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Abstract. We prove that the set of automorphism invariant Gibbs measures for the '4 model on
graphs of polynomial growth has at most two extremal measures at all values of ˇ. We also give
a sufficient condition to ensure that the set of all Gibbs measures is a singleton. As an application,
we show that the spontaneous magnetisation of the nearest-neighbour '4 model on Zd vanishes at
criticality for d � 3. The analogous results were established for the Ising model in the seminal
works of Aizenman, Duminil-Copin, and Sidoravicius (2015), and Raoufi (2020) using the so-called
random current representation introduced by Aizenman (1982). One of the main contributions of
this paper is the development of a corresponding geometric representation for the '4 model called
the random tangled current representation.
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1. Introduction

1.1. Motivation

The '4 model is a statistical mechanics model of ferromagnetism with real-valued spins
attached to each vertex of a graph whose values are confined according to a quartic single-
site potential. Mathematically, this is modelled by a probability measure on real-valued
spin configurations on a graph G D .V;E/ formally given by

hF.'/i D
1

Z

Z
F.'/eˇ

P
¹x;yº2E 'x'y�

P
x2V .g'

4
xCa'

2
x/d';

where g > 0 and a 2 R are coupling constants, ˇ > 0 is the inverse temperature, andZ is
a normalisation constant. This model naturally interpolates between two famous models
of statistical physics, namely the Gaussian free field and the Ising model. The Gaussian
free field is defined by setting g D 0 and taking an appropriate a. Formally, in the limit
g ! 0 when a > 0, the '4 model approximates a Gaussian free field of appropriate cov-
ariance. On the other hand, the Ising model is defined by integrating with respect to the
Bernoulli measure on ¹˙1º. In this case, the limit g!1 for a < 0 formally corresponds
to the Ising model. This can be seen easily if one takes a joint scaling limit when aD�2g:

1

2
.ı�1 C ı1/ D lim

g!1

1

Zg
e�g.'

2�1/2d': (1.1)

The model has its origins in Euclidean quantum field theory, where its analogue on Rd

is amongst the simplest candidates for a non-trivial (i.e., non-Gaussian) measure. These
measures in dimensions d � 2 are a priori ill-defined due to the notorious problem of
ultraviolet divergences [25]. Two major breakthroughs in the constructive field theory
programme of the 1960–1970s were the solutions to these problems in dimensions 2 and 3
due to Nelson [39], and Glimm and Jaffe [24]. In dimensions d � 4, a non-Gaussian
measure cannot be obtained due to the triviality results that we mention below.

It was later realised that the '4 model on the lattice Zd has importance in statistical
physics. Its viewpoint as a generalised Ising model was first rigorously explored in the
landmark paper by Guerra, Rosen, and Simon [30]. The approximation to Ising was fur-
ther exploited by Glimm, Jaffe, and Spencer [26], where they adapt the celebrated Peierls’
argument [43] to prove that the phase transition occurs at a finite non-zero temperat-
ure for '4 in dimensions d � 2. In particular, there is a critical inverse temperature ˇc ,
depending on the fixed values of g, a, such that: for ˇ < ˇc , the two point correlation
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tends to 0; and for ˇ > ˇc , the two point correlation does not tend to 0 and there is long-
range order.

The relationship between '4 and the Ising model is predicted to be very deep: they are
a fundamental example of two models that are believed to belong to the same universality
class. Indeed, it is predicted from renormalisation group heuristics (see [27, 32] or the
recent book [8]) that at their respective critical points, many properties of these two mod-
els, such as critical exponents, exactly coincide. A manifestation of this was discovered
by Griffiths and Simon in [51], where they show that the '4 model arises as a certain near-
critical scaling limit of mean-field Ising models. Indeed, this allows one to transfer many
special properties of the Ising model, such as correlation inequalities, to '4. This makes it
one of the simplest non-integrable models to study, even in spite of the unbounded spins.

More direct results towards universality were obtained in dimensions d � 5 by Aizen-
man [2] and Fröhlich [19], where triviality of their scaling limits, both in the infinite
volume and continuum, were established. The case of d D 4 was settled in the beautiful
paper by Aizenman and Duminil-Copin [5], where stochastic geometric representations
for the model, as in this paper, play a central role. Establishing rigorously universality res-
ults in dimensions 2 and 3 remains a difficult challenge. We refer to the recent review [3]
concerning '4 for further discussion.

In this article, we are interested in understanding the structure of Gibbs measures
for '4, and in particular identifying the behaviour at the critical point. To do this, we build
on ideas that have led to recent breakthroughs towards these questions in the case of the
Ising model. In particular, the continuity of the magnetisation at the critical point in d � 3
was established by Aizenman, Duminil-Copin, and Sidoravicious [6] using the so-called
random current representation, first introduced by Aizenman in [2]. These techniques
were further exploited by Raoufi in [45] to show that the set of translation invariant Gibbs
measures on any amenable graph at any temperature is given by convex combinations of
two natural extremal measures. This was previously known for temperatures not equal
to the critical point on Zd , see the results of Bodineau [10]. First, we rigorously define
the quantities of interest and state our main result on the structure of Gibbs measures.
Then, we state its consequences for continuity of the phase transition (as well as a precise
definition of what this means).

1.2. Definitions and structure theorem

Let G D .V; E/ be a connected, infinite, and locally finite graph. Let J D .Jx;y/x;y2V
be a collection of ferromagnetic interactions, i.e., such that Jx;y � 0 for all x; y 2 V .
For g > 0 and a 2 R, let �g;a be the single-site measure on R defined by

d�g;a.t/ D
1

zg;a
e�gt

4�at2dt;

where zg;a D
R

R e
�gt4�at2dt . Letƒ� V be finite. Let hD .hx/x2V , � D .�x/x2V 2 RV

be the external magnetic field and boundary condition, respectively.
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We define the Hamiltonian

H
�

ƒ;h;J
.'/ WD �

X
x;y2ƒ

Jx;y'x'y �
X
x2ƒ
y2V nƒ

Jx;y'x�y �
X
x2ƒ

hx'x 8' 2 Rƒ;

whenever
P
y2V nƒ Jx;y j�y j <18x 2 ƒ.

The '4 model on ƒ with coupling constants .J; g; a/, boundary condition �, inverse
temperature ˇ > 0, and external magnetic field h, is the measure h�i�

ƒ;ˇ;h;J;g;a
defined via

the expectation values

hf i
�

ƒ;ˇ;h;J;g;a
WD

1

Z
�

ƒ;ˇ;h;J;g;a

Z
'2Rƒ

f .'/e�ˇH
�

ƒ;hJ
.'/d�ƒ;g;a.'/; (1.2)

where d�ƒ;g;a.'/ D
Q
x2ƒ d�g;a.'x/, f WRƒ ! R is a bounded measurable function

and Z�
ƒ;ˇ;h;J;g;a

is the partition function, that is, the normalisation constant such that
h1i

�

ƒ;ˇ;h;J;g;a
D 1. When clear from context, we drop .J; g; a/ from the notation.

In this article, we impose a restriction on the growth of the graph. We fix a distin-
guished origin o 2 G, and let Bk denote the ball of radius k centred at o with respect
to the graph distance dG . Let G be a vertex-transitive graph of polynomial growth, i.e.,
a graph for which there exist d � 1 (called the dimension of G) and c; C > 0 such that,
for all k � 1, we have ckd � jBkj � Ckd . As such, G is amenable,

inf
A�V;jAj<1

j@Aj

jAj
D 0;

where @A D ¹x 2 V n A W 9 y 2 A with ¹x; yº 2 Eº and j � j denotes cardinality. We fix
a vertex-transitive subgroup � of the automorphism group of G, denoted by Aut.G/.

A set of interactions J D .Jx;y/x;y2V is admissible with respect to G and � if

(C1) (Ferromagnetic) Jx;y � 0 for all x; y 2 V ;

(C2) (�-invariance) J
.x/;
.y/ D Jx;y for all 
 2 �;

(C3) (Irreducibility) for every x;y 2 V , there exists a sequence x0 D x; : : : ; xk D y such
that Jx0;x1 � � �Jxk�1;xk > 0;

(C4) (Integrability) 9C > 0 and � > 0 such that Jx;y � CdG.x; y/�.dC�/ for all x ¤
y 2 V .

We remark that (C4) indeed implies that
P
x2V Jo;x < 1, see the calculation in Lem-

ma D.7.
We say that a Borel measure � on RV is tempered if

� for every ƒ � V finite, �jƒ is absolutely continuous with respect to the Lebesgue
measure on Rƒ;

� � is supported on the event

R WD
°
.'x/x2V W 9C 2 .0;1/;

X
x2Bk

'2x � C jBkj for all k 2 N
±
:
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Definition 1.1 (Gibbs measures). We say that a Borel probability measure � on RV is
a Gibbs measure at .ˇ; h/ if it is tempered and for every finite ƒ � V and f 2 Rƒ

bounded and measurable, the DLR (Dobrushin–Lanford–Ruelle) equation

�.f / D

Z
�2RV

hf i
�

ƒ;ˇ;h
d�.�/

holds. In particular, we assume that � is almost surely supported on � 2 RV such that
h�i
�

ƒ;ˇ;h
is well defined.

We denote by G .ˇ; h/ the set of Gibbs measures at .ˇ; h/. We say that a measure
� 2 G .ˇ; h/ is �-invariant if for all 
 2 � , the pushforward measure 
�� is equal to �.
We denote by G�.ˇ;h/� G .ˇ;h/ the set of �-invariant Gibbs measures. The set G�.ˇ;h/

has a structure of a Choquet simplex, i.e., admits a unique extremal ergodic decomposition
(see [46, Theorem 5.8]).

Our main result is a structure theorem for G�.ˇ; 0/ D G�.ˇ/. It states that there
are at most two extremal measures h�iC

ˇ
and h�i�

ˇ
which we define as follows. First, for

any h 2 R, let h�i0
ˇ;h
D limƒ"V h�i

0
ƒ;ˇ;h

, which exists by tightness (see Proposition D.4)
and a standard monotonicity argument using Griffiths’ inequality (see Proposition 3.19).
Define h�iC

ˇ
and h�i�

ˇ
via the following monotonic weak limits (again by Griffiths’ inequal-

ity, see Remark 3.21):

h�i
C

ˇ
D lim

h#0
h�i
0
ˇ;h; h�i

�
ˇ D lim

h"0
h�i
0
ˇ;h:

The measures h�iC
ˇ

and h�i�
ˇ

are ergodic (in fact mixing) and extremal; see Corollary 2.9.

Theorem 1.2. Let G be a connected, vertex-transitive graph of polynomial growth and
� �Aut.G/ a vertex-transitive subgroup. Let J be an admissible set of coupling constants
with respect to G and � , and fix g > 0 and a 2 R. Then, for any ˇ > 0,

G�.ˇ/ D ¹�h�i
C

ˇ
C .1 � �/h�i�ˇ W � 2 Œ0; 1�º: (1.3)

Moreover, if
lim inf

dG.o;x/!1
h'o'xi

0
ˇ D 0; (1.4)

then there exists only one Gibbs measure, i.e.,

jG .ˇ/j D jG�.ˇ/j D 1:

To the best of our knowledge, Theorem 1.2 is the first result that characterises the set
of translation invariant Gibbs measures for '4 at any ˇ. It has natural consequences for
the continuity of the phase transition, i.e., condition (1.4) can be verified at criticality in
certain cases; these are explored in the next subsection. We believe that certain ideas in
the proof may be useful to study the universality between '4 and Ising, and perhaps be of
use in studying P.'/models (i.e., when the quartic polynomial in the single-site measure
is replaced by an arbitrary even polynomial P of positive leading coefficient). We also
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remark that this seems to be the first instance where the '4 model is studied on gen-
eral graphs beyond Zd and the techniques developed may be useful to study universality
with respect to the underlying choice of graph, i.e., microscopic structure. The restric-
tion to (amenable) graphs of polynomial growth is for technical reasons; our proof of the
construction of general Gibbs measures works under certain geometric conditions, but
we cannot give an example of such an amenable graph which exhibits superpolynomial
growth. We refer to Appendix D for further discussion. However, the main techniques –
in particular, all the stochastic geometric tools developed – that we employ should extend
to the case of a general amenable graph.

The starting point to prove Theorem 1.2 is a characterisation of the structure of �-
invariant Gibbs measures for '4; see Proposition 2.15. This is similar in spirit to the
Lebowitz characterisation for the Ising model [36], but there are significant complications
that arise due to the presence of unbounded spins. The importance of this characterisa-
tion is that it reduces the problem to showing that the plus and free measures, i.e., h�iC

ˇ

and h�i0
ˇ;hD0

, coincide on two-point correlations. Thus, we need to control differences
of two-point correlations. For the case of the Ising model [6, 45], this is enabled by the
celebrated random current representation, and in particular by the switching lemma [2,
Lemma 3.2] which allows one to give a probabilistic interpretation of these quantities.

It is well known that the '4 model on a finite graph ƒ is approximated by an Ising
model onƒ�KN with special coupling constants, whereKN is the complete graph onN
vertices. This is called the Griffiths–Simon approximation [51]. One natural question, in
light of the above, is why the naive approach of proving the structure theorem for Gibbs
measures directly via the Griffiths–Simon approximation of '4 fails. This approach would
go by proving a corresponding statement for the Ising model on ƒ �KN and then taking
the limitsƒ "G andN !1 appropriately. Since the proof in the case of the Ising model
heavily relies on ergodicity, it only gives information about the model in infinite volume
without any quantitative control in finite volume. Therefore, this approach would require
a proof of the convergence of the Griffiths–Simon model on G � KN to the '4 model
on G. However, to the best of our knowledge, such a convergence result in the infinite
volume is not known. Indeed, the notion of single-site measure, which is crucial to the
argument of [51], disappears in the infinite volume limit.

The core of the paper is the development of a new geometric representation of spin
correlations for '4, based on the random current representation for the Ising model, that
we call a random tangled current representation. A current n is a positive integer valued
function on the J -edges of the graph, meaning the pairs ¹x; yº � V such that Jx;y > 0.
A tangled current is a pair .n; t / obtained as follows: first, the current n is lifted to its
natural multigraph N , where each J -edge ¹x; yº is replaced by nx;y edges. Then, each
vertex x is replaced by an ordered block of �n.x/ vertices, where �n.x/ is the degree
of x in N and each of the �n.x/ edges is incident to a distinct vertex in the block.
Finally, an even partition t at each vertex naturally tangles the currents at each block. The
key technical tool is the switching principle of Theorem 3.12, which, in particular, allows
us to express ratios and differences of correlation functions in terms of connectivity prop-
erties of random tangled currents. With this switching principle, the proof of Theorem 1.2
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broadly follows ideas developed in [6,45]. However, there are severe obstacles that require
a fine knowledge of the behaviour of the single-site tangles, for example, that any partition
occurs with positive probability. There are also additional essential difficulties caused by
the presence of unbounded spin.

The construction of the random tangled currents and the proof of the switching prin-
ciple start from the Griffiths–Simon approximation. Indeed, since the model in the pre-
limit of N !1 is an Ising model, we may use the standard switching lemma. Capturing
the stable quantities as N ! 1 requires isolating the geometric structures that persist
in the scaling limit, which then leads us to random tangled currents. We stress, however,
that random tangled currents and the switching principle are stated on the level of '4 and
make no reference to the prelimit; it is only their construction that does. It is an interesting
question to prove such a switching principle directly for '4, without any reference to the
Griffiths–Simon approximation.

Our representation complements the well-known Brydges–Fröhlich–Spencer random
walk representation (or BFS representation) of the '4 model [12]. This path expansion
of the model can be used to derive many classical correlation inequalities for the model
(see [18] and references therein) and also plays a pivotal role in Fröhlich’s proof of trivi-
ality [19]. It would be interesting to see how this object relates to the representation we
introduce in this paper. Let us mention that even in the simpler case of the Ising model, the
connection between the BFS expansion and the random current representation is not com-
pletely obvious. The backbone expansion introduced by Aizenman [2] is such a random
walk representation, built from explorations of the underlying random current model, but
is not quite the same object as the BFS representation. Let us also mention that although
it is a very powerful object, it is not clear whether the BFS representation is enough to
obtain the results of this paper. The main reason is that we rely heavily on percolation
type arguments that cannot be generalised to these random walk models.

1.3. Continuity of the phase transition for '4 on Zd

We discuss now an important consequence of Theorem 1.2 to the (continuity of) phase
transition for '4. We restrict ourselves to the hypercubic lattice G D Zd . We fix g > 0
and a 2 R. We also fix a collection of interactions J satisfying (C1)–(C4).

We begin by defining the phase transition rigorously. There are several natural ways
to do this, which are all a posteriori equivalent. We consider here perhaps the most clas-
sical definition in terms of spontaneous magnetisation. Other definitions involve existence
of long range order (as mentioned above), uniqueness of Gibbs measure, finiteness of
susceptibility, etc. We refer the reader to Appendix C for these definitions and results
relating them. The spontaneous magnetisation at inverse temperature ˇ is defined as
m�.ˇ/ WD h'0i

C

ˇ
. We can now define

ˇc WD inf¹ˇ > 0; m�.ˇ/ > 0º:

For d � 2, it has been proved [26] (see also [25]) that ˇc.g; a/ 2 .0;1/ for all g > 0

and a 2 R.



T. S. Gunaratnam, C. Panagiotis, R. Panis, F. Severo 5350

In view of the definition above, it is a natural question to ask whether m�.ˇc/ D 0

(i.e., the spontaneous magnetisation vanishes at criticality). If so, m� is continuous at ˇc
(see Proposition A.1) and the model is said to undergo a continuous phase transition. This
is a fundamental assumption on which arguments of universality (e.g., via renormalisation
group heuristics) are built on. It turns out that continuity of the phase transition for lat-
tice '4 models boils down to proving that jG .ˇc/j D 1, see Proposition C.2. Theorem 1.2
gives a sufficient condition (1.4) for that to be satisfied.

Very few tools are available to obtain condition (1.4) at criticality. For the Ising
model in dimension 2, this can be verified by using either exact integrability established
in the famous work of Onsager [40] or planar duality of the interaction as realised by
Werner [55]. However, we stress these techniques only work for the nearest-neighbour
model, and have not been extended to finite range interactions in general, or the case
of '4. In higher dimensions, one can use the lace expansion for either the Ising model [47]
or '4 [48]. In the intermediate dimensions, such as the physically relevant dimension 3
for nearest-neighbour interactions, the infrared/Gaussian domination bound of Fröhlich,
Simon, and Spencer [21] (see also [20]) for reflection positive models (see [9, Defini-
tion 5.1]) is the main tool we have at our disposal. As already observed in [6], the infrared
bound is a good candidate to ensure continuity.

We now assume that the interaction J is admissible and reflection positive; see Sec-
tion 7. The canonical examples of reflection positive interactions are

� (Nearest-neighbour interactions) Jx;y D ıjx�yj1D1;

� (Exponential decay/Yukawa potentials) Jx;y D Ce��jx�yj1 for �;C > 0;

� (Power law decay) Jx;y D C jx � yj�d�˛1 for ˛; C > 0,

where j � j1 refers to the `1-norm on Rd . For each J , we consider the associated random
walk .Xk/k�0 with step distribution given by

P ŒXkC1 D y j Xk D x� D
Jx;y

jJ j
;

where jJ j WD
P
x2Zd J0;x . The infrared bound relates the two-point function of a reflec-

tion positive model to the Green’s function of the associated random walk X . In the case
that the random walk is transient, one concludes that condition (1.4) from Theorem 1.2
holds. We then obtain the following result; see Section 7 for the details.

Theorem 1.3 (Continuity of the phase transition). Let d � 1. Let J be admissible, reflec-
tion positive, and such that the associated random walk on Zd is transient. Then,

m�.ˇc/ D 0:

In particular, m�.ˇc/ D 0 for the nearest-neighbour '4 model on Zd when d � 3.

Remark 1.4. Theorem 1.3 gives that the magnetisation is continuous at ˇc when J
is any admissible and reflection positive interaction in dimension at least 3. In dimen-
sion 2, it yields the same conclusion when J has power law decay of the form Jx;y D
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C jx � yj�d�˛1 with ˛ 2 .0; 2/. Finally, in dimension 1, provided that the model under-
goes a non-trivial phase transition,1 we get that the magnetisation is continuous at ˇc
when J has power law decay with ˛ 2 .0; 1/.

1.4. Open problems

We now give what, in our opinion, are some beautiful open problems that naturally lead
on from Theorems 1.2 and 1.3. In what follows, we fix G D Z2 and only consider the
nearest-neighbour case.

The most striking omission from Theorem 1.3 is the behaviour at ˇc for the nearest-
neighbour model in d D 2. Indeed, the infrared bound is not useful in this context and
the analogous result for the Ising model relies on exact integrability [40] or planar dual-
ity [55], which only works in the nearest-neighbour case; we stress that the case of the
finite range Ising model is open. It is widely believed that the phase transition for '4, just
as for Ising, is continuous in dimension 2.

Open problem 1 (Continuity in d D 2). Let d D 2 and let J be the nearest-neighbour
interaction. Prove that

m�.ˇc/ D 0:

The only rigorous evidence that we are aware of universality with respect to changes
in the Hamiltonian2 for the Ising model in d D 2 are the celebrated works of Pinson
and Spencer [44] (see also [52]) and Giuliani, Greenblatt, and Mastropietro [23], which
treat the scaling limit of energy-energy correlations for critical finite range Ising models
(with a perturbative condition on the range) via renormalisation group techniques; and the
work of Aizenman, Duminil-Copin, Tassion, and Warzel [7], which proves asymptotic
Pfaffian relations for boundary point correlations for any critical finite range model (with
no perturbative condition) via stochastic geometric techniques. Both cases are coherent
with universality, i.e., with the corresponding results established for the critical nearest-
neighbour model; see [28, 49] for the energy-energy and boundary point correlations,
respectively. We defer to the articles cited above for precise statements in the case of Ising.

Open problem 2 (Pfaffian relations in d D 2). For the nearest-neighbour '4 model
on Z2, prove that the boundary spin correlations satisfy the Pfaffian relations asymp-
totically at criticality.

Our final problem concerns the set of all Gibbs measures in d D 2. For the Ising
model, it is known [1, 31] that in d D 2, there are no non-translation invariant Gibbs
measures. This is in stark contrast to the existence of (non-translation invariant) Dobrushin

1We expect this to be true whenever Jx;y � cjx � yj�1�˛ for some ˛ 2 .0; 1/, as in the case
of the one-dimensional Ising model [16].

2This is in contrast to universality results with respect to changing the underlying planar graph
for nearest-neighbour models, i.e., beyond the square lattice, for which much progress has been
made. We refer to the review by Chelkak [13] for further details.
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measures in d � 3 as established in [14]. For '4, the existence of Dobrushin measures is
known in d � 3, see [50]. The following problem is thus natural.

Open problem 3 (Aizenman–Higuchi result in d D 2). Let d D 2 and let J be the
nearest-neighbour interaction. Prove that for all ˇ > ˇc ,

G .ˇ/ D GT .ˇ/;

where GT .ˇ/ is the set of translation invariant Gibbs measures.

2. Gibbs measures and correlation functions

In this section, we prove important properties of Gibbs measures. First, we construct the
plus and minus measures, and show that they are mixing and extremal. Then, we provide
a Lebowitz-type characterisation on the structure of �-invariant Gibbs measures that
reduces the proof of Theorem 1.2 to checking that even correlations under the plus and
free measures coincide. We fix ˇ > 0.

2.1. Regularity of Gibbs measures

It is crucial to our techniques that h�iC
ˇ

and h�i�
ˇ

are realised as infinite volume limits
of measures with appropriate boundary conditions at h D 0. This is not a priori clear
from their definitions via limits as h # 0 and h " 0 of h�i0

ˇ;h
, respectively. Indeed, it is

not even clear that they are even Gibbs measures at h D 0. As such, we show that any
Gibbs measure satisfies a regularity condition that puts a constraint on the growth of the
configurations that it is supported on. This allows us to define natural analogues of plus
and minus boundary condition measures obtained from finite volume measures that are
mixing and extremal, which we shall do in the next subsection.

Definition 2.1. Let � be a measure on RV . For 
; ı > 0, we say that � is .
; ı/-regular if,
for every ƒ � V finite, the density of the projection measure satisfies

d�
d'ƒ

.'ƒ/ � e
�
P
x2ƒ.
'

4
x�ı/; (2.1)

where d'ƒ is the Lebesgue measure on Rƒ.

The following proposition states that (tempered) Gibbs measures are regular. The
proof is technical and relies on estimates developed in [37], adapted to our more gen-
eral setting on graphs of polynomial growth. We therefore defer the proof to Appendix D,
cf. Proposition D.6.

Proposition 2.2. There exist constants 
; ı > 0 depending onG, g, a, J , ˇ, h such that �
is .
; ı/-regular for every � 2 G .ˇ/. Moreover, the constants 
 and ı are continuous in g,
a, J , ˇ, h.
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Regular measures concentrate on weakly growing configurations.

Lemma 2.3. Let � be .
; ı/-regular. For every M D M.
; ı/ > 0 sufficiently large, we
have

�Œ„.M/� D 1;

where

„.M/ WD ¹' 2 RV W 9ƒ' � V finite; '4x �M log dG.o; x/8x 2 V nƒ'º:

Proof. This is a direct consequence of Definition 2.1, a union bound, and Borel–Cantelli
lemma.

In light of Lemma 2.3, there is a natural notion of “maximal boundary condition”.

Definition 2.4. For M > 0, we define the configurations p D p.M/ and m D m.M/ as

px D
4
p
M log.dG.o; x/ _ 1/ 8x 2 V;

and mD�p. We refer to h�ip
ƒ;ˇ

and h�im
ƒ;ˇ

as the plus and minus (finite volume) measures.

Remark 2.5. Proposition 2.2 and Lemma 2.3 imply that any Gibbs measure is a limit of
finite volume (regular) '4 measures h�i�

ƒ;ˇ
with (possibly random) boundary conditions �

satisfying j�xj � px.M/ 8x 2 V n ƒ, provided M is taken sufficiently large. This is
established in Appendix D. One of the key results to proving Proposition 2.2 is that finite
volume measures with boundary condition satisfying j�j � p satisfy an estimate analog-
ous to (2.1) with .
; ı/ uniform over subsets sufficiently far away from the boundary, see
Corollary D.12 for a precise statement. Conversely, any sequence of finite volume meas-
ures with boundary conditions satisfying j�j � p is tight and any accumulation point is
a Gibbs measure, see Propositions D.4 and D.5.

2.2. Extremality and mixing of the plus and minus measures

Recall that h�iC
ˇ

and h�i�
ˇ

were defined as the respective monotone limits limh#0h�i
0
ˇ;h

and
limh"0h�i

0
ˇ;h

. We now show that they can be obtained by taking infinite volume limits of
measures with maximal boundary conditions at .ˇ; h D 0/, thus giving a proof that they
are in G .ˇ/.

Proposition 2.6. ForM sufficiently large, one has that h�ip
ƒ;ˇ
! h�i

C

ˇ
and h�im

ƒ;ˇ
! h�i�

ˇ

as ƒ " V . Moreover, the measures are maximal and minimal, respectively, in the sense
that, for any h�i 2 G .ˇ/ and any increasing and integrable function f ,

hf i�ˇ � hf i � hf i
C

ˇ
: (2.2)

Proof. We only prove the convergence results; monotonicity (2.2) is a direct consequence
of the convergence together with Remark 2.5, and the monotonicity on boundary condi-
tions in finite volume (see Proposition B.4). Without loss of generality, we only consider
the case of h�iC

ˇ
. First, since the measures h�ip

ƒ;ˇ
are uniformly regular (see Remark 2.5),
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it is straightforward to prove that they form a tight sequence of measures. Now, letƒn " V
be any sequence such that h�ip

ƒn;ˇ
converges to a probability measure, which we denote

by h�ip
ˇ

. Note that this is a Gibbs measure. We prove that h�ip
ˇ
D h�i

C

ˇ
, which in particular

implies that the full sequence h�ip
ƒ;ˇ

converges.
By monotonicity3 in h, for any f local, increasing and bounded, and h > 0,

hf i
p
ˇ
D lim
n!1
hf i

p
ƒn;ˇ

� lim
n!1
hf i

p
ƒn;ˇ;h

D �ˇ;hŒf �;

where �ˇ;h WD h�iˇ;h is the unique measure in G .ˇ; h/ for h ¤ 0: this is a consequence
of the Lee–Yang theorem for the '4 model (see [51] and [37, Theorem 5.6]). Since by
definition �ˇ;h ! h�iCˇ as h! 0, we conclude that hf ip

ˇ
� hf iC

ˇ
.

