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Abstract. We prove that the set of automorphism invariant Gibbs measures for the ¢* model on
graphs of polynomial growth has at most two extremal measures at all values of . We also give
a sufficient condition to ensure that the set of all Gibbs measures is a singleton. As an application,
we show that the spontaneous magnetisation of the nearest-neighbour ¢* model on 74 vanishes at
criticality for d > 3. The analogous results were established for the Ising model in the seminal
works of Aizenman, Duminil-Copin, and Sidoravicius (2015), and Raoufi (2020) using the so-called
random current representation introduced by Aizenman (1982). One of the main contributions of
this paper is the development of a corresponding geometric representation for the ¢* model called
the random tangled current representation.
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1. Introduction

1.1. Motivation

The ¢* model is a statistical mechanics model of ferromagnetism with real-valued spins
attached to each vertex of a graph whose values are confined according to a quartic single-
site potential. Mathematically, this is modelled by a probability measure on real-valued
spin configurations on a graph G = (V, E) formally given by

1
(F(p)) = Z/F((p)eﬁZ{x VIEE OPxPy— erv(g(l’x"‘a%)d(p

where g > 0 and a € R are coupling constants, § > 0 is the inverse temperature, and Z is
a normalisation constant. This model naturally interpolates between two famous models
of statistical physics, namely the Gaussian free field and the Ising model. The Gaussian
free field is defined by setting ¢ = 0 and taking an appropriate a. Formally, in the limit
g — 0 when a > 0, the ¢* model approximates a Gaussian free field of appropriate cov-
ariance. On the other hand, the Ising model is defined by integrating with respect to the
Bernoulli measure on {£1}. In this case, the limit g — oo for @ < 0 formally corresponds
to the Ising model. This can be seen easily if one takes a joint scaling limit whena = —2g:

271)2
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The model has its origins in Euclidean quantum field theory, where its analogue on R¢
is amongst the simplest candidates for a non-trivial (i.e., non-Gaussian) measure. These
measures in dimensions d > 2 are a priori ill-defined due to the notorious problem of
ultraviolet divergences [25]. Two major breakthroughs in the constructive field theory
programme of the 1960—-1970s were the solutions to these problems in dimensions 2 and 3
due to Nelson [39], and Glimm and Jaffe [24]. In dimensions d > 4, a non-Gaussian
measure cannot be obtained due to the triviality results that we mention below.

It was later realised that the ¢* model on the lattice Z¢ has importance in statistical
physics. Its viewpoint as a generalised Ising model was first rigorously explored in the
landmark paper by Guerra, Rosen, and Simon [30]. The approximation to Ising was fur-
ther exploited by Glimm, Jaffe, and Spencer [26], where they adapt the celebrated Peierls’
argument [43] to prove that the phase transition occurs at a finite non-zero temperat-
ure for <p4 in dimensions d > 2. In particular, there is a critical inverse temperature S,
depending on the fixed values of g, a, such that: for 8 < ., the two point correlation
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tends to 0; and for B > B, the two point correlation does not tend to 0 and there is long-
range order.

The relationship between ¢* and the Ising model is predicted to be very deep: they are
a fundamental example of two models that are believed to belong to the same universality
class. Indeed, it is predicted from renormalisation group heuristics (see [27, 32] or the
recent book [8]) that at their respective critical points, many properties of these two mod-
els, such as critical exponents, exactly coincide. A manifestation of this was discovered
by Griffiths and Simon in [51], where they show that the ¢* model arises as a certain near-
critical scaling limit of mean-field Ising models. Indeed, this allows one to transfer many
special properties of the Ising model, such as correlation inequalities, to ¢*. This makes it
one of the simplest non-integrable models to study, even in spite of the unbounded spins.

More direct results towards universality were obtained in dimensions d > 5 by Aizen-
man [2] and Frohlich [19], where triviality of their scaling limits, both in the infinite
volume and continuum, were established. The case of d = 4 was settled in the beautiful
paper by Aizenman and Duminil-Copin [5], where stochastic geometric representations
for the model, as in this paper, play a central role. Establishing rigorously universality res-
ults in dimensions 2 and 3 remains a difficult challenge. We refer to the recent review [3]
concerning ¢* for further discussion.

In this article, we are interested in understanding the structure of Gibbs measures
for ¢*, and in particular identifying the behaviour at the critical point. To do this, we build
on ideas that have led to recent breakthroughs towards these questions in the case of the
Ising model. In particular, the continuity of the magnetisation at the critical pointin d > 3
was established by Aizenman, Duminil-Copin, and Sidoravicious [6] using the so-called
random current representation, first introduced by Aizenman in [2]. These techniques
were further exploited by Raoufi in [45] to show that the set of translation invariant Gibbs
measures on any amenable graph at any temperature is given by convex combinations of
two natural extremal measures. This was previously known for temperatures not equal
to the critical point on Z¢, see the results of Bodineau [10]. First, we rigorously define
the quantities of interest and state our main result on the structure of Gibbs measures.
Then, we state its consequences for continuity of the phase transition (as well as a precise
definition of what this means).

1.2. Definitions and structure theorem

Let G = (V, E) be a connected, infinite, and locally finite graph. Let J = (Jx,y)x,yev
be a collection of ferromagnetic interactions, i.e., such that J , > 0 for all x,y € V.
For g > 0and a € R, let pg , be the single-site measure on R defined by

doga(t) = —e 7841,

g,a

where zg 4 = [ e~8"=at?qs Let A C V be finite. Let h = (hx)xev.n = (Nx)xev € RV
be the external magnetic field and boundary condition, respectively.
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We define the Hamiltonian

HZJ,J(QD) = E Jx,yOxpy — E Jx,y0xny — E hxpx VYo € RA»
X, yEA XEA XEA
yeV\A

whenever } 1\ p Jx,y My <00 Vx € A.

The ¢* model on A with coupling constants (J, g, a), boundary condition 7, inverse
temperature § > 0, and external magnetic field /4, is the measure (-)'7A BT g defined via
the expectation values

1

_ n
(A phsga’= 7 [p AL BHAW @ dpp ga(),  (1.2)

A,B,h,J,g.a
where dpa g.a(¢) = [Irep dPg.a(@x), f:RAY — R is a bounded measurable function
and Z;’\ BhTga is the partition function, that is, the normalisation constant such that
“m,ﬂ,h,J,g,a = 1. When clear from context, we drop (J, g, @) from the notation.

In this article, we impose a restriction on the growth of the graph. We fix a distin-
guished origin 0o € G, and let By denote the ball of radius k centred at o with respect
to the graph distance dg. Let G be a vertex-transitive graph of polynomial growth, i.e.,
a graph for which there exist d > 1 (called the dimension of G) and ¢, C > 0 such that,
forall k > 1, we have ck9 < | Br| < Ck?. As such, G is amenable,

|0A4]

in — =0,
ACV,|Al<co |A|

where 04 = {x e V\ A:3y € Awith{x, y} € E} and | - | denotes cardinality. We fix
a vertex-transitive subgroup I' of the automorphism group of G, denoted by Aut(G).
A set of interactions J = (Jx,y)x,yev is admissible with respect to G and I" if

(C1) (Ferromagnetic) Jx , > Oforall x,y € V;

(C2) (T'-invariance) Jy(x),y(y) = Jx,y forally € I';

(C3) (Irreducibility) for every x, y € V, there exists a sequence xo = X,...,X; = y such
that Jxq x; - x> 05

(C4) (Integrability) 3C > 0 and € > 0 such that J, , < Cdg(x, y)~@T9 for all x #
yeV.

We remark that (C4) indeed implies that
ma D.7.
We say that a Borel measure v on RY is tempered if

<ev Jo,x < 00, see the calculation in Lem-

e for every A C V finite, v|A is absolutely continuous with respect to the Lebesgue
measure on RA;

e v is supported on the event

R = {(%)XEV 13C € (0.00), Y ¢2 < C|By|forall k € N}.

XEBy
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Definition 1.1 (Gibbs measures). We say that a Borel probability measure v on RV is
a Gibbs measure at (B, k) if it is tempered and for every finite A C V and f € RA
bounded and measurable, the DLR (Dobrushin-Lanford—Ruelle) equation

R BRI
ne

holds. In particular, we assume that v is almost surely supported on 7 € RY such that
();'\ p.p is well defined.

We denote by §(B, i) the set of Gibbs measures at (8, 1). We say that a measure
v € (B, h) is [-invariant if for all y € I, the pushforward measure y.v is equal to v.
We denote by §r (8, h) C §(B, h) the set of I'-invariant Gibbs measures. The set §r (B, 1)
has a structure of a Choquet simplex, i.e., admits a unique extremal ergodic decomposition
(see [46, Theorem 5.8]).

Our main result is a structure theorem for §r(8, 0) = §r(B). It states that there
are at most two extremal measures (); and ()E which we define as follows. First, for
any h € R, let ('>(f)l,h = limA¢V(-)9\,ﬁ,h, which exists by tightness (see Proposition D.4)
and a standard monotonicity argument using Griffiths’ inequality (see Proposition 3.19).
Define ()‘;3|r and ()E via the following monotonic weak limits (again by Griffiths’ inequal-
ity, see Remark 3.21):

+ _ 5 0 - _ 7 0
(‘),g = }zli%(')ﬂ’h’ ()ﬂ = }}%(‘)ﬁ,h-

The measures (-);r and (-)E are ergodic (in fact mixing) and extremal; see Corollary 2.9.

Theorem 1.2. Let G be a connected, vertex-transitive graph of polynomial growth and
I' C Aut(G) a vertex-transitive subgroup. Let J be an admissible set of coupling constants
with respect to G and T', and fix g > 0 and a € R. Then, for any 8 > 0,

Ir(B) = {A()5 + (1=1)()g A [0 1]} (1.3)

Moreover, if
liminf (@o0x)3 =0, (1.4)

dg (0,x)—>00

then there exists only one Gibbs measure, i.e.,

[§(B)| = 9r(B)l = 1.

To the best of our knowledge, Theorem 1.2 is the first result that characterises the set
of translation invariant Gibbs measures for ¢* at any f. It has natural consequences for
the continuity of the phase transition, i.e., condition (1.4) can be verified at criticality in
certain cases; these are explored in the next subsection. We believe that certain ideas in
the proof may be useful to study the universality between ¢* and Ising, and perhaps be of
use in studying P (@) models (i.e., when the quartic polynomial in the single-site measure
is replaced by an arbitrary even polynomial P of positive leading coefficient). We also
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remark that this seems to be the first instance where the ¢* model is studied on gen-
eral graphs beyond Z¢ and the techniques developed may be useful to study universality
with respect to the underlying choice of graph, i.e., microscopic structure. The restric-
tion to (amenable) graphs of polynomial growth is for technical reasons; our proof of the
construction of general Gibbs measures works under certain geometric conditions, but
we cannot give an example of such an amenable graph which exhibits superpolynomial
growth. We refer to Appendix D for further discussion. However, the main techniques —
in particular, all the stochastic geometric tools developed — that we employ should extend
to the case of a general amenable graph.

The starting point to prove Theorem 1.2 is a characterisation of the structure of I'-
invariant Gibbs measures for ¢*; see Proposition 2.15. This is similar in spirit to the
Lebowitz characterisation for the Ising model [36], but there are significant complications
that arise due to the presence of unbounded spins. The importance of this characterisa-
tion is that it reduces the problem to showing that the plus and free measures, i.e., (~)I'5J'
and (~)%’h=0, coincide on two-point correlations. Thus, we need to control differences
of two-point correlations. For the case of the Ising model [6, 45], this is enabled by the
celebrated random current representation, and in particular by the switching lemma [2,
Lemma 3.2] which allows one to give a probabilistic interpretation of these quantities.

It is well known that the ¢* model on a finite graph A is approximated by an Ising
model on A x Ky with special coupling constants, where K y is the complete graph on N
vertices. This is called the Griffiths—Simon approximation [51]. One natural question, in
light of the above, is why the naive approach of proving the structure theorem for Gibbs
measures directly via the Griffiths—Simon approximation of ¢* fails. This approach would
go by proving a corresponding statement for the Ising model on A x K and then taking
the limits A 1 G and N — oo appropriately. Since the proof in the case of the Ising model
heavily relies on ergodicity, it only gives information about the model in infinite volume
without any quantitative control in finite volume. Therefore, this approach would require
a proof of the convergence of the Griffiths—Simon model on G x Ky to the ¢* model
on G. However, to the best of our knowledge, such a convergence result in the infinite
volume is not known. Indeed, the notion of single-site measure, which is crucial to the
argument of [51], disappears in the infinite volume limit.

The core of the paper is the development of a new geometric representation of spin
correlations for ¢*, based on the random current representation for the Ising model, that
we call a random tangled current representation. A current n is a positive integer valued
function on the J-edges of the graph, meaning the pairs {x, y} C V such that Jx , > 0.
A tangled current is a pair (n, t) obtained as follows: first, the current n is lifted to its
natural multigraph N, where each J-edge {x, y} is replaced by ny , edges. Then, each
vertex x is replaced by an ordered block of An(x) vertices, where An(x) is the degree
of x in N and each of the An(x) edges is incident to a distinct vertex in the block.
Finally, an even partition ¢ at each vertex naturally tangles the currents at each block. The
key technical tool is the switching principle of Theorem 3.12, which, in particular, allows
us to express ratios and differences of correlation functions in terms of connectivity prop-
erties of random tangled currents. With this switching principle, the proof of Theorem 1.2
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broadly follows ideas developed in [6,45]. However, there are severe obstacles that require
a fine knowledge of the behaviour of the single-site tangles, for example, that any partition
occurs with positive probability. There are also additional essential difficulties caused by
the presence of unbounded spin.

The construction of the random tangled currents and the proof of the switching prin-
ciple start from the Griffiths—Simon approximation. Indeed, since the model in the pre-
limit of N — oo is an Ising model, we may use the standard switching lemma. Capturing
the stable quantities as N — oo requires isolating the geometric structures that persist
in the scaling limit, which then leads us to random tangled currents. We stress, however,
that random tangled currents and the switching principle are stated on the level of ¢* and
make no reference to the prelimit; it is only their construction that does. It is an interesting
question to prove such a switching principle directly for ¢, without any reference to the
Griffiths—Simon approximation.

Our representation complements the well-known Brydges—Frohlich—Spencer random
walk representation (or BFS representation) of the ¢* model [12]. This path expansion
of the model can be used to derive many classical correlation inequalities for the model
(see [18] and references therein) and also plays a pivotal role in Frohlich’s proof of trivi-
ality [19]. It would be interesting to see how this object relates to the representation we
introduce in this paper. Let us mention that even in the simpler case of the Ising model, the
connection between the BFS expansion and the random current representation is not com-
pletely obvious. The backbone expansion introduced by Aizenman [2] is such a random
walk representation, built from explorations of the underlying random current model, but
is not quite the same object as the BFS representation. Let us also mention that although
it is a very powerful object, it is not clear whether the BFS representation is enough to
obtain the results of this paper. The main reason is that we rely heavily on percolation
type arguments that cannot be generalised to these random walk models.

1.3. Continuity of the phase transition for ¢* on 74

We discuss now an important consequence of Theorem 1.2 to the (continuity of) phase
transition for ¢*. We restrict ourselves to the hypercubic lattice G = Z4. We fix g > 0
and a € R. We also fix a collection of interactions J satisfying (C1)—(C4).

We begin by defining the phase transition rigorously. There are several natural ways
to do this, which are all a posteriori equivalent. We consider here perhaps the most clas-
sical definition in terms of spontaneous magnetisation. Other definitions involve existence
of long range order (as mentioned above), uniqueness of Gibbs measure, finiteness of
susceptibility, etc. We refer the reader to Appendix C for these definitions and results
relating them. The spontaneous magnetisation at inverse temperature S is defined as
m*(B) = (goo);;. We can now define

Be :=inf{B > 0, m*(B) > 0}.

For d > 2, it has been proved [26] (see also [25]) that B.(g,a) € (0, 00) for all g > 0
anda € R.
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In view of the definition above, it is a natural question to ask whether m*(8.;) = 0
(i.e., the spontaneous magnetisation vanishes at criticality). If so, m™ is continuous at .
(see Proposition A.1) and the model is said to undergo a continuous phase transition. This
is a fundamental assumption on which arguments of universality (e.g., via renormalisation
group heuristics) are built on. It turns out that continuity of the phase transition for lat-
tice * models boils down to proving that |§(B.)| = 1, see Proposition C.2. Theorem 1.2
gives a sufficient condition (1.4) for that to be satisfied.

Very few tools are available to obtain condition (1.4) at criticality. For the Ising
model in dimension 2, this can be verified by using either exact integrability established
in the famous work of Onsager [40] or planar duality of the interaction as realised by
Werner [55]. However, we stress these techniques only work for the nearest-neighbour
model, and have not been extended to finite range interactions in general, or the case
of ¢*. In higher dimensions, one can use the lace expansion for either the Ising model [47]
or ¢* [48]. In the intermediate dimensions, such as the physically relevant dimension 3
for nearest-neighbour interactions, the infrared/Gaussian domination bound of Frohlich,
Simon, and Spencer [21] (see also [20]) for reflection positive models (see [9, Defini-
tion 5.1]) is the main tool we have at our disposal. As already observed in [6], the infrared
bound is a good candidate to ensure continuity.

We now assume that the interaction J is admissible and reflection positive; see Sec-
tion 7. The canonical examples of reflection positive interactions are

e (Nearest-neighbour interactions) Jx,, = 8x—y|,=1;
o (Exponential decay/Yukawa potentials) Jx , = C e~ M=yl for u, C > 0;
o (Power law decay) Jx,, = C|x — y|jd_°‘ fora, C > 0,

where | - |; refers to the £!-norm on R¢. For each J, we consider the associated random
walk (X )r>o with step distribution given by

Pt =y | Xe =2 = 222
/]
where |J| := )", cza Jo,x. The infrared bound relates the two-point function of a reflec-
tion positive model to the Green’s function of the associated random walk X . In the case
that the random walk is transient, one concludes that condition (1.4) from Theorem 1.2
holds. We then obtain the following result; see Section 7 for the details.

Theorem 1.3 (Continuity of the phase transition). Let d > 1. Let J be admissible, reflec-
tion positive, and such that the associated random walk on 74 is transient. Then,

m*(Bc) = 0.
In particular, m*(B.) = 0 for the nearest-neighbour ¢* model on Z.¢ when d > 3.

Remark 1.4. Theorem 1.3 gives that the magnetisation is continuous at 8. when J
is any admissible and reflection positive interaction in dimension at least 3. In dimen-
sion 2, it yields the same conclusion when J has power law decay of the form J, , =



Random tangled currents for p* 5351

Clx — y|1_d_"‘ with « € (0, 2). Finally, in dimension 1, provided that the model under-
goes a non-trivial phase transition,' we get that the magnetisation is continuous at S,
when J has power law decay with « € (0, 1).

1.4. Open problems

We now give what, in our opinion, are some beautiful open problems that naturally lead
on from Theorems 1.2 and 1.3. In what follows, we fix G = Z? and only consider the
nearest-neighbour case.

The most striking omission from Theorem 1.3 is the behaviour at . for the nearest-
neighbour model in d = 2. Indeed, the infrared bound is not useful in this context and
the analogous result for the Ising model relies on exact integrability [40] or planar dual-
ity [55], which only works in the nearest-neighbour case; we stress that the case of the
finite range Ising model is open. It is widely believed that the phase transition for ¢*, just
as for Ising, is continuous in dimension 2.

Open problem 1 (Continuity in d = 2). Let d = 2 and let J be the nearest-neighbour
interaction. Prove that

m*(ﬁc) =0.

The only rigorous evidence that we are aware of universality with respect to changes
in the Hamiltonian” for the Ising model in d = 2 are the celebrated works of Pinson
and Spencer [44] (see also [52]) and Giuliani, Greenblatt, and Mastropietro [23], which
treat the scaling limit of energy-energy correlations for critical finite range Ising models
(with a perturbative condition on the range) via renormalisation group techniques; and the
work of Aizenman, Duminil-Copin, Tassion, and Warzel [7], which proves asymptotic
Pfaffian relations for boundary point correlations for any critical finite range model (with
no perturbative condition) via stochastic geometric techniques. Both cases are coherent
with universality, i.e., with the corresponding results established for the critical nearest-
neighbour model; see [28, 49] for the energy-energy and boundary point correlations,
respectively. We defer to the articles cited above for precise statements in the case of Ising.

Open problem 2 (Pfaffian relations in d = 2). For the nearest-neighbour ¢* model
on Z2, prove that the boundary spin correlations satisfy the Pfaffian relations asymp-
totically at criticality.

Our final problem concerns the set of all Gibbs measures in d = 2. For the Ising
model, it is known [1, 31] that in d = 2, there are no non-translation invariant Gibbs
measures. This is in stark contrast to the existence of (non-translation invariant) Dobrushin

'We expect this to be true whenever Jx,y = c|x — y|7172 for some & € (0, 1), as in the case
of the one-dimensional Ising model [16].

2This is in contrast to universality results with respect to changing the underlying planar graph
for nearest-neighbour models, i.e., beyond the square lattice, for which much progress has been
made. We refer to the review by Chelkak [13] for further details.
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measures in d > 3 as established in [14]. For (p4, the existence of Dobrushin measures is
known in d > 3, see [50]. The following problem is thus natural.

Open problem 3 (Aizenman-Higuchi result in d = 2). Let d = 2 and let J be the
nearest-neighbour interaction. Prove that for all 8 > S,

5(B) =9r(p).

where §7 () is the set of translation invariant Gibbs measures.

2. Gibbs measures and correlation functions

In this section, we prove important properties of Gibbs measures. First, we construct the
plus and minus measures, and show that they are mixing and extremal. Then, we provide
a Lebowitz-type characterisation on the structure of I'-invariant Gibbs measures that
reduces the proof of Theorem 1.2 to checking that even correlations under the plus and
free measures coincide. We fix g > 0.

2.1. Regularity of Gibbs measures

It is crucial to our techniques that (); and ()E are realised as infinite volume limits
of measures with appropriate boundary conditions at # = 0. This is not a priori clear
from their definitions via limits as 2 | 0 and & 1 0 of ()?9 »» Tespectively. Indeed, it is
not even clear that they are even Gibbs measures at 1 = 0. As such, we show that any
Gibbs measure satisfies a regularity condition that puts a constraint on the growth of the
configurations that it is supported on. This allows us to define natural analogues of plus
and minus boundary condition measures obtained from finite volume measures that are
mixing and extremal, which we shall do in the next subsection.

Definition 2.1. Let v be a measure on RY . For y,8 > 0, we say that v is (y, §)-regular if,
for every A C V finite, the density of the projection measure satisfies

d
d(’%((p[\) < e—erA(Wﬁ—S), 2.1

where dg, is the Lebesgue measure on R2.

The following proposition states that (tempered) Gibbs measures are regular. The
proof is technical and relies on estimates developed in [37], adapted to our more gen-
eral setting on graphs of polynomial growth. We therefore defer the proof to Appendix D,
cf. Proposition D.6.

Proposition 2.2. There exist constants y,§ > 0 depending on G, g, a, J, B, h such that v
is (y, 8)-regular for every v € §(B). Moreover, the constants y and § are continuous in g,

a, J, B, h
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Regular measures concentrate on weakly growing configurations.

