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Abstract. Letƒ1,ƒ2 be two discrete orbits under the linear action of a lattice � < SL2.R/ on the
Euclidean plane. We prove a Siegel–Veech-type integral formula for the averagesX

x2ƒ1

X
y2ƒ2

f .x; y/;

from which we derive new results for the set SM of holonomy vectors of saddle connections of
a Veech surface M . This includes an effective count for generic Borel sets with respect to linear
transformations, and upper bounds on the number of pairs in SM with bounded determinant and
on the number of pairs in SM with bounded distance. This last estimate is used in the appendix to
prove that for almost every .�; / 2 S1 � S1 the translation flows F t

�
and F t on any Veech surface

M are disjoint.

Keywords: translation surfaces, saddle connections, Siegel–Veech transform, non-uniform lattice.

1. Introduction

Let � �GD SL2.R/ be a lattice acting linearly on the Euclidean plane R2. Any orbit of �
is either a dense or a discrete subset of R2. When the orbit is dense, a limiting distribution
was computed by Ledrappier [31] and extended to more general lattices in locally compact
groups by Gorodnik and Weiss [19]. When the orbit is discrete, the lattice must be non-
uniform and the problem of understanding the distribution is a venerable one, going back
to Gauss.
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A more recent incentive to understand the distribution of discrete lattice orbits is moti-
vated by the study of rational polygonal billiards and of the linear flow F t

�
(with direction

� 2 S1) on translation surfaces. A complicating aspect in the study of the translation flow
is the presence of saddle points – for the billiard flow, the future trajectory of a ball hitting
a corner of the polygonal table is ill-defined. Corner-to-corner trajectories correspond to
finite geodesics on the translation surface called saddle connections. The set SM of holon-
omy vectors of saddle connections on a translation surface M is a discrete planar set in
R2 that records the length and direction of each saddle connection. For a typical trans-
lation surface, the number jSM \ BRj of saddle connections of length kxk < R grows
quadratically, with a growth asymptotic of the form

jSM \ BRj D cMR
2
CO.R2�ı/ (1.1)

[13, 35], where ı > 0 is a non-trivial but non-explicit power-saving.
In the case of Veech surfaces1 the set SM of holonomy vectors of saddle connec-

tions is a finite disjoint union of discrete lattice orbits [40], which may then be accessed
using a combination of tools and ideas from dynamics, ergodic theory, spectral theory,
or metric geometry. Hence one can hope to say more, and in particular to specify results
to individual surfaces. This is of interest considering for instance that the set of surfaces
constructed from rational billiard polygons have null measure in the stratum. As such,
results for typical surfaces do not yield new information on billiards in rational polygons.

Our main theorem is an explicit mean value formula for the Siegel–Veech transform
of pairs of discrete lattice orbits in the plane. We postpone the statement of the main
theorem to Section 1.2 to first describe some applications to the study of holonomies for
Veech surfaces. The main novelty of this paper is to obtain estimates towards counting
pairs of vectors in SM . For this we build on tools from the geometry of numbers, the
spectral theory of automorphic forms, the weak mixing of the translation flow for non-
arithmetic Veech surfaces established by Avila and Delecroix [4], and previous works of
the authors [6, 11, 14].

1.1. Applications

Let M be a Veech surface, �M its Veech group, and SM the set of holonomy vectors of
its saddle connections. The results we present here for SM are proven in the main text in
the more general setting of discrete lattice orbits in the plane. References to those more
general statements are indicated in Section 1.3.

1.1.1. Counting in Borel sets. In the case of Veech surfaces, we have

jSM \ BRj D cMR
2
CO.R2�ı/; (1.2)

1We recall that a translation surface is a Veech surface if the image in PSL2.R/ of its stabilizer
group under the action of SL2.R/ on the moduli space of all translation surfaces is a lattice. Veech
surfaces are sometimes called lattice surfaces.
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[6, 40] where this time the power-saving ı D ı.�M / is explicit,2 in contrast to (1.1). In
fact, the same asymptotic holds when replacing SM by gSM for any g 2G – this amounts
to counting points in SM that lie in an ellipsoid centered at the origin. For more general
shapes it is typical of analytic approaches that a lack of regularity of the shape’s boundary
leads to weaker power-savings; see [6, Theorems 2.6, 2.7] or Section 10 for examples.
The following theorem recovers a (nearly) optimal count for typical shapes with respect
to linear transformations.

Theorem 1.1. Let � � R2 be a bounded Borel set that contains the origin, and consider
its dilates �R D R ��. Then for almost every3 linear transformation A we have

jA.SM / \�Rj jdet.A/j D cM j�jR2 CO.R2�ı log3=2.R//;

where ı D ı.�M / is as in (1.2).

Remark 1.2. The restriction to dilates is cosmetic; see Theorem 10.3 for a counting
asymptotic that holds for every element of a linearly ordered family of Borel sets in the
plane.

1.1.2. Weak uniform discreteness. Recall that a discrete planar set is �-uniformly discrete
if jƒ\B�.x/j � 1 for all x 2 R2. Answering a question of Barak Weiss, Wu showed that
SM is not uniformly discrete when M is a non-arithmetic Veech surface [43]; in other
words, there exists a pair of vectors that are arbitrarily close. On the other hand, uniform
discreteness is easy to prove whenM is an arithmetic Veech surface; see Proposition 11.3.
The next theorem quantifies the failure of uniform discreteness whenM is non-arithmetic.

Theorem 1.3. Let M be a Veech surface. For each " > 0 there is an � > 0 such that

lim sup
R!1

j¹x 2 SM \ BR W jSM \ B�.x/j � 2ºj
jSM \ BRj

< ":

The theorem shows that upon discarding an "-dense set of saddle connections, SM is
�-uniformly discrete for some � > 0.

1.1.3. Disjointness of flows. The translation flow F t
�

is uniquely ergodic [30] for
Lebesgue almost every direction � . On a typical translation surface (with respect to the
Lebesgue measure class on a given stratum) of genus g � 2, the flow F t

�
is weakly mix-

ing for almost every � [5] (but never strongly mixing [26]). For a typical surface the flows
F t
�

and F t are disjoint (for almost every pair .�;  / of directions) [11]. An immediate
consequence of disjointness is that F t

�
and F t are not isomorphic.

2We refer the reader to Section 4 for an explicit description of ı, which is determined by the
bottom of the residual spectrum of �M . It is worth noting that there are known constructions of
lattices � for which ı can be arbitrarily close to 0 [38].

3With respect to the Euclidean metric induced by the matrix representation of A.
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Regarding individual surfaces, the work of [11] can be applied to establish disjointness
for branched covers of the torus in typical directions. So far, covers of tori were the only
examples of individual surfaces for which disjointness is shown. In Appendix A, the third
author presents a direct proof of the following theorem based on Theorem 1.3.

Theorem 1.4. LetM be any Veech surface. Then for Lebesgue almost every pair .�; / 2
S1 � S1, the translation flows F t

�
and F t are disjoint.

This provides the first family of surfaces other than branched covers of tori for which
the flows in almost every pair of directions are not isomorphic. If Theorem 1.4 could be
extended to all surfaces, we would even be able to recover the result of Chaika and Forni
that there is a weakly mixing billiard in a polygon [9].

1.1.4. Counting pairs with bounded determinant. Theorem 1.3 is a consequence of the
following stronger density theorem that also accounts for multiplicities. Here we denote
B�� .x/ D B�.x/ n ¹xº.

Theorem 1.5. Let M be a Veech surface. There exists a constant C such that

j¹.x; y/ 2 SM � SM W x 2 BR; y 2 B�� .x/ºj
jSM \ BRj

< C�2:

The same arguments also recover an upper bound on pairs of saddle connections with
bounded determinant. For a vector x 2 R2, set

DD;1.x/ D ¹y 2 R2 W jyj � jxj and jx ^ yj � Dº:

For a typical surface M , the second author with Athreya and Masur [2] showed that for
D > 0 there is a non-explicit constant CD > 0 such that

lim
R!1

j¹.x; y/ 2 SM � SM W x 2 BR; y 2 DD;1.x/j
R2

D CD :

Theorem 1.6. Let M be a Veech surface. For any D > 0, there are constants CM and c
depending only on M such that

lim sup
R!1

j¹.x; y/ 2 SM � SM W x 2 BR; y 2 DD;1.x/ºj
R2

� CM .D C c/:

Note we have two terms in the upper bound. This comes from the fact that when D is
small, there are essentially only parallel pairs, and thus a constant multiple of the Siegel–
Veech constant c� will be dominating (cf. [2, Theorem 1.2]). However for D large, we
have an upper bound which is asymptotically linear in D.

1.1.5. Pair correlations. In view of these results it is natural to consider the two-dimen-
sional pair correlation function

R2.Bs; SM ; R/ WD
j¹.x; y/ 2 SM � SM W x 2 BR; y 2 B�

s=
p
cM
.x/ºj

jSM \ BRj
.s > 0/
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with s > 0 and a rescaling determined by the mean spacing jSM\BRj
jBRj

� cM . The pair
correlation is said to be Poissonian if R2.Bs; SM ; R/ ! jBsj as R ! 1. Poissonian
expresses that we see the same asymptotic behavior for the pair correlation function as if
we were looking at points in the plane generated by a two-dimensional Poisson process.

Our last application shows the pair correlation function to be Poissonian on average.
To make this precise we need some notation. Let � denote the probability Haar measure
on G=�M and let C be the cone

C D ¹A D �1=2g W g 2 G=�M ; det.A/ D � 2 .0; 1�º

equipped with the probability measure given byZ
C

f .A/ dm.A/ D

Z 1

0

Z
G=�M

f .�1=2g/ d�.g/ d�:

Theorem 1.7. For each s > 0 we have

lim
R!1

Z
C

R2.Bs; A.SM /; R/ det.A/ dm.A/ D jBsj:

We will study the pair correlation function in follow-up work.

1.2. A mean value formula for pairs

Let � be a (non-uniform) lattice in G that contains �I with discrete orbit ƒ, let Bc.R2/
denote the space of Borel measurable bounded compactly supported functions on the
Euclidean plane.

In analogy to Siegel’s mean value formula in the geometry of numbers, Veech [41]
introduced the Siegel–Veech transform

Bc.R2/ 3 f 7! ‚ƒIf .g/ WD
X
x2ƒ

f .gx/

and proved that ‚ƒIf 2 L1.G=�/ with first momentZ
G=�

‚ƒIf .g/ d�.g/ D cƒ

Z
R2
f .x/ dx: (1.3)

The constant cƒ is explicit. For each discrete lattice orbit ƒ there exists a preferred
scaling of ƒ in its homothety class ¹�ƒ W � ¤ 0º for which cƒ D c� WD 2

�V
, where V is

the hyperbolic covolume of � . We say that ƒ is a scaled discrete orbit if its constant has
this form. (The precise scaling � can be explicitly computed; see Proposition 4.1.)

Similarly for two (not necessarily distinct) discrete �-orbits ƒ1, ƒ2, and any f 2
Bc.R2 � R2/, we consider the Siegel–Veech theta-transform

‚ƒ1;ƒ2If W G=� ! R; ‚ƒ1;ƒ2If .g/ D
X

x2ƒ1
y2ƒ2

f .gx; gy/:
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To simplify our formulas, we assume thatƒ1,ƒ2 are scaled so that cƒi D c� . The general
statement can be recovered from the observation that if ƒ0i D �iƒi , then ‚ƒ0

1
;ƒ0
2
If D

‚ƒ1;ƒ2If ı�, with f ı �.x; y/ WD f .�1x; �2y/.
Let N D¹det.x jy/ W .x;y/2ƒ1 �ƒ2º: Two ordered pairs .x1;y1/, .x2;y2/2ƒ1 �ƒ2

are considered equivalent if .x1; y1/ D .
x2; 
y2/ for some 
 2 � , and we set '.c/ to be
the number of equivalence classes of pairs .x; y/ 2 ƒ1 �ƒ2 with det.xjy/D c. Our main
theorem is the following.

Theorem 1.8. Let ƒ1, ƒ2 be scaled discrete �-orbits, and let f be a bounded semicon-
tinuous function of compact support on R2 � R2. Then ‚ƒ1;ƒ2If 2 L

1.G=�/ andZ
G=�

‚ƒ1;ƒ2If .g/ d�.g/ D c�
X

c2N�0

'.c/

jcj

Z
R

Z
R2
f .x; txC cx�/ dx dt

C ıƒ1;ƒ2c�

Z
R2
.f .x;�x/C f .x; x// dx;

where x� is such that det.x j x�/ D 1, and ıƒ1;ƒ2 is 1 if ƒ1 and ƒ2 are homothetic and
is 0 otherwise.

