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Abstract. We study a class of random permutons which can be constructed from a pair of space-
filling Schramm–Loewner evolution (SLE) curves on a Liouville quantum gravity (LQG) surface.
This class includes the skew Brownian permutons introduced by Borga (2021), which describe the
scaling limit of various types of random pattern-avoiding permutations. Another interesting permu-
ton in our class is the meandric permuton, which corresponds to two independent SLE8 curves on
a 
 -LQG surface with 
 D

p
.17 �

p
145/=3. Building on work by Di Francesco, Golinelli, and

Guitter (2000), we conjecture that the meandric permuton describes the scaling limit of uniform
meandric permutations, i.e., the permutations induced by a simple loop in the plane which crosses
a line a specified number of times. We show that for any sequence of random permutations which
converges to one of the above random permutons, the length of the longest increasing subsequence
is sublinear. This proves that the length of the longest increasing subsequence is sublinear for Bax-
ter, strong-Baxter, and semi-Baxter permutations and leads to the conjecture that the same is true
for meandric permutations. We also prove that the closed support of each of the random permutons
in our class has Hausdorff dimension one. Finally, we prove a re-rooting invariance property for the
meandric permuton and write down a formula for its expected pattern densities in terms of LQG cor-
relation functions (which are known explicitly) and the probability that an SLE8 hits a given set of
points in numerical order (which is not known explicitly). We conclude with a list of open problems.

Keywords: permuton, permutation, longest increasing subsequence, meander, Schramm–Loewner
evolution, Liouville quantum gravity.
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1. Introduction

1.1. Overview

A permuton is a probability measure � on Œ0; 1�2 whose one-dimensional marginals are
each equal to Lebesgue measure on Œ0; 1�. Permutons are of interest because they describe
the scaling limits of various types of random permutations (see [20, Section 1.1] and the
references therein) and they identify a natural space where one can study large deviations
principles for permutations (as done in [23,72,85]). To be more precise, each permutation
is associated to a permuton as follows.

Definition 1.1. For a permutation � on Œ1; n� \ Z, we define the size of � by j� j D n.
We use the one-line notation to write permutations, that is, if � is a permutation of size n,
then we write � D �.1/; : : : ; �.n/. We define the permuton associated with � to be the
measure �� on Œ0; 1�2 which is equal to j� j times Lebesgue measure on

j� j[
jD1

hj � 1
j� j

;
j

j� j

i
�

h�.j / � 1
j� j

;
�.j /

j� j

i
:

See Figure 1 for an illustration. We equip the space of permutons with the usual
weak topology on measures, and we say that a sequence of permutations converges to
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1 8 3 2 4 6 7 5

Fig. 1. The permuton �� associated with the permutation � D 1; 8; 3; 2; 4; 6; 7; 5 is equal to 8 times
the Lebesgue measure on the gray subset of Œ0; 1�2.

a permuton � if their associated permutons converge weakly. We refer to [18, Re-
mark 2.1.2] for a brief history of the theory of permutons.

In this paper, we will study a certain class of random permutons which we define
precisely in Section 1.2. We will be especially interested in two special cases.

� The meandric permuton is a random permuton which we define in Definition 1.7 and
which we conjecture describes the scaling limit of uniform meandric permutations,
i.e., the permutations induced by a pair of intersecting Jordan curves (see Section 1.3
for more details).

� The skew Brownian permutons are a two-parameter family of random permutons
introduced by Borga in [20] which describe the scaling limits of various types of
random pattern-avoiding permutations (see Section 1.4 for more details).

For various subsets of our class of permutons, including the two special cases listed above,
we will show that the length of the longest increasing subsequence for any sequence of
permutations converging to the permuton is sublinear (Theorem 1.13); and that the dimen-
sion of the closed support of the permuton is one (Theorem 1.20). We will also establish
a re-rooting property for the meandric permuton (Theorem 1.22) and a formula for its
pattern densities in terms of hitting probabilities for SLE8 and the correlation functions
of the LQG area measure (Theorem 1.23).

The common feature of all the permutons we consider is that they can be represented
in terms of a Liouville quantum gravity (LQG) surface decorated by a pair of coupled
Schramm–Loewner evolution (SLE) curves. There is a vast literature concerning SLE and
LQG, but not much prior knowledge of this literature is needed to understand this paper.
All of the necessary background knowledge about SLE and LQG is explained in Section 2.
Our proofs will only use relatively simple statements about these objects which we re-state
as necessary and which can be taken as black boxes.

1.2. Permutons constructed from SLEs and LQG

Let us now define the family of permutons which we will consider. Fix parameters 
 2
.0; 2/ and �1; �2 > 4. Let h be a random generalized function on C corresponding to
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a singly marked unit area 
 -Liouville quantum sphere, and let �h be its associated 
 -
LQG area measure. We will review the definitions of these objects in Sections 2.2 and 2.3,
but for the time being the reader can just think of �h as a random, non-atomic, Borel
probability measure on C which assigns positive mass to every open subset of C.

Independently from h, let .�1; �2/ be a random pair consisting of a whole-plane space-
filling SLE�1 curve and a whole-plane space-filling SLE�2 curve, each going from 1
to 1. We will review the definition of these random curves in Section 2.4, but for the
time being the reader can just think of .�1; �2/ as a pair of random non-self-crossing
space-filling curves in C which each visits almost every point of C exactly once. We
parametrize each of �1 and �2 by �h-mass, i.e., in such a way that

�h.�1.Œ0; t �// D �h.�2.Œ0; t �// D t 8t 2 Œ0; 1�:

We emphasize that the coupling of our two SLE curves, viewed modulo time para-
metrization, is arbitrary. We will be interested in cases where the two curves determine
each other as well as the case where the two curves are independent.

Let  W Œ0; 1�! Œ0; 1� be a Lebesgue measurable function such that

�1.t/ D �2. .t// 8t 2 Œ0; 1�: (1.1)

The permuton associated with .h; �1; �2/ is the random probability measure � on Œ0; 1�2

defined by

�.A/ D ��1;�2.A/ D Leb¹t 2 Œ0; 1� W .t;  .t// 2 Aº 8 Borel sets A � Œ0; 1�2; (1.2)

where Leb denotes Lebesgue measure. Using the fact that �h-a.e. point in C is hit only
once by each of �1 and �2, it is easy to see that the definition of � does not depend on the
choice of  (see Lemma 2.8).

Before we state our main results, we discuss the two special cases of the construction
in this subsection which are particularly interesting. See Figure 2 for a Venn diagram of
the different permutons we will consider in this paper.

Permutons constructed
from two SLEsC LQG

Skew Brownian
permutons

Permutons constructed
from two independent
SLEsC LQG

Meandric
permuton

Fig. 2. Venn diagram of the different classes of random permutons considered in this paper. The
outer grey oval represents all random permutons of the type constructed in (1.2). The meandric
permuton and the skew Brownian permutons are special cases of this construction. In particular, the
meandric permuton falls in the subclass of permutons constructed from independent SLEs.
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Remark 1.2. Instead of parametrizing �1 and �2 by 
 -LQG area, one could parametr-
ize �1 and �2 by �-mass, where � is a non-atomic probability measure on C. Then the
same construction as above would yield a different permuton which depends on �. In the
case when � is mutually absolutely continuous with respect to Lebesgue measure on C,
our proofs of Theorems 1.13 and 1.20 go through with minor modifications. However,
we do not treat this case explicitly in this paper since we do not know of any natural
permutation models which it is connected to.

1.3. Meanders, meandric permutations, and their conjectured connection to SLEs
and LQG

Definition 1.3. A meander of size n 2 N is a simple loop ` (i.e., a homeomorphic image
of the circle) in R2 which crosses the real line R exactly 2n times and does not touch the
line without crossing it, viewed modulo orientation-preserving homeomorphisms from R2

to R2 which take R to R.

See the left-hand sides of Figures 3 and 4 for some illustrations of meanders. A mean-
der of size n can equivalently be thought of as a pair of Jordan curves in the sphere which
intersect exactly 2n times and which do not intersect without crossing, viewed modulo
orientation-preserving homeomorphisms from the sphere to itself. The correspondence
with Definition 1.3 is obtained by viewing R as a curve in the Riemann sphere. See the
right-hand side of Figure 3.

The study of meanders dates back to at least the work of Poincaré [88], although the
term “meander” was first coined by Arnold [4]. Meanders are of interest in physics and
computational biology as models of polymer folding [35]. There is a vast mathematical
literature devoted to the enumeration of various types of meanders, which has connections
to many different subjects, from combinatorics to theoretical physics and more recently

611109871252341
121110987654321
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Fig. 3. Left: A meander of size 6, with the intersection points of the loop and the line labeled by
the order in which they are hit by the loop (in black) and the line (in red) starting at the blue vertex.
The associated meandric permutation is �` D 1; 4; 3; 2; 5; 12; 7; 8; 9; 10; 11; 6 (in one-line notation);
see Definition 1.6. Right: The same meander of size 6 seen as a pair of Jordan curves in the sphere.
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Fig. 4. Left: Two large uniform meanders ` of size 256 and 2048. Right: The plots of the two cor-
responding meandric permutations �`; the blue dots correspond to the values .i; �`.i//iD1;:::;j�`j.
These simulations are obtained using the Markov chain Monte Carlo algorithm from [61].

to the geometry of moduli spaces [32]. See [106] for a brief recent survey of this lit-
erature and [75] for a more detailed account. Additionally, meanders are the connected
components of meandric systems, recently studied in [25, 29, 45–47, 70].

The problem of enumerating all meanders of size n is open and seemingly quite
difficult. But, it was conjectured by Di Francesco, Golinelli, and Guitter [36] that the
number of meanders of size n behaves asymptotically like C � Ann�˛ , where ˛ D .29C
p
145/=12. This conjecture was later numerically tested by Jensen and Gutmann [67],

where they also proposed the numerical estimate of A � 12:26. We will discuss this con-
jecture in more detail in Section 6; see also Remark 2.6. The best known rigorous bounds
for the constant A are 11:380 � A � 12:901, as proved in [1].

In this paper, we will be interested in the scaling limit of a uniform sample `n from
the set of all meanders of size n. One way to formulate such a scaling limit is as follows.
We associate with `n the planar map Mn whose vertices are the 2n intersection points
of the loop `n with the real line, whose edges are the segments of the loop or the line R
between these intersection points (where we consider the two infinite rays of the line R
as being an edge from the leftmost to the rightmost intersection point), and whose faces
are the connected components of R2 n .`n [ R/. The planar map Mn is equipped with
two Hamiltonian paths P 1n ; P

2
n W Œ0; 2n�\Z! ¹vertices of Mnº, one of which is induced

by the left-right ordering of R and one of which is induced by `n (these are the black and
red paths in Figure 3). We view each of these paths as starting and ending at the leftmost
intersection point of `n with R.

To talk about convergence, we can, e.g., view .Mn;P
1
n ;P

2
n / as a curve-decorated met-

ric measure space (equipped with the graph metric and the counting measure on vertices)
and ask whether it has a scaling limit with respect to the generalization of the Gromov–
Hausdorff topology for curve-decorated metric measure spaces [55]. As we will explain
in Section 6, the arguments of [36] lead to the following conjecture.

Conjecture 1.4. Let .Mn; P
1
n ; P

2
n / be the random planar map decorated by two Hamil-

tonian paths associated with the uniform meander `n as above. Then .Mn; P
1
n ; P

2
n /

converges under an appropriate scaling limit to a Liouville quantum gravity (LQG) sphere
with matter central charge cM D �4 (equivalently, from (2.12), with coupling constant

 D

p
.17 �

p
145/=3), decorated by a pair of independent whole-plane SLE8 curves

from1 to1, each parametrized by LQG mass with respect to the quantum sphere.
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An equivalent formulation of the conjecture is that .Mn; P
1
n ; P

2
n / should be in the

same universality class as a uniform 3-tuple consisting of a planar map decorated by two
spanning trees (and their associated discrete Peano curves). See Section 6 for more details
about the reasons behind the conjecture. We will not make any direct progress toward
a proof of Conjecture 1.4 in this paper. Rather, we will study the conjectural limiting
object directly.

Remark 1.5. Most results concerning SLE-decorated Liouville quantum gravity are spe-
cific to the case when � 2 ¹
2; 16=
2º [41, 95] (see [54] for a survey of such results).
In the setting of Conjecture 1.4, the values of 
 and � are mismatched in the sense that
� … ¹
2; 16=
2º. This case is much less well understood than the matched case.

Another possible perspective on the scaling limit of meanders is to look at the permu-
tation associated with a meander `.

Definition 1.6. For a meander ` of size n, the corresponding meandric permutation �`
is the permutation of Œ1; 2n� \ Z obtained as follows. Order the 2n intersection points
of ` with R from left to right. Then, consider the second order in which these intersection
points are hit by ` when we start ` from the leftmost intersection point and traverse it
counterclockwise. Then �`.i/ D j if some intersection point is the i -th visited point by
the first order and the j -th visited point by the second one.

See Figure 3 for an example and the right-hand side of Figure 4 for the plots of two
large uniform meandric permutations. Note that any meandric permutation fixes 1. It is
easily verified that the mapping ` 7! �` is a bijection from the set of meanders of size n
to the set of meandric permutations of size 2n. The study of meandric permutations dates
back to at least the paper [91], where they are called “planar permutations”. We note that
meandric permutations are defined differently in various other literature; see Section 1.3.1
just below for further explanations.

Conjecture 1.4 leads naturally to the following definition and conjecture.

Definition 1.7. The meandric permuton is the permuton � defined as in (1.2) in the case
when 
 D

p
.17 �

p
145/=3, �1 D �2 D 8, and �1 and �2 are independent, viewed as

curves modulo time parametrization.

Conjecture 1.8. For n 2N, let �n be a uniform sample from the set of meandric permuta-
tions of size 2n (i.e., the permutation associated with a uniform meander of size n). Then
the associated permuton ��n (Definition 1.1) converges in law to the meandric permuton.

It is possible that Conjecture 1.8 is easier to prove than Conjecture 1.4. This is because
permutons are in some sense simpler objects than SLE-decorated LQG and because the
set of permutons is compact with respect to the weak topology (so tightness is automatic).
Nevertheless, we do not know of a strategy for proving either Conjecture 1.4 or 1.8 (see,
however, Problem 7.1).

It is shown in [24] that h and the SLE8 curves �1 and �2, viewed modulo conformal
and anticonformal automorphisms of C, are a.s. given by an explicit measurable functions
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of the meandric permuton � (the paper [24] also proves the analogous statement for skew
Brownian permutons). Consequently, Conjecture 1.8 can be thought of as a form of con-
vergence of meanders toward SLE-decorated LQG.

1.3.1. Cyclic meandric permutations. In various other literature, e.g., [75], the meandric
permutation is instead defined as follows. Label the intersection points of the meander `
from left to right as 1; : : : ; 2n. For j D 1; : : : ; 2n, let �`.j / be the index of the intersection
point hit by the loop (traversed counterclockwise) immediately after it hits j . Then �` is
a cycle of length 2n. To distinguish �` from the meandric permutation �` of Definition 1.6,
we call �` the cyclic meandric permutation.

If we express in one-line notation the inverse ��1
`

of our meandric permutation �`,
then the same expression for ��1

`
, interpreted as a permutation written in cyclic notation,

is equal to �`. The permutations �` and ��1
`

are related by

��1` .j / D �
j�1

`
.1/ and �`.j / D �

�1
` .�`.j /C 1/ 8j D 1; : : : ; 2n; (1.3)

where 2nC 1 should be interpreted as 1 here. One reason why �` (or ��1
`

) is more natural
than �` from our perspective is the following conjecture.

Conjecture 1.9. Let `n be a uniform meander of size n and let �`n be its associated cyclic
meandric permutation. The permuton associated with �`n converges in law to the identity
permuton (i.e., the uniform measure on the diagonal in Œ0; 1�2) as n!1.

See Section 6.6 for a heuristic justification of Conjecture 1.9 using Conjecture 1.4.

1.4. Skew Brownian permutons

The skew Brownian permutons are a two-parameter family of random permutons, indexed
by .�; q/ 2 .�1; 1/� .0; 1/, which were first introduced in [20]. The original construction
of the skew Brownian permuton involves a pair of correlated Brownian excursions with
correlation �. The parameter q controls, roughly speaking, the tendency of the permu-
ton to be increasing. This can be made precise by looking at the probability that a pair
of points .X1; Y1/, .X2; Y2/ sampled from the permuton satisfy X1 < X2 and Y1 > Y2
[26, Proposition 1.14]. The case q D 1=2 is symmetric, in the sense that this probabil-
ity is 1=2. We will not need the Brownian motion construction of the skew Brownian
permuton in this paper.

It is shown in [20, Theorem 1.17] that for each choice of parameters .�; q/ 2 .�1;1/�
.0;1/ for the skew Brownian permuton, there exist 
 2 .0;2/ and a coupling of two whole-
plane space-filling SLE�D16=
2 curves from1 to1 such that permuton (1.2) coincides
with the skew Brownian permuton. See Theorem 2.7 below for a precise statement. This
representation has previously been used to prove various properties of the skew Brownian
permuton in [26].

One of the main reasons to study skew Brownian permutons is that they describe the
scaling limits of various types of pattern-avoiding random permutations, for example, the
following.
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Definition 1.10. Let � be a permutation of size n.

� � is semi-Baxter if there does not exist 1 � i < j < k � n such that �.j C 1/ <
�.i/ < �.k/ < �.j /.

� � is Baxter if � is semi-Baxter and additionally there does not exist 1� i < j < k � n
such that �.j / < �.k/ < �.i/ < �.j C 1/.

