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The pong algebra

Peter Ozsvath and Zoltan Szabd

Abstract. In an earlier paper, we described bordered algebras for knot Floer homology. In this
paper, we introduce closely related differential graded algebra, the pong algebra, and compute
the Ao structure on its homology.

1. Introduction

Knot Floer homology [15,23] is a knot invariant defined using methods from symplec-
tic geometry. This invariant has many variants, the most general being a module over
Z[u, v]. Its u = v = 0 specialization, HFK , 1s a categorification of the Alexander
polynomial.

In [16,17], we developed an algebraic invariant for knots, inspired by Floer homol-
ogy. This invariant is the homology of a chain complex associated to a knot projection.
The homology is a module over the ring Z[u, v]/uv = 0. In [20], we identified these
constructions with analogues in knot Floer homology with coefficients mod 2; specif-
ically, the u = v = 0 specialization computes HFK with Z /27 coefficients while
the v = 0 specialization computes HFK ™ over Z/27Z[u].

The construction of the bordered knot invariants associates an algebra to a generic
horizontal slice of the knot diagram and modules over this algebra to the upper and
lower diagrams. Specifically, versions of the bordered algebras are indexed by pairs of
integers m and k with k < m. These bordered algebras € (m, k) have idempotents Iy
corresponding to idempotent states X, which are increasing sequences of integers 1 <
X1 <--- < xg <m — 1. These idempotents generate a subalgebra I (m,k) C €(m, k).
The algebra also contains distinguished elements Uy, ..., Uy, Ls, ..., Ly—1, and
R;, ..., Ry satisfying various relations, including R; R;+; = 0and L;L;—; = 0.
(See Section 3.)

Our goal here is to enrich € (m, k), with an eye towards constructing a knot invari-
ant over Z[u, v]. To this end, we introduce a differential graded algebra, the pong
algebra. Like the bordered algebras, the pong algebras are indexed by pairs of inte-
gers m and k; we denote them by & (m, k). The algebra £ (m, k) is an algebra over
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the polynomial algebra over F = Z /27 in m variables vy, ..., V. The definitions of
these algebras are combinatorial and closely connected to the strands algebras which
have appeared in bordered Floer homology [10]. These algebras are defined in Sec-
tion 4. By construction, the pong algebra P (m, k) is a differential graded algebra,
with a preferred Z-grading (which drops by one under the boundary operator), and an
additional (%Z)m-grading, which is preserved by the differential.

The bordered algebra € (m, k) also has a weight grading with values in (%Z)m,
whose i th component w; is specified by

1

5 ifi =,
w;(Lj) = w;i(Ry) = ,
0 otherwise,
1 ifi =,
w; (Uj) = ,

0 otherwise.
We extend this to a grading on €(m, k)[t] with the convention that w;(¢) = 1 for
i =1,...,m. We also introduce a further integer-valued grading gr on €(m, k)[t] so
that

gr(€(m,k)) =0,
gr(t) = 2m — 2k — 2.

The main result here identifies the homology of the pong algebra with the bordered
algebras and computes the induced Ao, structure on the homology as follows.

Theorem 1.1. Whenm > 1 and 0 < k < m — 1, the homology of P(m,m —k — 1)
is isomorphic, as an algebra, to €(m, k)[t], equipped with the above gradings. The
homology of P (m,m — k — 1), with its induced Ao structure, is uniquely character-
ized up to isomorphism by the following properties:

* the underlying algebra is € (m, k)|[t],

* the actions respect the above gradings, in the sense that

d
w; (alar, ..., aq)) = Y wi(ay),

j=1
d
gr(ug(ay,...,ag))=d -2+ Zgr(aj),
j=1
* the ug are F[t]-multilinear; i.e.,
malay,...,a;_1,t-aj,aj41,...,aq) =1t-pqai,...,aq),

* there is a non-zero operation [Lam—ok-
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See Section 12.1 for a few remarks on the extreme cases when k = 0 or m — 1.

Our proof of Theorem 1.1 involves a blend of algebraic and holomorphic tech-
niques. In particular, the proof relies on the construction of modules associated to
Heegaard diagrams whose boundary is marked in a particular manner, the pong-
bordered boundary.

In this article, we first describe the pong algebra. Next, we compute its homology
as a I (m, k)-bimodule in Section 6. The unique characterization of the #Ao structure
involves a computation in Hochschild cohomology, which we do in Section 11.

The Hochschild cohomology computation is facilitated by a certain Koszul duality
result. (Compare also [12].)

Let Q(m, k) denote the quotient

O(m. k) = . (1.1
v

1= "= ‘Um = 0
Theorem 1.2. Given 0 < k < m, there is a quasi-isomorphism

Q(m, k) ~ Cobar(€(m, k)).

The above Koszul duality is proved as follows. First, we construct a type DD
bimodule €0"-K) ) 20m.K) Next, we construct a bordered diagram whose boundary
decomposes as a union of a pong-bordered piece, and another piece which is bordered
as in [20]. Adapting methods of bordered Floer homology [10], we associate to this
diagram a type AA bimodule, which we prove is the inverse to €-K) x}Qmk) o
prove Theorem 1.2. (The content of Theorem 1.2 is restated in Theorem 10.1, with
more attention to gradings.)

Theorem 1.1 is proved using Hochschild cohomology. The computations in Hoch-
schild cohomology are facilitated by the relationship between the cobar algebra and
the much smaller Q (m, k) from Theorem 1.2, much in the spirit of [12].

This paper is organized as follows. In Section 2, we introduce much of the alge-
braic background and notation used throughout. In Section 3, we recall the bordered
algebra €(m, k) from [20]. In Section 4, we define the pong algebra itself. In Sec-
tion 5, we introduce some particular generators of the pong algebra which will be
used throughout and verify some of their properties. In Section 6, we compute the
homology of the pong algebra, obtaining a weak version of Theorem 1.1, on the level
of vector spaces (rather than #4..-algebras). Sections 7-10 are aimed at establishing
Theorem 1.2. In Section 7, we define (algebraically) a type DD bimodule which con-
nects €(m, k) and Q(m, k). In Section 8, we define its inverse bimodule, by adapting
holomorphic techniques in the spirit of [10]; see also [20]. In Section 9, we verify
these bimodules are quasi-inverses to one another. In Section 10, we review Koszul
duality (in the spirit of [8]) to deduce Theorem 1.2 from the fact that the DD bimod-
ule constructed before is quasi-invertible. In Section 11, we use deformation theory to
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prove that € (m, k)[t] can be given a unique non-trivial A, structure. In Section 12,
we show that the induced oo structure on H(P(m,m —k — 1)) = €(m, k)[t] is
non-trivial, completing the proof of Theorem 1.1.

Motivation for the constructions. We pause to explain some of the geometric con-
tent of these algebras. As explained in [20], the bordered algebras €(m, k) can be
thought of as generated by k-tuples of Reeb chords, with products in the algebra
recording the collisions that occur in certain ends of moduli spaces. In Section 8, we
also interpret the pong algebra (and especially its vy = - - - = v, = 0 specialization) as
an algebra of Reeb chords. (Compare the “strands algebras” of [10]; see also [3,4,22].)

Both algebras can be thought of as part of a more general construction which
simultaneously generalizes both the pointed matched circles of [10] and the config-
uration of boundary circles from [20]. The Koszul duality result from Theorem 1.2
can be thought of as an analogue of the duality result from [8]. That paper sets up
a Koszul duality between the algebra associated to a pointed matched circle (i.e.,
a handle decomposition of a surface with a single 0-handle and 2-handle) and its
dual pointed matched circle. One could envision a more general picture, where one
associates an algebra to a (more general) handle decomposition of a surface, which
is Koszul dual to the algebra associated to its dual handle decomposition; compare
also [6,13,14,24].

In this interpretation, € (m, k) corresponds to the handle decomposition of the
sphere with m zero-cells, m — 1 one-cells, and one 2-cell. The zero-cells are arranged
in a linear change, connected by the m — 1 one-cells. The parameter k specifies the
multiplicity of the symmetric product we are considering. The algebra Q (m, £) corre-
sponds to the dual handle decomposition, with one 0-cell and m — 1 one-cells arranged
in a bouquet, and m 2-cells. See Figure 1. The Koszul duality from Theorem 1.2 can
be seen as a consequence of the duality between the two handle decompositions. This
Koszul duality is further explored in [21].

Following Auroux [2], one can think of the generators of pong algebra as mor-
phisms in a wrapped Fukaya category, the (specialized) v; = -+ = vy, = 0 product
as product on the partially wrapped Fukaya category of [1], and the unspecialized
algebra actions as products in a relative Fukaya category. This latter identification is
explored further in [18].

On an algebraic level, the algebras we consider here are closely related to the alge-
bras associated to the extended affine symmetric groups of Manion and Rouquier [14];
see also Remark 4.4 below.

Constructing a signed lift of the pong algebra (to Z coefficients) is a straightfor-
ward task in the spirit of [19, Chapter 15]. Lifting the holomorphic aspects would
require more work.
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Figure 1. Dual cell decomposition of SZ. The linear arrangement corresponds to € and its dual
wedge of circles corresponds to the pong algebra.

2. Algebraic background

We will use the algebraic underpinnings from [9].

2.1. Type D structures

If A is a DG algebra over aring I, a type D structure is a left I -module X, equipped
with a map
X > A® X,

satisfying the structural relation
(1 ®Idy) o 81 + (ur ® Idy) o (Idg ®8') 0 8! = 0. 2.1

If A and B are two DG algebras over I, a rype DD bimodule A X is an I-
bimodule X, together with a structure map

§':X - A®; X ® B,
which in turn can be seen as a map
SI:X—)(A®BOP)I®IOP®X,

where here op denotes the “opposite” module.
For A and B, we will also consider type DA bimodules 4 M B and type A4 bimod-
ules 4 Mp, as in [9, Section 2.24].
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2.2. Grading conventions

Gradings for our present purposes are simpler than the gradings considered in [9, 10].

The DA algebras we consider here will be equipped with augmentations. Specif-
ically, let ¥ be a ring (in our case, this is the ring of idempotents). A f-algebra is a
graded, associated algebra, which is also a £-bimodule, so that the multiplication map
U2:A® A — Aisamap of £-bimodules.

Definition 2.1. An augmented £-algebra is an algebra, equipped with an algebra map
e: A — £, called the augmentation, whose Kernel, the augmentation ideal, is denoted
A . Together, the unit (in ¥) and the augmentation provide a £-f-bimodule splitting

A= AL B E.

The algebras in this paper will all have the following special structure.

Definition 2.2. A Maslov-Alexander bigraded algebra is an augmented DA algebra
A, equipped with two gradings, one (homological) Z-grading, denoted gr4, and an
Alexander grading, denoted w, with values in

1 >0\m 1 m

E(Z )" C EZ .
Both gradings are additive under multiplication, and differential drops the homolog-
ical grading by one while preserving the algebra grading. The summand of 4 with
vanishing Alexander grading is the ground ring, and the augmentation ideal A is the
portion in non-zero Alexander grading. Finally, A will have the following bounded-
ness hypothesis: for each w € %Z’", the portion of A with Alexander grading w is a
finitely generated £-bimodule.

A Maslov—Alexander bigraded type D structure X is one which is equipped with
two gradings, one, denoted ng , with values in Z and another, denoted v, with values
by %Z’". These gradings are further required to be compatible with the structure map
8! in the sense that if @ ® y appears with non-zero coefficient in §!(x), then

gr¥ (x) — 1 = gr*(a) + gr* (v).
U(x) = w(a) + v(y).

More generally, let 4 M B be a type DA bimodule. Recall that DA bimodules are
equipped with actions for all p > 0,

80, A%V @M > B M

satisfying a structure relation generalizing equation (2.1). (See [9, Definition 2.2.43].)
We say that it is Maslov—Alexander bigraded if it is equipped with gr™ and v so
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that if y ® b appears in 5}+p(a1, ...,dp, x), then

p
er¥ () + ) ert(a@) = g¥ () + e (b) + 1 - p,

i=1

p
B(x) + Y (@) = () + D).

i=1

Furthermore, we say 4 M B is (strictly) unital if §3(1,x)=x®1 and for all p> 1, if
(ai,...,ap)is asequence of algebra elements such that some a; =1 then 5117+1 (ai,...,
ap,x) = 0.

Similarly, if 4 Mp is a type AA bimodule, we say that it is Maslov—Alexander
bigraded if for y = mpj1 (a1 ® - ®@a, ® x ® by ® --- ® by), then

14 q
g =g +p+q—-1+) egt@)+) k), 22
, i=1 . i=1
i(y) = (Z ﬁaA(aj)) + U(x) + (Z ﬁaB(bj)). (2.3)
=1 =1

The strict unitality condition in this case is that for all x € M and all algebra sequences
ai,...,apandby,..., by of algebra elements of length p,q > 0 with p + ¢ > 1, with
le{ai,....ap,by,...,bs}, we have that

myo(1, x) = x,
m0‘1|1(x,1) =X,

mpig(ai,....,ap,x,by1,...,bg) =0.

2.3. Quasi-inverses

Definition 2.3. Fix dg algebras 4 and B, and let X2 and Y4 be a bimodules of
type DD and AA, respectively, as discussed above. We say that X and Y are quasi-
inverses if

AXB ® pYy ~ Aldy,
BYA® AXB ~ BIdB.

Let A and B be DG algebras over f. Let ¢p: A — B be an Ao, homomorphism.
There is an associated type DA bimodule 2 [¢]4, which is rank one as as a ¥ bimodule,
with actions specified by ¢.

The bimodules that arise in this way have a simple characterization.
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Lemma 2.4 ([9, Lemma 2.2.50]). Let A and B be a DG algebras over £. Suppose
that 4[M]® is a type DA bimodule with the following properties:

. Sl=0
e M has rank 1 as a ¥ bimodule.

Then, there is an oo homomorphism ¢: A — B so that 4[M]8 = 4[¢]B.

When A and B are Maslov—Alexander bigraded, an 4, homomorphism respects
this structure if

p
WP (Gp(a1 @ ®ap) =) wa),

i=1

P
e (g1 ® - ®ap) =) grl(a) +p—1.
i=1
Note that ¢ is a Maslov—Alexander graded 4, homomorphism if its associated bi-
module 4[¢]? is Maslov—Alexander bigraded, supported in vanishing bigrading.

3. The bordered algebras

We recall the bordered algebras of [16]; in fact, we use mostly notation from [20,
Section 3.2]. The algebras we are interested in are denoted €(m, k), where (m, k)
is a pair of integers with 0 < k < m — 1. These algebras are constructed by first
constructing an F[Uy, ..., Uy]-algebra By (m, k), forming the quotient B(m, k) by
an ideal, and then considering a subalgebra € (m, k). We recall the details presently,
referring the reader to [16] for more details. (Note also that in [20], we considered
the case where m = 2k, since these were the algebras that arose naturally in the case
of “upper Heegaard diagrams”; but this hypothesis is not needed for the algebraic
constructions.)

3.1. The algebras B¢ and 8

First, we recall the construction of By (m, k), associated to a pair of integers (m, k)
with 0 < k < m — 1. (The construction of By(m, k) also works in the cases where
k = m ork = m + 1; but in those cases, the subalgebra € (m, k) we are interested in
1S zero.)

The base ring of By(m, k) is the polynomial algebra IF [Uy, . . ., Uy, ]. Idempotents
correspond to k-element subsets x of {0, ..., m} called idempotent states.

Given idempotents states X, y, the F[Uy, ..., Uy]-module Iy - Bop(m, k) - I is
identified with F[Uy, ..., Uy], given with a preferred generator yyy. To specify the
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product, we proceed as follows. Each idempotent state x has a weight vector v* € Z™,

with components i = 1,...,m given by v} = #{x € x| x > i}. The multiplication is
specified by
Vay Yy = UL - Up™ - Y,
where
= 0o =)+ 1o} — vt = o} = vf]).

Definition 3.1. The algebra By(m, k) is equipped with the distinguished elements
{Li {7 AR YL, and {U; }7 ,, defined as follows. Fori = 1,...,m,let L; be the sum
of yx,y, taken over all pairs of idempotent states X, y so that there is some integer s with
xs =1iand yy =i —1and x; = y, forall ¢ # s. Similarly, let R; denote the sum of all
the yy x taken over the same pairs of idempotent states as above. We will often think
of U; as an element of By (m, k); explicitly, it is the sum over all idempotents x of the
element yy x - U;. With this definition, multiplication by U; € B8y (m, k) corresponds

to the action of U; € F[Uy, ..., Uy] on Bo(m, k).

Under the identification
L - Bo(m, k) -Iy = F[Uy, ..., Unl,

the elements that correspond to monomials in the Uy, . .., U, are called pure algebra
elements in Bo(m, k). These elements are specified by their idempotents x and y, and
their relative weight vector w(b) € Q™, which in turn is uniquely characterized by

1 0 ifi #j,
w; (yxy) = S[0F = vj|,  wi(Uj-b) = wi(b) + e
2 1 ifi =j.
Let § C Bo(m, k) be the two-sided ideal generated by L; 11 - L;, R; - R;4+1 and,
for all choices of X = {xy,...,xg} withx N {j — 1, j} = @, the element I, - U;. Then,

B(m,k) = Bo(m.k)/§.

The pure algebra elements in B (m, k) are those elements that are images of pure alge-
bra elements in By (7, k) under the above quotient map. We use the symbols L;, R;,
and U; to denote the elements of B(m, k) which are the images of the corresponding
elements of By(m, k) as defined in Definition 3.1.

