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Abstract. We consider the long-time dynamics for the self-dual Chern—Simons—Schrédinger (CSS)
equation within equivariant symmetry. The self-dual CSS equation is a self-dual 2-critical equa-
tion having pseudoconformal invariance and solitons. In this paper, we show that any m-equivariant,
m > 1, H? finite-time blow-up solution to the self-dual CSS equation is a pseudoconformal blow-up
solution. More precisely, such a solution decomposes into the sum of one modulated soliton, which
contracts at the pseudoconformal rate A(¢) ~ T — ¢, and a radiation. Applying the pseudoconformal
transform in reverse, we also obtain a refined soliton resolution theorem for m-equivariant, m > 1,
sufficiently regular and localized solutions: any such solutions blow up in the pseudoconformal
regime, scatter (to 0), or scatter to a modulated soliton with some fixed scale and phase. To our
knowledge, this is the first result on the full classification of the dynamics of arbitrary smooth and
spatially decaying solutions in the class of nonlinear Schrédinger equations which are not known
to be completely integrable. Our analysis not only builds upon the previous works, especially the
soliton resolution theorem by the author, Kwon, and Oh, but also refines all steps of the arguments
typically employed in the forward construction of blow-up dynamics. The key feature of the proof
is that we can identify the singular and regular parts of any H 3 finite-time blow-up solutions, such
that the evolution of the singular part is governed by a universal modulation dynamics while the
regular part is kept H 3-bounded even up to the blow-up time. As a byproduct, we also observe that
the asymptotic profile has a universal singular structure.

Keywords: Chern—Simons—Schrodinger equation, self-duality, blow-up, rigidity, soliton
resolution.
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1. Introduction

1.1. Self-dual Chern—Simons—Schrodinger equation

We consider the self-dual Chern—Simons—Schrddinger equation within equivariant sym-
metry. This equation reads

1 A 2
i(0; +iAs[u))u + 0pu + ;8,24 - (M) u+ [ulPu =0, (CSS)

where m € Z (called equivariance index), u: [0, T) x (0, 00) — C, and the connection
components A;[u] and Ag[u] are given by the formulas

r

* 2dr/ 1 2.0 7.
Al == [0+ A DWP Aok = = [ wprar
r

0
The (full non-equivariant) covariant Chern—Simons—Schrodinger equation,
D;¢ = i(D1D; + D2D2)p +iglo|*4,
Fy1 = —Im(¢D2g),
Fyy = Im(¢D1 ),

1
Fio = —§|¢|2,

(1.1)
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with the coupling constant g > 0, the scalar field ¢: [0, T) x R? — C, the covariant
derivatives Dy = 0 + iAq, and the curvature components Fpg = do Ag — 0gAa, 0, B €
{t, 1,2}, was introduced by the physicists Jackiw and Pi [16] as a gauged 2D nonlinear
Schrodinger equation that admits explicit static self-dual solitons within the particular
choice of the coupling constant g = 1. This shows a stark contrast with the 2D cubic
nonlinear Schrédinger equation

P09 + Ay + [y*y =0, ¢:[0,T)xR? - C, (NLS)

where the equation does not have static (time-independent) finite energy solutions and no
explicit soliton formulas are known. Model (CSS) under consideration is derived from
the covariant system (1.1) after choosing g = 1, fixing the Coulomb gauge condition, and
imposing equivariant symmetry on the scalar field ¢,

ot x) = u(t,r)eime, meZ,

where (r, 6) denotes the polar coordinates on R2. We refer to [8, 15—-18] for more phys-
ical contents of the Chern—Simons—Schrodinger equation (1.1) and to the introduction
of [27,35] for the derivation of (CSS).

Recent studies on the long-term dynamics of (CSS) make this model more interesting.
To be further explained in this introduction, two notable features are rotational instability
and soliton resolution. Rotational instability is an instability mechanism of some finite-
time blow-up solutions and soliton resolution asserts a strong rigidity of the asymptotic
behavior of solutions. The present paper continues our study on soliton resolution and
our main result gives a complete description of the asymptotic behavior of m-equivariant,
m > 1, smooth (and spatially decaying) solutions to (CSS).

We continue our discussion on the model. Equation (CSS) enjoys various symmetries
and conservation laws analogous to (NLS). Among the most basic symmetries are the time
translation (u(t,r) — u(t + tg,r), to € R) and the phase rotation symmetries (u (¢, r) —
eiou(t, r), yo € R/2n7Z). Associated to these are the conservation of energy and mass'

_ (1 s lym+AglulN2, , 1, 5
Bl = [ 500 + 5 (Y e - L, (12)

M[u] = / ul?, (L.3)

where we denoted | f(r) = 2x [ f(r)rdr. Equation (CSS) moreover admits a Hamilto-
nian structure
:u = —iVE[u], (1.4)

where V (acting on a functional) is the Fréchet derivative with respect to the real inner
product (1, v), = [ Re(uv). Of particular importance in this work are the L?-scaling

IThe physical interpretation of the quantity M [u] is the fotal charge, but in this paper we shall
call it mass following the widespread convention for NLS.
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symmetry and the pseudoconformal symmetry; if u(t, r) is a solution to (CSS), then the
functions uj and €u also solve (CSS),

1 t r
us(t,r) = I”(ﬁ’I) VA >0, (1.5)
1 1 r .2
Cult,r) = —u(——, — )" /4D i £, 1.6
[eul(t, r) |z|”( t IZI)e t # (1.6)

Associated to (1.5) and (1.6) are the virial identities

E)t/r2|u|2 = 4/Im(ﬁ-r8,u), 8,/Im(17-r8,u) = 4Fu].

We note that the covariant system (1.1) also shares very similar symmetries and conser-
vation laws with (NLS).

As alluded to above, a notable feature of (CSS) distinguished from (NLS) is self-
duality. Let us introduce the (covariant) Cauchy—Riemann operator

Duf = arf_w]e

which indeed corresponds to the radial part of the operator Dy := Dy + iD,. Now the
energy functional (1.2) can be written into the self-dual form

Eu] = / %|Duu|2. (1.7

We call the nonlinear operator u — D, u the Bogomol’nyi operator. Due to (1.4) and (1.7),
any static solutions to (CSS) are given by solutions (Jackiw—Pi vortices) to the Bogo-
mol’nyi equation

Do0Q =0. (1.8)

Since (1.8) is a first-order (nonlocal) equation, we say that the equation is self-dual.
In fact, there is a covariant version of the Bogomol’nyi equation, and Jackiw—Pi [15]
found a transform of the covariant Bogomol’nyi equation into the Liouville equation,
which is completely integrable. Solving (1.8), we obtain a unique (up to symmetries)
explicit m-equivariant static solution for any m > 0,

0(r) = V8(m + 1) m > 0. (1.9)

p2m+2 ’ -

There is no finite energy solution to (1.8) when m < 0.” Applying the pseudoconformal
transform (1.6) to Q, we also obtain an explicit finite-time blow-up solution (m > 0)

S(t,r) = %Q(;—l)e_”z/(‘”’l), t <0,

2This fact can be proved either by ODE analysis or by showing the coercivity of energy [29].
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which is another fundamental object in the long-term dynamics for (CSS). Due to the
spatial decay Q(r) ~ r~("*2) S(t) has finite energy (i.e., S(¢) belongs to H') if and
only if m > 1.

Note that we have suppressed the m-dependences in various notations such as A;[u],
Eu], Dy, Q, and S(¢). We will keep suppressing these m-dependences throughout this
article for the simplicity of notations.

1.2. Long-term dynamics for the Chern—Simons—Schrodinger equation

Let us begin with some previous works on the Cauchy problem of the covariant Chern—
Simons—Schrodinger equation (1.1). The local well-posedness has been studied by many
authors [1, 14, 34, 36]. Lim [34] proved the H! well-posedness under Coulomb gauge
and Liu-Smith-Tataru [36] proved the small data H°" well-posedness under the heat
gauge. These results still miss the critical L?-space. There are also results on long-term
dynamics such as the finite-time blow-up for negative energy solutions (necessarily g > 1)
with a formal derivation of the log-log rate [1,2] and small data scattering [49].

We turn to the long-term dynamics for (CSS). First, it is easy to see that (CSS) is
well-posed in the critical space L2 because there is no derivative nonlinearity within
equivariance and one can use a standard contraction argument with the L} ,-Strichartz
estimates [35, Section 2]. In particular, any small L2-solutions exist globally and scatter
both forwards and backwards in time.

For large solutions, the ground state Q provides a natural threshold for the non-
scattering dynamics. Indeed, Liu—Smith [35] proved the subthreshold theorem: for m > 0,
any m-equivariant L2-solutions u with M[u] < M[Q] exist globally and scatter. Fol-
lowing their proof, the same should be true for any negative-equivariant (i.e., m < 0)
solutions without any restriction on mass; see also [29]. Recently, Li—Liu [33] considered
the threshold dynamics (M [u] = M[Q], necessarily m > 0) of H,}-solutions and proved
that Q and S(¢) are the only non-scattering solutions up to symmetries."

Recently, author, Kwon, and Oh studied finite-time blow-up dynamics of (CSS) with
an eye towards the dynamics above threshold. We remark that the finite-time blow-up
dynamics is closely related to the dynamics of non-scattering global solutions through the
pseudoconformal transform.

In [26-28, 30], the authors studied the dynamics of finite-time blow-up solutions to
(CSS) of the form

elv(®

u(t,r)— 0

Q(ﬁ) ~z*(r) inL%ast —T. (1.10)

The authors in [26, 27] considered (CSS) when m > 1 and studied pseudoconformal
blow-up solutions, namely, the solutions of form (1.10) with % — £ € (0, 00) and
y(t) = y* € R/2xZ. They in particular constructed pseudoconformal blow-up solutions

3When m = 0, S(t) does not have finite energy due to the slow spatial decay of Q.
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and uncovered their instability mechanism (rotational instability); see Remark 1.12 for
more discussions. On the other hand, when m = 0, S(¢t) ¢ H 1 5o even the existence
of finite energy blow-up solutions is not trivial. In this case, the authors in [28, 30] con-
structed ﬁnitepenergy finite-time blow-up solutions with the rates A(f) ~ |log(7;"—_—tt)\2 or
At) ~ % for any p > 1, where the former regime can arise from a smooth com-
pactly supported initial data.

With the above blow-up solutions at hand, it is natural to ask the following:
(Q1) Is there any blow-up scenario other than one-bubble blow-up?
(Q2) Can we classify all possible dynamics of scale and phase?

The first question was answered for finite energy solutions by the author, Kwon, and
Oh [29] (see also Theorem 1.1 below). The result roughly says that any H. finite-
time blow-up solutions admit decomposition (1.10) with certain upper bounds on A(z).
By pseudoconformal symmetry, one further obtains soliton resolution for well-localized
regular data: every such solution to (CSS) decomposes into at most one soliton and a radi-
ation. A remarkable fact is that (CSS) does not admit multi-soliton configurations and this
turns out to be a consequence of two distinguished features of (CSS): self-duality and non-
locality. We refer to Remarks 1.2 and 1.3 for more explanations.

The present paper concerns the second question, namely, the classification of the
dynamics of scale and phase.

1.3. Main results

The main result of this paper is that any m-equivariant, m > 1, H? finite-time blow-
up solutions to (CSS) must be pseudoconformal blow-up solutions and hence this gives
a complete classification of the dynamics of scale and phase. Via the pseudoconformal
transform, we also give the full description of the dynamics of any m-equivariant, m > 1,
H *3-solutions.

Let us briefly introduce some important notations. We denote the modulated soliton by

iy
05, (r) == %Q(%) 1€ (0,00), y € R/27 7.

For k € N, we denote by HX (resp. H,]f,’k), the space of m-equivariant H¥(R2) (resp.
H*k(R2)) functions. Here, f € H**(R2) means that (x)¢ f € H¥¢(R2) for all 0 <
£ < k. See Section 2.1 for more pieces of notations.

We begin by recalling the soliton resolution theorem of [29] for H,} finite-time blow-
up solutions.

Theorem 1.1 (Soliton resolution for H ,}l finite-time blow-up solutions [29]).

o Whenm < 0, there are no H,}L finite-time blow-up solutions.

o When m >0, if u is an H,},—solution to (CSS) that blows up forwards in time at
T < 400, then u(t) admits the decomposition

u(t,) — Qawyyy = 25 in L*ast - T, (1.11)
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for some A(t) € (0,00), y(t) € R/27wZ, and z* € L? with the following properties:
o (Further regularity of the asymptotic profile) We have

1
d,z%, —z* e L. (1.12)
r
e (Bound on the blow-up speed) Ast — T, we have

A0) Saapg VEWIT —1). (1.13)

When m = 0, we further have an improved bound

VEM(T —1)

A) Smu) log(T —D]1/2°

(1.14)
Remark 1.2 (Exterior defocusing nature). A remarkable fact in the decomposition (1.11)
is that only one soliton appears. This is a consequence of the self-duality and nonlocality,
which render (CSS) defocusing (in the form of strict positivity of energy) after extracting
out the soliton profile. Hence no multi-soliton configurations appear. See the nonlinear
coercivity of energy in [29] or Lemma 4.2 of this paper.

Remark 1.3 (Soliton resolution). Via pseudoconformal transform, we also obtain soliton
resolution for H,y;'-solutions to (CSS), which says that at most one soliton can appear in
the resolution. Soliton resolution, in a more general context, says that (under a gener-
icity assumption) every solution decomposes into the sum of decoupled solitons and
a radiation. This has been known for a wide range of completely integrable equations.
However, it is mostly open for non-integrable equations with exception of some nonlinear
wave equations within symmetry, such as energy-critical radial nonlinear wave equa-
tion and equivariant wave maps [5,9-11, 21, 22]. In these equations, multi-solitons are
known to exist [19]. Thus the previously mentioned exterior defocusing nature is special
to (CSS).

From now on, we consider the m > 1 case. Pseudoconformal blow-up solutions con-
structed in [26, 27] saturate the upper bound (1.13) for A(¢), but the question of whether
an exotic blow-up speed other than the pseudoconformal one exists or not was left open.
Our main result claims that such an exotic regime does not exist and the blow-up must be
pseudoconformal if one assumes H 3-data.

Theorem 1.4 (Rigidity of HJ finite-time blow-up when m > 1). Let m > 1. Let u be an
H 32 -solution to (CSS) which blows up forwards in time at T < +o0. Then, the following
holds:

e (Rigidity of blow-up rates) In decomposition (1.11), we can choose
AM)=L-(T—1t) and y@)=y* (1.15)

for some £ = L(u) € (0,00) and y* = y*(u) € R/2nZ.
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o (Structure of the asymptotic profile) We can decompose
* ok *
ZT =z + Zr

for some z§,, z}, € L2 such that the singular part 23 is given by

- 2
—e'7 Kzéx(r)-r ifm=1,

- 2
e 63%1%0)-# ifm =2,

0 ifm > 3,

z5(r) =

where x(r) is a smooth cutoff function near r = 0 (see Section 2.1), and the regular
part z;, satisfies
|2pgl—3 == sup |r_(3_k)31r‘z:fg| e L2 (1.16)
0<k<3

In particular, when m € {1,2}, z*(r) satisfies the near-origin asymptotics
Z*(r) = qr™ + 0r0(r?) (1.17)
for some nonzero constant ¢ = q(u) # 0.

The above theorem can also be viewed as a refined soliton resolution theorem for H,
finite-time blow-up solutions. As a standard application of pseudoconformal symmetry,
we obtain a refined soliton resolution theorem for arbitrary H,>”*-solutions.

Corollary 1.5 (Soliton resolution for equivariant H,f,’g’-data when m > 1). Let m > 1.
Let u be an H,?,’3-solution to (CSS).

e (Finite-time blow-up) If u blows up forwards in time at T < +00, then u satisfies the
properties as in Theorem 1.4.

e (Global solutions) If u exists globally forwards in time, then either u scatters forwards
in time in L%, or u scatters to Q « = forwards in time in L? for some A* € (0, c0)
and y* € R/2nZ.

In view of time reversal symmetry, the analogous statements for Theorem 1.4 and
Corollary 1.5 hold for backward-in-time evolutions.

Remark 1.6 (Rigidity of long-term dynamics). Theorem 1.4 completely classifies the
possible dynamics of the scale and phase for H,>, finite-time blow-up solutions. In view
of pseudoconformal symmetry, even the long-term dynamics of arbitrary H, =3 solutions
is rigid as stated in Corollary 1.5. Moreover, all the scenarios in Corollary 1.5 indeed
occur, thanks to the blow-up construction in [26].

Our result might be compared to the first part of the series of works [37-39] by Martel,
Merle, and Raphaél, who considered the near-soliton dynamics for the critical generalized
Korteweg—de Vries (gKdV) equation

0iu + 0 (Oxxu +1u°) =0, u:[0,T) xR — R. (gKdV)
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The result can be roughly stated as follows: (i) if an H '-solution u with strong spatial
decay on the right starts from an initial data H !-close to the ground state Q, then u blows
up in finite time with A(t) ~ T — ¢, u exits the soliton tube,* or u scatters to a modulated Q
with some fixed scale and velocity; (ii) moreover, the former two regimes are stable.

We remark that there is no near-soliton assumption in Corollary 1.5. For (CSS) with
m > 1, the equation however allows complex-valued functions and has additional phase
rotation invariance. In contrast to the gKdV case, the (pseudoconformal) blow-up regime
is believed to be unstable [27]. Thus the ‘scattering to 0’ regime is the only stable regime
for (CSS). See however Remark 1.12 for rotational instability of pseudoconformal blow-
up solutions, which we believe is an interesting nonlinear dynamics that generically occur.

Remark 1.7 (Stabilization of scale and phase for global H,2>-solutions). Although the
soliton resolution theorem for global non-scattering H,;'-solutions [29] only says that
u(t) — Qayp — €"Au* — 0 with A(#) < 1, an interesting fact from Corollary 1.5 is
that A(¢) and y (¢) stabilize for H,3-solutions when m > 1.

We believe that the same result might be false without spatial decay assumptions.
A similar statement in [37] for the critical gKdV assumes a fast spatial decay on the right
of solutions, and it is even shown in [39] that a slow spatial decay on the right might
lead to both finite-time and infinite-time blow-up. Moreover, for 2-equivariant harmonic
map heat flow, which is closely related to 1-equivariant (CSS) (see the discussion in Sec-
tion 2.3.3), exotic behaviors such as infinite-time blow-up, oscillation, or relaxation can
appear for solutions having slow spatial decay [12]. It would be interesting to construct
exotic solutions having smooth but slowly decaying data.

Remark 1.8 (Comparison with the mass-critical NLS). Let us begin with some general
comparisons between (NLS) and (CSS). As alluded to above, (CSS) and (NLS) share
almost the same conservation laws and symmetries. Moreover, the (sub-)threshold theo-
rem for (NLS) holds the same [7,24,25,32] as in the case of (CSS) [33,35].

However, the dynamics above threshold rather shows a drastic difference between
(NLS) and (CSS) cases. We note that standing waves for (NLS) have a nonzero speed of
phase rotation and have the form e’ R(x) up to symmetry. The profile R solves AR —
R + R3 = 0 or equivalently V Ex s[R] + VM [R] = 0 with the NLS energy Enis[¥] =
2 JIVY > = % [|¥]* Notice that VE[Q] = 0 for (CSS). The difference between these
soliton equations ultimately leads to differences in underlying linearized operators and
modulation dynamics.

As studied in a series of works [40-44,51] by Merle and Rapha&l, (NLS) has a stable
almost self-similar blow-up regime A(t) ~ /27(T — t)(log[log(T —t)|)~!, called the
log-log blow-up. This regime essentially arises from negative energy solutions and hence
does not appear in the case of (CSS) [29] (see (1.13)). Nevertheless, the log-log regime
is formally expected for the focusing non-self-dual CSS (g > 1), which allows negative
energy solutions.

4If the minimal mass blow-up solution to critical gKdV scatters backwards in time, then u
scatters to zero [38].
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The pseudoconformal blow-up solutions constructed in [26, 27] can be viewed as
(CSS)-analogs of Bourgain—Wang solutions [3] to (NLS). However, their instability mech-
anisms, studied in [47] for (NLS) and in [27] for (CSS), turn out to be completely dif-
ferent. While Bourgain—Wang solutions to (NLS) arise as the border of log-log blow-up
solutions and global scattering solutions, generic perturbations of pseudoconformal blow-
up solutions to (CSS) become global scattering solutions and rather exhibit rotational
instability; see Remark 1.12 below.

To directly compare our main theorem with the case of (NLS), let us briefly recall
a result in [51]: if an H !-solution v () to (NLS) with slightly supercritical mass (i.e.,
M[y] — M[R] < 1) blows up in finite time, then either ¥ (¢#) blows up in the log-log
regime or A(t) < /E[u](T — t). The latter regime might be compared with (1.13) and
our Theorem 1.4 improves (1.13) to rigidity (1.15) in the case of (CSS) when m > 1. The
question of whether this upper bound for (NLS) can be replaced by rigidity (1.15) for A(¢)
or not is a long-standing open problem.’

Remark 1.9 (Structure of the asymptotic profile). Theorem 1.4 provides a more precise
understanding of the structure of z* for H,J finite-time blow-up solutions compared to the
H !'-regularity of z* for H,, blow-up solutions of Theorem 1.1. We note that the choice
of y itself is not important; only the » — 0 behavior of z* has meaning.

When m € {1, 2}, z*(r) always has a nontrivial singular part zs*g. Note that this is
not a contradiction to the existence of the minimal mass blow-up solution S(¢) (which
has zero asymptotic profile) because S(z) ¢ H,2 when m € {1,2}. We may also write
z* ¢ H Em—l when m € {1,2},° thus the asymptotic profile does not necessarily have
the same regularity as the solution u(¢). Such an observation is already well known in
various contexts and the regularity of the asymptotic profile is closely related to the blow-
up speed; we refer to the discussions in [23,37,43,45,52].

An interesting fact in Theorem 1.4 is that the singular part of z* has a universal struc-
ture (1.17). See also [37,43]. In particular, an asymptotic profile of the form z*(r) ~ gr”
with v € (1, 2) cannot be achieved from H,z finite-time blow-up solutions if m > 1.
It would be very interesting to fully understand the singular structure of the asymptotic
profile arising from smooth initial data (say H,;°).

Our decomposition of z* is tied to the decomposition u = P*# 4 ¢* of the full solution
u(t) to be used in our modulation analysis (see Remark 1.10).

Remark 1.10 (Structure of the full solution). The key observation of this paper is that we
can realize the decomposition u = P% 4+ & (see (1.18) below) such that the evolution of
the singular, blow-up part P¥ is governed by a universal modulation dynamics while rhe
regular part €* remains H?3-bounded (see also (1.19)) up to the blow-up time. In the limit

SWe do not expect the convergence of the phase y(¢) for (NLS) because Bourgain—Wang solu-
tions do not have this property.

%Due to the nonlocality of (CSS), the dynamics outside of the soliton region is similar to the
dynamics of —(m + 2)-equivariant (CSS), where —(m + 2) = m + Ag[Q](+00). See [27,29].
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t — T, the regular part ¥ converges to Z;'; and the blow-up part P* detects Z:‘g, leading
to the structure of z*.

The H3-boundedness of &* is not limited to finite-time blow-up solutions. For any
H3-solutions u lying in a neighborhood of modulated solitons (i.e., Q3 ,), we show in
Corollary 4.17 that the H3-norm of &* cannot blow up in finite time. In this sense, we
essentially prove that the regular parts ¢* of nearby solutions are uniformly H3-bounded
on any fixed finite-time interval.

To prove the H 3-boundedness, we not only refine the modified profile construction but
also introduce a new energy-Morawetz functional to control &# forwards in time. Several
novelties regarding the proof are explained in the strategy below (Section 1.4).

Remark 1.11 (Other equivariance). When m < 0, there is no H! finite-time blow-up as
in Theorem 1.1, so the m = 0 case is the interesting one to consider.

When m = 0, there are no finite energy pseudoconformal blow-up solutions [29] (or
see (1.14)). Recall that S(¢) has infinite energy when m = 0 due to the slow spatial decay
of Q. Instead, the authors in [28] construct smooth (finite energy) finite-time blow-up
solutions with the blow-up rate A(t) ~ llog(TT—_jt)‘z.

We do not even expect the uniqueness of blow-up rates for solutions with smooth
data. In view of the blow-up constructions for example in [6, 13, 54] for some critical
parabolic equations and in [4,46] for some energy-supercritical dispersive equations, we
expect that (countably) infinitely many blow-up rates of the form {“()(gY(WT_—i);C)ZW}eGN can
arise from smooth initial data. Identifying such admissible blow-up rates and proving
rigidity in this context are of great interest. Note that rigidity of this type is obtained for
some energy-supercritical semi-linear heat equations within radial symmetry [48] using
the intersection comparison argument, which is not available for dispersive equations.

If one further allows rougher blow-up solutions, then the blow-up dynamics is no more
rigid. In fact, there is a continuum of possible blow-up rates for H 01 -solutions [30]; for any
p > 1, thereis an HO1 finite-time blow-up solution such that A(¢) ~ %. Let us note that
(see Section 2.3.3) the dynamics of m-equivariant (CSS) is closely related to the dynam-
ics of (m + 1)-equivariant wave maps and Schrodinger maps, and such a continuum of
blow-up rates have already been constructed in these equations within 1-equivariance
[23,31,50].

We finally note that the stabilization of scale for global-in-time solutions is always
false for solutions with HO1 " initial data. Indeed, it is proved in [29] that A (1) < (log?)~'/2.
This does not contradict the existence of the static solution Q because Q does not belong

to HOI’1 whenm = 0.

Remark 1.12 (Rotational instability). By Theorem 1.4 (when m > 1), pseudoconformal
blow-up is the only blow-up regime allowed for smooth initial data but it is in fact non-
generic and unstable. Thus the dynamics of solutions near these blow-up solutions is
generic and of interest.

In [27], the authors constructed a curve of solutions {u™},c[o ,+] such that the scale
and phase parameters approximately evolve as (3.3). In other words, while u® is a pseu-
doconformal blow-up solution, u(™ with 10 concentrates only up to the spatial scale |7|,
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then exhibits a quick phase rotation by the fixed angle sgn(n)(m + 1)z within a time
interval of length ~|n|, and then spreads out like a backward-in-time evolution of pseu-
doconformal blow-up solutions (rotational instability). On the other hand, a codimension
one set of initial data leading to pseudoconformal blow-up is constructed in [26]. These
two observations naturally suggest the following rotational instability conjecture: there is
a codimension one manifold M of smooth initial data uy such that (i) if ug € M, then u(¢)
blows up in finite time (and hence is a pseudoconformal blow-up) and (ii) if ug ¢ M but
is close to M, then u(z) does not blow up and rather exhibits rotational instability.