Lemma 2.3. Let v be (y, §)-regular. For every M = M(y, §) > 0 sufficiently large, we
have

v[EM)] =1,
where
EM):={pecR": JA, C V finite, qofc' < Mlogdg(o,x)Vx € V' \ Ay}.

Proof. This is a direct consequence of Definition 2.1, a union bound, and Borel-Cantelli
lemma. ]

In light of Lemma 2.3, there is a natural notion of “maximal boundary condition”.

Definition 2.4. For M > 0, we define the configurations p = p(M) and m = m(M) as

px = vVMlog(dg(o.x) V1) VYxeV,
and m = —p. We refer to ()f\ P and () p as the plus and minus (finite volume) measures.

Remark 2.5. Proposition 2.2 and Lemma 2.3 imply that any Gibbs measure is a limit of
finite volume (regular) ¢* measures ()Z P with (possibly random) boundary conditions 1
satisfying |nx| < px(M) Vx € V \ A, provided M is taken sufficiently large. This is
established in Appendix D. One of the key results to proving Proposition 2.2 is that finite
volume measures with boundary condition satisfying |n| < p satisfy an estimate analog-
ous to (2.1) with (y, §) uniform over subsets sufficiently far away from the boundary, see
Corollary D.12 for a precise statement. Conversely, any sequence of finite volume meas-
ures with boundary conditions satisfying || < p is tight and any accumulation point is
a Gibbs measure, see Propositions D.4 and D.5.

2.2. Extremality and mixing of the plus and minus measures

Recall that ();3" and ()E were defined as the respective monotone limits limy, o ()% , and
limp 4o (-)%’ »- We now show that they can be obtained by taking infinite volume limits of
measures with maximal boundary conditions at (8, 7 = 0), thus giving a proof that they
are in §(B).

Proposition 2.6. For M sufficiently large, one has that (~)f\ > (); and (-)} g <')ﬁ
as A 1t V. Moreover, the measures are maximal and minimal, respectively, in the sense
that, for any (-) € §(B) and any increasing and integrable function f,

(Fg <) =g (2.2)

Proof. We only prove the convergence results; monotonicity (2.2) is a direct consequence
of the convergence together with Remark 2.5, and the monotonicity on boundary condi-
tions in finite volume (see Proposition B.4). Without loss of generality, we only consider
the case of (');. First, since the measures (')R’ p are uniformly regular (see Remark 2.5),
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it is straightforward to prove that they form a tight sequence of measures. Now, let A, 1 V
be any sequence such that (-)* A,.p Converges to a probability measure, which we denote
by (-5 p- Note that this is a Gibbs measure. We prove that (-)% 5= = ()F IE which in particular
implies that the full sequence (-y% A,p converges.

By monotonicity® in 4, for any f local, increasing and bounded, and # > 0,

()5 = dim (f)% < lim (f)% . = vgal/].

'B_n—>oo An:B — psoo

where vg , := (-)g,» is the unique measure in §(B, h) for h # 0: this is a consequence
of the Lee—Yang theorem for the (p4 model (see [51] and [37, Theorem 5.6]). Since by
definition vg j — (-); as h — 0, we conclude that ( f)} < (f);{.

For the reverse inequality, let f be local, increasing, and bounded. For & > 0 and

A C V finite, let
(A, B, h) == | flloovp,nl3x & A = [nx| > px(M)].

Provided M is large enough, by continuity of the regularity coefficients and concentration
on regular boundary conditions, supj¢po,17€(A,h) = o(1) as A 1 V. Thus, by the DLR
equations and monotonicity in boundary conditions (see Proposition B.4), we have for n
sufficiently large

(1f = tim vaals1= tim [ (L, vt

< tim (chn B + [0, o)
< sup s(An,ﬂh)+ hm (fy;\,,ﬂh_)(f)z asn — oo.
helo,1] o

Therefore, (-} and (-)® agree on all local bounded increasing functions, and hence
B ﬂ g g
()E = “; as we wanted to prove. L]

Remark 2.7. Unlike the Ising model, we do not have clear monotonicity in the volume
of the quantity ( f )f\ P (for f local, increasing and bounded). This is a consequence of
the unboundedness of the spins. As a result, we must use regularity to “create” a maximal
boundary condition p, which comes with an error term, and temperedness to bound the
spins inside a large box. As a byproduct of the methods developed above, we see that
for A1 C A, two finite subsets of V/, and for f local (with support in A1), increasing,
bounded,

(F)55 < (F)h, 5+ e(AD),
where e(A1) > 0as A; T V.

In what follows, we fix M sufficiently large so that Lemma 2.3 and Proposition 2.6
apply.

3This follows by differentiating in 4 and using the FKG (Fortuin—Kasteleyn—Ginibre) inequality
of Proposition B.1 with the observation that the identity map ¢x — @y is increasing.
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Corollary 2.8 (Extremality). The measures (); and ()B are extremal in the following
sense. Let # € {+, —}. If there exist vi, vy € §(B) and A € (0, 1) such that

(9 = Avy + (1= s,

then necessarily vi = vy = ()%

Proof. This is a direct consequence of (2.2). ]

As a standard consequence of the extremality of the Gibbs measures proved in Corol-
lary 2.8, we obtain that the measures (); and ()E are mixing. See, for example, [22,
Theorem 7.7 and Proposition 7.9].

Corollary 2.9 (Mixing). Let# € {4+, —}. Then, for all local bounded functions f and g,

m (- yeg)y = (F)h(e)}

dg(0,x)—00

for all yx € T such that yxo = x.

2.3. Ergodicity of the free measure under even functions

Recall that the free measure, denoted by ()g is the weak limit of ()?\ p as A 1 V. The
free measure is a Gibbs measure. Indeed, by Remark 2.5, we have tightness and that the
(unique) limit point is tempered and satisfies the DLR equations.

Proposition 2.10. The measure ()%

For all local even functions f and g such that f, g are square integrable,

lim — (f-yxg)p = (/)ple)}

dg(0,x)—>00

is mixing on even functions in the following sense.

forall yx € T such that yxo = x.

Proof. Let A:V — N be of finite support and such that ), Ay is even. Define ¢4 :=
[ier (p;fx. Let (Jx,y)x,yev be a set of interactions supported on finitely many pairs in V/
such that —J , < Jx,, < 0. We define

Hf((p) = - Z fx,y@xﬁ”yv
{x,y}eP2(V)

where P, (V) = {{x,y}: x,y € V}. Note that, by taking infinite volume limits, the meas-

ure <90A)g, JiyelF is well defined and satisfies
((pAe—ﬂHj(wa))g ;
<‘PA>O 157 = 2 -
B.J+yx J (e ﬂH,(yxw))g’J

Now for x € V such that n := dg (0, x) is sufficiently large, by monotonicity in the
volume and Griffiths’ inequality, we have that

0 _ 0 0 0
((pA)Bn/2”3,J = ((pA)Bn/z,ﬂ,J+y;17 = (‘PA)ﬂJﬂ,;lj = (@A)ﬂ,J-
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Hence, by taking d¢ (0, x) — oo and using convergence of correlations in the infinite
volume limit, we have shown that

lim e BH7(rxo)y0 0 o—BHF(@)H0
dg (D’X)_mo((PA )ﬂ,] (§0A),3,J< )ﬁ,]

This establishes Proposition 2.10 for f(¢) = ¢4 and g(¢) = e #H7@) By standard
approximation arguments via Taylor expanding the exponential, resuming, and using the
Stone—Weierstrass theorem, the mixing extends to all even functions. [

2.4. A characterisation of I'-invariant Gibbs measures via correlations

The main result of this subsection is a characterisation for the structure of the I'-invariant
Gibbs measures, see Proposition 2.15. The analogous result for the Ising model was
obtained by Lebowitz [36]. In our setting, there are significant complications that come
from the unboundedness of the spins.

A central tool in the proof is the following correlation inequality, which was first estab-
lished in [36]. Recall that if A: V' — N is finitely supported, we denote ¢4 = [ [, ey (,o;;1 .

Proposition 2.11 (Ginibre inequality). Let A, B: V — N be finitely supported. Then, if A
contains the support of A and B, for any n,n' € B(M) such that |nx| < 1, forall x ¢ A,

(pavn)y g — (PavB)} g = [(wa)} gloB)s g — (9a)} gl gl-
Moreover, if (-)g € (),

{paon)f — (0apn)p = l(0a) 5 (#B)p — (0a)p(wB)5 .
Proof. We include the proof in Appendix B.2 for completeness. ]

We make heavy use of the fact that the sign field of the ¢* measure can be viewed
as an Ising model with random coupling constants coming from the absolute value field.
Given x € R, we define the sign of x as sgn(x) = \i_l for x # 0, and sgn(0) = 1. We have
the following coupling result.

Lemma 2.12. Let A C V be a finite set and let n € RY be such that |n| < p (outside A).
There exist a coupling (Pp g, P, "), P ~ ()R B Q" ~ ()7\ 8 and a non-decreasing
function g: (0, 00)* — (0, 00), such that P g-almost surely,

lo%| > @] forevery x € A,
E plsgn(ey) sgn(e}) | [¢P]. 9" (] > g(l9%l, lgy|)  forevery x,y € A,
and
Ea glsgn(@}) sgn(ey) —sgn(p)) sgn(e)) | |¢P,1¢"]] = 0 for every x,y € A.

The proof of this result requires the following lemma.
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Lemma 2.13 (Stochastic domination of absolute value fields). Let A C V be a finite set,
let B > 0, and let n € RY be such that |n| < p (outside A). Then (| - |)A p Stochastically
dominates (| - |)" A in the sense that for any local increasing and bounded function f,

(fUeD)a,p = (fUeD)4 5

Proof. Let
Jxyloxpy|l forx,y €A,
Jn(|(p|)x,y = LYYy
Jxyloxny| forx e A,y e V\A.
It follows from a direct calculation that

Ising,sgn(n)
AT
4003 50D = =52 T dollex).

A B xXeA
where, for any t € {:i:l}V,
Ising, ﬂHIsmz T (O')
ZNToh = D € Aed
oe{+1}A
and for o € {£1}4,
Ism s
HZ @) ==Y J(eDyoxoy — Y J"(@]xy0xTy.
x,yeA xXeA
yeV\A

For simplicity, we write + for the configuration t, = 1 Vx € V.
Thus, for any decreasing function F': [0, oo)A — R,

(F(eDG (D)} 4
(G(eD)} 4

’

(Fg)} 5 =

where
Ising,sgn(n)

A,Jn
Gllgh = s ™.

AJT*(leD.B
Note that G(|¢]) is a decreasing function of |¢|, which follows from taking the logarithmic
derivative and using the Ginibre inequality for the Ising model (see [36]). We can now use
the FKG inequality for the absolute value field (see Proposition B.2) to conclude that

(F(leD) g = (F(leD)} 4
as desired. [

Proof of Lemma 2.12. Using Lemma 2.13 and Strassen’s theorem [53], we obtain a coup-
ling (P, g, ¥P,¥7), where YP ~ (] - |)R and ¥ ~ (|- |)"A, such that P _g-almost surely,
¥ > ) for every x € A. Recall the notation introduced in the proof of Lemma 2.13.
Enlarging our probability space, we can assume that in the same probability space, there
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is a family I = {oP(J) ~ ()Ijin}g; o)) ~ { )Ismg;gn(n) J: P, (A) = [0,00)} of inde-
pendent Ising models that are also independent from ¥® and ¥"7. Now let ¢? := P -
oP(JP(YP)) and @7 := ¢ - a"(J"(Y")). It follows that P ~ ()}, " ~ (-)}. and
lpX| > |@1| for every x € A. Moreover,

Ea,plsgn(@?)sgn(e}) — sgn(e])sgn(ey) | l¢*]. o]
Ising,+ Ising,sgn
= (Uxay);\’}gv(wp),ﬂ - (Uxoy)Ajn(gw(nn)),ﬂ >0,
where the equality follows from independence and the inequality follows from the Gin-
ibre inequality for the Ising model. Similarly, by the monotonicity properties of the Ising
model,

Ea plsgn(@D)sgn(@) | 1971 1071 = (0203 oiye) 5

Ising,0
= 8WR YY) = (0x0) () yoym) p°

The latter is strictly positive by the random current expansion of the Ising model, and
non-decreasing by Griffiths’ inequality. ]

The following lemma is the crucial place in this section where I'-invariance is re-
quired.

Lemma 2.14. Let B > 0. Let (-)g € §r(B). Then, for any x,y € V such that Jx, > 0,

{Px@y)s = (oxpy)p = (@x0y)p- (23)

Proof. The first inequality in (2.3) is a direct consequence of Proposition 2.11. The second

inequality is more involved and requires I'-invariance. We show that a change in tem-

perature is more costly than a change in boundary condition. More precisely, define the

function ¢t +— (Ju v())upev as Ju v(t) = tJy,y if there is y € I' such that ¥ = yx and

v=yy,and Ju v(t) = Jy,y otherwise. For t € (0,1), define () := ((pxgoy) . In addi-
B.I @)

tion, define b = (@, )g. Assume that, for any ¢ € (0, 1),

a(t) <b. (2.4)

We now argue that the second inequality in (2.3) is satisfied. Indeed, as a consequence of
the Ginibre inequality of Proposition 2.11, we have that

Cl([) = (‘ﬂx‘/’y)%,j(,)

The desired inequality then follows from the left-continuity” at7 = 1 of # > (@x¢y)°
It remains to prove (2.4).

Fixt € (0,1) and let @ = «(¢). Let S, be the set of pairs u, v € B, such that there exists
y € I with yx = u and yy = v. Note that there exists ¢; > 0 such that |S,| > ¢1|By|.

B.J (@)

4This follows from the fact that this function can be realised as an increasing limit of increasing
functions.
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We define f(n) := ) ¢, e, Pupv- Note that by T'-invariance, we have ( f(n)) g = b[Sy,
and (f(”))ﬂ,f(t) = «|Sy|. Let ¢ € (0, ). Define the event C,, = { f(n) < (& — 2&0)|Snl}-
The key result we need to establish is the following large deviation estimate: there exists
¢ > 0 such that, for n sufficiently large,

(Lc,)} p1k,)p < e B, (2.5)

where K, = {|n| < p in BS}. We assume this for now to establish (2.4).
On the one hand, by the Cauchy—Schwarz inequality and (2.5), we have that

(f)1e,)h 5 1k,)8 = o(D).
On the other hand, by a union bound and regularity,

1 1
(]]‘{ax¢an‘nx|>Px}>; = Z <]]'{|77x|pr}>/—3'— = Z M S M—d -
oy Y dg (0, x) n

Thus, by the Cauchy—Schwarz inequality, for every M large enough,

(), 55 1xs)8] < S 02)5y/(Laxg,. >0 = 0(1Sa).
Hence, by the above estimates and the definition of C,,,
bISal = (f(m)g = (f(m)p, 5 s 1ka)p + (S (M)p, 5 ;1k5)p
> (& — 260)|Sul((Lcg)y 5.51K,)8 — 0(1Sa])
= (@ — 260)[Sul((1&, )5 — (L)}, 5 ,1K,)8) — 0(ISu].

As a result, by applying (2.5), b|S,| > (@ — 2&0)|Sx| — 0(]S»|). Sending n to infinity,
we obtain b > a — 2¢(, which implies that b > «, as desired.

Finally, we turn to the proof of the large deviation estimate (2.5). By the DLR equa-
tions, we have

P + _ — _
O, ) 5 = SO 5 —en) = ]S, = ()
where, arguing as above,
e(n) 1= (lf(n)ul{ﬂxgéBn,Inx|>px});j(t) = o(|Sn]).
Define A, = {f(n) > (@ — &9)|Sy|}. For every n large enough, the above considerations
imply

S0l
SOV, 5 0=, 7= L) 5= ol Sal = 0(1Su) = 0 -

Observe, furthermore, that

1o )P _ AL PTIO )y (Lane? TIPS
(S0)Lan)y 4570 = (ePG=D 7)) (I¢, ePG=DSm)2

P
B,.B,J
AFDs 5,

(]]'Cn )z,l’ﬂ’] .

B.J

< Beolt=)IS|



T. S. Gunaratnam, C. Panagiotis, R. Panis, F. Severo 5360

Since {px¢y)p, 5.7 — ((px<py);,1, we have

(LD 5 < ISallgxes)l 5, < CilSil

for some constant C; > 0 independent of n. Re-arranging, this yields a bound on
(ﬂcn)ﬁ,,, g We want to replace the boundary p by an arbitrary boundary condition
in K,,.

Let n € K. Define

gn(m =Y Jeyox(py — ).
X€EBy,
Y€Bn

Using the above inequalities, we have that

Bgn(m\1
(Lc,e )B..5. = (1, )? < 2C1 —Beofer)1-0)1By|
(ePentmy " BaBd = oo :

Note that by the Cauchy—Schwarz inequality,

((HC")Zn,ﬂ,J)Z < (]lcneﬂgn(ﬂ)>$n’ﬂ"] (e_ﬂgn(ﬂ))%n’ﬁ"],

[2¢
(Le,)) 4, < g_lefwso/(zcl))(lft)wn\(emgn(n)\)%nﬁgj, (2.6)
0

We seek an estimate on (e? |g”(’7)‘)%n 8. which is uniform over € K. To this end,
observe that, by the definition of p, and by the condition (C4) satisfied by J,

so that,

VM logdg(o,y)
18I <2 D Teyloxloy <2C > oxl D :

dg(x,y)d+e

X€By, X€By Y¢€By
y¢Bn
Let § > 0 be such that |B, \ Bn,_1| = O(n~%|B,|) for every n > 1 (such a § exists
by [54]; see Remark D.2 in the appendix). Note that for every x € B, and y ¢ B,,
using that dg (x, y) > 1 and dg (0, x) < n, we have dg(0,y) < dg(0,x) +dg(x,y) <
(n+ Ddg(x,y).
Moreover, for every x € B, and y & By, if dg(0,x) <n —n°/*, thenas dg (o, y) > n,
we have dg (x,y) > n%/2, Therefore, with the same condition on dg (o, x), we have

8/2

VM logdg(o,y) - VM log(n + 1) + M logdg(x, y) _ 1
dg(x,y)ite  ~ dg(x,y)i+e T dg(x, y)?te/?

provided that n is large enough. By Lemma D.8, the sum } ., cy\ ¢y dG (X, y)~d—e/2 ig
finite. Thus, combining the above estimates and summing over y, we find

gD < C" Y lox (VM lognlrep,\5., +o(1) 2.7)

X€By
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for some constant C’ > 0, where ¢, = |n — n%/2] and o(1) does not depend 5 € K,,.
Plugging this inequality into (2.6) and integrating over K, yields

((]]'Cn )%n,ﬂ,JILKn ).B

< /2_Cle—(ﬂ60/(201))(1—l)|3n|(eﬂc/4«/M o2 2 xeBn\Bey 10xIH0M) Lveny loxly o
€0

By regularity of (-)g,

(eﬂc/ 4V Mlogn erBn\Bgn lox|+o(1) erBn |‘Px|) o(|Bnl)

g=ce

thus establishing (2.5) to complete the proof of (2.3). [
We now turn to the main result of this section.

Proposition 2.15 (Lebowitz-type characterisation). Let 8 > 0. The following are equi-

valent:

(1) For any I'-invariant Gibbs measure (-)g € §r(p), there exists A € [0, 1] such that
(9 = A6DE + (1= ().

(2) For any T'-invariant Gibbs measure (-)g € §r(B), and for any bounded and measur-

able even function f, we have (f); ={(f)p-

(3) For any I'-invariant Gibbs measure (-)g € §r(B), and for any x,y € V such that
Jx,y > 0, any vertices z1,z3, ...,z € V, k > 0, and any positive integers ay, az,
., ay, we have

<¢x<py ]_[ <p2“’> <¢x¢y H <p2“’> :

i=1 i=1

(4) Forany x,y € V such that Jy , > 0, ((pxgoy)ﬂ = ((pxgoy)g.
Proof. Since (~)§ and (')[; coincide on even functions, it is straightforward that 1 = 4.

Let us prove that 4 = 3. To this end, by Lemma 2.14 we have that for any (-)g €
5r(B), ((pxgoy) = (@x@y)p. Consider some ¢ € (0, 1), and a finite set A that contains
X,V,Z1,...,Zk. Let

= {77 Dzl S pz Vz e AS, <‘Px‘/’y)A,3 <§0x§0y) Ap TE
and (|<pw|)f\’ﬂ < (|(pw|)A,ﬂ +eVw =x,y,21,.... 2k}

We first claim that (14,)g — 1 as A 1 V. Indeed, it suffices to show that (|<px|)i p =
(|<px|)'17\ pte with probability tending to 1 as A 1 V. To this end, let

Sa ={n:nz| < p:Vz € A {pxpy) ) g < (o)) 5 + 81},

where §; > 0 is a constant to be determined, and note that (1g, ) — 1as A 1 V. Fix some
n € Sa. Now recall the coupling (Pa g, ¢*, ¢") of Lemma 2.12. Then,

(px@y)a g — (x00)h g = Enpl(lef] = ol Doy (021, 93 D]
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Letting E = {|gx| — |px| > 82, |pX| = 82, |¢y| > 82}, where 8, > 0 is a constant to be
determined, we obtain that §; > 82g (82, §2)P g[E]. By decomposing and applying the

Cauchy—Schwarz inequality, we obtain

loxh3 5 < /(020 5 VBABIE U LloE] < 82) ULlgl] < 8231 + (lgal)] 5 + 62

Since Pp g[{|¢X| < 82} U {|@}| < 82}] tends to O uniformly in A as 8, goes to 0, and
(')i’ﬂ is regular, we can tune the values of §; and &, so that (|g0x|)1p\,ﬂ < (lexVa 5 +&
as desired. This completes the proof of the claim.

Since we have

<<px<0y ]_[ p2e > <<px<py ]_[ <p2“’> y >0

i=1 AB i=1

for every n such that || < p outside A by the Ginibre inequality, it suffices to obtain an
upper bound for C which converges to O uniformly inn € Ay as A — V and ¢ — 0.

Now let @° = oo [Ti_, (¢%)% and " = plo} [Ti_, (¢,)?* . Then,
C=Epg[®" — "] = Epg[(®" — @")1p] + E4 g[(P° — @")1pe],
where B is the event {|p} | < |pw| + /€ forevery w € {x,y,z1,...,zx}}. Letting

fP(x,y) = Ep glsgn(el) sgn(e)) | l9®], [o"],
fM(x,y) = Ep glsgn(e]) sgn(e)) | 19®]. 191,
we have
Eal(@" — ®")15] < Ep g[I97](f*(x, ) — £7(x, )] + O"*)
< VJEA @21 Ep g[(£P(x, ) = f7(x, 1) + O
< VEASL@N2]\2E 5 gLf2(x,3) = f7(x, 7)] + O,

where the constant in the O(¢'/4) term is uniform in A. In the first line, we used the
definition of the event B, and the fact that f®(y,z) > f"(y, z) to remove 1p. In the
second line, we used the Cauchy—Schwarz inequality, and in the third line we used that

0= fP(y.2)— f"(y.2) =2.
Now, define T to be the event {|¢y ¢, | > +/¢}, and note that

e > (pxpp)y g = (0x0) A p = Enpllode]|(fP(x,p) = f7(x, )]
> Eppllodol|(fPx,y) = f1(x, y)Ir] = VeEa g[(fP(x,y) = f7(x, y)1r].

