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Persistence K -theory

Paul Biran, Octav Cornea, and Jun Zhang

Abstract. This paper studies the basic K-theoretic properties of a triangulated persistence cat-
egory (TPC). This notion was introduced in the preprint by Biran, Cornea, and Zhang (2024)
and it is a type of category that can be viewed as a refinement of a triangulated category in the
sense that the morphisms sets of a TPC are persistence modules. We calculate the K-groups
in some basic examples and discuss an application to Fukaya categories and to the topology of
exact Lagrangian submanifolds.
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1. Introduction

The main aim of the paper is to study K-theoretic properties of triangulated per-
sistence categories (TPCs) and provide some applications of these properties in the
setting of symplectic topology. We recall from [12] (or its earlier version [10]) that a
TPC is, roughly, a persistence category C , that is, a category with morphisms that are
persistence modules homC .A; B/ D ¹hom˛

C .A; B/º˛2R, with composition compati-
ble with the persistence structure—such that the 0-level category C0, with the same
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objects as C but with only the 0-level morphisms homC0.�;�/D hom0
C .�;�/, is tri-

angulated. The full definition and all relevant notions are recalled in Section 2.4. The
fundamental property of such a TPC C is that the1-level category, C1, again with
the same objects as C but with morphisms the1-limit of homC .�;�/ is also trian-
gulated and that its exact triangles each carry a weight r � 0. Using this weight, one
can define a family of fragmentation pseudo-distances on the objects of C , by taking
into account the weights required to decompose objects by means of exact triangles.

The basicK-theoretic constructions associated with a TPC C appear in Section 3.
Recall that the Grothendieck group K.D/ of a triangulated category D is defined as
the abelian group freely generated by the objects of the category modulo the rela-
tions B D AC C for each exact triangle A! B ! C ! TA in D , where T is the
translation functor of D .

Returning to the triangulated persistence category C , we define its K-group by

K.C/ WD K.C0/:

This is a linearization of C that transforms iterated cones involving only 0-weight tri-
angles in linear relations. Thus, theK-class ŒX� 2K.C/ of an objectX 2 Obj.C/ can
be viewed as an algebraic invariant of X in the rough sense that it is invariant under
the 0-isomorphisms (see Lemma 3.2.2). At the same time, because higher weight
triangles are not used in the quotient giving K.C/, this K-group continues to carry
relevant metric information.

The more precise aim of the paper is to understand more of the structure of this
group, in particular, the interplay between the algebraic and metric aspects.

A first structural result relates K.C/ to K-group of the1-level of C , K1.C/ WD
K.C1/. We notice in Section 3 that there exists a long exact sequence ofƒP -modules

0! TorK.C/! K.AC/! K.C/! K1.C/! 0: (1)

Here, ƒP is the universal Novikov polynomial ring with integral coefficients (we
recall its definition in Section 2.1), and the K-groups of TPC’s are naturally ƒP -
modules. The category AC is the full subcategory of C whose objects are the objects
of C that are isomorphic to 0 in C1, this is called the acyclic subcategory of C .
This AC is also a TPC; thus, the K-group, K.AC/ WD K.AC0/, is defined as above.
The term TorK.�/ is a torsion type functor. To put this in some perspective, recall
from [12] that C1 is the Verdier localization C0=AC0.

In Section 4, we compute the relevant K-groups for categories of filtered chain
complexes. We will focus in this introduction on just one example, C fg DH0.FChfg/,
the homotopy category of finitely generated, filtered chain complexes. Filtered chain
complexes (of different types) provide the most common examples of TPCs. Addi-
tionally, these examples are also universal in certain ways. For instance, we show that
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for C D C fg the exact sequence (1) can be identified with the following one:

0! 0! ƒ
.0/
P ! ƒP ! Z! 0;

whereƒ.0/P �ƒP is the ideal consisting of the Novikov polynomials P.t/ that vanish
at t D 1, i.e., P.1/ D 0. The most interesting part of the identification of (1) with the
latter sequence is the isomorphism

K.C fg/
Š
�! ƒP ; (2)

which shows that, in this case, the ƒP -module K.C/ coincides with ƒP itself. We
will denote this isomorphism by � and outline its definition soon. The isomorphism

K1.C
fg/
Š
�! Z is induced by the Euler characteristic.

The isomorphism � W K.C fg/
Š
�! ƒP is induced by the following way to associate

a polynomial to a filtered, finitely generated chain complex C . First, associate to C
its (graded) persistence homology H�.C / (see Section 2.2 for a rapid review of the
definitions). Then, associate to H�.C / its graded barcode BH�.C/. This consists of
a finite collection of intervals (a.k.a. bars) of the form Œa; b/ and Œc;1/, where each
interval has a certain degree in Z. To an interval Œa; b/ of degree k we associate the
polynomial .�1/k.ta � tb/ 2 ƒP , and to an interval Œc;1/ of degree k we associate
.�1/ktc . Finally, we sum up the previously defined polynomials over each interval
in the graded barcode BH�.C/ and obtain a Novikov polynomial �H�.C/. The map
C 7! �H�.C/ 2ƒP induces the isomorphism �. An additional point to note here is that
K.C/ is a ƒP -algebra in case C has a monoidal structure (as defined in Section 3.3).
This is the case for C fg, the monoidal operation being the tensor product, and the
isomorphism � is a ring isomorphism.

In Section 5, we investigate a natural way to associate to a graded persistence mod-
ule, or to a barcode, a real function. As a byproduct we reinterpret the map C ! ŒC � 2

K.C fg/ that associates to a filtered chain complex its K-class as a filtered Euler char-
acteristic. Given a persistence module M D ¹M ˛º˛2R, consider the integral-valued
function �M .˛/ D dim.M ˛/. With the definition of persistence modules considered
in this paper (see Section 2.2), and assuming some finite type constraints, �M WR!R

is a bounded step function belonging to a group of such functions, denoted by LCB
and defined in Section 5.1. If M� is a graded persistence module consisting of persis-
tence modules Mi for each degree i , it is natural to consider the Euler characteristic
function x�M� 2 LCB , x�M� D

P
k.�1/

k�Mk . We show that LCB admits a remark-
able ring structure based on convolution of functions and, with this ring structure, it
is isomorphic to the ring ƒP . Moreover, under this ring isomorphism LCB Š ƒP ,
the map M� ! x�M� 2 LCB is another expression of � from (2). This chapter also
contains—in Proposition 5.3.1—a persistence version of the Morse inequalities as
well as an application to counting bars in Corollary 5.3.4.
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In Section 6, we return to the general setting and consider a triangulated persis-
tence category C . Under some finite type constraints, we show that there exists a
bilinear pairing

� W K.C/˝ƒP K.C/! ƒP : (3)

Here, K.C/ is the same abelian group as K.C/ but with the ƒP -module structure
N� such that t N� x D t�1 � x, where � is the module structure on K.C/. The pairing �
is induced by the map that associates to a pair of objects X; Y the Novikov poly-
nomial �homC .X;T �.Y // where homC .X; T

�.Y // is the graded persistence module
having homC .X; T

iY / in degree i (recall that T is the translation functor in C0).
In view of the discussion above, notice that � can be viewed as an Euler pairing.
The pairing is particularly simple in the case of the category C fg. Using the identifi-
cation K.C fg/ Š ƒP , we have �.P;Q/.t/ D P.t�1/Q.t/ for any two polynomials
P; Q 2 ƒP . There are conditions—of Calabi–Yau duality type—implying that the
pairing � is skew symmetric in the sense that �.x; y/.t/ D �.y; x/.t�1/. These con-
ditions are satisfied for the category C fg.

Section 7 is dedicated to analyzing “measurements” on K-groups. We see that
fragmentation pseudo-distances on the objects of a TPC C can be used to define non-
trivial group semi-norms onK.C/. We then discuss other ways to extract quantitative
information from barcodes by using their representation in LCB .

Section 8 deals with applications to symplectic topology. We discuss some results
indicating that the pairing � defined on the K-group of the triangulated persistence
Fukaya category introduced in [12, Chapter 3] distinguishes, in a quantitative way,
embedded from immersed Lagrangians. The main results are in Corollary 8.1.2 and
Theorem 8.1.4. The corollary shows that the pairing �.A;A/, where A is the K-class
of an embedded Lagrangian, is a constant Novikov polynomial equal to the Euler
characteristic of the Lagrangian (up to sign). The theorem provides a way to esti-
mate the minimal “energy” required to transform certain immersed Lagrangians into
embedded ones. The estimate is somewhat subtle as it involves also estimates on the
number of bars in certain associated barcodes that are deduced from the persistence
Morse inequalities in Section 5.

2. Prerequisites
We list here some of the conventions used further in the paper and we recall some of
the notions required to make the reading of this paper more accessible.

2.1. Novikov rings
We will use the following versions of the Novikov ring. We denote by

ƒ D

² 1X
kD0

nkt
ak

ˇ̌̌̌
nk 2 Z; ak 2 R; lim

k!1
ak D1

³
(4)
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the Novikov ring with coefficients in Z (and formal variable t ), endowed with the
standard multiplication. Denote also byƒP �ƒ the subring of Novikov polynomials,
whose elements consist of finite sums

P
nkt

ak 2 ƒ.

2.2. Persistence modules

The bibliography on persistence modules contains a large number of variants of the
definition. We fix here the setting that we will use in this paper.

A persistence module M is a family of vector spaces over the field k, indexed by
the reals M D ¹M sºs2R, together with maps is;t WM s !M t for all s � t satisfying
it;r ı is;t D is;r for all s � t � r 2R and is;s D 1 for any s 2R. We will always assume
that the following three conditions apply to the persistence modules M considered
here.

(i) (Lower semi-continuity) For any s 2 R and any t � s sufficiently close to
s, the map is;t WM s !M t is an isomorphism.

(ii) (Lower bounded) For s sufficiently small, we have M s D 0.

(iii) (Tame) For every s 2 R, we have

dimk.M
s/ <1: (5)

We will often use graded persistence modules. Namely,M� is a graded persistence
module ifM� D ¹Miºi2Z is a sequence of persistence modules indexed by Z with the
index indicating the degree. The tameness condition in this case becomes

for every s 2 R; dimk

�M
i2Z

M s
i

�
<1: (6)

The homology of filtered chain complexes provides some of the most typical
examples of persistence modules. For our purposes here, a filtered chain complex
is a triple .C�; @; `/ where .C�; @/ is a chain complex and ` W

L
i Ci ! R[ ¹�1º is

a filtration function (see [35, Definition 2.2]). In particular, @ and ` are compatible in
the sense that

`.@x/ � `.x/ for any x 2 C�:

It follows that, for any r 2R, the truncation .C�r� ;@/, whereC�r� D¹x 2C j `.x/� rº
is a well-defined chain complex. The same holds also for the “strict” truncations C<r� .

We will consider mainly two types of filtered chain complexes:

(i) finitely generated—chain complexes for which the total space
L
k2Z Ck is

finite dimensional, and moreover, C�r� D 0 for r sufficiently small,

(ii) tame—chain complexes such that
L
k2Z C

�r
k

is finite dimensional for all
r 2 R, and moreover, C�r� D 0 for r sufficiently small.



P. Biran, O. Cornea, and J. Zhang 804

If a filtered chain complex C is tame, then ¹C�r� ºr2R forms a graded persistence
module in the class discussed above. Moreover, the homology of these truncations,
¹H�.C

�r/ºr2R, also forms a graded persistence module in the same class. We will
denote this persistence module by H�.C /.

2.3. Barcodes

In this paper, we will use the version of barcodes. A barcode B D ¹.Ij ; mj /ºj2J is
a collection of pairs consisting of intervals Ij � R and positive integers mj 2 Z>0,
indexed by a set J, and satisfying the following admissibility conditions:

(i) J is assumed to be either finite or J D Z�0,

(ii) each interval Ij is of the type Ij D Œaj ; bj /, with �1 < aj < bj � 1,

(iii) in case J D Z�0, we assume that aj !1 as j !1.

The intervals Ij are called bars and for each j ,mj is called the multiplicity of the bar
Ij .

To every barcode B we can associate a persistence module in the following way.
For an interval I D Œa; b/ as above, denote by V.I / the persistence module defined
by

V s.I / D

´
k if s 2 I;

0 if s … I;
(7)

and with persistence maps is;t W V s.I /! V t .I / being the identity map idk whenever
s; t 2 I . We call V.I / the interval module corresponding to I .

By taking direct sums, we associate to every barcode B D ¹.Ij ; nj /ºj2J a persis-
tence module, as follows:

V.B/ WD
M
j2J

V.Ij /
˚mj : (8)

It is easy to see that V.B/ satisfies the conditions in Section 2.2. Conversely, it is well
known that this construction can be reversed. More precisely, with the conventions
from Section 2.2, we have that for every persistence module M there exists a unique
barcode B as above and such that M Š V.B/. In other words, barcodes classify
isomorphism types of persistence modules. See [28, 35] for more details. We will
denote the barcode corresponding to a persistence module M by BM .

We will need also the notion of graded barcodes. By this we mean a sequence of
barcodes B D ¹Biºi2Z indexed by the integers and satisfying the following additional
assumption. Denote by B tot the union of all the intervals in all the Bi ’s, together
with their multiplicities and adding up multiplicities whenever bars from different
Bi ’s coincide. We assume that B tot is an admissible barcode, in the sense that all the
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multiplicities appearing in it are finite, and moreover that it satisfies the admissibility
conditions (1), (2), and (3) above.

We will often regard a single (ungraded) barcode B as a graded one, simply by
placing it in degree 0.

Let B D ¹.Ij ; mj /ºj2J be an ungraded barcode. We associate to B an element
�B 2 ƒ of the Novikov ring as follows:

�B WD

X
j2J

mj�Ij ; (9)

where

�Ij WD

´
taj � tbj if Ij D Œaj ; bj /;

taj if Ij D Œaj ;1/:
(10)

Let M be a persistence module with barcode BM . Applying the construction above,
we obtain an element of the Novikov ring

�M WD �BM 2 ƒ: (11)

The definition of �M can be extended to the graded case. Namely, let M� D
¹Miºi2Z be a graded persistence module. Assume further the tameness condition in
(6), then define

�M� WD
X
i2Z

.�1/i�Mi 2 ƒ: (12)

A similar definition is available for graded barcodes.

2.4. Triangulated persistence categories

Triangulated persistence categories were introduced in [10,12]. We will only roughly
review here some of the basics to make the current paper more accessible.

A TPC is a category C with four properties summarized below (we refer to [12]
for the full definitions).

(i) C is a persistence category. This means that for each two objects A;B of C ,
the morphisms homC .A; B/ form a persistence module ¹homs

C .A; B/ºs2R

and that composition of morphisms is compatible with the persistence struc-
ture in the obvious way. In the current paper, we will assume that these per-
sistence modules are always lower-bounded and lower-semicontinuous—
see Section 2.2.

(ii) C carries a “shift functor” †. This is a structure composed of shift functors
†r W C ! C where †r ı †s D †rCs for all r; s 2 R and †0 D 1 that
are compatible with the persistence structure, and of natural isomorphisms
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�r;s W †
r ! †s satisfying some natural compatibility relations and with

�r;r D id, �r;s 2 homs�r.�;�/.

To keep an example in mind, the simplest TPC is the (homotopy) category
of filtered chain complexes. In that case †rC is obtained from the filtered
chain complex C by shifting the filtration up by r and the natural trans-

formation †rC
�r;s
! †sC is the identity at the vector space level, when the

filtration is forgotten.

(iii) The category C0 with the same objects as C and whose morphisms are the
0-level morphisms of C , hom0

C .�;�/, is triangulated, †r is a triangulated
functor (on C0), and �r;s are compatible with the additive structure on C0.
Note that being triangulated, C0 has a translation functor T . This functor
should not be confused with the shift functor † which has to do with shift-
ing the persistence level. (Unfortunately, the names “shift” and “translation”
functor are both used for the same thing in the context of triangulated cat-
egories, often related to a shift or translation in grading. However, in our
framework, these two notions are absolutely different from each other.)

(iv) To formulate the last property that characterizes a TPC, we need a cou-
ple more notions that will also be useful later in the paper. We say that
f; g 2 homs

C .A; B/ are r-equivalent if is;sCr.f � g/ D 0. Here, is;sCr W
homs.�;�/! homsCr.�;�/ are the persistence structural maps. We write
f 'r g. An object K is called r-acyclic for some r � 0 if 1K 'r 0.

For all r � 0, the natural transformation �r;0 W †r ! †0 D 1, special-
ized to X 2 Obj.C/ belongs to hom�r.†rX; X/, so we can apply to it
i�r;0 W hom�r.†rX;X/! hom0.†rX;X/. The result is denoted by �r D
i�r;0.�r;0/, and thus, �r 2 homC0 .

Then, the fourth property that defines a TPC is the following: For each r � 0
and object X of C , there is an exact triangle in C0

†rX
�r
! X ! K ! T†rX

with K being r-acyclic.

Definition 2.4.1. (a) A triangulated persistence category C is called tame if for any
two objectsA;B 2Obj.C/ the persistence module homC .A;B/ satisfies condition (5)
and is called of finite type if the barcode of the persistence module homC .A; B/ has
only finitely many bars.

(b) The triangulated persistence category C is called bounded if for every two
objects X; Y 2 Obj.C/ there exists l 2 N with the property that homC .X; T

iY / D 0

for every ji j � l . Here, T is the translation functor of the triangulated category C0.
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Obviously, if a TPC is tame and X; Y 2 Obj.C/, then �homC .X;Y / 2 ƒ is well-
defined. Further, givenX;Y 2Obj.C/, consider the graded persistence module hom.X;
T �Y / defined by

hom.X; T �Y /i D homC .X; T
iY /; i 2 Z: (13)

If C is tame and bounded, then the element

�homC .X;T
�Y / 2 ƒ (14)

is well defined. This element belongs to ƒP in case C is of finite type and bounded.
A useful notion in a TPC is that of an r-isomorphism. By definition this is a

map f 2 hom0
C .A; B/ that fits into an exact triangle A

f
! B ! K ! TA in C0

with K r-acyclic. An r-isomorphism f admits a right r-inverse, which is a map
g 2 hom0

C .†
rB; A/ with f ı g D �r . There are also left r-inverses with a similar

definition. But left and right inverses do not generally agree.
The key structure that is available in a TPC is that of strict exact triangle of weight

r � 0. This is a pair z� D .�; r/, where r 2 Œ0;1/ and � is a triangle in C0,

� W A
Nu
�! B

Nv
�! C

Nw
�! †�rTA;

which can be completed to a commutative diagram in C0

†rC

 

��

†r Nw

��

A
u // B

v //

Nv

��

C 0
w //

�

��

TA

C

(15)

with u D Nu and such that the following holds: the triangle A
u
�! B

v
�! C 0

w
�! TA is

exact in C0 and � is an r-isomorphism with an r-right inverse  . The weight of the
triangle � is denoted by w.�/ D r .

The category C1 associated to C has the same objects as C but its morphisms are

homC1.A;B/ D lim
!

hom˛
C .A;B/;

where the direct limit (or colimit) is taken along ˛ 2 R with respect to the standard
order on R (see [12, Definition 2.9 (ii)]).

The set of all r-acylic objects in C , r � 0, are the objects of a full subcategory AC

of C . It is easy to see that AC is itself a TPC and that its 0-level, AC0, is simply the
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full subcategory of C0 with the same objects as AC . It is shown in [12, Proposition
2.38] that C1 is the Verdier localization of C0 with respect to AC0. This implies that
C1 is triangulated.

The exact triangles of C1 are related to the strict exact triangles of C as follows.
First, given any diagram in C

� W A
u
�! B

v
�! C

w
�! D;

we denote by †s1;s2;s3;s4� the diagram

†s1;s2;s3;s4� W †s1A
u0

�! †s2B
v0

�! †s3C
w0

�! †s4D;

where the maps u0, v0,w0 are obtained from u, v,w by composing with the appropriate
�r;s’s.

With this convention, a triangle � W A
u
�! B

v
�! C

w
�! TA in C1 is called exact if

there exists a diagram x� WA
Nu
�!B

Nv
�!C

Nw
�! TA in C that represents� (in the sense that

u is the1-image of Nu and similarly for the other morphisms), such that the shifted
triangle

z� D †0;�s1;�s2;�s3 x� (16)

is strict exact (of weight s3) in C and 0 � s1 � s2 � s3. The unstable weight of �,
w1.�/, is the infimum of the strict weights w.z�/ of all the strict exact triangles z�
as above. Finally, the weight of �, Nw.�/, is given by

Nw.�/ D inf
®
w1.†

s;0;0;s�/ j s � 0
¯
:

If there does not exist z� as in the definition, then we put w1.�/ D1.
The two notions of weight that are of most interest are w for strict exact triangles

in C and NwC WD Nw for exact triangles in C1.

2.5. Triangular weights and fragmentation pseudo-metrics

Here, we discuss the definition of triangular weights and their application to the defini-
tion of a family of pseudo-metrics on the objects of a triangulated category. Our main
example of interest is the persistence weight NwC that was recalled in Section 2.4.