Rotational instability seems to be not limited to (CSS) but rather universal. The work
[57] provides some formal computations and numerical simulations for a quick spa-
tial rotation by the angle 7 for the 1-equivariant Landau-Lifshitz—Gilbert equation. See
also [45]. The same is expected for the critical wave maps. We finally note that the
H3-boundedness of the regular part of solution as in Remark 1.10 not only holds for
finite-time blow-up solutions but also for nearby solutions. We believe that this observa-
tion plays a crucial role for the resolution of the rotational instability conjecture.

1.4. Strategy of the proof

We use the notations collected in Section 2.1. As Corollary 1.5 is a direct consequence of
pseudoconformal symmetry and Theorem 1.4, we only sketch the proof of Theorem 1.4.

Let u be an H,i-solution to (CSS) that blows up forwards in time at 7" < 4-oo. Recall
from [29] (or Remark 2.13 of this paper) that after renormalization u(¢) eventually enters
the H,}, -vicinity of the soliton

1211

inf ||A(@)e Vu(t,A(1)) — Qllg1 =0 ast — T, wherei(r)zn T

yeR/2nZ

We note that there is no L2-closeness because we allow u to have an arbitrarily large mass.

We study the near-soliton dynamics of (CSS) using modulation analysis. As in the
previous work [26], we will write u(¢) in the form

eiv(@® r
A(r) A()

for some additional modulation parameters b, n and some modified profile P = P(y;b,n)
with P(-;0,0) = Q. Note that the finite-time blow-up assumption only says that A(¢) — 0
ast > T.

Our key ingredient for the proof of the refined descriptions in Theorem 1.4 will be the
proof of H?3-boundedness of €*(t) up to the blow-up time. To be more precise, we will in
fact prove the boundedness of &*(7) in a stronger topology, which in particular guarantees
the boundedness of (see (2.2) for the notation | - |—3)

112200 l€* (O] =312 (1.19)
Taking the limit + — T gives regularity (1.16) of zlf;. Note that the modified profile P

should also be chosen carefully because we a posteriori know from Theorem 1.4 that P*

u(t,r) =

[P(b(1), () + e(:,-)]( ) =[P + ¢t r) (1.18)
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that the H 3-boundedness of ¢* implies the rigiditygof blow-up rates; see Step 5 of this
strategy.

As can be seen in the strategy below, our approach shares a similar spirit with the for-
ward construction of blow-up dynamics as in [37,45,46,52,56] and for (CSS), in [26,28]
(m > 1 and m = 0, respectively). However, we need further improvements in all parts of
the proof compared to the blow-up construction in [26]. The main reason is that, since
we are dealing with arbitrary finite-time blow-up solutions, we cannot assume dynamical
controls such as

should detect the remaining part of z*, namely, z* in the limit # — 7. We also note

b>0 and |n| < b (1.20)

(meaning that A is shrinking and the instability mode is turned off, respectively), which
can be safely assumed in the blow-up construction of [26]. We also note that the H3-
boundedness of e#(¢) is not even necessary there. In this sense, our analysis here focuses
more on the general near-soliton dynamics as in [37]. See also [42,51,55] for the mass-
critical NLS.

1. Conjugated variables and setup for the modulation analysis. As in [28], we view
(CSS) as a system of equations for nonlinearly conjugated variables u, u; := D,u, and
u, .= AyDyu, where A, =D, — % Being u; and u, naturally defined (see (2.4) below),
evolution equations (2.6) and (2.7) for u; and u, still have simple forms.

For the modulation analysis, we will decompose u, u1, u, of the form

iy()
ult,r) = em) [P(:b(1).n()) +e(t,-)]($)ﬁ
iy(0)
M](t, r) = me[Pl (,b(f), T]([)) + &1 (tv )](%)’ (121)
iy(t) r
ws(t,7) = /\3_(1)[})2(‘;[)([)’ n(t)) + eat, )](m)»

for some modified profiles P, Py, P5 to be constructed. Four orthogonality conditions are
imposed either on ¢ or ¢; to fix the decomposition. To analyze the flow, we introduce the
renormalized coordinates (s, y) as well as the renormalized variable w,

ds 1

= — —iy _ )
dt — 22(t) w(s,y) = Ae " Tut, Ay)li=(s)

o
y = m,
The associated conjugated variables are w; := Dy, w and w, := Ay Dy, w. The system of
evolution equations for w, w;, w, can be found in (2.8)—(2.10).

One notable advantage of using the system of equations for the nonlinearly conju-
gated variables w, wy, w, is that we can separate the roles of each evolution equation. For
example, the w-equation will only be used to detect the modulation equations for A and y,
which allows simpler (or, rougher) ansatz for P compared to P; or P,. The w;-equation
will be used to detect the modulation equations for b and 7. In fact, these equations
become more apparent in the wj-equation rather than the w-equation itself, allowing the
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authors in [28] to capture the crucial logarithmic corrections in the bys- and ns-equations.
Finally, the w,-equation will be used in the final energy estimates for the remainder ¢.
The use of the w,-equation not only simplifies the structure of the nonlinearity; it is also
the w,-equation, whose linearized Hamiltonian H o has a repulsive property (see Sec-
tion 2.3.3). This enables the authors in [28] to perform the modified energy method for
the variable &,. We refer to [28] for more discussions on this approach.

2. Construction of the modified profiles. In [26,27], when m > 1, the authors introduced
a modified profile, which is constructed in a nonlinear way and suggests the formal mod-
ulation equations

A
Ts+b=0’ ys~@m+ 1)y, bg+b*2+n*=0, n,=0. (1.22)

The n = 0 case corresponds to pseudoconformal blow-up and its instability mechanism
can be dictated by varying n; see Section 3.1 for more details.

However, when m € {1, 2}, that profile turns out to be insufficient to address the H 3-
boundedness of &* and we need a new profile ansatz. We perform the tail computations as
in [45,46,52]. It turns out that when m = 1, there are nontrivial cubic corrections to the
bs- and ng-modulation equations, say

by+b>+7+pP =0 and n,+ p{” =0,

and the new profiles deviate from the old ones at the cubic order. When m = 2, the same
happens at the quartic order.
Another interesting observation is that the cutoff radius must be

y ~ By = (> + 1?2, (1.23)

which corresponds to r ~ 1 in the original space variable r. Moreover, in the original
spacetime variables, our modified profile P¥(r) converges to the singular part Z:g as
t — T. This is a sharp contrast to the use of almost self-similar scales typically employed
in many of the prior blow-up constructions such as [26,45,46,52].

3. Key a priori bounds from nonlinear coercivity of energy. Despite the lack of dynamical
controls (1.20), we are able to obtain the following size controls:

lellzz Smpa 1 and  [b] + 0] + llell g1, Smpg AV E[u] = p. (1.24)

The former estimate is clear from mass conservation, but the latter, which we call the
nonlinear coercivity of energy, is not obvious. In a simpler context where b and 7 are
absent, this estimate was proved in [29] as a remarkable consequence of the self-duality
and nonlocality of our problem, which are two distinguished features of (CSS). We refer
to [29] or Remark 4.4 below for more explanations. Recalling its proof in [29], it is not
difficult to extend the nonlinear coercivity in the presence of b- and n-modulations. See
Lemma 4.2 below.
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4. Energy-Morawetz functional and uniform H3-bound. We propagate the H3-norm
boundedness of &*, which is the heart of the proof of Theorem 1.4. The basic strategy will
be the energy method with repulsivity, the idea being that the non-perturbative but local-
ized error terms appearing in the energy estimates can be handled by the monotonicity
from repulsivity. This strategy has successfully addressed many of the forward construc-
tions of blow-up dynamics, for example in [45,46,52,56] and for (CSS) in [26, 28].

Again, the difficulty is that we cannot assume dynamical controls such as (1.20). How-
ever, we have the size control (1.24) and our main assertion will be that this is sufficient
to propagate the H3-boundedness of &*. We should mention here that in the work [37]
on the critical gKdV, the authors were able to design monotonicity formulas that are
sufficient to conclude the rigidity of the near-soliton dynamics even without the size
control (1.24). Instead, they used the local virial estimate and properties specific (e.g.,
Kato-type smoothing) to gKdV, where the latter seems difficult to be implemented in the
Schrodinger setting.

We propose a new energy functional % that propagates the control ||&*|| m3ng2 Slon
any finite-time intervals only under the size control (1.24). As mentioned before, we look
at the &,-variable, whose associated linearized Hamiltonian A o has a repulsive character.
The functional ¥ takes the form

(&2, ﬁQ82)r ) (iea, 1///8_)782)1‘
e w3

for some large constant A > 1 and some well-chosen function ¥/' = ¥'(y) of Morawetz-
type (see Lemma 2.1). Note that F is coercive in the sense that ¥ <1 implies ez | 515 w?
and |ez]|.2 < w2, which in turn give lell gs < w3 and lell gz < w? using coercivity
estimates. By scaling, we have the H 3-boundedness ||¢* I 32 < 1. Thus our goal is to
propagate the control ¥ < 1.

Propagation of the control ¥ < 1 in this work crucially utilizes the assumption m > 1
as well as the size control (1.24). Indeed, the Morawetz-type repulsivity (Lemma 2.1),
i.e., the positivity of the commutator [ﬁQ, Ay for some choice of 0 < ¢/’ < I, where
Ay =v'0y + Az—‘p, heavily relies on m > 1. Moreover, |b| + |n| < wu of (1.24) is used
to dominate the non-perturbative (but localized) error terms arising in 9 s{w} by
the Morawetz monotonicity from 83{%}. Furthermore, | &|| 5 1 S uof (1.24)is
used to make pure e-terms perturbative; the contribution of such pure e-terms arises in
the form 9% < u?(1 + F), which gives 9, < 1 + F, which in turn yields F (¢) <
1 4+ F (o) on any finite-time interval by Gronwall’s inequality. More technical aspects of
this energy estimate will be explained in Section 4.5.

As a result of the boundedness of ¥, we roughly have

lle2 ||1%2
i

7 = + A2 (1.25)

lell g« S A%, 0<k <3. (1.26)

5. Rigidity of the blow-up rates. In order to prove rigidity of the blow-up rate, an impor-
tant role is played by the quantity

/32 b2+772
FERE
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This corresponds to the energy of the blow-up part P* and is conserved under the formal
modulation ODEs (1.22). Note that by (1.24) we only know ﬁ—; < 1 at this stage. Our goal
is to show the reverse inequality. In fact, we show that

§—>Z;£0 ast — T. (1.27)

We note that £ # 0 is important because if £ = 0 one can consider an exotic blow-up
regime A(t) ~ (T —t)” and b(t) ~ (T —t)?*~! with v > 1. We also note that energy
conservation of the full solution u(¢) is useless because the e-part is nontrivial.” Instead,
we look at the evolution of the quantity % + A and obtain (5.20), i.e.,

(§o2), = (8 )

for some spatially localized norm || - ||joc. By choosing || - [ioc = || - || 53 and applying
the uniform H3-bound (1.26), we obtain (% +A): = % + A. By Gronwall’s inequality,
% + A cannot converge to zero in finite time. See also Remark 5.4. Since A — 0 on
the other hand, we obtain (1.27). Once we have % — £ # 0 at hand, it is not difficult
to conclude A(¢) ~ £ - (T —t) and y(¢) — y™*. Let us finally note that there is a small
technical issue when m is small and we need to introduce corrections I;, 7 of b, 1 to run
the previous argument.

6. Structure of the asymptotic profile. As the existence of the asymptotic profile z* is
a consequence of Theorem 1.1, we focus on the structure of z*. When m = 1, the quadrat-
ic term of P¥ resembles [yp, b2y]* = XA/B (r)(%)zr, which gives a nontrivial singular
part zs*g in the limit ¢+ — T by choice (1.23) of the cutoff and (1.27). Similarly, when
m = 2, the cubic term of P¥ converges to ZS’;. Bound (1.16) follows from taking the
t — T limit of H3-boundedness (1.19).

Organization of the paper. In Section 2, we collect notations and preliminaries for our
analysis. In Section 3, we construct the modified profiles P, Py, P,. In Section 4, we per-
form modulation analysis of the near soliton dynamics and prove the H 3-boundedness
of &, which is the heart of the paper. Finally, in Section 5, we prove Theorem 1.4. For the
proof of Corollary 1.5, see Remark 5.5.

2. Preliminaries

2.1. Notations

For A € C and B > 0, we use the standard asymptotic notation A < B or A = O(B) if
there is a constant C > 0 such that |A| < CB. A ~ B means that A < B and B < A. The

"In [55], where the authors consider minimal mass blow-up solutions, (1.27) easily follows
from energy conservation and the improved smallness ||zsli 71 — 0. Let us note however that this
smallness estimate is nontrivial. Nevertheless, ||8” 71 — 0 does not hold in our context.
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dependences of C are specified by subscripts, e.g., A Sg B & A = Og(B) & |A| <
C(E)B. In this paper, any dependences on the equivariance index m will be omitted.

We also use the little o-notation such as 04*—0(1) or 0,7 (1), which denotes a quan-
tity that can be made arbitrarily small by taking «* — 0 or t — T, respectively. Similarly,
we use the notation §37 (™) to denote a quantity that goes to 0 as «* — 0 but may depend
on M (thus may not be uniform in M).

We also use the notations (x), log, x, log_ x defined by

(x) == (Ix|> + HV2, log, x := max{logx,0}, log_x := max{—Ilogx,O0}.

We let y = y(x) be a smooth spherically symmetric cutoff function such that y(x) =1
for |[x| <1 and y(x) = 0 for |x| > 2. For A > 0, we define its rescaled version by
xa(x) = x (). We also define yz4 := 1 — y4.

We mainly work with equivariant functions on R?, say ¢: R? — C, or equivalently
their radial part u: Ry — C with ¢(x) = u(r)e!™?, where R, := (0, 00) and x; +
ix,= re'?. We denote by 0+ = 01 + i 9, the Cauchy—Riemann operator, which acts on
m-equivariant function via the formula

8+[u(r)eim9] = [(Br — ?)u](r)ei(mﬂ)e. (2.1)

We denote by A =9, + %8, - ':’—22 the Laplacian acting on m-equivariant functions.
The integral symbol [ means

/: dx :27r/rdr.
]R2

For complex-valued functions f and g, we define their real inner product by

(f) = / Re(fg).

For a real-valued functional F' and a function u, we denote by V F[u] the functional
derivative of F at u under this real inner product.
For s € R, denote by A the generator of H*-scaling

As::rar+1—s, A::Aozrar+1.

Note that A is formally anti-symmetric. We also use a truncated version of A; for a spher-
ically symmetric function ¥ = v (x) on R?, we define the operator

Ay
2 b
where ' = 0, and Ay = 0, + %8,1#. Note that A, is formally anti-symmetric.
For k € N, we define

|/l = max{| f].|rdr f.....|(rd )k £}
om0 e

/\,/, = Tﬁ/ar +

2.2)

9o ey
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We note that | f|x ~ r¥| f|—_x. The following Leibniz rules hold:

| /8l S 1f1klglks  1/8l-k S 1S lklgl-k-

Given a scaling parameter A € R, phase rotation parameter y € R/2xZ, and a func-

tion f, we write
et r

Srr @)= 5 1(3)-

When A and y are clear from the context, we will also denote the above by f* as in [27],
that is,

fﬂ = f/l,y-
Similarly, we define the b-operation as

b .
g = &81/A,—y-
When a time-dependent scaling parameter A(¢) is given, we define rescaled spacetime
variables s, y by the relations

ds 1 r

@~ ™I >

The raising operation # converts a function f = f(y) to a function of r: f# = f#(r).
The lowering operator b does the reverse. In the modulation analysis in this paper, the

dynamical parameters such as A, y, b, n are functions of either the variable ¢ or s under
ds 1

dr — a2
We collect the definitions of various linear operators. Let Ag[y/1, ¥2] be the polariza-

tion of Ag[y/]:
L[> —
Ayn.val == [ Rethayay’

We will often use the first-order operators and their formal L?-adjoints:

1 1
Dy, =9y — ;(m + Ag[w]), D = -9y — ;(m + 1+ Agw)),

2 o
Ly =Dy — =Ag[w, ], Ly =D} + w/ Re(w-)dy’,
y y
1 1
w w y w w y

The second-order operators of particular importance are
£, = V2E[w], i.e., the Hessian of E,
1 1 1
Hy = -0,y — ;ay + F(m + 1+ AO[U)])Z - 5|w|2 = A:;AUM

~ 1 1 1
Hy = =0y, — ;By + ;(m + 24 Ag[w])® + S[wl® = Aw Ay,

See Section 2.3 for more explanations of these linear operators.
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The relevant function spaces such as FI,’,‘,, Jﬁ’,’fl, and V,L‘ , and their norms will be defined
in Section 2.4.

2.2. Conjugation identities

In this subsection, we record the evolution equations for u, u; = Dyu, and u, = A,Dyu,
where we recall D, = 9, — %(m + Ag[u]) and A, =D,, — % As mentioned in the strategy
(Section 1.4), we will view (CSS) as a system of equations for u, uy, us.

First, we note that u, u, and u, are realized as m-, (m + 1)-, and (m + 2)-equivariant
functions. This is because the covariant Cauchy—Riemann operator D = D; + i D, shifts
the equivariance index by 1 (cf. (2.1)) and u, u, u, are identified as

¢(x) — u(r)eime’
D4 ¢](x) = [Dyu](r)e’ ™+ = uy (r)e D9, 2.4)
D D ¢](x) = [AuDuu](r)e’ ™20 =y, (r)e!m+26

Now, we record the evolution equations for u, u;, and u,. The following can be derived
using identification (2.4) and the curvature relations of (1.1):

o0
du +iDjuy + (/ Re(ﬂul)dr/)iu =0, (2.5)
o
diuy + iAjus + (/ Re(ﬁul)dr’)iul =0, (2.6)
sy + i Hyup + (/ Re(ﬁul)dr/)iuz —iuu? = 0. 2.7)
r

See [28, Section 2] for more details.

When (C') parameter curves A(¢) and y(¢) are given, using the renormalized coor-
dinates (s, y) defined in (2.3), we consider the renormalized variables w, w, wy of u,
Ui, Uz,

w(S, Y) = A’e_iyu(t’ Ar)|l‘=l‘(s),
wi(s,y) = A2 uy (6, Ar)|i=(s) = Dww.
U)Z(S, y) = A3€_iyu2(ta A'r)|l‘=t(s) = Awaw'

These variables solve the following evolution equations:

As . -
<8S - TA + ysz)w +iDj,w; + (/y

As ©
(as ~ A+ ysi)wl A ws + (/ Re(wwl)dy’)iwl -0, (29)
Yy

oo

Re(ﬁwl)dy’)iw =0, (2.8)

A ~ oo
(as - A+ ysi)wz iHyws + (/ Re(wwl)dy’)iwz —iww?7 = 0. (2.10)
y
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2.3. Linearization

We quickly record the linearization of (CSS) around Q. For a more detailed exposition,
see the corresponding sections of [26-28]. We note that the discussion in this subsection
formally assumes the decomposition

u(t,r)y= Q) +e(t,r)

for small ¢ and hence we will identify + = s and r = y. One may consider the situation
where A(r) = 1and y(¢) = 0.

2.3.1. Linearization of the Bogomol’'nyi operator. We first linearize the Bogomol nyi
operator w — Dy, w. We can write

Dy+e(w +€) =Dyw + Lye + Ny(e), 2.1D)

where

2
Lye :=Dye— —Aglw, e]lw,
y
2 1
Ny (&) == ——Ag[w. ele — —Ag[e]w,
Yy y

and Ag[y1, V2] is defined through polarization
1 7 1 / /
Aglyn. Yol = —2 | Re(Y1y2)y'dy”.

0
The L2-adjoint L% of L, takes the form
o0
LYv=D}v+ w/ Re(wv)dy'.
y

We remark that the operator L, and its adjoint L} are only R-linear. From (1.8) and (1.7),
we have the following expansion for the energy:

1
E[Q +¢] = E||LQ,9||22 + higher-order terms. (2.12)
2.3.2. Linearization of (CSS) and generalized kernel relations. Next, we linearize (CSS).
Recall the Hamiltonian form (1.4),
d;u +iVE[u] =0.

We decompose
VE[w + ¢] = VE[w] + Lwe + Ry (e), (2.13)

where £ ¢ collects the linear terms in € and Ry, (¢) collects the remainders. Note that &£,
is the Hessian of E, i.e.,
VZE[w] = £y,
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and hence £,, is formally symmetric with respect to the real inner product. If one re-
calls (1.7), we have VE[u] = L Dyu = L}u;, and hence (CSS) can also be written as
(compare with (2.5))

id;u + Liuy = 0.

Note that (2.13) and (2.11) yield the following full expression of &£,
1 [ _ ©
Lwe =L} Lye+ (;/ Re(we)y/dy/)wl + w/ Re(zwq)dy’
0 y

o0
+£/ Re(ww)dy’,
y

where w; = Dy, w, but this full expression is not important in our analysis. We remark that
the operator &£, is only R-linear. From D Q = 0, we observe the self-dual factorization
ofidg K

ifg =i L"é Lo.

Thus the linearization of (CSS) at Q is
die+iLoe~0 or 8,8+iL*QLQe%0. (2.14)

We briefly recall the formal generalized kernel relations of the linearized operator i £¢.
We have

Ne(ifLp) = 5panR{AQ,iQ, %yzQ,P}

with the relations (see [27, Proposition 3.4])

32
’iQ(’TQ) =AQ, itop=iQ, (2.15)
i£o(AQ) =0, i£o(i0) =0,
where the existence of p is given in [27, Lemma 3.6]. In fact, we have
2
-y Y 1
L — =i= L
Q(’4Q) 1590 Lor= 2(m+1)yQ
«(:) . * (2.16)
Lp(i50) = -ir0. Lp(55 )yQ) 0,

Lo(AQ) =0, Lo(iQ) =0.

One can uniquely determine p by requiring p < y2Q and p can be explicitly constructed
by the formula

_(out) -1
pi=©0p (2(m+1)yQ) 2.17)

where ("“‘)Lél denotes a formal right inverse of Lo whose explicit formula is given in
Lemma A.1.

8This identity was first observed by Lawrie, Oh, and Shahshahani in their unpublished note.
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2.3.3. Linear conjugation identities and Morawetz repulsivity. Assume thatu = Q + ¢.
Formula (2.11) says that the first conjugated variable u; = D, u satisfies

u; =Dyu~ Loge = €.
This u;-equation (2.6) can be linearized as
9:81 + iA*QAQ§1 ~ 0. (2.18)

In this regard, the operator H,, naturally arises

1 1

HUJ = A;Aw = —8yy — ;8y —+ FVw,

Vi = (m + 1+ Ag[w])? — %y2|w|2.
On the other hand, if we simply take L g to (2.14), we also have
d:81 + iLQiL*le ~ 0.
Comparing this with (2.18) gives the linear conjugation identity
LQiL’é = iA*éAQ =iHp.

The linear conjugation identity was first observed in [26]. While the linearized oper-
ator £, is only R-linear and is nonlocal, Hy, is now C-linear and local. Moreover, the
kernels AQ and i Q of i £ have been removed by taking Lo to (2.14), and the general-
ized kernels i % Q and (m + 1)p have become the kernels i3 Q and % Q of iHg, thanks
to (2.16) and Ap(yQ) = 0. More interestingly, Hgp = A*QAQ is exactly the same oper-
ator arising in the linearization of several critical geometric equations around harmonic
maps within k = (m + 1)-equivariance, such as in [45,52,53, 56]. Therefore, at the lin-
earized level, the dynamics of m-equivariant (CSS) is closely related to the dynamics of
(m 4+ 1)-equivariant Schrédinger maps. These earlier works motivated the authors in [26]
to consider further linearly conjugated variable &, = Ag&; = Ag L ¢ below.

The further conjugated variable u, can be linearized as

Uy = AuDuu ~ AQé\l = :9\2,
and the linearization of u,-equation (2.7) becomes
0:85 + iAQA*Q§2 ~ 0. (2.19)

In this regard, we define the linear operator H, by

~ 1 1 ~
Hy = Ay Al = —d,, — SO+ 5 (2.20)

w

- 1
Vi = (m + 2 + Ag[w])?® + §y2|w|2. (2.21)
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Note that the kernels iy Q and y Q of i Hg have been removed by taking Ao to (2.18) and
the operator Hg has no kernels.
More importantly, as observed in [56] for the wave maps (and in [26] in the present

context), H o has a repulsive character,
Vo>m? and —yd,Vp =y20%>0. (2.22)

One instance of the usefulness of this repulsivity is the following spacetime control of £,
obtained through a virial-type computation:

1. 1~ o~ =0,V
Eaz(82,—l/\€2)r = (82, E[HQ,A]éiz)r = (82, Ho&2)r + (82, 2; 82)r

> (52, Hp#)r = |AH2al17 .

As mentioned in the introduction, repulsivity (2.22) has been used in many of the blow-
up constructions. Note that the virial term (22, —i A€;), above is not bounded in the
usual Sobolev spaces (e.g., for & € H'). In this work, we will use a Morawetz-type
monotonicity as follows.

Lemma 2.1 (Morawetz-type repulsivity). Let m > 1. There exists a smooth function
¥: (0, 00) — R with the following properties:

o Vr admits a smooth radially symmetric extension on R2.

o (Bounds on ') Denote ' := 0,%. We have 0 < ¥’ < 1 and

yoyy' < ()7 (2.23)

o (Morawetz-type repulsivity) Recall the operator Ay = y'0, + &Y There exists ¢ > 0
such that for any smooth (m + 2)-equivariant function f, we have

0,7+ | L) = ey, 229

m—+2

(Ho f. Ay f)r = Cf(( B
Remark 2.2 (On m > 1). In the proof, we heavily rely on the assumption m > 1 to
obtain the nonnegativity of (HQ S Ay f)r. When m = 0, HQ is rather similar to the
2D Laplacian —Ag = =9y, — 5 19, near the spatial infinity, and hence there are some
subtleties to obtain a Morawetz estimate due to the zero resonance of Ag. Note that the
blow-up construction in [28] for the m = 0 case (and similarly in [45,52] for critical wave
maps and Schrédinger maps) rather constructs precise correction terms for the modified
energy under the shrinking regime d;A(¢) < 0, which we do not assume in the present
context.

Remark 2.3. Bound (2.23) will be used in the energy estimates of our blow-up analysis
(Proposition 4.12). As is well known, if one only considers a Morawetz estimate for the
linear equation (2.19) without requiring bound (2.23), then the weight (y)~2 of (2.24) can
be improved to (y)~'T by considering, for example, ¥ (y) = () — §(y)'~% with small
5> 0.
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Proof of Lemma 2.1. We consider { of the form

v=2 52 g sy (2.25)
o2
for some small 0 < § < 1 to be chosen below. We may explicitly set ¥ (y) = (y) —
% log(1 + y?) and hence v admits a smooth radially symmetric extension on R2. More-
over, it is clear from (2.25) that ¢’ satisfies 0 < ¥’ < 1 and yd,v¥’ < (y)~L.
We turn to the proof of monotonicity (2.24). Integrating by parts, one has

(HQf»AVIf)r — /w“layflz +/{W7/(I7Q _ yaszQ> _ yZiZw}‘é‘z.