In the second line, we used that |pY@}| > |@x e, | and that P (x, y) > 0, and in the third
line, we used that fP(x,y) > f7(x, y). It follows that

Epgl(fP(x,y) — fM(x. y)1Ir]< Ve.
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On the other hand, E g[(fP(x,y) — f7(x, y))1rc] < 2PA g[T€], and the right-hand
side converges to 0 uniformly in A and 7 as & goes to 0. Since E A g[(®")?] remains
bounded uniformly in 1 by regularity of (- ) Ap> We can first send A to V and then ¢ to 0

to obtain that E 5 g[(PP — ®")1p] converges to 0 uniformly in 7.
To handle E 5 g[(®P — ®7)1z¢], note that

Eapl(@ — @")1pc] < \JEp l(@F — ©7)2] /Py g[B¢]

by the Cauchy—Schwarz inequality. The first term in the right-hand side is bounded uni-
formly in A. For the second term, using a union bound we get

PaglBI= > Paglledl > |l + Vel < (k +2) V.
WE{X,Y,Z] s 2 }

where we used Markov’s inequality on the second inequality, together with the inequalit-
ies (low )} g = (low )y g +eand loh| = |@w |. Taking first the limit as A 1 V and then
& — 0, we can now conclude that E 5 g[(®P — ®")1 ] converges to 0, which implies that

<<px<py ]_[ </>2“'> <<px<py ]_[ <p2“'> :

i=1 i=1
as desired.
We now prove 3 = 2. Notice that it is sufficient’ to prove that for any A: V — N

finitely supported with )~ .}, Ax even, one has ((pA); = (p4)p. First, we prove that for
any x,y € V,any zy,..., zx with k > 0, one has

<¢x¢y ]_[ ¢2“’> <(px§0y ]_[ ¢2“’> : 2.8)

Let us start with the case where x and y are such that there exists z € V such that
Jx,zJz,y > 0. Apply Ginibre’s inequality to 4 = 1, 4+ 1, + Zle 2a;1;;, and B =
1, 4+ 1,, and use the hypothesis to get

+
0= <<px<pz<py ]_[ 2 >ﬂ <¢x<pz¢y ]—[ 30 >ﬁ

i=1 i=1

<¢x¢y ]_[q)z, > (p=00)8 —<<px<py ]_[fp >ﬁ (@:00)5 |

i=1 i=1

so that (¢, @, ]_[f;l <p22i”’ );3r = (¢xpy 1_[5'(:1 (pf,ai )g. To get the result in the general case,
we use irreducibility (C3) of J and proceed inductively on the number p such that there

SIndeed, if this holds, going to Laplace transforms, one finds that any finite (even) dimensional
vector (¢x;, ..., ®x5, ) has the same law under the two measures which in turns yields that the
measures (-)3‘ and (-) g coincide on the set of even measurable functions.
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exists (x;)o<i<p With xo = x, xp = y, and Jx, x; -+ Jx,_;,x, > 0. Notice that (2.8) also
holds with x = y.

To conclude, it is sufficient to prove that for any xy, ..., x2p,21,...,2r € V with
p>1landk >0, and any ay,...,a; € N, one has

k + k
<(pX1 "“sz,, 1_[903,{1’> = <¢x1 ""sz,, 1_[§022ia,> .
i=1 B i=1 B

Once again, let us proceed inductively on p. The case p = 1 was proved above. Assume
the result holds for any collection of 2p — 2 points with p > 1 and consider xq, ...,
X2p € V withzy,...,zx € V and k > 0. Apply Ginibre’s inequality to A = Zfzpl 1y +
Zf-;l 2a;1;; and B = 1y,, | + 1,, to get the result.

We now prove 2 = 1. Let (-)g € §r(B). We can assume that (-) g is extremal. Define

the measure ();ym as follows: for any bounded measurable function X: RY — R,

(X@N3™ = 5(X(@)s + 5 (X(-0))p.

Then, notice that for any odd function X, one has (X (go))jgym =(X ((p))g =0.If X iseven,
then (X(go));}ym = (X((p))g by the hypothesis, hence ();}ym = ()% Now, the hypothesis
applied to ()% yields the relation ()g = %();{ + %()E The uniqueness of the decom-
position into extremal states then allows to conclude that (-)g € {()Z ()B} L]

3. Switching principle for random tangled currents

In this section, we develop a random tangled current representation for ¢* which is ana-
logous to the classical random current representation for Ising models. In comparison to
the latter representation, an additional complexity appears through the notion of tanglings
which we define below. When clear from context, we sometimes write (-)5 g,» = ()(1)\ Bk
to denote the free measure at (8, h).

3.1. Current expansion

Let G = (V, E) be a countably infinite, locally finite graph. Let A be a finite subset of V.
To include boundary conditions, we introduce a ghost vertex g with the condition ¢4 = 1
and extend the model on the augmented set Ag = A U {g}. Let Qp, := N#2(Aa) be the
space of currents on Ag, where N = {0,1,2,...}. Forn € QAQ and {x, y} C A4, we use
the following notations to denote the value of n on the pair {x, y}: n({x, y}) = ny,, =
n(x, y).

Givenn € Q4 , let 0n := {x € A : An(x) is odd} be the set of sources of n, where
An(x) := Zye Aq Dx,y is the n-degree of x. Additionally, let In| denote the L!-norm of n,

that is,
m= > n.

{x,y}eP2(Ag)
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Let
M(Ag) = {A e Nfs: 4, <1, Z Ay is even}
xX€Ag

be the set of admissible moments on Ag4. Given A, B € Mg, define A + B € M(Ag) by
(A+ B)x := Ay + By forall x € A, and

(A+ B)g:=Ag + By mod 2.

Given A € M(Ag), denote by 04 := {x € A : A is odd} its set of sources (note g is not
included by convention). We denote by A = @ the element of M (A ) that satisfies Ax =0
for all x € Aq. The above definitions also apply naturally to M (A), the set of admissible
moments on A.

In the following proposition, we obtain an expression for the spin correlations in terms
of currents, and as a corollary we obtain the first Griffiths’ inequality. We recall that for

A€ M(Ag), 04 = [Toep 0.

Proposition 3.1 (Current expansion for ¢*). Let B > 0 and h = (hy)xen € R™. For any
A M(Ag),
(64) =04 w,?,h(“)

Al A,B,h = RN
23n=0 wg,h (n)

where

! (ﬂny)nxy Bl (Bhx)" “‘< An)+Axy o (3.1)

{x,y}CA x y XEA x,g

ngh(n) =

and we recall that (-)¢ is integration with respect to the single-site measure pg 4.
In particular, Griffiths’ first inequality holds: if hy > 0 for every x € A, then

(pa)a.p.n = 0.

Proof. Expanding the partition function of the ¢* model in the same fashion as for the
Ising model, we obtain the current representation of the ¢* model. More precisely,

ZA,ﬂ,h = /RA eB YieycA Jx.y@x@y+B Y xen hxox H Pg,a(d(ﬂx)

xXeA
(,Bjx y) 1—[ (Ith) *8 1_[ An(x) 1_[
:/ Z 1_[ Pg, a(doy)
neQa, {x,y}CA ny,y! x€A ! x€A x€A
- ¥ I e / S ).
neQa, {x,y}CA Ny y! xeA x.g! x€A

Now, note that for z € dn, [, goA“(")pg,a (dp) = 0, since dpg 4 is an even measure. Then,

Zapa=22 3 1 (BJx, y) .y I (Bhx)™ (oA

n
neQA, {x,y}CA D y xeA X g
on=0
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By the same argument as above, we see that for A € Mg,

|| o enendesese st uenheos [T g by = 23 3 iy

xX€A neQAg
On=0A4

This concludes the proof. ]

Remark 3.2. Note that we can also obtain a current expansion for (‘/’A)Z\ B by view-
ing the boundary condition as an external field h := 3,4, Jx,yny and then writing

<(pA)717\’,3,h = (¢A)?\,ﬂ,h+h/.

Remark 3.3. Due to presence of the moments (¢"™)),, all known proofs of the classical

switching lemma for the Ising model do not apply to the above current weights. In order to
recover a switching principle, we need the notion of tangled currents, which is introduced
in the next subsection.

Remark 3.4. When /& = 0, we let wg = w/‘;lo. We may drop the & or 8 dependency
on wg’ , When clear from context.

3.2. Tangled currents

In this subsection, we introduce the notion of tanglings for single and double currents. Let
us start with the former case.

Single tangled current. We fix A € M(Ag), and let n € Q5 be such that dn = 94.
For each z € A, we define the block B (n) as follows: for each y € A, it contains n;
points labelled (zy (k))1<k<n. - and A, points labelled (za(k))1 <k <4. - Note that 58;4 (n)
has cardinality An(z) 4+ A, which is an even number. We also write !8&4 (m) = {g}, and
when Aq = 1 we may also write ga(1) = g. Foreach z € A, let TnA (2) be the set of even
partitions of the block D’BZA (n), i.e., forevery P = {Py, P»,..., Px} € TnA (z), each | P;|

is even. Define
A . —~A
T4 = Q) T ().
ZEA

Anelement ¢t € 7,4 is called a tangling. We sometimes refer to an element ¢, of 7,4 (z) as
a tangling (of B2 (n)). This will be clear from the context. We call the pair (n, ¢) a tangled
current.

Let 4 (n) be the graph consisting of vertex set U,e Ag B2(n) and edge set

U tovtoyxop: 1=k =nod) U (U e, g) i1 =k < negh).

{x.y}CA x€A

Given any tangling ¢ € 74, the graph #“(n) naturally induces a multigraph #¢4(n, t)
defined as follows. For each block i?zA (m), if t;, = {P1,..., P} € TnA (z), for every
1 <i <k, weadd (“;” |) edges connecting pairwise the vertices lying in P;. In words,
we add to #“(n) the complete graph on the elements of each partition induced by ¢. This
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Fig. 1. On the left: An example of a single tangled current multigraph # A(n, t) with Ay, =0,
Ax, = 2, Axy = 1 and Ay, = 3. The circles represent the blocks ZBA(n); the small ellipses
inside represent the elements of the partitions ¢. The vertices {za(k) : k > 1,z € A} are represented
with squares. Notice that x3, x4 are sources of n. On the right: An example of a double tangled
current multigraph 4.8 (n1,np, t). The vertices in blue are labelled by (ng, A) and the ones in
red by (n2, B). In this example, Ax, = Ax, = Ax; =0and Ax, = 2;and By, =0, By, =2, and
Bxy = By, = 1.

gives a canonical notion of connectivity in a tangled current (n, ¢). See Figure 1 for an
illustration.

Remark 3.5. In the case 4 = @, we write # (n, t) instead of #?(n, ).

Remark 3.6. We can also extend the definitions forn € Q2 and A € M(A) by simply
noticing that n can be seen as an element of €25, and A4 can be seen as an element
of M(Ag). For atangling ¢ € ‘J‘;A, the graph 4 (n, t) is obtained via the same procedure
as above, removing i)’; (m).

Remark 3.7. Above, we connected all the elements in a given partition P; by adding
to #“(n) a complete graph on P;. This choice is completely arbitrary and we could have
chosen any connected spanning subgraph of P;. However, we find that our choice is the
most convenient solution as it preserves a fundamental property: in the graph #4(n, t),
the only vertices of odd degree are the ones labelled by A. As a consequence, 4 (n, t)
must connect these elements pairwise.

In the perspective of constructing a switching principle for tangled currents, it is nat-
ural to extend the above definitions to the case where n is replaced by the sum of two
currents.

Double tangled current. Let A’ C A be two finite subsets of V. Fix 4 € M(A4) and
B € M(A;}). Letn; € 24, and ny € €2 satisfy dn; = 94 and dn, = 9B. We trivi-
ally view my as an element of Q5 by setting ny(x, y) = 0 for all pairs {x, y} with
x € A or y € A. Additionally, we view B as an element of M(Ag). To define a notion
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of tangled currents for the pair (ny, n,), we use a similar procedure as above. We define

(n1 ,ny) as the disjoint un10n of c,T)’A(nl) and 82 (n,). We write 7 "‘A B *(2) for the set
0f even partitions of the set B (n1 ,n) whose restriction to i)’A (mp) and i)’B (ny) is also
an even partition, i.e., for every P = {Py, P»,..., Py} € Jn1 s B (), both | P; N BA(ny)|
and | P; N BB (ny)| are even numbers. The elements of T Jn T B (2) are called admissible par-
titions. As above, we define

+—A,B .__ (‘A B
Jn1,n2 T ® nl,nz(z)
zEA

Similarly, we may define a graph J¢4-% (n;, ny). For any tangling ¢ in 72 . we obtain
a multigraph #4-8(ny, n,, t) by the following procedure: as for the single tangled cur-
rent, for each block 87°% (ny.my), if t; = {Py..... Pr} € T8 (2), forevery 1 <i <k,
we add (‘P ‘) edges connecting pairwise the Vertlces lylng in P;. This provides a natural
notion of connectivity in #4-8 (n;,n,). We let 4 It (n1 , Ny, t) be the induced subgraph
of #4:8(ny, ny, t) with vertex set all the vertices in blocks labelled by elements of A’.
Finally, we introduce some useful terminology. Recall that each block BZA B (ng,ny)
contains four types of vertices: the internal vertices which are either labelled by A or
by B, and the external vertices which are labelled either by n; or n,. For the switch-
ing principle stated in the next subsection the relevant geometric object to consider is
the graph g4 B(nl, ny, t) (resp. J€A, (ny,ny, t)) obtained from Je4 B(nl , Ny, t) (resp.
A B (n1,ny, ¢)) by removing the labels of all the external vertices.

Remark 3.8. As in Remark 3.6, we can obtain a notion of tangled currents for pairs of
currents (ng, ny) such thatny € Q4 and n2 e Qa,orn; € 24 and ny € Q As. Moreover,
if A= B =0, we write B;(n;,ny) = (nl,nz) and #(ny,ny, t) = H%P(n;, 0y, t)
(resp. J?(nl,nz, t) = ﬁ@’@(nl,nz, t)).

The space of (unlabelled) double tangled currents. For A € M(A) and B € M(A'), we
define QZ A’, to be the set of double tangled currents on A with source functions A, B,
i.e., the set of triples (n, ny, t), where (dny, dny) = (04, dB), and ¢ € :‘1452 We some-
times identify such a triple with its associated multigraph J4-8 (n;, n,, ). We set

T . T,A,B
QA,A, = U QA At
(A,B)EM(A)xM(A")

Moreover, we define Qj\ ‘A7 tobe the image of QA IN B under the map #4B(ny,ny, t) —
HAB(ny,my, t).

Remark 3.9. Note that there exists a (natural) bijection between Q A’ﬁ/B nd QZ ﬁj’B o
which can be described as follows. If # € QZ ﬁfB  then each block B, of H con-

tains A, + B, internal vertices, declare that the first A, internal vertices are labelled

by A and that the last B, internal vertices are labelled by B. This defines uniquely an
element of Q A ﬁ,B that we denote by ¢(#). It is not hard to construct the inverse of .
If F: QZ ﬁ,B — R, we will often abuse notation and write F' = F o (, which allows us to

view F as a function on Qi’: ‘XTB D as well.
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3.3. A switching principle for tangled currents

Let A’ C A be finite subsets of ¥ U {g}. Fix 8 > 0 and & = (hy)xey € (R*)Y. Before
stating the main result of the subsection, we need a definition.

Definition 3.10 (Pairing event). Let C € M(A) and B € M(A’). Assume that B < C,
i.e., By < Cy for every x € A’. Define 3716 (B) to be the subset of Qi’i’,@ consisting of
all double tangled currents (ny, ny, t) satisfying the following condition: each connected
component of J(’A, (ny,my, t) intersects {zc(k) :z € A/, C — B, +1<k<C,}aneven
number of times. Notice that ¥ C(B) only depends on € N (111, ny, t). When A’ = A,

we write ¥ € (B) = 3’71{: (B).

Remark 3.11. The above definition is to be compared with the pairing event which nat-
urally appears in the switching lemma of the Ising model.

Theorem 3.12. For every z € A, every (C, D) € M(A) x M(A’) and every (ny,ny) €
QA X Qpr with (0nq, 0ny) = (0C, dD), there exists a probability measure pzj, n, ON
Nn?lg(z) such that the following holds. Let A € M(A) and B € M(A'). For every bound-

ed F: Q048 SR,

> wim)ws m)pf [FHAE () g, 1)]]

on| =04
onp=0B
A+B A+B,0 75 A+B.0
= > 7 Owg , m0) o LA F IR ATy, 1 s )],
on; =0(A+B)
onp =0
where

. A+B,) .__ A+B,?
’O“l ny ®’OZ nj,n and Pnyny -5 ®p2>n1=n2
zEN ZEA

G A,B G A+B.0
are measures on T, and T/

, respectively, and ¥ l(lf"B (B) is the event defined
above.

Proof. See Section 3.5. ]

Remark 3.13. As we will see in the proof, for any z, the measures ,of,’.,lf,nz only depend
on (g,a,Any(z), Any(z), A;, B;), and noton A, B, h or the rest of ny, n,.

We can also state the switching lemma in a probabilistic way. We start by introducing
the random tangled current measures of interest. We define ,of,n = ,0;4’,?0 and

= ®p§1,n

zeA

The measure p;:‘ can be viewed as a measure on single tangled currents.
With a small abuse of notation, we view the set of single tangled currents on A
as a subset of Q2 j\ A+ that we denote by Q’ Similarly, we define for A € M(A) the set
T,A T,A,9
QA7 CQp -
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Definition 3.14. Let A’ C A be finite subsets of V U {g}. Let A € M(A) and B € M(A").
We define a measure Pﬁ,ﬁ,h on the QX’A, for any (n, t) € Qj\’A, as
wg () 1]

P4 b)) = .
apalln o) Y om—ia Wh 5, (M)

A,B T,A4,B T,A4,B
We also define a measure PA,A',ﬂ,h on QA,A, ,for (my,my, t) € QA,A, ,as

wgl,h (nl)wg,h (nz)p;?ljflz [t]

Yomy=p4 Wi, (M)wg , (m2)
3m2=8B

A,B
PA,A’,ﬂ,h [(nl , Ny, t)] =

We writf1 Eﬁ, B (resp. Eﬁ’,ﬁ,’ 8. ») for the expectation with respect to the measure Pﬁ, B
(resp. PA’,A/,ﬁ,h)'
Using these definitions, we can reformulate the switching lemma in a more probabil-

istic way.

Corollary 3.15 (Probabilistic version of the switching lemma). Let A € M(A) and let
B € M(A'). For any bounded F: QZ’ﬁ’,B — R,

{pa)n.p.n{9B) A1 =
LAt P . )

= E4TBY [F[HATEI (), ny, t)]1 Fits

AN Bh (B)]'

In what follows, 8, h are often fixed and omitted to simplify the notation. In particular,
we omit them in the notations of the tangling measures.

Remark 3.16. Taking a > 0 and letting g — 0, the ¢* model on a finite graph converges
to a (massive) Gaussian free field. It is therefore natural to expect the switching principle
to pass through the limit. This is indeed the case, and one may additionally show that the
tangling measures converge to the uniform measure on pairings, which is directly related
to Wick’s formula. Similarly, one may take the Ising limit as in (1.1) and ask a similar
question. In this case, one can prove that the tangling measures converge to the Dirac
measure supported on the trivial partition consisting of one element, thus recovering the
standard switching lemma of the Ising model. We refer to [33, Section 4] for more details.

3.4. Application: Correlation inequalities

We fix B > 0 and drop it from the notation. The first result gives a new exact probabilistic
representation for the ratio of spin correlations.

Proposition 3.17. Let A be a finite subset of V. Let h = (hy)xen € (Ry)A. For A,B €
M(Ay),

(@A) An(9BYAL  wA+BO )
W = PA::,%Q [(111, n, t) € ¥F A+B(B)]_



Random tangled currents for p* 5371

Proof. This is a direct consequence of Corollary 3.15 applied to F' = 1. ]

We will now apply Proposition 3.17 to give new proofs of standard correlation in-
equalities for the ¢* model. Alternative proofs can be found in [25, Chapter 4].

Proposition 3.18 (Second Griffiths’ inequality). Let A be a finite subset of V, and let
h = (hy)xen € (Ry)A. Let A, B € M(Ag). Then

(PawB)An = (Pa) An{¥B) AR

Proof. This is a direct consequence of Proposition 3.17. ]

Proposition 3.19 (Monotonicity in volume). Let A’ C A be finite subsets of V, and let
h = (hy)xer € Ry)A. Let B € M(Ag). Then,

(¢B)A.n = (PB) A -
Proof. Apply Corollary 3.15to A = 0 and F = 1 to obtain that
(¢B)A'n = (§03)A,hP§£A/g [37& (B)]. n
Proposition 3.20. Let A be a finite subset of V, let h = (hy)xea € (R4)®, andlet A €
M(Ag). Then,
(i) B> (pa)AB.h.g.a is non-decreasing on Ry,
(ii) g~ (Q4)A,B,h.g.a is non-increasing on R,

(iil) a > (Q4)A.B,h.g.a is non-increasing on R.

Proof. Notice that

(pa)aBhga =D Jry(@ai@x0)npi-
{(x.y}CA

d

dp

d 4

oA Bhga == (940 phga
g X€EA

d

da

(Pa)ABhga =" (04:92)ABhgar

XEA
where we used the notation (p4:; ¢B) A g,h.g.a ‘= (PAPB)AB.h — (PA)ABH(OB)AB L W

Remark 3.21. Note that there is also monotonicity in 4 and J analogous to the statements
in Proposition 3.20. They follow by similar considerations.

3.5. Proof of switching principle

In this subsection, we use the Griffiths—Simon approximation [51] to construct a random
tangled current representation of ¢* on a finite subset A of V which satisfies a switching
principle. The prelimit is an Ising model on the product of A with the complete graph
on N vertices. We use the switching principle of the random current representation of
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the Ising model to obtain the switching principle for ¢* by taking limits, as appropriate.
Along the way, we identify the underlying geometric structures that persist in the scaling
limit.

3.5.1. Griffiths—Simon approximation. Let N € N. Define Ay := A x{1,..., N}. For
x € A, define By v 1= {(x,i)}1<i<n and set Bg v = {g}.
Let Gy be the graph with vertex set V(§y) := Ay U {g} and edge set

E(§n) := E™(En) U E* (),
where

E™(9y) :

U J)Z(Bx,N),

xeA
E™(EN) = {{u,v}: IHx,y} € E(Ag) withu € By y andv € By n},

and, above, $,(By,n) denotes the set of pairs in By n.

Remark 3.22. An edge of the form {(x, j), (x,k)} € E™™ is called internal, whereas an
edge of the form {(x, j), (y,k)} € E®"is called external.