Definition 3.2. Idempotents x = x; < --- < xg andy = y; < --- < yi are said to
be too far if for some t € {1,...,k}, |x; — y¢| > 2. If x and y are too far, then
I - Bo(m.k) -1y C ¢;ie, Iy- B(m, k) I, = 0.

We restate here the concrete description of the ideal § given in [16].
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Proposition 3.3 ([16, Proposition 3.7]). Suppose thatb = Iy - b -1y is a pure algebra
element. The element b is in § if and only if X and 'y are too far, or there is a pair of
integers i < j so that

o ,je{0,....m}\xnNy,

e foralli <t < j,texnNy,

o wyb)=1forallt =i+1,...,],
© #rxex|x=i)=#yeyl|ly=i).

3.2. The algebra €

Having defined 8(m, k), we turn now to the construction of €(m, k), which is of
primary interest here. To this end, let

J= Y L
{x[xN{0,m}=0}
The subalgebra € (m, k) C 8B(m, k) is defined by
Cm,k)y=J-B(@m,k)-J.
There is a projection map 7: B(m, k) — €(m, k) defined by
wb)y=J-b-J.

Equivalently, €(m, k) corresponds to the subalgebra whose idempotent subalgebra
correspond to those idempotent states x C {1,...,m — 1}.

In Definition 3.1, we defined distinguished algebra elements {L;}7L,, {R;}/~,
and {U; }7L, in By (m, k), which project to elements of B (m, k) (with the same nota-
tion). Note that m(L1) = n(Ry) = n(Ry) = (L) = 0. Let {L,-};"z_zl, {R; };":_21,
and {U; }7L, be the elements of € (m, k) obtained by projecting (under ) the corre-
sponding elements of B(m, k).

Giveni € {1,...,m — 1}, let
[1= Y I and [[]= ) I
{x|iex} {x|i ¢x}

The following relations in € (m, k) hold forall 2 <i <m — 1:
(1 =1 - Li-li =1]- [ = Li, (i =1]-[D-Ri - [ = 1]-[]] = Ry,
Li- R =[i —1]-[i]- Ui, Ri-Li=[i—1]-[i]-U.
Moreover, forall2 <i <m — 2,
Ri-Ri+1 =0, Lit1-L; =0.

(The first four relations hold even in By (m, k); whereas the last two hold in B(m, k).)
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3.3. Gradings

The weight vector w induces a grading on € with values in %Z”‘. It will sometimes
be helpful to view € as a Maslov—Alexander bigraded D G algebra, with trivial dif-
ferential. When doing so, we will view the additional Z-grading as also trivial; i.e.,
the algebra is supported entirely in gr = 0.

4. Definition of the pong algebra

The aim of this section is to introduce the pong algebra with m walls and k strands,
denoted & (m, k). Here, (m, k) is a pair of integers with 0 < k < m and m > 1. The
base ring of the pong algebra is a polynomial ring F|[vq, ..., v;], and the algebra
comes equipped with a preferred generating set, given by the so-called lifted partial
permutations, which we define presently.

4.1. Lifted partial permutations

Let r;: R — R be the reflection r;(x) = 2¢ — x; and consider the subgroup G,
the reflection group of the real line generated by ry and r,, -1 . The quotient of the
integral lattice by this group of rigid motions is naturally an m — | point set; generated
by {l,...,m —1}. Let

0:7Z—{,....m—1}

denote this quotient map. Explicitly, Q(i) is the integer | <¢ <m — 1 sothatt =i
mod 2m —2ort =1—i (mod 2m — 2).

Note that G, also acts on the set % + Z. The quotient of % + Z by G, is naturally
the m-point set, {%, e, m— %} We think of these points as being in one-to-one
correspondence with the underlying variables in the pong algebra, where the point
j € {% co,m = %} corresponds to the variable Ui

A G,, invariant subset S of Z has a natural quotient S / Gm, which is a subset of
{1,...,m—1}.
Definition 4.1. A lifted partial permutation on k letters is a pair (S, f ), where
e SCZisa G, -invariant subset;
. f S > Zisa G, -equivariant map;
subject to the following two conditions:
Y / G, consists of k elements,
« the induced map f:S/Gu — Z /G,y is injective.
Let B denote the set of lifted partial permutations.

The following data specify a lifted partial permutation.
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Definition 4.2. Given integers (k, m), we say that pong data of type (k,m) consists
of a pair (S, f), where

Scil,....m—1y=2/Gm

is a k element subset, and f:S — Z is a map, so that the induced map Q o f:S —
7./ Gy, is injective.

Lemma 4.3. Given a lifted partial permutation (S f ) we can associate pong data
(S, f), where S = § /Gy and f is the restriction of f to {1, — 1} C Z. This
restriction map induces a one-to-one correspondence between lzfted partial permuta-
tions (on k letters) and pong data (of type (k,m)).

Proof. Restriction gives a map from lifted partial permutatlons to pong data. Con-
versely, given pong data, let S= 0~1(S);sothatany § € S can be written as § = Y-S,
for a unique choice of s € {1,...,m — 1} and a unique y € G,. Define the correspond-
ing lifted partial permutation f by

fG =y fs). n

If a lifted partial permutation (S, f ) restricts to pong data (S, f), we call (S, f~ )
the equivariant lift of (S, f).

Write § = 51 < --+ < s%. The partial permutation will be labeled by the k-tuple
of ordered pairs (s1, f(51)), ..., (sk, f(sk)).

Pong data (S, f) can be represented graphically as follows. Consider the infi-
nite strip R x [—1, 0]; where [—1, 0] is an interval which we think of as measuring
the height. Draw a collection of straight segments connecting (3, 0) for § € S to
(f(5),—1). If we further draw all the translates of these segments by the action of
G, we obtain the lifted pong diagram.

All of the information in the partial permutation is contained in the portion of this
picture in the finite rectangle [ ,m— —] x [—1,0]. For each s € S, the segment from s
to f(s)/Gm e {l,...,m—1},called a strand, is transformed into a continuous, piece-
wise linear curve connecting (s, 0) to (Q(f(s)), —1) whose slope has fixed absolute
value. The curves fail to be linear at the points where the horizontal coordinate is
% or m — % Points of the first kind are called left extrema and those of the second
are called right extrema. This picture is called the pong diagram for the lifted partial

permutation.

Remark 4.4. The pong diagrams defined here can be viewed as a kind of Z/27Z
quotient of the cylindrical diagrams considered in [14].

Example 4.5. Let m = 4, and consider the lifted partial permutation f on 2 letters
sending 1 to —2 and 2 to 1, which we write ((1, —2), (2, 1)). The pong diagram is
pictured in Figure 2, and its lift is shown in Figure 3.
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[ R

-
Wl == mmmmmmmmmeeo o

1

Figure 2. Pong diagrams. This is a pong diagram for the lifted partial permutation ((1, —2),
(2, 1)) (where the vertical coordinate has been scaled up). The dotted lines occur at horizon-
tal positions 1/2, 3/2, 5/2, and 7/2, respectively. There is one left extremum in the picture,
occurring on the strand out of 1; and there are no right extrema. The local multiplicities
at these positions are recorded in the figure; i.e., in the notation of Definition 4.6, we have

w(f) = (1, 1.5.0).

Figure 3. Lifting the pong diagrams. We have drawn here a lift of the pong diagram from Fig-
ure 2; drawing three copies of the fundamental domain. The darkened dashed lines represent
the three translates of 3/2, and the two darkened lines represent the two strands. The two inter-
section points of these lines with the darkened dashed lines demonstrate that w3,2(S, f) = 1.

Definition 4.6. Let (S, /) be pong data, and let f S > Zbeits equivariant lift. For
each j € % + Z, the local multiplicity of the lift of f at j, denoted w; (f), is given
by

1 - ~ -
w;(f) = 5#{1’ eS|i<j<fl)orf(i)y<j<i}.
Note that for all y € Gy, w;(f) = w,.;(f), so the local multiplicity descends to

a function of j € (% +2)/ Gy = {% N %}; or equivalently, it gives vector
w(f) e (%Z)m, which we call the vector of local multiplicities.

The local multiplicities of a lifted partial permutation can be read off from the
pong diagram, as follows. The local multiplicity at % is the number of left extrema
in s; the local multiplicity at m — % is the number of right extrema; and the local
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Figure 4. Crossings. We have illustrated here part of the lifted pong diagram corresponding to
Figure 2, consisting of three fundamental domains. The two circled intersection points corre-
spond to the two crossings in Cross( f).

multiplicity at j with % <j<m-— % is half the intersection number of the strands
with the vertical segment at ;.

Consider equivalence classes of pairs (i, j ) € Z x Z under the equivalence relation
generated by (i, j) ~ (j,i)and (i, j) ~ (y - i,y - j) for y € G,,. Let (i, j) denote
the equivalence class of (i, j) € Z x Z under that equivalence relation.

Definition 4.7. A lifted crossing of (S, f) is an element (i, ]) of S x S with the prop-
erty that the sign of i — j is opposite to the sign of f(l) — f(]) ie., sgn(i —j) #
sgn(f (i) — f (j)). Note that any G, orbit of a lifted crossing is a lifted crossing; also
if (i, j) is a lifted crossing, then so is (j, 7). A crossing is the equivalence class (i, j)
of the crossing (i, j) under the above equivalence relation. The set of crossings of
(S, f) is denoted Cross(S, f), or simply Cross( f) when S is clear from the context.
See Figure 4 for an illustration.

To find all the crossings on a given strand connecting (s, 0) and (f(s), —1) in a
lifted pong diagram, find all the intersection points of the corresponding segment with
all of the segments connecting (7,0) and ( £ (7), —1), with 7 # s. From this description,
it is obvious that a lifted partial permutation has only finitely many crossings.

Crossings in the lifted partial permutation are of two kinds: either the two strands
i and j are in the same G,-orbit, or they are not. In the pong diagram, crossings of the
first kind correspond to left or right extrema (i.e., whose x-coordinate is % orm — %),
while crossings of the second kind can occur either at these extrema, or they can occur
in the interior. Indeed, we can read off the crossing number from the pong diagram as
follows. The pong diagram contains a one-manifold away from finitely many points.
In the interior, ¢ strands can meet, and such a point contributes (;) crossings; at the
x = % or m— % walls, 2¢ line segments meet, and such points contribute ¢2 to the
crossing count. The validity of the formula can be readily seen by lifting the pong

diagram. See Figure 5.
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Figure 5. Crossings at extrema. The intersection at the wall in the left picture (corresponding to
a quadruple points in the lifted pong diagram) is perturbed to give four crossings in the generic
pong diagram in the right picture.

Figure 6. Generic perturbations of pong diagrams. The pong diagram on the left, which has 12
crossings, has a perturbation, shown on the right, which has 14 crossings.

Definition 4.8. Define the crossing number cross( f) to be the number of crossings
in the lifted partial permutation f;i.e.,

cross(f) = |Cross(f)].

Alternatively, we can consider a more general kind of lifted pong diagram, where
the curves connecting (5, 0) and ( f (5), —1) are no longer required to be straight, but
we still require that the picture is G,,-equivariant. We can arrange for this picture to be
generic, in the sense that there are no triple points. Equivariance gives rise to a picture
in the quotient, which we think of as a perturbed pong diagram. The quotient of a
generic pong diagram has no triple points; and no two strands intersect at {%} x [-1,0]
or {m — % x [—1, 0]}. The number of crossings plus the number of (left and right)
extrema in any sufficiently small generic perturbation of a pong diagram for (f, S)
agrees with the cross( f, §). (Note that larger perturbations can give rise to additional
crossings; see Figure 6.)

Pong data (S, f) and (7, g) with T = Q o f(S) specify lifted partial permuta-
tions, whose composition is represented by (S, g o f).
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Lemma 4.9. If (S, f) and (T, g) are two pong data, with T = Q o f(S), then

w(go f) =w(g) + w(f), 4.1
cross(g o f) < cross(g) + cross(f). 4.2)

Moreover,

w@o /)~ w(g) -~ w(f) ez" c (;2)"

Proof. Fix (i, j) € (S x §)/Gy. It is straightforward to verify the following:
» i (i, /) ¢ Cross(f), and (£ (i), f(j)) ¢ Cross(g), then (i, j) & Cross(g o f),

e if (i, j) € Cross(f), and (f(i), f(j)) & Cross(g), then (i, j) € Cross(g o f),
e if (i, j) & Cross(f), and (f(i), f(j)) € Cross(g), then (i, j) € Cross(g o f),

e if (i, j) € Cross(f), and (£ (i), f(j)) € Cross(g), then (i, j) & Cross(g o f).
Thus, if (i, j} € Cross(g o f), then exactly one of the following two conditions holds:

* (i, j) € Cross(f),
« (f(). f())) € Cross(g).

This dichotomy gives an injection
Cross(g o f) — Cross(g) U Cross(f),

establishing inequality (4.2).
To see inequality (4.1), we argue similarly. For any ¢ € % + Z, let

X(f)y=1{ieSli<t<fG)orf(i)<t<i} (4.3)
so that :
we(f) = F#X: (f).

It is straightforward to verify that the i € Z can be partitioned into the following four
types:
(T-1) if i € X;(f) and f(i) € X;(g), theni & X;(g o f),

(T-2) ifi € X:(f) and f(i) & X:(g), theni € X;(g o f),
(T-3) if i & X;(f) and f(i) € X;(g), theni € X;(g o f),

(T-4) if i & X;:(f)and f(i) & X:(g), theni & X;(g o f).
Inequality (4.1) follows. Moreover, each i € Z of type (T-1) contributes 1 to w;( f) +
w;(g) —w,(g o f), and all other i € Z contribute 0. ]
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Definition 4.10. Let (S, /) be a pong data, and fix some crossmg (i, j) for f. The
lifted resolution of f at (i, j) is the G,,-equivariant map f (. 7) S — Z defined by

) fUo i K] # 1]
Sup)y =g /() ifk=g-i,
g-fG) ifk=g-j

The resolution of f at (i, j), denoted f; jy, is the induced map fiijy = fii.jy/Gm-

To see that f~(i,_,-) is indeed a lifted partial permutation, note that if /S — Z /Gy,
denotes the map induced from f, then the map from S C Z/G,, — Z/G,, induced
by fi,j) is obtained by pre-composing f with the automorphism of S that switches
[{]and [/]; i.e., it is also injective.

Lemma 4.11. Let (S, f) be a lifted partial permutation, and (i, j) € Cross(f) be a
crossing. Then,

w( fii,)) < w(f), (4.4)
cross( f(;,j)) < cross(f) — 1. 4.5)

Moreover, w(f) — w( fi;, j)) € Z™ C (%Z)m.

Proof. Clearly, (k,£) with {[k], [£]} N {[i].[J]} = 9, (k,£) € Cross(f) if and only if
(k,€) € Cross(f(;,j)). Moreover, it is straightforward to verify the following:

o AF[{{i, k). (j.k)} N Cross(f)| = 0, then [{(i. k), (j. k)} N Cross(fi;, )| =0,
o [{(i.K). (j.k)} N Cross(f)] = 1. then [{{i. k). (j.k)} N Cross(fi)l = 1.
o if {{i, k), (j,k)} N Cross(f)| = 2, then [{{i, k), (j,k)} N Cross(fi;,j))| = 0.
Obviously, (i, j) € Cross(f) and (i, j) & Cross( f{;,j))- Thus,

cross(f) —cross(fi;,j)) = 1+ 2#{k | (i,k) and (j, k) € Cross(f))},

and inequality (4.5) follows.
Fixt € 5 + Z, and let X;(f) be as in equation (4.3). Given (i, j) € Cross(f),
define a map T 7 — 7 by

k if [k] ¢ {[i]. [/ 1}
T(k)=1g-j ifk=g-iforsomeg € Gy,
g-i ifk=g-jforsomeg € Gy.

Let

=k € X,(f) | T(k) € X,(f).k <t < T(kyor T(k) <1t <k}
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and B = X;(f) \ A. Itis elementary to see that B = X, (f(;,j)). To see this, note that

k € B ift lies between k and f(k), and one of the following three holds:

* [kl ¢{li].[/]}, in which case f(k) = f;,;)(k),

* k =g-iforsome g € G, and ¢ does not lie between g - i and g - j. In this case,
t lies between g - j and g - f(i),i.e.,t € X:(fi,j))-

» k =g-jforsome g € Gy, and ¢ does not lie between g - i and g - i. In this case,
t lies between g -i and g - (), so once again, t € X;(f(; j))-

Moreover,

1
w,(f) —w,(fii,;) = §|A|-

The map T is a fixed point free involution on A, showing that wy,(f) — w,(f;,;)) €
Z™, as claimed. ]

Lemma 4.12. Given any x € Cross(f), there is an inclusion
®,.: Cross( fx) — Cross(f)
with the property that if y = ®x(y’), then for some x" € Cross( fy), x = ®,(x’); and

(fx)y/ = (fy)x/-

Proof. Write x = (i, j) and (k,£) € Cross(f) \ {x}.

IS [ N ATK]L [€]} = 0, let D ((k. £)) = (k. £).

Otherwise, we can assume without loss of generality that [j] = [{],i.e., £ =g~ J.
Replacing k by g - i, we have a triple of integers (i, j, k) so that (i, j}) = x and
(j, k) = y.In this case, let

(i,k) if k is between i and j,
(j,k) otherwise.

®x((i,j))={

It is straightforward to check that ®, is a one-to-one correspondence, and that
(fx)y = (fy)x, as claimed. ]

4.2. The pong algebra

The pong algebra P (m, k) is generated over Z[vq, .. ., ;] by lifted partial permuta-
tions on k letters in {1,...,m — 1}. We extend w( /) to a grading by (%Z)’”, so that
the grading of v; is the i th standard basis vector in Z™.