Let D be a (small) triangulated category and denote by TD its class of exact
triangles. A triangular weight w on D is a function

w W TD ! Œ0;1/

with two properties, one is a weighted form of the octahedral axiom (we refer to [12,
Definition 2.1 (i)] for the precise formulation) and the other is a normalization axiom
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requiring that all exact triangles have weight at least equal to some w0 2 Œ0;1/ and

thisw0 is attained for all exact triangles of the form 0!X
1X
��!X! 0,X 2Obj.D/,

and their rotations.
An additional property one may require from a triangular weight is subadditivity.

This means that taking direct sums with triangles of the type 0! X
1X
��! X ! 0 does

not increase the weight. See [12, Chapter 2, Section 2.1] for the precise definitions.
The weight NwC recalled in Section 2.4 is a triangular weight on C1 called the

persistence weight (induced from C ). It is subadditive with . NwC /0 D 0.
Fix a triangulated category D together with a triangular weight w on D . Let

X be an object of D . An iterated cone decomposition D of X with linearization
`.D/ D .X1; X2; :::; Xn/ consists of a family of exact triangles in D :8̂̂̂̂

ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

�1 W X1 ! 0! Y1 ! TX1;

�2 W X2 ! Y1 ! Y2 ! TX2;

�3 W X3 ! Y2 ! Y3 ! TX3;
:::

�n W Xn ! Yn�1 ! Yn ! TXn

(17)

with X D Yn (to include the case n D 1 we set Y0 D 0). The weight of such a cone
decomposition is defined by

w.D/ D

nX
iD1

w.�i / � w0: (18)

Let F � Obj.D/. For two objects X;X 0 of D , define

ıF .X;X 0/ D inf
®
w.D/ j D is an iterated cone decomposition of X with

linearization .F1; : : : ; T �1X 0; : : : ; Fk/,

where Fi 2 F , k � 0
¯

(19)

and symmetrize

dF .X;X 0/ D max
®
ıF .X;X 0/; ıF .X 0; X/

¯
: (20)

The weighted octahedral axiom implies that ıF satisfies the triangle inequality;
hence, dF is a pseudo-metric, called the fragmentation pseudo-metric associated to
w and F . See [12].

For a TPC C , as defined in Section 2.4, we will be interested in the fragmentation
pseudo-metrics on Obj.C/ D Obj.C1/ that are associated to the persistence weight
NwC defined on C1.
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In addition, there are some simpler decompositions that are often useful, which
we call reduced decompositions. Let X 2 Obj.C/. A reduced cone-decomposition of
X in C of weight r is a pair D D . xD;�/ where xD is a cone-decomposition in C1 as
in (17), with all triangles �i of weight 0, and with

� W Yn ! X

an r-isomorphism in C . The linearization of such a decomposition is by definition the
linearization of xD. We denote by w.D/ WD r the weight of D.

It is easy to see that�n combined with the r-isomorphism � can be used to define
an exact triangle in C1 of the form

Xn ! Yn�1 ! X ! TXn

of weight r . Thus, if X admits a reduced cone-decomposition of weight r in C , then
it also admits a cone-decomposition D0 in C1 with NwC .D

0/ D r .
Reduced decompositions are much easier to handle in applications compared to

general ones. Moreover, it is shown in the proof of Corollary 2.86 in [12] that given
any decomposition D of X as in (17) there exists a reduced decomposition D0 of X ,
of weight no more than 4w.D/, and with linearization

`.D0/ D .†r1X1; †
r2X2; : : : ; †

rnXn/ for some ri 2 R:

Note that for reduced decomposition the analogous measurement to (19) does not
satisfy the triangle inequality; hence, such decompositions do not seem to lead to
pseudo-metrics. However, as we will see in Section 8.1, reduced decompositions turn
out to be useful for estimates involving K-theoretic invariants, weights and barcodes.

2.6. Fukaya triangulated persistence categories

The notion of triangulated persistence category is inspired, in part, by natural filtra-
tions in Floer theory. Indeed, it is shown in [12, Chapter 3] that the usual derived
Fukaya category generated by exact, closed Lagrangians admits a TPC refinement. In
this subsection we review enough of the constructions from [12] as is necessary for
the applications in Section 8. We refer to this work for more details.

2.6.1. Filtered A1 categories. Before we get to the filtered framework, let us briefly
describe our general conventions regarding (unfiltered) A1-categories.

For coherence with the rest of the algebraic parts of the paper, as well as with some
of our previous work (e.g., [5,6,8] and, in part, in [12]), we use here homological con-
ventions for A1-categories. More specifically, this means that in our A1-categories
A, the �d -operation has degree d � 2 (rather than 2 � d ) for all d � 1. In par-
ticular, the hom’s homA.X; Y / between any two objects X; Y , endowed with �1,
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are chain complexes (rather than cochain complexes). Moreover, whenever relevant,
we assume the homology units (or sometimes even strict units) eX to be in degree
0, eX 2 homA.X; X/0. Turning to the homological category H.A/ of A, its hom’s
are the homologies of the chain complexes .homA.�;�/; �1/ and the �2-operation
induces products

Hi .homA.X; Y //˝Hj .homA.Y;Z//! HiCj .homA.X;Z//I

hence, we obtain a graded category (which is unital in case A is homologically unital).
Sometimes, we will restrict to the degree 0 homological category H0.A/. In case A

is homology unital, H0.A/ becomes a unital category since we have assumed our
homology units eX to be in degree 0. Later on, in Section 2.6.2, when dealing with
Fukaya categories, we will explain how to adjust the standard grading setting in Floer
theory to fit the conventions above.

We now turn to the filtered case. A filtered A1-category A is an A1-category
(with the conventions described above) over a given base field k such that the hom
spaces homA.X; Y / between every two objects X; Y are filtered (with increasing
filtrations) and all the composition maps �d , d � 1, respect the filtrations. We endow
homA.X; Y / with the differential �1 and view it as a filtered chain complex. We
denote by homs

A.X; Y /, s 2 R, the level-s filtration subcomplex of homA.X; Y /. We
make three further assumptions on our filtered A1-categories:

(i) A is strictly unital with the units lying in persistence level 0,

(ii) for every two objectsX;Y 2Obj.A/, the space homA.X;Y / is finite dimen-
sional over k,

(iii) A is complete with respect to persistence shifts in the sense that we have a
shift “functor” which consists of a family of A1-functors † D ¹†r W A!
A; r 2 Rº whose members satisfy the following conditions:

(1) †r is strictly unital and the higher components .†r/d , d � 2, of †r all
vanish,

(2) †0 D 1, †s ı†t D †sCt ,

(3) we are given prescribed identifications homs
A.†

rX;Y /ŠhomsCr
A
.X;Y /

that are compatible with the inclusions hom˛
A.X;Y /� homˇ

A
.X;Y / for

˛ � ˇ. These identifications are considered as part of the structure of
the shift functor †.

Given a filtered A1-category A, let TwA be the category of (filtered) twisted com-
plexes over A. This is itself a filtered A1-category. The category A embeds into
TwA in an obvious way, the embedding being a filteredA1-functor which is full and
faithful. Further, TwA is pre-triangulated in the filtered sense (which, in particular,
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means that it is closed under formation of filtered mapping cones). As a result, the
homological category

C 0A WD H0.T wA/

is a TPC that contains the homological persistence category H0.A/ of A.
Another TPC associated to A1-category A is provided by the category Fmod.A/

of filtered A1-modules over A. We will only consider strictly unital modules here.
There is an obvious shift functor on this category † W .R;C/! End.Fmod.A// and
Fmod.A/ is in fact a filtered dg-category in the sense of [12, Chapter 2] and it is pre-
triangulated. Thus, H0.Fmod.A// is a TPC. A certain subcategory of Fmod.A/ will
be of particular interest for us. Because our assumption of strict unitality the Yoneda
embedding is filtered

Y W A! Fmod.A/;

and, thus, there exists a filtered quasi-isomorphism

M.X/! homFmod.Y.X/;M/

for all objects X of A and M 2 Obj.Fmod.A//. Let A# be the triangulated closure
of the Yoneda modules and their shifts. This is a full subcategory of Fmod.A/ that
has as objects all the iterated cones, over filtration preserving morphisms, of shifts of
Yoneda modules (thus of modules of the form †rY.X/).

Finally, let Ar , the smallest full sub dg-category of Fmod.A/ that contains A#

and all the modules (and all their shifts and translates) that are r-quasi-isomorphic to
objects in A#, r 2 Œ0;1/. A module M is r-quasi-isomorphic to N if, inH0Fmod.A/,
there is an r-isomorphism M! N .

It is easy to see Ar remains pre-triangulated, carrying the shift functor induced
from Fmod.A/, and thus, the homological category CA WD H0.A

r/ is a TPC.
There are filtered functors

‚ W Tw.A/! FmodŒT w.A/�! Fmod.A/;

where the first arrow is the Yoneda embedding and the second is pullback over the
natural inclusion A! Tw.A/. The composition‚ is a homologically full and faith-
ful embedding, and it induces a full and faithful embedding of TPCs. The image of‚
lands inside Ar (actually inside the category denoted by A#), and thus, we have an
inclusion of TPCs:

x‚ W C 0A ,! CA;

which, in general, is not a TPC-equivalence (by contrast to the non-filtered case). In
particular, the category CA contains many more objects than C 0A. Each object in
CA is r-isomorphic to an object in C 0A but possibly only for some r > 0 (to have a
TPC equivalence, we would need to be able to take r D 0).
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2.6.2. Filtered Fukaya categories. We work in the following setting: .X; ! D d�/
is a Liouville manifold, i.e., an exact symplectic manifold with a prescribed primitive
� of the symplectic structure !, and such that X is symplectically convex at infinity
with respect to these structures. The Lagrangians used here are triplesLD .xL;hL; �L/
consisting of a closed oriented exact Lagrangian submanifolds xL � X equipped with
a primitive hL W xL!R of �jxL and a grading �L. We refer to such a pairL as a marked
Lagrangian submanifold and to xL as its underlying Lagrangian.

Before we go on, let us describe our algebraic conventions regarding Floer theory
and Fukaya categories. First of all, unless otherwise stated, all Fukaya categories will
be assumed from now on to be over the base field k D Z2.

The standard cohomology grading convention in Floer theory is that the �d -
operation has degree 2 � d , which is compatible with standard cohomology conven-
tions of A1-categories. The standard homology grading convention is that the �d -
operation has degree d � 2C n � dn, where n D 1

2
dimX is the complex dimension

of the ambient symplectic manifold X . In particular, this means that the �2-products
have degree�n, namely, �2 WCFi .L0;L1/˝CFj .L1;L2/!CFiCj�n.L0;L2/ and
the (chain level) units are in degree n, eL 2 CFn.L;L/. This is also the case in Morse
homology theory (where the units are maxima of Morse functions, hence of degree
n, and represent the fundamental class of the manifold L). Obviously, this is incom-
patible with the conventions described in Section 2.6.1. In order to adjust the Floer
homology setting to the one from Section 2.6.1, we perform a simple shift in grading
as follows. We define

CF 0j .L0; L1/ WD CFnCj .L0; L1/; HF 0j .L0; L1/ WD HFnCj .L0; L1/ 8j 2 Z:

We now redefine the hom’s in the Fukaya category F uk.X/ such that

homF uk.X/.L0; L1/j D CF
0
j .L0; L1/;

and similarly, for Floer the homologies HF 0. With these conventions, the Fukaya
category fits the conventions described in Section 2.6.1; namely, the �d operation has
degree d � 2 and the (homological) units are in degree 0. The only apparent downside
of this grading adjustment (which is purely aesthetic) is that with the standard grading,
CF�.L; L/ (when endowed with suitable auxiliary structures) is the Morse complex
of L and HF�.L; L/ Š H�.LIZ2/ (recall that we work with exact Lagrangians).
However, with the new grading CF 0j .L;L/ and HF 0j .L;L/ are concentrated in the
negative degrees �n � j � 0, and we have HF 0j .L; L/ Š HnCj .LIZ2/. Another
thing to note is that with the new grading conventions Poincaré duality takes the fol-
lowing form:HF 0j .L;L0/ŠHF 0�n�j .L0;L/�, where the asterisk in the superscript
stands for the dual.

We now proceed to the case of filtered Fukaya categories. Fix a collection of
marked Lagrangians X in X . We assume that X is closed under grading translations
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and shifts of the primitives in the sense that if L D .xL; hL/ is in X, then for every
r 2 R, and k 2 Z, the marked Lagrangian

†rLŒk� WD .xL; hL C r; �L � k/ (21)

is also in X. We denote by xX the family of underlying Lagrangians

xX D
®
xL j L 2 X

¯
:

We will assume that the family xX is finite and that its elements are in generic position
in the sense that any two distinct Lagrangians L0; L00 2 xX intersect transversely and
for every three distinct Lagrangians xL0; xL1; xL2 2 xX we have xL0 \ xL1 \ xL2 D ;.

Notice that we have implicitly introduced here the shift functor †r , and the trans-
lation functors T kL WD LŒ�k� that act on the objects of X as in (21).

In [12, Chapter 3] are constructed, in the setting above, filtered A1-categories,
F uk.XIP/, of Fukaya type, with objects the elements of X. Here, P is a choice of
perturbation data, picked roughly by the scheme in [32], but with special care, such
that the output is indeed filtered and not only weakly filtered. This construction is
delicate and the constraint that xX be finite and in generic position is used repeatedly
there. The resulting category F uk.XIP/ is strictly unital, with a unit in filtration 0,
and has also the property that homF uk.XIP/.L; L/ is concentrated in filtration 0 for
all L 2 X. This happens because the moduli spaces used to define the A1 opera-
tions appeal to “cluster” type configurations mixing Morse flow lines and Floer type
polygons such that, as a chain complex, .homF uk.XIP/.L;L/;�1/ coincides with the
Morse complex of a Morse function fL W L ! R whose choice is part of the data
P. Moreover, for two transverse Lagrangians L;L0 the Floer data has 0-Hamiltonian
term (in other works, it satisfies the homogeneous Floer equation).

It is also shown that any two such categories, defined for two different allowable
choices of perturbation data P and P0 are filtered quasi-equivalent in the sense that
there are filtered A1-functors F uk.XI P/! F uk.XI P0/ that are the identity on
objects and induce a (filtered) equivalence of the homological persistence categories.

One can then apply the discussion in Section 2.6.1, resulting in two associated
TPC’s.

The first is CF uk.X/, the homological category

CF uk.X/ D H0
�
F uk.XIP/r

�
;

where F uk.XIP/r is the smallest triangulated—with respect to weight-0 triangles—
full subcategory of Fmod.F uk.XIP// that contains the Yoneda modules Y.L/ with
L 2 X and is closed to r-isomorphism for all r in the sense that if j W M ! M 0

is an r-isomorphism of modules, and M 2 F uk.XIP/r , then M 0 2 F uk.XIP/r .
Possibly more concretely, each object in this category is r-isomorphic, for some r ,



Persistence K-theory 815

to a weight-0 iterated cone of Yoneda modules. Two such triangulated persistence
categories, defined for different choices of perturbation data are equivalent (as TPCs)
and thus we drop the reference to the perturbation data from the notation.

The second type of TPC, C 0F uk.X/, is defined by

C 0F uk.X/ D H0
�
Tw.F uk.XIP//

�
;

where Tw.F uk.XI P// is the category of filtered twisted complexes constructed
from F uk.XI P/. Any two choices of perturbation data produce equivalent TPCs,
and we again drop P from the notation. There are filtered functors

‚ W Tw.F uk.XIP//! Fmod
�
Tw.F uk.XIP//

�
! Fmod.F uk.XIP//

and a comparison functor

x‚ W C 0F uk.X/ ,! CF uk.X/:

Of course, there are also unfiltered categories here as the marked Lagrangians
in X are the objects of an A1-category, the Fukaya category F uk.X/ of X , con-
structed as in Seidel’s book [32]. In case of risk of confusion, we denote this category
by F ukun.X/ to indicate that filtrations are neglected in this case, and we use this
convention for the other structures in use, such asA1 modules and so forth. Similarly,
we have the category F ukun.X/ that has as objects only the elements of X, as well
as the respective derived versions DF uk.X/, and DF ukun.X/.

The basic relation between the filtered and unfiltered versions is that there are
equivalences of triangulated categories�

C 0F uk.X/
�
1
Š
�
CF uk.X/

�
1
Š DF ukun.X/:

Given that C 0F uk.X/, and CF uk.X/ are TPC’s, their sets of objects can be
endowed with fragmentation pseudo-metrics of the type dF , as in Section 2.5, for
any choice of objects F .

3. General properties of the K -group of a TPC

The purpose of this section is to describe several basic properties of the K-group of
a TPC. In the whole section, we fix a TPC denoted by C . Its 0-level category C0

has the same objects as C but has as morphisms only the 0-level morphisms in C ,
homC0.A; B/ D hom0

C .A; B/. The group we are most interested in is K.C0/, the
Grothendieck group of the category C0 which, by the definition of a TPC, is triangu-
lated. We refer to this group as the K-group of C and denote it by K.C/. Note that
K.C/ has a natural structure of a ƒP -module by defining t r � ŒA� D Œ†rA� for every
r 2 R.
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We start in Section 3.1 with some remarks on acyclics. Section 3.2 shows how
TPC functors—properly defined—induce morphisms at the K-group level. In Sec-
tion 3.3, we discuss a ring structure on the K-group which is defined in case the TPC
admits a tensor structure—we call such a TPC monoidal. In Section 3.4, we discuss
the opposite category of a TPC and its K-group. In Section 3.5, we consider the1-
level of a TPC and the associated K-group. We package most of these properties in
Theorem 3.6.1 in Section 3.6.

3.1. The acyclic category of a TPC

Let C be a TPC. An important feature of a TPC is that there is a class of objects that
are “close to 0” in a quantifiable way. Explicitly, recall that an object X 2 Obj.C/ is
r-acyclic for r � 0, denoted by X 'r 0, if 1X 'r 0 (see Section 2.4, and for more
details [12]).

As mentioned in Section 2.4, there are two (sub)categories:

(i) the full subcategory of C , denoted by AC , whose objects are r-acyclic for
any r � 0,

(ii) the full subcategory of C0, denoted by AC0, whose objects are r-acyclic
for any r � 0.

The subcategory AC is obviously a persistence category, since homAC D homC

which admits a persistence module structure. Moreover, for X; Y 2 Obj..AC/0/ D

Obj.AC/ D Obj.AC0/, we have

hom.AC/0.X; Y / D hom0
AC .X; Y / D homAC0.X; Y /:

This yields .AC/0 DAC0. Moreover, the subcategory AC is a TPC and the category
C1 is the Verdier localization of C0 with respect to AC0 (for more details, see [12]).
Thus, the K- group K.AC/ of AC is well-defined. Note that similarly to K.C/ the
group K.AC/ also has the structure of a ƒP -module by defining t r � ŒA� D Œ†rA�.

The twoK-groupsK.C/ andK.AC/ are closely related. First, there is an obvious
homomorphism,

j W K.AC/! K.C/ defined by X 7! X: (22)

This is well-defined since an exact triangle in AC0 is also an exact triangle in C0.
Additionally (and non-trivially), we also have morphisms in the opposite direc-

tion, called acyclic truncations, defined as follows. For any fixed r � 0 and for any
X 2 Obj.C/, by (iv) in Section 2.4, we have an exact triangle

†rX
�Xr
��! X ! Qr;X ! T†rX (23)
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in C0 for some r-acyclic object Qr;X 2 Obj.AC0/. Consider the following map:

Qr W K.C/! K.AC/ defined by X 7! Qr.X/ WD Qr;X : (24)

Note that since Qr;X is r-acyclic and defined up to isomorphism in C0, we know that
Qr;X (or more precisely the class ŒQr;X �) is a well-defined element in K.AC/.

Lemma 3.1.1. The mapQr defined in (24) is well-defined, and it is a homomorphism.

Proof. For the first conclusion, we need to prove that if X is replaced by Y � Z
in K.C/, that is, X D Y � Z, then Qr.X/ D Qr.Y / �Qr.Z/ in K.AC/. By the
defining relations in the corresponding K-groups, this means that the existence of the

exact triangle X
f
�! Y ! Z! TX in C0 implies that the triangle defined as follows:

Qr;X ! Qr;Y ! Qr;Z ! TQr;X (25)

is also exact in AC0, where Qr;X ;Qr;Y , and Qr;Z are the r-acyclic objects from the
exact triangles in the form of (23). In fact, by (iii) in Section 2.4, we have an exact

triangle †rX
†rf
���! †rY ! †rZ ! T†rX . Then, consider the following diagram:

†rX
†rf

//

�Xr
��

†rY //

�Yr
��

†rZ

��

// T†rX

��

X
f

//

��

Y //

��

Z

��

// TX

��

Qr;X //

��

Qr;Y //

��

A

��

// TQr;X

��

T†rX // T†rY // T†rZ // T 2†rX

We know that �Yr ı †
rf D f ı �Xr and the first two rows and first two columns are

all exact triangles. Then, by 3 � 3-lemma (see in [3, Proposition 1.1.11]), there exists
an object A 2 Obj.C/ (in fact, A 2 Obj.AC/) and dashed arrows such that all the
rows and columns are exact, as well as the diagram commutes (except the most right-
bottom square is anti-commutative). In particular, we have an exact triangle

Qr;X ! Qr;Y ! A! TQr;X ;

as the third row in the diagram. Moreover, since the third column†rZ! Z! A!