For the reverse inequality, let f be local, increasing, and bounded. For h > 0 and
ƒ � V finite, let

".ƒ; ˇ; h/ WD kf k1�ˇ;hŒ9x … ƒ W j�xj > px.M/�:

ProvidedM is large enough, by continuity of the regularity coefficients and concentration
on regular boundary conditions, suph2Œ0;1� ".ƒ; h/ D o.1/ as ƒ " V . Thus, by the DLR
equations and monotonicity in boundary conditions (see Proposition B.4), we have for n
sufficiently large

hf iC
ˇ
WD lim

h!0C
�ˇ;hŒf � D lim

h!0C

Z
hf i

�
ƒn

d�ˇ;h.�/

� lim
h!0C

�
".ƒn; ˇ; h/C

Z
hf i

p
ƒn;ˇ;h

d�ˇ;h.�/
�

� sup
h2Œ0;1�

".ƒn; ˇ; h/C lim
h!0C

hf i
p
ƒn;ˇ;h

! hf i
p
ˇ

as n!1:

Therefore, h�iC
ˇ

and h�ip
ˇ

agree on all local bounded increasing functions, and hence
h�i

p
ˇ
D h�i

C

ˇ
, as we wanted to prove.

Remark 2.7. Unlike the Ising model, we do not have clear monotonicity in the volume
of the quantity hf ip

ƒ;ˇ
(for f local, increasing and bounded). This is a consequence of

the unboundedness of the spins. As a result, we must use regularity to “create” a maximal
boundary condition p, which comes with an error term, and temperedness to bound the
spins inside a large box. As a byproduct of the methods developed above, we see that
for ƒ1 � ƒ2 two finite subsets of V , and for f local (with support in ƒ1), increasing,
bounded,

hf i
p
ƒ2;ˇ

� hf i
p
ƒ1;ˇ
C ".ƒ1/;

where ".ƒ1/! 0 as ƒ1 " V .

In what follows, we fix M sufficiently large so that Lemma 2.3 and Proposition 2.6
apply.

3This follows by differentiating in h and using the FKG (Fortuin–Kasteleyn–Ginibre) inequality
of Proposition B.1 with the observation that the identity map 'x 7! 'x is increasing.
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Corollary 2.8 (Extremality). The measures h�iC
ˇ

and h�i�
ˇ

are extremal in the following
sense. Let # 2 ¹C;�º. If there exist �1; �2 2 G .ˇ/ and � 2 .0; 1/ such that

h�i
#
ˇ D ��1 C .1 � �/�2;

then necessarily �1 D �2 D h�i#ˇ .

Proof. This is a direct consequence of (2.2).

As a standard consequence of the extremality of the Gibbs measures proved in Corol-
lary 2.8, we obtain that the measures h�iC

ˇ
and h�i�

ˇ
are mixing. See, for example, [22,

Theorem 7.7 and Proposition 7.9].

Corollary 2.9 (Mixing). Let # 2 ¹C;�º. Then, for all local bounded functions f and g,

lim
dG.o;x/!1

hf � 
xgi
#
ˇ D hf i

#
ˇ hgi

#
ˇ

for all 
x 2 � such that 
xo D x.

2.3. Ergodicity of the free measure under even functions

Recall that the free measure, denoted by h�i0
ˇ

, is the weak limit of h�i0
ƒ;ˇ

as ƒ " V . The
free measure is a Gibbs measure. Indeed, by Remark 2.5, we have tightness and that the
(unique) limit point is tempered and satisfies the DLR equations.

Proposition 2.10. The measure h�i0
ˇ

is mixing on even functions in the following sense.
For all local even functions f and g such that f , g are square integrable,

lim
dG.o;x/!1

hf � 
xgi
0
ˇ D hf i

0
ˇ hgi

0
ˇ

for all 
x 2 � such that 
xo D x.

Proof. Let AW V ! N be of finite support and such that
P
x Ax is even. Define 'A WDQ

x2V '
Ax
x . Let . zJx;y/x;y2V be a set of interactions supported on finitely many pairs in V

such that �Jx;y � zJx;y � 0. We define

H zJ .'/ D �
X

¹x;yº2P2.V /

zJx;y'x'y ;

where P2.V /D ¹¹x;yº W x;y 2 V º. Note that, by taking infinite volume limits, the meas-
ure h'Ai0

ˇ;JC
�1x zJ
is well defined and satisfies

h'Ai
0

ˇ;JC
�1x zJ
D
h'Ae

�ˇH zJ .
x'/i0
ˇ;J

he�ˇH zJ .
x'/i0
ˇ;J

:

Now for x 2 V such that n WD dG.o; x/ is sufficiently large, by monotonicity in the
volume and Griffiths’ inequality, we have that

h'Ai
0
Bn=2;ˇ;J

D h'Ai
0

Bn=2;ˇ;JC

�1
x
zJ
� h'Ai

0

ˇ;JC
�1x zJ
� h'Ai

0
ˇ;J :
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Hence, by taking dG.o; x/!1 and using convergence of correlations in the infinite
volume limit, we have shown that

lim
dG.o;x/!1

h'Ae
�ˇH zJ .
x'/i

0
ˇ;J D h'Ai

0
ˇ;J he

�ˇH zJ .'/i
0
ˇ;J :

This establishes Proposition 2.10 for f .'/ D 'A and g.'/ D e�ˇH zJ .'/. By standard
approximation arguments via Taylor expanding the exponential, resuming, and using the
Stone–Weierstrass theorem, the mixing extends to all even functions.

2.4. A characterisation of �-invariant Gibbs measures via correlations

The main result of this subsection is a characterisation for the structure of the �-invariant
Gibbs measures, see Proposition 2.15. The analogous result for the Ising model was
obtained by Lebowitz [36]. In our setting, there are significant complications that come
from the unboundedness of the spins.

A central tool in the proof is the following correlation inequality, which was first estab-
lished in [36]. Recall that if AWV ! N is finitely supported, we denote 'A D

Q
x2V '

Ax
x .

Proposition 2.11 (Ginibre inequality). LetA;BWV !N be finitely supported. Then, ifƒ
contains the support of A and B , for any �; �0 2„.M/ such that j�xj � �0x for all x … ƒ,

h'A'Bi
�0

ƒ;ˇ
� h'A'Bi

�

ƒ;ˇ
� jh'Ai

�0

ƒ;ˇ
h'Bi

�

ƒ;ˇ
� h'Ai

�

ƒ;ˇ
h'Bi

�0

ƒ;ˇ
j:

Moreover, if h�iˇ 2 G .ˇ/,

h'A'Bi
C

ˇ
� h'A'Biˇ � jh'Ai

C

ˇ
h'Biˇ � h'Aiˇ h'Bi

C

ˇ
j:

Proof. We include the proof in Appendix B.2 for completeness.

We make heavy use of the fact that the sign field of the '4 measure can be viewed
as an Ising model with random coupling constants coming from the absolute value field.
Given x 2 R, we define the sign of x as sgn.x/D x

jxj
for x ¤ 0, and sgn.0/D 1. We have

the following coupling result.

Lemma 2.12. Let ƒ � V be a finite set and let � 2 RV be such that j�j � p (outside ƒ).
There exist a coupling .Pƒ;ˇ ; 'p; '�/, 'p � h�i

p
ƒ;ˇ

, '� � h�i�
ƒ;ˇ

and a non-decreasing
function gW .0;1/2 7! .0;1/, such that Pƒ;ˇ -almost surely,

j'p
x j � j'

�
x j for every x 2 ƒ;

Eƒ;ˇ Œsgn.'p
x / sgn.'p

y / j j'
p
j; j'�j� � g.j'p

x j; j'
p
y j/ for every x; y 2 ƒ;

and

Eƒ;ˇ Œsgn.'p
x / sgn.'p

y / � sgn.'�x / sgn.'�y / j j'
p
j; j'�j� � 0 for every x; y 2 ƒ:

The proof of this result requires the following lemma.



Random tangled currents for '4 5357

Lemma 2.13 (Stochastic domination of absolute value fields). Let ƒ � V be a finite set,
let ˇ > 0, and let � 2 RV be such that j�j � p (outside ƒ). Then hj � jip

ƒ;ˇ
stochastically

dominates hj � ji�
ƒ;ˇ

, in the sense that for any local increasing and bounded function f ,

hf .j'j/i
p
ƒ;ˇ
� hf .j'j/i

�

ƒ;ˇ
:

Proof. Let

J �.j'j/x;y D

´
Jx;y j'x'y j for x; y 2 ƒ;

Jx;y j'x�y j for x 2 ƒ; y 2 V nƒ:

It follows from a direct calculation that

dh�i�
ƒ;ˇ

.j'j/ D
Z

Ising;sgn.�/
ƒ;J�.j'j/;ˇ

Z
�

ƒ;ˇ

Y
x2ƒ

d�.j'xj/;

where, for any � 2 ¹˙1ºV ,

Z
Ising;�
ƒ;J�.j'j/;ˇ

WD

X
�2¹˙1ºƒ

e
�ˇH

Ising;�
ƒ;J�.j'j/

.�/

and for � 2 ¹˙1ºƒ,

H
Ising;�
ƒ;J�.j'j/

.�/ WD �
X
x;y2ƒ

J �.j'j/x;y�x�y �
X
x2ƒ
y2V nƒ

J �.j'j/x;y�x�y :

For simplicity, we writeC for the configuration �x D 1 8x 2 V .
Thus, for any decreasing function F W Œ0;1/ƒ 7! R,

hF.j'j/i
�

ƒ;ˇ
D
hF.j'j/G.j'j/i

p
ƒ;ˇ

hG.j'j/i
p
ƒ;ˇ

;

where

G.j'j/ WD
Z

Ising;sgn.�/
ƒ;J�.j'j/;ˇ

Z
Ising;C
ƒ;Jp.j'j/;ˇ

:

Note thatG.j'j/ is a decreasing function of j'j, which follows from taking the logarithmic
derivative and using the Ginibre inequality for the Ising model (see [36]). We can now use
the FKG inequality for the absolute value field (see Proposition B.2) to conclude that

hF.j'j/i
�

ƒ;ˇ
� hF.j'j/i

p
ƒ;ˇ

;

as desired.

Proof of Lemma 2.12. Using Lemma 2.13 and Strassen’s theorem [53], we obtain a coup-
ling .Pƒ;ˇ ; p; �/, where p � hj � ji

p
ƒ and � � hj � ji�ƒ, such that Pƒ;ˇ -almost surely,

 
p
x �  

�
x for every x 2 ƒ. Recall the notation introduced in the proof of Lemma 2.13.

Enlarging our probability space, we can assume that in the same probability space, there
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is a family I D ¹�p.J/ � h�iIsing;C
ƒ;J;ˇ ; �

�.J/ � h�iIsing;sgn.�/
ƒ;J;ˇ W JWP2.ƒ/ 7! Œ0;1/º of inde-

pendent Ising models that are also independent from  p and  � . Now let 'p WD  p �

�p.J p. p// and '� WD  � � ��.J �. �//. It follows that 'p � h�i
p
ƒ, '� � h�i�ƒ, and

j'
p
x j � j'

�
x j for every x 2 ƒ. Moreover,

Eƒ;ˇ Œsgn.'p
x /sgn.'p

y / � sgn.'�x /sgn.'�y / j j'
p
j; j'�j�

D h�x�yi
Ising;C
ƒ;Jp. p/;ˇ

� h�x�yi
Ising;sgn.�/
ƒ;J�. �/;ˇ

� 0;

where the equality follows from independence and the inequality follows from the Gin-
ibre inequality for the Ising model. Similarly, by the monotonicity properties of the Ising
model,

Eƒ;ˇ Œsgn.'p
x /sgn.'p

y / j j'
p
j; j'�j� D h�x�yi

Ising;C
ƒ;Jp. p/;ˇ

� g. p
x ;  

p
y / WD h�x�yi

Ising;0
¹x;yº;J 0. p/;ˇ

:

The latter is strictly positive by the random current expansion of the Ising model, and
non-decreasing by Griffiths’ inequality.

The following lemma is the crucial place in this section where �-invariance is re-
quired.

Lemma 2.14. Let ˇ > 0. Let h�iˇ 2 G�.ˇ/. Then, for any x; y 2 V such that Jx;y > 0,

h'x'yi
C

ˇ
� h'x'yiˇ � h'x'yi

0
ˇ : (2.3)

Proof. The first inequality in (2.3) is a direct consequence of Proposition 2.11. The second
inequality is more involved and requires �-invariance. We show that a change in tem-
perature is more costly than a change in boundary condition. More precisely, define the
function t 7! . zJu;v.t//u;v2V as zJu;v.t/ D tJu;v if there is 
 2 � such that u D 
x and
vD 
y, and zJu;v.t/D Ju;v otherwise. For t 2 .0;1/, define ˛.t/ WD h'x'yiC

ˇ; zJ.t/
. In addi-

tion, define b D h'x'yiˇ . Assume that, for any t 2 .0; 1/,

˛.t/ � b: (2.4)

We now argue that the second inequality in (2.3) is satisfied. Indeed, as a consequence of
the Ginibre inequality of Proposition 2.11, we have that

˛.t/ � h'x'yi
0

ˇ; zJ.t/
:

The desired inequality then follows from the left-continuity4 at t D 1 of t 7! h'x'yi0
ˇ; zJ.t/

.
It remains to prove (2.4).

Fix t 2 .0;1/ and let ˛D ˛.t/. Let Sn be the set of pairs u;v 2Bn such that there exists

 2 � with 
x D u and 
y D v. Note that there exists c1 > 0 such that jSnj � c1jBnj.

4This follows from the fact that this function can be realised as an increasing limit of increasing
functions.
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We define f .n/ WD
P
¹u;vº2Sn

'u'v . Note that by �-invariance, we have hf .n/iˇ D bjSnj,
and hf .n/iˇ; zJ.t/ D ˛jSnj. Let " 2 .0; ˛/. Define the event Cn D ¹f .n/� .˛ � 2"0/jSnjº.
The key result we need to establish is the following large deviation estimate: there exists
c > 0 such that, for n sufficiently large,

hh1Cni
�

Bn;ˇ;J
1Kniˇ � e

�cjBnj; (2.5)

where Kn D ¹j�j � p in Bcnº. We assume this for now to establish (2.4).
On the one hand, by the Cauchy–Schwarz inequality and (2.5), we have that

hhf .n/1Cni
�

Bn;ˇ;J
1Kniˇ D o.1/:

On the other hand, by a union bound and regularity,

h1¹9x…Bn; j�x j>pxºi
C

ˇ
�

X
x…Bn

h1¹j�x j�pxºi
C

ˇ
�

X
x…Bn

1

dG.o; x/M
.

1

nM�d
:

Thus, by the Cauchy–Schwarz inequality, for every M large enough,

jhhf .n/i
�

Bn;ˇ;J
1Kcn
iˇ j �

q
hf .n/2iˇ

q
h19x…Bn; j�x j>px iˇ D o.jSnj/:

Hence, by the above estimates and the definition of Cn,

bjSnj D hf .n/iˇ D hhf .n/i
�

Bn;ˇ;J
1Kniˇ C hhf .n/i

�

Bn;ˇ;J
1Kcn
iˇ

� .˛ � 2"0/jSnjhh1C cn i
�

Bn;ˇ;J
1Kniˇ � o.jSnj/

D .˛ � 2"0/jSnj.h1Kniˇ � hh1Cni
�

Bn;ˇ;J
1Kniˇ / � o.jSnj/:

As a result, by applying (2.5), bjSnj � .˛ � 2"0/jSnj � o.jSnj/. Sending n to infinity,
we obtain b � ˛ � 2"0, which implies that b � ˛, as desired.

Finally, we turn to the proof of the large deviation estimate (2.5). By the DLR equa-
tions, we have

hf .n/i
p

Bn;ˇ; zJ.t/
� hf .n/iC

ˇ; zJ.t/
� ".n/ D ˛jSnj � ".n/

where, arguing as above,

".n/ WD hjf .n/j1¹9x…Bn; j�x j>pxºi
C

ˇ; zJ.t/
D o.jSnj/:

Define An D ¹f .n/ � .˛ � "0/jSnjº. For every n large enough, the above considerations
imply

hf .n/1Ani
p

Bn;ˇ; zJ.t/
Dhf .n/i

p

Bn;ˇ; zJ.t/
� hf .n/1Acni

p

Bn;ˇ; zJ.t/
� "0jSnj � o.jSnj/� "0

jSnj

2
:

Observe, furthermore, that

hf .n/1Ani
p

Bn;ˇ; zJ.t/
D
h1Ane

ˇ.t�1/f .n/f .n/i
p
ƒ;ˇ;J

heˇ.t�1/f .n/i
p
Bn;ˇ;J

�
h1Ane

ˇ.t�1/f .n/jf .n/ji
p
ƒ;ˇ;J

h1Cne
ˇ.t�1/f .n/i

p
Bn;ˇ;J

� eˇ"0.t�1/jSnj
hjf .n/ji

p
Bn;ˇ;J

h1Cni
p
Bn;ˇ;J

:
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Since h'x'yi
p
Bn;ˇ;J

! h'x'yi
C

ˇ;J
, we have

hjf .n/ji
p
Bn;ˇ;J

� jSnjh'x'yi
p
Bn;ˇ;J

� C1jSnj

for some constant C1 > 0 independent of n. Re-arranging, this yields a bound on
h1Cni

p
Bn;ˇ;J

. We want to replace the boundary p by an arbitrary boundary condition
in Kn.

Let � 2 Kn. Define

gn.�/ WD
X
x2Bn
y…Bn

Jx;y'x.py � �y/:

Using the above inequalities, we have that

h1Cne
ˇgn.�/i

�

Bn;ˇ;J

heˇgn.�/i
�

Bn;ˇ;J

D h1Cni
p
Bn;ˇ;J

�
2C1

"0
e�.ˇ"0=c1/.1�t/jBnj:

Note that by the Cauchy–Schwarz inequality,

.h1Cni
�

Bn;ˇ;J
/2 � h1Cne

ˇgn.�/i
�

Bn;ˇ;J
he�ˇgn.�/i

�

Bn;ˇ;J
;

so that,

h1Cni
�

Bn;ˇ;J
�

s
2C1

"0
e�.ˇ"0=.2c1//.1�t/jBnjheˇ jgn.�/ji

�

Bn;ˇ;J
: (2.6)

We seek an estimate on heˇ jgn.�/ji�
Bn;ˇ;J

which is uniform over � 2 K. To this end,
observe that, by the definition of p, and by the condition (C4) satisfied by J ,

jgn.�/j � 2
X
x2Bn
y…Bn

Jx;y j'xjpy � 2C
X
x2Bn

j'xj
X
y…Bn

4
p
M log dG.o; y/
dG.x; y/dC"

:

Let ı > 0 be such that jBn n Bn�1j D O.n�ı jBnj/ for every n � 1 (such a ı exists
by [54]; see Remark D.2 in the appendix). Note that for every x 2 Bn and y 62 Bn,
using that dG.x; y/ � 1 and dG.o; x/ � n, we have dG.o; y/ � dG.o; x/C dG.x; y/ �
.nC 1/dG.x; y/.

Moreover, for every x 2Bn and y 62Bn, if dG.o;x/� n� nı=2, then as dG.o; y/ � n,
we have dG.x; y/ � nı=2. Therefore, with the same condition on dG.o; x/, we have

4
p
M log dG.o; y/
dG.x; y/dC"

�

4
p
M log.nC 1/CM log dG.x; y/

dG.x; y/dC"
�

1

dG.x; y/dC"=2

provided that n is large enough. By Lemma D.8, the sum
P
y2V n¹xº dG.x; y/

�d�"=2 is
finite. Thus, combining the above estimates and summing over y, we find

jgn.�/j � C
0
X
x2Bn

j'xj.
4
p
M logn1x2BnnBcn C o.1// (2.7)
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for some constant C 0 > 0, where cn D bn � nı=2c and o.1/ does not depend � 2 Kn.
Plugging this inequality into (2.6) and integrating over Kn yields

hh1Cni
�

Bn;ˇ;J
1Kniˇ

�

s
2C1

"0
e�.ˇ"0=.2c1//.1�t/jBnjheˇC

0 4
p
M logn

P
x2BnnBcn

j'x jCo.1/
P
x2Bn

j'x jiˇ :

By regularity of h�iˇ ,

heˇC
0 4
p
M logn

P
x2BnnBcn

j'x jCo.1/
P
x2Bn

j'x jiˇ D e
o.jBnj/;

thus establishing (2.5) to complete the proof of (2.3).

We now turn to the main result of this section.

Proposition 2.15 (Lebowitz-type characterisation). Let ˇ > 0. The following are equi-
valent:

(1) For any �-invariant Gibbs measure h�iˇ 2 G�.ˇ/, there exists � 2 Œ0; 1� such that
h�iˇ D �h�i

C

ˇ
C .1 � �/h�i�

ˇ
.

(2) For any �-invariant Gibbs measure h�iˇ 2 G�.ˇ/, and for any bounded and measur-
able even function f , we have hf iC

ˇ
D hf iˇ .

(3) For any �-invariant Gibbs measure h�iˇ 2 G�.ˇ/, and for any x; y 2 V such that
Jx;y > 0, any vertices z1; z2; : : : ; zk 2 V , k � 0, and any positive integers a1; a2;
: : : ; ak , we have �

'x'y

kY
iD1

'2aizi

�C
ˇ

D

�
'x'y

kY
iD1

'2aizi

�
ˇ

:

(4) For any x; y 2 V such that Jx;y > 0, h'x'yiCˇ D h'x'yi
0
ˇ

.

Proof. Since h�iC
ˇ

and h�i�
ˇ

coincide on even functions, it is straightforward that 1) 4.
Let us prove that 4) 3. To this end, by Lemma 2.14 we have that for any h�iˇ 2

G�.ˇ/, h'x'yiCˇ D h'x'yiˇ . Consider some " 2 .0; 1/, and a finite set ƒ that contains
x; y; z1; : : : ; zk . Let

Aƒ WD
®
� W j�zj � pz 8z 2 ƒ

c ; h'x'yi
p
ƒ;ˇ
� h'x'yi

�

ƒ;ˇ
C "

and hj'w ji
p
ƒ;ˇ
� hj'w ji

�

ƒ;ˇ
C "8w D x; y; z1; : : : ; zk

¯
:

We first claim that h1Aƒiˇ ! 1 as ƒ " V . Indeed, it suffices to show that hj'xji
p
ƒ;ˇ
�

hj'xji
�

ƒ;ˇ
C " with probability tending to 1 as ƒ " V . To this end, let

Sƒ D ¹� W j�zj � pz 8z 2 ƒ
c ; h'x'yi

p
ƒ;ˇ
� h'x'yi

�

ƒ;ˇ
C ı1º;

where ı1 > 0 is a constant to be determined, and note that h1Sƒi ! 1 asƒ " V . Fix some
� 2 Sƒ. Now recall the coupling .Pƒ;ˇ ; 'p; '�/ of Lemma 2.12. Then,

h'x'yi
p
ƒ;ˇ
� h'x'yi

�

ƒ;ˇ
� Eƒ;ˇ Œ.j'

p
x j � j'

�
x j/j'

p
y jg.j'

p
x j; j'

p
y j/�:
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Letting E D ¹j'p
x j � j'

�
x j � ı2; j'

p
x j � ı2; j'

p
y j � ı2º, where ı2 > 0 is a constant to be

determined, we obtain that ı1 � ı22g.ı2; ı2/Pƒ;ˇ ŒE�. By decomposing and applying the
Cauchy–Schwarz inequality, we obtain

hj'xji
p
ƒ;ˇ
�

q
h'2xi

p
ƒ;ˇ

q
Pƒ;ˇ ŒE [ ¹j'

p
x j � ı2º [ ¹j'

p
y j � ı2º�C hj'xji

�

ƒ;ˇ
C ı2:

Since Pƒ;ˇ Œ¹j'
p
x j � ı2º [ ¹j'

p
y j � ı2º� tends to 0 uniformly in ƒ as ı2 goes to 0, and

h�i
p
ƒ;ˇ

is regular, we can tune the values of ı1 and ı2 so that hj'xji
p
ƒ;ˇ
� hj'xji

�

ƒ;ˇ
C ",

as desired. This completes the proof of the claim.
Since we have

C WD
�
'x'y

kY
iD1

'2aizi

�p

ƒ;ˇ

�

�
'x'y

kY
iD1

'2aizi

��
ƒ;ˇ

� 0

for every � such that j�j � p outside ƒ by the Ginibre inequality, it suffices to obtain an
upper bound for C which converges to 0 uniformly in � 2 Aƒ as ƒ! V and "! 0.

Now let ˆp D '
p
x'

p
y

Qk
iD1.'

p
zi /

2ai and ˆ� D '�x'
�
y

Qk
iD1.'

�
zi /

2ai . Then,

C D Eƒ;ˇ Œˆ
p
�ˆ�� D Eƒ;ˇ Œ.ˆ

p
�ˆ�/1B �C Eƒ;ˇ Œ.ˆ

p
�ˆ�/1Bc �;

where B is the event ¹j'p
w j � j'

�
w j C

p
" for every w 2 ¹x; y; z1; : : : ; zkºº. Letting

f p.x; y/ WD Eƒ;ˇ Œsgn.'p
x / sgn.'p

y / j j'
p
j; j'�j�;

f �.x; y/ WD Eƒ;ˇ Œsgn.'�x / sgn.'�y / j j'
p
j; j'�j�;

we have

Eƒ;ˇ Œ.ˆ
p
�ˆ�/1B � � Eƒ;ˇ Œjˆ

�
j.f p.x; y/ � f �.x; y//�CO."1=4/

�

q
Eƒ;ˇ Œ.ˆ�/2�

q
Eƒ;ˇ Œ.f p.x; y/ � f �.x; y//2�CO."1=4/

�

q
Eƒ;ˇ Œ.ˆ�/2�

q
2Eƒ;ˇ Œf p.x; y/ � f �.x; y/�CO."1=4/;

where the constant in the O."1=4/ term is uniform in ƒ. In the first line, we used the
definition of the event B , and the fact that f p.y; z/ � f �.y; z/ to remove 1B . In the
second line, we used the Cauchy–Schwarz inequality, and in the third line we used that
0 � f p.y; z/ � f �.y; z/ � 2.

Now, define T to be the event ¹j'�x'
�
y j �

p
"º, and note that

" � h'x'yi
p
ƒ;ˇ
� h'x'yi

�

ƒ;ˇ
� Eƒ;ˇ Œj'

�
x'

�
y j.f

p.x; y/ � f �.x; y//�

� Eƒ;ˇ Œj'
�
x'

�
y j.f

p.x; y/ � f �.x; y//1T � �
p
"Eƒ;ˇ Œ.f

p.x; y/ � f �.x; y//1T �:

In the second line, we used that j'p
x'

p
y j � j'

�
x'

�
y j and that f p.x; y/ � 0, and in the third

line, we used that f p.x; y/ � f �.x; y/. It follows that

Eƒ;ˇ Œ.f
p.x; y/ � f �.x; y//1T ��

p
":
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On the other hand, Eƒ;ˇ Œ.f
p.x; y/ � f �.x; y//1T c � � 2Pƒ;ˇ ŒT

c �, and the right-hand
side converges to 0 uniformly in ƒ and � as " goes to 0. Since Eƒ;ˇ Œ.ˆ

�/2� remains
bounded uniformly in � by regularity of h�i�

ƒ;ˇ
, we can first send ƒ to V and then " to 0

to obtain that Eƒ;ˇ Œ.ˆ
p �ˆ�/1B � converges to 0 uniformly in �.

