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Abstract. We define a link lattice complex for plumbed links, generalizing constructions of
Ozsvith, Stipsicz and Szabd, and of Gorsky and Némethi. We prove that for all plumbed links in
rational homology 3-spheres, the link lattice complex is homotopy equivalent to the link Floer com-
plex as an Axo-module. Additionally, we prove that the link Floer complex of a plumbed L-space
link is a free resolution of its homology. As a consequence, we give an algorithm to compute the link
Floer complexes of plumbed L-space links, in particular of algebraic links, from their multivariable
Alexander polynomial.

Keywords: link lattice homology, link Floer homology, plumbed L-space links.

Contents

L. Introduction . . ... .. ot 5274
LI OVEIVIEW . oo ov ittt e e e e e e e e e e e e e e e e e 5274
1.2. The link lattice complex . ........ ... 5275
1.3. Algebraic and plumbed L-space links . ............. ... . ... ... ... 5276
1.4. Gorsky and Némethi’s link lattice homology . ............ ... ... ........ 5278
1.5. Structure of the paper .. ...... ... .. 5279

2. Algebraic background . . . . . ... 5280
2.1, Aoo-modules . . . ... e 5280
2.2. The homological perturbation lemma . ........ ... ... ... ... ..... 5281
2.3. Freeresolutions and Aeo-aCtions . .. ... ..ot i it ittt e 5282
2.4. Example of non-formal chain complexes . ........... ... ... ... ... 5284

3. Plumbed manifolds and plumbed links . ......... ... . ... ... . ... . ... ... 5285
3.1. Review of plumbed manifolds .......... ... ... ... ... .. .. ... . . ... ... 5285
3.2. Plumbed manifolds and resolutions of analytic singularities ................ 5287
3.3. Embeddedresolutions . . . ... ... 5288
34, Rationality ... ... ... 5290
3.5. Algebraic links and L-space links ... ........ .. ... ... . . .. ... 5291

Maciej Borodzik: Institute of Mathematics, Polish Academy of Sciences, 00-656 Warszawa,
Poland; mcboro@mimuw.edu.pl

Beibei Liu: Department of Mathematics, The Ohio State University, Columbus, OH 43210, USA;
bbliumath @gmail.com

Tan Zemke: Department of Mathematics, University of Oregon, Eugene, OR 97403, USA;
izemke @uoregon.edu

Mathematics Subject Classification 2020: 5TK18 (primary); 14J17, 32505, 57R58 (secondary).


https://creativecommons.org/licenses/by/4.0/
mailto:mcboro@mimuw.edu.pl
mailto:bbliumath@gmail.com
mailto:izemke@uoregon.edu

M. Borodzik, B. Liu, I. Zemke 5274

4. Link lattice homology . . . ... ... . 5293
4.1. Background on link Floer homology .. .......... ... .. ... .. ... ... .... 5293
4.2, Latticehomology ... ..... ... 5295
4.3. The link lattice complexX ... ....... ..ttt 5296
4.4. Themodule structure . ........ ... ... 5296
4.5, Maslov gradings . . . . .o vttt e 5299
4.6. Alexander gradings. . .. ..... ... 5300
4.7. Conjugation SYMIMELTY . . o« v v vttt ettt e e e e e e e et e e e 5301
4.8, SPINE SIIUCTUIES .« . ¢ v v ottt e e e e e e e e e e e e e e 5303
4.9. Independence from the framing on arrow components . .. ................. 5303
4.10. Freeness of the latticecomplex . . .. ... ... ... . i 5305
4.11. Type-D modules over K . . . ..o ot e 5307
412, Anexample . . ... 5309

5. The equivalence with link Floer homology . . . ....... ... ... . ... ... ..... 5311
5.1. The link surgery complex and sublinks . ........... ... ... . ... . ... 5312
5.2. Link lattice homology and the link surgery formula . . .. .................. 5313
5.3. Proof of Theorem 5.1 .. ... .. . 5317
5.4. Absolute gradings . ... .. ... e 5320

6. Plumbed L-space links .. ... .. .. 5323
6.1. Plumbed L-space links and free resolutions . .......................... 5323
6.2. Computing the Floer chain complex from Alexander polynomials . ........... 5324
6.3. Comparison with Gorsky and Némethi’s link lattice homology . ............. 5328

7. COmMPULALIONS .+ ¢ o vt vttt e e e e e e e e e e 5330
7.1. Generators and relations for the homology of an L-space link . .............. 5331
7.2. Thetype-Amodule of T(n,7m) ... ...t i 5333
7.3. The free complex of T(3,3) . . oo o ittt 5336
7.4. Thefree complex of T(4,4) . . . oo ottt e 5337

References . . ... ... 5339

1. Introduction

1.1. Overview

Lattice homology is a combinatorial invariant of plumbed 3-manifolds defined by Néme-
thi [33,34]; see also [36, Chapter 11]. Némethi’s construction is a formalization of earlier
work of Ozsvith and Szabd [43], which computes the Heegaard Floer homology groups
of many plumbed 3-manifolds. If Y is a plumbed 3-manifold, we write HIF (Y') for its
lattice homology, which is a module over the power series ring F[[U]].

Work of Némethi, Ozsvath, Stipsicz and Szabé [33,34,41,43] proves that

HF(Y) ~ HF(Y)

for many important families of plumbed 3-manifolds. Here, HF ™~ (Y) denotes the Hee-
gaard Floer homology over F[[U]]. More recently, the third author proved the isomor-
phism in general [59].

Given a knot K in S3, Ozsvath—Szabé [44] and Rasmussen [53] defined a refinement
of Heegaard Floer homology, called knot Floer homology. There are several equivalent
formulations of this invariant. For our purposes, it is most convenient to consider knot
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Floer homology as taking the form of a free, finitely generated chain complex €% K (K)
over the 2-variable polynomial ring F[%, ¥].

Ozsvath and Szabd also defined a version of Heegaard Floer theory for links in
3-manifolds [48]. For a link L € S3, we will focus on the description of the link Floer
complex as a finitely generated free chain complex €F£(L) over the polynomial ring
F|%, ", ..., %, V], where £ = |L|. For our purposes, it is also helpful to consider the
link Floer complexes over the completed ring F[[%1, 1, - - ., %, 7;]], denoted

CFL(L) :=CFEL(L) ®ran 1., 20,70 Fll% N, ..., U, Vi)

Their construction also applies more generally when L is a link in a rational homology
3-sphere Y. In this case, we denote the link Floer complex by €F£(Y, L).

A relative version of lattice homology for plumbed knots was defined by Ozsvith,
Stipsicz and Szabd [40]. Modulo notational differences, their version of knot lattice
homology is analogous to the complex €% K (K). They proved that for a plumbed
L-space knot in S3, knot lattice homology coincides with the knot Floer complex
CFK(K).

Gorsky and Némethi [11] defined a relative version of lattice homology for L-space
links. (Note that their construction does not require the link to be plumbed.) They con-
structed a spectral sequence from their version of link lattice homology to a version of link
Floer homology, which is the homology of the quotient complex €FL(L)/(*1, ..., %),
and proved that it degenerates for all algebraic links. In particular, their version of link
lattice homology is isomorphic (as a graded group) to the version of link Floer homology
for algebraic links in S3.

In this paper, we construct a new version of link lattice homology. Our link lattice
complex is more closely related to the construction of Ozsvath, Stipsicz and Szab6 [40],
and is modeled on the full link Floer complex € £ (L). We use this link lattice complex
to study plumbed L-space links, a family which includes all algebraic links in S3.

1.2. The link lattice complex

Suppose that L is a plumbed link in a plumbed 3-manifold Y. Such a pair (Y, L) is
represented by a weighted graph I', whose vertices are partitioned into two sets,

Vr =V UV;.

The vertices Vg are equipped with integral weights. The vertices in V; have no weights,
and we refer to them as arrow vertices. Unless explicitly specified otherwise, we will
always assume that I' is a tree.

From the tree I', we obtain a partitioned link Lr = Lg U L4 in S 3. This link may
be described as a connected sum of Hopf links, with one unknotted component for each
vertex of I', and one clasp for each edge of I'. The manifold Y is the result of surgery
on L, with framing A obtained from the weights. Inside of ¥ = SX (Lg), the link L is
identified with L.
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Given a plumbing tree I" representing a plumbed link (Y, L), we will construct a chain
complex
CFL(I, ).

Given an orientation of L4, we will equip the chain complex CFIL(I', V4) with the struc-
ture of a module over the ring F[[%1, 71, ..., %, 7i]], where £ = | V4|, as well as with a
Maslov grading and a Q*-valued Alexander grading.

It is helpful to view CFIL(I", V) as an Aoo-module over F[[%1, %1, ..., %, ;)] with
only m; and m, non-vanishing. We note that the complex CFIL(I, V'4) is not free over
this ring unless |V}| = 1.

A central result of the paper is the following:

Theorem 1.1. Suppose that U is a plumbing link diagram which is a tree, and write
(Y, L) for the associated 3-manifold and link. If Y is a rational homology sphere, then
CFL(Y, L) is homotopy equivalent to CFIL(T", V}) as an absolutely graded A.-module
over F[[%, "1, ..., %, V]|

See Theorem 5.1 for further details. In the above, we write €FEL (Y, L) for the full link
Floer complex €F £ (Y, L) completed over the power series ring F[[%1, Y1, ..., %, Y]]

1.3. Algebraic and plumbed L-space links

We recall that a rational homology 3-sphere Y is called an L-space if
HF(Y,s) =~ F

for each s € Spin“(Y). A link L € §3 is called an L-space link if all sufficiently positive
surgeries are L-spaces. We note that since Dehn surgery does not depend on the orientation
of the link, the property of being an L-space link is independent of orientations.

An important family of plumbed links in S3 is formed by the algebraic links, which
are the links of complex plane curve singularities. According to Gorsky and Némethi [12],
algebraic links in S are L-space links.

There is a useful characterization of L-space links in terms of the link Floer complex.
If L € S3, then L is an L-space link if and only if the homology group #F £ (L) is torsion-
free as an IF[U]-module, where U acts by %; #; for any i. (Since %; ¥; and %;¥; have
chain homotopic actions for all i and j, the definition is independent of the choice of i.)

Ozsvéath and Szabd [47] proved the knot Floer complex of an L-space knot is a
staircase complex. A very natural question is whether an analog of that result holds
for L-space links. L-space links have been extensively studied in the literature: see e.g.
[2,4,9-11,26-28]. Despite the interest in L-space links and many interesting results con-
cerning them, there is to date no result which characterizes the structure of the link Floer
complex of an L-space link in parallel with Ozsvath and Szabd’s result for L-space knots.

We prove the following:

Theorem 1.2. Suppose that L  S3 is a plumbed L-space link. Then the link Floer com-
plex €F L (L) is homotopy equivalent to a free resolution of its homology over the ring
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Fl%, ", ..., %, V). Equivalently, the complex €FL(L) is homotopy equivalent to
its homology HFL(L) as an Aso-module over F[%, 11, ..., %, Vi), where we equip
HFE(L) with the Aox-module structure which has m; = 0 unless j = 2.

[ ]
. /V/ L] Ny 07/2 L]
\%2 " ~
T(3,4) o T(2,2)
. /“f/2> % \
\% ° - Vs °
\ o
@
‘?/27

T2,4) o

Fig. 1.1. The knot and link Floer complexes of 7'(3,4), T(2,2) and T(2,4). Each dot denotes a
generator in a free basis. The horizontal direction indicates the grading of the free resolution.

Remark 1.3. (1) Theorem 1.2 is a natural generalization of the result of Ozsvath and
Szab¢ for L-space knots because the staircase complex of an L-space knot is easily seen
to be a free resolution of its homology over F[%, 7].

(2) Theorem 1.2 also holds more generally for plumbed L-space links L in plumbed
3-manifolds Y which are themselves L-spaces. For details, see Section 6.

(3) A dg-module M over a ring A such that (H«(M), m5) is homotopy equivalent
to M as an A.-module over A is called formal. Hence, we may restate Theorem 1.2 by
saying that plumbed L-space links have formal link Floer complexes.

We do not know whether Theorem 1.2 holds for non-plumbed L-space links. We state
the following open question:

Question 1.4. Are there non-plumbed L-space links L € S3 for which €F£(L) is not
homotopy equivalent to a free resolution of HFL(L)?

From Theorem 1.2, we obtain an algorithm to compute the link Floer complex
of a plumbed L-space link. Namely, we observe that for an L-space link L, the
F(7, V., ..., %, V;]-module HFL(L) is completely determined by the H -function
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(or equivalently the d-invariants of large surgeries). According to [11], the H -function of
an L-space link in S3 is determined by the multivariable Alexander polynomials of L and
its sublinks. After determining HF£(L), one may compute €FL(L) by computing its
free resolution. Finding such a resolution is algorithmic (see e.g. [51]) and may be done
using computer algebra software such as Macaulay?2 [14]. We carry this out for 7°(3, 3)
and T'(4,4) in Section 7.

Our algorithm to compute the full link Floer complexes enables us to compute the
minus and the hat version of link Floer homology of plumbed L-space links by setting
respectively #; = 0 and %; = ¥; = 0 for all i. Moreover, the hat version of link Floer
homology detects the Thurston norm of the link complement in the 3-sphere [49]. Hence,
the algorithm also gives a way to compute the Thurston norm of plumbed L-space links
in 3.

Corollary 1.5. The link Floer complex of a plumbed L-space link L in S3 is computable
from the multivariable Alexander polynomials of the link L and its sublinks.

Remark 1.6. Computing free resolutions is in general a challenging task. For many pur-
poses (e.g. taking tensor products), it is more practical to understand the homology group
HFL(L) and use the fact that €FL(L) is homotopy equivalent as an Ay.-module to
HFL(L) with only m, non-trivial. Often the homology group HF £ (L) has a much more
concise description than its free resolution. For example in Section 7, we give a simple
description of the module HFE£(T (n,n)). We describe free resolutions for 7'(3, 3) and
T (4, 4), which are considerably more complex.

We note that for algebraic links in S3 (which are particular examples of plumbed
L-space links) the fact that the link Floer complex is determined by the Alexander polyno-
mial may be seen indirectly using the fact that the Alexander polynomial of an algebraic
link determines the link (see Yamamoto [55]). This is not the case for algebraic links
in other 3-manifolds, or other plumbed L-space links in S3; see [3] and also Proposi-
tion 3.20. Nonetheless, our techniques give a concrete algorithm for computing the link
Floer complex based on its Alexander polynomial. Although foundational, Yamamoto’s
work does not give a practical algorithm for computing link Floer complexes of algebraic
links in S3.

1.4. Gorsky and Némethi’s link lattice homology

We also consider Gorsky and Némethi’s link lattice homology, which is defined for all
L-space links. If L is an L-space link, then they described a chain complex .2 (L), which
they called the link lattice complex. They proved that if L is an algebraic link, then

Hy (A (L)) = He(CFL(L)/(N1..... D)), (L1

as graded groups, where the right-hand side is identified with the minus version of link
Floer homology.
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In our paper, we give an alternate perspective on the complex 2 (L). Namely, we
show that .#" (L) is homotopy equivalent as an As,-module to the derived tensor product

HFL(L) QFa,9...2t0, %) FI - UV (s ),

where we equip HFL(L) with the Axo-module structure which has only m, non-trivial.
As a corollary of Theorem 1.2, we obtain the following result:

Corollary 1.7. If L is a plumbed L-space link, then Gorsky and Némethi’s link lattice
complex (L) is homotopy equivalent to €FL(L)/(¥1,...,Y) as a graded chain com-
plex.

We note Gorsky and Némethi only prove the isomorphism in (1.1) at the level of
graded groups. Our proof of Corollary 1.7 improves on their result because it equips
J (L) with a dg-module structure over F[%y, Y1, ..., %, V] (i.e. an Ay-module struc-
ture with only m; and m, non-trivial) and proves the isomorphism at the level of Aso-
modules.

Gorsky and Némethi also constructed a spectral sequence from the tensor prod-
uct HFL(L) ® A*m (&1, ..., &) to the homology of €FL(L)/(", ..., ¥n). Here,
A*(,R[ (&1,...,&p) is the exterior algebra on £ generators and Ry = F[%, ", ..., %, V.
Our Corollary 1.7 naturally recovers this spectral sequence, as follows. We first recall
that the module F[%1, "1, ..., %, Y¢]/(*1, ..., ) has a free resolution over Ry equal
to the Koszul complex A;Qz (&1, ..., &), where we equip each & with the differential
d (&) = 7; (extended via the Leibniz rule). The chain complex (A:;Qz (&1,...,&),d) has
a cube filtration, and the spectral sequence associated to the induced cube filtration on
HFL(L) ® A}e (&1, ..., &) coincides with Gorsky and Némethi’s spectral sequence.

1.5. Structure of the paper

Section 2 describes background on A..-modules and the homological perturbation
lemma. We give a basic example from knot Floer theory of two complexes with iso-
morphic homology groups, such that one of them is chain homotopy equivalent to its
homology (regarded as a chain complex with trivial differentials), while the other one is
not.

Next, we recall some topological background in Section 3. We provide the definitions
of plumbed manifolds and plumbed links. We state the result of Gorsky and Némethi
that a plumbed link in a rational analytic singularity is an L-space link [12]. In particu-
lar, we show that plumbed L-space links are a natural generalization of algebraic links
in S3. In Section 4, we define our link lattice complex. We describe the gradings and the
Fl|%, ", - .., %, V;]-module structure.

Section 5 proves the equivalence of the link lattice complex and the link Floer com-
plex, stated above in Theorem 1.1. This is the main technical result of the paper.

In Section 6 we focus on plumbed L-space links. Using Theorem 5.1 and the homolog-
ical perturbation lemma, we prove Theorem 1.2, which states that the link Floer complex
of a plumbed L-space link is a free resolution of its homology. As a consequence, we
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show that the link Floer complex of a plumbed L-space link is computable from its mul-
tivariable Alexander polynomial; see Theorem 6.6. Additionally, we describe how our
link lattice complex recovers the theory described by Gorsky and Némethi in the case of
plumbed L-space links; see Theorem 6.10.

Section 7 describes some algorithms and examples. We provide a concrete way of
presenting the F[74, 1, ..., %,, ¥y]-module HFL(L) for an L-space link L, from its
H -function. The algorithm of Lemma 7.1 provides a representation of HFL(T (n, n))
compatible with the description of Gorsky and Hom [9, Section 5]. Next, we compute
CFL(T(3,3)) and €FL(T (4, 4)) by constructing explicit free resolutions.

2. Algebraic background

In this section we recall the notion of an Ay,-module (Section 2.1). Then, in Section 2.2,
we state the homological perturbation lemma in A-category. In Section 2.3, we consider
the homological perturbation lemma in the context of free resolutions of modules. In
Section 2.4, we present two complexes over F[%/, ¥'] with isomorphic homology, but
which are not chain homotopy equivalent. These two complexes appear naturally in knot
Floer homology.

2.1. Aoo-modules

Throughout the paper, we make use of the category of A.,-modules. The motivation is
that Aso-module structures may be transferred along homotopy equivalences of groups.
Suppose that + is a ring that is an algebra over a ring k of characteristic 2. Given a
finitely generated chain complex C over +, in very general circumstances, one may pick
a homotopy equivalence over k between C and H,.(C). Given such a homotopy equiv-
alence, the homotopy transfer lemma (see [19]) equips H«(C) with the structure of an
Aoo-module over #, such that C and H.(C) are homotopy equivalent as A.,-modules.
Note that unless # is a field, it is rarely the case that C and H,(C) are homotopy equiv-
alent as dg-modules over 4. When the homotopy equivalence between C and H.(C) is
suitably simple, the Aoo-module maps on H«(C) are usually computed using a version
of the homological perturbation lemma, stated in Lemma 2.3.

We now recall the basics of As.-modules. We mostly follow the notation of Lipshitz,
Ozsvith and Thurston [24,25].

Let + be an associative algebra with unit over a ring k of characteristic 2. We will
frequently consider k = ;. We write j, for the multiplication on .

Definition 2.1. A left Aoo-module 4 M over A is a left k-module M equipped with k-
module maps )

mijr1:A® @M > M, j >0,
such that m; om; = 0, and for each n and any ay,...,a, € 4 and x € M, the following
holds:
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n
Y muivi(an.an-1.. .. aivr.migi(ai. ... a1.x))
i=0 n—1
+ Zmn(an,an_l,...,,u,z(akH,ak),...,al,x) =0.
k=1

Lipshitz, Ozsvath and Thurston refer to A.,-modules as type-A modules, in contrast
to type-D modules, which we now introduce.

Definition 2.2. A right rype-D module N* over 4 is a right k-module N, together with
a k-linear structure map
§:N — N ®x 4

such that
(idy ® p2) o (' ®idy) 08! = 0.

2.2. The homological perturbation lemma

It is a general fact that Aso-algebra structures may be transferred along homotopy
equivalences of the chain complex underlying an Ao-algebra. This was proved by
Kadeishvili [19]. Homological perturbation theory gives concrete formulas for the result-
ing Aso-module structure under certain restrictions on the chain homotopy equivalence
(see [21, Theorem 3]). An exposition of the technique may be found in the Ph.D. thesis
of Lefevre-Hasegawa [23].

Lemma 2.3. Suppose that A is an associative algebra over a ground ring k, 4M =
(M, mj) is an Aeo-module over A, (Z,0) is a chain complex over Kk, and that we have
three maps of left k-modules

i:Z—->M, nM-—>Z and h:M —- M

satisfying the following:

(1) i and 7 are chain maps.

Q) woi =idg.

(3) i o =idps + 9(h), where d(h) == my oh + h om;.
@) hoi =0.

(5) moh =0.

(6) hoh =0.

Then there are Aso-module structure maps mIZ on Z, as well as Aoo-module morphisms
Iii aZ = 4M, Tle: gM — 4Z and Hy: gM — oM

satisfying mIZ =0, I =i, I1; = w and Hy = h, and such that the analogs of relations
(1)—(6) are also satisfied by the Aoo-module morphisms I, T1 and H.
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Remark 2.4. It is important to note that the maps i, 7, & in the assumption of the homo-
logical perturbation lemma are required to be only k-module maps, and not necessarily
A-module maps. We refer the interested reader to [23, Section 1.4] for a detailed proof.

The extended Ao-module maps in the homological perturbation lemma have a con-
crete description below. The structure maps on Z are given by the diagrams shown in
Figure 2.1. Therein m~; denote the Ay, structure maps of M, with m; excluded, and A
is the comultiplication on the tensor algebra T* .

T bl bl bl
A A Ak A h
N\ N\ N\ 4 N\
ms1 mx1 ms1 mx=1

l l { 1

A h A h A h A h
N\ N\ 4 N\ 4 N\
msq m>i msq msq
mZ(a,z) = I Iaz= 1 Hax= | Hax= 1
! ) ] I

h h h h

1 { K l

ms1q mx1 ms1 mx1

l l { 1

T h b/ h

1 { { l

Fig. 2.1. The maps appearing in the homological perturbation lemma for Aso-modules. The notation
is introduced in [25, Section 2]. Briefly, a single arrow represents an element of 4 M, while a double
arrow represents an element of ; A®".

