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Noncommutative supports, local cohomology
and spectral sequences

Abhishek Banerjee and Surjeet Kour

Abstract. The purpose of this paper is to study local cohomology in the noncommutative algebraic
geometry framework of Artin and Zhang. The noncommutative spaces are obtained by base change
of a Grothendieck category that is locally noetherian or strongly locally noetherian. Using what we
call elementary objects and their injective hulls, we develop a theory of supports and associated
primes in these categories. We apply our theory to study a general functorial setup that requires
certain conditions on the injective hulls of elementary objects and gives us spectral sequences for
derived functors associated with local cohomology objects, as well as generalized local cohomology
and also generalized Nagata ideal transforms.

1. Introduction

If k is a field and A is a commutative k-algebra, the category Mod � A of A-modules
determines the geometry of the affine scheme Spec.A/. If A is no longer commutative, the
category Mod � A of right A-modules plays the role of a noncommutative affine scheme.
Suppose that A is a commutative graded k-algebra and Gr.A/ is its category of graded
modules. Then, the geometry of the projective scheme Proj.A/ can be understood by
means of the category QGr.A/ which is the quotient of Gr.A/ over torsion modules, that
is, modules which are obtained as filtered colimits of bounded graded modules (see [5]).
Accordingly, the category QGr.A/ plays the role of a noncommutative projective scheme
in the theory of Artin and Zhang [5], where A is a noncommutative graded k-algebra. In
general, one can approach noncommutative algebraic geometry by adapting notions from
commutative rings and the usual theory of schemes to arbitrary Grothendieck categories.

One of the notions that is fundamental in algebraic geometry is that of base change.
Let k be a field, and let A, R be k-algebras. Then, a module over the tensor product alge-
bra .A ˝k R/ may be described as an ordinary A-module equipped with an additional
R-module action. If we replace the category of A-modules by a general k-linear abelian
category S, we obtain the category SR of “R-module objects in S.” These module objects
were introduced by Popescu [21, p. 108] and may be treated as modules over a noncom-
mutative base change of R by the abelian category S. An R-module object in S consists
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of an object M 2 S along with a morphism of k-algebras

�M W R �! S.M;M/:

In [6], Artin and Zhang systematically developed the properties of the abstract module cat-
egory SR, where S is a Grothendieck category, and often a locally noetherian or strongly
locally noetherian Grothendieck category. The theory developed by Artin and Zhang in [6]
includes tensor products, internal hom, localization, versions of the Hilbert basis theorem,
the Nakayama lemma, as well as the derived functors Tor and Ext. Several other funda-
mental constructions on SR, such as ind-objects, coherence and deformation theory, have
been developed by Lowen and Van den Bergh [19]. In [7], we have also studied descent
properties in SR.

We note that a number of properties of the category S extend to the module cate-
gory SR, following the idea of noncommutative base change. For example, if S is locally
finitely generated, so is SR. The version of the Hilbert basis theorem proved by Artin and
Zhang in [6] shows that if S is locally noetherian and R is a finitely generated k-algebra,
then SR is also locally noetherian. Since Grothendieck categories abound in nature, the
theory of the abstract module category SR is very general and applies to a wide vari-
ety of situations. For instance, S could be the category of sheaves of abelian groups on
a topological space, comodules over a coalgebra over a field, modules over a ringed
space, quasi-coherent sheaves over a scheme or the category of comodules over a flat
Hopf algebroid.

In this paper, we develop a local cohomology theory in the noncommutative algebraic
geometry of Artin and Zhang [5, 6], by making use of abstract module categories. We
let the k-linear Grothendieck category S D Sk be strongly locally noetherian, whence it
follows that SR is locally noetherian for any noetherian commutative k-algebra R. We
should note that our framework will give new results, even in the case we take S to be
the category of modules over a noncommutative algebra A that is strongly locally noethe-
rian, that is, A ˝k R is right noetherian for every commutative noetherian k-algebra R
(see [4]). If C is a coalgebra over a field, its category of comodules is locally noetherian
(see [14, Section 2.4.8] and [23, Section V.4.3]). As with the theory in [6], we can take S

to be the category Gr.A/ of graded modules over a graded algebra A. The category Gr.A/
is strongly locally noetherian whenever A is strongly noetherian in a graded sense (see [6,
Section B5]). We can also take S D QGr.A/ for a noncommutative graded k-algebra A.
These are the noncommutative projective schemes of Artin and Zhang [5]. If A is strongly
noetherian in a graded sense (but not necessarily commutative), the category QGr.A/ is
strongly locally noetherian and QGr.A/R D QGr.A˝k R/ (see [6, Section B8]).

