1 mod gog1,0 @2 mod 4og2.0
—n1m’'=a14¢2.0¢5+2241,04; mod g0q1.042.0

c?T®
Km—HY XX Zf |Bnodod.od). hv.uy) 2 duy.
! mo 40 q1.0.42.0045° (@}.ap)=1 hy~a" "I
(91 95-90)=1
moqod1,041,m09092,045~C (7.12)

Here we have used the fact that, for any m/, qo. ¢1,0.42,0. 9. 45,

Z* Z* ... < (o,

a1 mod gog1,0 @2 mod 4og2,0
—nim’'=a1q2,095+2241,047 mod g041,042,0

because the congruence condition determines ¢«; mod ¢1,0, and o is completely determ-
ined once «; is chosen. Since ||| = 1and H' ~ Ct/N, we have
C4l‘ 1+e

10 K ]Vl—N
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for v = 1, 2 and hence the contribution of m # 0 to Sy ,o(N) is

C3te\ C* C3QMN11/3t€8 C3re
N J NN N2/3 N )

MNPN3
< QCTS(NI <

(7.13)

We remark that the point counting computation in (7.11) and (7.12) will be repeated
several times in a similar fashion throughout the paper. Since such computations are unin-
spiring and tedious, we will simply refer to these lines whenever we apply a similar point
counting bound.

Combining (7.9) and (7.13), we get

C3OMN, ¢ C3
Si0(N) < QNf/;S(M <= ) (7.14)

8. Opening the square and Poisson summation for S, (N)

In this section, we apply similar treatment to S> (/N ). Recall that in (6.11) we have

MN}3N7/3 1 _
Sz(N)ZW ZHOZ ( 2) > vz > S(man:q)
||/5||2 1 g~0C/no h~oH'
(h,gno)=1

X / U(u)B(nog, h, u)an(ngn, noq,h,u)du
R

2

Opening the square, we get

MN1/3N7/3
S2(N) = ? Znoz ( ) ZZ (611612)3/2

||I3||2 Lng q1,92~0C/no
x S5 S(hy, non; 01)S (s, nom; 42) / / UGun)U(ua)B(nogn. b ur)
hy,ho~oH’
(h1,q1n0)=1
(h2,q2n0)=1

X B(noga, ha, u2) Ws (ngn. nogu. hy, ur) Wik (ndn. noga, ha, uz) duy duy.  (8.1)

Applying Poisson summation to the n-sum, we have
2
ngn\ , — —
Z‘P(NL)S(}H, n2n;q1)S(ha. n2n; q2)
2
n
X Wi(non noqi. hi, un) Wit (ngn.noga. ha,uz)

= 2 Zf,,z(n hi,h2,q192)$2(q1, 92, V),
npqi142

where

_ _ n
Cp(n.hyho.qiqn) = Y S(hl’772V;Q1)S(h2’nzy;gZ)e(mz]/z)

y mod 4142
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is the same character sum defined in (7.1) and

v - nN»z
5(2(‘11"127”)=/ @(Z)Wn:;:(NZZ,nOC]lvhl»ul)Wn:;:(NzZ,I’ZOQ2,hz,u2)e(_n2q2q )dz
0 04142

with ¥ = (n,ng, h1, ha,u1,us) as before. Repeated integration by parts in the z-integral
gives us arbitrary savings unless

In| < CNY3t5/N2/3.

Inserting this back into (8.1), we get

4/3 777/3
sy =2 N S Y S (1)

1'% ygp=1
2=% no |n\<<CNl/3t5/N22/3 q1,92~0C/no

x % € hnha,q192) / / Uun)UGu2)B(nogr. . un)Blioda. iz, 13)
By ho~oH' RJR

1:127~0

(h1,91n0)=1

(h2,q2n0)=1

X $2(q1,q2, V) dusz duy + O(t™°). (8.2)

9. Analysis of S1,x (IV) and S2(N)

Recall that N, < N2t¢/Q3. Using N; ~ N2X3/Q3, splitting the n-sum into n > 0
and n < 0, and collecting the above analysis (6.8), (7.6), (7.14) and (8.2), we obtain the
following lemma.

Lemma 9.1. For 0 < |X| < t%, we have
C2OMN;*N/3

tl—é‘

S1x(N) K

N2X3
5(’11)(20, Ny ~ )

Q3

Ct C3te _
X (NINS(NI < ) + sipmf(w) + 0™

and

MN;PN/3
—2———sup|Ry (N)| + 0™,
+

S2(N) < =5

where for j = 1,2,

RFE(N)= sup Y ng’ > YN (192

1Bl2=1 no n<<CN1/3t5/sz/3 q1,92~0C/no

x % rfnj(in,hl,hz,qlqz)//U(unU(uz)ﬁ(noql,hl,ul)
hih H R JR
1,12™~0

(h1,q1n0)=1

(h2,q2n0)=1

X B(noqz, ha,u2)$j(q1,q2,V) dus du;
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and

2.1‘(6]17612,17)

o0
i
=[ @(2)®;.y; (nog1.n0q2. U1, U2, 2)(g(n0q1. Xx1,0)8(n0q2. X X2,0)) !
0

N;iNz noqit Nu 1/3
X e _37]} J : 041 n 11
(I’loql) 2nhi N Htl—¢
N;Nz noqat Nu 1/3 nN;z
+3n}( J 3( 0d2! :a)) F - )dz,
(nogq2)? \2mhy N Ht ngqiq2

and where 1)y = 1,1, = 12, X1,0, X2,0 are defined in (7.7) and ®; . is a t*-inert function.
Moreover, x1,0, x2,0 are flat with respect to q1, q», z.

With the above lemma, we are left to bound JR]:'E (N). Since the treatment for + = +
and & = — is the same, we will assume £ = + and denote R;(N) = 52;” (N) henceforth.
We separate the analysis into four cases depending on the size of n.

9.1. Diagonal contribution
We first deal with the case n = 0. Its contribution to R; (V) is equal to

sup Zn0_3 ZZ (q192) 2 ZZ Cy; (0, h1,h2,4192)

1Bll2=1 5, q1,92~0C/ngo hy,ho~oH'
(h1,91m0)=1
(h2,q2n0)=1

x /R [R Uun)UGuz) Bnogy. hi.un) Broda. o209, 1. 42, Bo) dus dun,

where U9 = (0, ng, hy, ha,uy, us). Recall that (7.8) gives us
q
€y, (0.h1.h2.q192) =47 Y QQM(—,)S(hl = hy mod q1, q1 = ¢2).
41141 1

Using (4.3) and since x; ¢ is flat with respect to z, repeated integration by parts in the
z-integral in §; with ¢; = g, = g gives us arbitrary savings unless

N;N noqt n Nu; 173 N;N nogt n Nusy 173 <t
(noq)3\2mh N =~ Htl=¢ (nog)3\2mho N = Htl=¢
nogqt . _4 —1 N Cte
hi —h — (uy — -
2 1 ) e ()| S T
C2t1+s Ct¢ CHZH—E
<:>07é |]’12_h1| < 1/3—+—0r (hl = hy andluz_ul| & 1/3—)
NN H NP N4/

Note that (4.2) gives us §;(¢1, 42, Vo) < t° forboth j = 1,2.
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Applying the AM-GM inequality

|B(nogq1. hi.u1)B(nogz. ha, uz)| < |B(nogy. hiuy)l> + |B(nogz, ha. uz)|?

shows that the contribution of n = 0 to R; (V) is

tE
< Fot) sup (|sa,1] + [%4,2]),
[IBll2=1

where for brevity, we have set

savi=), >, >4 > /|u1|<<1 /|u2|<<1 1B(10g. ho. 1)

no g~oC/no q’lq hi,ho~oH'
hi1=hy mod q’

_ c2¢1+¢ Cté

|72 h1\<<7N}/3N4/3+—H

CHt1+8
X (8(h1 # h) +5(h1 =hy, |uy —uy| K 1/3—)) duy duq
Nj N4/3

for v = 1, 2. Applying a point counting argument similar to (7.12), the contribution of
n=0toR;(N)is

t€ H[1+z~:
gt RIEITTE
J

9.1)

9.2. Contribution when n is small
Now we deal with the case 0 # nN; < C?¢%. In that case, e(— ni;z
J n2q1q>

(4.3) and since x; g is flat with respect to z, repeated integration by parts in the z-integral
in g; gives us arbitrary savings unless

N/N noqit n Nuy 1/3 N/N nogqat n Nuy 1/3

(nog1)3 \2mh N Hil-e¢ (nog2)3 \2mh, N Hil-e¢

t 1 1 N (ur up °

2 2; 2 + = 1—e\ 3 3 < 2 1/3
2rngN \gih1  q5h» ngHt ER C2(N;jN)

hi
q2 hqu

Together with (7.10) giving us

) is t®-inert. Using

< t*

C* N CN
no(NjN)l/3 I”l()Hll_s.

— <

Cy(n b o, q1g2) K1z Y Y 8(n = a1gz + aaq1 mod g192),

(23] mod q1 o2 mod q>2

the contribution of 0 # nN; < C?t¥ to R;(N) is
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<1° sup Zn0_3 Z ZZ ZZ (q192) %>

1P12=1 no 07én<<%j’,8 hiho~oH’ q1,42~0C/no

la2—v/R T h2qn | < —C=L N
* *
<D 2

/ |B(noq1, hi,ur)||B(nogz, ha,uz)| dus duy
luz |1

C
oN; NYI/3 T ngHil—¢
oy mod g ar mod go lur|<1
i
x (g(noq1, Xx1,0)g(n0q2. Xx2,0))" ' 8(n = @192 + a2g1 mod q1¢2).
Applying the AM-GM inequality
1B(nog1. by, u1)B(nog2. ha, uz)| <K |B(nogr, hy ur)> + |B(noga. ha,uz)|

with (4.2) giving us g(mog;, Xx;,0) < t°, the same point counting analysis as in S o(N)
using (7.11) and (7.12) implies that the contribution of 0 # nN; < C?t¢ to R;(N) is

e, ¢ JONy T, ¢ CN (9.2)
C>N; N (N;N)'3 " Hi N;N (N;N)'B T HE )

Notice we have this contribution only when N; < C?2¢°.

9.3. Integral analysis

Now we continue with the analysis when nN; >> C?t°. Recalling the definition of
$;(q1.92,7) in Lemma 9.1, applying stationary phase analysis with the calculations of
Appendix A.3 yields

- C g i
$i(q1,92,v) = W(g(UOQI,Xxl)g(noqz,sz)) ' ®5(z0(n0g1.1042). 1. 42 V)
J
x e(zo(noq1.nogq2)) + 0™ (9.3)

for any A4 > 0, with some flat function ®, supported on [1/2,5/2] x R7, and

xj := xj(z0(n0q1,1092))

_(27h; VP Q(N12o(nogr. nog2)) /2 . 2mh; N2u \ 72
- noq;t X nog: Ht2—¢
J 0qj

for j = 1,2. Inserting this back into (8.2) shows that the contribution of nN; > C?t¢ to
Rj(N) is equal to

1 1 1
ENETR AP DR DRSS i 2 Vi

142
"0 €248 /N; <n<KCN1/3te N7/ q1.a2~0C/no 11

< X €y [ [ VanUwBog )

hi,ha~oH'
(h1,91n0)=1
(h2,92n0)=1

X B(noqz, ha, u2)®(z0(n0g1.1092). 41, 92: v)e(F3(zo(nog1,n092))) duz duy
+0(™),
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where we define ®(z¢(n0q1,1092),q1,¢2; V) as

C3
(134192)%/?
By (4.2) and (4.3), ® is a t%-inert function supported on [1/2,5/2] x R7 up to an arbit-
rarily small error.