2.3. Free resolutions and Aso-actions

In this section, we describe a useful relation between free resolutions and A.-module
structures. We assume that s is an algebra over ' = Z /2. Suppose that (4 M, m;) is a
type-A module which has m; = 0 for j # 2. Thatis, M is a left A-module in the ordinary
sense. A free resolution of M is a collection (F;, f;)ien of free #A-modules and #A-linear
maps which form an exact sequence of the following form:

Jfi—1

—)F1£>F1_1—>£)F1£>F0£>M—>0

Write ¥ for the chain complex whose underlying space is the direct sum of the F;, i > 0,
and whose differential consists of the maps f; fori > 1.

By definition, a free resolution 4.% is quasi-isomorphic to 4 M, since the canon-
ical projection map from .% to M is a chain map which induces an isomorphism on
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homology. In the category of A.,-modules, quasi-isomorphisms are always invertible as
Aso-morphisms. An exposition of this principle may be found in [20, Section 4]. In the
present case, it is also helpful to construct the homotopy equivalence explicitly, since we
will use it and similar homotopy equivalences later.

Proposition 2.5. Suppose that 4.% is a free resolution of a left A-module 4 M. Then
AF and 4 M are homotopy equivalent as Aoo-modules over A.

Proof. There is a canonical projection map n:. % — M, which is just fo on Fp, and
0 on every other summand. We pick any map of [F-vector spaces i: M — Fy such that
fo oi =idys. The map i induces a direct sum splitting (of [F-vector spaces) Fo = im f1 &
imi. The map fi: F1 — im fj is surjective, so we pick its [F-linear section, which we
denote by h¢. The map h¢ induces a splitting of F; into im iy & im f,. We define a map
hy:im f, — F, to be a section of the map f,. We proceed in this manner to split the entire
free resolution to obtain a diagram

fi fi—1 f2 Ji Jo
7 ¥ ! Py
coo = im fi41 ®imh;j—y;  im fj®imhi_p -+ im fob®imhy im fiimi M — 0.
~_ N~ < —
B hi—> hi ho

Clearly the maps i and & are chain maps. Furthermore, 7w oi = idys, and
iomw =idg + [0, h],
where # is the direct sum of the /;. Additionally,
hoi =0, hoh=0 and mwoh=0.

In particular, the homological perturbation lemma induces an A ,,-module structure on M,
which we denote by AM, such that 4M and 4.7 are homotopy equivalent as Aoo-
modules. We claim that the higher actions on AM vanish. Indeed, the map h always
maps F; to Fj4q, while mz‘g preserves Fj, and 7 is only non-vanishing on Fy. A quick
inspection of the leftmost map in Figure 2.1 shows that m; = 0 for j > 2.

From the claim it follows that 4 M = 4 M, completing the proof. ]

Recall that we say an As,-module 4 M is formal if 4 M is homotopy equivalent to
AH«(M) (viewed as an Ag-module with m; = 0 for j # 2). The following is a helpful
restatement of Proposition 2.5:

Corollary 2.6. Suppose A is an algebra over F = 7. /2. Let 4 M be an Aoo-module over
A, and let F be the total complex of a free resolution of Hx(M). Then 4 M is homotopy
equivalent to 4.% as an Aso-module if and only if 4 M is formal.

We now describe a very helpful criterion for formality, which generalizes Corol-
lary 2.6.
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Lemma 2.7. Suppose that A is an algebra over F = Z./2 and

i+1 d; di—1
A€ = (e e s
is a (possibly unbounded) chain complex of A-modules. That is, 4% is an Aeo-module
with only my and my non-trivial, such that furthermore the action m, preserves C;, and
the differential my on 4% is given by the maps 9;: C; — Ci_1. We refer to the subscript
i as the algebraic grading. If the homology of 4% is supported in a single algebraic
grading, then 4% is formal.

Proof. We consider first the case that there is some n € Z such that C; = 0 fori < n
and such that the homology is supported in grading 7, i.e. H«(%) = C,/im(0,41). We
can then define a chain map n of A-modules from 4% to H.(%) by sending C, to
C,/im(0,+1) and sending C; to O for i # n. This gives a quasi-isomorphism of 4% onto
A H« (%) (viewing this homology group as an A,-module with m; = 0if j # 2). Since
quasi-isomorphisms of As,-modules are homotopy equivalences, Corollary 2.6 implies
that 4% is formal in this restricted case.

We now consider the general case that H, (%) is supported in a single grading n, i.e.
H.(%¢) = ker(d,)/im(d,+1). Write Z,, € C, for the kernel of d,,. Note that Z,, is an
A-submodule. We consider the chain complex

, On+2 On+1
A = (—— Cpp1 —> Zy).
Note that there is a natural inclusion map of 4% into 4%, which is a quasi-isomorphism.
The complex 4% is formal by the previous argument. Therefore 4% is as well. ]

2.4. Example of non-formal chain complexes

As mentioned in Section 2.1, if +4 is a field, then any finitely generated chain complex is
homotopy equivalent to its homology. If # is a PID, then it is not hard to show that any
finitely generated free chain complex is quasi-isomorphic to its homology. For general
rings, this is not always the case. In this section, we illustrate the case A = F[%, 7] with
examples from the theory of knot Floer homology.

We consider two free F[%, ¥]-complexes C and D with generators u, v, X, Yy, Z,
respectively a, b, and ¢, and with differential represented by arrows as shown below:

W -5 X a
C=ud®d 4 y and D = "
v v v
Y%~ 12 c—x%-+Db

For appropriate choices of gradings, there is an isomorphism H«(C) = H.(D), since
both are isomorphic to F[%, 7] @ [F, where F has vanishing action of %/ and ¥'. On the
other hand, it is easy to see that C and D are not homotopy equivalent over F[%Z, ¥].
For example, if we tensor both with the module F[%, ¥|/(% , ¥ and take homology,
we obtain vector spaces of different rank over IF.
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We now equip both H.(C) and H, (D) with A-actions by applying the homological
perturbation lemma. Since C is a free resolution of its homology, the induced Ao-action
has only m, non-trivial.

For D, the homology is the F-span of %'%/(%a+ ¥¢) and b, for all i, j € N.
We may define a homotopy equivalence of chain complexes over F between D and the
complex F[% ,7] @ F (with vanishing differential). Write e for the generator of F[%/, V]
and f for the generator of F. The inclusion map i: H«(D) — D is given by

iw"yme) =U"V™(Ua+ Ve), i(f)=h,
for all n,m > 0. We define a projection map n: D — H,(D) by setting

£ ifn=m=0,
(U Y ™a) = nn=m

otherwise, 0 otherwise.

wnlyme if 0,
{ e ifn> n(%”“//’"b)z{

The map m vanishes on multiples of ¢. The maps 7 and i are clearly chain maps, and
7 oi = id. We define a homotopy &: D — D by setting h(a) = h(c) = 0, and

" lyme ifn >0,
U™ V™) = 3 ymla ifn=0,m>0,

0 otherwise.

It is straightforward to see that i o 7 = id + [d, h]. Furthermore, h o i, hoh and w o h
vanish. In particular, the maps 7, 7 and / induce an A,-module structure maps ij(D)
on H.(D).

We claim that mgl(D) (%, v ,f) = e. To see this, we use the formula on the left of Fig-
ure 2.1. In the present situation,a=% ® ¥,z =f. Notethat A(Z @ V) = (%) Q (V),

SO we compute

meP @ Y 8 = w(mD @ hm2 (Vi (D)) = n(mP (% ,a)) = e.

3. Plumbed manifolds and plumbed links

The goal of this section is to recall the notions of plumbed manifolds, resolution graphs,
and plumbed links. We pay particular attention to algebraic links, which are L-space links
by work of Gorsky and Némethi [12]. Additionally, in Proposition 3.18 we describe a
slightly wider class of plumbed links which are also L-space links.

3.1. Review of plumbed manifolds

To set up the notation, we recall the constructions of 3-manifolds via plumbing. We refer
the reader to [38] for a detailed exposition.

Suppose G is a finite graph. We let Vg be the set of its vertices. We assume that each
v € Vg has an associated weight A, € Z. From Vg we construct a real 4-manifold X¢ as
follows. For each v € Vg, we consider Ty, the oriented disk bundle over S? with Euler
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number A,. The manifold Xg is obtained by taking a disjoint union of all the T, and
gluing them using the following recipe. Whenever two vertices v, v’ € Vg are connected
by an edge e, we trivialize the bundles T, and T,/ over chosen disks in the base. Then we
glue these bundles together by an orientation-preserving diffeomorphism that swaps the
base and the fiber. Refer to [8, Example 4.6.2] or [38] for more details.

By convention, if G is not connected, we take a boundary connected sum of the man-
ifolds X, corresponding to the connected components G; of G.

Definition 3.1. The manifold X¢ is called the plumbed 4-manifold associated with G. Its
boundary Y = 90X is the plumbed 3-manifold associated with G.

The construction of a plumbed manifold can be done in a relative setting, providing
a pair consisting of a 3-manifold and a link contained in it. The starting data is a graph
I' with vertices partitioned into two sets, Vg U V4. We call Vi the arrow vertices, and
Vi the non-arrow vertices. We do not add weights to V4. We call such a graph an arrow-
decorated plumbing graph.

Remark 3.2. From a topological perspective, it is most natural to require each vertex
of V3 to have valence 1. However, in the combinatorial construction of link lattice homol-
ogy, we do not need to make this assumption.

We write G C T for the full subgraph spanned by the non-arrow vertices. The ver-
tices V4 determine a link L4 in Y as follows. Suppose v € V; is adjacent to a non-arrow
vertex w € V. We let L, be a circle fiber of the S!-bundle d7,, — S2 such that the
projection of L, onto S? is disjoint from all the disks used to plumb the disk bundles
of other non-arrow vertices. If more than one arrow vertex is adjacent to the same non-
arrow vertex w, we require each of the corresponding components of L4 to be fibers of
9T, — S? over distinct points.

We define L as the union of the circle fibers L, ranging over v € V}.

Definition 3.3. The link Ly C Y is called the plumbed link associated with I". We say
that a link L € Y is a plumbed link if there exists an arrow-decorated plumbing graph I"
and a diffeomorphism (Y, L) = (Yg, Ly).

Remark 3.4. One can also consider more general plumbings of disk bundles over higher
genus surfaces. To do so, one considers a plumbing graph where each vertex v € Vg is
assigned an additional weight, corresponding to the genus of the base space of the disk
bundle. However, the resulting manifold Y is not a rational homology sphere if at least
one surface has positive genus. In the present paper, we are mostly concerned with rational
homology spheres, so we restrict the discussion to the case where all surfaces are spheres.
We refer to [38] for more details.

Definition 3.5. Suppose G is a plumbing tree with no arrow vertices. We define the inci-
dence matrix Qg as follows. The diagonal entries are the weights associated to vertices,
while the off-diagonal terms are 1 or zero, depending on whether or not the two vertices
are connected by an edge.
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By construction, Q g represents the intersection form on X . As the intersection form
on X¢ determines the homology of Y, we have the following result.

Lemma 3.6. There is an isomorphism Hy(Yg;Z) = coker Qg. In particular, Yg is a
rational homology sphere if and only if det Qg # 0.

There is a well-known description of (Y, L4) in terms of Dehn surgery (see [8,
Example 4.6.2]). We form a partitioned link Lt = Lg U L4 in S 3 as follows. For each
vertex of I', we add an unknotted component to L, and for each edge, we add a clasp
between the corresponding components. The link L may alternatively be described as
an iterated connected sum of Hopf links. The weights on the vertices in Vg determine an
integral framing A on Lg, as in Definition 3.5. Then

(Yo.Ly) = (SR (Lg). Ly).

We remark a slight abuse of notation: L4 denotes both the link in S 3 (as a part of
Lt € S3) and its image in the plumbed manifold Y.

3.2. Plumbed manifolds and resolutions of analytic singularities

One of the main motivations for introducing plumbed manifolds comes from resolutions
of singularities. We give now a short account of plumbed manifolds obtained from surface
singularities. We refer the reader to the introductory lectures of Némethi [32], or to [36,
Section 3.3], [29], [37, Chapter 4] for more details and references.

First we focus on the absolute case corresponding to graphs with no arrow vertices.
Later on we discuss the relative case of embedded resolutions, leading to plumbed links.

Suppose (X, xp) is a (germ of a) normal complex analytic surface. The word ‘normal’
refers to the property of the local ring O, (X) being integrally closed (see [15, Exercise
1.3.7]). This implies, among other things, that x, is an isolated singular point. See [22,32]
for more details. The surface (X, xo) can be analytically embedded into (C¥,0) for N
sufficiently large. Let B, be a ball in CV with center at 0 and radius & > 0. It is known
(see [31]) that the diffeomorphism type of the intersection Ly := X N dB; is independent
of & and of the embedding of X into CV, provided & > 0 is small enough. Moreover, the
pair (Bg, X N By) is topologically a cone over (0B, Ly ). The space Ly is a smooth real
3-dimensional manifold. We call it the link of the surface singularity (X, x¢).

We stress that we study the local behavior of X near xo. From the perspective of
algebraic geometry, this is emphasized by saying that X is a germ of a surface. The reader
unfamiliar with this notion might assume that we replace X by X N B, where B, is as
above.

The manifold Ly admits another description. We let ()? , E) be aresolution of (X, xq),
that is, a smooth complex analytic surface together with a map 7: (X, E)— (X, xo) which
is one-to-one except on 7~ !(xp) = E. Now E = )_ E; is a union of smooth complex
curves (Riemann surfaces) intersecting transversally. Each E; is assigned a number A;
which is its self-intersection. The curves E; are referred to as the exceptional components
of the map .
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With the resolution we can assign two objects. One is the dual graph Gy of the res-
olution. Its vertices correspond to the divisors E;. Each vertex is assigned a weight A;.
There is an additional weight of a vertex by the genus of E; (in the present paper we
will consider only the case where each E; is a sphere; see Remark 3.4). We add |E; N E; |
edges between vertices v; and v; when i # j. We add no self-edges. There is a matrix Qg
associated with Gy as in Definition 3.5. We have the following result.

Proposition 3.7. (a) The link Ly of the singularity (X, xo) is diffeomorphic to Yg,, .

(b) Ly is a rational homology sphere if each E; is a sphere and Gy is a tree.

The manifold Ly determines the graph Gx up to a precisely described equivalence
relation; see [38]. The way the resolution is constructed implies that Q¢ is negative
definite. A deep theorem of Grauert [13] shows that this characterizes links of analytic
singularities among all plumbed links.

Theorem 3.8. If Q¢ is negative definite, then Yg is a link of an analytic singularity.

We stress that the statement is far from true if the word ‘analytic’ is replaced by
‘algebraic’. Moreover, in general, there is no uniqueness. While Gy determines the dif-
feomorphism type of Ly, there might be analytically different singularities with the same
link Ly . There is a vast research area concerning which invariants of X depend on the
link Ly, and which depend on the analytic structure. We refer the reader to the book
[36]. Examples of invariants depending on the analytic structure of X include the geo-
metric genus p, (see [36, Section 6.8]), the embedding dimension (minimal N for which
X embeds into C¥, see [36, Example 6.7.17]), and the Hilbert—Samuel function (see
[36, Section 5.1.40]).

3.3. Embedded resolutions

We now consider embedded singularities, which are pairs of analytic spaces Z C X,
together with a point xo € Z, where X and Z are possibly singular at xo. We restrict our
attention to the case where dimc X = 2 and dim¢ Z = 1. For an introduction to embedded
singularities, we refer to [36], especially Section 2.2. An overview of singularity theory is
given in [37, Section 4.3]. Graph links, and their connection with singularity theory, are
described in [6].

Definition 3.9. An embedded singularity is a triple (X, Z, x¢), where (X, x¢) is a (germ
of a) normal complex analytic surface and Z C X is a complex analytic curve passing
through xg.

Example 3.10. If X = C2, an embedded singularity is precisely a plane curve singularity.

Embed X analytically in CV with xo mapped to 0. Take a small ball B, around xo
in CV as above. For sufficiently small & > 0, the triple (B, X N Bg, Z N By) is topolog-
ically a cone over (B, Ly, Lz), where Ly and Lz are, respectively, the intersections
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of X and Z with dB,. The diffeomorphism type of the pair (Ly, L z) depends on neither
the choice of ¢ nor the choice of embedding.

Definition 3.11. The pair (Ly, Lz) is called the link of the embedded singularity
(X, Z, Xo).

Example 3.12. Suppose (X, xo) = (C2,0), and Z is a plane algebraic curve passing
through 0. Then Ly = S3, and the link L is precisely the algebraic link in the ordinary
sense.

Since the study of singularities is local, we consider only the germ of the singular-
ity. We note that, by definition, (X, Z) and (X N Bg, Z N B,) have the same germ. In
particular, we may and will assume that (X, Z) is topologically a cone over (Lx, Lz).

We can recover (Ly, Lz) from an embedded resolution. By an embedded resolu-
tion of (X, Z, x9) we mean the triple (X.Z.E) together with a proper analytic map
T ()Z , 7 ,E) — (X, Z, xp) satisfying the following conditions:

e 7m: X — X is one-to-one away from E. In particular, the restriction 7|5 is one-to-one
away from Z N E.

e X is a smooth surface and Z is a smooth complex curve.

Each algebraic component of E is a projective (that is, closed) smooth complex curve.
e The union £ U Z has only transverse double points as singularities.

As in the non-embedded case, the smooth complex curves whose union is E are referred
to as the exceptional components.

Given the embedded resolution, we can create a dual graph of the resolution. The
construction is in two steps. First, out of E, we construct the graph Gx as above. Next, if
v; € Vg, and E; is the corresponding component of £, we adjoin | E; N V4 | arrow vertices
to v;. We denote the resulting graph by I'x, z. Recall that we work locally (topologically,
we have replaced X by X N B;). Therefore, Z is a union of disks, each intersecting the
graph E in precisely one point. That is, every arrow vertex of I'y z corresponds to a
connected component of Z.The following result is classical.

Proposition 3.13 (see e.g. [36, Proposition 3.3.8]). The pair (Ygy , L) is diffeomorphic
to (Lx,Lz).

Our next aim is to explain the relative analog of Grauert’s Theorem 3.8. As the state-
ment is slightly technical, we give some extra explanation. Let g: X — C be a reduced
analytic map such that g=1(0) = Z. Here, reduced means that g is not divisible by
the square of a non-invertible analytic function on X. Then g induces an analytic map
g X — C via g = gom. Let v be a vertex of I' := I'y,z. The vertex v corresponds
either to an exceptional component E, (if v is a non-arrow vertex), or to a component V4 v
of Z, if v is an arrow vertex. In both cases, g vanishes on that component. We let m,, > 0
denote the order of vanishing, and call it the multiplicity of the vertex v. Note that since g
is reduced, m, = 1 for all arrow vertices (see [37, Section 4.3.2]). The multiplicities and
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the weights satisfy the following compatibility relation (see [37, (4.1.5)]):

Aphty + Z My =0 (3.1)

wevVy,

for each non-arrow vertex v € Vg, where V, denotes the set of all vertices in Vr adjacent
to v. Note that (3.1), together with the condition m, = 1 for all arrow vertices, uniquely
determines all other multiplicities. However, unless Q¢ is unimodular, the multiplicities
need not be integral. If they are not integral, such a plumbed link cannot be realized as a
link of an embedded analytic singularity.

We now state a relative analog of Grauert’s Theorem 3.8 (see [52, Corollaire 5.5]).

Proposition 3.14. Let I" be a graph with vertices V = Vg U V) such that Q ¢ is negative
definite. If assigning multiplicity 1 to each arrow vertex of I leads to integral positive
multiplicities on all vertices of Vg via the compatibility relation (3.1), then (Yg, L4) is a
link of an embedded analytic singularity.

3.4. Rationality

Suppose (X, x¢) is an analytic singularity. We define its geometric genus to be p, =
h'(O ), where X is a resolution of X (see [32, Section 2]). Many properties of geometric
genus are given in various chapters of [36]. The definition of p, does not depend on the
choice of resolution. Geometric genus is an invariant of the analytic structure of X; there
are known examples of singularities with the same link, but different geometric genus
[32, Section 4.8]. Put differently, in general p, cannot be read off from the combinatorics
of the resolution graph G.

An exception is the case of rational singularities, which are characterized by the prop-
erty that p, = 0 (see [36, Section 7.1]). Given a graph G, we can determine whether
it represents a rational singularity; the answer is due to Artin [1] (see also [32, Theo-
rem 3.8] and [36, Theorem 7.1.2]). For instance, if Y is a link of a rational singularity,
then by (Yg) = 0.

By studying the relation between p, and combinatorial invariants of X encoded
by G, Némethi proved the following groundbreaking result:

Theorem 3.15 ([35]). The singularity (X, x¢) is rational if and only if Lx is an L-space.

The proof of Theorem 3.15 can also be done using the recently proved equivalence of
lattice and Heegaard Floer homology [59]. As the first step, one uses Némethi’s theorem
stating that if G is negative definite, then X is a rational singularity if and only if the
reduced lattice homology of Y is zero (see [33,34]). Next, one refers to [59] to show that
the reduced lattice homology of Yg vanishes if and only if Y is an L-space.

Remark 3.16. Theorem 3.15 only characterizes graphs representing an L-space among
graphs with negative definite incidence matrix Q ¢. There are indefinite graphs represent-
ing L-spaces. For example, if G is a linear plumbing such that Q¢ is non-degenerate,
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then Y is a lens space, regardless of whether Q¢ is definite or not. To the best of our
knowledge, there is not a generalization of Theorem 3.15 to indefinite graphs.

3.5. Algebraic links and L-space links
Let us recall the following definition.

Definition 3.17. Let L be a link in a rational homology 3-sphere. We say L is an L-space
link if all sufficiently large positive surgeries on L are L-spaces.

Though usually one considers L-space links in S or an integer homology sphere (see
e.g. [12,28]), we note that the same definition can be applied to links in rational homology
3-spheres. Suppose K is a rationally null-homologous knot in Y. Then Morse framings on
K can be identified with an affine Z-subspace of QQ by taking the intersection number of
the framing (viewed as a parallel longitude of K) with a rational Seifert surface. Hence,
large surgeries on rationally null-homologous links are surgeries with Morse framings
which are sufficiently large in Q¢ with respect to this identification.

In [12] Gorsky and Némethi studied which plumbed links in plumbed manifolds are
L-space links. Their main result is that every algebraic link in S is an L-space link
[12, Theorem 2]. Their proof works in a more general setting, leading to the following
statement, which is given in [12, Theorem 12] and the ensuing discussion.

Proposition 3.18. Suppose I is a graph such that Qg is negative definite and Yg is a
link of a rational singularity. Then Ly is an L-space link.