We now introduce the Griffiths—Simon model. Let § = (12¢)'/* and @ = 2ag 2.
Define the coupling constants

1 a
. =—1p7-3/4 — _
CN = N s dN = N (1 W> (3.2)

For B > 0,4 € (R;)A and o in {#1}2V, define the Hamiltonian

H) ; v©0) =Bk D Jey0 )00k

{x,y}CA
jke{l,..,N}

—Ben Y, hopy—dn Y. O )Tk)-
(x.)eAN ket vy

Definition 3.23. Let § > 0. Let MIZ\, N.B be the probability measure on {+1}A~ defined
for o € {+1}AN by

e—Hﬁ! s.n (@)

Z(A,N,B,h)’
where Z(A, N, B, h) is the partition function. In the specific case where A is reduced to
a point x, we denote this measure [,Lg, NB Note that this measure does not depend on x.

uh yp(0) =

Observe that /,L]}\’ N.B is an Ising model on A . The coupling constants are such that
the model has a scaling limit as N — oo, which is the ¢* model on A with parameters
(g,a) at (B, h). The natural observable to state the convergence is the block-spin average,
defined for x € A by &, v :=cn ZJNZI O(x,;)- The following result was first derived
in [51] to obtain, amongst other things, the Lee—Yang theorem for the ¢* model on Z<.
It was later reproved for a larger class of models in [15].
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Proposition 3.24. Let B > 0 and h € (Ry)2. Then, for any p € N&,
SR ITARI
NS AN S [Tovy [ AB.h
x€A x€A

Remark 3.25. Proposition 3.24 can be seen as a generalisation of the central limit the-
orem to a class of dependent random variables. The different rescaling factor cy ~ N ~3/4
from the usual N ~!/2 scaling for independent random variables is intrinsically linked to
the non-Gaussian limiting random variable. A more sophisticated viewpoint is that the
coupling constants are chosen such that the N — oo limit corresponds to a near-critical
scaling limit of the Curie-Weiss model. Thus, the convergence of moments of the block-
spin magnetisations to the ¢* moments can be seen as a statement about the model lying
in a ¢* universality class. Indeed, generalisations of these results leading to densities with

respect to <p2k measures, i.e., distinct universality classes, can be found in [17].

We strengthen the above convergence result for the specific case of a single block-
spin. More precisely, we show that in this instance we can neglect diagonal terms.

Lemma 3.26. Forany p € N and x € A,

p
(cNN)pug’N’ﬂ[na(x,j)] — (pP)o as N — oo.
j=1

Proof. For p = 1, there is nothing to show because both the sequence and {¢)¢ are equal
to 0, so let us assume that p > 2. Let N > p. Expanding <I>fc’  and taking cases according
to whether some index repeats or not, we obtain

V4
0 V4 . 4 0
My N.g [q)x,N] =Cn Z My N.g |: l—[ G(Xaij)]
(i1seonsip)€l1,0 N )P j=1

Vk#L, iy #ip
14
p 0
LD VR s |
(i15ensip)€{l,...,N}? j=1
3k<€, ix=ig

Note that

P N P
0 0
N > /Lx,N,ﬂ[l—[0<x,ij>]=C§P!( )ux,N,,s[l_[mx,j)}
(1o el N )P j=1 P j=1
Vk#L, i #ip

p
= (L+oM)(enN)P UG g [ [1 U@w')]

j=1

by the symmetries of the complete graph, and

p
p -2
0=cy Z ﬂ?c,zv,ﬂ[Ha(x,i_,-)}fc%v(z)Nﬂg,N,ﬁ[q’i,N]_>0’ N — oo,

(i1,e-ip)E{l,..,N}P j=1
k<l ipx=iyg
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where we have used that each summand is non-negative by Griffiths’ inequality. The
desired assertion then follows from Proposition 3.24. ]

3. 5 2. A conditional proof. We now introduce the random current representation for
uh AN For ease of notation, we adopt the following conventions. First, we write QN =
QgN to denote the space of currents on §x. Second, for n € QA , X,y € Aand j, k €
{1,..., N}, we set

n(x. j,y.k) :=n0((x, /). (y.k)). 0(x.j.g) :=n((x./).q).
The random current expansion for “};\ BN takes the following form: for any S C Ay,

2 os=s WN,p (M)

1h yglos] =
AN.B 23n=0 WN,B (n)
where
5 (B Ty, Ya(x./,yk) (dy )Px-J.x:k)
me®= 11 e 1 s
{x,y}CA AR ' XEA TSI ’
j.ke{l,...,.N} Jske{l,...,N}

n(x,7,8)
» 1—[ (Benhy) .

N
peay OGS 0)!

LetOpy: Q]Xq — Q A, be the projection map defined, for all n € Q]Xq and {x,y} C Ag, by

®N(ﬁ){x,y} = Z ﬁ(x»j’ ysk)
Jj.ke{l,...,.N}

We then have that 00 y (1) = dA, where A is defined for x € A by A, = |00 N By n|.

Conversely, we can lift any n € 24, to a set of currents in qu once we have fixed an
injection of admissible moments A € M(A4) to subsets of A x. For convenience, we fix
the natural injection: for A € M(Ag), define

= (J{e ) 1<) < 4y,
XEA
Then, the lift of n € Q4 with source set d4 is the set of i € ng such that ® 5 (n) = n
and 9fi = A.
Motivated by this observation and Lemma 3.26, we define the renormalised weight
forn € Q4 by

_ _ (enM)M
WN,a,8(0) 1= AT > wnp®.
N nEQN
@N(n) n
n=A
where [A] = Y, A Ax and Zy = ZHGQB an=pWn,p(N). We emphasise that the
renormalisation factor cy N ~ N /4 is directly Tinked to Proposition 3.24.
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An important step in the proof of the switching principle is that the renormalised
weights converge to those of the ¢* current expansion. To prove this, we need to under-
stand the geometric structure of the currents that persists in the limit. It consists of currents
which belong to the set Wy defined below.

Definition 3.27. Let Wy (Ag) = Wy = Wiy N W, y, where
Wiy = {iieQy :V(x,j)ed\{g} Ye € E™ with (x, ) € e, fi, = 0},
Way = {ﬁ cal V. peAy, Y Hes< 1}.
ecEext:(x,j)ee

In words, the currents in W y consists of those whose sources are separated from
exterior block-spins by other internal vertices; whereas W, n consists of currents whose
weight on external edges does not exceed 1. We have the following result.

Proposition 3.28. Forall A € M(Ag) andn € Q4

(ey NHMI B
Z|A| Z WN,B (n) — wg(n) as N — oo,
N HEWN
Oy (M)=n
on=A
and
N)IAl _
“ |A)| Y. wwp@ =0 asN —co. (3.3)
ZN newy
Oy (M=n
on=A
Proof. See Section 3.5.3. .

Corollary 3.29. Forall A € M(Ag) andn € Qp_, Wy 4,8(n) — wg(n) asn — oQ.

Guided by this intuition and Proposition 3.28, we isolate how these geometric struc-
tures intertwine in the statement of the usual switching lemma for ,ufl‘\’ BN which takes
the following form.

In what follows, we fix A’ C A, two finite subsets of V U {g}. This is slightly different
from the convention we had above in which A was a subset of V.

Lemma 3.30. Let S C Ay, T C Ay, and let F: Qﬁq — R be a bounded measurable
function. Then, 4

Yo wn@)wy () F(@ + i)
’ﬁleﬂﬁ/,ﬁzeﬂx,
ony=S,0n=T
~ ~ ~ o~ .Y
= > wy @) wy (fi2) F (@ + ) 1[F; V], (3.4)
ﬁ] EQX,EzEQZX,
ony=SAT,dn,=0
where 3779/ is the event that every cluster of the multigraph induced by (0 + ) Ay
intersects T an even number of times.
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If we proceed naively in expressing the left-hand side and the right-hand side in
terms of projected currents and renormalised weights, we encounter a homogeneity issue.
Indeed, let n; € Q4 and ny, € Qs with source sets dA, dB associated to A € M(A)
and B € M(A’), respectively. Suppose we fix injections such that Aand B may inter-
sect. Then, the left-hand side of the switching lemma has a scaling factor (ecNnN )‘A|+|B|,
whereas the right-hand side has a scaling factor (cy N )28 which is strictly smaller.

To resolve this issue, we require a consistent convention (note that this choice is con-
sistent with Remark 3.9) for 1nject1ng the sources of fixed admissible moments, A and B,
in such a way that their lifts Aand B satisfy AN B = . The natural such injection of the
ordered pair (A, B) is given by

A= {1 =) = Ay,

xeA

G ) s Ae+1 </ < Ac + By,

xeA

B:

Consider the left-hand side of (3.4) for S = A and T = B. By conditioning on the under-
lying projected current in €25 or €25/, and then splitting the sum over Wy and Wg,
we obtain

LHS := Z wy (N)wy () F (0 4 0y)
EIEQ HQGQA
a1 =4, =B
= > > wy (A wy (A2) F (0 + )

n €QA,In =04 Oy (1)=ny, Oy (M2)=n>
2 EQ 5/, Ony=0B ony = A onp= B
Z (Z1,87(n1,n3) + X3 v (ny,102)),

n €N, 3n1 =04
N2 EQ 57, N =0B

where
Sin @ mp) 1= > wy @) wy (@) F(@; + 1i2),
neWn(A),nreWpn(A)
Oy ()=ny, O (z)=ny
onyj=A,n=B
Son(np.mp) = > wy () w (i) F @y + o).

i €Wy (A) or i €Wy (A)
Oy (M1)=ny, O N (A2)=n>
ony=A4,0n,=B
As a consequence of Proposition 3.28, we find that (with the proper scaling) X, y
converges to 0 as N — oo.

Lemma 3.31. Let F': QX — R be bounded. Then, for any A € M(A), B € M(A") and
(ny,mp) € QA X Qs such that (dny, ony) = (04, dB),

(cy N)IAIFIBI
lim ————————

> n;,ny) = 0.
W AT 2,n (01, 12)
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Proof. Since F is bounded,

NYAIHE]
e 2 )| < [Pl + @),
N

where

N \A| N |B|
(1):(01\;—1\) Z wzv(ﬁl)(q;l—l\/)| Z wy (M),

N EIEW;\}(A) N HZGQX/

Oy (m)=n; On (M2)=nz
=4 d,=8B

(cnyN)4 (cnN)IB! ~
(2 = A Z wy () ———— Y Z wy (2).

N ’ﬁleQX N neWg (A)

Oy @1)=n Oy (n2)=n3
o =4 =B

The result then follows from rewriting the weights in terms of renormalised weights and
applying Proposition 3.28. ]

The above lemma implies that it is sufficient to restrict our attention to pairs of currents
that belong to Wy (A) x Wy (A’) in the switching lemma of (3.4). In order to understand
the geometry of the sum of two such currents, we further decompose into internal and
external components.

Definition 3.32. Let Wi (A) = {n € Wo v : 0i(x,i, x, j) = Oforall x € A}, and let
Win(A) ={ne QY :a(x,i,y,j) =0if x # y}.

Note that any fi € Wy (A) admits the decomposition fi = 0™ 4+ A" with n™! €
WX(A) and ™ € W'(A) such that 98 N 97 = @ and OA™ = 0™ U df. Further-
more, we can write i = Y _, A"(x), where A" (x) € Wlnt (A) for

WM (A) = {fi € WRN(A) 1 0(y.i, 2z, j) = Oforall (y,z) # (x,x)}.

These definitions extend to A’ and since a current on €25 can naturally be extended to
a current on Q A, one has that W™ (A) = W™ (A) forall x € A.

In order to identify the scaling limit of X y, we have to encode how the connectivity
properties inside the block-spins intertwine when summing over the internal components.
We formalise this as follows.

Definition 3.33. Let N € N. For Sy, Ty € N, denote by Sx ={(x,i):1<i <8} C
By N and T := {(x,1) : Sy + 1 <i <8y + Ty} Letnsx be the measure on Qp, ,
defined by

WN (ﬁx)]laﬁx=§x

'ﬁxewim a'ﬁx /] wWN (ﬁx) '

7 (@) = (en N)S*

Furthermore, denote by ]TSX’TX the pushforward of the product measure nx N ® nx 'y on

Qp, v X Qp, y by the mappmg (n*, m*) —» n* + m*
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Remark 3.34. Note that

Sx
S x ||
T N(QBX.N) = (CNN)S Mg’N’ﬂI: U(x,i)]'

i=1

Let Ay € N. Consider the following equivalence relation on {n* € Qp, ,, : 00, = A, }.
We say that n® and m* are equivalent, and write n* ~ m~, if forall 1 <, j < Ay,

(1) <2 (e, )} & {(x.d) <2 (x, ).

S!c,

Following the notations of Definition 3.33, denote by p' p .y and py T the induced meas-

ures corresponding to nf  and nf j\, *, respectively, on the quotlent o- algebra Note
that these measures are finite due to the finiteness of the underlying space. Let px v and
,ofx]\’, * denote the corresponding probability measures, which can be identified as prob-

ability distribution on even partitions of K, and K, 47, , respectively.

Lemma 3.35. Ler Sy, Tx € N. The two sequences of probability measures (px V) NeN
and (pS"
events. We denote their respective limits by p,‘?* and p%

Tx) are tight. In both cases, the convergence along subsequences is pointwise on
X ,Tx

Proof. Since the measures considered here are defined on a finite space, it suffices to
prove that the measure of the entire space converges in each case. But this is a direct
consequence of Remark 3.34 and Lemma 3.26. ]

Definition 3.36. If P, O are two partitions of a set $, we say that P is coarser than Q,
and write P > Q, if any element of P can be written as a union of elements of Q.

The following proposition is a direct consequence of the constructions above.

Proposition 3.37 (The measure pxx’T" stochastically dominates p;?x u pz;)‘). Assume

that Sx, Tx € 2N. There exists a coupling of ,ox"’Tx, ,0;5;)‘ and pz;x such that if

(X.Y,Z) ~ (05 Tx pSx pTv)

and if Y U Z is the partition whose partition classes are the partition classes of Y and Z,
then X > Y U Z, almost surely.

We write

Sk,
P

Definition 3.38. Assume that A € M(A), B € M(A’) and let (ny,ny) € QA X Qs with
(0ny, dny) = (04, 0B). Let F: Q2 — R be bounded and measurable with respect to the
quotient o-algebra induced by the equivalence relation ~. We define

- 1 AR (2)UAZ 0BG ()L B2
A,B

F = ( l )F ’
Pt NN = e A )] 2 & L]

(ﬁexl ~ext) I3 zeA
WX}“(H] 234, B)

To pxX L p . (3.5)
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where

Wt (g, ma; A, B) i= {(H A5 € W(A) x WHU(A') : Oy @) = ny,
On @[S =y, N A =0, 0 N B =0,

and we use the convention that fTZ, Ez =0 if A;, B, = 0. We denote by pfl’lflz y the
associated probability measures.

Lemma3.39. Let A€ M(A), Be M(A')andlet (n1,ny) € Qp X Qas with (0nq,0ny) =
(04, 0B). Then, the sequence of probability measures (pﬁl’ﬁz’ N)NeN is tight.

Proof. As in Lemma 3.35, this result is a consequence of the finiteness of the underlying
probability space together with the convergence

~A,B z z
pat 1= JJletm@+4s)g(phne@¥Ea)y as N — oo =
z€EA

Corollary 3.40. There exists an increasing sequence (Ni)ix>1 such that for any A €

M(AN), B € M(A'), and for any (n1,m3) € Qp X Q ps satisfying ony, = dA and on, = 9B,

A,B

)k>1 weakly converges to a measure py’y .
2 ;

A
the sequence of measures (pnl’ na, Ny

Remark 3.41. Although for our purposes subsequential limits suffice, identification of
the full limit has recently been established [33].

The following estimate on the cardinality of W]f,’“ (n1,n3; A, B) will be useful through-
out this section.

Lemma 3.42. Let A€ M(A), B € M(A') and let (ny,n3) € Qp X Qs with (dng,dny) =
(0A, 0B). Then we have

N 201 (x,)+202(x,y) NP1 (x,8)+n2(x,9)

Wi (n1,m: 4, B) = (1+0(1) []

{(xVICA n; (x, y)ma(x, y)! oA n; (x,g)my(x, g)!"

Proof. Tt suffices to estimate the cardinality of Wy (n; A) := Wy (n,0; 4, 0). To this end,
we introduce the following procedure. We first enumerate the elements of 5, (A). We will
count inductively the number of lifts il of n which satisfy il € W3 and dn N A=0.
Starting from the first element {x, y} according to this ordering and taking into ac-
count that we cannot use any point in A, we see that we have (i:’&é’;)(ﬁ;‘;y))n(x, »)!
choices for the piece of current between the blocks By y and B, y when {x, y} C A,
and (IIY(;’:))‘ ) choices if x € A and y = g. We then proceed to the second element {z, w}.
In that case, the only additional condition we need to take into account is that we have
attributed n(x, y) vertices of By n and By y in the preceding step that we cannot re-use

(because the lifts we construct belong to W, n). If z, w € A, then we have

N —A; = 1,eqx,yn(x, ) N — Ay — Lyefx,yyn(x, y)
n(z,w) n(z, w)

)n(z,w)!
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choices for the piece of lift between x and z. We can iterate this procedure to compute the
number of suitable lifts of n.
It follows from the above procedure that

1—[ (N —An(x)—Ax)(N—An(y)—Ay)n(x,y)! I—I(N—An(x)—Ax)

(ryhCA n(x,y) n(x, y) ieh n(x,q)

N
ext ,A <
=Wy )'<{x,y1_}[eA( (x y)) e ) H(n(x o)

N20(x,) Nx.8)
Wt A)l = (1 +0(1) ] [ : (3.6)

| |
ryrea RN 2 n(x,g)!

hence

as desired. [

In what follows, we fix a sequence (Ng)g>1 as in Corollary 3.40.

Lemma3.43. Let A€ M(A), B € M(A')andlet (n1,ny) € Qp X Qar with (0nq,0ny) =
(0A4, 0B). Then, along the subsequence (Ni)g>1,

_ (cn, Ny)lAlHIBI
Jim = R SN (01 m2) = Wi (m)wg (12)pg, [F
N,

Proof. By definition,

(cy N)IAIFIBI
AAT 21N (M n2)
Zy
(cy N)IAIFIBI 5 5 L
= ARIAT Z wy @)wy (02) F (0 + D).
Zy 0 €Wy (A), i eWn (A')

Oy (1)=ny, G)N(nz)—nz
=4, o=

For i = 1,2, write i; = A + A" with A € W satisfying 9f™ N of; = @, and
ﬁim € W}\}“. Then, if n§*, ﬁ;’“ € Wy are such that © y (0{"') = ny, @ N (@5") = ny, one
has

wN(next)wN(ﬁgxl) — 1_[ (IBCN )nl (x,y)+n2(x,y) n(ﬂcNh )nl(x :8)+n2(x,8)
{x,y}CA xeA

As a consequence,

(CNN)‘AH_IBlE (n N ) B |W1f,’“(n1,n2;A,B)|
ZINFIN] LN T = Ty NIt 2

1_[ (,BC Jy )nl(x,y)+n2(x,Y)

{x,y}CA

~A,B
% | | (Ichhx)nl(x,g)+n2(x,g)pn1 - vIF].
x€A
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Recall now Lemma 3.42 and that

paB 1] = H (pam Ay (pam )+,

xeA

The desired convergence along the subsequence (N )x>1 follows readily. ]

Using the same method as above, we also obtain the following.

Lemma3.44. Let A€ M(A), B € M(A') andlet (n1,my) € Qp X Q A/ with (dng, 0ny) =
(0A4, 0B). Then, along the subsequence (Ni)i>1,

(cy N)IAIFIBI Z

ZlAl’\l_HA/l wN(nl)wN (n2)F(nl + n2)]]-37~1~\/N

0 Wy (A), €Wy (A) B
Oy (@1)=n;, Oy (12)=n2
on;=AUB, dny =0

— wi TP mp)wg ()t LB F[H ATy, mg, )] s
A/

(B)]’

where 371‘;1,+B (B) is the event defined in Theorem 3.12.

We are now equipped to complete the conditional proof of Theorem 3.12.

Proof of Theorem 3.12. We first apply (3.4) for F1¢c, where

N
C := {Z(Aﬁ"i’“(x,i) + ARSY(x,i)) < M, Vx € Ag}
i=1
for some M > 1. Note that F'1¢ is bounded. Using the two preceding lemmas and taking
the limit along an appropriate sequence (Ng)x>1 gives

> Lny mp)ec Wh (M)wg () pps, [F[H4F (1, my, )]

nj EQA:anl =04
n2€QA/Zan2=3B

— E A+B [/] A+B.9
- ]]-(nl,n2)€Cwﬁ (nl)wﬂ (n2)pn1 ,ny
nj EQAZanl =3(A+B)
N EQ p/:0nx =0

x [F[HATB2(ny, 0y, t)]]lflia/+3(3)].

Sending M to infinity and using the dominated convergence theorem, we obtain

Yo wim)wgm)pl R [FIHAP (nyng. )]
ni€QA:0n; =04
nER p/:0n2=0B

. > wit P (m)wg (o) o LB [F 5445 (01, s, DLy a+s g

n €QA:0n; =9(A+B)
N2 EQ p/:0n2=0



T. S. Gunaratnam, C. Panagiotis, R. Panis, F. Severo 5382

It remains to prove that for A € M(A) B € M(A') and (ng,np) € Qp x Qs with
(ony, 8n2) = (04, 0B), the measure /onl ', is a product measure. It suffices to show
that p: pn 7, 18 @ product measure, and for that, we can assume that F is bounded. We write

n2
A )':2 N[F]= Cy + Cy, where

1 AN (2)UA,, 085 (x)UB;
C = ( . 2 )F
1 [We(ny, ny; 4, B)| Z ®'Oz,N [F]

(’ﬁ(ixl "ﬁ%xt) ES] zEA

for Sy = {(@}, ﬁg’“) € W 1 Oy @) = ng, Oy (M5") = ny, 00 N A=0, ons' N
=@, (on{" U AN (on$* U B) = @}, and

1 AR (2)UAZ R (x)UB:
Cy = ( \ )F
2 |Wext(nl l‘lz,A B)l . Z ®'OZ,N [ ]
exl ext)es zEA

for 8o := {(@{", B5") € W : Oy (@) = ny, Oy (@) = 0, IHT' N A=0,0m5 N
=@, (on U AN (oms™ U B) # @). Notice that because of the symmetries of the
model, all the product measures appearing in C; are equal. Thus, for a fixed pair of
currents (n{*, n5*) satisfying the conditions of the sum of the numerator in Cy, one
finds, |
,.Bﬁel’“(z)l_lAz Bﬁex‘(x)l_le
= Q= )[F]IWﬁ“(nl,nz;A,B)l|S1|

zeA

Arguing as in the proof of Lemma 3.42, we obtain

1511 >H I1 (,,,(x y)) (. 7)) H(n,(x g))

i=1{x,y}CA xeA

where
Nyy =N —An(x) — An(y) —Ax — Ay — By — B,
for n = n; + ny, hence

1
Wy (ny,ny; A, B)|

|S1]—=1 asN — oo, (3.7)

which implies that along (Ng)x>1 the term C; converges to a product measure. To han-
dle C,, notice that

1
Wyt (ny,ny; A, B)|

C <( kYo (@? 1) F
Gl = (T, _ max,  (@5olelo+0D)IFlo
Z€A p<Any(z)+B;

[S2].

It follows from (3.7) that

1
Wy (1, n2; A, B)|

|S2] = o(1),

hence C; tends to 0 as N tends to infinity. ]
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3.5.3. Proof of Proposition 3.28. We now turn to the proof of Proposition 3.28. As ex-
plained above, we will argue that the main contribution in the weights Wy, 4,4 (m) comes
from currents i which belong to the set Wy introduced in Definition 3.27. We start by
showing that this contribution admits an explicit limit, which is this first part of Proposi-
tion 3.28.