2_
®2(20(10q1,1042)q1, 42 v) (g (Moq1, Xx1)g(n0g2, Xx2))’

9.4. Contribution when n is of intermediate size

For a technical reason, we deal with the case
2te CN4/3
Nj <K<n K m
J

before proceeding further. Note that the restriction of zg(noq1,10q2) ~ 1 implies

noqit Nu 1/3 nogat Nu 1/3
non( o1 + 1) —noch( 092 + E) ~

nN-2/3
J
N1/3
nN® N CN

N1/3 + H[l—s < Htl—&‘

2nhy N = Htl—s 2rho, N Htl—s
1/3 1/3
noqit nogal
non( IN ) ”0611( TN ) <

hq CN
q2 h2f]1

n()Hl‘l_s'
By a similar procedure to the case 0 # nN; < C?¢%, the AM-GM inequality
|B(nog1, hi,u1)B(noga, ha, uz)| < |B(nogqi, ki, ur))* + |B(noqz, ha, uz)|*

—

— <

and (7.10) imply that the contribution of =z— C tgn <k 1\/2/3N—H/TF to R;(N) is

<« sup (I93,1|+I93,2I),

C2\/Nj |Bl=1

where for brevity, we have set

$3,v = Z J_Z ZZ ZZ

0n —CN43 no hi,hy~oH’ q1,92~0C/no

12/3]—[1 £ \qz—«/hl/h2q1|<<no2$
D [ 1B(10gv by 1y) P dur8(n = a1z + o2y mod q12)
|lup |1

a1 mod g1 ap mod g

for v = 1, 2. By the same analysis as for S1,0(N) using (7.11), the contribution of =z— C L«
N4/3

n <K mt Rj(N)is
t* JCN?3 Ct CN t1/2+e CN
< —1+—)=— 1+ — ). 9.4)
Cz,/Nj Nj1/3‘/Ht N Ht /CHN]§/6N1/3 Ht
C3/2N2

Notice we have this contribution only when N; < Wﬁ.
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9.5. Contribution when n is large

Denote
C? CN*3 )\,
vom (S C2,
N N}PH1
N3 9.5)
NB = W.,

j
Denote by IR]* (N) the contribution of n > Ng to R;(N) in Lemma 9.1, i.e.

REN)= sup Y ng> D YN (1)

1Bll2=1 ", Ns<«n<Np q1,92~0C/no

X ZZ Cy;(n,hy, ha2,q192)

hi,ha~oH’
(h1,q1n0)=1
(h2,92n0)=1

X/[U(Ml)U(uz)lg(ﬂoqphl,Ml)lg(”othvhz,uz)gj(qp%,U)duzdm.
R JR

9.5.1. Character sum analysis. Recall that by (7.10), ??,,j (n,h1,h2,q192) equals

* h
014> Z e(Oll 1)

aq modq] ql

* o h
b e( j1 2)5(—'71'11 = ®192 + a2q1 mod ¢142).
2

[2%) mod q2

We apply the same analysis as in (7.11): Write (¢1.¢2) = qo. let ¢1,0. ¢}, g2,0. g5 be
unique positive integers such that g1,0.¢2,0 | 45°, (4195-q0) = 1 with g1 = qoq1,04} and
g2 = qo0q2,045. Then the congruence condition above breaks down into ¢q | n and

n
—ﬂjq— = 0142,095 + ®241,047 mod §0q1,092,0.
0
— n / /
a1 = —1; —(q2,04, mod g7,
490
— . n 7 ’
o = —1j—4q1,04; mod ¢,.
qo

Then the Chinese Remainder Theorem yields

nhiq1,092,095 nhaqz,041,09
Gy (n,hy, ha,q192) = f]ﬂ]ze(—f)j ; 2 —p; ; !
q1 q>
. . hid hod!
< Z Z e(ﬁl 19, 4 B2 2612)

041,0 042,0
B1 mod gog1,0 B2 mod gog2.0 9oq 9oq

n . J—
X 5(510 |n, —n; . = B192,095 + B2q1,047 mod 610%,0612,0).
0
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By reciprocity together with a change of variable, €, (1, h1, h2, q142) equals

q1492¢\ n; n n
( T nhigro 7 nhagae U nhiqioeqy 7 nhagaogh
D DR D YR
B1 mod gogq1,0 B2 mod gog2.0 q0q1,0 40920

n R R
x 3(610 [n, = B1h14192,0q5 + B2h2g5q1,04} mod QOCll,oqz,O)'
0

d192095 | gh9104y 42045 qiod] )

Before we proceed further, we first remove the coprimality condition (¢}, ¢5) = 1 by
Mobius inversion, i.e. for any function F,

> Flal.gh) =) u(r) Y F(gir.gbr);

(q7,95)=1 q1.95

this yields

REN)= sup D mg®> Y Y DN NN u)qig)

=1
1812=1 "7 Ns<n<Ng q1=4q0q1,09,7.92=4092,095"
41.042.0148° (g d57.q0)=1
q1,92~0C/no

X YN Cy(n ki ha.q142)

hi,ha~oH’
(h1,91n0)=1
(h2,q2n0)=1

x / / UGu)UGu2)B(nogr. by un)Blroda. o )9 (@1 2. ) dus duy.
RJR

To prepare ourselves for a character sum analysis in later steps, we pull out (7, ¢g°),
(h2, (nh1)®°) and the square-full part of nhy. Write n = nynan’, hy = hyohy and hy =
haoh’, where ny | gg°, (nahy0ha0.n'hyhyqe) = (W'h'y hyqo) =1, ha o | (n2h1,0)*, n'h
is square-free and n2hq,0h2,0 is square-full, i.e. for any prime p | n2h1,0h2,0, we have
p? | nahy oha,o. With this notation, we arrive at

RiN)= sup D ong®) D D>, D).

1Bll2=1 no 90 qoln1lgg® nahi,0h2,0 O-full Ns<«n=n1nyn’<Np
ha ol(n2h1,0)>° hy=hy ok’ ,ha=h2 oh,~0H’
(n2,90)=1 n’ by O-free,(n) b} ,h5)=1

(n'h k5 ,n1hy 0h2,090)=1

ZZ Z ZZ “(r)(‘Y1‘12)_5/2€nj (n,h1,h2,q9192)

41=4041.091792=4092,095"
41.042.0198° (@} d57.q90)=1
(q1,h1)=(g2,h2)=1
q1,92~0C/no

X/ [ Uu)U(uz)B(nogi. i, ui)B(noga, ha,uz)$;(q1.92,0) dus du;.
R JR
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9.5.2. Second Cauchy—Schwarz inequality and Poisson summation. Notice that by the
same point counting argument asin (7.12), we have

220 J— CYYEY Y XY 4

”'3”2 lnzhl oh2.0 O-full @1<KC  noqoq1.0rlg1  42,0&LC 0#nn’ <<NB
q1.0lq8° 42.0195°  gqoln1lag®

X 1B(q1, h1,0h),ur)? du1/ duy < t°.
ZZ /u1|<<1 ! |luz |1

h kY, <<H’

Let Y € C2([1 —107%,1 + 107°]) be a fixed function such that Y(x) = 1 for I <x <
1 + 1071% Now we apply the Cauchy—Schwarz inequality to take out ng,n1,1’,qo,¢1.0,
42,0, 97,1 h1,0. 1), hao, hh-sums and the uq, u,-integrals. Together with (9.3) and the
character sum analysis above, we get

té‘
R*
RI(N) < sz”ﬁs”l;plusllll«l{/uzl«lzz 2 2222

no 4o q0|n1\q8° r nyhy oha o O-full
h2 0l(n2hy,0)>°
(n2,90)=1

< TER T Ems(tepe)

Ns <<n/=n1n2n'<</NB q1.0,92.0l98°
hi=h1 ok’ ,ha=h2 oh,~oH'
n’h} O-free,(n) b} ,h,)=1
(n'B\hYy,n1hy0h2,0q90)=1

X > D1(91) B2, h2,u2)B(q3, ha, u2)¥(1n0q0q1,0417. 92, 43)

42=n040492,095r~0C
43=104092,0457~0C

1/2
x e(F3(z0(n09091,0417- 42)) — F3(zo(noqoq1,0417.93))) duz} + 1792, (9.6)

where o _
9192,0(95 — q3) (95 — 45)91,09,
:Dl(qi)=e(nj‘ e
nhiqi,o nhaqs.o
* * * * Br—By  B2—5
) Z Z Z Z e( qo4q1,0 * 4042,0
B1 mod goq1,0 B{ mod gog1.0 B2 mod gog2,0 B5 mod gog2.0 ’ ’
n [ S —
X 5(—77,' " B1h14142,095 + B2h2g5q1,047 mod qog1,092.0.
0
n [ [
T = B1h14192.095 + B3h24391,041 mod 610611,0512,0) ©.7
U C3 i /
W(109091,0917: 92, 43) = ———=7 ®(20(109091,0417- 42): 10409 1,041 7> 425 V)
(9293)
X ®(z9(n0q0q1,0417- q3), M0qgoqd1,0417. 43 V)
y e(_ﬂﬂz,o(q/z —4q3) qi04, 41,09, )
! nhiq104, "nhagaoqh 7 nhags o

9.8)



K. Aggarwal, W. H. Leung, R. Munshi 4836

with

VN , xt Nu, 173 , qt Nuy 1/33/2
ZO(x’q)zn3/2NJ(_”fq(2nh1N+Htl—s) +njx(2nh2N+Ht1—5) ) ’

and

2nN;
q] zo(x,q)

F3(20(x,¢)) =

as before. Here coprimalities between variables are assumed such that D;(g}) is well-
defined. In particular, the condition (¢}, nh1q0) = (¢5q5.nh2qo) = 1 is assumed.

Consider the ¢} -sum. Notice that D; (g} ) is determined by ¢} mod nh1h24091,092,0.
hence applying Poisson summation gives us

1n09041,041" 1n09041,041"
dor (Tl)f@l (QQ)fﬂ(Tl) W(10q091,0417 92, 93)

x e(F3(z0(noq0q1,0417.92)) — F3(z0(n0qoq1,0417. 43)))

- g > > D1 (V)e(q/l—y)

2.2
nonhihy 20f nhi1h2qoq1,042,0
Q041,092, g} v mod nh1h2q0q1,092.0

x 1>(47, q2.93),

where 15(q}. g2, ¢3) is the integral

/0 T()W(Cy. g, q3)e(F3(zO(Cy, 42)) = F3(z0(Cy. 43))

4,Cy )
- dy.  (9.9)
nonhih2qdqs o420

Differentiating gives us

d
—20(Cy,q) = z0(Cy.q

)1/3 —’I}qu Cyt Nu, —2/3
dy

4nnh1N2/3Nj2/3 2nh N  Htl=®

GINTC O gr | Nua VP 9.10)
anjz/3 2rho N~ Hil=e ' '

In order to bound the higher derivatives, we temporarily set

N L Ci N

G = ~ 3’
n3Nj2q 2mhi N n3Nj2q
_ N 5 Nu —&/2
K= FENERANTTIE G
j

7o CN1/3 qt n Nuy 1/3~G1/3
’ anZ/3 2rhoN  Htl=¢
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where we have used the conditions H > N/t'~¢ and ¢ ~ C. Then we may write

1/3 3/2
z20(Cy.q) = J3? SRS / + ] /
o(Cy.q) = ARG nmyl o

so that the coefficients of y are of size O(1) and one can see that oF v ;2/3 <& J for any
k > 0. By Faa di Bruno’s formula, we have

k k CN1/3\*
'd % \IJ(Cy q2.93)| <k (nN—ZB) ,
J
d* N;N)'/3
'dy—sz(zO(Cy,q))‘ <k (%) (9.11)

for any k > 0 and ¢ ~ C. Hence repeated integration by parts gives us arbitrary savings
unless

g1l < nonhih2qgqs oq2.0r (1 N CN!/3 N (N;N)'/3

t® ,
C an2/3 c ) «Nls

where

no’l/610612,0rNj1/3l2+8

h1,0h2,0N>/3

01 := n1n2h1,0h2,0q0qi0 and Qp:= ©.12)

Here we have used C%¢¢/N; = Ns < nand hy,hy ~ H' ~ Ct/N. Inserting the above
back into (9.6) yields