The aims of our paper are threefold. First, we build a theory of associated primes and
supports in the abstract module category SR using what we call R-elementary objects
in SR. If S is the category of modules over a commutative k-algebra A, then an R-
elementary object in SR behaves somewhat like a quotient over a prime ideal. Accordingly,
the injective hulls of these R-elementary objects in SR play a key role in our theory.
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Our second purpose is to develop local cohomology in SR. In fact, we work with a
more general framework, extending the local cohomology with respect to a pair of ide-
als I , J � R introduced by Takahashi, Yoshino and Yoshizawa [24]. One of the key
aspects of the theory in [24] is that local cohomology is based on a nonclosed support
W .I; J /. In order to study the two-variable local cohomology objects H �I;J .__/ in SR,
we will need the support theory, associated primes and R-elementary objects in SR. If
M 2 SR is a finitely generated object, we show that the set Ass.M/ is finite. For an ideal
I � R, the question of the finiteness of the set of associated primes of local cohomology
objects is very interesting in commutative algebra and is also related to Faltings’ local-
global-principle for finiteness dimensions (see [16], and also [13, Section 9.6.2]). In fact,
a number of questions related to the supports and associated primes of local cohomology
have been studied extensively in the literature (see, for instance, [9–12, 17, 18, 22]). We
give a condition for Ass.H i

I;J .M/=N/ to be finite, where M 2 SR is finitely generated and
N�H i

I;J .M/ is a finitely generated subobject. This generalizes a result of Brodmann and
Faghani [12] to the two-variable local cohomology context, as well as to the abstract mod-
ule category SR. In particular, by taking N D 0, we have a condition for the collection of
associated primes of H i

I;J .M/ to be finite.
Finally, using properties of the injective hull of R-elementary objects, we apply our

theory to describe a general functorial setup that is similar to the one recently introduced
by Àlvarez Montaner, Boix and Zarzuela in [2] (see also [3]). By considering systems of
functors on SR satisfying certain conditions with respect to their values on injective hulls
of R-elementary objects in SR, we obtain a general spectral sequence for their derived
functors in this context. In particular, this gives us a spectral sequence for two-variable
local cohomology objects in SR. In fact, it is striking that the nonclosed supports W .I; J /

from [24] appear naturally in the theory developed in [2].
We conclude by showing two further applications of the spectral sequence in this for-

malism. The first is with generalized local cohomology functors given by derived functors
of

�VI W SR �! SR M 7! lim
�!
t�1

HomR.V=I
tV;M/;

where V is a finitely generated R-module and Hom.V; __/ W SR ! SR is the internal hom
of an R-module V with respect to an object of SR. The second is the “generalized Nagata
ideal transform” (see [2, Section 4] and [15]) that we extend to SR as follows:

�VI W SR �! SR M 7! lim
�!
t�1

HomR.I
tV;M/;

where V is again a finitely generated R-module. In each case, we obtain spectral
sequences for their derived functors.
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2. R-elementary objects, associated primes and injectives

Let k be a field. Throughout, we let S D Sk be a strongly locally noetherian k-linear
category. We let R be a commutative and noetherian k-algebra. Accordingly, the cat-
egory SR of R-module objects in S is locally noetherian. By [6, Section B3], there is
a “tensor product” __ ˝R __ W SR � R � Mod ! SR that is right exact in both vari-
ables. If V is a flat R-module, then the functor __ ˝R V W SR ! SR is exact. Since k
is a field, the functor M ˝k __ W k �Mod! S is exact for any M 2 S. Consequently,
.M˝k R/˝R __ W R �Mod! SR is exact for the k-algebra R (see [6, Section C1]).
We will typically write ˝ WD ˝k . We also note that an R-module object in S may be
described by giving M 2 S and a “structure map” M˝ R !M satisfying analogues of
the usual associativity and unit conditions (see [6, Section B3.14]). For notions such as
finitely generated objects, noetherian objects and locally noetherian categories that we
will need throughout this paper, we refer the reader to [1].

We will now introduce some notation. Let rM denote the endomorphism induced on
M 2 SR by r 2 R. We set the annihilator Ann.M/ � R to be the ideal

Ann.M/ WD ¹r 2 R j rM D 0 WM DM˝R R
M˝r
���!M˝R R DMº:

It is clear that if M0 �M, then Ann.M/ � Ann.M0/. For any M 2 SR and any element
a 2 R, we form the short exact sequence

0 �! Ker.aM/ �!M �! aM D Im.aM/ �! 0:

Since SR is a Grothendieck category, an object M 2 SR is said to be finitely generated
(see, for instance, [23, Section V.3]) if for any directed family ¹Miºi2I of subobjects of
M in SR such that

P
i2I Mi DM, there exists some i0 2 I such that Mi0 DM. For any

M 2 SR, we denote by fg.M/ the collection of finitely generated subobjects of M in SR.
We also let Pr.M/ denote the collection of finitely generated subobjects 0¤N�M in SR
such that Ann.N/ is a prime ideal in R.