We stress that the assumption on multiplicities as in Proposition 3.14 is never used in
the proof of Proposition 3.18. That is, Proposition 3.18 does not require that the link L4
be a link of an analytic singularity; it only makes a restriction on the graph G being the
graph representing a rational singularity.

To see this, we quickly sketch the argument of [12, proof of Theorem 2] proving
Proposition 3.18. One first extends the graph G to another graph, Go, which replaces
all arrow vertices of I' by chains of —2-weighted vertices ending with a —1-weighted
vertex. By construction, GO can be contracted to G by successive blow-downs, that is,
Go represents the manifold Y. Hence, it is a rational graph. Next, a sufficiently large
positive surgery on L4 can be represented as a subgraph of Go as long as the chains of
—2-weighted vertices are long enough. Since any subgraph of a rational graph is rational
by Laufer’s criterion, large positive surgeries on L4 are represented by rational graphs.
Rational graphs represent L-spaces by [33, Theorems 6.3, 8.3]. That is, a sufficiently large
positive surgery on L4 is an L-space. This means that L4 is an L-space link.

It is well-known that an algebraic knot is determined by its Alexander polynomial.
A natural question is whether this result generalizes to plumbed L-space links. The fol-
lowing well-known fact is due to Yamamoto.

Proposition 3.19 (see [55]). Two algebraic links in S with the same Alexander polyno-
mial are equal.
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The result of Yamamoto relies on the characterization of algebraic links in S 3. due
to Zariski [56]; we refer to [6] for this characterization. In particular, this result does not
admit direct generalizations to links in other 3-manifolds. We now give a few counterex-
amples for some naive attempts to generalize the result. Proposition 3.20 is not used in the
present paper. Rather it indicates that algebraic links cannot be distinguished by Alexan-
der polynomials, hence, they cannot be distinguished by Heegaard Floer homology.

Proposition 3.20. (a) There exist non-isotopic plumbed L-space links in S3 with the
same Alexander polynomial.

(b) There exist non-isotopic knots that are links of embedded analytic surface singulari-
ties with the same Alexander polynomial.

Proof. Ttem (a) is classical. We know that the (2, 3)-cable on the positive trefoil is a
plumbed knot, and it is an L-space knot by [16, Theorem 1.10]. However, its Alexander
polynomial is the same as that of the 7'(3, 4) torus knot.

Item (b) expands on results of Campillo, Delgado and Gussein-Zade [3]. In fact, in [3,
Section 3, Example 2] there are two knots in the Poincaré sphere with the same Alexander
polynomial, represented by two plumbing diagrams. We quickly recall their construction.
The starting point is the resolution of the Eg singularity given by the plumbing graph in
Figure 3.1. The first knot is obtained by taking the plumbing diagram of the E's singularity
and adding to it an arrow vertex at the component marked A in Figure 3.1.

The second knot is obtained by drawing an A4 singularity (i.e. with local equation
x> — y2 = 0) transversally to a point at the B component. The resolution of that singu-
larity yields the plumbing graph drawn in Figure 3.2 (compare [3, Figure 2]).

A B

Fig. 3.1. Resolution graph of the Eg singularity. All vertices correspond to spheres with self-
intersection —2. The meaning of components A and B is explained in the text.

Fig. 3.2. Plumbing graph of the second knot in Proposition 3.20 (b). All weights that are not explic-
itly marked have value —2.

An explicit algorithm described in [6, Chapter 20] transforms these two plumbing
graphs into graph links, which are presented in Figure 3.3. Using the algorithm of [39],
we can compute the signature functions of these links, and we present them in Figure 3.4,
omitting straightforward calculations. The signatures are different, so the knots are differ-
ent. |
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Fig. 3.3. The two links of [3] represented as graph links of [6].
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Fig. 3.4. The signature functions x > o (e27i%), x € [0, 1/2], for links of Figure 3.3.
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Remark 3.21. The signatures might be different, but the discontinuities of the signature
functions appear at the same places. This is consistent with the fact that the Alexander
polynomials of the two knots are equal. (It is well-known that the jumps of the signature
functions occur only at roots of the Alexander polynomial.) The fact that the signatures
of the two knots in Proposition 3.20(b) being different means not only that the knots are
not isotopic, but also that they are not concordant.

4. Link lattice homology

In this section, we recall some basics about Heegaard Floer homology, and subsequently
define our link lattice complex.

4.1. Background on link Floer homology

To fix the notation and terminology, we give some necessary background on link Floer
homology. We assume some familiarity with basics of Heegaard Floer homology and its
refinements for knots [44,46,48,53].

Let L be an £-component link in a 3-manifold Y. Recall [48, Section 3.5] that the
pair (Y, L) can be encoded in a multi-pointed Heegaard link diagram (X, &, 8, W, ), as
follows:

(1) X isaclosed oriented genus g surface.
(2) ¢ ={a1,...,0g1g—1}and B = {B1,..., Bg+e—1} are collections of simple closed
curves on X. The curves «; are pairwise non-intersecting. Also, the curves f; are

pairwise non-intersecting. Moreover, & and 8 each span a g-dimensional subspace of
H(%:; 7).
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3) w={w1,...,we},z=1{z1,...,z¢}. Each component of ¥ \ e (respectively of ¥ \ )
contains a single point of w and a single point of z.
It is not hard to see that there exists a Heegaard link diagram for any pair (Y, L). Fur-
thermore, any two diagrams can be connected by a sequence of Heegaard moves for link
diagrams (see [48, Theorem 4.7]).
Given a Heegaard link diagram, we consider the Lagrangian tori

Te =01 X" Xagqpp—1, Tg=PB1xXBgro—1

in the symmetric product Sym# +e-1 (X). The link Floer chain complex, €E¥L(Y, L), is a
free chain complex over

Re =F[N. N, ..., %, ]

generated by the intersection points x € T N Tg with the differential counting pseudo-
holomorphic curves in Symé *¢~1(X) via

ox = Z Z (#M((p)/R)%lnwl ()] . %enwg (¢),,I/1”zl ()] . ,7/;2@ (¢)y
yeToeNTg ¢pems(x,y)
n(g)=1

Here the sum is taken over all homotopy classes 75 (X, y) of maps ¢ of the unit disk
D CC to Symg"'l_l(Z), where ¢p(—1) = x, ¢(1) =y, (0D N {Im(z) < 0}) C Ty,
#(dD N {Im(z) > 0}) € Tp. Here, u(¢) denotes the Maslov index of the class ¢.
The space M(¢) consists of all pseudo-holomorphic curves representing the class ¢,
for a generic 1-parameter family of almost complex structures on Sym& +8_1(2). For
x € ¥\ (¢ U B), we denote by n(¢) the intersection number of {x} x SymgM_z(Z‘) c
Symé# +-1 (X) with ¢ (D). We refer to [46] for more details.

There is a map s, from T, N Tp to the set of Spin® structures on Y. The component
of the map d from x to y can be non-trivial only if sy, (X) = s, (y). That is, the chain
complex €FL(Y, L) splits as a direct sum of complexes €FL(Y, L, s) for s € Spin®(Y).

There is a completed version of €FL(Y, L) regarded as a module over the ring of
power series

R =F[[%,N.....%. V]l

namely we set
CFLY, L) :=CFLY,L) ®r, Ry.

In other words, €F L (Y, L) has the same generators as €CF £ (Y, L) and the same differen-
tial, except that we work over a larger ring. The completed version appears in the surgery
formula.

When Y is arational homology 3-sphere, the link Floer homology groups have several
gradings. Firstly, there is a QQ x Q-valued Maslov bigrading, denoted (gr,,, gr,), as well
as a Q¢-valued Alexander grading A. Furthermore,

(gry. gr) (%) = (=2.0).  (gry.gr)(¥) = (0.-2) and A(YVi) = —A(%) = ei.
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where e; is the standard i -th coordinate vector in Q¢. Note also that

4
er,, — gr, =22Ai.

i=1
Remark 4.1. In this paper, we normalize gr,, so that the isomorphism
H.(eFLY, L)/ —1,....% — 1) 2 HF (Y)

is grading preserving. In the above, we are writing HF~(Y) for the Heegaard Floer
homology computed with a singly pointed Heegaard diagram for Y. We make a similar
normalization for gr,. Equivalently, our grading convention is that HF~ of a 3-manifold is
invariant under adding extra basepoints as a graded module (compare [48, Section 6.1]).
We note that some authors normalize the Maslov gradings so that H.(CFL(Y, L)/
("1 —1,...,%; — 1)) is isomorphic instead to HF (Y )[(£ — 1)/2].

4.2. Lattice homology

We recall the definition of lattice homology [34]. We use the notation of Ozsvéth, Stipsicz
and Szabd [41], since our construction of link lattice homology is slightly easier to
describe using their notation. Let G be a plumbing tree, and write Vg for the vertices
of G. Write P (V) for the power set of Vg (i.e. the set of all subsets of V). The lattice
complex is the F[[U]]-module

CF(G) := 1_[ F[[U]l ® ([K, E]),
[K,E]€Char(G)XP(Vg)

where Char(G) € H?(Xg;Z) denotes the set of characteristic elements of H2(Xg;Z) on
the 4-manifold Xg. Recall that K € H?(Xg: Z) is characteristic if K(x) = x - x mod 2
forall x € Hy(Xg;7Z).

We now define the differential on CF (G). Note that each vertex v € Vi determines an
element of H,(Xg), which is the class in H,(Xg) of the base space of the disk bundle T,
used in the plumbing construction. For I C E, one defines

2F(K, 1) = (UXGI: K(v)) + (Z v) : (v; v).

vel

Note that the right-hand side is always an even integer, because K is characteristic. In
particular, f(K, I) is an integer. We set g(K, E) = min{f(K, ) : I C E}. Next, we
define

Ay(K, E) =g(K,E —v), By(K,E)=min{f(K,I):velCE}
Set

av(Kv E) = Av(Kv E) _g(K» E), bv(Kv E) = Bv(Ks E) _g(K’ E)
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By the definition of g(K, E), one can see that g(K, E — v) > g(K, E). Similarly,
By(K, E) > g(K, E). Hence, a,(K, E) and b, (K, E) are both non-negative integers.
The differential on CF(G) is defined by the formula

K. El=) UYKB QK E—v]+ ) UrED QK +2w* E—v], @)
veE veE

where v* is the Poincaré dual of v. Note that because of the factor 2, K + 2v* is charac-
teristic if and only if K is. Equation (4.1) is extended linearly over F[[U]]. We will refer
to the first summand in (4.1) as the A-terms in the differential, and to the second summand
as the B-terms.

4.3. The link lattice complex

We now suppose that I" is a plumbing tree whose vertex set is partitioned into two sets:
Vr =V U VT'

Recall that the components of Vi are equipped with a framing, while those of V4 are not.

The vertices V4 determine a link L4 in the 3-manifold Y. We assume that each
component of L4 is rationally null-homologous in Y. This occurs, for example, when
the incidence matrix Q¢ is non-singular.

To define the link lattice complex, we first pick a framing on the components of V3
arbitrarily. In Proposition 4.13, we will show that the choice of framing on V} does not
affect the link lattice complex.

We define the link lattice complex CFIL(T", V) as the quotient of CIF(I") by the sub-
space generated over F[[U]] by the tuples [K, E] where V4 € E. Equivalently, we may
view CFIL(T", V;) as being generated by [K, E] where V) C E, equipped with the quo-
tient complex differential. We think of the differential on CFL (I, V4) as being given by
the same formula as in (4.1), but with the sums taken only over v € E N V.

4.4. The module structure

Recall that
Re =F[2%. N, ..., %, V.

We now describe the action of R/ on link lattice homology, where £ = |V4|. Write V4 =
{vi,...,v¢}. Foreach i € {1,..., ¢}, there is an induced element u; € H,(Xr, Y1) =
H?(Xr). This element is dual to the class v; € H,(Xr) in the sense that i (v;) =1 and
ui(w) =0forallw € Vp \ {v;}. The class u} is represented by the co-core disk of the
2-handle corresponding to v;.

Define
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An easy computation shows that

FK. D)+ 1 ifv el

f(KiZ”"’I)Z{f(K,I) ifv; & 1.

In particular,
§F(K,E)€{0,1} and & (K,E)e€{0,—1}

for all ;.
Fori € {1,...,¢}, we define

UK —2u¥, E] if87(K,E) =0,
2 (K. E] = ) V1K =200 E] it (KL E) 42)
[K—2uf,E] if§;(K,E)=—1,
and
UK +2uf,E] if§(K,E)=1
¥ 1K E) = | VKT 20 EL S (KE) =1, (4.3)
[K +2ur E]  if87(K,E)=0.

We extend %; and ¥; to the entire link lattice complex by declaring them to be F[U]-
equivariant. Equivalently, we set

U - K, E] = Ug(K—Z/L;‘,E)—g(K,E)J,-l[K —out E]
; * E).

. 4.4)
% -[K, E] = Us K2 E)yms(KE) g 4 0y % ).
Lemma 4.2. Ifv; € V}, then the endomorphisms %; and ¥V; are chain maps.

Proof. The differential of CFL(I', V4) is given by modifying (4.1) to sum only over
v € Vg. Clearly the summands of ¥#;d[K, E] are in bijection with the summands of
0%;[K, E]. It remains to show that the powers of U coincide. We consider the A-terms of
the differential first. The power of U from #;d[K, E] of [K + 2}, E — v] is

g(K+2u7 E—v)—g(K.E—v)+g(K,E—v)—g(K, E),

whereas the power of U from d(%[K, E]) is

g(K +2u E—v) — g(K +2uj, E) + g(K +2uj  E) — g(K, E).
These are obviously equal. Similarly, for the B-terms of the differential we use the equal-
ity

By(K,E)=(K(v)+v-v)/2+ g(K +2v*, E —v).
From now on, the argument is similar to the case of type-A terms. We note that
(K+2p))(w) +v-v=K@W)+v-v 4.5)

if v # v;. For the B-terms of the differential, the U power of the term from 9%;[K, E] is

By(K +2uf, E) —g(K +2u}, E) + g(K +2u}, E) — g(K, E).
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The U power from 7#;d[K, E] is
g(K +2v* +2uf,E—v)—g(K 4+ 2v*, E —v) + By(K,E) — g(K, E).

The difference between these terms is ((K + 2u;)(v) + v -v)/2 — (K(v) + v -v)/2,
which vanishes by (4.5).
The proof of the claim about the map %; uses essentially the same logic. ]

Lemma 4.3. (1) Foreachi, we have % V; = ViU = U.
(2) Foralli, j, the commutators [, V;], (% . %] and [¥;, ¥;] vanish.

Proof. All of the stated relations are easily derived from (4.4). ]

Lemma 4.4. The action of R¢ on CFIL(I', V) extends to an action of the ring of power
series

R =F[[21. N, ... %. V.

Proof. We use the following fact about direct products. Suppose that (4;);e7 and (Bj);es
are families of vector spaces. Suppose that we have a function y: I x J — J as well as a
family of maps

fi.j: Ai ® Bj = By, j)-

If for each j’ € J, there are only finitely many i and j such that y(i, j) = j’" and f; ; #0,
then there is a well-defined map

S fii[]4i =[] 8
ij

iel jeJ

whose component functions are f; ;.

Note that both the lattice complex and the power series ring F[[21, Y1, ..., %, V4]
may be viewed as infinite direct products of copies of . Hence, it is sufficient to show
that for each y = U” ® [K, E], there are at most finitely many monomials a € R; and
generators x = U™ ® [K', E] such thata - x = y.Ifa = %, ...%i‘f“//lj' ...7/2” € Ry
is 2 monomial, we define v(a) € H?(Xr) by the formula

v(a) = (1 —iDuT + -+ (e —ioug.
Monomials in Ry are equipped with a U -weight
wy (@) = min(iy, j1) + --- + min(ig, jg).

A generator U" ® [K, E] also has a U-weight wy (U" ® [K, E]) = n. Itis straightforward
to verify that wy (a - x) > wy (a) + wy (x) for any a and x. In particular, if y = U" ®
[K, E] is fixed, then there are only finitely many possible U -weights of @ and x such that
y=a-Xx.

Monomials in R, also have an Alexander grading A(a) = (j1 — i1, ---, je — i¢)-
Since H?(Xr) is torsion-free and of rank |Lr|, we see that v(a) = v(a’) if and only if
A(a) = A(d’). Also, ifa - [K', E] = U" ® [K, E], then necessarily K’ = K — 2v(a).
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Lets € {1,...,¢}.If Ag(a) = js — i is sufficiently negative, then ¥5[K —2v(a), E] =
U[K —2v(a) + 2u}, E] by the observation that (K — 2v(a))(vs) < 0 and the minima
involving g(K — 2v(a), E) and g(K —2v(a) + 2u}, E) will both be attained at some
I C E containing vs. A similar argument shows that if A;(a) is sufficiently positive, then
Us|K —2v(a), E] = U[K —2v(a) —2u}, E].

In particular, it follows from the above reasoning that the set of monomials a such that
there is an i satisfyinga - U? ® [K —2v(a), E] = U" ® [K, E] is bounded in U-weight
and Alexander grading. However, it is easy to verify that the set of elements in Ry with
bounded Alexander grading and U -weight is finite, completing the proof. ]

4.5. Maslov gradings

If the intersection form of XT is non-singular, then the lattice complex CIFIL(I", V4 ) inher-
its a Maslov grading from CF (I"). We recall the formula

gr(U' ® [K.E]) = —2i +2¢(K.E) + |E| + 3(K* = 30(Xr) = 2x(Xr))  (4.6)

(see [40, Section 2.3]). Here, o(Xr) and y(Xr) are the signature and Euler charac-
teristic, respectively. The number K2 is obtained by pulling back K from H?(Xr) to
H?(Xr, dXr), squaring using the cup product, and then evaluating on the fundamental
class [XT,0Xr] € Hy(XT, 0XT).

In the setting of link lattice homology, it is more natural to define the Maslov grading
via the formula

gr, (U' @ [K, E)) = =2i +2¢(K. E) + |E| — [V}| + 3(K |k, —30(X6) —2x(Xc)).
4.7

This grading is defined when the intersection form Qg of X is non-singular. More
generally, this grading may also be defined when Q¢ is singular, as long as we restrict to
torsion Spin® structures on Yg.

Lemma 4.5. The differential 0 on CFL(I', V4) decreases gr,, by 1. Furthermore, if
v; € Vi, then ¥; preserves gr,,, and %; decreases gr,, by 2.

Proof. The proof that gr,, () = —1 is essentially identical to the proof of [41, Lemma 3.1]
(see also [34]) so we will not repeat it.

We now consider the actions of % and %;. Note that (K + 2u§‘)|§(G =K |§(G, since
w} has trivial restriction to X¢. Hence the grading changes are entirely due to the pow-
ers of U and the g(K, E) terms. With this in mind, the stated grading changes follow
immediately from the formulas defining the action of ¥; and %; in (4.3) and (4.2). ]

Remark 4.6. Note that gr,, and gr do not in general differ by a constant. Also 9 is only
homogeneously graded on CFIL(T", 4), and not on the entire complex CF (I'). The reader
should compare the lattice complex to the Heegaard Floer mapping cone complex of
Ozsvath and Szabé [50]. For K € S3 with integer framing n, this takes the form of a
mapping cone X, (K) = Cone(v + h,: A(K) — B(K)), which is homotopy equivalent to
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CF~(S3(K)). The complex A (K) is isomorphic to the full knot Floer complex €F KX (K)
(a finitely generated chain complex over F[%, ¥]), and hence admits a grading gr,, on
€F K (K). This does not coincide with the Maslov grading on X, (K) (see [50, Section 4])
induced by the isomorphism with CF~(S>(K)).

4.6. Alexander gradings

We now define the Alexander multi-grading. If | V4| = £, our Alexander grading will take
values in Q¢. We assume that Yg is a rational homology 3-sphere.

If v € V4, we may only view v as a class in H,(Xg, 0Xg), and not necessar-
ily H»(Xg). Concretely, [v] € H2(Xg, 0Xg) is obtained by capping one end of the
link cobordism [0, 1] x L, € X with a disk in S3. Since Yg is a rational homology
3-sphere, the knot L, C Y is rationally null-homologous, so we may lift the class
[v] € H2(Xg, 0Xg) to a class [0] € Hy(Xg: Q). Such a lift is given by capping with
a rational Seifert surface for L, C Yg.

Definition 4.7. Let I" be an arrow-decorated plumbing tree, as above, and suppose that
U'-[K, E] is a generator of CFIL(T, V4). Write V4 = {vq,..., v¢}. We define the Alexan-
der multi-grading of U - [K, E] to be

AWU' - [K, E))
B (K(Ul —01) 4+ Xpey, v- (V1 —D1) K(vg—0¢) + Ypey, v (vg — '76))
- 5 5 ,

which lies in QF.
Note that the Alexander multi-grading of U’[K, E] depends on K, but not on E ori.

Remark 4.8. More generally, if Y is not a rational homology 3-sphere, we can con-
struct the Alexander grading 4; when the corresponding component of Ly is rationally
null-homologous, as long as a rational Seifert surface is chosen. For our purposes,
such a choice is equivalent to a choice of lift 9; of v; under the map H,(Xg; Q) —
Hy(Xg,0Xg; Q). Our grading may be defined in this context as well.

Lemma 4.9. The differential on CFIL(T, V}) preserves the Alexander multi-grading.
Suppose that v;,v; € Vy. The action of %; drops the Alexander grading Aj by §; ;
(Kronecker delta) and the action of ¥; increases the Alexander grading Aj by §; ;.

Proof. The A-terms of the differential obviously preserve the Alexander multi-grading
since they do not change K. The B-terms send [K, E] to a sum of U-multiples of
[K + 2w*, E — w], where w ranges over the non-arrow components. Note that since
w € Vg, w* is the Poincaré dual of the element [w] € H,(Xg; Z), so

(K +2w")(vj — 0;) = K(v; — ;).

Hence the B-terms also preserve the Alexander grading.
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Next, we consider the actions of %; and 7;. We note that (K + 2u})(0;) = K(9;),
since U; and p are represented by disjoint rational 2-chains. On the other hand, we have

(K +2u)(v;) = K(vj) + 264,

The conclusion follows from these observations. [

4.7. Conjugation symmetry

As with the original construction of lattice homology [34, Remark 3.2.7], the link lattice
complex admits a conjugation symmetry (see [42, Section 2.2]). This takes the form of a
map
JUIK, E]) = U"[—K -y 2, E]
veE
We now observe that the map J is skew Alexander graded:

Lemma 4.10. The map J satisfies
A(J([K, E])) = —A([K, E]).

Proof. By construction of the link lattice complex, V4 C E. We observe thatif v € E '\ V4
and v; € V4, then 2v*(v; — ¥;) = 0 since v* is Poincaré dual to a class in H>(Xg; Z).
Hence, if v; € V4, then

(K=Y 2 )wi-t)+ Y v -

veE veVy
=(-k= Y w )i+ Y vewi— )
veVy veVy
= —K(@vi —0) = Y v- (v — ).
veVy
Therefore, A(J([K, E])) = —A([K, E]). |

We recall from [40, Section 2.3] that J preserves the grading gr from (4.6). Its inter-
action with gr,, is more interesting though. Define

gr; = 8y _Z(Al +et AZ)’

where (Ay,. .., Ay) is the Alexander grading. Note that by Lemmas 4.5 and 4.9, the action
of %; preserves the gr,-grading, while the action of ¥; drops the gr,-grading by 2.