R < e s s [ SF Y R YSY

no 4o qoln1lgg® T nahiohs,oO-full
h2 ol(n2hy 0)*>°
(n2,90)=1

Bgs o un)B(gs. o)
2.2 22 XX e

/ / 2.2
Ns<n=n1nyn’<KNp  41,0,42.0145° 42=n04092.0457~0C Moltyny 1 h hz,oqoql,oéh,or
— ’ — ’ 14
hi=h1 0l ,ha=h3 o0hy~0H 43=n04q042.045r~0C
n’hy O-free,(n) b} ,h5)=1
(n’h kS ,n1hy 0h2,090)=1

’ 1/2
x oy > Di(y)e (L)b(‘llp%,%)duz}

nhih2qoq1,092,0
lg11<Q10Qp v mod nh1h2q041,092.0 e

+1:79°. (9.13)

We first deal with the character sum

> o),

nhihaqoq1,092,0
y mod nh1h2q0q1,092.,0 oo,
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Recalling the definition of O; in (9.7), the Chinese Remainder Theorem implies that the
above equals

Wy S (qin1n2hi,0h2q0q1,092,0 + 1j (@5 — 45)q1,0m1n2h2q2.0,
nj (@5 — 45 qz.0n1n2h1 041,01 0'Y)
x 8(qy = —1q047 oh1 (g5 — g5) mod h}) Do(gh. 45).

where My = ninzhi1,0h2,09091,092,0 and Do (g5, q5) equals

3 e(q;yn/hah; L G200y —ay)yn'hy @—@ql,oyn/h;)

j j
My ninzhi0qi,0 ninzhs0q2.0

y mod Mg

» Z* Z* Z* Z* e(ﬂl—ﬁi +ﬂz—ﬁ/z)

q4091.,0 q4092,0
B1 mod goq1,0 B mod goq1,0 B2 mod gog2.0 B, mod gog2.0

n J—
X 5(—n; " Bih1yqz.095 + B2h2gbq1,0y mod qogi,092,0,
0
n [ —_—
—nj . = Bih1yvq2,0q5 + B5h2q5q1,0y mod f]ofh,oCIz,o)
0
L ninahy ph2,04391.092,0- (9.14)

Hence the Weil bound for Kloosterman sums gives us

S oot )

nhi1h2qoq1,042,0
y mod nh1h2q091,092.0 o

L ninahioh2q3q1,042,0t° \/n’h’l (91.95 — q5.n'hY)
x8(qy = —njqoqlz’ohl(g—g) mod h}). 9.15)

Next we analyse the y-integral with the phase function being

4,Cy
F3(20(Cy,q2)) — F3(20(Cy, q3)) — =
nonhih2qyqi oq2,0r
_ 2nN; (Zo(Cy,qz) B ZO(CyJJs)) 3 q1Cy
Cy q2 q3 nonhih2q3qs oqz.0r

Denote
G(va) = Ghl,hz(yvz) = F3(ZO(Cys CZ))

_ [P N\ 2Ny \ PN
Tn T\ hyy CHt2¢y2 T\ hyz  CHt?#z2 ' '

We start by analysing the case when |¢}| < Q1 Qs (including ¢] = 0), where Q; is
defined in (9.12) and
n0q0q2,0rC3t2+8

s = nynanhy ohao(N;N)4/3

9.17)
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Remark 9.2. The threshold Q; O is chosen such that when |g]| 3> Q1Qs, the phase

satisfies )
q,Cy (CN1/3) e

nonhlhzngioq%or ”N;'Z/3

Since the weight function W(Cy, g2, ¢3) consists of an inert function with zo as an
argument, we can apply Lemma 5.2 (2,3) in the range |¢}| > Q1Qs. This condition
is ultimately used in Lemma 9.5.

Applying stationary phase analysis with the calculations of Appendix A.4 shows that
the y-integral is bounded by

an-2/3t€

< N3

C3r¢
8(|q2—q3| < ) + 179,

I’le
Together with (9.15), this shows that the contribution of |¢}| < Q105 to R3(N) in
(9.13) is

g mff Y Y Y yyy yyy

IBll2=1 |u;|K1 no 4o golnilgg® T nahiohaoOHull  Ng<n=ninyn' <Np
ha 0l(n2h1,0)%° hy=hy ol ha=ha ohy~0H'

(12.40)=1 /) Difree, (1 1)=1

(n'h'y hy,n1h1 0h2,0g0)=1

)ID DD IS 3 1B(g2. h2.u2)B(gs. ha ) |dus

<

41.0,42.0195° g2=n04092.0457~0C lg11< Q105
q3 =noqoqz.oq§3r~oC ay=—n;qoh1 (@h—q5) mod k)
&
lg2—g3|< i,\fj

2/3
N; / Vnan'ha ohqo

CN1/3 no h’lql,or
Recall the definition of Ng and Np in (9.5). Applying the AM-GM inequality
1B(q2.h2.u2)B(q3. ha.u2)| K |B(q2. ha.u2)* + |B(q3. ha.uz)?

and the same point counting argument as in (7.12) implies that the contribution of |¢] | <
010sto R5(N)in (9.13) is

r° {H’ZNz?N,-Z/3 C*VHN;  CPVANg® CVH }”2

1/2
\/(q’l,qé—qg,n/h’l)} :

<
3/2 ) 1/3 -N)1/3 2/3 775/3 - N)5/3
C3/2,/N; CN (NjN) N7PN3/ VNs(N;N)
’_ _ N —— —
q1=0,92=43 q,=0,q2#4q3 4} #0.4:=45 q1#0,92#43

(1/4 (5/4 C3/445/4
) = B (9.18)

t
té‘
< ((N-N)5/6 + N.5/6N1/3 + N:N + (N.N)13/12
J j J J
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Inserting the above analysis back into (9.13) yields

* ts
ij(N)<<C3/2—Nj sup  sup {[u2|<<122 Z Z ZZZ

I1Bll2=1|u K1 no 4o q0|n1|q8° T nahyoha,oO-full
h2 ol(n2hy 0)>°
(n2,90)=1

ZZZ ZZ ZZ h’zﬂ(%,hz,uz)ﬁ(%ﬁz,uz)

2,.3/2 [T 42,2
Ns<n=ninon’<Np  41,0,42,045° 42=109042.0457~0C noniny “n'h h2’0q0q1=0q2’0r
h1:h1,0h15h2=h2,0h2"’0H/ q3=noq0q2_0q’3r~0C
n’h} O-free,(n| b} ,h)=1
(n'h RS ,n1hy 0h2 090)=1

1/2
S o@z(%»q;)lz(qll»qLCB)duz} + 8,
0105911010958

where D5 (g5, ¢5) equals

S(QQ”I”Zhl,OhZ‘IOQI,Oqz,O +n; @ - a)éh,on 1127242 0,
nj (qé - qg)CIz,onlnzhl,oqLo;n/hll)
x8(qy = —1;q047 oh1(q5 — ¢5) mod 1) Do(g5.q3)  (9.19)
and Do (g5, g4%) is as in (9.14).
9.5.3. Third Cauchy-Schwarz inequality and Poisson summation. Now we consider the

remaining case |¢}| > Q1 Qs by iterating the above process.
Notice that by the same counting argument as in (7.12),

LIPS U IED SIS I I NP IED I DEEDS

1B12=1 4, <C noqoan.oasr=a> 41.0<C qoln11gSe nahy ohz o O-fulln’ <Np b by < H' 0<|q|< Q1 O

a2.0la®  1.0l45° h2 ol(n2h1,0)>
1
/! 2
3/2,73/2 l / |ﬁ(q29h2,0h2,u2)| du2 Z
nin, ”h1,oh2,0h1€706]1,042,0|6]1| luzlk1

y mod nynzhi 0h2,09091.092.0

XX

B1 mod goq1.0 B2 mod gog2.0

2
L 8.

nnpn’ — S
5(—77j lq: = Bih1,0h 42,095 + B2h2,0hsq5q1,0y mod 40(]1,042,0)

Recalling the definition of £, in (9.19) and applying the Cauchy—Schwarz inequality to

take out n9,n1,12,1",40.41,0.92,0. 9195 P1,0. 1}, h2,0. b}, y-sums we get, for the same
fixed Y € C2([1 — 1072, 1 + 107?]) as before,
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t&‘
R*(N _
W< G e sl NS TY YR

1o 90 q1,0,92.0195° qoln1lag® T

ZZZ 2.2 2.2

nahi oh2, o O-full Ns<n=nnyn’<Np q3=noqoq2, 0q3r~OC
2 ,0l(n2h1,0)%° hi=h1oh'ha=h2.0h~0H' g4=n0q0g2,04),r~0C

(n2,90)=1 n’hy O-free,(n b} ,h5)=1
(n’h/ hy,nih 0h2,090)=1
Z Z T(‘I_Z) h71q11B(g3, ha, u2)B(ga, ha, uz)
C 2,.3.3/2 , 7
010519110198 92=n0490492,095" nohiny "'/ Ohlqoql 092, or?

- - 1/4
< D} 05) Dy 4 Do 4D 1oy 4. 43) 2 o, q4)du2}

+ Bi1, (9.20)
where D} (q5.¢") equals

S(qininahiohaqoqi 0920 + 1j (g5 — 4)q1,0m1n2h292 0,
1j (g3 — q")q2,0n1n2h1,091,0:n"hY)
x 8(q] = —n;4047 oh1(q5 — q') mod h)

with Do (g5, q,) as in (9.14). Notice that D, is defined mod n’h’ h},. Now we apply Pois-
son summation to the g5-sum to get

noqoq2 Oq&r — —
) T(T’):o;(qg,q;):o;(q;,q;>lz(qi,qz,qz)lz(q;,qz,qo

/

5]

/ / / ! ‘yqé
= E E D5 (y, q3)D5(y, —
non'h’ h/z%(}z or 2(7.43) Dy Q4)e(”/h/1h/2)

q5 y mod n’h| b,

o0 - q,Cy3
X/ T(ys)lz(q/lsCst]s)Iz(fIi,CJ/3,Q4)9(—,,+) dys
0 non h1h2q0612,07

By a similar computation to that for £; in the previous section with the Chinese
Remainder Theorem, the character sum simplifies to

I
) AT AL A qa)e(&)

A
n'hh
y mod n’h' i), 172

h1,0904% 0057 (119043 045 — 0;4})
= 3045 = moa e AT ZL )ostas.di
2
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where

, s (yayhh
Di(ghql) = Y. e( n/zh/z)
1

y mod n’h)

x S (qininahi oh2qoqi.042.0 + 1 (V — 45)q1.0n112h242.0,

1 (¥ — 45)q2,0n1n2h1,0q1,0:n'Y)
x S(qin1n2h1,0h2q0q1,042,0 + 1 (¥ — 44)q1.0m1n2h2q2.0,

nini (v = q3)gz.0ninzhyoquoin'hy).  (9.21)
Applying Lemma B.1, we obtain
Ds(g5, q4) < ('h)258(x0) + (n'H)3 %28, (9.22)
where *¢ is the condition
*o = {¢q5 = g4, mod n'h
or q1h1,0q091,0 611,0(61_/3 — Z) = 0 mod n'h)
or ¢\ h1.0q0q1.0 — 77,'%,0% = 0 mod n'h
orq1h1,09091,0 — U_iQI,OE = 0 mod n'h’}.