Definition 4.13. In view of Lemma 4.9 (equation (4.1)), if (S, f) and (7, g) are pong
data with T = f(S)/ G, then there is some monomial v( f, g) € Z[v1,..., Up] with
the property that

w(f) + w(g) = w(f.g)- (&0 f)). (4.6)
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Similarly, if (i, j) € Cross(f), then there is a monomial v(f, (i, j)) with the
property that

w(f) =w(f (0. 7)) fu.)) 4.7

If (S, f) and (7, g) are two lifted partial permutations, we define u,(g, f) =0

unless T = f(S)/Gy, and cross(g o f) = cross(g) + cross( f), in which case we let

pa(g. f)=v(f.g)-&go f.

where v( f, g) is as in equation (4.6).
Given a partial permutation (S, f), define the derivative d( /) to be given by

wi(S. f) = > v(f.0)- fe,
{c€Cross(f)|cross(fe)=cross(f)—1}

where v( f, ¢) as in equation (4.7).

Proposition 4.14. The set P (m, k) equipped with (1 and [1» is a differential graded
algebra.

Proof. Associativity of u, follows from the associativity of the composition of lifted
partial permutations.

The property that 1 o w; = 0 is an easy consequence of Lemma 4.12.

A crossing (i, j) 1nfoglsaG -orbitof i < j w1thfog(z) > ng(j) For
each crossing, either g(i) < g(j), in which case (g(i), g2(j)) € Cross(f) or g(i) >
&(J), in which case (i, j) € Cross(g). In the first case,

(f © &)(i.j) fg(l) HOOREE
while in the second case,
(f o @ipy = F o &)
The Leibniz rule,
propz = pro(Id®u; + 1 ® Id)

follows readily. ]

We abbreviate da = py(a) anda - b = us(a, b).
For example, we have
9((1,-2),(2,1) = v1 - ((1,3), (2, 1)) + v2- ((1,0), (2, 3)),

(The pong diagram for ((1, —2), (2, 1)) is shown in Figure 2; pong diagrams for the
four other terms are illustrated in Figure 7.)
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Figure 7. Differentials of pong diagrams. The pong diagram from Figure 2 has two crossings in
it; the corresponding two terms in the differential are represented by the two pong diagrams in
the top line: the first multiplied by v and the second multiplied by v». The differential of pong
diagram on the left of the second row has two non-zero terms in it (although it has 3 crossings):
the middle picture, and the right picture, multiplied by v>.

Informally, multiplication corresponds to stacking strands diagrams on top of each
other, pulling the strands taut, and multiplying by a monomial in the v; to preserve
the weight vector.

When thinking of (S, f) as an element of a € £ (m, k), if ¢ € Cross(f), define

{ v(fi) - (fe, S)v(fie) - (fe, S) i cross(fe) = cross(f) — 1,
0

dc(a) =
if cross( f;) < cross(f) — 1,

(4.8)

so that

da)y= Y dea.

c€Cross(f)

4.3. Alexander and Maslov gradings

Idempotents in the pong algebra correspond to lifted partial permutations which send
S C Z to itself via the identity map. In terms of their pong diagrams, these algebra
elements are collections of k vertical segments. These (m,: 1) elements generate the

idempotent subalgebra ¥ of the pong algebra.
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In Definition 4.6, the weight w of a lifted partial permutation f was defined as
a map from (% +Z)/Gp to %Z. We prefer to think of it henceforth as a vector w,
with components indexed by integers i € (1, ..., m). With this normalization, w;
corresponds to the value of the function w at i — 1/2.

This vector w induces a grading on & (m, k) with values in %Z’", with the under-
standing that the element v; has grading e; (the ith basis vector in Z™). This grading
is additive under multiplication; and differentiation preserves this grading.

Similarly, the function cross( /) on lifted partial permutations induces a grading
on & (m, k) with values in Z, with the understanding that v; has grading 0. The grad-
ing is additive under multiplication, and differential drops it by 1. In the language of
Definition 2.2, & (m, k) is a Maslov—Alexander bigraded algebra.

Sometimes, we find it convenient to work with the following renormalized Z-
grading N on & (m, k), specified by

N = aross() = (2 wi(h). +9)

i=1

Definition 4.15. By analogy with €, each element in & (m, k) corresponding to a
lifted partial permutation is called a pure algebra element. Thus, the pong algebra is
the free F[vy, ..., v;,]|-module generated by the pure algebra elements.

5. Generators of the pong algebra

Idempotents in the pong algebra correspond to lifted partial permutations which send
S C Z to itself via the identity map. In terms of their pong diagrams, these algebra
elements are collections of k vertical segments. These (mk_ 1) elements generate the
idempotent subalgebra of the pong algebra.

Given a pair of integers 1 <i < j < m — 1, let X; ; denote the algebra element
consisting of two moving strands, which go from i to j and j to i, so that all positions
£ with i < £ < j are occupied. This is the element corresponding to the sum of all

pong data (S, f) with |S| = k, with the following further properties:
X-1) f@) =j, f() = f(),
(X-2) Ve e S\{i.j}, f(O) =¢,
(X-3) Vewithi <€ < j,LeS.

We let X; ; denote the algebra element obtained by dropping Condition (X-3).
We extend to i = 0 or j = m (but not both), so that X ; has one strand from
J to itself with one left cusp and X; , has one strand from i to itself with one right
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Xo.2 X1,3

Figure 8. The generators X; ;. These pictures are in (4, 2) and P (4, 3), respectively.

cusp. See Figure 8 for some examples. The element Xy ; corresponds to the sum of
all pong data (S, f) with |S| = k, with the following further properties:

X-1D) f(j) =r1720)s

(X-2) vEe S\{j}, f(O) =¢,

(X-3) Vewithf < j, L€ S.

The element X; ;, is defined analogously, now using r,, 11/, instead of r; /. We define
Xo,; and X; ,, again dropping condition (X-3).

Given a pair of integers 1 <i < j <m — 1, let R; ; denote the algebra element
consisting of one moving strand which goes from i to j, so that all positions £ with
i <{ < j are occupied. This is the element corresponding to the sum of all pong data
(S, f) with |S| = k, with the following further properties:

R-1) f() =/,

R-2) VL e S\{i}, f(£) = ¢,

(R-3) Vewithi <{ < j,LeS.

Again, we have elements R; ; obtained by dropping condition (R-3). We define ele-
ments L;;, and &£;;, analogously. (In that case, the second condition above holds

VEe S\{j})

Definition 5.1. An atomic element in & (m, k) is a non-zero element of the form
IX . Xi,j, IX . Ri,j, and IX . Lj,i.

The terminology is justified by the following proposition.
Proposition 5.2. Every pure algebra element in  (m, k) (i.e., those elements corre-

sponding to lifted partial permutations) can be written as a product of idempotents
and atomic generators.

Proof. We find it convenient to construct factorizations into X; ;, R; ;, and £; ;. This
suffices, since for any idempotent X, the element I - X; ; can be written as a product
of I and elements of the form X/ j/, R;/ j, and L;s ;s. Similarly, Iy - R; ; can be



The pong algebra 745

written as a product of Iy and elements of the form R;/ ;/; and Iy - &£;; can be written
as a product of I, and elements of the form L ;s.

Suppose that a = I, - a - I for idempotent states x and y. The factorization exists
by induction on the total weight of a. Obviously, when the weight is zero, then a is an
idempotent. For the inductive step, there are 3 cases.

Case 1. Suppose that for some x; € X, the strand in a out of x; moves to the right.
Choose i maximal with this property. We divide this into two further subcases.

Case 1a. Suppose that there is some strand j > i with the property that the strand
out of x; moves to the left. Choose j minimal with this property. If the strand out of
x; reaches x; and the strand out of x; reaches x;, we can factor

a=1Ix Xy x; - b:

or if the strand out of x; terminates at some y € X with y < x;, we can factor
a=1Ix- Ry, - b;

or if the strand out of x; terminates at some y € x with x; < y, we can factor
a=1Ix-Ly, -b.

Case 1b. 1If there is no strand j > i so that the strand out of x; moves to the left, then
there is a factorization a = I - Xy, » - b or a factorization of @ = Iy - Ry, , - b. The
result now holds by induction on the total weight.

Case 2. All strands in a are stationary. This is clearly an idempotent.

Case 3. There is some strand in a that starts out moving to the left, but none that
starts moving to the right. Take the minimal i so that there is a strand in a starting at
x; which moves to the left. If the strand bounces back past x;, then we can factor

a=1Ix-Xox; b,
or the strand terminates at some y < x;, and we can factor
a=1I-Zy ,-b. [ ]
We have the following characterization of the atomic generators.
Proposition 5.3. For any non-zero homogeneous, non-idempotent element a € P (m, k),
2w(a) —cr(a) > 1,

with equality precisely when a is atomic.
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Proof. Let gr(a) = 2w(a) — cr(a). Clearly, w is additive under multiplication, in
the sense that if @ and b are pure algebra elements with a - b # 0, then w(a - b) =
w(a) + w(b). By construction, cr is also additive under multiplication. It is easy to
see that for all atomic elements a, gr(a) = 1. Thus, from Proposition 5.2, it follows
that that gr(a) > 1 for all pure algebra elements, with gr(a) = 1 if and only if a is
atomic. Having proved the proposition for pure algebra elements, the result for all
algebra elements follows readily from the fact that for any homogenous element a
andi € {1,...,m}. gr(v; -a) =2 + gr(a). [

We can describe the differential on the pong algebra in terms of its action on
atomic generators. Specifically, we have the following lemma.

Lemma 5.4. The differentials of atomic generators are specified as follows. Given
i < j, we have that

dRij = Y Rej-Rig (5.1
i<l<j
dLji= > Lyi-Ljg (5.2)
i<l<j
Moreover, if i €{0,...,m — 1}, then
dXii+1 = Uiy,

while ifi + 1 < j, then

dXi; = Z Xej - Xig+ Xie- Xe ;.

i<l<j

Proof. This follows immediately from the definition of the boundary map. ]

6. Homology of the pong algebra

Consider the pong algebra & (m, k), over F[vq, ..., vy]. The aim of the present sec-
tion is to compute its homology.
Let
Q= Z [Xo,is Xim]-
0<i<m
Lemma 6.1. 2 is an element with degree 2k, w; () = 1 foralli = 1,...,m, and

dQ2 =0.

Proof. This is straightforward. |



The pong algebra 747

Theorem 6.2. Fix k < m. The homology of H.(P (m,k)) is isomorphic to a polyno-
mial algebra in Q over €(m,m —k — 1), i.e,

Ho(P(m, k) = €(m,m—k — 1)[Q).

We will also sometimes consider &’ (m, k), which is obtained by adjoining to
P(m, k) an element X with dX = Q.

6.1. A quotient

As a stepping-stone, we will find it convenient to consider the quotient Q(m, k) of
P (m, k) by the ideal generated by all the v;, and the analogous Q'(m, k) obtained
by adjoining X with dX = Q. We will typically abbreviate Q = Q(m, k) and Q' =
Q'(m. k).

For fixed weight vector w = (wy,..., W), let Q(w) C QO and Q’(w) C Q’ be the
subcomplexes with weight w; and let Q(x,y; w) = Ik - Q(w) - Iy and Q'(x,y; w) =
I - O'(w) - Iy. Note that Q(x,y; w) has a further grading

Q.+ (x.y;w) = @ Qu(x. y;w),

d>0

where d counts the number of crossings.
To state the homology of Q(m, k), it helps to introduce some notions.

Definition 6.3. A compatible triple (X,y, w) consists of a vector w = (wy,...,Wy) €
(%Z)m and two idempotent states x and y, satisfying the condition that for each i =
1,...,m,

2w; +#(x, <i) +#(ye <)

is an even integer.
Clearly, Q(x,y; w) = O unless (x,y; w) is a compatible triple.
Theorem 6.4. Given a compatible triple (X,y; w), we have that H.(Q'(x,y; w)) =0
unless all of the following conditions hold.
(Q-1) Foreachs = 1,...,k — 1, max(xy, ys) < min(Xs4+1, Vs+1)-
(Q-2) Each weight w; satisfies the inequality 0 < w; < 1.
If all of the above conditions holds, then H.(Q'(x,y; w)) =~ F.
The proof will occupy most of the rest of the present subsection.

For cases where Q’(x,y; w) has trivial homology, it will be useful to use the
following notion.
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Figure 9. The generator on the left is not (right)-excessive (at p); the other two are.

Definition 6.5. Fix an integer p with 1 < p <m — 1. The algebra element « is called
(right-)excessive at p if there are at least two non-left-moving lifted strands with
inequivalent initial points that meet (i.e., cross, terminate at, or start at) p (see Fig-
ure 9). Equivalently, let &, denote the set of (unlifted) strands in the algebra element
a satisfying at least one of the following conditions:

* s is stationary at p,

e s starts out at p, moving to the right,

* s terminates at p, moving from the left,
* s crosses p from left to right.

Then, a is excessive at p precisely when &, has at least two elements in it.

Lemma 6.6. Fix p €{1,...,m — 1}. If all the pure algebra generators in Q 4(X,y; w)
and Q g—1(X,y; w) are excessive, then H;(Q«(X,y; w)) = 0.

Proof. Fix an excessive generator a in Q'(x,y; w). By hypothesis, there must be at
least two right-moving lifted strands s; and s, with inequivalent initial points that are
either stationary at p or that meet p. Choose the strand s; so that its initial point iy
(which is < p) is maximized. Choose s, so that its initial point i, is maximized among
the remaining strands.

If 51 and s, cross, let i(a) = 0. Otherwise, let h(a) = a’ be the pure algebra
element obtained replacing the strands s; and s,, which start at iy and i, and end at
J1 and j», by a strand s} from i; to j» and a strand s}, from i, to j;. Note that s’1 and
s5 intersect once.

Let f(a) = i1 + i>. Given two pure algebra elements, we write a < b if f(a) <
f(b). Given two algebra elements a and b we write a < b if we can writea = ), a;
and b = ), b; as sums of pure algebra elements with f(a;) < f(b;) foralli, j.

We claim that if a € Q4(x,y; w),

oh(a) + hd(a) +a > a. (6.1)
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Figure 10. Homotopy operator. The dashed line represents position p. The bottom line repre-
sents a degenerate case, where the strand s/ is stationary.

Note that f is an integer-valued function. Since w is fixed, f is bounded below; also,
f is bounded above by 2p — 1. It follows that

Id+0h + ho: Qg (x,y; w) — Qq(X,y;:w)

is nilpotent. On the other hand, this nilpotent map is an isomorphism on homology,
since it is chain homotopic to the identity; thus, the homology is trivial.

We verify equation (6.1) as follows. Suppose that a has no crossing between s,
and 55, so that a’ = h(a) is non-zero. Terms in d/(a) correspond to various resolutions
of the crossings in a’; terms in 29 (a) correspond to resolutions of the crossings in a.

We partition the set of crossings in a into the following types:

* the set A of crossings in a that involve one of the strands s; and s5;

* the set B of crossings in @ do not involve either s; or s, and which leave i{ and i,
unchanged;

» the set C of crossings in a that do not involve either s; or s but which change
i1 and 7. Such a crossing occurs between strands s3 and s4 with the following
properties: s3 crosses p and its initial point is smaller than i; and s4 does not
cross p and its initial point is greater than i,.

See Figure 10 for illustrations. Let A’, B’, and C’ be analogous crossings in a’,
with the understanding that A’ does not include the distinguished crossing ¢, between
s} and s} (see Figure 11). The resolution of a’ at go, of course, gives back a; i.e.,
8q6h(a) =a.

There is a bijection between A and A’ which gives a cancellation of terms in
dh(a) involving s1 or s, with corresponding terms in A’. We construct this bijection
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§382 8§1 S4 p S§3 82 S4 81 p

§382 8§11 S4 P $3 82 S4 81 V4

Figure 11. Types of crossings. The dashed lines represent the position p.

¢: A — A’ explicitly, as follows. Suppose there is some strand s3 which meets s U 52,
so that the intersections s3 N (51 U s5) are of type A. There are two subcases. Either
$3 N (51 U s2) consists of one point, call it g; in which case s3 N (s] N s5) consists
of one point, and we define ¢(g) to be that point. Or, s3 N (s; U s3) consists of two
points, denoted ¢g; and ¢5; and also s3 N (s; N s2) consists of two points, as well,
which we denote ¢} and ¢5. We can label {g1,g>} so that the resolution of a at ¢; is
in the kernel of /2, while the resolution at ¢» is not. Similarly, we can label {g], g5} so
that the resolution of (a) at ¢} contains a double-crossing, but the resolution at g5
does not. See Figure 12. Clearly,

dp(q) © h(a) = hod4(a),

where 9, is as in equation (4.8). (Indeed, for ¢ = g1, both terms vanish.)

There is a similar one-to-one correspondence between elements in B and those
in B’, giving a further cancellation of terms d,4/(a) with those in h o d4(a) (with
q € B).

The remaining terms in d o 4(a) and h o d(a) all correspond to crossings in C or
C'.

Note that the only way a resolution at a crossing between strands other than s; and
5> can change i or i is if that resolution properly increases f'; i.e., all the terms ¢ in
dh(a) + hd(a) corresponding to the resolutions at C or C' have f(c) > f(a) = f(a’).
This completes the verification of equation (6.1) when s; and s, do not cross.