Definition 2.1. We will say that an object 0 ¤ L 2 SR is R-elementary if it satisfies the
following two conditions:

(a) L is finitely generated.

(b) There is a prime ideal p � R such that for any non-zero subobject L0 � L, we
have Ann.L0/ D p.

For M 2 SR, we will say that a prime ideal p � R is an associated prime of M if there
exists an R-elementary object L �M such that Ann.L/ D p. We denote by Ass.M/ the
collection of associated primes of M.

Our first purpose is to show that associated primes exist for every non-zero M 2 SR.
For this, we first prove the following result.
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Lemma 2.2. Let 0¤M2 SR. Then, there exists a finitely generated subobject 0¤N�M

in SR such that Ann.N/ is a prime ideal, that is, Pr.M/ is non-empty.

Proof. Because SR is locally noetherian, the object 0 ¤ M 2 SR must have non-zero
finitely generated subobjects. Since R is noetherian, we can choose an ideal I � R such
that I is maximal among annihilators of finitely generated non-zero subobjects of M. Sup-
pose that I D Ann.N/ for some 0 ¤ N 2 fg.M/. We claim that I is prime. Otherwise,
suppose we have a, b 2 R such that a … I , b … I but ab 2 I .

Since ab 2 I D Ann.N/, we have aN ı bN D 0, which implies that bN W N ! N

factors through the kernel Ker.aN/. Hence, �aN ı bN D 0, where �aN is the canonical
epimorphism �aN W N ! aN. Since �aN is a morphism of R-module objects, we obtain
baN ı �

a
N D �

a
N ı bN D 0. Since �aN is an epimorphism, it follows that baN D 0, that is,

b 2 Ann.aN/.
Since SR is locally noetherian, we note that aN � N is finitely generated. Since

a … I D Ann.N/, we know that aN ¤ 0. Clearly, I D Ann.N/ � Ann.aN/. Then,
I ¨ .b; I / � Ann.aN/, which contradicts the maximality of I .

Proposition 2.3. Let 0 ¤M 2 SR. Then, Ass.M/ ¤ �.

Proof. Suppose that Ass.M/D �. By Lemma 2.2, we know that Pr.M/¤ �. As such, we
may choose 0 ¤ N0 2 fg.M/ such that p0 WD Ann.N0/ is a prime ideal. Since p0 cannot
be an associated prime of M, we can choose 0 ¤ N00 � N0 such that p0 D Ann.N0/ ¨
Ann.N00/. Again by Lemma 2.2, we know that Pr.N00/ ¤ �. Accordingly, we can choose
0 ¤ N1 � N00 such that p1 WD Ann.N1/ is a prime ideal. But then,

p0 D Ann.N0/ ¨ Ann.N00/ � Ann.N1/ D p1:

By repeating the argument, we obtain an infinite increasing chain of prime ideals in R.
This contradicts the fact that R is noetherian.

Proposition 2.4. Suppose that 0!M0!M!M00! 0 is a short exact sequence in SR.
Then, we have Ass.M0/ � Ass.M/ � Ass.M0/ [ Ass.M00/.

Proof. From Definition 2.1, it is clear that Ass.M0/ � Ass.M/. We now consider p 2

Ass.M/ and anR-elementary object L�M such that Ann.L/D p. We set K WDM0 \L.
Suppose that K D 0. Then, we have

L D L=M0 \ L Š .LCM0/=M0 �M=M0 DM00:

Accordingly, p 2 Ass.L/ � Ass.M00/. Otherwise, suppose that K ¤ 0. Then, 0 ¤ K D

M0 \ L � L is also R-elementary with p D Ann.L/ D Ann.K/. By Definition 2.1, it is
clear that p 2 Ass.K/ � Ass.M0/.
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Proposition 2.5. Let M 2 SR be finitely generated. Then, there exists a finite filtration

0 DM0 �M1 � � � � �Mp DM (2.1)

such that each successive quotient Mi=Mi�1 is R-elementary. Additionally, Ass.M/ �Sp
iD1 Ass.Mi=Mi�1/.