Applying ¥’ > 0 and (2.22), we have

- l 2A2 2
(Ao Sty pr = [wians?+ [ (% - %}\g( SNCET)
On the one hand, we have
o 1 U YAy 3yS 4 4apt 2002 +4 1
§ = and yvo_yAY 3yt 4y +7y LR
(») y 4 Hy) (y)
On the other hand, we have
/ 2A2
P P W /P
(21~ () y 4 (y)?
Therefore, there exists some 0 < § < 1 such that ¥/ = ¥ + §v satisfies
1 ! 2A2 1
¥’ 2 — and vo_ryaw., 1 (2.27)
(y) y 4 (»)
Substituting (2.27) into (2.26) gives (2.24). [

2.4. Adapted function spaces

In this subsection, we quickly recall the definition of equivariant Sobolev spaces and
introduce adapted function spaces. For more explanations, see [26,27].

Let m € Z. For s > 0, we denote by H;}, and H,i, the restriction of the usual Sobolev
spaces H*(R?) and H*(R?) on m-equivariant functions. For high equivariance indices,
we have the generalized Hardy’s inequality [27, Lemma A.7]: whenever 0 < k < |m|,
we have

A 1=kl ~ 1 1 s -

Specializing this to k = 1, we have the Hardy-Sobolev inequality [27, Lemma A.6]:
whenever |m| > 1, we have

7= flle + 11 lee < 1 g, - (2.28)
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Note that in general H} <> L™ is false. For k € N, the space H,lf,’k is defined by the set of
m-equivariant H**(R?2) functions, where f € H*¥(R?) means that (x)¢ f € H¥~¢(R?)
forall0 <{ <k.

Let m > 1. We turn to the definitions of adapted function spaces. As mentioned
before, we will need a priori bounds (such as (1.24)) from mass/energy conservation
and perform an energy estimate for &, to prove the H 3-boundedness of &*. For this pur-
pose, we need to transfer the controls on e, &~ & = AgLge and &1 &~ & = Lge to
those for ¢. The controls on ¢ and hence the norms of the adapted function spaces will
be captured by various (sub-)coercivity estimates for the linear operators Ag and Lg.
Note that, as Ap and Lo have nontrivial kernels spang {yQ,iyQ} and spang{AQ,iQ},
respectively, the coercivity estimates (Lemma 2.4 below) hold after excluding these kernel
elements.

The following norms will be used in this paper. Recall from (2.4) that ¢, €1, &, are
naturally identified as m-, (m + 1)-, (m + 2)-equivariant functions. For &, we will use
the norms

leslliz. Neallzy . and lleallyae

where we recall the definition of the V,ifz-norm (see (2.24)),

dy€ 2
e, = Hy—z‘ 2.29
Ieals = | (2.29)

e Pt
2 li(y)t/2y

L2’

The first two norms are adapted to the coercivity of the energy functional ¥ introduced
in (1.25). The last norm captures the spatial part of the Morawetz estimate in Lemma 2.1.
For &1, we will use the norms

letlzs ety letlgz, . and lerllysa .
where the last V,i/f 1-norm is defined by
el — ” dyyer |2 H ler|-1 |2
55/2 1= T N1/2. :
W (y) ez =l y)/zyliez

The first norm, i.e., ||€1]|7.2, is adapted to energy conservation (see (2.12)). The remaining
high Sobolev norms are adapted to the L?, H,LH, and Vrzfz controls on g, ~ Agey; see
item (2) of Lemma 2.4 below.

Finally, for &, we will use the norms

lellzz,  Nellgy.  lellzz. and el g
where the J¢2- and J2 -norms are defined by

lel-2llz2 ~ llell g2 iftm > 2,

le|—1
192043 + lyyele + | : |

lell gz, =
log_y)y

ifm=1

L2
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and
lel=sllz2 ~ llel 3 it >3,
le|—2 .
) ot 410 | k2 2
lell o3 = I +8||H32 + [19yyyellL2 + flog_y)y 2 it m
lel-1 .
dell g2 + [l1yypel- || itm=1
I +8||H22 + | yy8| 2 + oz 1))y 22 ifm

Of course, the L2-norm of ¢ is adapted to mass conservation. The remaining higher-
order norms are adapted to the L2, H,il
last item of Lemma 2.4 below. When m is small, the above J@,’ft-norms can be viewed
as slight modifications of the usual HX-norms. However, these #X-norms control the

scaling critical Hardy norms in the region y > 1,

72 ~ .
1 and Hm_‘_1 controls on &1 ~ Lge; see the

el 2 Mysilel2ll2 and el 3 2 [1y>1lelsllza-
In this sense, the J(,If, -norms are stronger than the H n’i -norms when m is small.

The following lemma collects the coercivity estimates of L and Ag.

Lemma 2.4 (Linear coercivity estimates). Let m > 1.

(1) (Unconditional coercivity of H o) We have
(2.30)

~ 1 2
ez Hgea)r = Iyealipa + | oo

(2) (Coercivity of Ag) Suppose that’ 23, 524 € C25,41 are such that the 2 X 2 matrix

{(aij) k. jeg3,4) defined by ags = (Zg.iyQ), and axs = (Zg, yQ), has nonzero
determinant. Then, we have coercivity estimates

71 7 7L
el Sz,2, Mosile S ety | VYer € Hyyy n{Zs Za}t @3D)

72 7 7l
||81||H31+1 $3,.%, ||AQ£1||H,;,+25 ”81”H3.+1 Ver € Hy 1 N{Z3, 24}, (2.32)

¥5/2 & & L
lenllysrz Sz, 2, Ideellyaz S lerllyse,  Ver € Vol niZs. Zayt, 233)

where L is taken with respect to the real inner product (-, ).

(3) (Coercivity of L) Suppose Z1,Z, € C.5,, are such that the matrix {(ax;)},je(1,2}
defined by ax1 = (Zy, AQ), and arr = (Zy,iQ), has nonzero determinant. Then,
we have coercivity estimates

lell gy, Sz025 ILoell2 S llellyy, Ve € HyN{Zi,Z2)h,  (2.34)
lellyiz, Szi20 Lol | S Nl Ve € dn N {ZiZo}. (235
lell iy Sz Lotz | < llellgy Ve € In N 1{Z1Zabt (236)

where L is taken with respect to the real inner product (-, ).

9That s, 23 and Z4 have smooth compactly supported (m + 1)-equivariant extensions on R2.
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See Appendix B. Some of these estimates are already proved in [26].

Remark 2.5 (Choice of Z1, Z,, 23, 24). In this work, we fix the orthogonality profiles
Z1,Z5 € C25, and Z3,2Z4 € C, | satisfying the following properties. We require for

Z1,2Z, € Cc"jn that Z, is real, Z, is purely imaginary, and Z;, Z, satisfy the transver-

sality condition

(AQ,Z1)r, (iQ,2Z2)r #0 (2.37)

and a gauge condition

y2
(_iTQ,Zk) = (0, Zi)r =0 Vk e{1,2}. (2.38)

Next, we fix 2~§3, 2~24 e C*®

cm-1 such that

1 = 1
Z3 = —iEyQ)(Rc> and Z4 = _EyQXRo’ (2.39)

where R, > 1 is some radius such that

1
Ro.00) ¥ Cllz2 = 511y Q2. (2.40)

and the supports of Z; and Z, are contained in y < 2R,. It is clear that Lemma 2.4 is
applicable with this choice of orthogonality profiles.

2.5. Weighted L*° and integral estimates

In this subsection, we record weighted L°° and integral estimates, which will be very
useful in our analysis.

Lemma 2.6 (Weighted L°° estimates). For m-equivariant functions €, we have

lellzos < llell gy 10 ellzoe < llell gz 100 2ellzoe < el (24D)

For (m + 1)-equivariant functions &1, we have

letllzee < llexllgy , » o Mlerl-tllzee < lledlgz -
1 (2.42)
—3/44 ¢ + H 32 H < lleills .
) ayerlle + 072 S lealyg
For (m + 2)-equivariant functions €,, we have
< . —3/4 < ) 243
leallzos % Nezllgy o I10Y " eallioe S lleallyora (2.43)

Remark 2.7. The controls in the region y < 1 are not sharp. It is also possible to control
higher derivatives of ¢. See, for example, [26, Appendix A]. We will not need such sharp
controls in this paper.
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Proof of Lemma 2.6. All the estimates easily follow from the fundamental theorem of
calculus argument. We only prove the last inequality of (2.42), which is the most compli-
cated, and omit the remaining proof. Integrating the inequalities

By((y)_3y_2|gl|2) < )72y ler]—a el
dy ((y)?10ye1 ) < ()72 |9yer]—1|dyen]

backwards from the spatial infinity and using the Cauchy—Schwarz inequality, we get

4 _ _ _ 1
Y7yl 102 ez gan 10020 Setlzgan < llerllgsrs

m+1
- - _ 1
7 20ye1? < )" - 10yerl-tllL2pan 1 ()72 - ;3y81||L2(ydy) < ||81||f~,5/ﬁ1,
which complete the proof of the last inequality of (2.42). |

Lemma 2.8 (Mapping properties for integral operators [29]). Let 1 < p,q < 0o, and let
s € [0, 2] be such that (p,q,s) = (1,00, 0) or% +1= % + 5 with p > 1. Then, we have

1 7 A / /
—S/ FO')y'dy
Y= Jo

Sp I fllee. (2.44)
La

Denoting by p’ and q’ the Holder conjugates of p and q, respectively, we have the dual

Remark 2.9. We will often use the above estimates when p, ¢ € {1, 2, co}.

estimate

S I f e (245)
L

/ g Y
y

Remark 2.10. If a nonnegative weight w = w(y) is decreasing, then one can have
a weighted version of (2.44). For example, we can have

y 1 [
H”’(Z) [ rowar| <l [wonisooay

L4

Sp llwflLe.

Yy e La

Similar argument works for (2.45) if w is increasing. We will implicitly use this simple
argument in many of the estimates.

2.6. Proximity to soliton for small energy profiles

We recall a variational lemma from [29], which provides the starting point of our modu-
lation analysis.

Lemma 2.11 (Proximity to Q for small energy profiles [29, Lemma 4.2]). Forany M >0
and a* > 0, there exists § > 0 such that'’ the following holds. Let u € H,\ be a nonzero

10Compared to [29, Lemma 4.2], we switched the roles of o* and §. This is because o* in
this paper will be used as a small parameter measuring the H,}l -distance between the renormalized
solution and the soliton Q.
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profile satisfying ||ul > < M and the small energy condition \/ E[u] < 8|[ull g1 . Then,
there exists y € R/2nwZ such that

le ™7 Au(h) — Qll gy < a*, (2.46)

hore T — ||Q||H1
Tl ;1

Remark 2.12. Notice that we allow profiles having arbitrarily large mass and hence the
use of the L2-norm is prohibited in (2.46). The above lemma is a consequence of the
self-duality (1.7). More precisely, it is a consequence of the nonnegativity of energy and
the uniqueness of solutions to the Bogomol’nyi equation (1.8) up to scaling and phase
rotation invariances. For the mass-critical NLS, the analogous statement only holds under
additional restriction on mass such as || ||;2 < ||R]||z2 + & for the ground state R and in
that case the L2-distance can also be made small.

Remark 2.13. Any H,il finite-time blow-up solutions to (CSS) eventually enters the
vicinity of modulated solitons. Indeed, if u(¢) is an H,}l—solution that blowsup at T < 400,
then [[u(t)|| 1 — oo asz — T by the standard Cauchy theory. Therefore, for any § > 0
the small energy condition \/E[u] < §||ul| 4 1 eventually holds by energy conservation.
Note that ||u(#)]| ;2 remains bounded by mass conservation.

3. Modified profiles

For the modulation analysis in the next section, we will decompose the full solution u(¢)

of the form
v (@)

A?) /\(z))

(In fact, we decompose u, uj, u, as in (1.21).) In this section, we aim to construct the
profiles P(-; b, n), which we call the modified profiles, and derive formal modulation
equations for b and 7. Note that the four parameters A, y, b, n correspond to the basis
{AQ.,iQ,—i % Q p} of the formal generahzed kernel of i£o. The profile P will be
chosen such that P ~ Q, d, P ~ —1—Q and 9, P ~ —(m + 1)p.

Basically, we will perform the tail computations in the spirit of [45,46,52] (and [28]
for (CSS) when m = 0). We assume the adiabatic ansatz

As

T—{—b:O and ys &~ (m+ 1)n

and assume the expansions of by, 15, and P, which roughly take the form

b k
> = T

k+{>2 k+L>2

2
P=0Q—ibZ0—(m+mp+ Y bFn'Ti
k+£>2

u(t,r) =

[P(:b(0), (1)) + e, )]
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with some scalars c,ibz and c,(:’z , and profiles Ty y = Ty ¢(y). By the tail computations,

we seek for the choices of c](cbz and C,(an such that Ty ¢ grows the slowest.

We mention some observations in the profile construction of this work.

e In practice, we need to truncate the profiles P. In this work, we will truncate the pro-
files at the scale y = By = (b2 4+ n?)~'/2, which is much further than the self-similar
scale y = b~1/2, and this scale turns out to be the only scale such that our analysis
works for m € {1, 2}. This can be explained as follows. As mentioned in Section 1.4,
our basic strategy for the rigidity theorem is to prove that the remainder part £# remains
regular up to the blow-up time, or more specifically e* remains bounded in the H3-
topology. Thus the blow-up part P# should contain the singular part of the solution u,
which turns out to be nontrivial when m € {1, 2} by Theorem 1.4. To recognize this
from the blow-up part P*, the cutoff scale must be r ~ 1, which corresponds to y ~ B;
in the modulation dynamics.

e When m = 1, there are nontrivial cubic corrections to the modulation equations of b
and 7. The profile ansatz from [26] as well as the modulation equations by + b +
n? = 0 and ny = 0 are no longer correct; the tail computations suggest by + b% + > +
pgb) =0and ns + pgn) = 0 instead, for some nonzero cubic polynomials pgb) and pgn).
We believe in general that there are (m + 2)-order corrections, which are tied to the

spatial decay rate of Q as in [52], when m > 1.

Additionally, we will adopt the framework of [28]. Not only do we look at the variable w,
we also look at the variables wy and w;; thus in this section we will construct the pro-
files P, Py, P, adapted to the variables w, w;, w,. This strategy well separates the roles
of each evolution equation. An important advantage in the profile construction is that the
derivations of bs- and ns-modulation equations become much more direct at the level of
the wj-equation. Another advantage is that P- and P;-ansatz do not need to be as pre-
cise as the P,-ansatz; it suffices to construct P, P;, and P, up to quadratic, cubic, and
quartic orders, respectively. At the same time, P and P, enjoy degeneracies; the P;- and
P>-expansions start from the linear and quadratic terms, respectively.

3.1. Old profile ansatz

In this subsection, we discuss the modified profiles as well as the modulation dynam-
ics observed in [26,27], from which pseudoconformal blow-up and rotational instability
manifest.

In [26,27], the authors studied the dynamics near pseudoconformal blow-up solutions.
They used the profiles of the form

Poa(y: b, ) = 8 (3)e 27140 (y), 3.1)

where B = oo (i.e., no cutoff) and n > 0in [27],and 0 < b < 1, || < b,and B = b~1/2
in [26]. The profile Q ™ (y) is constructed in a way that it solves the modified Bogomol’nyi
equation [27]

DQ(QO) _ _,%Q(n)
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ony e (0,00)if > 0and 0 < y < |5|~/? if 5 < 0. This nonlinear construction of

the profile effectively avoided the difficulties from nonlocal nonlinearities and yielded the
formal modulation equations

A
f+b=0, ys~ m+1n, by +b*+1*=0, ny=0. (3.2)

Typical solutions to (3.2), parametrized by 1o € R, are given by

b(t) =—t, n@t)=mno, Mt)=(*+n)"?
0 ifne =0, (3.3)

sgn(no)(m + 1) tan™! (|’It_|) if no # 0.

0
When 1y = 0, the solution represents the pseudoconformal blow-up and exhibits no phase
rotation. When 7y # 0, no matter how much small || is, the solution does not blow up
and rather exhibits a quick phase rotation (on the time interval of length ~|ng|) by the
fixed amount of angle (m + 1)7 (rotational instability).

Keeping dynamics (3.3) in mind, by varying no > O and using the backward con-
struction, the authors in [27] constructed one-parameter families of solutions exhibiting
rotational instability. Using the forward construction and the shooting method for 7, the
authors in [26] constructed a codimension one set of smooth initial data leading to pseu-
doconformal blow-up.

In the present context, we deal with arbitrary H> finite-time blow-up solutions. Any
hypotheses such as b > 0 (contracting scale) or || < b (trapped regime) cannot be
assumed; we need to allow any (small) values of » and 7. A naive remedy would be
to slightly modify definition (3.1) of P4 and consider instead

~ 3 2
Poa(yib,n) = yspoe 040 M(y), (3.4)

where 0 < 8§ < 1 and By = (b? + n?)~ /4 = B~/2. When m > 3, this profile indeed
works in our framework. However, it no longer works when m € {1, 2} because of the pro-
file equation error W (see (3.44) below for more precise meaning of W) of size ||\V|| a3 2
B™/2+3 > B* which is insufficient in view of Remark 3.5 below. Moreover, W cannot be
improved by adjusting the cutoff radius because of the pseudoconformal phase e ¥ 2/4
and the fact that Q™ might not be defined for large y, e.g., y > 8By.

A similar difficulty was faced by the authors in [28] for their blow-up construction
in the m = 0 case. Motivated from the connection between the linearized (CSS) and the
linearized wave maps or Schrodinger maps (see the discussion in Section 2.3.3) and the
fact that the zero resonance of Hgp might lead to nontrivial logarithmic corrections to the
modulation equations (as observed, for example, in [45,52] for energy-critical geometric
equations), the authors were able to carry out the tail computations at the level of the
w1 -equation and observe a logarithmic correction to the modulation equation by + b? +
n? = 0. Note that several simplifications were possible because the trapped regime || < b
was assumed in [28].

y(@) =
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In the present context, we further push this idea (i) in the m > 1 case and (ii) without
the assumption |n| < b. It turns out that, when m = 1, there are nontrivial cubic correc-
tions to the modulation equations by + b + n?> = 0 and 7y = 0 (see, e.g., (3.7)) and the
cubic terms of Py and P, have polynomially improved spatial decays. Similarly, quartic
terms have improved decays when m = 2. As by has the nontrivial quadratic term b2 + 1?2,
our profile construction will involve very explicit computations. Moreover, the linearized
operator Hg for the w;-equation has a zero eigenfunction y @, so the solvability condi-
tion must be taken into account when we invert Ho.

3.2. Definition of unlocalized profiles

In this subsection, we define the unlocalized profiles P , 131, 132 for w, wy, w, and also
derive the formal modulation equations for b and . We denote

B:=+vb2+n? and B:=ib+n.
The unlocalized profiles will take the form
P=0+12+1+T1{,
Pr=1" 4+ 1 + 1, (3.5
B=T? +1% + 12,
where each Tj(k) can be further decomposed as
k 1. ] k
T®iboy = Y b1, (y). (3.6)
Ji+j2=]
The quartic term T4(2) will be chosen in the next subsection. Moreover, we will set

T3(O)=0 ifm=1orm >3,

so the P -expansion is essentially quadratic. When m = 1, the formal modulation equa-
tions for b and 1 will be changed into

bs+b2+n*+pd =0 and 7+ pi” =0 (3.7)

where pgb) and pgn) are real cubic polynomials satisfying (3.14).

Up to quadratic orders, the profiles Tj(k) are straightforward because the deviation
from the old profile ansatz will appear (only when m = 1) from the cubic order. Thus the
linear and quadratic profiles can be easily determined from the old profile ansatz (3.1),
which can be viewed as P; = —B% P and similarly P, = —B2 P;. Motivated by the
generalized kernel relations (2.15) and (2.16), the linear terms are defined by

) = —ﬂ%Q, (3.8)

2
7 = —ibyTQ — (m + Dnp. (3.9)
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The quadratic terms are given by

7 = ﬁzy 0, (3.10)
M = —/%Tl“’), G.11)
2 1
7 = 0L 10 + S A0, TOIT® 4+ ;Ag[Tl(O)]Q], (3.12)

where we recall the polarization

1 17 —
Ag[¥1,¥2] = ——/0 Re(y1v2)y'dy’

and the operator (Oul)Lél from (A.4). A seemingly complicated definition of Tz(o) is moti-
vated by the compatibility Dp P ~ P;.

We turn to the cubic terms of the profile expansions. We first state the definitions of
these cubic profiles. First, we define T3(2) by

(out)(A*Q)— I:ﬁZA* ( T(O)) (b)yQ + pgn)lXQ] ifm=1,

T = 2 2 (3.13)
IgzyTTl(O) iftm > 2,
where pg and p(") are cubic homogeneous real polynomials of » and 7 such that
8 B3 .
P m=1,
P —ip” =1 yOl2, (3.14)
0 ifm > 2,

and ("“‘)(A* )~! is the inverse of Ap, whose explicit formula is given in (A.10). Next,
we define T( ) using the compat1b1hty Ap P ~ P, (see Step 3 of the proof of Proposi-
tion 3.3 for the derivation),

_ 1
T30 = 0 ag [12) - B(A910. T30+ 410, TIOIT( + EAa[Tf”]Q)], (3.15)

where ("‘“)A ! denotes a formal right inverse of Ag whose explicit formula is given
in (A.9). Fmally, we define T(O) by

© 0 ifm=1orm >3,

7,7 = (3.16)

2% 0 itm=2

“Pigg @ itm=2.
In particular, the proﬁle T(O) is nonzero only if m = 2. It is introduced to capture the

singular part z . of z* when m = 2, not to improve the profile equation error ¥ for P.

The deﬁmtlon of T(z) can be derived from the tail computations. Note that when
m > 2, the old profile ansatz (3.1) is still valid at the cubic order so we can easily expect
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that T(Z) ﬂzy T(O) However, when m = 1, nontrivial cubic order modifications are
necessary and the derivation of T( ) needs more involved computations. In the spirit of the
tail computations, we substitute the formal modulation equations (3.7) with p(b) and p(")
unknown and (w, wy, ws) = (P, Pi, P>) into (2.9) to have'!

0~ (b% + n? -|-p3 ))labPl-i-p i0yP1 —ibA_1 Py — (m + D)nP
— (/ Re(ﬁPl)dy’)Pl + A% Ps.
0

After a series of explicit computations (see the proof of (3.76) in Step 6 of the proof of
Proposition 3.3), we can extract out the cubic terms of the above equation as

0~ pgb)%Q -~ pgn)lXQ 4oA* (T(z) ﬂzy T(0)> (3.17)

We then require the following solvability condition for A*Q in order to have T3(2) growing
the slowest:

When m > 2, fast spat1a1 decay of yQ and AQ(yQ) = 0 guarantee A’ (ﬂ2 Y T(O)) 1 y0
and thus we set p3 = pg") = 0 and T3(2) ﬁzy T( ) as expected When m = 1, the
spatial decay yQ ~ y~2 is critical, and the following inner product becomes nonzero:

[es) 2 2
« (@2Y" 7)) . __pg2Y O, ,‘°°_3' 2 3
| 45 (85 10) y0rdy =210 y0 5[ =82 tim 3007 =28,

y—>+oo

where we used (3.19) in the middle equality. In order to ensure (3.18), this computation

suggests us to define pgb) and pgr’) such that

PO _ip® = 2p° _ &p
3 00 - s
Jo 5Q-y0ydy |y0l7,
which is (3.14). With this choice of p(b) and pgn), we construct T3(2) according to (3.17),

giving definition (3.13).
We end this subsection with some useful pointwise estimates for the profiles Tj(k).

Lemma 3.1 (Pointwise estimates for Tj(k)). Recall the definitions of Tj(k) ’s above.
o (Smooth profiles) All T/-(k) ’s have smooth (m + k)-equivariant extensions on R2.

e (Large y-asymptotics) Let y > 2 and k € N. We have
0) y?
T+ 82 0| sk pOI0gy. (3.19)

3
0 gL 0| +)|r0—pL 0| s ph0ney.  G20)

'More precisely, one needs to substitute ys = —(m + 1)n — fé’o Re(P Py)dy instead of 55 =
(m 4+ 1)n. See definition (3.28) of Mod and Remark 3.6 below.
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For the cubic profiles, we have
Tl + yIT2 sk B3 Qlogy ifm =1, (3.21)
0+ g Lol [P 4L 0| < g0y imz2 G2
In particular, we have
17301 + Y1752l <k By (323)

The above asymptotics also hold after taking 0y, or 0y to the left-hand side and remov-
ing one B from the right-hand side.

Remark 3.2. Typically the growth tail of T 1 is By? times that of Tj( ) . However, when
m = 1, the growth tail of T( ) is only 8 log y times that of T( )" This polynomially
improved decay is a consequence of the tail computations and is crucial to have the pro-
file error estimates (3.47)—(3.48). Similarly, we will see in Proposition 3.3 that the same
happens for the T4(2) profile when m = 2.

Proof of Lemma 3.1. The fact that all Tj(k) have smooth (m + k)-equivariant extensions
easily follows from the smoothness assertions in Appendix A. Henceforth, we focus on
the proof of large y-asymptotics.

Proof of (3.19). By (3.9) and (2.17), we have
2
(0) Yo _owy-1(Y Jy

0820 {1 (S0) + o)

Using formula (A.4) of (0”‘)Lé1, we have
2 2
1g(30) = o [ 1 ay - 022 [ 8,0

where J; and J, are defined in (A.1). We apply asymptotics (A 3) of J; and J; to

the above. Note that the first term gives the leading order term - Q with an error of
size O(Q), while the second term is of size O(Q log y). This yields (3.19).

Proof of (3.20). Recall from (3.11) that T,V = —BLT?, s0 (3.20) for T, follows
from (3.19). For T, ©) (recall definition (3.12)), we note the estimates for y > 2,

3
1o | T3 —ﬂz%Q(k <k 1y=28%yQlog y,
2 1
1=o| S 44[0. TOITO 4 ;AQ[TI(O)]Q(k <k 1,282 0.

Combining these estimates with (3.12) and (A.4) gives (3.20) for T2(0).
Proof of (3.21). We first prove (3.21) for T\?. Recall formula (3.13),

@ _ 2 (V20 ®Y .Y
T2 = 00 (y) [ B4 (5 1) - p 50 + pPiZ 0]
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Asm =1, we have AQ A —0) +3 L and sz(O) ~ By*Q ~ By, which result in the
cancellation (—9,, + ) By = 0. Incorporatmg the error terms using (3.19), this cancella-
tion is captured by the following estimate:

2
y
1y>> )A*Q (TTl(O)) ‘k Sk 1y>2ByQlogy.