The formula where they do cross follows similarly. ]

Lemma 6.7. If the condition (Q-1) from Theorem 6.4 is violated, then we have
H(Q(x,y;w)) =0.
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52 81 s3 P §2 81 s3 p

Figure 12. On the left, we have intersection points of type A4, and on the right, we have their
corresponding intersection points in A’. The top two rows represent cases where |s3 N (s; U
s2)| = 1, while the third represents the case where |s3 N (s1 U s2)| = 2.

Proof. Condition (Q-1) is equivalent to the following condition for all p=1,...,m—1:

1 ifpedxny,
xex|x=pi-#yeyly=p)={ (6.2)
0 ifpexny.

Let &, denote the set of (unlifted) strands as in Definition 6.5. It is elementary to
verify that
#Hrex|x=pj—#yeyl|ly<pi=IEl

Thus, Lemma 6.6 shows that if
H*(Q(X’ y’ w)) 7& 07
then

1 ifpexﬂy}

c < —# S =<
{xex|x=<p}—#y y|y_P}+{O otherwise

<#Hxex|x=p}—-#Hyeyly<p =L
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There is an isomorphism of chain complexes Q (X,y; w) = Q(r(x),r(y),r(w)), where
r is reflection of the interval. This gives the other bound

<1

1 ifpexﬂy}

—X € < #{y e <
{rex|x=p}+#y yly_p}+{0 otherwise < 1

needed to complete the verification of equation (6.2). |

Let rp, resp., £, denote the number of lifted right-moving, resp., left-moving lifted
strands that cross p + %

Lemma 6.8. Suppose that a € Q(X,y; w) represents a non-trivial homology class in
H(OQ(x.y:w)). Then, a is a sum of pure algebra elements with |r, — wp| < %for all
p=1,....m.

Proof. Clearly, r, —{, = #(x e x < p) —#(y € y < p). Lemma 6.7 implies that if
Hy(Q(x,y;w)) # 0, then r, — £, < 1 for all p. The stated inequality follows from
the fact that r, + £, = 2w,. [

Lemma 6.9. Let w be a non-constant vector with the following properties:

* there is some integer ¢ > 0 so that w; > ¢ for some i,

* Hi(QOw)) #0.
Then, for alli, ¢ < w;, and d > 2kc.

Proof. Let a be any representative of Q4(X,y; w). Choose p so that exactly one of
Wp—1 OF W), is greater than ¢. By symmetry, we can assume that there is a right-moving
lifted strand s that either starts (when w, > w,_1) or terminates at p. Moreover, by
Lemma 6.8, there are at least ¢ additional lifted strands that cross position p from
the left. If a fails to be excessive, which is inevitable by Lemma 6.6, all ¢ of those
lifted strands, and the additional strand s, must have equivalent starting points; i.e.,
there is an unlifted, right-moving strand that either starts or ends at p, and that covers
the entire interval [1, m] with multiplicity at least c. The bounds on d and ¢ follow
readily. |

Definition 6.10. Let (x,y, w) be a compatible triple, and suppose that there is some
integer ¢ sothatc < w; <c + 1foralli = 1,...,m. The associated canonical cycle
is the element z = z(x,y; w) € Q(X,y; w) characterized by the following properties:
s w;(z)=w; —c,

* if s is any right-moving strand in z, then the terminal position of s is not the initial

position of any other right-moving strand in z.

An element z € Q(X,y) is called a canonical cycle if there is a vector w for which z
is the canonical cycle associated to (x,y; w).



The pong algebra 753

=
)

R =)
R =)
- -
_-_—— e e = ———r

- - ————
=)
B =)
B T=)
- -
B =)
=)

Figure 13. Canonical cycles. Here are six canonical cycles; the multiplicities are indicated at
the dotted lines. (Note that there is another cycle homologous to the third on the top line with
the same multiplicities and idempotents.) Cycles in the second row are obtained as resolutions
of crossings on the first row.

For example, if all the components of w; are integers, then z is the product of those
Xx; xj4, for which wy;, = ¢ + 1, with the factors are arranged so that i is increasing.

See also Figure 13.

Lemma 6.11. Ler (X,y; w) be a compatible triple. Suppose that there is an integer
¢ with the property that ¢ < w; < c + 1 for all i and w; is not constant. Let z =
z(X,y; w) be the associated canonical cycle. Q'(x,y; w) is quasi-isomorphic to the
subcomplex (zQ)(x,y;w) =z - Q'(y,y; (c,....c)) C O'(x,y; w). In particular, if w
is a non-constant vector with w; <1 foralli, then H(Q'(X,y;w)) is one-dimensional.

Proof. Fix some p so that w,—1 = wp = ¢ + 1 and p € x Ny, consider the subspace
L, C Q'(x,y; w) generated by pure algebra elements a with the property that the
strand out of p is left-moving. It is easy to see that L, C Q'(x,y; w) is a subcomplex.
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We claim that the inclusion map L, — Q’(x,y; w) is a chain homotopy equiva-
lence. To verify this, consider the map

hp: Q'(x,y:w) — Q' (x,y, w)

which is defined to vanish if a is not excessive; otherwise, h » (a) is as defined in the
proof of Lemma 6.6. Observe that if the strand out of p in a is left-moving, then the
strand out of p in hp(a) is also left-moving; i.e., i,(L,) C L,. Observe also that the
quotient Q'(x,y; w)/L, is generated by excessive elements: the strand out of p, the
strand into p, and the ¢ additional strands that cross position p cannot all coincide,
for otherwise, we would get an inequality w; > ¢ 4+ 1, violating our hypotheses. It
follows now from the proof of Lemma 6.6 that H(Q'(x,y; w)/L,) = 0, verifying
that L, — Q’(x,y; w) is a quasi-isomorphism.
More generally, let

S={pe{1,...,m}|wp_1 =wp=c+1andpexﬂy}.

Givenany T C S, let Ly C Q’(w) denote the intersection N;e7 L;. We claim that
forany p € S\ T, hp, maps Lt into L. (The homotopy operator 4, introduces a
crossing between two right-moving strands in the lift; these strands could start out
left-moving or right-moving at their initial points in the projection; but the homotopy
operator never changes left-moving to right-moving or vice versa. In a special case,
for the strand through p, it might turn a right-moving strands into a stationary one;
but here we are specifically considering p € S \ T.) It follows that the inclusion
L{pyur — L7 is a quasi-isomorphism. Thus, by induction, Lg C O'(x,y;w) isa
quasi-isomorphism.

It remains to show that Ls = (zQ’)(w). This can be seen as follows. Choose p
minimal so that w, = ¢ + 1 and p € X. If p = x4, the strand out of p moves to the left,
so we can factora = zg - a’, where zg = X, p. Assume that p = x; > x;. Let x; 41 €X
be the successor of p = x; € X, and choose the maximal y; €y so that x; < y;. If
Yj < Xit+1, We can write a = zq - a’, where zg is the algebra element associated to a
strand from x; to y;. If y; > x;41, the strand out of ¢ = x; 1 necessarily moves to
the left (because either wy > wg—1; or if wy = wy—1, but in that case a € Lg). Thus,
we can factor @ = zg - a/, where zg is the algebra element consisting of two strands,
one of which goes (to the right) from x; to x;+1, and the other leaves x; 4, going to
the left, and terminating at y;_;. In cases where the weight vector of w’ = w(a’) is
constant, we have the desired factorization. Otherwise, we can use the induction on
the support of z, noting that z(a) = zg - z(a’). [

Lemma 6.12. Let w be a non-constant vector with the property that max w; > 1, then
H(Q'(x,y:w)) = 0.
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Proof. By Lemma 6.9, we can assume that there is some integer ¢ so that ¢ < w; <
¢ + 1; by hypothesis, ¢ > 0. Let z = z(X,y, w) be the canonical cycle. We wish to
analyze the chain complex

OHx.y;w) =z- Q'(y.y: w — w(2)).

Note that there is an integer ¢ so that for all i, (w — w(z)); = c. Let O° denote the
algebra Q(k + 1, k). There is an identification of Q(y,y; w — w(z)) with the portion
of Q% whose support is the constant vector ¢ with k 4 1 coordinates, which we write
as 0%(c).

Indeed, let

L={i|ieywi(z)>0} and R=1{i|iecy wi_1(z) >0, w;(z) =0}.

At each position i € L, the strand out of z is left-moving; at each position i € R, the
strand out of z is right-moving.

We claim that (zQ’)(x,y; w) is the quotient complex of Q° by the differential
right ideal generated by X; ; withi € L and X ; with j € R.1i.e.,

QO
z-0(y.y) = ( . (6.3)
Dier Xig 00+ ZjeR Xs.j 0°),
Let dy be the dimension (number of crossings) in z. It follows from equation (6.3)
that (zQ(w))g = 0if d > do + 2ck; and (zQ(w))g,+2¢k is spanned by the elements
{z - (Xo,i  Xik+1) 2 - (Xik+1 - Xo,i)¢ }o<i<k+1, With the understanding that

z-(Xo,i - Xik+1)° =0

exactly when i € R; and
Z+(Xik+1-X0,) =0

exactly when i € L. It follows that H((zQ'(w))4) = 0 forall d > dy + 2ck.
It remains to show that H((zQ(w))4) = 0 for all d < dy + ck. Since w is non-
constant, there is some p € x U y with the property that

min{w,_1, Wy} < ¢ < max{wp—i, Wp}. (6.4)

Our verification is subdivided into four (very similar) cases, according to whether or
not p € x and whether or not w,_1 < wp.

Suppose first that there is some p € x so that w, > ¢, wp—1 < wp. There are
¢ right-moving strands that cross position p; and an additional right-moving strand
that leaves position p. If all the elements of Q,(x,y; w) are excessive at p, then
Hi(Q«(x,y; w)) = 0 by Lemma 6.6. If these elements are not all excessive, the
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(unlifted) strand leaving p covers all of the interval with multiplicity at least c. Thus,
all k of the strands leaving z must cross this moving strand with multiplicity at least
¢, giving the inequality d > do + 2ck, provided that there is some p € x with w, > ¢
and wp—1 < Wp.

The same argument applies when there is some p € x so that w, 1 > w, and
wp—1 > ¢, only now using the strand entering p (rather than the one leaving p).

Finally, there is no p € x so that equation (6.4) holds, there must be such a p €y;
and the result follows from symmetry. ]

Lemma 6.13. Suppose that there is a ¢ so that w; = c for all i. Fix any idempotent
state x. Then,
F ifc=0o0rl,

0 otherwise.

H(Q'(x.x;w)) = {

Proof. The case ¢ = 0 is obvious. Since w is constant, it follows that x = y. Let
p = x1 € x be the smallest element, and let L C Q' = Q’(x,y; w) be the subcomplex
generated by all pure algebra elements for which the strand out of p is left-moving.
Consider the short exact sequence

0— L(w) —> Q(w) - (Q/L)(w) = 0.

Observe (Q/L)(w) is generated by excessive elements and the single non-excessive
element (X, - Xo,p)¢ (which in fact is the image of €2 under the quotient map).
It follows at once that H.((Q/L)(w)) is one-dimensional, generated by €. Thus,
H((Q'/L)(w)) = 0.

As in the proof of Lemma 6.11, L = X , - Q. We claim if w’ is obtained from
w by subtracting 1 from its first p coordinates, then the map Q’(w’) — Q’(w) given
by a = Xo,p - a is an isomorphism of chain complexes. Lemma 6.12 gives the stated
result when ¢ > 1; while Lemma 6.11 gives the result when ¢ = 1. Note that in this
case, z(X,X; W) = Xy, x, -+ * Xx;,m, s0 the non-trivial homology class in Q'(w) is
represented by Xo x; =+ X m- ]

Proof of Theorem 6.4. Condition (Q-1) was verified in Lemma 6.7; Condition (Q-2)
is a combination of Lemma 6.9 (when the vector is non-constant) and Lemma 6.13
(when the vector is constant).

The fact that the homology has rank one in the remaining cases follows from
Lemmas 6.13 and 6.13. ]

Theorem 6.4 has the following quick corollary.

Corollary 6.14. There is an isomorphism of algebras

Ho(Q(m,m—1)) = F[Xy,..., Xm, Q/(X? =07 ,. (6.5)
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Proof. Abbreviate Q = Q(m,m — 1) and Q' = Q'(m,m — 1). Clearly, X; are homo-
logically non-trivial elements in H,(Q’). They satisfy X? = 0 (since they do so on
the chain level). They also satisfy [X;][X;] = [X;] - [X;]. When j # i £ 1, the corre-
sponding relation holds on the chain level; [X;][X;+1] = [Xi+1][Xi], since

dXi—1iv1=Xi - Xip1 + Xi1 X;.
Thus, there is a tautological map of rings
T FX1,.... Xn]/(X? = 0™, — H.(Q).

If w is any weight vector with max(w;) < 1, then Q’(w) is one-dimensional,
by Theorem 6.4. (In the notation, we suppress idempotents now, since there is only
one.) In fact, by Lemma 6.11 when w is non-constant, and Lemma 6.13 when w is
constant, H,(Q'(w)) is generated by the canonical cycle from Definition 6.10. Let w
be a weight vector with w; < 1.LetI ={i e {l,...,m} | w; = 1}. Let{ny,...,ng}
be the sequence of elements of /, arranged in decreasing order. It is straightforward
to see that ]_[f=1 Xy, is the canonical cycle of w.

Let ¢g: Q — Q’ denote the natural inclusion map. By construction, the cycles from
H.(Q’) come from cycles in H,(Q); thus ¢ induces a surjection on homology. Thus,
the long exact sequence of the mapping cone becomes the short exact sequence

0— H(Q) L H(Q)— H(Q') — 0.

The corollary follows readily. ]

6.2. The Pong algebra

Given x and y, let Z(x,y) denote the set of canonical cycles z for compatible triples
z(X,y; w), for various choices of w. Each canonical cycle is determined by its weight
vector, which we can take to have 0 < w; < 1 forall ;.

Definition 6.15. Let (x,y; w) be a compatible triple, and suppose that x and y satisfy
max(xs, ys) < min(Xg41, ys+1)- (6.6)

The selected weight vector of (x,y; w), denoted s(z) € Z**1, is given by the compo-
nents

(wo, Wmax(x1,y1)» Wmax(x2,y2)s « + - » Wmax(xg,yx) Win).
Lemma 6.16. Fix two idempotent states x and y satisfying equation (6.6), the map
from Z(x,y) = ZKt1 that maps z = z(x,y; w) € Z(X,y) to the selected weight vector
of w identifies Z(x,y) with the set of vectors § € Z*¥T1 with & € {0, 1}. Under this
correspondence, the dimension of z is given by &;0;.
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Proof. This is mostly straightforward. For the identification of the degree, note that
the crossings in a canonical cycle z = z(x,y; w) are in one-to-one correspondence
with the non-zero components of the associated selected weight vector. |

Fors=1,....k+1,let

min(xs,ys)—1

Vy = I1 vi € Flug,...,uml, (6.7)

i=max(xs—1,¥s—1)

with the conventions that xo = yo = 1 and xx 1 = yr41 = m.

Lemma 6.17. The F[vy, ..., vy]-submodule of P'(x,y) generated by Z(X,y) is a
subcomplex, which is quasi-isomorphic to P'(X,y). Moreover, its differential is spec-
ified by
k= > Vi-(E—e),
{ils; =i}

where e; € Z*+1 s the ith basis vector:

Proof. Again, we use the fact that crossings in a canonical cycle z are in one-to-one
correspondence with the non-zero components of the selected weight vector. It is also
clear that resolving any of those crossings also gives a canonical cycle, times U;. m

Theorem 6.18. The homology of P’ (X,y; w) is zero unless for eachs = 1,...,k — 1,

max(Xxy, ys) < min(Xs+1, Ys+1); (6.8)
and in that case, : |
Flvy, ..., v,
Hy(P'(x,y;w)) = ———————. (6.9)
* 27

Proof. If max(xs, yg) > min(xs41, ys+1) for some s, then H(Q’(x,y)) = 0 by The-
orem 6.4. Now, H(P’(x,y)) has a filtration by U;-powers, whose associated graded
object is copies of Q'(x,y); so if the latter has trivial homology, then so does
H(P'(x,y)).

Otherwise, the verification of equation (6.9) follows quickly from the model chain
complex provided by Lemma 6.17. ]

Proof of Theorem 6.2. If x is an idempotent state (with k components), let
X ={1,....m—1}\x.

The condition that equation (6.8) holds for s = 1,...,m — 1 is equivalent to the
condition that x” and y’ are not too far, in the sense of Definition 3.2.

Moreover, the quotient by the ideal generated by the (V7, ..., Vi) appearing in
Theorem 6.18 corresponds exactly to the quotient described in Proposition 3.3, which
gives Iy - €(m,m — k — 1) - Iy.. Thus, the theorem follows from Theorem 6.18. =
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7. A type DD bimodule

In Section 10, we establish a Koszul duality, identifying the cobar algebra of € (m, k)
with the quotient of the pong algebra Q (m, k) (from equation (1.1)).

This duality is achieved by tensoring a type AA bimodule defined using holo-
morphic methods in Section 8 and a DD bimodule which is constructed using the
following fairly straightforward algebraic considerations.