To handle Eƒ;ˇ Œ.ˆ
p �ˆ�/1Bc �, note that

Eƒ;ˇ Œ.ˆ
p
�ˆ�/1Bc � �

q
Eƒ;ˇ Œ.ˆp �ˆ�/2�

q
Pƒ;ˇ ŒBc �

by the Cauchy–Schwarz inequality. The first term in the right-hand side is bounded uni-
formly in ƒ. For the second term, using a union bound we get

Pƒ;ˇ ŒB
c � �

X
w2¹x;y;z1;:::;zkº

Pƒ;ˇ Œj'
p
w j > j'

�
w j C

p
"� � .k C 2/

p
";

where we used Markov’s inequality on the second inequality, together with the inequalit-
ies hj'w ji

p
ƒ;ˇ
� hj'w ji

�

ƒ;ˇ
C " and j'p

w j � j'
�
w j. Taking first the limit as ƒ " V and then

"! 0, we can now conclude that Eƒ;ˇ Œ.ˆ
p �ˆ�/1Bc � converges to 0, which implies that�

'x'y

kY
iD1

'2aizi

�C
ˇ

D

�
'x'y

kY
iD1

'2aizi

�
ˇ

;

as desired.
We now prove 3) 2. Notice that it is sufficient5 to prove that for any AW V ! N

finitely supported with
P
x2V Ax even, one has h'AiCˇ D h'Aiˇ . First, we prove that for

any x; y 2 V , any z1; : : : ; zk with k � 0, one has�
'x'y

kY
iD1

'2aizi

�C
ˇ

D

�
'x'y

kY
iD1

'2aizi

�
ˇ

: (2.8)

Let us start with the case where x and y are such that there exists z 2 V such that
Jx;zJz;y > 0. Apply Ginibre’s inequality to A D 1x C 1y C

Pk
iD1 2ai1zi and B D

1z C 1y , and use the hypothesis to get

0 D

�
'x'z'

2
y

kY
iD1

'2aizi

�C
ˇ

�

�
'x'z'

2
y

kY
iD1

'2aizi

�
ˇ

�

ˇ̌̌̌�
'x'y

kY
iD1

'2aizi

�C
ˇ

h'z'yiˇ �

�
'x'y

kY
iD1

'2aizi

�
ˇ

h'z'yi
C

ˇ

ˇ̌̌̌
;

so that h'x'y
Qk
iD1 '

2ai
zi i

C

ˇ
D h'x'y

Qk
iD1 '

2ai
zi iˇ . To get the result in the general case,

we use irreducibility (C3) of J and proceed inductively on the number p such that there

5Indeed, if this holds, going to Laplace transforms, one finds that any finite (even) dimensional
vector .'x1 ; : : : ; 'x2k / has the same law under the two measures which in turns yields that the
measures h�iC

ˇ
and h�iˇ coincide on the set of even measurable functions.
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exists .xi /0�i�p with x0 D x, xp D y, and Jx0;x1 � � �Jxp�1;xp > 0. Notice that (2.8) also
holds with x D y.

To conclude, it is sufficient to prove that for any x1; : : : ; x2p; z1; : : : ; zk 2 V with
p � 1 and k � 0, and any a1; : : : ; ak 2 N, one has�

'x1 � � �'x2p

kY
iD1

'2aizi

�C
ˇ

D

�
'x1 � � �'x2p

kY
iD1

'2aizi

�
ˇ

:

Once again, let us proceed inductively on p. The case p D 1 was proved above. Assume
the result holds for any collection of 2p � 2 points with p � 1 and consider x1; : : : ;
x2p 2 V with z1; : : : ; zk 2 V and k � 0. Apply Ginibre’s inequality to A D

P2p
iD1 1xi CPk

iD1 2ai1zi and B D 1x2p�1 C 1x2p to get the result.
We now prove 2) 1. Let h�iˇ 2 G�.ˇ/. We can assume that h�iˇ is extremal. Define

the measure h�isym
ˇ

as follows: for any bounded measurable function X WRV ! R,

hX.'/i
sym
ˇ
D
1

2
hX.'/iˇ C

1

2
hX.�'/iˇ :

Then, notice that for any odd functionX , one has hX.'/isym
ˇ
D hX.'/i0

ˇ
D 0. IfX is even,

then hX.'/isym
ˇ
D hX.'/i0

ˇ
by the hypothesis, hence h�isym

ˇ
D h�i0

ˇ
. Now, the hypothesis

applied to h�i0
ˇ

yields the relation h�i0
ˇ
D

1
2
h�i
C

ˇ
C

1
2
h�i�
ˇ

. The uniqueness of the decom-
position into extremal states then allows to conclude that h�iˇ 2 ¹h�iCˇ ; h�i

�
ˇ
º.

3. Switching principle for random tangled currents

In this section, we develop a random tangled current representation for '4 which is ana-
logous to the classical random current representation for Ising models. In comparison to
the latter representation, an additional complexity appears through the notion of tanglings
which we define below. When clear from context, we sometimes write h�iƒ;ˇ;h D h�i0ƒ;ˇ;h
to denote the free measure at .ˇ; h/.

3.1. Current expansion

Let G D .V;E/ be a countably infinite, locally finite graph. Letƒ be a finite subset of V .
To include boundary conditions, we introduce a ghost vertex g with the condition 'g � 1

and extend the model on the augmented set ƒg D ƒ [ ¹gº. Let �ƒg WD NP2.ƒg/ be the
space of currents onƒg, where N D ¹0; 1; 2; : : :º. For n 2 �ƒg and ¹x; yº � ƒg, we use
the following notations to denote the value of n on the pair ¹x; yº: n.¹x; yº/ D nx;y D
n.x; y/.

Given n 2 �ƒg , let @n WD ¹x 2 ƒ W �n.x/ is oddº be the set of sources of n, where
�n.x/ WD

P
y2ƒg

nx;y is the n-degree of x. Additionally, let jnj denote theL1-norm of n,
that is,

jnj D
X

¹x;yº2P2.ƒg/

nx;y :
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Let
M.ƒg/ WD

°
A 2 Nƒg W Ag � 1;

X
x2ƒg

Ax is even
±

be the set of admissible moments on ƒg. Given A;B 2Mg, define AC B 2M.ƒg/ by
.AC B/x WD Ax C Bx for all x 2 ƒ, and

.AC B/g WD Ag C Bg mod 2:

Given A 2M.ƒg/, denote by @A WD ¹x 2 ƒ W Ax is oddº its set of sources (note g is not
included by convention). We denote byAD; the element of M.ƒg/ that satisfiesAx D 0
for all x 2 ƒg. The above definitions also apply naturally to M.ƒ/, the set of admissible
moments on ƒ.

In the following proposition, we obtain an expression for the spin correlations in terms
of currents, and as a corollary we obtain the first Griffiths’ inequality. We recall that for
A 2M.ƒg/, 'A D

Q
x2ƒ '

Ax
x .

Proposition 3.1 (Current expansion for '4). Let ˇ > 0 and h D .hx/x2ƒ 2 Rƒ. For any
A 2M.ƒg/,

h'Aiƒ;ˇ;h D

P
@nD@Aw

A
ˇ;h
.n/P

@nD;w
;
ˇ;h
.n/

;

where

wAˇ;h.n/ WD
Y

¹x;yº�ƒ

.ˇJx;y/
nx;y

nx;y Š

Y
x2ƒ

.ˇhx/
nx;g

nx;gŠ
h'�n.x/CAx i0; (3.1)

and we recall that h�i0 is integration with respect to the single-site measure �g;a.
In particular, Griffiths’ first inequality holds: if hx � 0 for every x 2 ƒ, then

h'Aiƒ;ˇ;h � 0:

Proof. Expanding the partition function of the '4 model in the same fashion as for the
Ising model, we obtain the current representation of the '4 model. More precisely,

Zƒ;ˇ;h D

Z
Rƒ

eˇ
P
¹x;yº�ƒ Jx;y'x'yCˇ

P
x2ƒ hx'x

Y
x2ƒ

�g;a.d'x/

D

Z
Rƒ

X
n2�ƒg

Y
¹x;yº�ƒ

.ˇJx;y/
nx;y

nx;y Š

Y
x2ƒ

.ˇhx/
nx;g

nx;gŠ

Y
x2ƒ

'�n.x/
x

Y
x2ƒ

�g;a.d'x/

D

X
n2�ƒg

Y
¹x;yº�ƒ

.ˇJx;y/
nx;y

nx;y Š

Y
x2ƒ

.ˇhx/
nx;g

nx;gŠ

Y
x2ƒ

Z
R
'�n.x/�g;a.d'/:

Now, note that for z 2 @n,
R

R '
�n.x/�g;a.d'/ D 0, since d�g;a is an even measure. Then,

Zƒ;ˇ;h D z
jƒj
g;a

X
n2�ƒg

@nD;

Y
¹x;yº�ƒ

.ˇJx;y/
nx;y

nx;y Š

Y
x2ƒ

.ˇhx/
nx;g

nx;gŠ
h'�n.x/

i0:
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By the same argument as above, we see that for A 2Mg,Z
Rƒ

'Ae
ˇ
P
¹x;yº�ƒ Jx;y'x'yCˇ

P
x2ƒ hx'x

Y
x2ƒ

�g;a.d'x/ D zjƒjg;a
X

n2�ƒg

@nD@A

wAˇ;h.n/:

This concludes the proof.

Remark 3.2. Note that we can also obtain a current expansion for h'Ai
�

ƒ;ˇ;h
by view-

ing the boundary condition as an external field h0x WD
P
y…ƒ Jx;y�y and then writing

h'Ai
�

ƒ;ˇ;h
D h'Ai

0
ƒ;ˇ;hCh0

.

Remark 3.3. Due to presence of the moments h'�n.x/i0, all known proofs of the classical
switching lemma for the Ising model do not apply to the above current weights. In order to
recover a switching principle, we need the notion of tangled currents, which is introduced
in the next subsection.

Remark 3.4. When h � 0, we let wA
ˇ
WD wA

ˇ;0
. We may drop the h or ˇ dependency

on wA
ˇ;h

when clear from context.

3.2. Tangled currents

In this subsection, we introduce the notion of tanglings for single and double currents. Let
us start with the former case.

Single tangled current. We fix A 2 M.ƒg/, and let n 2 �ƒg be such that @n D @A.
For each z 2 ƒ, we define the block BA

z .n/ as follows: for each y 2 ƒg, it contains nz;y
points labelled .zy.k//1�k�nz;y , andAz points labelled .za.k//1�k�Az . Note that BA

z .n/
has cardinality �n.z/C Az , which is an even number. We also write BA

g .n/ D ¹gº, and
when Ag D 1 we may also write ga.1/D g. For each z 2 ƒ, let T A

n .z/ be the set of even
partitions of the block BA

z .n/, i.e., for every P D ¹P1; P2; : : : ; Pkº 2 T A
n .z/, each jPi j

is even. Define
T A

n WD
O
z2ƒ

T A
n .z/:

An element t 2 T A
n is called a tangling. We sometimes refer to an element tz of T A

n .z/ as
a tangling (of BA

z .n/). This will be clear from the context. We call the pair .n; t / a tangled
current.

Let HA.n/ be the graph consisting of vertex set
S
z2ƒg

BA
z .n/ and edge set� [

¹x;yº�ƒ

¹¹xy.k/; yx.k/º W 1 � k � nx;yº
�
[

� [
x2ƒ

¹¹xg.k/;gº W 1 � k � nx;gº
�
:

Given any tangling t 2 T A
n , the graph HA.n/ naturally induces a multigraph HA.n; t /

defined as follows. For each block BA
z .n/, if tz D ¹P1; : : : ; Pkº 2 T A

n .z/, for every
1 � i � k, we add

�
jPi j
2

�
edges connecting pairwise the vertices lying in Pi . In words,

we add to HA.n/ the complete graph on the elements of each partition induced by t . This
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Bx4Bx3

Bx2Bx1

Bx4Bx3

Bx2Bx1

Fig. 1. On the left: An example of a single tangled current multigraph HA.n; t / with Ax1 D 0,
Ax2 D 2, Ax3 D 1 and Ax4 D 3. The circles represent the blocks BA.n/; the small ellipses
inside represent the elements of the partitions t . The vertices ¹za.k/ W k � 1; z 2ƒº are represented
with squares. Notice that x3, x4 are sources of n. On the right: An example of a double tangled
current multigraph HA;B .n1; n2; t /. The vertices in blue are labelled by .n1; A/ and the ones in
red by .n2;B/. In this example, Ax1 D Ax2 D Ax3 D 0 and Ax4 D 2; and Bx1 D 0, Bx2 D 2, and
Bx3 D Bx4 D 1.

gives a canonical notion of connectivity in a tangled current .n; t /. See Figure 1 for an
illustration.

Remark 3.5. In the case A D ;, we write H .n; t / instead of H;.n; t /.

Remark 3.6. We can also extend the definitions for n 2 �ƒ and A 2M.ƒ/ by simply
noticing that n can be seen as an element of �ƒg and A can be seen as an element
of M.ƒg/. For a tangling t 2 T A

n , the graph HA.n; t / is obtained via the same procedure
as above, removing BA

g .n/.

Remark 3.7. Above, we connected all the elements in a given partition Pi by adding
to HA.n/ a complete graph on Pi . This choice is completely arbitrary and we could have
chosen any connected spanning subgraph of Pi . However, we find that our choice is the
most convenient solution as it preserves a fundamental property: in the graph HA.n; t /,
the only vertices of odd degree are the ones labelled by A. As a consequence, HA.n; t /
must connect these elements pairwise.

In the perspective of constructing a switching principle for tangled currents, it is nat-
ural to extend the above definitions to the case where n is replaced by the sum of two
currents.

Double tangled current. Let ƒ0 � ƒ be two finite subsets of V . Fix A 2 M.ƒg/ and
B 2M.ƒ0g/. Let n1 2 �ƒg and n2 2 �ƒ0g satisfy @n1 D @A and @n2 D @B . We trivi-
ally view n2 as an element of �ƒg by setting n2.x; y/ D 0 for all pairs ¹x; yº with
x 2 ƒ or y 2 ƒ. Additionally, we view B as an element of M.ƒg/. To define a notion
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of tangled currents for the pair .n1; n2/, we use a similar procedure as above. We define
B
A;B
z .n1;n2/ as the disjoint union of BA

z .n1/ and BB
z .n2/. We write T A;B

n1;n2.z/ for the set
of even partitions of the set B

A;B
z .n1;n2/whose restriction to BA

z .n1/ and BB
z .n2/ is also

an even partition, i.e., for every P D ¹P1; P2; : : : ; Pkº 2 T A;B
n1;n2.z/, both jPi \BA

z .n1/j
and jPi \BB

z .n2/j are even numbers. The elements of T A;B
n1;n2.z/ are called admissible par-

titions. As above, we define

T A;B
n1;n2 WD

O
z2ƒ

T A;B
n1;n2.z/:

Similarly, we may define a graph HA;B.n1; n2/. For any tangling t in T A;B
n1;n2 , we obtain

a multigraph HA;B.n1; n2; t / by the following procedure: as for the single tangled cur-
rent, for each block B

A;B
z .n1;n2/, if tz D ¹P1; : : : ; Pkº 2 T A;B

n1;n2.z/, for every 1� i � k,
we add

�
jPi j
2

�
edges connecting pairwise the vertices lying in Pi . This provides a natural

notion of connectivity in HA;B.n1;n2/. We let H
A;B
ƒ0 .n1; n2; t / be the induced subgraph

of HA;B.n1; n2; t / with vertex set all the vertices in blocks labelled by elements of ƒ0.
Finally, we introduce some useful terminology. Recall that each block B

A;B
z .n1; n2/

contains four types of vertices: the internal vertices which are either labelled by A or
by B , and the external vertices which are labelled either by n1 or n2. For the switch-
ing principle stated in the next subsection, the relevant geometric object to consider is
the graph xHA;B.n1; n2; t / (resp. xHA;B

ƒ0 .n1; n2; t /) obtained from HA;B.n1; n2; t / (resp.
H
A;B
ƒ0 .n1; n2; t /) by removing the labels of all the external vertices.

Remark 3.8. As in Remark 3.6, we can obtain a notion of tangled currents for pairs of
currents .n1;n2/ such that n1 2�ƒg and n2 2�ƒ, or n1 2�ƒ and n2 2�ƒ0 . Moreover,
if A D B D ;, we write Bz.n1;n2/ D B;;;z .n1;n2/ and H .n1;n2; t / D H;;;.n1;n2; t /
(resp. xH .n1; n2; t / D xH;;;.n1; n2; t /).

The space of (unlabelled) double tangled currents. For A 2M.ƒ/ and B 2M.ƒ0/, we
define �T ;A;B

ƒ;ƒ0 to be the set of double tangled currents on ƒ with source functions A, B ,
i.e., the set of triples .n1;n2; t /, where .@n1; @n2/ D .@A; @B/, and t 2 T A;B

n1;n2 . We some-
times identify such a triple with its associated multigraph HA;B.n1; n2; t /. We set

�T
ƒ;ƒ0 WD

[
.A;B/2M.ƒ/�M.ƒ0/

�
T ;A;B
ƒ;ƒ0 :

Moreover, we define x�T ;A;B
ƒ;ƒ0 to be the image of�T ;A;B

ƒ;ƒ0 under the map HA;B.n1;n2; t / 7!
xHA;B.n1; n2; t /.

Remark 3.9. Note that there exists a (natural) bijection between x�T ;A;B
ƒ;ƒ0 and x�T ;ACB;;

ƒ;ƒ0

which can be described as follows. If H 2 x�
T ;ACB;;
ƒ;ƒ0 , then each block Bz of H con-

tains Az C Bz internal vertices, declare that the first Az internal vertices are labelled
by A and that the last Bz internal vertices are labelled by B . This defines uniquely an
element of x�T ;A;B

ƒ;ƒ0 that we denote by �.H /. It is not hard to construct the inverse of �.
If F W x�T ;A;B

ƒ;ƒ0 ! R, we will often abuse notation and write F D F ı �, which allows us to
view F as a function on x�T ;ACB;;

ƒ;ƒ0 as well.
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3.3. A switching principle for tangled currents

Let ƒ0 � ƒ be finite subsets of V [ ¹gº. Fix ˇ > 0 and h D .hx/x2V 2 .RC/V . Before
stating the main result of the subsection, we need a definition.

Definition 3.10 (Pairing event). Let C 2M.ƒ/ and B 2M.ƒ0/. Assume that B � C ,
i.e., Bx � Cx for every x 2 ƒ0. Define F C

ƒ0.B/ to be the subset of �T ;C;;
ƒ;ƒ0 consisting of

all double tangled currents .n1; n2; t / satisfying the following condition: each connected
component of H

C;;
ƒ0 .n1;n2; t / intersects ¹zc.k/ W z 2ƒ0; Cz �Bz C 1� k �Czº an even

number of times. Notice that F C
ƒ0.B/ only depends on xHC;;

ƒ0 .n1; n2; t /. When ƒ0 D ƒ,
we write F C .B/ D F C

ƒ .B/.

Remark 3.11. The above definition is to be compared with the pairing event which nat-
urally appears in the switching lemma of the Ising model.

Theorem 3.12. For every z 2 ƒ, every .C;D/ 2M.ƒ/ �M.ƒ0/ and every .n1; n2/ 2
�ƒ � �ƒ0 with .@n1; @n2/ D .@C; @D/, there exists a probability measure �C;Dz;n1;n2 on
T C;D

n1;n2.z/ such that the following holds. Let A 2M.ƒ/ and B 2M.ƒ0/. For every bound-

ed F W x�T ;A;B
ƒ;ƒ0 ! R,X

@n1D@A
@n2D@B

wAˇ;h.n1/w
B
ˇ;h.n2/�

A;B
n1;n2 ŒF Œ

xHA;B.n1; n2; t /��

D

X
@n1D@.ACB/

@n2D;

wACB
ˇ;h

.n1/w;ˇ;h.n2/�
ACB;;
n1;n2 ŒF Œ xHACB;;.n1; n2; t /�1F

ACB

ƒ0
.B/
�;

where
�A;Bn1;n2 WD

O
z2ƒ

�A;Bz;n1;n2 and �ACB;;n1;n2 WD
O
z2ƒ

�ACB;;z;n1;n2

are measures on T A;B
n1;n2 and T ACB;;

n1;n2 , respectively, and F ACB
ƒ0 .B/ is the event defined

above.

Proof. See Section 3.5.

Remark 3.13. As we will see in the proof, for any z, the measures �A;Bz;n1;n2 only depend
on .g; a;�n1.z/;�n2.z/; Az ; Bz/, and not on ƒ, ˇ, h or the rest of n1, n2.

We can also state the switching lemma in a probabilistic way. We start by introducing
the random tangled current measures of interest. We define �Az;n WD �

A;;
z;n;0 and

�An WD
O
z2ƒ

�Az;n:

The measure �An can be viewed as a measure on single tangled currents.
With a small abuse of notation, we view the set of single tangled currents on ƒ

as a subset of �T
ƒ;ƒ0 that we denote by �T

ƒ. Similarly, we define for A 2M.ƒ/ the set
�

T ;A
ƒ � �

T ;A;;
ƒ;ƒ0 .



T. S. Gunaratnam, C. Panagiotis, R. Panis, F. Severo 5370

Definition 3.14. Letƒ0 �ƒ be finite subsets of V [ ¹gº. LetA 2M.ƒ/ andB 2M.ƒ0/.
We define a measure PA

ƒ;ˇ;h
on the �T ;A

ƒ , for any .n; t / 2 �T ;A
ƒ , as

PAƒ;ˇ;hŒ.n; t /� D
wA
ˇ;h
.n/�An Œt �P

@mD@Aw
A
ˇ;h
.m/

:

We also define a measure PA;B
ƒ;ƒ0;ˇ;h

on �T ;A;B
ƒ;ƒ0 , for .n1; n2; t / 2 �T ;A;B

ƒ;ƒ0 , as

PA;B
ƒ;ƒ0;ˇ;h

Œ.n1; n2; t /� D
wA
ˇ;h
.n1/wBˇ;h.n2/�

A;B
n1;n2 Œt �P

@m1D@A
@m2D@B

wA
ˇ;h
.m1/w

B
ˇ;h
.m2/

:

We write EA
ƒ;ˇ;h

(resp. EA;B
ƒ;ƒ0;ˇ;h

) for the expectation with respect to the measure PA
ƒ;ˇ;h

(resp. PA;B
ƒ;ƒ0;ˇ;h

).

Using these definitions, we can reformulate the switching lemma in a more probabil-
istic way.

Corollary 3.15 (Probabilistic version of the switching lemma). Let A 2 M.ƒ/ and let
B 2M.ƒ0/. For any bounded F W x�T ;A;B

ƒ;ƒ0 ! R,

h'Aiƒ;ˇ;hh'Biƒ0;ˇ;h

h'ACBiƒ;ˇ;h
EA;B
ƒ;ƒ0;ˇ;h

ŒF Œ xHA;B.n1; n2; t /��

D EACB;;
ƒ;ƒ0;ˇ;h

ŒF Œ xHACB;;.n1; n2; t /�1F
ACB

ƒ0
.B/
�:

In what follows, ˇ, h are often fixed and omitted to simplify the notation. In particular,
we omit them in the notations of the tangling measures.

Remark 3.16. Taking a > 0 and letting g! 0, the '4 model on a finite graph converges
to a (massive) Gaussian free field. It is therefore natural to expect the switching principle
to pass through the limit. This is indeed the case, and one may additionally show that the
tangling measures converge to the uniform measure on pairings, which is directly related
to Wick’s formula. Similarly, one may take the Ising limit as in (1.1) and ask a similar
question. In this case, one can prove that the tangling measures converge to the Dirac
measure supported on the trivial partition consisting of one element, thus recovering the
standard switching lemma of the Ising model. We refer to [33, Section 4] for more details.

3.4. Application: Correlation inequalities

We fix ˇ > 0 and drop it from the notation. The first result gives a new exact probabilistic
representation for the ratio of spin correlations.

Proposition 3.17. Let ƒ be a finite subset of V . Let h D .hx/x2ƒ 2 .RC/ƒ. For A;B 2
M.ƒg/,

h'Aiƒ;hh'Biƒ;h

h'ACBiƒ;h
D PACB;;ƒg ;ƒg

Œ.n1; n2; t / 2 F ACB.B/�:
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Proof. This is a direct consequence of Corollary 3.15 applied to F D 1.

We will now apply Proposition 3.17 to give new proofs of standard correlation in-
equalities for the '4 model. Alternative proofs can be found in [25, Chapter 4].

Proposition 3.18 (Second Griffiths’ inequality). Let ƒ be a finite subset of V , and let
h D .hx/x2ƒ 2 .RC/ƒ. Let A;B 2M.ƒg/. Then

h'A'Biƒ;h � h'Aiƒ;hh'Biƒ;h:

Proof. This is a direct consequence of Proposition 3.17.

Proposition 3.19 (Monotonicity in volume). Let ƒ0 � ƒ be finite subsets of V , and let
h D .hx/x2ƒ 2 .RC/ƒ. Let B 2M.ƒg/. Then,

h'Biƒ;h � h'Biƒ0;h:

Proof. Apply Corollary 3.15 to A D 0 and F D 1 to obtain that

h'Biƒ0;h D h'Biƒ;hPB;;
ƒg;ƒ

0
g
ŒF B
ƒ0g
.B/�:

Proposition 3.20. Let ƒ be a finite subset of V , let h D .hx/x2ƒ 2 .RC/ƒ, and let A 2
M.ƒg/. Then,

(i) ˇ 7! h'Aiƒ;ˇ;h;g;a is non-decreasing on RC,

(ii) g 7! h'Aiƒ;ˇ;h;g;a is non-increasing on R,

(iii) a 7! h'Aiƒ;ˇ;h;g;a is non-increasing on R.

Proof. Notice that

d
dˇ
h'Aiƒ;ˇ;h;g;a D

X
¹x;yº�ƒ

Jx;yh'AI'x'yiƒ;ˇ;h;

d
dg
h'Aiƒ;ˇ;h;g;a D �

X
x2ƒ

h'AI'
4
xiƒ;ˇ;h;g;a;

d
da
h'Aiƒ;ˇ;h;g;a D �

X
x2ƒ

h'AI'
2
xiƒ;ˇ;h;g;a;

where we used the notation h'AI'Biƒ;ˇ;h;g;a WD h'A'Biƒ;ˇ;h � h'Aiƒ;ˇ;hh'Biƒ;ˇ;h.

Remark 3.21. Note that there is also monotonicity in h and J analogous to the statements
in Proposition 3.20. They follow by similar considerations.

3.5. Proof of switching principle

In this subsection, we use the Griffiths–Simon approximation [51] to construct a random
tangled current representation of '4 on a finite subset ƒ of V which satisfies a switching
principle. The prelimit is an Ising model on the product of ƒ with the complete graph
on N vertices. We use the switching principle of the random current representation of
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the Ising model to obtain the switching principle for '4 by taking limits, as appropriate.
Along the way, we identify the underlying geometric structures that persist in the scaling
limit.

3.5.1. Griffiths–Simon approximation. Let N 2 N. Define ƒN WD ƒ � ¹1; : : : ; N º. For
x 2 ƒ, define Bx;N WD ¹.x; i/º1�i�N and set Bg;N WD ¹gº.

Let GN be the graph with vertex set V.GN / WD ƒN [ ¹gº and edge set

E.GN / WD E
int.GN / [E

ext.GN /;

where

E int.GN / WD
[
x2ƒ

P2.Bx;N /;

Eext.GN / WD ¹¹u; vº W 9¹x; yº 2 E.ƒg/ with u 2 Bx;N and v 2 By;N º;

and, above, P2.Bx;N / denotes the set of pairs in Bx;N .

Remark 3.22. An edge of the form ¹.x; j /; .x; k/º 2 E int is called internal, whereas an
edge of the form ¹.x; j /; .y; k/º 2 Eext is called external.