Using (9.11) as before, repeated integration by parts now gives us arbitrary savings
unless

lgs| <

non'h’, ) r CN'3  (N;N)'/3
0" N1 N5q0492,0 (1 - +( iN) )ts < OB,
C an ¢

with Qp defined in (9.12). Inserting this back into (9.20), we get

* ts
R N) < Gy e sup sup{ /|u2|<<122 OIS

1 1
1Bl2=1 hurl< no 40 ¢1,0.92.0l98° goln1lag® T

220 22> 2.2

nahy oh2,0 O-full Ns<n=nnn’<Np q3=n0qo4q2, 0q3r~oc
h2,0l(n2h1,0)%° hy=h1 0k’ ,;ha=h2 ohy~0H' g4= 104042, 0q4r~oC

(n2,90)=1 n’ b’ O-free (nlhl,h/) 1 a5=q/, mod k)
(n'h’ hy.n1hy oha.0g0)=1

Z h51q118(q3, ha,u2)B(qa, ha, usz)
n3n3n32n2 2.4 3
0105 <Ia}1<01 05 lasi<0p M0N1M2 1V h10hT 454y, 0430

1/4
x D3(q5. 44) D3,0(q5. 944 I5(q} . 95, 93, 94) duz} + B, (9.23)

where D3 (q5. q}) equals

h1,0q043 051" (h19043.045 — 1j91) \ =
e( Lo C ooty ~ i )@O(qg,qg) <ninahy o 0q3qioqzo  (9.24)
2
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by (9.14), and 13(q}, 45, 43. q4) equals

q,Cy3

m _—
/ Y (y3)12(q1. Cy3.93) 12 (4. Cy3,q4)e(—”+
0 non’hhyqoq2.0r

) dys.  (9.25)

Now we want to again separate the contribution when |g5| is small, arguing similarly
to the case |¢7| < Q10Qs. To be precise, we first deal with the case

noqoqa,or C3t>+¢
nynanhy ohyo(N;N)*/3

lgy| < Os =

including the case g5, = 0. Applying Lemma 5.2 (1) to the ys-integral, we get arbitrary
savings unless there exists y} € [1/2,5/2] such that

C2N2/3[€
(G(1.y3) = G(y2. y3)) | < —— 5.
n*N;

'dy3 y=y}

Applying the same analysis as in the previous subsection (to get (A.2)) with Lemma A.1,
(A.1) on zo(Cy1, y3), 20(Cy2, y3) ~ 1 in ¥, the above bound for the derivative yields
C?t¢
an ’

ly1 — 2| € (9.26)

Inserting these conditions into /3(¢}.g5. 43, q4), writing y» = y; + v and bounding the
y3-integral trivially yields, for |¢5| < Os,

I3(4}. 45 43.q4) < t° sup

o0
/ 2 / Y)Y+ v)¥(Cy1,Cy3.q3)
\v|<<ﬁ 0

y3~1
q3 q4
xW(C(y1 +v),Cy3,qa)e (G(yl,ys) —G(yl, E) -G(y1+v,y3)+G (y1 +v, E)
qllcv )d d —A
v+t
nonh1haqdqs oq2.0r 1

for any A > 0. Applying Taylor expansion to the functions involving 1 + % and 1 + ;’—1,
using H > N/t'~¢, and bounding the v, -integral trivially, there exists some 'ﬁ/chNwﬁts-
J

inert function ¢ such that I3(q}. g5, 43, q4) is

2.8 o0
O(Ct sup /0T(y)\I/z(Cy,qs,qz;)e(—G(y,%)JrG(y,qC—“))dy'H_A)

j 28
7 |v1\<<ﬁTt/_

with

U (Cy,q3,q4) = Y(Cy,Cy3,q3)¥(C(y +v),Cy3,94)9(y, 3, v,93,94),



K. Aggarwal, W. H. Leung, R. Munshi 4844

S 1/3 . . . . .
which is a (CN 53 + = /2CN )t®-inert function. Applying the same repeated integration
nN; n3/2N;/t

by parts procesjs to the y-integral using (9.11), we get

C2¢ C? C2N1/3
I /’ /, i s _ e l_A
3(41.92-43.94) K N, (|CI3 q4] K ((N,-N)l/3 - x/ENjZB) ) "

forany A > 0.
Inserting (9.24) and the above bound for /5 into (9.23), we deduce that the contribution
of |¢5| € Os is
té‘

<grmgm i/ ST TY ¥ ¥

=1 1
1Bl2=1 hurl< no 40 ¢1,0.92.0l95° qoln1lag® T

220 X)) 2.2

nahi0h2.0 D-ilé“ Ns <<'5=n1n2n'<</NB , 43=1040492,0957~0C
th(onlinqz(fl)l_.ol) h =/Z/1 |0:|hf1 ’h2(=/h}f/‘0}};/2)N01H q4=noqogz,oﬂr”gcl/3
3 - n 1 —ree,nl 1,2= _ < C +C N 18
('R hYy.n1hy 0h2,0q0)=1 I3 =aal ((NjN>1/3 «/mzvl?“)

q5=q), mod

Z Z Vhi,oh2|qi118(q3, ha, uz)B(qa, ha, uz)]

3.2 2 2
nont/man?hqoqs oq2,0r>

010519110198 451K Q05

C2 1/4
x—|i>3(q;,qg)|@3,o(q;,qi>duz} .
l’le

Recall that Qg, Q p are defined in (9.17) and (9.12) respectively. Applying the AM-GM
inequality

1B(q2. ha.u2)B(q3. ha, u2)| K |B(g2. ha u2)|* + |B(q3. ha,us)|?

and using (9.22) and (9.24) with the same counting argument as in (7.12) shows that the
above is

e 5 c3 (nN;}*1\2 . 312 1 /Ccr\!
C3/2,/Nj nN; N5/3 I’l(NjN)4/3 n2\ N

n<CN1/3t2/N?/3

(€, CN' e (nC 32\ 14
NN n? T NN

q5=4,

9574,

t9/8+s /CI C2 Ct 1/4
< 1+ + — .
CU4(N;N)3/e NYensn2 JA(N;N)Y/3 N
J

Indeed, with the same process we get the following technical lemma that we will apply
repeatedly later.
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Lemma 9.3. Let g3, q4 ~C. Let B <<022N—24//33tandletn Oorl. Lethea(CNzl//j +

nwz—w)tg—mertfunctlon and let J be equal to

o0 o0 o0
fo T(y) /0 T() /0 T (1) W(Cy1, Cy. g3 B(Cra, Cr g W (v, v1s v, 43, 44)

X e(G(yh y)— G(Yl» %) G(y2,y) + G(yz, cé ) +(1— n)By) dys> dy dy.

Then there exists some ( N’ /3 + /gf\y I)ts-inert function W and some function F

such that J equals

5/2
/; /v|<<((1 -5~ +n(

) /0 T()Y( + 0)U(Cy. Cu.g)

F(u,v)

C cN1/3
+ ))IAd
(NjN)I73 /niN /%

< TCO ). Cuga) W G,y y + v,qa,qoe(—c (y, "—3) + G(y, qc—“)) dy dvdu.

C
Moreover, s < (a o CZ c CNV/3 .
" nN; (N; N)1/3 sz/s
C2 C2N1/3 4
x 8 — < 1
('q3 ul < ((N_;N)m rzvm) ) i
forany A > 0.
Altogether we have

* te
Ri(N) € C3/2\/F]”sup sup { /|u2|<<1ZZ ZZ Z Z

1|u 1
Blla=11 l|<< 70 40 q1,0,92.0145° goln1lgg® T

220 22> 2.2

nahy oh2,0O-full  Ng<Kn=njnon’«Np  q3=noqoq2,0957r~0C
h20l(nahy 0)°° hi=hy ol ,ha=h2 oh,~0H’ g,= n04042, 0q,4r~0C
(n2,90)=1 n’h'y O-free,(n '} ,h%)=1 a5=q/y, mod k)
(B RS ,n1hy 0h2 090)=1

Z Z h; |%|ﬂ(‘13,h2,Mz)ﬂ(614,hz,uz)
2
0105 <Id]1< 0105 0s<igy<0y 01113 1 R0l o3 o1

1/4
X D3(g}. 44) D3 0(dh. 4 15(d} gy 4. 44) duz} + 8+ 8,

where B is defined in (9.18) and

[9/8+e JCrt C? ce\'*
8, - IR (9.27)
CUAN; N6\ T yYensn2 JA\(N;N)13 T N
J
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9.5.4. Iteration of the above process. lterating the above process, we obtain the following
lemma.

Lemma 9.4. For any positive integer v > 2, we have

)
RI(N) < | A+ B,
j=1

where A, equals

e el Yy Yy oy y ¥

=1 1
Blla=1u1l< n0 40 g1,0,92.0148° qoln1lag® T Q10s5<klq]1<K Q198

IIED D B EEND I IS 2.2

05<lgsl,slgn| <O p ’;lzhl.ohzho D-nglh A}is <<hn/=hn1n}zln/<;/NB | dv+1=104042,04, 4.1 7~0C
= = ~oH = /
2,(0|(n2 )1=,01) 1=hyohyha=h2.0hy~0H" g, | 1 =nogo42.04} 1 ,r~0C
n2,490 n hl D—free,(nlhl,hz)—l ’ — mod A,
(n"hy 1y ,n1hy oh2,0q90)=1 Dot =0v 42 2

hi0hs,0C 2t nohlr vl v—j_
(o) i [Tias " Do)
n

2 1.7 2 2 3/2,3/2
ngnin’hiqiq1,092,07 ”2/ hl,/ohz,oqLOC

j=1

X B (qv+1, 2, u2) B/ (Gv+2, ha, u2)°(ov+1(q]/)+1’ 61;+2)i)(/)(q1/)+17q1/;+2)
2—\)
X Loy 1(qy. - dys o1, Gvt2) duz} ,

with the notations B’ = f or B, D} = Do or Do depending on v, with By, Do, D3, I3
as defined in (9.18), (9.14), (9.21) and (9.25) respectively, and

e(hl,oqoqioqén/(h1qoqio£— njqi)) b—o
/ ’ - ’
D(v) = "
! 7 n/h/
e(quv+1 1)7 v > 2.
h/
2
The character sum Dy(q, .4, ,) and the integral I1,(q;. ....q,. qv+1.qv+2) are
defined recursively by

yq/h_’
D(Ov+1(q1/)+lvq{)+2) = E Dy (y, qf)+1)i)v(% ‘1;+2)e( n/‘;qu
y mod n’h) 1

and

o0
I,,+1(61’1,...,q;,qv+1,qv+2)=/ Y (- 1v(qys - gy Cy2v—1.Gv+1)
0

x I, (q] qy_1-Cyav_1,qv12)e Do ¥z
w(qys g _qs —1:qv+ non'h1h2qoqa,or -
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4847
and for £ > 2,
o TR NN e e )
ETN N2 NP5 )N T (NN '
Moreover,
v—1_
Doi1(q) i1 qpyn) € (B 71205 (R 8(%0—2) + 1),
where x,_, is the condition
*y—2 = {q})41 = ¢4, mod n'h
or ¢190q1,0 £ h1q1,0(q, 41 — 451,) = 0 mod n'h}y
or 6],1%611,0 - ﬂjhlql,oq;H = 0 mod n’h’1
or ¢190q1,0 — njh141,04,4, = 0 mod n'h’ }.
Proof. The proof is presented in Appendix B.2. -

With the above lemma and the bound for Dy in (9.14), we are left to bound
Liv1(qy, - .. q), qu+1. qv+2). We do so with the following lemma.

Lemma 9.5. Let g}, ....q,.qv+1.qv+2 be integers such that

lg11 > 010s, |g5l,---.lgyl > Qs and  Gui1,qvi2 ~ C.
With I3 defined in (9.25) and I, defined in Lemma 9.4, we have

v

v—j
(N;N)Y3non'hi1haqogqa,or 2
1v+1(¢]/1,---,611/,,(]\;+1,C]v+2) <Ly H(l-l- /
2Ny fmin{gy << - 1g)C?

v—2 v—1_
8 (ninzhy0h2,0q047 0)*>  (non’hihagoqz,or)? 12

V=2 ,pv-3 =1 ~ov—1_1/2
a 4z ar C /

t&

forv > 2.