Let U be the set of atomic generators for Q(m, k) (as in Definition 5.1). Let
f: A — €(m, k) be the map given by

SLji)=Liy1---Lj.  f(Rij) =R Riyr. [f(Xij-To)=Uigy----Uj- L,

provided X; ; - Iy # 0O; i.e., this is the map which maps an atomic generator to the
element of € (m, k) with complementary left idempotent and the same weight.
In Section 5, we introduced certain atomic generators

{Xij}o<i<j<m. A{Lji}li<i<j<m—1. {Rij}i<i<j<m—1-
@, ))#(0,m)
These induce corresponding elements of Q(m, k).
Theorem 7.1. There is a type DD bimodule €% X QUn.k) yyith the following prop-
erties.

e X is isomorphic to I(m,k) as a I(m,k)-bimodule; i.e., there is a set of genera-
tors of X which is in one-to-one correspondence with the idempotent states X, Vx,
so that

s yx - L) = »x
e We have
5 () = ( Y SR)®WS L+ (L) 8 n® R,-,j)

1<i<j<m-—1

+( > f(Xi,j)®]/x®Xi,j). (7.1)

0<i<j<m

More conceptually, in view of Proposition 5.3, we can interpret §! as the sum over
all atomic elements a of pong tensored with the element of € with the same weight
asa.

Lemma 7.2. If o and B are two atomic generators (for Q(m,k)). Then, one of the
following three properties holds:
e - ﬁ = O,

e There is another pair &' and B’ of atomic generators witha - § = o' - p/,
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» «a-PBisoftheform Ryp - Rpcor Lep - Lpg,
* o-Bisoftheform Rpc- Rap, Loa Lep, Xap - Xpe or Xpe - Xap.

Proof. The atomic generators satisfy the following relations. Fora < b < ¢ < d,

Xa,d : Xb,c = Xb,c : Xa,d»
Xa,b . Xc,d = Xc,d . Xa,b-

Also, foranya < b <,

Xa,b : Xa,c = Aq, " Xa,ba (72)
Xa,c : Xb,c = Xb,c . Xa,c; (7.3)

and indeed, both sides of equation (7.2) vanish if 0 < a; similarly, both sides of equa-
tion (7.3) vanish if c = m. Fora < b <c¢ < d,

Rap-Rea =Reaq-Rap,
Ra,c - Rpa =0,

Rpa-Rac =0,
Rad-Rpe=0=Rpc-Rgaq.

(Ra,c - Rp,c = 0 because the juxtaposition contains a double-crossing; Rp ¢ - Rg,c =0
because of the idempotents). Corresponding identities hold with L ; ; in place of R; ;.
For any a < b < ¢, we have the following:

Rac Lpa = Xap- Rpy,
Lc,b : Ra,c = Ra,b : Xb,c,
Rac Lpa = Xpe Lbas
Rap Lea=Lep: Xap-

Foranya < b,if &, 5,120 € {Xap. Rap. Lp.qa}, we have that

Sa,b *Nab = 0.

(When € is of type R, this holds for idempotent reasons unless 7 is of type L, in which
case it holds because of a double-crossing if b > a + 1. Moreover, R 441 La+1,0 =
Ua41 in P (m, k), therefore, the product vanishes in Q (m, k).) ]

Proof of Theorem 7.1. According to Lemma 7.2, the terms from (u, ® Id ®u,) o
(Ide ®8! ® Idp) o 8! have possibly non-zero terms of the following types:

* a®Y¥x® Rgp- Rp;butin this case o = 0,
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* ¢®Yx®Lcp-Lpg;butinthiscasea =0,

* terms of the forma ® yx ® Ry - Rap,

e terms of the forma ® yx ® Lp 4 - L p,

* termsof theforma ® yx ® (Xap - Xpe + Xbe - Xab)-

These terms, in turn, are those that appear in (Id ® Id ®9) o §!. (See Lemma 5.4.) =

7.1. Gradings

Endow Q with the Z-grading N inherited from the Z-grading on P (m, k) specified
in equation (4.9).

Proposition 7.3. Consider the type DD bimodule X = € X2 constructed above.
Suppose that there are generators x and y so that §'(x) contains a @ y ® b with
non-zero multiplicity. Then, w(a) = w(b) and N(b) = —1.

Proof. This is straightforward from the definitions. ]

In the language of Section 2.2, the above proposition states that X is a Maslov—
Alexander graded type DD bimodule supported in grading 0, where C = €(m, k) is
given the trivial Z-grading and %Z'”-grading specified by the weight vector; and Q
is given the Z-grading N and %Zm—grading given by —1 times the weight vector.

8. Holomorphic aspects

Fix integers m and k with 0 < k < m.

We endow € (m, k) with a trivial grading—every element is supported in grading
0. Endow Q(m, k) with the renormalized grading N(a) = #cross(a) — 2(}_; w;(a));
while € (m, k) is thought of as having the trivial (i.e., vanishing) Z-grading.

Our aim is to prove the following theorem.

Theorem 8.1. There is a Maslov-Alexander bigraded, strictly unital type AA bimod-
ule o (m k) Yemn k) with the following properties.

(Y-1) Y is isomorphic to I(m, k) as an I(m,k)-bimodule; i.e., there is a set of
generators of Y which is in one-to-one correspondence with the idempotent
states X, so that

Ii- Y- Iy = Ys

XY-2) Ifi exandi +1¢&x, letx = (xU{i +1})\{i}, then

myn(Ri, Yo, Li) =Yy and my(L;, Yy, Ri) = Yy.
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(Y-3) If{i,i + 1} C x, then
my(Xi, Yx, Up) = Y.

(Y-4) If 1 € X, then
m1|1|1(X1,YX, U1) = YX.

(Y-5) If m — 1 € X, then
my1(Xm, Yx, Un) = Yx.

(Y-6) The bimodule Y is supported in grading gr = 0 and v = 0.
See equations (2.2) and (2.3) for the grading conventions on bimodules used here.

Remark 8.2. We have assumed throughout that 0 < k < m. In the case where k = 0,
€(m,0) = F, and U; = 0, so the above statement does not make any sense. Although
the following discussion does work k = m — 1, in the applications, we will not need
Theorem 8.1 in that case; see Section 12.1.

The above bimodule is constructed as follows. First, we construct bimodules asso-
ciated to certain types of Heegaard diagrams by suitably adapting bordered methods
(cf., [10,20]). The bimodule is then associated to a simple “half-identity” Heegaard
diagram (in the spirit of [8]). The verification of the properties from Theorem 8.1 is
fairly routine.

Most of this section is devoted to importing bordered methods; the proof of The-
orem 8.1 is given at the end of this section.

8.1. Lifted partial permutations and mirror-matched circles

Definition 8.3. Fix an integer m > 2. Let P be a set of 2m — 2 points in the circle,
equipped with a fixed-point free involution M (called a matching) that extends to an
orientation-reversing involution of the circle. The data (S 1 P, M) is called a mirror-
matched circle with m — 1 pairs.

Definition 8.4. A path p: [0, 1] — S! is called Reeb-like if its local degrees away
from p(0) and p(1) are non-negative. We view two Reeb-like paths as equivalent if
they are homotopic relative to their endpoints. The initial point p(0) is denoted p~ and
the terminal point p(1) is denoted p™. A set p of Reeb-like paths is called consistent
if for any two distinct py, p» € p, the set {p7, p5, M(p7), M(p5)} consists of four
(distinct) points; and also { pf, p;r M (,0;r )M (,o;r )} consists of four points. (Note that
if p consists of a single Reeb-like path, then it is automatically consistent.) Finally, if
p is a set of Reeb-like paths, let p—, resp., p* denote the set of initial, resp,. terminal
points of each path in p,
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Definition 8.5. Let (S!, P, M) be a mirror-matched circle with m — 1 pairs. For each
integer | <k <m — 1, an M -consistent constraint packet consists of a pair of subsets
S,T C P/M and a consistent set p of Reeb-like paths p with the following properties:

e p /M CS,

« pT/MCT,

* ISI=1T[=k,

« S\(/M)=T\(p"/M).

We write an explicit model for a mirror-matched circle, as follows. The circle will
be thought of as the quotient R /2mZ, the involution r is induced by the map x — —x
(thought of as in involution of R), and

. 1ym—1
P = {l + §}i=—m.

For the above parametrization of the mirror-matched circle, a set of homotopy
classes of Reeb-like paths corresponds to a subset S C P with S N —S = @, and a
function f: S — % + Z, with the property that s < f(s) foralls € S.

Let (S, f) be alifted partial permutation. There is a corresponding M -consistent
constraint packet defined as follows:

e SC §/2mZ is the image of those o € S witho < f(o),

e T = f (S/2mZ) consists of the equivalence class of those f (0) € R with the
property that o < f (o).

Proposition 8.6. The above map sets up a one-to-one correspondence between lifted
partial permutations on k letters and M -consistent constraint packets.

Proof. The argument is straightforward, amounting to the observation that f (0) <o
if and only if f(—0) > —o0. ]

On the level of pong diagrams, the above one-to-one correspondence can be de-
scribed as follows. Start from a pong diagram for a lifted partial permutation, and
reflect it once (to obtain two fundamental domains for the G,, action). Next, remove
all the strands that are moving down and to the left. Finally, view the resulting picture
as taking place on S! x [0, 1] (where S' = R/2mZ). See Figure 14.

Definition 8.7. If ¢ is an M -consistent constraint packet, and |o'| < k, we define the
corresponding pong algebra element a (o) as follows. When || = k, let a(o) be the
element of & (m, k) associated to the corresponding lifted partial permutation as in
Proposition 8.6. When |o| < k, we sum over all lifted partial permutations obtained
by extending by the identity map the given lifted partial permutations.
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Figure 14. Pong diagrams to Reeb-like chord packets.

8.2. a-f bordered diagrams

Definition 8.8. An «-f-bordered diagram J¢ consists of the following data.

* An oriented surface ¥ with genus g, whose boundary is decomposed as a disjoint

union
0% = 0, | [ 0p.
* A collection {ay, ..., an—1} of a-arcs whose boundaries lie on 0.
* Acollection {B1, ..., Bm—1} of B-arcs whose boundaries lie on dg.

A collection {af }¥_, and {B¢}¥_, of pairwise disjoint, embedded circles.
* The boundary 9, consists of a disjoint union of circles Z1, ..., Z,,, labeled so

that «f is a path from Z; to Z; ;.

» The boundary dg consists of a single mirror-matched circle Z, where the matching
is given by the endpoints of the §; arcs.

This data is also required to satisfy the following compatibility condition. If we cut
3 along all the B-circles and arcs, we obtain m components By U --- U By, with the
following properties.

» The B; has a boundary component 8;_1 (unless i = 1, in which case this boundary
component is empty) and another boundary component 8; (unless i = m, in which
case this boundary component is empty).

* The boundary dB; meets Z in one arc if i € {1, m}, and it meets Z in two arcs
otherwise.

* B; meets exactly one component of dg.

The boundary component dg is the “pong-bordered” portion of the boundary of
J¢ mentioned in the introduction.

The key example of an «-B-bordered diagram J—indeed, the only one we con-
sider in this paper—is the half-identity diagram #,,, indexed by the integer m, defined
as follows. ¢, has genus 0 and m + 1 boundary components, as pictured in Figure 15.
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Figure 15. Half identity diagram with m = 3.

Definition 8.9. The half-identity diagram J is obtained from a genus 0 surface with
m + 1 boundary components, one of which is dg; and the remaining m boundary
components are labeled 3, ..., 3. Draw an arc o; from 9’ to 3.7, and let B; be an
arc from dg to itself that is disjoint from all «; with i # j, intersecting «; in a single
transverse point.

It follows from the definitions that to each «-B-bordered diagram J¢, there is a
permutation o on m letters with the property that B; meets Z, ;). For the half-identity,
this permutation is the identity.

8.3. Heegaard states for bordered diagrams

Definition 8.10. Let J be an a-B-bordered Heegaard diagram as in Definition 8.8.

Fix an integer 0 < k < m. A k-fold Heegaard state consists of the following data.

* A k-element subset S C {l,...,m—1}.

e A k-clement subset T of {1,...,m — 1}.

* A g + k-tuple of points x

satisfying the following conditions:

* X C (Uses @) U (UiZ o)

* X C (Urer B U (U, B,

» each a-circle contains exactly one component of X,

e each B-circle contains exactly one component of x,

» foreachs € S, the corresponding a-arc o contains exactly one component of x,

* eacht € T, the corresponding B-arc B, contains exactly one component of x.
Note that S and 7 are determined by x. Let S(#) denote the set of Heegaard

states of .
We associate to # a type AA-bimodule g n k) CFPC(H ) e(m k)-
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AsaZ/27Z-vector space, CF/P\C(J( ) is generated by Heegaard states. The I (m, k)-
bimodule structure is specified by

Ig -x-Ir = x,

where the sets S, T C {1,...,m — 1} are as in Definition 8.10.

Actions on the module C/F\PC(Jf) are defined by counting holomorphic disks,
modifying the definition from [20] slightly to take into account the dg boundary. (See
also [8, 9].) We pause our definition now to describe elements of the holomorphic
theory, returning to the definition afterwards.

8.4. Pseudo-holomorphic curves

Following [7], we consider pseudo-holomorphic curves in ¥ x [0, 1] x R — X with
respect to an admissible almost-complex structure [20, Section 5].
We consider J-holomorphic curves

u:(8,98) > (T x[0,1] xR, (¢ x {1} x R) U (B U {0} x R)),

satisfying the asymptotic conditions of a pre-flowline (cf., [20, Definition 5.4]), with a
few minor modifications: now there will not be any punctures marked by Reeb orbits,
and there will be constraints on both d,# and dgH.

We outline the construction in a little more detail presently.

Definition 8.11. A B-constraint packet o is a union of Reeb chords on dgJ¢. The
constraint packet is called algebraic if

* for any pair 0, and o} of distinct chords in ¢, the two initial points o, and o, lie
on distinct -arcs,

« for any pair 0, and o}, of distinct chords, the two terminal points o] and 0; lie
on distinct B-arcs.

An a-constraint packet p is defined similarly. In that case, the constraint packet is
called algebraic if the following third condition is also met.

* Any two distinct chords in p lie on distinct boundary components.

Definition 8.12. A profile is a triple (x, p, &) consisting of
* aHeegaard state x,

 asequence of a-constraint packets p = p;,..., p,,

¢ asequence of B-constraint packets @ = 0'1,...,075.

A profile is called boundary monotone, in which case we also define its «-set, denoted
a(x, p) (which is independent of the ¢ ); and its B-set, denoted B(x, &), if the following
conditions hold:

* a(x) Da(sy),
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* B D B(py)s

e fori =1,...,5— 1, the initial points ¢ all lie on distinct a-arcs, the terminal
points oz;r all lie on distinct B-arcs, and

a(e;) Ca(x,{01,...,0i-1}),
in this case, we define the a-set to be

ax,{01,...,0;}) = (a(x, {01,...,oi_1})\ai_) Uoi+,

e fori =1,...,r — 1, the initial points p; all lie on distinct B-arcs, the terminal
points piJr all lie on distinct B-arcs, and

B(p;) C B Ap1s---2Pi—1)),

in this case, we define the §-set to be

BE APy pi}) = (BEAPy. - pi1 D)\ p7) Upy.

Note that for a boundary monotone profile (x, (6'1,...,05), (p1,-..,p,)), all the
chord packets o; are algebraic, in the sense of Definition 8.11, and we can define
corresponding algebra elements a(o;) as in Definition 8.7. The packets o ;, however,
need not be algebraic in the sense of Definition 8.11 (though we will often require
them to be). When they are, we can define algebra elements a(p;) whose weights
coincide with the Reeb chords.

The map from algebraic S-constraint packets to € (m, k) and the map from alge-
braic «-constraint packets to Q(m, k) are both denoted a; however, the distinction
should be clear from the context. Also note that the map from algebraic chord packets
to elements of Q(m, k) is injective; whereas for € (m, k), the corresponding map is
not injective. For example, the algebra element U;Iy wheni — 1,i € x, can be repre-
sented by either length 1 chord which covers Z;.

Definition 8.13. Fix an «-f bordered diagram # as in Definition 8.8, and an integer
k with 0 < k <m — 1. A decorated source § is the following collection of data:

* asmooth oriented surface S with boundary and punctures on the boundary,

» alabeling of each puncture of § by one of +, —, or a Reeb chord on 9.#.

Let P(S), resp., Q(S) denote the set of punctures marked by chords on dy #, resp.,
dgH.

Definition 8.14. A pre-flowline is a map

u:(8,08) > (T x[0,1] xR, (e x {1} x R) U (B x {0} x R))
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subject to the constraints:
(M-1) u: 8§ — X x [0, 1] x R is proper,
(M-2) u extends to a proper map #: 8’ — % x [0, 1] x R, where §’ is obtained
from § by filling in the punctures labeled by Reeb chords,
(M-3) mp o u is a d-fold branched cover, where d = g + k,
(M-4) Ateach —puncture g of §, lim,4(¢ o u)(z) = —oo,
(M-5) Ateach +-puncture g of §, limz4(f ou)(z) = 400,
(M-6) Foreach p e P(S)U Q(S),lim;—4 (s o u)(z) is the Reeb chord p label-
ing p,
(M-T) There are generalized Heegaard states x and y with the property that as
t > —00, Ty o u is asymptotic to x and as ¢ > 400, Ty o u is asymptotic
toy,
(M-8) Foreacht e Randi =1,...,g, u_l(ﬁf x {0} x {t}) consists of exactly
one point; and also u ™! (af x {1} x {t}) consists of exactly one point,
(M-9) Foreacht e Randi = 1,...,m,u" (o x {1} x {t}) consists of at most
one point; and also u~1(B; x {0} x {t}) consists of at most one point.
If u is a pre-flowline, the associated profile is the data consisting of the initial state

x, and the sequences &, resp., p, consisting of the images of the P(S), resp., Q(S),
ordered according to the value of ¢ o u.