Proof. Let M ¤ 0. By Proposition 2.3, we can choose a subobject 0 ¤ M1 � M that
is R-elementary. If M D M1, we are done. Otherwise, we continue by applying Propo-
sition 2.3 to M=M1, which gives us a filtration as in (2.1). The filtration must be finite
because SR is a locally noetherian category and M 2 SR is a finitely generated object. The
last assertion follows by applying Proposition 2.4 repeatedly to the short exact sequences
0!Mi�1 !Mi !Mi=Mi�1 ! 0.

Corollary 2.6. Let M 2 SR be finitely generated. Then, the set Ass.M/ is finite.

Proof. This is clear from Proposition 2.5.

Since SR is a Grothendieck category, a subobject N of M 2 SR is said to be essential
if N \N0 ¤ 0 for every non-zero subobject N0 �M (see, for instance, [23, Section V.2]).

Corollary 2.7. Let M 2 SR, and let N �M be an essential subobject. Then, Ass.N/ D
Ass.M/.

Proof. It follows from Proposition 2.4 that Ass.N/ � Ass.M/. On the other hand, let
p 2 Ass.M/ and 0¤ L 2 fg.M/ be an R-elementary object such that Ann.L/D p. Since
N �M is essential, we know N \ L ¤ 0. It is now clear from Definition 2.1 that N \ L

is R-elementary and Ann.N \ L/ D p.

Since SR is a Grothendieck category, every object M 2 SR has an injective hull,
which we will denote by E.M/. We will now prove the main result of this section, which
describes the injectives of SR in terms of injective envelopes of R-elementary objects.

Theorem 2.8. Let S be a strongly locally noetherian Grothendieck category, and let R
be a commutative noetherian k-algebra. Then, every injective object E in SR can be
expressed as a direct sum of injective hulls of R-elementary objects.

Proof. We choose a family ¹Eiºi2I of subobjects of E satisfying the following two
conditions:

(1) Each Ei is isomorphic to the injective hull of an R-elementary object in SR.

(2) The sum
P
i2I Ei � E is direct, that is, .Ei / \

�P
j¤i Ej

�
D 0 for each i 2 I .

Since finite limits commute with filtered colimits in SR, condition (2) is equivalent to
0 D .Ei / \

�P
j2J Ej

�
for each i 2 I and any finite J � In¹iº. Accordingly, by Zorn’s

lemma, we may choose a maximal such family ¹Eiºi2I0 inside E.
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We now set E0 WD
L
i2I0

Ei . Since SR is locally noetherian, the direct sum E0 of injec-
tives must be injective. Accordingly, we can split E as E D E0 ˚ E00. If E00 D 0, the result
is already proved. If E00 ¤ 0, it follows from Proposition 2.3 that there is an R-elementary
object L � E00. Since E00 is injective, the injective hull E.L/ � E00. This contradicts the
maximality of the family ¹Eiºi2I0 .

If T � R is a multiplicatively closed set, the localization MT of an object M 2 SR
with respect to T is given by M˝R RŒT

�1� (see [6, Section B6]). The localization MT

may also be expressed as the filtered colimit of copies of M connected by morphisms
tM W M ! M over all t 2 T (see [6, Section B6.1]). Accordingly, the kernel of the
canonical map M!MT is given by the filtered colimit (see [6, Proposition B6.2])

Ker.M �!MT / D
[
t2T

Ker.tM WM �!M/: (2.2)

Moreover, since RŒT �1� is a flat R-module, it follows from [6, Proposition C1.7] that
localization is an exact functor on SR. If p is a prime ideal, we denote by Mp the
localization with respect to Rnp. We now have the following definition.

Definition 2.9. Let M 2 SR. Then, the support Supp.M/ of M consists of all prime ideals
p � R such that Mp ¤ 0.

Proposition 2.10. We now have the following result:

(a) Let M 2 SR, and let p 2 Supp.M/. Then, p � Ann.M/.

(b) If M 2 SR is finitely generated, then Supp.M/ D V .Ann.M//, the collection of
prime ideals containing Ann.M/.

(c) For a short exact sequence 0!M0!M!M00! 0 in SR, we have Supp.M/D
Supp.M0/ [ Supp.M00/.

Proof. (a) If p 6� Ann.M/, we choose t 2 Ann.M/ such that t … p. Since t is a unit in Rp,
it follows that M˝R t D tM ˝R Rp D 0 WMp DM˝R Rp !M˝R Rp DMp is an
isomorphism. This gives Mp D 0, and hence p … Supp.M/. This proves (a).

Additionally, suppose that M is finitely generated and p 2 V .Ann.M//, but Mp D 0.
Since the colimit in (2.2) is filtered, this means that Ker.M!Mp/ DM D Ker.tM/ for
some t … p. Then, t 2 Ann.M/ and t … p, which is a contradiction. This proves (b). The
result of (c) follows directly from the fact that localization is exact.