� � is strong-Baxter if � is Baxter and additionally there does not exist 1 � i < j <

k � n such that �.j C 1/ < �.k/ < �.i/ < �.j /.

We have the following convergence results toward skew Brownian permutons:

� The permutons associated with uniform semi-Baxter permutations converge in law to
the skew Brownian permuton with � D �.1C

p
5/=4 and q D 1=2 [19].

� The permutons associated with uniform Baxter permutations converge in law to the
skew Brownian permuton with � D �1=2 and q D 1=2 [27] (this special case of the
skew Brownian permuton is sometimes called the Baxter permuton).

� The permutons associated with uniform strong-Baxter permutations converge in law
to the skew Brownian permuton with parameters � � �0:2151 and q � 0:3008 [19].

Remark 1.11. The boundary case � D 1, q 2 .0; 1/ for the skew Brownian permuton
corresponds to the Brownian separable permuton [9] and biased versions thereof [8, 21],
as proved in [20, Theorem 1.12]. We will not consider the case � D 1 in the present paper
since the representation in terms of SLE and LQG from [20, Theorem 1.17] does not
work the same way in this case. However, some of the results in this paper have already
been proven for the Brownian separable permuton by other methods. It is conjectured in
[20, Section 1.6, Open Problem 7] that the Brownian separable permuton can be described
in terms of SLE and LQG using the critical mating of trees results from [5].

1.5. Main results

The main results of this paper and their proofs (given in Sections 3–5) can be read inde-
pendently from each other.

1.5.1. Longest increasing subsequence is sublinear. Assume that we are in the setting of
Section 1.2. We allow 
 2 .0; 2/ and �1; �2 > 4 to be arbitrary, but we require that the joint
distribution of the SLE curves .�1; �2/, viewed as curves modulo time parametrization,
satisfies one of the following two conditions:

� �1 and �2 are independent viewed modulo time parametrization (as is the case in the
definition of the meandric permuton); or

� �1 D �2 and .�1; �2/ are coupled together as in the SLE / LQG description of the skew
Brownian permuton1 for some choice of .�; q/ 2 .�1; 1/ � .0; 1/ (Theorem 2.7).

1We do not require that �i D 16=
2 but only that �1 D �2.



J. Borga, E. Gwynne, X. Sun 4902

Let � be the associated permuton as in (1.2). Note that the possibilities for � include
both the meandric permuton and the skew Brownian permutons. In this subsection, we
will consider the longest increasing subsequence for random permutations which con-
verge to �.

Definition 1.12. For a permutation � , we define the length of the longest increasing
(resp. decreasing) subsequence LIS.�/ (resp. LDS.�/) to be the maximal cardinality
of a set L � Œ1; j� j� \ Z such that the restriction of � to L is monotone increasing
(resp. decreasing).

There is a huge literature devoted to the asymptotic behavior of LIS.�n/ and LDS.�n/
for various types of large random permutations �n. For uniform random permutations �n,
the question of investigating LIS.�n/ was raised in the 1960s by Ulam [100]. In this case,
one has LIS.�n/ � 2

p
n [60, 77, 102]. The strongest known result is due to Dauvergne

and Virág [30], who showed that the scaling limit of the longest increasing subsequence
in a uniform permutation is the directed geodesic of the directed landscape. The study of
LIS.�n/ is connected with many other problems in combinatorics and probability theory,
such as last passage percolation and random matrix theory; we refer the reader to the book
of Romik [90] for an overview.

In recent years, many extensions beyond uniform permutations have been considered:

� when �n is a uniform random pattern-avoiding permutation [7, 33, 79, 80];

� when �n is conjugacy-invariant with few cycles, in particular Ewens-distributed [98];

� when �n follows the Mallows distribution, or is a product of such random permuta-
tions ([68] and references therein).

For the first two items, the results are far from being complete, and our next result is
a new contribution towards the understanding of the behavior of LIS.�n/ for random
permutations �n which are not chosen uniformly from all possibilities.

Theorem 1.13. Assume that .�1; �2/ satisfy the hypotheses at the beginning of this sub-
section and let � be as in (1.2). Let ¹�nºn2N be a sequence of random permutations of
size j�nj ! 1 whose associated permutons ��n converge in law to � with respect to
the weak topology. Then the longest increasing subsequence of �n is sublinear in j�nj,
i.e., LIS.�n/=j�nj ! 0 in probability. The same is true for the longest decreasing subse-
quence.

Theorem 1.13 will be a consequence of a general condition on a permuton which
implies that any permutations converging to it have sublinear longest increasing subse-
quences (Proposition 3.2). We will verify this condition in our setting in Section 3, via
a surprisingly simple (4-page) argument using SLE and LQG.

The analog of Theorem 1.13 for the biased Brownian separable permuton (which cor-
responds to the skew Brownian permuton in the limiting case � D 1) was proven in [7,
Theorem 1.10], using very different arguments from the ones in this paper. As an imme-
diate corollary of Theorem 1.13 and the results of [20] (see Theorem 2.7), we obtain the
following.
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Corollary 1.14. Let � be the skew Brownian permuton with parameters � 2 .�1; 1/ and
q 2 .0; 1/. Let ¹�nºn2N be a sequence of random permutations of size j�nj ! 1 whose
associated permutons ��n converge in law to � with respect to the weak topology. Then
LIS.�n/=j�nj ! 0 and LDS.�n/=j�nj ! 0 in probability.

We now record the implication of Corollary 1.14 for some particular random permu-
tations which are known to converge to the skew Brownian permuton (see Section 1.4).

Corollary 1.15. For n 2 N, let �n be a uniform sample from the set of Baxter permuta-
tions of size n (Definition 1.10). Then LIS.�n/=n! 0 and LDS.�n/=n! 0 in probability.
The same is true for strong-Baxter permutations and semi-Baxter permutations.

Note that not all models of uniform pattern-avoiding permutations have sublinear
longest increasing subsequences; see, e.g., [33, 79, 80] for examples where the longest
increasing subsequence is known to be linear.

Remark 1.16. The study of the length of the longest increasing subsequence in a Baxter
permutation LIS.�n/ is also motivated by its connection with the length of the longest
directed path LDP.mn/ from the source to the sink of a uniform bipolar orientation mn
with n edges. Recall that a bipolar orientation is a planar map equipped with an acyclic
orientation of the edges with exactly one source (i.e., a vertex with only outgoing edges)
and one sink (i.e., a vertex with only incoming edges), both on the outer face. Uniform
bipolar orientations have been studied, e.g., in [27, 53, 73].

Building on a bijection between Baxter permutations and bipolar orientations, intro-
duced by Bonichon, Bousquet-Mélou and Fusy [17], it is possible to show that LIS.�n/
and LDP.mn/ have the same law. Therefore, Corollary 1.15 implies that LDP.mn/ is
sublinear.

The study of LDP.mn/ can be interpreted as a model of last passage percolation in
random geometry, which, to the best of our knowledge, has been not investigated previ-
ously.

We do not know that uniform meandric permutations converge to the meandric per-
muton, but due to Theorem 1.13, the following statement is implied by Conjecture 1.8.

Conjecture 1.17. Suppose that �n is a uniform meandric permutation of size 2n. Then
LIS.�n/=n! 0 and LDS.�n/=n! 0 in probability.

It is also of substantial interest to prove non-trivial lower bound for LIS.�n/ and
LDS.�n/, for appropriate families of random permutations ¹�nºn2N which converge in
law to the permutons considered in this paper. A classical theorem of Erdös–Szekeres [43]
shows that for any permutation � , one has LIS.�/ � LDS.�/ � j� j. Hence, either LIS.�/
or LDS.�/ (or both) must be at least b

p
j� jc.

We expect that for the random permutations considered in Corollary 1.15, both
LIS.�n/ and LDS.�n/ should be of order n˛ for some ˛ 2 .1=2; 1/. By Remark 1.16, sim-
ilar statements should also hold for the length of the longest directed path from the source
to the sink of a uniform bipolar orientation. In the case of uniform meandric permutations,
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we have a more precise guess for the growth rate of LIS.�n/ and LDS.�n/ coming from
numerical simulations.2

Conjecture 1.18. Let �n be a uniform meandric permutation of size 2n. Then there exists
˛ � 0:69 such that LIS.�n/ D n˛Co.1/ and LDS.�n/ D n˛Co.1/ with probability tending
to 1 as n!1.

We do not have a guess for the precise value of ˛. In the settings of both Corollary 1.15
and Conjecture 1.18, we are not currently able to prove any lower bounds for LIS.�n/ and
LDS.�n/ which are significantly better than the trivial bound n1=2 which comes from
Erdös–Szekeres. See Problems 7.2 and 7.3 for some relevant open problems.

1.5.2. Dimension of the support is one.

Definition 1.19. The closed support of a permuton � is the set

supp � WD .intersection of all closed sets K � Œ0; 1�2 with �.K/ D 1/: (1.4)

For a general permuton, the Hausdorff dimension of its closed support can be any
number in Œ1; 2�. In particular, there exist permutons constructed from pairs of space-
filling curves for which the Hausdorff dimension of the support is arbitrarily close to
two (see Remark 4.4). Our next theorem states that the closed supports of the permutons
considered in this paper all have Hausdorff dimension one.

Theorem 1.20. Assume that we are in the setting of Section 1.2 with an arbitrary choice
of 
 2 .0; 2/, �1; �2 > 4, and coupling .�1; �2/. Let � be as in (1.2). Let

T D T .�1; �2/ WD ¹.t; s/ 2 Œ0; 1�
2
W �1.t/ D �2.s/º: (1.5)

Almost surely, both the closed support supp � and the set T have Hausdorff dimen-
sion one.

It is easy to see that Hausdorff dimension of the support of every permuton is at least
one. So, Theorem 1.20 says that supp � is in some sense as small as possible. Equiva-
lently, � is as far as possible from being absolutely continuous with respect to Lebesgue
measure.

It is easy to check that supp � � T (Lemma 2.9), but the reverse inclusion need not
hold. For example, if �1 D �2 a.s., then supp � is the diagonal in Œ0; 1�2 but T contains
off-diagonal points which arise from points in C which are hit more than once by �1 or �2.
It is in general a subtle question to determine which points of T belong to supp �. This
question was recently addressed in [24].

The following corollary is a special case of Theorem 1.20. It in particular answers
a question from [20, Section 1.6].

2The numerical simulations used for Conjecture 1.18 were obtained through the implementation
of the Markov chain Monte Carlo approach from [61].
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Corollary 1.21. For each choice of parameters .�; q/ 2 .�1; 1/ � .0; 1/, the closed sup-
port of the skew Brownian permuton with parameters �, q has Hausdorff dimension one.
The same is true for the meandric permuton.

It is shown in [78, Theorem 1.5] that the dimension of the closed support of the biased
Brownian separable permuton (i.e., the skew Brownian permuton with � D 1 and q 2
.0; 1/; recall Remark 1.11) is equal to 1. In fact, the one-dimensional Hausdorff measure
of its support is bounded above by

p
2. The proof in [78] is based on a description of the

biased Brownian separable permuton in terms of Brownian motion, so it is possible (but
not obvious) that a related proof could work for the skew Brownian permutons. However,
arguments like those in [78] would not work for the meandric permuton or for other
permutons generated from a pair of independent space-filling SLE curves.

Our proof of Theorem 1.20, given in Section 4, will be based on a short argument
using estimates for the Liouville quantum gravity metric which come from [3, 59].

1.5.3. Re-rooting invariance for the meandric permuton. Let `n be a uniform meander of
size n. For k 2 Œ1; 2n� \ Z, let xk be the k-th intersection point of `n with R in left-right
order. For k 2 Œ1; 2n� \ Z, we obtain a new meander `.k/n as follows. See Figure 5 for
an illustration. Let y 2 .�1; xk/ be chosen so that there is no intersection point of `n
with R in the interval Œy; xk/ and set fy.z/ WD 1=.z � y/ for all z 2 C. We then take `.k/n
to be the meander which is the image of `n under the map

� z 7! fy.z/ if xk is traversed by `n from top to bottom;

� z 7! fy.z/ if xk is traversed by `n from bottom to top.

We refer to it as the meander `n re-rooted at xk . The leftmost point of `.k/n \ R is equal
to 1=.xk � y/. Hence, we can identify `.k/n with the loop `n, but traversed started at xk
instead of at x1.

The mapping `n ! `
.k/
n is a bijection from the set of meanders of size n to itself.

Consequently, `.k/n is also a uniform meander of size n. If �n WD �`n denotes the meandric
permutation associated with `n, then the meandric permutation associated with `.k/n is

� .k/n WD �`.k/n
D ��1�n.k/ ı �n ı �k ; where �j WD j; j C 1; : : : ; 2n; 1; 2; : : : ; j � 1: (1.6)

`
.6/
n`n

x6

y

634527121110981
121110987654321

611109871252341
121110987654321

Fig. 5. Left: A meander `n and the corresponding meandric permutation �n D 1; 4; 3; 2; 5; 12; 7;
8; 9; 10; 11; 6. Right: The meander `.6/n obtained by re-rooting `n at the point x6 and the corre-
sponding meandric permutation � .6/n D 1; 8; 9; 10; 11; 12; 7; 2; 5; 4; 3; 6.
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1 � t.0; 0/

1 �  .t/

t.0; 0/

 .t/

Re-root at t

Fig. 6. Visual representation of the re-rooting operation of Theorem 1.22. The re-rooted permu-
ton � t is obtained by re-arranging the four rectangles shown in the figure, without changing the
restrictions of the permuton to each of the four rectangles. One can check that conjugating by cyclic
permutations as in (1.6) has a similar effect on the permuton associated with a given permutation
(Definition 1.1).

Hence, the law of the uniform meandric permutation is invariant under the operation of
pre- and postcomposing with cyclic permutations in such a way that the resulting permu-
tation still fixes 1. Our next theorem gives an analog of this property for the meandric
permuton. See Figure 6 for an illustration.

Theorem 1.22. Suppose that we are in the setting of Section 1.2 with 
 2 .0; 2/ arbitrary,
�1 D �2 D 8, and .�1; �2/ are independent modulo time parametrization. Let � be the
permuton associated with .�1; �2/ as in (1.2). For t 2 Œ0; 1�, let  .t/ be the (a.s. unique3)
s 2 Œ0; 1� for which .t; s/ is in the closed support of �. Let � t be the pushforward of the
measure � under the mapping Œ0; 1�2 ! Œ0; 1�2 defined by

.u; v/ 7! .u � t � bu � tc; v �  .t/ � bv �  .t/c/:

For each fixed t 2 Œ0; 1�, we have � t
dist
D �.

As we will explain in Section 5, Theorem 1.22 is a consequence of a special re-rooting
invariance property for SLE8 (Proposition 5.2). It is shown in [24, Corollary 1.6] that the
statement of Theorem 1.22 is not true when either �1 or �2 is not equal to 8, using the fact
that the permuton � a.s. determines �1, �2, and h modulo conformal and anticonformal
maps. This suggests that the scaling limit of a uniform meandric permutation cannot be
one of the permutons of Section 1.2 for �1; �2 6D 8, which provides some further evidence
in favor of Conjecture 1.8 (beyond the evidence discussed in Section 6). We do not yet
have a special property which singles out the LQG parameter 
 D

p
.17 �

p
145/=3.

3The a.s. uniqueness of  .t/ for a fixed t 2 Œ0; 1� is proven in Lemma 2.10, which also shows
that  .t/ is the a.s. unique time for which �1.t/ D �2. .t//.
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1.5.4. Pattern density for the meandric permuton. Let � be a (possibly random) permu-
ton and n be a positive integer. Let . EX; EY / D .Xi ; Yi /i2Œ1;n�\Z be n i.i.d. points in Œ0; 1�2

sampled from �. Then the n points almost surely have distinct x and y coordinates. For
j 2 Œ1; n� \ Z, let �.j / be such that if xj is the j -th smallest element in .X`/`2Œ1;n�\Z,
then yj is the �.j /-th smallest element in .Y`/`2Œ1;n�\Z. Then � is a permutation of size n,
which we denote by Permn.�; EX; EY /. For a fixed permutation � of size n, the probabili-
ties P ŒPermn.�; EX; EY /D �� and P ŒPermn.�; EX; EY /D � j �� are called the annealed and
quenched pattern densities of � in �.

If � is a skew Brownian permuton, it was shown in [26, Proposition 1.14] that the
annealed pattern densities P ŒPerm2.�; EX; EY / D 1; 2� and P ŒPerm2.�; EX; EY / D 2; 1�

are 1=2˙ �=� , where � 2 Œ��=2; �=2� is the angle between the two space-filling SLE
curves .�1; �2/ in their imaginary geometry coupling (see Theorem 2.7). The exact rela-
tion between � and the parameters .�; q/ for the skew Brownian permuton is not known.
For n � 3, although the distribution of Permn.�; EX; EY / can in principle be expressed
by SLE and LQG quantities, the relation would be quite involved; as explained in [26,
Remark 3.14].

For a class of permutons including the meandric permuton, we have the following
conceptually straightforward expression.

Theorem 1.23. Suppose that we are in the setting of Section 1.2 with 
 2 .0;2/, �1; �2>4,
and .�1; �2/ are independent modulo time parametrization. Recall that �h denotes the

 -LQG area measure corresponding to a singly marked unit area 
 -Liouville quantum
sphere. Let � be the permuton associated with .�1; �2/ as in (1.2). For i 2 ¹1; 2º and
z1; : : : ; zn 2 C, let P�i .z1; : : : ; zn/ be the probability that �i hits zj before zjC1 for
each j D 1; : : : ; n � 1. Let �.z1; : : : ; zn/ be the joint density of n points independently
sampled from the measure �h, i.e., �.z1; : : : ; zn/ is the density of the probability measure
EŒ�h ˝ � � � ˝ �h� on Cn. For a permutation � of size n, the annealed pattern density is
given by

P ŒPermn.�; EX; EY / D ��

D nŠ

Z
Cn
P�1.z1; : : : ; zn/P�2.z�.1/; : : : ; z�.n//�.z1; : : : ; zn/

nY
jD1

dzj : (1.7)

Proof. This follows from the independence of �1 and �2, and the definitions of � and
Permn.�; EX; EY /. The factor nŠ enumerates the possible orders in which �1 can hit n
distinct points on the plane.