Lemma 4.11. The map J interchanges the gradings gr,, and gr,,.

Proof. We recall the useful identity (see [40, (2.2)])

¢(K, E) — g(—K - 2, E) — 7(K, E). 4.8)

veEE
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Let us write
J(K.E) = 5(K(vE) + vE).
where vg = ), g v. Then
gr, (K. E]) — gr,, (J[K. E]) = 2f (K. E]) + 3 (K[3, — (K = 2vp)I%,,)
= K(vg) + v — (K Uv} +vi Uvi)[Xe, Y6l

Let us write 05, for the restriction of v}, to X, pulled back via H*(X¢,Yg) - H*(Xg).
Use similar notation for individual vertices. Note that if v; € v4, then v}'|x; = 0], where
b} € Hy(Xg: Q) is the 2-chain appearing in the definition of the Alexander grading.
Observe that if v € E \ V4, then 0* is still the Poincaré dual of the 2-sphere represented

by v, which is contained in X¢. Let us write vy for Zvew v, and define 04 similarly. We
compute that

JUK.E) + 3 (Klx, — (=K =200)[%,)

= K(vg) + v — (KU DL + 9% UdE)[Xg, Yol

= K(vy — 04) + v% — ﬁ%

= K(vy — U4) + vp(vg — Oyp).
Combining the above with Lemma 4.10 we see that

er, (K. E)) = g, (J(K, ED) + 2(A; + -+ A)(K, E]) = gr,(J[K, E).
The same argument shows
gr;([K, E]) = gr, (J[K, E]). u
Lemma 4.12. The map J skew-commutes with %; and V;, i.e.
JoVi=%oJ and Jo% = ViolJ.

Proof. We compute, from (4.2) and (4.3),

%-J(K.E) = U URED K = %7 0p* 2 E),
veEE

J(% - [K, E]) = US (KED [—K — Y 2vt —oup, E]
veE

Therefore, it suffices to show that
1+ 57 (JIK, E]) = 8} (K, E).
Rewritten in terms of the g function, the above is equivalent to
1 =g(K+2u; E)—g(K, E)

+ g(—K — Z 207, E) —g(—K —2u; — Z 20, E)

veE veE



Lattice homology, formality, and plumbed L-space links 5303

By (4.8), we see that the right-hand side of the above equation is

FK +2u0 B = f(K.E) = i (Do v) = 1,

veE

as claimed. (Recall that v; € E by definition of the lattice link complex.) An analogous
argument shows that % o J = J o0 %;. [ ]

4.8. Spin® structures

We describe how the link lattice complex CFIL (T, V4) naturally splits over Spin® (Y ) as
a module over R;. Recall the isomorphism

Spin®(Yg) = Spin®(Xg)/Ha(X6).

Also, the Chern class map c;: Spin°(Xg) — Char(X¢) is an isomorphism of affine
H?(Xg)-sets (where C € H?(Xg) acts on Char(Xg) by K — K +2C).

In the link lattice complex, we associate the generator [K, E] ® U’ with the Spin®
structure [K|x,; ], viewed as an element of Char(Xg)/H2(Xg) = Spin°(¥Y¢). This gives
the decomposition of F[[U]]-modules

CFL(.Vy) = €D CFL(. V4.9). (4.9)
s€Spin© (Yg)

Since the differential on CIFIL(I", V) is constructed by modifying (4.1) to sum over
only v € Vg, the decomposition (4.9) is preserved by d. The actions of %; and %; also
preserve this decomposition, because they change K to K & 2u, and u; € H 2(Xr) has
trivial restriction to H2(Xg). That is, (4.9) yields the decomposition of chain complexes
of F[[%, ., ..., %, ¥;]]-modules over the Spin® structures of Y.

4.9. Independence from the framing on arrow components

We now show that our chain complex CFIL (I, V4) is independent of the choice of framing
on the arrow components, up to canonical isomorphism.

Suppose that § is a weighted plumbing tree obtained by weighting the arrow vertices
of T" by (any) integral weights, and using the weights from I" on V. In the previous sec-
tion, we obtained a model of the link lattice complex which we denote by CFILg(T", V4).
In this section, we describe a canonical isomorphism

Fg g:CFLg(T, VT) — CFLg (T, VT)

for any two weight-extensions € and §’ of T.

Let Lt € S3 denote the link associated to T as in Section 3.1. We write Lg to
denote Lr, equipped with the framing from §. Write n for |V|. Following the nota-
tion of Manolescu and Ozsvath [30], we define the linking lattice H(Lg) to be the
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affine Z"-subspace of Q" consisting of the vectors s = (sy,...,S,) such thats; € Z +
Ik(L;, Lt — L;)/2. As sets, we clearly have

H(Lg) = H(Lg).

The lattices H(Lg) and H(Lg) are distinguished by their natural actions of H,(Xg) =
H,(Xg/) = Z". The action of H,(Xg) on H(Lg) is as follows. Given v € Vr, write A,
for the longitude of K, determined by the framing of K. By writing H,(S>\ Lr) = Z",
we can identify A, as an element in Z”, and the action of v on H(Lg) can be identified
as translation by this element in Z".

Next, there is a canonical isomorphism

Dyg: Char(Xg) — H(Lg)

given by the formula

¢g(K)=(K(vl)+U§‘vl K(Un)_’_vg'vn).

4.10
5 > (4.10)

In the above, we write vg = v1 + -+ + v, € Hy(Xg).
Given two weight-extensions § and §’ of I, we define the group isomorphism

Fg g :CFLg(T, V¢) — CFLg/ (T, VT)
via the formula
Fgo([K.E]®U") = [(®g) o Pg)(K),E]®@U'.

The map Fg g is clearly an isomorphism of F [[U]]-modules. In fact, we have the follow-
ing:

Proposition 4.13. The map Fg g is a (gr,,, A)-grading preserving chain isomorphism
between CFLg (I, V4) and CFLg/(T, V3).

Proof. The differentials on CIFILg(T', V4) and CFLg (I, V4) are similar to that in (4.1),
except that we sum only over the vertices v € V. Note that there are no summands in
the differential for v € V4. We consider the restricted action of H>(Xg) € H>(Xr) on
Char(Xg), Char(Xg/), H(Lg) and H(Lg). Since the framings of the vertices of Vg
coincide on Xg and Xg-, the identification H(Lg¢) = H(Lyg-) is equivariant with respect
to the action of H>(Xg).

It is straightforward to verify that the map ®g is equivariant with respect to the action
of H,(Xg). The same argument shows that @;,1 is equivariant as well.

Let K € Char(Xg) and write K’ = (CI>;;,1 o ®g)(K). The assertion of the proposition
is a consequence of the following two claims:

(D Klxe = K'lxg-
(2) Forall E, we have f(K, E) = f(K', E).

We verify these two claims presently.
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The first claim follows from the proof of [41, Lemma 4.6], which we repeat for the
benefit of the reader using our present notation. Write s = ®g(K) = Pg/(K’). Since
H?(Xg) is torsion-free, it suffices to show that K |x,; (v) = K'|x,; (v) for each v € V.
Note that if v; € Vg, then K(v;) = 2s; — vg - v;. This quantity only depends on s, the
framing of K; (the link component represented by the vertex v;), and on the linking num-
bers of K; and other link components. In particular, K (v;) = K’ (v;), completing the proof
of the first claim.

We now consider the second claim. By definition,

2f(K.E) = K(ve) + vE - vE,
where v is the sum of v for v € E. We may rearrange the above expression to obtain

2f(K.E) = (vE —vg) v + )_(K() +vg - v)
veE
= (vg —vg) - vE + Z S .
v, EE
The right-hand side depends only on s, the framing of L, and the linking numbers of the
components of Lg, but not on the framings of V4. This establishes the second claim.
From these considerations, it follows that Fg ¢ preserves the gr,,-grading, and is also
a chain map.
We now establish that Fig ¢/ preserves the Alexander grading. Suppose that v; € V3.
The corresponding component of the Alexander grading is half of

K — )+ Y v (v — )

vEVT

= K(v;) + Zv-vi—K(ﬁi)— ZU~5i

UGV/r UGVT
= K(v;) + Z Vv — Z v-v; — K(0;) — Z v - Ui,
velr veVg veVy

The first two terms above sum to 2s;. The last three terms may be rewritten as follows:

— > PD[](vi) — K(8:) — ) PD[] (D).
veVg VeV,
In particular, each term is the evaluation of an element of H?(Xr) on an element of

H>(Xg: Q). We observe that PD[v]|x,, for v € T, is independent of the framing on V;.
Furthermore, K |x, = K'|x, . Hence 4; (K, E]) = 4; ([K', E]). [

4.10. Freeness of the lattice complex

Since %;%; = U for all i, for £ > 1 the link lattice complex is not free over
F([?, "1, - .., %, 7;]]. Nonetheless, we prove that the link lattice complex is free over
F[[%;, 7#;]] for each index i.
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Proposition 4.14. Suppose that T is an arrow-decorated plumbing graph with a chosen
vertex v; € V4. Write % and V; for the variables associated to v;. Then the module
CFL(T, V4) is the completion of a free module over F[[%;, ¥;]].

Proof. We consider the set of generators [K, £] modulo the equivalence relation gener-
ated by [K, E] ~ [K + 2u}, E] for all K and E. Equivalence classes may be identified
with elements of (Char(T") x P(Vs))/Z, where 1 € Z acts on Char(I") by 2117

Fix an equivalence class, and let W denote the [F[U]-span of the generators in this
class. We may write W =~ @, Ws where W; = F[U] for each s. We order the Wy so
that ¥; - Wy € Wsyq and % - Wy € W,_1. We make the following claims, from which the

result will follow fairly easily:

(f-1) For each s, exactly one of ¥;: Wy — Wy and %;: Wy4+1 — W is multiplication
by 1, and the other is multiplication by U. This follows from the fact that %; - ¥;
actsby U.

(f-2) If [K, E] is fixed, then [K, E] is not in the image of %" or #;" for arbitrarily
large n. This follows immediately from Lemma 4.4.

(f-3) If% - [K,E] =[K +2u;, E],then % - [K 4+ 21}, E] = [K 4 4u}, E]. Similarly,
if% -[K,E]=[K—-2u;, E]then % - [K —2u}, E] = [K —4u}, E].

We now prove claim ( f-3), focusing on the argument for #; since the claim about %;
is similar. We recall from Section 4.4 that

f(K.E) ifv; & E.

S(K+2u;, E) = {f(K,E)+1 ifv; € E.

Hence, 8i+(K, E) = 0if and only if thereisa J € E such that f(K,J) = g(K, E) and
v; ¢ J.Inparticular, if 7; - [K, E] = [K + 24}, E], then there exists such a J. Hence

g(K.E)= f(K.J)= f(K+4u;.J) = g(K +4u. E) = g(K. E).

so we have equality throughout. It follows that %; - [K + 2u}, E] = [K + 4u}, E].
Note that claim ( f-3) implies there is no [K, E] which is in the image of both %; and
¥;, since if [K, E] were in the image of both, then the above claims show that

UHIK — 20} E) = %K. E) = [K — 241} . E].

which contradicts %% = U.

Claims (f-1) and ( f/-2) imply that there exist generators [K, E] in W which are in
the image of %;, and there also exist generators which are in the image of %#;. (This rules
out the modules F[%, %, ¥~ '] and F[%, %", ¥i].)

From the above considerations, we deduce that there is a unique generator [K, E] such
that % (K, E] = [K —2u}, E] and % [K, E] = [K + 2u}, E]. By (/-3) this [K, E] must
be a free generator of W over F[%;, ¥;]. L]
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4.11. Type-D modules over K

If G is a weighted plumbing tree (without arrow vertices) and v is a distinguished vertex,
we now describe how to view the lattice complex as a type- D module over the algebra X,
described by the third author [60].

We first recall the algebra K from [60]. It is an algebra over the idempotent ring
I =11, where I, =~ FF for ¢ = 0, 1. We define

Ip- K -Tg=F[%.7], Iy-XK-I;=0 and I,- K I, @F[%. 7,7 '].

Finally, I; ® K ® I, is isomorphic to the direct sum of two copies of F[%, 7, 7 1],
viewed as being generated by two distinguished elements o and t. These elements satisfy

o-U%=Uy¥"'.09 o-¥V=%Y-0
- =yl -V =UY% -1,

where U = %7V

In this section, we describe how to construct a type-D module X (G)* from the data
of CF (G). The construction of X (G)* may be equivalently described as a tensor product
of the Hopf, merge and solid torus modules from [60], though we presently give a direct
construction in terms of lattices. We define X (G)* at the end of the section, after proving
several properties of the lattice complex.

Write CF¢(G) for the codimension 1 subcube of CF(G) generated by the tuples
[K, E] where v € E. Write CF;(G) for the codimension 1 subcube generated by the
tuples [K, E] where v & E. We view CF (G) as a mapping cone

CF(G) = Cone(F + FE:CFo(G) — CF(G)),

where F/ and FB are the summands of the differential which are weighted by U (&-£)
and Ub» (KB | respectively.

We observe that CFo(G) is exactly the link lattice complex if we designate the spe-
cial vertex v as the sole arrow vertex. In particular, Proposition 4.14 implies that it is a
completion of a free F[[%, ¥]]-module (where % and ¥ are the actions for v).

We may define actions of % and ¥ also on CF;(G), using the same formulas as in

Section 4.4. We first observe that the formulas have a comparatively easier description
than on CFy(G):

Lemma 4.15. On CF{(G), we have
U-K,E]=U[K —2u*,E] and V¥ -[K,E]=[K +2u*, E]
forall K and E such thatv & E.
Proof. If v € E, then f(K,E) = f(K +2u*, E), and hence
g(K,E)=g(K £2u*,E). 4.11)

The desired equalities follow by applying this fact to the definition of % and ¥ from
Section 4.4. |
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As a consequence of the above, we may define an action of ¥ ~! on CF(G) by the
formula 7! . [K, E] = [K —2u*, E]. As an additional consequence of Lemma 4.15, we
have the following easy analog of Proposition 4.14:

Corollary 4.16. The complex CF{(G) is the completion of a free module over
Fl#.V, V.

Let FA denote the A-term of the differential which involves v. Write FB for the
B-term of the differential which involves v.

Lemma 4.17. The map FvA satisfies
FAU -x) =% -FAx) and FA(Y -x)=7-FA(x)
for all x € CFo(G). Similarly,
FBw -x)y=7"' FB(x) and FEB(v.-x)=vU-FE(x).
Proof. We begin with the map FJ“. From direct computation,
¥ - FA(K, E]) = s+ Emo—e(KE) g 4 9)* E — ]
= F(V - K, E]).

An entirely analogous argument shows that [Flj‘l, v ] =0.
Next, we consider the commutation of FUB with % . We compute that

Fl( - K, E)
— Ug(K+2v*—2u*,E—v)—g(K,E)-H+(K—2u,*)(v)/2+v2/2 . [K _ ZH«* + 21)*, E_ v]
— 1, Ug(K+2v*,E—v)—g(K,E)+K(v)/2+v2/2 K + Ww* E — v]
="' FE(K. E)). (4.12)

Going from the second line to the third, we are using (4.11).
Next, we consider the commutation of F,2 with 7. We compute

FE(¥ - [K.E))
— Ug(K+2M*+2v*,E—v)—g(K,E)+(K+2;,L*)(v)/2+v-v/2 . [K + 2/~’L* + 21)*, E— U]
Uy . (Ug(K+2u*,E—v)—g(K,E)+K(U)/2+v~v/2 . [K + 21)*, E— U])
= UV - F (K. E]), (4.13)
where we again use (4.11). The proof is complete. ]

We are now able to define the type-D module X (G)*. As a right I-module, we write
X (G) = Xo & X1, where each X is a vector space over F. We define X to be the F-
vector space generated by a free F[%/, ¥]-basis of CIFo(G) from Proposition 4.14. We
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define X to be the [F-vector space generated by a free F[%, ¥, ¥ ~1]-basis of CF(G)
from Corollary 4.16.
We now define the structure map

§L:X(G) » X(G) ®1 K.

The construction is entirely analogous to the setting of the link surgery formula; see [60,
Section 8.5] for a parallel construction. If x is a basis element of CF((G) and d(x) has a
summand %/ -y, where y is a basis element, then we define §! (x) to have a summand
y ® %'/ . We make a similar definition for basis elements of CFF{ (G). Next, if FA(x) =
W'y -y, we declare §'(x) to also have a summand y ® %' ¥/ 0. Similarly, if FB(x) =
%'y .y, then we declare §'(x) to have a summand y ® % # t. It is straightforward to
verify that X (G)* satisfies the type-D structure relations.

We note that the underlying vector space of X (G)* is infinite-dimensional, so com-
pletions play a subtle yet important role in the theory. We leave it to the reader to verify
that the modules satisfy the Alexander module condition described in [60, Section 6].

4.12. An example

In this subsection, we compute the link lattice homology of T'(2,2), the positive Hopf
link. The Hopf link in S3 can be represented by the plumbing graph I with one solid
and two arrow vertices, together with two edges connecting the solid vertex to the two
arrow vertices. The solid vertex has weight —1, and we assign —3 and —2 to the arrow
vertices. Denote the solid vertex by vy and the two arrow vertices by vy, v2. The link
lattice complex CFIL(I', V) is generated by the elements [K, £1] and [K, E>] as an
F[[U]]-module where K € Char(I") and

E; ={vy,v2} and E; = {vg, v, v2}.
It is not hard to see that
Char(I') ={K = [2n + 1,2m + 3,2my + 2]:n,my,m, € 7},

where writing K = [2n + 1,2m; + 3,2m, + 2] means that K(vg) = 2n + 1, K(v;) =
2my + 3, K(v2) = 2my + 2. We compute the differentials:

J[K, E1] =0,
K. Ey] = UKl @ (K E\] 4 UPvolKE2d @ [K 4 208, E].
By direct computations,

g(K,Ez) =min{0,n,my,my,my +n+1,my+n+1,my +my, my+my+n+24,
Ay (K, Ez) = min{0,my, my, my +ma},

By (K, Ex) =min{n,m; +n+1,my+n+1,my+my+n+2}.
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Hence

K, E5]

K, E1] + U"[K + 2v§, Eq] ifn>0,m; >0,my >0,

K, Eq] + UMK +2v3, E1]  ifn>0,m; <0,my>0o0rmy >0,my <0,
[K.E\] + U"2[K + 202, Eq]  ifn > 0.m; < 0,my <0,

=4 UK, E1] + [K + 2vg, E] ifn <0,m; >0,my >0,

U YK, E{] + [K +2v5, Eq] ifn<0,m; <0,my>00rm; >0,my <0,
U™ 2[K,Eq] + [K +2v3, Eq] ifn<—1,m <0,mp <0.

[K.E\] + UK +2v%. Ei] ifn=—1,m <0,my<0.

4.14)

Therefore, the link lattice homology HIF L (I, V4) is generated as a group by the elements
[K, E1] where K = [-3,2m1 + 3,2m, + 2] form; <0,m, <0and K = [-1,2m; + 3,
2mj, + 2] otherwise. We now consider the module structure, that is, the actions of
U\, U, V1, V> on these elements. By (4.4),

% - [K. Ey] = UsE2n BOme EDTI K — oy Ey),
Vi [K Ey] = Us KR E0sKED K 4 opx Ey).
Suppose K = [2n + 1,2my + 3,2m, + 2]. Then

g(K, Ey) = min{0,my,my, my + may},
g(K £2uf, E1) = min{0,m; & 1,mp,my £ 1 4+ my}.
Similarly,

g(K £2u5, Ey) = min{0,my,my £ 1,m; + mp = 1}.

Hence, fori = 1 or 2, we have
UIK —-2u*, E if m; > 0,

UK. Ey] = [K =27, EA] if m;
[K —2uf Ex]  ifm; <0,
UK +2uf, Eq] ifm; <0,

K. Er] = ! |
[K +2u;, Eq] if m; > 0.

It follows that when m; = m, = 0 and m; = m, = —1 the corresponding generators
[K, Eq] are in the image of neither %4 nor ¥;. In particular, the lattice link homology of
T(2,2) is generated over F %y, %>, V1, V2] by the elements

X:=[K1,Ei] and Y :=[K>, Eq],

where Ky :=[—1,3,2] and K5 := [-3,1,0].
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Using Definition 4.7, one easily computes
AX) =(0,0) and A(Y) = (—1,—-1).
Additionally, since y(X¢g) = 2 and 0(Xg) = —1, we compute using (4.7) that

gr, (X) = (K%, —30(Xg) —2x(Xg)) = 3 (K[%, —1) =0,
gr,(Y) = —4+ (K3, — D) =—4+2=-2.

Finally, if i # j, we have the following equalities as elements of homology:

Comparing the gradings we see that these two relations (corresponding to (i, j) =
(1,2), (2, 1)) generate all relations between the homology classes of X and Y. In The-
orem 7.3, we compute the link Floer homology of T'(n, n). The readers can verify that the
above description coincides with the link Floer homology of 7'(2, 2) (see Figure 1.1 for
the link Floer complex).

Using these techniques, it is also possible to compute the H -function of 7'(2, 2).
By using (4.7), one can compute gr,, ([Km, m,, E1]) for mi,my € Z and Ky m, =
[-3.2m1 + 3,2my + 2] if my,mp <0, Ky m, = [—1,2m1 + 3, 2m, + 2] otherwise.
The function

(@.b) = =35 gr,,((Ka—1/2,-1/2. E1])

agrees with the H -function for the Hopf link; see Figure 6.1.

5. The equivalence with link Floer homology

In this section, we prove that link lattice homology and link Floer homology are isomor-
phic. The argument applies similar logic to the case of 3-manifolds [41,59].

Theorem 5.1. Suppose that T is an arrow-decorated plumbing tree with vertex set
VG U V4 such that Yg is a rational homology 3-sphere. For each s € Spin®(Yg), there is
an absolutely (gr,,, A)-graded isomorphism of Ao-modules over Ry,

CFL(T. V}.3) ~ €FL(Yg. L. 9).

Here, both CFIL and €FL are equipped with the natural Aoo-module structures which
have only my and m, non-trivial.