Lemma 3.45. Forall A € M(Ag) andn € Q4,

(cyN) 5
IA] Z wy,g (@) - wjm) as N — oo.
ZN HEWN
Oy (M)=n
n=A

Proof. Fix A € M(Ag) and n € Q4. Notice that for every n € Wy, we have a unique
decomposition I = n; + N, with i € W;\;“ and iy € W (these sets were introduced in
Definition 3.32). This yields the factorisation wy, g (1) = wy, g (1) wy,g(N2). Now write

Yo wng@® = Y wyp@)wyp @)l iewy
ReWy neQ¥
Oy (M=n Oy (@)=n
on=A =4

Do wnpg@) Y wap().

ﬁzEWle\;(t ﬁl EW]i\'}[
Oy (M2)=n on =ALdh,
Inp,NA=0

Notice that for n, € W;’,’“ satisfying ® ; (nz) = n, and dn, N A= @,

1 Ax+An(x)
~ 0
Al Z wN,ﬂ(n1)=l_[Mx,N[ 1_[ U(x,j)]
ZN ﬁleWJi\l;l x€eA j=1
3ﬁl=gl_laﬁz
Using this, we get
(cy NI
Al > wnp®
ZN newy
Oy @=n
on=A
Ax+An(x)
=(cNN)A'1"[u§3,N[ [ U(x,j)} > wng@). (38
X€EA j=1 HZGWX;Q
Oy (fiy)=n
onyNA=0

Now, recall that Wi C W, y so that for i, € W3 with ® y (12) = n, one has

WNp (ﬁZ) — 1_[ (ﬂCIZVJx,y)nx.y H(ﬂCth)nx.g_

{x,y}CA xXeA
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This implies for the left-hand side of (3.8) that

Ax+An(x)
LHS = (CNN)IA| 1_[ ﬂg,NI: 1_[ U(x,j)] 1_[ (ﬂcjz\ljx,y)nx’y

x€eA Jj=1 {x,y}cA
x [T Benha)™<|(fis € W : On(fz) = n, 32 1 4 = 0],

xeA

By (3.6),

~ ~ . ~ N 2nx.y NDx.g
[{f, € Wi : Oy (@) =n, 00, N A =0} = (1 + 0(1)) 1_[ ' =

: n !
{x,y}CA XYt xen X8

hence

Jyy)xy hy)Pxs
LHS = (1 4+ 0(1)) ]_[ U ’y), H(ﬁn)g

{x,y}CA N,y xeA X-8
Ax+An(x)
Ar+A
x 1_[ (cnN) + H(X)M?C,N[ 1_[ U(x,j):| .
xXeA j=1

Using Lemma 3.26, we obtain that

l_[ (,BJx,y):‘XJ 1_[ (ﬂfllX)n'x'g n(wa+An(x))0 as N — oo,

n, ! !
{x,y}CA 24 xeA 8% xeA
which is the desired result. [ ]

We now prove the second part of Proposition 3.28 by induction on |n|, namely (3.3).
We only write the proof in the special case # = 0 in which the ghost g plays no role. It is
easy to extend the result to the general case 4 > 0 (see Remark 3.46 below).

Proof of second half of Proposition 3.28. Recall that h = 0. We proceed by induction
on [n|. For k > 0, introduce Hy . For every n € 5, with [n| = k, and every A € M(A),

Wy, 4,6 (M) —> wg(n) as N — oo.

First, if |n| = 0, then, proceeding as in the proof of Lemma 3.45, we get

Ax+An(x)
wyapm) =[] (cNN)AX+A""‘)u2,N[ [ o j)}, (3.9)
X€EA j=1

and the right-hand side in (3.9) converges to wy4, g(n) by Lemma 3.26.
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Let k > 0 and assume that H; are true for all 0 <i < k. Let n € Q5 be such that
In| = k + 1. By Lemma 3.45, it is sufficient to prove that o;(N) and «,(N) vanish
where

(en NI -
o;(N) = A Z wy,p(1).
Zy aeQN\W; v
®N (ﬁ)=n
m=A

We first prove that oy (N) — 0. Notice that
ay\my=J U U Wi,
u,veEA 1<i<A, 1<j<N
u#v
where
Vij(u,v):= {0 e QN fi(u,i,v, ) > 1}.

Then, by substracting 1 from the weight of the edge {(u.17), (v, j)} foreveryn € V; ; (u,v),
we get

SN ey M)A -
al(N)fzzzT Z wN,ﬂ(n)
uFvi=1j=1 ZN neV; ;(u,v)
Oy @=n
on=A
cnN)A -
ST SY nd N,Q, S uw (),
uFvi=1j=1 N E‘EQX
O (@)=n"
om=A4; ;

where n™ is the current satisfying n, = n, for all edges e # uv, and n,;,, = ny, — 1;
and A; j = AA{(u.i), (v, j)}. Notice that A; ; = A\ {(u.i), (v, j)}if 1 < j < Ay, and
/T,-,j = (/T\ {(u,1)}) U {(v, j)} otherwise. With this in mind, we associate to these new
sets of sources their corresponding elements in JM: define A’ from A by letting 4], =
Ay —1, A = Ay — 1, and A, = A; otherwise; also define A” from A by letting A), =
Ay — 1, A) = Ay + 1, and A7 = A; otherwise. Then, using the induction hypothesis
(In™[ = [n] = 1),

Ay N
ORI D WIS PSR S W)

ar(N) <
u#v j=1 Jj=Ayp+1
1<i<Ay
<y ﬂJuch(Z(cNN)zoaw Z 0<1))
u;élj‘l j=Ap+1
1<i<Ay

Il
Q
-

)—>0 as N — oo.

1
N
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We used the fact that (cy N )2612\, — 0 and CIZVN — 0. Moreover, to bound the second sum
in the right-hand side of the first inequality, we used the symmetries of the model to write
thatforall 4, + 1 < j <N,

(en NI S _
A Z wn,p(M) = Wy, 47,8(M").
Zy meQ
O (f)=n"
Im=A;

We now prove that ap(N) — 0. The idea is essentially the same: we seek a non-zero
weight between two different blocks that we diminish to apply the induction hypothesis.
Notice that if i € QN \ W,y then there exist u € A and i € {1,..., N}, such that
Z(M,Z)Ee’e@uw n, > 2. There are two cases: either for some (v, J) W1th u # v, one has
n(u,i,v, j) > 2 and in such case we can subtract 2 from the weight of this edge (which
does not change the set of sources) to gain a (012\,)2 which is in competition with a factor
O(N?), and hence vanishes; or we can find two distinct vertices (v, j) and (w, k) with
u # v, w such that n(u,i,v, j) = 1 and n(u, i, w, k) = 1 so that the deletion of these
weights adds two new sources, (v, j) and (w, k), and gives a factor (c%)* which is in
competition with the factor (cy N)"20(N3) = O(N>/?), and once again vanishes. More
formally, define X1, n (resp. X, n) to be the subset of currents of Qj)(g \ W,y that falls
into the first case (resp. second case). Then,

|A] |A]
(enN)™ T ED DD (enN)™ S wns@)

Z/Al Z/A
N nex N u#v 1<i<N 1<j<N N n(u,i,v,j)>2
Oy (M)=n Oy (M)=n
di=A di=A
2\2= 2—
<Y D Bluwck)@wapm™)
u#v 1<i,j<N

= O(Nzcj‘v) —0 asN — oo,
where n?~ is the current satisfying n2~ = n, for all edges e # uv and ni‘v =Ny, — 2.
We have used the induction hypothesis on the last line (since [n?>~| = |n| — 2).

Now, for the second case, bear in mind that if we can find, forn € X, n, (u,17), (v, j)
and (w, k) satisfying the properties described above, with one of them belonging to dn,
then 1l belongs to QIX \ Wi,n and the contribution of such currents goes to zero since
a1(N) — 0. Thus,

(exy N -
22 > whg@) <ar(N)
N HEXZ,N
Oy (M)=n
dn=A
(e N)A -
+ 2 Z Z Z A 2w,
UV, WeEA i=Ay+1j=Ap+1k=Ayp+1 N n(u,i,v,j)=1
v#u n(u,i,w,k)=1
wFu Oy (M=n

on=A4
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Notice that fori > A, +1,j > Ay + landk > Ay, + 1,

(cyN)H ~ 2 __
A Z wN,ﬂ(n) = ﬂzJu,vJu,wc;‘v(cNN) sz,B,ﬂ (n™7),
n(u,i,v,j)=1
n(u,i,w,k)=1

Oy (M)=n

on=A

where B € M is defined from A by only changing its values on v and w where B, =
Ay + land By, = Ay + 1, and n™~ is obtained from n by reducing by 1 the weights of

the edges uv and uw. We can once again apply the induction hypothesis to get

Z wy. @) < O(cyN) >0 asN — oo.

ﬁEXzVN
Oy @=n
on=A4

We finally obtained o (N) — 0 which yields Hg 4. |

Remark 3.46. In the case where we add an external field, the preceding proof may
be adapted using the following ideas. For the vanishing of «(/N) above, adding the
external field means considering the case where v = g which adds an O(cy (cy N)) term
(because in this case removing 1 from the weight of the edge reduces by 1 the number of
sources in A y). For az(V), in the first case, consider the situation where v is equal to g
which turns an O(N 2c;‘v) into an O(N 612\,); and in the second case, consider the situation
where v or w is equal to g which turns an 0((612\,)2N5/2) into an 0((cj3v)(cNN)_1N2) =
0(612\, N) (because in this case we add exactly one source in A y).

4. Positive probability of admissible partitions

7:(:1,}?2 (2) has positive probability

under p;‘l”,f,nz. In particular, this shows that the distribution of tanglings in each block is

The goal of this section is to prove that any element of

not deterministic. This is of crucial importance for the proof of Theorem 1.2.

Let A be a finite subset of V' U {g}. Let A, B € M(A), and consider a pair of cur-
rents (ny,ny) on A satisfying (dny, dny) = (04, dB). We write n = n; + n,. Recall that
up to relabelling the elements of B?’B(nl, ny), the measure p;‘l”,,lf,nz only depends on
(Any(z), Any(z), Az, B;). The following proposition is the main result of this section.

Proposition 4.1. For every integer M > 1, there exists a constant k = k(M) > 0 such
that for every A, B, ny, ny as above, and z € A satisfying max(A;, B;, An(z)) < M,
we have

Pty (P) = K

forall P € TA4B (2). In particular,

nj,np
A
Prmy (P) =K

forall P € TA(z).
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Remark 4.2. The occurrence of the partition consisting of one element, i.e., the partition
for which all the points of the block are tangled together, plays the role of an insertion
tolerance property inside the block B, of #4-8(ny, n,, t). We call this event ECT(z).
Proposition 4.1 implies, in particular, that ECT(z) occurs with positive probability.

Let us recall that pfnlf n, 1s constructed as the weak subsequential limit of the prob-
ablllty measures ,oS T where S = An;(z) + A; and T = Amy(z) + B, (recall that
SNT=0 by our ch01ce of projection, as explained in Definition 3.33). This convergence
is in fact strong, i.e., pointwise on events, since the underlying space is finite-dimensional.
The measures in the prelimit are themselves defined as the pushforward of the block-spin
double current measures P T under the partitions on sources induced by the clusters of
n; +n, ~ ]PS T

A fundamental step to proving Proposition 4.1 is understanding the large N asymp-
totics of the size of the cluster of a source. We then use this to prove two lemmas that
are used in the proof of Proposition 4.1. The first one asserts that pairings occur with
positive probability, where a pairing of Sisa partition of it into sets of cardinality 2, and
the second one can be seen as merging the clusters of the sources at finite cost. In the
following and later on in this section, we make the dependency on a explicit as it is of
great importance.

4.1. Large N asymptotics of the size of the cluster

Let S € N be finite and recall that, for each N > S, S is its natural injection into Ky .
Given a vertex x € S, we write €, = €, (n) for the connected component of x in n.

Proposition 4.3. Let S = 2k, k > 0, and let ag € R. Then there exists a constant C =
C(k,ag) > 0 such that for every x € S and every N > 2k, we have

€, |
su ES@ [| xi|<C-
azay Knal )=

Proof. Note that for every N > 2k, we trivially have

Cx|
su IESQ [' x]va,
aeII) Ky.a VN

thus it suffices to handle the case of large N. Let u ¢ S. Then, for every a > ag, we have

50 [l 1 5
E’Sfﬁ"’[l\/N'] = (- 2P x> u] + O(1))

_ N —2k (U§A{x,u}>KN,a(UxGu>KN,a n 0( 1 )
VN (05)kn.a

N\/—Nzk (0x0u) Ky a0 + 0<ﬁ)

— 4/ 12g(<p2)0,a0 as N — oco.

1

=
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In the first line, we used the symmetry of the model. In the second line, we used the
random current representation and the usual switching lemma for the Ising model. In the
third line, we used that (O’SA{x u}>KN ,a = (05)Ky.a by symmetry (recall that x € S but
ue S), and the monotonicity of a = {00y )k ,a» Which follows from differentiating and
applying Griffiths’ inequalities. Finally, in the last line we used Lemma 3.26. The desired
assertion follows readily. ]

Remark 4.4. From the proof above, one can show that ]E X, a[(cl,%vp] (9*)0.a as

N — oo. The scaling limit of the size of the rescaled cluster is obtained in [33].
We now make an observation® that is subtle and means that arguments involving
exploration of clusters naturally change the underlying model.

Remark 4.5. Let u € R. The scaling limit of the Ising model on Ky _;,, ) With interac-
tiondy (a) 1= % a- leTaW)’ where ry (1) = [u~/ N1, coincides with the g04§ingle—site
measure with parameter a(u) = a + +/3gu in place of a. Indeed, writing N := N —
ry (u), we have

L(l _ et VEsuw) 0<;))_

d = =
n(a) (—lzgﬁ 7

4.2. Pairings occur with positive probability

Let # denote the (random) even partition of the source set S induced by the cluster of
n; +np ~ ]P’ % Recall that a is a parameter of the single-site measure.

Lemma 4.6 (Pamngs happen with positive probability). Let S = 2k, k > 0, and let [ =
[€, L] be a compact interval. Then, there exists a constant ¢ = c(I, k) > 0 such that for
every pairing P of S and for every N > 2k,

1anS{zj JdP =Pl=c.

acl

Proof. We prove the assertion by induction on k. The case k = 1 is trivial. Let us assume
that the statement holds for some k > 1. We will prove it for k + 1.
Note that for every N > 2k + 2, there exists ay > 0 such that

PS@

KNa[‘/ = P] > an,

inf

aec
hence we can assume that N is sufficiently large. To simplify notation, we identify S
with {1,2,...,2k 4 2}. Consider a parameter a € I, and let us write Py = {{1,2},...,
{2k + 1,2k + 2}}. Then, conditioning on €y, and letting x € {1, 2},

50
1 Zyo e =8, P = Po]
5.0 _ _ Kn.a
Fival? = Fol = (05)kn.a 2 z00
SIANE g (R \§)HU(1,2} Kn.a

6This observation is not new, see [2, Lemma 11.2].



T. S. Gunaratnam, C. Panagiotis, R. Panis, F. Severo 5390

Notice that for P} = {{3,4}....,{2k + 1,2k + 2}},

z0 [ =582 = Pl = 2{21e, = $12.\ 2P = Py

S\{1,2},0 /
z [P = P[]
— Z(l,z},@['ex — S] Kn\S.,a 0

Kn.a 2,0
Kn\S,a
Using the above equalities, we obtain
5.0 1,2},0 S\{1,2},0
Pl P =Pl= Y. Qsn@PLP0re, =S e = Pyl (@)
SC(Kn\S)HU{1,2}
where

(UIUZ)KN a (05\{1’2}>KN\S,11

Os.n(a) =

(Ug)KN,a

Let us now consider a constant Cy > 0 such that

P{I,Z},@

1
Kn.a [4] > 3 foreverya € I,

where
A =AN) ={[C] < CoVN. (& \{1.2))n § = 0}.

The existence of such a constant follows from Proposition 4.3 and the symmetry of the
model, provided that N is large enough. Using Griffiths inequality yields that for every §
such that |§| < Co~/N and everya € I,

(0102>KN,L (O—g\{lsz})KNf(CO\/N‘I’L

Osn(a) = Oy =

(05) kN €

Since every summand in (4.1) is non-negative, using the above inequalities we obtain

-~ 1 ~
P3P 1P = P)l> -0y inf inf P32l — pr
KN:a[ 0] - 2QN bel |$|<Co/N KN\S.b [ 0]

foreverya € I.
Using Remark 4.5 and Lemma 3.26, we also obtain that

lim Qy = (¢2)0,L<¢2k>0,L+J§CO
Noveo =N (p2k+2) :

0,{

Finally, it follows from our induction hypothesis and Remark 4.5 that

inf inf  PSMI21p — pi s ok, 1),
bel |s|<CoyN KN\SD 0

where I’ = [¢, L + 4/3gCy]. This concludes the proof. L]
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4.3. Cluster merging at finite cost

Given a partition P = { Py, P,,..., Py} of S, we write P/ for the partition of S with P;
and P; merged together, i.e., P/ = (P \ {P;, Pj}) U{P; U P;}.

Lemma 4.7 (Cluster merging at finite cost). Let S = 2k, k > 0. For every ¢ € (0, 1),
there exists § = §(g) > 0 such that the following holds for every N large enough. Assume
that for a partition P of S, we have

P[P =Pl >e. 4.2)
Then for every i, j, we have
P[P = PH] = 6PRU[P = PI.

Proof. Consider a partition P = {Py, P5, ..., P,} satisfying our assumption (4.2). Fix
i,j €{l,2,...,n} distinct and let r € {i, j}. We start by defining I1(P,) to be the
(random) set of (vertex-)self-avoiding walks where each walk in I1(P,) traverses only
edges with non-zero value in i := f; + Ny, and starts and ends in P,. We write 7 (P;) to
denote the set of vertices visited by the self-avoiding walks in TT(P,). It is possible that
some vertices of €p, := (. p, Cx are not contained in 7 (Py), which can happen when i
contains a loop starting and ending at some vertex in 7 (Py).

We first show that with high probability 77(P,) has size Q(+/N). Indeed, let m > 0
and x, y € P,, with x # y. For a self-avoiding walk y in K which starts at x, ends at y,
and has length y, we write {x P y} for the event that nj(e) > O for all edges e of y.
When n; € {x A v}, the current

- nj(e) — 1 fore edge of y,
m(e) :=

n;(e) otherwise
has sources S \ {x, y}. Thus, using the inequality
1 1

<

n(e) ~ m(e)

and arguing as in the proof of Proposition 4.3, we obtain (for the single current measure)

_ ZS;\{X,J’} (0,, )K
P xSyl <ap=Ey = g SWENTEN o gm /N,
zy (og)kn

where dy is defined in (3.2), m is the length of y, and C; = C;(k) > 0 is a constant.

Note that there are at most N~ ! self-avoiding walks of length m connecting x and y
in Ky. Moreover, when |7(P,)| < m, each x € P, is connected to some y € P, by
a self-avoiding walk of length at most m. Since adding a second current cannot decrease
| (Py)], forevery 1 > n >0

PSP = Py n ({n(P)] < iv/N} Ul (P)| < nV/N )] < CadynN < Can,
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where C; = C,(k) > 0, C3 = C3(k) > 0 are constants. Thus, because of our assump-
tion (4.2), there exists a constant ¢ > 0 such that

PSP = PY O In(PL In(P)] = VY] = SPEYP = P] @)

for every N > 2k.

Let (y,02) € {P = P} N{|x(P)|, |7 (P;)| = c+/N}. Forevery x € m(P;) \ S and
y € n(P;)\ S, define (i}, ") as follows. First, we identify x and y in the natural
way, labelling the point obtained from the gluing by x. Also, we preserve the labelling of
all other vertices. The gluing procedure gives rise to a pair of currents (fi;”, ;") which
has the property that > = P%/. The caveat is that they are defined on N — 1 vertices.
To fix this, we add a new vertex, labelled y, and extend i;"” and i)™ in the natural way
such that y is of degree O in their sum.

We define f as the multi-valued map which associates to each (g, ) the set of all
possible (i}, 1;"). Note that, since |7 (P;)|, |7(P;)| > c+/N, we have

| f@1,52)] = (cv'N —|S])? > 1N,

for some constant ¢; > 0, provided that N is large enough. Moreover, since no new edges
were added, ]P’I‘gj’\?[(ﬁl )] = ]P’gl’g[(ﬁf’y, n,”)]. Thus, for every (i, 02) € {£ = P} N
(I (P, [ (P})] = ¢/N},
SO~ ~ S0~ ~
|f(,ny)| — N

(@,m)e f(ny,n2)

PE@.E = Y

(@,m)e f(ny,n2)

which, by Lemma 4.3, yields

SO/~ ~
=P Y Ot
GA)eP=P)  GaefGi)
(P In(P)lze /N
Z |/~ (@, m)|

— PSO[(@, ). 4.4)

IA

(m,m)e{P=Pi/}

We now estimate | f ~!(fi, m)|. Let (i;,0i;) € f~!(f, m). Then, there exist x € w(P;),
y € m(Py) such that

X,y

~ = S,y
n=n; 27

and m =
Consider the number of self-avoiding walks between vertices of P; in (@i, m) and the
number of self-avoiding walks between vertices of P; in (i, m). Notice that both numbers
strictly decrease when we remove x from €p;yp; and that no other point has this property.
Since we do not relabel x in the construction of (i}, 1i;), the topological consideration
above implies that this point is the same for any (fi3,f4) € f ! (1, m). See Figure 2. Thus,

EP,* (ﬁl s ﬁz) = €Pi (ﬁ3, ﬁ4)
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Fig. 2. An example illustrating the merging of €p, and E’pj .

Since the labels of all other vertices are preserved after gluing except for y, this means
that any (fi3,fi4) € f~'(@, M) can be mapped bijectively to (fi;, fi;) by swapping the
label of y with a vertex of degree zero in (fi;, fi;). Thus, | £~ (@i, m)| < N. Putting this
into (4.4) gives the desired result. [ ]

4.4. Proof of Proposition 4.1

We prove the estimate for the case of a double current; the case of a single current follows
similarly. Let P be an admissible partition of S L 7. Note that

<§0S+T)0 SuT.o

(05,7 kN
(@5)o{pT)o K

(05)kn(0F)K ]P)%l’i@[P’ Pzl =0 +o)
SIEAN\YTIRN

PST(P) = 7]

since any configuration ny + i, ~ IP;E/’VT that realises P immediately realises F7 because
of the admissibility constraint on P. This computation gives Lemmas 4.6 and 4.7 for the
measure IP’ENT As a consequence, there exists a constant ¢ > 0 such that, if N is large
enough and if P is an admissible pairing of S U T, IP’ENT [ = P] = c. Note that by
successively merging the partition classes of a pairing, we can obtain any admissible par-
tition. Using Lemma 4.7, we obtain that IP’I?NT [ = P] > ¢/ uniformly in N (sufficiently
large) for a constant ¢’ > 0. Letting N go to infinity, we obtain the desired result.