The right-hand side provides a complete description of the arising Siegel–Veech mea-
sures, answering a question of Athreya, Cheung, and Masur [1, Sections 4.4, 4.5.3].

The range of admissible test functions f includes characteristic functions of open and
closed measurable sets. However, the evaluation of such integrals is not straightforward.
Inspired by a trick used by Schmidt in the geometry of numbers, we rewrite the mean
value formula above in terms of the cone measure m introduced earlier.

Theorem 1.80. With the same notation as above, we haveZ
C

‚ƒ1;ƒ2If .A/ dm.A/

D c2�

“
R2�R2

f .x; y/ dx dyC ıƒ1;ƒ2c�
Z

R2
.f .x;�x/C f .x; x// dx

C c�

“
R2�R2

‰.jx ^ yj/f .x; y/ dx dy;

where jx ^ yj D jdet.x j y/j, and ‰.t/ D t
P
t�c2N�0 '.c/c

�3 � c� .

The evaluation of the last double integral therefore depends on counting determinants
of pairs of linearly independent vectors in ƒ1 � ƒ2. Using the spectral theory of auto-
morphic forms, we show the following.

Theorem 1.9. As t !1, ‰.t/ D O.t�ı/; where ı is as in (1.2).

Specializing toƒ1Dƒ2Dƒ and f .x;y/D h.x/h.y/, we recover the second moment
formula (where ƒ does not need to be scaled).
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Corollary 1.10.Z
C

�X
x2ƒ

h.Ax/
�2
dm.A/ D

�
cƒ

Z
R2
h.x/ dx

�2
C cƒ

Z
R2
.h.x/h.�x/C h.x/h.x// dx

C cƒ

“
R2�R2

‰.jx ^ yj/h.x/h.y/ dx dy:

1.3. Discussion of proofs and structure of the paper

Section 2 collects notation and initial definitions. In Section 3 we show that non-uniform
lattices yield, up to homothety, only finitely many discrete orbits, in one-to-one corre-
spondence to the set of inequivalent cusps for � .

In Section 4 we show that counting problems for discrete lattice orbits can be restricted
to scaled discrete orbits. We also recall the state of the art for counting results of discrete
lattice orbits, and include a full proof of

NR.ƒ/ D cƒjBRj C o.jBRj
1=2/

when ƒ is a discrete orbit of a congruence subgroup of SL2.Z/; see Theorem 4.3.
(A stronger power-saving can be achieved if we assume the Riemann hypothesis.)

In Section 5 we give a representation theorem for all higher moments of the Siegel–
Veech transform over the space of semicontinuous functions. Section 6 reviews Veech’s
proof of (1.3), filling out some details left to the reader in [41] that help explain our restric-
tion from measurable to semicontinuous functions when working with higher moments.

Concluding the background part of this paper, we give in Section 7 a direct proof of
Theorem 1.9 (known to follow from a more general result of Good [17]) based on the
meromorphic continuation of the scattering matrix.

Our main Theorem 1.8 (mean value formulas for pairs) and its Corollary 1.10 (second
moment formulas) are proved in Section 8. The strategy of proof follows Veech’s ergodic
approach [41] and its extension by the second author to the second moment of the Siegel–
Veech transform for Hecke triangle groups [14, Theorem 1.2]. The key realization is that
the geometric totient function introduced in [14] is a special instance of the counting
function for double cosets of lattices with respect to maximal parabolic subgroups.

We are now in a position to deduce the applications advertised above. Section 9
collects the needed geometric estimates (using the spectral asymptotic provided by The-
orem 1.9) and concludes with the proof of Theorem 1.7 (Poissonian pair correlation on
average).

Theorem 1.1 (effective counting) follows directly from Theorem 10.4, which is itself
the application of the more general Theorem 10.3 to dilated Borel sets containing the
origin. The latter theorem should be seen as the discrete lattice orbit analogue of Schmidt’s
bound on the discrepancy function for (primitive) lattices in R2 [37, Theorem 2]. In fact
our proof mimicks Schmidt’s with input the second moment formula from Corollary 1.10
and a geometric estimate from Section 9. This argument of Schmidt has recently been
revisited in various contexts; see [3, 29, 36].
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In Section 11, Theorems 1.5 and 1.6 (counting pairs in balls or of bounded deter-
minant) are proved using the full force of the mean value formula for pairs and the
well-roundedness of Ecluclidean balls. The paper concludes with the proof of Theo-
rem 1.4 (disjointness of flows) in Appendix A, building on a criterion for disjointness
developed in [11].

2. Basic definitions

2.1. Notation

Given a countable setA, we denote by jAj the number of its elements. IfA is a Borel set in
R2, we denote its characteristic function by 1A and its Lebesgue measure by jAj or �.A/.

We use k � k to denote the Euclidean norm, kxk D
qP

x2i . For the disk BR.x/ D ¹y 2
R2 W kx � yk � Rº, we have jBR.x/j D �R2 and write BR WD BR.0/.

For two functions f .x/ and g.x/, we write f � g or f D O.g/ to say that there
exists a constant C > 0 such that for x sufficiently large, jf .x/j � C jg.x/j.

We set G D SL2.R/ and distinguish the subgroups

K D

²
k� D

�
cos � sin �
� sin � cos �

�
W � 2 R=2�Z

³
;

A D

²
ay D

�
y 0

0 y�1

�
W y > 0

³
;

N D

²
nx D

�
1 x

0 1

�
W x 2 R

³
:

The Haar measure � onG can be written in coordinates as the Lebesgue measure restricted
to the set

S D ¹.a; b; s/ W a ¤ 0; b; s 2 Rº (2.1)

with the coordinate transformation

.a; b; s/ 7! g.a; b; s/ D

�
1 0

s 1

��
a b

0 a�1

�
D

�
a b

as bs C a�1

�
:

Let � <G be a discrete subgroup, with respect to the topology induced fromG �R4.
We will assume that � <G is a lattice, that is, the quotientG=� carries a finiteG-invariant
Borel measure, which when normalized to a probability measure we denote by �. The
image of � in PSL2.R/ via the canonical projection is a Fuchsian group, which we also
denote by � .

The action of � by fractional linear transformation on the hyperbolic plane H2, i.e.,�
a b
c d

�
:z D azCb

czCd
is properly discontinuous and admits a finite-area fundamental domain

in H2 whose (hyperbolic) area we denote by V D area.� nH2/. The area of a geometri-
cally finite Fuchsian group is a numerical invariant that does not depend on the particular
choice of fundamental domain; we refer the reader to [27] for more properties of Fuchsian
groups.
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2.2. Scaling transformations

A lattice � < G is non-uniform if and only if the action of � on H2 has parabolic fixed
points, called cusps. We say that two cusps a and b are equivalent if their �-orbits coin-
cide, i.e., if �:a D �:b. Since � is a lattice, there are at most finitely many inequivalent
cusps. For each cusp a, we set �a D ¹
 2 � W 
:a D aº and note that if a and b are
equivalent cusps with b D 
:a, then �b D 
�a


�1.
Computations are most convenient at the cusp at1; up to conjugation by some �a 2G

such that �a:1 D a, we may assume that � has a cusp at 1 (up to replacing � by
��1a ��a). If �I 62 � , then �1 is isomorphic to Z and generated by a matrix of the form
˙
�
1 !
0 1

�
, where we call ! > 0 the cusp width, while if �I 2 � , then �1 is isomorphic

to Z=2Z � Z. The image of �1 in PSL2.R/ is always isomorphic to Z. The following
criterion is well known; see [34, Lemma 1.7.3].

Lemma 2.1. Let 
 D
�
a b
c d

�
2 � . If jcj! < 1, then 
 2 �1.

Let a be a cusp for � and choose �a 2 G such that

�a:1D a and ��1a �a�a D

�
1 Z
0 1

�
;

that is, we fix a cusp at 1 whose width ! is scaled to 1. We call �a a scaling trans-
formation. Notice that the above conditions only determine �a up to right translation by
elements n 2 N . One has the following convenient double coset decomposition, which
can be seen as a local expression of the Bruhat decomposition; see [25, Theorem 2.7].

Theorem 2.2. Let a, b be cusps for � < PSL2.R/. We have a disjoint union

��1a ��b D ıab

�
1 Z
0 1

�
[

[
0<a�c

�
1 Z
0 1

��
a �

c �

��
1 Z
0 1

�
; (2.2)

where ıab D 1 if a, b are �-equivalent and ıab D 0 otherwise, and a, c run over real
numbers such that ��1a ��b contains

�
a �
c �

�
.

3. A dichotomy for lattice orbits in the plane

Given a non-zero vector x D
�
x
y

�
in the Euclidean plane, we say that the direction of x

is fixed by a parabolic motion in G D SL2.R/ if there is a parabolic element g 2 G such
that g:x

y
D

x
y

. We have the following (now classical) dichotomy; see [12, Theorem 3.2].

Theorem 3.1. Let x 2R2 n ¹0º and let � <G be a lattice acting linearly on the plane and
containing �I . The .linear/ orbit �x is either discrete or dense in R2. More precisely, �x
is discrete if and only if the direction of x is fixed by a parabolic motion in � .

In particular, it follows that if the underlying lattice is uniform, each lattice orbit is
dense in the plane. The distribution of dense lattice orbits was studied by many authors;
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see [18–20, 28, 31, 33]. We henceforth assume that � is non-uniform. Note that the exis-
tence of discrete orbits for � still holds if �I 62 �; if �.˙/ denotes the degree 2 central
extension generated by �I and � , then �.˙/x D �x [ ��x is either a disjoint union or
collapses to �x and the previous result applies. The following proposition characterizes
further the discrete orbits that arise.

Proposition 3.2. Let � < G be a non-uniform lattice acting linearly on the plane. Up to
homothety, there are only finitely many discrete �-orbits, which are pairwise disjoint and
in one-to-one correspondence with the finitely many inequivalent cusps of � .

To see this, we record the following preliminary lemma.

Lemma 3.3. For each t 2 R [ ¹1º, set

xt D

´
e1 if t D1;�
t
1

�
if t 2 R:

Let xD
�
x
y

�
2 R2 n ¹0º and let � < SL2.R/ be a lattice acting linearly on R2. For 
 2 �

we set 
:t to be the image of 
 under the extension of Möbius transformations to the
extended real line. Then:

(1) There is a unique t 2 R [ ¹1º such that x and xt are collinear.

(2) For every 
 2 � and t 2 R [ ¹1º, the vectors 
xt and x
:t are collinear.

(3) For all s; t 2 R [ ¹1º and 
 2 � , 
:s D t if and only if x
:s and xt are collinear.

Proof of Lemma 3.3. (1) Clearly, each vector x is collinear to xt for t D x
y

if y ¤ 0 and
to e1 otherwise. Moreover, if xs and xt are collinear, then s D t .

(2) Let 
 D
�
a b
c d

�
and t ¤ 1. If ct C d ¤ 0, then 
xt and x
:t are collinear. If

ct C d D 0, then 
:t D 1, and 
xt is collinear to e1 D x
:t . Suppose now that t D 1.
Then 
e1 D

�
a
c

�
while x
:1 D xa=c .

The “only if” part of (3) is immediate. For the converse, we know by (2) that xt
is collinear to 
xs . Suppose first that s; t ¤ 1; we have a vector identity of the form�
t
1

�
D �

�
asCb
csCd

�
for some �¤ 0. We deduce that 
:s D t . If instead, s D t D1, we want

to show that 
 2 �1. This then follows from the vector identity e1 D �
�
a
c

�
; since c D 0,

we have 
 2 �1. The remaining cases follow along the same lines.

Proof of Proposition 3.2. If the direction of x D
�
x
y

�
is fixed by a parabolic element


 2 � , then x is collinear to xa, whereby a D x
y

is a cusp for � and thus the lattice
orbits �x and �xa are homothetic. Moreover, if a and b are equivalent cusps, then by
Lemma 3.3, the orbits �xa and �xb are homothetic. Hence up to homothety, there are
only finitely many discrete �-orbits, in one-to-one correspondence with the finitely many
inequivalent cusps of � .