The proof of Theorem 5.1 is completed in Section 5.3. We now provide a sketch of the
proof. We will use a relative version of the Manolescu—Ozsvith link surgery formula [30],
which computes link Floer homology as a subcube of the full link surgery hypercube. This
is stated in Theorem 5.2. Subsequently, we follow the approach of [59] and view Lt as
a connected sum of Hopf links. Using a tensor product formula from [60] for the link
surgery complex, one obtains a combinatorial model for the link surgery complex of Lr.
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Following the approach of Ozsvith, Stipsicz and Szabé [41], one may identify the
lattice complex with a simplified version of the link surgery hypercube obtained by tak-
ing the homology of the link surgery complex at each vertex of the cube {0, 1}¢, and
using only the length 1 maps of the link surgery hypercube. In [59], the third author
shows directly using the connected sum formula for the link surgery formula that the link
surgery complex for Lt is chain homotopy equivalent to this simplified model of the link
surgery complex. When b1 (Y, Q) = 0, we show that this homotopy equivalence induces
a homotopy equivalence between the link lattice complex and the corresponding quotient
complex of the link surgery complex of L. We show that the morphisms in this homo-
topy equivalence are well-behaved with respect to the actions of %; and ¥}, and give a
homotopy equivalence of As,-modules.

5.1. The link surgery complex and sublinks

As a first step, we describe a refinement of the Manolescu and Ozsvéth link surgery for-
mula. If L € S3 is a link equipped with integral framing A, then Manolescu and Ozsvith
construct a chain complex € (L) over F[[U]] (defined in terms of the link Floer complex
CFL(S3, L), equipped with additional data) and prove that

H.(€A(L)) = HF(S;(L)).

There is a refinement of this result which can be used to compute link Floer homology,
as follows. Suppose that M = J U L € S3 is a partitioned link with |M | = n and |L| = £.
Equip J with a framing A. We may extend A arbitrarily to a framing A’ on all of M to
obtain a link surgery complex €,/ (M) whose homology is HF ™~ (Sf\/ (M)).

The link surgery complex €5/ (M) is a hypercube of chain complexes, which means
that it admits a natural filtration by the integral points of the cube {0, 1}, where n = |M|.
While more details are given in [30, Section 5], we give some necessary background and
introduce the notation. For any ¢ € {0, 1}", we consider the multiplicatively closed subset
Se € R, generated by ¥#; such that e(i) = 1. The complex € is defined as the algebraic
completion of the localization S;! - €F£(M ). We remark that the original definition in
[30] is seemingly different, though the equivalence with the above description follows
from [60, Lemma 5.7].

Ife,e’ €{0,1}", we write ¢ < &'if ¢; < ¢ foralli,ande < ¢'if e <&’ and e # &' If
e,& €{0,1}" and ¢ < &', Manolescu and Ozsvith construct a map D, : €, — €y (see
[30, Section 5]). The chain complex €,/(M) is the direct sum of the complexes €, and
the differential is the sum of the internal differentials in €, and of the maps D, ..

We now describe a relative complex €4 (J, L). Note that each axis direction in
{0, 1}"* corresponds to a component of M. Hence, we may consider the quotient com-
plex €4 (J, L) obtained by quotienting by the subcomplex of €5/ (M) consisting of those
€, such that e(i) = 1 for at least one index i corresponding to L. Examining Manolescu
and Ozsvath’s construction, it is evident that € (J, L) is independent of the framings of
the L components.
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Furthermore, the module €4 (J, L) has a natural action of the ring R, corresponding
to the variables for L. The underlying spaces €, are preserved by this &R ;-module struc-
ture. It follows from [60, Lemma 5.9] that the hypercube maps of €4 (J, L) commute
with the action of &Ry, i.e. the action of the variables from L. Note that in general the
differential on € (J, L) will not commute with the actions of the variables from J. The
next result is important for our purposes:

Theorem 5.2. Suppose that M S is a link which is partitioned into two sublinks,
M = J U L. Let A be an integral framing on J and write £ = |L|. Then there is a
homotopy equivalence of chain complexes over Ry:

CFL(SF(J), L) ~Cx(J, L).
Furthermore, this isomorphism respects the Spin® structures under an isomorphism
Spin® (SR (J)) = H(M)/(Span(u}, ..., up) + H2o(Wa(J))),
where Wa(J) is the cobordism from S to the surgery on the link J.

The above is a folklore result. We believe the techniques of [30] can be adapted
in a straightforward manner to prove this theorem. Nonetheless, experts in Heegaard
Floer surgery formulas may recognize that although conceptually simple, a rigorous proof
requires a substantial amount of bookkeeping because of the role of algebraic truncations
in the surgery formula. A conceptually simple proof, avoiding truncations, can be found
in [58, Corollary 9.2].

5.2. Link lattice homology and the link surgery formula

We now describe how to recast the link lattice complex in terms of the link surgery com-
plex. This is an adaptation of [41, Proposition 4.4] to our present context of links.

Construct an |Lg|-dimensional hypercube of chain complexes as follows: For
e € {0, 1}IL61 ] define Z, := H.(€,;), where €, is the corresponding submodule of
€A(Lg,Ly). If & < ¢, define a hypercube map 6, 0: Z; — Z by

5. (Deer)x ifle" =gl =1,
e 0 otherwise.

Write Z = (Z,, 8855/)86{0’1}|LG|. Clearly Z is a hypercube of chain complexes over .
Compare the following with [41, Proposition 4.4]:

Proposition 5.3. Let I be an arrow-decorated plumbing tree. The hypercube Z =
(Z, 83,5/)86{0’1}|LG\ is isomorphic to the link lattice complex CFL (L, V3).

Before proving Proposition 5.3, we prove a technical lemma which is helpful in relat-
ing the R¢-actions on CFLL(T', V4) and Z. We note that the following lemma is essentially
implicit in the definition of lattice homology and also Ozsvith, Stipsicz, and Szab’s con-
struction of the spectral sequence (see [41, Proposition 4.4]), though we have been unable
to find an exact reference which is suitable for our purposes. If L € S3 and s € H(L),
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write
d(L,s) = max {gr, (x) : x € H A (L,s),x is U-non-torsion} .

Here, gr,, denotes the internal Maslov grading from link Floer homology, and A~ (L,s) €
EF£(S3, L) is a subcomplex corresponding to the Alexander grading s.

Remark 5.4. For an oriented link L € S3 in the 3-sphere, Gorsky and Némethi [11]
defined a link invariant, called the H-function, by declaring —2Hy (s) = d(L,s). The H -
function is a generalization of the Ay -invariant considered by Rasmussen [53, Section 7].
For algebraic links, it can be related to the semigroup counting function [11, Section 3.5].
We later generalize the H -function to links in rational homology spheres; see Section 6.2.

Lemma 5.5. Let G be a forest of plumbing trees. If E C Vg, write Ly C S> for the
sublink of Lg containing exactly the components corresponding to vertices of E. Let
¢g:Char(Xg) — H(LE) be the composition of the restriction map from Char(Xg) to
Char(Xg) and the isomorphism from Char(Xg) to H(Lg) in (4.10). Then

2¢(K.E) = d(Lg.$E(K)).

Proof. Note that g(K, E) (computed in Xg) is the same as g(K|x., E) (computed
in Xg). Hence, we may assume without loss of generality that £ = V.

Next, we observe that the framings on the components of Lg play no role in the
statement. Indeed, if K € Char(Xg) and ®g(K) = (s1,. .., S»), then (4.10) implies that

2(K.Vg) = min (ZI 251 = vg—1 11 ) (5.1)
1

where vg—y is the sum of v; fori € Vg \ I and vy is similar. Our proof will be by induc-
tion on the number of vertices. If s € H(Lg), we will write 2g(Lg, s) for the quantity on
the right-hand side of (5.1). Similarly, if I € Vg we write

2f(s.1) =Y 25 —vG_1-vr. (5.2)
iel
We claim that 2g(Lg,s) = d(Lg,S).
We begin with the case that L is an n-component unlink U,,. In this case, the homol-
ogy HFL(Un) = DBsen(r) A (Un,s) is well-known to be

FI2O ... U Y2l (U Y = U Y5, 1. € {1 n)),

with the class of 1 having (gr,,, gr,)-bigrading (0, 0). The plumbing diagram of the
unlink U,, consists of n disjoint arrow vertices. After we assign the weight —1 to each
arrow vertex, it is straightforward that the link lattice homology is also isomorphic to
Flan, N, ..., W)/ (%Y — %Y, 0, j € {1,...,n}) as an F[U]-module with the
generator [K, E] where K = [2s7 + 1,...,2s, + 1] with s; € Z and E consists of all
arrow vertices equipped with the same gradings (gr,,, gr,) = (0, 0). That is,

d(Up.s) =2g(Uy.s) = Y 2min{0, 5;}.

i=1
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We now assume that the claim is true for some forest G of plumbing trees. We will
prove the claim also holds for Lg # H, where H is the positive Hopf link and the con-
nected sum operation is between one knot component in Lg and one knot component
of H. We recall that the complex of the positive Hopf link takes the following form:

a — Yn+1 > b

CFL(H) = o (5.3)

i |
cC++1—d

The Alexander bigradings of a, b, ¢, d are (%, —%), (%, %), (—%, —%) and (—%, %), respec-
tively. The (gr,,, gr,)-bigradings are (—1,—1), (0,—-2), (—2,0) and (—1,—1), respectively.
We let L,, € H be the component where the connected sum is taken, and L,+1 € H
the remaining component.
Topologically, the link Lg is obtained by taking an unlink, and iteratively taking the
connected sum with Hopf links. We recall that the complex for an £-component unlink is
obtained by tensoring the £ — 1 Koszul complexes

U +U; ¥,
C, = (X T y)
fori =2,...,£. The £ = 2 case of this computation is verified using a genus 0 Heegaard

diagram for a 2-component unlink, and the general case is proved by iteratively using the
connected sum formula [44, Section 7]. In (5.3), we observe that the Hopf link also has a
similar 2-step filtration.

In particular, since a general Lg is obtained by tensoring an unlink with a collection
of Hopf links, we may write €¥£(L¢) as

FSsF5 5 70,

Call the index i for ¥ the Hopf grading, where each ' is a free R,,-module. By [41,
Lemma 4.2] (cf. [43, Lemma 2.6]), L is an L-space link, so #FL(Lg) is supported in
just one Hopf grading. We observe that the homology must be supported in ¥, since the
map 7! — %9 is not surjective. Indeed, to see that the map is not surjective, define a
map from F 0 to F which sends all % and % to 1, and each basis element of F° to 1.
Then the composition F! — F° — F is zero, whereas the map ¥ ° — T is non-zero.

Applying the above argument to €FL(Lg # H), we see that any homogeneously
graded cycle in €FL(H) ®p[#,,,] €FL(Ls) which represents an [F[U]-non-torsion
element of homology may be written as a sum of an odd number of terms of the form
a-b®zorf-c®z where z € €FL(Lg) is an F[U]-non-torsion cycle, and o, 8 €
Fl%41. Va1l

Consider s = (s1,...,5,+1) € H(Lg # H), where s,,4+1 € % + Z corresponds to the
component L,4+; € H. We break the proof into two cases: 5,41 > 0 and 5,41 < 0.

We consider first the case where s,4; > 0. Recall that Lg # H is an L-space link
[41, Lemma 4.2]. In this case, H.A~(Lg # H, s) is generated over F[U] by the ele-
ments %71 b @z and #1H 77 . ¢ ® 2, where z is F[U]-non-torsion. Write
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s’ = (s1,...,5,). The above argument yields

d(Lg # H.s) = max {gr, (b) + d(Lg.s' — Len).gr,(c) + d(Lg.s + 1en)}

= max {d(Lg.s' — 3en). -2+ d(Lg.s' + 3en)}

=d(Lg.s' — }en). (5.4)
Here the last equality follows from the facts that d(Lg, s’ — %en) =—2H,(s — %en)
and Hy . (s' — %en) <Hp,(s + %en) + 1 [2, Proposition 3.4]. Let I’ C Vg be any subset.
We may view I’ also as a subset of Vg U {v,+1}. We compute easily that

2f(s. 1"y =2f(s' — 2en. I'),

21 (s — 3en. ') + 2sp41 + 1 ifv, €1,

2f(s, I’ U {v =
st = e

Since 5,41 > 0, we observe from these equations that
[ 1) = f(s'—3en.1") < f(5. 1" U{vny1})
forall I’ C Vg ands € H(Lg). It follows easily that
g(Lg #H.,s)=g(Lg.s' — Len).

By induction 2g(Lg,s — %en) =d(Lg,s — %en), so from (5.4) we deduce that
2g(Lg # H,s) = d(Lg # H,s) when 5,41 > 0.
We now consider the case 5,41 < 0. In this case, H«% ™ (Lg # H,s) is generated by

the elements of the form %n_:f 112 ® z and %n_:f w1 ?.¢®z. A similar argument
to the 5,41 > 0 case yields
d(Lg#H,s) =d(s' + 3en) + 25041 — 1. (5.5)
One computes directly that
2f(s'+ Len, I') =2 ifv, €1,
2f(s, 1) = /( 2 ) o (5.6)
21 (s + 3en. 1) ifv, €1,

2f(s. 1" U{vns1)) =21 (s + 2en. I') + 25011 — 1,
for all I’ C V. Since 5,41 < 0, we have
21(s. 1" Udvpg1)) =21 (s + 2en. I') + 25041 — 1 <2f(s. 1),

where the last inequality comes from (5.6), so 2g(Lg # H,s) = 2g(Lg,s + %en) +
25,41 — 1. Combining this with (5.5), we conclude that 2g(Lg # H,s) = d(Lg # H,s),
completing the proof of Lemma 5.5. ]

Proof of Proposition 5.3. Note that [41, Proposition 4.4] proves the identification on the
level of chain complexes of IF[[U]]-modules. It suffices to show that the decomposition
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respects the refined actions of the ring R ;. We recall the basics of their isomorphism. The
lattice H(Lr) represents the set of Alexander gradings supported by the link Floer com-
plex €FEL(Lr). If L € Ly, and ¢ € {0, 1}" is the indicator function for the components
of L, then we may write 2 (L, s) for the subcomplex of S;"! - €F£(Lr) in Alexander
grading s. According to [41, Lemma 4.2], there is an isomorphism

Hy (A7 (Lr.s)) = F[[U]].

Additionally, there is an isomorphism H (L) — Spin°(Xr) (stated in (4.10)). This gives
an isomorphism between Z and CFL(I, V4) as F[[U]]-modules. The Maslov grading
of the generator of H, (¥, (Lr,s)) is d(Lr,s) and the maps D¢ ¢ for |[¢/ —e| = 1 are
determined by the Maslov grading of the generators of the domain and target. Applying
Lemma 5.5 and the argument in [41, Proposition 4.4], the differentials also coincide. It
remains to show that the isomorphism respects the &R ;-module structure.

To disambiguate the actions, let us write F[[%1, %1, ..., %, V;]] for the action we
have described on CFIL(T, V4), and write F[[Uy, Vi, ..., Uy, V¢]] for the action induced
by the identification CIFIL(T', V}) = Z. As a first step, note that by definition U; changes
the Alexander grading s € H(Lr) by —e; € Z" (where e; is the unit vector with i-th
component 1, and the other components 0). It follows by Lemma 5.5 that U; has the same
gr,,-grading as %4, and similarly V; has the same gr, -grading as ¥;. Clearly, if [K, E] is
a generator, then %; - [K, E] = U¢[K —2u*, E]and U; - [K, E] = U¢[K — 2uf, E] for
some €, ¢’ € {0, 1}. Since U; and %; have the same gr,, -grading as endomorphisms, we
must have € = €/, so that %; and U; have the same action. The same argument implies
Vi =Vi. "

5.3. Proof of Theorem 5.1

In this subsection we give the proof of Theorem 5.1, though we delay the discussion of
absolute gradings until Section 5.4. The main steps of the proof follow [59, Section 5.2].
We provide a summary and highlight the necessary changes for our present setting.

By Theorem 5.2, we have a homotopy equivalence of chain complexes over Ry:

CFL(Yg,Ly) = Cr(Lg, Ly).

In particular, the above chain homotopy equivalence may be viewed as a homotopy equiv-
alence of As.-modules over &Ry, where each module has m; = 0 for j > 2. Above, we
also constructed a hypercube Z = (Z,, §;,,/) of R¢-modules by taking the homology of
€a(Lg, Ly) at each cube point, and using only the length 1 maps from € (Lg, Ly). By
Proposition 5.3, we have a chain isomorphism

Z ~ CFL(I, V).
Hence, it suffices to construct an A,-homotopy equivalence

Z ~C€p(Lg, Ly). 5.7
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This homotopy equivalence follows by the same logic as in [59, Section 6.2], which we
summarize for the benefit of the reader.

We will write € = (€, ) for €o(Lg. L4). The underlying complex €, at each
vertex of €A (Lg, L4) is obtained from €F £ (Lr) by localizing at the variables ¥#; such
that e(i) = 1, and then taking an appropriate completion. The complex €FEL(Lr) is a
tensor product of Hopf link complexes. The Hopf link has a 2-step filtration (see (5.3)),
and hence €F £ (Lr) has a description as

CFL(SP, LU Ly) = (F™ - F" 1 ... 5 79, (5.8)

where each ' is a free R,-module, n = |V| and m is the number of edges in I" (i.e.
Hopf link components). Each €, has a similar filtration, which we denote by . We call
the superscript i in ¥ the Hopf grading.

Since Lr is an L-space link, each Z, is a direct product of copies of F[[U]]. Fol-
lowing [59, Proposition 6.2], there is a natural way to construct a homotopy equivalence
between €, and Z; for each . This is because the homology of €; is supported in .0 so
the projection map of %2 onto Z, gives a quasi-isomorphism. Since in each Alexander
grading (i.e. each s € H(Lr)) the homology of Z, is F[[U]] (in particular, a projective
F[[U]]-module), it is straightforward to construct a splitting over F[[U]] of the sequence
in (5.8) in each Alexander grading. This gives us maps

7. C > 2Ly, Ig:Ze —>C and hg € — €,
which satisfy
weolg =1d, igome =id+ [0,he], heohe =0, meoh, =0, hgoi,=0.

Remark 5.6. Note that these maps are usually only F[[U]]-equivariant, but not necessar-

ily R¢-equivariant. The only exception is ¢, because it is the canonical projection of .2
to F2/imF! =~ H.(Z,).

The homological perturbation lemma for hypercubes (see [17, Lemma 2.10]) induces
hypercube structure maps deer on .o,y Ze» Which is homotopy equivalent to the
hypercube €5 (L, L4). Let us write ‘W for the hypercube (Z,, d; ). The structure maps
dg,¢ are given by the concrete formula

dee := E : e, © Pep 16, 0 he,y 02 0 hgy 0 Py g O, (5.9)

e=g| <-<ep=¢'

There are also homotopy equivalences I[1: € — W, [: W — € and H: € — €, given by
similar formulas, which satisfy

Nol=id, ITol=id+0d(H), HoH =0, TMoH =0 and Hol =0.
We will also need to understand the map IT, which is given by

M = Z e, © P,y 6y O Ng,_ 020Dy, 4, 0 g, (5.10)

e=g| <-<gp=¢'
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A natural strategy is to show that W = Z. Note that the underlying groups are identi-
cal, so it suffices to understand the structure maps. We observe that §, ,» = d, - Whenever
le — &'|1 = 1. In general, it is not the case that de, = 8. when |¢ — &'|p1 > 1.
Instead the main argument of [59] is to show that the analog of €4 (Lg, L4) is homo-
topy equivalent to a hypercube which has the same underlying internal chain complexes
as €5 (Lg, L+4) and for which the induced hypercube structure on the analog of ‘W coin-
cides with that of Z. The argument in our present setting is essentially identical to the one
in [59, Section 6.2]. In fact, we may take the modified hypercube structure on €A (Lg, L4)
to be the restriction of the one constructed in [59], viewing €A (Lg, L4) as a subcube of
the full link surgery hypercube for L. We write €), (L, L) for the resulting hypercube.
We will also write

€ = (€, CIJQ,S/)

for €} (Lg. Ly), and ‘W’ for the hypercube constructed via homological perturbation.
There are maps

n:e -w, 1w e and H:€¢ —¥¢€

constructed similarly to the maps I1, I and H, using formulas as in (5.10).

Concretely, €5 (L, L4) is constructed by tensoring the link surgery complex of Hopf
links using the tensor product formula from [59, (3.2)]. The complex €} (Lg, Ly) is
constructed by tensoring the link surgery complexes of Hopf links together using an alge-
braically simplified model of the tensor product, where several terms have been deleted
(this simplified model appears in [59, Theorem 3.4]). The key property of the hypercube
maps appearing in €} (Lg, L4) is that the maps dD’s,E, are non-increasing in the Hopf
grading from (5.8) only when |e — &’|;1 < 1. Furthermore, when |¢ — &’|;1 = 1, the map
@;,E, preserves the Hopf grading. Since 4, strictly increases the Hopf grading and 7, is
non-vanishing only on the lowest Hopf grading, the composition in (5.9) will only be
non-trivial when |¢ — ¢’|;1 = 1. Hence

w=2Z.

In particular, composing these homotopy equivalences, we obtain a homotopy equiv-
alence of chain complexes
CFL(YG,Ly) > Z. (5.11)

It remains to show that the homotopy equivalence in (5.11) may be extended to a
homotopy equivalence of A.,-modules over R;. There are two subclaims:
(R-1) The homotopy equivalence between € (Lg, L4) and €} (Lg, L4+) may be taken
to be R-equivariant.
(R-2) The homotopy equivalence €} (Lg, L1) ~ CFL(T, V4) (from the homological
perturbation lemma for hypercubes) extends to a homotopy equivalence of Aqo-
modules over Ry.

We address (R-1) first. In [59, Corollary 4.8], it is shown that the simplified connected
sum formula yielding €} (Lg, L4) is valid as long as in forming Lr by an iterated
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connected sum, we never take the connected sum of two knot components which are both
homologically essential after we surger on the other components of L. In the case that
b1(Yg) = 0, we always avoid this configuration (cf. [59, Lemma 6.5]). The homotopy
equivalence between €5 (Lg, L4) and €} (L, L4) is concrete and obtained by relat-
ing the connected sum formula in [59, (3.2)] and the simplified connected sum formula in
[59, Theorem 3.4]. As described in [59, Corollary 4.8], relating these two models amounts
to constructing a null-homotopy of an algebraically defined homology action on the link
surgery formula. It is observed in [59, Remark 4.3] that this null-homotopy may be taken
to be Ry-equivariant.

We now address (R-2). Proposition 5.3 shows that Z is chain isomorphic as an Ry-
module to CFIL(T, V4). It is sufficient to show that the homotopy equivalence €’ ~ Z of
chain complexes is in fact a homotopy equivalence of A,-modules over R;. To see this,
it is sufficient to show that the map IT": '€’ — Z, defined as in (5.10), commutes with the
R -action. This is sufficient because in the category of As,-modules, quasi-isomorphisms
are always invertible as As,-morphisms. To establish the &R ,-equivariance, we observe
that the projection maps 7, are themselves equivariant since they are merely quotient
maps; compare Remark 5.6. Next, we examine the expression for H’s’s, as in (5.10). By
considering the Hopf grading similarly to what we did with d, . above, we observe that
the maps IT] , are non-trivial only when ¢ = ¢’. In this case, the only non-vanishing
contribution is from 7., so R -equivariance is established, and the proof is complete. =

Remark 5.7. By using the homological perturbation lemma, stated in Lemma 2.3, a
concrete homotopy equivalence of Ao.-modules between €} (L, L4) and Z may be
constructed. Indeed, the hypercube maps IT’, I’ and H’, constructed via the homologi-
cal perturbation lemma for hypercubes, also satisfy the assumptions of the homological
perturbation lemma for A..-modules. These maps then induce an A.-module structure
on Z over the ring K¢, which is homotopy equivalent to €F&L (Y, L+). By considering
the Hopf grading, similarly to the above, we obtain only non-trivial m; and m, on Z.
We also observe that the morphisms I1’, H' and /" extend to Aeo-morphisms IT}, H]
and / ]’ Hopf grading considerations show that H} = O unless j = 1, in which case the
only contribution is from .. We observe that / ]’ may be non-trivial for 1 < j <|Lr]|.