The law of the field h in Theorem 1.23 describing a singly marked unit area 
 -
Liouville quantum sphere is not unique (rather, it is only defined up to a conformal change
of coordinates, see Section 2.2). As explained in [11, Section 1.4], for an appropriate
choice of h, the density function �.z1; : : : ; zn/ can be expressed as correlation functions
in Liouville conformal field theory on the sphere with all vertex insertions ˛1; : : : ; ˛n
being equal to 
 . These functions were recently solved exactly via conformal bootstrap;
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see [49, Theorem 1.1] and [48, Theorem 9.3]. The probability P�.z1; : : : ; zn/ seems quite
difficult to evaluate exactly. We list it as Problem 7.4 in Section 7.

Remark 1.24 (Positive quenched pattern density). For a permutation � of size n, letfocc.�; �/ D P ŒPermn.�; EX; EY / D � j �� be the quenched pattern density of � in �.
It was shown in [26, Theorem 1.10] that focc.�;�/ > 0 a.s. for all permutations � when �

is a skew Brownian permuton (with � ¤ 1). Essentially, the same arguments as in [26,
Section 4] show that focc.�; �/ > 0 a.s. in the setting of Theorem 1.23 and also that
P�.z1; : : : ; zn/ > 0 for each � > 4 and each distinct z1; : : : ; zn 2 C. As explained in [26,
Corollary 1.8], this implies that random permutations converging to � as in Theorem 1.23
have asymptotically positive density for all permutation patterns in the quenched sense.

2. Preliminaries

2.1. Gaussian free field

In what follows, we use the notation

Br .z/ WD open Euclidean ball of radius r centered at z: (2.1)

For z; w 2 C, we also define

jzjC WD max¹jzj; 1º and GC.z; w/ WD log
jzjCjwjC

jz � wj
: (2.2)

The whole-plane Gaussian free field (GFF) is the centered Gaussian random generalized
function (distribution) on C with covariances

Cov.hC.z/; hC.w// WD GC.z; w/: (2.3)

Note that hC is not well defined pointwise since the covariance kernel (2.2) diverges to1
as z ! w. Nevertheless, for z 2 C and r > 0, one can define the average of hC over the
circle @Br .z/, which we denote by hC

r .z/. See [42, Section 3.1] for further discussion.
One often views the whole-plane GFF as being defined modulo additive constant. Our

choice of covariance kernel in (2.3) corresponds to fixing the additive constant so that the
circle average hC

1 .0/ is zero (see, e.g., [101, Section 2.1.1]). The law of the whole-plane
GFF, viewed modulo additive constant, is invariant under complex affine transformations
of C. Equivalently,

hC dist
D hC.a � Cb/ � hC

jaj.b/ 8a 2 C n ¹0º; 8b 2 C: (2.4)

Let U � C be an open domain such that Brownian motion started at any point of U
a.s. exits U at a finite time. We will also have occasion to mention the zero-boundary GFF
on U , which is the centered Gaussian process on U with covariance kernel given by the
zero-boundary Green’s function on U . Unlike the whole-plane GFF, one does not need to
make a choice of additive constant for the zero-boundary GFF.

We refer to [13, 93, 103] for more background on the GFF.
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2.2. Liouville quantum gravity

In this subsection, we give a brief review of the theory of Liouville quantum gravity
(LQG). Our intention is to provide just enough background for the reader to understand
the proofs in this paper. We refer to [51, 97] for brief introduction to LQG and to [13] for
a detailed exposition. Let 
 2 .0; 2/ and let

Q WD
2



C



2
: (2.5)

Definition 2.1. A 
 -Liouville quantum gravity (LQG) surface with k 2N0 marked points
is an equivalence class of .k C 2/-tuples .U; h; z1; : : : ; zk/, where

� U � C is open and z1; : : : ; zk 2 U [ @U , with @U viewed as a collection of prime
ends;

� h is a generalized function on U (which we will always take to be some variant of the
Gaussian free field);

� .U; h; z1; : : : ; zk/ and . zU ; zh; zz1; : : : ; zzk/ are declared to be equivalent if there is a con-
formal map �W zU ! U such that

zh D h ı � CQ logj�0j and �.zzj / D zj 8j D 1; : : : ; k; (2.6)

where Q is as in (2.5).

If .U; h; z1; : : : ; zk/ is an equivalence class representative, we refer to h as an embedding
of the quantum surface into .U; z1; : : : ; zk/.

In this paper, all of the LQG surfaces we consider will be random, and the generalized
function h will be a GFF plus a continuous function, meaning that there is a coupling
.h; hU / of h with the whole-plane or zero-boundary GFF hU on U (as appropriate) such
that a.s. h � hU is a function which is continuous on U except possibly at finitely many
points.

If h is a whole-plane GFF plus a continuous function, one can define the LQG area
measure �h on U , which is a limit of regularized versions of e
hd2z, where d2z denotes
Lebesgue measure on U [42,69,89]. Almost surely, the measure �h assigns positive mass
to every open set and zero mass to every point, but is mutually singular with respect to
Lebesgue measure.

It was shown in [38, 57] that one can also define the LQG metric Dh on U , which
is a limit of regularized versions of the Riemannian distance function associated with the
Riemannian metric tensor e
h.dx2C dy2/, where dx2C dy2 is the Euclidean metric ten-
sor on U . Almost surely, the metricDh induces the same topology on U as the Euclidean
metric and is a length metric (i.e., Dh.z; w/ is the infimum of the Dh-lengths of paths
in U from z to w). The Hausdorff dimension of .U;Dh/ is a.s. equal to a deterministic,

 -dependent constant d
 > 2 which is not known explicitly [58, Corollary 1.7]. See [39]
for a survey of known results about the LQG metric.
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Both �h and Dh are compatible with coordinate changes of form (2.6). That is, if
�W zU ! U is a conformal map and h and zh are related as in (2.6), then a.s.

�h.A/ D �zh.�
�1.A// 8 Borel set A � U ;

Dh.z; w/ D Dzh.�
�1.z/; ��1.w// 8z; w 2 U:

(2.7)

See [42, Proposition 2.1] for �h and [56, Theorem 1.3] for Dh.
Both�h andDh are also locally determined by h. In the case of�h, this means that for

each open set V � C, a.s. �hjV is a measurable function of hjV (this follows, e.g., from
the circle average construction of �h in [42]). In the case ofDh, the locality property says
the following. For V � C, we define the internal metric on V to be the metric Dh.�; �IV /
on V defined by

Dh.z; wIV / D inf¹.Dh-length of P / W P is a path in V from z to wº: (2.8)

Then a.s. Dh.�; �IV / is given by a measurable function of hjV [57, Axiom II].

2.3. The quantum sphere

For 
 2 .0; 2/, the unit area quantum sphere is the canonical LQG surface with the topol-
ogy of the sphere. One sense in which this LQG surface is canonical is that it is expected,
and in some cases proven, to describe the scaling limit of various types of random planar
maps. There are a variety of different ways of defining the unit area quantum sphere. The
first definitions appeared in [31,41] and were proven to be equivalent in [6]. The definition
we give here is [6, Definition 2.2] with k D 3 and ˛1 D ˛2 D ˛3 D 
 .

Definition 2.2. Using notation (2.2), we define the Liouville field

hL WD h
C
C 
GC.1; �/C 
GC.0; �/ � .2Q � 
/logj � jC; (2.9)

and we let �hL be its associated 
 -LQG measure.

� The triply marked unit area quantum sphere is the LQG surface .C; h;1; 0; 1/, where
the law Ph of h is obtained from the law PzhL

of

zhL WD hL �
1



log�hL.C/ (2.10)

weighted by a 
 -dependent constant times Œ�hL.C/�
4=
2�2, i.e., dPh=dPzhL

D C.
/�

Œ�hL.C/�
4=
2�2.

� The doubly (resp. singly) marked unit area quantum sphere is the doubly (resp. singly)
marked quantum surface obtained from the triply marked unit area quantum sphere by
forgetting the marked point at 1 (resp. the marked points at 1 and 0).

We note that subtracting .log�hL.C//=
 in (2.10) makes it so that the unit area quan-
tum sphere satisfies �h.C/ D 1 a.s. The triply marked quantum sphere has only one
possible embedding in .C;1; 0; 1/ (Definition 2.1). This is because the only conformal
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automorphism of the Riemann sphere which fixes1, 0, 1 is the identity. By contrast, the
singly (resp. doubly) marked quantum sphere has multiple possible embeddings, obtained
by applying (2.6) when � is a complex affine transformation (resp. a rotation and scaling).
Any statements for a singly or doubly marked quantum sphere are assumed to be inde-
pendent of the choice of embedding, unless otherwise specified. Many of the results in
this paper are stated for a singly marked quantum sphere since we only need one marked
point (i.e., the starting point of the SLE curves). However, it is sometimes convenient to
work with a triply marked quantum sphere so that we can apply the exact description of
the field from Definition 2.2.

It is shown in [41, Proposition A.13] that the marked points for the quantum sphere
are independent samples from its associated LQG area measure.

Lemma 2.3 ([41]). Let .C; h;1; 0; 1/ be a triply marked unit area 
 -Liouville quantum
sphere. Conditional on h, let Z1; Z2; Z3 2 C be conditionally independent samples from
the 
 -LQG area measure �h. Then .C; h;Z1; Z2; Z3/ is a triply marked unit area quan-
tum sphere, i.e., if �WC [ ¹1º ! C [ ¹1º is a conformal map such that �.1/ D Z1,
�.0/ D Z2, and �.1/ D Z3, then h ı � CQ logj�0j dist

D h.

The following absolute continuity statement allows us to transfer various results from
the whole-plane GFF to the quantum sphere.

Lemma 2.4. Let .C; h;1; 0; 1/ be a triply marked quantum sphere, let hC be a whole-
plane GFF, and let

zh� WD h
C
� 
 logj � j � 
 logj � �1j and zh WD hC

� 
 logj � j: (2.11)

For eachR> 0, the laws of hjBR.0/ and zh�jBR.0/, viewed as distributions modulo additive
constant, are mutually absolutely continuous. Furthermore, for each R > 0, the laws of
hjBR.0/nB1=R.1/

and zhjBR.0/nB1=R.1/, viewed as distributions modulo additive constant,
are mutually absolutely continuous.

Proof. Let hL be the Liouville field from (2.9), defined using the same whole-plane GFF
hC as in (2.11). We first look at the case of zh�. From the definition of GC in (2.2), we see
that the difference f WD zh� � hL is a deterministic continuous function on C with locally
finite Dirichlet energy, i.e., Z

BR.0/

jrf .z/j2 d2z <1

for eachR > 0. From standard local absolute continuity results for the GFF (see, e.g., [84,
Proposition 2.9]), the laws of zh�jBR.0/ and hLjBR.0/, viewed as distributions modulo addi-
tive constant, are mutually absolutely continuous for each R > 0. By Definition 2.2, the
laws of h and hL are mutually absolutely continuous, viewed as distributions modulo
additive constant. This gives the statement for zh�. The statement for zh follows from the
statement for zh� since 
 logj � �1j is smooth away from 1, so again by [84, Proposi-
tion 2.9], the fields zhjBR.0/nB1=R.1/ and zh�jBR.0/nB1=R.1/, viewed as distributions modulo
additive constant, are mutually absolutely continuous.
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We now make two remarks which are not needed for the proofs of our main results,
but which are relevant to the physics heuristics in Section 6.

Remark 2.5 (Infinite measure on quantum spheres). There is a natural infinite measure
on (free area) quantum spheres which appears in [31,41]. To produce a “sample” from the
infinite measure on doubly marked (free area) quantum spheres, we first sample an area A
from the infinite measure 1.a>0/a

�4=
2da. We then consider the quantum surface .C; hC
.logA/=
;1; 0/, where .C; h;1; 0/ is a doubly marked unit area quantum sphere [2,
Lemma 2.8]. The infinite measure on singly marked (free area) quantum spheres is defined
similarly, except that A is instead sampled from 1.a>0/a

�4=
2�1da.

Remark 2.6 (Physics interpretation and random planar maps connection). A 
 -LQG sur-
face can be interpreted as a model of gravity (essentially, random geometry) coupled to
matter, where the matter is represented by a conformal field theory (CFT). The central
charge of this CFT is related to the coupling constant 
 2 .0; 2/ by

cM D 25 � 6
� 2


C



2

�2
2 .�1; 1/: (2.12)

This interpretation can be made rigorous by looking at random planar maps. Indeed, sup-
pose that .Mn; Sn/ is a random planar map with n edges decorated by a statistical physics
model. We sample Mn and Sn simultaneously, so the marginal law of Mn is given by the
uniform measure on some collection of planar maps weighted by the partition function
of Sn. Suppose our statistical physics model Sn is such that the scaling limit of the ver-
sion of Sn in a regular lattice (e.g., Z2) is described by a CFT with central charge cM.
Then in many cases the scaling limit of Mn (e.g., with respect to the Gromov–Hausdorff
distance) should be described by 
 -LQG, where 
 and cM are related as in (2.12). As an
example, the scaling limit of the critical Ising model on Z2 is described by a CFT with
central charge cM D 1=2, so random planar maps weighted by the critical Ising model
partition function should converge to LQG with matter central charge cM D 1=2, equiva-
lently, 
 D

p
3. See [54, Section 3.1] for more discussion. Using the formula for the law

of the area for the infinite measure on single marked quantum spheres (Remark 2.5), it is
conjectured that the partition function of .Mn; Sn/ grows like Ann�˛ , where A > 0 and

˛ D 1C
4


2
: (2.13)

This explains why Conjecture 1.4 is related to the meander exponent ˛D .29C
p
145/=12

in Section 1.3; see Section 6 for more details.

2.4. Space-filling SLE

Let � > 4. The whole-plane space-filling SLE� from 1 to 1 is a random non-self-
crossing space-filling curve � in C which starts and ends at 1. We view � as a curve
defined modulo monotone increasing time re-parametrization. We give a precise defini-
tion of this curve below. Before we do so, we record some of its qualitative properties
which follow from the construction in [84].
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(i) When � � 8, the curve � is a two-sided version of chordal SLE� . It can be obtained
from chordal SLE� by stopping the chordal SLE curve at the first time when it hits some
fixed interior point z, then “zooming in” near z. In particular, for any two times s < t the
region �.Œs; t �/ is simply connected.

(ii) When � 2 .4; 8/, the curve � can be obtained from a two-sided variant of chordal
SLE� by iteratively “filling in” the bubbles which it disconnects from its target point.
In this case, for typical times s < t , the region �.Œs; t �/ is not simply connected.

(iii) For each fixed z 2 C, the left and right outer boundaries of � stopped when it
hits z are a pair of coupled SLE16=�-type curves from z to1.

(iv) For any times a < b, the set �.Œa; b�/ has non-empty interior. Moreover, if � is
a locally finite, non-atomic measure on C which assigns positive mass to every open set,
then � is continuous if we parametrize � so that �.�.Œa; b�// D b � a for each a < b.

(v) The law of � is invariant under scaling, translation, rotation, and time reversal,
i.e., a� C b and �.��/ have the same law as � modulo time parametrization for each
a 2 C n ¹0º and each b 2 C.

(vi) For each fixed z 2 C, a.s. � hits z exactly once. The maximum number of times
that � hits any z 2 C is 3 if � � 8 and is a finite, �-dependent number if � 2 .4; 8/ [52,
Theorem 6.3].

We now give a formal definition of whole-plane space-filling SLE� , following [84,
Section 1.2.3] (see also [41, Section 1.4.1]). The idea of the definition is based on SLE
duality, which says that for � > 4 the outer boundary of an SLE� curve stopped at a given
time should consist of one or more SLE16=�-type curves [40, 82, 84, 104, 105]. Let

� WD

p
�

2
�

2
p
�
:

Letbh be a whole-plane GFF viewed modulo additive multiples of 2��, as in [84]. Also
fix an angle � 2 Œ��=2; �=2�. We will define a whole-plane space-filling SLE� curve �
from1 to1 coupled withbh. The law of � will not depend on � , but its coupling withbh
will depend on � .

For z 2Q2, let ˇLz and ˇRz be the flow lines of eibh=� started from z, in the sense of [84,
Theorem 1.1], with angles4 � and � � � , respectively. Each of these flow lines is a whole-
plane SLE16=�.2 � 16=�/ curve from z to 1 (whole-plane SLE16=�.�/ for � > �2 is
a variant of whole-plane SLE introduced in [84, Section 2.1]), and the field bh defines
a coupling between them. These flow lines will be the left and right outer boundaries of
the space-filling SLE� � stopped when it hits z.

By [84, Theorem 1.9], for distinct z; w 2 Q2, the flow lines ˇLz and ˇRz cannot cross
ˇLw [ ˇ

R
w , but they may hit and bounce off if � 2 .4;8/. Furthermore, a.s. the flow lines ˇLz

4We measure angles in counter-clockwise order, where zero angle corresponds to the north
direction.
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Fig. 7. The flow lines ˇLz (in red) and ˇRz (in blue) for several points z 2 C. For each z, these flow
lines are the left and right outer boundaries, respectively, of � stopped when it hits z. The figure
shows the case when � � 8. When � 2 .4; 8/, the flow lines started from the same point can hit each
other and bounce off (cf. Figure 10). The space-filling SLE� fills in the regions 1, 2, 3, 4, 5, 6, and 7
in this order.

and ˇLw (resp. ˇRz and ˇRw ) eventually merge into each other. See Figure 7 for an illustra-
tion.