Suppose that x 2 �xa \ �xb, say x D 
1xa D 
2xb. Then xa D 

�1
1 
2xb is collinear

to x
�1
1

2b and this implies that a and b are equivalent.
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4. Counting results for discrete lattice orbits

Given a discrete orbit ƒ D �x as above, we wish to understand its distribution in the
plane, starting with a precise estimate for

NR.ƒ/ D jƒ \ BRj

as R!1, where BR D ¹x 2 R2 W kxk < Rº.
We will first choose preferred representatives in each homothety class of discrete �-

orbits. Then, up to computing a scaling factor, it suffices to restrict the counting problem
to what we will call scaled discrete lattice orbits. Let a1; : : : ; ah 2 R [ ¹1º be a set of
representatives for the inequivalent cusps of � . Then for each cusp representative ai , we
set

ƒai WD ��ai e1; (4.1)

where �ai is a scaling transformation for the cusp ai as defined in Section 2.2. By Propo-
sition 3.2, each discrete �-orbit is homothetic to one of ƒa1 ; : : : ; ƒah . We call ƒa as in
(4.1) the scaled �-orbit attached to a. Observe that ƒa does not depend on the particular
choice of scaling �a or of cusp representative. Now if ƒ D �ƒa, the counting function
scales by NR.ƒ/ D NR=�.ƒa/. The next proposition provides an algebraic formula to
compute the scaling �. (For a geometric interpretation of �, see [21, Theorem 6.1].)

Proposition 4.1. Given a discrete orbit �x associated to cusp a of � , we have �xD �ƒa

with

� D
kxkp

tr.S
a/
;

where S D
�
0 �1
1 0

�
and 
a denotes the cyclic generator of �a.

Proof. There exists some g 2G such that xD ge1. Then g�1
agD
�
1 !
0 1

�
for some! >0.

We may choose �a D gap! as scaling transformation; it then follows that �x D 1p
!
ƒa.

It remains to compute the cusp width !. Write x D
�
x
y

�
. Then g D

�
x �
y �

�
and a direct

computation shows that 
a D g
�
1 !
0 1

�
g�1 D

�
� x2!
�y2! �

�
, S
a D

�
y2! �

� x2!

�
and thus

! D tr.S
a/

kxk2 .

The current best counting result for NR.ƒ/ is given by the following theorem.

Theorem 4.2 ([6, Theorem 4.1]). Letƒ be a scaled discrete �-orbit, and let g 2G. There
are numbers 1 D �0 > �1 > � � � > �k > 1=2 and constants c1; : : : ; ck such that we have
the asymptotic expansion

NR.gƒ/D jgƒ\BRj D c� jBRj C c1jBRj
�1 C � � � C ckjBRj

�k CO.jBRj
2=3/; (4.2)

where the leading constant is given by

c� D

8̂<̂
:
2

�V
if �I 2 �;

1

�V
if �I 62 �:

(4.3)
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The constants �i 2 .1=2; 1/ are eigenparameters of the finitely many possible small
residual eigenvalues of the Laplacian, with �i D �i .1� �i / 2 .0; 1=4/, where �i belongs
to the residual spectrum. Set

ı D min ¹2.1 � �1/; 2=3º: (4.4)

Then NR.gƒ/ D c��R
2 C O.R2�ı/. There are known constructions of non-uniform

lattices for which �1 is arbitrarily close to 1 [38].
The small eigenvalues �i , when they arise, are not explicit. It is known that SL2.Z/

and its congruence subgroups have no small residual eigenvalues [25] and this is also
true for triangle groups [22, p. 583]. In such cases (4.2) reduces to NR.gƒ/ D c� jBRj C
O.jBRj

2=3/, where the exponent 2=3 is an artefact of the method of proof. For specific lat-
tices, a better result is non-etheless possible. This is easy to see for congruence subgroups
of SL2.Z/. For the convenience of the reader, we include a full proof here.

Theorem 4.3. Let � be a congruence subgroup of SL2.Z/, and letƒ be a scaled discrete
�-orbit. Then

NR.ƒ/ D c� jBRj C o.jBRj
1=2/:

Assuming the Riemann hypothesis (RH), the error term o.jBRj
1=2/ can be replaced by

O.jBRj
5=12C"/.

Proof. Recall that � is a congruence subgroup of SL2.Z/ if it contains a principal congru-
ence subgroup �.N/ D ker.SL2.Z/! SL2.Z=NZ// for some N � 1. We have a finite
disjoint decomposition � D

S
��.N / for a choice of coset representatives � 2 �=�.N /.

This implies
NR.�x/ D

X
�

NR.��.N /x/:

We will consider each summand separately.
Since ƒ is assumed to be scaled, we have x D �ae1 for some choice of scaling trans-

formation �a. Each cusp of � is a cusp of �.1/ D SL2.Z/ and hence we may choose
� 2 �.1/ such that �.1/ D a and set �a D �ap! , where ! is the cusp width of ��1�� .
Then

NR.��.N /x/ D NR.��.N /�ap!e1/ D NR.���.N /ap!e1/;

where we use the fact that �.N/ is a normal subgroup of �.1/. For readability we write
A D �� . Then

NR.A�.N /ap!e1/ D j¹
 2 �.N/=ap!�.N/1a
�1p
!
W 
e1 2 !�1=2A�1BRºj

D
!

N
j¹� 2 Z2prim W � � e1 .mod N/; � 2 !�1=2A�1BRºj: (4.5)

Here Z2prim denotes the set of all vectors � D
�
m
n

�
with coprime integer coordinates m; n,

and !�1=2A�1BR is an ellipsoid centered at the origin with area �
!
R2.
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We have

N

!
� .4.5/

D

X
.m;n/2Z2prim
m�1 .N/
N jn

1!�1=2A�1BR..m; n// D
X
d�1

.d;N/D1

�.d/
X

.m;n/2Z2
m�1 .N/
d jm;dN jn

1!�1=2A�1BR..m; n//:

where �.n/ is the Möbius function and we have used the fact that
P
d j.m;n/ �.d/ D 1

iff .m; n/ D 1 (and is 0 otherwise). By the Chinese remainder theorem, the system of
congruence equations for m has a unique solution m0 in Œ0; dN / and thus

N

!
� .4.5/ D

X
d�1

.d;N/D1

�.d/
X
�2Z2

��
�
m0
0

�
.dN/

1!�1=2A�1BR.�/

D

X
d�1

.d;N/D1

�.d/
X
�2Z2

1 1
dN

.!�1=2A�1BR�m0e1/
.�/:

For R sufficiently large,� D 1
dN
.!�1=2A�1BR �m0e1/ is a compact convex planar

set of area

j�j D
jBRj

!.dN/2

that contains the origin as an inner point. A simple geometric argument shows thatX
�2Z2

1�.�/ D
jBRj

!.dN/2
CO!;N

�
R

d

�
: (4.6)

Using available estimates towards the Gauss circle problem in convex planar domains,
the error term can further be replaced by O.R46=73 log315=146.R// [23, Theorem 5]. Let
� > 1=2. To summarize, we have, formally,

.4.5/ D
1

N 3

X
.d;N/D1

�.d/

d2
jBRj CO

�X
d�1

�.d/

d�
jBRj

�=2

�
with convergence guaranteed when � > 1. Via the prime number theorem, the error term
can be replaced with o.jBRj1=2/ and under RH byO.jBRj5=12C"/; see [24]. We conclude
that

NR.ƒ/ D
Œ� W �.N/�

N 3

X
.d;N/D1

�.d/

d2
jBRj C o.jBRj

1=2/

(unconditionally on RH or with O.jBRj5=12C"/ under RH). The leading constant can be
shown to equal c� ; see [34, Theorem 4.2.5].
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5. Theta transforms

Let k > 0 and letƒ1; : : : ;ƒk be k discrete �-orbits. Let f be a Borel measurable function
on .R2/k D R2 � � � � � R2 (k factors). We define the corresponding theta/Siegel–Veech
transform to be

‚ D ‚ƒ1;:::;ƒk If W G=� ! R; ‚.g�/ D
X

.x1;:::;xk/2ƒ1�����ƒk

f .gx1; : : : ; gxk/:

Lemma 5.1. If f is bounded with compact support, then ‚ 2 L1.G=�/.

Proof. Since f is bounded and has compact support, for all .x1; : : : ; xk/ 2 .R2/k ,
and for some constant cf ; R > 0, we have f .x1; : : : ; xk/ � cf 1BR.x1/ � � � 1BR.xk/.
By [41, Lemma 16.10], since 1BR is bounded with compact support, ‚ƒi I1BR is uni-
formly bounded over G=� . Thus since � is a probability measure, we conclude that
‚ƒi I1BR 2L

1.G=�/. We then notice that‚ƒ1;:::;ƒk If � cf
Qk
iD1‚ƒi I1BR 2L

1.G=�/

since G=� is a probability space.

Recall that a function f W Rn! R[ ¹1º is lower (resp. upper) semicontinuous at x0
if lim infx!x0 f .x/� f .x0/, respectively lim supx!x0 f .x/� f .x0/. Characteristic func-
tions of open (resp. closed) sets are lower (resp. upper) semicontinuous. Semicontinuous
functions behave nicely with respect to monotone approximation; see Baire’s theorem or
Remark 5.4 below.

Definition 5.2. We denote by SC..R2/k/ the space of all lower semicontinuous functions
bounded below and all upper semicontinuous functions bounded above.

Lemma 5.3. There exists a unit regular G-invariant Borel measure � on .R2/k such that
for any f 2 SC..R2/k/, we haveZ

G=�

‚ƒ1;:::;ƒk If .g/ d�.g/ D

Z
.R2/k

f .x/ d�.x/: (5.1)

Proof. By Lemma 5.1, for f 2 Cc..R2/k/, we have ‚ƒ1;:::;ƒk If 2 L
1.G=�/. Thus

the assignment f 7!
R
G=�

‚ƒ1;:::;ƒk If .g/ d�.g/ defines a G-invariant positive linear
functional onCc..R2/k/whereG acts diagonally on .R2/k . Hence by the Riesz–Markov–
Kakutani representation theorem, there is a unit regular G-invariant Borel measure �
on R2 such that (5.1) holds for f 2 Cc..R2/k/.

Every lower semicontinuous function f bounded below can be approximated by a
non-decreasing sequence .fj / � Cc..R2/k/ that converges pointwise to f . Since f is
bounded below, it suffices to consider non-negative semicontinuous functions. By Baire’s
thereom, Qf is the pointwise limit of continuous non-increasing functions hk . Choos-
ing a continuous bump function Qhk to be 1 on B.0; k/ and 0 outside B.0; k C 1/, the
sequence hk Qhk is the desired sequence of continuous functions of compact support. If
f is upper semicontinuous and bounded above, then �f is lower semicontinuous and
bounded below, reducing the proof to the case of lower semicontinuous functions.
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Moreover, pointwise monotone convergence implies‚ƒ1;:::;ƒk Ifj also monotonically
increases to ‚ƒ1;:::;ƒk If pointwise for each g 2 G=� . We can then apply the monotone
convergence theorem. We emphasize here that we use pointwise convergence (in .R2/k)
in order to automatically guarantee pointwise convergence (in G=�) under the transfor-
mation f 7! ‚ƒ1;:::;ƒk If .

Remark 5.4. The proof makes use of the fact that the dual of functions f 2 Cc..R2/k/
which are continuous with compact support are exactly the Radon measures on .R2/k . It
is not straightforward to extend this representation from f 2 Cc..R2/k/ to all integrable
Borel functions. For example, if A D ¹x W 1 � jxj < 2º, the characteristic function 1A
cannot be pointwise approximated from above or below by sequences of continuous func-
tions. But lower (or upper) semicontinuous functions precisely have this property.

6. Veech’s mean value theorem

For simplicity of exposition, we will from now on state our results for scaled discrete
lattice orbits. Recall that each discrete �-orbitƒi is homothetic to some scaled orbitƒai ;
explicitly, we write ƒi D �iƒai and set � D .�1; : : : ; �k/ 2 Rk . Then

‚ƒ1;:::;ƒk If D ‚ƒa1
;:::;ƒak

If ı�;

where f ı �.x1; : : : ; xk/ D f .�1x1; : : : ; �kxk/.
Let ƒ be a scaled discrete �-orbit. The following mean value theorem, extending the

classical theorem of Siegel [39] in the geometry of numbers, is due to Veech [41].