Proof. The proof is presented in Appendix B.3 via a careful iterative stationary phase
analysis. Indeed, we have to use (3) instead of (2) of Lemma 5.2, and the parameter U for

each stationary phase step has to be chosen carefully to yield a recursive structure. ]

Inserting the above bound into the bound of 32]* (N) in Lemma 9.4, together with

Dk +1) K1, Do < ninahiohz09391,092.0

as in (9.14) and the last statement of Lemma 9.4 on D, +1(q;, .4, ). We get, for any
v>2,
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RE(N)

< e[  ZE XY Y%

n0,7 40 ¢1,0,92.0195° qoln1la5° @105 <lq} <0108

IIEDIEEDH I IR IS 2.2

Os5<laslnlay|KQp nahioha,0 Oull  NsKn=ninon'<Np 4y 41=104042.04, 417~0C
h2 0l(n2h1.0) h1=h/1.0h1,h2=h2.0h2~01‘1 dv+2=104042.04}, 4 ,7~0C

(n2,90)=1 n’h, O-free,(n, b’ ,h%)=1 ;o /

’ ,l ’ Lo172 qn}+l_qv+2 mOdh2
(n’hyhy,n1hy 0h2.090)=1

( Vh1.0h2,0C )2"“ nohlr

2 1! 42 2
ngnin h1‘10‘11,0Q2,0”

T 1‘[|q, 2 B (Gu 1 b o)
ni n2 h h20q10C j=1

v—1__
X |B(qv+2, h2, uz)|dus(n'hy)? 1/2( n'h8(*y—2) + 1)ninshioh2,04391,092.0
% l_[ (l 4 (N'N)1/3n0n/h hzqqu ol )21)1
\/mm{q” 1l <u<j—1}q;C?

v—I1 —v
(m1n2h1,0h2,0406% o) (non'hihagogaor)? ~1/2)2 v
5 1,0 } n Z 8,

nv—2 pv— 2 =1l ~ov—1_1/2
at’ a4y C /

with (*,,_5) as defined in Lemma 9.4. Recall the definition of Qg in (9.12). Applying the
AM-GM inequality

1B(qvt1. 72, 12) B(@v42. ho, u2)| K |B(qus1.ho u2) > + |B(qusa. haouz) |

and the same counting argument as in (7.12) implies that the above is

RE(N) <

r° > n2 "' oV2 (N2 N P20 LS )
C3/2/N; vC \N N N

n<<CN1/3t8/Nj2/3
[C 12+e+99/2"

+v sup B LK ————+v sup By (9.28)
1<l<v Nj N3/2 1<l<v

—V

for N > 172,

Remark 9.6. To get the above bound in the first line, first observe that the worst case
scenario for ¢ is when g3, ..., g, are as large as possible, and |¢} | is either 1 or as large
as possible.

9.6. Bound for Rj(N)

Recall the definition of R; (V) in Lemma 9.1, and the definition of $; in (9.18) and in
Lemma 9.4. Taking v = ¢ in (9.28) and combining it with the bounds (9.1), (9.2) and
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(9.4) we get, for N > t17¢,

1
Rj(N) <<z£{ st i +
C*H — CN/PN43 NN

1 CN C3/2N2 Cr?
+#(1+—)5(NJ- < r8)+ Ve
JCHNN1A\ T Hi (H1)32" ) " N; N3
t l1/4 l5/4 C3/4t5/4
+ (1\7]'1\])5/6 + NJ.5/6N1/3 + NjN + (NJ'N)13/12

Ht t C? N
1 —— )8(N; < C?¢¢
(*mmm+m)“« )

24

+ su vee {le/3N8/3(1+ C?t? )(Ct+ C? )}2_ (9.29)
2s€§;8 NjN3/2 | C3t7/2 f{f/3ﬁv5/3 N~ (NjN)\/3 ' ‘

10. Final bound

We choose Q such that HL*@ < Q< J%ta. Inserting (9.29) into Lemma 9.1, the condi-
tions N/1'+8 « C < Q15,1218 « H < Nt® /M, 1'%+ « M <1175, N < 13/2+,
Ny ~ N2X3/Q3 and N, < (N2/Q3 + (CHt)?/N*)t® <« N?t¢/Q3 (by the choice

of Q) imply

(S1,x(N)S2(N))/2

CM(N{N»)?3N*3 (( Ct
NN

3.¢ 1/2
?;)+ﬁmm}mw%

W3Qg

< =

5(N1 <
MHN?
Q3
Q*MN?(  ON +MN3/2
(Hr)>/ Ht Vo

N oVvT\((Qt\"*, 0¥
(v g (1) () )

including the case X = 0.

We choose Q = M5/6H'Y/3N1/3/¢3/4 Then Q satisfies tli_g <0< J%ts when

H > #&FS. Inserting the bound into Theorem 6.2 and then using (6.3) we get, for
1124 « M < 1178, N < 13248 [t + # < H < M,

+

e) A3 5/3 1/3
<<t{QM+ + Q5PMN (1+N1/3 T

+ QMN3/4ZI/4

SAj;,H(N) (M2 o 2979 M23/8;3/16  pq7/12,7/8
N 1374 + M32 + H1/9.7/6 + H3/2 + H1/6
M5/4t5/8}

3/2,1/8
+ MR —



K. Aggarwal, W. H. Leung, R. Munshi 4850

Remark 10.1. The optimal choice of Q presented above is determined by minimizing
MHN?/Q3 + /ON Mt restricted to Q < Nt*/~/Ht.

Inserting the above bound together with the trivial bound (6.2) into Lemma 6.1, we
get
IL(/2+it.m) < (logt)(l + / U(%)|L(1/2 +it + iv,n)lzdv)
R

. M52 (9/4 . M29/9 M23/8;3/16  pg7/12,7/8
S\ T Ty PPN\ ieae T e T T e

,MH}

M>/45/8
3/2,1/8 .
+ M7t +S1L\1/pmm{—N1/6 ,N})

< ZS(MS/Z [9/4 M3

7/4,3/40 9/143/4 3/2,1/8 15/14,15/28
13/4 +M3/2+t21/20+M ! M+ MU+ M ! )

19/4 M3 7/4,3/40 15/14,15/28
&
<<f(—M3/z+m+M M )

The optimal choice of M is M = t2/3, which yields
v

IL(1/2 +it,m)]* < (1ogt)(1 +/ U(I2/3)|L(1/2+it+iv,n)|2dv) &L 13/4+e,
R

This completes the proof of Theorems 1.1 and 1.2.

Appendix A. Integral analysis

A.l. Stationary phase analysis of $o(m,mo,q1,q2,Xx1,X2)

Let x1, x, be such that ¢x (x;) # 0 for j = 1,2, with ¢x as defined in (6.9). Recall from
(7.2) that

Fo(m,mo, q1,q2, X1, X2)

/oo U ( Niz )U ( Niz ) ( mN;z )d
= oz —=-Moq1, X1 — =, Moq2, X2 - z
0 "\ (mog1)? "\ (mog2)? m3q1q2

and

o0

_ N
Uw)Uy(a, Nw)w_1/3e (—Cb o

Uy, (a,b,c) :/

+ 7713(an)1/3) dw
0

for j = 1,2 with Uy being a fixed flat function.
The oscillatory integral in Uy, has the phase function

Nwx; 3,(Nlez)IB
1 D E— .
moq; Q (mog;)?

Si(w) = —
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Differentiating gives us

Nx; NNz /3
- enl)
Siw) moq; Q n (mogq;)3w?
2( NNz \'?
" _ “
1 (w) - 771 ((moqj)3w5) )
N{N)'/3
1w )<<,% for any j > 2.

For X = 0, the support of o (x;) ylelds C - & t%, and hence Lemma 5.2 (1) gives
us arbitrary savings unless

3.8

N

(N\N/CHV? «1® <= N < x

In such a case, Uy, is t®-inert. Now by repeated integration by parts in the z-integral in o,
we get arbitrary savings unless

lm| < C?t%/Nj.

The function $o(m,mg, 1,42, X1, X2) is té-inert when |m| < C?t?/N;.
For X # 0, the support of ¢x (x;) yields —= lef ~ N|X| > ¢, and Lemma 5.2 (1) gives
us arbitrary savings unless

(MN)'/?  NIX]|

X >0 and
N an c co

In such a case, we have f{"(w) > t°. Computing the stationary phase point f{(w¢) = 0,
we get

N1Q3z 2N xjwo N1Qz
ST and  fi(wg) = : = S .
N2|x;| moq; Q (mogq;)?1x;]

Hence for any A > 0, Lemma 5.2 (2) yields

(G mo09)
—— . moq;j, X
1 (moth)3 04> Aj

Wo =

5(7’]1X >O) (N1Q3Z) ( NlQZ ) _A
= U. 2 f— 0]
S \w2 B ) Y gzt ) TOCT

for some #°-inert function U, € C2°([1/4,25/4]).
Write

U, (NlQ3 ) (N1N)V/e 1 U (N1Q3Z)
,Moqgi, xXi | = .
N2 2 Y JC o) -\ N2[x; P
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Then Uj is a t®-inert function supported on [1/4,25/4] x R x R such that

le \/E N1Q3Z
o (Groays mo01) = gyt > 00 ( oy

N
x e(2 ‘—Qj) + 0314,
(moq;)?1x;]
Inserting this back into (7.2) yields

Fo(m,mo, q1,92, X1, X2)

C * N1 Q3z N1Q3z
= W5(TI1X >0)/0 ‘P(Z)U3(W,WOCI17XI)U (N2| NERLCLERL

N N N
xe(Z IQZZ -2 1Q22 - mz 12 )dz
(moq1)?|x1] (mog2)?*|x2|  mgq192

Repeated integration by parts gives us arbitrary savings unless

m|N N C CcQ?
|2| 1 21Q |m| << @ ts’\’ Qzl,E
mgq1q>2 C?lX| VN X] NX

A.2. Stationary phase analysis of $(q1,42,0)
Recall from (7.5) that

(q1.92.9) =/ ox (x1)g(moq1, x1)$1(u1,moq1, hy, x1)
R

3

o0 N1Q°z
></R(/)X(xz)g(WOQLx2)¢>1(uz,m0612,hzyxz)/ @(2)Us N ol
0

N1Q3z N1Qz N1Qz mN;z
Us| v Mod2¥2 Je| 2 /55— =2 [ 55— =5 dz
N2|xz| mgqilxi| mgqs|x2|  mpqi192

N2xyu; N2x5u, X1 txa
X e - + dx;dxy,
moqi QH'™¢  moq2 QHt'~¢ ' 2xh1Q  21h2Q

and Us is some #°-inert function supported on [1/4,25/4] x R x R. Consider

3,
N1Q°z

ox (x1)g(moq1, x1)$1 (U1, mog1, h1, x1)Us| ———=,moq1, X1

R N2|x]3

| N1Qz N2x1u; tx1
xel?2 + + dx
( mgqilxil  moqi QHt'™¢ ~ 27hi Q !

ZX/ @(x1)g(moq1, Xx1)$1(u1, moq1, h1, Xx1)
R

N1Q3Z
X U3(NzT3xl3,m06]h Xx1 Je(Fi(x1))dxy.
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The phase function is

N, Qz N2Xxu tX x
Fi(x) =2 2 ;Q + ; 11_8 + L
mgqi|X|x1  moq1QHt 27h O

Recall that N; ~ N2X3/Q3 by the support of Us. Differentiating, we obtain

N1Qz N2Xu tX
Fi(x) =—/— ;Q 3+ 11—8+ hQ’
mgqy| X |x; moq1 QHt 2wh, Q

” 3 NlQZ «/N1Q
Fl (X]) == 2 2 5 ~ s
2\ myg7| X |x3 CVvX
) VN1 Q ,
FYl(x1) <; for an > 2.
1 (x1) Jj C\/Y yJ

The stationary point x; o satisfying F(x1,0) = 0 is

. (Znhl )2/3 O(N2)'/3 (1 4 2mhN%u; )_2/3

X1,0 = —
moq1t | X moq1 Ht?~¢

N1Qz Nitz 27hiN%u 1/3
A =3 = s (i)
m0q1|X|x1,0 27’[/’11(771()(]1) m()qul

Since X > CQt%/N, we have

and

VN:IQ  N|X|

— >

cyIxX] CQ

Together with (4.3), Lemma 5.2 (2) implies that there exists a ¢®-inert function ) suppor-
ted on [1/4,25/4] x R? such that the x1-integral is equal to

Fl// X]) ~

N1Q3Z )
X X moq1, Xx Uy, moqi, h1, Xx1)Uz| ———,moq1, Xx
[RQO( 1)g(moq1 Do1(u1, moqr, by 1) 3(N2X3x13 091 1
x e(F1(x1)) dxy
CVvX . .(N 03z
=X _NIQISCD( NI2QX3 ,m091,ul)g(m091»xxl,0)

Ntz 2nh1N2u1 1/3 _A
{]—(1 + — ot
Xe( (2nh1(m0q1)2( + moqy Ht?—¢ +0a)

for any A > 0. Applying the same argument to the x,-integral, we find that there exists a
t-inert function ® supported on [1/4,25/4] x R* such that d(g,. g2, v ) equals
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CX5/?¢2 ()0 N1Q3z ( Xx10)
— @z 5 a1 Moq1,Moqz, U1.Uz |gMog1, A X1,0
VN1O Jo N2X3 ’

Nitz 27T/’11N2M1 173
, X We—7———— |+ ————
X glmoda xz’o)e( (Zﬂhl(moéh)z( +m06]1H12_8

Nt 27hy N2 1/3 N
xe(—3( 1z (1+ e ”_2)) —mzlz)dz+0(t_‘4)

21hy(moq2)? moqr Ht?>—¢ myq192

for any A > 0, and
2h; \*? Q(N,2)'/3 2h; N?u \ 7?3
Xj,o=(ﬂ]) Q(N12) (1+ Thy ”)

mog;t X moq; Ht>=¢

for j = 1,2. Note that x; ¢ is flat with respect to z.