We define a total ordering on Q2 by declaring that z comes before w if and only if w
lies in a connected component of C n .ˇLz [ ˇ

R
z / which lies to the right of ˇLz and to

the left of ˇRz . It follows from [84, Theorem 1.16] (see also [41, footnote 4]) that there is
a unique space-filling path � from1 to1 which hits the points of Q2 in the prescribed
order and is continuous when it is parametrized, e.g., so that it traverses one unit of (two-
dimensional) Lebesgue measure in one unit of time. This curve � is defined to be the
space-filling SLE� counterflow line ofbh from1 to1 of angle5 � � �=2.

The law of the curve � does not depend on � , but the coupling of � withbh depends
on � . In particular, if � 2 .��=2;�=2/ and �1 and �2 are the space-filling SLE counterflow
lines ofbh with angles 0 and � � �=2, respectively, then �1 and �2 are coupled together in
a non-trivial way. By [84, Theorem 1.16], each of �1 and �2 is a.s. given by a measurable
function of the other. The reason for our interest in this coupling is the following result,
which is [20, Theorem 1.17] and which is proven building on [41, 53].

Theorem 2.7 ([20]). Fix � 2 .�1; 1/ and q 2 Œ0; 1�. Also let 
 2 .0; 2/ and � > 4 satisfy
� D � cos.�
2=4/ and � D 16=
2. There exists � D �.�; q/ 2 Œ��=2;�=2� such that the
following is true. Let .C; h;1/ be a singly marked unit area 
 -Liouville quantum gravity
sphere. Also let �1, �2 be the space-filling SLE� counterflow lines of angles 0 and � ��=2
of a common whole-plane GFFbh as above. We takebh (and hence .�1; �2/, viewed modulo
time parametrization) to be independent from h. We then parametrize �1 and �2 so that
they each traverse one unit of 
 -LQG mass in one unit of time, i.e., �h.�i .Œ0; t �// D t for
each t 2 Œ0; 1� and i 2 ¹1; 2º. Then the permutation � associated with .�1; �2/ as in (1.2)
coincides with the skew Brownian permuton with parameters � and q.

5We highlight that in this paper we are using the convention that a counterflow line of angle �
has the same direction as a flow line of angle � . We point out that in other papers (for instance, [82])
the authors might use the opposite convention, that is, a counterflow line of angle � has the opposite
direction as a flow line of angle � .
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The exact correspondence between the parameters � and q is not known, but it is
known that �.�; 1=2/ D 0 and that q 7! �.�; q/ is a homeomorphism from Œ0; 1� to
Œ��=2; �=2� [20, Remark 1.18].

2.5. Basic properties of permutons constructed from SLEs and LQG

Assume that we are in the setting of Section 1.2. In particular, .C; h;1/ is a singly
marked unit area 
 -Liouville quantum sphere and .�1; �2/ is a coupling of a space-filling
SLE�1 curve and a space-filling SLE�2 curve, sampled independently from h and then
parametrized by �h-mass;  W Œ0; 1�! Œ0; 1� satisfies �1.t/ D �2. .t//; and � is the per-
muton as in (1.2). In this subsection, we will establish some basic properties of �. We first
check that � is well defined and give an equivalent definition.

Lemma 2.8. Almost surely, the permuton � is well defined, i.e., the definition does not
depend on the choice of  . Moreover, a.s. for each rectangle Œa; b� � Œc; d � � Œ0; 1�2,

�.Œa; b� � Œc; d �/ D �h.�1.Œa; b�/ \ �2.Œc; d �//: (2.14)

We note that a similar statement to Lemma 2.8 is proven for the skew Brownian per-
muton in [26, Proposition 1.13].

Proof of Lemma 2.8. Formula (2.14) uniquely determines � and does not depend on , so
it suffices to prove (2.14). For each z 2C, a.s. z is not a multiple point of �2, i.e., �2 hits z
exactly once. Since h is independent from .�1; �2/ and �1 and �2 are parametrized by �h-
mass, a.s. the set of times t 2 Œ0; 1� such that �1.t/ is a multiple point of �2 has zero
Lebesgue measure.

If �1.t/ is not a multiple point of �2, then for any choice of  satisfying (1.1),  .t/ 2
Œc; d � if and only if �1.t/ 2 �2.Œc; d �/. By the preceding paragraph, a.s. this is the case for
Lebesgue-a.e. t 2 Œ0; 1�, so a.s. for every rectangle Œa; b� � Œc; d �,

�.Œa; b� � Œc; d �/ D Leb¹t 2 Œa; b� W  .t/ 2 Œc; d �º (by (1.2))

D Leb¹t 2 Œa; b� W �1.t/ 2 �2.Œc; d �/º

D �h.�1.Œa; b�/ \ �2.Œc; d �//;

where the last equality is because �1 is parametrized by �h-mass.

We have the following basic lemma about the closed support of � (Definition 1.19).

Lemma 2.9. Almost surely, for any choice of the function  from (1.1),

supp � � ¹.t;  .t// W t 2 Œ0; 1�º � ¹.t; s/ 2 Œ0; 1� W �1.t/ D �2.s/º D T : (2.15)

Proof. The first inclusion in (2.15) is immediate from definition (1.2). The second inclu-
sion follows from the fact that �1.t/ D �2. .t// for each t 2 Œ0; 1� by definition; and
the fact that the set ¹.t; s/ 2 Œ0; 1� W �1.s/ D �1.t/º is closed (by the continuity of �1
and �2).
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Both inclusions in (2.15) can potentially be strict. For example, if �1 D �2 then supp�

is the diagonal in Œ0; 1�2. The third set in (2.15) includes off-diagonal points, which arise
from pairs of distinct times .t; s/ such that

�1.t/ D �1.s/ or �2.t/ D �2.s/

(which are multiple points of �1 or �2). The middle set in (2.15) can include off-diagonal
points or not, depending on the choice of  .

The following lemma tells us that the ambiguity in the choice of can arise only from
multiple points of �2.

Lemma 2.10. Almost surely, for any choice of the function  from (1.1), the following
is true. For each time t 2 Œ0; 1� such that �1.t/ is hit only once by �2, we have that  .t/
is the unique s 2 Œ0; 1� such that .t; s/ 2 supp �. Furthermore, for each fixed t 2 Œ0; 1�,
a.s.  .t/ is the unique s 2 Œ0; 1� such that .t; s/ 2 supp �.

Proof. Since � is a permuton, we have �.Œa; b� � Œ0; 1�/ D b � a for each 0 � a �
b � 1. From this, we infer that supp � intersects Œa; b� � Œ0; 1� for each 0 � a < b � 1.
Since supp � is closed, this implies that supp � intersects ¹tº � Œ0; 1� for each t 2 Œ0; 1�.
By Lemma 2.9, if �2 hits �1.t/ only once, there is only one possible intersection point
of supp � with ¹tº � Œ0; 1�, namely .t;  .t//. This gives the first assertion of the lemma.
To deduce the last statement, we note that if t 2 Œ0; 1� is fixed, then �1.t/ is independent
from �2 (viewed modulo time parametrization), and hence a.s. �2 hits �1.t/ only once
(recall property (vi) at the beginning of Section 2.4).

3. Longest increasing subsequence is sublinear

In this section, we will prove Theorem 1.13, which asserts that the longest increasing
subsequence is sublinear for permutations which converge to �, where � is a permuton
constructed from SLE and LQG which satisfies one of the two conditions in Section 1.5.1.

3.1. Longest increasing subsequences and monotone sets for permutons

To prove Theorem 1.13, we will use a general criterion on a permuton which implies
a sublinear bound on the longest increasing subsequence for converging permutations,
which we now state and prove.

Definition 3.1. We say that a set A � Œ0; 1�2 is monotone if

A � .Œ0; t � � Œ0; s�/ [ .Œt; 1� � Œs; 1�/ 8.t; s/ 2 A: (3.1)

See Figure 8 for an illustration. An example of a monotone set is the graph of a non-
decreasing function Œ0; 1�! Œ0; 1�, or a subset of such a graph. The reason for our interest
in monotone sets is the following deterministic result.



Permutons, meanders, and SLE-decorated Liouville quantum gravity 4917

t

s

Fig. 8. A set A � Œ0; 1�2 is monotone if for any point .t; s/ 2 A, the set A is contained in the union
of the green rectangles in the figure.

Proposition 3.2. Let � be a permuton and let ¹�nºn2N be a sequence of permutations
of size j�nj ! 1 whose associated permutons ��n converge weakly to �. Assume that
�.A/D 0 for every monotone set A� Œ0; 1�2 (Definition 3.1). Then the longest increasing
subsequence of �n is sublinear, i.e., LIS.�n/=j�nj ! 0.

The proof of Proposition 3.2 is elementary, but we are not aware of a reference for the
statement or proof, so we provide the proof here.

Proof of Proposition 3.2. We will prove the contrapositive, i.e., we will assume that the
largest increasing subsequence of �n is not sublinear and show that there is a monotone
subset of Œ0; 1�2 with positive �-mass.

Our assumption implies that after possibly replacing ¹�nºn2N by a subsequence, we
can find c > 0 such that for each n 2 N, there is an increasing subsequence of �n of
length at least cj�nj. That is, for each n 2 N, there is a set Ln � Œ1; j�nj� \ Z such that
#Ln � cj�nj and �njLn is monotone increasing. For n 2 N, let

An WD
[
j2Ln

hj � 1
j�nj

;
j

j�nj

i
�

h�n.j / � 1
j�nj

;
�n.j /

j�nj

i
� Œ0; 1�2: (3.2)

By Definition 1.1 of ��n , we have ��n.An/ � c.
By compactness, after possibly passing to a further subsequence of ¹�nºn2N , we can

arrange that An converges in the Hausdorff distance to a closed set A � Œ0; 1�2. We first
argue that �.A/ > 0. Indeed, for each " > 0, it holds for each large enough n 2N that An
is contained in the Euclidean "-neighborhood B".A/. Since ��n ! � weakly,

�.B".A// � lim inf
n!1

��n.B".A// � lim inf
n!1

��n.An/ � c: (3.3)

Sending "! 0 gives �.A/ � c > 0.
We next claim that A is a monotone set in the sense of Definition 3.1. To this end, let

.t; s/ 2 A. Since An ! A in the Hausdorff distance, by (3.2) we can find a jn 2 Ln such
that .jn; �n.jn//=j�nj ! .t; s/ as n!1. Since �n is monotone on Ln, it holds for each
n 2 N that

An �
�h
0;
jn

j�nj

i
�

h
0;
�n.jn/

j�nj

i�
[

�h jn
j�nj

; 1
i
�

h�n.jn/
j�nj

; 1
i�
: (3.4)



J. Borga, E. Gwynne, X. Sun 4918

Since .jn; �n.jn//=j�nj ! .t; s/, for each " > 0 it holds for each large enough n 2 N
that the set on the right-hand side of (3.4) is contained in the "-neighborhood of .Œ0; t � �
Œ0; s�/ [ .Œt; 1� � Œs; 1�/. Since An ! A, it follows that for each " > 0,

A � ."-neighborhood of .Œ0; t � � Œ0; s�/ [ .Œt; 1� � Œs; 1�//: (3.5)

Sending "! 0 shows that A is a monotone set.

3.2. Monotone sets for permutons constructed from SLEs and LQG

Henceforth, assume that we are in the setting of Theorem 1.13. To prove the theorem,
we need to check the condition of Proposition 3.2 for the random permuton �. This turns
out to be straightforward using SLE and LQG theory.

Let �1 and �2 be the coupled or independent space-filling SLE curves of parameters �1
and �2 from Theorem 1.13. For z 2 C, let Qz be the set of w 2 C such that �1 hits w
before it hits z and �2 hits w after it hits z. More precisely, w 2 Qz if and only if

9t1; s1; t2; s2 2 Œ0; 1� such that t1 � s1; t2 � s2;

�1.s1/ D �2.t2/ D z; �1.t1/ D �2.s2/ D w:
(3.6)

See Figure 9 for an illustration of Qz .
We claim that Qz is a closed set. Indeed, if �1 and �2 each hit z only once (say at

times s1 and t2, respectively) then Qz D �1.Œ0; s1�/ \ �2.Œt2; 1�/ is the intersection of
closed sets, so is closed (note that this is the case for �h-a.e. z 2 C). In general, each
of �1 and �2 hits z at most finitely many times (recall Section 2.4), so Qz is the union of
finitely many closed sets of the above type. Furthermore, Qz depends only on �1 and �2
viewed modulo time parametrization, so Qz is independent from h.

To prove Theorem 1.13, we will first show that for �h-a.e. z 2 C, the set Qz has
positive density with respect to �h, i.e., we will prove the following lemma.

Lemma 3.3. Assume that we are in the setting of Theorem 1.13. Almost surely,

lim sup
r!0

�h.Qz \ Br .z//

�h.Br .z//
> 0 for �h-a.e. z 2 C; (3.7)

where Br .z/ is a Euclidean ball as in (2.1).

We will eventually show that every monotone set for � has zero �h-mass by combin-
ing Lemma 3.3 with the Lebesgue density theorem for the Radon measure �h (see the
proof of Proposition 3.6). We will prove Lemma 3.3 via a scaling argument. To do this,
we need to work in an infinite-volume setting, i.e., we need to work with a field which
satisfies an exact spatial scale invariance property in law (the unit area quantum sphere
does not satisfy such a property). We choose to work with a whole-plane GFF with a 
 -
log singularity at 0 since the local behavior of this field near zero is the same as the local
behavior of the quantum sphere field near a point sampled from its LQG area measure �h
(see Lemma 2.4 for a precise statement).
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Qz

Qz
Qz

ˇR1
ˇR1

ˇR1 zzz

ˇR2ˇR2
ˇR2

ˇL2ˇL2ˇL2

ˇL1
ˇL1ˇL1

Fig. 9. Illustration of the set Qz of (3.6) for three of the different pairs of SLE curves .�1; �2/
considered in Theorem 1.13. Left: Counterflow lines for � � 12, � D 0. Center: Counterflow lines
for � 2 Œ8; 12/, � D 0. Right: Independent SLEs for �1; �2 � 8. Here, z is a point which is hit only
once by each of �1 and �2. In each case, Qz is the light blue region, �1 travels from south to north
and �2 travels from west to east. The left and right boundaries of �1 (resp. �2) stopped when it hits z
are shown in red and blue (resp. green and purple). The set Qz is the region lying to the south of the
union of the red and blue curves and to the east of the union of the green and purple curves. In the
case of the skew Brownian permuton, �1 and �2 are two space-filling counterflow lines of a GFF
with angles 0 and � � �=2 (Theorem 2.7). This case is illustrated in the left and middle panels. The
red, blue, green, and purple curves do not cross each other, but may hit each other and bounce off
(as shown in the second panel). One can determine the values of � and � for which this happens
using [84, Proposition 3.28] and [40, Lemma 15]. In the case of two independent space-filling SLEs
(right panel), the red and blue curves can cross the green and purple curves, so the region Qz is not
connected. The three pictures in the case when �1 2 .4; 8/ (resp. �2 2 .4; 8/) are similar, except that
the red and blue curves (resp. the green and purple curves) can hit each other. Our proof is the same
for all of the different cases considered in Theorem 1.13.

Lemma 3.4. Let 
 2 .0; 2/ and �1; �2 > 4. Let zh be a whole-plane GFF plus 
 logj � j�1.
Let �1 and �2 be two whole-plane space-filling SLE curves from1 to1 of parameters �1
and �2, sampled independently from zh. Assume that .�1; �2/ are coupled together in one
of the two possible ways listed just before Theorem 1.13. Define the set Q0 as in (3.6).
Almost surely,

lim sup
r!0

�zh.Q0 \ Br .0//

�zh.Br .0//
> 0: (3.8)

Proof. We first claim that a.s. Q0 has non-empty interior. For i 2 ¹1; 2º, let � i0 be the
(a.s. unique) time when �i hits 0. By the construction of space-filling SLE in Section 2.4,
the set @�i ..�1; � i0�/ is the union of two SLE16=�i -type curves ˇLi and ˇRi from 0 to1,
namely, the left and right boundaries of �i ..�1; � i0�/. The set Q0 is the closure of the
intersection of the region �1..�1; �10 �/ which lies to the left of ˇL1 and to the right of ˇR1 ;
and the region �2.Œ�20 ;1//which lies to the right of ˇL2 and to the left of ˇR2 . See Figure 9
for an illustration.

In the case when �1 and �2 are coupled together as in the SLE/LQG description of
the skew Brownian permuton, we recall from Section 2.4 that ˇL1 , ˇR1 , ˇL2 , and ˇR2 are
the flow lines of a whole-plane GFF with angles �=2, ��=2, � , and � � � , respectively.
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It follows from [84, Proposition 3.28] that a.s. ˇR2 � �1..�1; �
1
0 �/, ˇ

R
2 does not spend

a non-trivial interval of time tracing @�1..�1; �10 �/, and the intersection of ˇR2 with
the closure of each connected component of the interior of �1..�1; �10 �/ is a simple
curve between two points of the boundary of the component. Each of these closures is
homeomorphic to a closed Euclidean disk. By the Jordan curve theorem, ˇR2 divides each
connected component of the interior of �1..�1; �10 �/ into two non-empty regions. The
one of these regions to the left of ˇR2 is contained in Q0; hence Q0 has non-empty interior.