5.4. Absolute gradings

In this section, we prove the subclaim of Theorem 5.1 concerning the absolute Maslov
and Alexander gradings; compare [41, Proposition 4.8].

We begin by stating formulas for the absolute gradings on the link surgery complex,
and its subcube refinement for sublinks. Although likely known to experts, these formulas
have not appeared in the literature except in special cases. For example, in the case of
knots, the result is due to Ozsvath and Szab¢ [44, Section 4]. A detailed proof of the
absolute grading formula can be found in [58, Section 10].

If L € S3 is alink with framing A, let W (L) denote the standard 2-handle cobordism
from S3 to S3 (L). If ¢ € {0, 1}", where n = |L|, and s € H(L), write €,(s) C €4 (L) for



Lattice homology, formality, and plumbed L-space links 5321

the subspace of €, which lies in internal Alexander grading s. Finally, if s € H(L), write
3s € Spin®(Wx (L)) for the Spin® structure which satisfies
{c1Gs), Xi) =% -5 _
2

foralli € {1,...,n}. In the above, X; denotes the core of the 2-handle attached along the
component K; € L, and ¥ denotes the sum of all ;.

—S; (5.12)

Lemma 5.8 ([58, Theorem 10.2]). Suppose that L C S3 is a link with framing A and that
by (S?\ (L)) = 0. The homotopy equivalence CF~ (S?\ (L)) >~ €A (L) is absolutely graded
if we equip €s(s) C € (L) with the Maslov grading

c1(3s)* = 2x(Wa (L)) — 30 (Wa (L))
4

where gr,, is the Maslov grading from €F £ (L).

gri=gr, + + L] = lel,

In [50], Ozsvath and Szabé prove this formula in the context of the knot surgery
formula. Their main tool is computing the grading change of a surgery cobordism map,
which they denote by f3+. A similar strategy is likely possible in the context of the link
surgery formula. Nonetheless, algebraic truncations make writing a simple proof chal-
lenging.

There is also a relative version of the statement. Suppose that we have a partitioned
link J U L € S3 and that J is equipped with an integral framing A. If K; is a link
component of J U L, there is a class ¥; € Hy(Wp(J), dWx(J)). If K; is in J, then
3; is the core of the corresponding 2-handle. If K; is in L, then ¥; is an annulus, with
boundary on the images of K; in $3 and 513\ (J). We write X for the sum of the classes for
all components of J LI L. If the component K; € L becomes rationally null-homologous
in Si (J), we write 3., for the class in H, (Wi (J); Q) obtained by capping with a rational
Seifert surface. Finally, if s € H(L), we write 3SJ € Spin®(Wx (J)) for the Spin® structure
which satisfies (5.12) for all link components K; in J.

Lemma 5.9 ([58, Theorem 10.8]). Suppose that J U L € S3 is a partitioned link
and A is an integral framing on J such that bl(S?\(J )) = 0. Then the isomorphism
f.‘F.Z(S?\(J), L) >~ €x(J, L) from Theorem 5.2 is absolutely gr,,-graded if we equip
C:(s) € €p(J, L) with the Maslov grading

c1(3)* = 2x(Wa(J)) =30 (Wa(J))
4

where gr,, is the internal gr,,-grading on €F¥£(J U L). The isomorphism is absolutely

graded with respect to the Alexander grading A = (A, ..., A|L)) if we define A; on Cy(s)

via the formula

gw:grw+ +|J|_|8|»

(c1G)). 5i) =2 %

> .
Proposition 5.10. If b;(Yg) = 0, the isomorphism from Theorem 5.1 respects the abso-
lute Maslov and Alexander gradings.

A =5 +
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Proof. As afirst step, we consider the absolute case when there are no arrow vertices. We
recall that we already constructed an isomorphism ®g: Char(Xg) — H(L) in (4.10). In
the present case, it is straightforward to verify from the definitions that ¢ (35) = —CDEI (s).
Ifs € H(Lg) and s = &g (K), then this is equivalent to

c1(3s) = —K. (5.13)

Next, we recall that in Lemma 5.5, we identified the quantity g(K, E) with the gr,,-
grading of the generator of the tower in the s-graded subspace of the homology of
€FL(Lg), localized at the ¥ variables for vertices in E. Noting that (—K)? = K?2,
we obtain (4.6).

We now consider the case where there are arrow vertices. Suppose that I' is a tree
with V1 = Vg U V4. Lemma 5.9 computes the Maslov grading shift. If K € Char(Xr)
and s = O (K), then we have, similarly to (5.13),

a1Gle) = —K|xg. (5.14)

In particular, the statement from Lemma 5.5 implies that the Maslov grading on
f’?ii(S?\ (L), L4) coincides with the one defined in (4.7).

We now consider the Alexander grading. We note that given s € H(Lr), there are two
Spin® structures of interest: 5SL 6 ¢ Spin®(X¢) and 3SL I' € Spin®(Xr). It is straightforward
to verify that 326 = LT lxg-

If s=(s1,...,8Lp) € H(Lt) and K; € Ly, we view Ca(Lg, L4, s) as
having internal Alexander grading A; equal to s;. Lemma 5.9 implies that the iso-
morphism ‘(f’.’i"‘fC(Si(Lg), Ly) =~ €p(Lg, L4) is Alexander graded if we shift the
internal Alexander grading s; (for a component K; € L4) of €x(Lg, L4, s) by
(e1G59). i) — 2 E)/2.

By the definition of ®r, if & (K) = s, then

(K. Z))+2-%;
§i= ——1,
2

where the pairings are taken in Xr. In particular, the generator [K, E] in the lattice com-
plex will be given i-th Alexander grading

(€1GE9), S) - 5
5 )

i
By (5.14), we may write the above as

K(vi = 0i) + X pepy. v (i — i)
2 .

We note that for v € Vg, the pairing v - (v; — ;) will vanish, and hence we can replace
the sum in the above equation with a sum over only v € V4. This recovers the formula for
the Alexander grading stated in Section 4.6, so the proof is complete. ]
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6. Plumbed L-space links

In this section, we compute the link Floer complexes of plumbed L-space links. In
Section 6.1, we prove that their complexes are formal (i.e. €¥£(Yg, L4) is homotopy
equivalent as an Ao-module to (HFL(Yg, Ly),mj), where m; = O unless j = 2). Con-
sequently, the chain complexes are also homotopy equivalent to free resolutions of their
homology. In Section 6.2 we recall work of Gorsky and Némethi [11] which allows one
to compute the module HFL(Yg, Ly) when Yg = S3 and L4 is an L-space link. We
extend their description to the case where Y¢ is a rational homology L-space. Finally,
in Section 6.3, we prove that our model of link lattice homology recovers the version of
Gorsky and Némethi [11] in the case of plumbed L-space links.

6.1. Plumbed L-space links and free resolutions

Suppose I' is an arrow-decorated plumbing tree. Our goal is to show that the chain com-
plex €FL(Yg, L4) is a free resolution of its homology, in particular, the chain complex
is determined by the homology up to chain homotopy equivalence.

In this section, we consider plumbings where L is an L-space link. We observe that
this implies that Y is a rational homology 3-sphere, and furthermore it is itself an L-
space. In particular, by Proposition 3.18, the results in this subsection hold for links of
embedded analytic singularities, as long as the underlying surface singularity is rational.

Theorem 6.1. Suppose that I is an arrow-decorated plumbing tree with Vr = Vg U V3.
Let Ly C Yg be the associated link and assume that Y¢ is a rational homology 3-sphere. If
Ly is an L-space link, then €¥ £ (Y, L4) is a free resolution over Ry of HFL(Yg, L4).

Proof. To simplify the notation, we assume that Y is an integer homology 3-sphere; for
rational homology 3-spheres, one may apply the same argument to each Spin€ structure.

Next, we observe that it is sufficient to show that €F£ (Y, L) is homotopy equiva-
lent to a free resolution of HFL (Y, L+). This may be seen as follows: The R¢-module
HFEL(YG, Ly) is finitely generated and hence admits a finitely generated free resolution
over Ry by Hilbert’s syzygy theorem [18] (see e.g. [51, Theorem 15.2] for a modern
exposition). Furthermore, it is straightforward to see that if C and C’ are two free, finitely
generated chain complexes over R, which are both (gr,,, gr,)-graded, then C and C’
are homotopy equivalent over R if and only if C ®#, R¢ and C' ® 2, R are homo-
topy equivalent. Moreover, the completion of a free resolution of ¥ L (Y, L4) will be
a free resolution of HFL (Y, L4), by similar reasoning. Hence, €¥L (Y, L) will be
homotopy equivalent to a free resolution of HFL(Yg, L4) if and only if €FL(Ys, Ly)
is homotopy equivalent to a free resolution of HFL (Y, L1).

Since L4 € Y is an L-space link, HFE£(Y, L4) is a torsion-free FF [U]-module. By
Theorem 5.1, €F£(Yg, L4) is homotopy equivalent to CIFIL(T", V4) as an Ax.-module
over Ry.

The link lattice complex has a cube grading:

CFL(T, V}) = (Zy St e 20 D% 70,
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where Z, is spanned by U”[K, E] where |E| = ¢, for all p > 0. Furthermore, each Z;
is itself an Ry-module (in particular, the action of &R, preserves the cube grading). We
make the following subclaim:

Claim. The homology of CFIL(T', V3) is supported in a single cube grading Z;.

Note that the main theorem statement follows from the above claim, and from
Lemma 2.7.

To prove the above claim, we observe that if there are two Z; which support the
homology, then HFL (Y, L+) will split as a direct sum of R¢-modules; we will show
that this is impossible.

We argue by considering the localization at the multiplicatively closed subset S € R,
spanned by the monomials. Since Ly C Y¢ is an L-space link, it follows that s - x # 0 for
all s € § and non-zero x € HFL(Yg, L4). Therefore, the localization map is injective,
so it suffices to show that S™'HFL(Yg, L4) does not split as the direct sum of two

R ¢-modules.
‘We recall that localization is an exact functor, so it suffices to consider the localization
on the chain level. We pick an arbitrary (s, ...,s,) € H(Y, L). We observe that after

localizing, we may perform a change of basis and replace each basis element x with a

basis element
7/1—141 (O+s1 %—Az(X)th

(we take s such that the powers of #; are integral). With this choice of basis, all generators
of €¥£(Yg, Ly) are now concentrated in Alexander grading s. Since the differential pre-
serves the Alexander grading, each component of the differential is weighted by powers
of Uy = ;¥ fori € {l,...,£}. Setting ¥ equal to 1 recovers CF™(Yg, L4), so we
conclude that

CFL> (Y. Ly) = CF®(Yg, w1, ..., we) ®F[u,,...u,] Re.

where U; acts on R by %; ;. Here, CF*(Yg, w1, ..., wy) denotes the £-pointed Floer
complex for Y. It follows from [45, Theorem 10.1] that the singly pointed Floer complex
CF* (Y ,w) is homotopy equivalent to IF[[UU, U '], and by [48, Proposition 6.5], adding

U1 +U;
the basepoint w; has the effect of tensoring with the Koszul complex x 7 y. In
particular, it follows that H#FL> (Y, L) is isomorphic to

Sil'Re/(%ly/l _%]7/] lv.] € {1aa€})

This does not decompose as a direct sum of &R ¢-modules, since it has a single generator
(the image of 1 € &Ry) over the ring ST Ry.
This completes the proof of the Claim, and therefore of the main statement as well. m

6.2. Computing the Floer chain complex from Alexander polynomials

In this subsection, we consider the H -function for oriented £-component links L in ratio-
nal homology spheres Y. We begin by defining a lattice HI(Y, L), which is an affine
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space over Hy(Y \ L;Z). The set H(Y, L) is a subspace of Q° x Spin‘(Y). The sim-
plest definition of H(Y, L) is that it is the set of (s, 1) € Q% x Spin®(Y) such that
HFK (Y, L, t) is non-trivial in some Alexander grading s’ € Q¢ satisfying s — s’ € Z*.
Since HFK(Y, L, t) = 0 for each t when Y is a rational homology 3-sphere, this con-
struction gives a well-defined set HI(Y, L). The action of an element y € H{(Y \ L) is
given by

Y (S1,...,50,1) = (s1 — Ik(y, K1), ...,50 — Ik(y, K¢),t + PDl[ixy]),

where 1k(y, K;) € Q is the rational linking number, and i: Y \ L — Y is inclusion.

A more topological description may be obtained by representing Y \ L as surgery on a
link L' in the complement of an £-component unlink in S3. Such a representation induces
a link cobordism (W, ) from the complement of an £-component unlink to ¥ \ L such
that W is a 2-handlebody, and X consists of £ annuli, each of which cobounds an unknot
component in S3 and a knot component of L. If t € Spin°(Y'), the fiber over t of the map
H(Y, L) — Spin°(Y) consists of (s, t) where

. ((cm, $1) —[24]-[3] {e1(t), £¢) =[] - [2]
. _

) +zt  6.1)

and t’ € Spin® (W) is any lift of t € Spin°(Y). Here, we view X as the union of X1,..., Xy.
We write [X] and [X;] for the induced classes in Hy (W, dW; Z), and we write [f],] for
the lifts under the map Hy(W; Q) — Ho(W, oW ; Q).

This may be seen to coincide with the definition in terms of Alexander gradings on
Im,(Y , L) using a small modification of the cobordism argument from [57, Section 5.5]
(which is stated for integrally null-homologous links). See [17, Section 3.2] for an expo-
sition in the setting of rationally null-homologous knots. It is an easy consequence of the
cobordism description of the Alexander grading that C/‘I?L(Y, L) is supported on H(Y, L).

Lemma 6.2. There is an isomorphism
H((Y,L) =~ Hi(Y \ L;Z)
of affine spaces over Hy(Y \ L;Z).
Proof. This follows from the short exact sequence of affine spaces
0 — Z* — H(Y, L) — Spin°(Y) — 0 (6.2)
which is parallel to the short exact sequence of homology groups
0—>7Z'—> H(Y \ L:Z) - H\(Y;Z) — 0.

If we pick a base element (s, t) € H(Y, L), we obtain a map of affine spaces from
H,(Y \ L;Z) to H(Y, L) which makes the natural diagram commute. By the five-lemma,
we conclude that H(Y, L) and H,(Y \ L;Z) are isomorphic as affine spaces. ]

We are now ready to define the H -function of a link in a rational homology sphere.



M. Borodzik, B. Liu, I. Zemke 5326

Definition 6.3. For an oriented link L C Y in a rational homology sphere Y and
(s,t) e H(Y, L), we define Hy: H (Y, L) — Q by declaring that —2 H (s, t) is the maximal
gr,,-grading of a non-zero element in the free part of H, (%~ (L,s, t)), where A~ (L,s, t)
is the subcomplex of €F £ (Y, L, t) lying in Alexander grading s.

The H -function of L-space links in the 3-sphere can be computed from Alexander
polynomials of the link and all sublinks [2, 11]. In order to generalize the result to links
in a rational homology sphere, we first recall generalized Alexander polynomials. Friedl,
Juhédsz and Rasmussen [7, Theorem 1] proved that IiﬁL(Y , L) categorifies the Turaev
torsion A(Y, L) of Y \ L, which we view as an element in F[H(Y \ L)], well-defined
up to multiplication by monomials. When Y is a rational homology 3-sphere, we refer to
A(Y, L) as the generalized Alexander polynomial.

In our present setting, it is helpful to view A(Y, L) as taking values in the
F[H;(Y \ L)]-module F[H(Y, L)] instead of F[H(Y \ L)] itself, via the following for-
mula:

A(Y.L) = x(HFL(Y.L)) :== Y &Y. y(HFL(Y, L.s.1)) € F[H(Y. L)].
(s,t)eH(Y,L)

We may think of )((I?ﬁL(Y, L)) as a normalized version of the Turaev torsion. Similarly
to [48, Proposition 8.1], it is not hard to see that the Euler characteristic of @(Y ,L)is
symmetric with respect to the involution of H(Y, L) given by (s, t) — (—s,t + PD[L])
(see [57, Proposition 8.3]).

To make more transparent connections with integer homology spheres, we refine the
definition of A(Y, L). For t € Spin°(Y), we set

A(Y,L,t) = y(HFL(Y, L, 1))

= > " y(HFL(Y.L.s.t)) € F[H(Y, L)]. (6.3)
s: (s,t)eH(Y,L)

We recall that the graded Euler characteristics of HFL and HFL™ are related by the
formula

X(HFL™(Y,L)) = x(HFL(Y, L))

L
[lio(1—1)
(see [48, Proposition 9.2]).

For any sublink L’ C L, define the natural forgetful map

wp—p:H(Y,L) — HY,L—-L")
as follows. If L’ = K, the map 7y, ;1 is given by the formula

k(K K3) o Ik(K1, K¢) )

7L L—1(S1,...,8¢,t) = | s yeees
s (l L ) (2 P 2

where L = Ky U --- U K. For general L', the map mz, ;—1/ is a composition of several
such maps. We refer the reader to [30, Section 3.7] for explicit formulas for the forgetful
map for links in S3. Compare [2, Section 3].
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Given (s, t), (s',t") € H(Y, L), we write (s,t) > (s/,t') ifand only if t = t’ and s > ¢/,
that is, s; > s; for all i, where s = (s1,...,5¢) and s’ = (s7,.. .,sz).

Lemma 6.4. For an oriented L-space link L C Y in a rational homology sphere with
t € Spin®(Y), the H -function Hy, satisfies

Hus.n= ) (D 37 y@HFL(Y.LSL0). (64)
L'CL (s',t)eH(Y,L")
(', t)=my ;/(s+1,1)
where 1 = (1, ..., 1). In particular, the H-function is determined by the generalized
Alexander polynomials A(Y, L', t) of all sublinks L' C L.

Proof. The arguments of [11, Theorem 2.10], which relate Hy, to y(HFL™ (Y, L)) when
Y = §3, can be repeated verbatim to obtain (6.4) for a general L-space link L in a rational
homology 3-sphere Y, though here we follow the convention in [2, Theorem 3.15] and
assume HFL™ (Y, @) = 0. The right-hand side of (6.4) is determined by )((I-TFL(Y, L")
for all sublinks L’, which can be computed from Alexander polynomials of L’ by (6.3).
Therefore, the H -function is determined by the Alexander polynomials of all sublinks
L' CL. L]

Example 6.5. We normalize the multivariable Alexander polynomial of the unlink U in
the 3-sphere to be 0, and the H -function for an £-component unlink in S3 is the following:

Hu, (51,50 = Y_(Isil —s:)/2.

If L < S3 is the Hopf link in the 3-sphere, its Alexander polynomial A(t, ;) is 1 and
s; € Z + 1/2. By the formula in [2,28], the value of the H -function at each lattice point
(s1, 52) is shown as follows:

S1 = 1/2

0 0
H(s1,520) =0
%2100(12)
s =1/2
32 1]0 0 o0 f
32 110 0 0 0 -
51
302 1|1 1 1 1

Fig. 6.1. The H -function of the Hopf link

Theorem 6.6. Suppose that I' is an arrow-decorated plumbing tree with Vr = Vg U Vj.
Let Ly C Yg be the associated link and assume that Y¢ is a rational homology 3-sphere.
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If Ly is an L-space link, then the full link Floer complex €¥£(Yg, L4 ) is determined by
the generalized Alexander polynomials of Ly and its sublinks.

Proof. By Theorem 6.1, the chain complex €F£(Yg, L4) is a free resolution of
HFEL(YG, L+). In particular, €FL(Yg, Ly) is determined by the homology group
HFEL(YG, Ly) as an Ry-module. Therefore, it suffices to prove that the generalized
Alexander polynomials determine the homology HF£(Yg, L4). By Lemma 6.4, the
H -function is determined by the generalized Alexander polynomials of L4 and its sub-
links, and it remains to prove that the H -function determines the R;-module structure of
HFL(YG, Ly).
There is a decomposition of F[U]-modules

HFL(YG, Ly) = P HFLXG. Ly.s.b).
(s,t)eH(YG,L4)

Since L4 is an L-space link in Y, #FEL(YG, L4,s,t) = F[U] forall (s,t) € H(Yg, L4).
The (gr,,, A)-grading of the generator of HFE(Yg, Ly,s,t) is determined by the H -
function. That is, the Alexander grading of the generator equals s and the Maslov
grading gr,, equals —2Hp, (s, t). Hence, it suffices to see that the %; and ¥; actions
on HFEL(Yg, L4, t) are also determined by the H -function.

To see this, note that we may view %; as restricting to a map

HFL(YG, Ly,s,t) = F[U] — HFL(YG, Ly,s—e;,t) = F[U]. (6.5)

Since the map ¥; goes in the opposite direction and %;¥; = U, the map %; is given by
multiplication by either 1 or U, with respect to identifications in (6.5). We observe that
the map %; has gr,,-grading —2, and hence the choice of being U or 1 is determined by
the gr,, -gradings of the copies of F[U] in (6.5), which is encoded by the H -function.
Similarly, the action of %; is also determined by the H -function since %;¥; = U, and the
action of %; is determined by the H -function. Therefore, for L-space links, the Alexander
polynomials determine the full link Floer chain complexes. ]

6.3. Comparison with Gorsky and Némethi’s link lattice homology

We now compare our chain complex CFIL(I', V) with the definition of link lattice homol-
ogy due to Gorsky and Némethi [11].

As a first step, we recall their definition. Let L € S3 be a link of £ components. Write
C; for the mapping cone complex

C;:=Cone(¥i: Ry — Ry), i=1,...4L

Write JZ (L) for the (non-free) complex of Ry-modules obtained by tensoring the homol-
ogy group HFEL(L) with Cy, ..., Cy over the ring Ry.

Remark 6.7. Note that C; ®g, -+ ®%, C;¢ is the Koszul complex for the regular
sequence (71, ..., %) in Ry (see [54, Section 4.5]).
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If L is an L-space link, Gorsky and Némethi define the link lattice complex to be the
chain complex £ (L). They prove the following:

Theorem 6.8 ([11, Theorem 2.9]). If L is an algebraic link, then
H, (L) = H(CFL(L)/ (", ..., 1)).