A.3. Stationary phase analysis of §;(q1.,42.0)
Let nN; > C?t*. Recall the definition of &;(¢1,¢2, V) in Lemma 9.1:

o0
> 2—
élj(ql,qz,v)=/ @(2) @)y, (nog1. nog2. U1, u2)(g(M0q1. Xx1,0)8(M0q2. Xx2,0))”
0
A NNz nogit n Nuy 1/3
el — .
U (nog1)> \2mrh1 N Hil-e
N;N r N 3 nN;
+377}( J 23(}106]2 n Lllzg)) _ r; iz )dz.
(nog2)* \2mh, N~ Ht nyq142
The phase function, denoted F3(z), equals
3 NNz noqit n Nuy 1/3+ 3 NNz nogot n Nusy 1/3
i (noq1)3 \2mrh N Hil-e¢ i (noq2)3 \2mhy N Hil-e¢
i’leZ
n%%‘]z'

Differentiating, we obtain

F( ) = N'N noqit Nuy 1/3
Z
3 (noq1)3z2\2mrh N Hll €

- N;N nogat 1/3 nN;
I\ (n0g2)3z2 \ 2wh, N Htl € %6116127

F3”(z) — , 2 N;jN noqit Nu,
73\ (nog1)3z5 \ 27h N Hl1 €

_n/'z N]N nogat n Nu, 1/3
73\ (n0q2)3z° \2mh, N~ Htl—* ’
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1/3
() , 15 1 noq1t Nu,y
F N;N
3y () < (NiN) (noql(Znth T H—

1 noqat n Nu, 1/3
noq> 2mwha N Hil—e

for any j > 2. The stationary point of F3(z), denoted z¢(n0q1,n04g2), equals

«/N i noqit n Nuy 1/3+ . noqat n Nuy 1/3\3/2
w32N; \ P\ o N T H 1NN oo T HO ’

so that

2nN;zg N qat 27h1 N2u; 1/3
F , = R0 [ (e (2 (o
3(20(101,1042)) n3qiq» n ( n’(ZnhlqlN noqi1 Ht>=¢

i 7’]/- qit 4 27rh2N2u2 173y 3/2
T\ 2w grha N nogqa Ht?—¢ ’

By (4.3) and the fact that x;,¢ is flat with respect to z and nN; > C?¢¢, Lemma 5.2 (1)
gives us arbitrary savings unless

Fj(z) ~nN;/C?* > t°.

Hence Lemma 5.2 (2) yields

- C 2
3i(q1,92,V) = \/W(g(noéh, Xx1)g(noga, Xx2))™ ' ®@2(20(n0q1,1042), 41,425 v)
J
x e(F3(zo(noq1.1042))) + O(t™4)
for any A > 0, with some flat function ®, supported on [1/2,5/2] x R7, and

Xj = Xj (Zo(n0q1 > n0612))

_(27h; V2 Q(N12o(nogr. nog2)) /2 . 2mh; N2u 723
B noq;t X nog: Ht2—¢
J 0qj

forj =1,2.

A.4. Stationary phase analysis of (9.13)

Here we analyse the y-integral

o0 /C
/ T(y)\wc?y,qz,qz)e(F3(zO(Cy,qz))—Fz(ZO(Cy,qa))— hey )dy
0 nonhih2qyqi oq2,0r

in (9.13) when |¢}| < Q105 with

noQon,oVC312+8
nin(N;N)*/3

Os =
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as defined in (9.17). Recall that

G(y.2) = Gy my (. 2) = F3(20(Cy, C2))

2t Mz 27 N2u,z 1/3 Y 27 N2%uyy 1/33/2
(s i) i+ ) )
Lemma A.1 gives us
G q
W (¢
, t , q 2wgN?u, 1/3 (Cy 2nCNZ%uyy 1/3\1/2
~ iz (1 (s * ere) i+ ) )
X{( a_, 2wgN2u, )1/3+( c_, 2ﬂCN2u2)1/3
hiCy* ' C2Hi2—¢y5 hagy? | q2Hi27¢y2
2mgN?u, ( q 2mgN2u, )_2/3}
Czle—eyS h1Cy Cthz—eyz ’
Using (9.11) to bound the derivatives of W (see (9.8) for the definition of W) and

applying Lemma 5.2 (1) to the y-integral gives us arbitrary savings unless there exists
¥ €[1=107%,1+ 107°] such that zo(Cy’, ¢;) ~ 1 for j = 1,2 and

d C2N2/3t.9
—_— (G(y, q—z)—G(y, q—3)) < oAz

dy |y—y c c n2N;
Note that for any y such that zo(Cy, q) ~ 1, together with the condition n > Ng >

CN4/3
m , WE have
J

. Cty . Ny 1/3+ > gt s Nuy \ /3 N anz/3
I 2 N T HiE NI\ 2w, N T HO NI
— q 2mqgN2u, 1/3_ Q 27 CN2uyy 1/3 - nNJ-2/3
thy Cthz—syz hzq qutz—e C4/3¢1/3°

(A1)

Hence when such a y’ exists, the bound for the derivative above implies

@ 2wgaN2u; \'/3 Ccy’ +2nCN2u2y’ 1/3
hlcyl Cthz—ayxz hzgz q%th—a
y (( q2 2w qaN2u, )1/3 . ( Cy’ 2nCN2u2y’)l/3
h

1Cy/ Czle—eyfz h2q2 q%th_e

27q> N2uy q> 2mgaN2uy \“2*\?

g3 N 2mq3N?uy 1/3 Cy’ +27rCN2u2y/ 1/3
hiCy'"  C2Ht2¢yn2 haqs q3H1?—¢




Short second moment bound and subconvexity for GL(3) L-functions 4857

y g3 2wq3N2u; V3 Cy' 27CNZu,y"\'/?
hiCy"  C2Hi?>~ey” h2qs3 q3H?—¢

27q3N?u; ( q3 27q3N?u, )_2/3)2

C2Ht2 e 2 hlcy C2Ht2—sy/2
C2N2/3n(N~N)1/3 CN
< . = :
n2N43  Crl—e nN;jt1=¢
J

To simplify this condition, observe that the expression inside the absolute value can be
expressed as 7, — 73, where for suitable A, B, C, D,

c\/3 c\/3 2
T o= (q}/3A1/3 q; 1/3(B+ ) )(q}/3A1/3+qj 1/3(B+—) +q]1/3D)
qj q;j

C 1/3
:qj(A+2A2/3D+A1/3D2)+q}/3(A2/3—D2)(B+—)
qj
c\*? 1 C
- 1/3(A1/3+2D)(B+ ) ——(B+—).
q qj A

J

Applying the mean value theorem, we can factor out g, — g3 from the terms in 75 — 73,
simplifying which gives

C3t¢
g2 — q3| < : (A.2)
an
Moreover, (A.1) yields
2/3 — 2/3
y2/3 — hads v ~ —an +0 N S0 |y — iad ~ o
h1C?2 CN1/3 Hil—¢e )’ VhC CNV3®

Here we have used |n| > N2/3N—;/18 Hence the y-integral is
nN2/3 C 3t8 A
< - < -

forany 4 > 0.

A.5. Integral analysis involving GL(3) Bessel functions

LemmaA.l. Letn=*1andlethy,hy, A1, As,x,y be such that r)(%)l/3 > ”(hle)l/S'
Let

4 1/3 . Ao\ 1/3Y3/2
g(x.y I o Ay As) = (—n(i+%y) +n(—+—22) ) :
hyx X hyy y

Then
g(-x9 y7h19h25 A17 A2) = (_1)3/2g(y,X,h2,h17 AZ’ Al)'
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Differentiating yields

gx(x, ¥ h, ha, Ay, Az) = (=132 gy (v, x, ha, by, Aa, Ay)

1/3 1/3\ 1/2
y Aly X Azx
e 3) il sE) )
(2 AN (2 A\ Ay AT
hix x2 hay y2 x2 \hix x2 ’

Lemma A.2. Let n = %1 and let hy, ha, x, y be such that n(%)l/3 > n(hlix)lﬂ. Let
1/3 1/3\ 3/2
x
F@y by h) = (= 2= + | — .
h]X hzy

FGy b o) = (=12 f(, x, ha, hy).

le

Then

Differentiating yields

Se@e, b ha) = (=12 f,(y, x, ha, )

_ . v 1/3+n 2 1/3 1/2 y 1/3+ |
2 hix haoy hyx* (hax2y)1/3 )

Fex (X, y b ho) = (=12 £, (v, x, ha ) =

| y 1/3+ x \V3\ 2/ gy2/3 ) 3
\" hix " hyy h%/3x8/3 (h1hy)'/3x2 h§/3x4/3y2/3 ’

fxy(xvy’hlvhz) =

1 y 1/3 x O\ /312 3 3 2
_ﬁ(_"(hl_x) ”(@) ) ((h%xswﬂ+(h%xy5>1/3‘(h1h2)1/3xy)’

and

n y 1/3 O\ 1/3\ 372
oxy (X, v, hy, hy) = — | —n| =— —
i = 35" +o35) )

9 n 43 17 27
X - - .
hoxy? WP PRy PRSP asayss

Define

[ 2t
G(xiy)thl,hz(xmy): %f(xvyvhlth)

as in the main sections. Then we have the following integral analysis lemmas.
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Lemma A3. Let 1 <a,b, hy/H', ho/H <1+ 10710 Fix T € C>*([1 — 1077,
1 +107°)) and let W be an X -inert function such that W(y, a, b) contains the restriction

a 1/3 y 1/3 b 1/3 y 1/3
hly /’lza hly /’lzb

Let Z > 0 and let |q'| > X72t8. Let

2/3
an

o0
7= [T XG0 be(G0. 0 = Glrb =/ Z) dy
and let yo be such that

Gx(y0,a) — Gx(y0.b) =q'Z.

2/3

Let U > t% and let Wy € C°([-2, 2]) with Wy(x) = 1 for |x| < 1. Then

J
CN'/3q'Z

_ * y—=XYo
J—/O T(y)W(y,a,b)Wo( .

)e(G0.0) = GOrb) — ' 23) dy + 04~
for any A > 0. Moreover,

n (N;N)1/3
CN'3 T Cqz

. . 2/3
d’yo d7y ‘ (an
TR

J
Tal " dbi ) forany j > 1.

Proof. Since W is X-inert and |q’| > X72t8, Lemma 5.2 (1) gives us arbitrary savings
unless there exists 1 <y’ < 1+ 10719 such that

(G(y.a)—G(y.b)) = Gc(y'.a) — G:(y'.b) ~q'Z.