In the case when �1 and �2 are independent, modulo time parametrization, we first
note that ˇL2 has a positive chance to cross ˇL1 (this follows, e.g., from [84, Lemma 3.8]
applied under the conditional law given ˇL1 ). By the scale invariance of the joint law
of .ˇL1 ; ˇ

L
2 /, we get that there exists q > 0 such that for every " > 0, ˇL1 and ˇL2 have

probability at least q to cross before leaving B".0/. By a tail triviality argument (using the
Brownian motions that determine the Loewner driving functions for ˇL1 and ˇL2 ), we get
that in fact ˇL1 and ˇL2 a.s. cross infinitely many times. Consequently, a.s. there exist
infinitely many open regions which lie to the left of ˇL1 and to the right of ˇL2 . Since the
ranges of ˇR1 and ˇR2 are closed sets of empty interior, it follows that a.s. each of these
regions contains an open subset of Q0. This concludes the proof of our claim.

The joint law of .�1; �2/, viewed as curves modulo time parametrization, is invariant
under scaling space. Hence, the same is true of the law of Q0. Therefore, a.s. Q0 \Br .0/

has non-empty interior for every r > 0. Since a.s. �zh assigns positive mass to every open
set, we get that a.s. �zh.Q0 \ Br .0// > 0 for every r > 0.

By the LQG coordinate change formula (2.7), a.s. for each r > 0,

�zh.r �/CQ log r .A/ D �zh.rA/ 8 Borel set A � C. (3.9)

Furthermore, by (2.4), the law of zh is scale invariant modulo additive constant, i.e., for
each r > 0, there is a random Cr > 0 such that zh.r �/ � Cr

dist
D zh. Adding a constant C to zh

results in scaling �zh by e
C , so it does not change the ratios of the �zh-masses of any two
sets. From this, (3.9), and the scale invariance of the law of Q0, we get

�zh.Q0\Br .0//

�zh.Br .0//
D
�zh.r �/CQ log r ..r

�1Q0/ \ B1.0//

�zh.r �/CQ log r .B1.0//
(by (3.9))

D
e
Cr r
Q�zh.r �/�Cr

..r�1Q0/\B1.0//

e
Cr r
Q�zh.r �/�Cr
.B1.0//

(by the scaling prop. of �zh)

dist
D
�zh.Q0 \ B1.0//

�zh.B1.0//
: (by scale invariance in law)

Thus, the law of �zh.Q0 \ Br .0//=�zh.Br .0// does not depend on r . As we noted
above, this random variable is a.s. positive. Consequently, for each p 2 .0; 1/ there exists
c > 0 such that

P
h�zh.Q0 \ Br .0//

�zh.Br .0//
� c

i
� p 8r > 0: (3.10)
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Hence, with probability at least p, there exist arbitrarily small values of r > 0 for which

�zh.Q0 \ Br .0//

�zh.Br .0//
� c:

Since p is arbitrary, the limsup in (3.8) is a.s. positive.

Proof of Lemma 3.3. Conditional on .h; �1; �2/, let Z be sampled from the probability
measure �h. It suffices to show that a.s.

lim sup
r!0

�h.QZ \ Br .Z//

�h.Br .Z//
> 0: (3.11)

Let W be another point sampled from �h in such a way that Z, W are conditionally
independent given h. By Lemma 2.3, the law of .C; h;1;Z;W / is that of a triply marked
unit area quantum sphere. That is, if �WC! C is the complex affine map with �.0/D Z
and �.1/ D W , then the surface .C; h ı � CQ logj�0j;1; 0; 1/ has the law described in
Definition 2.2. By Lemma 2.4, the restriction of h ı �CQ logj�0j toB1=2.0/ is absolutely
continuous with respect to zhjB1=2.0/, where zh is a whole-plane GFF plus 
 logj � j�1 (as in
Lemma 3.4), with both random distributions viewed modulo additive constant. We note
that adding a constant to the field does not change any of the ratios in (3.11).

The law of .�1; �2/, viewed modulo time parametrization, is invariant under scaling
and spatial translation, and .�1; �2/ is independent from .Z;W /, hence from �. Conse-
quently, ��1.QZ/

dist
D Q0 and ��1.QZ/ is independent from h. By combining this with

the absolute continuity in the previous paragraph, we get that the joint law of ..h ı � C
Q logj�0j/jB1=2.0/; �

�1.QZ// is absolutely continuous with respect to the joint law of
.zhjB1=2.0/;Q0/, with the distributions viewed modulo additive constant. We can therefore
apply Lemma 3.4 to get that a.s.

lim sup
r!0

�hı�CQ logj�0j.�
�1.QZ/ \ Br .0//

�hı�CQ logj�0j.Br .0//
> 0: (3.12)

Since � is complex affine, �.Br .0// D Bj�0.0/jr .Z/. By this and the LQG coordinate
change formula (2.7),

�hı�CQ logj�0j.�
�1.QZ/ \ Br .0//

�hı�CQ logj�0j.Br .0//
D
�h.QZ \ Bj�0.0/jr .Z//

�h.Bj�0.0/jr .Z//
8r > 0:

Thus, (3.12) implies (3.11).

We now prove an SLE version of the “monotone sets have zero mass” condition from
Proposition 3.2.

Proposition 3.5. Assume that we are in the setting of Theorem 1.13. Almost surely, the
following is true. Let X � C be a �h-measurable set with the following property: for
�h-a.e. pair of points z;w 2 X , the curves �1 and �2 hit z and w in the same order. Then
�h.X/ D 0.
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Proof. For z 2 C, let Qz be as in (3.6). By Lemma 3.3, a.s.

lim sup
r!0

�h.Qz \ Br .z//

�h.Br .z//
> 0 for �h-a.e. z 2 C: (3.13)

By the Lebesgue density theorem for general Radon measures on C [81, Corollary 2.14],
a.s. for every �h-measurable set X � C,

lim
r!0

�h.Br .z/ \X/

�h.Br .z//
D 1 for �h-a.e. z 2 X: (3.14)

If z and w are two points which are hit in the same order by �1 and �2, and z and w are
each hit at most once by each of �1 and �2, then definition (3.6) of Qz shows thatw …Qz .
From this observation and the fact that a.s. �h-a.e. z 2 C is hit at most once by each of �1
and �2, we see that if X is a �h-measurable set with the property in the proposition state-
ment, then �h.X \Qz/D 0 for �h-a.e. z 2 X . By combining this with (3.13), we obtain
that a.s., for every such set X ,

lim sup
r!0

�h.Br .z/ \X/

�h.Br .z//
< 1 for �h-a.e. z 2 X: (3.15)

By (3.14) and (3.15), we get that �h.X/ D 0.

Proposition 3.6. Assume that we are in the setting of Theorem 1.13. Almost surely, for
each monotone set A � Œ0; 1�2 (Definition 3.1), we have �.A/ D 0.

Proof. Let  W Œ0; 1� ! Œ0; 1� be a function as in definition (1.2) of �, so that �1.t/ D
�2. .t// for each t 2 Œ0; 1�. For a monotone set A � Œ0; 1�2, let

TA D ¹t 2 Œ0; 1� W .t;  .t// 2 Aº: (3.16)

We claim that a.s. for every monotone set A, it holds that �h-a.e. pair of points z; w 2
�1.TA/ are hit in the same order by �1 and �2. Almost surely, the set of points in C
which are hit more than once by either �1 or �2 has zero �h-mass, so we can assume that
each of z and w is hit exactly once by each of �1 and �2. Fix z; w 2 TA and let tz 2 TA
and tw 2 TA be the times when �1 hits z and w, respectively, and assume without loss
of generality that tz < tw . By definition of TA, .tz ;  .tz// and .tw ;  .tw// belong to A
which is monotone. By Definition 3.1 of a monotone set and since tz < tw , it follows that
 .tz/ <  .tw/. Since �2 hits each of z and w only once,  .tz/ and  .tw/ are the unique
times at which �2 hits z and w. Hence, z and w are hit in the same order by �1 and �2.

By Proposition 3.5 and the preceding claim, it is a.s. the case that for every monotone
set A, the �h-mass of �1.TA/ is zero. Since �1 is parametrized by �h-mass, this implies
that the one-dimensional Lebesgue measure of TA is zero. By definition (1.2) of �, this
means that �.A/ D 0.

Proof of Theorem 1.13. The statement for the longest increasing subsequence follows
combining Propositions 3.2 and 3.6. The statement for the longest decreasing subsequence
can be obtained by the same argument. Alternatively, one can observe that if �1 and �2
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are a pair of SLE curves as in Theorem 1.13, then the pair consisting of �1 and the time
reversal of �2 also satisfies the conditions of Theorem 1.13.

Remark 3.7. The proof of Theorem 1.13 did not use many properties which are specific
to SLE and LQG. Indeed, all we needed was some form of approximate scale invariance
in a neighborhood of a point sampled from the LQG measure �h (in our setting, this
comes from the local absolute continuity statements in the proof of Lemma 3.3) and the
fact that for a point Z sampled from �h, the set QZ a.s. has non-empty interior. Conse-
quently, the arguments of this section could in principle be extended to prove analogs of
Theorem 1.13 for other permutons constructed from pairs of random space-filling curves
as in Section 1.2. However, we do not have in mind any important examples of such per-
mutons where the curves are not SLE curves parametrized by LQG mass, so we do not
pursue this point further here.

4. Dimension of the support is one

In this section, we will prove Theorem 1.20, which asserts that the dimension of the
closed support supp � is one for any of the permutons defined in Section 1.2. We recall
from Theorem 1.20 that T D ¹.t; s/ 2 Œ0; 1�2 W �1.t/ D �2.s/º.

Since � is a permuton, by definition it is immediate that the projection of supp � onto
the first coordinate of Œ0; 1�2 is all of Œ0; 1�. Since the projection map is 1-Lipschitz, this
implies that the Hausdorff dimension of supp � is at least one. From this and Lemma 2.9,
we get that a.s.

1 � dimH supp � � dimH T ; (4.1)

where dimH denotes the Hausdorff dimension of a set. It therefore suffices to show that
a.s. dimH T � 1.

4.1. Core argument

By the definition of T , if Œa; b� � Œc; d � � Œ0; 1�2 is a rectangle, then T intersects Œa; b� �
Œc; d � if and only if �1.Œa; b�/ \ �2.Œc; d �/ 6D ;. We therefore seek an upper bound for
the probability that the images of two small time intervals under �1 and �2 intersect. The
following lemma is the main input in the proof of Theorem 1.20.

Lemma 4.1. Assume that we are in the setting of Theorem 1.20. Fix � 2 .0; 1/ and ı 2
.0; 1=2/. There exists E" D E".�; ı/ 2 �.h; �1; �2/ for " > 0 such that lim"!0 P ŒE"�D 1
and the following is true. Let S 2 Œı; 1� ı� be sampled uniformly from Lebesgue measure
on Œı; 1 � ı�, independently from everything else. For each t 2 Œı; 1 � ı� and each small
enough " > 0 (depending on ı),

P ŒE"; �1.Œt; t C "�/ \ �2.ŒS; S C "�/ 6D ;� � "
1�� : (4.2)

When we apply Lemma 4.1, we will take � and ı to be small. Note that the statement
of the lemma would not be true if we took S to be a fixed deterministic time instead of
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a random time. The reason is that the coupling of �1 and �2, viewed as curves modulo time
parametrization, is arbitrary. For example, we allow �1 D �2 in which case the probability
that �1.Œt; t C "�/ \ �2.Œt; t C "�/ 6D ; is 1.

The idea of the proof of Lemma 4.1 is as follows. Since �1 and �2 are parametrized
by LQG mass, the set �.Œt; t C "�/ has �h-mass " and the conditional law of �2.S/ given
.h; �1; �2/ is that of a sample from the restriction of .1 � 2ı/�1�h to �2.Œı; 1 � ı�/.
Therefore, the probability that �2.S/ 2 �1.Œt; t C "�/ is at most of order ". To deduce an
upper bound for the probability in (4.2), we will improve this estimate by showing that it
is unlikely for �2.S/ to be “close” to �1.Œt; t C "�/ and that it is unlikely for �2.ŒS;S C "�/
to be “large”.

It is convenient to measure “close” and “large” in terms of the 
 -LQG metric Dh
associated with h. This is because a space-filling SLE curve parametrized by LQG mass
behaves nicely with respect to this metric (see Lemma 4.2 below). In what follows,
we let d
 be the Hausdorff dimension of C with respect to the metric Dh, which is a.s.
equal to a finite deterministic constant [58, Corollary 1.7]. We will need the following two
lemmas.

Lemma 4.2. Let 
 2 .0; 2/ and � > 4. Let .C; h;1/ be a singly marked unit area 
 -
Liouville quantum sphere. Let �W Œ0; 1�! C be a whole-plane space-filling SLE� from1
to1 sampled independently from h, then parametrized by 
 -LQG mass with respect to h.
Also fix � 2 .0; 1/ and ı 2 .0; 1=2/. Almost surely, for each small enough " > 0 (how small
is random),

Dh.�.s/; �.t// � "
1=d
�� 8s; t 2 Œı; 1 � ı� such that js � t j � ": (4.3)

For the next lemma, we introduce the notation

Br .zIDh/ WD .Dh-ball of radius r centered at z/ 8z 2 C [ ¹1º; 8r > 0: (4.4)

Lemma 4.3. Let .C; h;1/ be a singly marked unit area 
 -Liouville quantum sphere.
Also fix � 2 .0; 1/. Almost surely, for each small enough r > 0 (how small is random),

rd
C� � �h.Br .zIDh// � r
d
�� 8z 2 C [ ¹1º: (4.5)

Lemmas 4.2 and 4.3 are straightforward consequences of known estimates for the
LQG metric [3, 59], but some work is needed to transfer from the case of a whole-plane
GFF (which is the case treated by the results we cite) to the case of a unit area quantum
sphere. We postpone the proofs until after the proof of Theorem 1.20.

Proof of Lemma 4.1. Fix z� 2 .0; �/ to be chosen later, in a deterministic manner depend-
ing only on 
 and �. Let E" D E".e�; ı/ be the event that the following is true:

(i) For each i 2 ¹1; 2º, we haveDh.�i .s/; �i .t// � "1=d
�
z� for each s; t 2 Œı=2; 1� ı=2�

such that js � t j � ";

(ii) �h.Br .zIDh// � r
d
�z� for each r 2 .0; 2"1=d
�z� �.

By Lemmas 4.2 (applied once to each of �1 and �2) and 4.3, we have P ŒE"�! 1 as "! 0.
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We henceforth assume that " < ı=2. Let t and S be as in the lemma statement. If E"
occurs, then by condition (i) in the definition of E",

�1.Œt; t C "�/ � B
"1=d
�

z� .�1.t/IDh/; �2.ŒS; S C "�/ � B
"1=d
�

z� .�2.S/IDh/: (4.6)

By condition (ii) in the definition of E", on this event the �h-mass of the larger ball
B
2"1=d
�

z� .�1.t/IDh/ is at most a .
; z�/-dependent constant times ".d
�z�/.1=d
�z�/. Since
S is sampled from Lebesgue measure on Œı; 1 � ı�, independently from everything else,
and �2 is parametrized by �h-mass, the conditional law of �2.S/ given .h;�1; �2/ is given
by the restriction of .1 � 2ı/�1�h to �2.Œı; 1 � ı�/. Therefore,

P ŒE"; �2.S/ 2 B
2"1=d
�

z� .�1.t/IDh/� � EŒ1E"�h.B2"1=d
�
z� .�1.t/IDh//�

� ".d
�
z�/.1=d
�z�/; (4.7)

where � denotes inequality up to a finite constant which depends only on 
 , z�, ı.
By (4.6) and the triangle inequality for Dh, if E" occurs and

�2.S/ … B
2"1=d
�

z� .�1.t/IDh/;

then �1.Œt; t C "�/ \ �2.ŒS; S C "�/ D ;. Therefore, (4.7) implies that

P ŒE"; �1.Œt; t C "�/ \ �2.ŒS; S C "�/ 6D ;� � "
.d
�z�/.1=d
�z�/:

We now obtain (4.2) by choosing z� > 0 to be small enough that .d
 � z�/.1=d
 � z�/ <
1 � �.

Proof of Theorem 1.20. By (4.1), we only need to show that a.s. dimH T � 1. Fix � 2
.0; 1/ and ı 2 .0; 1=2/. By the countable stability of Hausdorff dimension, it suffices to
show that a.s.

dimH .T \ Œı; 1 � ı�
2/ � 1C �: (4.8)

To this end, let E" be the event of Lemma 4.1 with �=2 in place of �, and recall that
P ŒE"�! 1 as "! 0. We will upper-bound the expected number of " � " squares needed
to cover the set in (4.8) on the event E".

Since T D ¹.t; s/ 2 Œ0; 1�2 W �1.t/D �2.s/º, for x; y 2 Œ0; 1� "�2, the set T intersects
Œx; x C "� � Œy; y C "� if and only if �1.Œx; x C "�/ \ �2.Œy; y C "�/ 6D ;. Therefore,
the expected number of " � " squares needed to cover T \ Œı; 1 � ı�2, truncated on the
event E", is at most

E
h
1E"

X
x2Œı�";1�ı�\"Z

X
y2Œı�";1�ı�\"Z

1�1.Œx;xC"�/\�2.Œy;yC"�/6D;
i
: (4.9)

For each x; y 2 Œı � "; 1 � ı� \ "Z, the square Œx; x C "� � Œy; y C "� is contained
in Œt; t C 2"� � Œs; s C 2"� for each t 2 Œx � "; x� and each s 2 Œy � "; y�. Therefore,
quantity (4.9) is bounded above by

"�2E

�
1E"

Z 1�ı

ı�2"

Z 1�ı

ı�2"

1�1.Œt;tC2"�/\�2.Œs;sC2"�/6D; ds dt

�
D "�2P ŒE"; �1.ŒT; T C 2"�/ \ �2.ŒS; S C 2"�/ 6D ;�; (4.10)
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where S and T are sampled uniformly and independently from Œı � 2"; 1 � ı�, indepen-
dently from everything else.