T†rZ is also exact, we have A Š Qr;Z . Hence, we obtain the exact triangle (25).
To see thatQr is a homomorphism, we need to show thatQr.X CY /DQr.X/C

Qr.Y /. In the K-group, the sum X C Y is represented by an object Z 2 Obj.C/ that
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fits into an exact triangleX!Z! Y ! TX . Then, the same argument as in the first
part shows that there is an exact triangleQr;X !Qr;Z!Qr;Y ! TQr;X . Therefore,

Qr.X C Y / D Qr.Z/ D Qr;Z D Qr;X CQr;Y D Qr.X/CQr.Y /

in K.AC0/. Similarly, we have

Qr.�X/ D Qr;TX D TQr;X D �Qr;X in K.AC0/:

3.2. TPC functors and induced K -morphisms

We formalize here some of the constructions before in a more abstract fashion. We
denote a TPC by a triple .C ; TC ; †C / (or .C ; T; †/) to emphasize the role of the
shift functor † and that of the translation functor T in C . Let us recall the following
definition (see in [12, Definition 2.25]).

Definition 3.2.1. Let .C ; TC ; †C / and .D ; TD ; †D/ be TPCs. A TPC functor F W

.C ; TC ;†C /! .D ; TD ;†D/ is a persistence functor satisfying the following condi-
tions.

(i) For any r 2 R, we have †r
D
ı F D F ı †r

C
. Moreover, for any r; s 2 R,

we have the following commutative diagram:

F .†r
C
X/

F ..�r;s/X /
//

D

��

F .†s
C
X/

D

��

†r
D

F .X/
.�r;s/F .X/

// †s
D

F .X/

for any X 2 Obj.C/.

(ii) The restriction F jC0 W C0!D0 is a triangulated functor (recall that by def-
inition of a TPC, the 0-level categories C0 and D0 are genuine triangulated
categories).

Here are some useful properties of TPC functors.

Lemma 3.2.2. Let F W .C ; TC ; †C / ! .D ; TD ; †D/ be a TPC functor. Then, we
have the following properties.

(i) For any X 2 Obj.C/ and r � 0, we have F .�Xr / D �
F .X/
r .

(ii) If X 2 Obj.C/ is r-acyclic, then F .X/ is also r-acyclic.

(iii) If � W X ! Y is an r-isomorphism, then F .�/ W F .X/! F .Y / is an r-
isomorphism too.
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(iv) If � W A
Nu
�! B

Nv
�! C

Nw
�! †�rTA is a strict exact triangle of weight r � 0,

then

F .�/ W F .A/
F . Nu/
���! F .B/

F . Nv/
���! F .C /

F . Nw/
���! †�rTF .A/

is also a strict exact triangle of weight r .

(v) F descends to a group homomorphism FK WK.C/!K.D/. The same con-
clusion holds for K.AC/ and K.AD/ as well as for K1.C/ and K1.D/.

Proof. The proof is rather straightforward, so we only outline the main points. Indeed,
the fact that the restriction of F to C0 is triangulated and that F is a persistence func-
tor that commutes with the shift functors and the natural transformations � implies
easily that F sends r-acyclics to r-acyclics. One then deduces that F transforms r-
isomorphisms into r-isomorphisms and the rest of the properties stated are easy to
check.

Given any TPC .C ; TC ; †C /, recall that K.C/ and K.AC/ are related by the
group homomorphisms Qr defined in (24) and j defined in (22). It is easy to see that
we also have the following lemma.

Lemma 3.2.3. For any TPC .C ; TC ; †C /, we have the following relations:

j ı FK D FK ı j and Qr ı FK D FK ıQr

for any r � 0.

To summarize what we have shown till now, triangulated persistence categories
together with TPC functors form a category denoted by T PC . There is an acyclic
functor

A W T PC ! T PC; C 7! AC :

The morphisms j and Qr can be viewed as appropriate natural transformations relat-
ing the functor A to the identity.

Recall from the beginning of Section 3 that for a TPC C theK-groupK.C/ has the
structure of ƒP -module defined by t r � ŒA� D Œ†rA�. Consider the category of mod-
ules modƒP overƒP . With these conventions, we have constructed two Grothendieck
group functors

K W T PC ! modƒP (26)

that associate with a TPC C its K-group K.C/ and to a TPC functor F the induced
morphism FK and

KA W T PC ! modƒP

that is defined byKADK ıA and associates to C the moduleK.AC/. We will often
denote this module by KA.C/ from now on.
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3.3. Monoidal structures on C and ring structures on K.C /

We start with a natural generalization of the notion of tensor category (or monoidal
category, see [26, Section 1 in Chapter VII]) to the TPC setting.

Definition 3.3.1. Let C be a TPC. A tensor structure on C is an associative symmetric
bi-operator˝ WObj.C/�Obj.C/!Obj.C/ together with a unit element eC 2Obj.C/
(with respect to˝) such that the following axioms are satisfied.

(i) For anyA 2Obj.C/, we have .�/˝A is a persistence functor on C . Explic-
itly, for any X; Y 2 Obj.C/ and f 2 hom˛

C .X; Y / for ˛ 2 R,

..�/˝A/.X/DX˝A; ..�/˝A/.f /Df ˝ 1A2hom˛
C .X˝A; Y ˝A/:

(ii) For any A 2 Obj.C/, the restriction of the functor .�/˝A to C0 is triangu-
lated, i.e., it maps exact triangles in C0 to exact triangles in C0. Moreover,
.�/˝ A is additive on C0.

(iii) For any A 2 Obj.C/, the functor .�/˝A is compatible with the translation
auto-equivalence T and the shift functor †r for any r 2 R in the following
sense:

TX ˝ A Š T .X ˝ A/.Š X ˝ TA/ in C0;

and there is a family of isomorphisms ¹�r W †rX ˝ A! †r.X ˝ A/ºr2R

in C0 with �0 D 1X˝A such that the following diagram commutes:

†rX ˝ A
.�r;s/X˝1A

//

�r

��

†sX ˝ A

�s

��

†r.X ˝ A/
.�r;s/X˝A

// †s.X ˝ A/

for any r; s 2 R. A similar conclusion holds for the functor A˝ .�/ due to
the symmetry of˝.

A monoidal TPC is a category C as before together with a choice of tensor structure.

Remark 3.3.2. The axiom (i) in Definition 3.3.1 translates to the following commu-
tative diagram:

hom˛
C .X; Y /

.�/˝1A //

i˛;˛Cr

��

hom˛
C .X ˝ A; Y ˝ A/

i˛;˛Cr

��

hom˛Cr
C

.X; Y /
.�/˝1A // hom˛Cr

C
.X ˝ A; Y ˝ A/

for any ˛ 2R, r 2R�0. In particular, we have for any f 2 hom˛
C .X;Y /, i˛;˛Cr.f /˝

1A D i˛;˛Cr.f ˝ 1A/.
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Remark 3.3.3. Recall that AC is the subcategory of C whose objects consists of
only acyclic objects. It is a simple exercise to check that any A 2 Obj.C/, the functor
.�/˝ A restrict to an endofunctor of AC .

Example 3.3.4. A basic example of a monoidal TPC’s is the persistence homotopy
category C fg D H0.FChfg/ of finitely generated filtered chain complexes. The tensor
structure is induced by tensor products of (filtered) chain complexes and the unit ele-
ment is given by the chain complex E D k hxi which is concentrated in degree 0, has
@x D 0 and whose filtration function ` is defined by `.x/ D 0.

In the same vein, the persistence homotopy category C t D H0.FCht/ of tame
filtered chain complexes is a monoidal TPC too.

Suppose that C is monoidal. For X; Y 2 Obj.C/ with classes ŒX�; ŒY � 2 K.C/
define

ŒX� � ŒY � D ŒX ˝ Y � 2 K.C/: (27)

Lemma 3.3.5. If C admits a tensor structure, then the operation in (27) is well-
defined and induces a commutative unital ring structure on K.C/ and a non-unital
one on K.AC/. The same operation makes K.AC/ into a K.C/-module, and the
map (22) is K.C/-linear.

The proof can be found in the expanded version of the paper [11].

Remark 3.3.6. Recall thatK.C/ is also aƒP -module. This module structure is com-
patible with the preceding ring structure (defined when C is monoidal) and together
these two structures make K.C/ into an algebra over ƒP . A similar statement holds
for KA.C/.

3.4. The opposite TPC and its K -group

Recall that every triangulated category C has its opposite category denoted by Cop

which is triangulated as well. The exact triangles in Cop are related to those of C as
follows (we follow the construction given by [21, Remark 10.1.10 (ii)]). Denote by
op W C ! Cop the canonical (contravariant) functor that (i) is identity on Obj.C/.D
Obj.Cop// and (ii) reverses the domain and target on the morphisms in C , that is,
op.f / 2 HomCop.Y;X/ iff f 2 HomC .X;Y /. Assume that T is the translation autoe-
quivalence of C , then define

T op
WD op ı T �1 ı op�1 W Cop

! Cop (28)

to be the translation autoequivalence in Cop. An exact triangle in Cop is defined by

Z
op.g/
���! Y

op.f /
���! X

op.�T�1.h//
��������! T opZ; (29)

whenever X
f
�! Y

g
�! Z

h
�! TX is an exact triangle in C . It is easy to see that Cop is

a triangulated category.
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Definition 3.4.1. Suppose .C ; T;†/ be a TPC. Define its opposite by .Cop; T op;†op/

where T op is defined in (28) and

.†op/r WD op ı†�r ı op�1 W Cop
! Cop (30)

for every r 2 R. Moreover, the persistence module structure on the homC ’s induces
in an obvious way such a structure on the homCop’s. This makes Cop into a persis-
tence category and the canonical functor op is a (contravariant) persistence functor.
Moreover, as we will see in Lemmas 3.4.3 and 3.4.4 below, .Cop; T op; †op/ defined
as above is a TPC and the functor op is a TPC functor.

A few remarks are in order.

Remark 3.4.2. (i) The collection †op D ¹.†op/rºr2R forms a shift functor on Cop,
and the natural transformation �op

r;s W .†
op/r ! .†op/s is defined by

�op
r;s WD op.��s;�r/ (31)

for any r; s 2 R, where ��s;�r W †�s ! †�r is the natural transformation for †.
(ii) Recall that for each object X in C , the morphism �Xr D ��r;0.�r;0.X// 2

hom0
C .†

rX;X/ plays an important role in the definition of a TPC. Similarly in Cop,
the counterpart is

.�op/Xr D ��r;0.�
op
r;0.X// D i�r;0.op.�0;�r.X/// D op.�Xr / 2 hom0

Cop..†
op/rX;X/;

where in the third equality we use the condition that op is a persistence functor, com-
muting with the persistence structure morphisms.

(iii) The 0-level category of Cop satisfies .Cop/0 D .C0/
op, since the canonical

map op is a persistence functor.

Lemma 3.4.3. Suppose .C ; T;†/ be a TPC, then its opposite .Cop; T op; †op/ is also
a TPC.

We refer the reader to the expanded version of this paper [11] for the proof.
For brevity, denote by C

op
0 the 0-level category of Cop (there is no ambiguity of

the notation due to (iii) in Remark 3.4.2).

Lemma 3.4.4. The canonical functor op W .C ; T; †/ ! .Cop; T op; †op/ is a TPC
functor. Moreover, it induces a group isomorphism opK W K.C/! K.Cop/.

The proof is straightforward and can be found in [11].

3.5. The 1-level of a TPC and an exact sequence

Recall from Section 2.4 that for every TPC C we can associate its1-level category
C1 with homC1.A;B/ D lim! hom˛

C .A;B/: As mentioned in Section 2.4, this cat-
egory is identified with the Verdier localization of C0=AC0. Thus, C1 is triangulated
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(see [12, Proposition 2.38]) and its K-group K.C1/ is well-defined. The exact trian-
gles of C1 contain those of C0 and it is easy to see that many of the properties of
K.C/ remain true for K.C1/:

(i) K.C1/ is a ƒP -module. If C is monoidal, then K.C1/ is a ƒP -algebra,

(ii) there is a functorK1 W T PC!modƒP defined by C 7!K1.C/WDK.C1/.

Here, (as in Section 3.2) modƒP denotes the category of modules over ƒP .
We will now relate the groupsK.C/ andK.C1/ via an exact sequence. Of course,

this relation is to be expected given that C1DC0=AC0. Note that there is a surjective
homomorphism � WK.C/!K1.C/ ofƒP -modules which is induced by the identity
on objects. Further, the inclusion Obj.AC/� Obj.C/ gives rise to a well defined map

j WKA.C/
j
!K.C/. Let TorK.C/ WD ker.j / and denote by W TorK.C/!KA.C/

the inclusion. Thus, we have the following sequence of ƒP -modules:

0! TorK.C/
 
! KA.C/

j
! K.C/

�
! K1.C/! 0: (32)

From the general properties of Verdier localization, it is easy to deduce the following
property.

Proposition 3.5.1. The sequence (32) is exact.

Remark 3.5.2. (a) As mentioned before, this follows from the general properties of
Verdier localization, but it is useful to have a more explicit description of TorK.C/
together with the exactness argument and we provide them here. Consider the follow-
ing diagram of ƒP -modules:

0

��

0

��

0

��

yRC

s

��

0 // RAC0

��

Nj 0
// RC0

x� 0 //

��

R1 //

u

��

0

0 // GhACi

��

Nj
// GhCi

��

x� // G1 //

v

��

0

KA.C/
j
//

��

K.C/
� //

��

K1.C/ //

��

0

0 0 0

(33)
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The diagram is constructed as follows. We denote by Gh�i the free abelian group
generated by the objects of the respective categories and by R� the subgroup of tri-
angular relations associated to the triangular structure of the 0-level of the respective
TPC, as in the definition of the K-group. Thus, by the definition of the K groups in
question, the first two columns are exact. The maps Nj and Nj 0 are inclusions and j is
induced by them. The groups G1 and R1 are defined as the obvious quotients mak-
ing the top two rows exact and x� , x� 0 are the projections. The map u is induced from
the left, top square in the diagram. The group yRC is the kernel of u. All the groups
and morphisms discussed here are also ƒP -modules so yRC is also a ƒP -module.
It is immediate to see that � ı j D 0 because an acyclic object is, by definition, r-
isomorphic to 0 for some r 2 R, and thus, it is isomorphic to 0 in C1. This means
that the map v is well-defined and induced by the left bottom square in the diagram.

Diagram chasing shows that the exactness in the proposition follows by proving
that v is surjective and, moreover, this implies that the kernel of j is identified to yRC ,

TorK.C/ D ker.j / D yRC :

Given thatK1.C/ D GhCi=RC1 , the surjectivity of v comes down to the following
identity:

RC1 D GhACi CRC0 ; (34)

which follows from the description of the exact triangles in C1.
(b) It is useful to express the group TorK.C/D yRC in yet a different way. Notice

that we have the obvious inclusion

RAC0 ,! GhACi \RC0 :

More diagram chasing shows that

TorK.C/ D ŒGhACi \RC0 �=RAC0 : (35)

(c) It is easy to see that TorK.C/ can be viewed as a functor

TorK W T PC ! modƒP ;

and that WTorK.C/!KA.C/ from (32) is part of a natural transformation between
TorK and AK.

3.6. Wrap-up of general properties

We assemble here the properties discussed above in one statement, by expanding on
the discussion in Section 3.2. Recall from Section 3.2 that modƒP is the category of
modules overƒP . Denote by op W modƒP ! modop

ƒP
the obvious op functor with the
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particular feature that op.M/ D xM , where xM is the same abelian group as M but
the ƒP -module structure is t r � Na D t�r � a, where a 2M and Na is the corresponding
element in xM . Recall from Section 3.2 that we denote by T PC the category of TPCs
and TPC functors.

Theorem 3.6.1. There are four functors:K;KA;K1;TorK W T PC ! modƒP that
are defined on objects by

K.C/ WD K.C0/; KA.C/ WD K.AC0/;

K1.C/ WD K.C1/; TorK.C/ WD ŒGhACi \RC0 �=RAC0

(see (35) for TorK), and correspondingly on morphisms. There are natural transfor-
mations relatingK,KA,K1, and TorK induced by the maps j ,Qr from Section 3.1,
and � and  from Section 3.5 and the four functors fit into exact sequences as in (32):

0! TorK
 
! KA

j
! K

�
! K1 ! 0:

The four functors TorK,KA,K,K1 commute with the op functors in the domain and
target. Moreover, when restricted to the subcategory of T PC consisting of monoidal
TPCs and functors, they take values in the category of algebras over ƒP .

4. Filtered chain complexes

In this section, we will carry on explicit computations of the K-group when C D

H0.FCh/, the homotopy category of filtered chain complexes over k, and make
explicit several properties from Section 3 in this setting.

4.1. Main computational result

We refer to [35] for the general background on the algebraic structures related to this
category. We recall below some notation, definitions, and results.

We denote by FCh the category of filtered chain complexes. As explained in [10,
Section 6.2], FCh has the structure of a filtered dg-category which is pre-triangulated,
therefore, its degree-0 homology category denoted by H0.FCh/ is a TPC (see [10,
Proposition 6.1.12]).

Given a filtered chain complex .C�; @; `/ there exists a decomposition, unique up
to filtered chain isomorphism (see the work of Barannikov [2]; see also [35, Proposi-
tion 7.4]),

.C�; @; `/ Š
M
k2Z

C.k/Œ�k� where C.k/ D
rkM
iD1

E1.ai /˚

skM
iD1

E2.bi ; ci /: (36)
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Here, E1.a/ and E2.b; c/ denote the following two elementary filtered chain com-
plexes serving as the building blocks of the decomposition:

• E1.a/ D ..� � � ! 0! kx ! 0! � � � /; `.x/ D a/, deg.x/ D 0;

• E2.b; c/D ..� � � ! 0! ky
@
�! kx! 0! � � � /; `.x/D b; `.y/D c/, deg.x/D 0,

deg.y/ D 1.

In what follows, we will concentrate on two full subcategories of FCh (see also
Section 2.2).

(fg) (Finitely generated chain complexes). The full subcategory FChfg
� FCh

whose objects are filtered chain complexes .C�; @; `/ for which the total spaceL
k2Z Ck is finite dimensional over k.

(t) (Tame chain complexes). The full subcategory FCht
� FCh whose objects

are filtered chain complexes .C�; @; `/ such that for every filtration level r 2
R, the truncated chain complex .C�r� ; @/ is finite dimensional over k (again,
when taking all degrees together), for sufficiently small r , we have C�r� D 0.

As we will see below, there are significant differences between the computational
results of K.H0.FChfg// and K.H0.FCht//.

The TPC H0.FCh/ is monoidal in the sense of Definition 3.3.1. The bi-operator
˝ is defined by the classical tensor product of two chain complexes, that is, for C D
.C�; @C ; `C / and D D .D�; @D; `D/, we have

C ˝D D ..C ˝D/�; @C˝D; `C˝D/;

where
.C ˝D/k D

M
pCqDk

Cp ˝Dq

and
.@C˝D/k D

X
pCqDk

�
.@C /p ˝ 1D C .�1/

p.1C ˝ .@D/q/
�
:

Moreover, `C˝D D `C C `D . Then, clearly, this˝ is associative and symmetric. The
unity e is given by the filtered chain complex,

E1.0/ D
�
� � � ! 0! kx ! 0! � � � ; @ D 0; deg.x/ D 0; `.x/ D 0

�
:

The fact that e is a unit follows from Example 4.1.1 below. Most of the other axioms in
Definition 3.3.1 are readily verified. For instance, the family of isomorphisms ¹�rºr2R

in the axiom (iii) are in fact all identities. Indeed, by definition, †r.C�; @; `/ D
.C�; @C ; `C C r/, so

.†rC/˝D D †r.C ˝D/ D ..C ˝D/�; @C˝D; `C˝D C r/:



Persistence K-theory 827

The only non-trivial part is the verification that .�/˝ C� is a triangulated functor on
H0.FCh/0. This follows from [30, Lemma 15.58.2].

Example 4.1.1 ([29, Example 2.8] or [36, Proposition 9.2]). For later use, this exam-
ple computes the tensor product of elementary filtered complexes that appear in the
decomposition (36). There are three cases.

• E1.a/˝E1.b/ D E1.aC b/.

• E1.a/˝E2.b; c/ D E2.aC b; aC c/.

• E2.a; b/˝E2.c; d/ D E2.aC c;min¹aC d; b C cº/˚
E2.max¹aC d; b C cº; b C d/Œ�1�.