Theorem 6.1 ([41, Theorem 6.5]). Letƒ be a scaled discrete �-orbit. For each integrable
Borel function f W R2 ! R, the Siegel–Veech transform ‚ƒIf satisfiesZ

G=�

‚ƒIf .g/ d�.g/ D c�

Z
R2
f .x/ dx; (6.1)

with c� as defined in (4.3).

Remark 6.2. For a general (i.e., not scaled) discrete �-orbitƒ, the constant c� is simply
replaced by c�=�2 with � as defined in Proposition 4.1.

For completeness, we include a proof of Veech’s theorem. The statement is fairly
immediate for semicontinuous functions, but the extension to integrable Borel functions
stated by Veech actually requires the following technical lemma. Here �n denotes the
Lebesgue measure on Rn.

Lemma 6.3. If ¹fkº1kD1; f are Borel functions in L1.R2; �2/ with fk.y/ ! f .y/ for
�-a.e. y, then ‚ƒIfk .g/! ‚ƒIf .g/ for �-a.e. g 2 G=� .

Proof. Recall the definition (2.1) of the set S and let Y � S correspond to G D ¹g 2 G W

‚ƒIfk .g/ ¹ ‚ƒIf .g/º up to a set of measure zero. Let Y D ¹y 2 R2 W fk.y/ ¹ f .y/º.
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The set Y is contained in[
x2ƒ

¹g.a; b; s/x 2 Y º

D

[
x2ƒ

[
k�1

¹g.a; b; s/x 2 Y W a 2 Œ�2k ;�2�k � [ Œ2�k ; 2k �; .b; s/ 2 Œ�2k ; 2k �2º:

We denote the latter set by Xkx � R3. Fix x 2 R2 n ¹0º and k 2 N. We will show that

�3.X
k
x / D 0:

By the coarea formula for Lipschitz functions [15] and our hypothesis �2.Y / D 0, for J
the Jacobian of the map .a; b; c/ 7! g.a; b; c/ and H1 the Hausdorff 1-measure, we haveZ

Xkx

J.g.a; b; s/x/ d�3.a; b; s/ D
Z
Y

H1.¹a; b; s/ W g.a; b; s/x D yº/ d�2.y/ D 0:

Hence �3.Xkx / D 0 if and only if ¹J.gx/ D 0º \ Xkx has measure zero. In fact, we can
directly compute that

D.g.�; �; �/x/.a; b; s/ D
�

x1 x2 0

sx1 � a
�2x2 sx2 ax1 C bx2

�
:

Since x ¤ 0 and a ¤ 0, in fact D.gx/ has rank 2, so D.gx/ŒD.gx/�T has full rank and
hence the Jacobian satisfies .J.gx//2 D det.D.gx/ŒD.gx/�T / ¤ 0.

We have now shown �3.Xkx /D 0, which implies that �.G/D 0. To conclude the proof,
we note that since � is the probability measure when � is restricted to a finite volume fun-
damental domain associated toG=� , we in fact have convergence‚ƒIfk .g/!‚ƒIf .g/

for �-a.e. g 2 G=� .

Proof of Theorem 6.1. Let f 2 SC.R2/. Then Lemma 5.3 applies, and we seek to deter-
mine �. The plane R2 decomposes into the disjoint G-orbits ¹0º and R2 n ¹0º and hence
the only G-invariant measures on R2 (up to scaling) are ı0, the point mass at the origin,
and the Lebesgue measure �. Since the Haar measure on G is unique up to scaling, we
conclude that � D ˛ı0 C ˇ� for some real constants ˛; ˇ � 0.

We first show that ˛ D 0. Indeed, since f D 10 is the characteristic function of a
closed set, ƒ � R2 n ¹0º implies that ˛ D 0.

Let f be the characteristic function of the open disk of radiusR centered at the origin,
and recall that characteristic functions of open sets are lower semicontinuous. Hence for
R > 0, we are left with

ˇ D

Z
G=�

jgƒ \ BRj

jBRj
d�.g/:

Letting R!1, we conclude with Theorem 4.2 that ˇ D c� .
To extend the statement from semicontinuous functions to integrable Borel func-

tions, we first consider the class of bounded Borel functions with compact support. With
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Lemma 6.3 in hand, we can use the dominated convergence theorem (where pointwise
almost everywhere convergence is needed on both the left and right hand side of (6.1))
to bootstrap our way to any integrable Borel function. By Lemmas 5.1 and 6.3, we apply
dominated convergence on both sides of (6.1) to a sequence of semicontinuous functions
converging a.e. to any bounded Borel function with compact support.

We now extend to all non-negative Borel functions. Consider Ak D ¹jxj � 2kº \
¹f .x/ � 2kº and define fk.x/ WD f .x/1Ak .x/: Monotone convergence implies that

lim
k!1

Z
R2
fk.x/ dx D

Z
R2
f .x/ dx

(even when both sides are infinite). Each fk.x/ is a bounded Borel function with compact
support, hence L1 so that (6.1) holds for each k. Clearly fk � fkC1 implies that‚ƒIfk �
‚ƒIfkC1 for each k. Hence, by Lemma 6.3 and monotone convergence, we haveZ

G=�

‚ƒIf .g/ d�.g/ D lim
k!1

Z
G=�

‚ƒIfk .g/ d�.g/ D c� lim
k!1

Z
R2
fk.x/ dx

D c�

Z
R2
f .x/ dx:

Finally, for any integrable Borel function f , we decompose f into its positive and nega-
tive parts to complete the proof of Theorem 6.1.

7. Admissible determinants

Our goal is to extend Theorem 6.1 to an integral formula for pairs of discrete lattice orbits.
Similarly to the proof of Veech, our formula will build on the decomposition of the space
R2 � R2 into the union of disjoint G-orbits given by

R2 � R2

D ¹0º [ .¹0º � R2/ [ .R2 � ¹0º/ [ ¹.x; y/ W det.x j y/ D 0º [ ¹.x; y/ W det.x j y/ ¤ 0º
D G.0; 0/ [G.0; e1/ [G.e1; 0/ [ ¹G.e1; te1/ W t 2 Rº [ ¹G.e1; ce2/ W c 2 R�º:

where we write det.x j y/ for the determinant of the matrix with ordered columns x, y.
In particular, we will need to understand the set of determinants det.x j y/ arising from
ordered pairs .x;y/2ƒ1 �ƒ2. In this section we record the necessary preliminary results.
The mean value formula for pairs of discrete lattice orbits will be derived in the next
section.

In this section, we fix two (not necessarily distinct) scaled discrete lattice orbits
ƒa, ƒb. Let

Nab D ¹c 2 R W there are x 2 ƒa; y 2 ƒb such that det.x j y/ D cº

be the set of admissible determinants for vector pairs in ƒa �ƒb. Under the assumption
that �I 2 � , we have c 2 Nab if and only if �c 2 Nab.
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Lemma 7.1. The following statements are equivalent:

(1) 0 2 Nab;

(2) a and b are equivalent cusps;

(3) ƒa D ƒb.

Proof. If 0 2 Nab, there is 
 2 � such that 
xa and xb are collinear, and hence by
Lemma 3.3, the cusps a and b are equivalent. Then ƒa D ƒb (we may take �b D 
�a)
and this in turns implies immediately that 0 2 Nab.

We introduce an equivalence relation on the set of ordered pairs .x; y/ 2 ƒa �ƒb by
declaring .x1; y1/ � .x2; y2/ iff .x1; y1/ D .
x1; 
x2/ for some 
 2 � . The determinant
det.x j y/ is preserved by the equivalence relation. We set

'ab.c/ D j¹Œ.x; y/� W .x; y/ 2 ƒa �ƒb; det.x j y/ D cºj

to be the counting function of equivalence pairs with determinant c.

Lemma 7.2. Suppose that �I 2 � and let N �ab
WD Nab n ¹0º: Then c 2 N �ab if and only

if there exists a vector
�
a
c

�
2 .��1a ��b/e1 with 0 < a � jcj. In particular,

'ab.c/ D

ˇ̌̌̌²
0 < a � jcj W

�
a

c

�
2 .��1a ��b/e1

³ˇ̌̌̌
:

Proof. Let .x;y/ be an ordered pair inƒa �ƒb such that det.x j y/D c. We can choose x0

such that .x j x0/ 2 ��a. Then

.x j x0/�1.x j y/ D
�
1 a

0 c

�
:

This shows that
�
a
c

�
2 ��1a �y D .��1a ��b/e1. Under the assumption that �I 2 � , we

have
�
1 1
0 1

�
2 ��1a ��a. By matrix multiplication on the left with an appropriate power�

1 m
0 1

�
, we have �

1 m

0 1

��
a

c

�
D

�
aCmc

c

�
with 0 < aCmc � jcj. Hence we may always choose a with this property. Moreover, we
recover the same vector for any equivalent ordered pair .x1;y1/. This assignment is easily
seen to be surjective. Indeed, given

�
a
c

�
2 .��1a ��b/e1, choose xD �ae1 and yD �a

�
a
c

�
.

To prove that it is also injective, suppose that .x1 j y1/ D .x1 j x01/.x2 j x02/
�1.x2 j y2/.

Then .x1 j y1/ and .x2 j y2/ are equivalent ordered pairs of vectors.

Remark 7.3. Observe that 'ab.c/ counts the number of double coset representatives with
lower left entry given by c; compare to Theorem 2.2.
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When � D SL2.Z/, we may take �1 D I andƒ1 D SL2.Z/e1 for the unique cusp at
infinity. Then each integer n 2 Z is realized as an admissible determinant, and '1.n/ D
'.jnj/, Euler’s totient function, which is trivially bounded above by '.n/ � n � 1 for
each n 2 N. For more general groups, and in particular groups that are not finite-index
subgroups of SL2.Z/, one only has the estimate j'ab.c/j � jcj

2 as a consequence of the
pigeonhole principle; see [25, Proposition 2.8]. However, we have stronger bounds on
average via the scattering matrix for � , which we quickly recall. If h is the number of
inequivalent cusps for � , the scattering matrix .�ab.s//a;b for � is the h � h matrix with
entries given by

�ab.s/ D
p
�
�.s � 1=2/

�.s/

X
c2N �

ab
c>0

'ab.c/

c2s
;

where s 2 C and �.s/ is Euler’s gamma-function. Each entry converges absolutely and
uniformly on compact subsets in the half-plane Re.s/ > 1 and admits a meromorphic
continuation to the whole complex plane. (See [25] for these facts as well as the ones
used in the proof below.)

Theorem 7.4. Let � < G be a non-uniform lattice containing �I with cusps a;b. There
are constants 1 > �1 > � � � > �k > 1=2 and c1; : : : ; ck such thatX

c2N �
ab

0<c<T

'ab.c/ D
c�

2
T 2 C c1T

2�1 C � � � C ckT
2�k CO.T 4=3/ as T !1.

Proof. The asymptotic is a special case of a more general theorem of Good (see [17,
Theorem 4, p. 116]) on counting functions over double cosets of Fuchsian groups. We
include a much simpler and direct proof for the convenience of the reader that recovers
the weaker error growth rate O.T 4=3C"/.

We will need the following facts pertaining to the meromorphic continuation of
the entries of the scattering matrix, which we will also denote by �ab.s/. We record
that �ab.s/ is holomorphic for Re.s/ � 1=2 except for at most finitely many poles
�0; �1; : : : ; �k , all simple, and all lying on the real segment .1=2; 1�, with �0 D 1 whose
residue is

Res
sD1

�ab.s/ D
1

V
:

We will also rely on the following standard complex analysis computation; uniformly
for y; � > 0 and X � 1 we have

1

2�i

Z �CiX

��iX

ys
ds

s
D

8<:1CO
�

y�

X logy

�
if y > 1;

O
�

y�

X jlogyj

�
if y < 1:

We may assume that T 62 Nab and let � > 1. Then

��1=2

2�i

Z �CiX

��iX

�.s/

�.s � 1=2/
�ab.s/

T 2s

s
ds D

X
c2Nab
0<c<T

'ab.c/CO

�
T 2�

X

�
:
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Applying Stirling’s estimate for the gamma-function and the Phrágmen–Lindelöf prin-
ciple we see that the integrand on the LHS is of order O.T 2�=jt j1=2/ for all s 2 C with
Re.s/ 2 Œ1=2; �� and jt j � 1. To compute the integral on the LHS, we apply Cauchy’s
residue theorem to the rectangle with sides Œ� � iX; � C iX�, Œ� C iX; 1=2 C iX�,
Œ1=2C iX; 1=2 � iX�, Œ1=2 � iX; � � iX�, and find that the LHS is

kX
iD0

�.�i /�
�1=2

�i�.�i � 1=2/
Res
sD�i

�ab.s/T
2�i CO

�
TX1=2 CX�1=2

T 2�

logT

�
:

Combining these results, we haveX
c2Nab
0<c<T

'ab.c/ D
T 2

�V
C c1T

2�1 C � � � C ckT
2�k

CO

�
T 2�

X
C TX1=2 CX�1=2

T 2�

logT

�
;

for an appropriate choice of c1; : : : ; ck . The error term is optimized by choosingXDT �=3

and � can be chosen as small as � D 1C " for any " > 0.