By Lemma 4.1 (with �=2 in place of �), for each small enough " > 0 the right-hand
side of (4.10) is at most "�1��=2. Hence, the expected number of " � " squares needed to
cover T \ Œı; 1 � ı�2 on the event E" is at most "�1��=2. From this, Markov’s inequality,
and the fact that lim"!0 P ŒE"�D 1, we obtain that a.s. the lower Minkowski dimension of
T \ Œı; 1� ı�2 is at most 1C �. This implies (4.8). Note that our proof does not show that
the Minkowski dimension of T is at most 1 since Minkowski dimension is not countably
stable.

Remark 4.4. The dimension upper bound of Theorem 1.20 is not true in general for pairs
of permutons constructed from space-filling curves. Indeed, for each d 2 .1; 2/, there
exists a pair of space-filling curves �1; �2W Œ0; 1�! Œ0; 1�2 in the unit square, parametrized
by Lebesgue measure, such that the following is true. If we let � be the permuton associ-
ated with .�1; �2/ as in (1.2), then the Hausdorff dimension of supp � is at least d .

To see this, let N �M � 3 be odd integers. Via a straightforward iterative procedure,
one can construct a space-filling curve �1W Œ0; 1�! Œ0; 1�2 such that for each integer k � 1
and each i 2 ¹1; : : : ; .NM/kº, the set �1.Œ.i � 1/.NM/�k ; i.NM/�k �/ is anN�k �M�k

rectangle with corners in N�kZ �M�kZ. Moreover, �1 hits Lebesgue-a.e. each point of
Œ0; 1�2 exactly once. One can similarly construct �2 so that it satisfies the same conditions
but with N and M interchanged. Then for each i; j 2 ¹1; : : : ; .NM/kº, the Lebesgue
measure of �1.Œ.i � 1/.NM/�k; i.NM/�k �/\ �2.Œ.j � 1/.NM/�k; j.NM/�k �/ is equal
to eitherN�2k or zero. By Lemma 2.8 (which is valid in our setting, with the same proof),

�
�
Œ.i � 1/.NM/�k ; i.NM/�k � � Œ.j � 1/.NM/�k ; j.NM/�k �

�
� N�2k : (4.11)

To lower-bound the Hausdorff dimension of supp �, consider without loss of general-
ity a covering ¹Snºn�1 of supp � by squares Sn D Œ.in � 1/.NM/�kn ; in.NM/�kn � �

Œ.jn � 1/.NM/�kn ; jn.NM/�kn � for kn 2 N and in; jn 2 ¹1; : : : ; .NM/knº. Since the
total mass of � is 1, it follow from (4.11) that

1 �

1X
nD1

N�2kn D

1X
nD1

2��=2Œdiam.Sn/��; where � D
logN 2

log.NM/
:

By making N sufficiently large (M fixed), we can make � as close to 2 as we like.

4.2. Proofs of LQG metric estimates

To conclude the proof of Theorem 1.20, it remains to prove our estimates for the LQG
metric, namely Lemmas 4.2 and 4.3. We will prove these estimates by applying known
results for the whole-plane GFF, then using local absolute continuity, in the form of
Lemma 2.4, to transfer these results to a singly marked unit-area 
 -Liouville quantum
sphere .C; h;1/.

By the LQG coordinate change formula (2.7) for�h and forDh, the statements of both
lemmas do not depend on the particular choice of embedding h (recall Definition 2.1).
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Hence, we can assume without loss of generality that our embedding is chosen in such
a way that .C; h;1; 0; 1/ is a triply marked unit area quantum sphere. Due to Lemma 2.3,
such an embedding can be obtained by sampling pointsZ;W 2C from �h, then applying
a complex affine map which takes Z to 0 and W to 1.

Let
zh D hC

� 
 logj � j; (4.12)

where hC is a whole-plane GFF normalized so that its average over the unit circle is zero.
For R > 0, we define the open set

UR WD BR.0/ n B1=R.1/: (4.13)

By Lemma 2.4,

For each R > 0, the laws of hjUR and zhjUR , viewed modulo additive constant,
are mutually absolutely continuous. (4.14)

Proof of Lemma 4.2. Step 1: estimate for the whole-plane GFF. Fix � 2 .0; 1/. With zh as
in (4.12), let z� be a whole-plane space-filling SLE� from1 to1 sampled independently
from zh and then parametrized by 
 -LQG mass with respect to zh. It is shown in [59,
Theorem 1.4] that6 an analog of the lemma statement holds with zh in place of h. Namely,
a.s. for eachR> 0 it holds for each small enough " > 0 (how small is random and depends
on R and �) that

Dzh.e�.s/; z�.t//� "1=d
�� 8s; t 2R such that js � t j � "; z�.s/; z�.t/ 2 B2R.0/: (4.15)

Step 2: absolute continuity. We will now deduce the analogous result as in (4.15) when zh
is replaced with h using an absolute continuity argument. Recall the internal metric
Dzh.�; �IV / for V � C open which is defined in (2.8). As explained just after (2.8), this
metric is a measurable function of zhjV .

If " > 0 is small enough that "1=d
�� < Dzh.UR; @U2R/, then

Dzh.z; w/ D Dzh.z; wIU2R/ 8z; w 2 UR with jz � wj � "1=d
�� .

The locality property of Dzh, as explained in the preceding paragraph, therefore implies
that for such a choice of ", the restricted distance function

.Dzh.z; w/ W z; w 2 UR; Dzh.z; w/ � "
1=d
�� /

is a.s. determined by zhjU2R . Therefore, for small enough " > 0, the event that (4.15) holds
is determined by zhjU2R and z�, viewed modulo time parametrization.

6Strictly speaking, [59, Theorem 1.4] considers the circle average embedding h
 of a 
 -quan-
tum cone instead of the field zh of (4.12). However, the statement for zh can easily be deduced
from the statement for h
 using the fact that the restrictions of zh and h
 to the unit disk agree in
law (see [41, Definition 4.10] and the discussion just after) along with the scaling property of the
whole-plane GFF (2.4).
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By (4.14), there are randomC; zC 2R (depending onR but not on ") such that the laws
of .hC C/jU2R and .zhC zC/jU2R are mutually absolutely continuous. Adding a constant
to zh scales LQG areas and distances by a constant factor. Since � and z� agree in law
modulo time parametrization, combining these facts with the conclusion of the preceding
paragraph shows that (4.15) also holds for h, i.e., a.s. for each R > 0 it holds for each
small enough " > 0 that

Dh.�.s/; �.t// � "
1=d
�� 8s; t 2 Œ0; 1� such that js � t j � "; �.s/; �.t/ 2 UR: (4.16)

Step 3: transferring to �.Œı; 1 � ı�/. Let T be the (a.s. unique) time at which � hits 1.
Almost surely, �.ŒT � ı; T C ı�/ contains a neighborhood of 1 and �.Œı; 1� ı�/ is a com-
pact subset of C. Therefore, a.s. there exists R > 0 such that

�.Œı; 1 � ı� n ŒT � ı; T C ı�/ � UR:

From this and (4.16), we obtain the following restricted version of the lemma statement.
Almost surely, for each small enough " > 0,

Dh.�.s/;�.t//� "
1=d
�� 8s; t 2 Œı;1� ı� n ŒT � ı;TC ı� such that js � t j � ": (4.17)

To remove the restriction that s; t … ŒT � ı; T C ı�, we re-sample the marked point at 1.
Let S be sampled uniformly from Œ0; 1�, independently from everything else. Since �
is parametrized by �h-mass, the conditional law of �.S/ given .h; �/ is that of a sam-
ple from �h. By Lemma 2.3, the triply marked quantum surface .C; h;1; 0; �.S// is
a triply marked unit area quantum sphere. Hence, if �WC! C is the complex affine map
which fixes zero and satisfies �.1/ D �.S/, then .h ı � CQ logj�0j; ��1 ı �/ dist

D .h; �/.
By (4.17) with .h ı � CQ logj�0j; ��1 ı �/ instead of .h; �/ together with the LQG coor-
dinate change formula for �h and Dh (2.7), we get that (4.17) also holds with S instead
of T . Since S is uniformly distributed on Œ0; 1� and is independent from h and �, the
version of (4.17) with S instead of T implies the lemma statement.

Remark 4.5. At the end of the proof of Lemma 4.2, we could have instead argued that
the conditional law of T given the curve-decorated quantum surface .C; h;1; 0; �/ is
uniform on Œ0; 1�, but we found it easier to explain the argument by introducing S .

Proof of Lemma 4.3. By [3, Theorem 1.1],7 we have the following analog of the lemma
statement with the field zh from (4.12) in place of h. For each R > 0, it is a.s. the case that
for each small enough r > 0,

rd
C� � �zh.Br .zIDh// � r
d
�� 8z 2 BR.0/: (4.18)

7The statement of [3, Theorem 1.1] is given for a whole-plane GFF without a log singularity.
However, the proof still works for a whole-plane GFF plus 
 logj � j�1. Alternatively, the statement
for a whole-plane GFF plus 
 logj � j�1 can be deduced by applying the statement for a whole-plane
GFF in logarithmically many dyadic annuli centered at the origin and taking a union bound.
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By a similar absolute continuity argument as in the proof of Lemma 4.2, we deduce
from (4.18) that for each R > 0, it is a.s. the case that for each small enough r > 0,
estimate (4.18) holds with h in place of zh.

The law of the triply marked quantum sphere .C; h;1; 0; 1/ is invariant under inter-
changing the marked points at 0 and 1 (this follows, e.g., from Lemma 2.3). Hence,
h.1=�/

dist
D h. We can therefore deduce from (4.18) with h in place of zh that for eachR> 0,

a.s. for each small enough r > 0,

rd
C� � �h.Br .zIDh// � r
d
�� 8z 2 C n B1=R.0/: (4.19)

Combining (4.18) (with h in place of zh) and (4.19) gives the lemma statement.

5. Re-rooting invariance

In this section, we will prove the re-rooting invariance property for permutons constructed
from 
 -LQG with 
 2 .0; 2/ decorated by two independent SLE8 curves, as given by
Theorem 1.22.

5.1. Re-rooting invariance for SLE8

The main input in the proof of Theorem 1.22 is a re-rooting property for SLE8. To state
this property, we make the following definition.

Definition 5.1 (Re-rooting a curve). Let P W Œ0; 1�! C [ ¹1º be a curve in the Riemann
sphere with P.0/ D P.1/ and P.Œ0; 1�/ D C [ ¹1º. For z 2 C, let �z be the first time at
which P hits z. We define the re-rooting of P at z to be the curve P z W Œ0; 1�! C [ ¹1º
obtained by concatenating P jŒ�z ;1� followed by P jŒ0;�z �. That is,

P z.t/ WD

´
P.t C �z/ if t 2 Œ0; 1 � �z �;

P.t � .1 � �z// if t 2 Œ1 � �z ; 1�:
(5.1)

If we think of P as a space-filling loop based at the point P.0/ D P.1/, then P z is
the same loop with the base point taken to be z instead. The following lemma tells us that
whole-plane space-filling SLE� is re-rooting invariant if and only if � D 8.

Proposition 5.2 (Re-rooting invariance for SLE8). Let � > 4 and let � be a whole-plane
space-filling SLE� from1 to1. Assume � is parametrized by the interval Œ0; 1�, so that
�W Œ0; 1�! C [ ¹1º. If � D 8, then for any z 2 C the re-rooted curve �z has the law
of a whole-plane space-filling SLE� from z to z, viewed modulo time parametrization.
Equivalently, if �z is a fractional linear transformation taking z to 1 (i.e., �z.w/ D
a=.z �w/ for some non-zero a 2 C), then �z ı �z has the same law as �, viewed modulo
time parametrization. If � 6D 8, then this property is not true for any z 2 C.

As our proof will show, the reason why the symmetry property of Proposition 5.2
holds only for � D 8 is that chordal space-filling SLE� is reversible if and only if � D 8
[84, Theorem 1.19].
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Proof of Proposition 5.2. By the construction of space-filling SLE from flow lines of the
whole-plane Gaussian free field (Section 2.4), together with the translation invariance of
the law of the whole-plane GFF, viewed modulo additive constant (2.4), the law of �,
viewed modulo time parametrization, is invariant under spatial translation. We can there-
fore assume without loss of generality that z D 0.

In [84, Section 1.2.3], the authors construct a chordal version of space-filling SLE�
between two marked boundary points of a simply connected domain via a similar con-
struction to the one described in Section 2.4. As explained in [41, footnote 4], one can con-
struct the whole-plane space-filling SLE� from the chordal version as follows. See Fig-
ure 10 for an illustration.

� Sample a pair of whole-plane SLE16=�.2 � 16=�/ curves ˇL and ˇR from 0 to 1,
coupled together so that they can be realized as the flow lines of angle �=2 and ��=2
for the whole-plane GFF. Equivalently, first sample a whole-plane SLE16=�.2� 16=�/
curve ˇL from 0 to 1; then, conditional on ˇL, sample a chordal SLE16=�.�8=�I
�8=�/ from 0 to1 in the complement of the first curve.8

� The curves ˇL and ˇR divide space into two open domains: U�, which lies to the left
and ˇL and to the right of ˇR, and UC which lies to the right of ˇL and to the left
of ˇR.

� If � � 8, since ˇL and ˇR do not hit each other except at their starting point, the
regionsU� andUC are simply connected. Conditional on ˇL and ˇR, let �� (resp. �C)
be a chordal SLE� from 0 to1 in U� (resp. UC). Let � be the concatenation of the
time reversal of �� followed by �C.

� If � 2 .4; 8/, then ˇL and ˇR intersect in an uncountable totally disconnected set
which is hit in the same order by ˇL and ˇR. In this case, each of U� and UC consists
of a countable ordered string of connected components (“beads”), each of which has
one boundary arc which is part of ˇL and one boundary arc which is part of ˇR. Each
bead has two marked boundary points, where these two arcs meet. Conditional on ˇL

and ˇR, let �� be a curve from 0 to 1 in xU� which consists of the concatenation
of conditionally independent chordal space-filling SLE� curves between the marked
points of the beads of U�. Similarly define �C in xUC. Then, let � be the concatenation
of the time reversal of �� followed by �C.

The re-rooted curve �0 is obtained by concatenating �C followed by the time reversal
of ��. Let �WC!C be a fractional linear transformation taking 0 to1 (i.e., �.w/D a=w
for some non-zero a 2 C). We will now argue that when � D 8, the curve � ı �0 agrees
in law with � modulo time parametrization.

� By the reversibility of whole-plane SLE2 [84, Theorem 1.20] followed by the re-
versibility of chordal SLE2.�1I �1/ [83, Theorem 1.1], the time reversals of � ı ˇL

8Whole-plane SLE16=�.�/ and chordal SLE�.�LI �R/ for �; �L; �R > �2 are variants of
SLE16=� . We will not need the precise definitions of these processes here. We refer to [84, Sec-
tion 2.2] and [82, Section 2.2], respectively, for more background on these processes.
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xUC D range of �C

xU� D range of ��

ˇL ˇR

xUC D range of �C

xU� D range of ��

ˇL

ˇR

0

Fig. 10. Illustration of the construction of whole-plane space-filling SLE from the chordal version
used in the proof of Proposition 5.2, in the cases � � 8 (left) and � 2 .4; 8/ (right).

and � ı ˇR have the same joint law as .ˇL; ˇR/, viewed as curves modulo time
parametrization. In particular, .�.UC/; �.U�//

dist
D .U�; UC/.

� By the reversibility of chordal SLE8 [84, Theorem 1.19], the conditional law given
.ˇL; ˇR/ of the time reversals of � ı �� and � ı �C is that of a pair of conditionally
independent chordal SLE8’s from 0 to1 in �.U�/ and �.UC/, respectively.

� Consequently, concatenating � ı �C followed by the time reversal of � ı �� gives us
a new curve with the same law as �, viewed modulo time parametrization.

When � 6D 8, whole-plane SLE16=�.2 � 16=�/ and chordal SLE16=�.�8=�I �8=�/
are still reversible (by the same references), but chordal space-filling SLE� is not [84,
Theorem 1.19]. Hence, the exact same argument as above shows that � ı �0 does not
agree in law with � modulo time parametrization when � 6D 8.

5.2. Re-rooting invariance for SLE8-decorated 
 -LQG

Using Proposition 5.2, we can obtain the following similar symmetry property for SLE8-
decorated LQG. The property is most easily stated in terms of curve-decorated LQG
surfaces, which we now define building on Definition 2.1

Definition 5.3. Let 
 2 .0; 2/. A 
 -LQG surface with a single marked point, decorated
by two curves is an equivalence class of 5-tuples .U; h; z; �1; �2/, where

� U � C is open and z 2 U [ @U , with @U viewed as a collection of prime ends;

� h is a generalized function on U (which we will always take to be some variant of the
Gaussian free field);

� �1W Œa1; b1�! U [ @U and �2W Œa2; b2�! U [ @U are curves in U [ @U ;

� .U; h; z; �1; �2/ and . zU ; zh; zz; z�1; z�2/ are declared to be equivalent if there is a confor-
mal map �W zU ! U such that

zh D h ı � CQ logj�0j; �.zz/ D z; � ı z�1 D �1 and � ı z�2 D �2;

where Q is as in (2.5).
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Proposition 5.4 (Re-rooting invariance for SLE8-decorated 
 -LQG). Let 
 2 .0; 2/ and
�1; �2 > 4. Let .C; h;1/ be a singly marked unit-area quantum sphere. Also let �1, �2
be two independent whole-plane space-filling SLE curves from 1 to 1, with parame-
ters �1, �2, respectively, sampled independently from h and then parametrized by 
 -LQG
mass with respect to h. Fix t 2 Œ0; 1�. If �1 D �2 D 8 (and 
 2 .0; 2/ is arbitrary), then we
have the re-rooting invariance property

.C; h; �1.t/; �
�1.t/
1 ; �

�1.t/
2 /

dist
D .C; h;1; �1; �2/ (5.2)

as curve-decorated quantum surfaces. This property is not true if either �1 or �2 is not
equal to 8.