We emphasize that in the last case, there is a degree shift in the second term.

It is straightforward to verify that the above tensor structure restricts to tensor
structures on H0.FChfg/ and H0.FCht/. We denote C t D H0.FCht/ and C fg D

H0.FChfg/.
The various computations of K-groups for these two categories are collected in

the next theorem. Recall the Novikov rings ƒ and ƒP from Section 2.1.

Theorem 4.1.2. The tensor product of filtered chain complexes induces ring struc-
tures on K.C t/ and K.C fg/. Moreover, we have the following.

(1) There exists a canonical isomorphism of rings

� W K.C t/! ƒ; (37)

uniquely defined by the property that �.ŒE1.a/�/ D ta for every a 2 R, where
E1.a/ is as above and Œ�� 2K.C t/ is theK-class of the relevant filtered chain
complex.

(2) Denote by i fg W K.C fg/ ! K.C t/ the map induced by the inclusion C
fg
0 �

C t
0. Then, the composition � ı i fg W K.C fg/! ƒ has values in ƒP and is an

isomorphism of rings K.C fg/ Š ƒP .

(3) Denote by AC fg the homotopy category of acyclic finitely generated filtered
chain complexes and by jK W K.AC fg/ ! K.C fg/ the map induced by the
inclusion AC

fg
0 � C

fg
0 . Then, the composition � ı jK has values in the ideal

ƒ
.0/
P D ¹P.t/ 2ƒP jP.1/D 0º �ƒP and gives an isomorphismK.AC fg/Š

ƒ
.0/
P which is compatible with K.AC fg/ being a K.C fg/-module and ƒ.0/P

being a ƒP -module.

Remark 4.1.3. (1) An older result of Kashiwara [20] establishes a similar isomor-
phism to the ones described at points (1) and (2) of Theorem 4.1.2 but in the frame-
work of the derived category of constructible sheaves on manifolds. The analogy to
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the result of Kashiwara becomes more transparent in view of the identification of
Novikov rings with rings of step functions as described in Section 5.

Another related result appears in [14], where theK-group of the category of multi-
parameter persistence modules is calculated. Note that the framework in that paper is
slightly different than ours—the category of persistence modules is exact while the
homotopy categories H0.FChfg/, H0.FCht/ of filtered chain complexes are TPC’s.

(2) The morphism � WK.C t/!ƒ fits with the map �.�/ defined in Section 2.3 for
persistence modules and their barcodes. The relation is that �.C / D �H.C/ for each
filtered chain complex C , where H.C/ is the persistence homology of C .

The proof of the theorem will occupy the next two subsections. Explicitly, Sec-
tion 4.2 is concerned with C fg and Section 4.3 with C t. The combination of the results
in these two subsections cover all the claims made in Theorem 4.1.2. In Section 4.4
we discuss some other relations involving the acyclics for these categories. They are
relevant to understand some K-theoretic aspects, as in Remark 4.4.4 (a).

4.2. Computation of the K -groups associated toH0.FChfg/

Throughout this section, we write C fg WD H0.FChfg/ for the homotopy category of
finitely generated filtered chain complexes over k. By a slight abuse of notation, we
will denote theK-class of a filtered chain complex A sometimes by ŒA� but occasion-
ally also simply by A.

Lemma 4.2.1. In K.C fg/, we have E2.a; b/ D E1.a/ �E1.b/ for any a � b 2 R.

Proof. The mapping cone of the (filtration preserving) map� WE1.b/!E1.a/ defined
by �.xb/ D xa is E2.a; b/, where xb and xa are the generators with the prescribed
filtrations of E1.b/ and E1.a/, respectively. Thus, by the definition of the K-group,
we have E1.a/ D E1.b/CE2.a; b/ in K.C fg/.

Recall that ƒP denotes the ring of Novikov polynomials with coefficients in Z,
namely, finite sums of monomials of the form nta with n 2 Z, a 2 R and where t is
a formal variable. More precisely,

ƒP WD

² NX
kD0

nkt
ak

ˇ̌̌̌
N 2 Z�0; nk 2 Z; ak 2 R

³
: (38)

We endowƒP with the obvious ring structure whose unit is 1D 1 � t0. As explained at
the end of Section 4.1, since C fg is monoidal, Lemma 3.3.5 implies that the K-group
K.C fg/ admits a well-defined ring structure, where the product is given by

E1.a/ �E1.b/ D E1.aC b/; (39)
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due to (27) and Example 4.1.1. Note that by Lemma 4.2.1, we only need to consider
classes in K.C fg/ represented by the elementary filtered chain complexes of E1-type.
Moreover, the unit of K.C fg/ is E1.0/.

Proposition 4.2.2. There is a ring isomorphism � WƒP
Š
�!K.C fg/ that sends ta 2ƒP

to the K-class ŒE1.a/� 2 K.C/ for every a 2 R.

Proof. According to (36), any object in C
fg
0 is isomorphic to a chain complex of the

following form:

C D

k1M
kDk0

C.k/Œ�k�; where C.k/ D
rkM
iD1

E1.ai /˚

skM
iD1

E2.bi ; ci /: (40)

Since the objects of C fg are all finitely generated chain complexes, we have that k0,
k1, rk , and sk are all finite. Therefore, the class ŒC � 2 K.C fg/ of such a complex is of
the following form (recall that the degree shift Œ�1� of a chain complex corresponds
to multiplying by �1 in the K-group):

ŒC � D

k1X
kDk0

.�1/�k
� rkX
iD1

ŒE1.ai /�C

skX
iD1

ŒE2.bi ; ci /�

�
:

By Lemma 4.2.1, and by grouping terms, the expression above can be further simpli-
fied to

ŒC � D

kX
iD1

ni ŒE1.xi /� for some xi 2 R; ni 2 Z; (41)

with k finite and such that each xi only appears once in the sum. We may also assume
that the xi ’s are written in increasing filtration order.

In summary, each element inK.C fg/ can be written in the form (41). We claim that
the representation of ŒC � as written in (41) is unique. This is equivalent to showing
that if for a filtered complex C we have ŒC � D 0 2 K.C fg/, then the expression (41)
associated to C does not contain any terms on the right-hand side. The argument is
based on the filtered Euler characteristics defined by

�˛.C / D �.C
�˛/; ˛ 2 R: (42)

These Euler characteristics �˛ descend to morphisms �˛ W K.C fg/! Z due to the
standard behavior of the Euler characteristic on short exact sequences of complexes.
Additionally, it is immediate to see that

�˛

� kX
iD1

ni ŒE1.xi /�
�
D 0 8˛ 2 R; iff ni D 0 8 i;

which shows our claim.
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What we have proved so far a priori holds only forK classes of the form ŒC � with
C 2 Obj.C fg/. However, every element X 2 K.C fg/ is of that form, i.e., X D ŒC � for
some finitely generated filtered chain complex C . This is because Obj.C fg/ is closed
under direct sums (and shifts in grading). Therefore, the preceding statements in fact
hold for all elements of K.C fg/. In the rest of the proof, we continue to represent
every element of K.C fg/ by an object of C fg.

Consider the map

� W ƒP ! K.C fg/ defined by ta 7! E1.a/ (43)

and extend it linearly (over Z) to ƒP . We claim that � is surjective. Indeed, for any
g 2K.C fg/written as on the right-hand side of (41), consider the Novikov polynomial
p D

Pk
iD1 ni t

xi . We then have �.p/ D g. Next, we claim that � is injective. This is
an immediate consequence of the fact that the writing (41) of an element inK.C fg/ is
unique.

Finally, � is a ring homomorphism. Indeed, �.1/ D �.t0/ D E1.0/ D e, the unit,
and

�

�X
k

nkt
ak

�
� �

�X
k

mkt
bk

�
D

�X
k

nkE1.ak/

�
�

�X
k

mkE1.bk/

�
D

X
k

X
iCjDk

nimjE1.ai C bj / D �

�X
k

X
iCjDk

nimj t
aiCbj

�
D �

��X
k

nkt
ak

�
�

�X
k

mkt
bk

��
;

where the second equality comes from the product structure on K.C fg/ defined in
(39).

We denote by
� WD ��1 W K.C fg/! ƒP (44)

the inverse of the isomorphism � from Proposition 4.2.2. We have �.E1.a// D ta for
all a 2 R.

We turn to the category of acyclics AC fg and its associated K-group KA.C fg/ D

K.AC
fg
0 / that was introduced in Section 3.1. Note that, unlike forK.C fg/, the genera-

tors of KA.C fg/ are all of the form of E2.a; b/ and the relation in Lemma 4.2.1 does
not hold anymore in KA.C fg/. Still, we have the following analogous useful result.

Lemma 4.2.3. For any a � b � c 2 R, we have E2.a; b/C E2.b; c/ D E2.a; c/ in
KA.C fg/.
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Proof. Suppose that the generators of E2.a; c/ are y0 and y1 satisfying @.y1/ D y0
and filtrations `.y0/D a, `.y1/D c. Similarly, suppose that the generators ofE2.b; c/
are x0 and x1 satisfying @.x1/ D x0 and filtrations `.x0/ D b, `.x1/ D c. Then, con-
sider a filtration preserving map � W E2.b; c/! E2.a; c/ defined by

�.x0/ D y0 and �.x1/ D y1:

We have Cone.�/ D E2.a; b/. In other words, we have an exact triangle

E2.b; c/
�
�! E2.a; c/! E2.a; b/! E2.b; c/Œ�1�;

and thus, E2.a; c/ D E2.a; b/CE2.b; c/ in KA.C fg/.

Similarly to (38), we introduce the following (non-unital) ring ƒ0P of “double-
exponent” Novikov polynomials (in the formal variable s). Additively, it is defined as
follows:

ƒ0P WD

²X
k

nks
ak ;bk

ˇ̌̌̌
nk 2 Z; ak < bk <1

³�
R; (45)

where the sums above are assumed to be finite. The relation subgroup R is generated
by the elements ¹sa;b C sb;c � sa;cº for any a < b < c 2 R. The product onƒ0P goes
as follows:

sa;b � sc;d WD saCc;aCd � sbCc;bCd D saCc;bCc � saCd;bCd (46)

and extends by linearity over Z. Note that this is well-defined and the second equality
comes from the relation R. It is easy to verify that the product defined in (46) is
associative and distributive.

The tensor structure on C fg descends to a well-defined (non-unital) tensor struc-
ture on AC fg, therefore, Lemma 3.3.5 implies that the K-group KA.C fg/ admits a
well-defined (non-unital) ring structure, where the product is given by

E2.a; b/ �E2.c; d/ D E2.aCc;min¹aCd; bCcº/�E2.max¹aCd; bCcº; bCd/

D E2.aC c; aC d/ �E2.b C c; b C d/:

Here, the first equality comes from Example 4.1.1 and the second equality comes from
Lemma 4.2.3. Indeed, if b C c < aC d , then

E2.aC c; b C c/ �E2.aC d; b C d/ D .E2.aC c; b C c/CE2.b C c; aC d//

� .E2.bCc; aCd/CE2.aCd; bCd//

D E2.aC c; aC d/ �E2.b C c; b C d/:
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Similarly, one can also write

E2.a; b/ �E2.c; d/ D E2.aC c; b C c/ �E2.aC d; b C d/: (47)

The expression in (47) explains the relations in R listed above.

Proposition 4.2.4. There is a multiplicative isomorphismKA.Cfg/Šƒ0P that sends
the K-class E2.a; b/ 2 KA.Cfg/ to sa;b 2 ƒ0P, for every a < b.

For the proof of Proposition 4.2.4, it is useful to relate ƒP to ƒ0P . Consider the
following ideal of ƒP :

ƒ
.0/
P WD

®
p.t/ 2 ƒP j p.1/ D 0

¯
: (48)

The condition p.1/ D 0 is equivalent to the condition that the sum of all coefficients
of the Novikov polynomial p is equal to 0.

Lemma 4.2.5. Consider the map

� W ƒ0P ! ƒ
.0/
P defined by sa;b 7! ta � tb (49)

and extend it to ƒ0P by linearity over Z. Then, � is well-defined and is a non-unital
ring isomorphism.

The proof of the lemma can be found in the expanded version of the paper [11].
We are now ready to prove Proposition 4.2.4.

Proof of Proposition 4.2.4. Consider the following ideal of K.C fg/:

K.C fg/.0/ WD
®
A 2 K.C fg/ j �.A/ D 0

¯
; (50)

where � W K.C fg/! Z is the Euler characteristic. Note that � is well-defined for all
objects of C fg since they are assumed to be finitely generated. By the same argument
as in Proposition 4.2.2, the ring isomorphism � W ƒP ! K.C fg/ restricts to a ring
isomorphism �j

ƒ
.0/
P

W ƒ
.0/
P ! K.C fg/.0/. Then, consider the following diagram:

ƒ0P
�

Š
//

�0

��

ƒ
.0/
P

Š
�j
ƒ
.0/
P

��

KA.C fg/
j
// K.C fg/.0/

(51)

where the top horizontal map � is a ring isomorphism by Lemma 4.2.5. Here,

�0 W ƒ0P ! KA.C fg/ is defined by
X
k

nks
ak ;bk 7!

M
k

nkE2.ak; bk/: (52)
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Lemma 4.2.3 and the relations in R of ƒ0P in (45) yield that �0 is well-defined. Also,
it is readily checked that �0 is surjective. Meanwhile, j is the ring homomorphism
defined in (22). We claim that the diagram (51) commutes. Indeed, for any sa;b , we
have

sa;b
� //

�0

��

ta � tb

�

��

E2.a; b/
j
// E1.a/ �E1.b/

(53)

which verifies the commutativity. Since j ı �0 D �j
ƒ
.0/
P

ı � which is an isomorphism,

we deduce that �0 is injective.

4.3. Computation of the K -groups associated toH0.FCht/

We are now interested in the triangulated persistence category C t WD H0.FCht/ of
tamed filtered chain complexes over k and its K-theory.

The computations of K.C t/ and KA.C t/ partially overlap with the ones for the
homotopy category H0.FChfg/, but they differ at some points. Instead of ƒP and
ƒ0P , we will now need to work with the full Novikov ring

ƒ WD

² 1X
kD0

nkt
ak

ˇ̌̌̌
nk 2 Z; ak !1

³
(54)

as well as with

ƒ0 WD

² 1X
kD0

nks
ak ;bk

ˇ̌̌̌
nk 2 Z; ak < bk <1; ak !1

³�
R; (55)

where the relation subgroup R is defined as in (45).
Here is the analog of Proposition 4.2.2 in this setting.

Proposition 4.3.1. There is a ring isomorphism K.C t/ Š ƒ that sends the K-class
E1.a/ 2 K.C

t/ to ta 2 ƒ for every a 2 R.

The proof follows from arguments almost identical to those in Proposition 4.2.2.
Additional care is required when comparing two elements in ƒ that possibly involve
infinitely many monomials. We can reduce this to the polynomial situation via a trun-
cation at a filtration level, due to the definition of tame chain complexes.

We also have the following result, analogous to Proposition 4.2.4. We omit its
proof which can be found in [11].

Proposition 4.3.2. There is a multiplicative isomorphism KA.C t/ Š ƒ0 that sends
the K-class E2.a; b/ 2 KA.C t/ to sa;b 2 ƒ0, for every a < b. Moreover, there is a
multiplicative isomorphism ƒ0 Š ƒ.
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We continue to denote by � the inverses of the maps � and �0 before, as in (44).

Remark 4.3.3. The map
j W KA.C t/! K.C t/

is an isomorphism. This follows from [11, diagram (63)]. It can also be seen in a more
direct way by first noticing that the unit e D E1.0/ of K.C t/ belongs to KA.C t/.
Indeed, consider the element

e0 D

1X
kD0

E2.k; k C 1/ 2 KA.C t/:

This element is a unit inKA.C t/ as shown by the next computation. Fix someE2.a;b/
and write

E2.a; b/ � e
0
D E2.a; b/ � .E2.0; 1/˚E2.1; 2/˚ � � � /

D .E2.a; b/ �E2.aC 1; b C 1//

C .E2.aC 1; b C 1/ �E2.aC 2; b C 2//C � � �

D E2.a; b/;

where the second equality comes from the product formula in (47) and the last equality
comes from successive cancellations with only the first term left. As e0 D e0 � e D e

we deduce that E1.0/ 2 image .KA.C t/
j
�! K.C t//. Now, use the fact that the map j

is linear over ƒ to conclude that j is an isomorphism.

For further use, we summarize two direct consequences of Proposition 4.2.4 and
Proposition 4.3.2 (see also Proposition 3.5.1).

Corollary 4.3.4. We have the ring isomorphisms j W KA.C fg/! K.C fg/.0/ (where
K.C fg/.0/ is defined as in (50)) and j W KA.C t/! K.C t/. In particular, these maps
are injective, and thus, TorK.C fg/ D 0, TorK.C t/ D 0. Further,

K1.C
fg/ D Z; K1.C

t/ D 0:

Remark 4.3.5. Corollary 4.3.4 says that in case C D C fg the exact sequence (32)
becomes a short exact sequence of the form

0! KA.C fg/
j
�! K.C fg/

�
�! K1.C

fg/! 0: (56)

Identifying the first two terms, via the isomorphism �, with ƒ.0/P and ƒP , respec-
tively, and the third term with Z via the Euler characteristic, we can identify the above
sequence with the following one:

0! ƒ
.0/
P ! ƒP ! Z; (57)
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where the first map is the inclusion and the second map is given by ƒP 3 P.t/ 7!
P.1/ 2 Z. The sequence (56) obviously splits. A preferred splitting seems to come
from the following right and left inverses to � and j , respectively:

K1.C
fg/! K.C fg/; ŒC � 7! �.C /ŒE1.0/�;

K.C fg/! KA.C fg/; ŒC � 7! ŒC � � �.C /ŒE1.0/�:
(58)

In terms of the sequence (57) the first map in (58) is just the inclusion Z! ƒP and
the second map is P.t/ 7! P.t/ � P.1/.

4.4. More relations

In this subsection, we investigate the acyclic truncation maps Qr defined in (24).
Notice that Qr is only a homomorphism of abelian groups, since

Qr.E1.a/ �E1.b// D Qr.E1.aC b// D E2.aC b; aC b C r/;

while

Qr.E1.a// �Qr.E1.b// D E2.a; aC r/ �E2.b; b C r/

D E2.aC b; aC b C r/ �E2.aC b C r; aC b C 2r/:

The proof of the following result can be found in [11].

Proposition 4.4.1. For any r � 0, the mapQr WK.C t/!KA.C t/ is an isomorphism
of abelian groups.

Proof. Consider the following diagram:

K.C t/
Qr //

� Š

��

KA.C t/

� Š

��

ƒ
zQr // ƒ0

�

Š
// ƒ

(59)

where the two vertical isomorphisms � are the inverses of the isomorphisms � and
�0 from Propositions 4.2.2 and 4.3.2, respectively, the right-bottom isomorphism �

is from Proposition 4.2.4, and the map zQr W ƒ! ƒ0 is defined by ta 7! sa;aCr and
extended to ƒ by linearity over Z. Notice that zQr makes the square commutative.
Moreover, the composition

.� ı zQr/.t
a/ D �.sa;aCr/ D ta � taCr

is injective; thus, zQr is injective. Next, we will show that zQr is also surjective.
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The surjectivity of zQr is proved in detail in [11], and here we only outline the
main idea. First, note that ƒ is a ƒ0-module with structure defined by sa;b � tc WD
taCc � tbCc . It is straightforward to check that zQr is ƒ0-linear with respect to this
structure. Now, note that zQr.1C t r C t2r C � � � / D s0;r C sr;2r C � � � D u, the unit
in ƒ0. This shows that zQr is surjective. It now follows that zQr is an isomorphism,
which implies that Qr is an isomorphism too.

We now investigate the mapQr in the case of C fg. We have the following commu-
tative diagram that is analogue of diagram (59) (we keep denoting by � the inverses
of the corresponding maps �, as before):

K.C fg/
Qr //

� Š

��

KA.C fg/

� Š

��

ƒP
zQr // ƒ0P

�

Š
// ƒ
.0/
P

(60)

Again, since � ı zQr is injective, zQr and Qr are injective. However, now Qr is not
necessarily surjective, again due to the lack of a unit in KA.C fg/ (and also in ƒ0P ).

Proposition 4.4.2. For any r > 0, we have

Im.� ı zQr/ D
²X

k

nkt
ak 2 ƒ

.0/
P

ˇ̌̌̌ X
j2Jc

nj D 0 for any c 2 R=rZ

³
;

where
Jc D

®
k 2 Z j ak � c .mod r/

¯
:

Remark 4.4.3. The ring ƒ.0/P can be regarded as the set of elements satisfying the
condition in Proposition 4.4.2 for r D1, where ak � c .modr/ simply means ak D c.