Fix the following data:
* X,y € S(¥),
» compatible sequences of constraint packets p and o,
* ahomology class class B € m,(X,Yy),

and let MB(x,y: $, p, ) be the moduli space of holomorphic representatives of B
whose asymptotics are as specified by the profile (x, p, ).

8.5. A digression on the index

We collect here properties of the index of holomorphic curves. This discussion is
mostly an adaptation of [10, Section 5.7.1].

Following [10] (see also [20, Section 7]), for a packet p of Reeb chords, let
t(p) = inv(p) —m([p], p~), inv(p) denotes the minimal number of crossings between
the various chords (i.e., this coincides with inv(p) when p represents a lifted partial
permutation on a mirror matched circle), and m([p], p~) denotes the sum over all the
initial points p of the chords p~ of the average local multiplicity of [p] near p. For
example, if the packet consists of the single chord p = {p}, then —i(p) is the total
weight of the chord.
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Suppose that x and y are two states, and (B, p = (p;,...,0,),0 = (01,...,0%))

is strongly boundary monotone. Let |p| = r and || = s. Define
Xemb(B, p,0) = d + e(B) — nx(B) —ny(B) — 1(p) — (), (8.1)
ind(B.x.y: p) = e(B) 4+ nx(B) + ny(B) + |p| + |o| +(p) +(6),  (82)

where ((p) = Zf=1 t(p;).

Remark 8.15. Observe that constraint packets p; in p = (p;,. . ., p,) that we consider
here consist entirely of chords; whereas in [20, Definition 7.9], the formulas allowed
for additional orbit constraints. Also, when comparing with the formulas from [20],
bear in mind that the Euler measure there is taken on the compactification of the
Heegaard surface; this is why the total weight on the boundary appears there.

The following proposition is proved in [ 10, Proposition 5.69] [7, Proposition 4.2];
compare also [20, Proposition 7.11].

Proposition 8.16. If M2 (x,y. S, p, &) is represented by some pseudo-holomorphic
representative u, then x(S8) = Yemv(B) if and only if u is embedded. In this case, the
expected dimension of the moduli space is given by ind(B, X, y, p, 6). Moreover, if
a strongly monotone moduli space has a non-embedded holomorphic representative,
then its expected dimension is < ind(B, X, yp, ) —2

Proposition 8.17. If (x, p, &) is a profile with the property that each of the & ; and p;
are algebraic, then the profile is boundary monotone if and only if

a(py) ® - ®alp;) ®xQa(01) ®---Qa(o,) #0

in Q(m,k)®* QY(H)RE(m,k)®", where all tensor products are taken over I (m, k).
Moreover, in this case,

e(B) + nx(B) + ny(B) = ind(B,p,6) —r —s + 1(p) + (7).

Proof. This follows as in [20, Lemma 8.7]. The equation is a straightforward conse-
quence of equation (8.2). |

8.6. Codimension one ends

Following [10, Theorem 5.61], we name various kinds of codimension one ends of
this moduli space.

* A two-story end corresponds to a decomposition
B Y - S~ B R S-S
M I(X’pvslvplso'l)xfj% Z(vaa 823p2’02)’

where p € S(H#), B; € m2(X,p), B2 € m2(p,y), B = B1 + B».
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Figure 16. Some codimension one ends. On the left, we have illustrated an odd shuffle curve
end; on the right, a join curve end.

-

An odd shuffle curve end is an element of M5B (x,y;S’, p’, ") obtained by picking
two punctures ¢; and g, whose corresponding Reeb chords o and o> (on dg )
are constrained in the same packet and nested. Here, $’ is obtained by pre-gluing
an odd shuffle component with punctures ¢} and g5, labeled by interleaved Reeb
chords o7 and o7, Here, P’ is obtained from P by replacing the chords o7 and o>
by o1 and o; while Q' = Q. (Note that there is no space on the cylinders attached
to 0y J¢ for shuffle curves, as in [20].) See the left of Figure 16 for a schematic.

A join curve end M(x,y:;8’,p’,&") is determined by choosing a Reeb chord label
p (which can be on dq ¢ or dgH) for one of the punctures g of § and a decom-
position ¢ = g W 03. The decorated source §” has two new punctures ¢; and ¢,
so that § is obtained from §’ by pregluing a join component to §’ at the punctures
¢1 and ¢g». The sequences of constraint packets for ,5/ and ¢’ are obtained from P
and ¢ by replacing a single copy of p by the two chords p; and p;. See the right
of Figure 16 for a schematic.

>/ o

A collision level is an element of M5 x,y;:8,p, a') obtained by contracting the
arcs on 9§ that connect punctures whose labels lie in two consecutive packets (p;
and p; | of f), or o; and 0,41 of ), and replacing the constraint packet by the
one obtained by forming the join of those two constraint packets.

Theorem 8.18. If (x, p, &) is strongly boundary monotone and B € m,(X,y). Fix §
so thatind(B, 8, p, &) = 2. Then, the total number of ends of M = MB(x,y; S:p,d)
of the following kinds is even:

two-story ends of M,
Jjoin curve ends of M,
odd shuffle curve ends on M,

collision of levels of i and i + 1, in which case the packets in the colliding levels
are weakly composable.
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Proof. This follows as in [10, Theorem 5.61], though a few remarks are in order. The
codimension-one phenomena on the f-side are those listed above, as in [10, Theo-
rem 5.61]. As in that case, there are also possibly even shuffle-chord ends, but those
cancel in pairs. (See [10, Proposition 5.42].)

There are also possibly codimension-one phenomena on the «-side, which are
enumerated in Theorem [20, Theorem 7.17]. In that statement, there were additional
curves we did not consider here—the “orbit curve ends” from [20, Theorem 7.17].
These do not appear, however, since the constraint packets we consider here do not
contain Reeb orbits.

Boundary degenerations appearing as limiting objects cannot be ruled out using
the same logic as in [10]: the B-arcs are not homologically linearly independent.
However, our hypotheses on # (Definition 8.8) ensure that all the regions which are
obtained by cutting along B-arcs (i.e., which support 8-boundary degenerations) also
meet the a-boundary. Thus, f-boundary degenerations occur in moduli spaces which
contain closed Reeb orbits on that a-side; but these are not moduli spaces we consider
presently. A simpler argument also rules out @-boundary degenerations. ]

8.7. Actions on the bimodule

Let # be an a-B-bordered diagram, and let Q(m,k)C/F-\PC(Jf )e(m, k) be its associated
I(m, k)-bimodule. Fix a sequence @ = ay,...,a, of lifted partial permutations rep-
resenting algebra elements in Q (m, k) and a sequence

b=hy,... by c€(m,k)
of pure algebra elements. Write
i®X®b=a1® Qa4 ®X®b; ® - ® by.
If&®x®5=0,deﬁne
meys(@1 @ ®a, X b1 ® -+ Q@ ®by) = 0.

Otherwise, if p = py,...,p, and ¢ = 01, ..., 0 are two sequences of constraint
packets, define

a(p) =a(py) ® - ®a(p,) and a(d) =a(o1)® - ®a(0).
Let (x, (p,.--,p,),(01,...,05)) be the corresponding profile with

a(p)) @ ®alp,)®x®a(01)R--Ra(0s)=a1® - Qa, XRb; Q- R by,
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and let

mrllls(alﬂ~~'aaraxsb1""1bs)

MEB(x,y:p.5)
- S5 =2 Ly
R
{ves().5.61ind(B,x,y, p.0) = 1
a(3) ®Xx®aG)=a®x®b)

Theorem 8.19. If # is an a-B bordered diagram, then Q(m,k)CF/P\C(J(’)f(m,k) is a
type AA bimodule.

Proof. The Ao relations are a reinterpretation of Theorem 8.18. See also [20, Theo-
rem 8.1], which in turn is modelled on [10, Proposition 7.12]. [ ]

8.8. The dualizing bimodule

We now turn to the proof of Theorem 8.1.
First, we establish its grading properties.

Proposition 8.20. The dualizing bimodule is graded, in the sense that equation (2.2)
holds.

Proof. Tt suffices to prove that for any boundary monotone profile (x, g, 6) and com-
patible domain B, we have that

mi(aaB) = mi(aﬁB) (83)

and also
|81
ind(B.x.y.5.5) =[] + 1] + Y N@(®). (8.4)
i=1
Equation (8.3) in fact holds for any domain B. It is a consequence of the fact
equation (8.3) holds for each elementary domain. In particular, it follows that
A1
w(p) =w@) =Y wlalp,)).

i=1
Equation (8.4) is equivalent to the condition that for any domain (B, p, 7),
5]

e(B) + ny(B) + ny(B) + 1(p) + 1(3) = Y _N(a(p;)).

i=1
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Since each of the various chords in the chord packets o; lies on different boundary
components (this is the “algebraic” hypothesis from Definition 8.11), it is easy to see
that

1(6) = —w(p).

Let C denote the total count of left- and right-walls hit among all of the pong ele-
ments a(p,),...,a(p,). We claim that e(B) = —w(p) + %, This is a straightforward
computation: cut the diagram # along all the «- and B-arcs. The result will consist
of 2m — 2 elementary domains with e = —1/2, meeting the chords Uy, L1, Ry, L,
Ry, ..., Lm—2, Rjy—2, and Up, 1.

Thus, it remains to verify that

3]
ny +ny +1(p) = 5 + Zcross(a(p,-)). (8.5)

i=1

We prove this by decomposing the domain (B, p, ¢) into elementary pieces, corre-
sponding to the decomposition of pong elements from Proposition 5.2.
Consider the Reeb chords in the first packet p;.

Case 1. If there is a right-moving Reeb chord, consider the rightmost, right-moving
Reeb chord &.

Case 1a. Suppose that there is also a left-moving Reeb chord 7¢ to the right of &;,
and choose the leftmost such strand. If the terminal points of the two strands cross (on
the interval), we can factor off the two oppositely moving chords in their own packet
po- There is a corresponding decomposition

(B9X’ y. {pO’ p/17 plv s pr}) = (BO’ va/’ {pO})#(B/’X/’ Y, {p/17 p2’ DR pr})

(We have suppressed here the chord packets appearing on dg, as they do not affect
either side of the equation. Note that p,, contains a portion of & and no.) If & termi-
nates before the initial point of 79, we can factor off &,

(B,X,¥.{Pg: P> P15+ 0, }) = (Bo, X, X', {{po}N#(B. Xy, {p}, b2, .-, P, }).

Case 1b. There is no left-moving strand starting to the right of the £y—. In that case,
we can factor

(B7X7 y. {pO’ p/17 plv ] pr}) = (B7X’X/’ {pO})#(B’ Xl? y, {p/l’ p27 e pr})’
where p,, consists of a single chord, which is a portion of &.

Case 2. All strands are stationary.
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Figure 17. Decomposing the domain.

Case 3. There are no right-moving strands. There are two cases: either the leftmost
left-moving strand terminates before hitting the wall, or it hits the wall. See Figure 17
for illustrations. (We have drawn the five non-trivial examples of initial domain By in
the order they appear in the text above.)

In all cases, we have decomposed our domain as a juxtaposition of simpler pieces
B = Bo#B’, the first of which has a single chord packet on dg. Verifying equa-
tion (8.5) for the domains By is straightforward, and hence, the equation holds in
general, by induction. ]

Proof of Theorem 8.1. Let €, denote the genus 0 -B-bordered diagram as in Defi-
nition 8.9. The module ¥ is the associated bimodule CF/P\C(J(’ ). Itis an Ao, bimodule
by Theorem 8.19. Property (Y-1) is straightforward. Bigons representing the actions
from Properties (Y-2), (Y-4), (Y-5) are straightforward to see; compare Figure 18.
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Figure 18. Bigons representing actions. Consider Jfs with k = 2. The black dots represent
a generator, corresponding to the idempotent state x = (1, 3), and the white dots represent
y = (1, 4). The darkly shaded bigon represents the action m 1)1 (L4, X, R4) = y; the lightly
shaded one represents m 111 (X1,X, U1) = X.

Property (Y-3) is verified as follows. Consider the moduli space 9! of curves
with the following properties:

* § has genus zero, two boundary punctures labeled by +, and two boundary punc-
tures labeled by —, which divide the boundary into two «-boundaries and two
B-boundaries,

* § has a single puncture on its ¢-boundary, which is labeled with the Reeb chord
RiL;,

* § has two punctures ¢; and g, on the B-boundary, which are labeled R; and L;
(on 3%8).

There is another moduli space IN? defined as above, only now using the chord L; R;.

Boundary monotone elements of 9! U 9N? are precisely those elements for which
1(q1) = 1(q2).

The moduli space M! can be concretely understood as an interval, parameterized
by a cut parameter: cut in along «; and use the Riemann mapping theorem to obtain
a quadrilateral. Each quadrilateral has a single non-trivial involution, which in turn is
equivalent to a branched cover of the disk, to obtain the desired element of me,

The moduli space 9! has a join curve end, where the constraint packet on Z; is
the set {L;, R;}. Explicitly, this is realized as the cut along «; 41 extends from j; to
Z;. Let uy denote the main component of this join curve. Note that this consists of
a union of two bigons which meet along their «-boundary at a puncture. For generic
choices of complex structure, (1o(g1)) 7 t(uo(q2)).

This moduli space has another end as the cut parameter goes to 0. The limiting
object in this case is a union of two bigons which meet at a single point on the -
boundary, so that both punctures ¢; and ¢, occur on the same bigon (separated by the
node). Let 1 denote the bigon component containing ¢, and ¢,. Clearly, ¢ (u1(g1)) >

1(u1(q2))-
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L;

o1 /Z-\ o

R;

R;

Figure 19. The region B;. The region responsible for the action (Y-3). On the left is a
combinatorial representation; on the right is a conformally accurate model (with cylindrical
ends/punctures replacing boundary).

The moduli space IN? also has a join curve end, whose main component is u
(i.e., it is the main component of the join curve end in IN!). It also has another end
where the cut parameter goes to 0, which is identified with a union of two bigons, one
of which contains both punctures ¢ and g,. Let u, denote this bigon. In this case,
t(U2(q1)) < t(uz(g2)). See Figures 19 and 20.

It follows that if we let 9t denote the union of My and M, glued along their join
curve end, then the map u — #(u(q1)) — t(u(q2)) defines a proper map of degree 1
near 0. In particular, the preimage of 0 has an odd number of points; but this count
specifies the Yx-component in the action m 1)1 (X;, Yx. U;). [ ]

9. The DD bimodule is quasi-invertible

We abbreviate € = € (m, k) and Q = Q(m, k). Our aim here is to prove the following.

Theorem 9.1. The bimodules € X2 from Section 7 and oYe from Section 8 are
quasi-inverses of one another.

This will be a key step in computing the cobar algebra of € in the next section.
The proof will occupy the rest of this section.

As a preliminary step, we must establish the boundedness assumptions required to
ensure that g M€ = Yo K 2 X exist; i.e., we must prove that the structure maps
in the tensor products are finite.

To this end, fix an input string a;,...,a, in Q, and let ¢ = Z;;l w(a;). The
following two statements hold.

o Iftmpn@1 @ ®ap,@xR@b; ®---®by) #0,thenc = Zj=1 w; (b;). (This

follows from Property (Y-6) from Theorem 8.1.)

« If§'1) =b®1Qe, thenw(b) > 1.
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L;

e

~

L;

us

R;
R;
Figure 20. Verifying the action (Y-3). The moduli spaces M and IMN? are represented by the

cuts indicated in the first line of pictures; the conformal models of the domain curves are shown
in the second line of pictures.

Thus, if the sum of the weights of the inputs is ¢, then the number of type DD opera-
tions which can pair non-trivially is bounded above by 2c.
Consider now the DA bimodule

M =¥ K Cxe,

Its generators correspond to basic idempotents, since the same is true for ¥ and
X.. Moreover, the Maslov—Alexander multi-graded bimodule on the tensor factors
induces one on the tensor product; i.e., if s, € M, and n > 0, and there is a non-
trivial action

8n1+1(a1,...,an,s) =trQ®b>b,

then, foralli =1,...,m,
w;(ar) + -+ + w;(a,) = w;(b) .1

and
cross(ay) + -+ - + cross(a,) —n + 1 = cross(b). 9.2)
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Lemma 9.2. There are two Maslov-Alexander bigraded o, homomorphisms
¢:0—>Q and Y:€ —>T€

so that
Q[¢]Q = oY% X °x? and 8[1&]5 =t x%x oYe.

Proof. Consider g M Q — oYe XC %<, From equation (9.1), it follows easily that
511 vanishes. By Lemma 2.4 (which is [9, Lemma 2.2.50]), it follows that there is a
Maslov—Alexander multi-graded # o, homomorphism ¢: @ — Q so that Q[¢]Q =~
oM?.

The analogous statements for [] follow similarly (except that in this case, we
replace the grading cross on Q with the trivial grading on €). |

Lemma 9.3. The map  from Lemma 9.2 is the identity map; i.e.,
Cx9 X oY% = 8Id*fj.

Proof. Inprinciple, ¥ = {¢,,: C®" — C}2 . Gradings ensure that Y, = 0 forn > 1.
(Instead of equation (9.2), we are now using the trivial grading on the algebra; and the
analogue of that equation simply ensures that » = 1.) By Theorem 8.1, we have

Y(Li)=L; Yi=1,...,m,
Y(R))=R; Vi=0,....m—1,
v(U)=U; VYi=0,...,m.

Since € is generated (over the idempotent algebra) by the L;, R;, and U; as above, it
follows that v is the identity map. ]

It is easy enough to see that ¢ o ¢: € — € is the identity map. To see that
¢ o¥: QO — Q induces the identity map on homology, we use the following propo-
sition. Recall the generating set of atomic generators Iy - X; ;, Iy - R; j and Iy - L ;
(Definition 5.1). Fori = 1,...,m, let X; denote X;_1 ;.