Thus we have

y>2(,82A* T(O)) pgb);Q+p(") yQ’ <k Ly>28yQlogy. (3.24)

4

(n)

We now recall that p(b) and p;" are chosen to satisfy (3.18). Thus we can apply for-

mula (A.11),

@ = ZQ/ ﬂ 2 4% <(Y) T(o>) ) 20+ i J;Q]y/dy/_

Substituting (3.24) into the above formula gives (3.21) for T(z)
Next, we prove (3.21) for T ) . Combining the pointwise estimates

TP |k <k B2y Qlogy,

B0, TN + 2 407 710)| <k £170

with (3.15) and (A.9) gives (3.21) for TV,
Proofof(% 22). Asm > 2, we have p(b) = pgn) 0 and T(z) B4 T(O) Thus (3.22)

for T eas11y follows from (3.19). Combining the pointwise estimates

v
T2+ B Q‘ <k B*y?*Qlogy,
1
B0 T + EAG[TI“”]Q)L <k 20

with (3.15) and (A.9) gives (3.22) for TV,

Completion of the proof. Estimate (3.23) follows from (3.21) and (3.22). As all Tj(k)’s
are of form (3.6), all the estimates used in this proof holds after taking d; or d, in the
left-hand side and removing one § from the right-hand side. This completes the proof of
Lemma 3.1. ]

3.3. Localization and main proposition

Having defined the profiles up to cubic terms, we can state the precise form of the pro-
files P, Py, and P, including the cutoffs. Let

By:=p"Y% and B, :=p""
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We will use the modified profiles defined by (cf. (3.5))

P =0+ xp AT + 1, + T}, (3.25)
Py = e AT + TV + V), (3.26)
Py =y T2 + TV + x5, T, (3.27)

where the quartic term T4(2) of P, will be defined in the proof of Proposition 3.3 below.
As mentioned at the beginning of Section 3, the cutoff radius B; is important in our
analysis. See also Remark 3.4 below for more detailed explanations.

We now state the main proposition. Define the vectors

2 4+ b APy
m+ 1 T°Re(P Pr)d —i
Mod — | V¢ H T Un+ JmRe(PPYdy | P | g
ns+p§n) _aﬂPk

where we wrote Pp = P and vo = v.
Proposition 3.3 (Modified profiles). Letm > 1and B € (—%, %). There exists a smooth
profile
2 i (2
TP (b= Y b/ TP ()
i+j=4
that admits a smooth (m + 2)-equivariant extension on R? and satisfies the pointwise
estimates

B*y(logy)* ifm=1,
TP <k { Btiogy  ifm =2, (3.29)
Byt ifm=>3
for any k € N in the region y > 2, such that the following bounds hold.

e (Estimates for modulation vectors) For v = vy, we have for any R > 0,

Lo, r1{l(vo)1 — AQlk + [(Vo)2 +iQlk} Sr B. (3.30)
2
Loa{[v0)s =i2-0| +1(v0)s—(m+ Dple} se . (33D

For vy, we have for any k € N,
|vD1lk + [(v)2lk Sk 10,218y + 12,28,1(By > + B). (3.32)
and
.y Y < 4
(vi)s — XBHEQ T (V1)a — XBIEQ L Sk Lo21By" + 1p281B-  (3.33)
For vy, we have for any k € N,

|(v2)1lk + [(v2)2lk <k L0287y + 128187y " (3.34)
|(v2)3lk + [(v2)alk Sk Lo,218Y° + 128,18y~ (3.35)
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(Compatibility) For Dp P and P, we have

[DpP — Pil2 < B,
[Dp P _P‘”Hrim < B2

IDpP = Pillgz 5B

For Ap Py and P,, we have
[Ap Py — P12 S B
l4p Py = Pallg1 S B,

14p Pr = Pallyae < B7/2.
m—+2

(Equation for P ) We have

A o =

(8, - A ysi) P+ iDj Py + z(/ Re(PPl)dy’)P
y

=—Mod v +iV,

where V satisfies for any R > 0,
Lo,r)|¥| <r 8.

(Equation for Py) We have

A ——
(as ~ A+ ysz')Pl +iAp Py + z(/ Re(PPl)dy’) Py
y

= —MOd'Vl + i‘Ill,

where W1 satisfies

1
|29, = Btloe P

(Equation for P,) We have

A ~ ® 5 5
(as - TAa+ )’si)Pz +iHpPy + z(/ Re(PPl)dy’)Pz —iPP?
y

= —Mod - v,y + iV,
with the bounds
W22 < B*log 17,
1allg < B llog BI7.

(3.36)
(3.37)

(3.38)

(3.39)
(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)
(3.48)

Remark 3.4 (Cutoff radius B1). As alluded to above, B; = 87! is the only cutoff radius
such that our analysis works when m € {1, 2}. According to our strategy, P¥# = Py
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must contain the singular part z::g of the asymptotic profile z* and hence the cutoff at the
original scale should be r ~ 1. In the formal modulation dynamics (3.2), the quantity

b? + n?
AZ

is conserved, and hence r ~ 1 corresponds to y = % ~ (b2 + 5?)7/2 = B;.
When we estimate the profile errors W, we crucially use the special cancellation

[(b* + n*)0p — byd, ]y, =0, (3.49)

which corresponds to the obvious identity d, yg = O for fixed R in the original (¢, r)-
coordinates. If we use other cutoff radii, say B = 7 with p # 1, then there are nontrivial
cutoff errors

1 .
I[B2 + 0?05 — by Jxs Ty N2 2 |1y~pbp>~| 2 b ifm =1,
yliL2

1> + )05 = by x T2 g 2 1y~sbBlgn 2 IBI* ifm =2,

violating the necessary bounds (3.50) below.

When m > 3, cancellation (3.49) is not necessary and even the old profile ansatz (3.4)
(where the cutoff is placed at the self-similar scale) works. This is consistent with the
statement of Theorem 1.4 that there is no H 3-singular part of the asymptotic profile.

Remark 3.5 (Bounds for W). As we will see in Section 4.5, it is necessary to obtain the
bounds

Li<i|¥] S B2 L<|W] S8, 1%l < 87T, ||‘1’2||1;yr}1+2 < B (3.50)

for our main energy estimates (Proposition 4.12). The first two bounds contribute to the
A- and y-modulation estimates and b- and n-modulation estimates, respectively. In the
energy estimates, we will use the P,-equation, and degeneracy estimates (3.34)—(3.35)
for v, allow the ¥ and W¥; bounds to be rougher than the ¥, bound by the factors 82
and B, respectively. This also explains why P and P; ansatzes do not need to be as
precise as the P, ansatz.

By (3.50), it is necessary to have at least quadratic, cubic, and quartic expansions
of P, P1, and P, respectively. This in principle guarantees

U =0, ¥ =0(B* W,=0() inacompactregiony <1. (3.51)

If m is sufficiently large, (3.51) remains valid even in various Sobolev norms due to
the fast spatial decay of Q. Thus all the B-losses in (3.45), (3.47), and (3.48) compared
to (3.51) come from the lack of spatial decay of Q.

Finally, let us note that we did not attempt to make (3.45), (3.47), and (3.48) sharp
because we only need the bound such as (3.50). Some of these bounds can be improved
logarithmically or even polynomially in 8.
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Remark 3.6 (Phase correction). The integral term f0°° Re(P Py)dy in the definition of
Mod; is employed to replace the f -integrals in equations (2.8)—(2.10) by the — fo -in-
tegrals so that the resulting equations become more suited for the tail computations. This
integral term can be understood as a phase correction from the nonlocal nonlinearity. Note
that it is equal to —2(m + 1) at the linear order due to

o0 _ 1 o0
| RetPPody =<3 [ 0Pyay+ 0% = <20m + 1+ 08, G52
0 0
so we have Mod, = y; — (m + 1)n asin (3.2).

Remark 3.7. In contrast to [26], we cannot simply bound P by Q because the higher-
order terms in the expansion of P become dominant in the region By < y < Bj. Thus
we need to take care about the higher-order terms in many places of the proof. In several
cases, the contribution of the highest order terms indeed saturates the error estimates.

Proof of Proposition 3.3. Step 0. Remarks and notations for the proof. In many parts of
the proof, we will only focus on the estimates in the far region y > 2. The contribution
of error terms from the region y < 2 does not disrupt the validity of the proposition. Note
that we do not need to worry about singularity issues near the origin y = 0 because all
the profiles Tj(k) have smooth equivariant extensions on R2.

To simplify the presentation in various pointwise estimates, let us introduce more
notations. We denote f = ((g) to mean that

=0 © Lyx|flx Sk g VkeN.

For a nonnegative integer j > 0, a real number £, and a function f = f(y;b,n), we use
the following notations:

f=37 & f= Y bnlf () forsome £, =00,  (353)
J1+i2=]j
f=0U]) & =08 (3.54)

We can also add logarithmic divergences to the above notations; for a real number v,
we use the notation f = ‘]e o if f can be expressed as in (3.53) for some'* fj, j, =
O (y*(log y)K ). We can similarly define f = (D(J(] 4/) We will also use this notation
combined with various operations such as addition, subtraction, and integration. A useful
fact is that

J 3] ife>o0,
/J’yy =14i, ift=o,
’ )ife <o,

and similarly for foy o Z )dy—y,/ by taking 0. We will also frequently use the estimate

Jﬁ__ll < J] in the region y < 2B;.

12We use the @-notation in the region y > 2, so (log y)e/ is well defined.
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Step 1. Estimates for the modulation vectors. The proof of (3.30)—(3.31) is immediate
from expansion (3.25) as we allow R-dependences. The proof of (3.32)—(3.33) follows
from Tl(l) = —ﬂ% 0, (3.20), and (3.23). Finally, the proof of (3.34)—(3.35) follows from
7 = B2220,(3.23), and (3.29) with By = f=1/2.13

Step 2. Proof of compatibility estimates (3.36)—(3.38). We denote by {R§°) any function
satisfying the bounds (cf. right-hand sides of (3.36)—(3.38))

1ROl < 8. IRy <82 IRz | <8 (3.55)

We denote f = Rgo) if f satisfies estimates (3.55).

First claim. We claim that we can approximate Dp P by x5, Dp P:
DpP = x5, DpP + R, (3.56)

where P is the unlocalized profile (3.5). By the definition of P and Dp Q = 0, we have
(recall y»p, =1 — xB;)

DpP = yp,DpP + y25,DpQ + (3, 18,)(P — Q)
= 18, DsP + 15,(Dp —D3)P + y2p,{(Dp —Dg) 0} + (3, x5 ){P — 0}.

Thus it suffices to show that the last three terms of the above formula belong to :R£°> .
Note that Dp — D3 and Dp — Dg can be identified as the functions %(AQ[P] — Ag[P))

and %(Ag [Q] — Ag[P]), and we have the estimates
x8,(Dp —Dp). 0, x8, = O, 28,1y ).
xz8,(Dp —Dg) = O(1(3,,00)y ).

These estimates give

x8:(Dp —D3)P + @y s )P — Q) = O, 28187 = RO,
X2, {(Dp — D)0} = O(1(3, o)y ) = R,

as desired. This completes the proof of claim (3.56).

Second claim. We claim that
X8, DsP = x5, (D o (P —T) + DT} + RO, (3.57)
To show this, it suffices to show that

18 {Dp —D)T® + (D5 — Dﬁ_Ts«»)(ﬁ — T} = RO

3Note that T4(2) is not constructed yet, but it will be constructed in Step 8 below satisfying
) 4
T, =47 ,.
4 1,2
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As T3(0) = 0 for m # 2, we may assume m = 2. Now the above error estimate follows
from

1 ® =D = 01220y [0+ s8y'ay’-53)
= O(lp2p 0} +47) = R
and
1105 =D _o)(P =T = 0 (1pamy [ 62, + 1Dy (124 5))
= O 25, + 92, + 97 +5h) = RO,
Note that the contribution of the highest order term %Ag [T3(0)]T3(0) saturates bound (3.55).

Last claim. We claim that

18 Dp_por (P ) = Py — x5, TV + RO. (3.58)
To see this, we expand Dﬁ—Téo) (13 — T3(0)) using (2.11):
XBlDﬁ_T3(0)(13 - T3(0))
= 18 dLo(T” + T + No(1{” + T,
= 10 {LoT" + (LoT}” - §A9[Q, 1 - %AQ[TI“”]Q)}

+ 028,105 + 5,1 + 95 + 49)). (3.59)

Applying (2.16) for the linear term and (3.12) for the quadratic term, the previous formula
continues as

RHS of (3.59) = xp AT" + TV} + O s {d3 + 48, + 45 +45))
= Pl — XBITB(I) + ﬁgo),

completing the proof of claim (3.58). As in the previous paragraph, we note that the
highest order term %AQ[T;O)]T;O) saturates bound (3.55) when m = 1.

Completion of the proof of (3.36)—(3.38). Combining claims (3.56), (3.57), and (3.58),
we have proved that

DpP — Py = x5, DT — TV} + RO

When m = 1 or m > 3, we have T{* = 0 and 73" = 43, (see (3.21)=(3.22)) so the
right-hand side belongs to R( ). When m = = 2, we have T( =43 so xs, T( ) does
not satisfy the last bound of (3.55) logarithmically. Thus we introduced a nontrivial
T(O) —B3 2= 353 Q in this case such that

5
J
18 DTS ~ 3"y = x5, (-3 0~ TV} = 012518 log y) = R,

where we used (3.22). This completes the proof of (3.36)—(3.38).
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Step 3. Proof of compatibility estimates (3.39)—(3.41). We proceed similarly as in the
previous step. Denote by Rél) any function satisfying the bounds (cf. (3.39)-(3.41))

IRz 82 IR gy, S B IR Ipare S B72 (3.60)

First claim. We claim that
ApPi = yp, Ap Py + RV, (3.61)
To see this, we note that
ApPi = xp, Ap Py + xp,(Ap — Ap) Py + (3, x8,) P1.
Thus the claim follows from (using 1(5, 00| P11k <k 1(8,.28,18%)
X8, (Ap — Ap) Py + 0y 18)) P = 0113, 28,18°y™") = R.

Second claim. We claim that

X B, Aﬁ ]31 = XB, Alg_Tg(()) ﬁl + 472((31). (3.62)

To see this, as T3(O) # 0 only if m = 2, we may assume mn = 2. Thus the claim follows
from (using P; = O(4L; + 43))

X8 (Ap — Aﬁ_Tém)ﬁ1 =0 (1[2,231% /Oy(ﬂiz +49)y'dy’ - (415 + Jf))
= O(pap{dt,  +45, + 47 + 42 = RV,
Note that the highest order term —%Ag [T;O)]T;I) saturates bound (3.60) when m = 2.
Third claim. We claim that

XBIA[’;_T;O)(TI(I) + Tz(l))

2
y 1
= 18,8250 + B(4610. 3710 + 4410. TVIT(” + S 461”1 0) |
+ tﬂgl)' (3.63)
Indeed, the claim follows from (cf. (3.59))
y
X Ap_g0 T 4 D) =y {—ﬁEDIg_TB(O)(Q + Tl(o))}

y 2
= XB, {‘ﬁg(LQTfO) - ;AB[Q, 7”10

2 1
_ _AB[Qa TI(O)]TI(O) _ _AQ[TI(O)]Q)}
y Yy
+ (9(1[2,231]{411,1 + Jf + Jg})

and applying LQTl(O) = —B% 0. Note that the term —%A@[TZ(O)]TZ(I) saturates bound
(3.60) when m = 1.
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Last claim. We claim that

13 Ap o Ts" = x5, AgTi" + R, (3.64)

This easily follows from (using T3(1) =d3)

15 Ap_ g0 T3 = 15 AT + O0pas {05 + 45, + 45+ ).
Completion of the proof of (3.39)-(3.41). By claims (3.61), (3.62), (3.63), and (3.64),
we have proved that

2
Y
ApPr = 15, {B*2-0) + 18, {A0TS" + B(4410. T”10 + Ao[Q. T{)T”
1
+ 540110} + .
By the definition of T2(2) s T3(1), P, the above formula continues as
RHS = yp,{Ty> + 7} + 8D = P, — x5, 1,7 + RP.

Since T4(2) = Jiz and By = ﬂ_l/ 2 (much smaller than B;), we have XBo T4(2) = :7%52) ,
and hence the proof of (3.39)—(3.41) is completed.

Step 4. Proof of (3.43). We denote by R any function satisfying the bound (cf. the right-
hand side of (3.43))
Lo.r1|Ro| Sk B°.

We need to estimate
W=0+n+ pPioy P + p{id, P —ibAP — (m + 1)nP
y _
- ([ Re(PPl)dy’)P + Dy P
0

Since the bounds are allowed to depend on R, we only need to show that W consists of
cubic or higher-order terms in » and 5. In particular, we do not need to care about any
growing tails in y and cutoffs. The computations in this step are similar to those in [26],
where the modified profile (3.1) was used.

We begin the proof of (3.43). Since P; = —,B%P + Ro, we have

y oo
(/ Re(PPl)dy’)P = ndg[P]P + Ry,
0
sp - _gY(ps_ L
D; P =B (D} y)P—i-fRo.
®) m;

We also note that p; 'idp P + p3 0, P = Ro. Thus we have

1
W= (b2 + n2)idy P — ibAP — n((m + 1) + Ag[P])P — ﬁ%(D}, - ;)P + Ro.
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Applying to the above the operator identities

2 y) "2
Yoy - Ly—_2
On+1)+ dgl P+ 3 (D5 = ) = =50

we have
W= (b2 + n2)idy P — (ib— n)%DPP + Ro.

Applying (b2 + n2)idp P = (b* + 1?) % P + Roand Dp P = Py + Ro = —BLP + Ro
(see (3.38)) to the above formula completes the proof of (3.43).

Step 5. Some preliminary claims for the proof of (3.45) and (3.47)—(3.48). In contrast
to the proof of (3.43), we cannot simply replace P; by —f %P when m = 1 because the
cubic terms of P; and —f8 % P, namely, T3( D and — B % Tz(o), are not the same and — 8 % T2(0)
rather has a dangerous growing tail. However, we would still like to partially replace P;
by —B 2 P in order to handle the algebraic computations efficiently. For this purpose, it is
convenient to introduce the notations

P=0+ TI(O) and P = Tl(l) + Tz(l) sothat P; = —B=P.

N =

With these additional notations, we claim the following.
(i) Ag-like terms. We claim
x8,Ag[P] = x,A0[O] + ¥,y + O(12.28,195 1)
= 18, 40[0] + O (225,19 (3.65)
oy [ ReP PO = 7my 046lP1) + Ol 193+ 3D

= 18, (nA4p[Q1} + X8, 45 + O(2.28,1845 1 + 45))
=t {=2(m + D)0} + xp, L5 + O 2, 93).  (3.66)

Estimate (3.65) is obvious from (3.19). The first equality of (3.66) follows from (using
Py =0, +43) and Py + B3P = O(J7) in the region y < 2B))

y _ v
1B, / Re(PPl + U?Pz)dy/
0

~ o, [ R[(P= PP+ B(P+ 5P|y

y
- (9(1[2,2311 / (2L, + 82) + (80, + Jilmf}dy’)
0
= O(1p2p,1{J51 + I3}

This estimate combined with (3.65) gives the second equality of (3.66). Further applying
Ag[0] = —2(m + 1) + 42, gives the last equality of (3.66).
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(ii) Difference estimates for A}, (similar bounds also hold for Ap). We claim
X8 Ap = X3, A5 + 18,9211 + O(lp2p, {7 + 45))
= 18, A% + x8, 9L + O 2B, {92, ) +43)). (3.67)

This follows from

1o (4 = A5} = 15, |~ (A0[P) — 401 P))

1 [ 1 [
- [ )+ o(tean [ 6i+ syay)
Y Jo Y Jo
= 8,921 + O(p2s {5 + 43))
and (3.65).
(iii) Difference estimates for H p (and the similar bounds hold for Hp). We claim
x8 Hp = x5, Hp + 18,9251 + O(p 25,45 + I3}
= g, Ho + x5, 9% + O(p 2 1{d2,  + I3)). (3.68)

The first equality follows from the expression
~ ~ 1 ~ 1 ~
Hp —Hp = ;(2"1 + 4+ Ag[P] + Ap[P]) - ;(Ae[P] — Ag[P])
1 ~
+ 3PP =P,
the estimate

2m + 4+ Ag[P] + Ag[P] = 4o + O 25,18)

in the region y < 2Bj, and the first part of (3.67). The second equality can be proved
similarly, using the second part of (3.67) instead.

Step 6. Key claim for the proof of (3.45). We denote by JR; any function satisfying the
bound (cf. the right-hand side of (3.45))

H%Rl\ < B*llog BI%. (3.69)

Ll
The goal of this step is to prove the following:
B2 + 0+ pPioy Py + pPid, Py — ibA_ Py — (m + D)nP,
7 el : @ , 7@
- (/ Re(P Py)dy )P1 + Ap(x AT,”" + T37))
0
= R,. (3.70)

Notice that the left-hand side of (3.70) is equal to Wy — A;‘, P,, but the expression itself
does not involve T4(2) that has not been chosen yet.
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To show (3.70), we write

LHS of (3.70)
= Ap (s AT + T

T 15 {[(bz - n2)idy — ibA_t — i+ 1) — ( / ’ Re@Pl)dy/)}ﬁl}
0

y f—
+ X8, {[(b2 +n?)idp —ibA_y —n(m + 1) — (/ Re(PPl)dy’)}Tg“}
0
+{[(6* + 17)idp — ibydy ] s, } Py
+[pidy + pPidy) Py (3.71)
In what follows, we show that each line of the right-hand side of (3.71) belongs to R;.

First line of the right-hand side of (3.71). We claim that
A3 (s AT + TP
V5 @ _ 27 0
= 5, {—ﬂA}(EPl)} + 18 {AZ)(T3 - BT )} YR (372
To see this, we start from writing
A3 e AT + TP)) = gp (45T + 45 TP)
+ 13 A(Ap — ADTY + (45 — ADT)
— @y 18T + T,
We then substitute 7,2 = ﬂzﬁ 0=-8 2P — ﬂzﬁT(O) into the above to obtain
2 = 4 - 241 41
* _ (V5 * 2) 2y2 (0)
Ap P> = xp,\—BA% EPI + Ap(T37 — B TTI
2
2) ) (V)
+ 1o {45 — APTE + (Up — AT — (45— 43) (8257

— @y ) (T2 + T2).

Hence it remains to show that all the terms in the last two lines belong to ;. Using (3.67),
we have

* * 1
1A= AT )= Oy x0T = (1o 2mn {200+ 980 + Limmy ) - 424)
= Ol {92,,1 + 95} + 118, 28,192,) = R
Using (3.67) and (3.23), we have
1
1 {(Ap — AT} = By xp ) TS = 0((1[2,231]{411 +d3) + 1[31,231];) '43>

= O(p 2,102+ I3+ 15, 28,192) = Ri.



K. Kim 5516

Using (3.65) and (3.19), we have
2
* * y
1o {45 = 45) (B2 T | = 0p2m0dL, - D)
= (9(1[2,231113) = R1.

This completes the proof of claim (3.72).
Second line of the right-hand side of (3.71). We claim that

y _ ~ ~ ~
o [ ReP PO )Pr = g 140l PIP) + 1.
0
Indeed, this follows from (3.66) that
y — ~ ~ ~
XB (/ Re(PPl)dy') Py = x5, {nAg[P]P1} + O 28,1451 + 45) (L5 + 97))
0
= xB, {nAg[P]P1} + (9(1[2,231]{‘1@2,1 + Jg,l + Jg})
= 18,{nAeP1P1} + R1.

Third line of the right-hand side of (3.71). We claim that

X8, {[(b2 +72)idp —ibA_y —n(m+1) — (/y Re(FPI)dy’)]T;U} = R,. 3.73)
0

We separate into two cases: (i) m = 1 or m > 3, and (ii) m = 2. In the first case, i.e.,
when m = 1 or m > 3, the square bracket is of size @ (8) and we can use the spatial
decay T{" = 43 | (see (3.21)~(3.22)) to have

y _
1B, {[(bz +12)idp — ibA_y — p(m + 1) — ( / Re(P Pl)dy’)}Té“}
0
= (9(1[2,231143,1)

In the latter case, i.e., when m = 2, the bound T3(1) = O(47) is insufficient. However, we
can exploit some spatial cancellation using the spatial asymptotics (3.22). We handle the
integral term in the square bracket using (3.66)

Y D / 1 7 / /
XB, {—/(; Re(P Py)dy } = XB, {715/0 0?y'dy } + O0(12,28,143)
= xm in@m +2)} + x5, IL, + O(1,28,197),
from which we obtain
y _
1B, {[(b2 +1?)idy —ibA_y —n(m + 1) — (/0 Re(P Pl)dy’)]T;”}

= 18, LD+ nD)idy —ibA_y + n(m + DT + O(Ipas, {04, + 43D,
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We apply (3.22) to the above. Observe that the contribution of the tail B3y~=3) = g3y
of T3(1) cancels when m = 2:

[(0>+ n?)idp —ibA—y+ n(m + D]B>y = [(b*+ n*)(=38%) — 3ibp>+ 3nB°]y = 0.
Therefore, we have the improved spatial decay

15 [0 + 1)idp — ibA—1 +n(m + DIT{V) = Opopd2, ) = Ri.
This completes the proof of claim (3.73).

Fourth line of the right-hand side of (3.71). Thanks to the special cancellation (3.49) of
the cutoff, we have

(V% + 17)idp — iydy]xm, } Pr = 0.
Last line of the right-hand side of (3.71). We claim that

P05 + pidy) Py = 1a (P50 = PS04 R (3T

Indeed, this follows from
[p(b)lab +p(ﬂ)la 1P
b)Y y 5 Y
= 10, {p" 50 = P50} + 18, {110 + pPi0] (P + B3 0))
2 2
b ~
+A[pPi3p + pSPidy1 18, ) Py

b)Y Y
= 18 (P50 = piZ0} + OpamBY).

Completion of the proof of (3.70). Substituting claims (3.72)—(3.74) into (3.71), we ar-
rive at
2
_ Y5 @) _ p2)" 10
LHS of (3.70) = y, {—ﬂA}(EPl)} + 1B, {A*Q(T3 - BT )}
+ xp A% + 0)idy —ibA_y = n((m + 1) + Ag[PD] P1}

Y y
+ 1o (P50 pPViZ 0 + Ri.