Proof of Proposition 4.4.2. Denote byƒ.0/;rP the ring obtained fromƒ
.0/
P by reducing

mod r the exponents that appear in the variable t . (Namely, we take the elementsP
k nkt

ak 2ƒ
.0/
P and reduce mod r all the exponents ak .) The outcomeƒ.0/;rP inherits

from ƒ
.0/
P the structure of a non-unital ring (recall that ƒ.0/P is itself non-unital). We

have a projection � W ƒ.0/P ! ƒ
.0/;r
P defined byX

k

nkt
ak 7!

X
k

nkt
Œak �; where Œak� is the projection of ak on R=rZ:

We need to show that Im.� ı zQr/ D ker.�/. If p 2 Im.� ı zQr/, then each term ta

of p is mapped by � ı zQr to ta � taCr . Applying the map � , we have ta � taCr 7!
t Œa� � t Œa� D 0. We get �.p/ D 0. This shows Im.� ı zQr/ � ker.�/.
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Fix p D
P
nk
nkt

ak 2 ker.�/ and consider the sub-polynomial pc WD
P
nk
nkt

ak

with Œak�D c for each c 2 R=rZ . We will show that any sub-polynomial pc is in the
image of the map � ı zQr—this is enough to show that p is in this image. Write

pc D n1t
cCm1r C � � � C nLt

cCmLr where m1 � � � � � mL 2 Z; (61)

and
PL
kD1 nk D 0. At this point, the argument is similar to the proof of Lemma 4.2.5,

by induction on L. The first non-trivial case is when L D 2, that is pc D ntcCm1r �
ntcCm2r . Then, consider xD n.tcCm1r C tcC.m1C1/r C � � � C tcC.m2�1/r/ 2ƒP , and
we have

.� ı zQr/.x/ D n.t
cCm1r � tcC.m1C1/r C tcC.m1C1/r � tcC.m1C2/r

C � � � C tcC.m2�1/r � tcCm2r/ D pc :

Now, assume that any pc in (61) with L-many non-zero terms is in the image. We
rewrite a pc with .LC 1/-many non-zero terms as follows:

pc D n1t
cCm1r C � � � C nLt

cCmLr C

�
�

LX
kD1

nk

�
tcCmLC1r

D

�
n1t

cCm1r C � � �nL�1t
cCmL�1r �

�L�1X
kD1

nk

�
tcCmLr

�
C

� LX
kD1

nk

�
.tcCmLr � tcCmLC1r/:

Each of the two terms above is in the image by our inductive hypothesis. Therefore,
pc is in the image.

Remark 4.4.4. (a) Let C be a TPC and fix r 2 Œ0;1/. Recall the notations from Sec-
tion 3.5. In particular, denote byGhCi the free abelian group generated by the objects
of C . A natural question is whether there are K-type groups of interest obtained by
dividingGhCi by the subgroup Rr generated by the relations of the form B DA�C

for each strict exact triangle

A! B ! C ! †�sTA

of weight s � r . In general, this does not lead to something useful. For instance, it is
easy to see that if acyclics of any weight belong to the subgroup of K.C/ generated
by s-acyclics, then GhCi=Rr D C1. This is what happens in C t, as it follows from
Proposition 4.4.1.

(b) Another natural way to mapK.C fg/ toKA.C fg/ is as explained in Remark 4.3.5.
Namely,

K.C fg/! KA.C fg/; ŒC � 7! ŒC � � �.C /E1.0/:
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This definition parallels (via the isomorphisms defined by �) the map ƒP ! ƒ
.0/
P ,

defined by P.t/ 7! P.t/ � P.1/.

5. Barcodes, step functions, and K -theory for persistence modules

It is natural to associate to an ungraded persistence module ¹M ˛º˛2R the real func-
tion given by its dimension ˛ 7! dimk.M

˛/. By taking into account also graded
modules—as in Section 5.1—this provides a way to associate to each persistence
module M , or graded barcode B, a function x�B belonging to a ring LCB Œx; x�1�
where x is a formal variable keeping track of the grading andLCB is a ring of bounded
step functions R! R with a convolution type product. The value of this represen-
tation for x D �1, x� D x� jxD�1, is interpreted in Section 5.2 as the application that
associates to a persistence module its K-class, in an appropriately defined K-group.
This is a consequence of the fact that LCB is isomorphic as a ring with the universal
Novikov polynomial ring, ƒP , and fits with the description in Section 4 of the K-
group of the homotopy category of filtered chain complexes. Finally, in Section 5.3,
we use the theory developed in Sections 5.1 and 5.2 to formulate a general form of
Morse inequalities for persistence homology.

Before we go on, we remark that some of the material presented in Sections 5.1
and 5.2 below is analogous to older work of Schapira [31] done in the framework of
the category of constructible sheaves on manifolds.

5.1. The rings LCB and LC

It is very natural to represent barcodes in a ring of functions that we now describe.
For a subset S � R denote by 1S W R! R the indicator function on S :

1S .x/ D

´
1 if x 2 S;

0 if x 2 RnS:

Denote by 	 the collection of intervals I � R that are left-closed and right-open,
i.e., of the type I D Œa; b/ with a 2 R, a < b � 1. Consider the abelian group LCB
generated by the indicator functions �I on intervals I 2 	, namely,

LCB D
°
� W R! R

ˇ̌̌
� D

X
finite

nI1I ; I 2 	; nI 2 Z
±
: (62)

Note that the functions �I , I 2 	, are not linear independent. For instance, we have
1Œa;1/ � 1Œb;1/ D 1Œa;b/. If we endow R with the lower limit topology (i.e., the topol-
ogy generated by 	), then the elements of LCB are precisely the locally constant
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integer valued functions (with respect to this topology) that are bounded and addi-
tionally vanish at �1 (i.e., at small enough values in R), hence the notation LCB .

In a similar way, we also have

LC 0B D

²X
finite

nI1I

ˇ̌̌̌
I 2 	 is an interval of finite length; nI 2 Z

³
� LCB : (63)

Note that, in contrast to LCB , all the functions in LC 0B must have bounded support, in
particular, they vanish also at C1. The relation 1Œa;1/ � 1Œb;1/ D 1Œa;b/ from LCB

does not hold anymore in LC 0B since 1Œa;1/ and 1Œb;1/ do not exist in LC 0B . Still,
we have the relation 1Œa;b/ C 1Œb;c/ D 1Œa;c/ for any a < b < c < C1. There is yet
another variant of the above which we denote byLC . The functions � 2LC are those
functions � W R! R that can be written as

� D
X
I2	0

nI1I ; (64)

where the sum is taken only over collections of intervals 	0 � 	 that have the fol-
lowing property: either 	0 is finite, or 	0 D ¹Œaj ; bj /ºj2N with aj !1 as j !1.
Clearly, we have LC 0B � LCB � LC . In Section 5.2 below, we will endow LC , LCB
with ring structures such that LC 0B will become an ideal of LCB . We remark already
here that these ring structures are not the “standard” ones in the sense that the multipli-
cation of two functions from LC (or LCB ) is not the function obtained by pointwise
multiplication of the two functions, but quite a different operation.

We use here the barcode conventions from Section 2.3. Let B D ¹.Ij ; mj /ºj2J

be an ungraded barcode. There is a natural function �B 2 LC associated to B by the
formula

�B D

X
j2J

nj1Ij : (65)

One reason this definition is natural is that if M is an (ungraded) persistence module
with barcode BM , then

�BM .˛/ D dimk.M
˛/:

The following are straightforward to verify for every ungraded barcode B:

(i) �B � 0,

(ii) �B 2 LCB iff B has finitely many bars,

(iii) assume �B 2 LCB (i.e., B has finitely many bars). Then, �B 2 LC
0
B iff all

the bars in B have finite length,

(iv) if B contains only bars of infinite length then �B WR!R is a non-decreasing
function,
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(v) for every non-negative and non-decreasing function � 2 LC , there exists a
barcode B all of whose bars are of infinite length such that �B D � .

We now extend the definition of �B to graded barcodes. For this we extend the
rings LC and LCB by adding formal polynomial variables x; x�1 (that take into
account the degree) thus obtaining rings LCŒx; x�1� and LCB Œx; x�1�.

Let B D ¹Biºi2Z be a graded barcode, with Bi D ¹.I
.i/
j ;m

.i/
j /ºj2J.i/ . We define

x�B WD

X
i2Z

�Bix
i
D

X
i2Z

X
j2J.i/

m
.i/
j 1

I
.i/

j

xi : (66)

We will also need the following expression:

x�B D x�B jxD�1 D

X
i2Z

.�1/i�Bi : (67)

Remark 5.1.1. Let M� D ¹Miºi2Z be a graded persistence module whose barcode
satisfies the conditions at the beginning of Section 5. Recall that we denote by BM�

the graded barcode of M�. Thus, we have

x�BM�
.˛/ D

X
i

dimk.M
˛
i /x

i

�
D

X
i

�BMi
.˛/xi

�
; (68)

which shows that x�BM�
simply tracks the sum of the dimension of the modules M ˛

i

over all i when ˛ varies. Similarly,

x�BM�
.˛/ D �˛.M�/;

where �˛.M�/ is the Euler characteristic of the graded vector spaceM ˛
� that we have

already seen in (42).

5.2. Ring structures on LC , LCB , and K -groups

We will now endow LC and LCB with ring structures. Obviously, LC and LCB
are closed under standard (pointwise) multiplication of functions (because 1I � 1I 0 D
1I\I 0 ; though note that 1R … LC ). However, the ring structure relevant for our pur-
poses will be completely different. To this end, we need to use the notions of distribu-
tions and convolutions from classical analysis which we briefly recall next.

Given a locally integrable function f on R, we identify it with the regular distri-
bution Tf , a linear functional on C1.R/ defined by Tf .�/D

R
R f .x/�.x/dx. There

are two important operations on distributions.

(i) The derivative D of a distribution, defined by D.Tf /.�/ WD �Tf .�0/.

(ii) For any two locally integrable functions f and g on R, define the convolu-
tion Tf � Tg D Tf �g , where .f � g/.x/ WD

R
R f .x � y/g.y/dy.
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Recall also that we have

D.Tf � Tg/ D D.Tf / � Tg D Tf �D.Tg/: (69)

We define a product on LC , which we denote by ı, as follows:

�1 ı �2 WD D.�1 � �2/: (70)

Note that by (69), we have �1 ı �2 D D.�1/ � �2 D �1 �D.�2/. The right-hand side
of (70) is a priori only a distribution, but as we will see below it is a regular distribution
that moreover corresponds to a function in LC . We view this function as the result
of the operation �1 ı �2. Furthermore, we will also see that if �1; �2 2 LCB then
�1 ı �2 2 LCB .

The rings LCB , LC are in fact isomorphic to the Novikov rings that we have
seen earlier in the paper. Before we state this result, let us recall some relevant nota-
tion from Section 2.1 and Section 4: ƒ is the universal Novikov ring and ƒP and
ƒ
.0/
P are, respectively, the Novikov polynomials and the ideal corresponding to those

polynomials that vanish for t D 1.

Proposition 5.2.1. The operation ı defined in (70) turns LC and LCB into com-
mutative unital rings where the unity is given by 1Œ0;1/. Moreover, the subgroup
LC 0B � LCB is an ideal with respect to this ring structure. Furthermore, there is a

ring isomorphism � Wƒ
Š
�!LC , uniquely defined by the property that �.ta/D 1Œa;1/.

The restriction of � to ƒP � ƒ gives a ring isomorphism ƒP
Š
��! LCB , and � sends

the ideal ƒ.0/P to LC 0B .

The proof of this proposition is quite elementary, based on direct calculations and
identities involving convolutions. A detailed proof can be found in [11].

Remark 5.2.2. In terms of the “convolution product” introduced in [31, Section 4],
the product ı onLC defined in (70) is the convolution product inside the space of con-
structible functions. As a concrete example, for finite intervals Œa; b/ and Œc; d/ in R,
one computes that 1Œa;b/ ı 1Œc;d/ D 1ŒaCc;min¹bCc;aCdº/ � 1Œmax¹bCc;aCdº;bCd/. Inter-
estingly, this shares certain common features with Example 4.1.1 on the tensor prod-
uct of elementary filtered chain complexes. From a different perspective, if we identify
1Œa;b/ with the locally constant sheaf kŒa;b/ over R, then the computational result on
the product 1Œa;b/ ı 1Œc;d/ also coincides with the “sheaf convolution”, denoted by �,
of kŒa;b/ and kŒc;d/ (see [37, Example 3.6]). The study of the sheaf convolution � was
initiated by Tamarkin in [33, Section 3.1.2] with further applications, for instance,
to persistence module theory (see [22, Section 2.1]). Our Proposition 5.2.1 above
and [31, Theorem 3.4] identify (via the Euler characteristic) the Novikov ring ƒ, the
function space LC , and the K-group of the derived category of constructible sheaves
on R.
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In view of Proposition 5.2.1, we have the following relation for all graded bar-
codes B:

x�B D �.�B/; (71)

where � is the ring isomorphism in Proposition 5.2.1, x�B appears in (67) and �.�/ is
the map from barcodes to ƒ as defined in Section 2.3, see also Remark 4.1.3. This
identity has aK-theoretic interpretation that we outline before proceeding to the proof
of Proposition 5.2.1. It is best understood through the following diagram:

P M // Tw.P M/ // H0.T w.P M//
x� // LCB Œx; x

�1�

.�/jxD�1

��

FChfg

H

OO

// H0.FChfg/

E

OO

� // ƒP
� // LCB

(72)
Here, P M is the category of persistence modules that have barcodes with only finitely
many bars. This category can be viewed as a filtered dg-category (with trivial differen-
tial) and thus can be completed, by using twisted complexes, to a pre-triangulated fil-
tered dg-category Tw.P M/ as in [12, Section 6.1]. Therefore, the associated homo-
topy category H0.T w.P M// is a TPC. The two left top horizontal arrows are the
obvious functors. The category of filtered, finitely generated chain complexes maps
to P M through the persistence homology functor, denoted by H . The functor E W
H0.FChfg/! H0.T w.P M// is a TPC equivalence defined as a composition

H0.FChfg/
j
�! H0.T w.FChfg//! H 0H0.T w.P M//;

where H 0 is induced by H and j is the obvious inclusion. It is easy to see that they
are both equivalences, in the case of j becauseH0.FChfg/ is already pre-triangulated.
The dashed arrows x� , � are defined only on the objects of the respective categories
(x� from (66) admits an obvious extension to twisted modules). In view of Proposi-
tion 4.2.2, � is the map taking a chain complex C to its class ŒC � 2K.H0.FChfg//Š

ƒP . The two squares in the diagram commute and � is a ring isomorphism. In sum-
mary, we have

ƒP Š K.H0.FChfg// Š K.H0.T w.P M/// Š LCB ;

and x� can be viewed as associating to a persistence module its K-class in LCB Š
K.Tw.P M//.

5.3. Persistence Morse inequalities

The representation of persistence modules in the ring LCŒx; x�1� leads to a natural
version of the Morse inequalities in this context.
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Let C D .C�; @; `/ be a tame filtered chain complex—see Section 2.2. Forgetting
the differential, we can regard C as a graded persistence module xC� with xC ˛

k
D C�˛

k

and persistence structural maps given by the inclusions C�˛
k
� C

�ˇ

k
, 8˛ � ˇ. Its

barcode has obviously only infinite bars. We also consider the graded persistence
module H�. xC/ obtained by taking the persistence homology of C :

Hk. xC
˛/ D Hk.C

�˛/:

We put
PC WD x�B xC

and HC WD x�BH. xC/
;

where x� appears in (68). These two functions belong to the ring LCŒx; x�1�. They
track the dimensions of the respective persistence modules, in each degree, when ˛
varies.

Proposition 5.3.1. Assume that the filtered chain complex C is bounded. Then, there
exists a polynomial QC .x/ 2 LCB Œx; x

�1� such that

PC .x/ �HC .x/ D .1C x/QC .x/;

and such that each coefficient of QC .x/ is a non-negative and non-decreasing func-
tion in LCB .

Note that when evaluating the coefficients of PC .x/, HC .x/ and QC .x/ at 1
(recall that every function in LCB is constant near 1), the conclusion in Proposi-
tion 5.3.1 recovers the classical Morse inequalities expressed in terms of the so-called
Poincaré polynomials.

Example 5.3.2. Here is a simple example reflecting the conclusion in Proposition 5.3.1
Assume C D E2.a; b/ with the generator in filtration a of degree 0 and the generator
in filtration b of degree 1. Then,

PC .x/ D 1Œa;1/ C 1Œb;1/x and HC .x/ D 1Œa;b/:

Then, we have

PC .x/ �HC .x/ D .1Œa;1/ C 1Œb;1/x/ � 1Œa;b/

D 1Œb;1/ C 1Œb;1/x D .1C x/ � 1Œb;1/:

The function 1Œb;1/ 2 LCB is the function QC .x/ claimed by Proposition 5.3.1.

Proof of Proposition 5.3.1. We will use the following lemma.

Lemma 5.3.3. Suppose that U , V , and W are ungraded persistence k-modules, and
0! U ! V ! W ! 0 a short exact sequence of persistence k-modules (in partic-
ular, the arrows are all persistence morphisms). Then, we have �BV D �BU C �BW .



P. Biran, O. Cornea, and J. Zhang 844

The proof of the lemma is straightforward since we work over a field and �BV .˛/D

dimk.V
˛/ and similarly for U and W .

We now get back to the proof of Proposition 5.3.1. For any degree k 2 N, there
are two persistence k-modules associated to the filtered vector space Ck defined as
follows:

Zk D
°�
Zsk WD ker.@k W C

�s
k
! C�s

k�1
/
�
s2R

;
®
i
Zk
s;t D inclusion

¯
s�t2R

±
;

Bk D
°�
Bsk WD Im.@k W C

�s
kC1
! C�s

k
/
�
s2R

;
®
i
Bk
s;t D inclusion

¯
s�t2R

±
:

We have the following two exact sequences of persistence modules:

0! Zk
i
�! xCk

@k
�! Bk�1 ! 0; 0! Bk

i
�! Zk

�
�! Hk. xC/! 0;

where Hk. xC/ is the degree k part of H�. xC/. By Lemma 5.3.3, we have

�B xCk
D �BZk

C �BBk�1
D �BBk

C �BBk�1
C �BHk. xC/

:

Summing over all the degrees k, by definition in (68), we get

PC .x/ D
X
k

�B xCk
xk

D

X
k

�
�BBk

C �BBk�1

�
xk C

X
k

�BHk. xC/
xk

D

�X
k

�BBk
xk
�
C

�X
k

�BBk�1
xk�1

�
x CHC .x/

D .1C x/

�X
k

�BBk
xk
�
CHC .x/:

The desired polynomial QC .x/ is equal to
P
k �BBk

xk . Note that only infinite-
length bars appear in each of the persistence k-modulesBk , therefore, each coefficient
�BBk

2LCB of the polynomial QC .x/ is a non-negative and non-decreasing func-
tion.

A useful application of Proposition 5.3.1 is given next.

Corollary 5.3.4. Let � W G ! G0 be a filtered chain map of two finitely generated
chain complexes and let G00 D Cone.�/ be the filtered cone of �. We have the follow-
ing inequality:

#.BH.G00// � #.BH.G//C #.BH.G0//;

where #.B�/ denotes the cardinality of the intervals in the corresponding barcode.
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Proof. The proof is based on a simple interpretation of the polynomial QC from
Proposition 5.3.1. Let C be a filtered chain complex. By rewriting the complex C in
normal form as in (36)

C Š
M

E1.ai /Œ�ki �˚
M

E2.bj ; cj /Œ�kj �;

we see that the value of QC .1/ 2 LCB for ˛ D 1, denoted by QC .1/j1, gives the
number of the terms E2.bj ; cj / in this decomposition. This number satisfies

QC .1/j1 D #.BH.C//CN
0
C �HC .1/j1;

where N 0
C is the number of terms E2.bj ; cj / with bj D cj (these terms correspond to

so-called ghost bars) and clearly HC .1/j1 is the number of infinite bars in BH.C/.
From Proposition 5.3.1, we have that QC .1/ D

PC .1/�HC .1/
2

, and thus,

#.BH.C//CN
0
C D

ŒPC .1/ �HC .1/�j1

2
CHC .1/j1 D

ŒPC .1/CHC .1/�j1

2
:

Returning to the statement, assume for a moment, to simplify the argument, that
N 0
G D 0 D N

0
G0 . We then have

2#.BH.G00// � PG00.1/j1 CHG00.1/j1

D PG.1/j1 C PG0.1/j1 CHG00.1/j1

D 2#.BH.G//C 2#.BH.G0// �HG.1/j1 �HG0.1/j1 CHG00.1/j1

� 2#.BH.G//C 2#.BH.G0//:

We have used here the obvious relations PG00.1/ D PG.1/C PG0.1/.
We are left to showing the general case, when N 0

G and N 0
G0 do not necessarily

vanish. By [35, Theorem B], for these G and G0, there exist filtered chain complexes
G1; G

0
1 and filtered chain homotopies  ; 0 as follows:

 W G ' G1 and  0 W G1 ' G
0
1;

where G1 and G01 do not have any ghost bars. In particular, BH.G/ D BH.G1/ and
BH.G1/ D BH.G0

1
/. Replace � W G ! G0 in our assumption with a filtered chain

map �1 W G1 ! G01, constructed from � by (pre)-compositing the homotopy inverse
of  and map  0, then the resulting filtered cone G001 D Cone.�0/ is filtered quasi-
isomorphic to G00. Thus, BH.G00/ D BH.G00

1
/. Therefore, we can conclude the proof

from the previous discussion where no ghost bars exist.