7

dy

y=y
Applying the same analysis that concludes in (9.26) yields

1/3

la —b| ~ N;/3 q7Z. (A4)

Differentiating once more with Lemma A.2 yields

d? t
W(G(y,a) - G(y,b)) = m(l’(a) — F(b)),

where F(x) := Gxx(y, x) equals

() o)) (s )
Ny N hpx WyPysis (hiha)' Py p2Px2/3y4i3 )
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We want to compute the bounds for the derivatives of G in order to apply the stationary
phase analysis of Lemma 5.2. Notice that

. L \1/3 y 332
Floxy=1_n( 2= J
) 6( r’(hlJ’) +n(hzx) )

X( 43 n 9 27 17 )
(B2hax2y1/3 " hox2y  hyy3  (hih3x*y®)1/3 )

Moreover, the fact that (%)1/ 3 (hzix)l/ 3 is increasing with respect to x for x, y > 0

together with (A.3) gives us
1/3 1/3
() (22X
- hly hzx

 \/3 y 1/3

(75) (&)
x O\ /3 y 1/3
() () |

x=a,b

< max
x=a,b
SO
‘( ¥ )1/3 ( y )1/3 N an2/3 as)
hly th C4/3¢1/3 )

for any x between a and b. Together with 1 < a, b, hy/H' , hy/H' <1 + 10719,
1 —107° < y < 1 4 107 by assumption and the support of Y, we get

2/3 | -3/2 -1
Flo > (i Pl _en
C4/3¢1/3 N n3/2Nj«/?

for all x between a and b. Hence the mean value theorem yields

d? t
d—yz(G(y»a) —G(y.b) = m(F(a) — F(b))

t CN CN'/3
min — F/ X a—>b ——|a—b| ~ ———
min{a,b}<x<max {a,b} T27n | ( )| | | > I’lzNj | | anZ/3 q

'Z.

With similar analysis we obtain
d’ CN'/3\/~! ,
W(G(y,a) -G(y.D)) K (—2/3) q'Z forany j > 2.
y nN;

Let yo be as in the statement, i.e.

Sl 60600 = 6000 - G0 =07 (a0
y=¥0
Then Lemma 5.2 (3) yields the first statement.
For the second statement about the derivatives of yg, notice that differentiating (A.6)
yields
@ Gxy(Yo.a)

da Gxx(yo.b) — Gxx (Yo, a).
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The mean value theorem then implies that there exists some x” between a and b such that

Gxx(y0.0) — Gxx(yo,a) = Gxxy(yOv x/)(b —a),

with Gyxy(¥o, x') computed with Lemma A.2 like F above. Then (A.4) and (A.5)
together with 1 < x/,a,b,hy/H' . ha/H' <1+ 107101 -1072 < y5 <1 + 1077 give

@ _ ny(y07a) _ 67’) (_r]( a )1/3+n(&)1/3)—1/2
da (b_a)Gxxy(ymx/) a—b hlyO haa
3 3 2
NGz s T 25 unis /3
(hiayg) (h3a” yo) (h1h2)1Paye
;N 1/3 1/3\ 3/2
X Yo
) ( 77(hU’o) +_n(h2x’) )
y ( 43 N 9 27 17 )‘1
(B3hax2yV3 ~ hox2ye  hiyg  (hih3x™y3)1/3

N N e\ Ny
an1/3q/Z C4/3¢1/3 - Cq/Z

N

Similar analysis yields

. . 2/3 : 2/3 :
dlyo dlyo  (MNFTN'( L NPEONT (N (GN)TEY
da’’ dbi ) \CN1/3 anl/Sq/Z CN1/3 Cq'Z '

Appendix B. Infinite Cauchy—Schwarz

B.1. Character sum analysis

Leta, by, by, b3, ¢, q1, g2 be integers such that (¢1¢4>,¢) = 1 and ¢ } b,, b3 with ¢ being
square-free. Let

* (a
Cabrbabacgnan = X e L )Sn - + Phabaty a0

y mod ¢

x S(b1 —q2b2 + ¥b2,b3(y — q2);¢).

Lemma B.1. If ¢; = g mod ¢ or by & by(q1 —q2) = 0 mod ¢ or by —q1b; = 0 mod ¢
or by — qzb, = 0 mod ¢, then

€(a,by1,by,b3,c,q1.92) K crte,
Otherwise,

€(a.bi.bz.bs.c.q1.q2) < V7
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Proof. Write dj(y) = ged(b1 — q;b2 + vb2, b3(y —qj), c) for j = 3, 4. For the first
statement, applying the Weil bound to the two Kloosterman sums yields

€a.br. by by, c.q1.q2) < Y (da()da(y) < T

y mod ¢

For the second statement, we apply the method of [1]. Consider the Newton polyhed-
ron A(f) of

f(x,y,2) =az + x(by —qibs) + xz by + x71zbs — x"Yb3q1 + y(by — q2b>)
+ yz_lbz + ylzby — y_1b3q2.
‘We have to consider two cases:
(1) @ = 0 mod ¢, while the other coefficients of f are not 0 mod c.

(2) No coefficient of f is 0 mod c.

The Newton polyhedron A(f) for case (2) is illustrated in Figure 1. One can check that
the locus of 8f,, /dx = 0f, /0y = 0f5/dz = O is empty in ((Z/cZ)*)? for any face o of the
Newton polyhedron A( f') that corresponds to any of the three cases unless ¢; = ¢, mod ¢
or by + b2(q1 —gz) = 0 mod c. |

In general, we can extend the above lemma to the following setting. Let v > 0 be an
integer and let I, C £ ({1,2,...,2"}) be the set defined by

L ={{2j+12j+2}:0<j<2""-1}
UK +4)),25G +4j) : j k> 0,253 +45) <2y \ {2V, 2")).

Let J, ={(j,S):1<j<2",Sel,andj € S}. Let ay,...,az,as (S € I,),
b1,b2,b3,c,q1,q2 be integers. Write ay, = {a1,...,azv,as : S € I} and define

Ev(alv7bl?b27b3»c’ q1»q2)

_ * * fV(aJv’ﬁlsﬁZ’ylv)
_ D e( ! )

{oj,5:(7,8)€Jv},B1,B2,V15-5¥2v {ys: S€ly} mod ¢

with

21)
Hlay,, Br.B2.vr,) = Z(lj)/j + Z asys

j=1 Sel,

+ Z (aj,s(b1 —Vsb2 + Vjb2) + @5 (v; — vs)b3))B1(by — qibz + Vav—1b2)
(J,8)edy

+ B1(yar—1 — q1)b3) + B2 (b1 — Gaba + Vavb2) + Ba(y2r — q2)bs).

and the notation oy, = {oj 5 : (j,S) € Jy}and yy, ={y1,....y2v,vs: S € I,}.
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Lemma B.2. With notations as above, letay, . ..,az ,as (S € 1,,), by,ba,b3,¢,q1,q2 be
integers such that (q1q2,c) = 1 and ¢ } by, b3. If g1 = g2 mod ¢ or by £ by(q1 — q2) =
0 mod ¢ or by —q1b, = 0 mod ¢ or by — g2, = 0 mod c, then

v+1
Cy(ar,.b1,b2,b3.c,q1.92) K ¢ te

Otherwise,

Cy(ar,,b1,b2,b3,c,41,92) < Ve

Proof. We apply the same method as in the proof of Lemma B.1.

For the second statement, we apply the method of [1]. Studying all the cases where
each aj,ags for 1 < j <2, § € I, can be 0 mod ¢ or not, one can check that the
locus of 3 f,,,/0x; = 0 forall 1 < j <2"*2 — [ is empty in ((Z/c‘Z)><)2v+2_1 for any
face o of the Newton polyhedron A( £,) that corresponds to any of the three cases unless
q1 = g2 mod ¢ or by + br(g1 —¢2) = 0 mod c.

For the first statement, we use induction. Note that v = 0 is precisely the statement of
Lemma B.1. Notice that

Cy(ar,, b1, b2, b3, c.q1,q2) = Z* e(

)/217—2!3.211—2

Cl{211—2,3.2\1—2}y{211—2,3.2u—2} )
c

X fv—l(alv_l ,bi,b2, b3, C, Yav—2 3.v-2, q1)
!/
X \61:—1(6111)71 ,b1,ba, b3, c, Vav—2 3.0v-2, C]2),

. . . , .
with appropriate choices of a7, _, and a 1,_, givenay, . Hence we have

.€U(a[\; 1) b19 b27 b3» C, ql» qz)
< > [€u1(ar, . b1, b2, b3, ¢, y2v-2 3002, 41)]

Vov—2 3502 mod ¢

X |€v—1 (a/IU—l ) bl ) b2’ b3» c, J/ZV_Z,3~2V_2a qz)l'

For j = 1,2, write (*;) as the condition {y,v—2 3,02 = ¢gjmodc or by +
by (V=2 35v—2 — q;) = 0mod ¢ or by — Yu—2 3,v—2by = 0mod ¢ or by — q;b,
0 mod c}. By induction hypothesis, we have

[€y—1(ar, ;,b1,ba, b3, ¢, yav—2 30-2,4;)| < ¢ TV2H(Jes(x) + 1).

Hence
Cvlan, brba b c.q1.q2) < o e T (esey) + .
Yov—2 3,12 mod ¢ j=1,2
which yields the desired result. .

B.2. Proof of Lemma 9.4

We argue by induction. Note that B, coincides with the definition in (9.27) and the state-
ment for v = 2 is proved in the previous subsection. Assume the statement is true for
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v = k. Then

k
SH(N)* < Al + ) By
=1

with A, B1, ..., By defined as in Lemma 9.4. Notice that by the same counting argument
asin (7.12),

DD IED D IS B DED D IS

1812=1 2k +1<C noqoq2,09) 4 7 =ak+1 91.0<C qoln1lgs° nahi oha,0 O-fulln’ KNp by by <H'
42.0l4§° 41.0l46° 2 0l(n2h1.0)%°

DR D) P — 1

3/2
0<l]|<Q1 0 0<lah.laf 1< 0z 1712 WML 9P2,0M19041,092,01) -+

o uz)2d Dk :
X[u2<<1|,3(4k+1 2.u2)|” du > ‘ kY

y mod nynzhy 0h2.09091.092.0 B1 mod g0q1.0

2
* n
Z 5(—'7jq— = B1h142,0V 41 + B2h2q1,0v4) 4, mod ¢I091,0612,0) <t
0

B2 mod gog2.0

Recalling the definition of Dy in (9.14), and applying the Cauchy—Schwarz inequality to
take out the 71,19, 40, 41,0.42,0. 41 45 h1, ha-sums, the y-sum in Dy and the u,-integral,
we get, for the same fixed Y € C°([1 — 107, 1 4+ 1077]) as before,

Mg e w [ VY Yy Y ¥

C3/2 N; —1 1
J ”'8”2 |u1|<< 70 40 q1,0,92.0145° goln1lgg® T

2 IIED DD BRI IS

010519110108 Qs5<ld5l.....la1 1< Qg nah1 0h2,0 O-full NS<<"/=’!1"2”/<</NB
h2 0l(n2h1,0)°° h1=h1 oh},ha=h3 oh,~oH’
(n2,90)=1 n’h} O-free,(n) b} ,h5)=1
('R hYy,n1hy 0h2,090)=1

Z w(‘]kﬂ) ZZ ( mC )Zk

2 72
_ , c _ ’ ngnin'hqgq1,0q2,0r*
qk+1=109092,09) " qk4+2=104092,09) 427 ~0C

dk+3=109092,0d) 4 37~0C
A =q)  >=q,_ , mod h
D +159% 4259k +1 2

k—j_
X(noh 1_[,_1 ;1> !