Remark 6.9. Gorsky and Némethi prove Theorem 6.8 at the level of graded F-vector
spaces. There are additional module actions of F[[%1, 71, ..., %, ¥¢]] on both sides.
Gorsky and Hom [9, Proposition 3.7] equip # (L) with commuting endomorphisms
U, ...,%. In our notation, their action of %; coincides with the standard action of
Y; on the HFL(L) tensor factor of £ (L). Of course, one can also consider the action
of ¥;, defined symmetrically. Note that as an endomorphism of .2 (L), each ¥; is null-
homotopic since J# (L) is defined by tensoring HF L (L) with the Koszul complex of the
sequence (71, ..., %;). More explicitly, we can write Z"(L) as a mapping cone

(L) = Cone(#°(L) 2> ;1 (L)),

where #;°(L) (resp. ;' (L)) is the codimension 1 subcube which has i-coordinate 0
(resp. 1). As an endomorphism of .2"(L), the module action of #; preserves both .%; (L)
and %' (L). We define an endomorphism H of .# (L), which sends ;' (L) to J¢°(L)
via the identity, and observe that on JZ (L),

We now explain how our Theorem 6.1 quickly recovers Theorem 6.8, and also prove
a refinement which takes into account the R¢-action. To state our result, we equip 2 (L)
with an As,-module structure which has only m; and m, non-trivial. The action of m,
corresponds to the standard action on the HF £ (L) factor of the tensor product.

Theorem 6.10. If L € S3 is a plumbed L-space link, then there is a homotopy equiva-
lence of Aco-modules over F |, N, ..., %, V],

H (L) ~C€FLL)/(N.....%).

Proof. We first consider the proof only at the level of chain complexes, and then consider
the Ry-module structure.

Note that C; is a free resolution of Ry/¥ as an Ry-module. Furthermore,
the £-dimensional cube-shaped complex C; ® --- ® C; is a free resolution of
Fla. ", ..., % 7/ (L, ... 7).

We use the algebraic formalism of type-D, type-A and type- DA modules of Lipshitz,
Ozsvéth and Thurston [24, 25]. Their algebraic formalism gives a convenient model of
the derived tensor product, called the box tensor product, which is denoted by . See
[24, Section 2.3.2] for more details. We may view C; as a type-D module ReC; whose
underlying [F-vector space has two generators, x; and y;, and whose structure map §' is
given by

§'(xi) = % ®yi.
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Similarly, the complex C; ® - - - ® Cy naturally corresponds to a type-D module over Ry,
whose underlying vector space is generated by the points of an £-dimensional cube. We
write Re¢C 1,...,¢ for this cube-shaped complex.
By definition,
H (L) 1= HFL(L)g, &7Cy_y.

By Theorem 6.1, if L is a plumbed L-space link, #¥L(L) and €FL(L) are homo-
topy equivalent as Ao-modules over R¢. On the other hand, €F £ (L), is free over Ry,
which translates to the fact that there is a type-D module €F£(L)®¢ such that

CFL(L)g, = CFL(L)R m g, Reg,.

We observe that since ®¢Cy__ is a free resolution of Re/ (N, ..., V), it follows that

.....

ReCrt = R, R/ (N4 ).

~CFL(L)R, 8 *Cy 0
=CFLL)R g, Rem, @ RCy, 4
~CFLL)Rw g, R/ (N, ..., ). (6.6)
We now consider the R;-module structures. We note that the complex Re Ci,..¢
extends to a DA-bimodule ®¢(C 1,..,0)R,- This DA-bimodule has the same generators

and the same structure map st as ReC 1,....- Additionally, there is a 5; action given by
5% (x,a) =a®xforanya € Ry andx € C;, ;. We observe that by definition,

.....

Additionally, it is easy to check that

ReReR, BRUC DR, = R (Re/ M- VD) R,

so that the manipulation from (6.6) extends to an equivalence of A.,-modules. ]

7. Computations

In this section, we give some computational tools. In Section 7.1, we provide an algorithm
to compute the link Floer homology of an L-space link from its H -function. Next, in
Section 7.2, we describe the R,-module HFL(T (n,n)) based on Gorsky and Hom’s
computation of the H -function of T'(n,n). By our Theorem 6.1, this R,-module contains
equivalent information to €¥£(T (n, n)). In Sections 7.3 and 7.4, we compute explicit
free resolutions of HFL(T (3,3)) and HFL(T (4,4)).
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7.1. Generators and relations for the homology of an L-space link

In this section, we describe generators and relations for the modules HFL (L) when L
is an L-space link. We focus on the case L C S to simplify the notation, but this is not
essential.

If s e HI(L), we write Xg € HFL(L) for the generator of the IF [U]-tower in Alexander
grading s. By definition,

A(Xs) =s and gr,(Xs) = —2HL(s).
We let § denote the set of Xg € HFL(L) which satisfy
Hp(s—ej))—Hp(s)=1 and Hp(s)— Hp(s+e;) =0, (7.1)
foralli € {1,...,¥}. Here, ¢; denotes the standard unit vector.

Lemma 7.1. Let L be an {-component L-space link in S>.

(1) The set G is finite and is the unique R¢-module generating set of HF L (L) of minimal
length.

(2) The kernel of the natural map
Ry — HFL(L)

is spanned by the following generating set:

(r-1) All elements of the form
Ole + ﬂXs’»

where X, Xy € §, and «, B are monomials such that wy () = wy (B) =0
and ged(a, B) = 1 with

Al@) +s=AB) +5 and gr, (o) —2HL(s) = gr,,(B) — 2HL(S).
We use the notation wy () = min {iy, j1} + -+ + min{iy, j¢} for any mono-
mial o = U, ---%’47/1“ ---”f//“.
(r-2) Foreachi, j and Xs € § the element

(Ui + U V5) Xs.

Proof. Since €FL(L) is a finitely generated R;-module, and €F L (L) admits Maslov
and Alexander gradings, the Ry-module HFEL(L) is spanned by finitely many homoge-
neously graded vectors Xs. Equation (7.1) is equivalent to the statement that Xy is in the
image of neither %; nor ¥; forany i € {1,...,£}. Therefore any minimal length generating
set can only contain elements of §. In particular, § generates HFL(L).

We now claim that any minimal length generating set must contain all elements of §.
To see this, we write § = {Xj,, ..., X, } and suppose

X; = ;X

i#j
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for some homogeneously graded o; € R;. We may assume each «; X, has the same gr,,
and Alexander gradings as X,. However, #F£(L) is rank 1 over F in each Maslov
and Alexander grading in which it is supported. Therefore if o; # 0, then X, = o; Xj;.
However, (7.1) implies that ¢; = 1 since none of the X; admit non-trivial factorizations.
Therefore every minimal length generating set contains all of §.

We now consider the claim about relations. Suppose that

n
ZaiXSi =0.
i=1

We may assume that each «; is a monomial (or zero) and all o; X;; have the same Alexan-
der and Maslov gradings. When all of the «; X;; have the same homogeneous Alexander
and Maslov gradings, Y ;_, a; X5, = 0if and only if #{i : o;; # 0} is even, since HFL (L)
has rank 1 over F in each of the gradings in which it is supported. In particular, pairing
elements of {i : a; # 0} arbitrarily, we may write > ;_; o; X;; as an R¢-linear combi-
nation of elements of the form a X + Xy, where «, 8 # 0 and X and BXy have the
same Maslov and Alexander gradings. By canceling common factors, we may assume
that ged(e, B) = 1.

If max(wy (o), wy (B)) > 0, we claim that we can still reduce this relation further.
For concreteness, assume that wy () > 0. This means that %;#; divides « for some ;.
Note that 8 # 1, so assume that either ¥; or %; divides B, for some i. By using (r-2), we
may replace the factor of %; ¥} in a with %; ¥;, and assume %; ¥; divides «. The resulting
monomials ¢ and B have ged(e, B) # 1, so we divide out common factors. This operation
is non-increasing in the total degree of o and B, so we may repeat this procedure until
gcd(e, B) = 1 and wy (@) = wy (B) = 0. This completes the proof. L]

Remark 7.2. We can describe the relations (r-2) more concretely as follows. Let
Xs, Xy € § and write

s=(s1,...,8) and s =(s},....8p).

We let

v ifs; <), U ifs; <,
f@z_ . ! Q,‘Z . !
U ifs; > s, Vi if s > s

Ifs; = slf, then we view &; = 2; = 1. The relations labeled (r-2) may be rewritten in
the form ' . _ '
y;l gzzf -Xs = Q{l ...QI{K - Xy

ranging over all X, Xy € § and all sequences iy, ...,ig, j1,...,j¢ > 0 such that
ik + jk = |sk —s;| and grw(@i‘ @2‘5 - Xs) = grw(e@{1 Qée - Xy¢),

for all k. Note in particular that there are only finitely many relations of the form (r-2).
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7.2. The type-A module of T'(n,n)

We now compute the Heegaard Floer module HF L (T (n, n)) of the torus link 7'(n,n) in
the 3-sphere. Recall that R,, = F[%4, "1, ..., U, Vn)-

Theorem 7.3. As an R,-module, the group HFL(T (n,n)) has a unique minimal gen-
erating set, consisting of n generators, X1, ..., X,. The relations are spanned by the
following:

(MM#)xe=( T1 %)X (7.2)

iely je{l,...n}\Ix
Ui Xy = UV X (7.3)

Here Iy, runs through all subsets of {1, ...,n} of cardinality k (so (7.2) has (Z) relations
for each k), and in (7.3), i, j, and k range from 1 to n.

Proof. Since T(n,n) is an L-space link, by Lemma 7.1 the minimal generating set con-
sists of the set of all X which satisfy

H(s—ej))—H(Gs)=1 and H(s)— H(s+e¢;) =0, (7.4)

foreachi € {1,...,n}. Here, H(s) denotes the H -function of T'(n, n).
The latter H -function is computed in [9]. Its Alexander polynomial equals

Altr, .o otn) = (1 )2 = (1 - 1) TV 72,

which is symmetric in 71, ..., #,. Hence the H -function for 7' (n, n) is also symmetric in
S1,...,S,. Therefore we consider the case s; < -+ < s,. By [9, Theorem 4.3],
H(Sl b} b} sl’l)

n—1 n—1 n—1
=h(S1—T)+h(82—T+1)+"'+h(Sn—T+n—l), (75)

where h(s) = (|s| — s)/2. We note that & (s) is the H-function of the unknot. It is not hard
to compute that
H(sy,...,5,) =0 (7.6)

ifs; > (n—1)/2forall i, and
H(s) = —(s1+ -+ sn) (7.7)

ifs; <—(m—1)/2foralli.
We first consider the diagonal vertices, thatis,s; =---=s, =m,meZ + (n—1)/2.
Ifm> (n—1)/2, then

H(sy,....sp) =H(s1—1,52,...,5,) =0
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by (7.6), which does not satisfy (7.4). Similarly, if m < —(n — 1)/2, then
H(s1,....,sp) =H(s1,....s, + 1)+ 1

by (7.7), which does not satisfy (7.4) either. Now we consider the n diagonal vertices
where —(n — 1)/2 <m < (n — 1)/2, that is,

n+1
S] = =8, = > —k
for all integers k between 1 and n. The corresponding generators are X, ..., X, with

Alexander gradings

| | |
L S e s Y s A
2 2 2

By a straightforward computation, (7.4) is satisfied by values of the H -function at these
vertices, so Xy, ..., X, are all contained in the minimal generating set from Lemma 7.1.
We claim these diagonal vertices are the only ones where the H -function satisfies (7.4). It
suffices to prove that the non-diagonal vertices do not satisfy (7.4). Recall that we assume
s1 < --+ < s,. Suppose that s, = s is the maximal value among the s;, and there are
exactly A coordinates equal to s where A < n,1i.e., Sy—r4+1 = Sp—p42 =+ = S, = 5, and
Spn—p < S.
Ifs > (A —1)— (n—1)/2, then by (7.5),

H(st, oo Sn—asSn—a+1— L, ..., 8p) = H(S1,...,5,),

which does not satisfy (7.4).
Ifs <(A—1)—(n—1)/2, then by (7.5),

H(sy,....8—2+ LSn—p41>--->8n) + 1 = H(s1,...,8),

which does not satisfy (7.4) either. By Lemma 7.1, Xy, ..., X, form a unique minimal
generating set of HFL(T (n,n)) over R,. Based on the values of the H -function, one
can compute that

gry, (Xk) = —k(k —1).

We now consider the relations satisfied by Xy, ..., X, over R,. For convenience,
if I = (i1,...,iy) is a sequence of non-negative numbers, write w1 for ?/lil ?/n’”
and define 7/ similarly. Lemma 7.1 and Remark 7.2 immediately imply that if 1 < p <
g < n, then the relations involving X, and X, are spanned by (% ¥; + %; V;) X, and
(Ui + U Vi) Xq fori, j € {1,...,n}, as well as the sums

1 J
U Xp+ V7' Xy
ranging over sequences of non-negative integers / and J such that
g—1
+q—1)(q —
I+J=@=p.....q—p) and [I|pi=) s= (pta=D@=p ;g
s=p 2

If g = p + 1, these are exactly the relations in the statement.
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We will show by induction on g that the relations between X, and X are in the span
of the relations between consecutive X; and X; 41, as well as the relations

(W + U V) Xe =0

(labeled (r-2) above). The case ¢ = p + 1 is vacuous, so we suppose that g > p + 1.

Welet! =(Iy,...,Iy)and J = (J1,..., J,) be tuples of non-negative integers such
that/ +J =(@g—p,...,q—p)and |I|;1 = p+---+ g — 1. We claim first that there
is a tuple I’ such that

0<I'<I, |}y =qg—1, and |I'|f~ <2. (7.9)

(We remark that it may not be possible to find such an I’ which satisfies |I'|pc < 1.) For
k € N, we write
ap :=#{i : I; > k}.

‘We observe that

q—Dp
—1)(g —
=Y ap = (p+q 2)(q P and a1 > > ag_p. (7.10)
k=1

Our claim about the existence of an I’ as above is equivalent to a; + a» > g — 1. If, to
the contrary, a; + a» < ¢ — 1, then we observe that a, < (¢ — 1)/2 and therefore

qa-p q-p
];ak=al+az+ng3ak<q—l+(q—p—2)q2 =(q p)z(([ ).

However, this contradicts (7.10), so we conclude that an /"’ satisfying (7.9) must exist.
By induction, if J’ denotes (¢ — p —1,...,q — p — 1) — (I — I'), then the relation

w!=Ux, =97 X, (7.11)

is in the span of the claimed relations between consecutive X; and X;4;, as well as the
relations (r-2). We observe that (7.11) implies

I g I-T I oy’
U Xp=U" U""Xp=U" V" Xq-1.
If |I'|peo = 1, then we have the relation
%I/qul — 7/(1 ..... 1)_I/Xq,

which implies with (7.11) that % X, = ¥/ X,, which would complete the proof.

If instead 1’| o = 2, then we observe that any coordinate i such that /] = 2 has the
property that (/ — I"); < g — p — 1 and hence J/ > 0. In particular, "' 97" has a factor
% ¥; for each i such that /] = 2. Using relation (-2) we can trade each of these %; 7; for
a%;V; where I j’ = 0. Proceeding in this manner, we may relate %! ¥/ /Xq_l to some
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%1//7/]//)([1_1 where [I”|;1 = q —1and |I”| oo = 1. The relations between X, _; and
X4 now show that

W'y Xyy ="y X0 = V7 X,
completing the proof. ]

In general, a free resolution of the homology HF L (T (n,n)) can be computed algo-
rithmically (see [51]), or, for a concrete value of n, using a computer algebra system such
as Macaulay?2 [14].

7.3. The free complex of T'(3, 3)

We present a free resolution of the torus link 7°(3, 3). The homology of 7'(3, 3) is gener-
ated by X, X», X3 with the following relations:

%Xi= | %Xeo YiXs= | %X
Je{1,2,3\{i} Je{1,2,3]\{i}
Ui Xk = UV Xr.

Then a free resolution of the homology is

93 3> 91
0—>C3—>Cy,—>Ci — Cy—0,

with the spaces Cy, C1, C2, C3 and the maps 01, 02, d3 defined as follows.

The space Co = R3 is generated by X;, X», X3. Take C; = RS generated by
bi,bs, b3, By, By, B3, and Z1, Z,. For symmetry, it is helpful to consider an extra vari-
able Z3 which satisfies Z3 = Z| + Z,; Z3 is not a generator of C;. The differential
d1: C; — Cy is given by

b =%Xi+ [ ViXe aBi=%Xs+ ] %X
JE{1,2,3}\{i} JE{1,2,3}\{i}

01 Z = WV Xy + U V53X, 01Zy = N X2+ U V53X,

0123 = 01(Z1+ Z2) = U N X + UVs2Xs.

The link Floer homology of 7'(3, 3) is coker d;. Indeed, the relations %; ¥; Xy = %; V; Xk
for k = 1 and k = 3 follow from the other relations. For example,

0 =N(X1—173X2) — V(WX — NV3X2) = (U — UV2) X1

We define the module C, = ﬁg with generators ¢y, ¢a, 3, dy, da, d3 and let 9, be the
differential

dack = Uibj + Uibi + Vi Zy,
Ordy = VB + Vi Bi + U Zy.
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Here {i, j, k} ranges through all permutations of {1, 2, 3}. There is a relation between
c1,...,ds. That is, there is a module C; = R3 generated by e with d3: C3 — C; given
by

dze = Uc1 + Uca + Uscs + V1dr + Vada + V3ds.

It can be checked either directly or using a computer algebra system that ker d; =
im d,, ker d, = im d3; and ker d3 = 0. That is, the complex we have constructed is a free
resolution of coker 0.

Remark 7.4. By examining the resolution of HF£(T(3,3)) shown in Figure 7.1, we
see that the relations described in Lemma 7.1 have some redundancy. For example the
relation (24 %1 + %> 73)X1 = 0 is a consequence of the relations %3 X1 = #2753 X, and
U X>» = NV3X>.

g

% Uy~ U3 N_ V7

VA \\ e

U U\ U3 U3 U3 %

/\/\l

7/2 7/1 V3 N V3

l/ \/ \L

Z

\ U 7/2+%3 5 UM +% 1/3 -
“1/2 3 “7/2

U3 %2 “1/1 ”1/2 V3 2N

Fig. 7.1. The complex €F L (T (3, 3)) as a free resolution.

7.4. The free complex of T (4,4)

To stress the usefulness and power of Theorem 6.1, we show how to compute the link
Floer chain complex of the torus link 7'(4, 4). We start with the model of the link Floer
homology for 7'(4, 4) as described in Theorem 7.3 and compute its free resolution. It is
pretty straightforward to find candidates for the relations between generators of 7'(4, 4),
and then candidates for the relations among relations (second syzygies), and to iterate
this procedure. This amounts to creating a complex (€;, d;), whose homology at the zero
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grading is HF L (T (4,4)). Showing that the relations are complete, that is, the complex we
have constructed is acyclic in higher gradings, is rather tedious. We have used Macaulay
[14] to verify this fact.

We can give a quick description of the free resolution of 7'(4, 4). The free resolution
has length 4:

0o e, Be, e e o
Let €y be the free R4-module generated by X1, ..., X4. Consider the module €; =~ ﬁio
generated by Zlk] withk =2,3,j =i+ 1,ay,...,a4, Bij with 1 <i < j <4 and
Aq, ..., Aq. As in the T'(3, 3) case, for symmetry, we add variables Z{‘j forj >i+1,
satisfying Zlk = sz1+1 + Zik+1,i+2 + -+ Z/ ;- If j <i weset Bjj ;== Bj;. There
isamap dy: €] — €y given by

J

3lzlk,i+1 = (U + U1 Vi 1) Xk, dai = UX, + H%Xz
J#i
01Bij = UU X» + I1 ViVp Xz, hA =[] %X+ ViXa.
i'<j’ yES]

{i,7,07,)")={(1,2,3,4}

By Theorem 7.3, the link Floer homology of 7'(4,4) is coker d;. We now define the
module €, = R3®. It is generated by a;j, A;; with 1 <i < j <4, and ¢} ,Ck

The indexing of ¢ and C generators is a bit complex. We choose 1 <k <4, and {i, j}
is a subset of {1, 2, 3,4} \ {k} with j > i. To obtain a smaller resolution we reduce the
number of generators by declarmg that the c-generators are ¢33 and ¢;*, ¢;* and ¢3*
c3? and c3*, as well as ¢}? and ¢3°. Whenever another conﬁguratron of indices appears
in the differentlal, we declare it to be the sum of the other two generators with the same
subscript, like ¢7* is not a generator, but ¢4 = ¢73 4 ¢7* etc.

For C-generators, for each three-element subset {a, b, c} < {1,2, 3,4} we choose two
out of three permutations {7, j,k} withi < j and these indices are C -generators. The third
object is declared to be the sum of the other two. More specifically, we choose C23, C 123
to be generators and C;, = C); + C13, C24, C}, as generators, and C2, = Cj), + C{,,
C3,. C}, as generators, with Cy = CJ, + C},. Finally, C3,, C3, are generators, whereas
Ch = C2+ 3.

Therefore, we have eight c-generators and eight C-generators. The map d,: €, — €
is given by

02ai; = Uja; + Uaj + l—[ WL
k#i,j

Ay = VA + 14+ || %z}
k#i,j

02Cl = U Bix + U Bjr + 1 Z3,

32(2k = Y Bix + V;Bjx + %kZ

where £ = {1,2,3,4}\ {i, j, k}.
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The module €3 =~ IR}‘“ is generated by a;;, A;jk, Bi’j where 1 <i < j <k <4 with
the map d3: €3 — €, given by

Dsaijp = Uiajk + Uyai + Unai; + Vi(Vicl* + Vel + Vi),
83Aijk = %Ajk + 7/ink + ’7/kAij + %(%ka + ?/chek + %kciﬁ')’
03B = T C + NCli + Uicy* + Ucl,

where we let £ = {1,2,3,4}\ {i, j, k}.
The module €4 =~ Rz is generated by dj534, D1234 with the map d4 given by

04(di3a) = Y Yhajee + Y ViV;Bj;.
i i<j
04(D123a) = Y ViAjue + > U By
i i<j, k<t
{i,j.k.}=(1,2,3,4}
In each of the two equations, where the sum runs over the indices i, we let | < j <k <
£ < 4 be such that {i, j, k, £} is a permutation of {1, 2, 3, 4}.
It can be verified that the above description of €F£(T (4, 4)) is acyclic except at
resolution grading 0, with coker d; being the link Floer homology of 7 (4, 4).

Acknowledgments. The authors would like to thank Eugene Gorsky, Chuck Livingston, Andrds
Némethi and Lorenzo Traldi for stimulating discussions. We are grateful to Marco Marengon for
the help with the complex of the 7'(3, 3) torus link. We have benefited a lot from Karol Palka’s
explanations of the state-of-the-art in computing resolutions of modules.

Funding. MB was supported by OPUS 2019/B/35/ST1/01120 grant of the Polish National Science
Center. BL is partially supported by NSF grant DMS-2203237. IZ was partially supported by NSF
grants DMS-1703685 and DMS-2204375.