Remark 5.3.5. (a) Related, and somewhat more refined, bar counting inequalities
appear in [15] where they are shown by different methods.



P. Biran, O. Cornea, and J. Zhang 846

(b) It is easy to see that the Corollary above implies that if

0!M ! N ! Z ! 0

is a short exact sequence of persistence modules withM and Z having barcodes with
finite numbers of bars, then the number of bars in the barcode ofN is at most the sum
of the numbers of bars of BM and BZ , a result that again appears in [15].

(c) By rotating an exact triangleG!G0!G00! TG of filtered chain complexes
in the category C fg (see [12, Remark 2.46]), the corollary above also implies that

#.BH.G// � #.BH.G0//C #.BH.G00//:

6. A K -theoretic pairing

In this section, we will prove one of the main results in this paper, that is, there exists
a bilinear pairing on the K-group of a TPC C under the assumption that C is tame
and bounded.

6.1. The pairing

We will work here with a tame and bounded triangulated persistence category C as in
Definition 2.4.1, with shift functor † and translation functor T .

We will construct a group homomorphism qX WK.C/!ƒ for every X 2 Obj.C/
as follows. LetX 2 Obj.C/. GivenN 2 Obj.C/, recall the graded persistence module

homC .X; T
�N/ WD ¹homC .X; T

iN/ºi2Z

from (13). Define QqX W Obj.C/! ƒ by

QqX .N / WD �homC .X;T
�N/; (73)

where �.�/ is as in (14) (see also (12)). This is well-defined because C is tame and
bounded. We can extend QqX linearly on the free abelian group generated by Obj.C/.

Theorem 6.1.1. The linear map QqX defined above descends to a homomorphism

qX W K.C/! ƒ:

Moreover, the map � W Obj.C/ � Obj.C/ ! ƒP defined by �.X; Y / D qX .Y /

induces a bi-linear map of ƒP -modules

� W K.C/˝ƒP K.C/! ƒ:
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Here, K.C/ is the same as K.C/ as a group but the ƒP -structure is reversed in
the sense that ta acts as†�a, as in Section 3.6, where†s is the shift functor in C . We
denote the action of ƒP on K.C/ by � and the action on K.C/ by N�.

Remark 6.1.2. (1) Given that � is bilinear with the ƒP -module K.C/ on the first
term, it follows that � is not symmetric. Indeed, assuming �.X;Y /D �.Y;X/ 6D 0 for
two objectsX , Y , then, for r 6D 0, we have �.†rX;Y /D t�r�.X;Y /D t�r�.Y;X/D
t�2r�.Y; †rX/, and thus, �.†rX; Y / 6D �.Y; †rX/. We will see that in many cases
of interest the form � is skew-symmetric in the sense that we have

�.X; Y /.t/ D .�1/"�.Y;X/.t�1/; (74)

where " D "C 2 Z=2 is a global constant associated to the category C .
(2) The self-pairing �.X; X/, applied to objects X 2 Obj.C/, is invariant under

shifts and translations in the sense that �.†rT kX; †rT kX/ D �.X; X/ for every
r 2 R, k 2 Z, where †r and T are the shift and translation functors, respectively.
This easily follows from the definitions.

Example 6.1.3. Consider the category C fg D H0.FChfg/. We will describe � in this
case by using the identification K.C fg/ Š ƒP as in Proposition 4.2.2. It is enough to
calculate �.E1.a/; E1.c// and extend this by linearity. We claim

�.E1.a/; E1.c// D t
c�a: (75)

Indeed, we have homC .E1.a/; T
iE1.c// D E1.c � a/ when i D 0 and equal to 0

otherwise (here T i is the shift of the degree by i ), so

�.E1.a/; E1.c// D qE1.a/.E1.c// D �homC .E1.a/;E1.c// D t
c�a:

Therefore, using the identification ofK.C fg/ withƒP , � can be rewritten on elements
of ƒP in the form

�.P;Q/.t/ D P.t�1/Q.t/:

Thus, for C fg, the pairing � is non-degenerate and skew-symmetric (with " D 0).

Proof of Theorem 6.1.1. We start with the statement concerning qX . We need to show
that for each exact triangle A! B ! C ! TA in C0, we have

QqX .A/ � QqX .B/C QqX .C / D 0: (76)

To prove this relation inƒ, we first remark that a Novikov polynomialP 2ƒ vanishes
if and only if we have P˛.1/ D 0 for all ˛ 2 R. Here and below, we denote by P˛
the ˛-truncation of P , namely, the sum of the monomials in P having t raised at
exponents � ˛.
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Given a graded persistence module M� (of finite total rank below each filtration
level), we can define its ˛-Euler characteristic as

�˛.M�/ WD �.M
˛
� /: (77)

Using the preceding notation, we have

Œ�M� �˛.1/ D �˛.M�/: (78)

This follows directly from formula (12). See also Remark 5.1.1.
In summary, to prove (76), we need to show that, for each ˛, we have

�˛.homC .X; T
�A// � �˛.homC .X; T

�B//C �˛.homC .X; T
�C// D 0: (79)

Notice that hom˛
C .X; �/ is a cohomological functor on C0. We apply it to the exact

triangle A! B ! C ! TA and get a long exact sequence

� � � ! hom˛C .X; T
iA/! hom˛C .X; T

iB/! hom˛C .X; T
iC/! hom˛C .X; T

iC1A/! � � � :

By the boundedness assumption, this long exact sequence has only finitely many
terms. We view this long exact sequence as a cochain complex S� (with trivial homol-
ogy) and regrade its terms so that the degree of hom˛

C .X; T
iA/ is 3i , the degree of

hom˛
C .X;T

iB/ equals 3i C 1 and finally the degree of hom˛
C .X;T

iC/ is 3i C 2. The
Euler characteristic of S� vanishes; hence,

0 D �.S�/ D
X
i2N

.�1/3i dim hom˛
C .X; T

iA/C
X
i2N

.�1/3iC1 dim hom˛
C .X; T

iB/

C

X
i2N

.�1/3iC2 dim hom˛
C .X; T

iC/:

The parities of 3i and 3i C 2 are the same as that of i , while the parities of 3i C 1 and
i are opposite. Therefore,

0 D
X
i2N

.�1/i dim hom˛
C .X; T

iA/ �
X
i2N

.�1/i dim hom˛
C .X; T

iB/

C

X
i2N

.�1/i dim hom˛
C .X; T

iC/;

which shows relation (79) and concludes the proof.
We now turn to the part of the statement concerned with the map �. Given an exact

triangle X ! Y ! Z ! TX in C0, we need to show that for each N , we have

QqX .N / � QqY .N /C QqZ.N / D 0: (80)

Given that the functor hom˛
C .�; N / is homological on C0 and that

homC .T
�iX;N/ ' homC .X; T

iN/ 8i; (81)
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the same argument as in the first part shows (80). We deduce that � descends to the
tensor product of groups K.C/˝K.C/. The ƒP -module part of the statement now
follows because

ta � �.ŒX�; ŒY �/ D �.ta N� ŒX�; ŒY �/ D �.ŒX�; ta � ŒY �/:

This is due to the fact that

hom˛
C .†

�rX; Y / D hom˛
C .X;†

r.Y //

for all ˛; r 2 R.

Remark 6.1.4. The pairing � above is natural from the point of view of a more gen-
eral formalism of a filtered version of derived functors. More details will appear in [9].

6.2. The exact sequence (32) and the pairing �

Assume that C is a TPC and moreover tame and bounded (see Definition 2.4.1). Recall
that we have the exact sequence of ƒP modules

0! TorK.C/! KA.C/! jK.C/! K1.C/! 0: (82)

Also, recall from Theorem 6.1.1 that we have a pairing � W K.C/˝ƒP K.C/! ƒ.
We will discuss here some relations between this pairing and the exact sequence (82).

Corollary 6.2.1. There exists a pairing

�0 W KA.C/˝ƒP K.C/! ƒ0

that vanishes on TorK.C/˝ƒP K.C/, where ƒ0 is defined in (55). The pairings �0

and � are related by
� ı �0 D � ı . Nj ˝ id/;

where Nj W KA.C/ ! K.C/ is the same as j from (82) but viewed here as a map
between modules with the reversed ƒP -structure. The map � W ƒ0 ! ƒ is defined
in (49) and in Section 4.3.

In case C is of finite type, then the pairing � has values in ƒP and the pairing �0

has values in ƒ0P ' ƒ
.0/
P . The pairing � induces the usual Euler pairing

�00 W K1.C/˝K1.C/! Z

through the formula
�00 D �jtD1:
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Proof. The construction of �0 is just like that of � but is based on a map q0X that
replaces qX for X 2 Obj.AC/. In this case, Qq0X .N / D �0homC .X;T

�N/
and �0

.�/
is

defined for persistence modules with barcodes with only finite bars through the for-
mula �0I D s

a;b for I D Œa;b/, extended by linearity. Given thatX is acyclic, homC .X;

T �N/ has a barcode with only finite bars, and thus, this q0X .�/ is well defined.
Recall from Proposition 4.2.4 that there is a map � W ƒ0 ! ƒ defined by �.sa;b/ D
ta � tb which is an isomorphism. It is clear that � ı �0 D � ı . Nj ˝ id jK.C// where
Nj W KA.C/! K.C/ is the same map as j , but with domain and target beingKA.C/

and K.C/ with the reversed ƒP -module structures.
Out of this, we deduce that Qq0X descends to a map q0X defined on the K-group and

that �0 is well defined through �0.X; Y / D q0X .Y /. By using the exact sequence (32)
it also follows that �0 vanishes on TorK.C/˝ƒP K.C/.

In case C is of finite type, then, by Definition 2.4.1, all the persistence mod-
ules hom.X; T �Y / have only finitely many bars. Thus, the image of qX is in ƒP ,
and so is that of �. The classical Euler characteristic of the graded vector space
homC1.X; T

�Y / is well defined as an integer and it is equal to �.X; Y /.1/ because
the finite bars have a trivial contribution to this sum. Finally, in this case �0 lands in
ƒ0P which is mapped by � isomorphically to ƒ.0/P (see Lemma 4.2.5).

6.3. Skew-symmetry of the bilinear form �

We discuss here conditions which ensure that the bilinear form � is skew-symmetric
in the sense of (74).

Example 6.3.1. As a motivating example, we return to the categoryFChfg. We already
know from Example 6.1.3 that � is skew-symmetric in this case, but regardless, it is
worth noticing that this fact is a reflection of the Calabi–Yau property of FChfg (see,
e.g., [16–18, 23]).

Let C D .C�; @�; `/ 2 Obj.FChfg/, namely, a finitely generated filtered chain
complex. Following [35, Section 2.4], one can construct an algebraic dual of C (with
degree shifted by a fixed number m0 2 Z): this is a filtered chain complex, denoted
by

C_ D .C_� WD Hom.Cm0��;k/; ı�; `
_/; (83)

where ı� W C_� ! C_��1 is defined by � 2 Hom.Cm0��; k/ 7! ı�.�/ WD .�1/
� � � ı

@m0�� 2 Hom.Cm0��C1;k/ and the dual filtration function is defined by

`_.x_i / D �`.xi / (84)

if ¹xiºi is a basis for C� and ¹x_i ºi is the corresponding dual basis for C_� .
We have the following relation:

�.C /.t/ D .�1/m0�.C_/.t�1/: (85)
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Indeed, Proposition 6.7 in [35] implies that the decompositions (36) for C and C_

are related via the following correspondence:

(i) E1.a/ is a summand of C if and only if E1.�a/Œ�m0� is a summand of
C_;

(ii) E2.a; b/ is a summand of C if and only if E2.�b;�a/Œ�m0 C 1� is a sum-
mand of C_;

and this implies (85). The category FChfg satisfies a form of Calabi–Yau duality in
the sense that for each two objects X; Y there is a filtered quasi-isomorphism

'X;Y W
�
hom.Y;X/

�_
! hom.X; Y /: (86)

Using now (85) with m0 D 0 we see that � is skew-symmetric on H0.FChfg/.

Example 6.3.1 admits obvious generalizations. For instance, suppose A is a pre-
triangulated filtered dg-category such that each filtered vector space homA.X; Y / for
X; Y 2 Obj.A/ is finite dimensional and assume further that A satisfies a filtered
form of the Calabi–Yau property such that, in particular, that for each two objects
X; Y there is a filtered quasi-isomorphism as in (86). We then again deduce that � is
skew-symmetric on the K-group of H0.A/. Of course, a similar result remains true
for filtered A1-categories as long as the filtered quasi-isomorphisms (86) exist.

It is natural to wonder what is the analogue of the Calabi–Yau property for TPCs.
One possible definition—that will not be developed in full here—is roughly as fol-
lows. As a preliminary, consider a persistence moduleM that is assumed to have only
finitely many bars. Define a new persistence module M_ as follows:

.M_/˛ D .M�˛/�;

where V � WD homk.V; k/ is the dual vector space of V . The persistence structural
maps onM_ are induced in the obvious way and possible degree shifts are neglected.

Remark 6.3.2. Notice that if M is lower semi-continuous and lower bounded as
in the definition of triangulated persistence categories used in this paper (see Sec-
tion 2.2), thenM_ is upper semi-continuous and upper bounded. In terms of barcodes,
the bars ofM are of the form Œa;C1/ and Œc; d/ and the corresponding ones forM_

are .�1;�a� and .�d;�c�, respectively.

Assume now that C is a TPC. We will say that C is Calabi–Yau if the triangu-
lated category C1 is (strict) Calabi–Yau, and moreover, the following holds: for any
two objects X , Y of C there is an isomorphism ˆ D ˆX;Y W ŒhomC1.Y; X/�

� !

homC1.X; Y / and there are persistence morphisms:

' D 'X;Y W ŒhomC .Y;X/�
_
! homC .X; Y /
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such that for each ˛ 2 R the natural map ker.'�1/! ker.'˛/ is surjective and the
map coker.'˛/! coker.'1/ is injective. Moreover, the isomorphism ˆ is required
to be tied to ' as follows. First, notice that

ker.'�1/ D ŒhomC1.Y;X/�
� and homC1.X; Y / D coker.'1/;

so we can viewˆ W ker.'�1/! coker.'1/. We now require, for each x 2 ker.'�1/,

sup
®
˛ 2 R j x 2 ker.'˛/

¯
D inf

®
ˇ 2 R j ˆ.x/ 2 coker.'ˇ /

¯
:

These conditions ensure, in particular, that if the barcode in the domain of ' contains,
respectively, .�1; a� and .c; d � then the image of ' contains Œa;1/ and Œc; d/. As
a result, if C is Calabi–Yau in this sense, then the bilinear form � is skew-symmetric
on K.C/.

Remark 6.3.3. The Poincaré duality property for persistence modules, or more essen-
tially for filtered chain complexes, has been developed in detail in the recent work [34],
where it is called the chain-level Poincaré–Novikov structure (see [34, Section 6]).
This could provide a rigorous foundation for the Calabi–Yau property of our TPCs.

7. Measurements on the K -group and on barcodes

In contrast to usual triangulated categories, triangulated persistence categories are
endowed with exact triangles of arbitrary non-negative weights. As a result, there is
a notion of “energy” required to decompose objects through (iterated) exact triangles
and, in particular, the set of objects of a TPC, C , carries a class of pseudo-metrics
called fragmentation pseudo-metrics as recalled in Section 2.5. In this section, we
first see in Section 7.1 that these metric structures descend to K.C/ and they some-
times give non-trivial structures there. On the other hand, in Section 7.2, we discuss
numerical invariants associated to persistence modules and barcodes that are natural
from the point of view of the representation in LC from Section 5.1.

7.1. Group semi-norms on K.C /

Let C be a TPC. Let d be a pseudo-metric on Obj.C/ that is subadditive in the sense
that

d.X ˚X 0; Y ˚ Y 0/ � d.X; Y /C d.X 0; Y 0/: (87)

Such pseudo-metrics exist in abundance. Indeed, as shown in [10, Section 5] and
recalled in Section 2.4, the category C1 admits a persistence triangular weight Nw that
is subadditive. As a result, Obj.C/ carries a class of pseudo-metrics dF (where F is
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an auxiliary family of objects of C ), called fragmentation pseudo-metrics, associated
to Nw. Their construction is recalled in Section 2.5. The subadditivity of Nw implies (87)
for all such dF .

The main result in this section deals with ‘measurements’ induced by these pseudo-
metrics on K.C/. There are two natural notions that we will discuss.

First, define a map Nd W K.C/ �K.C/! R�0 as follows:

Nd.x; y/ D inf
®
d.X; Y / j X; Y 2 Obj.C/ and ŒX� D x; ŒY � D y

¯
: (88)

We will see below that this definition leads to a pseudo-metric onK.C/ that is invari-
ant by translation and, thus, the map x 7! Nd.x; 0/ provides a so-called group semi-
norm (possibly infinite) on K.C/ that determines Nd . However, we will see that this
pseudo-metric (and the associated semi-norm) is trivial in some of our main examples.

Another possibility is to consider a sub-class � � Obj.C/ such that � is closed
with respect to the direct sum and, moreover, each element of K.C/ has a representa-
tive in � and define k � kd;� W K.C/! R�0 by

kxkd;� D inf
®
d.X; 0/ j X 2 � and ŒX� D x

¯
: (89)

This definition also gives a group semi-norm on K.C/, that we will call the strong
semi-norm induced by d (relative to �). In contrast to Nd.�; 0/, there are simple exam-
ples when d is a fragmentation pseudo-metric and k � kd;� is finite and not trivial.
This will be shortly shown in Proposition 7.1.2 below.

Remark 7.1.1. Before, we go on let us explain in more detail the essential differ-
ence between Nd and k � kd;S . By definition Nd.x; 0/ is the infimum of the “distances”
d.X; Y / where X and Y go over all elements of Obj.C/ whose classes in K.C/ are
ŒX� D x and ŒY � D 0. (Thus, the second entry in Nd.x; 0/ stands for 0 2 K.C/.) By
contrast, in the definition of kxkd;S we infimize d.X; 0/ only over X , so that the sec-
ond entry in d.X; 0/ is taken to be the 0 object rather than only a representative of
0 2 K.C/. In addition, we vary X only over the subset � � Obj.C/.

Proposition 7.1.2. Let C be a triangulated persistence category.

(i) Any pseudo-metric d on Obj.C/ that is subadditive as in (87) induces a
pseudo-metric Nd given by (88) that is translation invariant in the sense that

Nd.x C z; y C z/ D Nd.x; y/

for all x; y; z 2 K.C/.

(ii) The bottleneck metric dbot on the objects of C fg D H0.F Chfg/ descends to
a pseudo-metric on K.C fg/ Š ƒP that only takes the values 0 and1. We
refer the reader to [28] for the definition and more details on the bottleneck
metric.
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(iii) Let dF be the fragmentation pseudo-metric on C fg associated to the per-
sistence weight Nw on C fg with F D ¹E1.0/Œs�ºs2Z (see Section 2.5 for the
definitions). The induced pseudo-metric NdF on K.C fg/ Š ƒP vanishes.

(iv) The application k � kd;� from (89) is a group semi-norm on K.C/ and,
for C D C fg, d D dF as at point (iii), and � the subclass of filtered chain
complexes with trivial differential, k � kd;� is finite and we have

ktakd;� D jaj

for all a < 0. Thus, k � kd;� is not trivial in this case.

A detailed proof of the proposition can be found in [11].

Remark 7.1.3. (1) A similar result to point (iii) of Proposition 7.1.2 has been inde-
pendently established by Berkouk [4] in the more general context of the K-group of
the category of constructible sheaves over vector spaces of arbitrary finite dimension.

(2) If the family F used before is replaced with F D ¹E1.r/Œs�ºs2Z, for some
fixed r > 0, the resulting strong fragmentation semi-norm k � kd;� will not vanish
on polynomials with a0 < r (here � is as before the class of filtered complexes with
trivial differential). On the other hand, if the family F is as in the proposition but
� D Obj.C fg/, then the resulting pseudo-norm k � kd;� is trivial.

(3) The strong fragmentation pseudo-norm associated to the bottleneck metric on
C fg is infinite for all complexes A such that H.A/ 6D 0.

7.2. K -theoretic numerical invariants

In this section, we will construct several numerical invariants of filtered chain com-
plexes that can be defined at the level of the K-theories of H0.FChfg/, AH0.FChfg/

and H0.FCht/. This means that the values of our invariants on a given object C (i.e.,
a filtered chain complex) depend only on its K-class.