We now introduce the Griffiths–Simon model. Let zg D .12g/1=4 and za D 2azg�2.
Define the coupling constants

cN WD zg
�1N�3=4; dN WD

1

N

�
1 �

za
p
N

�
: (3.2)

For ˇ > 0, h 2 .RC/ƒ and � in ¹˙1ºƒN , define the Hamiltonian

Hh
ƒ;ˇ;N .�/ WD �ˇc

2
N

X
¹x;yº�ƒ

j;k2¹1;:::;N º

Jx;y�.x;j /�.y;k/

� ˇcN
X

.x;j /2ƒN

hx�.x;j / � dN
X
x2ƒ

j;k2¹1;:::;N º

�.x;j /�.x;k/:

Definition 3.23. Let ˇ > 0. Let �h
ƒ;N;ˇ

be the probability measure on ¹˙1ºƒN defined
for � 2 ¹˙1ºƒN by

�hƒ;N;ˇ .�/ D
e
�Hh

ƒ;ˇ;N
.�/

Z.ƒ;N; ˇ; h/
;

where Z.ƒ; N; ˇ; h/ is the partition function. In the specific case where ƒ is reduced to
a point x, we denote this measure �h

x;N;ˇ
. Note that this measure does not depend on x.

Observe that �h
ƒ;N;ˇ

is an Ising model on ƒN . The coupling constants are such that
the model has a scaling limit as N !1, which is the '4 model on ƒ with parameters
.g; a/ at .ˇ; h/. The natural observable to state the convergence is the block-spin average,
defined for x 2 ƒ by ˆx;N WD cN

PN
jD1 �.x;j /. The following result was first derived

in [51] to obtain, amongst other things, the Lee–Yang theorem for the '4 model on Zd .
It was later reproved for a larger class of models in [15].
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Proposition 3.24. Let ˇ > 0 and h 2 .RC/ƒ. Then, for any p 2 Nƒ,

lim
N!1

�hƒ;N;ˇ

h Y
x2ƒ

ˆ
px
x;N

i
D

D Y
x2ƒ

'pxx

E
ƒ;ˇ;h

:

Remark 3.25. Proposition 3.24 can be seen as a generalisation of the central limit the-
orem to a class of dependent random variables. The different rescaling factor cN �N�3=4

from the usual N�1=2 scaling for independent random variables is intrinsically linked to
the non-Gaussian limiting random variable. A more sophisticated viewpoint is that the
coupling constants are chosen such that the N !1 limit corresponds to a near-critical
scaling limit of the Curie–Weiss model. Thus, the convergence of moments of the block-
spin magnetisations to the '4 moments can be seen as a statement about the model lying
in a '4 universality class. Indeed, generalisations of these results leading to densities with
respect to '2k measures, i.e., distinct universality classes, can be found in [17].

We strengthen the above convergence result for the specific case of a single block-
spin. More precisely, we show that in this instance we can neglect diagonal terms.

Lemma 3.26. For any p 2 N and x 2 ƒ,

.cNN/
p�0x;N;ˇ

� pY
jD1

�.x;j /

�
! h'pi0 as N !1:

Proof. For p D 1, there is nothing to show because both the sequence and h'i0 are equal
to 0, so let us assume that p � 2. LetN � p. Expandingˆpx;N and taking cases according
to whether some index repeats or not, we obtain

�0x;N;ˇ Œˆ
p
x;N � D c

p
N

X
.i1;:::;ip/2¹1;:::;N º

p

8k¤`; ik¤i`

�0x;N;ˇ

� pY
jD1

�.x;ij /

�

C c
p
N

X
.i1;:::;ip/2¹1;:::;N º

p

9k<`; ikDi`

�0x;N;ˇ

� pY
jD1

�.x;ij /

�
:

Note that

c
p
N

X
.i1;:::;ip/2¹1;:::;N º

p

8k¤`; ik¤i`

�0x;N;ˇ

� pY
jD1

�.x;ij /

�
D c

p
NpŠ

�
N

p

�
�0x;N;ˇ

� pY
jD1

�.x;j /

�

D .1C o.1//.cNN/
p�0x;N;ˇ

� pY
jD1

�.x;j /

�
by the symmetries of the complete graph, and

0� c
p
N

X
.i1;:::;ip/2¹1;:::;N º

p

9k<`; ikDi`

�0x;N;ˇ

� pY
jD1

�.x;ij /

�
� c2N

�
p

2

�
N�0x;N;ˇ Œˆ

p�2
x;N �! 0; N !1;
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where we have used that each summand is non-negative by Griffiths’ inequality. The
desired assertion then follows from Proposition 3.24.

3.5.2. A conditional proof. We now introduce the random current representation for
�h
ƒ;N;ˇ

. For ease of notation, we adopt the following conventions. First, we write�Nƒg
WD

�GN to denote the space of currents on GN . Second, for zn 2 �Nƒg
, x; y 2 ƒ and j; k 2

¹1; : : : ; N º, we set

zn.x; j; y; k/ WD zn..x; j /; .y; k//; zn.x; j;g/ WD n..x; j /;g/:

The random current expansion for �h
ƒ;ˇ;N

takes the following form: for any S �ƒN ,

�hƒ;N;ˇ Œ�S � D

P
@znDS wN;ˇ .zn/P
@znD;wN;ˇ .zn/

;

where

wN;ˇ .zn/ WD
Y

¹x;yº�ƒ
j;k2¹1;:::;N º

.ˇc2NJx;y/
zn.x;j;y;k/

zn.x; j; y; k/Š

Y
x2ƒ

j;k2¹1;:::;N º

.dN /
zn.x;j;x;k/

zn.x; j; x; k/Š

�

Y
.x;j /2ƒN

.ˇcNhx/
zn.x;j;g/

zn.x; j;g/Š
:

Let‚N W�Nƒg
!�ƒg be the projection map defined, for all zn 2�Nƒg

and ¹x;yº �ƒg, by

‚N .zn/¹x;yº WD
X

j;k2¹1;:::;N º

zn.x; j; y; k/:

We then have that @‚N .zn/ D @A, where A is defined for x 2 ƒ by Ax D j@zn \ Bx;N j.
Conversely, we can lift any n 2�ƒg to a set of currents in�Nƒg

once we have fixed an
injection of admissible moments A 2M.ƒg/ to subsets of ƒN . For convenience, we fix
the natural injection: for A 2M.ƒg/, define

zA WD
[
x2ƒ

¹.x; j / W 1 � j � Axº:

Then, the lift of n 2 �ƒg with source set @A is the set of zn 2 �Nƒg
such that ‚N .zn/ D n

and @zn D zA.
Motivated by this observation and Lemma 3.26, we define the renormalised weight

for n 2 �ƒg by

xwN;A;ˇ .n/ WD
.cNN/

jAj

ZjƒjN

X
zn2�N

ƒg
‚N .zn/Dn
@znD zA

wN;ˇ .zn/;

where jAj D
P
x2ƒ Ax and ZN WD

P
zn2�Bo;N ; @nD;wN;ˇ .zn/. We emphasise that the

renormalisation factor cNN � N 1=4 is directly linked to Proposition 3.24.
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An important step in the proof of the switching principle is that the renormalised
weights converge to those of the '4 current expansion. To prove this, we need to under-
stand the geometric structure of the currents that persists in the limit. It consists of currents
which belong to the set WN defined below.

Definition 3.27. Let WN .ƒg/ D WN WD W1;N \W2;N , where

W1;N WD ¹zn 2 �Nƒg
W 8.x; j / 2 @zn n ¹gº; 8e 2 Eext with .x; j / 2 e; zne D 0º;

W2;N WD
°
zn 2 �Nƒg

W 8.x; j / 2 ƒN ;
X

e2E extW.x;j /2e

zne � 1
±
:

In words, the currents in W1;N consists of those whose sources are separated from
exterior block-spins by other internal vertices; whereas W2;N consists of currents whose
weight on external edges does not exceed 1. We have the following result.

Proposition 3.28. For all A 2M.ƒg/ and n 2 �ƒg ,

.cNN/
jAj

ZjƒjN

X
zn2WN
‚N .zn/Dn
@znD zA

wN;ˇ .zn/! wAˇ .n/ as N !1;

and
.cNN/

jAj

ZjƒjN

X
zn2W c

N

‚N .zn/Dn
@znD zA

wN;ˇ .zn/! 0 as N !1: (3.3)

Proof. See Section 3.5.3.

Corollary 3.29. For all A 2M.ƒg/ and n 2 �ƒg , xwN;A;ˇ .n/! wA
ˇ
.n/ as n!1.

Guided by this intuition and Proposition 3.28, we isolate how these geometric struc-
tures intertwine in the statement of the usual switching lemma for �h

ƒ;ˇ;N
, which takes

the following form.
In what follows, we fixƒ0 �ƒ, two finite subsets of V [ ¹gº. This is slightly different

from the convention we had above in which ƒ was a subset of V .

Lemma 3.30. Let S � ƒN , T � ƒ0N , and let F W�Nƒg
! R be a bounded measurable

function. Then, X
zn12�Nƒ ;zn22�

N
ƒ0

@zn1DS; @zn2DT

wN .zn1/wN .zn2/F.zn1 C zn2/

D

X
zn12�Nƒ ;zn22�

N
ƒ0

@zn1DS�T; @zn2D;

wN .zn1/wN .zn2/F.zn1 C zn2/1ŒF
ƒ0
N

T �; (3.4)

where F ƒ0

T is the event that every cluster of the multigraph induced by .zn1 C zn2/ƒ0
N

intersects T an even number of times.
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If we proceed naively in expressing the left-hand side and the right-hand side in
terms of projected currents and renormalised weights, we encounter a homogeneity issue.
Indeed, let n1 2 �ƒ and n2 2 �ƒ0 with source sets @A, @B associated to A 2 M.ƒ/

and B 2 M.ƒ0/, respectively. Suppose we fix injections such that zA and zB may inter-
sect. Then, the left-hand side of the switching lemma has a scaling factor .cNN/jAjCjBj,
whereas the right-hand side has a scaling factor .cNN/j

zA� zBj, which is strictly smaller.
To resolve this issue, we require a consistent convention (note that this choice is con-

sistent with Remark 3.9) for injecting the sources of fixed admissible moments, A and B ,
in such a way that their lifts zA and zB satisfy zA\ zB D ;. The natural such injection of the
ordered pair .A;B/ is given by

zA WD
[
x2ƒ

¹.x; j / W 1 � j � Axº;

zB WD
[
x2ƒ

¹.x; j / W Ax C 1 � j � Ax C Bxº:

Consider the left-hand side of (3.4) for S D zA and T D zB . By conditioning on the under-
lying projected current in �ƒ or �ƒ0 , and then splitting the sum over WN and W c

N ,
we obtain

LHS WD
X

zn12�Nƒ ;zn22�
N
ƒ0

@zn1D zA; @zn2D zB

wN .zn1/wN .zn2/F.zn1 C zn2/

D

X
n12�ƒ; @n1D@A
n22�ƒ0 ; @n2D@B

X
‚N .zn1/Dn1;‚N .zn2/Dn2

@zn1D zA; @zn2D zB

wN .zn1/wN .zn2/F.zn1 C zn2/

D

X
n12�ƒ; @n1D@A
n22�ƒ0 ; @n2D@B

.†1;N .n1; n2/C†2;N .n1; n2//;

where

†1;N .n1; n2/ WD
X

zn12WN .ƒ/;zn22WN .ƒ0/
‚N .zn1/Dn1;‚N .zn2/Dn2

@zn1D zA; @zn2D zB

wN .zn1/wN .zn2/F.zn1 C zn2/;

†2;N .n1; n2/ WD
X

zn1…WN .ƒ/ or zn2…WN .ƒ0/
‚N .zn1/Dn1;‚N .zn2/Dn2

@zn1D zA; @zn2D zB

wN .zn1/wN .zn2/F.zn1 C zn2/:

As a consequence of Proposition 3.28, we find that (with the proper scaling) †2;N
converges to 0 as N !1.

Lemma 3.31. Let F W�Nƒ ! R be bounded. Then, for any A 2M.ƒ/, B 2M.ƒ0/ and
.n1; n2/ 2 �ƒ ��ƒ0 such that .@n1; @n2/ D .@A; @B/,

lim
N!1

.cNN/
jAjCjBj

ZjƒjCjƒ
0j

N

†2;N .n1; n2/ D 0:
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Proof. Since F is bounded,ˇ̌̌ .cNN/jAjCjBj
Z2jƒjCjƒ

0j

N

†2;N .n1; n2/
ˇ̌̌
� kF k1..1/C .2//;

where

.1/ D
.cNN/

jAj

ZjƒjN

X
zn12W c

N
.ƒ/

‚N .zn1/Dn1
@zn1D zA

wN .zn1/
.cNN/

jBj

Zjƒ
0j

N

X
zn22�Nƒ0

‚N .zn2/Dn2
@zn2D zB

wN .zn2/;

.2/ D
.cNN/

jAj

ZjƒjN

X
zn12�Nƒ

‚N .zn1/Dn1
@zn1D zA

wN .zn1/
.cNN/

jBj

Zjƒ
0j

N

X
zn22W c

N
.ƒ0/

‚N .zn2/Dn2
@zn2D zB

wN .zn2/:

The result then follows from rewriting the weights in terms of renormalised weights and
applying Proposition 3.28.

The above lemma implies that it is sufficient to restrict our attention to pairs of currents
that belong to WN .ƒ/ �WN .ƒ0/ in the switching lemma of (3.4). In order to understand
the geometry of the sum of two such currents, we further decompose into internal and
external components.

Definition 3.32. Let W ext
N .ƒ/ D ¹zn 2 W2;N W zn.x; i; x; j / D 0 for all x 2 ƒº, and let

W int
N .ƒ/ D ¹zn 2 �

N
ƒ W zn.x; i; y; j / D 0 if x ¤ yº.

Note that any zn 2 WN .ƒ/ admits the decomposition zn D znext C znint with znext 2

W ext
N .ƒ/ and znint 2 W int

N .ƒ/ such that @znext \ @zn D ; and @znint D @znext [ @zn. Further-
more, we can write znint D

P
x2ƒ znint.x/, where znint.x/ 2 W int

x;N .ƒ/ for

W int
x;N .ƒ/ D ¹zn 2 W

int
N .ƒ/ W zn.y; i; z; j / D 0 for all .y; z/ ¤ .x; x/º:

These definitions extend to ƒ0 and since a current on �ƒ0 can naturally be extended to
a current on �ƒ, one has that W int

x;N .ƒ
0/ D W int

x;N .ƒ/ for all x 2 ƒ0.
In order to identify the scaling limit of †1;N , we have to encode how the connectivity

properties inside the block-spins intertwine when summing over the internal components.
We formalise this as follows.

Definition 3.33. Let N 2 N. For Sx ; Tx 2 N, denote by zSx WD ¹.x; i/ W 1 � i � Sxº �
Bx;N and zTx WD ¹.x; i/ W Sx C 1 � i � Sx C Txº. Let � zSx

x;N
be the measure on �Bx;N

defined by

�
zSx
x;N .zn

x/ WD .cNN/
Sx

wN .znx/1@znxDzSxP
znx2W int

x;N
; @znxD;wN .znx/

:

Furthermore, denote by �
zSx ; zTx
x;N the pushforward of the product measure �

zSx
x;N ˝ �

zTx
x;N on

�Bx;N ��Bx;N by the mapping .nx ;mx/ 7! nx Cmx .
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Remark 3.34. Note that

�
zSx
x;N .�Bx;N / D .cNN/

Sx�0x;N;ˇ

� SxY
iD1

�.x;i/

�
:

LetAx2N. Consider the following equivalence relation on ¹znx 2�Bx;N W @znxD zAxº.
We say that znx and zmx are equivalent, and write znx ' zmx , if for all 1 � i; j � Ax ,

¹.x; i/
znx
 ! .x; j /º , ¹.x; i/

zmx
 ! .x; j /º:

Following the notations of Definition 3.33, denote by z�
zSx
x;N and z�

zSx ; zTx
x;N the induced meas-

ures corresponding to �
zSx
x;N and �

zSx ; zTx
x;N , respectively, on the quotient � -algebra. Note

that these measures are finite due to the finiteness of the underlying space. Let �
zSx
x;N and

�
zSx ; zTx
x;N denote the corresponding probability measures, which can be identified as prob-

ability distribution on even partitions of KSx and KSxCTx , respectively.

Lemma 3.35. Let Sx ; Tx 2 N. The two sequences of probability measures .�
zSx
x;N /N2N

and .�
zSx ; zTx
x;N / are tight. In both cases, the convergence along subsequences is pointwise on

events. We denote their respective limits by �
zSx
x and �

zSx ; zTx
x .

Proof. Since the measures considered here are defined on a finite space, it suffices to
prove that the measure of the entire space converges in each case. But this is a direct
consequence of Remark 3.34 and Lemma 3.26.

Definition 3.36. If P , Q are two partitions of a set � , we say that P is coarser than Q,
and write P � Q, if any element of P can be written as a union of elements of Q.

The following proposition is a direct consequence of the constructions above.

Proposition 3.37 (The measure �
zSx ; zTx
x stochastically dominates �

zSx
x t �

zTx
x ). Assume

that Sx ; Tx 2 2N. There exists a coupling of �
zSx ; zTx
x , �

zSx
x and �

zTx
x such that if

.X; Y;Z/ � .�
zSx ; zTx
x ; �

zSx
x ; �

zTx
x /

and if Y tZ is the partition whose partition classes are the partition classes of Y andZ,
then X � Y tZ, almost surely.

We write
�
zSx ; zTx
x � �

zSx
x t �

zTx
x : (3.5)

Definition 3.38. Assume that A 2M.ƒ/, B 2M.ƒ0/ and let .n1;n2/ 2�ƒ ��ƒ0 with
.@n1; @n2/ D .@A; @B/. Let F W�ƒ ! R be bounded and measurable with respect to the
quotient � -algebra induced by the equivalence relation'. We define

z�
A;B
n1;n2;N ŒF � WD

1

jW ext
N .n1; n2IA;B/j

� X
.znext
1
;znext
2
/2

W ext
N
.n1;n2IA;B/

O
z2ƒ

z�
@znext
1
.z/t zAz ;@znext

2
.x/t zBz

z;N

�
ŒF �;
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where

W ext
N .n1; n2IA;B/ WD

®
.znext
1 ; zn

ext
2 / 2 W

ext.ƒ/ �W ext.ƒ0/ W ‚N .znext
1 / D n1;

‚N .znext
2 / D n2; @znext

1 \
zA D ;; @znext

2 \
zB D ;

¯
;

and we use the convention that zAz ; zBz D ; if Az ; Bz D 0. We denote by �A;Bn1;n2;N the
associated probability measures.

Lemma 3.39. LetA2M.ƒ/,B 2M.ƒ0/ and let .n1;n2/2�ƒ ��ƒ0 with .@n1;@n2/D
.@A; @B/. Then, the sequence of probability measures .�A;Bn1;n2;N /N2N is tight.

Proof. As in Lemma 3.35, this result is a consequence of the finiteness of the underlying
probability space together with the convergence

z�
A;B
n1;n2;N Œ1�!

Y
z2ƒ

h'�n1.z/CAz i0h'
�n2.z/CBz i0 as N !1:

Corollary 3.40. There exists an increasing sequence .Nk/k�1 such that for any A 2
M.ƒ/,B 2M.ƒ0/, and for any .n1;n2/ 2�ƒ ��ƒ0 satisfying @n1D @A and @n2D @B ,
the sequence of measures .�A;Bn1;n2;Nk

/k�1 weakly converges to a measure �A;Bn1;n2 .

Remark 3.41. Although for our purposes subsequential limits suffice, identification of
the full limit has recently been established [33].

The following estimate on the cardinality ofW ext
N .n1;n2IA;B/will be useful through-

out this section.

Lemma 3.42. LetA2M.ƒ/,B 2M.ƒ0/ and let .n1;n2/2�ƒ ��ƒ0 with .@n1;@n2/D
.@A; @B/. Then we have

jW ext
N .n1; n2IA;B/j D .1C o.1//

Y
¹x;yº�ƒ

N 2n1.x;y/C2n2.x;y/

n1.x; y/Šn2.x; y/Š

Y
x2ƒ

N n1.x;g/Cn2.x;g/

n1.x;g/Šn2.x;g/Š
:

Proof. It suffices to estimate the cardinality ofW ext
N .nIA/ WDW ext

N .n; 0IA;0/. To this end,
we introduce the following procedure. We first enumerate the elements of P2.ƒ/. We will
count inductively the number of lifts zn of n which satisfy zn 2 W ext

N and @zn \ zA D ;.
Starting from the first element ¹x; yº according to this ordering and taking into ac-

count that we cannot use any point in zA, we see that we have
�
N�Ax
n.x;y/

��N�Ay
n.x;y/

�
n.x; y/Š

choices for the piece of current between the blocks Bx;N and By;N when ¹x; yº � ƒ,
and

�
N�Ax
n.x;g/

�
choices if x 2 ƒ and y D g. We then proceed to the second element ¹z; wº.

In that case, the only additional condition we need to take into account is that we have
attributed n.x; y/ vertices of Bx;N and By;N in the preceding step that we cannot re-use
(because the lifts we construct belong to W2;N ). If z; w 2 ƒ, then we have�

N � Az � 1z2¹x;yºn.x; y/
n.z; w/

��
N � Aw � 1w2¹x;yºn.x; y/

n.z; w/

�
n.z; w/Š
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choices for the piece of lift between x and z. We can iterate this procedure to compute the
number of suitable lifts of n.

It follows from the above procedure thatY
¹x;yº�ƒ

�
N ��n.x/ � Ax

n.x; y/

��
N ��n.y/ � Ay

n.x; y/

�
n.x; y/Š

Y
x2ƒ

�
N ��n.x/ � Ax

n.x;g/

�
� jW ext

N .nIA/j �
Y

¹x;yº2ƒ

�
N

n.x; y/

�2
n.x; y/Š

Y
x2ƒ

�
N

n.x;g/

�
;

hence

jW ext
N .nIA/j D .1C o.1//

Y
¹x;yº�ƒ

N 2n.x;y/

n.x; y/Š

Y
x2ƒ

N n.x;g/

n.x;g/Š
; (3.6)

as desired.

In what follows, we fix a sequence .Nk/k�1 as in Corollary 3.40.

Lemma 3.43. LetA2M.ƒ/,B 2M.ƒ0/ and let .n1;n2/2�ƒ ��ƒ0 with .@n1;@n2/D
.@A; @B/. Then, along the subsequence .Nk/k�1,

lim
k!1

.cNkNk/
jAjCjBj

ZjƒjCjƒ
0j

Nk

†1;Nk .n1; n2/ D w
A
ˇ .n1/w

B
ˇ .n2/�

A;B
n1;n2 ŒF �:

Proof. By definition,

.cNN/
jAjCjBj

ZjƒjCjƒ
0j

N

†1;N .n1; n2/

D
.cNN/

jAjCjBj

ZjƒjCjƒ
0j

N

X
zn12WN .ƒ/;zn22WN .ƒ0/
‚N .zn1/Dn1;‚N .zn2/Dn2

@zn1D zA; @zn2D zB

wN .zn1/wN .zn2/F.zn1 C zn2/:

For i D 1; 2, write zni D znext
i C zn

int
i with znext

i 2 W
ext
N satisfying @znext

i \ @zni D ;, and
znint
i 2 W

int
N . Then, if next

1 ; zn
ext
2 2 W

ext
N are such that ‚N .znext

1 / D n1; ‚N .znext
2 / D n2, one

has

wN .znext
1 /wN .zn

ext
2 / D

Y
¹x;yº�ƒ

.ˇc2NJx;y/
n1.x;y/Cn2.x;y/

Y
x2ƒ

.ˇcNhx/
n1.x;g/Cn2.x;g/:

As a consequence,

.cNN/
jAjCjBj

ZjƒjCjƒ
0j

N

†1;N .n1; n2/ D
jW ext
N .n1; n2IA;B/j
.cNN/jn1jCjn2j

Y
¹x;yº�ƒ

.ˇc2NJx;y/
n1.x;y/Cn2.x;y/

�

Y
x2ƒ

.ˇcNhx/
n1.x;g/Cn2.x;g/z�

A;B
n1;n2;N ŒF �:
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Recall now Lemma 3.42 and that

z�A;Bn1;n2 Œ1� D
Y
x2ƒ

h'�n1.x/CAx
x i0h'

�n2.x/CBx
x i0:

The desired convergence along the subsequence .Nk/k�1 follows readily.

Using the same method as above, we also obtain the following.

Lemma 3.44. LetA2M.ƒ/,B 2M.ƒ0/ and let .n1;n2/2�ƒ ��ƒ0 with .@n1;@n2/D
.@A; @B/. Then, along the subsequence .Nk/k�1,

.cNN/
jAjCjBj

ZjƒjCjƒ
0j

N

X
zn12WN .ƒ/;zn22WN .ƒ0/
‚N .zn1/Dn1;‚N .zn2/Dn2

@zn1D zAt zB; @zn2D;

wN .zn1/wN .zn2/F.zn1 C zn2/1
F
ƒ0
N
zB

! wACB
ˇ

.n1/w;ˇ .n2/�
ACB;;
n1;n2 ŒF Œ xHACB;;.n1; n2; t /�1F

ACB

ƒ0
.B/
�;

where F ACB
ƒ0 .B/ is the event defined in Theorem 3.12.

We are now equipped to complete the conditional proof of Theorem 3.12.

Proof of Theorem 3.12. We first apply (3.4) for F1C , where

C WD

² NX
iD1

.�znext
1 .x; i/C�zn

ext
2 .x; i// �M; 8x 2 ƒg

³
for someM � 1. Note that F1C is bounded. Using the two preceding lemmas and taking
the limit along an appropriate sequence .Nk/k�1 givesX

n12�ƒW@n1D@A
n22�ƒ0 W@n2D@B

1.n1;n2/2Cw
A
ˇ .n1/w

B
ˇ .n2/�

A;B
n1;n2 ŒF Œ

xHA;B.n1; n2; t /��

D

X
n12�ƒW@n1D@.ACB/

n22�ƒ0 W@n2D;

1.n1;n2/2Cw
ACB
ˇ

.n1/w;ˇ .n2/�
ACB;;
n1;n2

� ŒF Œ xHACB;;.n1; n2; t /�1F
ACB

ƒ0
.B/
�:

Sending M to infinity and using the dominated convergence theorem, we obtainX
n12�ƒW@n1D@A
n22�ƒ0 W@n2D@B

wAˇ .n1/w
B
ˇ .n2/�

A;B
n1;n2 ŒF Œ

xHA;B.n1; n2; t /��

D

X
n12�ƒW@n1D@.ACB/

n22�ƒ0 W@n2D;

wACB
ˇ

.n1/w;ˇ .n2/�
ACB;;
n1;n2 ŒF Œ xHACB;;.n1; n2; t /�1F

ACB

ƒ0
.B/
�:
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It remains to prove that for A 2M.ƒ/, B 2M.ƒ0/ and .n1; n2/ 2 �ƒ ��ƒ0 with
.@n1; @n2/ D .@A; @B/, the measure �A;Bn1;n2 is a product measure. It suffices to show
that z�A;Bn1;n2 is a product measure, and for that, we can assume that F is bounded. We write
z�
A;B
n1;n2;N ŒF � D C1 C C2, where

C1 WD
1

jW ext
N .n1; n2IA;B/j

X
.znext
1
;znext
2
/2S1

�O
z2ƒ

z�
@znext
1
.z/t zAz ;@znext

2
.x/t zBz

z;N

�
ŒF �

for S1 WD ¹.znext
1 ; zn

ext
2 / 2 W

extN W ‚N .znext
1 / D n1; ‚N .znext

2 / D n2; @znext
1 \

zA D ;; @znext
2 \

zB D ;; .@znext
1 t

zA/ \ .@znext
2 t

zB/ D ;º, and

C2 WD
1

jW ext
N .n1; n2IA;B/j

X
.znext
1
;znext
2
/2S2

�O
z2ƒ

z�
@znext
1
.z/t zAz ;@znext

2
.x/t zBz

z;N

�
ŒF �

for S2 WD ¹.znext
1 ; zn

ext
2 / 2 W

extN W ‚N .znext
1 / D n1; ‚N .znext

2 / D n2; @znext
1 \

zA D ;; @znext
2 \

zB D ;; .@znext
1 t

zA/ \ .@znext
2 t

zB/ ¤ ;º. Notice that because of the symmetries of the
model, all the product measures appearing in C1 are equal. Thus, for a fixed pair of
currents .znext

1 ; zn
ext
2 / satisfying the conditions of the sum of the numerator in C1, one

finds,

C1 D
O
z2ƒ

.z�
@znext
1
.z/t zAz ;@znext

2
.x/t zBz

z;N /ŒF �
1

jW ext
N .n1; n2IA;B/j

jS1j:

Arguing as in the proof of Lemma 3.42, we obtain

jS1j �

2Y
iD1

Y
¹x;yº�ƒ

�
Nx;y

ni .x; y/

�2
ni .x; y/Š

Y
x2ƒ

�
Nx;g

ni .x;g/

�
;

where
Nx;y D N ��n.x/ ��n.y/ � Ax � Ay � Bx � By

for n D n1 C n2, hence

1

jW ext
N .n1; n2IA;B/j

jS1j ! 1 as N !1; (3.7)

which implies that along .Nk/k�1 the term C1 converges to a product measure. To han-
dle C2, notice that

jC2j �
� Y
z2ƒ

max
k��n1.z/CAz
p��n2.z/CBz

h'kz i0h'
p
z i0 C o.1/

�
kF k1

1

jW ext
N .n1; n2IA;B/j

jS2j:

It follows from (3.7) that

1

jW ext
N .n1; n2IA;B/j

jS2j D o.1/;

hence C2 tends to 0 as N tends to infinity.
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3.5.3. Proof of Proposition 3.28. We now turn to the proof of Proposition 3.28. As ex-
plained above, we will argue that the main contribution in the weights xwN;A;ˇ .n/ comes
from currents zn which belong to the set WN introduced in Definition 3.27. We start by
showing that this contribution admits an explicit limit, which is this first part of Proposi-
tion 3.28.