2
) ni 3/2 /h3/2h2 0h190q1,092,0191 -+ q |
nlnz hlohzo(hoc

X B'(qr+2- P2, u2) B/ (qre+3, 12 u2) D41 (@415 G 2) Diet1(Ggey 15 Dy 3)

X c(D(,)(QI;_sz QI;+3)Ik+l(q/1’ [REN] q]/cv qdk+1, Qk+2)
p—k—1

X lg+1(qys - Qg Qh+1 Gk +3) duz}
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Note that Dy is defined mod n'h}. Applying Poisson summation to the g _,-sum
gives

109092.09) 41"
Z Y (—H) D41y 1+ Aer2) Dic1 (@1 D 5)

‘ C
qk+1 8 / — / — i dh/ ! /
X 8(Ggr1 = Gran =13 mod ho) l11(qs - - - Qg Gk+1, Gk +2)
X kg1 (s -+ Q> Q15 Qe +3)
C

= Dks1 (. s n) D104,
o Wododa Z Z D114y ) Dicnr (.4
Q1 ¥ mod n R R

/
X 8()/ = q;c+2 = q],€+3 mod h&)e(m)

00
X/ T(y2k+l—1)1k+l(q;v‘"7ql/(3cy2k+1—lvqk+2)
0

ql/chlezk-H_l )
LSS )y

XI /7~~" /7C —D e\~
k+1(q; > CYakti—1: Gi+3) ( non'h' hqoqz,0r

For the character sum, the Chinese Remainder Theorem yields

Vit )

Z Dic+1(7, qi/<+2)50k+1(7/» q,/€+3)8(1/ = ql/c+2 = ‘11/c+3 mod h/z)e(n/h/ n
1112

’ 4
y mod n’h'| b,

Qi+ Gy 4,10
= e(h—,“ 8 = 43 mod /t5)
2
Vqllc+1h/2)

« ¥ @Hl(y,q;+2)@k+1<y,q;+3)e(W
1

y mod n'h}

= D(k + D) Dis2(df 124208} 5 = Ghyz mod h).

For the integral, note that the phase function in the y,«+1_;-integral is

CI]/(_A'_]CkaJ"l—l

G (par , -G “lfes Vokt1_1)) = T
(DTG (Vok =115 Yart1-1) = Gk okt g, Yorti-1)) non'hhqoq2,or

Hence repeated integration by parts gives us arbitrary savings unless |¢; +1| < 0.
Let B+1 be the contribution of |g; | < Qs including the case g; |, = 0. Then the
above analysis yields

k
S2(N)* < |Aes1] + ) Bj + Brs,
j=1

with Ag 41, B1, ..., By as defined in the statement and
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~ t€
Bit1 = —C3/2 _Nj

< swff YR YY Y Y%

=1 1
1Bl2=1 fui|< n0 90 ¢1,0,92.0l95° qoln1lgs® T 010s5<Kg]|1<K0105B

IIED I D 3 DD DD

05 <1gl,sla; 1< OB laj | 1€ Qs n2hi10h2 0 O-full  Ng<n=ninyn’<Np
ha0l(nahy 0)>° hi=hy ol ,ha=hs oh,~0H’
(n2,90)=1 n' k' O-free,(n '} ,h%)=1
(n' k' hYy,n1hy 0h2,090)=1

Ty ( Vh1.0h2.0C )2" nohlyr
ni

2 1 42 2 3/2,3/2
ngnin h1q0q1,0q2,0r nz/ hl,/O hz,oql,oc

dk+2=104042,0d} 1 27 ~0C

dk+3=104092,04) 437 ~0C
r o ~=q} 4~ mod K
425943 2

k
k+1—j_ B —
< [Tlgi”" " 7'Dk + DB (Gir2-ha u2) B (Giras ho. u2)
j=1
2—k—1

X D42 420 13 P0 Gy 20 T D) k2G5 - -+ Qi1 Gh+2> Gic+3) duz}

Applying Lemma 9.3 with n = 0 to the y,x+1_;-integral, then n = 1 (2K — 2 times) to
the remaining integrals, followed by the final statement on the single integral left after the
process, we get, for |q; | < Os,

. cu( ¢ CN'3 \¥2

let2(q1s - s Gpprs Gh+2, Gh+3) K N, ((NJN)1/3 + WN]?/3)

(NC2 + CEN' )t"") +17
N3 MNJ;/s

X 8(|qk+2 — qi+3] K (

for any A > 0. The fact that every use of Lemma 9.3 will truncate the difference between
two variables of integration and finally truncate the difference between g 20 q5 43 can
be seen by noticing that every integral y; appears in some G(-, -) in the phase function of
the (2K*! — 1)-fold integral twice and no two of them appear in the same G(-, ). Also,
the way g2, qi+3 is constructed through iterations of the Cauchy—Schwarz inequality
shows that the truncation between them occurs at last.

On the other hand, notice that the character sum Dy 4 is exactly of the form defined
before Lemma B.2. Indeed, we have

Dr12(Gf 42+ G +3) = Ch—1(ar._,.q1n1n2h1,0h2q0491,092,0. 1j91,0n112h242,0.

D N A N / /
Njq2,0n1n2h1,0q1,0. 01y Qo0 Qi)
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with ay, _, being an appropriate sequence of numbers consisting of q]’z Hence Lemma
B.2 gives us

k_
Dict2(qfin Qi) K (R V205 ((n'h 8 (ki—y) + 1)

where *j_; is the condition

#k—1 = {qf42 = qjy mod 'l
or 4190410 £ 7191,0(q) 4, — 413) = 0 mod n'h
or ¢1qoq1,0 — njh1Q1,0% = 0 mod n'h
or ¢1q0q1,0 — Njh141.04; 5 = 0 mod n'h} ).
This proves the last statement of the lemma.

Together with D(k + 1) < 1 and Dy K nlnzhl’ohz,oqgc]l,oqz,o as in (9.14), this
yields

Brr1 < 6,3/;—6\/?] | sup  sup {fluz«l ZZ ZZ Z Z

=1|u 1
Blla=1hal< n0 40 g1,0,92.0198° qoln1lad® T

2 IR DD 3 D DD

0105<lg11<2108 Q5 K| la; <O B g 1| € Qs n2hioh2,0O-full — Ng<n=ninn'<Np
ha0l(nahy 0)°° hy=hy, ol ;ha=h3 oh,~oH’
(nz,lIO) 1 n’h} O- free (' b hS)=1
(n’h' 5.n1hy 0h2.090)=1

Ty ( Vh1.0h2.6C )2" nohlr

2 ! 2
ngnin’h’q5q1,092.072

n I’l2/ hl th 091, 0C

dk+2=104092,09) 4 7 ~0C
qk+3=noqoq2,oq,’(+3r~oC
q]/c_i_2 qk+3 mod £

9K 42— qk+3|<<((N N)l/ N2/

k
k+1—j _
< [T14? Y8(qrsas o, ua)|

j=1

% |B' (qk+3. h2, u2)|n1n2h1,0h2,0q341,042,0(n' ) )2 “H2ee (VR (ke—r) + 1)

c? c CN/3 (P2 2
x _( 1/3 + 2/3) duz}
N\

Recall the definition of Qg, Op in (9.17) and (9.12). Applying the AM-GM inequality

1B(@k+2: 2. u2) B(qr+3. haou2)| < |B(@kg2. ho u2)|? + |B(qr43. ha, uz)|?

and the same counting argument as in (7.12) yields
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i;)k+1 <

t€
C3/2‘/Nj
k 1/3 .2
X{C2 +1 Z n_3/2(an t )
N; N5/3

n<CN1/3te/N?/3

Ct c? C2N1/3 C CN1/3 2k_2
) ( N + (N; N)/3 + 2/3)((N~N)1/3 * 2/3) }
) JiN; ) JiN;

dk+2=4k+3

2k+1l_p

( C3t? ) Ct
1+ ——— |y —
n(N;N)*3JV'N

p—k—1

Ak +27qk+3

o Ve NFPEN®3 R S VL <
N N2\ C3 Nss )N NI

p—k—1

B.3. Proof of Lemma 9.5

Recall that the relevant integral is defined recursively by

o0
Iu+1(61/1,---,q;,q\;+1,61v+2)Z/ Y (yar—1)1v(qy, - qy_1, Cyav—1,qv+1)
0

x I, (q" q Cyv_1,qvt2)e —M dyzv—1
v(@ys -y, L 4qv+ non’h1h2qoqz,0r B

with

o /
9,Cy3
13(4/1,51;,6]3’6]4)2/ T(ys)lz(q’l,Cya,cI3,q4)e(——, : )dY3
0 non'hih2qoqz,or

C

41Cy1 )d
- 2 2 Y1
”O”hthCIo‘h,oqz,Or

o0
X/ T(yz)‘lf(Cyz,Cys,qct)e(—G(yz,ys) +G(yz,qc—4)
0

41Cy2 ) ( 4,Cy3 )
+ dyse| ———=2——— ) dys
nonhihaq3qs oq2.0r 2 non’hihaqoqa,or

Recall the definition of G in (9.16). Applying Taylor expansion, we get

= /0 T()’a)/o T()’l)“p(CYIvCYSv‘IS)e(G(yle’3)_G(ylvq_3)

G(y.z) = G(y.2) + 0(y. 2),

y T .\ 1/3 y 1/3 3/2
G(y,z) =+ —| 1| — A
.2) ﬂ”( n](hly) A (hzz) )

where

and
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T NVE 1/3 3/2—j
00 =y Ya(-i(s) +iz) )
j=1

1/3 oo 2 4 1/3 o 2 N T
(=, z Zbe 2mwhiN*uq -, . Zbl 2wha N*uy
T\ hyy — CHi% ¢y T\ hyz — CHt2tez

)4 L

for some constants a;, by € R. Then e(8(y, z)) is %-inert and I3 simplifies to
13(41. 4. 93-94)

=/ T()’3)/ T()’l)“p(CYIvCy37513)e(G()’1,YB)_ (J’thS)
0

— 41Cn ) dy,
nonhih2q3qs oq2.0r

x[ Nnﬂwnﬁm@mﬁéwhm+éQL%)
0

q:1Cy2 ) ( 4,Cy3 )
+ dy e\————— dy3,
nonhihaq2q3 oq2.0r ) 0\ non'hihaqoga.or

where
B(x,y,z) = W(x, . 2)e(0(x.y) — 0(x,2))

is (1 + CNzl;s + JILS/H )t®-inert by (9.11) and the above analysis of 6.

erteq =q1/Q1 = q1/mn2hioha,0q0q7 o and ¢ = g forall 2 < j <v. Note that
n > Ns and |g}| > Qs; this allows us to apply Lemma A.3 (2 — 1 times) to bound the
integral. (The lower bounds for qj/- and 7 are needed so that the oscillation of W satisfies

the condition in Lemma A.3.) For 1 < j < v, we choose

(N; N)Y3non'hyhaqoga,or )) non’hihaqoqa,or
Jmin{gy 1< u < j - 1gjc? 4;€

as the parameter U in Lemma A3 for the 2"~/ integrals with ¢ j’ . We first apply the lemma
once to the integral with ¢/, , then twice to the two integrals with ¢} and go on until we
apply it 2V~! times to the 2"~! integrals with ¢q. The choices of U are made so that the
conditions of Lemma A.3 are fulfilled in the next iteration.

Uj=(1+8(j>1)(1~|—

Remark B.3. Explanation on the choice of U;: Suppose we have applied Lemma A.3

to all the integrals involving ¢y, ..., q;. Then a number of functions of the form

Yu—Y . (£ (N‘N)1/3 .
Wo( i 0) is created, and they are W(l + C’qﬁ)—mert by Lemma A.3, where
Z = non'hlhcm' To apply Lemma A.3 to the integrals involving g; _,, we need to

make sure U,, ..., Uy are chosen such that
I (N;N)'/3\?
Z>» =1+ ——5—
Git UJ ( CqiZ

forallk < j <w.
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Applying the above procedure and bounding the resulting integral trivially yields

v—2

v—1
Iv+1(q,1»---vq;,CIv+1’Q\J+2) <Ly U12 U "tha

< ﬁ 1+ (NjN)1/3n0n’h1h2q0q2,0r
Y : " . P "2
\/mln{qu l=u=<j-1)q/C
1_1/2

2v—j

j=2

v—2 v—
5 (n19047,0)> ~ (non’hihaqoqz,0r)?

t€
nv—2 ,pv-3 n—1lr~ov—=1_1/2
a 92 gy C /

for any v > 2.
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