We will later require asymptotics for the following modification of this average. For
t > 0, let

ˆab.t/ WD t
X
c2N �

ab
c�t

'ab.c/

c3
: (7.1)

Corollary 7.5. Let ı D min ¹2.1 � �1/; 2=3º 2 .0; 2=3� and let c� be as in (4.3). Then

ˆab.t/ D

´
c� CO.t

�ı/ as t !1;

O.t/ as t ! 0:

Proof. The first statement follows by Abel summation on Theorem 7.4; indeed, for any
T � t ,X
c2Nab
t<c�T

'ab.c/

c3
D

X
0<c�T

'ab.c/T
�3
�

X
0<c�t

'ab.c/t
�3
C 3

Z T

t

X
0<c�u

'ab.c/u
�4 du:

Letting T !1 yieldsX
c2Nab
t�c

'ab.c/

c3
D c� t

�1
CO.t�ı/ as t !1:

For the second statement, we use Theorem 7.4 and positivity to see 'ab.c/� c2�" for
some " > 0. Hence the sum defining ˆab.t/ is absolutely convergent.
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8. Mean value formulas for pairs

A formula for the second moment of the Siegel–Veech transform is derived in [14] when
the lattice � D Hq is a Hecke triangle group. In this setting there is only one cusp class,
represented by the cusp at1, and we haveƒ WDƒ1 D �e1. Then for f 2 SC.R2 �R2/
we have Z

G=Hq

‚ƒ;ƒIf .g/ d�.g/ D cHq

X
c2N �

'.c/

Z
G

f .ge1; cge2/ d�.g/

C cHq

Z
R2
.f .x;�x/C f .x; x// dx

where N D N11, ' D '11, and � is the Haar measure on G normalized so that
��.G=Hq/ D cHq [14, Theorem 1.2].

Opening up the measure d� D da db ds under the coordinates in Section 2.1, the
inner integral becomes•

a;b;s2R
a¤0

f
��

a
as

�
; c
�

b
bsCa�1

��
da db ds

D
1

jcj

•
u;v;x2R
u¤0

f
��
u
v

�
; x
�
u
v

�
C c

�
0
u�1

��
dx dv du

D
1

jcj

Z
R

Z
R2
f .x; txC cx�/ dx dt:

under the change of coordinates a D u, s D vu�1, ux D cb which has Jacobian 1=jcj,
and for x� chosen such that det.x j x�/ D 1.

We can extend this identity from Hecke triangle groups to all non-uniform lattices
and pairs of not necessarily homothetic discrete lattice orbits. The mean value formula in
Theorem 1.8 is a consequence of the following result.

Theorem 8.1. Given two scaled discrete �-orbits ƒa; ƒb, f 2 SC.R2 � R2/, we haveZ
G=�

‚ƒa;ƒbIf .g/ d�.g/ D c�
X
c2N �

ab

'ab.c/

Z
G

f .ge1; cge2/ d�.g/

C ıabc�

Z
R2
.f .x;�x/C f .x; x// dx;

where ıab D 1 if and only if ƒa and ƒb are homothetic.

Remark 8.2. In order to obtain an extension from SC.R2 � R2/ to a larger class of
functions, one can follow the techniques of Theorem 6.1, where the co-area formula is
replaced by the area formula. This technique does not unconditionally yield the set of all
integrable Borel functions.
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Proof of Theorem 8.1. Following the discussion in [14, Section 3.1], we decompose
R2 � R2 into G-invariant subsets on which � must be supported; we writeZ
G=�

‚ƒa;ƒbIf .g/ d�.g/ D a � ı0.f /C b1

Z
R2
f .0; x/ dxC

X
t2R

bt

Z
R2
f .x; tx/ dx

C

X
t¤0

ct

Z
G

f .ge1; tge2/ d�.g/: (8.1)

In the following we use the fact that we can choose any f 2 SC.R2 � R2/. In each
case we will define f D 1S for a specific closed set S , and use it to determine the coeffi-
cients for each term of (8.1).

Set S D ¹.0;0/º. Then since no lattice orbit passes through the origin, we have a D 0.
Set S D ¹0º � BR. Since no discrete lattice orbit contains the origin, ‚ƒa;ƒbIf D 0,

and we have b1 D 0. The same argument yields b0 D 0.
Set S D ¹.x; tx/ 2 BR � BRº. By Lemma 7.1, if ıab D 0, then S \ .ƒa �ƒb/ D ;.

Then (8.1) becomes

0 D bt

Z
R2

1S .x; tx/ dx D bt jBR=t j

and hence bt D 0 for all t 2 R� when ıab D 0.
Suppose now ıab D 1. Let x 2 ƒa, tx 2 ƒa. Choose g 2 ��a and h 2 ��a such that

the first column vectors of g and h are respectively x and tx. Then

h�1g D

�
1=t �

0 t

�
2 ��1a ��a:

By Lemma 2.1, we conclude that t 2 ¹˙1º. Set fC D 1S when S D ¹.x; x/ 2 BR � BRº
and f� D 1S when S D ¹.x;�x/ 2 BR � BRº. Hence ‚ƒa;ƒbIf˙

¤ 0 and (8.1) yieldsZ
G=�

‚ƒa;ƒbIf˙
.g/ d�.g/ D b˙1

Z
R2
f˙.x;˙x/ dx:

On the other hand, by Theorem 6.1, we haveZ
G=�

‚ƒa;ƒbIf˙
.g/ d�.g/ D c�

Z
R2
f˙.x;˙x/ dx:

Since this is true for all R we conclude that when ıab D 1 we have bt D 0 when t ¤ ˙1
and b˙1 D c� .

Set S D ¹.x; y/ W x; y 2 BR; det.x j y/ D cº. Then ‚ƒa;ƒbIf .g/ D j¹.x; y/ 2
.ƒa �ƒb/\ g

�1BR W det.xy/ D cºj ¤ 0 if and only if c 2 N �ab. Now suppose c 2 N �ab.
By Lemma 7.2, there exists 0 < a � jcj such that

�
a
c

�
2 ��1a ��b; so that by definition

'ab.c/ ¤ 0.
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We want to show that (cf. [14, Lemma 3.6]) for allR, the support of‚ƒa;ƒbIf reduces
to 'ab.c/ total �-orbits. More precisely, we show that

Dab
c WD ¹.x1; x2/ 2 ƒa �ƒb W det.x1jx2/ D cº D

G�
a
c

�
2��1a ��be1
0<a�jcj

��a

�
1 a

0 c

�
:

Indeed, by the proof of Lemma 7.2, there is some h 2 ��a so that h�1.x1jx2/D
�
1 a
0 c

�
for some 0 < a � jcj and

�
a
c

�
2 ��1a ��be1. Moreover, each of these orbits is distinct.

Namely if jcj � a2 > a1 > 0 with

��a

�
1 a1
0 c

�
D ��a

�
1 a2
0 c

�
;

then since �a is a scaling transformation, we must have a2 � a1 2 cZ, which is impossible
as 0 < a2 � a1 < c:

Now that we know Dab
c is decomposed into 'ab.jcj/ distinct orbits, we want to show

we have the same contribution for each orbit. Namely (cf. [14, Lemma 3.7]) if we fix�
a
c

�
2 ��1a ��be1; with 0 < a � jcj, then by our normalization of the Haar measure, we

have Z
G=�

X

2�

f

�
g
�a

�
1 a

0 c

��
d�.g/ D c�

Z
G

f

�
g�a

�
1 a

0 c

��
d�.g/

D c�

Z
G

f

�
g

�
1 0

0 c

��
d�.g/

by multiplying g on the right by
�
1 �a=c
0 1

�
��1a and using the fact that � is invariant under

the action of G. Hence we get the same contribution from each of the 'ab.jcj/ orbits.
Since this is true for all R, we obtain the desired coefficients, thus concluding the proof
of the first equality.

Let C be the cone of 2 � 2 matrices A such that �A 2 G=� for some � � 1, and let
dA be the Euclidean volume element. There exists some constant c0 such thatZ

C

f .A/ dA D c0

Z 1

0

�

Z
G=�

f .�1=2g/ d�.g/ d�:

Inspired by Schmidt [37], we introduce the equivalent4 cone measureZ
C

f .A/ dm.A/ D

Z 1

0

Z
G=�

f .�1=2g/ d�.g/ d�:

4That is, the measures dm.A/ and dA have the same null measure sets.
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Let ƒa, ƒb be scaled discrete �-orbits. With respect to the cone measure dm, we have
m.C/ D 1,Z
C

‚ƒaIf .A/ det.A/ dm.A/ D
Z 1

0

�

Z
G=�

‚ƒaIf .�
1=2g/ d�.g/ d� D c�

Z
R2
f .x/ dx

(8.2)

and Z
C

‚ƒa;ƒbIf .A/ det.A/2 dm.A/ D
Z 1

0

�2
Z
G=�

‚ƒa;ƒbIf .�
1=2g/ d�.g/ d�:

The second mean value formula given by Theorem 1.80 is a consequence of the following
theorem.

Theorem 8.3. Let � < G be a non-uniform lattice containing �I , and letƒa,ƒb be two
scaled discrete �-orbits. For each f 2 SC.R2 � R2/, we haveZ

C

‚ƒa;ƒbIf .A/ det.A/2 dm.A/ D c�

“
R2�R2

ˆab.jx ^ yj/f .x; y/ dx dy

C
ıabc�

2

Z
R2
.f .x; x/C f .x;�x// dx; (8.3)

where ˆab is the function given by (7.1).

Proof. We will obtain this formula from Theorem 8.1 by a change of coordinates. Define
f�.x; y/ D f .�1=2x; �1=2y/, and apply Theorem 8.1 to ‚ƒa;ƒbIf� . In the linearly depen-
dent subsets, we have via substitution

ıabc�

Z 1

0

�2
Z

R2
.f�.x; x/C f�.x;�x// dx d�

D ıabc�

Z 1

0

� d�

Z
R2
.f .x; x/C f .x;�x// dx:

It remains to show that

c�

Z 1

0

�2
X
c2N �

ab

'ab.c/

Z
G

f .�1=2gJc/ d�.g/ d�

D c�

“
ˆab.jx ^ yj/f .x; y/ dx dy; (8.4)

where we set Jc D
�
1 0
0 c

�
. We write t D �c and note that

(1) Nab and 'ab.c/ are symmetric about 0 if �I 2 �;

(2) Nab is unbounded, so the parameter t ranges over R n ¹0º.
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Since ‚ƒa;ƒbIf is integrable, Fubini applies and we may exchange the order of integra-
tion and summation in what follows. The LHS of (8.4) becomes

c�
X
c2N �

ab

'ab.c/

Z 1

0

�2
Z
G

f .�1=2gJc/ d�.g/ d�

(by a simple change of coordinates g D g0diag.��1=2; �1=2/ and the G-invariance of �)

D c�

Z
G

X
c2N �

ab

Z 1

0

�2'ab.c/f
�
g
�
1 0
0 c�

��
d� d�.g/

.1/
D c�

Z
G

X
c2.N �

ab
/>0

�Z c

0

t2
'ab.c/

c3
f
�
g
�
1 0
0 t

��
C

Z 0

�c

t2
'ab.c/

c3
f
�
g
�
1 0
0 t

���
dt d�.g/

.2/
D c�

Z
G

�Z 1
0

t2f
�
g
�
1 0
0 t

�� X
c2N �

ab
c�t

'ab.c/

c3
dtC

Z 0

�1

t2f
�
g
�
1 0
0 t

�� X
c2N �

ab
�c�t

'ab.c/

c3

�
d�.g/

.1/
D c�

Z
R
jt jˆab.jt j/

Z
G

f
�
g
�
1 0
0 t

��
d�.g/ dt:

9. Geometric estimates

We may rewrite the mean value formula asZ
C

‚ƒa;ƒbIf .A/ det.A/2 dm.A/

D c2�

“
R2�R2

f .x; y/ dx dyC
ıabc�

2

Z
R2
.f .x; x/C f .x;�x// dx

C c�

“
R2�R2

.ˆab.jx ^ yj/ � c�/f .x; y/ dx dy: (9.1)

In this section, we use integration by parts to compute estimates for the last double inte-
gral, “

R2�R2
.ˆab.jx ^ yj/ � c�/f .x; y/ dx dy: (9.2)

Namely, we will obtain an estimate in (9.4), and the results from this section to be used
later are given in Examples 9.1–9.3.