Lemma 3.45. For all A 2M.ƒg/ and n 2 �ƒg ,

.cNN/
jAj

ZjƒjN

X
zn2WN
‚N .zn/Dn
@znD zA

wN;ˇ .zn/! wAˇ .n/ as N !1:

Proof. Fix A 2M.ƒg/ and n 2 �ƒg . Notice that for every zn 2 WN , we have a unique
decomposition znD zn1 C zn2 with zn1 2W int

N and zn2 2W ext
N (these sets were introduced in

Definition 3.32). This yields the factorisation wN;ˇ .zn/ D wN;ˇ .zn1/wN;ˇ .zn2/. Now writeX
zn2WN
‚N .zn/Dn
@znD zA

wN;ˇ .zn/ D
X
zn2�N

ƒg
‚N .zn/Dn
@znD zA

wN;ˇ .zn1/wN;ˇ .zn2/1zn1Czn22WN

D

X
zn22W ext

N

‚N .zn2/Dn
@zn2\ zAD;

wN;ˇ .zn2/
X
zn12W int

N

@zn1D zAt@zn2

wN;ˇ .zn1/:

Notice that for zn2 2 W ext
N satisfying ‚N .zn2/ D n, and @zn2 \ zA D ;,

1

ZjƒjN

X
zn12W int

N

@zn1D zAt@zn2

wN;ˇ .zn1/ D
Y
x2ƒ

�0x;N

�AxC�n.x/Y
jD1

�.x;j /

�
:

Using this, we get

.cNN/
jAj

ZjƒjN

X
zn2WN
‚N .zn/Dn
@znD zA

wN;ˇ .zn/

D .cNN/
jAj
Y
x2ƒ

�0x;N

�AxC�n.x/Y
jD1

�.x;j /

� X
zn22W ext

N

‚N .zn2/Dn
@zn2\ zAD;

wN;ˇ .zn2/: (3.8)

Now, recall that W ext
N � W2;N so that for zn2 2 W ext

N with ‚N .zn2/ D n, one has

wN;ˇ .zn2/ D
Y

¹x;yº�ƒ

.ˇc2NJx;y/
nx;y

Y
x2ƒ

.ˇcNhx/
nx;g :
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This implies for the left-hand side of (3.8) that

LHS D .cNN/jAj
Y
x2ƒ

�0x;N

�AxC�n.x/Y
jD1

�.x;j /

� Y
¹x;yº�ƒ

.ˇc2NJx;y/
nx;y

�

Y
x2ƒ

.ˇcNhx/
nx;g j¹zn2 2 W ext

N W ‚N .zn2/ D n; @zn2 \ zA D ;ºj:

By (3.6),

j¹zn2 2 W ext
N W ‚N .zn2/ D n; @zn2 \ zA D ;ºj D .1C o.1//

Y
¹x;yº�ƒ

N 2nx;y

nx;y Š

Y
x2ƒ

N nx;g

nx;gŠ
;

hence

LHS D .1C o.1//
Y

¹x;yº�ƒ

.ˇJx;y/
nx;y

nx;y Š

Y
x2ƒ

.ˇhx/
nx;g

nx;gŠ

�

Y
x2ƒ

.cNN/
AxC�n.x/�0x;N

�AxC�n.x/Y
jD1

�.x;j /

�
:

Using Lemma 3.26, we obtain that

.cNN/
jAj

ZjƒjN

X
zn2WN
‚N .zn/Dn
@znD zA

wN;ˇ .zn/

!

Y
¹x;yº�ƒ

.ˇJx;y/
nx;y

nx;y Š

Y
x2ƒ

.ˇhx/
nx;g

nx;gŠ

Y
x2ƒ

h'AxC�n.x/
i0 as N !1;

which is the desired result.

We now prove the second part of Proposition 3.28 by induction on jnj, namely (3.3).
We only write the proof in the special case h D 0 in which the ghost g plays no role. It is
easy to extend the result to the general case h � 0 (see Remark 3.46 below).

Proof of second half of Proposition 3.28. Recall that h D 0. We proceed by induction
on jnj. For k � 0, introduce Hk . For every n 2 �ƒg with jnj D k, and every A 2M.ƒ/,

xwN;A;ˇ .n/! wAˇ .n/ as N !1:

First, if jnj D 0, then, proceeding as in the proof of Lemma 3.45, we get

xwN;A;ˇ .n/ D
Y
x2ƒ

.cNN/
AxC�n.x/�0x;N

�AxC�n.x/Y
jD1

�.x;j /

�
; (3.9)

and the right-hand side in (3.9) converges to wA;ˇ .n/ by Lemma 3.26.
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Let k � 0 and assume that Hi are true for all 0 � i � k. Let n 2 �ƒ be such that
jnj D k C 1. By Lemma 3.45, it is sufficient to prove that ˛1.N / and ˛2.N / vanish
where

˛i .N / WD
.cNN/

jAj

ZjƒjN

X
zn2�N

ƒ
nWi;N

‚N .zn/Dn
@znD zA

wN;ˇ .zn/:

We first prove that ˛1.N /! 0. Notice that

�Nƒ nW1;N D
[
u;v2ƒ
u¤v

[
1�i�Au

[
1�j�N

Vi;j .u; v/;

where
Vi;j .u; v/ WD ¹zn 2 �Nƒ ; zn.u; i; v; j / � 1º:

Then, by substracting 1 from the weight of the edge ¹.u; i/; .v;j /º for every zn2Vi;j .u;v/,
we get

˛1.N / �
X
u¤v

AuX
iD1

NX
jD1

.cNN/
jAj

ZjƒjN

X
zn2Vi;j .u;v/
‚N .zn/Dn
@znD zA

wN;ˇ .zn/

�

X
u¤v

AuX
iD1

NX
jD1

ˇJu;vc
2
N

.cNN/
jAj

ZjƒjN

X
zm2�N

ƒ

‚N .zm/Dn�

@zmD zAi;j

wN;ˇ . zm/;

where n� is the current satisfying n�e D ne for all edges e ¤ uv, and n�uv D nuv � 1;
and zAi;j D zA�¹.u; i/; .v; j /º. Notice that zAi;j D zA n ¹.u; i/; .v; j /º if 1 � j � Av , and
zAi;j D . zA n ¹.u; i/º/ [ ¹.v; j /º otherwise. With this in mind, we associate to these new

sets of sources their corresponding elements in M: define A0 from A by letting A0u D
Au � 1, A0v D Av � 1, and A0z D Az otherwise; also define A00 from A by letting A00u D
Au � 1, A00v D Av C 1, and A00z D Az otherwise. Then, using the induction hypothesis
(jn�j D jnj � 1),

˛1.N / �
X
u¤v

1�i�Au

ˇJu;vc
2
N

� AvX
jD1

.cNN/
2
xwN;A0;ˇ .n�/C

NX
jDAvC1

xwN;A00;ˇ .n�/
�

�

X
u¤v

1�i�Au

ˇJu;vc
2
N

� AvX
jD1

.cNN/
2O.1/C

NX
jDAvC1

O.1/

�

D O
� 1
p
N

�
! 0 as N !1:
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We used the fact that .cNN/2c2N ! 0 and c2NN ! 0. Moreover, to bound the second sum
in the right-hand side of the first inequality, we used the symmetries of the model to write
that for all Av C 1 � j � N ,

.cNN/
jAj

ZjƒjN

X
zm2�N

ƒ

‚N .zm/Dn�

@zmD zAi;j

wN;ˇ . zm/ D xwN;A00;ˇ .n�/:

We now prove that ˛2.N / ! 0. The idea is essentially the same: we seek a non-zero
weight between two different blocks that we diminish to apply the induction hypothesis.
Notice that if zn 2 �Nƒg

n W2;N then there exist u 2 ƒ and i 2 ¹1; : : : ; N º, such thatP
.u;i/2e; e 6�Bu;N

zne � 2. There are two cases: either for some .v; j / with u ¤ v, one has
zn.u; i; v; j / � 2 and in such case we can subtract 2 from the weight of this edge (which
does not change the set of sources) to gain a .c2N /

2 which is in competition with a factor
O.N 2/, and hence vanishes; or we can find two distinct vertices .v; j / and .w; k/ with
u ¤ v; w such that zn.u; i; v; j / D 1 and zn.u; i; w; k/ D 1 so that the deletion of these
weights adds two new sources, .v; j / and .w; k/, and gives a factor .c2N /

2 which is in
competition with the factor .cNN/�2O.N 3/DO.N 5=2/, and once again vanishes. More
formally, define X1;N (resp. X2;N ) to be the subset of currents of �Nƒg nW2;N that falls
into the first case (resp. second case). Then,

.cNN/
jAj

ZjƒjN

X
zn2X1;N
‚N .zn/Dn
@znD zA

wN;ˇ .zn/ �
X
u¤v

X
1�i�N

X
1�j�N

.cNN/
jAj

ZjƒjN

X
zn.u;i;v;j /�2
‚N .zn/Dn
@znD zA

wN;ˇ .zn/

�

X
u¤v

X
1�i;j�N

.ˇJu;vc
2
N /

2
xwN;A;ˇ .n2�/

D O.N 2c4N /! 0 as N !1;

where n2� is the current satisfying n2�e D ne for all edges e ¤ uv and n2�u;v D nu;v � 2.
We have used the induction hypothesis on the last line (since jn2�j D jnj � 2).

Now, for the second case, bear in mind that if we can find, for zn 2 X2;N , .u; i/, .v; j /
and .w; k/ satisfying the properties described above, with one of them belonging to @zn,
then zn belongs to �Nƒ n W1;N and the contribution of such currents goes to zero since
˛1.N /! 0. Thus,

.cNN/
jAj

ZjƒjN

X
zn2X2;N
‚N .zn/Dn
@znD zA

wN;ˇ .zn/ � ˛1.N /

C

X
u;v;w2ƒ
v¤u
w¤u

NX
iDAuC1

NX
jDAvC1

NX
kDAwC1

.cNN/
jAj

ZjƒjN

X
zn.u;i;v;j /D1
zn.u;i;w;k/D1
‚N .zn/Dn
@znD zA

wN;ˇ .zn/:
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Notice that for i � Au C 1, j � Av C 1 and k � Aw C 1,

.cNN/
jAj

ZjƒjN

X
zn.u;i;v;j /D1
zn.u;i;w;k/D1
‚N .zn/Dn
@znD zA

wN;ˇ .zn/ D ˇ2Ju;vJu;wc4N .cNN/
�2
xwN;B;ˇ .n�;�/;

where B 2 M is defined from A by only changing its values on v and w where Bv D
Av C 1 and Bw D Aw C 1, and n�;� is obtained from n by reducing by 1 the weights of
the edges uv and uw. We can once again apply the induction hypothesis to get

.cNN/
jAj

ZjƒjN

X
zn2X2;N
‚N .zn/Dn
@znD zA

wN;ˇ .zn/ � O.c2NN/! 0 as N !1:

We finally obtained ˛2.N /! 0 which yields HkC1.

Remark 3.46. In the case where we add an external field, the preceding proof may
be adapted using the following ideas. For the vanishing of ˛1.N / above, adding the
external field means considering the case where v D g which adds anO.cN .cNN// term
(because in this case removing 1 from the weight of the edge reduces by 1 the number of
sources in ƒN ). For ˛2.N /, in the first case, consider the situation where v is equal to g

which turns an O.N 2c4N / into an O.Nc2N /; and in the second case, consider the situation
where v orw is equal to g which turns anO..c2N /

2N 5=2/ into anO..c3N /.cNN/
�1N 2/D

O.c2NN/ (because in this case we add exactly one source in ƒN ).

4. Positive probability of admissible partitions

The goal of this section is to prove that any element of T A;B
n1;n2.z/ has positive probability

under �A;Bz;n1;n2 . In particular, this shows that the distribution of tanglings in each block is
not deterministic. This is of crucial importance for the proof of Theorem 1.2.

Let ƒ be a finite subset of V [ ¹gº. Let A; B 2 M.ƒ/, and consider a pair of cur-
rents .n1;n2/ on ƒ satisfying .@n1; @n2/ D .@A; @B/. We write n D n1 C n2. Recall that
up to relabelling the elements of B

A;B
z .n1; n2/, the measure �A;Bz;n1;n2 only depends on

.�n1.z/;�n2.z/; Az ; Bz/. The following proposition is the main result of this section.

Proposition 4.1. For every integer M � 1, there exists a constant � D �.M/ > 0 such
that for every A, B , n1, n2 as above, and z 2 ƒ satisfying max.Az ; Bz ; �n.z// � M ,
we have

�A;Bz;n1;n2.P / � �

for all P 2 T A;B
n1;n2.z/. In particular,

�Az;n1.P / � �

for all P 2 T A
n1 .z/.
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Remark 4.2. The occurrence of the partition consisting of one element, i.e., the partition
for which all the points of the block are tangled together, plays the role of an insertion
tolerance property inside the block Bz of HA;B.n1; n2; t /. We call this event ECT(z).
Proposition 4.1 implies, in particular, that ECT.z/ occurs with positive probability.

Let us recall that �A;Bz;n1;n2 is constructed as the weak subsequential limit of the prob-
ability measures � zS; zT

z;N
, where S D �n1.z/ C Az and T D �n2.z/ C Bz (recall that

zS \ zT D; by our choice of projection, as explained in Definition 3.33). This convergence
is in fact strong, i.e., pointwise on events, since the underlying space is finite-dimensional.
The measures in the prelimit are themselves defined as the pushforward of the block-spin
double current measures P

zS; zT
KN

under the partitions on sources induced by the clusters of
zn1 C zn2 � P

zS; zT
KN

.
A fundamental step to proving Proposition 4.1 is understanding the large N asymp-

totics of the size of the cluster of a source. We then use this to prove two lemmas that
are used in the proof of Proposition 4.1. The first one asserts that pairings occur with
positive probability, where a pairing of zS is a partition of it into sets of cardinality 2, and
the second one can be seen as merging the clusters of the sources at finite cost. In the
following and later on in this section, we make the dependency on a explicit as it is of
great importance.

4.1. Large N asymptotics of the size of the cluster

Let S 2 N be finite and recall that, for each N � S , zS is its natural injection into KN .
Given a vertex x 2 zS , we write Cx D Cx.zn/ for the connected component of x in zn.

Proposition 4.3. Let S D 2k, k > 0, and let a0 2 R. Then there exists a constant C D
C.k; a0/ > 0 such that for every x 2 zS and every N � 2k, we have

sup
a�a0

E
zS;;
KN ;a

h
jCxj
p
N

i
� C:

Proof. Note that for every N � 2k, we trivially have

sup
a2I

E
zS;;
KN ;a

h
jCxj
p
N

i
�
p
N;

thus it suffices to handle the case of large N . Let u 62 zS . Then, for every a � a0, we have

E
zS;;
KN ;a

h
jCxj
p
N

i
D

1
p
N
..N � 2k/P

zS;;
KN ;a

Œx $ u�CO.1//

D
N � 2k
p
N

h� zS4¹x;uºiKN ;ah�x�uiKN ;a

h� zS iKN ;a
CO

� 1
p
N

�
�
N � 2k
p
N
h�x�uiKN ;a0 CO

� 1
p
N

�
!
p
12gh'2i0;a0 as N !1:
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In the first line, we used the symmetry of the model. In the second line, we used the
random current representation and the usual switching lemma for the Ising model. In the
third line, we used that h� zS�¹x;uºiKN ;a D h� zS iKN ;a by symmetry (recall that x 2 zS but
u 62 zS ), and the monotonicity of a 7! h�x�uiKN ;a, which follows from differentiating and
applying Griffiths’ inequalities. Finally, in the last line we used Lemma 3.26. The desired
assertion follows readily.

Remark 4.4. From the proof above, one can show that E
zS;;
Kn;a

Œ jCx j
.cNN/2

� ! h'2i0;a as
N !1. The scaling limit of the size of the rescaled cluster is obtained in [33].

We now make an observation6 that is subtle and means that arguments involving
exploration of clusters naturally change the underlying model.

Remark 4.5. Let u 2 R. The scaling limit of the Ising model on KN�rN .u/ with interac-
tion dN .a/ WD 1

N
.1 � 2ap

12gN
/, where rN .u/D du

p
N e, coincides with the '4 single-site

measure with parameter a.u/ D a C
p
3gu in place of a. Indeed, writing zN WD N �

rN .u/, we have

dN .a/ D
1

zN

�
1 �

2.aC
p
3gu/q

12g zN

CO
� 1
zN

��
:

4.2. Pairings occur with positive probability

Let P denote the (random) even partition of the source set zS induced by the cluster of
zn1 C zn2 � P

zS;;
KN

. Recall that a is a parameter of the single-site measure.

Lemma 4.6 (Pairings happen with positive probability). Let S D 2k, k > 0, and let I D
Œ`; L� be a compact interval. Then, there exists a constant c D c.I; k/ > 0 such that for
every pairing P of zS and for every N � 2k,

inf
a2I

P
zS;;
KN ;a

ŒP D P � � c:

Proof. We prove the assertion by induction on k. The case k D 1 is trivial. Let us assume
that the statement holds for some k � 1. We will prove it for k C 1.

Note that for every N � 2k C 2, there exists ˛N > 0 such that

inf
a2I

P
zS;;
KN ;a

ŒP D P � � ˛N ;

hence we can assume that N is sufficiently large. To simplify notation, we identify zS
with ¹1; 2; : : : ; 2k C 2º. Consider a parameter a 2 I , and let us write P0 D ¹¹1; 2º; : : : ;
¹2k C 1; 2k C 2ºº. Then, conditioning on Cx , and letting x 2 ¹1; 2º,

P
zS;;
KN ;a

ŒP D P0� D
1

h� zS iKN ;a

X
��.KN n zS/[¹1;2º

Z
zS;;
KN ;a

ŒCx D � ;P D P0�

Z
;;;
KN ;a

:

6This observation is not new, see [2, Lemma 11.2].
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Notice that for P 00 D ¹¹3; 4º; : : : ; ¹2k C 1; 2k C 2ºº,

Z
zS;;
KN ;a

ŒCx D � ;P D P0� D Z
¹1;2º;;

�;a
ŒCx D � �Z

zSn¹1;2º;;

KN n�;a
ŒP D P 00�

D Z
¹1;2º;;
KN ;a

ŒCx D � �
Z
zSn¹1;2º;;

KN n�;a
ŒP D P 00�

Z
;;;
KN n�;a

:

Using the above equalities, we obtain

P
zS;;
KN ;a

ŒP D P0�D
X

��.KN n zS/[¹1;2º

Q�;N .a/P
¹1;2º;;
KN ;a

ŒCx D � �P
zSn¹1;2º;;

KN n�;a
ŒP D P 00�; (4.1)

where

Q�;N .a/ WD
h�1�2iKN ;ah� zSn¹1;2ºiKN n�;a

h� zS iKN ;a
:

Let us now consider a constant C0 > 0 such that

P ¹1;2º;;KN ;a
ŒA� �

1

2
for every a 2 I;

where
A D A.N/ D ¹jCxj < C0

p
N; .Cx n ¹1; 2º/ \ zS D ;º:

The existence of such a constant follows from Proposition 4.3 and the symmetry of the
model, provided that N is large enough. Using Griffiths inequality yields that for every �

such that j� j < C0
p
N and every a 2 I ,

Q�;N .a/ � QN WD
h�1�2iKN ;Lh� zSn¹1;2ºiKN�dC0

p
Ne
;L

h� zS iKN ;`
:

Since every summand in (4.1) is non-negative, using the above inequalities we obtain

P
zS;;
KN ;a

ŒP D P0� �
1

2
QN inf

b2I
inf

j� j<C0
p
N

P
zSn¹1;2º;;

KN n�;b
ŒP D P 00�

for every a 2 I .
Using Remark 4.5 and Lemma 3.26, we also obtain that

lim
N!1

QN D
h'2i0;Lh'

2ki0;LC
p
3gC0

h'2kC2i0;`
:

Finally, it follows from our induction hypothesis and Remark 4.5 that

inf
b2I

inf
j� j<C0

p
N

P
zSn¹1;2º;;

KN n�;b
ŒP D P 00� � c.k; I

0/;

where I 0 D Œ`; LC
p
3gC0�. This concludes the proof.
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4.3. Cluster merging at finite cost

Given a partition P D ¹P1; P2; : : : ; Pnº of zS , we write P i;j for the partition of zS with Pi
and Pj merged together, i.e., P i;j D .P n ¹Pi ; Pj º/ [ ¹Pi [ Pj º.

Lemma 4.7 (Cluster merging at finite cost). Let S D 2k, k > 0. For every " 2 .0; 1/,
there exists ı D ı."/ > 0 such that the following holds for every N large enough. Assume
that for a partition P of zS , we have

P
zS;;
KN

ŒP D P � � ": (4.2)

Then for every i , j , we have

P
zS;;
KN

ŒP D P i;j � � ıP
zS;;
KN

ŒP D P �:

Proof. Consider a partition P D ¹P1; P2; : : : ; Pnº satisfying our assumption (4.2). Fix
i; j 2 ¹1; 2; : : : ; nº distinct and let r 2 ¹i; j º. We start by defining ….Pr / to be the
(random) set of (vertex-)self-avoiding walks where each walk in ….Pr / traverses only
edges with non-zero value in zn WD zn1 C zn2, and starts and ends in Pr . We write �.Pr / to
denote the set of vertices visited by the self-avoiding walks in ….Pr /. It is possible that
some vertices of CPr WD

S
x2Pr

Cx are not contained in �.Pr /, which can happen when zn
contains a loop starting and ending at some vertex in �.Pr /.

We first show that with high probability �.Pr / has size �.
p
N/. Indeed, let m > 0

and x; y 2 Pr , with x ¤ y. For a self-avoiding walk 
 inKN which starts at x, ends at y,
and has length 
 , we write ¹x



$ yº for the event that zn1.e/ > 0 for all edges e of 
 .

When zn1 2 ¹x


$ yº, the current

zm1.e/ WD

´
zn1.e/ � 1 for e edge of 
;

zn1.e/ otherwise

has sources zS n ¹x; yº. Thus, using the inequality

1

zn1.e/
�

1

zm1.e/

and arguing as in the proof of Proposition 4.3, we obtain (for the single current measure)

P
zS
KN
Œx



$ y� � dmN

Z
zSn¹x;yº
KN

Z
zS
KN

D dmN
h� zSn¹x;yºiKN

h� zS iKN
� C1d

m
N

p
N;

where dN is defined in (3.2), m is the length of 
 , and C1 D C1.k/ > 0 is a constant.
Note that there are at mostNm�1 self-avoiding walks of lengthm connecting x and y

in KN . Moreover, when j�.Pr /j � m, each x 2 Pr is connected to some y 2 Pr by
a self-avoiding walk of length at most m. Since adding a second current cannot decrease
j�.Pr /j, for every 1 > � > 0

P
zS;;
KN

�
¹P D P º \ .¹j�.Pi /j � �

p
N º [ ¹j�.Pj /j � �

p
N º/

�
� C2dN�N � C3�;
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where C2 D C2.k/ > 0, C3 D C3.k/ > 0 are constants. Thus, because of our assump-
tion (4.2), there exists a constant c > 0 such that

P
zS;;
KN

Œ¹P D P º \ ¹j�.Pi /j; j�.Pj /j � c
p
N º� �

1

2
P
zS;;
KN

ŒP D P � (4.3)

for every N � 2k.
Let .zn1; zn2/ 2 ¹P D P º \ ¹j�.Pi /j; j�.Pj /j � c

p
N º. For every x 2 �.Pi / n zS and

y 2 �.Pj / n zS , define .znx;y1 ; znx;y2 / as follows. First, we identify x and y in the natural
way, labelling the point obtained from the gluing by x. Also, we preserve the labelling of
all other vertices. The gluing procedure gives rise to a pair of currents .znx;y1 ; znx;y2 / which
has the property that P D P i;j . The caveat is that they are defined on N � 1 vertices.
To fix this, we add a new vertex, labelled y, and extend znx;y1 and znx;y2 in the natural way
such that y is of degree 0 in their sum.

We define f as the multi-valued map which associates to each .zn1; zn2/ the set of all
possible .znx;y1 ; znx;y2 /. Note that, since j�.Pi /j; j�.Pj /j � c

p
N , we have

jf .zn1; zn2/j � .c
p
N � j zS j/2 � c1N;

for some constant c1 > 0, provided thatN is large enough. Moreover, since no new edges
were added, P

zS;;
KN

Œ.zn1; zn2/� D P
zS;;
KN

Œ.znx;y1 ; znx;y2 /�. Thus, for every .zn1; zn2/ 2 ¹P D P º \
¹j�.Pi /j; j�.Pj /j � c

p
N º,

P
zS;;
KN

Œ.zn1; zn2/� D
X

.zn;zm/2f .zn1;zn2/

P
zS;;
KN

Œ.zn; zm/�
jf .zn1; zn2/j

�

X
.zn;zm/2f .zn1;zn2/

P
zS;;
KN

Œ.zn; zm/�
c1N

;

which, by Lemma 4.3, yields

1

2
P
zS;;
KN

ŒP D P � �
X

.zn1;zn2/2¹PDP º
j�.Pi /j;j�.Pj /j�c

p
N

X
.zn;zm/2f .zn1;zn2/

P
zS;;
KN

Œ.zn; zm/�
c1N

�

X
.zn;zm/2¹PDP i;j º

jf �1.zn; zm/j
c1N

P
zS;;
KN

Œ.zn; zm/�: (4.4)

We now estimate jf �1.zn; zm/j. Let .zn1;zn2/ 2 f �1.zn; zm/. Then, there exist x 2 �.Pi /,
y 2 �.Pj / such that

zn D znx;y1 and zm D znx;y2 :

Consider the number of self-avoiding walks between vertices of Pi in .zn; zm/ and the
number of self-avoiding walks between vertices of Pj in .zn; zm/. Notice that both numbers
strictly decrease when we remove x from CPi[Pj and that no other point has this property.
Since we do not relabel x in the construction of .znx;y1 ;znx;y2 /, the topological consideration
above implies that this point is the same for any .zn3;zn4/ 2 f �1.zn; zm/. See Figure 2. Thus,
CPi .zn1; zn2/ D CPi .zn3; zn4/.
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x yx y

CPi CPj CPi CPj

Fig. 2. An example illustrating the merging of CPi and CPj .