Applying to the above the operator identities

. (Y v,
A5(37) + A =345+
* y D1 y ~

Aﬁ(z-)—l—m—l—l+A9[P]——<EAP+1),

we obtain
LHS of (3.70) = y, {[(b2 +0)idp — (ib— n)(%Aﬁ + 1)]151}

b)Y y y
+ R (3.75)
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A direct computation using P = —ﬂ%lg, Tl(f)o) = —iysz, and LQTI(O) +B830=0
gives
[+ ity — b —m(345 +1)] Py
= 0+ ) (5P -3 — (345 +1)(5P))
2

b2 + nz)(—iﬂ—Tl(%) . T1)~13)

=—(? + 1) (ﬂ 0 + LoT(” + No(T{")) = =2 + )2 NQ(T(O))

which belongs to R,

1o =07 + ) NQ(T“’))}
—(9(1[2231 ( /(J +d2,)y'dy’ - 4L, /J_zydy 40 ))

= O(1p.28,195) =

Therefore, (3.75) becomes

LHS of (3.70) = yz, {pgb>§Q pg")zXQ + A (T(z) ﬂzy T(O))} R1. (3.76)

By the definition of p”, p{”, and T?) (see (3.13) and (3.14)), the curly bracket of (3.76)
vanishes. This completes the proof of (3.70).

Step 7. Key claim for the construction of T4(2) and the proof of (3.47)—(3.48). We denote
by R, any function satisfying the bounds (cf. right-hand sides of (3.47)—(3.48))

1R2Ml2,,, = B*llog B> and IR2ll gz, , = % llog BI*. (3.77)

Denote by Af) any function f(y;b, ) of the form f =3, ., b'n’ f;.;(y) such that
each f; ; satisfies the pointwise bounds

y Mlogy ifm e {1,2},
| fij |k <k {y_m+2 (3.78)

iftm > 3.
The goal of this step is to prove the following:
y — ~
[(b2 + 1%+ pioy + p{Pid, —ibA_p — (m + 1 — (/ Re(PPl)dy’) + Hp:|
0
x ((p AT + TP)) = PPE = x5, FP + Ro (3.79)

for some function F, 4(2) of class Af). Notice that the left-hand side of (3.79) does not
involve T4(2) that has not been chosen yet.
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To show (3.79), we write
LHS of (3.79)
= Ap (1 AT® + TPy — PP?
+ X8, {[(b2 +72)idp —ibA_y — (m + 1)p — (/Oy Re(ﬁPl)dy’)]Tz(z)}

y _
+ XB, {[(bz +n?)idp —ibA_s — (m + 1)n— (/ Re(PPI)dy’)]ng)}
0
+A[(b% + )i dy — ibyd ] xe, N2 + T?)
+[p37i95 + pS"i0n)(xm AT + T3P (3.80)

In the following, we show that each line of the right-hand side of (3.80) takes the form
(@)
AB A, + Ro.

First line of the right-hand side of (3.80). We claim that

Ap (1p AT + T} — P P2

=B (15 -1 (5 0) +am AP v R B8

To see this, we first treat the cutoff errors

7 2 2 = 5 2 2 55

Ap(p TP +TP)) — PPE = yp, Hp (T2 + TP) — 15, P P2+ 0115, 25,1925).
The term yp, P P2 can be written as

X8, PPY =y, PPY + x5,d%5, + O(p2p 1192, + 45))

2
y
= { ﬂZ_(Q + T<0)))} + 18,345, + O pop, {43, + 45D
{|P|2 T(2)+Q2 ﬂZy T(O)}+X 104)(2)_’_32

Next, we use (3.68), T(z) = sz, T(Z) =43 m+o (When it contributes to the quartic term)
and T(z) = Jl3 (when it contributes to the remainder, see (3.23)) to have

XBIH~PT2(2) = XBlﬁﬁTz(z) + )(Blcff(mn),l + O(p 2,147 + 99D,
XBII?PT;Z) = XB1ﬁQT3(2) + ){Bllim + (9(1[2’231]{152’1 + J;})
By the previous three formulas, we have proved that
Ap(xp AT + TP)) — PP}
= X8 {(ﬁis —1PHT? + (HQT;Z) — 2. ﬂzyTlem))}

+ s AY + Ra. (3.82)
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For the first term of the right-hand side of (3.82), using the operator identity
17 = (13- (a5 )
Y y

and the cancellation (49 — %)Tz(z) = 0, we have

1o (Tl = 1P = 10, {(45 = ) 45— 40)TS),
We decompose this into the cubic, quartic, and the remainder terms

aon{(43 - )tz - o)
10 {[ 45~ 1) (k0. 7))

+XB1{|:A*Q—— ( / J2,y'dy’ - 42 )
1 Y 1 ! / 1 / ’ 2
+ 5 | Joaydy J_4y dy'- 42,
y=Jo 0
1 g 1 2 / / d 2 / / 2
+ 0| 1228, ;/0 g+ 425y dy/o d2,y'dy" ) - 9%,
« 170y
ol (S 1))
+ XB] {Jim—2,l} + (9(1[2,231](‘253’1 + 1153,2)).

For the second term of the right-hand side of (3.82), we use H 0 T3(2) = p? H Q(% TI(O))
(see (3.13)) to have

XBl{ﬁQTe,(Z)—ﬁzyszle(O)}: {ﬂ [Ho (y4 T(O))} 2
- D)
- 1845~ 5)(5007®)}

Substituting the previous three formulas into (3.82) gives

Ap(xp T® + TP} - PP?
1 y2 y
- {ﬂZ[A*Q - _]<TDQT1(O) - Ale. Tl(o)]Q)} + 13 AD + Ro.
Yy
Applying the identity
2
DQTI(O) - ;AG[Q, Tl(O)]Q = LQTI(O) = —ﬂ

completes the proof of claim (3.81).
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Second line of the right-hand side of (3.80). We claim that
2 24 . Y D ’ (2)
KB 3| (0° +17)idy —ibA_; — (m+ 1)n — / Re(P P1)dy' ) |T,
0
3
y 2
= 10, {820, (5 Q)| + 18, AD + Ro. (3.83)
To see this, we rewrite the left-hand side of (3.83) as
y _
X8, {[(bZ +72)idp —ibA_y — (m + 1) — (/ Re(P Pl)dy')]T;”}
0
= 1, [ + 12)idy —ibA 5 —n((m + 1) + Ag[QDITS?}

— XB; {(/Oy Re(P Py)dy’ — nAe[Q]) T2(2)}~

For the first term, we use Tz(z) = ﬂzyfz Q and (m + Ag[Q]) O = yd, O (by (1.8)) to have
the algebraic identity

[(b% + 0?)idy — ibA 5 —n((m + 1) + Ag[QDITS”
= 206 — ) = b2 — (30, ~ D)(B2-0)
= [-B(ydy + 1) (ﬁ”{Q)
-#5(72)
For the second term, we use (3.66) and T\>) = 42, to have

XB, {([Oy Re(P Py)dy’ — nAe[Q]) T2(2)}

= 18,94 + O 2m )1+ ISi0)) = 43, A + Ra.
This completes the proof of (3.83).
Third line of the right-hand side of (3.80). We claim that

y _
xB, {[(bz +12)idp —ibA_y — (m + 1)n — ([ Re(PPl)dy’)}Tf)}
0
= 18, AP + R, (3.84)

Indeed, the proof of this claim is very similar to that of (3.73). Using T3(2) =d 8 and (3.66)
and proceeding as in the proof of (3.73), we have

X8, {[(b2 +72)idp —ibA_s —n(m + 1) — ([y Re([_’Pl)dy/)}T;Z)}
0

= 18, L% + 1P)idp —ibA_s + n(m + 1) + 41, + OUDITE).
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When m = 1, we apply the improved decay T(z) =43 2y, from (3.21). When m > 3,
we apply the decay T( ) = Jim+2 When m = 2, as in the proof of (3.73), there is a full
cancellation of the contribution of the tail 83 from T( ) . Therefore, we have

B {[(b2 +1?)idp —ibA_y —n(m + 1) — (/ Re(FPl)dy’):|T3(2)}
0

x84 - d21  + O 214842, ) ifm =1,
=9\ XB; (JO ‘]—2,1 + J—Z 0) + (9(1[2,231]13 . Jg) ifm=2,
XB; Jé . Jim+2 + (9(1[2,231]35 . Ji(m—z)) ifm=>3

= XBIAE;Z) + Ro.
This completes the proof of (3.84).
Fourth line of the right-hand side of (3.80). Thanks to cancellation (3.49), we have
(1@ + 17)idy — ibydylxs (T + T4%) = 0
Last line of the right-hand side of (3.80). We claim that
P30 + p3" 1051 (B ATsY + T37)) = x5, AL + Ro. (3.85)
Indeed,
[pS"i0y + p(’“zan]ugl (1,2 + 157
= 1e APy 185 + p3" 105137} +{(p5”i9 + p3"idglxm, ) 13"
+1[p (’”z By + i), T3
= 18,93, + O 228,195 + 113, 28,192 )
= x5, AP + Ra.
Completion of the proof of (3.79). Substituting claims (3.81) and (3.83)—(3.85) into (3.80),

we obtain

LHS of (.79) = 15, {80y (%-0) — 5*(45 - i)(ygg)} + 15 AL + Ro.

Since 8y(§ 0) + (45 — %)(% 0) = (Adg — %)(% Q) = 0, the curly bracket of the
above formula vanishes. This completes the proof of (3.79).
Step 8. Construction of T? and the proof of (3.45) and (3.47)~(3.48).

Construction of T( ). Recall (3.79). From the expression of the left-hand side of (3.79),
the function F, @ depends only on already defined functions T( ), Jj < 3. Now we define

O FVED ifm =1
7 :={ o "4 ’ (3.86)

—WASVED  ifm > 2,

where (Om)H and (‘“)H are defined in Lemma A.6. One can easily check bound (3.29)
for T( ) usmg Lemma A. 6
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Proof of (3.45). 1Tt suffices to estimate
Wy = A5 (x8, T>) + LHS of (3.70).

By claim (3.70) and recalling R; from (3.69), it suffices to show A}“, (xBo T4(2)) = R;.
Using (3.29), this follows from

A5 (xBeT) = O(papgde,) = Ri.
Note that this term saturates bound (3.45). This completes the proof of (3.45).
Proof of (3.47)—(3.48). It suffices to estimate

W, = [(b2 + 7+ pPidy + pPidy —ibA_ — (m + 1)

y — ~
- (/ Re(PPl)dy’) + Hp](XBOTf)) + LHS of (3.79).
0
By claim (3.79) and definition (3.86) of T4(2), we see that
®) ) Y (P
‘112 = |:(b2 + 7]2 + D3 )lab + p;’ la’l — ibA_z — (m + 1)7] — (/ Re(PPl)dy’):|
0
~ ~ 1
S (XBOT4(2)) + XBO(HP - HQ)T4(2) + I:XB()’ 3yy + ;ay:IT4(2)

+ (XBl - XB())F4(2) + Ra,

where we recall R, from (3.77). It suffices to show that all terms of the above formula
belong to R,. For the first and second lines, as the terms in the square bracket are of size
O(pB), these lines are of size (9(1[2,230141?’2), which belongs to R, due to By = f~/2.
For the last line of the above formula, we use (3.68), (3.29), and (3.78) to have

180 (Fp — H)T,? = 025197, 5 + 95,)) = Ra.
1
[XBO’ 3yy + ;3),]7:‘(2) = (9(1[30,230]‘]11,2) = Ra,
(XBl - XB())F4(2) = £2~

This completes the proof of (3.47)—(3.48). This finishes the proof of Proposition 3.3. m

4. Modulation analysis

In this section, we study the dynamics of solutions near soliton using modulation analy-
sis. Near-soliton dynamics is relevant to our ultimate goal (Theorem 1.4) because any H,l,
finite-time blow-up solutions eventually enter a small neighborhood of Q after renormal-
ization by Remark 2.13.
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Using modulation analysis, our main goal of this section is the (local-in-time) uniform
H 3-bound of the remainder part of the solution. More precisely, using the modified profile
P(; b, n) constructed in the previous section, we show that an H 3 -solution u(¢) lying in
a soliton tube (i.e., in a neighborhood of solitons 0} ,) admits a decomposition

iy ()
A1)
with the remainder £*(t) being H 2 -bounded on I . It should be remarked that we obtain
this H3-boundedness without any dynamical hypotheses on the modulation parameters

such as b > 0 (A is contracting) or |n| < b (rotational instability is turned off), which are
typically assumed in the blow-up construction.

u(t,r) =

[PC:b(0). (1) + 8. 9) (57 ) = [P + &

A1)

4.1. Decomposition of solutions

In this subsection, we explain how we fix the decomposition of u#(¢). The decomposition
will be fixed for each time ¢# by imposing four (nonlinear) orthogonality conditions on
the remainder e(¢). The following is a fixed-time analysis and hence we omit the time
variable 7 in this subsection.

Recall that we view (CSS) as system (2.5)—(2.7) of equations for u, u; = D,u, and
U = A,Dyu. As in the previous section, where we constructed the modified profiles P,
Pq, and P, for the renormalized variables w, w;, and w,, the decomposition here will
take the form

w = Ae " Yu(d) = P(=b,n) + e,
w; = Dyw = P1(:;b,1) + &1,
Wy = Awwl = PZ(';ba 77) + &2.

To fix the decomposition, as in [28], we impose two orthogonality conditions on & and
the remaining two on &. More precisely, we use the orthogonality conditions

(. Z1)r = (6. Z2)r = (1, Z3)r = (1, Z4)r =0, (4.1)

where Z1, 2, € C°° and Z3, Z4 € CC °.+1 are chosen in Remark 2.5. The reason for
using two &; orthogonahty conditions is that the b- and n-modulation equations become
more apparent in the w;-equation compared to the w-equation. We note that because
€1 ~ L ge¢ at the leading order, the last two orthogonality conditions of (4.1) can be viewed
as slight modifications of e-orthogonality conditions (e, L¥ Z3)r = (e, L* Z4)r =0.

We now state the decomposition lemma. Denote an H ,}l-sohton tube by

T = duec HL : inf Up/g—y — o< ¥l
a { m (hy)eR 4 x(R/27Z) ” 1/A,—y Q“H,l,, }

As a standard application of the implicit function theorem, we obtain the following.
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Lemma 4.1 (Decomposition). There exist 8y, g > O such that any u € ff:xo admits the
unique decomposition

iy

u= [P +el(5):

etV .
u; =Dyu = F[Pl(-;b, ?’]) + 81](X>,
satisfying the orthogonality conditions
(&, Z1)r = (6, Z2); = (61, Z3), = (61, Z4)r =0, @.1)

and smallness
B+ liell 1, < o.
Moreover, if u € Toy= with a* < ag, we have a qualitative smallness

B+ llell 1. = oar—o(l). 4.2)

Proof sketch. By the standard argument using the implicit function theorem, see [28,
Lemma 5.2] for a closely related proof, it suffices to show that

(W1, Z1)r  ((2.2Z1)r  ((V3.2Z1)r  ((V)a, Z1)r

(M1, 2Z2)r  ((v)2.2Z2)r  ((V)3.22)r  ((V)4,2Z2)r

((vi)1, ZS)r ((v1)2, Z3)r ((v1)3, Z3)r ((v1)a, Z?:)r

(VD1 Za)r  ((vD2.Za)r  (V1D)3.Z8)r  ((V1)4. Za)r

= diag((AQ. Z1)r. (0. %), (i50.Z) .(30.Zs) )+ 0. 43)

Note that the entries in the right-hand side of are nonzero due to (2.37) and (2.39).
For the proof of (4.3), by (3.30)—(3.33) and the fact that Z;, Z,, Z3, Z4 are compactly
supported, we have

(AQ.Z1)r (—iQ.Z1), ((%0.Z1), ((m+1)p.2Z1),
(AQ.Z2), (—iQ.Z2), (i%0.Z2), ((m+1)p,Zs),

LHS of (4.3) = ~ ~
0 0 (Z%szi”)r (%szfi)r
0 0 (30.2Z0),  (30.24),
+ 0(B).

Here, the upper right 2 x 2 matrix is in fact zero, thanks to (2.38). Moreover, as Z1, 24 are
real and Z,, Z5 are imaginary, the remaining off-diagonal entries vanish. This completes
the proof of (4.3). For the remaining arguments for the proof of this lemma, we refer to
[28, Lemma 5.2]. ]
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4.2. Nonlinear coercivity of energy

For H,}l-solutions, a remarkable fact observed in [29] (in the context where b- and 7-
modulations are absent with only the first two orthogonality conditions of (4.1) assumed)
is that the qualitative smallness ||| 5 1= 04*—0(1) can be improved to the quantitative
smallness

lell gy, <amrp AV E[ul, (4.4)

which we call the nonlinear coercivity of energy. Note that (4.4) is a significant improve-
ment over the qualitative smallness in the sense that (4.4) gives the uniform H'-control
el g1 Sm) v E[u]. In [29], this estimate was at the heart of the proof of soliton res-
olution and in particular of the proof of the upper bound (1.13). We remark that (4.4) is
a non-perturbative estimate. It is rather a consequence of the self-duality and nonlocal-
ity of our problem, which are two distinguished features of (CSS); see the introduction
of [29] or Remark 4.4 below for more details.

In this subsection, we will obtain such a quantitative smallness estimate in the pres-
ence of b- and n-modulations, namely, the bound

bl + [0l + llell g, Smpg A Eful.

This bound will be the key a priori bound allowing the energy estimates in Section 4.5.

Before we state the full result, let us introduce more pieces of notations. For u €
Hl N ‘J‘[xo, hence u having finite energy and having a decomposition as in Lemma 4.1,
let us define a scaling invariant quantity

W= A E[u].
For M,a* > 0, we denote an H,i,—soliton tube by
T = {u € HY 1 u € T and M[u] < M}. (4.5)

Lemma 4.2 (Nonlinear coercivity of energy). For any M > 0, the following holds if
a* > 0 is sufficiently small (depending on M ). For any u € Tg* pp, consider the decom-
position of u as in Lemma 4.1.

o (Rough bound from mass conservation) We have

lellLz <m 1. (4.6)
o (Small parameter j1) We have'*

p=dm(a®). 4.7
e (Nonlinear coercivity of energy) We have

B+ lellgy + llerllzz ~m . (4.8)

l4Recall the notation 84 (*) from Section 2.1.
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Remark 4.3. In view of the uniqueness of zero energy solutions, we have u = 0 if and
only if u = Q, ,. Thus it is natural to expect that u is a small parameter.

Remark 4.4 (Self-duality, nonlocality, and nonlinear coercivity of energy). Following the
discussion in the introduction of [29], we explain why (4.4) is a non-perturbative estimate
and how the self-duality and nonlocality give (4.4).

By the self-duality of (1.7), (4.4) is implied by

IDo+e(Q + &)l Znm llell gy, - (4.9)

Note that we have ||e[| ;1 <1 from the qualitative smallness but ||¢[|;> might be large.
In the compact region y < 1, the H 1 _smallness is enough to guarantee

Doye(Q+¢e)~ Lge fory <1

in view of (2.11). Applying the linear coercivity (2 34) gives (4.9) in the region y < 1.
However, in the far region y >> 1, the pure e-term - Ag [e]le of Doy (O + ¢) is not pertur-
bative due to the optimality of the scaling- 1nvar1ant estimate || Ag lelellz2 < ||8|| el g 1
and the fact that ||g||;2 is not necessarily small. In this region, we only have

Do+e(0 +6) ~ (ay - %(m + 44[0] + Ag[e]))e = Dg.ee fory > L.

Now we use the nonlocality of the problem, particularly the fact that m + Ap[Q] ~
—(m + 2) is negative. In view of (1.7), this says that the exterior energy of Q + ¢ is
similar to the exterior energy of ¢ for —(m + 2)-equivariant (CSS). Thanks to the nega-
tivity of both m + Ag[Q] and Ag|e] as well as the uniform bound |Ag[e]| < ||8||i2 <ml,
we can expect a Hardy-type inequality for the operator Dg . as

ILy~1lfl=1llzz + 1Ly 1Doe flizz Zm Lyl fl=1llz2-

Substituting f = ¢ into the above and using the control of ¢ in the region y ~ 1, we obtain
the control of € even in the region y >> 1, completing (the sketch of) the proof of (4.9).

Proof of Lemma 4.2. In the proof of (4.8), we will use the inequality

1
|Loe = Aokle], 2w el (4.10)

which is essentially proved in Remark 4.4. For a rigorous proof, the readers may refer to
[29, Lemma 4.4]. Note that the proof of ||¢| ;2 <ps 1 is obvious from mass conservation.
Henceforth, we show (4.7) and (4.8).

Step 1. A preliminary claim. In this step, we show that
w~ B+ el (4.11)
To see this, using the self-dual form (1.7) of energy, we have

w~ [Py +erllpe.
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Thus the <-inequality of (4.11) easily follows from || Pi]|;2 < B and the triangle in-
equality.

We turn to the more delicate proof of the >-inequality of (4.11). As before, we will
consider the expression || P; + €1]|z2. The higher-order terms of P; are non-perturbative
in the region y ~ By, so we first use the inequality

[P+ ellz2 = (10,801 (P1 + €1)ll2- (4.12)

In this region, the higher-order terms of P; become perturbative (using (4.2)):

y
a1 +#50)

> S 10808222 5 Y2 = b@™) - B. (4.13)
On the other hand, by the choice of 23, 24 (see (2.40)), we have
y _ y
(Lo.50B% Q- 10.0161) | = |(B(L0,50) ~ XR) G Q- Lomole)r

1 Yy
< — 1 _
=3 ‘ (0,1901/32 0

2 No.BorenllLz.

and hence
y
HI(O,BO] (ﬂEQ + 81)‘

= 1(0,190].3Z 0
|10.5083

2

L2

2
y
o 2<1(0,Bo]ﬂ§Q’ 1(0,30181)r + 1,zo1e1 72

\

Yo l? y
> HI(O,BQ]ISEQ‘LZ - HI(O,BO]ﬂEQ‘L2||1(0,Bo]£1||L2 + 10,8011 17 2
1 Y
E(HI(O’BO]'BEQ

By (4.12), (4.13), and (4.14), we have

v

2
L+ osaail}a) 2 82+ Mosger e @14)

p~ 1P+ ez 2 B+ I o,Bojen Il L2 (4.15)

Since ||e1llz2 S| Pill2 + 1 < B+ 1 < (using B < w from (4.15)), we can improve
(4.15) to
nz B+ llenllze.

This completes the proof of claim (4.11).

Step 2. The quantity W is a small parameter: Proof of (4.7). By (4.2) and (4.11), it suffices
to show that

ledll Sar B+ llell g (4.16)

For the proof of (4.16), we start from the relation
g1 =w;— Py =DpP - P1)+ (Dyw—DpP), 4.17)
take the L2-norm, and apply bound (3.36) to have

leillLz < B + [Dww —Dp P12
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We then notice that Dy,w — Dp P is the sum of (3, — m)e; and a linear combination of
L Ag [¥1, ¥2]¥3 with at least one ; = ¢. Using the estlmate

|~ Aotv et = Wbz | v,

for any choice of ji, jz, j3, putting ¥, = ¢, and using || P||z2 + |¢llz2 <um 1, we have

5=l

completing the proof of claim (4.16).

H%Ae[%ﬂ/fz]% . + OM(H%SHLZ) <u el g -

Step 3. Nonlinear coercivity of energy: Proof of (4.8). By (4.11) and (4.16), it suffices to
show that

lell gy <ar B+ llenlip2. (4.18)
For the proof of (4.18), we rewrite relation (4.17) as

Loe =~ Aglele = o1 = (Dp P = P1) = {(Lp = Lo)e + Np(e) + ~ Aol

In the above formula, we take the L2-norm, apply the nonlinear Hardy inequality (4.10)
for the left-hand side and (3.36) for Dp P — P to have

1
lellgy, 5w |Los— - olele] ,

1
Su llenl + B+ [ (Lp —Loje + Np(e) + - dolele] , 419)
The following estimate will be shown in the next paragraph:
1
|(Le—Lo)e + Vo) + S Aslele] , < OuB) +8u@) el gy 420)

Substituting this estimate into (4.19), we have
lell gy < Om(B + llerllz) + ar (@™ - el -

Using the smallness of §37 (a*), the last term of the right-hand side can be absorbed into
the left-hand side, yielding claim (4.18) and hence (4.8).

It remains to show estimate (4.20), which is used in the proof of (4.18). We note
that (Lp — Lo)e + Np(g) + %A@[S]S is a linear combination of %Ag[lﬂl, Y2]¥r3, where
either (for (Lp — Lo)¢) exactly one Yj, = P — Q, exactly one v/;, = ¢, and the other
Vi, € {P, O} or (for Np(¢) + Ag[ le) exactly two v;, = v¥;, = ¢ and exactly one
Y¥j; = P.In what follows, we only estimate || lAg[Ipl, Y2]¥r3| 2 that can contribute to
either (Lp — Lg)e or Np(e) + Ag[e]e

(1) If Y3 = &, then we use

V12| S 1P — QP+ Q) + |Pel S|P — Q1P|+ Q + [e) + | Qel
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to obtain

12 SIP = QllellPl + QO + lelliL2llell L2 + [ QellLr

| Aoty vl .

1
—e
y

2
12 S Om(B) + 8 (@) - llel g,

< B+ el lel 2 + H%‘

(ii) If Y3 € {P, Q}, then we use

[v1va| S (1P — Ol +lel)le] and [¢3] < O+ Lo28,18°y*0

to obtain (using (2.28) for ||&||Loe)

1 1
|SAotvnvals| |, < |Svavs| L 1v0lee + 1viv2li 110280627 Qe
Y L y L

1
S B+ Nl | ~e| , + (1 + lellzo)lel 2B
y L
S m @) - llell gy + Om(B).
(iii) If Y3 = P — Q, then we use

[zl S (1P| + Q)lel

to obtain

1 1
[ 4ot vl = 0|, 5 [ (P = 0 Ivivalr 5 Bllellz 5w B
This completes the proof of (4.20). By the first paragraph of Step 3, this completes the

proof of (4.8) and hence the proof of Lemma 4.2. ]

Remark 4.5 (Assumptions in the rest of this section). Until the end of this section, we
always assume that our solution u has H3 -regularity and belongs to 75+ s for sufficiently
small ¢* > 0, depending on M. The required smallness of «* > 0 may shrink in each of
the claims below.

4.3. Hardy bounds for higher Sobolev and local norms

In later sections, we will ultimately do the energy estimates for the variable &,. To close
the energy estimates for €, and to obtain useful information on the original solution ¥ =
[P + €]a,, from the control of &5, it is necessary to convert various Hardy-type bounds
for &, into those for ¢ and ;. For this purpose, let us define

Xs = |leallp2 + 4.21)
X3 = ”82||Hyb+z + Xz, (4.22)
Vija = lleallyarz, + w'2Xs. (4.23)
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Note that the V,zfz-norm defined in (2.29) was motivated by the lower bound of the
Morawetz monotonicity (2.24). The goal of this subsection is to show that these quantities
bound the Sobolev norms of ¢ and ¢; with correct scalings.

Lemma 4.6 (Hardy bounds for higher Sobolev and local norms).