For t; u > 0 consider the rectangle

Pt;u.x/ D ¹y 2 R2 W jx? ^ yj � t; jx ^ yj � uº

and set P.x/ D P1;1.x/. Then tP.x/ D Pt;t .x/. If we write x D kxkk�e1 and x? D
k�=2kxkk�e1 D kxkk�e2, we have

Pt;u.x/ D k�Pt=kxk;u=kxk.e1/:
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In particular, Pt;u.x/ is a rotated rectangle, centered at the origin, with sides of length
2t=kxk and 2u=kxk. We consider the inner integral of (9.2). For t sufficiently large, writ-
ing x D kxkk�e1, we haveZ

R2
.ˆab.jx ^ yj/ � c�ıab/f .x; y/ dy D

Z
tP.x/

.ˆab.je1 ^ kxkk��yj/ � c�/f .x; y/ dy

D
1

kxk2

Z
tP.e1/

.ˆab.je1 ^ yj/ � c�/f
�
x; 1
kxkk�y

�
dy

D
1

kxk2

Z t

0

.ˆab.y2/ � c�/

�Z t

0

X
f
�
x; 1
kxkk�

�
˙y1
˙y2

��
dy1

�
dy2;

where the inner sum contains a summand for each of the four
�
˙y1
˙y2

�
. We call the inner

integral gt .y2/ and compute that its primitive is

Gt .u/ D

Z u

0

Z t

0

X
f
�
x; 1
kxkk�

�
˙r
˙s

��
dr ds

D

Z
Pt;u.e1/

f
�
x; 1
kxkk�y

�
dy

D kxk2
Z
Pt;u.x/

f .x; y/ dy:

Recall that by Corollary 7.5, there is some t0 > 0 and constant M such that

ˆab.t/ � Q̂ ab.t/ WD

´
c� CMt�ı ; t � t0;

M t; 0 � t < t0:
(9.3)

Integration by parts yieldsZ
R2
.ˆab.jx ^ yj/ � c�/f .x; y/ dy

D
1

kxk2

Z t

0

.ˆab.y2/ � c�/

�Z t

0

X
f
�
x; 1
kxkk�

�
˙y1
˙y2

��
dy1

�
dy2

� . Q̂ ab.t/ � c�/

Z
tP.x/

f .x; y/ dy �
Z t

0

Q̂ 0
ab.u/

Z
Pt;u.x/

f .x; y/ dy du

� t�ı
Z
tP.x/

f .x; y/ dyC ı
Z 1
t0

�Z
Pt;u.x/

f .x; y/ dy
�
u�1�ı du: (9.4)

Example 9.1. If f .x; y/ D 1BR.x/1BR.y/, letting t !1 in (9.4), we have

.9.2/�
Z 1
t0

Z
BR

jP1;u.x/ \ BRj dxu�1�ı du

with jP1;u.x/ \ BRj D jBRj if u � Rkxk, and jP1;u.x/ \ BRj � Ru=kxk otherwise.
Hence

.9.2/�
Z
BR

�Z Rkxk

0

uR

kxk
u�1�ı duC

Z 1
Rkxk

R2u�1�ı du

�
dx� R2.2�ı/:



Pairs in discrete lattice orbits with applications to Veech surfaces 5453

Example 9.2. Let f .x; y/ D 1BR.x/1B�" .x/.y/. Once again, jP1;u.x/\B�" .x/j D jB"j if
u � "kxk and jP1;u.x/ \ B�" .x/j � "u=kxk otherwise. Hence we have the estimate

.9.2/�
Z
BR

�Z "kxk

0

"

kxk
u�ı duC

Z 1
"kxk

"2u�ı
du

u

�
dx� ."R/2�ı :

Proof of Theorem 1.7. Apply (9.1) to the characteristic function f supported on ¹x 2R2;
y 2 B�

s=
p
c
.x/º and use the estimate from Example 9.2 to bound the remaining term.

Example 9.3. For D; s > 0, let f .x; y/ D 1BR.x/1DD;s.x/.y/, where

DD;s.x/ D ¹y 2 R2 W jyj � sjxj and jx ^ yj � Dº:

Then jP1;u.x/\DD;s.x/j � u
kxk � skxk D su if u � D, and jP1;u.x/\DD;s.x/j � sD

if u � D. Therefore

.9.2/� s

Z
BR

�Z D

0

u�ıduCD

Z 1
D

u�1�ı du

�
dx� sDR2:

10. Effective counting

10.1. Second moment estimate

We will derive Theorem 1.1 (see Theorem 10.3 for a full statement) by a combination
of Borel–Cantelli and interpolation from the following “on average” power-saving. Our
strategy is inspired by [37].

Proposition 10.1. Let ƒ be a scaled discrete lattice orbit, and let B be a Lebesgue mea-
surable set in the plane with finite volume jBj > Cƒ. There is a constant Mƒ such thatZ

C

�
det.A/‚ƒI1B .A/ � c� jBj

�2
dm.A/ �MƒjBj

2�ı ;

where ı is given by (4.4).

To prove Proposition 10.1, we use the following result of Schmidt for n D 2.

Lemma 10.2 ([37, Theorem 3]). Let S be a Lebesgue mesurable set in R2 with charac-
teristic function 1S and volume jS j. Then“

�.jx ^ yj/1S .x/1S .y/ dx dy � 8jS j
Z 1
0

�.t/ dt

for every non-negative, non-increasing function �.t/ defined for t � 0 whose integralR1
0
�.t/ dt converges.

Proof of Proposition 10.1. Let ˛.jBj/ be a function increasing with jBj that we will
choose later. Choose jBj large enough so that for t0 < ˛.jBj/ we can use Corollary 7.5
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(cf. (9.3)) to bound

jˆ.t/ � c� j � �.t/C

´
0; t � ˛.jBj/;

M˛.jBj/�ı ; t > ˛.jBj/;

where for

�.t/ D

8̂̂<̂
:̂
Mt0; 0 � t < t0;

M t�ı ; t0 � t < ˛.jBj/;

0; t � ˛.jBj/:

Notice �.t/ satisfies the assumptions of Lemma 10.2 withZ 1
0

�.t/ dt DM

�
t20 �

t1�ı0

1 � ı

�
C

M

1 � ı
˛.jBj/1�ı :

Combining (8.2), (9.1), and Lemma 10.2 we computeZ
C

�
det.A/‚ƒI1B .A/ � c� jBj

�2
dm.A/ D

Z
C

‚ƒ;ƒI1B .A/ det.A/2 dm.A/ � c2� jBj
2

� c� jBj C c�

“
R2�R2

.ˆab.jx ^ yj/ � c�/1B.x/1B.y/ dx dy

� jBj.1C ˛.jBj/1�ı/C jBj2˛.jBj/�ı :

Choosing ˛.jBj/D jBj and noting that the implied constants only depend onƒ completes
the proof.

10.2. Effective count via interpolation

We can now derive the main result of this section. The proof follows the same lines as
that of [37, Theorem 2] and [29, Theorem 6.1]. We include it for the convenience of the
reader.

Theorem 10.3. Let � < G be a lattice containing �I with scaled discrete orbitƒ. Let B

be a linearly ordered family of Borel sets of finite volume in R2. Let  be a positive non-
increasing function such that et.2�ı/ .t/ is eventually non-decreasing and

R1
1
 .t/ dt

<1: Then for almost every linear transformation A,

jA.ƒ/ \ Bj jdet.A/j D c� jBj CO
�
jBj1�ı=2 log1=2.jBj/
 1=2.log.jBj//

�
Proof. Without loss of generality, we may assume B has sets of arbitrarily large volumes.
By [37, Lemma 1] we may assume without loss of generality that ¹jBj W B 2 Bº D RC.
Thus for all N 2 N�1 there exists BN 2 B such that jBN j D N .

Define
SN .A/ D jAƒ \ BN j � c�N jdet.A�1/j;
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and for 0 � N1 < N2,

N1SN2.A/ D jAƒ \ .BN2 n BN1/j � c�.N2 �N1/jdet.A�1/j:

For T � 3 set

KT D ¹.N1; N2/ 2 Z2 W 0 � N1 < N2 � 2T ;
N1 D `2

t and N2 D .`C 1/2t for some `; t 2 N�0º:

By Proposition 10.1 with B D BN2 nBN1 , notice that each value ofN2 �N1 D 2t occurs
2T�t times so we haveX
.N1;N2/2KT

Z
C

jN1SN2.A/j
2
jdet.A/j2 dm.A/ �Mƒ

TX
tD0

2T�t2t.2�ı/ � 8Mƒ2
.2�ı/T ;

(10.1)

where the last inequality follows from the geometric series and 1
4
� 21=3 � 21�ı � 2.

Next let ET � C be the set of all A 2 C such thatX
.N1;N2/2KT

jN1SN2.A/j
2
jdet.A/j2 >

2.2�ı/T

48 ..T � 1/ log.2//
: (10.2)

Applying Chebyshev’s inequality and (10.1) implies

m.ET / <
48 ..T � 1/ log.2//

2.2�ı/T

Z
ET

X
.N1;N2/2KT

jN1SN2.A/j
2
jdet.A/j2 dm.A/

� 48 � 8Mƒ ..T � 1/ log.2//: (10.3)

By the Borel–Cantelli lemma and integrability of  , m.E1/ D 0 for E1 D lim sup ET .
Define C n E1 to be the full measure set (with respect to dA) of transformations where
the discrepancy is small.

For N � 2T , we can write Œ0;N / �
F
.N1;N2/2I ŒN1;N2/, where I �KT is given by

I D ¹.0 � 21; 1 � 21/º [ ¹.2t ; 2 � 2t /ºT�1tD1 :

Thus
SN .A/ �

X
.N1;N2/2I

N1SN2.A/:

By (10.2), for any A … ET and any N < 2T ,

jSN .A/j
2
jdet.A/j2 �

ˇ̌̌ X
.N1;N2/2I

N1SN2.A/
ˇ̌̌2
jdet.A/j2

� jIj
X

.N1;N2/2KT

jN1SN2.A/j
2
jdet.A/j2

� T
2.2�ı/T

48 ..T � 1/ log.2//
:
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Consider A 2 C n E1. Choose TA 2 N so that for all T � TA, A … ET . That is, for all
T � TA and for any N < 2T ,

jSN .A/j
2
jdet.A/j2 �

T 2.2�ı/T

48 ..T � 1/ log.2//
:

In order to interpolate from BN to any B , we will setNA D max ¹2TA ;N0º, where the
assumption that et.2�ı/ .t/ is eventually non-decreasing ensures there exists some N0
such that for all N � N0,

.N C 1/1�ı=2
p

log.N C 1/
2 1=2.log.N C 1//

C 1 �
N 1�ı=2

p
log.N /

 1=2.log.N //
: (10.4)

Whenever N > NA, we have N > 2TA so we can choose an integer T � TA such that
2T�1 � N � 2T . For such N we have

jSN .A/j
2
jdet.A/j2 �

�
log.N /
log.2/

C 1

�
4N 2�ı

48 .log.N //
�
N 2�ı log.N /
4 .log.N //

;

where we use the fact that  is non-increasing, 2.2�ı/T D 4 � 22.T�1/2�ıT , and log.N/
log.2/ C

1 � 3 log.N / for all N � 2.
We have now shown for all N > 2TA that

jSN .A/j jdet.A/j �
N 1�ı=2

p
log.N /

2 1=2.log.N //
:

For any B 2B with jBj � NA there exists an integerN � NA � 1 such thatN � 2TA

and BN � B � BNC1. We then interpolate and use (10.4) to obtainˇ̌
jAƒ \ Bj � c� jBj jdet.A�1/j

ˇ̌
� max ¹jSN .A/j; jSNC1.A/jº C

c�

jdet.A/j

�
jBj1�ı=2

p
log.jBj/

 1=2.log.jBj//jdet.A/j
: (10.5)

Since every QA with 0 < jdet. QA/j � 1 is of the form QA D A
 for some A 2 C and

 2 � , and since � is enumerable, (10.5) holds for almost every linear transformation QA
with jdet. QA/j � 1. Now consider a linear transformation C with det.C / D c. Applying
(10.5) to the family of sets ¹C�1B W B 2 Bº yieldsˇ̌
jAƒ \ C�1Bj � c� jC

�1Bj jdet.A�1/j
ˇ̌
D
ˇ̌
jCAƒ \ Bj � c� jBj jdet..CA/�1/j

ˇ̌
:

Since det.C / can be taken arbitrarily large, we conclude (10.5) holds for almost every
linear transformation.