Since the labels of all other vertices are preserved after gluing except for y, this means
that any .zn3; zn4/ 2 f �1.zn; zm/ can be mapped bijectively to .zn1; zn2/ by swapping the
label of y with a vertex of degree zero in .zn1; zn2/. Thus, jf �1.zn; zm/j � N . Putting this
into (4.4) gives the desired result.

4.4. Proof of Proposition 4.1

We prove the estimate for the case of a double current; the case of a single current follows
similarly. Let P be an admissible partition of zS t zT . Note that

P
zS; zT
KN

ŒP � D
h� zStzT iKN

h� zS iKN h� zT iKN
P
zStzT ;;
KN

ŒP; F zT � D .1C o.1//
h'SCT i0

h'S i0h'T i0
P
zStzT ;;
KN

ŒP �

since any configuration zn1C zn2 � P
zS; zT
KN

that realises P immediately realises F zT because
of the admissibility constraint on P . This computation gives Lemmas 4.6 and 4.7 for the
measure P

zS; zT
KN

. As a consequence, there exists a constant c > 0 such that, if N is large
enough and if P is an admissible pairing of zS t zT , P

zS; zT
KN

ŒP D P � � c. Note that by
successively merging the partition classes of a pairing, we can obtain any admissible par-
tition. Using Lemma 4.7, we obtain that P

zS; zT
KN

ŒP D P � � c0 uniformly in N (sufficiently
large) for a constant c0 > 0. Letting N go to infinity, we obtain the desired result.

5. Infinite volume measures

5.1. Infinite volume distributions on currents

Denote by .�V ;AV / the space of currents on V equipped with the � -algebra generated by
cylinder events (i.e., events depending on finitely many edges). For ƒ � V finite, denote
by .�ƒ;Aƒ/ the space of currents on ƒ equipped with its Borel � -algebra. There are
natural injections �ƒ ,! �V and Aƒ ,! AV . Thus, we canonically identify measures
on .�ƒ;Aƒ/ as measures on .�V ;AV /. Similarly, denote by .�ƒg ;Aƒg/ the space
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of currents on ƒg equipped with its Borel � -algebra. We can also canonically identify
measures on .�ƒ;Aƒ/ as measures on .�V ;AV /. We consider ˇ > 0, h D 0 fixed in
this section and drop it from notation when convenient.

Definition 5.1. For ƒ � V finite, let P;ƒ and P;ƒg
be the probability measures on �ƒ

and �ƒg , respectively, defined by

P;ƒŒn� D
w;
ˇ
.n/P

m2�ƒ w
;
ˇ
.m/

; P;ƒg
Œn� D

w;
ˇ;hƒ.p/

.n/P
m2�ƒg

w;
ˇ;hƒ.p/

.m/
;

where hƒ.p/x D
P
y…ƒ Jx;ypx for x 2ƒ. We denote the expectations with respect to P;ƒ

and P;ƒg
by E;ƒ and E;ƒg

, respectively. Later, when clear from context, we will drop hƒ.p/
from the notation.

Proposition 5.2. The probability measures P;ƒ (resp. P;ƒg
) converge weakly as ƒ " V to

a probability measure P0 (resp. PC) on�V . The convergence is in fact strong for cylinder
events, i.e., for any A 2 AV depending on finitely many edges,

lim
ƒ"V

P;ƒŒA� D P0ŒA� and lim
ƒ"V

P;ƒg
ŒA� D PCŒA�:

Furthermore, P0 and PC are invariant and mixing (hence, ergodic) under automorphisms
in � .7

In order to prove the above proposition, we need the following lemma.

Lemma 5.3. Let ƒ � V finite. Then for every x 2 ƒ, we have

E;;;ƒg;ƒ
Œ�n1.x/C�n2.x/� D 4g.h'4xi

0
ƒ C h'

4
xi

p
ƒ/C 2a.h'

2
xi
0
ƒ C h'

2
xi

p
ƒ/ � 2:

Proof. For k � 0, let u2k WD h'2ki0. An integration by parts yields that

.2k C 1/u2k D 2a � u2kC2 C 4g � u2kC4:

Note that for i 2 ¹1; 2º,

E;;;ƒg;ƒ
Œ�ni .x/� D

P
@niD;.�ni .x/C 1/w;.ni /P

@niD;w
;.ni /

� 1;

and

.�ni .x/C 1/w;.ni / D w.ni /
Y
y¤x

u�ni .y/ � .�ni .x/C 1/u�ni .x/

D w.ni /
Y
y¤x

u�ni .y/.2a � u�ni .x/C2 C 4g � u�ni .x/C4/

D 4g � w¹x;x;x;xº.ni /C 2a � w¹x;xº.ni /:

The desired result follows.

7Recall we fix a vertex-transitive subgroup � � Aut.G/.
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Without loss of generality, we only prove Proposition 5.2 for P0. We first construct
the limit on special cylinder events (which generate the � -algebra) where both the bond
parities and degrees of the current are locally specified. Fix F � P2.V / finite. Let V.F /
be the set of x 2 V which belong to an edge in F . For dF 2 .2N/V.F /, we consider the
following event:

CF;dF WD ¹n 2 �V W ne is even for all e 2 F; and �nF .x/ D dF .x/ for all x 2 V.F /º;

where nF is the restriction of n to pairs in F .

Lemma 5.4. Let F �P2.V / be finite, and let dF 2V.F /2N . The probabilities P;ƒŒCF;dF �
converge as ƒ " V . We define P0ŒCF;dF � to be this limit.

Proof. Let ƒ � V.F /. Define VV .F / � V.F / to be the set of x 2 V.F / such that if
Jx;y > 0 for y 2 V , then y 2 V.F /, i.e., vertices whose J -support are contained in V.F /,
which might be empty if J has infinite range.

For n 2 �ƒ, define

w.n/ WD
Y

¹x;yº�ƒ

.ˇJx;y/
nx;y

.nx;y/Š
and ZAƒ WD

X
@nD@A

wA.n/:

We write nƒnF to denote the restriction of n to edges in the complement of F and denote
ZA
ƒnF

for the corresponding partition function.
Observe that we can write,

w;.n/1¹n 2 CF;dF º D w.nF /1¹nF 2 CF;dF º
Y

x2 VV .F /

h'dF .x/i0 � w.nƒnF /

�

Y
x2ƒn VV .F /

h'�nƒnF .x/CdF .x/1Œx2V.F /�i0:

Therefore,

P;ƒŒCF;dF � D

P
n2�ƒ w

;.n/1Œn 2 CF;dF �1¹@n D ;º
Z;ƒ

D
Z
dF
ƒnF

Z;ƒ
f .F; dF /;

where
f .F; dF / WD

Y
x2 VV .F /

h'dF .x/i0
X
@nFD;

w.nF /1¹nF 2 CF;dF º:

As a result, we get

P;ƒŒCF;dF � D
D
e�KF

Y
x2V.F /n VV .F /

'dF .x/x

E0
ƒ;ˇ

f .F; dF /;

where
KF D ˇ

X
¹x;yº2F

Jx;y'x'y :
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Note that by Young’s inequality, for any .'x/x2V.F / 2 RV.F /,

e�KF
Y

x2V.F /n VV .F /

'dF .x/x � eˇ.sup¹x;yº2F Jx;y/
P
x2V.F/ '

2
x

Y
x2V.F /n VV .F /

'dF .x/x : (5.1)

The expectation of the right-hand side of (5.1) is finite for h�i0
ˇ

(i.e., the infinite volume
measure). Hence, the left-hand side of (5.1) is integrable with respect to h�i0

ˇ
. Since the

left-hand side is a local function, the convergence asƒ " V follows by the DLR equations.
The observations above yield that limƒ"V P;ƒ.CF;dF / exists and is equal toD

e�KF
Y

x2V.F /n VV .F /

'dF .x/x

E0
ˇ
f .F; dF /: (5.2)

This completes the proof.

Proof of Proposition 5.2. We first prove the existence of P0. Let A 2 AV be a cylinder
event. Consider a sequence of finite sets of vertices ƒ converging to V . We show that
.P;ƒŒA�/ƒ is Cauchy. The limit does not depend on the sequence since, by Lemma 5.4,
all limit points have the same values on events CF;dF , for any F � P2.V / finite and
dF 2 V.F /

2N .
Let M 2 N, and consider a finite F � P2.V / such that A 2 AV.F /. Note that the

collection CF WD ¹CF 0;dF 0 W F
0 � F; dF 0 2 V.F

0/2Nº is stable under intersection. Thus,
by inclusion-exclusion principle, there exists N D N.M/ > 0 such that P;ƒŒA \ E� DPN
nD1 pn;ƒ, where E D ¹supx2V.F /�nF .x/�M º, and pn;ƒ are proportional to probab-

ilities involving finite intersections and unions of events in CF . By Lemma 5.4, pn;ƒ!pn
as ƒ " V .

On the other hand, note that

sup
ƒWV.F /�ƒ�V

P;ƒŒA \ Ec � � sup
ƒWV.F /�ƒ�V

X
x2V.F /

P;ƒŒ�nE .x/ > M�

�
1

M

X
x2V.F /

sup
ƒWV.F /�ƒ�V

E;ƒŒ�n.x/�

�
C.F; ˇ/

M
! 0 as M !1;

where the first inequality is by trivial inclusion and a union bound; the second inequality
is by Markov’s inequality; and the third inequality is by the moment bounds of �n in
Lemma 5.3 together with the convergence of h'2kx i

0
ƒ as ƒ " V .

Hence, .P;ƒŒA�/ƒ is Cauchy. Define P0ŒA� to be this limit. Since cylinder events gen-
erate AV , this extends to a unique probability measure on �V .

Now we establish the invariance under � . By (5.2) and the fact that h�i0
ˇ

is invariant
under � , we have that for all x 2 V , F � P2.V / finite, and dF 2 V.F /2N ,

P0Œ
xCF;dF � D P0ŒCF;dF �:

Then �-invariance follows by a truncation argument as above.
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In order to establish mixing, notice that (again by a truncation argument) it suffices to
show that for two finite sets F;F 0 � E,

lim
dG.o;x/!1

P0ŒCF;dF \ 
xCF 0;d 0
F
� D P0ŒCF;dF �P

0ŒCF 0;dF 0 �; (5.3)

where 
x 2 � is such that 
x � o D x. Taking x such that dG.o; x/ is large enough, we
notice that CF;dF \ 
xCF 0;dF 0 D CF[.
xF 0/;dF[d
xF 0 . Thus,

lim
dG.o;x/!1

f .F [ .
xF
0/; dF [ d
xF 0/ D f .F; dF /f .F

0; d 0F /: (5.4)

Moreover, by Proposition 2.10, the restriction of h�i0
ˇ

to even functions is ergodic
under � . Hence,

lim
dG.o;x/!1

D Y
y2V.F[.
xF 0//n VV .F[.
xF 0//

'
.�F[�
xF 0 /.x/
y e�KF[.
xF 0/

E0
ˇ

D

D Y
y2V.F /n VV .F /

'�F .x/y e�KF
E0
ˇ

D Y
y2V.F 0/n VV .F 0/

'
�F 0 .x/
y e�KF 0

E0
ˇ
: (5.5)

Combining (5.4) and (5.5) yields (5.3).

Remark 5.5. Note that connections to the ghost vertex g disappear in the weak limit.
Indeed, for any sourceless current n with no;g > 0, consider the configuration n0o;g D
no;g � 1 and n0x;y D nx;y otherwise and notice thatw;

ˇ;hƒ.g/
.n/ � ˇhƒ.g/ow¹o;gºˇ;hƒ.g/

.n0/.
Summing over all such n, we obtain P;ƒg

Œno;g > 0� � ˇhƒ.g/oh'oipƒ, which tends to 0
by the integrability assumption on J .

In addition, no “long” edges remain in the weak limit. More precisely, fix � � V and
take any n large enough such thatƒ WDBn ��. We claim that

P
y2ƒn� P;ƒg

Œno;y > 0��
C.�/, where C.�/ is uniform over ƒ and such that C.�/! 0 as � " V . Indeed, pro-
ceeding as above, we haveX

y2ƒn�

P;ƒg
Œno;y > 0� �

X
y2ƒn�

ˇJo;yh'o'yi
p
ƒ � ˇ

q
h'2o i

p
ƒ

X
y2ƒn�

Jo;y

q
h'2y i

p
ƒ;

where we used the Cauchy–Schwarz inequality in the last inequality. By Corollary D.12
and Remark D.13, there exists C > 0 such that h'2y i

p
ƒ �

p
C max.log.dG.o; y//; 1/ uni-

formly in ƒ. Hence, there exists c1 > 0 such that, uniformly in ƒ and �,X
y2ƒn�

P;ƒg
Œno;y > 0� � c1

X
y2V n�

Jo;y
4
p
C max.log.dG.o; y//; 1/ DW C.�/:

After a summation by parts, the fact thatC.�/! 0 is ensured by the integrability assump-
tion on J , cf. the calculation in Lemma D.7.

The above considerations imply that certain global properties, such as the degree of
a vertex in the random current remaining even, is preserved in the infinite volume limit.
This can be seen as a strengthening of weak convergence of these measures to a type of
local limit.
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5.2. Infinite volume distributions on tangled currents

For ƒ � V finite, equip �T
ƒg;ƒ

with its natural Borel � -algebra AT
ƒg;ƒ

. Equip �T
V;V

with the � -algebra generated by local (tangled) events, denoted by AT
V;V . We canon-

ically identify measures on �T
ƒg;ƒ

with their push-forward under the natural injection
AT
ƒg;ƒ

,! AT
V;V , by viewing the ghost as the contraction of ƒc to a single vertex. Recall

also that we view �
T
ƒg

(resp. �T
ƒ) as a subset of �T

ƒg;ƒ
equipped with its natural Borel

� -algebra AT
ƒg
�AT

ƒg;ƒ
(resp. AT

ƒ � AT
ƒg;ƒ

).

Definition 5.6. For ƒ � V finite, let P;;;ƒg;ƒ
, P;ƒg

, and P;ƒ be the probability measures
on �T

ƒg;ƒ
defined, for A 2 AT

ƒg;ƒ
, by

P;;;ƒg;ƒ
ŒA� WD

P
n12�ƒg ; n22�ƒ

1¹@n1 D ;; @n2 D ;ºw;ˇ;hƒ.p/.n1/w
;
ˇ
.n2/�;;;n1;n2 ŒA�P

n12�ƒg ; n22�ƒ
1¹@n1 D ;; @n2 D ;ºw;ˇ;hƒ.p/.n1/w

;
ˇ
.n2/

;

P;ƒg
ŒA� WD

P
n12�ƒg

1¹@n1 D ;ºw;ˇ;hƒ.p/.n1/�
;
n1 ŒA�P

n12�ƒg
1¹@n1 D ;ºw;ˇ;hƒ.p/.n1/

;

P;ƒŒA� WD

P
n12�ƒ 1¹@n1 D ;ºw;ˇ .n1/�

;
n1 ŒA�P

n12�ƒ 1¹@n1 D ;ºw;ˇ .n1/
:

Proposition 5.7. The probability measures P;;;ƒg;ƒ
, P;ƒg

, and P;ƒ converge weakly as
ƒ" V to probability measures PC;0, PC, P0 on�T

V;V , respectively. The convergence is in
fact strong for cylinder events, i.e., for any A 2 AT

V;V depending on finitely many edges
and tanglings,

lim
ƒ"V

P;;;ƒg;ƒ
ŒA� D PC;0ŒA�; lim

ƒ"V
P;ƒg

ŒA� D PCŒA�; lim
ƒ"V

P;ƒŒA� D P0ŒA�:

Furthermore, PC;0, PC, and P0 are invariant and mixing (hence, ergodic) under auto-
morphisms in � .

Proof. Without loss of generality, we prove the result for PC;0. First, observe that P;;;ƒg;ƒ

is obtained via the following coupling: first, sample .n1; n2/ according to the measure
P;ƒg
˝ P;ƒ. Then, independently on each block B

;;;
x .n1; n2/ for x 2 ƒ, sample a tan-

gling tx according to the measure �;;;x;n1;n2 constructed in Proposition 3.12. Thus, to define
PC;0, we extend the coupling to infinite volume in the obvious way by using Proposi-
tion 5.2.

The �-invariance and mixing is a direct consequence of Proposition 5.2 and the con-
struction via the coupling.

5.3. Uniqueness of the infinite cluster

We prove that samples under the measures PC;0, PC, and P0, viewed as their associ-
ated multigraphs (as defined in Section 3.2) H;;;.n1;n2; t /, H;.n1; t1/, and H;.n2; t2/,
respectively, almost surely have at most one infinite cluster. We start by proving an
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insertion tolerance property for local events that are in AV , i.e., do not depend on the
tanglings. This, together with Proposition 4.1, implies a (weak) insertion tolerance prop-
erty for local events in AT

V;V (resp. AT
V ).

Definition 5.8. For ƒ � V finite, we define ˆƒW�V � �V ! �V � �V as the map
.n1; n2/ 7! .n01; n

0
2/, where, for x; y 2 V ,

.n01; n
0
2/¹x; yº D

´
.2; 0/ if .n1; n2/¹x; yº D .0; 0/; x; y 2 ƒ and Jx;y > 0;

.n1; n2/¹x; yº otherwise:

In particular, n02 D n2. We similarly define a map �V ! �V that we still denote by ˆƒ.

Proposition 5.9. For ƒ � V finite, there exists c D c.ƒ; ˇ; J / > 0 such that, for all
A 2 AV ,

PC ˝ P0Œˆƒ.A/� � cPC ˝ P0ŒA�; (5.6)

PCŒˆƒ.A/� � cPCŒA�; (5.7)

P0Œˆƒ.A/� � cP0ŒA�: (5.8)

Proof. We only prove (5.6) as the proof of (5.7) and (5.8) follows by similar considera-
tions. It is sufficient to consider A depending only on finitely many edges. Recall that Bn
is the ball of radius n centred on the fixed origin o 2 V . Let N be such that A 2 ABN .
We show estimate (5.6) holds for the measures P;

Bnt¹gº;
˝ P;Bn with constant uniform in

n > N . The result then follows by Proposition 5.2. Note that for every .n01; n
0
2/, we have

jˆ�1ƒ .n
0
1; n
0
2/j � 2

jP2.ƒ/j, hence

P;Bnt¹gº; ˝ P;Bn Œˆƒ.A/� �
2�jP2.ƒ/j

Z
;;;
Bnt¹gº;Bn

X
n12�Bnt¹gº; n22�Bn

@n1D;; @n2D;
n2A

w;ˇ .n
0
1/w

;
ˇ .n
0
2/; (5.9)

where we recall ˆƒ.n1; n2/ D .n01; n
0
2/, and n D n1 C n2. By definition,

w;ˇ .n
0
1/w

;
ˇ .n
0
2/ D w

;
ˇ .n1/w

;
ˇ .n2/

Y
x2ƒ

h'�n0
1
.x/i0

h'�n1.x/i0

Y
¹x;yº�ƒ

.Jx;y/
2

2
; (5.10)

where the final product is over all x;y 2ƒ such that Jx;y > 0 and .n1;n2/¹x;yº D .0; 0/.
By Proposition B.5, there exists c1 > 0 such that, for all k � 0,

h'2kC2x i0

h'2kx i0
� c1:

Since �n1 � �n01.x/ � �n1.x/C 2jƒj, we conclude thatY
x2ƒ

h'�n0
1
.x/i0

h'�n1.x/i0
�

Y
x2ƒ

min.1; cjƒj1 / D min.1; cjƒj
2

1 / > 0: (5.11)
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Inserting (5.10) and (5.11) into (5.9), we get the existence of c D c.ƒ; ˇ; J / such that,
for all n > N ,

P;Bnt¹gº; ˝ P;Bn Œˆƒ.A/� � cP;Bnt¹gº ˝ P;Bn ŒA�:

Taking n!1 concludes the proof.

Definition 5.10. For ƒ � V finite, define ˆT
ƒW�

T
V;V ! �T

V;V as the map .n1; n2; t / 7!
.n01; n

0
2; t 0/, given by .n01; n

0
2/ D ˆƒ.n1; n2/ and

t 0x D

´
¹B
;;;
x .n01; n

0
2/º if x 2 ƒ;

tx otherwise;

i.e., in .n01; n
0
2; t 0/, the event ECT.x/ happens for all x 2 ƒ. We similarly define a map

�T
V ! �T

V that we still denote by ˆT
ƒ.

Proposition 5.11. If A 2 AV is such that PC;0ŒA� > 0, then PC;0ŒˆT
ƒ.A/� > 0 for every

ƒ � V finite. A similar result holds for PC and P0.

Proof. Recall that, conditionally on n, the tanglings t D .tx/x2V are independent and
the distribution of tx only depends on .�n1.x/; �n2.x//. Therefore, the result readily
follows from Propositions 4.1 and 5.9.

Let N denote the random variable that counts the number of infinite clusters in
H .n1; n2; t / (resp. H .n1; t1/ or H .n2; t2/). Define for ` 2 N [ ¹1º, E` WD ¹N D `º.
Note that by ergodicity one has that for all `, PC;0ŒE`� 2 ¹0; 1º. The following result
establishes that almost surely there exists at most one infinite cluster.

Proposition 5.12 (Uniqueness of infinite cluster). For P 2 ¹PC;0;PC;P0º, we have

PŒE0�C PŒE1� D 1:

Proof. We only prove the result for PC;0, as the proof for PC and P0 is analogous. We start
by constructing a convenient sequence of finite domains .ƒN /N as follows. For each
x 2 V , consider a sequence of vertices �o;x D .u0D o;u1; : : : ;uk D x/with Jui ;uiC1 > 0
for all 0 � i � k � 1, which exists by the irreducibility assumption. We then consider the
domains ƒN WD

S
x2BN

�x .
We first establish that PC;0ŒE`� D 0 for ` 2 N n ¹0; 1º. Let ` 2 N with ` � 2 and

assume by contradiction that PC;0ŒE`� D 1. Let IN D IN .`/ � E` be the event that the `
infinite clusters intersect the blocks of the vertices in BN . Observe that PC;0ŒIN �! 1 as
N !1, so in particular there exists N such that PC;0ŒIN � > 0. By Proposition 5.11,
we have PŒˆT

ƒN
.IN /� > 0. However, one can easily see that ˆT

ƒN
.IN / � E1, and thus

PC;0ŒE1� > 0, which is a contradiction with PC;0ŒE`� D 1, as desired.
Now we establish PC;0ŒE1� D 0. Assume for a contradiction that PC;0ŒE1� D 1.

Let JN be the event that at least three distinct infinite clusters intersect the blocks of
the vertices in BN . Note that PC;0ŒJN �! 1 as N !1, hence there is some N , fixed
throughout, such that PC;0ŒJN � > 0. Givenƒ�V and a double tangled current .n1;n2; t /,
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we denote by L.ƒ; n1; n2; t / the lift of ƒ in H .n1; n2; t /, that is, the subgraph of
H .n1;n2; t / spanned by

S
x2ƒ Bx.n1;n2/. We introduce the following notion of coarse

trifurcation. Let CTo denote the set of .n; t / such that

� n.x; y/ > 0 for all edges xy 2 ƒN .

� ECT.x/ happens for all vertices x 2 ƒN .

� The cluster of the origin in H .n1; n2; t / breaks into at least three distinct infinite
clusters by removing L.ƒN ; n1; n2; t /.

One can easily verify that ˆƒN .JN / � CTo, hence by Proposition 5.11 we have

PC;0ŒCTo� > 0: (5.12)

Furthermore, note that by �-invariance, we have PC;0ŒCT0� D PC;0ŒCTx � for all x 2 V ,
where CTx D 
xCT0, and 
x 2 � is an automorphism such that 
xoD x. A vertex x 2 V
is called a coarse trifurcation if CTx occurs.

For each x 2 V , denote ƒN .x/ D 
xƒN . Let n 2 N and define Sn � Bn to be a set
of (sparse) vertices such that ƒN .x/ \ ƒN .y/ D ; for all distinct x; y 2 Sn, and Sn is
maximal with respect to this property. Then jSnj �

jBnj
jBK j

, where K > N is large enough
so that ƒN � BK . Let Tn D T .Sn/ denote the set of coarse trifurcations in Sn, and Ln
denote the set of edges in H .n1;n2; t / between L.Bn;n1;n2; t / and L.V nBn;n1;n2; t /.
We now consider the graph obtained by identifying all vertices of L.ƒN .t/; n1; n2; t /
into a single vertex for each t 2 Tn. It is standard that one can construct a subgraph of this
new graph that is a forest, where every leaf corresponds to an element of Ln, while every
element of Tn corresponds to a vertex of degree at least three. See, e.g., [38, Theorem 7.6].
Therefore, we have

jTnj � jLnj: (5.13)

On the one hand, by (5.12) and �-invariance,

EC;0ŒjTnj� D jSnjPC;0ŒCT0� � c.N /jBnj (5.14)

for some constant c.N /> 0. On the other hand, for everym>0we have, by �-invariance,

EC;0ŒjLnj� D
X
x2Bn
y2V nBn

EC;0Œnx;y � �
X

x2@min Bn

EC;0Œ�n.x/�C
X

x2Bnn@
m
in Bn

EC;0Œ�mn.x/�

� j@minBnjE
C;0Œ�n.o/�C jBnjEC;0Œ�mn.o/�;

where @minBn WD ¹x 2 Bn W dG.x; V n Bn/ � mº and �mn.x/ WD
P
y2V WdG.x;y/>m

nx;y .
Notice that j@minBnj � jBmjj@Bnj. Moreover, recall that c0 WD EC;0Œ�n.o/� <1 by Lem-
ma 5.3. In particular, cm WD EC;0Œ�mn.o/�! 0 as m!1. Altogether, we have

EC;0ŒjLnj� � c0jBmjj@Bnj C cmjBnj: (5.15)

Combining (5.13), (5.14) and (5.15), we obtain

c.N / � c0jBmj
j@Bnj

jBnj
C cm:
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Letting n ! 1 and then m ! 1, we find that c.N / � 0, thus obtaining the desired
contradiction.

Remark 5.13. As a by-product of the above proof, we also obtain that the infinite cluster
(if it exists) in H .n1; n2; t / has at most two ends almost surely. Indeed, if the infinite
cluster has at least three ends, one can proceed as above to prove that coarse trifurcations
happen with positive probability and then obtain a contradiction.

6. � -invariant Gibbs measures

In this section, we prove Theorem 1.2. Fix ˇ > 0, which we may sometimes omit from
the notation without risk of confusion. By Theorem 2.15, we first need to prove that the
condition 4 therein holds. The second part of the theorem will follow by an application
of Griffith’s inequality. We therefore make the following assumption for the rest of this
section, and in the end, we derive a contradiction.

Assumption 6.1. Assume that there exist x; y 2 V such that Jx;y > 0 and

h'x'yi
C

ˇ
¤ h'x'yi

0
ˇ : (A)

Under this assumption, we show that the following event happens with positive prob-
ability.

Definition 6.2 (Bridges). We say that a pair x; y 2 V is a bridge for a double tangled
current .n1;n2; t / (resp. a tangled current .n; t /) if there exist two vertices xx and xy in the
blocks of x and y in the multigraph H .n1;n2; t / (resp. H .n; t /) such that there is exactly
one edge e between xx and xy, and furthermore the cluster of xx, xy splits into two disjoint
infinite clusters after removing e. We denote the event that ¹x; yº is a bridge by Ax;y .

In what follows, we write ¹A$ B in ƒº to denote the event that A is connected to B
in Hƒ.n1;n2; t / (resp. Hƒ.n; t /). To simplify the notation, for x;y 2 V , we write x$ y

instead of Bx$By . Moreover, we identify a momentA 2M.V /with the corresponding
multiset it defines, where each x 2 V appears as many times as the value of Ax , e.g., we
identify the moment A defined as Ax D Ay D 2 and Az D 0 otherwise, with xxyy.