(1) For ey, we have

”Sl”HVLH <m X, (4.24)
leillgz, , <m X, (4.25)
; <m Vi/2. 4.26
”81”"5/431 <M Va2 (4.26)
(2) For e, we have
||8||;g,31 <m X>, (4.27)
lell 5z <ar Xs. (4.28)

Remark 4.7 (Weighted L°° controls). One can also control various weighted L °°-norms
on g, €1, &, by combining Lemma 2.6 with the above lemma.

Proof of Lemma 4.6. Step 0. Remark on the order of the proof. To be more rigorous,
we need to prove this lemma in the following order: (4.24), (4.27), (4.25), (4.28), (4.26).
However, we will give the proof of (4.24)—(4.26) first and then give the proof of (4.27)—
(4.28) in order to group similar proofs as possible.

Step 1. From &5 to €1 Proof of (4.24)—(4.26). Rewrite Ay, w; = w; as
Ager = &3 — (Ap Py — P2) —{(Aw — Ag)e1 — (Ay — Ap) P1}. (4.29)

We claim that

(4w — Ag)er = (Aw — Ap) Pill 2 Sm 12, (4.30)
|(4w — Ag)er — (4w — AP) Prll gy Sm puXa, (431)
I(Aw = Ag)er = (4w = Ap) Prll a2 S p'/2Xs. (432)

Let us first assume these claims and finish the proof of (4.24)—(4.26). Applying to (4.29)
the linear coercivity (2.31)—(2.33) for Age1, bounds (3.39)—(3.41) for Ap Py — P», claims
(4.30)—(4.32) for (Ay, — Ag)e1 — (Aw — Ap) Py, and B Sy, we obtain

lexllgy < llezllz> + B* + Om (1) Sm X,
||<91||11'13Hrl S ||82||Hrln+2 + 8% + Om(uX2) Sum X,
||291||f,51/f1 < ||82||V31/J32 + BT + Om (1?2 X3) Sm Vapa

This completes the proof of (4.24)—(4.26).
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It remains to show claims (4.30)—(4.32). For the term (A4, — Ag)e1, we note the
pointwise estimates

1 y
(Aw — Ag)er < ;/ llwl? = Q2y'dy’ - [ea].
0
1 Y 2 2 / / 2 2
[(Aw — Ag)ei]-1 S ; [lw|* — O°|y'dy" - le1]-1 + [|lw]* — O%||e1].
0

Using (2.42) and [[(y)™"/?e1llee < [{y)7"/?[e1|-1]l >, we have
I(Aw — Ag)erlL2 < Ilwl* = Q%I 2 llerll.
I(dw = Al | S Il = 02l2lenll gy -
14w = Ag)erllyarz < lwl* = Q22 1) ler |1l 2.
Applying to the above the estimates
Hw? = 0lL2 Sm llw = Qllzee Sum i,

—-1/2 < 1/2 1/2

E1]— 2 & . £ ! s

Iy lerlallzz 5 ey llealls
we have

14w — Ag)erllL> <m plerl> <m 1,

_ i < . <
|(Aw AQ)81”H$,+1 <M HHSIHHJIH <m Xz,
Ay —Ag)erl 3z S a2 e Y2 < /2y,
14w — Agerllyar Sm pll IHH,LH” 1”H31+1 M EXs3
For the term (A, — Ap) Py, we use
2 2
Nw|® =P "2 <m llellzee Sm 1,

M H&QS‘

1 <M X2,

|yl =1PP]

1
+ 1P = O+ lel 1z | |
L ()

1 2 2 1 1
—_ < - _ Y
” <y>3/2(|w| P15 2 ~M H (y)3/2 Qe L2 + 1P = QI+ el ” (y)3/28‘Lz
/2 y1/2
<t llell g, + mllellyy el ps <ar X+ '/ Xa,
and
Pl + 1y Pililleee S B Sm

to have

I(Aw — AP) Prli2 < Mwl® =[PPl 2 ) Prll2 Sar Xa.

1
— . < || — 2_|p? o <
l(Aw AP)PIHH’L_H < H (y)(|w| [P )‘L2||(J’>|P1|1||L <m X3.

1
_ . < || 2_p?
(0 =40 Prlgaz, S |yl = 12|

NPz < Ve,

This completes the proof of claims (4.30)—(4.32).
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Step 2. From € to ¢: Proof of (4.27)—(4.28). Rewrite Dy,w = wj as

Los=¢ —(DpP — Py)—{(Lp — Lg)e + Np(e)}. (4.33)

We claim that
I(Lp = Lo)e+ Ne @)l Sm (4.34)
I(Le = Lo)e+ Ne@llpz,  Sm nXo. (4.35)

Let us first assume these claims and finish the proof of (4.27)—(4.28). Applying to (4.33)
the linear coercivity estimates (2.35)—(2.36) for Lge, bounds (4.24)—(4.25) for &, esti-
mates (3.37)—(3.38) for Dp P — Py, and claims (4.34)—(4.35) for (Lp — Lg)e + Np(¢),
we obtain

lell oz < X2 + B + Om (1?) Sm Xo,
lell gz < X3 + B> + Om(uX2) Su Xs.
This completes the proof of (4.27) and (4.28).
It only remains to prove claims (4.34)—(4.35). Recall that (Lp — Lg)e + Np(¢) is

a linear combination of %Ag [¥1, ¥2]¥3 for suitable choices of ¥;’sin {P, O, P — Q. ¢}.
Note the pointwise estimates (recall 01 = dy, — % from the notation section)

1
[ Al valvs|_, 5 ey, valllvslos + rvavsl

[ =<1

1
; [Ag[Vr1, Y2ll|04+ 3] -1 + FlAe[%’ LY
+ [Y1¥293]-1.

By symmetry, we may replace the last term |Y1Y¥2v3|—1 by |¥1¥2||¥3]|—1. Therefore,
it suffices to show the estimates

‘%Ae[‘/fl,llfz]%‘_z <

Lo Sm (4.36)

| Moty valllvalon + vyl

L Swouka  (@437)

1 1
- 1 — — _
|5 sty vall(vsl-s 4+ 5 10sl) + avaliysla)

for the choices of Y1, ¥, 3 that can contribute to either (Lp — Lg)e or Np ().

(1) Y3 = e: we have

LHS of (4.36) < [IV1¥2l 2 (lllel-1llz2 + llellze) < Iavallzzliell g, -

Lo (Iselalzz + [ 5lela] )

LHS of (437) < H %wlwz]

< |2yl
y

Lalellzg.



K. Kim 5534

Since

L2

H@Wz s Hmﬂp — OI(P| + Q)+ (1P| + le])lel}
y L u

S 12 = Qlluoe + el (14 |22

L2) <M W,

we have
LHS of (4.36) Sm illell ), Sm 14,

LHS of (4.37) Sur pllell gz < uXo.

(ii) ¥3 € {P, Q}: weuse |P|2 + |02 < (y)~" to have

)

1
LHS of (4.36) < Hmwlwz .

1
y{y)

LHS of (4.37) < H

Y1y

L2
Applying to the above the estimates
V12| < 1P — Qllel + [e?] < (B + leDlel <m plel,

we obtain

1
LHS of (436) S | ve| , Sur wllelny, S i

, S el gz Sm pXo.

1
LHS of (4.37) <pm MH—e
y{y) L

(iii)) Y3 = P — Q: we use

1
|~1P -0l
y

L+ 1P = 0lil < B

to have
LHS of (4.36) < Bll¥ 12|l L2,

1
LHS of (4.37) < B H —yivn| .
y L2

We then apply [V12] < (1P| + Q + |eDlel < ((»)™" + le])e] to have

1
LHS of (436) 5 B(| ove] , + lelzalelies) Sur wlelyy Sw i

1
—€

LHS of (4.37) 5 B( T | y

1
e lellzee) Sar ialllel g, + 1) Sw pXa,
H »(y) 12 Yo
This completes the proof of (4.34)—(4.35). ]
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4.4. First modulation estimates

As is standard, we differentiate the orthogonality conditions (4.1) in time to obtain pre-
liminary controls on the dynamics of the modulation parameters. As mentioned before,
the e-orthogonality conditions of (4.1) (i.e., the first two of (4.1)) give controls on the A-
and y-dynamics. The b- and n-modulation estimates are obtained from differentiating the
e1-orthogonality conditions. Note that the evolution equation for &; (see (4.40) below)
effectively detects the dynamics of b and 7, thanks to the degeneracy AP;,iP; = O(f)
for the first two components of vy.

Now we derive the evolution equations for ¢ and &, in the renormalized variables
(s, ¥). To derive the equation for &, we first recall the equations for w and P (see (3.28)
for the definition of Mod and v),

A
(8s A+ yﬂ')w +iDjwy + (/
A y

(as - %A + Vsi)P +iDLP + (/y

Subtracting the second equation from the first, we obtain a preliminary equation for &,

o

Re(wwl)dy/)iw =0, (2.8)

oo

Re(FPl)dy’)iP =-—Mod-v+iWV. (3.42)

As . vk -
(8S — TA + ysz>8 +iDjw; —iDp Py

oo oo
+ (/ Re(ww; — ﬁPl)dy’)iP + (/ Re(wwl)dy’)is =Mod-v—iV.
y y
The above form is however not suitable for our analysis because we need to incorporate

the phase correction from the nonlocal nonlinearity. For this purpose, we introduce a new
modulation vector Mod, whose components are defined by

o0
— + m+ n+ Re(wwy)dy ifj =2,
Nod, = s + ( ) /0 (wwy)dy if j 438)
Mod; otherwise.
Using this modulation vector, we obtain the equation for ¢,
A'S . . % . *
(8s - TA + )/SZ)S +iDj,w; —iDp Py
y _ o]
_ (/ Re(ww; — PPl)dy’)iP + (/ Re(liwl)dy')is
0 y
=Mod-v—iV. (4.39)

In a similar fashion, using (2.9), (3.44), and (4.38), we obtain the equation for &;:

A
(as - ST+ ysi)sl QAN wy — A P

y _ )
- (/ Re(ww; — PPl)dy/)l'Pl + (/ Re(wwl)dy/)isl
0 y

=Mod-v, —iV;. (4.40)



K. Kim 5536

The following is the main proposition of this subsection.

Proposition 4.8 (First modulation estimates). We have

IMod, | + [Moda| <y X3, (4.41)
IMods| + [Mody| <pr Vya. (4.42)

In particular, we have rough estimates

— <
‘ 3 | Sm pe, (4.43)

|bs + b2 + 7’]2| + |77s <M Xs. (4.44)

Remark 4.9. We mention once again that we need to incorporate the phase correction
to the blow-up part of the solution as expressed in the definition of Mod,. Such a phase
correction arises from the A;-potential and this fact was already observed in [26,27]. Note

that 1\’43?12 ~ ys — (m + 1)n, as can be seen from the estimate
o0 _ oo _ 1
| ret@undy = [T Re@Pody -+ 0| e orle + 121 Ser],)
= —=2(m + 1)n + Oy (1?), (4.45)

where we used (3.52), (4.8), and (4.24).

Note that we require different bounds for the components of 1\71\0/d; bound (4.41) is
rougher than (4.42), but it is sufficient for our modulation analysis. This fact allows us to
construct P only up to quadratic terms.

1
—&1
y

To obtain these modulation estimates, we differentiate the orthogonality conditions
(4.1) in time and use the evolution equatlons for € and ¢;1. In other words, we test (4.39)
and (4.40) against Z, Z, and Z3, Z4, respectively. It will be convenient to rewrite (4.39)
and (4.40) as

—_— A .

Mod - v = (aS—TSA +ysi>8+F, (4.46)
—_— A -
Mod - v, = (as -+ ysi)sl 1 R, (4.47)

where F and F; are defined accordingly. The following lemma collects the estimates
for F and F; for the proof of Proposition 4.8. We relegate its proof to Section 4.6.

Lemma 4.10 (Structural lemma for the modulation estimates).

e (Rough low regularity estimates in compact region) We have
(. Z0) |+ [(F, Z2)r | + |(Fr. Z3)r | + |(F1, Za)r| S e (4.48)
e (Higher Sobolev estimates in compact region) We have
(F.Z0)s| + |(F, Z2)r| Su X, (4.49)
|(F1, Z3),| + |(Fy, Za)r| S Vaya- (4.50)
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o (Testing against almost nullspace elements) We have

|(Fy. 219 O)rl + 1(F1u 2u-1iv Q)r| Sm 1 X3 + Blog BI2. (4.51)

Remark 4.11. The rough low regularity estimates (4.48) will be used for the proof of
(4.43). The higher Sobolev estimates (4.49) and (4.50) will be used for the proof of (4.41)
and (4.42), respectively. The last estimate (4.51) will be used to obtain second modulation
estimates (Lemma 5.2) in Section 5.1.

Proof of Proposition 4.8 assuming Lemma 4.10. Recall from Remark 2.5 that the orthog-
onality profiles Z;, Z5, Z3, Z4 are supported in y < 2R,.

Step 1. Proof of (4.41) and (4.42). On the one hand, we rearrange the equation for ¢ as
Mod - {v + (Ae, —ie,0,0)'} = dse + bAe — (m + 1)pic + F.
We take the inner product of the above formula with Z; for k € {1, 2}. Note that we have
(A&, Zg)r = —(&, AZk)r < || L(0,2Ro16 L0 Snr min{p, X3},
(—ie. Zi)r = (6.12Zk)r < |[10,2Ro)€llLoe <pr min{p, X3},
(058, Zk)r = 95(e. Zk)r = 0,

where in the last equality we used the orthogonality condition (4.1). Combining the above
formula with estimate (4.49) for F', we obtain

4
> (W) Zi)r + On (W)} Mod; | <pr Xs. (4.52)
j=1

On the other hand, we rearrange the equation for ¢; as
1\71\0/d {V + (A_181,—i81,0, O)I} = dy61 + bA_1861 — (m + l)nisl + Fi.

We take the inner product of the above formula with Zy fork € {3, 4}. Proceeding simi-
larly as in the previous paragraph, but this time using (4.50) for F;, we obtain

4
Y ()5 Ze)r + Ou ()} Mod; | St Voo (4.53)
j=1

Thanks to the almost diagonal matrix structure (4.3), we have
|Mod; | + |Mod,| <p RHS of (4.52) + p - RHS of (4.53),
|Mods| + |[Moda| <p RHS of (4.53) + p - RHS of (4.52).

Substituting estimates (4.52) and (4.53) into the above completes the proof of (4.41)
and (4.42).
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Step 2. Proof of (4.43) and (4.44). For the proof of (4.43), one follows the argument of the
previous step, but uses the rougher estimate (4.48) instead of (4.49) and (4.50). This gives
the estimate |1\’/I\0/d| <m p.Combining this with 8 <ps u and (4.45), we obtain (4.43).
Estimate (4.44) easily follows from (4.42), V7, < X3, and |p§b)| + |p§")| <BSud.
This completes the proof. |

4.5. Energy-Morawetz functional and uniform H3-bound

This subsection is devoted to the proof of the key assertion of this paper, namely, the
uniform H3-bound of ¢*. As mentioned in Section 1.4, the basic strategy here is the
energy method with repulsivity, which has been successfully employed in the blow-up
constructions such as in [4, 45, 46, 52, 56] and for (CSS) in [26, 28]. However, as we
are considering arbitrary H,J -solutions near modulated solitons, we need to control them
without dynamical controls such as (1.20). Note that controlling the solutions without
such dynamical assumptions is addressed in [42, 51, 55] for the mass-critical NLS and
is given in a more complete picture in [37] for the critical gKdV. See also [20, 23] for
energy-critical equivariant wave maps.

We introduce the energy functional

5 (2. Hoea),

- 4 (iea, 1/:L/53y82)r 1oA2 ||€;|Liz (4.54)
with some large constant A = A(M) > 1 and a function v’ given in Lemma 2.1, and
claim that ¥ < 1 can be propagated on any finite-time intervals only under the size con-
trol (4.8). Since 0 < v’ < 1, it is clear that ¥ is coercive in the &,-variable, and hence it
controls p =3 ”8”33’?” and M_ZHSHJ&% by Lemma 4.6. Note that the powers of w in (4.54)
cannot be changed; see Remark 4.13.

Note that & = 0 if and only if u is the modulated soliton Q ,, so we will not consider
this trivial case. The key results (4.75)—(4.76) of this subsection are nevertheless well
defined even for this soliton solution.

In what follows, we explain how ¥ < 1 can be propagated. Our discussion will be
sketchy and non-rigorous. We look at the structure of the ;-equation, whose full expres-
sion can be found in (4.59)—(4.60) below. Here we only discuss a toy model

A ~
(3s - TSA—z + ysi)82 +iHpey = iBVincer + i (B> + |e]P)er —iW,,  (4.55)

where V), is a smooth fast decaying potential and W, is the inhomogeneous error term
(see (3.46)). We will call the first term of the right-hand side of (4.55) a local term, and
call the second term a perturbative term, whose meaning will be made clear below.

We first consider the contribution of the perturbative term, whose H'-norm can be
roughly estimated by

11(B% + leP)e2ll g1 < (B> + llellzoo)lle2ll g1 < w2lle2l g
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and similarly for its L2-norm, where in the last inequality we applied the size control (4.8).
In this spirit, the contribution of the perturbative terms in the energy estimates can be

considered as
0sVF SuPVF, or VF VT

By Gronwall’s inequality, this inequality propagates the control ¥ < 1 on any finite-time
intervals.
In a similar fashion, the contribution of the W;-term appears as

VF S u Wl gy + 12 Wlle = p2 (3 Wall gy + 1 2] 2).
To have +/F bounded, in view of 9; = A720, and A ~ u, we require that

92l Wl
FEY
Considering the formal ODE solutions (3.3), this suggests us to have at least ||\IJ2||H';' =
O(B*t) and || W52 = O(B>T) as stated in (3.50).

We turn to the contribution of the local term, whose treatment requires the Morawetz
repulsivity in a similar spirit to [46, 56]. (The contribution of —%A_zsz in the left-hand
side of (4.55) will also require the same treatment.) Recall that we do not have a dynamical
control such as b > 0, but our claim was that the size control (4.8) is sufficient to run the
energy method with repulsivity. We observe in the computation of ;{1 ~%(e5, H 082)r)
that the following local terms appear:

is integrable in ¢.

Rl e D02 4 (ea, A5 (BVucer)r ). (4:56)
where the factorization H o = A A%, is used for the second term. In view of _T ~ b,
(4.56) might be estimated by u °B ||82||H1 < BF,andhence 3:F < 75 B . but this esti-
mate is not sufficient because fz is not integrable in ¢. Thus term (4.56) is non-perturba-
tive in this sense. However, if we recall that the potentials involved in (4.56) are well
localized and the size control B < p is at hand, (4.56) can be estimated by a more local
expression

—6 2 -5
Blle2ll; v, SH |I82||V3/2,

which can be dominated by the monotonicity from the Morawetz term,

l83{;[5 (ig2,¥'0y82)r} > g2l 3> —+ lower-order terms.
2 Vilt2
This motivates the Morawetz term in (4.54). Note that the last lowest order term of (4.54)
is introduced to make ¥ coercive.

We now state the key monotonicity estimate obtained from ¥, which is the main result
of this subsection. We will integrate this estimate in Corollary 4.17 below to obtain the
uniform H 3-bound of &*.
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Proposition 4.12 (Energy-Morawetz functional). There exist large constants
A=AM)>1 and K=KM)>1

such that the functional

H 62,90 el
F o (s2 6Q<92)r _A(182 1/f5y<82)r A [ 2|4|¢L2 454)

® g 5
satisfies the following properties:

o (Coercivity)

lle21l2, 2
H &
$~—6WH+A2%, and hence Xz ~py W21+ F. (4.57)
n 1
e (Monotonicity)
||82||2~3/2 9/2 2
1
0,7 + —22 < k24 7) + V7 LR (458)
n n

Remark 4.13 (The scales). The scales in (4.54), i.e., the powers of w, cannot be changed.
The use of other powers will contradict the H 3-boundedness of €*, either in the shrinking
regime or in the expanding regime. In this sense, we are crucially using the fact that the
linearized Hamiltonian A o defines a coercive bilinear form on a homogeneous Sobolev
space Hnl1 oy

Remark 4.14 (On m > 1). In the following proof, we heavily use the Morawetz mono-
tonicity (Lemma 2.1) to bound the local terms. Hence the assumption m > 1 is crucially
used in the proof. See also Remark 2.2.

We now record the full equation for ;. As in Section 4.4, we subtract P,-equa-

tion (3.46) from w,-equation (2.10) and incorporate the phase correction (4.38) to obtain

Afs . eIy
(85 - TA_Z + )/31)82 +iHgey = F, (4.59)

where
Fy =Mod - v, — W, + (iww? —i P P2)
—(iHy—iHp)es — (iHy —iHp)P,
0o y _
— (/ Re(wwl)dy/)iez + (/ Re(ww; — PPl)dy’)iPz. (4.60)
y 0

The following lemma collects several estimates for F, for the proof of Proposition 4.12.
As illustrated before, we are basically decomposing the terms of F, into the sum of local
and perturbative terms. The proof is relegated to Section 4.7.
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Lemma 4.15 (Structural lemma for the energy estimate). We can decompose

F> = F% + F)% + FI™,  where F,% = iModj (V2)}, 4.61)
j=3

such that
IF3% + FE™ll > <m X3 + B*[log BI2. (4.62)
1) F51-1ll2 Sm Va2, (4.63)
IF" =1l > Sm n? X3 + B%|log BI2, (4.64)

and

lyF3%5 2 S Xs, (4.65)
IO 21l S w2 Vapa, (4.66)
1) 2y XS all2 Sm Ve, (4.67)

Remark 4.16. When m = 1, the modulation term le°§ = Z;=3 M?)/dj - (v2); does not
satisfy bound (4.63) due to the lack of spatial decay of (v,);. Thus we will directly esti-
mate this contribution in the energy estimates.

Proof of Proposition 4.12 assuming Lemma 4.15.

Step 1. Proof of coercivity (4.57). This is obvious from (2.30), |¢'| < 1, the Cauchy—
Schwarz inequality, and (4.21)—(4.22).

Step 2. Algebraic computation of ;% . In Steps 2-3, we prove monotonicity (4.58). The
goal of this step is to derive the algebraic identity

1 T 1 AS ayVQ 2 * *
S0F = —{—T/T|52| +(AQ€2,AQF2)r}

A As . ~ .
- E{—ﬁ(lé‘z, (y3y¥")dye2)r + (Hoea, Ayer)r + (iF>, Awez)r}
AZ
+ F(Sz, F2);. (4.68)

First, we use % = % and equation (4.59) for &5 to have

%((as - 3%)82, ﬁQsz)r

185{ (2, I‘~1Q82)r}

2 e
1 /A , ~ ~
= F(Tsyaygz —ysiea —iHgey + Fy, HQSz)r.
Using Hp = AgAf = —0yy — iay + y%V'Q (see (2.20)), we obtain
1. ((e2, Hoea)r L A [0V, o * *
EaS{T} _ F{_T/ kel (Aper A ). (4.69)
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Next, we similarly compute

(i827 w/ay‘c"Z)r
w }
A /‘\'S . / . / . /

= —35 [ 5 {0 A 262 ¥ B2l o o2, W'Dy Ao = Sz, ¥ dyea)r)

%as{—A

+{(Hoer, ¥'dye2)r — (62, 90y Hoea),}
FAGF2 ¥ 0y02), + (2,90 Fa) )

In the above formula, we integrate by parts the scaling term

(ie2. Y0y A2e2), = (ie2, A_3(Y'0y82) — (yOy¥')0y€2),
= —(iA3&2,Y'0y82), — (ig2, (0, Y¥')dy2),

and apply the operator identity ¥'d, — a9’ = 2A, for the terms involving H o and F,.
This gives

1, {_A(l'Sz,WayEz)r}
277 uw?
A A’S . 12 Iy .
= —E{—ﬁ(wz» (ydyv')dyea)r + (Hoez, Aya)r + (iF72, Ax//52)r}~
Finally, we have
1 ,lleall?» A?
AT = e (4.70)

Summing up (4.69)—(4.70) completes the proof of claim (4.68).

Step 3. Proof of monotonicity (4.58). In this step, we prove (4.58) using computation
(4.68).

First line of the right-hand side of (4.68). We claim that

1 As [0,V .
—{——s/ > Q|82|2+(A*QSZ9AQF2)r}

us oA 2y
||82||$73/2 ,39/2|10gﬂ|2
SCI(M){M—S”’“+M2(1+$+«/?-T)}, 4.71)

where C1(M) is some constant depending on M. We rewrite the left-hand side of (4.71)
using decomposition (4.61) as

1 As ayVQ 2 7l
LHSof (4.71) = —3—— | —— , Hp F,%
of (4.71) ILG{ 0 / 2y |le2|” + (62, Ho F)5)r

+ (Ao Ap(FY% + ™), .
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For the first term (which is a local term), we use (4.43) to have

As [ 9,Vo A
5 [kl = 5 [ 0%eaP s leal s

m—+2

For the second term, we use (4.67), (4.23), and (4.57) to have
(2. Ho F35)r < 1) 2y eallp2 1) 2y 55l 2
<M ||€2||V’i/f2 AL
<M ,U«||82||f~,3/2 + 1*(X3)* Sm M||82||%~,3/2 + 11+ 7).
m+2 m+2
For the third term, we use (4.63)—(4.64) to have
(A2, A (B4 + F3),
S AGeall 2l FS -1 llz2 + [ AGeall 2l F3™ -l
Su leallyare - iVapa + leallgy - (2 X5 + B2[log BI%)
Su 1(Vap2) + 12 (X3)> + > V'F - B2 |log BI?
Su pllealGss +uF(1+ )+ PV - 2 log P

This completes the proof of claim (4.71).
Second line of the right-hand side of (4.68). We claim

A A’S . 12 rr .
- E{—ﬁ(wz, (ydy¥')dye2), + (Hoea, Ayea), + (iFs, Awsz)r}

cA 4log BI°/?
< leale, + Canap2|i+ 7+ vE - PEPE )
2p Vinta I

where c is the constant in (2.24) and C,(M) is some constant depending on M. To see
this, similarly as in the previous paragraph, we rewrite

A A
LHS of (472) = _E{(HQEZ’ Ayer)r — j(l’b‘z, (ydyy')dye2),
— (&2, iA‘/’FZI(E r— (i Ayea, le(,)i + szerl)r}.