10.3. Application to dilated sets

We obtain the discrete lattice orbit version of Theorem 1.1 by applying Theorem 10.3 to
dilated sets.
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Theorem 10.4. Let ƒ be a scaled discrete �-orbit and let � � R2 be a bounded Borel
set that contains the origin. Consider its dilates�R DR ��. Then for almost every linear
transformation A we have

jA.ƒ/ \�Rj jdet.A/j D c� j�jR2 CO.R2�ı log3=2.R//;

where ı is as in (4.4).

Proof. Let  .t/ D t�2, which is integrable, non-increasing for t > 1, and such that
et.2�ı/ .t/ is eventually non-decreasing. Now apply Theorem 10.3 to the family B D

¹�R W R 2 R�0º of dilates.

We recall the following known estimates from [6]. For simplicity, suppose that �
has trivial residual spectrum, i.e., ı D 2=3. By Theorem 10.4, for almost every linear
transformation A 2 GL2.R/ we find

jdet.A/j jA.ƒ/ \�Rj D c� j�jR2 CO.R4=3 log3=2.R//;

while in [6] it is shown that for every A 2 G (hence with det.A/ D 1), we have

jA.ƒ/ \�Rj D c� j�jR
2
CO.R˛/

with

˛ D

8̂̂̂̂
<̂
ˆ̂̂:
4=3 when � is the unit disk,

8=5 when � is a star-shaped domain with smooth boundary,

7=4C " when � is a star-shaped domain with piecewise Lipschitz boundary,

12=7C " when � is a sector.

11. Upper bounds on pair relationships

In this section, we obtain asymptotic upper bounds for the number of ordered pairs .x;y/2
ƒ1 �ƒ2, where

� ƒ1, ƒ2 are scaled discrete �-orbits;

� the first vector x is restricted to x 2 BR \ƒ1;

� the second vector y 2 ƒ2 has a prescribed metric relationship to x.

The first relationship we examine is given by those vectors y 2ƒ2 distinct from x that
are within distance " of x. We say that two vectors x; y are "-friends if kx � yk < ". The
second relationship examined is that of a determinant, first studied in [2]. A key aspect of
these results is that they hold for every Veech surface. This will be used in Appendix A
to extend results previously only known for generic translation surface to every Veech
surface.
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11.1. "-friends

The main result of this section is the following.

Theorem 11.1. Let ƒa, ƒb be two scaled discrete �-orbits. There exists a constant C
.depending only on �/ such that

lim sup
R!1

j¹.x; y/ 2 ƒa �ƒb W x 2 BR; y 2 B�� .x/ºj
jBRj

< C jB�j:

Proof. Let f D 1S be the characteristic function of

S WD S.R; �/ D ¹.x; y/ 2 R2 � R2 W x 2 BR; y 2 B�� .x/º; (11.1)

and let
‚.A/ WD ‚ƒa;ƒbIf .A/ D

X
x2ƒa

X
y2ƒb

f .Ax; Ay/

for each A 2 GL2.R/. Fix " > 0. We will show that we can choose � > 0 such that

lim sup
R!1

‚.I/

jBRj
< ":

Fix ˛ > 0 and consider the open symmetric neighborhood U˛ DK
®�
er=2

e�r=2

�
W r 2

.�˛; ˛/
¯
K � G (in terms of the Cartan decomposition). If f˛ denotes the characteristic

function of S.
p
2Re˛=2;

p
2�e˛=2/ and we set ‚˛ WD ‚ƒa;ƒbIf˛ then for each A 2 U˛ ,

‚.I/ � ‚˛.A/: (11.2)

Indeed, if x 2BR, then kAxk<
p
2e˛=2R, and if y 2B�� .x/, then kAx�Ayk<

p
2�e˛=2.

Let C˛ be the matrix cone over U˛�=� . Then the above estimate together with the
fact that ‚˛ � 0 yields

‚.I/
�.U˛�=�/

3
D

Z
C˛

‚.I/ det.A/2 dm.A/ �
Z
C

‚˛.A/ det.A/2 dm.A/: (11.3)

Expressing the Haar measure via the Cartan decomposition we find

�.U˛�=�/ D
1

2�V

Z ˛

�˛

jsinh.r/j dr D 1
�V
.cosh.˛/ � 1/:

By (9.1) and Example 9.2 the RHS of (11.3) is bounded above by

c2� jB
p
2Re˛=2 j jB

p
2�e˛=2 j C c�

“
R2�R2

.ˆab.jx ^ yj/ � c�/f˛.x; y/ dx dy

D 4c2�e
2˛
jBRj jB�j CO

�
.jBp2Re˛=2 j jB

p
2�e˛=2 j/

1�ı=2
�
:

Hence

lim sup
R!1

‚.I/

jBRj
� 3c� jB�j

e2˛

cosh.˛/ � 1
:

The function in ˛ has a local minimum at ˛ D log.3/ with value 27=2.



Pairs in discrete lattice orbits with applications to Veech surfaces 5459

The proof of Theorem 11.1 extends to the set of holonomies of a Veech surface.

Theorem 11.2. LetM be a Veech surface. Then there exists a constant C > 0, depending
only on M , such that

lim sup
R!1

j¹.x; y/ 2 SM � SM W x 2 BR; y 2 B�� .x/ºj
jSM \ BRj

< C jB�j:

Proof. Recall that if M is a Veech surface, its Veech group �M is a non-uniform lattice
in G and the set SM is a finite disjoint union of discrete �M -orbits, i.e., SM D

S
�Mxi .

To each orbit corresponds a scaling factor �i ¤ 0 given by �Mxi D �iƒi – hereƒi is the
associated scaled discrete orbit – and we have

jSM \ B
�
� .x/j D

X
jƒa \ B

�
�=�i

.x=�i /j:

Counting the number of pairs that are �-friends we findX
x2SM\BR

X
y2SM\B�� .x/

1 D
X
i;j

X
x2ƒj\BR=�j

ˇ̌̌̌
ƒi \ B

�
�=�i

�
�j

�i
x
�ˇ̌̌̌

Let f ij be the characteristic function supported on the set²
.x; y/ 2 R2 � R2 W x 2 BR=�j ; y 2 B��=�i

�
�j

�i
x
�³
:

Running through the proof of Theorem 11.1 we find that

lim sup
R!1

X
i;j

‚
ƒj ;ƒi If

ij
˛
.I /

jSM \ BRj
��

X
i;j

c2�
�2i �

2
j

jB�j

cM
D cM jB�j:

Theorem 1.3 now follows immediately. We note that this result is trivially true for
arithmetic lattice surfaces (e.g., square-tiled surfaces).

Proposition 11.3. If M is an arithmetic lattice surface, then SM is uniformly discrete.

Proof. Let �M be its arithmetic Veech lattice. As such, it is commensurable with SL2.Z/,
and there exists a lattice L� R2 such that any two points in SM differ by an element of L
(see [21, Lemma 5.4, Theorem 5.5]). Let ` be the length of a shortest lattice vector in L.
Then for any x 2 R2, jSM \ B`=2.x/j � 1:

11.2. Determinants

Theorem 11.4. Fix D > 0. Let ƒa and ƒb be scaled discrete lattice orbits. There is a
constant C D C� such that

lim sup
R!1

j¹.x; y/ 2 ƒa �ƒb W x 2 BR; y 2 DD;1.x/j
jBRj

� DC� C 2ıabc� :
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Proof. We follow the proof of Theorem 11.1, where f˛ is the characteristic function of

¹.x; y/ 2 R2 � R2 W x 2 BRe˛ ; y 2 DD;e2˛ .x/º:

The conclusion comes from looking at Example 9.3, and noticing that the linearly depen-
dent terms do indeed contribute to the upper bound since for small enough determinant,
we are counting parallel pairs which is determined by the Siegel–Veech constant.

The extension to holonomy vectors for Veech surfaces given by Theorem 1.6 is as
straightforward as in the case of "-friends.

Appendix A. An application to flows on translation surfaces (by Jon Chaika)

The first subsection introduces the notion of disjointness, and gives a criterion via spectral
arguments for a family of flows to be disjoint. The second subsection verifies the criterion
for non-arithmetic Veech surfaces. The main result of this section is Theorem A.7 below.
Theorem A.7 implies Theorem 1.4 by Theorem 1.3; see the proof of Corollary A.8. The
proof uses [4] and a largely geometric argument based on Theorem 1.3 and [42].

A.1. A criterion for disjointness

Definition A.1. Let .X;B; �; F t1 / and .Y;A; �; F t2 / be two ergodic probability measure
preserving flows. A joining is an .F1 � F2/t -preserved measure with marginals � and �.
The product measure � � � is called the trivial joining. If the trivial joining is the only
joining between two systems we say they are disjoint.

If .X;B; �; F t1 / and .Y;A; �; F t2 / are isomorphic with � being the isomorphism then
.Id � �/�� is a joining. Thus if two systems are disjoint then they are not isomorphic
(unless they are the one-point system).

Let .X;d/ be a compact metric space and .X;�/ be a Borel probability measure space.

Definition A.2. Let F t be a measurable flow on .X; d/ that preserves a probability mea-
sure �. We say that ¹tj ºj2N � R is a c-partial rigidity sequence if for all j there exists
Aj � X with �.Aj / � c so that

lim
j!1

Z
Aj

d.F tj x; x/ d� D 0:

We say ¹tj º is a partial rigidity sequence if it is a c-partial rigidity sequence for some
c > 0.

Definition A.3. Let F t be a measurable flow on .X; d/ that preserves a probability mea-
sure �. We say that ¹tj ºj2N � R is a mixing sequence for F t if for all f; g 2 L2.�/ we
have

lim
j!1
hf ı F tj ; gi D

Z
f d�

Z
g d�:
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If L � R has the property that any ¹tj ºj2N � L with tj !1 is a mixing sequence, then
we call L a mixing set.

The following lemma is easier than results in the literature and we include a proof for
the convenience of the reader.

Lemma A.4. Let F t1 and F t2 be two �-measure preserving and ergodic flows. If there is
a mixing sequence for F t1 which is a partial rigidity sequence for F t2 then F t1 and F t2 are
disjoint.

The proof uses the following notion: A continuous linear map P W L2..X; �// !
L2..Y; �// is called a Markov operator with adjoint operator P � if

(1) P � 0 and P � � 0;

(2) P 1X D 1Y and P �1Y D 1X ;

(3) PUF s
1
D UF s

2
P for s 2 R, where UF s

j
is the unitary operator associated to F sj .

Let � be a joining of .F t1 ; �/ and .F t2 ; �/. This defines a Markov operator P� W L2.�/!
L2.�/ by

R
B
P� .1A/d�D �.B �A/. Formally, this Markov operatorP� is the conditional

expectation associated to the disintegration of � over �. The set of Markov operators is
in a one-to-one correspondence with the set of joinings and given a joining � we will
refer to the corresponding Markov operator P� as the associated Markov operator. This
identification respects the convex structure of preserved measures and so the extreme
points come from ergodic joinings. For more on Markov operators, see [16].

Proof of Lemma A.4. Let � be a joining of F t1 and F t2 and P be the associated Markov
operator. Choose c > 0 and ¹tj ºj2N so that ¹tj º is simultaneously a mixing sequence
for F t1 and a c-partial rigidity sequence for F t2 .