Proposition 6.3. Assume (A). Then,

PC;0
ˇ
ŒAx;y � > 0 and PC

ˇ
ŒAx;y � > 0:

Proof. Let A
f
x;y denote the event that there exist two vertices xx and xy in the blocks of x

and y in the multigraph H .n1;n2; t / (resp. H .n; t /) such that there is exactly one edge e
between xx and xy, and furthermore the cluster of xx, xy splits into two disjoint clusters after
removing e that are both connected to g. By Proposition 5.7 and Remark 5.5, it suffices
to show that there exists c > 0 such that P;;;

BNt¹gº;BN
ŒA

f
x;y � > c and P;

BNt¹gº
ŒA

f
x;y � > c

for every N large enough.
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Let c WD h'x'yiCˇ � h'x'yi
0
ˇ
> 0 and take N large enough so that h'x'yi

p
BN
�

h'x'yi
0
BN

is larger than c
2

. By the switching principle of Theorem 3.12, we have
c

2
< h'x'yi

p
BN
� h'x'yi

0
BN
D h'x'yi

p
BN

Pxy;;
BNt¹gº;BN

Œzx 6$ zy in BN �; (6.1)

where zx D xa.1/, zy D ya.1/ are the extra vertices added in Bx , By due to the sources.
Notice that due to the sources constraint, zx is connected to zy in BN t ¹gº, in particular
on the event in (6.1) both zx and zy are connected to g, and therefore ¹x; yº would become
a bridge by adding an edge between zx and zy in Hxy;;.n1;n2; t /. We now implement this
modification rigorously. First, take M large enough (depending on c only) such that

h'x'yi
p
BN

Pxy;;
BNt¹gº;BN

Œzx 6$ zy in BN ; �n.x/ �M; �n.y/ �M� >
c

4
:

To each .n1;n2; t / in the event above, we consider the modified configuration .n01;n2; t 0/
constructed as follows. First, set n01.x;y/D n1.x;y/C 1 and n01.e/D n1.e/ 8e ¤ ¹x;yº
(notice that @n01D;). In order to define t 0, first set t 0z D tz 8z … ¹x;yº, which makes sense
as B

xy;;
z .n1;n2/DB

;;;
z .n01;n2/ 8z … ¹x;yº. By seeing the previously extra vertices zx; zy

now as the endpoints of the added edge between x and y in n01, we construct a natural
bijection  z WB

xy;;
z .n1;n2/! B

;;;
z .n01;n2/ for z 2 ¹x; yº. We can then set t 0x D  x.tx/

and t 0y D  y.ty/. One can see that ¹x; yº is a bridge in the configuration .n01;n2; t 0/, with
xx D zx and xy D zy; see Figure 3.

Bx By

gg

Bx By

g g

Fig. 3. An illustration of the mapping used in the proof of Proposition 6.3. On the left, an example
of .n1; n2; t / satisfying the event ¹zx 6$zy in BN º; on the right, its image .n01; n2; t

0/ by the map.
The red vertices represent xx; xy.

On the one hand, notice that the map .n1; n2; t / 7! .n01; n2; t 0/ is at most .M C 1/2-
to-1 due to the degree constraints. On the other hand, by (3.1) and Proposition 4.1,
the ratio between the probabilities of .n1; n2; t / and .n01; n2; t 0/ under Pxy;;

BNt¹gº;BN
and

P;;;
BNt¹gº;BN

, respectively, is bounded above by a constant C D C.M/ 2 .0;1/. All in
all, we conclude that for N large enough,

P;;;
BNt¹gº;BN

ŒAf
x;y � >

c

4C h'x'yi
p
BN

;

as we wanted to prove. For the single tangled current, simply notice that by the stochastic
domination (3.5) we have Pxy

BNt¹gº
Œzx 6$zy in BN � � Pxy;;

BNt¹gº;BN
Œzx 6$zy in BN �, and the

above proof adapts readily.
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Definition 6.4 (Flows). Given two vertices zx, zy in a multigraph H , we define the flow
f .zx; zy;H / between zx and zy in H as the maximal number of edge disjoint paths be-
tween zx and zy in H . We also define f .zx;1;H / as the maximal number of edge disjoint
infinite paths in H starting from zx.

For a double tangled current .n1; n2; t / (resp. a tangled current .n; t /) on V and
x; y 2 V , we denote by f .x; y; n1; n2; t / (resp. f .x; y; n; t /) the maximum of f .zx; zy;
H .n1; n2; t // (resp. f .zx; zy;H .n; t //) over all zx 2 Bx and zy 2 By , and by f .x;1;
n1; n2; t / (resp. f .x;1; n; t /) the maximum of f .zx;1;H .n1; n2; t // (resp. f .zx;1;
H .n; t //) over all zx 2 Bx .

Lemma 6.5. Assume (A). One has

lim
dG.o;y/!1

PC;0
ˇ
Œf .x; y;n1; n2; t / � 2� D 0; (6.2)

PC;0
ˇ
Œf .x;1;n1; n2; t / > 2� D 0: (6.3)

Moreover, a similar statement holds for the measure PC
ˇ

.

Proof. Note that by ergodicity and Proposition 6.3, almost surely there are infinitely
many bridges. Also, there is a unique infinite cluster, which has at most two ends almost
surely by Proposition 5.12 and Remark 5.13. For any .n1; n2; t / satisfying these proper-
ties, it is proved in [45, Lemma 3] that limdG.o;y/!1 1¹f .x; y; n1; n2; t / � 2º D 0 and
f .x;1; n1; n2; t / � 2. Then, (6.2) follows by dominated convergence and (6.3) follows
directly. The proof for PC

ˇ
follows the same argument.

Lemma 6.6. Let x 2 V and ˇ > 0. If PC;0
ˇ
Œx $1� > 0, then infy2V h'x'yi0ˇ > 0.

Proof. Since ˇ is fixed, we shall omit it from the notation. By the uniqueness of the
infinite cluster, for every y 2 V ,

PC;0Œx $ y� D PC;0Œx $1; y $1�C PC;0Œx $ y; x 6$ 1�:

The first term converges to .PC;0Œx $1�/2 by the mixing of Proposition 5.7, while the
second term converges to 0. Thus,

lim
dG.o;y/!1

PC;0Œx $ y� D .PC;0Œx $1�/2;

hence PC;0Œx $ y� remains bounded away from 0 uniformly in x, y. We wish to show
that there exists a constant C > 0 independent of x, y such that

PC;0Œx $ y� � C h'x'yi
0: (6.4)

To this end, we shall work at finite volume. For every m > 0 large enough such that
x; y 2 Bm,

P;;;
BNt¹gº;BN

Œx $ y in Bm� � P;;;
BNt¹gº;BN

Œx $ y�

� P;;;
BNt¹gº;BN

Œx $ y in Bm�

C P;;;
BNt¹gº;BN

Œx; y $ Bcm; x 6$ y in Bm�;
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hence sending N and m to infinity, and using the uniqueness of the infinite cluster, we
deduce that

lim
N!1

P;;;
BNt¹gº;BN

Œx $ y� D PC;0Œx $ y�;

which implies that P;;;
BNt¹gº;BN

Œx $ y� remains bounded away from 0 for every large
enough N . We can now find constants M; C1; C2 > 0 independent of x, y and N0 D
N0.x; y/ > 0 such that for every N � N0,

P;;;
BNt¹gº;BN

Œx $ y� � C1P;;;
BNt¹gº;BN

ŒE�

� C2h'
2
x'

2
y i
0
BN

PA;;
BNt¹gº;BN

ŒE�

� C2h'x'yi
p
BN
h'x'yi

0
BN
;

where E WD ¹x$ y;ECT.x/;ECT.y/;�n.x/ �M;�n.y/ �M º and AD xxyy. Send-
ingN to infinity and using that h'x'yiC � h'2xi

C <1 by the Cauchy–Schwarz inequal-
ity and �-invariance, we obtain that (6.4) holds. It follows that infy2V h'x'yi0 > 0,
as desired.

6.1. Proof of Theorem 1.2

Proof of (1.3) in Theorem 1.2. Assuming (A), we have that PC;0ŒAx;y � > 0 by Proposi-
tion 6.3. In particular, PC;0Œx $1� > 0, which implies

c1 WD inf
y2V
h'x'yi

0
ˇ > 0 (6.5)

by Lemma 6.6. We now consider two cases.

First case. P0Œx $1� > 0. Equivalently, we have P0Œf .x;1; n; t / � 1� > 0. We also
know by Proposition 6.3 that PCŒAx;y � > 0, so in particular PCŒf .x;1; n; t / � 2� > 0.
Let .n1; t1/ � PC and .n2; t2/ � P0 be independent and .n1;n2; t / � PC;0, then by (3.5)
we can couple .n1; n2; t ; t1; t2/ in such a way that t � t1 t t2. Using this stochastic
domination and inserting the event ECT.x/, we obtain

PC;0Œf .x;1;n1; t1/ � 2; f .x;1; n2; t2/ � 1;ECT.x/� > 0:

Since ¹f .x;1; n1; t1/ � 2; f .x;1; n2; t2/ � 1; ECT.x/º � ¹f .x;1; n1; n2; t / � 3º,
we obtain a contradiction with Lemma 6.5; see (6.3).

Second case. P0Œx $1� D 0. We prove the following lemmas.

Lemma 6.7. Assume P0Œx $1� D 0. Then, for every x; y 2 V there exists an integer
m D m.x; y/ such that

PxyBn Œx $ y in Bm� >
1

2
(6.6)

for all n sufficiently large.
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Lemma 6.8. Assume (A). Then, there exists c2 > 0 such that, for all x 2 V there exist
infinitely many y 2 V such that, there exists an integer m D m.x; y/ such that

h'x'yi
p
Bn

Pxy
Bnt¹gº

Œx $ y in Bm� > c2 (6.7)

for all n sufficiently large.

Before proving Lemmas 6.7 and 6.8, we conclude the proof of the main result. Let
x, y, m, n be such that both (6.6) and (6.7) hold. By taking the product between (6.6),
(6.7) and h'x'yi0Bn (which we can assume to be larger than c1

2
by (6.5)), using (3.5), and

bounding �n.x/ and �n.y/ to insert ECT.x/, ECT.y/, we obtain

h'x'yi
p
Bn
h'x'yi

0
Bn

Pxy;xy
Bnt¹gº;Bn

Œf .x; y;n1; n2; t / � 2 in Bm� > c3

for some uniform constant c3 > 0. Applying the switching principle of Theorem 3.12, we
obtain

h'2x'
2
y i

p
Bn

Pxxyy;;
Bnt¹gº;Bn

Œf .x; y;n1; n2; t / � 2 in Bm� > c3:

We can now remove the sourcesAD xxyy at a finite cost by bounding�n.x/ and�n.y/,
and inserting ECT.x/, ECT.y/, to obtain P;;;

Bnt¹gº;Bn
Œf .x; y; n1; n2; t / � 2 in Bm� > c4

for some uniform constant c4 > 0. Taking n ! 1, PC;0Œf .x; y; n1; n2; t / � 2� � c4.
This contradicts (6.2) from Lemma 6.5, thus concluding the proof of condition (4) in
Proposition 2.15 and, hence, establishing (1.3) in Theorem 1.2.

Proof of Lemma 6.7. Assume for a contradiction that (6.6) does not hold. Then, there
exist x; y 2 V such that for every m � 0, PxyBn Œx $ @Bm� �

1
2

for all n sufficiently large,
since there is a path from x to y in .n; t / due to the source constraints. We now wish to
compare P;Bn Œx $ @Bm� to PxyBn Œx $ @Bm� to deduce that the former remains bounded
away from 0, thus obtaining a contradiction. To this end, fix a sequence of vertices u0 D
x; u1; : : : ; uk D y such that Jui ;uiC1 > 0 for all i D 0; 1; : : : ; k � 1, and let M > 0 be
large enough (depending on x, y only) so that

PxyBn Œx $ @Bm; �n.ui / �M 8i D 0; 1; : : : ; k� �
1

4
(6.8)

for every m � 0 and every n sufficiently large. Now given a current n with sources x, y,
let n0 be the sourceless current which is defined as

n0.s; t/ D

´
n.s; t/C 1 for ¹s; tº 2 ¹¹u0u1º; : : : ; ¹uk�1ukºº;

n.s; t/ otherwise:

By (3.1), Proposition 4.1 and the fact that �n.ui / �M for all i D 0; 1; : : : ; k, we obtain

w
xy

ˇ
.n/ � C5w;ˇ .n

0/ and �xyn Œx $ @Bm� � C5�
;
n0 Œx

.n0;t/
$ @Bm�

for a constant C5 > 0 depending on x, y and M only. Since the map n 7! n0 is injective,
it follows that

h'x'yi
0
Bn

PxyBn Œx $ @Bm; �n.ui / �M 8i D 0; 1; : : : ; k� � C 25 P;Bn Œx $ @Bm�:
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By the irreducibility property, one can easily prove that h'x'yi0Bn � c6 for n large enough,
where c6 > 0 depends on x, y only. Recalling (6.8), we conclude that

P;Bn Œx $ @Bm� �
c6

4
C 25

for every m and every n large enough. Taking n ! 1 and then m ! 1, we obtain
P0Œx $1� > 0, which concludes the proof by contradiction.

Proof of Lemma 6.8. Let x, x0 be such that c7 WD PCŒAx;x0 � > 0. Then, by mixing we
have limy!1 PCŒAx;x0 ;Ay;y0 �D c

2
7 , where y0 D 
 � x0 for an automorphism 
 2 � such

that 
 � x D y. Thus, for every y sufficiently far away from x,

PCŒAx;x0 ;Ay;y0 � >
c27
2
:

We now wish to modify our current so that it has sources x, x0, y, y0. Assume without
loss of generality that they are all distinct. Given .n; t / 2Ax;x0 \Ay;y0 , let .n0; t 0/ be the
tangled current with sources x, x0, y, y0 defined as

n0.e/ D

´
n.e/ � 1 for e 2 ¹¹x; x0º; ¹y; y0ºº;

n.e/ otherwise;

where t 0 coincides with t up to redefining xx, xx0, xy, xy0 to be the extra vertices in the
blocks added due to the sources, similarly to the proof of Proposition 6.3. Note that up to
possibly exchanging x and x0, and y and y0, .n0; t 0/ 2 Bm.x; x

0; y; y0/ for some m > 0,
where Bm.x; x

0; y; y0/ WD ¹.n; t / W xx $ xy in Bm; xx 6$ xx0; xy 6$ xy0º, and now xx, xx0, xy, xy0

denote the extra vertices in the blocks. Thus, a union bound implies that

PCŒ.n0; t 0/ 2 Bm.x; x
0; y; y0/� >

c27
8
;

which in turn implies that

P;Bnt¹gºŒ.n
0; t 0/ 2 Bm.x; x

0; y; y0/� >
c27
8

for all n sufficiently large. After bounding the degrees, it follows that there exists a con-
stant c8 > 0 independent of x, x0, y, y0 such that for every n large enough

h'x'x0'y'y0i
p
Bn

Pxx
0yy0

Bnt¹gº
ŒBm.x; x

0; y; y0/�

� c8P;Bnt¹gºŒ.n
0; t 0/ 2 Bm.x; x

0; y; y0/�; (6.9)

hence for every n sufficiently large,X
@nD¹x;x0;y;y0º

w
xx0yy0

ˇ
.n/�xx

0yy0

n ŒBm.x; x
0; y; y0/�

� c8
X
@nD;

w;ˇ .n/�
;
n Œ.n

0; t 0/ 2 Bm.x; x
0; y; y0/�:
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Our goal now is to prove thatX
@nD¹x;x0;y;y0º

w
xx0yy0

ˇ
.n/�xx

0yy0

n ŒBm.x; x
0; y; y0/�

� h'x0'y0i
p
Bn

X
@nD¹x;yº

w
xy

ˇ
.n/�xx

0yy0

n ŒBm.x; x
0; y; y0/�: (6.10)

Indeed, with this inequality and (6.9),

c27
8
c8 � h'x'x0'y'y0i

p
Bn

Pxx
0yy0

BNt¹gº
ŒBm.x; x

0; y; y0/�

� h'x0'y0i
p
Bn
h'x'yi

p
Bn

Pxy
BNt¹gº

Œx $ y in Bm�

�

q
h'2x0i

p
Bn
h'2y0i

p
Bn
h'x'yi

p
Bn

Pxy
BNt¹gº

Œx $ y in Bm�:

This is sufficient to conclude since for n � 1 sufficiently large one has h'2x0i
p
Bn
; h'2y0i

p
Bn
�

2h'2xi
C <1.

We now prove (6.10). To do this, we analyse the prelimit. Defining

h.p/z WD
X
y…Bn

Jz;ypy

for all z 2 Bn, we have that �h.p/
Bn;N;ˇ

Œˆx0;Nˆy0;N � tends to h'x0'y0i
p
Bn

as N ! 1,
where �h.p/

Bn;N;ˇ
has been defined in Definition 3.23, and where we have used Propos-

ition 3.24. Note that by the symmetries of the block-spins for any i; j 2 ¹1; : : : ; N º,
�
h.p/
Bn;N;ˇ

Œ�zx0�zy0 �D �
h.p/
Bn;N;ˇ

Œ�.x0;i/�.y0;j /�, where zx0 D .x0; 1/ and zy0 D .y0; 1/, so that the
above convergence can be rephrased as

.cNN/
2�

h.p/
Bn;N;ˇ

Œ�zx0�zy0 �! h'x0'y0i
p
Bn

as N !1: (6.11)

Recall the definition of the Hamiltonian of the Ising measure �h.p/
Bn;N;ˇ

on Bn �KN from
Section 3.5.1 and note that

Hh.p/
Bn;ˇ;N

.�/ D �
X

u;v2Bn
j;k2¹1;:::;N º

JN ..u; i/; .v; j //�.u;i/�.v;j / � ˇcN
X

.u;j /2Bn�KN

h.p/u�.u;j /;

where JN is defined implicitly. Hence, we may as well write�h.p/
Bn;N;ˇ;JN

D �
h.p/
Bn;N;ˇ

. This
notation allows us later to consider interactions other than JN .

By Proposition 3.28, the left-hand side of (6.10) can be obtained as the limit of

.cNN/
4

ZjBnjN

X
zn2�N

Bnt¹gº

@znD¹zx;zx0;zy;zy0º

wN;ˇ .zn/1¹BN
m .zx; zx

0; zy; zy0/º

as N goes to infinity, where Qz D .z; 1/ for z 2 ¹x; x0; y; y0º and

BN
m .zx; zx

0; zy; zy0/ WD ¹zn 2 �NBn[¹gº W zx
zn
$ zy in Bm �KN ; zx

zn
6$ zx0; zy

zn
6$ zy0º:
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Now, denote by Czx the cluster of zx. We say that a subset of Bn �KN [ ¹gº is admissible
if it satisfies ¹Czx D C º � BN

m .zx; zx
0; zy; zy0/. If C is admissible, thenX

zn2�N
Bnt¹gº

@znD¹zx;zx0;zy;zy0º

wN;ˇ;h.p/.zn/1¹Czx D C º

D �
hC .p/

Bn;N;ˇ;J
C
N

Œ�zx0�zy0 �
X

zn2�N
Bnt¹gº

@znD¹zx;zyº

wN;ˇ;h.p/.zn/1¹Czx D C º;

where JCN is defined by

JCN ..u; i/; .v; j // D

´
JN ..u; i/; .v; j // if .u; i/; .v; j / … C;

0 otherwise;

and hC .p/D 0 if g 2 C and hC .p/D h.p/ otherwise. Since JCN � JN and hC .p/� h.p/,
by Griffiths’ inequality,

�
hC .p/

Bn;N;ˇ;J
C
N

Œ�zx0�zy0 � � �
h.p/
Bn;N;ˇ;JN

Œ�zx0�zy0 �;

so thatX
zn2�N

Bnt¹gº

@znD¹zx;zx0;zy;zy0º

wN;ˇ .zn/1¹Czx D C º � �
h.p/
Bn;N;ˇ;JN

Œ�zx0�zy0 �
X

zn2�N
Bnt¹gº

@znD¹zx;zyº

wN;ˇ .zn/1¹Czx D C º:

Summing over C admissible yieldsX
zn2�N

Bnt¹gº

@znD¹zx;zx0;zy;zy0º

wN;ˇ .zn/1¹BN
m .zx; zx

0; zy; zy0/º

� �
h.p/
Bn;N;ˇ;JN

Œ�zx0�zy0 �
X

zn2�N
Bnt¹gº

@znD¹zx;zyº

wN;ˇ .zn/1¹BN
m .zx; zx

0; zy; zy0/º: (6.12)

Multiplying each side of (6.12) by .cNN/
4

ZjBnj
N

and letting N go to infinity yields (6.10)
by Proposition 3.28 and (6.11).

We now finish the proof of Theorem 1.2. It remains to prove that (1.4) is sufficient
to establish that jG .ˇ/j D 1. By Proposition C.2, it suffices to show that m�.ˇ/ D 0.
From the preceding arguments, we know that h�i0 and h�iC coincide on even functions, so
condition (1.4) reads

lim inf
dG.o;x/!1

h'o'xi
0
ˇ D lim inf

dG.o;x/!1
h'o'xi

C

ˇ
D 0:

However, by Griffiths’ inequality and �-invariance, for all x 2 V , h'o'xiCˇ � m
�.ˇ/2

which implies that m�.ˇ/ D 0.
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7. Continuity of the phase transition

In this section, we prove Theorem 1.3. Fix a reflection positive interaction J on Zd in
the sense of [9, Definition 5.1 and Lemma 5.5] (see also [41, Section 3] for a complete
introduction to the subject in the case of the '4 model). We suppress J from the notation
when clear from context. For each such J , recall the definition of the associated random
walk .Xk/k�0 (started at 0) with step distribution given by

P ŒXnC1 D y jXn D x� D
Jx;y

jJ j
;

where jJ j WD
P
x2Zd J0;x . It is known that .Xk/k�0 is transient if and only ifZ

Œ��;�/d

1

1 � EŒeip�X1 �

dp
.2�/d

<1: (7.1)

A proof of this statement can be found in [35, Proposition 4.2.3]; it crucially uses the
reflection symmetry and aperiodicity of the random walk.

We now state a version of the infrared bound [21] that is suited to our setting.

Proposition 7.1. Let J be reflection positive and such that the associated random walk is
transient, i.e., (7.1) holds. For any .vx/x2Zd 2CZd of finite support, and any ˇ < ˇc.J /,X

x;y2Zd

vxvyh'x'yi
0
ˇ �

1

2ˇjJ j

X
x;y2Zd

vxvyG.x; y/; (7.2)

where G is the Green’s function of .Xk/k2N given by

G.x; y/ WD lim
L!1

1

Ld

X
p2T�

L

eip�.x�y/

1 � EŒeip�X1 �
D

Z
Œ��;�/d

eip�.x�y/

1 � EŒeip�X1 �

dp
.2�/d

<1:

Proof. The convergence and finiteness of G.x; y/ are the consequences of (7.1). The
infrared bound (7.2) is a direct consequence of [9, Lemma 4.5] together with the fact that
the spontaneous magnetisation vanishes for ˇ < ˇc . We stress a subtle point in the reas-
oning above: one can show, by using similar regularity estimates as in Corollary D.12 and
arguing as in the proof of [37, Theorem 4.5], that the '4 measures on Td

L converge weakly
as L!1 to the unique (since ˇ < ˇc , see Proposition C.2) Gibbs measure on Zd .

We now turn to the proof of Theorem 1.3.

Proof of Theorem 1.3. By left-continuity of ˇ 7! h'x'yi0ˇ for x; y 2 Zd , we can also
extend (7.2) to ˇ D ˇc . Using equation (7.2) with v defined by

vx D jBnj
�2
1Bn.x/

yields
1

jBnj2

X
x;y2Bn

h'x'yi
0
ˇc
�

1

2ˇc jJ j

1

jBnj2

X
x;y2Bn

G.x; y/: (7.3)
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The Riemann–Lebesgue lemma gives that G.x; y/! 0 as jx � yj1 !1. In particular,

1

jBnj2

X
x;y2Bn

G.x; y/! 0 as n!1:

By positivity of correlations, we have that the left-hand side of (7.3) converges to 0, which
in turn implies that (1.4) holds at ˇ D ˇc . According to Theorem 1.2, one concludes that
jG�.ˇc/j D 1, and therefore m�.ˇc/ D 0 by Proposition C.2.

Appendix A. Right-continuity of the spontaneous magnetisation

Proposition A.1. The spontaneous magnetisation m�.ˇ/ is right-continuous at any
ˇ > 0.

Proof. Let ˇ > 0. Then, for any ƒ � V with ƒ 3 o finite we have

lim sup
ı!0C

m�.ˇ C ı/ � lim sup
ı!0C

h'oi
p
ƒ;ˇCı

C ".ƒ; ˇ/ D h'oi
p
ƒ;ˇ
C ".ƒ; ˇ/;

where ".ƒ; ˇ/ D supı2Œ0;1�h'o19x…ƒWj'x j>px.M/i
C

ˇCı
. Here we used the monotonicity in

boundary conditions (see Proposition B.4) and that h'oi
p
ƒ;ˇCı

is a continuous function
of ı. Since ".ˇ; ƒ/ tends to 0 as ƒ increases to V by the continuity of the regularity
constants (see Proposition 2.2), we have lim supı!0C m

�.ˇ C ı/ � m�.ˇ/. On the other
hand, we have that m�.ˇ C ı/ � m�.ˇ/ for any ı > 0, hence

lim
ı!0C

m�.ˇ C ı/ D m�.ˇ/;

as desired.

Appendix B. Correlation inequalities

In this appendix, all the boundary conditions considered are implicitly assumed to satisfy
the summability condition defined in the introduction, i.e.,

P
y…ƒ Jx;y�y <18x 2 ƒ.

B.1. The FKG and absolute value FKG inequalities

Proposition B.1 (FKG inequality, [25, Theorem 4.4.1]). Let ƒ � V be finite, let � 2 RV

and h 2 Rƒ. Then, for any increasing and bounded functions F;GWRƒ ! R,

hF.'/G.'/i
�

ƒ;ˇ;h
� hF.'/i

�

ƒ;ˇ;h
hG.'/i

�

ƒ;ˇ;h
:

Proposition B.2 (Absolute value FKG). Let ƒ � V be finite, let � 2 RVC and h 2 RƒC.
Then, for any bounded increasing functions F;GW .RC/ƒ ! R,

hF.j'j/G.j'j/i
�

ƒ;ˇ;h
� hF.j'j/i

�

ƒ;ˇ;h
hG.j'j/i

�

ƒ;ˇ;h
:
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Proof. We rewrite the Hamiltonian as

H
�
ƒ.'/ WD

X
x;y2ƒ

Vx;y.'x � 'y/ �
X
x;y2ƒ

Jx;y
'2x C '

2
y

2
�

X
x2ƒ
y2V nƒ

Jx;y'x�y �
X
x2ƒ

hx'x ;

where Vx;y.z/D 1
2
Jx;yz

2. Note that Vx;y is convex, symmetric, i.e., Vx;y.�z/D Vx;y.z/,
and the second derivative of Vx;y is a non-increasing function. The desired assertion fol-
lows from [34, Corollary 6.4].

B.2. Proof of the Ginibre inequality

Recall that ifAWV !N is finitely supported, we write 'AD
Q
x2V '

Ax
x . LetA;BWV ! N

be finitely supported. Let ƒ be a finite subset of V that contains the support of A and B ,
and let j�j � �0 outside ƒ. We want to prove that

h'A'Bi
�0

ƒ;ˇ
� h'A'Bi

�

ƒ;ˇ
� jh'Ai

�0

ƒ;ˇ
h'Bi

�

ƒ;ˇ
� h'Ai

�

ƒ;ˇ
h'Bi

�0

ƒ;ˇ
j:

Let hx WD
P
y…ƒJx;y�y and h0x WD

P
y…ƒJx;y�

0
y . Then, with the notation of Section 3.5.1,

using the Ginibre inequality of the Ising model on ƒN D ƒ �KN , and linearity,

jhˆA;N i
0
ƒN ;ˇ;h0

hˆB;N i
0
ƒN ;ˇ;h

� hˆA;N i
0
ƒN ;ˇ;h

hˆB;N i
0
ƒN ;ˇ;h0

j

� hˆA;NˆB;N i
0
ƒN ;ˇ;h0

� hˆA;NˆB;N i
0
ƒN ;ˇ;h

;

where ˆA;N WD
Q
x2ƒ ˆ

Ax
x;N , ˆB;N WD

Q
x2ƒ ˆ

Bx
x;N . Now, taking the limit as N goes

to infinity and using Proposition 3.24, we get the desired result. Note that we used the
interpretation of boundary conditions as non-homogeneous external fields. Moreover,
if h�iˇ 2 G .ˇ/,

h'A'Bi
C

ˇ
� h'A'Biˇ � jh'Ai

C

ˇ
h'Biˇ � h'Aiˇ h'Bi

C

ˇ
j: (B.1)

Indeed, if we fix �0 D p above and integrate against h�iˇ among � satisfying j�j � p out-
side ƒ,

h'A'Bi
p
ƒ;ˇ
h18x…ƒ; j�x j�px iˇ � hh'A'Bi

�

ƒ;ˇ
18x…ƒ; j�x j�px iˇ

� jh'Ai
p
ƒ;ˇ
hh'Bi

�

ƒ;ˇ
18x…ƒ; j�x j�px iˇ � hh'Ai

�

ƒ;ˇ
18x…ƒ; j�x j�px iˇ h'Bi

p
ƒ;ˇ
j:

Using the results of Section 2 and taking ƒ " V yields (B.1).