We apply (2.24) to the first term of the left-hand side of (4.72) to obtain the key mono-
tonicity

A ~ cA
——(Hpéer, Aye2)r < ——||&2|* .
MS( 082, Ay €2)r < pE | 2||Vr§l/+z2

The other terms of the left-hand side of (4.72) are error terms. Using (4.43) and yd, ' <
(y)~! from (2.23), we have

As . .
— (2, (0¥ )dyea)r S pllealldy  Sm W F.
2A, m—+2
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Using (4.66) and (4.23), we have

(2. Ay F35)r 5 100) 2y eall 2| (0) 21 F3%5 1 .2
<M ||82||V,i/f2 ‘M1/2V7/2 <M MI/Z(HSZH%%EZ + ;LXSZ)
< 8M(a*)(||52||?~,3/2 + M7(1 + 7).
m—+2
Using (4.62), we have

(iAyer, B + 5™y S llleal-illz2 - (uX3 + B*llog B1%)
Su PVF (W VF + 1) + Blog ).
Substituting the previous bounds into the left-hand side of (4.72) and using the fact that
c—Sp(a®) > %c complete the proof of claim (4.72).

Last line of the right-hand side of (4.68). We claim

2 4 2
%(82, Fa), < C3(M)A,u2{37 + ﬁ(ﬁﬂlj_%ﬁl + 1)} 4.73)

where C3(M) is some constant depending on M. Indeed, this follows from (4.62) and
(4.57):

A? A? 4 2
H(Sz, F)r Sm E”SZHLZ - (uX3 + B"[log B|7)
41 2
S AR VFVF 4 1)+ EEEEL,

Completion of the proof of (4.58). Choose A = A(M) > 0 such that %CA >Ci(M)+ 1.
Substituting claims (4.71)—(4.73) into (4.68), we have
1 le2llyarz,

—0,F
2 + w

B*?llog B> | B*llog BI?
og T O% )}

< (Cz(M)+C3(M))A;L2{1+3‘7+x/f:( e .

Using B <p 1 and p < 1, the above formula can be written more compactly as

”82”['/3/2 9/2 1 2
s 5m+2 SM ;1,2{1+?7+«/?'B |2g/3| },
K K
which is (4.58). This completes the proof. ]

Integrating the monotonicity estimate (4.58), we obtain the key (local-in-time) uni-
form H3-bound as well as a spacetime bound.
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Corollary 4.17 (Integration of the monotonicity). Let I be a bounded time interval either
of the form [to, t1) or [to, t1] such that u(t) € Ty p forallt € I. Let L > 0 be such that
Eu](t; — to) < L. Then, we have

2
sup(||82”H’l"+2 N ||82||2 )() /- ”82”Vn31/-32 dt
tel e w e

le21I%,

. le2117
sM,L1+( 6“+ i )(0) (4.74)

m

In particular, we have local-in-time uniform H3-bounds

A
el + Pz, + lezly )0 S (755) Xato, @79)
ekig, + lerllgy,, + leal)® Sas (505) Viekato). - @76

Remark 4.18 (Uniform H3-bound). As is clear from the implicit constants involved in
bounds (4.75)—(4.76), we see that ||e#(¢) | "3 is uniformly bounded for all H3 nearby solu-
tions (due to the presence of M and X3) on a bounded time interval (due to the presence
of L). The uniform bounds (4.75)—(4.76) can also be viewed as persistence of regularity
estimates, but the point is that the H 3-regularity of e* persists regardless whether u blows
up or not. We also note that, as can be seen in the proof below, the L-dependences of the
implicit constants in (4.74) and (4.75) are exponential in view of Gronwall’s inequality.

Remark 4.19. All the bounds in the above corollary are scaling invariant.

Remark 4.20. We will not use the spacetime bound (i.e., the second term of the left-
hand side of (4.74)) in our proof of Theorem 1.4. However, we include it to emphasize
that (4.74) is indeed a monotonicity estimate.

Proof of Corollary 4.17. Step 1. Fixed-time bound of (4.74). In this step, we prove for
anyt € [,
F@) SmL F (o) + 1. 4.77)

To show this, we first ignore the spacetime term of (4.58) and divide the both sides by

V1 + F to obtain
9/21 2
as~/1+3«“51<u2{\/1+37+%}. (4.78)
m

To integrate the inhomogeneous term of the right-hand side, we use (4.41) and (4.44) to
note the following inequality

8%%) = #{—(%bz +12) + (b + b2+ ) %b(% +5)}

/32

/, 3-3/4 =
< - e +K'n 1+ 7 (4.79)
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for some constant K’ = K’(M). Summing the above formula with (4.78), we obtain

9/2)) 2
W 3/4>_<Kﬁ ) + K KT

B°2 IIOgﬁI2 B>
Since B Sy p K 1, we have /4 < land 3 < Thus the above formula
can be simplified as

Vrod b "2
as( 1+ 7 +M3/4) K" (¢1+ + 3/4) (4.80)
for some constant K” = K" (M). Now (4.77) follows from integrating (4.80) using ds =
A%dt and = A/ Eu],
JFO = (¢1 7+ —)(r) +1

3/4
K" ER- ‘0)(\/1+ + 3/4)(to)+1
<m,L V1 + F (o)

Step 2. Spacetime bound of (4.74). In this step, we show the spacetime bound of (4.74).
We integrate (4.58), apply (4.77) to pointwisely bound ¥ (¢), and use u = A/ E[u] to
have

” 2” 3/2 9/2 2
Valea dl _ / B log B7) dt

M2 T < qup F(t K 1 VF }
/1 TER e ©+ M e w3 A2

7 = p*’[log BI?
Sur (F)+1)+ 1+ 7 (zo)/ Tds. (4.81)
s(I)

For the last integral, we note as a consequence of (4.79), ul/ 4 = 8pr(a*), and (4.77) that

9/2|1 2 2
/ B Izgﬂl dsS/ /33/4ds
s(I) Mm s() L

1b(7)] [ ’ 3-3/4
< sup + K'u V14 Fds
rer 34 Jsay

< 8 (@) + Bar @) (sup VTH T 0) [ s
tel s(I)
Smr V1+ F(t).

Substituting this bound into (4.81) gives

||52||V3/2
—zt2 _ < F(to) + 1),
/I 5 a2 ML (F (o) +1)

which is the spacetime bound of (4.74). This completes the proof of (4.74).
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Step 3. Proof of the uniform bounds (4.75)—(4.76). By (4.57) and (4.77), we have

0] (t) (o) = A3(t)
130 " = B )

Combining the above with Lemma 4.6 gives (4.75).
We turn to the proof of (4.76). Interpolating (4.75) and (4.8), we have

13/20 )\/ X3(to) =

This bound, combined with (4.29), (4.30), and (3.39), gives

X3(t) Smp 1201+ F (t0) —— X3().

v uXs(to).

. < 1/2 1/2 < /2
lexllgy S ledll 2 el e Sme () 12(z)

A%(t)
lealla % lellgy,, + 7+ On (%) Saar 35,5 Vi),
This bound propagates for ¢ via (4.27). This completes the proof of (4.76) and hence the
proof of Corollary 4.17. ]

4.6. Proof of the structural Lemma 4.10

Proof of Lemma 4.10. Step 1. Estimates for F. We show estimates (4.48) and (4.49)
for F. In particular, we only need estimates restricted to the compact region y < 2R,
where we recall R, from Remark 2.5. Recall that

F =i(D}w; —DpPr)— (/ Re(ww; — PPl)dy’)iP + (/ Re(wwl)dy’)ie—i— iw.
0 y

The term iD} &1 of F. This term has a derivative so we need to integrate by parts to have

low regularity estimate. Since Zx € C/5,, we have

(iDye1, Zi)r = —(e1,iDwZi)r Sm 10,2R1€1 112 Sp min{u, X3},

where we applied either (4.8) or (4.25) in the last inequality. This yields (4.48) and (4.49)
for the term —i D}, e of F.

Remaining terms of F. The remaining terms are given by

F—iDie; = i(DX, —D%) Py

y _ o0
_ (/ Re(ww; — PPl)dy’)iP + (/ Re(wwl)dy’)is +iW.
0 y

These terms are merely estimated in local L2-norms. We claim that
1.2r)(F + iD%er)ll 2 Sar min{, X3} (4.82)

This claim immediately implies (4.48) and (4.49) for F since Zi € L?. We turn to the
proof of (4.82). First, we have

110,281D} =Dp) PillL> < [102r 1 (1w =[P P)llL2 110,201 P1l2

S Bllo2roelle lw + Pliz Sm plllo2ro1€llLoe-
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Next, we have

i

and

y oo _ ‘ 1 _
1(0,2Ro](/ Re(wwl—PPl)dy’)tPH < H1(0,2R0]5|ww1—PP1|’
0 12

L1 o2ra Pl

1
<M H 1(0,2R0] —8‘
y

o0
HI(O’ZRO](/ Re(wwl)dy’)ie
y L

Finally, by (3.43), we have

1> T No2raenllz2

12 lwillz2l102r)€l L2

1
<[5w
2~y

<m 1llo2r€l L2

L0281 ¥]Iz2 < B> <m min{p, X3}.

As all the norms in the above error estimates are restricted to the compact region y < 2R,
we can apply either (4.8) (for the bound ) or Lemma 4.6 combined with Remark 4.7
(for the bound X3). This completes the proof of claim (4.82) and hence the proof of (4.48)
and (4.49) for F.

Step 2. Estimates for Fy. We prove (4.48) for Fy, (4.50), and (4.51). Recall that
F/l = 1(A;';w2 — A;Pz)
y _ o0
— (/ Re(ww; — PPl)dy’)iPl + (/ Re(lﬂwl)dy’)isl + iU,
0 y
The term i (A, wy — A} P2). This term has derivatives and contains the main linear part
i A*ész of the &;-evolution.
(i) Proof of (4.48). For the low regularity estimate (4.48), we rewrite
A;Zu& — A;,Pz = wal — HPP1 + A;;(ApPl — P2)
= (Hy — Hp)P1 + Hye1 + Ap(Ap Py — P»)
and integrate by parts to avoid derivatives falling on &1,
((Afwa — Ap P2). Zp)r = —(e1.iHwZy)r — (Hy — Hp) P1.iZ),
—(Ap Py — P2, iApZy),.

Since Zj € Coon+1 is compactly supported, we can simply use P < 1,e <1, P1 < B,

Ap Py — P, < B3 in the region y < 2R, (cf. (3.40)). As a result, we have

(e1,iHwZ)r <m |L02ro161 12 Sar it
(Hy — Hp)P1,i Zi)r <m Bllo2rellLoe Sm it
(Ap Py — Py.iApZi), < B° Sm 1,

which yield (4.48) for i (A% w, — A% P2).
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(1) Proof of (4.50) and (4.51). For the higher Sobolev estimates (4.50) and (4.51), we
begin by rewriting

Aywa2 — Ap Py = Aper +{(4;, — Ap)ez + (A3, — Ap) P2}
For the first term A*Qsz, using Ag(yQ) = 0, we have
(1452, Zk)r = (62,140 Zi)r S [N 2Rae2l122 S lle2lyare
(492, 1Y Q)r = —(e2, By X1y Q)r < M1 o1y e2llpr < 1 lle2ll2,

and similarly for the inner product (iA*Qez, Xu—11yQ)r. This shows (4.50) and (4.51) for
the term iA*Qsz.

To show (4.50) and (4.51) for the remaining term, namely, i{(A}, — Az))ez +
(A% — A%) P>}, we claim the following L'-bound:

1
|3t — Apea + (45, = AP P2} | Sur s (483)
This claim follows from the estimates

1 1 [
| - aprea], = |5 [ ot = 021y

Lt~ 20y L2

2 2
S lwl® = 0%l

< — .
1o M llw=Qllzelleallgy

1
Yy
<M X3

and

1{y) P2l Lo

1 *
ERT .

1 /y
Sl=— [ lwP=|PPydy
L! 'y3(J’) 0

S [l =1PP] 7 s 2| ]
Sm w*Xa,

where we used the Fubini theorem for the inequality

1 Y / /
‘ y3(») /0 Sy dy

Now, claim (4.83) implies (4.50) and (4.51) since || y2Zg ||Loo + ||y - Lu-1Y0QllLee S 1.
Thus we have proved (4.50) and (4.51) for the term i (A}, wy — Ap P2).

L

o =571

Remaining terms of Fy. Recall that the remaining terms are given by
F] — l(A;wz — A;Pz)

y _ [e)
= —(/ Re(ww; — PPl)dy’)iPl + (/ Re(wwl)dy’)isl +iv;. (4.84)
0 y
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(1) Proof of (4.48). Since Zk € C25y 41, estimate (4.48) easily follows from

1 _ _
110,22, ]RHS of (4.84)] 2 < H;(|ww1|+|PP1|)‘

P+ lenllzz +iTo 2R Willz2
<m P+ Bilog B < e,
where we used (3.45) for the term V5.
(i1) Proof of (4.50) and (4.51). Since
1y*Zkllzes + 1% - 2,-1¥Qlles S 1 and  B*log B* 5 p7/2,

it suffices to show (cf. (4.83))
|
H—ZRHS of (4.34)” <m X, (4.85)
y L

For the first term of the right-hand side of (4.84), we use || P1||z2 + [[{¥) P1llLe < B to
have
1 [ —
' —2/ Re(ww; — P Py)dy’ - P,
y=Jo

Ll

1 _ —
s |5 @w - Peo| e

1) Prllzee) - B

< (otie |5+ |57

< . el or <pr uX
Sw llerlge |+ 12 llel g S iX.

L2

For the second term, we have

< llwwy ||z , Sum w2 , SM X3

L

1 o0
— Re(wwi)dy’ - ¢
”yz/y ( 1) y 1 L I

1 1
—€1 — €1
y2 y2

For the last term, by (3.45), we have
1 4 3
|70, = pthoesr”

completing the proof of (4.85), and hence the proof of (4.50) and (4.51). [

4.7. Proof of the structural Lemma 4.15

Proof of Lemma 4.15. We estimate each term of F,. Recall that
Fy =Mod - vy —iW, + (iww? —i PP2) — (iHy —iHp)ey — (i Hy —i Hp) P,

— (/wRe(Ewl)dy’)isz + (/y Re(ww; — FPl)dy’)iPz. (4.60)
y 0
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Modulation terms M\Jdi (v2);. For j € {1,2}, we show that mdj (v2); is a perturbative
term. Thus we need to prove (4.62) and (4.64). These estimates easily follow from (4.41)
and (3.34):

AOJJ‘ V2)jllL2 SM A3 - 0g SM A3,
IMod; [[|(v2);ll2 Sm X3 - B2llog BI'? <pr X
A"-’j V2)jllL2 SM X3 - M pSXs3.
IMod; |[|Ap (v2)jllz2 Sm X3+ B> Sm X
For j € {3, 4}, we need to prove (4.65)—(4.67). These estimates follow from (4.42),
V772 < X3, and (3.35):
IMod; |11 y1(v2); hillL> Su Vayo Sm Xa,
IMod; [[|(y)/2|(v2);1llL2 Sar Vasz - BY? < 1V,
|M°dj|||<J’)1/ZY(HQV2)J'||L2 <m Va2 B Sm uVaa.

Inhomogeneous term —iW,. This term is perturbative; estimates (4.62) and (4.64) are
immediate from (3.47) and (3.48).

Nonlinear term —i(ﬁw — HP)PZ. Let
b= [~ PP and by = [wf + PP

be such that

rr rr 1 1 Y / / 1 7 / / 1
Hy—Hp = —(2m+4—- | hy'dy’)-|—5 [ mydy' |+ hi.
y? 2 Jo 2 Jo 2

We show that —i (H,, — Hp) P, is a perturbative term; thus FJ*" collects this term. Taking
| - |—1 to the above formula and using ||/2]|;1 <ar 1 and |ho| < |P|1? + e S y 72 + |e|?,
we have

U e
i(Ay— A P> <u (y—/ I ly'dy’ + |h1|) P,
0

~ ~ 1 y
i(o — ) Paloy <u (;/ |y dy’ + |h1|) A Pales + 1@y k) Pl
0

1 y
T (— / |h1|y’dy’) NETS)
Y Jo

We now estimate the L2-norms. First, using | P,|—; < B2(y)~2 and | P||;2 < 1, we have
for £ € {0, 1}
L2

1 y
H(F/o haly'dy’ + |h1|) Pale
<ut 1210)

where we used (2.41) and (4.27)—(4.28). The case £ = 0 gives (4.62). Next, we similarly
estimate using |P|; < (y)"!and |Py| < B2(y)" 1,
[@yh1) P22 < lllel=1 - (1P 1 + [eD P22
S B2 el-allzzllellzos + 11(0) " lel-1ll22) Sm 1> X,

< B Oy 2

D¢ poo S 12 Xa4e,
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Finally, we have
Y 1
“ | by Sep
0 y

This completes the proof of (4.62)—(4.64) for the term —i (I-Iw —H p)P>.

<

~

2 2
Nellzop

1 Y / U
— | Imly'dy
Y= Jo
S BNl Smoptllelliee Sm '’ Su nXs.

Nonlinear term —i(ﬁw - ﬁQ)ez. Let
hy = |wl*>— Q% and hy = |w|* + Q2

so that

7 7 1 1 Y ! g 1 7 ’ gl 1
0 0

We further decompose

hi =2Re((w — 0)Q) + |w— Q> = A + 1" and hy =20% + Iy

H 1 2m 4+ 4 /yQZ /d/ lfyhloc /d/ +1hloc
0= y2 m y'dy > ), MYy S
2.7 1 7 pert s / ]perl
+ 2m + 4 — /dey ——/ hy y'dy' | + =hj
y 2 0 2
— hiy'dy’
+4y2(/0 1y Y)

= Voc + Vpen,l + Vpert,Z-

so that

We claim that the contribution of Vi, is local and those of Vperi,1, Vper,2 are perturbative.
In other words, leoi collects —i V62 and sz " collects —i (Voert,1 + Vpert,2)€2.
For —i Vipc62, we use ||lw — Q”Hrln <m M to have

1 y
(F /O By dy + |h11°°|)
< 1 e o

< — . <
<m |lw Q||L°°||€2||H’1n+2 <m X3

1 7 ocC ocC
(_2/ |RY<]y'dy’ + |} |)'|82|—1
y 0 12

< lllw = Ql-ill2 1) 2e2llLee + lw = Qllzee | (¥) 2 le2]-1ll2

Sm pllellya2 Sm uVae.
m-+2

i Vioce2ll2 <

L2

and (further using (2.43) and Q < (y)™3)

I iVieee2|-1ll22 < 1Y) Byl L2 + ‘ )
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For —i Vper, 162, we have

1 y
(ﬁ /0 ) dy + |h€“‘|) &

<M puXs,

2
S lw = Qllzeo lle2ll 2
L2

”inert,IEZ ”L2 =<

and similarly

. 1 [
HiVieaealllzz < 1@ H a2 + H (; [ myay + |h‘;“‘|) ezl
0

L2
Tt Tt
S0y AY 2 lleallzoe + IR oo llle2] =1l L2
< — 0> . < 2y
< flw Q||H,£, ||82||Hr}1+2 M OTAS.
For —iVper,262, we have
. 1 7 / / 2 2
T (— [y dy) e < Ihaleal:
Yy Jo L2
Su lw = Ollfelle2llz2 Sm X,
and similarly
. 1 [ A 1 (Y L
i Vier2e2l-1ll2 < (—/ |1y dy) “lea]-1 + H—/ |hy)y'dy" - hiea
Y Jo L2 yJo 12

< Ikl (ezl-1lL2 + llezllzee)

< —0|? . < 2y
Sm lw = QllLeolle2ll g1 <m 1™ Xs.

This completes the proof of (4.62)—(4.64) for the term —i (ﬁw —H 0)€2.

Nonlinear term ( foy Re(ww; — P Py)dy’)iP,. We show that this term is perturbative.
Using P < (y)~1, Py S B(y)~". | P21 < 10,28,18%(y) ", and Lemma 4.6, we have

y _
H (/ Re(wwl — PPl)dy/)ipz
0 L2

1 _ —
< |~ @wi = PPy 1y Pallee
y L

& <Hy(1y)8l‘

This gives (4.62). Similarly, we have
¥ _
'H(/ Re(wwl —PPl)dyl)lPZ
0

which is (4.64). This completes the proof of (4.62)—(4.64) for the term ( foy Re(ww; —
P Py)dy')iPs.

L2) ‘B <M nXs.

1 1
+ el er| , + B~
L y e y(»)

1 _
< H_(wwl - PPI)‘
L2 y

y LIyIPalilzee

2
<M X3,
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Nonlinear term —(fyoo Re(wwy)dy’)ie,. Estimate (4.62) easily follows from

H (/oo Re(wwl)dy’)isz
y

For (4.64), we decompose

S lwwilprllezllzee Sar lwillzzlle2ll g Sm nXs.
L2 m—+2

o o o0
| Re@undy = [ ReQundy + [ Re(w = Qhun)dy’ = Vi + Vor
y y y
The term —i Vi€ is local; we use Q < ()3 to have

{3 Viece2]-1llz2 <

) / (Quildy' - [ealo|  + () Quiesllzo
y L2

-2 -2
S Mhwillzz - () lezl-1ll2 + lwill 2 [[{y) " e2lzee

Su () leal-1llze Sm V.

The term —i Vjene2 is perturbative; we use ||[w — Q ||H,£, + lwillz2 <m w to have

i Voerez|-1ll2 <

[ (W — Q)wildy - [e2]1
y

+ [(w — Q)wiea| 2
L2

<[sw- 0]

pillezl=1llzz + 1w = Q)will 2 leallzee
< lw = Qll gy lwnlzleall gy Sar 12X,

This completes the proof of (4.62)—(4.64) for the term —( fyoo Re(wwy)dy)ie,.

Nonlinear term i (W wf - P Plz). We begin with the decomposition

wwi — PP} = Qe1(2P1 +&1) + (w— Q)e1(2Py + &1) + EP
= Rjoc + Rpert,l + Rperl,2-

First, R is a local term; we use (2.42) and (4.8) to have
I Riocllz2 < 1) erllzeel| Py + 261l 2 Sm plledll gz, <m 1Xs,
and we use (2.42) and (4.26) to have

I Rioel-1llz2 S 1) Pletl-1- (Pili + leiDllz2 S pll(y) " ler]-1llzoe

<u plletllysz Sm uVaya.
m-+1

Next, Rperi,1 is @ perturbative term; we use |[w — Q||H’}1 + [[IP11llL2ay-1000 SM 1 tO
have

[(w—Q)er(P1 + 2e1)| 2 < lw — Qllellerloe [ P1] + lexlll L2

<u Welletll gy, Sm nX3
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and (also using [[&1[|2 0 < ||81||L2||81||Hr%l+1)

1
Ryt l-1llz2 5 e = Ql-alza ([ Ser | IvPilee + flen )

+ lw = Qllizeelllerl-tllzee (I Pr11llL2 + lle1llz2)

< 2 . < 2
N YL ||81”H3:+1 <M nXs.

Finally, Rper,2 is a perturbative term; we use the estimate |PZ[; < %(y) ™2 to have for
£ €{0,1},

IEPE|-¢llz2 < 121 hillzoe () 2 lel—¢ll.2
< B2llell g2 <m puXs i€ =0,
Bllell oz <m p>Xs if€=1.

This completes the proof of (4.62)—(4.64) for the term i (Ew% - P Plz). This completes
the proof of Lemma 4.15. ]

5. Proof of the main theorem

In this section, we prove Theorem 1.4. Let u(¢) be an H,f,—solution to (CSS) that blows
up at T < +o00. Denote by M = M [u] the L?-mass of u. Fix a small parameter o* > 0
such that the results in Section 4 are valid. By Remark 2.13, the solution u(#) eventually
belongs to the soliton tube T+ a (recall (4.5)). Note that u(f) admits the decomposition
as in Lemma 4.1.

Remark 5.1 (On implicit constants). In this section, the solution u(¢) is fixed and we
allow the implicit constants to depend on u. In other words, we omit any dependences
on Mu], E[u], ||u(to)|| g3 and so on, in the following inequalities. For example, the
nonlinear coercivity estimate in Lemma 4.2 and the uniform bound in Corollary 4.17 can
be stated as

B+ lelay + lerlz Spand X3 5 0, 5.1

respectively.

5.1. Asymptotics of modulation parameters

The goal of this subsection is to derive sharp asymptotics of the modulation param-
eters. In particular, we show that the blow-up rate is pseudoconformal. We integrate
the modulation equations. However, our b;- and 7g-modulation estimates (4.42) are not
sufficient,’”” and we need to obtain more refined estimates. We achieve this by testing
e1-equation (4.40) against the almost nullspace elements x,—1iyQ and y,-1yQ.

15 Assuming T = 0, consider the regime A(¢) ~ |¢|" and b(¢) ~ |t|>*~! with v > 1.
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Lemma 5.2 (Second modulation estimates). Let

_ (1. Xl/uzin)r
lyol7.

(e /w2y 9)r

b=
IyQlI7»

and 7=
Then, we have
|b—b|+ |7—nl < u?

A ~ ~
Z5 4 B| Iy — m + D < 42

bs + B + 7 + || < B + Bu® + .
Proof. In the proof, we denote R = u™ !, ¥3 = —2iyQ, ¥y = —2y0.
Step 1. Proof of (5.3) and (5.4). Estimate (5.3) follows from (5.1) and (4.25),

2

(1. xrY0)r S Iy 2etll2lxry?*Viel2 < X3- R < p.

Now (5.4) follows from (4.41), (5.3), and (4.45),

s 2 ) I
=5 4b] + [ys = (m + )] < [Mod | + b — 5| + [Mod|

+

o0
/ Re(wwy)dy + 2(m + 1)17‘ +1n—7 <
0
Step 2. Proof of (5.5). First, we claim
195 (e1. xRVE)r — Mod - Vi, xrYK)r| S (B + p)u’ Yk € {3,4).
To see this, we rewrite (4.47) as
. A . g

dse1 = Mod - v; + (TA_l - )/Sl)&‘l - K

and test it against y g to obtain

ds(e1, XRVK)r = (0581, XRYK)r + (81, 05 X RYK)r
= (Mod - Vi, xrY%)r — (Fi, XR VK

(5.2)

(5.3)
(5.4)

(5.5)

i

(5.6)

+(817 XR(_&yaka + Vsilﬁk))rvL (81, {<3s - %yay)XR}Wk)r-

A
We keep the first term and estimate the remainders. By (4.51), we have
(Fi, xr¥i)r S 1+ BHlog BI° < Bu® + 1.
Next, we use (5.4) to have

As
)
SBH+u)-pdopt S B+ p) - pt

(81, XR (—%yay‘//k + Vsil//k))r <

+ sl ) 1y 2enll 2 1y 02 Vel .2
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Finally, since % = %, we have

CRICEEER PATA RS

The proof of claim (5.6) is completed.
Next, we claim that

Mod, - (v1)j, x&v#%)r St if j € (1,2}, (5.7)
Mod, - (v1);. x&V#)r < B if j € {3.4}and j # k, (5.8)
Mods - (v1)3. xrY3)r = —(bs + b2 + )| yQ112, + O(B> + B + p).  (5.9)
Mods - (v1)a. xrVa)r = —1s |y Q22 + O(B® + Bu® + 11). (5.10)

Indeed, (5.7) follows from (4.41) and | P1|; < B{y) 2 + B2,
Mod; - (v0); xRV < X3+ [lo2m|Pil1 - yQler S 1> (B + Bllog ul) 5 .
We turn to the proof of (5.8)—(5.10). Let j € {3, 4}. Using (3.33), we have
0 it j # k.
—(xB, Q. xryQ)r ifj =k
_ {0 ifj # k.
—yQl?, + 0> ifj =k

(V1)) XRVE)r = { + O(lll2rB - yQlL1)

+ O(Bllog ul).