Before giving the proof of Proposition 5.4, we explain why it implies Theorem 1.22.

Proof of Theorem 1.22 assuming Proposition 5.4. For t 2 Œ0; 1�, define the permuton � t

as in the theorem statement. Almost surely, �1.t/ it not a multiple point for �1. Further-
more, by Lemma 2.10, a.s.  .t/, as defined in the theorem statement, is the unique time
at which �2 hits �1.t/. Hence, by Definition 5.1 of the re-rooting operation,

�1.u/ D �
�1.t/
1 .u � t � bu � tc/;

�2.u/ D �
�1.t/
2 .u �  .t/ � bu �  .t/c/

(5.3)

for all u 2 Œ0; 1�. By (5.3), Lemma 2.8, and the definition of � t , a.s. for every rectangle
Œa; b� � Œc; d � � Œ0; 1�2,

� t .Œa; b� � Œc; d �/ D �h.�
�1.t/
1 .Œa; b�/ \ �

�1.t/
2 .Œc; d �//: (5.4)

By Proposition 5.4, we therefore have � t
dist
D �.

It remains to prove Proposition 5.4. We first prove the re-rooting invariance property
of Proposition 5.4 when we re-root at a uniformly random time, rather than a deterministic
time. This re-rooting invariance property is easier to prove because if T 2 Œ0; 1� is sam-
pled uniformly from Lebesgue measure, independently from everything else, then �.T /
is a sample from �h, so we can apply Lemma 2.3 and Proposition 5.2.

Lemma 5.5 (Re-rooting invariance for SLE8-decorated 
 -LQG, random time). Assume
that .C; h;1/, �1, and �2 are as in Proposition 5.4. Let T be sampled uniformly from
Lebesgue measure on Œ0; 1�, independently from everything else. If �1 D �2 D 8 (and

 2 .0; 2/ is arbitrary), then

.C; h; �1.T /; �
�1.T /
1 ; �

�1.T /
2 /

dist
D .C; h;1; �1; �2/ (5.5)

as curve-decorated quantum surfaces. This property is not true if either �1 or �2 is not
equal to 8.

Proof. WriteZ D �1.T /. Since �1 is parametrized by 
 -LQG mass �h with respect to h,
the pointZ is a uniformly sample from�h, independent from �1 and �2. Since the marked
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point for a single marked quantum sphere is sampled uniformly from its LQG area mea-
sure (Lemma 2.3), we have .C; h;Z/ dist

D .C; h;1/ as quantum surfaces.
Since .h; Z/ is independent from �1 and �2, viewed modulo time parametrization,

Proposition 5.2 shows that when �1 D �2 D 8, the conditional law of .�Z1 ; �
Z
2 / given

.h; Z/ is that of a pair of conditionally independent whole-plane SLE8 curves from Z

to Z. Moreover, these curves are parametrized by �h-mass. Therefore, (5.5) holds when
�1 D �2 D 8.

If, say, �1 6D 8, then Proposition 5.2 shows that the conditional law of �Z1 given .h;Z/
is not that of a whole-plane space-filling SLE�1 from Z to Z. Therefore, (5.5) does not
hold if �1 6D 8. The same argument also works if �2 6D 8.

Proof of Proposition 5.4. The re-rooting invariance property (5.2) at a fixed deterministic
time immediately implies the re-rooting invariance property (5.5) at a time T sampled
uniformly from Œ0; 1�. Hence, Lemma 5.5 implies that (5.2) does not hold if either �1
or �2 is not equal to 8. We need to prove that (5.2) holds when �1 D �2 D 8.

Consider the space of 5-tuples .C; h; z; P1; P2/ where h is a generalized function,
z 2 C [ ¹1º, and P1; P2W Œ0; 1�! C [ ¹1º are curves such that

P1.0/ D P1.1/; P1.Œ0; 1�/ D C [ ¹1º;

and the same is true for P2. For t 2 Œ0; 1�, we define the re-rooting operator on this space
of 5-tuples by

Rt .C; h; z; P1; P2/ D .C; h; P1.t/; P
P1.t/
1 ; P

P1.t/
2 /; (5.6)

here using the notation of Definition 5.1. From (5.1), one can check that if s; t 2 Œ0; 1� and
neither P1.t/ nor P1.Œs C t �/ is hit more than once by either P1 or P2, then

Rs ıRt D RŒsCt�; where Œs C t � WD s C t � bs C tc: (5.7)

Now let t 2 Œ0; 1� be fixed and let T be sampled uniformly from Lebesgue measure on
Œ0; 1�, independently from everything else. Then Œt C T � is also sampled uniformly from
Lebesgue measure on Œ0;1� independently from everything else. Therefore, if �1D �2D 8,
then Lemma 5.5 gives

RT .C; h;1; �1; �2/
dist
D .C; h;1; �1; �2/

dist
D RŒtCT �.C; h;1; �1; �2/; (5.8)

as curve-decorated quantum surfaces. Since �1.T / and �1.Œt C T �/ are sampled uniformly
from �h, independently from �1 and �2, a.s. each of �1.T / and �1.Œt C T �/ is hit only
once by each of �1 and �2. So, we can apply (5.7) followed by the second equality in (5.8)
to obtain

Rt ıRT .C; h;1; �1; �2/
dist
D .C; h;1; �1; �2/: (5.9)

By the first equality in (5.8), the equality in law (5.9) also holds with Rt ıRT .C; h;1;
�1; �2/ replaced by Rt .C; h;1; �1; �2/ on the left. That is, (5.2) holds.
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6. Physics background for the meander conjecture

In this section, we review the developments in statistical physics that lead to Conjec-
ture 1.4, namely, the scaling limit of meanders is described by LQG with matter central
charge cM D �4, decorated by two independent SLE8 curves. Section 6.1 gives a quick
overview of the ideas that lead to Conjecture 1.4, then the consecutive sections review
in more detail the reasoning. At the end of the section (Section 6.6), we will also give
a heuristic justification of Conjecture 1.9 using Conjecture 1.4.

6.1. Meanders, Hamiltonian cycles, and spanning trees

The scaling limits of a large number of 2D statistical physics models are expected to be
described by conformal field theories (CFTs); see [62] for a review. A key characteristic
of a CFT is its central charge c 2 R, which encodes how its partition function responds to
deformations of the background metric. Although the full field-theoretic description of the
scaling limit has only been achieved for a restricted class of models such as the critical
Ising model [12], for a wide range of models, the central charge can be derived from
the asymptotic behavior of the partition function of the model on periodic lattices. For
example, by Kirchhoff’s matrix tree theorem, the scaling limit of the uniform spanning
tree on a large class of 2D lattices should be a CFT with central charge c D �2.

The Peano curve of a spanning tree on a 2D lattice is equivalent to the Hamiltonian
cycle on a related directed lattice [71], which means that the uniform directed Hamiltonian
cycle on a large class of directed lattices should also have central charge cD�2. However,
for the uniform undirected Hamiltonian cycle on the honeycomb lattice, the central charge
turns out to be cD�1 instead of cD�2 [10,15]. The honeycomb lattice is an example of
a cubic planar map whose dual graph is a triangulation. As explained in [50], the central
charge discrepancy between directed and undirected Hamiltonian cycles is due to a special
property of the honeycomb lattice, that is, its dual graph is an Eulerian triangulation (i.e.,
each vertex has an even degree). Since this property does not hold for a typical cubic
planar map (whose dual is a triangulation), the uniform random triangulation decorated
by a Hamiltonian cycle on its dual should be in the same universality class as a uniform
spanning tree decorated map. The scaling limit of this latter decorated map is expected
to be 
 -LQG with matter central charge cM D �2 (equivalently, 


(2.12)
D
p
2; recall the

discussion in Remark 2.6), decorated by an SLE8 curve; see, e.g., [96, Appendix A].
A meander can be viewed as a pair of Hamiltonian cycles on a planar map whose

dual is an Eulerian quadrangulation, with the additional constraint that at each vertex the
two cycles cross each other. Following the line of reasoning as in [50] with a crucial
new insight, Di Francesco, Golinelli, and Guitter [36] argued that the uniformly sampled
meander should be in the same universality class as random planar maps decorated by
a pair of independent spanning trees. Since the central charge is believed to be additive
for independent models, such planar maps are expected to converge to LQG with matter
central charge cM D .�2/C .�2/ D �4 (equivalently, 


(2.12)
D

p
.17 �

p
145/=3), deco-

rated by a pair of independent SLE8 curves; as stated in Conjecture 1.4.
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T ! 0
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– Uniform planar map decorated by a pair
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Fig. 11. A table summarizing the discussions on the O.n/ and related models in Section 6. For each
box (i.e., for each model), above the dotted line there is the expression for the central charge of
the associated CFT, below the dotted line there is the corresponding scaling limit. The two bottom
boxes summarize the conjectures explained in Sections 6.4 and 6.5 for the corresponding planar
maps models. We recall that the relation between 
 and cM is given in (2.12). A legend for the use
of the colors is given on the top right: recall that the definitions of matched and mismatched models
are given in Remark 1.5.
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In the rest of this section, we review in more detail the reasoning of [36]. The key is
a subtle relation between the fully packed and the dense O.n/ loop model on different
lattices. See Figure 11 for a summary of the models discussed in the following sections.

6.2. Positive temperature O.n/ loop model and its scaling limit

For a fixed n > 0, the O.n/ loop model on a graph is the statistical physics model where
a configuration L is a collection of disjoint loops (i.e., simple cycles). Given the temper-
ature T > 0, the weight of each configuration is T �V.L/nN .L/, where V.L/ is the total
number of vertices occupied by all loops in L and N .L/ is the total number of loops
in L. When n 2 .0; 2�, for the O(n) loop model on a planar lattice, there exists a criti-
cal temperature Tc > 0 such that the following is true. For T D Tc , the scaling limit of
the O.n/ loop model is conjecturally described by a CFT of central charge

cdilute.n/ WD 1� 6
� 2
p
�
�

p
�

2

�2
; where �2

�8
3
; 4
i

solves n D 2 cos
��
1 �

4

�

�
�
�
: (6.1)

For 0 < T < Tc , the scaling limit is instead conjecturally described by a CFT with central
charge

cdense.n/D 1� 6
� 2
p
�
�

p
�

2

�2
; where � 2 Œ4; 8/ solves n D 2 cos

��
1 �

4

�

�
�
�
: (6.2)

These two regimes are called the dilute and dense phases, respectively. See the lecture
notes [64] for more background for the relation between CFT and the O.n/ loop model.

After the discovery of SLE [92], it was further conjectured that the collection of
loops in the dilute and the dense O.n/ loop models converge to the conformal loop
ensemble whose parameter � 2 .8

3
; 8/ is related to n as above (a conformal loop ensem-

ble (CLE) is a conformally invariant collection of SLE�-type loops [94]). For n D 0,
the O.n/ loop model is supported on configurations with N .L/ D 1, whose weight
is T �V.L/. For T D Tc , the model becomes the (critical) self-avoiding polygon and
the conjectural scaling limit of the single loop is SLE8=3. For T 2 .0; Tc/, the con-
jectural limit is SLE8, which coincides with the scaling limit of the uniform spanning
tree [76]. The CFT central charges in the two cases are cdilute.0/ D limn!0 cdilute.n/ D 0

and cdense.0/D limn!0 cdense.n/D �2, respectively. All the aforementioned scaling limit
conjectures are believed to be independent of the underlying lattice. See [87] for more
background on the O.n/ loop model. See [99, Section 2.2], [94, Section 2.3] and refer-
ences therein for the connection between O.n/ loop models and CLE.

6.3. Fully packed O.n/ loop model and its scaling limit

As T ! 0, the O.n/ loop model is supported on configurations that maximize V.L/. This
is the so-called fully packed O.n/ loop model. In contrast to the dilute and dense phases,
the scaling limit of the fully packed O(n) loop model highly depends on the underlying
lattice. In particular, on the honeycomb lattice, Blote and Nienhuis [15] argued that on the
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one hand, the scaling limit of the loops in the fully packed phase is in the same universality
class as those in the dense phase, i.e., it should be described by the same CLE. On the other
hand, the CFT describing the scaling limit has central charge

cfp.n/ D cdense.n/C 1; (6.3)

where cdense is as in (6.2).
The physics argument for (6.3) is the following. On the honeycomb lattice, a loop

configuration L maximizes V.L/ when it covers all vertices. Therefore, the fully packed
O.1/ loop model is the uniform measure on such configurations. By [15], a fully packed
configuration L on the honeycomb lattice can be mapped to an integer-valued func-
tion h.L/ on the dual triangular lattice, which we call the height function. Under this
mapping, the fully packed O.1/ loop model on the honeycomb lattice is equivalent to
a solid-on-solid (SOS) model which produces the same height function. (Explaining the
height function construction would be too much of a digression; see [50, Figure 1] and [86,
Figure 2–4] for demonstrations.) On the other hand, thanks to a connection to the zero-
temperature triangular anti-ferromagnetic Ising model, it was already known from [14, 16]
that the SOS model has central charge c D 1, and the height function h.L/ is believed to
converge to the Gaussian free field. This means that cfp.n D 1/D 1. As cdense.n D 1/ D 0

by (6.2), we get (6.3) when n D 1. For n ¤ 1, although h.L/ is determined by L, it is
conjectured in [15] that L and h.L/ are asymptotically decoupled and their joint scaling
limit is equivalent to that of the superposition of the dense O.n/ loop model and the cD 1
SOS model. Since the central charge is additive for independent models, (6.3) holds for
all n 2 Œ0; 2�. This relation is supported by some numerical evidence in [15]. It was put on
a solid ground at the physics level of rigor via the exact Bethe ansatz techniques in [10].

For nD 0, the fully packed loop model on the honeycomb lattice is supported on con-
figurations where a single loop visits each vertex, namely, it produces a uniformly sampled
Hamiltonian cycle on the honeycomb lattice. According to (6.3), the central charge of the
corresponding CFT is cfp.0/ D limn!0 cdense.n/C 1 D �1. Moreover, the scaling limit
of the Hamiltonian cycle should be an SLE8 curve (which is the limit of CLE� as �% 8).

6.4. Fully packed O.n/ loop model on random planar maps

It was observed by Guitter, Kristjansen, and Nielsen [50] that the height function h.L/ for
a fully packed loop configuration L does not necessarily make sense if the honeycomb
lattice is replaced by an arbitrary planar map whose dual map is a triangulation. It makes
sense if and only if the triangulation is Eulerian.9 Recalling the conjectural connection

9We recall for later convenience the following equivalent characterizations of an Eulerian tri-
angulation: (1) a planar map such that all its faces are triangles and the degree of each vertex is
even; (2) a planar map such that all its faces are triangles, colored in black and white, so that no two
adjacent faces have the same color; (3) a planar map such that its dual map is a planar bicubic map,
i.e., all its vertices have degree three and these vertices are colored in black and white so that any
two adjacent vertices have different colors.
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between LQG and random planar maps (Remark 2.6), this leads to the conjecture that
the scaling limit of a uniform random Eulerian triangulation decorated by a Hamiltonian
cycle (i.e., by a fully packed O(nD 0) loop model) on its dual map is described by 
 -LQG
with matter central charge

cM D cdense.n D 0/C 1 D �1

(equivalently, 

(2.12)
D
p
2.7 �

p
13/=3D.

p
13 � 1/=

p
3), decorated by an SLE8 curve.

Via the KPZ relation [74], it was conjectured and numerically tested in [50] that the num-
ber of (rooted) Hamiltonian-cycle decorated Eulerian triangulations of size n behaves
asymptotically like Ann�˛ with ˛

(2.13)
D 1C 4=
2 D .13C

p
13/=6.

If we consider an ordinary (not necessarily Eulerian) triangulation decorated by a Ha-
miltonian cycle (i.e., by a fully packed O(n D 0) loop model) on its dual map, Guitter,
Kristjansen, and Nielsen [50] argued that since the C1 increment in (6.3) disappears,
the scaling limit should be 
 -LQG with matter central charge cM D cdense.n D 0/ D �2

(equivalently, 

(2.12)
D
p
2). In addition to the matrix model justification in [44], we sketch

a justification of this assertion using mating of trees [41]. The dual map of a triangula-
tion with a Hamiltonian cycle can be visualized as a picture similar to Figure 3, where
the Hamiltonian cycle is a straight line and other edges on the dual map are on the two
sides of the straight line (in this setting, the other edges do not necessarily form a loop).
This produces a pair of non-crossing matchings that can be viewed as two planar trees.
They converge to a pair of independent continuum random trees. By [41, Theorem 1.9],
the mating of these trees gives LQG with cM D �2 (equivalently, 


(2.12)
D
p
2) decorated

by an SLE8 curve which describes the scaling limit of the Hamiltonian cycle (i.e., the
interface between the two trees). In other words, a uniform triangulation decorated by
a Hamiltonian cycle converges to LQG with cM D �2 decorated by SLE8 in the so-called
peanosphere sense [41, Section 2.1.1]. This type of convergence is not sufficient to imply
convergence, e.g., in the Gromov–Hausdorff sense or under an appropriate embedding.