Since ¹tj º is a mixing sequence for F t1 , we see that PF tj1 D F
tj
2 P converge in the

weak operator topology to the integral because the same is true for the unitary opera-
tors associated with F tj1 . Recall that the weak operator topology is compact on operators
with uniformly bounded operator norm. Thus, there is a subsequence of tjk such that the

sequence of unitary operators associated with F
tjk
2 converges in the weak operator topol-

ogy to an operator V . Because tj is a c-partial rigidity sequence for F t2 , V necessarily has
the form c IdC V 0 where V 0 is a positive operator. Set

R
to be the bounded linear oper-

ator on L2 given by integrating, so .c IdC V 0/P D
R

. Since F t1 has a mixing sequence,
implying F t1 is weakly mixing, it follows that .F1 � F2/t is ergodic. Thus

R
(the Markov

operator associated to the product measure) is an extreme point in the set of Markov oper-
ators. The equality .c IdC V 0/P D

R
combined with

R
being an extreme point implies

c IdP D c
R

(and V 0P D .1 � c/
R

). Thus P is in fact
R

, implying the trivial joining is
the only joining.

The following disjointness criterion is motivated by the approach of [8] and is some-
what easier than the criterion in [11]. Let ¹F t

�
º�2S1 be the 1-parameter family of �-

measure preserving flows onX coming from the straight line flow in each direction onX .
Let � be the Lebesgue measure on S1.
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Proposition A.5. Suppose that

� F t
�

is weakly mixing for �-almost every � ,

� for every L � R which is a union of intervals of length at least 1 and has density 1, the
flow F t� has a partial rigidity sequence in L for �-almost every �.

Then F t
�

and F t� are disjoint for �2-almost every .�; �/ 2 .S1/2.

Lemma A.6. Let F t be a �-weakly mixing flow, and let r <1. We can findL�R which
is a union of intervals of length at least r , has density 1, and any sequence in L going to
infinity is a mixing sequence for F t .

The condition that there exists such an L of density 1 is well known to be equivalent
to weak mixing. The assumption that L can be chosen as a union of intervals of length at
least 1 is because the unitary operators for F t with t 2 Œ0; r� form a compact family in the
strong operator topology. So, if L0 is a mixing set, its r-neighborhood is too.

Proof of Proposition A.5. It suffices to consider when F t
�

is weakly mixing. By
Lemma A.6 choose a set L satisfying the assumptions of Lemma A.6 for r D 1. By
assumption there is a full measure setD of directions that have a partial rigidity sequence
in L. By Lemma A.4, for all � 2 D, F t

�
and F t� are disjoint, as desired.

A.2. Application to non-arithmetic Veech surfaces

We now set about adapting the criterion of Proposition A.5 to certain translation surfaces.
The arguments have more or less been carried out in [7, 10, 32]. We present a slightly
different, weaker (in particular avoiding ubiquity) argument that is sufficient for our pur-
poses.

Theorem A.7. Let M be a translation surface and � denote the measure coming from
the area. Let F t

�
denote the flow in direction � on M .

� Assume the flow in almost every direction is weakly mixing.

� Suppose for every " > 0 there exists � > 0 such that at most an "-proportion of holo-
nomies of cylinders have an �-friend.

Then the family ¹F t
�
º�2S1 with the measure � satisfies the assumption of Proposition A.5.

Corollary A.8. LetM be a non-arithmetic Veech surface. Then for almost every �; 2S1

the flows F� and F are disjoint. In particular, the flows are not isomorphic. Moreover,
for almost all �;  2 S1 the product flows are uniquely ergodic.

Proof of Corollary A.8 assuming Theorem A.7. First, the flow in almost every direction
on any non-arithmetic Veech surface is weakly mixing [4]. Theorem 1.3 implies that every
non-arithmetic Veech surface has the property that for every " > 0 there exists � > 0 such
that at most an "-proportion of holonomies of cylinders have an �-friend. These two results
are the assumptions of Theorem A.7 and so by Proposition A.5 the flows in almost every
pair of directions on M are disjoint.
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We now establish the typical unique ergodicity of the product. Observe that the prod-
uct of two flows is uniquely ergodic if and only if the flows are uniquely ergodic and dis-
joint. By [30], for every translation surface the flow in almost every direction is uniquely
ergodic. Thus, for almost every �;  the product flow F� � F is uniquely ergodic.

In the rest of this section we prove Theorem A.7. The key lemma is the following.

Lemma A.9. Let M be a Veech surface. If L � R is a union of intervals of length at
least 1 with density 1, then a density 1 set of holonomies of saddle connections have
lengths contained in L. That is,

lim
R!1

j¹.�; T / 2 SM W T 2 L \ Œ0; R/ºj

j¹.�; T / 2 SM W T 2 Œ0; R/ºj
D 1:

Proof. Denote an element in SM by its polar decomposition .�; T /. We want to find a
bound for

lim sup
R!1

j¹.�; T / 2 SM W T 2 L
c \ Œ0; R/ºj

j¹.�; T / 2 SM W T 2 Œ0; R/ºj
:

Let ı > 0. We split the set in the numerator into two cases, first those elements with
�-friends, and then those without �-friends. Having fixed ı, choose � as given by Theo-
rem 1.3. Then

lim sup
R!1

j¹.�; T / 2 SM W T 2 L
c \ Œ0; R/ and .�; T / has an �-friendºj

j¹.�; T / 2 SM W T 2 Œ0; R/ºj
< ı:

We now consider the other case, i.e.,

lim sup
R!1

j¹.�; T / 2 SM W T 2 L
c \ Œ0; R/ and .�; T / has no �-friendºj

j¹.�; T / 2 SM W T 2 Œ0; R/ºj
: (A.1)

By quadratic growth, the denominator of (A.1) is bounded below by �R2 for some � > 0
andR> 0. By the assumptions onL the complementLc \ Œ0;R/ is a finite set of q points,
where q < R. We thicken Lc by placing an interval Ii of length jIi j D ` at each point.
Making ` small enough we define Lc

`
\ Œ0; R/ to be the disjoint union of the intervals:

Lc
`
\ Œ0; R/ D

Fq
iD1 Ii .

So by comparing areas, for any interval Ii we have

j¹.�; T / 2 SM W T 2 Ii and .�; T / has no �-friendºj �
�.`C �/2

��2
D
.`C �/2

�2
:

Summing over the q < R intervals, we find

j¹.�; T / 2 SM W T 2 L
c
` \ Œ0; R/ and .�; T / has no �-friendºj � R

.`C �/2

�2
: (A.2)

Since ` can be taken to be non-increasing inR and �; � are independent ofR, (A.1) yields

lim sup
R!1

¹.�; T / 2 SM W T 2 L
c \ Œ0; R/ and .�; T / has no �-friendº

¹.�; T / 2 SM W T 2 Œ0; R/º

� lim sup
R!1

1

R

.`C �/2

��2
D 0:

We conclude by letting ı ! 0.
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Let M be an area 1 translation surface of genus g, and s be the length of the shortest
saddle connection onM . Set � D 1

2g�2
. We now fix L� R, a union of intervals of length

at least 1 with density 1. Let

QSM .�;N / D ¹.�; T / W � is the direction of a periodic cylinder of length T < N

and volume at least �º:

Let
QS 0M .�;N / D ¹.�; T / 2

QSM .�;N / W T 2 Lº:

Proposition A.10. It suffices to show that there exists Oc > 0 such that for any interval J
and for any N large enough .depending on J / we have

�

� [
.�;T /2 QS 0

M
.�;N/

B

�
�;

1

TN

�
\ J

�
> Oc�.J /: (A.3)

Proof. We first need a lemma connecting being close to the directions of cylinders which
have area at least c > 0 with partial rigidity sequences.

Lemma A.11. If vi are the holonomies of the circumferences of cylinders onQ with area
at least c, �i are their directions and

lim
i!1
jvi j

2
j�i � � j D 0

then jvi j is a c-partial rigidity sequence for Fr�Q.

Lemma A.11 follows directly from [11, proof of Lemma 12].
We now show that with Lemma A.11, Proposition A.10 follows from the Lebesgue

density theorem because (A.3) for all intervals implies that for any c0 < Oc, and for all large
enough N , we have

�

� [
.�;T /2 QS 0

M
.�;N/

B

�
�;

"

TN

�
\ J

�
> "c0�.J /: (A.4)

To see how (A.4) follows from (A.3), note that if B.�; 1
TN
/� J then �.B.�; "

TN
/\ J /D

"�.B.�; 1
TN
/ \ J /. Now

�

�
J \

[
.�;T /2 QSM .�;N/WB.�;

1
TN /6�J

B

�
�;

1

TN

��
� j@J j

1

sN
D

2

sN
;

which clearly goes to zero as N !1.
Now (A.4) (and the fact that N � T ) establishes that for any " > 0, the complement

of [
.�;T /2 QS 0

M
.�;N/

B

�
�;

"

T 2

�
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has no Lebesgue density points and so
S
.�;T /2 QS 0

M
.�;N/ B.�; "=T

2/ has full measure. So

for almost every � 2 S1 there exists .�j ; Tj / 2 QS 0M .�;1/ such that

lim
j!1

T 2j j�j � �j D 0:

If � is not in the countable set of direction of elements of QS 0M .�;1/ then the Tj necessar-
ily tend to infinity. By Lemma A.11, the Tj are a � -partial rigidity sequence for F t� and we
have established the theorem. Thus we have shown that (A.3) implies Theorem A.7.

To prove (A.3), we use a result of Vorobets.

Theorem A.12 (Vorobets, [42, p. 16]). Let m be the sum of the multiplicities of singular-
ities. Let c D 22

4m
. For large enough N we have[

.�;T /2 QSM .�;N/

B

�
�;

c2

TN

�
D S1: (A.5)

Derivation of Theorem A.12 from Vorobets. Let .�; T / 2 S1 � RC. For ˛ > 0 let
A.�;T /.˛/ be the set of directions � such that

T jsin.� � �/j � ��1c:

Vorobets shows that for any N � c and � D N=c we have

S1 D
[

.�;T /2 QSM .�;N/

A.�;T /.�/:

If N is large enough, (depending on the shortest saddle connection in M ), then
T sin.� � �/ � .N=c/�1c implies jsin.� � �/j � 1

2
j� � �j. So for large enough N

we find that for every � there exists .�; T / 2 QSM .�; N / such that T 1
2
j� � �j �

T jsin.� � �/j � .N=c/�1c or that j� � � j � c2

TN
.

Remark A.13. For the reader’s convenience, we briefly connect our notation with the
notation in [42]. There T0 plays the role of c. Because we are assuming our translation
surface has area 1, the

p
S term (which is the area of the translation surface) does not

appear. Also note that Vorobets allows for a smaller c whenmD 1; 2. In [42], T plays the
role of R.

Proof of Theorem A.7. By Proposition A.10 it suffices to show that (A.5) implies (A.3).
Let J be an interval. Observe that

�

� [
.�;T /2 QS 0

M
.�;N/

B

�
�;

1

TN

�
\ J

�

�
1

c2
�

� [
.�;T /2 QSM .�;N/

B

�
�;

c2

TN

�
\ J

�
�

X
.�;T /2 QSM .�;N/n QS

0
M
.�;N/

2
c2

TN
: (A.6)
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By Lemma A.9 we may assume j QSM .�; N / n QS 0M .�; N /j < ıN
2 for all N large enough.

Thus for large enough N , by Abel summation,X
.�;T /2 QSM .�;N/n QS

0
M
.�;N/

2
c2

TN
< 4c2ı:

So for any ı > 0 we can bound the right hand side of (A.6) by 1
c2
�.J / � Cı. This estab-

lishes (A.3).

Remark A.14. In the previous referenced uses of similar disjointness arguments, [8,11],
one does not assume that the systems are weakly mixing. The author of the appendix
considers one of the values of this appendix to be presenting a disjointness criterion of
this flavor that is simplified by the presence of density 1 mixing sequences. However,
similar to those earlier arguments, one can remove the condition that the flow in almost
every direction on M is weakly mixing by using [11, Proposition 2] in place of Lemma
A.4. Lemma A.9 provides the necessary input for this criterion as well. Compare with
[8, Corollary 5] which uses [8, Corollary 3]. By a similar argument to the one above, one
can show that any Veech surface (including arithmetic Veech surfaces) has the property
that the flow in almost every pair of directions is disjoint. However, even without the
main result of the present paper, one can use similar spectral methods to prove that for
any branched translation cover of a torus (a class of surfaces that includes all arithmetic
Veech surfaces, which are branched translation covers of tori, branched over one point)
the flow in almost every pair of directions is disjoint and so we omit it.
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