Multiplying the above by mdj and applying (4.42) with V7/, < X3 < w3, we have

Mod; - ((vi);. XRVK)r
0 if j #k,
{—deuyguzz +oWd) ifj =k
{ O(By?) if j # k.
—Mod; [|yQ|2, + O(Bu> 4+ u*) if j =k.

+ O(Bu?|log u|)

This completes the proof of (5.8). When j = k, further applying | pgb)| + pgn)| <p3to
the above completes the proof of (5.9)—(5.10).
We are now ready to finish the proof. Substituting claims (5.7)—(5.10) into (5.6) gives

ds(e1, YRV3)r ds(e1, YRV a)r

bs +b> + 1> + < B+ B+t
’ lyOll7. ’ lyOll7.
By (5.2) and (5.3), this completes the proof of (5.5). This completes the proof of Lem-
ma 5.2. [

We now prove the main result of this subsection.
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Proposition 5.3 (Asymptotics of modulation parameters). There exist £ = £(u) € (0, 00)
and y* € R/2xZ such that

A(0) =+ o57(1) (T —1), (5.1
y(t) — y*, (5.12)
b(t) = (> + 0,7 (1) - (T —1), (5.13)
n(t) < (T —1)2. (5.14)

In particular, the blow-up rate is pseudoconformal.

Proof. Step 1. Preliminary controls. Let /§ = (52 +72)1/2

for all ¢ close to T (cf. (1.13)):

. We claim the following bound

B+B+A<T—t. (5.15)

To see this, we write (4.43) as A; < % < 1 and integrate it backwards from the blow-up
time to get A < T — ¢. The bounds for 8 and 8 then follow from (5.1) and (5.3).

Step 2. Nondegeneracy of % We claim that there exists £ > 0 such that

§—>€>0 ast —> T. (5.16)

To see this, we begin with the identity
Igz
(), =
Dividing both sides by ﬁi and changing to the original time variable ¢, we have
(5<% 7
A A )&2
Substituting estimates (5.4) and (5.5) into the above gives

BBy

Combining this with the modulation estimate (5.4), we have

(fz)(ﬁb) 2{5(5s+52+ﬁ2)+ﬁﬁs}-

b( = (by +B% + 7| + |fis)-

~

(é+/1)t < (§+A) + %(|B|+u2) <

p
A A A

+A.

This inequality says that £ + A cannot go to zero in finite time and there exists £ > 0
such that

~

§+X—>f.

Since A — 0 by the blow-up hypothesis, claim (5.16) follows.
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Step 3. Proof of (5.13) and almost decreasing property of A. In this step, we claim that

b(t) = (£* + 0,7 (1) - (T — 1), (5.13)
A(lz) < l(ll) forallt; <t, <T. 5.17)

For the proof of (5.13), we use (5.5) to have

N A
b’+ﬁ)5T

By (5.16), the above formula says

3
<M_<)L
SR

Z/’)\t + KZ = 0;_>T(1).

Integrating backwards in time using (5.15) and (5.3) gives
T
b = (b(©) =50~ [ Bude’ = (@ + 0,1 (1) (T = 1)
t

For the proof of (5.17), we use b > 0and (5.4) to have

~

Ay < Ar + ; <CA.
Applying Gronwall’s inequality gives the almost decreasing property (5.17).
Step 4. Smallness of n and proof of (5.14). In this step, we claim that
Inl < A@) - (T —1). (5.18)

Note that (5.18) gives (5.14) in view of A(¢) S T —¢. To show (5.18), we write (5.5) as
[7:] < A and integrate it backwards in time using (5.15), (5.3), and (5.17):
T T T
00 < @ @1+ [ dar 32+ [ aar @ —n+a [Car
¢ ¢ ¢
SA@)- (T —1).
Step 5. Completion of the proof. It suffices to show (5.11) and (5.12). For the proof of
(5.11), we combine (5.16), (5.18), and b > 0 to have
é — £.

A
Substituting b-asymptotics (5.13) into the above gives (5.11),

Alt) = (4 o0i7 (1) - (T —1).
For the proof of (5.12), we substitute (5.11) and (5.18) into (5.4) to have

1 T —1t
|)/t|5ﬁ(|77|+li2)§T+1§ L.

Thus y; is integrable near the blow-up time and formula (5.12) follows. This completes
the proof. ]



K. Kim 5560

Remark 5.4. If one has modulation estimates of the form
A
|52+ 6]+ Iye = @n + Dl < Nelhos + B2
bs + b* + n°| + ns| < Blielloe + llelie + B>

with some | &]|oc satisfying

T el , 519
T < 400, (5.19)
then the above proof still works with simple modifications. Indeed, one has
B leliee (A
_ < o)\ (T
(7 +4), = (1 5) (G +2). (520

and hence (5.19) still guarantees ﬁ—f — £ > 0 in view of Gronwall’s inequality, which is

the most important part of the proof. The previous proof is presented in the case where
b, 1, ||€]loc are replaced by b, 7, n? and (5.19) is then obviously satisfied. This says that
only the spacetime control of form (5.19) is important and the A”-factor of the space-
time control (4.74) (note that £ =>ds ~ A~7dt) might be too strong. As the exponent 7
is obtained from the computation 7 = 2s + 1 when s = 3, the spacetime control of
form (5.19) might be available for any H,?/ 2 finite-time blow-up solutions. Thus The-
orem 1.4 might be true for H,?/ 2_solutions.

5.2. Asymptotic decomposition and structure of asymptotic profile

Completion of the proof of Theorem 1.4. By Proposition 5.3, it suffices to show the state-
ments regarding the asymptotic profile. We note that, by Theorem 1.1, there exist param-
eters X(l) — 0 and ¥ (¢) (possibly not equal to A(¢) and y(z)) and the asymptotic profile
z* such that u(t) — Qi(t),;?(t) — z* in L?. Therefore, it suffices to show the following:

(D) u(t) — Q)L(t),y(t) — z*in L2.
(2) z* satisfies the properties as in Theorem 1.4.

Step 1. Proof of (1). In this step, we show the first item (1), namely,
u(t) — Qaqyya — z° in L2 (5.21)
For this purpose, we claim the following.

then

m’

Claim 1. If u(ta) — Qa¢ty) iy — 2 in H), for some t, — T and Z* € H,)

¥ =z*,

Assuming this claim, we finish the proof of (5.21). Note that u(¢) — Q (), () is H}-
bounded:

lu = Qayllgy, NP —0)+ell2 +A7MI(P = Q) +ellgy S1+T <L

>|=
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Combining this fact with the further subsequence argument and Claim 1, we have u(t) —
Oxr@).ye) — 2% 1in H,}l. By the Rellich—Kondrachov theorem, we have u(f) — Qx),y (1) =
z* in L2 .. On the other hand, since A(7), i(t) — O and u(t) — Qi(t),i/‘(z) — z*, we have
15> r{u(t) — OQarq)ye)} = 1r>rz™ for any R > 0. Therefore, we have (5.21).

It remains to show Claim 1. This again follows from the Rellich—Kondrachov theorem
and A(1), i(t) — 0; for any R > 1, we have

Lg-1,gZ" = Tm L1 g{ue(tn) = Qa).vn)
— 1 ~ J— *
= Hm Tp—1 g (tn) = Q3 560} = lr-1.RZ
where the limits are taken in the L2-topology.

Step 2. Proof of (2). In this step, we show the second item of Theorem 1.4. Recall from
(5.21) that the asymptotic profile z* is the L2-limit of u — Q% = [P — Q]* + &*. The limit
of [P — Q]* gives the singular part Z:‘g of z* and the limit of * gives the regular part zr*g.
Thus it suffices to show the following two claims:

- 2
—e'7 Zz%x(ﬁr)-r inL? ifm=1,

P — til,r — . 2 522

[ o) ety @36—\/4—1')((0) -r2inL? ifm =2, (5-22)
0in L2 ifm >3,

220 l6% (1) =3ll 2 S 1. (5.23)

Proof of (5.22). When m = 1, we show that only the Tz(f)o) -part'® of P — Q contributes
to the singular part of z*. Indeed, using the pointwise bounds in Lemma 3.1 and the
asymptotics of the modulation parameters in Proposition 5.3, we have

0 _
s T N2 < 10.2818(0) 2 S Bllog B2 — 0,
0
e, TNl = 0,
0 0 _
e, (T + T2 < 280 l1lBY 2 < B~ S (T —1) — 0.
For the Tz(f’o)—part of P, using (3.20) and (1.9), we have

V2
1o (725 +125)]

L2 S Me2sb? () logyllz2 5 b[log % — 0

and using Proposition 5.3, we have

eW(t))(BI(L)'(_(b(t))ZQL)

A1) A1) 8 A(r)
o PON2V2  B() iy 2 V2 :
— ¢ y()<m) ?.X(mr).re—ey Zz?)((fr)-r in L2

16Recall notation (3.6).



K. Kim 5562

When m = 2, we show that only the T3( -part of P — Q contributes to the singular
part of z*. Indeed, proceeding as in the previous paragraph but using the pointwise bounds
for the m = 2 case, we have

0 _
e, T2 < 110288 22 S B — 0,
Iz TNz < 028,822 S B =0,
T(O) T(O) T(O) < 1 2.2 < 1 < T _ 0
s, ( ) iz < 1oaplnlB>y? 2 S B~ S (T —1) —

For the T_,,(?O)—part of P, using (3.16) instead, we have

)

0 .
2 (130 - 10735

12 S 028,16 (¥) 2 £6° =0

and

iy(t) \/_
S () (00r S (555))

b 3 - 2
tﬂﬂ(/&ii) \62_ X(fg; ) 2 — el 63%i1(€r)-r2 in L2

When m > 3, there is no singular part of z*:

1P —Qllz2 < M2 BY) > +B2(¥) D2 S8 —0.
This completes the proof of (5.22).

Proof of (5.23). This easily follows from scaling

ILr220lef O1-302 = A2 [Lyz1le@)]-3llL2 S 273 Nlell s < 1.
This completes the proof of Theorem 1.4. ]

Remark 5.5 (On the proof of Corollary 1.5). Corollary 1.5 is a standard consequence of
Theorem 1.4 and pseudoconformal symmetry. Indeed, if an H? global solution u does
not scatter, then v := €u becomes an H,fl finite-time blow-up solution. Thus v satisfies
the properties as in Theorem 1.4. Applying the pseudoconformal transform in reverse, we
see that u scatters to some Qg =, for some £ € (0, 00) and y* € R/27Z. We omit the
details and refer the reader to [28, Section 5.2] or [29, Section 4].

Appendix A. Formal right inverses of linearized operators

In this appendix, we record explicit formulas of formal right inverses for the linear opera-
tors Lo, Ag, A*Q, Hg, and I-IQ used in the profile construction (Section 3). As Lo, Ag,
and H g have nontrivial kernels, their right inverses are not necessarily unique. As in [28],
we fix the choice of formal right inverses, denoted by "0 71 for a linear operator T', by
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requiring the outgoing property; its Green’s function 7)G(y, y’) is determined by the
properties

T(DG(y,y)) =8y (), DG(y,y)=0 for0<y<y

Roughly speaking, this means that if £(y) = 0 for y < A, then also [® 7! f](y) =0
for y < A.
We begin with the explicit formula for the formal right inverse of Lg.

Lemma A.1 (Formal right inverse of Lg). Letm > 0. Let

1— y2m+2 1 — y2m+2
Ji(y) = TF yomt2’ S (y) = 1_,_ywﬂlogy Tl T y2m+z” (a0
o (Other expressions for Ji ) We have
m+ 1+ Ag[Q] AQ 2m + 2 + Ap[Q]
1 o m+ Do 2 1logy m+ 1) (A2)
e (Asymprotics of J1 and J, and their derivatives) For y > 2 and k € N,
1 + 1 + (log y) ™" /2 + log ylx Sk y~Cm*2. (A3)
e (Formal right inverse of L o) The operator ("“t)Lél defined by the formula
ou Re f(»")
(161100 = 00| 1) [0 TS a0 ydy
Re f(y')
- Jz(y)/ 10 Gy
I
Ym0 )dy’] (A4)
0 o)

is a formal right inverse of L, i.e., for any function f:(0,00) — C such that the
integrals of (A.4) are finite, we have

Lo(®™Ly' f) = f. (A5)

o (Smooth extension) If f has a smooth (resp. analytic) (m + 1)-equivariant extension
on R?, then (°”t)Lél f has a smooth (resp. analytic) m-equivariant extension on R2.

Remark A.2. Formula (A.4) for the real part can be derived from the observation that
(DQ + )LQ = (DQ + )DQ + 02

is a local second-order differential operator, the fact that AQ belongs to the kernel, and
Wronskian relations of this operator. Note that this shares a similar spirit with the observa-
tion in Jackiw—Pi [16] that the Bogomol'nyi equation (1.8) can be linked to the Liouville
equation, which is local.
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Proof of Lemma A.1. We omit the obvious proof of (A.2)—(A.3).

We turn to the proof of (A.5). For the imaginary part of f, we have Ly = Do and
hence (A.5) is immediate from the relation Dg O = 0. Henceforth, we assume f is real.
Note that J; and J, solve

1
Ay Jk + —0yJx + Q% Jr =0 Vk €{1,2}, (A.6)
y
which easily follows from expressions (A.2) and the computation
(3ys + ~) 46l0] = ~0y (~5°0) = ~0AQ
yy 0 o\ .
We also note the Wronskian relation

1
J1(0y J2) = (8yJ1)J2 = 3 (A7)
Letting f(y) = % and using Do O = 0, we have
. y - y ~
Lot g )= o] [ @ vay s [ @ vy
0 0
1 y2 v M g v Zon g | gy
+— | Q% i ByJ2)fy dy" — o (OyJu)fy dy” |y'dy';.
Y Jo 0 0
On the one hand, we use the Wronskian relation (A.7) to obtain
y - y -
dy [h[ (8sz)fy’dy’—Jz/ (ale)fy’dy’]
0 0
~ y - y -
= 7o+ @ [ @amiyay - @ [ @ fvar)

On the other hand, using relation (A.6) in the form y Q2 J; = —3,(ydy J) and integrating
by parts, we obtain

1 1Y v - v’ -
. /0 QZ[Jl /0 @y dn) Ty dy" — Iy /0 (ayfl)fy”dy”]y’dy’

y - y ~
=—[(aym /0 0 J2) T¥'dy — (3,2) /0 (ayfl)fy’dy’}.

Summing up the previous two formulas completes the proof of (A.5).

We turn to the proof of the smoothness assertion. We recall a basic fact (see [27,
Lemmas A.2 and A.3] for the proof of particularly similar statements) that a smooth
function f: (0, 00) — C admits a smooth m-equivariant extension on R? if and only if its
even or odd extension on R (i.e., ]7 (x) = (=1)™ f(]x])) is also smooth and has vanishing
Taylor coefficients at 0 up to (|m| — 1)-th order. A similar statement holds for analytic
extensions. With this fact and expression (A.4), the assertion is obvious for the imaginary
part of f.
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Henceforth, we show the assertion for the real part of f. We may assume f is real.
Note that J, can be written in the form

Jo=Jilogy + I,

where J»(y) = 25 (14 y?m*2)~1 Since J» is analytic, its contribution to expression
(A.4) is smooth. By a similar reason, the contribution of J‘T(y) of 9, (Jy log y) is smooth.
Thus it remains to show that (writing f(y) = % as before)

y ~ y ~
Q|:J1/(; (0yJ) logy’ - fy'dy' — Ty IOgny (3yJ1)fy’dy’} (A.8)

has a smooth expression, in particular at y = 0. This can be seen by the Fubini theorem,

y Y dy'\ S 7 ay’
—(A.8) = QJI/(; (ale)(/ ;},, )fy/dy/ - QJ1/0 {/0 (8yJ1)fy//dy//}y_)i.
y/

This completes the proof of the smoothness assertion. ]

It is easy to find formal right inverses of Ag, A"é, Hg, and ﬁQ using Ag(yQ) =0,
A"‘Q(%) =0, Ho = A;AQ, and Hp = AQA*Q. In the f?llowing lemmas, we record
explicit formulas of right inverses of these operators. We omit the proofs, which are clear
from their explicit formulas. See also [28, Section 3.2].

Lemma A.3 (Formal inverse of Ag). Letm > 0.
e The operator (("“)Aél defined by
SO

A9
Yo Y (A9

(out)A—l — g
[ o 1) =y0(y)
0

is a formal right inverse of Ag.

o Ifthe function f has a smooth (resp. analytic) (m + 2)-equivariant extension on R?,
then (0“‘)Aél f has a smooth (resp. analytic) (m + 1)-equivariant extension.

Lemma A.4 (Formal inverse of A*Q). Letm > 0.

e The operator ("‘“)(A*é)_1 defined by

1 y
(out) ; 4% \—1 — _ I / ' dv' )
(@ N10) = ~opes [ e seyay @0

is a formal right inverse of Ag.

o Ifinaddition f L yQ with respect to the L*>(ydy)-inner product, then
1 o
[0AY T ID) = 5o / YOO F()y'dy'. (A.11)
¢ 200 Jy

e If f has a smooth (resp. analytic) (m + 1)-equivariant extension on R?, then the
Sfunction (Out)(A*Q)_1 f has a smooth (resp. analytic) (m + 2)-equivariant extension.
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Lemma A.5 (Formal right inverse of Hg). Letm > 0. Let
y 1 )
M) = Y00). 1) = yQ0) [ sy
e The operator ©V (Hg)™" defined by

y y
(0 Hg' £10) =) [ 520 10 dy = ha() [ 00 Gyay

is a formal right inverse of Hg.

e Ifinaddition f L yQ with respect to the L*>(ydy)-inner product, then
y 00
(0 Hg' £10) =) [ 1010y + o) [ G £y ay
y

o Ifthe function f has a smooth (resp. analytic) (m + 1)-equivariant extension on R?,
then ©" H 0 L f has a smooth (resp. analytic) (m + 1)-equivariant extension.

Lemma A.6 (Formal right inverses of H 0). Letm > 0. Let
o= o [ rewtyay
y20() Jo ’
1

1 o0
——— = [ O'oO)Ydy' ifm=1,
PIPIR I e 216D p/
ha(y) = | 7 -
Y0 s =0

where p = [°(yQ(y))*ydy.
e The operators ©'0 H 0 Uand ™ H 0 1 defined by

~ ~ y o - y
(g 1) = R0 [ TGOS0y =T [ 0000y
o~ ~ Yy o ~ oo
[ A G £1(y) = T () /0 OGN SOy + () / () £y dy
y

are formal right inverses of H 0. Note that the definition of (i) 7 0 L f requires a suit-
able integrability condition for f in the region y > 1.

o Ifthe function f has a smooth (resp. analytic) (m + 2)-equivariant extension on R?,
then ©" H 0 L f has a smooth (resp. analytic) (m + 2)-equivariant extension. The
analogous statement holds for ™ H 0 Lf when it is well defined.

Appendix B. Linear coercivity estimates
In this appendix, we give a sketch of the proof of Lemma 2.4. Estimates (2.32), (2.34),

and (2.36) are already proved in [26, Appendix A]. The reader may fill the omitted details
by following the proofs therein.



Rigidity of smooth finite-time blow-up for equivariant self-dual CSS equation 5567

We collect some notations. Recall the Cauchy—Riemann operator 04 = 0, — 7 act-
ing on m-equivariant functions (2.1). We denote Jé’ ! H 1. We use the Jé’ K <- and
JZ’ k _-norms to denote the ]{’ K _norms restricted on (0, 2] and [ , 00), respectlvely More
premsely, one adds 1(g,1/2] or 1[1/2,00) to the norms appearing in the right-hand side of
the definitions of Jfk Note that ||f||J€k ~ 112,00 f -kl 22

For the proof of Lemma 2.4, we first st note that (2.30) is immediate from VQ > 1. The
remaining coercivity estimates for Ag and Lo follow from combining the correspond-
ing subcoercivity estimates (Lemmas B.1 and B.2) below with a soft functional analytic
argument; see, for instance, [26, Lemma A.6].

Lemma B.1 (Subcoercivity estimates for Lg). For any k € {0,1,2} and f € C
we have

cm’

||LQf||1-‘1’1;lJrl Ty~ fllzz ~ ILf [l g1 (B.1)
Moreover, the kernel of Lo: H,, .. — Li, is spang{AQ,iQ}.

Proof. As mentioned above, here we only sketch the proof. The details for the k € {0, 2}
cases can be found in [26, Appendix A].

Step 1. Estimates in the region y < 1. In the region y < 1, Lo is well approximated by

dy — % = J4, and we decompose

1 2 -
Lof =04+f~— ;Ae[Q]f - ;Ae[Q,f]Q =0+f + Lo,<f. (B.2)
The following estimates hold for k € {0, 1, 2}:

I/ W g0 < 1m0+ fl-llizz + Mpy201 /N2, (B.3)
o1 Lo,<f1-kll> < Moyl f -kl (B.4)

The first estimate is a consequence of (logarithmic) Hardy’s inequality and the operator
identities 0, = (dy + %)28+ form = 2 and dy,, = (dy + %)84_ for m = 1. The second
estimate can be proved using |Q|, < y in the region y < 1.

Step 2. Estimates in the region y 2, 1. In the region y 2 1, Lo is well approximated by
dy + m+2 , and we decompose

Lof =ty +"2) f = L@m+2+ AdlQDSf - 2 40[0. /10

: (ay + T)f +Losf (B.5)

The following estimates hold for k € {0, 1, 2}:

m+2
1 s % [ Moo (354 755) £, [,

1[1/4,00)|ZQ,2f|—k||L2 < ||1[1/4,oo)y_3|f|—k||L2 + ||1(0,1/4]y1_kf||L2- B.7)

o+ Mpya0/21f 2. (B.6)
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The first estimate is a consequence of Hardy’s inequality (using m 4 2 > 0). The second
estimate can be proved using (B.4) and |Q|, < y~3 in the region y > 1. Note that the sec-
ond term of the right-hand side of (B.7) appears due to the nonlocal term ——Ag [0, f10.

Step 3. Further treatment of localized lower order errors. We further estimate the local-
ized lower order terms (i.e., (B.4) and (B.7)) as

100,119 + 11,000 ™) - [ f =k ll2 = 0rg—0 (I f | jgkt1) + Org (g, 1/701 f 1122)- (B.8)

For the proof of (B.8), we first note that the contributions from the regions y < 2rg

and y > ﬁ are bounded by 0,,—o(| f || Fokt ). The contribution from the region 2r¢ <

y < ﬁ can be estimated using interpolation, for example,

1/3 2/3
Izrjronl f1-2llez Zro I10f g Sro llof 115107 13

2/3
Sro Mproasrd S 12 1S 184

where ¢ = ¢(y) is some smooth compactly supported radial function such that ¢ = 1 on
[2r9, ﬁ] and ¢ = 0 outside [ry, %0]. This gives (B.8).

Step 4. Proof of the subcoercivity estimate (B.1). The proof of the (<)-direction follows
from first applying decompositions (B.2) and (B.5), and then applying estimates (B.4)
and (B.7),

Lo fllgx, , + 1ly~1flie = Moayald+ fl-lle + 1T©1/291f -kl 2

+ /2,001 f [~te+n 2 < I1F 1| gt

The proof of the (Z)-direction follows from applying (B.3) and (B.6) first, then applying
(B.2) and (B.5), (B.4) and (B.7), and finally (B.8),

m+2
1 g1 % Mol Stz + [ Moo | (3 + =) 7], | o + Mosan flie
S ML o f -kl + 1Mo,y Fl-kllz + Mgajaooy 1 f 12

S Lo fllgs, , + oro—oll/ Nz +1) + Oro(IMpro,1/r01f llL2)-

Choosing r¢ > 0 sufficiently small, the second term of the right-hand side can be absorbed
into the left-hand side. This gives the (2)-inequality of (B.1).

belongs to the kernel of Lg, then f is
smooth by elliptic regularity; see for example [26, Lemma A.5]. Then, the result follows

Step 5. Kernel characterization. If f € H

m loc

by the characterization of the smooth kernel of L proved in [27, Lemma 3.3]. [

Lemma B.2 (Subcoercivity estimates for Ag). For any k € {0,1} and f € C}, .,
we have

140 s, + i flee ~ 1 flgesr. Ao flyan + Iyt fllz ~ 1 fllysra

Moreover, the kernel of Ag: H,), , 1 1o — L. is spanc{yQ}.
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Proof. We proceed similarly as in the proof of Lemma B.l and omit the details. In the

region y < 1, we approximate Ag by 9, — ’”T‘H = 04 and decompose

1 ~
Ao f = 3+f—;A9[Q]f =0+ f +Ag.<f.
We have the following estimates for k € {0, 1}:

Lo, 17211 fl=k+1llL2 S o,1710+ fl=kllzz + X120/ 1122,
olAo,<fl-kllz2 < 1oyl fl-kllz2-

On the other hand, in the region y 2 1, we approximate Ao by 9, + mTH

and decompose

Agf =0ef =S Cm+ 24 A0QDf = (0 + ") f + T f

We have the following estimates for k € {0, 1}:

A

s <50

I111/2,00 f =k +1) I 2 + 1141720 L2
L2

m—i—l)

/

P Mprya1/21f 2,

A

1 1
Hl[l/z,oo)m|f|—l ‘ 12 1[1/4’°°)y3/2 (ay +

A

’

L2

1
Hl[l/z,oo);ayyf ‘ L2

1 m+ 1 1
1[1/2,oo);3y (3y+ T)f‘LZvL Hl[l/z,oo)?|f|fl

A

(1740001 40,5 fl-kll2 < 1M/a00)y 21 f 1=kl 2-

Here, the first and second estimates are consequences of Hardy’s inequality (using the
fact that m + 1 > 0). The second and third estimates are adapted to the V,zfl— and V,sz—
norms. Finally, we have for k € {0, 1}

10,177 + L1000y ) - | f |=kllz2 < 0ro—>0(||fllgﬂll) + Oro(ILirg,1/r01 f IL2)-
and in fact we have a better estimate
I(X,11y + 11,000y ™) - 1 f 112 < 0ro—>o(||f||1~,rfl/+zl) + Org (Ifrg,1/r01.f [ 22)-

Proceeding as in Step 4 of the proof of Lemma B.1, we obtain the subcoercivity
estimates. The kernel characterization of Ag is in fact easier than that of Lg because
Ag(yQ) = 0 (Ag is C-linear) and we can use the uniqueness of ODE solutions. ]
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