5. Infinite volume measures

5.1. Infinite volume distributions on currents

Denote by (2, Ay ) the space of currents on V' equipped with the o-algebra generated by
cylinder events (i.e., events depending on finitely many edges). For A C V finite, denote
by (25, #AA) the space of currents on A equipped with its Borel o-algebra. There are
natural injections Q2 < Qy and Ap <> Ay. Thus, we canonically identify measures
on (24, #p) as measures on (Qy, Ay ). Similarly, denote by (24, #a,) the space
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of currents on A4 equipped with its Borel o-algebra. We can also canonically identify
measures on (24, %) as measures on (Qy, 4y ). We consider 8 > 0, h = 0 fixed in
this section and drop it from notation when convenient.

Definition 5.1. For A C V finite, let P?\ and P?\g be the probability measures on 25
and 2 ., respectively, defined by

[/
Wg hp o)™

Yimeng Wh iy (py (M)

ww
ZmEQA wg (m) ’

P n] = P[] =

where i (p)x = Zy¢ A Jx,yPx for x € A. We denote the expectations with respect to P%
and P?\g by E% and E?\g , respectively. Later, when clear from context, we will drop % 4 (p)
from the notation.

Proposition 5.2. The probability measures P% (resp. P?\g ) converge weakly as A 1V to
a probability measure P° (resp. PT) on Qv . The convergence is in fact strong for cylinder
events, i.e., for any A € Ay depending on finitely many edges,

11\% PA[A] = P°[4] and jl\iTr% PR, [4] = PT[4].
Furthermore, P® and P are invariant and mixing (hence, ergodic) under automorphisms
inT.
In order to prove the above proposition, we need the following lemma.
Lemma 5.3. Let A C V finite. Then for every x € A, we have
ERY \[An(x) + Any(x)] = 4g((0)) + (9Dh) + 2a((e) + (02)}) — 2.
Proof. Fork > 0, let u; := (¢?*)o. An integration by parts yields that
(2k + Duazk = 2a - uzg42 +4g - Usg+4a-
Note that for i € {1, 2},
 Yon—a(An; (x) + Dw’(n;)

EYY (A (x)] = —1,
AQ,A[ nl(x)] Zanizﬂ wg(ni)
and
(An; (x) + Dw’ () = wm) [ ] wan o) - (Ani(x) + Duan o)
y#x
= wm) [ | van)(2a - van @tz + 48 - Uan (x)+4)
y#x
=4g- w(x’x’x’)‘}(ni) + 2a- w{x”‘}(ni).
The desired result follows. [ ]

"Recall we fix a vertex-transitive subgroup I' C Aut(G).
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Without loss of generality, we only prove Proposition 5.2 for P®. We first construct
the limit on special cylinder events (which generate the o-algebra) where both the bond
parities and degrees of the current are locally specified. Fix F C £, (V) finite. Let V(F')
be the set of x € V which belong to an edge in F. For dr € (2N)VF) we consider the
following event:

Crar ={n€Qy:neisevenforalle € F, and Anp(x) = dr(x) forall x € V(F)},

where nF is the restriction of n to pairs in F.

Lemma 5.4. Let F C P> (V) be finite, and let dp € V(F)*N. The probabilities P?\[EF,dF]
converge as A 1 V. We define P°[CF 4,.] to be this limit.

Proof. Let A D V(F). Define IO/(F) C V(F) to be the set of x € V(F) such that if
Jx,y >0fory € V, theny € V(F),i.e., vertices whose J -support are contained in V (F),
which might be empty if J has infinite range.

Forn € Q,, define

w(n) ;= l_[ M and Zﬁ = Z wi ().

|
{x,y}CA (n,y)! In=04

We write np\ r to denote the restriction of n to edges in the complement of F" and denote
VA 1“\1\  for the corresponding partition function.
Observe that we can write,

w’M)1{n € Cra,} = wmp)ling €Cra, b [[ (0@ x wnar)
xeV(F)
x 1_[ (wAnA\F(x)+dF(x)]1[er(F)]>

0.
xeA\V(F)
Therefore,
0 Yuea, WML € €p g ]lion = 0} Zi5,
PA[€F°dF] - [/} = ] f(F,dF),
Zi z%
where

fFdp)i= ] 0@ Y wmr)ling € €ra, ).

xeV(F) Inp=0
As aresult, we get
0
PRICrarl =(er [T ofr®)  f(F.dp).
x€V(F)\V(F)

where

Krp=p Z JxyPxpy-
{x.y}eF



T. S. Gunaratnam, C. Panagiotis, R. Panis, F. Severo 5396

Note that by Young’s inequality, for any (¢x)xev(r) € RV,

e KrF l—[ (ng(x) < ePGupixyrer Jxy) Xxevr) o3 l_[ (ng(x)_ (5.1)
xeV(F)\V(F) xeV(F)\V(F)

The expectation of the right-hand side of (5.1) is finite for ()% (i.e., the infinite volume
measure). Hence, the left-hand side of (5.1) is integrable with respect to ()g Since the
left-hand side is a local function, the convergence as A 1 V follows by the DLR equations.
The observations above yield that limx 4y Pg (€F,q,) exists and is equal to

0
—Kr dr(x)
(e [T ), swap. (52)
x€V(F)\V(F)

This completes the proof. ]

Proof of Proposition 5.2. We first prove the existence of P?. Let A € sy be a cylinder
event. Consider a sequence of finite sets of vertices A converging to V. We show that
(P?\ [A])a is Cauchy. The limit does not depend on the sequence since, by Lemma 5.4,
all limit points have the same values on events € 4., for any ' C $,(V) finite and
dr € V(F)?N,

Let M € N, and consider a finite ' C $»(V) such that A € Ay (F). Note that the
collection € := {€p/q4,, : F' C F,dF € V(F’)*N\ is stable under intersection. Thus,
by inclusion-exclusion principle, there exists N = N(M) > 0 such that P%[A Nnel=
Zflvzl Pn.n> Where & = {sup, cy(py Anp(x) < M}, and p, A are proportional to probab-
ilities involving finite intersections and unions of events in €. By Lemma 5.4, p, A — px
asAt V.

On the other hand, note that

sup  PRIANET< sup 37 PR[Ang(x) > M]
ANV(F)CACV AZV(F)CACVxEV(F)

L sip  EA[An(v)]
M e AV(F)CACY
_ C(F,B)
- M
where the first inequality is by trivial inclusion and a union bound; the second inequality
is by Markov’s inequality; and the third inequality is by the moment bounds of An in
Lemma 5.3 together with the convergence of ((p)%k)?\ asAt V.
Hence, (P?\ [A]) A is Cauchy. Define P°[A] to be this limit. Since cylinder events gen-
erate #Ay, this extends to a unique probability measure on Qy .
Now we establish the invariance under I'. By (5.2) and the fact that ()% is invariant
under I, we have that forall x € V, F C $»(V) finite, and dr € V(F)?N,

Po[yfo,dF] = PO[EF,dF]'

Then I'-invariance follows by a truncation argument as above.

—0 asM — oo,
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In order to establish mixing, notice that (again by a truncation argument) it suffices to
show that for two finite sets F, F' C E,
lim  P°[CF 4, N YxCFa,] = P[€F.a, 1P [CF  a . ], (5.3)
dg (0,x)—>00
where y, € T is such that y, - 0 = x. Taking x such that dg (o, x) is large enough, we
notice that g 4,. N sz?F’,dF/ = €FU(VXF/)deUdyXF/' Thus,
lim f(FU()/xF/),dF UdyXF’) = f(F,dF)f(F/,d};-). 5.4

dg(0,x)—>00

Moreover, by Proposition 2.10, the restriction of (-)g to even functions is ergodic
under I'. Hence,

. (AFUA, p)(x) _g ,\0
lim ( vx e KFuwxF )>
d (0,%)—>00 [1 14 B

YEV(FU(yx F)\V(FU(yx F"))

0 0
= < [[ oepr®eXr )ﬂ( I soyAF'(x)e‘KF')ﬂ. (5.5)
YEV(F\V (F) YEV(FO\V(F')
Combining (5.4) and (5.5) yields (5.3). [

Remark 5.5. Note that connections to the ghost vertex g disappear in the weak limit.
Indeed, for any sourceless current n with n, 4 > 0, consider the configuration nj, , =
n,q — land n) , = ny , otherwise and notice that wg ha ()@ = ﬂhA(g)owE"fA}(g) ().
Summing over all such n, we obtain P%g [nyq > 0] < ﬁhA(g)o(go,,)i, which tends to 0
by the integrability assumption on J.

In addition, no “long” edges remain in the weak limit. More precisely, fix A C V' and
take any n large enough such that A := B, D A. We claim that } 5, c A\ o P‘?\g [,y > 0] <
C(A), where C(A) is uniform over A and such that C(A) — 0 as A 1 V. Indeed, pro-
ceeding as above, we have

Z P?\g[no,y > 0] < Z ,BJO,y((po‘py)?\ = ,3\/ (%%)f\ Z Jo,y v (‘P;)R,
YEA\A YEA\A yeEA\A

where we used the Cauchy—Schwarz inequality in the last inequality. By Corollary D.12
and Remark D.13, there exists C > 0 such that ((pf)f\ < /C max(log(dg(0, y)), 1) uni-
formly in A. Hence, there exists ¢y > 0 such that, uniformly in A and A,

S PR oy >01<cr Y. Joy v/C max(log(dg (0. y)). 1) =: C(A).
yeA\A yeV\A

After a summation by parts, the fact that C(A) — 0 is ensured by the integrability assump-
tion on J, cf. the calculation in Lemma D.7.

The above considerations imply that certain global properties, such as the degree of
a vertex in the random current remaining even, is preserved in the infinite volume limit.
This can be seen as a strengthening of weak convergence of these measures to a type of
local limit.
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5.2. Infinite volume distributions on tangled currents

For A C V finite, equip QJ WA with its natural Borel o-algebra A A~ Equip QV v
with the o-algebra generated by local (tangled) events, denoted by ‘A’VV We canon-
ically 1dent1fy measures on Q WA with their push-forward under the natural injection
Aj\ A AV v» by viewing the ghost as the contraction of A€ to a single vertex. Recall
also that we view SZZT\ (resp. QJ ) as a subset of Q7 AgA equipped with its natural Borel
o-algebra A% CA oA (Tesp. A C AT DA

Definition 5.6. For A C V finite, let p? A A ng, and P(?\ be the probability measures
on QA 5 defined, for 4 € *A’f\ A bY

Yonie@n, ey HOM = 0,900 = Gjwf , o m)wgn2)op %, [A]

PhY (4] = ¢ .
@ ZNGQAQ,IQGQA 1{0n; = @,0n, = ﬂ}wﬂ,hA(p)(nl)wﬂ(nz)
P? [4] := ZHIEQAg 1{om; = @}wgahA(p)(nl)’ogl (4]
A = ,
' Lmean, Hom = Bhwg, ) @m)
P? 4] = Y njeq, Long = ﬂ}wg(nl)pﬂl [A4]
aldl = .

an eQp ]l{anl = 0}u}g(nl)

Proposition 5.7. The probability measures p’ A A P?\ , and P% converge weakly as
[ 85,

A1V to probability measures PT-°, PT, P? on Q{, v respectlvely The convergence is in

fact strong for cylinder events, i.e., for any A € A?,”V depending on finitely many edges

and tanglings,

; 2.0 —_ pts0 : ] _ pt : ] _ po
11\1%1/PA9,A[A]—P [4], Il\l%rll/PAg[A]—P [4], Il\lgl/PA[A]—P[A].

Furthermore, P, Pt and P° are invariant and mixing (hence, ergodic) under auto-
morphisms in I

Proof. Without loss of generality, we prove the result for P+, First, observe that p’ A A
is obtained via the following coupling: first, sample (n1, ny) according to the measure
PQ) ® P‘Zj Then, independently on each block §8x (nl, ny) for x € A, sample a tan-
ghng t, according to the measure py 21 n, constructed in Proposition 3.12. Thus, to define
P70, we extend the coupling to infinite volume in the obvious way by using Proposi-
tion 5.2.

The I'-invariance and mixing is a direct consequence of Proposition 5.2 and the con-
struction via the coupling. ]

5.3. Uniqueness of the infinite cluster

We prove that samples under the measures P9, P, and P°, viewed as their associ-
ated multigraphs (as defined in Section 3.2) Jfﬂ’@(nl ,Ny, t), Jfﬂ(nl, t1), and Jfﬂ(nz, t),
respectively, almost surely have at most one infinite cluster. We start by proving an
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insertion tolerance property for local events that are in Ay, i.e., do not depend on the
tanglings. This, together with Proposition 4.1, implies a (weak) insertion tolerance prop-
erty for local events in Ag y (resp. Ag‘;).

Definition 5.8. For A C V finite, we define ®5: Qy x Qy — Qp x Qy as the map

(ny,my) — (0}, n,), where, for x,y € V,

(2,0) if (my,mp){x,y} =(0,0), x,y € A and Jx 5 >0,

(ny,np){x,y} otherwise.

(M. ) {x, y} = {

In particular, n, = n,. We similarly define a map Qy — Qy that we still denote by ® 4.

Proposition 5.9. For A C V finite, there exists ¢ = c(A, B, J) > 0 such that, for all

A€ Av,
Pt ® P°[®A(A)] = cPT & PO[4], (5.6)
PT[®A(A)] = cPH[A], (5.7)
PO[® A (A)] = cP°[A]. (5.8)

Proof. We only prove (5.6) as the proof of (5.7) and (5.8) follows by similar considera-
tions. It is sufficient to consider A depending only on finitely many edges. Recall that B,
is the ball of radius n centred on the fixed origin 0 € V. Let N be such that A € Ap,, .
We show estimate (5.6) holds for the measures P%,,u @ ® Pgn with constant uniform in
n > N. The result then follows by Proposition 5.2. Note that for every (n}, n}), we have
|®, ! (n],m))| < 21#2(M)] hence

2—IP2(A)]
PB,uta}, ® P, [Pa(A)] = 00 > wgm)wgmy).  (5.9)
By L{g},Bn n1€QR, 111q}:mERE,
dny =0, dnp, =0
neA

where we recall 4 (n;,ny) = (n},n}), and n = n; + n,. By definition,

[/ VAN @ [} —((pAn/l (X)>0
wg (M) wg(n) = wg(ny)wg (nz) l_[ (pAm (X))o
xX€EA

(Jx,y)?
]_[ ==, (5.10)

{x,y}CA

where the final product is over all x, y € A such that J, ,, > 0 and (ny,nz){x, y} = (0,0).
By Proposition B.5, there exists ¢; > 0 such that, for all k > 0,
)0
(‘P)%k)o

Since An; < An(x) < An;(x) + 2|A|, we conclude that

> Cy.

An/ (x)
C0 S 1T min(1 ) = min(1, 2P) = 0, 5.11)
(pAm@), ! !

xX€A xX€EA
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Inserting (5.10) and (5.11) into (5.9), we get the existence of ¢ = c¢(A, B, J) such that,
foralln > N,

P, ua), ® PB,[Pa(A)] = PR o) ® P, [4].
Taking n — oo concludes the proof. ]

Definition 5.10. For A C V finite, define CDTZ: Q?;V — ng as the map (ny, ny, t) —
(n},n}, t'), given by (n},n}) = ®A(ng, ny) and

X

. {{i)’f’@(n’l,n’z)} if x € A,

ty otherwise,

i.e., in (n/l, n,, t'), the event ECT(x) happens for all x € A. We similarly define a map
Q({; — Q({; that we still denote by q)i.

Proposition 5.11. If A € Ay is such that P*°[A] > 0, then P+°[®% (4)] > 0 for every
A C V finite. A similar result holds for P* and P°.

Proof. Recall that, conditionally on n, the tanglings ¢ = (t;)xey are independent and
the distribution of ¢, only depends on (Anj(x), Any(x)). Therefore, the result readily
follows from Propositions 4.1 and 5.9. ]

Let 9t denote the random variable that counts the number of infinite clusters in
H(ny,ny, t) (resp. H(ny, t1) or H(ny, t)). Define for £ € N U {oo}, & = {N = £}.
Note that by ergodicity one has that for all £, PT°[&,] € {0, 1}. The following result
establishes that almost surely there exists at most one infinite cluster.

Proposition 5.12 (Uniqueness of infinite cluster). For P € {P*-° P+ P%}, we have
P[Eo] + P[€1] = 1.

Proof. We only prove the result for P10, as the proof for P™ and P is analogous. We start
by constructing a convenient sequence of finite domains (A )y as follows. For each
x € V, consider a sequence of vertices 7, x» = (Mo = 0,U1, ..., Ux = X) With Jujuip >0
forall 0 <i < k — 1, which exists by the irreducibility assumption. We then consider the
domains Ay := U ecp, Tx-

We first establish that PT0[&,] = 0 for £ € N \ {0, 1}. Let £ € N with £ > 2 and
assume by contradiction that PT0[&,] = 1. Let / y = Jn (£) C & be the event that the ¢
infinite clusters intersect the blocks of the vertices in By . Observe that P¥-[fy] — 1 as
N — oo, so in particular there exists N such that P*°[4 ] > 0. By Proposition 5.11,
we have P[@XN (dn)] > 0. However, one can easily see that <I>iN (dn) C &1, and thus
P™0[&,] > 0, which is a contradiction with PT-°[&,] = 1, as desired.

Now we establish PT-°[€,,] = 0. Assume for a contradiction that PT-0[€4] = 1.
Let gy be the event that at least three distinct infinite clusters intersect the blocks of
the vertices in By . Note that PT™-°[¢x] — 1 as N — oo, hence there is some N, fixed
throughout, such that P*°[¢ ] > 0. Given A C V and a double tangled current (ny,ny, t),
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we denote by £(A, ny, ny, t) the lift of A in #(ny, ny, ¢), that is, the subgraph of
H(ny1,ny, t) spanned by |, cx Bx(n1,ny). We introduce the following notion of coarse
trifurcation. Let CT, denote the set of (n, t) such that

e n(x,y) > 0foralledges xy € An.
e ECT(x) happens for all vertices x € Ay.

e The cluster of the origin in #(n;, ny, t) breaks into at least three distinct infinite
clusters by removing £(A x,ny,ny, t).

One can easily verify that ® 4 ,, (§n) C CT,, hence by Proposition 5.11 we have
PT[CT,] > 0. (5.12)

Furthermore, note that by I'-invariance, we have P™°[CTy] = PT°[CT,] forall x € V,
where CTx = yxCTy, and y, € I is an automorphism such that y,o = x. A vertex x € V
is called a coarse trifurcation if CT, occurs.

For each x € V, denote Ay (x) = yxAn.Letn € N and define S,, C B, to be a set
of (sparse) vertices such that Ay (x) N Ax(y) = @ for all distinct x, y € S, and S, is
maximal with respect to this property. Then |S,| > Ilgf(ll’ where K > N is large enough
so that Ay C Bg. Let T,, = T(S,) denote the set of coarse trifurcations in S,, and L,
denote the set of edges in # (ny,ny, t) between £(B,,ny,ny, t) and £(V \ B,,ny,ny, t).
We now consider the graph obtained by identifying all vertices of £(An(¢),ny, ny, t)
into a single vertex for each t € T,,. It is standard that one can construct a subgraph of this
new graph that is a forest, where every leaf corresponds to an element of L, while every
element of 7, corresponds to a vertex of degree at least three. See, e.g., [38, Theorem 7.6].
Therefore, we have

|Ty| < |Lnl. (5.13)

On the one hand, by (5.12) and I'-invariance,
ETOT,|] = [Sx|[PT0[CTo] = ¢(N)|By| (5.14)
for some constant ¢ (N ) > 0. On the other hand, for every m > 0 we have, by I"-invariance,

ENOL, = > EM}g,l< Y ENAn]l+ ) ETOA™n(x)]

x€B;, xedll' By x€By\0l' By
y€V\By

< 95 Ba|[E*°[An(0)] + | B, [ET°[A™n(0)],
where 9 By :={x € By :dg(x,V \ By) <m}and A"n(X) := 3 ey a0 (x.y)>m Mx.y-

Notice that |0 By, | < | By ||dBy|. Moreover, recall that ¢o := ET-°[An(0)] < co by Lem-
ma 5.3. In particular, ¢, :== ET-[A™n(0)] — 0 as m — oo. Altogether, we have

ETO[| L[] < co|Bm||0Bn| + cm|Bal. (5.15)
Combining (5.13), (5.14) and (5.15), we obtain

0B
c(N) < cO|Bm|M + Ccm.
| Bal
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Letting n — oo and then m — oo, we find that ¢(N) < 0, thus obtaining the desired
contradiction. [

Remark 5.13. As a by-product of the above proof, we also obtain that the infinite cluster
(if it exists) in Jf(n;, ny, ) has at most two ends almost surely. Indeed, if the infinite
cluster has at least three ends, one can proceed as above to prove that coarse trifurcations
happen with positive probability and then obtain a contradiction.

6. I -invariant Gibbs measures

In this section, we prove Theorem 1.2. Fix § > 0, which we may sometimes omit from
the notation without risk of confusion. By Theorem 2.15, we first need to prove that the
condition 4 therein holds. The second part of the theorem will follow by an application
of Griffith’s inequality. We therefore make the following assumption for the rest of this
section, and in the end, we derive a contradiction.

Assumption 6.1. Assume that there exist x,y € V such that J , > 0 and

(pxpy)y # (0x0)§- (A)

Under this assumption, we show that the following event happens with positive prob-
ability.

Definition 6.2 (Bridges). We say that a pair x, y € V is a bridge for a double tangled
current (ny, ny, t) (resp. a tangled current (n, t)) if there exist two vertices X and y in the
blocks of x and y in the multigraph J¢ (ny, n,, t) (resp. # (n, t)) such that there is exactly
one edge e between X and y, and furthermore the cluster of X, y splits into two disjoint
infinite clusters after removing e. We denote the event that {x, y} is a bridge by #Axy.

In what follows, we write {4 <> B in A} to denote the event that A4 is connected to B
in #x(ny,ny, t) (resp. Ha (n, t)). To simplify the notation, for x, y € V, we write x <> y
instead of By <> B, . Moreover, we identify a moment A € M (V') with the corresponding
multiset it defines, where each x € V appears as many times as the value of A, e.g., we
identify the moment A defined as Ay = A, = 2 and A; = 0 otherwise, with xxyy.

Proposition 6.3. Assume (A). Then,

P;’O[Ax,y]>0 and  P§[Ayy] > 0.