Since (graded) barcodes are in 1 � 1 correspondence with isomorphism types of
filtered chain complexes in the categories H0.FChfg/ and H0.FCht/, we will view
the numerical invariants constructed below as invariants associated to barcodes.

Before we begin, recall that we have the following isomorphisms:

KA.H0.FChfg//
Š
�! ƒ

.0/
P ; K.H0.FChfg//

Š
�! ƒP ; K.H0.FCht//

Š
�! ƒ;

(90)
which assign to theK-class ŒC � of a filtered chain complexC the Novikov polynomial
(resp., series) �.ŒC �/ D �B.H�.C//, where H�.C / is the persistence homology of C ,
B.H�.C // is its (graded) barcode and �B.�/ is defined in Section 2.3. By abuse of
notation, we denote all three isomorphisms above by � since they are compatible one
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with the other with respect to the following maps:

KA.H0.FChfg//! K.H0.FChfg//! K.H0.FCht//

induced from the inclusions AFChfg
� FChfg

� FCht (see Theorem 4.1.2).
Recall also from Proposition 5.2.1 that we have an isomorphism of rings � Wƒ

Š
�!

LC that also sendsƒ.0/P � ƒP � ƒ isomorphically to LC 0B � LCB � LC . Thus, by
composing � with � , we obtain an LCB -function (resp., LC -function) x�.ŒC �/ asso-
ciated to every class ŒC � in K.H0.FChfg// and K.H0.FCht//, respectively, namely,
x�.ŒC �/ WD � ı �.ŒC �/.

As mentioned above, one can define the functions x� directly on the level of bar-
codes. Recall from Section 5.1 that given a graded barcode B D ¹Biºi2Z we define

x�B D

X
i2Z

.�1/i�Bi 2 LC: (91)

If B tot contains only a finite number of bars, then x�B 2 LCB and if moreover each
of these bars is of finite-length then x�B 2 LC

0
B . Below we will construct several

numerical invariants of barcodes (or K-classes of filtered chain complexes) using the
functions x�.

Some of the material in Sections 7.2.1–7.2.3 bears similarity with older work
of Schapira [31] done in the framework of the category of constructible sheaves on
manifolds. Other related, more recent, work can be found in [13, 19, 25].

7.2.1. Euler characteristic. The classical Euler characteristic of finitely generated
chain complexes induces a well defined homomorphism � WK.H0.FChfg//! Z that
factors through the obvious map K.H0.FChfg//! K.H0.Chfg// and the classical
Euler characteristic. Here, we have denoted by K.H0.Chfg// the K-group of the
homotopy category of finitely generated chain complexes (endowed with no filtra-
tions).

In terms of barcodes, this has the following description. Suppose B is stable at
infinity, that is, the associated graded persistence module has its persistence structure
maps being isomorphisms when the filtration parameter is sufficiently large. Assume
in addition that B tot has only finitely many bars of infinite length. Then, the Euler
characteristic of B, denoted by �.B/, is equal to x�B.1/.

If we use theƒP -model forK.H0.FChfg// then �.B/D �B jtD1. This coincides
also with the total Euler characteristic of the underlying chain complex of a filtered
chain complex C in the sense that �.C / D x�.ŒC �/.1/ D �.ŒC �/jtD1.

7.2.2. Length. Here, we define a homomorphism ` WK.H0.FChfg//! R which we
call length as follows. Identify K.H0.FChfg// Š LCB (using � ı � as explained at
the beginning of Section 7.2. Recall that all functions � 2 LCB are bounded and
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moreover constant at infinity. We define

`.�/ D

Z
R
.� � �.1/1Œ0;1//d� 8� 2 LCB ; (92)

where d� is the Lebesgue measure on R. Note that the function � � �.1/1Œ0;1/ has
compact support; hence, its integral over R is finite.

If we restrict ` to KA.H0.FChfg// Š LC 0B , then

`.�/ D

Z
R
�d� 8 � 2 LC 0B ;

since all functions � 2 LC 0B satisfy �.1/ D 0.
The analogous definition of length for barcodes goes as follows. Let B be a graded

barcode with B tot consisting of finitely many bars. Let x�B 2 LCB be its associated
LC -function as defined in (91). We define the length of B to be `.B/ WD `.x�B/,
where the latter is defined using (92). More explicitly,

`.B/ D

Z
R

�
x�B � x�B.1/1Œ0;1/

�
d�: (93)

Remark 7.2.1. (a) The reason for the name “length” is the following. In case B D

¹.Ij ; mj /ºj2J is an ungraded barcode with finitely many bars all of which of finite
length then `.B/ is the sum of the lengths of the bars in B (taking multiplicities into
account). This is so because x�B.1/ D 0; hence,

`.B/ D

Z
R
x�Bd� D

X
j2J

mj

Z
R
1Ij d� D

X
j2J

mj length.Ij /:

Note that in this case `.B/ � 0 with equality if and only if B D ;.
In case B D ¹Biºi2Z is a graded barcode (with B tot having only finitely many

bars and all of finite length) then

`.B/ D
X
i2Z

.�1/i`.Bi /

is just the signed sum of the lengths of the Bi ’s. In contrast to the case of ungraded
bars, here `.B/ can assume also negative values and it may also happen that `.B/D 0
even if B ¤ ;.

(b) The integrand in the definition of length in (92) is very much related to the
K-group of the acyclics in F Chfg. Indeed, the map

LCB ! LC 0B ; � 7! � � �.1/1Œ0;1/
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corresponds under the isomorphisms K.H0.FChfg// Š LCB , KA.H0.FChfg// Š

LC 0B , defined by � ı �, to the map

K.H0.FChfg//! KA.H0.FChfg//; ŒC � 7! ŒC � � �.C /ŒE1.0/�

from (58) in Remark 4.3.5.

Next, we give an alternative expression for ` which is useful when working with
the identification K.H0.FChfg// Š ƒP (via the isomorphisms � as in (90)). More
precisely, we consider here ` ı � W ƒP ! R, where � W ƒP ! LCB is the isomor-
phisms from Proposition 5.2.1. By abuse of notation, we denote ` ı � by `.

Let P.t/ 2 ƒP be a Novikov polynomial. A simple calculation shows that

`.P.t// D �P 0.1/; (94)

where P 0.1/ stands for the derivative of P.t/ with respect to the formal variable t ,
calculated at t D 1.

The last formula has the following consequence. Recall that K.H0.FChfg// has
a product induced from tensor products of filtered chain complexes ŒC � � ŒD� D ŒC ˝
D�.

Corollary 7.2.2. For every X; Y 2 K.H0.FChfg// and n � 1, we have

`.X � Y / D `.X/�.Y /C �.X/`.Y /;

`.Xn/ D n�.X/n�1`.X/:
(95)

This follows easily from (94), the fact that � is an isomorphism of rings and the
chain rule for derivative of products of functions.

Recall that K.H0.FChfg// and KA.H0.FChfg// are both ƒP -modules. With
respect to these structures, we have the following corollary.

Corollary 7.2.3. For all X 2 K.H0.FChfg//, P.t/ 2 ƒP , we have

`.P.t/X/ D P.1/`.X/C P 0.1/�.X/:

In particular, if X 2 KA.H0.FChfg//, we have `.P.t/X/ D P.1/`.X/.

The very last identity means the restriction `jKA.H0.FChfg// WKA.H0.FChfg//!

R is a map of ƒP -modules, if we endow its target R with the ƒP -module structure
P.t/ � x D P.1/x, 8x 2 R.

7.2.3. Generalized length. For simplicity, we assume here that the graded barcodes
B under consideration satisfy that B tot has only finitely many bars of infinite length.

Given a functional T W LCB ! R, we can define an associated functional Q̀T on
graded barcodes by

Q̀
T .B/ D T .x�B/: (96)
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Similarly, given a functional T WLC 0B!R, we can define an associated functional
`T on graded barcodes by

`T .B/ D T .x�B � x�B.1/1Œ0;1//: (97)

If h W R! R is locally integrable function, we can apply the above to the func-
tional Th, i.e., the distribution associated to h. We denote by

`h.B/ WD

Z
R
h � .x�B � x�B.1/1Œ0;1//d� (98)

the corresponding functional on barcodes. In case h satisfies in addition
R1
a
jhjd� <

1 for every a 2 R, then Q̀h WD Q̀Th is also well defined.
Both the Euler characteristic and the length considered in Sections 7.2.1 and 7.2.2

are special cases of Q̀T and `T for different T ’s. More precisely, �.B/ D Q̀ı1.B/
where ı1 is the Dirac delta function at1. Similarly, the length `.B/ coincides with
`h.B/ for the function h � 1.

7.3. Other measurements

Here, we briefly describe some other numerical invariants of barcodes that are notK-
theoretic (in the sense that the value of the invariants on a barcode B does not depend
solely on x�B). For simplicity, we assume below that our barcodes B are such that
B tot contains only a finite number of bars.

Given a graded barcode B D ¹Biºi2Z as above, consider the followingLCB func-
tion:

j� jB WD �Btot D

X
i2Z

�Bi 2 LCB : (99)

The difference between x�B and j� jB is that in the latter we take an unsigned sum
of the functions �Bi ; hence, we always have j� jB � 0 with equality if and only if
B D ;.

One can now apply different functionals, as in Section 7.2.3 above to the functions
j� jB to obtain various measurements on barcodes.

For example, in case B tot has only bars of finite length, we can define its absolute
total length:

j`j.B/ WD

Z
R
j� jBd�:

When B comes from the filtered Morse persistent homology, j`j.B/ has been studied
and applied in analysis and spectral theory [28, Chapter 6].

Another measurement is the following (here we do not assume that B has no bars
of infinite length):

Ǹ.B/ D `.Bfinite/C �.B/; (100)
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where Bfinite is the subset of B consisting of all its finite-length bars, and �.B/ is the
Euler characteristic of B defined in Section 7.2.1.

The preceding invariant x̀behaves nicely with respect to tensor products. For any
two graded barcodes B 0 and B 00, one can define a product B 0 ˝ B 00 which is the
barcode of the tensor product of the corresponding persistence modules or filtered
chain complexes (cf. Example 4.1.1). We have the following identity (see [11] for the
proof):

Ǹ.B 0 ˝B 00/ D Ǹ.B 0/�.B 00/C �.B 0/ Ǹ.B 00/ � �.B 0/�.B 00/: (101)

8. Symplectic applications

The purpose of this section is to consider the persistence K-theory developed earlier
in the paper for the triangulated persistence category C D CF uk.X/ associated to
a filtered Fukaya category, F uk.X; P/, as in Section 2.6, and deduce a couple of
symplectic applications.

Both applications identify algebraic properties that differentiate embedded La-
grangians from immersed ones. The first one, in Section 8.1, Corollary 8.1.2 (which
is a direct consequence of the K-theoretic constructions in the paper) shows that the
Euler-type pairing � from Section 6 has a special behavior on classes A 2 K.C/
that admit embedded representatives in the sense that �.A; A/ is a constant poly-
nomial, equal to the Euler characteristic of the representative. As it turns out this
fails for some classes that represent Lagrangian immersions. The second application,
in Theorem 8.1.4, provides a lower bound on the “energy” required to resolve the
singularities of Lagrangian immersions that represent classes A with �.A; A/ 2 ƒP
non-constant. In Section 8.2, we discuss some relations between the constructions
above and immersed Floer theory. In particular, how the expression of �.A; A/ is
expected to provide a lower bound for the number of self-intersection points of an
immersed representative of A. This subsection is somewhat speculative in the sense
that we do not fully develop in this paper the theory of filtered Fukaya category in the
immersed case. In Section 8.3, we provide an example to illustrate our results.

8.1. The pairing � and Lagrangian submanifolds

We assume here the setting and notation from Section 2.6.2. In particular, we work
over the base field Z2, and we use the homological and grading conventions for
Fukaya categories as described at the beginning of Section 2.6.2. Thus, our ambi-
ent manifold .X2n; ! D d�/ is a Liouville manifold. The objects of the category
F uk.X; P/ are a family X of marked exact Lagrangians in X—these are triples
.xL; hL; �L/ where L � X is a closed (embedded) Lagrangian submanifold, hL is a
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primitive of �jL, �L is a choice of grading. We assume X to be closed under shifts
of primitives and translation of grading. Finally, P is a choice of perturbation data
such that the resulting A1-category F uk.X;P/ is filtered. The triangulated persis-
tence category CF uk.X/ is associated to F uk.XIP/ by an algebraic construction
described in Section 2.6.1 and Section 2.6.2. In brief, this TPC is the homological
category

CF uk.X/ D H0ŒF uk.XIP/
r �;

where
F uk.XIP/r � Fmod.F uk.XIP//

is closure inside the filtered dg-category Fmod.F uk.XIP// of filtered F uk.XIP/-
modules of the (filtered) Yoneda modules Y.L/,L 2X, with respect to iterated cones
of weight 0 and with respect to r-isomorphism, for all r � 0. More details appear in
Section 2.6 and we refer to [12] for the full construction.

Before we go on, let us mention the following two points that will be useful later.
Firstly, if C; C 0 are two general objects in CF uk.X/, then it might be difficult to
explicitly write out hom.C;C 0/ in this category. However, when C D L and C 0 D L0

are two objects from X (i.e., two marked Lagrangians from the family X), then we
have

homCF uk.X/.L;L
0/ D HF 00.L;L

0/ (102)

as persistence modules. More generally, again as persistence modules, we have

homCF uk.X/.L;L
0Œk�/ D HF 0k.L;L

0/:

Recall that, by definition, T kL0 D L0Œ�k� D .xL0; hL0 ; �L0 � k/.
Recall from Section 2.6.2 the second TPC, C 0F uk.X/DH0ŒT w.F uk.X/IP/�,

which is the homological category of the filtered twisted complexes over F uk.XIP/

as well as the embedding

x‚ W C 0F uk.X/ ,! CF uk.X/:

The second remark is that for any C; C 0 2 Obj.C 0F uk.X// there exists k0 2 N

such that
homC 0F uk.X/.C; T

iC 0/ D 0; whenever ji j � k0: (103)

Finally, we denote by F uk.X/ the (unfiltered) Fukaya category of all exact marked
Lagrangians in X and by DF uk.X/ the associated derived category. In both cases
these notions neglect filtrations and if this aspect needs to be emphasized, we write
instead F ukun.X/, DF ukun.X/ and similarly for other relevant algebraic struc-
tures.
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A last notation to be recalled here is the Novikov polynomial �M 2 ƒP associ-
ated to a persistence module M (whose barcode has finitely many bars) as defined in
Section 2.3, see formula (11) there.

Lemma 8.1.1. Let L;L0 2 X, viewed as objects of C D CF uk.X/. Then,

�homC .L;L
0/.t/ D �homC .L

0;LŒ�n�/.t
�1/ (104)

in ƒP . Moreover, for every i 2 Z, the Novikov polynomial (104) for L0 D LŒi� is
constant and equals

�homC .L;LŒ�i�/.t/ D dimZ2 Hn�i .LIZ2/:

Proof. The first formula follows from duality in Floer homology, namely,

HFk.L;L
0/ Š HFn�k.L

0; L/�

as persistence modules, which with our grading conventions from Section 2.6.2 reads
HF 0j .L; L

0/ Š HF 0�n�j .L
0; L/�. This together with the discussion in Section 6.3

relates the barcodes of a persistence module and its dual implies (104).
The second statement follows from the way we defined the filtrations on the

Floer complexes in the category F uk.XI P/, as recalled in Section 2.6.2, namely,
CF�.L; L/ coincides with the Morse complex CM�.fL/ of a Morse function fL W
L! R, with all generators in action level 0. With our grading conventions, we now
have

CF 0j .L;LŒ�i �/ D CFnCj�i .L;L/ D CMnCj�i .fL/I

hence, HF 00.L;LŒ�i �/ Š Hn�i .LIZ2/.

Denote C 0 WD C 0F uk.X/. Recall from Section 6 that we have two pairings:

�0 W K.C 0/˝ƒP K.C
0/! ƒP ;

� W K.C/˝ƒP K.C/! ƒ;

and �0 is compatible with � via the map K.C 0/! K.C/, induced by the inclusion
C 0 ! C . Therefore, we will denote below both pairings by �.

Due to the boundedness property (103) of the category C 0 the values of the pairing
� are in ƒP and not just ƒ. Although � is defined on the tensor product K.C 0/˝ƒP
K.C 0/ we will often write �.�;�/ viewing it as a bilinear map. This pairing can be
explicitly written out as follows:

�.ŒC �; ŒC 0�/ D
X
i

.�1/i�homC .C;T
iC 0/.t/ (105)

for any two elements ŒC �; ŒC 0� 2 K.C 0/. Notice also that, according to our conven-
tions, T iC 0 D C 0Œ�i �. We now have the following corollary.
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Corollary 8.1.2. For every two objects C;C 0 of C 0F uk.X/, we have

�.ŒC �; ŒC 0�/.t/ D .�1/n�.ŒC 0�; ŒC �/.t�1/:

In particular,
�.ŒC �; ŒC �/.t/ D .�1/n�.ŒC �; ŒC �/.t�1/:

Moreover, if A 2 KŒCF uk.X/� can be represented by an embedded Lagrangian L 2
X then

�.A;A/ D .�1/n�.xL/;

where �.xL/ is the Euler characteristic of the underlying Lagrangian xL of L.

Proof. Recall that the objects of C 0F uk.X/ can be viewed as (filtered) twisted com-
plexes of the Lagrangians in X. Equivalently, they are iterated cones of weight 0 of the
Yoneda modules Y.L/,L 2X. The proof now follows by linearity from Lemma 8.1.1
and (105).

Remark 8.1.3. (i) It is not expected for the relation in Corollary 8.1.2 to hold for all
the objects in CF uk.X/. Each such object is r-isomorphic to an object of C 0F uk.X/

for some r � 0 but if r > 0 this is insufficient to deduce the relation in the statement.
(ii) Since the Euler characteristic of closed odd-dimensional manifolds vanishes,

the last formula in Corollary 8.1.2 could just as well be written as �.A;A/ D �.xL/.
(iii) The self �-pairing �.ŒC �; ŒC �/ of an element ŒC � 2 K.C/, where C belongs

to Obj.C 0F uk.X//, is invariant both under action shifts as well as translations of C ,
in the sense that

�.Œ†rT kC �; Œ†rT kC �/ D �.ŒC �; ŒC �/ for all r 2 R; k 2 Z;

where †r and T are the shift and translation functors, respectively.

The core of Corollary 8.1.2 is that if a class A 2 K.C/ can be represented by an
embedded Lagrangian, then the Euler-type Novikov polynomial �.A; A/ is constant.
An interesting question is to consider cases when �.A; A/ is not constant and try to
estimate how far from embeddings are representatives of A.

We will discuss below two answers to this question, the first interprets “how far”
in the sense of the measurements introduced in relation to the fragmentation pseudo-
metrics discussed in Section 2.5. The second is concerned with lower bounds for the
minimal number of self-intersection points of possible immersed representatives of
A, and is only briefly covered in Remark 8.2.1.

To formulate the first result, we need some further notation. The first is the notion
of gap, gap.Q/, of a polynomialQ 2ƒP . Assuming thatQD

Pk
iD1 ai t

˛i , ˛i <˛iC1
and ai ¤ 0 for all i , we define

gap.Q/ D min
®
˛iC1 �max¹˛i ; 0º j 1 � i � k � 1; ˛iC1 � 0

¯
2 R�0;

while if j̨ < 0 for all j , we simply set gap.Q/ WD 0.
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The second notation applies to any persistence category C with the property that
the persistence modules homC .A; B/ have barcodes with finitely many bars, for all
objects A;B . In this case, assume that K � Obj.C/ is a finite family of objects. We
let

b#.K/ D max
®
#.BhomC .A;B// j A;B 2K

¯
:

Here, #.BM / is the number of bars of the barcode BM associated to the persistence
module M . We call this the max bar count of K .

In case C is a TPC, we have the graded persistence modules hom.X;T �Y / defined
in (13) by hom.X; T �Y /i D homC .X; T

iY /; i 2 Z. We define the corresponding
graded max bar count of K by

b#
max.K/ D max

®
#.BhomC .A;T

iB// j A;B 2K; i 2 Z
¯
:

We need now a measurement related to reduced decompositions. Recall from Sec-
tion 2.5 that such decompositionsD D . xD;�/ have a linearization `.D/ and a weight
which we denote here by Nw.D/. Let F �Obj.C/ invariant under shift and translation.
Assume that D is a reduced decomposition in C of N 2 Obj.C/, with linearization
`.D/ D .X1; X2; : : : ; Xn/, where each Xi 2 F . We fix a bit more notation that only
depends on `.D/.

• ŒD� D ŒX1�C � � � C ŒXn� 2 K.C/.

• ¹`.D/º D ¹X1; X2; : : : ; Xnº, this is the set of objects in the linearization of D.

• nD D n, the number of terms in the linearization of D.