References

[1] Artin, M.: On isolated rational singularities of surfaces. Amer. J. Math. 88, 129-136 (1966)
7Zbl 0142.18602 MR 0199191

[2] Borodzik, M., Gorsky, E.: Immersed concordances of links and Heegaard Floer homology.
Indiana Univ. Math. J. 67, 1039-1083 (2018) Zbl 1407.57005 MR 3820241

[3] Campillo, A., Delgado, F., Gusein-Zade, S. M.: Are algebraic links in the Poincaré sphere
determined by their Alexander polynomials? Math. Z. 294, 593-613 (2020) Zbl 1469.14008
MR 4050077

[4] Cavallo, A., Liu, B.: Fibered and strongly quasi-positive L-space links. Michigan Math. J. 73,
209-224 (2023) Zbl 1525.57002 MR 4555227

[5] Dai, I., Hom, J., Stoffregen, M., Truong, L.: More concordance homomorphisms from knot
Floer homology. Geom. Topol. 25, 275-338 (2021) Zbl 1464.57019 MR 4226231

[6] Eisenbud, D., Neumann, W.: Three-dimensional link theory and invariants of plane curve sin-
gularities. Ann. of Math. Stud. 110, Princeton University Press, Princeton, NJ (1985)
Zbl 0628.57002 MR 0817982

[7] Friedl, S., Juhasz, A., Rasmussen, J.: The decategorification of sutured Floer homology.
J. Topol. 4, 431478 (2011) Zbl 1270.57041 MR 2805998


https://doi.org/10.2307/2373050
https://zbmath.org/?q=an:0142.18602
https://mathscinet.ams.org/mathscinet-getitem?mr=0199191
https://doi.org/10.1512/iumj.2018.67.7375
https://zbmath.org/?q=an:1407.57005
https://mathscinet.ams.org/mathscinet-getitem?mr=3820241
https://doi.org/10.1007/s00209-019-02282-0
https://doi.org/10.1007/s00209-019-02282-0
https://zbmath.org/?q=an:1469.14008
https://mathscinet.ams.org/mathscinet-getitem?mr=4050077
https://doi.org/10.1307/mmj/20205947
https://zbmath.org/?q=an:1525.57002
https://mathscinet.ams.org/mathscinet-getitem?mr=4555227
https://doi.org/10.2140/gt.2021.25.275
https://doi.org/10.2140/gt.2021.25.275
https://zbmath.org/?q=an:1464.57019
https://mathscinet.ams.org/mathscinet-getitem?mr=4226231
https://doi.org/10.1515/9781400881925
https://doi.org/10.1515/9781400881925
https://zbmath.org/?q=an:0628.57002
https://mathscinet.ams.org/mathscinet-getitem?mr=0817982
https://doi.org/10.1112/jtopol/jtr007
https://zbmath.org/?q=an:1270.57041
https://mathscinet.ams.org/mathscinet-getitem?mr=2805998

M. Borodzik, B. Liu, I. Zemke 5340

(8]

(9]
[10]
(1]
[12]
[13]
(14]
[15]
[16]
(7]
(18]
[19]
(20]
(21]

(22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

(31]

Gompf, R. E., Stipsicz, A. I.: 4-manifolds and Kirby calculus. Grad. Stud. Math. 20, American
Mathematical Society, Providence, RI (1999) Zbl 0933.57020 MR 1707327

Gorsky, E., Hom, J.: Cable links and L-space surgeries. Quantum Topol. 8, 629-666 (2017)
7Zbl 1422.57021 MR 3737274

Gorsky, E., Liu, B., Moore, A. H.: Surgery on links of linking number zero and the Heegaard
Floer d-invariant. Quantum Topol. 11, 323-378 (2020) Zbl 1508.57015 MR 4118637
Gorsky, E., Némethi, A.: Lattice and Heegaard Floer homologies of algebraic links. Int. Math.
Res. Notices 2015, 12737-12780 Zbl 1342.57005 MR 3431635

Gorsky, E., Némethi, A.: Links of plane curve singularities are L-space links. Algebr. Geom.
Topol. 16, 1905-1912 (2016) Zbl 1364.14022 MR 3546454

Grauert, H.: Uber Modifikationen und exzeptionelle analytische Mengen. Math. Ann. 146,
331-368 (1962) Zbl 0173.33004 MR 0137127

Grayson, D. R., Stillman, M. E.: Macaulay?2, a software system for research in algebraic geom-
etry. http://www.math.uiuc.edu/Macaulay?2/, visited on October 28, 2024

Hartshorne, R.: Algebraic geometry. Grad. Texts in Math. 52, Springer, New York (1977)
Zbl 0367.14001 MR 0463157

Hedden, M.: On knot Floer homology and cabling. II. Int. Math. Res. Notices 2009, 2248—
2274 7Zbl 1172.57008 MR 2511910

Hendricks, K., Hom, J., Stoffregen, M., Zemke, I.: An involutive dual knot surgery formula.
arXiv:2205.12798 (2022)

Hilbert, D.: Ueber die Theorie der algebraischen Formen. Math. Ann. 36, 473-534 (1890)
Zbl122.0133.01 MR 1510634

Kadeishvili, T. V.: The algebraic structure in the homology of an A(co)-algebra. Soobshch.
Akad. Nauk Gruzin. SSR 108, 249-252 (1982) (in Russian) Zbl 0535.55005 MR 0720689
Keller, B.: Introduction to A-infinity algebras and modules. Homology Homotopy Appl. 3,
1-35 (2001) Zbl 0989.18009 MR 1854636

Kontsevich, M., Soibelman, Y.: Homological mirror symmetry and torus fibrations. In: Sym-
plectic geometry and mirror symmetry (Seoul, 2000), World Scientific Publications, River
Edge, NJ, 203-263 (2001) Zbl 1072.14046 MR 1882331

Laufer, H. B.: Normal two-dimensional singularities. Ann. of Math. Stud. 71, Princeton Uni-
versity Press, Princeton, NJ; University of Tokyo Press, Tokyo (1971) Zbl 0245.32005

MR 0320365

Lefevre-Hasegawa, K.: Sur les Ao-catégories. arXiv:math/0310337 (2003)

Lipshitz, R., Ozsvith, P. S, Thurston, D. P.: Bimodules in bordered Heegaard Floer homology.
Geom. Topol. 19, 525-724 (2015) Zbl 1315.57036 MR 3336273

Lipshitz, R., Ozsvath, P. S., Thurston, D. P.: Bordered Heegaard Floer homology. Mem. Amer.
Math. Soc. 254, no. 1216, viii+279 pp. (2018) Zbl 1422.57080 MR 3827056

Liu, B.: Heegaard Floer homology of L-space links with two components. Pacific J. Math.
298, 83-112 (2019) Zbl 1411.57029 MR 3910050

Liu, B.: L-space surgeries on 2-component L-space links. Trans. London Math. Soc. 8, 65-94
(2021) Zbl 1501.57010 MR 4440446

Liu, Y.: L-space surgeries on links. Quantum Topol. 8, 505-570 (2017) Zbl 1381.57019

MR 3692910

Looijenga, E. J. N.: Isolated singular points on complete intersections. 2nd ed., Surv. Mod.
Math. 5, International Press, Somerville, MA; Higher Education Press, Beijing (2013)

Zbl 1272.14002 MR 3112993

Manolescu, C., Ozsvith, P. S.: Heegaard Floer homology and integer surgeries on links.
arXiv:1011.1317 (2010)

Milnor, J.: Singular points of complex hypersurfaces. Ann. of Math. Stud. 61, Princeton Uni-
versity Press, Princeton, NJ; University of Tokyo Press, Tokyo (1968) Zbl 0184.48405

MR 0239612


https://doi.org/10.1090/gsm/020
https://zbmath.org/?q=an:0933.57020
https://mathscinet.ams.org/mathscinet-getitem?mr=1707327
https://doi.org/10.4171/QT/98
https://zbmath.org/?q=an:1422.57021
https://mathscinet.ams.org/mathscinet-getitem?mr=3737274
https://doi.org/10.4171/QT/137
https://doi.org/10.4171/QT/137
https://zbmath.org/?q=an:1508.57015
https://mathscinet.ams.org/mathscinet-getitem?mr=4118637
https://doi.org/10.1093/imrn/rnv075
https://zbmath.org/?q=an:1342.57005
https://mathscinet.ams.org/mathscinet-getitem?mr=3431635
https://doi.org/10.2140/agt.2016.16.1905
https://zbmath.org/?q=an:1364.14022
https://mathscinet.ams.org/mathscinet-getitem?mr=3546454
https://doi.org/10.1007/BF01441136
https://zbmath.org/?q=an:0173.33004
https://mathscinet.ams.org/mathscinet-getitem?mr=0137127
http://www.math.uiuc.edu/Macaulay2/
https://doi.org/10.1007/978-1-4757-3849-0
https://zbmath.org/?q=an:0367.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=0463157
https://doi.org/10.1093/imrn/rnp015
https://zbmath.org/?q=an:1172.57008
https://mathscinet.ams.org/mathscinet-getitem?mr=2511910
https://arxiv.org/abs/2205.12798
https://doi.org/10.1007/BF01208503
https://zbmath.org/?q=an:22.0133.01
https://mathscinet.ams.org/mathscinet-getitem?mr=1510634
https://zbmath.org/?q=an:0535.55005
https://mathscinet.ams.org/mathscinet-getitem?mr=0720689
https://doi.org/10.4310/hha.2001.v3.n1.a1
https://zbmath.org/?q=an:0989.18009
https://mathscinet.ams.org/mathscinet-getitem?mr=1854636
https://doi.org/10.1142/9789812799821_0007
https://zbmath.org/?q=an:1072.14046
https://mathscinet.ams.org/mathscinet-getitem?mr=1882331
https://zbmath.org/?q=an:0245.32005
https://mathscinet.ams.org/mathscinet-getitem?mr=0320365
https://arxiv.org/abs/math/0310337
https://doi.org/10.2140/gt.2015.19.525
https://zbmath.org/?q=an:1315.57036
https://mathscinet.ams.org/mathscinet-getitem?mr=3336273
https://doi.org/10.1090/memo/1216
https://zbmath.org/?q=an:1422.57080
https://mathscinet.ams.org/mathscinet-getitem?mr=3827056
https://doi.org/10.2140/pjm.2019.298.83
https://zbmath.org/?q=an:1411.57029
https://mathscinet.ams.org/mathscinet-getitem?mr=3910050
https://doi.org/10.1112/tlm3.12027
https://zbmath.org/?q=an:1501.57010
https://mathscinet.ams.org/mathscinet-getitem?mr=4440446
https://doi.org/10.4171/QT/96
https://zbmath.org/?q=an:1381.57019
https://mathscinet.ams.org/mathscinet-getitem?mr=3692910
https://zbmath.org/?q=an:1272.14002
https://mathscinet.ams.org/mathscinet-getitem?mr=3112993
https://zbmath.org/?q=an:0184.48405
https://mathscinet.ams.org/mathscinet-getitem?mr=0239612

Lattice homology, formality, and plumbed L-space links 5341

(32]

(33]
[34]
[35]
(36]
(37]

(38]

(39]

(40]
[41]
(42]
[43]
[44]
[45]
[46]
[47]
(48]
[49]
(501
[51]
[52]
[53]

[54]

Némethi, A.: Five lectures on normal surface singularities. In: Low dimensional topology
(Eger, 1996/Budapest, 1998), Bolyai Soc. Math. Stud. 8, Janos Bolyai Mathematical Society,
Budapest, 269-351 (1999) Zbl 0958.32026 MR 1747271

Némethi, A.: On the Ozsvath-Szabé invariant of negative definite plumbed 3-manifolds.
Geom. Topol. 9, 991-1042 (2005) Zbl 1138.57301 MR 2140997

Némethi, A.: Lattice cohomology of normal surface singularities. Publ. Res. Inst. Math. Sci.
44, 507-543 (2008) Zbl 1149.14029 MR 2426357

Némethi, A.: Links of rational singularities, L-spaces and LO fundamental groups. Invent.
Math. 210, 69-83 (2017) Zbl 1380.32027 MR 3698339

Némethi, A.: Normal surface singularities. Ergeb. Math. Grenzgeb. (3) 74, Springer, Cham
(2022) Zbl 1523.14001 MR 4510934

Némethi, A., Szildrd, A.: Milnor fiber boundary of a non-isolated surface singularity. Lecture
Notes in Math. 2037, Springer, Heidelberg (2012) Zbl 1239.32024 MR 3024944

Neumann, W. D.: A calculus for plumbing applied to the topology of complex surface singu-

larities and degenerating complex curves. Trans. Amer. Math. Soc. 268, 299-344 (1981)
Zbl 0546.57002 MR 0632532

Neumann, W. D.: Invariants of plane curve singularities. In: Knots, braids and singularities
(Plans-sur-Bex, 1982), Monogr. Enseign. Math. 31, Enseignement Mathématique, Geneve,
223-232 (1983) Zbl 0586.14023 MR 0728588

Ozsvith, P, Stipsicz, A. 1., Szabd, Z.: Knots in lattice homology. Comment. Math. Helv. 89,
783-818 (2014) Zbl 1309.57023 MR 3284295

Ozsvith, P., Stipsicz, A. 1., Szabd, Z.: A spectral sequence on lattice homology. Quantum
Topol. 5, 487-521 (2014) Zbl 1316.57023 MR 3317341

Ozsvith, P., Stipsicz, A. 1., Szab6, Z.: Knot lattice homology in L-spaces. J. Knot Theory
Ramifications 25, article no. 1650003, 24 pp. (2016) Zbl 1345.57016 MR 3449536

Ozsvith, P, Szabd, Z.: On the Floer homology of plumbed three-manifolds. Geom. Topol. 7,
185-224 (2003) Zbl 1130.57302 MR 1988284

Ozsvith, P, Szabd, Z.: Holomorphic disks and knot invariants. Adv. Math. 186, 58-116 (2004)
Zbl 1062.57019 MR 2065507

Ozsvith, P., Szab6, Z.: Holomorphic disks and three-manifold invariants: properties and appli-
cations. Ann. of Math. (2) 159, 1159-1245 (2004) Zbl 1081.57013 MR 2113020

Ozsvith, P, Szabd, Z.: Holomorphic disks and topological invariants for closed three-
manifolds. Ann. of Math. (2) 159, 1027-1158 (2004) Zbl 1073.57009 MR 2113019

Ozsvith, P, Szabd, Z.: On knot Floer homology and lens space surgeries. Topology 44, 1281—
1300 (2005) Zbl 1077.57012 MR 2168576

Ozsvith, P., Szabd, Z.: Holomorphic disks, link invariants and the multi-variable Alexander
polynomial. Algebr. Geom. Topol. 8, 615-692 (2008) Zbl 1144.57011 MR 2443092

Ozsvith, P, Szab6, Z.: Link Floer homology and the Thurston norm. J. Amer. Math. Soc. 21,
671-709 (2008) Zbl 1235.53090 MR 2393424

Ozsvith, P. S., Szabd, Z.: Knot Floer homology and integer surgeries. Algebr. Geom. Topol.
8, 101-153 (2008) Zbl 1181.57018 MR 2377279

Peeva, 1.: Graded syzygies. Algebra Appl. 14, Springer, London (2011) Zbl 1213.13002
MR 2560561

Pichon, A.: Fibrations sur le cercle et surfaces complexes. Ann. Inst. Fourier (Grenoble) 51,
337-374 (2001) Zbl 0971.32013 MR 1824957

Rasmussen, J. A.: Floer homology and knot complements. Ph.D. thesis, Harvard University
(2003) MR 2704683

Weibel, C. A.: An introduction to homological algebra. Cambridge Stud. Adv. Math. 38, Cam-
bridge University Press, Cambridge (1994) Zbl 0797.18001 MR 1269324


https://zbmath.org/?q=an:0958.32026
https://mathscinet.ams.org/mathscinet-getitem?mr=1747271
https://doi.org/10.2140/gt.2005.9.991
https://zbmath.org/?q=an:1138.57301
https://mathscinet.ams.org/mathscinet-getitem?mr=2140997
https://doi.org/10.2977/prims/1210167336
https://zbmath.org/?q=an:1149.14029
https://mathscinet.ams.org/mathscinet-getitem?mr=2426357
https://doi.org/10.1007/s00222-017-0724-6
https://zbmath.org/?q=an:1380.32027
https://mathscinet.ams.org/mathscinet-getitem?mr=3698339
https://doi.org/10.1007/978-3-031-06753-2
https://zbmath.org/?q=an:1523.14001
https://mathscinet.ams.org/mathscinet-getitem?mr=4510934
https://doi.org/10.1007/978-3-642-23647-1
https://zbmath.org/?q=an:1239.32024
https://mathscinet.ams.org/mathscinet-getitem?mr=3024944
https://doi.org/10.2307/1999331
https://doi.org/10.2307/1999331
https://zbmath.org/?q=an:0546.57002
https://mathscinet.ams.org/mathscinet-getitem?mr=0632532
https://zbmath.org/?q=an:0586.14023
https://mathscinet.ams.org/mathscinet-getitem?mr=0728588
https://doi.org/10.4171/CMH/334
https://zbmath.org/?q=an:1309.57023
https://mathscinet.ams.org/mathscinet-getitem?mr=3284295
https://doi.org/10.4171/QT/56
https://zbmath.org/?q=an:1316.57023
https://mathscinet.ams.org/mathscinet-getitem?mr=3317341
https://doi.org/10.1142/S0218216516500036
https://zbmath.org/?q=an:1345.57016
https://mathscinet.ams.org/mathscinet-getitem?mr=3449536
https://doi.org/10.2140/gt.2003.7.185
https://zbmath.org/?q=an:1130.57302
https://mathscinet.ams.org/mathscinet-getitem?mr=1988284
https://doi.org/10.1016/j.aim.2003.05.001
https://zbmath.org/?q=an:1062.57019
https://mathscinet.ams.org/mathscinet-getitem?mr=2065507
https://doi.org/10.4007/annals.2004.159.1159
https://doi.org/10.4007/annals.2004.159.1159
https://zbmath.org/?q=an:1081.57013
https://mathscinet.ams.org/mathscinet-getitem?mr=2113020
https://doi.org/10.4007/annals.2004.159.1027
https://doi.org/10.4007/annals.2004.159.1027
https://zbmath.org/?q=an:1073.57009
https://mathscinet.ams.org/mathscinet-getitem?mr=2113019
https://doi.org/10.1016/j.top.2005.05.001
https://zbmath.org/?q=an:1077.57012
https://mathscinet.ams.org/mathscinet-getitem?mr=2168576
https://doi.org/10.2140/agt.2008.8.615
https://doi.org/10.2140/agt.2008.8.615
https://zbmath.org/?q=an:1144.57011
https://mathscinet.ams.org/mathscinet-getitem?mr=2443092
https://doi.org/10.1090/S0894-0347-08-00586-9
https://zbmath.org/?q=an:1235.53090
https://mathscinet.ams.org/mathscinet-getitem?mr=2393424
https://doi.org/10.2140/agt.2008.8.101
https://zbmath.org/?q=an:1181.57018
https://mathscinet.ams.org/mathscinet-getitem?mr=2377279
https://doi.org/10.1007/978-0-85729-177-6
https://zbmath.org/?q=an:1213.13002
https://mathscinet.ams.org/mathscinet-getitem?mr=2560561
https://doi.org/10.5802/aif.1825
https://zbmath.org/?q=an:0971.32013
https://mathscinet.ams.org/mathscinet-getitem?mr=1824957
https://mathscinet.ams.org/mathscinet-getitem?mr=2704683
https://doi.org/10.1017/CBO9781139644136
https://zbmath.org/?q=an:0797.18001
https://mathscinet.ams.org/mathscinet-getitem?mr=1269324

M. Borodzik, B. Liu, I. Zemke 5342

[55] Yamamoto, M.: Classification of isolated algebraic singularities by their Alexander polyno-
mials. Topology 23, 277-287 (1984) Zbl 0581.57002 MR 0770564

[56] Zariski, O.: On the topology of algebroid singularities. Amer. J. Math. 54, 453-465 (1932)
Zbl 58.0614.02 MR 1507926

[57] Zemke, I.: Link cobordisms and absolute gradings on link Floer homology. Quantum Topol.
10, 207-323 (2019) Zbl 1478.57035 MR 3950650

[58] Zemke, I.: A general Heegaard Floer surgery formula. arXiv:2308.15658 (2023)

[59] Zemke, L.: The equivalence of lattice and Heegaard Floer homology. Duke Math. J., to appear;
arXiv:2111.14962

[60] Zemke, I.: Bordered manifolds with torus boundary and the link surgery formula.
arXiv:2109.11520v5 (2023)


https://doi.org/10.1016/0040-9383(84)90011-9
https://doi.org/10.1016/0040-9383(84)90011-9
https://zbmath.org/?q=an:0581.57002
https://mathscinet.ams.org/mathscinet-getitem?mr=0770564
https://doi.org/10.2307/2370887
https://zbmath.org/?q=an:58.0614.02
https://mathscinet.ams.org/mathscinet-getitem?mr=1507926
https://doi.org/10.4171/QT/124
https://zbmath.org/?q=an:1478.57035
https://mathscinet.ams.org/mathscinet-getitem?mr=3950650
https://arxiv.org/abs/2308.15658
https://arxiv.org/abs/2111.14962
https://arxiv.org/abs/2109.11520v5

	1. Introduction
	1.1. Overview
	1.2. The link lattice complex
	1.3. Algebraic and plumbed L-space links
	1.4. Gorsky and Némethi's link lattice homology
	1.5. Structure of the paper

	2. Algebraic background
	2.1. A_∞-modules
	2.2. The homological perturbation lemma
	2.3. Free resolutions and A_∞-actions
	2.4. Example of non-formal chain complexes

	3. Plumbed manifolds and plumbed links
	3.1. Review of plumbed manifolds
	3.2. Plumbed manifolds and resolutions of analytic singularities
	3.3. Embedded resolutions
	3.4. Rationality
	3.5. Algebraic links and L-space links

	4. Link lattice homology
	4.1. Background on link Floer homology
	4.2. Lattice homology
	4.3. The link lattice complex
	4.4. The module structure
	4.5. Maslov gradings
	4.6. Alexander gradings
	4.7. Conjugation symmetry
	4.8. Spinc structures
	4.9. Independence from the framing on arrow components
	4.10. Freeness of the lattice complex
	4.11. Type-D modules over K
	4.12. An example

	5. The equivalence with link Floer homology
	5.1. The link surgery complex and sublinks
	5.2. Link lattice homology and the link surgery formula
	5.3. Proof of Theorem 5.1
	5.4. Absolute gradings

	6. Plumbed L-space links
	6.1. Plumbed L-space links and free resolutions
	6.2. Computing the Floer chain complex from Alexander polynomials
	6.3. Comparison with Gorsky and Némethi's link lattice homology

	7. Computations
	7.1. Generators and relations for the homology of an L-space link
	7.2. The type-A module of T(n,n)
	7.3. The free complex of T(3,3)
	7.4. The free complex of T(4,4)

	References