Proposition 9.4. If f: Q(m, k) — Q(m, k) is an A homomorphism with the fol-
lowing properties:

* f(Xici) =Xiaiforalli=1,....m,

* f(Lij—1)=Ljj—1foralli =2,...,m,

* f(Riji+1) =Rijq1forali=1,...,m—1,

then, f induces the identity map on homology.

Proposition 9.4 is proved in Section 9.1. We prove Theorem 1.2, assuming this
result, presently.
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Proposition 9.4 = Theorem 9.1. From properties (Y-3), (Y-4), and (Y-5), it follows
that ¢(X;) = U; and ¢ (U;) = X;. Thus, ¥ o ¢(X;) = X;. Thus, Proposition 9.4
implies that ¥ o ¢ ~ Id. It is straightforward to see that ¢ o ¢ = Id. |

9.1. On the homology of Q(m, k)

To complete the proof of Theorem 9.1, it remains to verify Proposition 9.4. We start

with the case where k = m — 1.

We wish to glean information from the A structure on H(Q (m,m — 1)). To this
end, let ¢p: H(Q(m,m — 1)) - Q(m,m — 1) be an A, homomorphism. Given T" C
{1,...,m},let &(T) denote the set of one-to-one correspondences t:{1,...,{} - T.
Let

OT)= Y ¢e(Xeqr). - Xeqoy)-
t€&(T)

Lemma 9.5. Let ¢: H(Q(m,m — 1)) = Q(m,m — 1) be a graded oo homomor-

phism with ¢(X;) = X;, and fix a subset T C {1,...,m}. If T is not an interval, then

O(T) = 0. If T is an interval from i to j for somei < j, with (i, j) # (1, m), then

o(T) = X,,j.

Proof. We consider the sum of the /4, relations on the homomorphism ¢, where we

sum over all permutations of the elements X; withi € T

» for any sequence of distinct integers i; < --- < iy with £ < m, gradings ensure that
we(Xiys ..o, Xiy) =0,

« forl <i < j <m,we have that [X;][X;] = [X;][X;] in H(Q(m,m — 1)). There
are two cases: if j =i + 1, the homology is supplied by X; 1 ;1. If j >i + 1,
then X; -Xj = Xj - X;.

It follows that the 4, relation shows that for any 7',

do(r)= ), T &(T).

T=T11T>

By the inductive hypothesis, if 7 = {i, ..., j} is an interval (different from (1, m)),
then

dd(T) = Z Xi,j - Xik-

{kli<k<j}
It follows that ®(7T') is non-zero. Now, 2w(P(7T)) = cr(P(T)) + 1, so by Proposi-
tion 5.3, we can conclude that ®(7') = X; ;. [

The above lemma has the following easy consequence.



P. Ozsvath and Z. Szabd 780

Proposition 9.6. For any induced A structure on F[X1., ..., Xm, Q]/(XF = 0)1,
induced from the isomorphism of equation (6.5), we have that

> wmXoqy. - Xoem) = Q.

0EG,,

Proof. The induced A, structure on H(Q(m,m — 1)) can be computed from the
homological perturbation lemma [5]. Let us assume that any s homomorphism
¢: H(Q(m,m — 1)) = Q(m,m — 1) which induces the identity map on homology.
Combining the 4 relation on ¢ with Lemma 9.5, we find that

ol ( Z I'Lm(Xcr(l)a cees Xa(m)))

0eEG,,
~ Y (U0 )DL+ Lm) + QUL+ 1. m)) - B0, ... £}))
0<l<m
= Y XogXewm+ Xem + Xog
0<f<m
= Q.
Since ¢, induces the identity map on homology, the result follows. |

We can now prove Proposition 9.4 when m = k.

Lemma 9.7. Let ¢': H(Q(m,m — 1)) — H(Q(m,m — 1)) be a graded A homo-
morphism with ¢'([X;]) = [X;]. Then, ¢} induces the identity map on homology.

Proof. Define
(M) = Y ¢j([Xew)---. X))

te6&(T)

As in the proof of Proposition 9.6, the /4 relation on ¢” and Lemma 9.5 ensure that

¢/1( Z l’Lm(Xa(l), ) Xg(m))) = Q.

0eEG,,

But by Proposition 9.6, the left-hand side is ¢](2), so we conclude that the map on
homology induced by ¢ fixes €2, in addition to the [X;]72 . But ¢ is an algebra map,
and H«(Q(m,m — 1)) is generated by [X;] and Q; so we can conclude that ¢] fixes
all of Hi(Q(m,m — 1)). ]

We consider next the case of Q(m, k) withk <m — 1.

Lemma 9.8. The ring H(Q) is generated by the elements L;, R;, Q, and the cycles
of the form X ;.
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Proof. Consider Q(x,y; w). Suppose x = y. Then, there is an isomorphism of rings
Iy - O(m, k) - Iy = Q(k + 1, k), which identifies the generators X; ; of Q(k + 1,k)
with Xx;, xj in Q(m, k). Thus, the statement follows from Corollary 6.14.

Suppose that x # y. Leta € H(Q(X,y; w)) be non-zero. We prove that a can be
factored as above, by induction on the maximum of w;. Suppose that the maximum is
< 1, but w is non-constant. Then, such an element a can be easily seen to be factored
as a product of L;, R; and X; ;. (This factorization is actually constructed in the proof
of Lemma 6.11.) For the inductive step, suppose that w is a vector whose maximum is
greater than 1. Then, by Theorem 6.4, we have that that H(Q'(x,y; w)) = 0. It follows
from the long exact sequence of the mapping cone thata € Q - H(Q(X,y; w — T)),
and the result follows from the inductive hypothesis. ]

Proof of Proposition 9.4. For any idempotent X, there is a ring isomorphism
Ix : Q(m’k) : IX = Q(k + Lk)?

identifying Xy, x; with some X; ;, It follows now from Lemma 9.7 that if ¢ fixes all
the X;,;, then in fact ¢ fixes the entire subring ) " Iy - Q (m, k)I. Note that  lies in
this subring. Now, by Lemma 9.8, ¢ fixes the generators of H(Q); and hence it must
fix all of H(Q). ]

With the verification of Proposition 9.4 in place, the proof of Theorem 9.1 is
complete.

10. Identifying the cobar algebra

Choose integers m and k with 0 < k < m. The aim of this section is to describe the
cobar algebra of € (m, k) in terms of the pong algebra. Before doing this, we begin
with a few general remarks about the cobar algebra of an associative algebra.

Let A be an augmented algebra, as in Definition 2.1. The big cobar algebra of A
is a graded algebra, defined as follows. As a ¥-f bimodule, it is given by

o0
Cobar(4) = @Hom(A?”, ).
n=0

Multiplication is obtained by juxtaposing tensor summand. The differential is induced
by 5. The summand Hom(Af”, ¥) is thought of as living in grading —n; and we call
this induced grading the length grading.

We specialize to the case of A =€ (m, k). As before, cobar algebra has a Z-valued
grading, defined so that Hom(A?", f) has grading —n. We also have an Alexander
grading with values in (%Z)m which is induced from the sums of the weights of
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the algebra elements in € (m, k). For example in € (4, 2), the element U}’ ® U, has
homological grading —1 and Alexander multi-grading (0, 1, 0, 1). Moreover, its dif-
ferential is the element

RE®Ly®U; + L3 ® R @ US.

Let
Cobar(C), 5 = Hom([Cfn]u*; . B).

The Maslov-Alexander graded cobar algebra, or simply, the cobar algebra, is defined
by
Cobar(C) = @ Cobar(C),, 3.
n,w

(The big cobar algebra, by contrast, would be an infinite direct product, indexed by
the various choices of weight vector.)

The algebra Q(m, k) has a Z-grading N as specified in equation (4.9). The difter-
ential preserves the weight vector, with values in %Z’”.

Our aim here is to prove the following theorem.

Theorem 10.1. Choose the case 0 < k < m. There is a graded quasi-isomorphism
Cobar(€(m, k)) to Q(m, k), which respects the Alexander gradings, and which iden-
tifies the length grading on Cobar with Z-grading N on Q(m, k).

Example 10.2. Consider the case k = 1 and m =2. Then, C =€(2,1) = F[U;, U;]/
UiU, = 0. It is easy to see that the algebra H(Cobar(C)) is generated by U;* and
U;. Moreover, there are relations [U;] ® [U["] = 0 and [U;] ® [Uy] = 0. Thus,
H (Cobar(C)) is isomorphic to Q(m, 1), under an isomorphism that identifies [U*]
and Xy, and [U;] with X 5.

As usual, we abbreviate C = €(m, k), Q = Q(m, k).

Theorem 10.1 will follow from Koszul duality, in the form described in [8], with
a suitable adaptation of some of the finiteness conditions from [12]. The proof fol-
lows the strategy of [8, Proposition 8.11]. Formally, the construction there used two
quasi-inverse bimodules between C and Cobar(C), Cobar(C)KC apnd cobar(C)Lic- The
type AA bimodule copar(c)Lc, called the Kronecker module, is defined as follows. Its
underlying £-bimodule has rank one, and it is equipped with the following operations.
All mp|1), = 0 except for the two unital actions

myp(l,x) =x and mo(x,1) = x,

and actions myp|;, with p = 1, specified for y € Cobar(A4), and a1 @ --- ® a, €
(A4)" by
mpin(y ®1Q® @ ® - ®ay)) =yla1 ® - ®ay).
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We would also like a bimodule € K (€) has generators corresponding to idem-
potents (which we suppress), and

§'(1) = Zc ® c*,

where the sum is taken over the basic generators ¢ of C. Unlike [8], this sum is
not finite, since the algebra is infinitely generated; rather the differential could be
interpreted as an element of some completion of C ® Cobar(C); compare [12]. Rather
than pursuing this perspective, we reformulate the proof of Theorem 10.1 without
explicitly referring to € KCobar(C),

To this end, abbreviate the differential of the type DD bimodule from Section 7
as 81(1) = ¢ ® g, so the DD bimodule relation takes the form

c®dqg+(c-c)®(q-q)=0.

We construct a DG algebra homomorphism ®: Cobar(C) — Q as follows. Given
y € Cobar,(C), let

n

O(y)=yc®---®c)-q". (10.1)

Lemma 10.3. Equation (10.1) defines a D G algebra homomorphism ®:Cobar(C)—
Q, where the Z-grading on Cobar(C) is given by the length grading, and the 7.-
grading on Q is N = cross — 2w. Viewing ® as an Ao homomorphism with ®; = 0,
the associated type DA bimodule Cobar(c)[QD]Q satisfies

Cobar(C)[CD]Q = Cobar(C)]LC X CKQ-
Proof. To see that ® respects the Z-gradings, note that if y is homogeneous and
n

y(c ® --- ® c) # 0, then the length grading of y is —n. By Proposition 7.3, N(g) =
—1,s0N(g") = —n.
The other properties are similarly straightforward. ]

We describe next a way of turning (certain) type AA bimodules into type DA
bimodules, where the type D side is a cobar algebra. In the interest of clarity, we state
the next lemma in slightly more generality than we need. Specifically, we explained
earlier how to give Cobar(C) a Maslov—Alexander grading, whose Z-component is
specified by the length grading. Note that the algebra C has a trivial Z-grading. By
contrast, if B has a non-trivial Z-grading,

B= P B,

deZ,pelzm
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we endow Cobar(C) with a Z-grading so that the summand
(B4 @ ... ® BY™")* C Cobar(C)
has Z-grading gr°(®) given by dy + -+ + d, — n.

Lemma 10.4. Let 4Mp be a Maslov-Alexander graded bimodule of rank one, whose
generator, which we denote by 1, is supported in vanishing the Maslov-Alexander
bigrading. There is an associated (Maslov-Alexander-graded) type DA bimodule
AK(M)C" B characterized by

(S;H(al,...,ap,l),bl,...,bq> =mpniglar,....ap,1,b1,...,by).

Proof. Note that for each fixed sequence (ay, ..., ap), the grading properties of M
ensure that there is an upper bound on ¢ so that there is a sequence (b1, ..., b,) with
mpiig(an,...,ap,1,by,...,bg) # 0. Thus, 8;+1 lands in Cobar(B).

The DA bimodule relation on 4 K (M) ®) s a straightforward consequence
of the AA bimodule relation on M. The grading properties also follow easily. For
example, if mp|114(a1 ® - ®ap, ®1 @by ® -+ ® by) # 0, then by equation (2.2),

D q
Z(grA(ai>>=(—q —ZgrB(bi)) +1— p=gr® B (b @+ ® bg)*) + 1 - p;

i=1 i=1
ie., 4 K(M)*B) is 7 -graded. [

Lemma 10.5. The above assignment 4Mp = 4 K(M)Cba(B) satisfies the following
propetrties.

(K-1) If A, B, and C are all over the same ring of idempotents, and 4M B is a
type DA bimodule of rank one, g Nc is a type AA bimodule of rank one,
then

KuM®B R gNc) ~ 4MB & g K(N)“(©).

(K-2) If cobar(c)Lc is the Kronecker module, then copar(c)K (IL)Cobar(©) s the
identity bimodule.

(K-3) If 4Yp is a type AA bimodule, then
K" B R copyLp = Y5

(K-4) If s4Mp has the property that mg1, = 0 for all r > 0, then there is an Ao
homomorphism V: A — Cobar(B) so that

ALY = K (M).

(K-5) If M ~ M’, then K(M) ~ K(M').
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Proof. The statements are all easy consequences of the definitions. ]

Remark 10.6. When By is nilpotent, then B a5 in [8] is a type DD bimodule,
and 4 K (M) (B) agrees with the tensor product 4 Mp X BKCbar(B) I that case,
the first property can then be thought of as associativity of X, and both Properties (K-
2) and (K-3) are manifestations of the fact that I. and K are inverses.

Define ¥: Q — Cobar(C) by
Q[W]Cobar(C) — K(ch)'

This definition is valid by Property (K-4), and the grading properties of ¥, which
ensure that mg;, = 0 forall r > 0.

Proof of Theorem 10.1. Combining Lemmas 10.3, 10.5 Property (K-1), associativity
of X (as in [9, Proposition 2.3.15]), the hypothesis that X and Y are quasi-inverses,
and Lemma 10.5 Property (K-2), we see that

[© 0 U] = (cobarc)c B CX2) R K(o¥c)
= K((copar(c)Lc B € X9) K 4¥c)
~ K(cobar(c)Lc B (€ X2 B 4¥c))
~ K (Cobar(C)Lc)

= Cobar(C) [ Id] Cobar(C) .

Similarly, combining Lemma 10.3, associativity of X (now in the easier case of type
AA bimodules; see [9, Lemma 2.3.14]), Property (K-3), and the hypotheses on X and
Y, we find that

[V o ®] = K(p¥c) B (conaricyc B € X9)
= (K(0¥¢) Beoar(c) Le) B € X9
= o¥Yc KX Cx?
>~ QIdQ.

It follows that ® and W are quasi-isomorphisms (see [8, Lemma 8.6]). |

11. Computing the A, action on the homology of & (m, k)

Consider €(m, k) with 1 <k < m — 1. In the applications to knot Floer homology,
we will consider m = 2n and k = n (although we could have alternatively considered
m=2nandk =n—1).
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Recall that €(m, k) is equipped with a weight grading
1
w=(wy,...,0,) € EZ"’.

There is also very uninteresting homological grading on € (m, k), defined so that all
¢ € €(m, k) have gr(c) = 0.

We extend this data to the polynomial algebra € (m, k)[t], with the convention that
w;(z) = 1foralli; and gr(r) = 2m — 2k — 2. This is consistent with the existence of
a non-trivial [y, —ok.

Definition 11.1. For a graded A, structure on € (m, k)[t], we require that for each
operation t¢, we have that

14
w(uelay, ..., ap)) = Zw(ai),
i=1

14
gr(ular, ..., ap) = =24 gr(a;).

i=1

Remark 11.2. The above grading conventions are chosen so that the differential jq
on a differential graded algebra drops grading by one.

Theorem 11.3. There is a graded Ao structure on € (m, k)[t], extending the natural
algebra structure on €(m, k), and with a non-trivial [ly,,—>x operation. Moreover,
any two such extensions are quasi-isomorphic as graded A algebras.

Remark 11.4. The above result is not true when k = 0: in that case, €(m,0) = F,
and there is no room for an (5, -operation.

An explicit realization of the #Ao-algebra characterized above is supplied by the
homology of a pong algebra; see Theorem 12.1 below.

Theorem 11.3 is proved using Hochschild cohomology. A small model for the
Hochschild cohomology can be obtained using a duality theorem, proved in Sec-
tion 10. The relevant computation is then given in Section 11.

11.1. Deformation theory of graded algebras

We review here the deformation theory of graded algebras used in our proof of The-
orem 1.1. We follow here the perspective from [12], with a somewhat simplified
exposition, owing to the fact that we are here in a Z-graded setting.

Let A = A, be a graded algebra—i.e., an algebra equipped with a graded multi-
plication. Denote that Z-grading by gr. (We assume for simplicity that @y = 0; the
case we will be interested in is a polynomial algebra over € (m, k).) The Hochschild
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complex of the Z-graded graded algebra is a bigraded chain complex associated to
A. HC™? (A4) consists of ¥ — ¢ bimodule maps

¢: AF" — A,
(where A4 is as in Definition 2.1) with

gr(p(ay, ..., an)) =d+n—1+(2gr(a,~)). (11.1)

The differential of the complex
9:HC™? — HC" 14!
is defined by
dp(ay,....an+1) = a1 -@(az,....an+1) + @@, ....an) - apt1

n
+ Z‘ﬁ(al,---,ai “Aig1s .5 Angl)-
i=1

The (bigraded) homology of this complex is the Hochschild cohomology

HH** = (D HH".
n,d

An A, algebra is A equipped with operations
je: A%H — A e HCH 1 (4)
for £ < n, satisfying the A relations with up to n + 1 inputs.