Remark 6.1. Although it is not needed for the justification of Conjecture 1.4, we note
that, as explained in Section 3.3 of the recent paper [34], the conjectures in this section
can be extended to a triangulation decorated by the fully packed O.n/ loop model on
its dual map for n > 0. In particular, for an Eulerian triangulation decorated by a fully
packed O.n/ loop model on its dual map for n 2 .0; 1�,10 the scaling limit should be
described by 
.n/-LQG with matter central charge

cM.n/ D cdense.n/C 1
(6.2)
D 2 � 6

� 2
p
�
�

p
�

2

�2
;

where � 2 Œ6; 8/ solves

n D 2 cos
��
1 �

4

�

�
�
�

10As explained in [34, Section 3.3], in the case of a uniform random Eulerian triangulation one
can consider the fully packed O(n) loop model only in the range n 2 Œ0;1�. Indeed, the case n 2 .1;2�
should degenerate in the scaling limit to a tree-like structure.
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(equivalently, 
.n/
(2.12)
D .

p
3.� C 16=�/C 22 �

p
3.� C 16=�/ � 26/=

p
12 2 ..

p
13 �

1/=
p
3; 2�), decorated by a CLE�.n/. (Recall that the limit of CLE� as � % 8 is SLE8,

making this conjecture consistent with the n D 0 case described above.) For an ordinary
(not necessarily Eulerian) triangulation decorated by a fully packed O.n/ loop model on
its dual map for n 2 .0; 2�, the scaling limit should be described by 
.n/-LQG with matter
central charge

cM.n/ D cdense.n/
(6.2)
D 1 � 6

� 2
p
�
�

p
�

2

�2
;

where � 2 Œ4; 8/ solves

n D 2 cos
��
1 �

4

�

�
�
�

(equivalently, 
.n/
(2.12)
D 4=

p
k 2 .

p
2; 2�), decorated by a CLE�.n/. Note that 
 and � are

mismatched (in the sense of Remark 1.5) for random Eulerian triangulations decorated
by a fully packed O.n/ loop model on their dual map for n 2 Œ0; 1�, and are matched for
ordinary triangulations decorated by a fully packed O(n) loop model on their dual map
for n 2 Œ0; 2�.

6.5. Meanders and the fully packed O.n �m/ loop model

Di Francesco, Golinelli, and Guitter [36] arrived at their meander conjecture following
a similar reasoning as in [50]. They first considered the (double) fully packed O.n �m/
loop model on the square lattice Z2 with n; m 2 Œ0; 2�2. In this model, each configu-
ration is a pair of loop collections .L1;L2/ such that every edge is visited by either
a loop in L1 or a loop in L2 but not both, while every vertex is visited by both types
of loops. For n;m 2 .0; 2�2, the weight of each configuration is nN .L1/mN .L2/, where,
as above, N .Li / is the number of loops in Li for i D 1; 2. For n D m D 0, the model
is supported on configurations with N .L1/ D N .L2/ D 1 and assigns equal weight to
them.

Again using a mapping to a height function model, Jacobsen and Kondev [65, 66]
made a similar conjecture as (6.3) on the central charge cdfp.n;m/ of the scaling limit of
the fully packed O.n�m/ loop model on Z2. In order to define such a mapping to a height
function model, Jacobsen and Kondev first considered the uniform measure on configu-
rations . EL1; EL2/ on Z2, where . EL1; EL2/ are two collections of oriented loops satisfying
the same conditions above. As explained in [36, Section 3], Jacobsen and Kondev [65,66]
mapped . EL1; EL2/ on Z2 to a 3D height function .h1. EL1; EL2/; h2. EL1; EL2/; h3. EL1; EL2//,
which they conjectured to converge to three independent Gaussian free fields, hence
a conformal theory with central charge c D 3. Introducing some specific weights for
the oriented configurations . EL1; EL2/, Jacobsen and Kondev also determined a general
expression for the central charge of the scaling limit of this new weighted oriented model
(see [65, (6.4)]). Using a simple relation (given in [65, (4.1)]) between the weights of the
oriented configurations . EL1; EL2/ and the weights .n; m/ of the fully packed O.n � m/
loop model, i.e., of the unoriented configurations .L1;L2/, they finally conjectured that
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the central charge of the scaling limit of the fully packed O.n �m/ loop model on Z2 is
given by

cdfp.n;m/ D cdense.n/C cdense.m/C 1: (6.4)

They also conjectured that L1 and L2 asymptotically decouple, i.e., their scaling limits
are independent. The relation in (6.4) has also been justified at a physics level of rigor
via the exact Bethe ansatz techniques [28, 63]. For n D m D 0, the condition N .L1/ D

N .L2/D 1means that we have two Hamiltonian cycles on the square lattice whose edge
sets are disjoint. According to (6.4), the central charge of the limiting CFT is cdfp.0; 0/ D

2cdense.0/C 1D �3. Moreover, the two Hamiltonian cycles should converge to two inde-
pendent SLE8 curves (following the same reasoning in the discussion after (6.2)).

Recall from Section 1.3 that a meander can be viewed as a triplet .M; P 1; P 2/,
where P 1, P 2 are two Hamiltonian cycles with disjoint edge sets on a 4-regular pla-
nar map M , i.e., a planar map with all vertices of degree four. Moreover, at each vertex
the two cycles P 1 and P 2 cross each other. This implies that the edges on the boundary
of each face of the dual map of M alternate between dual edges which cross edges of P 1

and dual edges which cross edges of P 2. Hence, each face of M has even degree, and so
the dual of M is an Eulerian quadrangulation.

As explained in [36, Section 3], the height function mapping of Jacobsen and Kondev
described in the previous section makes sense on a general planar map G (instead of Z2)
if and only if the dual map of G is an Eulerian quadrangulation. Since the dual ofM is an
Eulerian quadrangulation, one can associate to .M;P 1;P 2/ a height function .h1; h2; h3/
as above. However, the additional constraint that the two cycles must cross at each vertex
yields that .h1; h2; h3/ must lie on a 2D subspace. This effect exactly cancels the C1
in (6.4). (See [36, Figure 2] and the discussion below that figure.) Hence, the scaling limit
should be 
 -LQG with cM D 2cdense.0/ D �4 (equivalently, 


(2.12)
D

p
.17 �

p
145/=3),

decorated by two independent SLE8 curves as in Conjecture 1.4. This leads to several enu-
meration conjectures in [36] on meanders which are supported by numerical evidence in
the follow-up works [37, 67]. In particular, they conjectured that the number of meanders
grows as Ann�˛ , where A � 12:26 and ˛

(2.13)
D 1C 4=
2 D .29C

p
145/=12.

Although not mentioned explicitly in [36], their argument naturally leads to the fol-
lowing scaling limit conjectures in addition to Conjecture 1.4. Consider a uniform 4-
regular planar map decorated by a pair of edge-disjoint Hamiltonian cycles, without
the constraint that the cycles cross at each vertex. Such configurations are called tan-
gent meanders in [37]. The scaling limit should be described by 
 -LQG with cM D �4

(equivalently, 

(2.12)
D

p
.17 �

p
145/=3). If we further condition on the event that the

dual quandrangulation is Eulerian, then we should instead get 
 -LQG with cM D �3

(equivalently, 

(2.12)
D

p
4.4 �

p
7/=3). Finally, consider a uniformly sampled pair of

Hamiltonian cycles on Z2 with the condition that they form a meander. Then the central
charge for the corresponding CFT should be c D �4. In all cases, the two Hamiltonian
cycles should converge to two independent SLE8 curves.

As in Remark 6.1, the same reasoning as in the conjecture for meanders can be ex-
tended to get a scaling limit conjecture for a 4-regular planar map decorated by the fully
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packed O.n �m/ loop model for .n;m/ 2 Œ0; 2�2, subject to the constraint that the loops
cross at each vertex. Recall that cdense.n/

(6.2)
D 1 � 6.2=

p
�.n/ �

p
�.n/=2/2, where �.n/2

Œ4; 8� solves n D 2 cos..1 � 4=�.n//�/. The following conjecture follows from exactly
the same reasoning as the meander conjecture above.

Conjecture 6.2. For k 2 N, let Ck be the set of triples .M;L1;L2/, where M is a 4-
regular planar map with 2k vertices; and .L1;L2/ is a pair of collections of loops onM
with the following properties:

� every edge of M is visited by exactly one loop in L1 [L2;

� every vertex of M is visited by exactly one loop in L1 and exactly one loop in L2;

� every pair of loops .`1; `2/ 2 L1 �L2 cross each other at every shared vertex (i.e.,
the edges of `1 and `2 in cyclic order around the vertex alternate).

Fix .n;m/2 Œ0;2�2 such that11 cdense.n/C cdense.m/� 1. Let .M;L1;L2/ be sampled from
the uniform measure on Ck weighted by nN .L1/mN .L2/. Then .M;L1;L2/ converges
under an appropriate scaling limit to a Liouville quantum gravity sphere with matter
central charge

cM.n;m/ D cdense.n/C cdense.m/;

equivalently, with coupling constant 
.n;m/ satisfying cM.n;m/
(2.12)
D 25� 6.2=
.n;m/C


.n; m/=2/2, decorated by a whole-plane CLE�.n/ and an independent whole-plane
CLE�.m/. If �.n/ D 8 or �.m/ D 8, then CLE8 is interpreted as SLE8.

6.6. Convergence of the cyclic meandric permutation to the identity

Recall Conjecture 1.9, which asserts that the cyclic meandric permutation �`n associ-
ated with a uniform meander `n of size n converges to the identity permuton. In this
subsection, we will give a heuristic justification of Conjecture 1.9 using Conjecture 1.4.
To prove Conjecture 1.9, one would need to show that with high probability when n is
large, j�`n.j / � j j is of order o.n/ for all but all but a negligible fraction of the values of
j 2 Œ1; 2n� \ Z.

To see why this should be true, consider the setting of Section 1.2 with �1, �2 indepen-
dent SLE8 curves and 
 D

p
.17 �

p
145/=3, so that � is the meandric permuton. Let

 ;�W Œ0;1�! Œ0;1� be two Lebesgue measurable function chosen so that �2.t/D �1. .t//
and �2.�.t// D �1.t/. We claim that a.s. for Lebesgue-a.e. t 2 Œ0; 1�,

lim
"!0

sup
s2Œ�";"�

j .�.t/C s/ � t j D 0: (6.5)

If we think of �1 and �2 as the continuum limits of the loop and the line, respectively,
for the meander `n, then we can think of  and � as the continuum analogs of ��1

`n

11If cdense.n/C cdense.m/ > 1, the planar map should degenerate in the scaling limit to a tree-like
structure.
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and �`n , respectively. Hence, if we assume Conjecture 1.4, then (6.5) should imply that
for a typical t 2 Œ0; 1�,

lim
"!0

lim
n!1

sup
k2Œ�2"n;2"n�\Z

1

2n
j��1`n .�`n.b2tnc/C k/ � 2tnj D 0: (6.6)

By the formula �`n.j / D ��1
`n
.�`n.j / C 1/ from (1.3), relation (6.6) for Lebesgue-a.e.

t 2 Œ0; 1� implies the desired convergence of �`n to the identity permuton.
We now explain why (6.5) is true. For �h-a.e. z 2C, each of �1 and �2 hits the point z

exactly once (cf. the proof of Lemma 2.8). Equivalently, for Lebesgue-a.e. t 2 Œ0; 1�, then
each of �1 and �2 hits �1.t/ exactly once. For such a time t , the point �1.t/ is not on
the boundary of �1.Œt � ı; t C ı�/ for any ı > 0 (otherwise, �1 would have to hit �1.t/ at
a time not in Œt � ı; t C ı�). Hence, �1.Œt � ı; t C ı�/ contains a neighborhood of �1.t/.
Since �2 is a continuous curve and �2 hits �1.t/ exactly once (namely, at the time �.t/),
there exists " > 0 such that

�2.Œ�.t/ � "; �.t/C "�/ � �1.Œt � ı; t C ı�/

which implies
sup

s2Œ�";"�

j .�.t/C s/ � t j � ı:

Since ı > 0 is arbitrary, this gives (6.5).

7. Open problems

We state several additional open problems related to this work, besides proving the con-
jectures stated in Section 1. At the end of the section, we comment briefly on how hard
we expect the problems to be.

It is difficult to imagine how one would make a direct connection between a subse-
quential limit of meandric permutons and SLE-decorated LQG. Consequently, in order to
prove Conjecture 1.8 one would likely first need to solve the following problem.

Problem 7.1. Is there a description of the meandric permuton which does not use SLE or
LQG?

Possible solutions to Problem 7.1 might include an axiomatic characterization of the
meandric permuton or a direct construction of this permuton in terms of Brownian motion
(similar to the construction of the skew Brownian permutons in [20]). We emphasize
that Conjecture 1.8 is likely to be difficult to prove even if one finds a nice solution to
Problem 7.1, since meanders are notoriously difficult to analyze.

It seems quite difficult to get a lower bound for the length of the longest increasing
subsequence for classes of random permutations which are known or expected to converge
to the random permutons considered in this paper. Currently, the only available lower
bounds are the essentially trivial ones, namely LIS.�n/ � const�j�nj1=2. We recall that
the Erdös–Szekeres theorem [43] gives LIS.�/ � LDS.�/ � n for every � 2 �n.
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Problem 7.2. For n 2 N, let �n be a uniform Baxter, semi-Baxter, strong-Baxter, or me-
andric permutation of size n. Show that there exists ˛ > 1=2 (depending only on the type
of permutation, not on n) such that LIS.�n/ � n˛ with high probability when n is large.

We note that the analog of Problem 7.2 in the case of permutations sampled from the
Brownian separable permuton (the � ! 1 limit of skew Brownian permutons) is solved
in [22]. Problem 7.2 is closely related to the following SLE/LQG problem.

Problem 7.3. Assume that we are in the setting of Section 1.2. What is the maximal
Hausdorff dimension (with respect to the LQG metric Dh) of a set X � C which is hit in
the same order by �1 and �2?

If � is the maximal Hausdorff dimension in Problem 7.2 and d
 is the Hausdorff
dimension of C with respect toDh, then it is natural to conjecture that LIS.�n/� j�nj�=d


for sufficiently “nice” sequences of permutations ¹�nºn2N which converge in law to �.
The following question is motivated by the formula for pattern densities in Theo-

rem 1.23. We are especially interested in the case when � D 8, since this case corresponds
to the meandric permuton.

Problem 7.4. Let � > 4 and let � be a whole-plane space-filling SLE� from 1 to 1.
Also let z1; : : : ; zn 2 C be distinct points. Is there an exact formula for the function

P�.z1; : : : ; zn/ D P Œ� hits zj before zjC1 8j D 1; : : : ; n � 1�‹ (7.1)

Recall Conjecture 1.9, which asserts that a uniform cyclic meandric permutation con-
verges to the identity permuton. We explained in Section 6.6 why this conjecture should
follow from Conjecture 1.4.

Problem 7.5. Is there an unconditional proof of Conjecture 1.9 which does not use Con-
jecture 1.4?

The techniques and many of the results of this paper apply to a wide range of different
random permutons which can be described in terms of SLE and LQG. It is therefore
natural to ask the following.

Problem 7.6. Are there any other interesting random permutons, besides the meandric
permuton and the skew Brownian permutons, which can be described by SLE-decorated
LQG in the manner of Section 1.2?

The physics background provided in Section 6 motivates several conjectures about
scaling limits. We highlight the following problem, which is motivated by the arguments
of Sections 6.4 and 6.5.

Problem 7.7. Prove that the scaling limit of a uniform Eulerian triangulation decorated by
a Hamiltonian cycle on its dual is described by LQG with matter central charge cM D �1

(i.e., 
 D
p
2.7 �

p
13/=3) decorated by an SLE8 curve. Moreover, prove the other scal-

ing limit conjectures from Section 6.5 (see also Conjecture 6.2 and the two bottom boxes
in the table in Figure 11).
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All of the conjectures and open problems stated in this paper seem to be quite difficult:
we have spent some time on each of them and were unable to solve them. However, we
expect that some are likely to be more accessible than others.

Probably the easiest of the open problems in this paper is Problem 7.2, but it still
seems to require some non-trivial new ideas. Of course, computing the exact exponent for
the LIS (or the exact optimal dimension in Problem 7.3) is likely to be much harder than
just proving a non-trivial lower bound. Problem 7.4 seems like it could also conceivably
be accessible with current techniques.

Typically, proving that a discrete model converges to SLE-decorated LQG requires
some sort of combinatorial miracle to get a handle on the discrete model, plus a sub-
stantial amount of additional work to deduce convergence from such a combinatorial
miracle. Consequently, we expect that Conjectures 1.4, 1.8, and 6.2 and Problem 7.7
are the most difficult of the conjectures and open problems stated in this paper. Prov-
ing convergence of meandric permutations (Conjecture 1.8) might be easier than proving
convergence of meanders to SLE-decorated LQG in, e.g., the Gromov–Hausdorff sense
since one gets tightness for free, so one just has to identify the scaling limit. This would
likely require solving Problem 7.1, which seems hard, but which is a purely continuum
problem so could conceivably be done without finding any combinatorial miracle for
meanders. One would also need some new tools for analyzing uniform meanders in order
to check the hypotheses of any hypothetical characterization theorem for the subsequen-
tial limits.

Conjecture 1.9 and Problem 7.5 appear to require some new insights about meanders,
but could likely be done with much less “integrability” than what would be needed to get
convergence to SLE and LQG.
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