We then let

RF .N / D inf

´
n2D �

Nw.D/ b#
max.¹`.D/º/

gap.�.ŒD�; ŒD�//

ˇ̌̌̌
D is a reduced decomposition of N
such that gap.�.ŒD�; ŒD�// ¤ 0

µ
:

(106)
In case no reduced decompositions D as above exist, we put RF .N / D1.

This measurement can be defined for any TPC C but we will apply it to the trian-
gulated persistence category C D CF uk.X/ and for F � X.

We first state and prove the result and we will discuss its meaning in Section 8.2.

Theorem 8.1.4. Let C D CF uk.X/ and F � X be as above. If N 2 Obj.C/ is the
Yoneda module of an embedded Lagrangian 2 X, then

RF .N / �
1

4
:

We will give an example illustrating the theorem in Section 8.3. This result should
be interpreted in the sense that, if N admits a reduced decompositionD D . xD;�/, as
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in the definition of RF , then the s-isomorphism � is required to satisfy

s �
1

4n2D
�

gap.�.ŒD�; ŒD�//
b#

max.¹`.D/º/

for N to represent an embedded Lagrangian. The reason why this is of use is that
the right-hand side of this inequality only depends on the linearization of D. It can
be computed easily from knowledge of HF.F; F 0/ as a persistence module for each
F; F 0 2 F . In this case the max bar count is obvious and the gap term is given by
easy linear algebra calculations in K.CF uk.X//. In many examples, F forms a set
of generators of ŒCF uk.X/�1 and the groups HF.F; F 0/ are understood.

Proof of Theorem 8.1.4. Assume that r > RF .N /. By inspecting the definition of
reduced decompositions in Section 2.5, we deduce that there are exact triangles�i in
C0, 1 � i � k:

�i W Fi ! Yi�1 ! Yi ! TFi (107)

with Y0 D 0, and an r 0-isomorphism � W Yk ! N such that

r > k2 �
r 0b#

max.¹`.D/º/

gap.�.ŒD�; ŒD�//
;

where ŒD� D
P
i ŒFi � and b#

max.¹`.D/º/ D b#
max.¹F1; F2; : : : ; Fkº/. We denote b D

b#
max¹`.D/º and g D gap.�.ŒD�; ŒD�//. We intend to show that, because N is embed-

ded, we have

k2br 0 �
1

4
g; (108)

which implies the statement.
The first step is to consider the two graded persistence modules

HF 0�.N;N / D homC .N; T
�N/ and homC .Yk; T

�Yk/

and notice that they are 2r 0-interleaved. This is because, by [12, Lemma 2.83], the
two modules N and Yk are r 0-interleaved as objects of the triangulated persistence
category C and this implies that homC .N;T

�Yk/ is r 0-interleaved with respect to both
HF 0�.N;N / and homC .Yk;T

�Yk/ (as persistence modules) which implies our claim.
This means, by the isometry Theorem in [28], that the bottleneck distance between the
two barcodes B1 WD BHF 0�.N;N/ and B2 WD BhomC .Yk ;T

�Yk/ is at most 2r 0. Recall
from Lemma 8.1.1 that B1 consists of only infinite intervals of the form Œ0;1/. This
implies that all the finite intervals in B2 are of length at most r 0 and all the infinite
intervals in B2 are of the form Œx;1/ with x 2 Œ�2r 0; 2r 0�.

The second step is to notice that �ŒYk� D ŒF1�C : : :C ŒFk� D ŒD�. Thus,

�.ŒD�; ŒD�/ D �homC .Yk ;T
�Yk/:
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In particular, gap.�.ŒD�; ŒD�// D gap.�homC .Yk ;T
�Yk//. For further use, let

P D �homC .Yk ;T
�Yk/ D

mX
iD1

ai t
˛i

and fix ˛0i < ˛iC1 such that gap.P /D ˛iC1 � ˛0i with ˛iC1 � 0 and ˛0i Dmax¹˛i ; 0º.
The third step is an application of the persistence Morse inequalities from Sec-

tion 5.3 and, in particular, the bar counting estimate from Corollary 5.3.4. That esti-
mate implies the following lemma.

Lemma 8.1.5. We have
#.B2/ � k2b

(where, as above, B2 D BhomC .Yk ;T
�Yk/).

Proof of Lemma 8.1.5. Recall that b D b#
max.¹F1; F2; : : : ; Fkº/. By the definition of

b#
max, we have that b is the maximal number of bars in the barcodes of the graded per-

sistence modulesHF�.Fi ;Fj / for 1� i; j � k and � 2Z. To prove the statement, we
will use Corollary 5.3.4 and apply it repeatedly to the exact sequences from (107). To
simplify notation, we will put b.M;N /D #BhomC .M;T

�N/ whereM;N 2Obj.C/. For
each sequence from (107), and additional moduleM , we deduce from Corollary 5.3.4

b.M; Yi / � b.M; Yi�1/C b.M;Fi /; b.Yi ;M/ � b.Yi�1;M/C b.Fi ;M/;

where the second inequality can be deduced from the first one after applying the
duality as in (81) in Section 6.1. It is clear that, by taking M D Fs , we obtain

b.Fs; Yi / � ib; b.Yi ; Fs/ � ib:

Now, suppose that b.Yq; Yq/ � q2b. We want to show that

b.YqC1; YqC1/ � .q C 1/
2b

as this concludes the proof of the lemma, by induction. We have

b.Yq; YqC1/ � b.Yq; Yq/C b.Yq; FqC1/ � q
2b C qb

and further

b.YqC1; YqC1/ � b.Yq; YqC1/C b.FqC1; YqC1/

� q.q C 1/b C .q C 1/b D .q C 1/2b:

This concludes the proof of the lemma.
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We now return to the proof of the theorem for the final part of the argument.
Assume that

4k2br 0 < g;

and we will show that this leads to a contradiction. Here, k is at least 1 and b is at least
2. This is because the max bar count of a family of exact Lagrangians is at least the
number of bars in BHF.L;L/ for some L 2 X and this contains at least 2 bars. Thus,

g � 8r 0:

Recall that there is a total of k2b-many bars in B2 DBhomC .Yk ;T
�Yk/, and each finite

one is of length at most r 0. We will call the values of the ends of the intervals in B2

the spectral values of B2.
We focus on the spectral values that belong to Hı D Œ˛iC1 � ı; ˛iC1 C ı� with

0� ı � g
2

. We have ˛iC1 � ı � r 0 � g=2� r 0 � 3r 0. As a result, only the ends of finite
intervals can be inHıCr 0 (recall that the infinite intervals Œx;1/ have x 2 Œ�2r 0; 2r 0�).
Also, if a finite interval J 2 B2 has an end in Hı , then J � HıCr 0 . For each Hı we
consider the polynomial P 0

ı
defined as in formula (12) but taking into account only the

intervals that have at least one end in Hı . This means that if B2 D
L
j Ij ˚

L
h Jh,

where Ij are finite intervals Ij D Œuj ; vj / and Jh are the infinite intervals, then

P 0ı D
X
j

.�1/qj "ı.Ij /.t
uj � tvj /:

Here, qj is the degree of Ij in the graded barcode B2 and "ı.Ij /D 1 if at least one of
u; v is inHı and "ı.Ij /D 0 otherwise. Because only finite intervals contribute to P 0

ı
,

we have P 0
ı
.1/ D 0. Notice that if we truncate P 0

ı
to a polynomial Pı consisting of

only the terms of P 0
ı

of the form at˛ , a 2 Z and with ˛ 2Hı , then Pı D ai t˛iC1 . It is
clear that the number of terms in P 0

ı
is at least that of Pı . The fact that Pı.1/ D aiC1

and P 0
ı
.1/ D 0 implies that P 0

ı
has strictly more terms than Pı , where within these

extra terms, there is at least one term in the form of at˛ with ˛ 2 Œ˛i C ı;˛i C ıC r 0/
or ˛ 2 .˛i � ı � r 0; ˛i � ı�. Since PıCr 0.1/ D aiC1, this extra term at˛ has to be
cancelled in P 0

ıCr 0
, which implies that

#B2.HıCr 0/ > #B2.Hı/; (109)

where #B2.Hı/ denotes the number of the intervals in B2 that have at least one end in
Hı . Given that k2br 0 � g

2
we apply (109) to deduce the sequence of strict inequalities

#B2.Hk2br 0Cr 0/ > #B2.Hk2br 0/ > : : : > #B2.Hr 0/ > #B2.H0/ � 1:

The existence of this sequence contradicts the fact that the total number of intervals
in B2 is at most k2b.
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8.2. Immersed Lagrangians

We will explain here how the statement of Theorem 8.1.4 provides an estimate on how
much energy is needed to resolve the singularities of certain immersed Lagrangians.

The immersed Lagrangians in question are (unobstructed) marked immersed La-
grangians that geometrically coincide with a union of elements in xF . To be more
precise, let xF1; : : : ; xFk � xF . Recall that xX are the elements of X with the prim-
itives and gradings forgotten, and the same for xF . For L 2 X we denote by xL
the corresponding element of xX. By hypothesis the family xX is in general posi-
tion. Thus, geometrically, the union xL D

S
i
xFi has only double points (to simplify

the discussion we assume that there are no repetitions among the xFi ’s). A marked
immersed Lagrangian—in the sense of [7]—with underlying geometric Lagrangian
xL - is a quadruple L D . xL; hL; �L; IL/ where hL, �L are a primitive and a grad-

ing, as in the embedded case, and IL is a subset of the self-intersection points of xL.
Under certain conditions imposed on IL—see again [7] where this class of immersed
Lagrangians is discussed in detail—such a Lagrangian represents a twisted complex
TL 2 C 0F uk.X/ of the form

TL D

� kM
iD1

†˛iFi Œki �; ı

�
for some differential ı. The ˛i and ki here are determined by the choice of IL and the
initial primitives and gradings on the Fi ’s.

A resolution of the singularities of xL is a choice of a set IL of points of self-
intersection of L (as well as of primitive and grading) and an embedded Lagrangian
N � X together with an r-isomorphism in CF uk.X/:

� W TL ! N:

By unwrapping the various definitions, the statement of the corollary implies that

r �
1

4k2
�

gap.�.
L
i Œ†

˛iFi �;
L
i Œ†

˛iFi �//

b#
max.¹F1; : : : ; Fkº/

:

As mentioned before, the right side of this inequality is often approachable.
Of course, neglecting any reference to immersed Lagrangians, we can talk directly

about resolving the singularities of a twisted complex T 2 C 0F uk.X/ of the form
T D .

Lk
iD1†

˛iFi Œki �; ı/ and the estimate above applies. This fits very well with the
notion of reduced decomposition that was used before in the definition of the number
RF .

Remark 8.2.1. (i) One geometric source for a resolution of the singularities of xL in
the sense above is a surgery of xL at the points in IL, followed by a Hamiltonian homo-
topy. This is not quite so immediate to show because once the surgery at only some of
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the self intersection points of xL is performed, one is left with an immersed Lagrangian
that may be unobstructed but no longer a union of embedded components and, thus, no
longer approachable with the Fukaya-type machinery discussed till now. It is expected
that marked immersed Lagrangians that are unobstructed can be included in a fam-
ily like X above and used as objects of a filtered Fukaya category F ukimm.XIP/.
The construction of this F ukimm.XIP/, such as to allow in X marked, immersed,
unobstructed Lagrangians that are not unions of embedded components, is somewhat
delicate. The non-filtered version appears in [7] but the adjustment of the filtered con-
struction from [12, Chapter 3] requires some additional effort that will not be pursued
here.

(ii) Assuming F ukimm.XIP/ defined, we briefly mention a couple of properties
of the pairing � for the resulting TPC, CF ukimm.X/. If a classA2K.CF ukimm.X//

is represented by an immersed Lagrangian L (with only transverse double points),
then (compare with Corollary 8.1.2):

(a) �.A;A/.t/ D .�1/n�.A;A/.t�1/;

(b) the number of self intersection points of L has as lower bound NCŒ�.A;A/�
where for a polynomialPD

P
ki t

˛i 2ƒP , ki2Z, ˛i 2R, we haveNCŒP �DP
˛i>0
jki j.

Both properties follow from the cluster, or pearly, model of Floer homology for
immersed, unobstructed Lagrangians L. In this model the generators of the Floer
complexCF.L;L/ are of two types: critical points of a Morse function on the domain
of the immersion and self-intersection points of the immersion. Each self-intersection
point appears twice, with opposite action levels (see [1, 7]).

8.3. An example

The aim here is to illustrate how Corollary 8.1.2 and Theorem 8.1.4 can be applied.
Consider the exact symplectic manifold X obtained from the plumbing of two

cotangent bundles of S1 as in Figure 1, where Z0 (in blue) is the zero-section of
one (horizontal) T �S1 and Y (in green) is a Lagrangian in the other (vertical) T �S1,
perturbed from its zero-section. We orientZ0 in the counterclockwise orientation and
Y in the clockwise orientation (with respect to how these two Lagrangian are depicted
in Figure 1), so that the intersection index ofZ0;Y at y0 isC1. Next, we fix a Liouville
form � on X for which both Z0 and Y are exact.

In what follows, we will viewZ0 and Y as marked Lagrangians and denote by xZ0
and xY their underlying Lagrangians. We will shortly be a bit more specific regarding
the marking of Z0 and Y , namely, the grading and the choice of primitives for the
Liouville form on these Lagrangians. Let xX be any collection of exact Lagrangians in
X that contains xZ0 and xY and such that xX satisfies the conditions from Section 2.6.2.
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Y

y00
xy0

Z0

Area.shade/ D a

Figure 1. A plumbing of two T �S1 where Z0 and Y are two embedded Lagrangians.

For the family X we take, as before, the Lagrangians in xX together with all their
possible markings (i.e., we endow each Lagrangian xL 2 xX with all possible primitives
of �jxL and all possible grading).

Recall from Section 2.6 that in our realization of the Fukaya category we take
Floer data with 0 Hamiltonians for pairs of Lagrangians that intersect transversely.
This applies in particular to Z0 and Y ; hence, the Floer complex CF�.Z0; Y / is
generated by the intersection points between Z0 and Y , which are y0; x; y00.

We endow Z0 and Y with gradings such that

jy0j D jy00j D 0 and jxj D 1;

where j � j stands for homological grading. It follows that the Floer complex (with
Z2-coefficients) has the following form:

CF0.Z0; Y / D Z2y
0
˚ Z2y

00; dy0 D dy00 D 0;

CF1.Z0; Y / D Z2x; dx D y0 C y00:
(110)

We now turn to the action filtration on the Floer complex. We choose primitives
for �j xZ0 and �j xY such that the actions of the intersection points of Z0 \ Y are given
by

A.y0/ D A.y00/ D 0; A.x/ D a; (111)

where a is the area depicted in Figure 1.
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S

x

y00

Figure 2. An immersed Lagrangian from a surgery at y0.

It follows that the persistence Floer homology HF�.Z0; Y / is concentrated in
degree 0 and moreover the persistence module HF0.Z0; Y / has the following bar-
code:

BHF0.Z0;Y / D
®
Œ0; a/; Œ0;1/

¯
: (112)

We denote the resulting filtered Fukaya category by F uk.XIP/—see Section 2.6.2.
Consider a surgery of Z0 [ Y at y0, so that the outcome Lagrangian is rep-

resented by the immersed Lagrangian S" (depicted in red) in Figure 2, with two
self-intersection points x, y00. Here, " is the area of the surgery handle used in the
surgery at y0 (see [5, 24, 27] for a detailed description of surgery.) Note that S" is an
exact immersed Lagrangian (this is always the case when we perform surgery of two
exact Lagrangians at a single point). Since the choices of the primitives of �j xZ0 and
�jY coincide at y0 (recall that A.y0/ D 0) we can endow S" with a primitive induced
by those of Z0 and Y (more precisely, one needs to parametrize S" by an immersion
j W yS ! X with j. yS/D S such that j �� is exact and define the primitive of the latter
1-form on yS ). We also perturb slightly this S" by a small Hamiltonian perturbation
of Hofer norm at most "0 thus getting S D S";"0 that intersects transversely all the
elements in xX.

It can easily be seen that S is unobstructed (in the sense that it carries no pseudo-
holomorphic teardrops (see also [7])). Therefore, S gives rise to a filteredA1-module
over F uk.X/, which we denote by S. The existence of this module requires elements
of the theory of immersed Fukaya category mentioned in Remark 8.2.1 (ii), however,
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only the most elementary part of this theory is needed here. In essence, because S is
unobstructed we can include S in a larger family X0 that contains X and S . We may
still define a Fukaya filtered category associated to X0, F uk.X0IP0/. The immersed
Lagrangian S gives a (filtered) Yoneda module Y.S/ over F uk.X0I P0/. The per-
turbation data P0 can be picked to be admissible also for the set X and there is an
embedding F uk.XIP0/! F uk.X0IP0/ such that Y.S/ pulls back to a module over
F uk.XI P0/. Finally, using that F uk.X/ is independent of the perturbation data
up to filtered quasi-equivalence, we can pull-back this module to the module S over
F uk.XIP/. The details of this process appear in [12, Chapter 3, Theorem 3.12], but
only in the case when S is embedded. The modifications needed for our S here are
easy to implement as in [7] (where is covered the construction of non-filtered, Fukaya-
type categories with immersed objects in much larger generality), and noting that the
construction there of the Floer complexes of the typeCF.S;S/,CF.S;X/,CF.X;S/
(for X 2X) produces filtered structures, and similarly for the higher A1-operations.

Next, consider the twisted complex (over F uk.X/) defined as the mapping cone:

C WD Cone.Z0
y0

�! Y / (113)

of the morphism y0 2 homF uk.X/.Z0; Y / D CF0.Z0; Y /. (Recall that y0 is a cycle).
Since y0 has filtration level 0 and both Z0, Y are filtered twisted complexes, C can be
endowed with the structure of a filtered twisted complex 2 C 0F uk.X/ � CF uk.X/

in the standard way.
We claim that S 2 CF uk.X/ and that there exists an r-isomorphism

� W C! S

such that r D r."; "0/ tends to 0 when both " and "0 go to 0.
To prove this, we compare Y.S/ and C over the category F uk.X0IP 0/, and we

notice the existence of an r-isomorphism

x� W C! Y.S/

of the form �2.˛;�/ for an appropriate intersection point ˛ between S and Z0 [ Y .
To see this we can interpret C D Y.S 0/ where S 0 is a marked immersed Lagrangian,
in the sense discussed in Section 8.2, with obvious primitive and grading, and with a
marked point IC D ¹y0º. At this point, it is also useful to use the "0-small Hamiltonian
perturbation to be a bit special, in essence associated to a Morse function with two
critical points on yS and in this case ˛ is the intersection point between S";"0 and S 0

that corresponds to the maximum of this function. By pulling back x� over F uk.X/,
we get �.

We now pass to calculations in the K-group K.CF uk.X//. We have

ŒC� D �ŒZ0�C ŒY � 2 K.CF uk.X//: (114)
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Next, we compute the pairing �.ŒC�; ŒC�/. By linearity, and by Theorem 8.1.2, we
obtain

�.ŒC�; ŒC�/ D �.ŒY �; ŒY �/C �.ŒZ0�; ŒZ0�/ � �.ŒY �; ŒZ0�/ � �.ŒZ0�; ŒY �/

D ��.Y / � �.Z0/ � �HF�.Z0;Y /.t/C �HF�.Z0;Y /.t
�1/

D 0C 0 � .1 � ta C 1/C .1 � t�a C 1/

D �t�a C ta;

(115)

where the third equality comes from the barcode data (112) and the identities in The-
orem 8.1.2.

Since �.ŒC�; ŒC�/ is not a constant, by Corollary 8.1.2, the class

ŒS� D ŒC� 2 K.CF uk.X//

cannot be represented by any Lagrangian in X.
Further, we now want apply Theorem 8.1.4. First, the data before provide a reduced

resolution D of weight r of S with linearization `.D/ D .T �1Y;Z0/.
Clearly, ŒD�D�ŒC� so gap.�.ŒD�; ŒD�//D a. Obviously, nD D 2. It is also imme-

diate to calculate b#
max.¹T

�1Y;Z0º/ D 2. We fix F D ¹T �1Y;Z0º. Thus, we obtain

RF .S/ �
8r

a
:

Theorem 8.1.4 implies that if r D r."; "0/ � a
16

, then C can not represent an embed-
ded Lagrangian (in the sense that it is not the Yoneda module of an element in X).
Moreover, this result is independent of the set X as long as X contains Z0; Y .

Another way to apply Theorem 8.1.4 is to deduce by an argument very similar to
the above that, assuming that both " and "0 are very small, then the Hofer norm of a
Hamiltonian homotopy needed to deform S into an embedding is at least a

16
.

Remark 8.3.1. As noted in relation to the constant 4 in Theorem 8.1.4, the constant
16 here is not optimal. In essence, the argument we discussed is very general but it
produces constants that can be easily improved in our example. In this example, it is
possible to use a Hamiltonian homotopy of energy a to deform S into an embedding
and it is likely that this is sharp.
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