Proposition 11.5. Each A, -algebra structure on A can be extended to an Ao-
algebra structure if HH!22 (A) = 0 forall £ > n. The set of isomorphism classes of
Any1 extensions of a given A, structure is parameterized by HH"T1"1(A). Indeed,
ifHHe'H’_1 (A) =0 forall £ > n, there is a unique isomorphism class of A~o-algebra
structure extending any given A, structure on A.

Proof. This is well-known. A proof is given in [12, Corollary 5.25]. ]

We will be interested in 4, operations that preserve a further Alexander grading
w on A (with values in (%Z)m); ie.,

l
w(par ® - ®ap) = »_wla;). (11.2)

i=1
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To this end, we consider the subcomplex of HC C HC consisting of ¢ satisfying
equation (11.2) (with ¢, in place of u,) in addition to equation (11.1). Its homology
HH is the Hochschild homology, which we will use henceforth.

The graded analogue of Proposition 11.5 is the following.

Proposition 11.6. Each graded #A,-algebra structure can be extended to a graded
oo structure if HHF272(A) = 0 for all £ > n. Moreover, the set of isomorphism
classes of A,y1 extensions of a given A, structure is parameterized by HH"t1-71(4).
Indeed, if HH*T11(A) = 0 for all £ > n, there is a unique isomorphism class of Aso-
algebra extending any given 4, -algebra structure on A.

We give the graded Hochschild complex the following explicit description. Con-
sider the following graded algebra associated to A:

o0
&* = @8",
n=1

where
&" = [T [PA ®eee [AF]5
{sez,e|(1Z)m}
The tensor product here is shorthand for the condition that we are considering the
span of
b® (a1 ®- - ®an)* € [Aly ® [A"]}

so that the left idempotent of b agrees with the right idempotent of (a; ® --- ® a,)™;
and the right idempotent of b agrees with the left idempotent of (¢; ® --- ® a,)* =
a; R ® a;

The cobar differential induces a differential (which could be denoted Id4 ®0; but
instead, we simplify notation a little)

3:8" — g" L.
There is an element E € & given by

E=Ze®e*,
e

where the sum is taken over a homogeneous generating set of A. (In the case we
consider, A = €(m, k), and the sum is taken over all pure algebra generators e.)
Let D: &" — &"*! be the map defined by

D(x)=0x+E-x+x-E.
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Lemma 11.7. The map D defined above is a differential on &. Moreover, there is
an isomorphism between the graded Hochschild complex and &, equipped with the
differential D.

Proof. This is straightforward. |

11.2. Computing in small models

Fix m and k, and abbreviate €(m, k) by C and @(m, k) by Q.
Consider the algebra

S=@ [] @ Cll1;R0A-Q 1))z

%Y {we(32)")
In words, § is generated by sequences (indexed by weight vectors) of elements t*« ®
b, where « is a pure algebra element in C, b is a pure algebra element in Q,
e wi(a)+s=w;)fori =1,...,m,
* the left idempotents of « and b agree,
 the right idempotents of & and b agree.

The algebra § = §™¢ inherits a bigrading where each pure element * -a ® b € §
has
n=2wb)—cr(b) and d =1-2w+cr(b) +2s(m—k —1).

(As we will see below, in Proposition 11.8, § is a small model for the bigraded
Hochschild complex; compare also [12, Definition 5.41].)

Turn the DD bimodule € X € into a left bimodule over C ® Q° =~ C ® Q. The
differential §! corresponds to the projection onto § of the element of C ® Q given by

5= ( Y SR ® R+ (L) ® Lj,,-)

1<i<j<m—1
+( Z f(Xi,j)®Xi,j).

0<i<j<m

(Compare (7.1). Note that under the identification Q°P? = (, the elements R;”pj are
identified with L ;.)
Let D®:§ — § be the endomorphism defined by

D¥(x) = (Id®do)(x) + S -x + x - S.

Note that, like the Hochschild differential, D* respects the bigradings in the sense that
DS: Sn,d s Sn-i—l,d—l )
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Proposition 11.8. There is a bigraded quasi-isomorphism §** ~ HC**.

Proof. Let ®:Cobar(C) — Q be the algebra quasi-isomorphism from Theorem 10.1.
(See Lemma 10.3.) There is an induced algebra quasi-isomorphism

®:6 - S.

Since ®; = 0 for all i > 1 (Lemma 10.3), it follows that ®, and hence, o is a
homomorphism of DG algebras. Write S = ¢ ® g for c € € and g € Q. We have that

DE)=) e@d(*)=) e®* c)®qg=c®q=S.

It follows at once that @ o D = D* o @; i.e., ® induces a bigraded quasi-isomorphism
from HC*™* (in view of Lemma 11.7) to §*°*. m

Lemma 11.9. For the bigraded chain complex & = &**, we have that H(&"~1) =0,
except when n = 2 or n = 2m — 2k. Moreover, if H(I - §2m~2k:—1. Iy) # 0, then
X =y, and indeed,

F j 1
H(L, - §2m2k=1 1) = ifk>1, (11.3)
FeF ifk=1.

Also, if H(E™72) # 0, thenn € {3,2m — 2k + 1}.

Proof. Let w be a weight vector, and choose s = min w;. Let w; = w; — 5. The only
non-zero element of C [f] with weight w is *a, where a € C has weight w'.

Assume first that kK > 1. By Theorem 6.4, if b € H(Ix - O -1y) is a homologically
non-trivial element with weight w, then b = Q* - b, where b’ € H(I- Q -Iy) or, in the
special case where W is constant, there is another possibility of b = Q57! . b, where
b’ is the homologically non-trivial element with cross(b’) = k + 1 and w; (b) = 1.
We call the latter type of element special, and the other types generic.

Thus, a special element has the form (¢5, Q57! - »’) with s > 1. The bigrading of
a special element is given by

(n,d)=Q2ms —kQs—1)—1,2—k —2s).

Whend = —2,wehavek =2ands =1,son =2m—3 =2m —2k + 1.
Next, we compute the bigrading (n, d) of the element (at®, ). In the generic case,

d = 1— 2w(b) —cross(b)) +2(m —k — 1)s = —(2w(b’) — cross(bh’)) — 2s + 1.

So, if d = —1 (in the generic case), then 2w (b") — cross(h’) = 2 — 2s. Since for
any algebra element b’, 2w(b’) — cross(b’) > 0 (Proposition 5.3), we have that s = 0
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orl.Ifs =0,thenb =b',n =2,d = —1.If s = 1, then 2w(b) — cross(b) = 0, so
b’ is an idempotent (again, by Proposition 5.3), b = I, - € (and, in particular, x = y),
and n = 2m — 2k.

If d = —2, then 2w(b’) — cross(b’) =3 —2s and s = 0 or 1. If s = 1, then
1 =2w(b') —cross(b’),and n = 2m — 2k + 1. If s = 0, then n = 3.

When k = 1, Theorem 6.4 once again proves that b = Q% - b’, where b’ € H(Iy -
Q -1y), provided that w is a non-constant vector. Thus, when w is non-constant, the
above computations establish all of the claims of the lemma, except equation (11.3).

When k = 1, Theorem 6.4 implies that foreach s > 1, H(Iy- Q(X,x; (s,...,S)) -
I,) is two-dimensional, spanned by 2% and 2%, where Q4 = Xy ;. Xo,x and Q2 =
Xo,x + Xx,m are the two components of 2. The bigrading of (¢*, 2% ) is given by

(n,d)=Q2s(m—1),1 =2s(m—1) 4+ 2s(m —2)) = 2s(m —1),1 —2s).

Again, d = —1 implies that s = 1, verifying equation (11.3); the two homology gen-
erators are (¢, 24) and (¢, 2-). ]

Definition 11.10. Letx = {x; }le andy = {y; }g‘zl be two idempotent states. We say
thatx <yifforalls € {1,...,k}, x; < y;. We say that y is an immediate successor
of x if there is some s € {1,...,k} sothat x;, = y; forall f # s and y; = x5 + 1; i.e.,
Iy - L - Iy # 0. We also say that x is an immediate predecessor of y.

Lemma 11.11. Let S be a non-empty set of idempotent states. Suppose that if x € S,
then every immediate successor and every immediate predecessor of X is in S, then S
is the set of all idempotent states.

Proof. The fact that S is closed under immediate successors implies that for all x € S,
if x <y, theny € S. The fact that it is closed under immediate predecessors implies
that if x € § and y < x, then y € §. Since there is a unique maximal and unique
minimal idempotent state, the result follows. [

Lemma 11.12. The homology sHH** of $** has sHH" ™! = O unlessn =2 orn =
2m —2k; sHH" 2 = Q unless n = 3 orn = 2m — 2k + 1. Moreover, sHH?>"2k:—1 ~
F.

Proof. Consider the chain complex §, filtered by the weight of b in (a, ). The homol-
ogy of the associated graded object is H(&). The vanishing statements in the lemma
now follow.

It remains to compute sHH2™M—2k.=1 We start with the case k > 1. To this end,
we compute the next differential in the spectral sequence associated to the filtration;

i.e., the map
dI:H(EZm—Zk,—l) N H(g)Zm—Zk—l,—Z
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induced by D*. By Lemma 11.9, H(&2™~2%:~1) has rank (), with generators of the
form (t1y, 2 - Ix), uniquely determined by the idempotent states Xx.
The map d; is specified by

dig-1,Q L) =(L Li-t,L - QL)+ 0 L-I;, QI - L)
+ (R Lt,R- QL)+ (I R-LI,Q I+ R).

Clearly,
Q=) x1.2IL)

is in the kernel of d;. Moreover, if there is a non-empty S so that ) ¢ (z, 2 - L)
in the kernel of d;, then the form of d; implies that S is closed under immediate
successors and predecessors. From Lemma 11.11, it follows that S consists of all
idempotent states; i.e., (¢, 2) is the only element of the kernel of d;. The fact that
(t, 2) is not in the image of D is an easy consequence of the form of D¥, and the
fact that 2 maximizes cross among all elements with weight vector identically 1. It
follows readily that sHH2"2k:~1 ~ F when k > 1.

For the case k = 1, we have the following explicit description of §2”~2~! and
§2m=2=2_and the differential. As in the proof of Lemma 11.9, the space §2"~ 2!
has dimension 2m — 2, with basis given by {(¢, Xo,; + Xim)}i=1,m—1 and {(t, X; s, -
Xo,i)}i=1,m—1. We abbreviate these generators {Qi_}lmz_l1 and {Q;|r }l'-”z_ll. (Note that
Lemma 11.9 states that H (I - £2™~2~1 . 1,) is two-dimensional; but the proof in fact
shows that I - £§2"=2~1 . 1, is two-dimensional.)

This follows as in the proof of Lemma 11.9: the generators in bigrading (2m —
1, —2) have the form (¢4, Q - b’), where 2w(b’) — cross(b) = 1. Explicitly, the space
§2m=1=2 hag dimension 2m — 2, with basis given by

{(tL;i, Li - X0i-1%i—1,m)}7",
U{(tRi, Ri - Xiy1.mXoit 1)}y
U{(tUr, Xo,1 - X1m - X0,1) CUm, Xm—1,m + Xom—1* Xm—1,m)}-
We abbreviate basis vectors from these sets {L,-}lmz_zl, {R,-}l’.”z_lz, and {U;, Uy},

respectively. The differential has the form
U+ L, fori =1,
D'Qr =3 Li+Liy, forl<i<m—1,
Ly—1+U, fori=m-—1,
Ui + R, fori =1,
D*Qt ={ R +Riy1 forl<i<m—1,
Ry_1+U, fori=m-1.
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It follows at once, that the kernel of D® (when k = 1) is one-dimensional, spanned by
m—1

Q=) Q +9Qf. n
i=1

Remark 11.13. It follows from the above proof that the cycle (7, 2) € §2"~2k—1 jn

fact generates sHH>"~2k-~1,

Proof of Theorem 11.3. Any Hochschild cochain in HC?"~2%=1(€) determines an
Az m—osi-algebra structure on €[¢]. By Proposition 11.8 and Lemma 11.12. since
HH"~2 = 0 for n > 2m — 2k + 2; so by Proposition 11.6, this A,,,_,x-algebra
structure can be extended to an A, structure. Moreover, since HH* T~ = 0 for
all n > 2m — 2k, this Ao structure is unique up to isomorphism.

We claim that there is a unique non-trivial possibility for the operation (t7,,—2k
giving €]t] the structure of an A,,,_,r-algebra. Such an operation is necessarily a
cocycle in HC?"™=2k=1 Since HH>"2~1 ~ by Proposition 11.8 and Lemma
11.12, we conclude that any two such operations jt2,, 2k and j1), m—ok are cohomolo-
gous. But HC?™ ~2k=1,0 — 0; which, in turn, is an easy consequence of equation (11.1)
and the fact the grading of any homogeneous element of C|¢] is a multiple of 2m —

2k — 2. Thus, om—ok = M/zm—zk‘ -

12. The A, structure on the homology of the pong algebra
The aim of this section is to determine the homology of J(m, m — k — 1) with its
Ao structure, as follows.

Theorem 12.1. For integers 0 < k < m — 1, the homology of P (m,m — k — 1) with
its induced A Structure is quasi-isomorphic to the Aoo algebra from Theorem 11.3.

Proof. By Theorem 6.2, we have
Ho(P(m,m—k — 1)) = H.(€E(m, k)[Q]),

where gr(2) = 2m — 2k — 2. Thus, by Theorem 11.3, it suffices to compute a single
NoN-zero [y, —2k action. To this end, consider the algebra sequence

(IX 'a17 AR 5a2m—2k) = (IX : vl '.'vk’Lk-'l-l’ .. 7Lm—lyvm7 Rm—l, ceey Rk+1)
with starting idempotent x = {k + 1,...,m — 1}. Note that in €(m, k), this corre-
sponds to the idempotent {1, ..., k} and the corresponding algebra sequence,

(vl .'.vkvRk-‘rl?"'sRm—lavn‘hLm—lv"'yLk-"l)'
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Each a; is a cycle; and indeed, each a; represents a homologically non-trivial element.
We claim that

Mom—i (@1, ... .a0m—ok) = Q2L

We consider first the case where k = 1, after introducing some notation. Suppose
that a; * --- x a; be an element that satisfies

d(a; *---xaj) = Z (@i %+ *ag) (g1 * -+ *aj).
i<k<j
It is straightforward to check the following identities (in the relevant idempotents):

vikLyx---x L = & 1Xo,1,
Liji®- % Ly 1vmRp—1 %% Ro = R1i Xim,

Um * Rpp—1 % - % Ry = R m—1 Xm—1,m,

vik Lypx-oox Ly 1 %V = X1 mm—1,1X0,1,
Uik Lop-ook Lip—y % U % Ryp—y % -+ % Rj = Xi—1mLi-1,1X0,1,
Ri—y %% Ry = Ry i-1.

(See Example 12.2.)
It follows readily that

,U«Zm—Z(Ix . vlv L2’ ) Lm—l’ Um’ Rm—ls L] R2) = Q . IX-
The general case follows by substituting v, - - - v for vy, and shifting indices. |

Example 12.2. Consider & (4,2). We have shown the chains used in the computation
of we(vy, Lz, L3, v4, R3, Ry) in Figure 21. Observe that

we(vi, Lo, L3, v4, R3, Ry)
= (v1 * L2) - (L3 x vg * R3 x Ry) + (v1 * Lo * L3) - (va * R3 * Ry)
+(U1 *Lz*L3*U4)'(R3*R2)+(U1 *Lz*L3*U4*R3)'R2
= Q.

Together, Theorems 6.2 and 12.1 give Theorem 1.1.

12.1. Degenerate cases

The reader may wonder to what extent Theorem 1.1 holds when k = O0ork =m — 1.
When k = m — 1, we have that

Cm,m—1)=TF[vy,...,om]/ (V1 Vm),
P(m,0) = H(P@m,0)) = Flvy,..., V]
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L2 L3 U4 R3 RZ

U]*L2 Lz*L3 L3*U4 U4*R3 R3*R2

X N L

U,

Ul*Lz*Ly, Lz*Lg*U4 U4*R3*R2
¥ I Nt
<l P S

Ul*Lz*L3*U4 L3*U4*R3*R2

‘) N\
<T I

Uiy Ly x Ly x Uy x R3

Figure 21. Computing pe. In H. (P (4, 2)), we have shown steps in the verification that
He(v1, L2, L3,v4, R3, R2) = Q.

>

Thus, H. (P (m,0)) = €(m,m — 1)[t], provided we introduce to € (m,m — 1)[t] new
W2 operations, such as (y (v -+ Vi, Vigq - V) =t foralll <i < m.

When k = 0, we have €(m, 0) = F, while Hy«(P(m, m — 1)) = F[Q]. Thus,
Theorem 1.1 holds on additively (i.e., Theorem 6.2 holds), but there cannot be a non-
trivial o ,,-action.

Note that Theorem 1.2 applies when k = m — 1. When k = 0, the theorem is
also true, but it is a tautology: in that case, Q(m,0) = F, €(m, k) = 0, so that
Cobar(€(m, k)) = F.
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