Proof. Let ,A){, y denote the event that there exist two vertices X and y in the blocks of x
and y in the multigraph J¢ (n1, ny, ¢) (resp. J€ (n, ¢)) such that there is exactly one edge e
between X and y, and furthermore the cluster of X, y splits into two disjoint clusters after
removing e that are both connected to g. By Proposition 5.7 and Remark 5.5, it suffices
to show that there exists ¢ > 0 such that P%S U{a}.By [A,{,y] > ¢ and PgNu{g}[ef\)){,y] >c
for every N large enough.
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Let ¢ := ((pxcpy); — ((pxgoy)g > 0 and take N large enough so that ((pxgoy)gN
((pxtpy)oBN is larger than 5. By the switching principle of Theorem 3.12, we have

5 < (ex0)hy — (0008, = (0x00) b Priliyay ¥ # Fin By (6D
where X = xa(l), ¥ = ya(1) are the extra vertices added in By, B, due to the sources.
Notice that due to the sources constraint, X is connected to y in By U {g}, in particular
on the event in (6.1) both X and ) are connected to g, and therefore {x, y} would become
a bridge by adding an edge between X and ¥ in ¥ (n, n,, ). We now implement this
modification rigorously. First, take M large enough (depending on ¢ only) such that

2 o
(%%)%NPEVU{Q),BN [X <4 yin By, An(x) < M, An(y) < M] > —

To each (ng, ny, t) in the event above, we consider the modified configuration (n/1 ,ny, t')
constructed as follows. First, setn} (x, y) =n;(x,y) + l andn}(e) =n;(e) Ve # {x, y}
(IlOthC that on| = 0) In order to define ¢/, first set £, = ¢, Vz ¢ {x, y}, which makes sense

as B7” (nl,nz) = (nl,nz) Vz ¢ {x, y}. By seeing the previously extra vertices X,
now as the endpomts of the added edge between x and y in n), we construct a natural
bijection ¥,: B (nl, n;) — B (nl,nz) for z € {x, y}. We can then set ¢, = V(%)

and ty =Y, ( ty). One can see that {x, y} is a bridge in the configuration (n/, ny, ), with
X = X and y = ¥, see Figure 3.

Fig. 3. An illustration of the mapping used in the proof of Proposition 6.3. On the left, an example
of (ny, ny, ) satisfying the event {X<4¥ in By }; on the right, its image (n},ny, t') by the map.
The red vertices represent X, y.

On the one hand, notice that the map (ny, nz, t) — (), ny, ') is at most (M + 1)2-
to-1 due to the degree constraints. On the other hand, by (3.1) and Proposition 4.1,
the ratio between the probabilities of (ny, ny, t) and (nl, ny, t') under PB |_| (a).By and

ng U{a} By respectively, is bounded above by a constant C = C(M) € (0 00). All in
all, we conclude that for N large enough,
0,0 f
Fowuanay el > 3o, oye
N

as we wanted to prove. For the single tangled current, simply notice that by the stochastic
.. ~ o~ 0 ~ o~

domination (3.5) we hdve P?;V i (X7 in By] = ngu{g}’BN [X<4¥ in By], and the

above proof adapts readily. [ ]
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Definition 6.4 (Flows). Given two vertices X, y in a multigraph J¢, we define the flow
f(X, ¥, #) between X and y in K as the maximal number of edge disjoint paths be-
tween X and y in #. We also define f(X, oo, #) as the maximal number of edge disjoint
infinite paths in J starting from X.

For a double tangled current (ny, np, t) (resp. a tangled current (n, t)) on V and
x,y € V, we denote by f(x,y,ny,ny, t) (resp. f(x,y,n, t)) the maximum of f(X,y,
H(ny,my, t)) (resp. f(X,y, H(n, t))) over all X € B, and y € By, and by f(x, oo,
ni, ny, t) (resp. f(x, 00, n, t)) the maximum of f(X, oo, # (ny, ny, t)) (resp. f (X, oo,
H(n, t))) over all X € By.

Lemma 6.5. Assume (A). One has
lim  PO[f(x,y,m,my, ) > 2] =0, (6.2)

dg(0,y)—>00
PE’O[f(x, oo, ny, g, t) >2] = 0. (6.3)
Moreover, a similar statement holds for the measure P;.

Proof. Note that by ergodicity and Proposition 6.3, almost surely there are infinitely
many bridges. Also, there is a unique infinite cluster, which has at most two ends almost
surely by Proposition 5.12 and Remark 5.13. For any (nj, n,, ¢) satisfying these proper-
ties, it is proved in [45, Lemma 3] that limg 5,y)—>c0 1{f(x, ¥, 01,02, t) > 2} = 0 and
f(x,00,n1,my,, t) < 2. Then, (6.2) follows by dominated convergence and (6.3) follows
directly. The proof for P; follows the same argument. ]

Lemma 6.6. Let x € V and f > 0. I P§°[x <> 00] > 0, then infyey {px9y)§ > 0.

Proof. Since B is fixed, we shall omit it from the notation. By the uniqueness of the
infinite cluster, for every y € V,

PT0x < y] = PP x & 00,y < 00] + PTO[x < y, x <5 o0].

The first term converges to (PT°[x <> 00])? by the mixing of Proposition 5.7, while the
second term converges to 0. Thus,

lim  P™x « y] = PMx « ))?,
dG (0,y)—>00

hence PT%[x < y] remains bounded away from 0 uniformly in x, y. We wish to show
that there exists a constant C > 0 independent of x, y such that

PT0x < y] < Clpxpy)’. (6.4)

To this end, we shall work at finite volume. For every m > 0 large enough such that
xv y G Bm,

3,0 . 3,0
PBNU{Q}yBN [x < yin Bn] = PBNU{Q}:BN [x < ]
2,0 .
= PBNI—I{Q},BN [x < yin Byl

(/N} ]
+ PBNI-I{g},BN [x,y < Bfn,x <5 yin By,
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hence sending N and m to infinity, and using the uniqueness of the infinite cluster, we
deduce that
. 7,0 _ pt.,0
ngnooPBNU{Q},BN[x <y =P [x < y],
which implies that P%}g U{a}.By [x <> y] remains bounded away from O for every large
enough N. We can now find constants M, C;, C, > 0 independent of x, y and Ny =
No(x, y) > 0 such that for every N > Nj,

2,9 3,0
PBNU{Q}sBN [x <yl = ClPBNLI{g},BN [€]
A,0
= Cz(‘P)%‘P)%)OBN PBNU{Q}’BN (€]

= C2<(Px‘Py););N ((Px@y)%,\, ’

where & := {x < y,ECT(x),ECT(y), An(x) < M,An(y) < M} and A = xxyy. Send-
ing N to infinity and using that (¢ ¢y )t < (¢p2)" < 0o by the Cauchy—Schwarz inequal-
ity and T-invariance, we obtain that (6.4) holds. It follows that infyey (px@y)® > 0,
as desired. |

6.1. Proof of Theorem 1.2

Proof of (1.3) in Theorem 1.2. Assuming (A), we have that P™-%[#, ,] > 0 by Proposi-
tion 6.3. In particular, P*°[x <> oo] > 0, which implies

i 0
c = ynElIf/(<px<py)ﬂ >0 (6.5)

by Lemma 6.6. We now consider two cases.

First case. P°[x <> oo] > 0. Equivalently, we have P°[ f(x, 0o, n, ) > 1] > 0. We also
know by Proposition 6.3 that P [, ;] > 0, so in particular P*[f(x, co,n, t) > 2] > 0.
Let (n1, t1) ~ P* and (ny, t,) ~ P be independent and (n;, n,, t) ~ P™0, then by (3.5)
we can couple (ny, ny, ¢, ¢, t) in such a way that ¢ > # U #. Using this stochastic
domination and inserting the event ECT(x), we obtain

PO f(x,00,m1, 1) > 2, f(x,00,03, &) > 1,ECT(x)] > 0.
Since { f(x,00,ny, t1) > 2, f(x,00,n3, &) > 1,ECT(x)} C {f(x,00,n1,n3, t) > 3},
we obtain a contradiction with Lemma 6.5; see (6.3).
Second case. P°[x <> oo] = 0. We prove the following lemmas.

Lemma 6.7. Assume P°[x <> oo] = 0. Then, for every x,y € V there exists an integer
m = m(x, y) such that

1
P;i [x <> yin By] > 3 (6.6)

for all n sufficiently large.
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Lemma 6.8. Assume (A). Then, there exists c; > 0 such that, for all x € V there exist
infinitely many y € V such that, there exists an integer m = m(x, y) such that

(ﬂoxﬁoy)%npgiu{g}[x < yin Byl > 2 (6.7)
for all n sufficiently large.

Before proving Lemmas 6.7 and 6.8, we conclude the proof of the main result. Let
X, y, m, n be such that both (6.6) and (6.7) hold. By taking the product between (6.6),
(6.7) and ((px<py)°Bn (which we can assume to be larger than %1 by (6.5)), using (3.5), and
bounding An(x) and An(y) to insert ECT(x), ECT(y), we obtain

(‘Px(Py)%n <§0x(ﬂy)(l)?,, Pzijux{yg}’Bn [f(x5 y7 ng, ny, t) Z 2 in Bm] > C3
for some uniform constant ¢z > 0. Applying the switching principle of Theorem 3.12, we

obtain

N .
(‘p)%(pJ%)gnP;jﬂ){)g},Bn [f(xv y,np, Ny, t) >2in Bm] > C3.

We can now remove the sources A = xxyy at a finite cost by bounding An(x) and An(y),
and inserting ECT(x), ECT(y), to obtain P%’?u{g},Bn [f(x,y,ny,mp, t) > 2in By] > ca
for some uniform constant ¢4 > 0. Taking n — oo, P+’°[f(x, y,ng,np, t) > 2] > cy4.
This contradicts (6.2) from Lemma 6.5, thus concluding the proof of condition (4) in
Proposition 2.15 and, hence, establishing (1.3) in Theorem 1.2. ]

Proof of Lemma 6.7. Assume for a contradiction that (6.6) does not hold. Then, there
exist x, y € V such that for every m > 0, PE [x <> 0By] > % for all n sufficiently large,
since there is a path from x to y in (n, t) due to the source constraints. We now wish to
compare P%n [x <> 0By] to Pj;i [x <> 0By,] to deduce that the former remains bounded
away from 0, thus obtaining a contradiction. To this end, fix a sequence of vertices 1y =
X,U1,...,Uur = y such that Jui,ui+1 >0foralli =0,1,...,k—1,and let M > 0 be
large enough (depending on x, y only) so that

P} [x < B, An(u;) < M Vi =0.1,....k] > (6.8)

F-

for every m > 0 and every n sufficiently large. Now given a current n with sources x, y,
let n’ be the sourceless current which is defined as

n(s,z) + 1 for{s,t} € {{uous},..., {up—1ux}},
n(s,t) otherwise.

n'(s, 1) = {
By (3.1), Proposition 4.1 and the fact that An(u;) < M foralli =0,1,...,k, we obtain

wi@) < Cswf) and pP[x < 3By] < Csplhlx S 9B,

for a constant Cs > 0 depending on x, y and M only. Since the map n — n'’ is injective,
it follows that

(@x@y)3,Pp. [X < 0B, An(u;) < M Vi =0,1,....k] < CZP} [x < 0By].
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By the irreducibility property, one can easily prove that (¢x ¢, )%n > c¢ for n large enough,
where c¢g > 0 depends on x, y only. Recalling (6.8), we conclude that

P} [x < 0B,] > %Cﬁ

for every m and every n large enough. Taking n — oo and then m — oco, we obtain
P°[x < oo] > 0, which concludes the proof by contradiction. |

Proof of Lemma 6.8. Let x, x" be such that ¢; := PT[A, ,/] > 0. Then, by mixing we
have limy_, oo P1 [y x7, sy 1] = c%, where y’ = y - x’ for an automorphism y € I" such
that y - x = y. Thus, for every y sufficiently far away from x,

C2
P+[=A’x,x’7 =A’y,y’] > 77

We now wish to modify our current so that it has sources x, x’, y, y’. Assume without
loss of generality that they are all distinct. Given (n, t) € Ay x N Ay 4, let (0, ¢') be the
tangled current with sources x, x’, y, y’ defined as

, {mplmwﬂwﬂwy»
n'(e) =

n(e) otherwise,

where t' coincides with ¢ up to redefining X, X', y, )’ to be the extra vertices in the
blocks added due to the sources, similarly to the proof of Proposition 6.3. Note that up to
possibly exchanging x and x’, and y and y’, (0, t') € 8B,,(x,x’, y, y’) for some m > 0,
where B, (x,x",y,y) :={(n, t) : X <> Vin B, X <4 X',y <4 y'},andnow X, X', y, ¥’
denote the extra vertices in the blocks. Thus, a union bound implies that

2
PH(W, ') € Bu(x,x', v, y)] > %7

which in turn implies that
2
P30 ¢) € By (6.2 y. 3] >

for all n sufficiently large. After bounding the degrees, it follows that there exists a con-
stant cg > 0 independent of x, x’, y, y’ such that for every n large enough

(Px@x 0y ﬁﬂy’)gn P?; J{J;} (B (x, x", y, ¥")]
> cgPp [ ) € B(x, ¥, y, )], (6.9)

hence for every n sufficiently large,

S @)Y (B y )]

on={x,x",y,y’}

>cg ) whmpgl(n',¢') € By (x, 'y, ¥)].
on=0
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Our goal now is to prove that

Z ng vy (n)p,)fx yy [i%m(X,x/, Y»y/)]
3n={x,x/,y,y'}

<lpwpy)y, Y. W mper Y [Bu(x.x y.y). (6.10)
on={x,y}

Indeed, with this inequality and (6.9),

2
¢7 prxvy’
gCS =< ((Pxfﬂx’(ﬂy‘Py’) BNu{g}[B (x,x", y, ¥

= ((Px/(ﬂy/)gn ((/’x@y)BnPBNu{g}[x < y in By
(03 )5, (05 ), (0x03) 5, Py ¥ < ¥ in Bnl.

This is sufficient to conclude since for n > 1 sufficiently large one has (¢2,) . {¢3)5 <
2(p2)t < oo,
We now prove (6.10). To do this, we analyse the prelimit. Defining

h(p); == Z Jz,yPy

Y€By

for all z € B,, we have that /L}l;ip)Nﬂ[d)x/’NCDy/’N] tends to ((px,<py,)gn as N — oo,

where g, (p)

ition 3.24. Note that by the symmetries of the block-spins for any i, j € {I,..., N},
M}IZ?SD)N gloxoy] = “}1;23,)1\7,/3 [0(x,i)0(y7,jy), where X' = (x’, 1) and y" = (y’, 1), so that the

above convergence can be rephrased as

N.B has been defined in Definition 3.23, and where we have used Propos-

h
(en N2y, lowow] — (pwey)h,  as N — oo, (6.11)

Recall the definition of the Hamiltonian of the Ising measure ;L}l;ip)N g on B, x Ky from

Section 3.5.1 and note that

h . .
B(ng N(G) E JN((M’ l)’ (U, ]))U(u,i)a(v,j) - ﬂCN § h(p)uo-(u,])’
u,vEB, (u,j)€BnxKN
J.ke{l,....N}

where Jy is defined implicitly. Hence, we may as well write B(D)N By = u%f .- This
notation allows us later to consider interactions other than Jy.
By Proposition 3.28, the left-hand side of (6.10) can be obtained as the limit of

(cnN)* o~ ~
ET L s @UBYE )
N AR gy
on={x,x",y,5'}

as N goes to infinity, where Z = (z, 1) for z € {x,x’, y, ¥’} and

_ i W
BYET.F.5)=ReQY g TS TinByx Ky, X5, 747}
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Now, denote by Cx the cluster of X. We say that a subset of B, x Kx U {g} is admissible
if it satisfies {€; = C} € 8N (X, %', 7, ¥"). If C is admissible, then

> wnpae@® 1 =C)
neQd

Bnu{m
m={x,x".y.5"}
hE () . B
= g, 8.5 0% 0] Y. wnpae@1{: = C},
nEQBn {a}
an—{xuy?

where J f\; is defined by

IN((u.i), (v, ) if (u.i), (v, j) ¢ C,

0 otherwise,

TS (i), (v, j)) = {

and h€ (p) = 0if g € C and h° (p) = h(p) otherwise. Since Jﬁ < Jn and 7€ (p) < h(p),
by Griffiths’ inequality,

hC (p)
I‘LB ,N.B, JC[Ux’Uy] = MBn,Nﬁ JN[O};/O‘;/],

so that

> unp@LC = Ch <Py, lowop] Y wap@L{Cr = C).

neanU’g} nEQBnU{G:
on={x,xX".y,5'} on={X,y}

Summing over C admissible yields

> wnp@UBYE.F.F.F))

= N
HEQBn\—I\q}
on={x,x",y,y'}

< up s ooyl Y wyp@LBY (E.F. T ). 6.12)

HGQBMU\Q}

={x.y}

Multiplying each side of (6.12) by (CZ"( éX ?4 and letting N go to infinity yields (6.10)
by Proposition 3.28 and (6.11). N ]

We now finish the proof of Theorem 1.2. It remains to prove that (1.4) is sufficient
to establish that [§(8)| = 1. By Proposition C.2, it suffices to show that m*(8) = 0.
From the preceding arguments, we know that (-)° and (-) ™ coincide on even functions, so
condition (1.4) reads

lim inf 9 = liminf r=o.
s m inf Npowx)g s m inf Npowxlg

However, by Griffiths’ inequality and I'-invariance, for all x € V, (qoogax) > m*(B)?
which implies that m*(8) = 0.



T. S. Gunaratnam, C. Panagiotis, R. Panis, F. Severo 5410

7. Continuity of the phase transition

In this section, we prove Theorem 1.3. Fix a reflection positive interaction J on Z¢ in
the sense of [9, Definition 5.1 and Lemma 5.5] (see also [41, Section 3] for a complete
introduction to the subject in the case of the ¢* model). We suppress J from the notation
when clear from context. For each such J, recall the definition of the associated random
walk (Xg)r>o (started at 0) with step distribution given by

JX,y

]P)[Xn+l:y|Xn:x]:m’

where |J| := )" cza Jox. It is known that (X )¢ is transient if and only if

/ ! dr_ (7.1)
[~7,m)d 1— E[e’P'Xl] (27‘[)d

A proof of this statement can be found in [35, Proposition 4.2.3]; it crucially uses the
reflection symmetry and aperiodicity of the random walk.
We now state a version of the infrared bound [21] that is suited to our setting.

Proposition 7.1. Let J be reflection positive and such that the associated random walk is
transient, i.e., (7.1) holds. For any (Vx),cgzd € cz’ of finite support, and any B < B.(J),

1
Z vay(‘Px‘Py)ﬂ = 2ﬁ|J| Z vV, G(x, y), (7.2)
x,yezZd x,yeZ4

where G is the Green’s function of (X )xen given by

eiP(x—y) eir(x=y) dp
G(x,y):= 1 .
(x,y):= lim Ld Z B R /[—n,n)d CEEr T o <™

Proof. The convergence and finiteness of G(x, y) are the consequences of (7.1). The
infrared bound (7.2) is a direct consequence of [9, Lemma 4.5] together with the fact that
the spontaneous magnetisation vanishes for f < .. We stress a subtle point in the reas-
oning above: one can show, by using similar regularity estimates as in Corollary D.12 and
arguing as in the proof of [37, Theorem 4.5], that the ¢* measures on T Ld converge weakly
as L — oo to the unique (since 8 < B, see Proposition C.2) Gibbs measure on Z¢. m

We now turn to the proof of Theorem 1.3.

Proof of Theorem 1.3. By left-continuity of 8 +— ((pxgoy)g for x,y € Z¢, we can also
extend (7.2) to B = B.. Using equation (7.2) with v defined by

vx = |Ba|"*1p, (x)

yields

1 1 1
B D (ee), . S B TB.E Y. Gxy). (7.3)

B
| " X,y€By X,y€Bn
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The Riemann-Lebesgue lemma gives that G(x, y) — 0 as |[x — y|; — oco. In particular,

1
|Bul?

Z G(x,y) >0 asn — oo.
x,y€By

By positivity of correlations, we have that the left-hand side of (7.3) converges to 0, which
in turn implies that (1.4) holds at 8 = B.. According to Theorem 1.2, one concludes that
|9r(B:)| = 1, and therefore m*(8.) = 0 by Proposition C.2. (]

Appendix A. Right-continuity of the spontaneous magnetisation

Proposition A.1. The spontaneous magnetisation m*(B) is right-continuous at any
B > 0.

Proof. Let B > 0. Then, for any A C V with A > o finite we have

limsup m (8 + ) < limsuplpo) .+ (A B) = {goll 5 + (A, )
§—0

where e(A, B) = supseo,17(®o Lax¢a: |¢x\>px(M))ﬂ+8 Here we used the monotonicity in
boundary conditions (see Proposition B.4) and that (¢, )" AB+8 is a continuous function
of 8. Since (B, A) tends to 0 as A increases to V' by the continuity of the regularity
constants (see Proposition 2.2), we have lim supg_, o+ m™* (8 + §) < m* (). On the other
hand, we have that m* (8 + §) > m™* () for any § > 0, hence

lim m*(B + &) = m*(B),
§—0T

as desired. [

Appendix B. Correlation inequalities

In this appendix, all the boundary conditions considered are implicitly assumed to satisfy
the summability condition defined in the introduction, i.e., > 5,4 Jx,y7y < 00 Vx € A.

B.1. The FKG and absolute value FKG inequalities

Proposition B.1 (FKG inequality, [25, Theorem 4.4.1]). Let A C V be finite, let n € RV
and h € R2. Then, for any increasing and bounded functions F, G:R® — R,

(F@)G@N} pn = (F@O)ApalG@)A g

Proposition B.2 (Absolute value FKG). Let A C V be finite, let n € RK and h € Rﬁ.
Then, for any bounded increasing functions F, G: (R4)* — R,

(FNGeD)h g1 = (FAODYL 51 (GUoD)] 5.5
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Proof. We rewrite the Hamiltonian as

2 2
oy +o
HX(‘P) = E Vx,y(‘Px _Qoy)_ E Jx,y—x ) z E Jx,yOxny — E hx@x,
X, yEA X, yEA XEA XEA

yeV\A

where Vx , (z) = %Jx,yzz. Note that Vy ) is convex, symmetric, i.e., Vy y(—z) = Vi (2),
and the second derivative of Vx , is a non-increasing function. The desired assertion fol-
lows from [34, Corollary 6.4]. [

B.2. Proof of the Ginibre inequality

Recall thatif A: V' — N is finitely supported, we write 4 = [ [y (pf* .LetA,B:V—- N
be finitely supported. Let A be a finite subset of V' that contains the support of A and B,
and let || < 1’ outside A. We want to prove that

(pagB)p p — (0avB) ) g = o)y gl0B)A 5 — (0a)} 4{0B)A 4l

Lethy :=3 ygpJx,yny and iy := 3" o 4 Jx,y 1), Then, with the notation of Section 3.5.1,
using the Ginibre inequality of the Ising model on Ay = A x Ky, and linearity,

(PANDA o (PBNYA g g = (PANYR g1 (PBNR 1]

< (q)A,Nq)B,N>(1)\N,ﬂ,h/ - (®A,N¢B,N)(}\N,ﬂ,h,

where @4 n = [ en @f’;\,, Op N = [lien @f“ﬁv. Now, taking the limit as N goes
to infinity and using Proposition 3.24, we get the desired result. Note that we used the
interpretation of boundary conditions as non-homogeneous external fields. Moreover,

if (-)g € 9(B).
{paon)f — (0aps)p = l(0a)5 (vB)p — (0a)p(wB)4 . (B.1)

Indeed, if we fix ' = p above and integrate against (-) g among 7 satisfying || < p out-
side A,

(pa9B)} g (Lvxgn, incl=px)8 = ((@a0B) A g LvxgA, lncl<p)B
> o)) pUeB)A pLvxgninci<pe) s — ((@a)} pLvxga,inl<p )8 {@B)} 4l-
Using the results of Section 2 and taking A 1 V yields (B.1).

B.3. Monotonicity in boundary conditions

We have the following finite volume monotonicity properties for correlations and increas-
ing functions. They follow from the Ginibre inequality and the FKG inequality, respect-
ively.