B.3. Monotonicity in boundary conditions

We have the following finite volume monotonicity properties for correlations and increas-
ing functions. They follow from the Ginibre inequality and the FKG inequality, respect-
ively.
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Proposition B.3. Let ƒ � V finite. Let AWƒ! N be a degree function. For j�j � �0,

h'Ai
�

ƒ;ˇ
� h'Ai

�0

ƒ;ˇ
:

Proposition B.4. Let � � �0. Then, for any f increasing and integrable,

hf i
�

ƒ;ˇ
� hf i

�0

ƒ;ˇ
:

B.4. Single-site moment bounds

Proposition B.5. There exists C > 0 such that for all k � 0,

h'2ki0 � C h'
2kC2
i0:

Proof. Note that there exists C > 0 such that for every k � 0, we have

h'2ki0

h'2kC2i0
�

R 1
�1
s2k�.ds/R 1

�1
s2kC2�.ds/

C 1 �
M

m

2k C 3

2k C 1
C 1 � C;

where M WD maxs2Œ�1;1� e�gs
4�as2 and m WD mins2Œ�1;1� e�gs

4�as2 .

Appendix C. Uniqueness of the phase transition

Define

ˇMAG
c WD inf¹ˇ > 0 W h'oiCˇ > 0º;

ˇLRO
c WD inf¹ˇ > 0 W inf

x2V
h'o'xi

0
ˇ > 0º;

ˇSUSC
c WD inf

°
ˇ > 0 W

X
x2V

h'o'xi
0
ˇ D1

±
:

Proposition C.1. LetG be a countably infinite and vertex-transitive graph of polynomial
growth. Then,

ˇMAG
c D ˇLRO

c D ˇSUSC
c :

Proof. The assertion that ˇMAG
c D ˇSUSC

c was established in [4]. We now prove that
ˇMAG
c D ˇLRO

c . Let ˇ > ˇLRO
c and write c WD infx2V h'o'xi0ˇ > 0. Then, by monotonicity

in the boundary conditions and the mixing of h�iC
ˇ

, we have

c � h'o'xi
0
ˇ � h'o'xi

C

ˇ
! Œh'oi

C

ˇ
�2 as dG.o; x/!1:

This implies that h'oiCˇ > 0. Let now ˇ < ˇLRO
c . Consider some ˇ <ˇ0 <ˇLRO

c . It follows
from (2.4) that h'o'xiCˇ � h'o'xi

0
ˇ 0

. Letting dG.o;x/!1 and using the mixing of h�iC
ˇ

as above we obtain that h'oiCˇ D 0. The desired assertion follows.
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Proposition C.2. Let G be as in the proposition above. Let ˇ > 0. The following are
equivalent:

(i) jG .ˇ/j D 1,

(ii) h�i
C

ˇ
D h�i�

ˇ
,

(iii) h'oiCˇ D h'oi
�
ˇ
D 0.

Proof. The implication (i)) (ii) is trivial. For the implication (ii)) (iii), note that if
' � h�iC

ˇ
, then �' � h�i�

ˇ
. Hence, h'oiCˇ D �h'oi

�
ˇ

, which implies that

h'oi
C

ˇ
D h'oi

�
ˇ D 0:

Finally, to show that (iii)) (i), let h�iˇ 2 G .ˇ/. Using Proposition 2.6 and Strassen’s
theorem [53], we obtain a coupling .P ; 'C; '/, 'C � h�iC

ˇ
, ' � h�iˇ , such that P -almost

surely, 'Cx � 'x for every x 2 V . Again by Proposition 2.6, we have

h'xiˇ D h'xi
C

ˇ
D 0

for every x 2 V . It follows that P -almost surely, 'Cx D 'x for every x 2 V , hence
h�iˇ D h�i

C

ˇ
.

Appendix D. Probabilistic estimates for Gibbs measures

In this appendix, we develop the probabilistic estimates for Gibbs measures associated to
the '4 model on graphs of polynomial growth (see also [42, Chapter 11] for a slightly
more general setting). The results in this section follow from adaptations of the founda-
tional papers on the subject [37,46], which establish the theory for more general measures
on Zd . We optimise our estimates to the case of '4, which has stronger concentration
properties than the class considered in [37].

D.1. Setup and main results

We start by recalling some notations and definitions. We work on a graph G D .V; E/

which is connected, vertex-transitive graph and has polynomial growth, defined as fol-
lows. For a distinguished origin o 2 V , we write Bk to denote the ball of radius k 2 N
centred at o with respect to the graph distance dG.�; �/. We assume that there exists d � 1
(called the dimension of G) and cG ; CG > 0 such that

cGk
d
� jBkj � CGk

d
8k � 1: (D.1)

Remark D.1. Usually a graph is said to have (at most) polynomial growth if there are
constants d � 1 and CG > 0 such that the upper bound jBkj � CGkd is satisfied for
every k � 1. That one can always find cG , CG and d such that (D.1) holds follows from
Gromov’s theorem [29].
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Remark D.2. It was proved in [54] (see also [11] for a relevant result) that for every
vertex-transitive graph of polynomial growth, there are constants C > 0 and ı > 0 such
that jBn n Bn�1j � Cn�ı jBnj for every n � 1. In fact, this was proved under the weaker
assumption that the graph satisfies a (uniform) doubling property, i.e., without the assump-
tion of vertex-transitivity, which is easy to check in our case. To the best of our knowledge,
it is not known whether one can take ı D 1 for all vertex-transitive graphs of polynomial
growth.

Remark D.3. The complications in generalising the results of [37, 46] to the context of
vertex-transitive graphs of polynomial growth arise from the fact that it is not known
whether one can take ı D 1 in the remark above. The results of the aforementioned art-
icles apply to a much more general class of unbounded spin systems, which includes in
particular the case g D 0 for some a chosen appropriately, and generalising our results to
the whole class of unbounded spin systems considered there without a good understand-
ing of the underlying graph structure seems rather complicated. The fact that we have
a quartic term in our single-site measure, i.e., that g > 0, plays an important role in our
analysis.

We fix a set of interactions J D .Jx;y/x;y2V such that Jx;y � 0 for all x; y 2 V
and Jx;y � ‰.dG.x; y//, for all x ¤ y 2 V , where ‰WN ! RC is defined as ‰.k/ D
C‰k

�d�" for some constants C‰ > 0 and " > 0. In addition, we fix .ˇ;h;g;a/. Recall that
for � 2RV , the '4 model with these parameters onƒ� V is the measure h�i�

ƒ;ˇ;h
defined

by (1.2). In this section, we only keep the dependence on ƒ explicit and it is sometimes
convenient to write ��ƒ to denote the corresponding measure.

For a Borel probability measure � on RV , we write ��ƒ to denote the corresponding
measure with random boundary conditions sampled from �. Let

„.M/ D ¹' 2 RV W 9ƒ' � V finite; '4x �M log dG.o; x/ 8x 2 V nƒ'º:

We call � a law on weakly growing boundary conditions if � is a Borel probability meas-
ure on RV supported on „.M/ for some M > 0. Finally, for � � ƒ, we write �.ƒ/;�� to
denote the restriction of ��ƒ to R�, i.e., the measure defined by

�
.ƒ/;�
� .'�/ D

1

Z�ƒ

Z
Rƒn�

e�U
�
ƒ
.'�t'ƒn�/d'ƒn�;

where '� t 'ƒn� denotes the concatenation of two configurations and

U �ƒ.'/ D ˇH
�
ƒ.'/C

X
x2ƒ

.g'4x C a'
2
x/

is the potential. We now recall the definition of regular measures. Let � be a measure
on RV . For 
; ı > 0, we say � is .
; ı/-regular if, for every ƒ � V finite, the density of
the projection measure satisfies

d�
d'ƒ

.'ƒ/ � e
�
P
x2ƒ.
'

4
x�ı/;
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where d'ƒ is the Lebesgue measure on Rƒ. Note that, for anyƒ� V finite and � a law on
weakly growing boundary conditions, ��ƒ is .
; ı/-regular with constants depending only
on .ˇ; h; g; a/. Moreover, the constants are continuous in these dependencies and uni-
form over all subsets of ƒ. This is a direct consequence of repeatedly applying Hölder’s
inequalities on jHƒ.'/j.

Finally, we restate the definition of a Gibbs measure. Recall that a Borel probability
measure � on RV is tempered if

� for everyƒ� V finite, �jƒ is absolutely continuous with respect to Lebesgue measure
on Rƒ,

� �.R/ D 1, where

R D
°
.'x/x2V W 9C 2 .0;1/;

X
x2Bk

'2x � C jBkj for all k 2 N
±
: (D.2)

Furthermore, recall that a Borel probability measure � on RV is a Gibbs measure at .ˇ;h/
if it is tempered and for every finite ƒ � V and f 2 Rƒ bounded and measurable, the
DLR equation

�.f / D

Z
�2RV

hf i
�

ƒ;ˇ;h
d�.�/

holds. We call G .ˇ; h/ the set of Gibbs measures. The main results of this section are the
following.

Proposition D.4. Let .�ƒn/n�0 be a sequence of finite volume measures with (random)
weakly growing boundary conditions. Then, the sequence is tight and any limit point is
a tempered probability measure.

Proposition D.5. Let .�ƒn/n�0 be a sequence of finite volume measure with (random)
weakly growing boundary conditions such that �ƒn converges weakly to a tempered prob-
ability measure �. Then, � is a Gibbs measure, i.e., satisfies the DLR equations.

Proposition D.6. For any .ˇ; h/, there exist


 D 
.ˇ; h/ > 0; ı D ı.ˇ; h/ > 0

such that every Gibbs measure � 2 G .ˇ;h/ is .
; ı/-regular. Moreover, the constants .
; ı/
depend continuous on .ˇ; h/.

The proofs of Propositions D.4, D.5, and D.6 are based on the proofs of Theorems 4.3,
4.5, and 4.4 in [37], respectively,8 adapted from the case of Zd to our setting. The
extensions of these proofs require us to develop some technical results, which broadly
speaking allow us to distinguish as well as quantify bulk and boundary contributions
from the potential. The key geometric estimate is contained in Proposition D.10. The

8Note that the proof of [37, Theorem 4.5] is given in the appendix of [37], where it is mislabelled
as proof of Theorem 4.4.
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key probabilistic estimate is contained in Proposition D.11, which in particular implies
uniform regularity estimates for finite volume measures, see Corollary D.12. Both key
estimates require multiscale control over the decay and oscillations of the kernel ‰ –
which in turn controls the decay of the interactions J – on scales determined by the geo-
metry of the graph; this naturally imposes conditions jointly on the allowed graphs and
interactions. For graphs of polynomial growth, these conditions are explicit. Since, given
Proposition D.11 and Corollary D.12, the proofs of Propositions D.4–D.6 are identical
to [37], we omit them and refer to the exact references given above.

D.2. Technical results on bulk-boundary contributions

We first verify that ‰ is indeed summable on G.

Lemma D.7. We have that

k‰k WD sup
x2V

X
y2V

‰.dG.x; y// D
X
y2V

‰.dG.o; y// <1:

Proof. By summation by parts and �-invariance, we have thatX
y2V

‰.dG.x; y// D

1X
kD0

.‰.k/ �‰.k C 1//jBkj:

Note that ‰.k/ �‰.k C 1/ D O.k�.dC1C"//, from which the result follows.

We are interested in quantifying the oscillatory behaviour of ‰ at large scales. In our
analysis, we require the scales to have a nonlinear dependence on the dimension. Let
˛ D d

"
C 1 and define Fn WD Btn , where tn D bn˛c. We write Vn D jFnj. We often refer

to n as the scale even though, strictly speaking, the scale is tn.
For q; k 2 N, define

‰k;q D sup
x2Fq ; y2V nFqCk

‰.dG.x; y//:

The coefficient ‰k;q tracks the oscillation of ‰ from scale q to scale q C k. The next
lemma states that the decay condition on ‰ is enough to ensure that asymptotically the
oscillations are small with respect to the volume.

Lemma D.8. We have that

lim
q!1

1X
kD1

.‰k;q �‰kC1;q/VqCkC1 D 0: (D.3)

Proof. By summation by parts,

1X
kD1

.‰k;q �‰kC1;q/VqCkC1 � ‰1;qVqC2 C CG

1X
kD2

‰k;q.t
d
qCkC1 � t

d
qCk/;
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where CG is as in (D.1). Note that ‰k;q D C‰.tqCk C 1 � tq/�d�". On the one hand, by
telescoping and a simple calculation

tqCk C 1 � tq �

kX
iD1

tqCi � tqCi�1 � c1

kX
iDbk=2c

.q C i/˛�1 � c2k.q C k/
˛�1

for some constants c1; c2 > 0, hence ‰k;q � C‰.c2k/�d�".q C k/�.˛�1/.dC"/. On the
other hand, td

qCkC1
� td

qCk
D O..q C k/˛d�1/. Since .˛ � 1/.d C "/ > ˛d � 1, the de-

sired assertion follows.

We now introduce a sequence . j /j2N that plays the role of C in (D.2) from the
definition of tempered measures. It is chosen to increase from scale to scale sufficiently
slowly so that the following holds.

Lemma D.9. There exists an increasing sequence . j /j2N converging to infinity such
that  1 � 1, limj!1

 jC1
 j
D 1, and

lim
q!1

1X
kD1

.‰k;q �‰kC1;q/ qCkC2VqCkC2 D 0: (D.4)

Proof. Let .kn/n2N be a strictly increasing sequence of positive integers such that

1X
kDmn;q

.‰k;q �‰kC1;q/VqCkC2 � 2
�n for every q � 1;

wheremn;q WDmax¹1;kn � q � 2º. Such a sequence exists because of (D.3) together with
the fact that VqCkC2 D O.VqCkC1/. Define

 j WD

´
1 for j < k1;

n for kn � j < knC1; n � 1:

Then,  1 � 1,  jC1
 j
! 1, and for every q � k1 � 1,

1X
kD1

.‰k;q �‰kC1;q/ qCkC2VqCkC2D

1X
nDn.q/

mnC1;q�1X
kDmn;q

.‰k;q �‰kC1;q/ qCkC2VqCkC2

�

1X
nDn.q/

n2�n ! 0

as q !1, where n.q/ WD max¹n � 1 W mn;q D 1º.

We now state a technical result which plays an important role in the proof of the
key probabilistic estimate in the next section. Loosely speaking, it states that, at the last
scale q at which the bulk contribution of

P
x2Fq

'2x dominates the volume, the boundary
behaviour on the subsequent scale can be controlled by the bulk behaviour.
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Proposition D.10. There exists a constant C1 > 0 such that the following holds. Let
' 2 RV . Suppose there exists q D q.'/ � 1 such that q is the largest integer for whichX

x2Fq

'2x �  qVq :

Then,
1

2

X
x2FqC1

X
y2V nFqC1

‰.dG.x; y//.'
2
x C '

2
y / � C1

X
x2FqC1

'2x :

Proof. First, observe that, for k � 0, we have
1X
kD1

‰k;qC1
X

x2FqCkC2nFqCkC1

'2x D

1X
kD1

.‰k;qC1 �‰kC1;qC1/
X

x2FqCkC2nFqC2

'2x

�

1X
kD1

.‰k;qC1 �‰kC1;qC1/ qCkC2VqCkC2: (D.5)

We now handle the double sum by taking cases according to the position of x and y.
Let us write

D WD
X

x2FqC1

X
y2V nFqC1

‰.dG.x; y//.'
2
x C '

2
y /

D

X
y2FqC2nFqC1

'2y

X
x2FqC1

‰.dG.x; y//C
X

y2V nFqC2

'2y

X
x2FqC1

‰.dG.x; y//

C

X
x2FqC1

'2x

X
y2V nFqC1

‰.dG.x; y// DW D1 CD2 CD3:

Observe that, by Lemma D.7,

D1 CD3 � k‰k
X

x2FqC2

'2x � k‰k qC2VqC2:

Since VqC2 D O.Vq/ and  qC2
 q
! 1 as q !1, it then follows that

D1 CD3 � C3 qVq � C3
X

x2FqC1

'2x

for some C3 > 0 large enough. To handle D2, we bound ‰.dG.x; y// by ‰k;qC1 for
x 2 FqC1 and y 2 FqCkC2 n FqCkC1 to obtain that

D2 � VqC1

1X
kD1

‰k;q
X

y2FqCkC2nFqCkC1

'2y :

Using (D.5), we obtain that

D2 � VqC1

1X
kD1

.‰k;qC1 �‰kC1;qC1/ qCkC2VqCkC2:

By (D.4) and the fact that VqC1 D O.Vq/, we haveD2 � C4 qVq � C4
P
x2FqC1

'2x for
some constant C4 > 0. The desired assertion follows readily.
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D.3. Key probabilistic regularity estimates

We now prove the key probabilistic estimates which justify the extension of the proofs of
Propositions D.4–D.6 for the case of Zd to our setting. We state it for deterministic bound-
ary conditions; the proof is exactly the same in the case of random tempered boundary
conditions, although with heavier notation.

Proposition D.11. Let q0 > 0 and let ƒ D Bn for n > tq0 so that Fq0 � ƒ. There exists
c1 D c1.q0/ > 0 such that, for all � � ƒ with Fq0 � � � ¹x 2 ƒ W dG.x; @ƒ/ > n

ı=2º,
where ı is as in Remark D.2, and for any x 2 �, the following decomposition holds. For
all � 2RV such that j�zj � pz , for all z 2ƒc , for all '� 2R�, �.ƒ/;�� Œ'��D �

1;�
� Œ'��C

�
2;�
� Œ'�� with

�
1;�
� Œ'�� � c

j�j
1 e�.g=2/'

4
x�
.ƒ/

�n¹xº
Œ'�n¹xº�; (D.6)

�
2;�
� Œ'�� �

X
q�q0

e
�
P
z2FqC1.x/\�

.g=2/'4zCc1VqC1 �
.ƒ/

�nFqC1.x/
Œ'�nFqC1.x/�: (D.7)

We stress that c1 is uniform over all such � and �, and moreover that it is continuous in
the parameters of the model.

Proof. Let q0 2 N be a sufficiently large constant to be a posteriori. Fix x 2 �. Write

A�;q0.x/ D
°
'� 2 R� W

X
y2Fq.x/

'2y �  qVq for all q � q0
±
;

where Fq.x/ D 
xFq where 
x is an automorphism such that 
xo D x. Define

�
1;�
� Œ�� WD �

.ƒ/;�
� Œ�1¹A�;q0.x/º�; �

2;�
� WD �

.ƒ/
� � �

1;�
� :

On the event A�;q0.x/, we are able to control the bulk behaviour (centred at x) of '2y in
spatial average; on the complement, we have control via the oscillation and decay bounds.

We first establish (D.6). For ƒ D ƒ1 tƒ2, for all '0ƒ; 'ƒ 2 Rƒ, define

Wƒ.'
0
ƒ1
; 'ƒ2/ WD U

�
ƒ1
.'0ƒ1/C U

�
ƒ2
.'ƒ2/ � U

�
ƒ.'

0
ƒ1
t 'ƒ2/:

In particular,

Wƒ.'ƒ1 ; 'ƒ2/ D
° X
x;y2ƒ1

C

X
x;y2ƒ2

�

X
x;y2ƒ

±
Jx;y'x'y D �

X
x2ƒ1;y2ƒ2

Jx;y'x'y :

In particular, observe that for our fixed x 2 �,

Wƒ.'x ; 'ƒn¹xº/ D Wƒ.'
0
x ; 'ƒn¹xº/ �

X
y2ƒn¹xº

Jx;y.'x � '
0
x/'y :

Thus, by Young’s inequality,ˇ̌̌ X
y2ƒn¹xº

Jx;y.'x � '
0
x/'y

ˇ̌̌
�

P
y2ƒn¹xº Jx;y

2
.'2x C .'

0
x/
2/C T1;
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where

T1 D
X

y2ƒn¹xº

Jx;y'
2
y �

X
y2Fq0 .x/

Jx;y'
2
y C

X
y2ƒnFq0 .x/

Jx;y'
2
y WD T2 C T3:

By the definition of A�;q0.x/, T2 � jJ j1 q0Vq0 .
In order to handle T3, we observe that

P
y2Fq.x/

'2y �  qVq for every q � q0. More-
over, X

y2V nFq0 .x/

‰.dG.x; y//'
2
y �

X
k�1

‰k;q0�1
X

y2Fq0Ck.x/nFq0�1Ck.x/

'2y

D

X
k�1

.‰k;q0�1 �‰kC1;q0�1/
X

y2Fq0Ck.x/nFq0 .x/

'2y

�

X
k�1

.‰k;q0�1 �‰kC1;q0�1/ q0CkVq0Ck ;

where in the first inequality we have bounded‰.dG.x;y// by‰k;q0�1 for y 2Fq0Ck.x/ n
Fq0�1Ck.x/ (we use that x 2 Fq0�1.x/), then in the second inequality we use a summa-
tion by parts. Combining the above estimates together and using Lemma D.9, we have
established that

T3 �
X
k�1

.‰k;q0�1 �‰kC1;q0�1/ q0CkVq0Ck � C1:

All together, we have established

jWƒ.'x ; 'ƒn¹xº/ �Wƒ.'
0
x ; 'ƒn¹xº/j �

k‰k

2
.'2x C .'

0
x/
2/C jJ j1 q0Vq0 C C1:

We now bound �1;�� Œ'��. First observe that, for any '0x 2 Œ�A;A�, where A > 0,

�
1;�
� Œ'�� D Z

�1
ƒ

Z
e
�U

�

¹xº
.'x/�U

�

ƒn¹xº
.'ƒn¹xº/CW.'x ;'ƒn¹xº/d'ƒn�

D e
�U

�

¹xº
.'x/Z�1ƒ

Z
e
�U

�

ƒn¹xº
.'ƒn¹xº/CW.'

0
x ;'ƒn¹xº/�W.'

0
x ;'ƒn¹xº/

� eW.'x ;'ƒn¹xº/d'ƒn�

. e
�U

�

¹xº
.'x/e..

P
y2V J0;y/=2/.'

2
xC.'

0
x/
2/

Z
e
�U

�

ƒn¹xº
.'ƒn¹xº/CW.'

0
x ;'ƒn¹xº/d'ƒn�

. e�.g=2/'
4
x

Z
e
�U

�
ƒ
.'ƒn¹xºt'

0
x/CU

�

¹xº
.'0x/d'ƒn�

. e�.g=2/'
4
x

Z
e�U

�
ƒ
.'ƒn¹xºt'

0
x/d'ƒn�:

Above, the first two lines are straightforward manipulations; the third line follows from
the preceding bounds; the fourth line follows from Young’s inequality inside the exponen-
tials, the fact that j'0xj � A, and estimates similar to (2.7) to handle the boundary terms in
U
�

¹xº
.'x/; and the final line is by using that j'0xj � A.
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Thus, taking the integral mean,

�
1;�
� Œ'�� � c

j�j
1 e�.g=2/'

4
x

Z A

�A

Z
e�U

�
ƒ
.'ƒn¹xºt'

0
x/d'ƒn�d'0x

� c
j�j
1 e�.g=2/'

4
x

Z
e�U

�
ƒ
.'ƒ/d'ƒn�[¹xº:

This last bound establishes (D.6).
We now turn to (D.7). Write

B�;q.x/ D
°
'� 2 R� W

X
y2Fq.x/

'2y >  qVq;
X

y2Fk.x/

'2y �  kVk 8k > q
±
:

Then, by a union bound and re-ordering terms

�
2;�
� Œ'�� �

X
q�q0

1¹'�2B�;q.x/º

Zƒ

Z
e�U

�
ƒ
.'ƒ/d'ƒn�

D

X
q�q0

1¹'�2B�;q.x/º

Zƒ

Z
e
�U

�

FqC1.x/\�
.'FqC1.x/\�/

� e
�U

�

ƒn.FqC1.x/\�/
.'ƒn.FqC1.x/\�//

� e
Wƒ.'FqC1.x/\�;'ƒn.FqC1.x/\�//d'ƒn�

�

X
q�q0

1¹'�2B�;qº

Zƒ
e
�
P
y2FqC1.x/\�

.3g=4/'4yCCVqC1

�

Z
e
�U

�

ƒn.FqC1.x/\�/
.'ƒn.FqC1.x/\�//CWƒ.'FqC1.x/\�;'ƒn.FqC1.x/\�//d'ƒn�;

where the third line is uses similar reasoning as above to handleU �
FqC1.x/\�

.'FqC1.x/\�/.

Let '0
FqC1.x/\�

2 RFqC1.x/\� be such that

j'0zj � A

for all z 2 FqC1.z/ \�. Observe that we can write

Wƒ.'FqC1.x/\�; 'ƒn.FqC1.x/\�// D W.'
0
FqC1.x/\�

; 'ƒn.FqC1.x/\�//C T4;

where
jT4j �

X
z2FqC1.x/\�

y2ƒn.FqC1.x/\�/

‰.dG.z; y//
�1
2
'2z C

1

2
.'0z/

2
C '2y

�
: (D.8)

On the event B�;q.x/, we can apply Proposition D.10 and �-invariance to obtain

(D.8) � C2
X

z2FqC1\�

'2z C C3
X

z2FqC1.x/\�

.'0z/
2:
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Thus, by Young’s inequality, using the boundedness of '0x , we obtain

�
2;�
� Œ'�� �

X
q�q0

1

Zƒ
e
�
P
y2FqC1.x/\�

.g=2/'4yCC4VqC1

�

Z
e
�U

�

ƒn.FqC1.x/\�/
.'ƒn.FqC1.x/\�//CWƒ.'

0
FqC1.x/\�

;'ƒn.FqC1.x/\�//d'ƒn�

D

X
q�q0

1

Zƒ
e
�
P
y2FqC1.x/\�

.g=2/'4yCC4VqC1

�

Z
e
�U

�
ƒ
.'ƒn.FqC1.x/\�/t'

0
FqC1.x/\�

/CU
�

FqC1.x/\�
.'0
FqC1.x/\�

/
d'ƒn�:

The desired estimate follows by using the boundedness of j'0
FqC1.x/\�

j and taking the
integral mean with respect to '0FqC1\ƒ, similarly as for the estimate on �1;�� .

Corollary D.12. There exists c1 > 0 such that the following holds. Let n � 1 and let
ƒ � V be finite such that ƒ � Bn. Let � � ƒ such that � � Bm, where m D n � nı=2

and ı is as in Remark D.2. Then, for all � 2 RV such that j�zj �
p

log dG.o; @ƒ/ for all
z 2 ƒc ,

�
.ƒ/;�
� Œ'�� � e

�
P
x2�..g=2/'

4
x�c1/:

Proof. The result is based on an induction argument that, given Proposition D.11, is
identical to the proof of [46, Theorem 2.2]. We omit the details.

Remark D.13. The result of Corollary D.12 can be extended up to the boundary with the
cost of setting c1 D O.log dG.o; @ƒ//. In particular, by using an exponential Chebyshev
argument, one can bound moments; for instance, for some C > 0, we have

sup
��ƒ

sup
x2�

�
.ƒ/;�
� Œ'2x � �

p
C log dG.o; @ƒ/:
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