Random tangled currents for p* 5413

Proposition B.3. Let A C V finite. Let A: A — N be a degree function. For |n| < 7/,

{pa)h g =< (a)h 4-

Proposition B.4. Let n < . Then, for any | increasing and integrable,

’

R

B.4. Single-site moment bounds

Proposition B.5. There exists C > 0 such that for all k > 0,
<(p2k)0 < C ((P2k+2>0-

Proof. Note that there exists C > 0 such that for every k > 0, we have

() _ JL s p(ds) foMak+3
(p2k+2)y = f—ll 52k+2p(ds) ~ m2k+1 -

o4 _ 2 . o4 _ 2
where M := maxge[—1,17¢ ¢* % and m 1= minge[—1,17€ 8% "4, -

Appendix C. Uniqueness of the phase transition

Define
MAG .= inf{B > 0: (¢ ); > 0},

IBLRO inf{f > 0: lnf (‘Po‘ﬁx)% > 0},

BSUSC .= mf{ﬁ >0: Z Popx)g = }

xeV

Proposition C.1. Let G be a countably infinite and vertex-transitive graph of polynomial

growth. Then,
ﬂMAG ,BLRO ,BSUSC

Proof. The assertion that BMAG = BSUSC was established in [4]. We now prove that
BMAG = BLRO [ et B > BLRO and write ¢ := 1nfxey(<pogpx) > 0. Then, by monotonicity
in the boundary conditions and the mixing of (-); g We have

)?3']2 as dg (0, x) — oo.

c = (@o‘px)% = (‘Po(px); — [(®o
This implies that (%) > 0. Let now B < BLRO. Consider some B < B’ < BLRO. It follows
from (2.4) that ((pogox)l3 < ((pofpx)ﬂ/ Letting dg (0, x) — oo and using the mixing of (- )
as above we obtain that (¢, ) g = 0. The desired assertion follows. (]
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Proposition C.2. Let G be as in the proposition above. Let § > 0. The following are
equivalent:

® EBI=1
i () =g
(iii) (@o); = ((00); =0.

Proof. The implication (i) = (ii) is trivial. For the implication (ii) = (iii), note that if
Q~ ();, then —¢p ~ ()E Hence, ((pg);g|r = —((pg)g, which implies that

<¢o>g = <§0o>,§ =0.

Finally, to show that (iii) = (i), let {-) g € ¥ (). Using Proposition 2.6 and Strassen’s
theorem [53], we obtain a coupling (P, ¢ ™, @), ¢ ~ (-);{, @ ~ () g such that P-almost
surely, ;7 > ¢, for every x € V. Again by Proposition 2.6, we have

(ox)p = (ox)F =0

for every x € V. It follows that P-almost surely, ¢ = ¢, for every x € V, hence
(g = (). .

Appendix D. Probabilistic estimates for Gibbs measures

In this appendix, we develop the probabilistic estimates for Gibbs measures associated to
the ¢* model on graphs of polynomial growth (see also [42, Chapter 11] for a slightly
more general setting). The results in this section follow from adaptations of the founda-
tional papers on the subject [37,46], which establish the theory for more general measures
on Z%. We optimise our estimates to the case of ¢*, which has stronger concentration
properties than the class considered in [37].

D.1. Setup and main results

We start by recalling some notations and definitions. We work on a graph G = (V, E)
which is connected, vertex-transitive graph and has polynomial growth, defined as fol-
lows. For a distinguished origin 0 € V, we write By to denote the ball of radius k € N
centred at o with respect to the graph distance dg (-, -). We assume that there exists d > 1
(called the dimension of G) and cg, Cg > 0 such that

cgk? < |Br| < Cgk? Vk > 1. (D.1)

Remark D.1. Usually a graph is said to have (at most) polynomial growth if there are
constants d > 1 and Cg > 0 such that the upper bound |By| < Cgk? is satisfied for
every k > 1. That one can always find c¢g, Cg and d such that (D.1) holds follows from
Gromov'’s theorem [29].
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Remark D.2. It was proved in [54] (see also [11] for a relevant result) that for every
vertex-transitive graph of polynomial growth, there are constants C > 0 and § > 0 such
that | B, \ B,—1| < Cn~3|B,| for every n > 1. In fact, this was proved under the weaker
assumption that the graph satisfies a (uniform) doubling property, i.e., without the assump-
tion of vertex-transitivity, which is easy to check in our case. To the best of our knowledge,
it is not known whether one can take § = 1 for all vertex-transitive graphs of polynomial
growth.

Remark D.3. The complications in generalising the results of [37,46] to the context of
vertex-transitive graphs of polynomial growth arise from the fact that it is not known
whether one can take § = 1 in the remark above. The results of the aforementioned art-
icles apply to a much more general class of unbounded spin systems, which includes in
particular the case g = 0 for some a chosen appropriately, and generalising our results to
the whole class of unbounded spin systems considered there without a good understand-
ing of the underlying graph structure seems rather complicated. The fact that we have
a quartic term in our single-site measure, i.e., that g > 0, plays an important role in our
analysis.

We fix a set of interactions J = (Jx,y)x,yev such that Jy , > 0 forall x,y € V
and Jx, < W(dg(x,y)), forall x # y € V, where W: N — R is defined as W(k) =
Cyk ¢ for some constants Cy > 0 and & > 0. In addition, we fix (B,h,g,a). Recall that
for 7 € RY, the ¢* model with these parameters on A C V is the measure (-)} 5.5, defined
by (1.2). In this section, we only keep the dependence on A explicit and it is sometimes
convenient to write UX to denote the corresponding measure.

For a Borel probability measure A on RY, we write V}\ to denote the corresponding
measure with random boundary conditions sampled from A. Let

EM)={peR": JA, C V finite, ¥ < M logdg(o,x) Yx € V \ Ay}

We call A a law on weakly growing boundary conditions if A is a Borel probability meas-
ure on RY supported on E (M) for some M > 0. Finally, for A C A, we write v(AA)’)k to
denote the restriction of vﬁ to RA, i.e., the measure defined by

1
Vi (pa) = 7/ e TUAGALOM D g, 4,
7 A JRMA
where @A L o\ denotes the concatenation of two configurations and
Uk(p) = BHA(9) + D _ (3¢t + ag?)

xeA

is the potential. We now recall the definition of regular measures. Let v be a measure
on RY. For y,8 > 0, we say v is (y, §)-regular if, for every A C V finite, the density of
the projection measure satisfies

d_v((pA) < o~ Lxealrei—8)

dea
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where dg, is the Lebesgue measure on R2. Note that, for any A C V finite and A a law on
weakly growing boundary conditions, Vﬁ is (y, §)-regular with constants depending only
on (B, h, g, a). Moreover, the constants are continuous in these dependencies and uni-
form over all subsets of A. This is a direct consequence of repeatedly applying Holder’s
inequalities on |H A (¢)]-

Finally, we restate the definition of a Gibbs measure. Recall that a Borel probability
measure v on RY is tempered if

e forevery A C V finite, v| is absolutely continuous with respect to Lebesgue measure
on R4,

e V(R) =1, where

R= {(wx)xev 13C € (0.00), Y ¢2 < C|By|forallk N}. (D.2)

X€By

Furthermore, recall that a Borel probability measure v on R is a Gibbs measure at (8, 1)
if it is tempered and for every finite A C V and f € R® bounded and measurable, the
DLR equation

o= [ U e
ne

holds. We call §(8, h) the set of Gibbs measures. The main results of this section are the
following.

Proposition D.4. Let (v, )ns0 be a sequence of finite volume measures with (random)
weakly growing boundary conditions. Then, the sequence is tight and any limit point is
a tempered probability measure.

Proposition D.5. Let (va,)n>0 be a sequence of finite volume measure with (random)
weakly growing boundary conditions such that v, converges weakly to a tempered prob-
ability measure v. Then, v is a Gibbs measure, i.e., satisfies the DLR equations.

Proposition D.6. For any (B, h), there exist
y=y(B,h)>0, §=8pB,n)>0

such that every Gibbs measure v € §(B, h) is (y, 8)-regular. Moreover, the constants (y, §)
depend continuous on (B, h).

The proofs of Propositions D.4, D.5, and D.6 are based on the proofs of Theorems 4.3,
4.5, and 4.4 in [37], respectively,® adapted from the case of Z? to our setting. The
extensions of these proofs require us to develop some technical results, which broadly
speaking allow us to distinguish as well as quantify bulk and boundary contributions
from the potential. The key geometric estimate is contained in Proposition D.10. The

8Note that the proof of [37, Theorem 4.5] is given in the appendix of [37], where it is mislabelled
as proof of Theorem 4.4.
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key probabilistic estimate is contained in Proposition D.11, which in particular implies
uniform regularity estimates for finite volume measures, see Corollary D.12. Both key
estimates require multiscale control over the decay and oscillations of the kernel ¥ —
which in turn controls the decay of the interactions J — on scales determined by the geo-
metry of the graph; this naturally imposes conditions jointly on the allowed graphs and
interactions. For graphs of polynomial growth, these conditions are explicit. Since, given
Proposition D.11 and Corollary D.12, the proofs of Propositions D.4-D.6 are identical
to [37], we omit them and refer to the exact references given above.

D.2. Technical results on bulk-boundary contributions
We first verify that ¥ is indeed summable on G.

Lemma D.7. We have that

W] == sup Y W(dg(x.y)) = Y _ ¥(dg(0.y)) < oo.

XEVyEV yev

Proof. By summation by parts and I'-invariance, we have that

Y W(dg(x,y) = Y (W(k) — W(k + 1))| Bl

yev k=0
Note that W(k) — WU(k + 1) = O(k—@+1%9) from which the result follows. m

We are interested in quantifying the oscillatory behaviour of W at large scales. In our
analysis, we require the scales to have a nonlinear dependence on the dimension. Let
o= % + 1 and define F, := B;,, where t, = |n®|. We write V,, = | F,,|. We often refer
to n as the scale even though, strictly speaking, the scale is ;.

For ¢,k € N, define

Uig = sup Y(dg(x,y)).
xqu,er\F,H_k

The coefficient Wy , tracks the oscillation of W from scale ¢ to scale ¢ + k. The next
lemma states that the decay condition on W is enough to ensure that asymptotically the
oscillations are small with respect to the volume.

Lemma D.8. We have that

o0
Jim_ kZ(wk,q — Wit1.0)Vgrkr1 = 0. (D.3)
=1
Proof. By summation by parts,

e ¢]

oo
d d
> Vg — Vit 1.0)Varkt1 < YigVor2 +Ca Y Wi g (i — 1240
k=1 k=2
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where Cg is as in (D.1). Note that Wy , = Cy(fg4r +1— tq)_d_s. On the one hand, by
telescoping and a simple calculation

k k
lgrk +1=1g =) tgpi—lgpici=c1 Y (q+)*" = cok(q + 5!
i=1 i=|k/2)

for some constants ¢y, ¢ > 0, hence Wy , < C\p(Czk)_d_s(q + k)~(@=D(@+e) Op the

other hand, t,f+k+1 - t;’+k = 0((q + k)*?~1). Since (o« — 1)(d + €) > ad — 1, the de-
sired assertion follows. [

We now introduce a sequence (¥j)jeN that plays the role of C in (D.2) from the
definition of tempered measures. It is chosen to increase from scale to scale sufficiently
slowly so that the following holds.

Lemma D.9. There exists an increasing sequence (\j)jeN converging to infinity such

that Yy > 1, limj oo 2EL = 1, and
J

oo

qlggo I;(‘I’k,q — Wit 1,9)Vg+k+2Vg+k+2 = 0. (D.4)
Proof. Let (k,)nen be a strictly increasing sequence of positive integers such that
o0
Z (Wkg — Vit1,9)Vgtk+2 <27" forevery g > 1,

k=my 4

where m,, , := max{1, k, —g —2}. Such a sequence exists because of (D.3) together with
the fact that V1 x40 = O(Vg4k41). Define

1 forj < ki,
V= ,
n fork, <j <kpy1,n>1.

Then, v, > 1, Yitl 5 1, and for every g > ki — 1,
J

v

% oo Mpt1,q-1

Y Wig = Vi IVorkr2Varkrz= D O (Wkg— Yiy1)Vgrkr2Vorkt2
k=1 n=n(q) k=myu 4

o0
< Z n2™™ -0
n=n(q)

as g — oo, where n(q) := max{n > 1:m, 4 = 1}. |

We now state a technical result which plays an important role in the proof of the
key probabilistic estimate in the next section. Loosely speaking, it states that, at the last
scale ¢ at which the bulk contribution of ) . F, @2 dominates the volume, the boundary
behaviour on the subsequent scale can be controlled by the bulk behaviour.
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Proposition D.10. There exists a constant C; > 0 such that the following holds. Let
¢ € RY. Suppose there exists ¢ = q(¢) > 1 such that q is the largest integer for which

Z 02 = VVy.
x€Fy
Then, |
5 2 2 VeIt e)=Ci Yo gf
X€Fy1+1 yeV\Fy 11 X€F 4

Proof. First, observe that, for k > 0, we have

o0 o0
Z Yk g+1 Z 97 = Z(‘Ifk,qﬂ — Wit1,9+1) Z 0z
k=1

x€Fgtk+2\Fgti+1 k=1 x€Fgt+k+2\Fq+2
o
< Z("pk,q+l — Wit 1,g+)Vq+k+2Vgrk+2. (D.5)
k=1

We now handle the double sum by taking cases according to the position of x and y.
Let us write

D= 3 ) Wde(x.»)g;+e;

X€F 11 yeV\Fy 41

Yo Y Wdex.yN+ Y. ¢r Y. W(da(x.y)

YEF 12\Fy41 x€F 4 YEV\Fy42 x€Fg1

+ Y 92 > W(dg(x.y) =: Dy + Dy + Ds.
x€Fg1 yeV\Fy41

Observe that, by Lemma D.7,
Dy+Ds < W] Y 9 < ¥[[Vg42Vyta.

x€F 42

Since V42 = O(V,) and %Zz — 1 as ¢ — oo, it then follows that

Di+Ds<CsyyVy <Cs Y ¢
x€F; 41

for some C3 > 0 large enough. To handle D,, we bound W(dg(x, y)) by Wi 441 for
x€ Fyprandy € Fyppio \ Fyyr4 to obtain that

oo
Dy < V1) Wig > ¢

k=1 VeFgtk+2\Fgti+1
Using (D.5), we obtain that

o0
Dy < Vi Z(‘Ijk,qﬂ — Vit t,g+ DV q+k+2Vgrk+2-
k=1

By (D.4) and the fact that V41 = O(V,), we have D, < C4ip;Vy < Cy erFqH @2 for
some constant C4 > 0. The desired assertion follows readily. |



T. S. Gunaratnam, C. Panagiotis, R. Panis, F. Severo 5420

D.3. Key probabilistic regularity estimates

We now prove the key probabilistic estimates which justify the extension of the proofs of
Propositions D.4-D.6 for the case of Z¢ to our setting. We state it for deterministic bound-
ary conditions; the proof is exactly the same in the case of random tempered boundary
conditions, although with heavier notation.

Proposition D.11. Let go > 0 and let A = B, for n > ty4, so that Fy, C A. There exists
c1 = c1(qo) > O such that, for all A C A with Fgy C A C{x € A :dg(x,0A) > n%/2y,
where § is as in Remark D.2, and for any x € A, the following decomposition holds. For
all n € RY such that |n;| < ps, forall z € A€, forall g5 € R2, U(AA)’n[(pA] = vi’"[(pA] +
vZ’"[goA] with

1, Al —(g/2)0% (A
va"[pa] < e @200 o). (D.6)

] < Z e_Zzqu_»,_l(x)ﬁA(g/z)(ﬂ?-i-clVq+1 V(A)

2,
VA" lea AVEy 0P8\ o]. (D)

q4=40

We stress that cy is uniform over all such A and 1, and moreover that it is continuous in
the parameters of the model.

Proof. Let gp € N be a sufficiently large constant to be a posteriori. Fix x € A. Write
Apgo(x) = {‘PA eRA: Z 90)% = YqVg forallg > CIO},
YEFy(x)

where F;(x) = yx F; where yy is an automorphism such that yyo = x. Define
Ly . A), 2,7 . A 1,
v = v(A )"[']l{AA,qo(x)}], vy = v(A ) _ NG

On the event Aa 4,(x), we are able to control the bulk behaviour (centred at x) of (pf in
spatial average; on the complement, we have control via the oscillation and decay bounds.
We first establish (D.6). For A = A U A, for all gok, YA € RA, define

VVA(‘»‘)Q\l PA,) 1= UXI (‘/’5\1) + ng((pAz) - UX(QDQM U @A)
In particular,
WA(@AI 7§0A2) = { Z + Z — Z }Jx,y(ﬂx(py = - Z Jx,y§0x§0y.
X, yENA| x,yEA> x,yEA x€A1,yEA>
In particular, observe that for our fixed x € A,
Wa(@x oav) = WA @ onvi) — D Tay (9x — 910y
yeA\{x}
Thus, by Young’s inequality,

ZyeA\{x} Jxay

5 @2 + (9l)*) + Th.

‘ Z Ty (0x — @)y | <
yeA\{x}
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where

Tl = Z Jx,yQDJ% = Z st)’@)% + Z Jx,y@i = T2 + T3.
yeA\{x} yEFq()(x) yEA\Fq()(x)
By the definition of Aa 4, (x), T2 < |J oo Vg0 Vao-

In order to handle T3, we observe that Zye Fy(x) (pJ% < Y4V, for every g > go. More-
over,

Y Wde(x. ) <Y Wk gomt > ¢?
YEV\Fyq (x) k=1 YE€Fqy+k O\ Fgy—14k (x)
= Z(qjk,qo—l = Wk+1,40-1) Z (0)2;
k>1 YE€Fgy+k (X)\Fqq(x)
< Z(‘I’k,qo—l = Wit 1,90-1)Vao+k Vao+k-
k>1

where in the first inequality we have bounded W(dg (x,y)) by Wk go—1 for y € Fgo1x(x) \
Fgo—1+4%(x) (we use that x € Fy,—1(x)), then in the second inequality we use a summa-
tion by parts. Combining the above estimates together and using Lemma D.9, we have
established that

T3 = Z(‘I’k,qo—1 = Vkt1.90-1)V¥g0+k Vgo+k = C1.
k>1

All together, we have established

(K4l
WA (@x. 0a\(x}) — WA (@5, @A\ | < @2 + (@)% + [T |oo¥ao Vao + Ci1.

2
We now bound vk" [pa]. First observe that, for any ¢} € [—A4, A], where A > 0,

_qn _qn
an[(PA] — ZI—\I/e U{X}(Wx) UA\{X}(WA\{x})+W((PXy‘pA\{x})d(pA\A

_ e_U*‘nX}(w"‘)ZXI e—UX\{x}(<0A\(x})+W(<0§c,tﬂA\<x;)—W(<ﬂ},<0A\<x;)
% eW(wx,«JA\{x))de\A
< Ul 00 (Zyer JO,y)/Z)((P,%+(¢’§c)2)/e_UX\{X}((pA\{x})+W(¢7;{sfPA\{x})d(pA\A
< o—(&/20? / e~ UR @A+, W g
< e*(g/2)¢’_§4c /e*UX(fﬂA\{x}l—lw})d(pA\A'
Above, the first two lines are straightforward manipulations; the third line follows from
the preceding bounds; the fourth line follows from Young’s inequality inside the exponen-

tials, the fact that |<p;| < A, and estimates similar to (2.7) to handle the boundary terms in
U{'L}(gox); and the final line is by using that || < 4.
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Thus, taking the integral mean,
1 Al —(g/2)p% 4 -Uj] g/, ’
v"lpal < cltle (g/2)px e Ur@avi wx)d(ﬂA\Ad(Px
-A

< c‘lAle’(g/z)“’i/erX(‘”")dfﬂA\Au{x}'

This last bound establishes (D.6).
We now turn to (D.7). Write

Bpg(x) = {m eRY: D" X > Ve D @) <VnVaVk > q}-
yeF,(x) YEFk(x)

Then, by a union bound and re-ordering terms

1
vz’n[‘ﬂA] = Z ~teacBa )} /B_UX(‘OA)CI(PA\A

Z
4240 A
_ Z ]]‘{(OAEBA,q(x)} e_U}’.]*q+](X)QA(WF‘,_H(X)MA)
Z
9240 A

g
e UA\(FHI(X)QA)(WA\(Fq_H(xmA))

% eWA(¢Fq+1(x)mA,¢A\(Fq+1(x)mA))d(pA\A
< 2 : ]l{wAZGBA,q}e— ZyquJrl(x)mA(3g/4)w;‘+CVq+1
q=40 A
Uy (@eA\(F, AFWAOFE, | nA-PA\(F, A))
x/e ANFy g1 N PANEFEG 41 ()NA) g+100N \(Fy41(0)NA) dgara.
. . . . . . ]7
where the third line is uses similar reasoning as above to handle U Fyq1()NA (<!)Fq+1 (xX)NA)-

F, A
Let (p},q+l(x)nA € RFa+1)NA pe guch that
lpzl < A
forall z € F;41(z) N A. Observe that we can write

WA(PF, 41N A PANF 41 0N8) = WO, (ona PAEF,+10na) + Ta

where

1 1
Tl Y. WdeGo)(302+ 3607 +¢}). D)
z€F, 41 (x)NA
YEA(Fg+1(x)NA)

On the event Ba 4(x), we can apply Proposition D.10 and I'-invariance to obtain

O <C Y ¢2+C Y (9

z€Fg11NA zeF ;1 1(x)NA
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Thus, by Young’s inequality, using the boundedness of ¢, we obtain

I 2)pt+CyV,
VZ’”[‘PA] < Z e YyeF 1 onalg/2)e3+CaVyt
A
4=490

_yu" ’
X/e UA\<F4+1<X)OA)(</JA\(F4+,(x)mA))+WA(¢Fq+1(XmA,(PA\(FqH(x)mA))d(pA\A

= Z Le_ZyéFq_H(x)ﬁA(g/2)¢j4;+C4Vq+1
VA
azqo <A

_rn / n /
x/e UA((OA\(FqJ,-l(X)OA)U(OF(H_](x)ﬁA)+UFq+1(x)ﬁA(qu+1(x)ﬁA)dgoA\A.

The desired estimate follows by using the boundedness of |¢/, | and taking the
. . . Fgr1()nAl &
integral mean with respect to (p;q_H AA» Similarly as for the estimate on v,". ]

Corollary D.12. There exists c; > 0 such that the following holds. Let n > 1 and let
A C V be finite such that A O B,,. Let A C A such that A C By,, where m = n — nd/2
and § is as in Remark D.2. Then, for all n € RY such that |n,| < /logdg (o, dA\) for all
z € A€,

VM pa] < o~ Lxealg/Dei—c1)

Proof. The result is based on an induction argument that, given Proposition D.11, is
identical to the proof of [46, Theorem 2.2]. We omit the details. [

Remark D.13. The result of Corollary D.12 can be extended up to the boundary with the
cost of setting ¢c; = O(logdg (0, dA)). In particular, by using an exponential Chebyshev
argument, one can bound moments; for instance, for some C > 0, we have

sup sup v(AA)’"[%%] < /Clogdg(o,dN).
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