We conclude this section by establishing some properties of injective hulls in SR that
we will need throughout this paper. We begin with the following result.

Lemma 2.11. Let M 2 SR, and let T � R be a multiplicatively closed subset. Then, any
subobject of MT 2 SRŒT�1� is of the form NT for some subobject N �M in SR.
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Proof. Let K � MT 2 SRŒT�1� be a subobject. We set up the following two pullback
diagrams

N �����! M??y ??y
K �����! MT

)

N˝R RŒT
�1� �����! M˝R RŒT

�1� DMT??y ??y
K D K˝R RŒT

�1� �����! MT ˝R RŒT
�1� DMT ;

(2.3)
where the right-hand square in (2.3) follows by applying the exact functor __˝R RŒT �1�
to the left-hand square. We note that MT D M ˝R RŒT

�1� D M ˝R RŒT
�1� ˝R

RŒT �1� DMT ˝R RŒT
�1� and K˝R RŒT

�1� D K˝RŒT�1� RŒT
�1�˝R RŒT

�1� D K.
From (2.3), it is now clear that N is a subobject of M and that K D N˝R RŒT

�1�.

Proposition 2.12. Let E 2 SR be an injective object, and let T � R be a multiplicatively
closed subset. Then, the localization ET is an injective object in SRŒT�1�.

Proof. Let ¹Piºi2I be a set of noetherian generators for SR. Since S is strongly
locally noetherian, it follows from [6, Proposition B5.1, Corollary B3.17] that ¹Pi ˝R
RŒT �1�ºi2I is a set of noetherian generators for SRŒT�1�. We choose one of these gener-
ators P 2 ¹Piºi2I and consider a subobject K � PT in SRŒT�1�. Applying Lemma 2.11,
we have a subobject N ,! P in SR such that the localization NT D K. We note that since
P 2 SR is noetherian, so is N.

Since E 2 SR is injective, it follows that we have a surjection SR.P;E/� SR.N;E/.
As mentioned above, the localization ET may be expressed as a filtered colimit of copies
of E. Since N, P are finitely generated, we have induced surjections SR.P; ET /�
SR.N; ET /. In other words, we have a surjection SRŒT�1�.PT ; ET / D SRŒT�1�.P ˝R
RŒT �1�; ET /� SRŒT�1�.N ˝R RŒT

�1�; ET / D SRŒT�1�.K; ET /. Applying Baer’s cri-
terion (see [23, Proposition V.2.9]) to the Grothendieck category SRŒT�1�, it follows that
ET is injective.

We now need the following fact, which does not seem to have appeared before in the
literature.

Lemma 2.13. Let D be a locally noetherian category. Then, a filtered colimit of essential
monomorphisms in D is an essential monomorphism.

Proof. Let ¹Bi ! Aiºi2I be a filtered system of essential monomorphisms. Then, B WD
lim
�!i2I

Bi ! A WD lim
�!i2I

Ai is a monomorphism, and we claim that B � A is essential.
For this, we consider a subobject 0 ¤ F � A and suppose that F \ B D 0. Since every
object in D is the sum of its finitely generated subobjects, it is enough to consider the case
where F is finitely generated.

Accordingly, we can choose j 2 I large enough such that the inclusion F ,! A fac-
tors through the canonical morphism Aj ! A. Then, F! Aj must be a monomorphism.
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Since Bj � Aj is essential, we have F \Bj ¤ 0. Since F \Bj � F \B, it follows that
F \B ¤ 0, which is a contradiction.

Proposition 2.14. Let T � R be a multiplicatively closed subset. Let N 2 SR, and let
E.N/ be its injective hull. Then, the localization E.N/T is the injective hull of NT in
SRŒT�1�.

Proof. We know that the canonical inclusion N ,! E.N/ is essential. Since the local-
ization is obtained by taking a filtered colimit, it follows from Lemma 2.13 that NT ,!
E.N/T is essential. Since E.N/ is injective in SR, we know from Proposition 2.12 that
E.N/T is injective in SRŒT�1�. The result is now clear.

Proposition 2.15. Let S be a strongly locally noetherian Grothendieck category, and letR
be a commutative noetherian k-algebra. Let N�M be an essential subobject in SR. Then,
Supp.N/ D Supp.M/.

Proof. According to Proposition 2.14, it is clear that Supp.N/ D Supp.E.N//. In gen-
eral, if N � M is essential, there is an inclusion M ,! E.N/. Accordingly, Supp.N/ D
Supp.M/ D Supp.E.N//.

3. Local cohomology objects for a pair of ideals

Let I , J be ideals in R. If M 2 SR and G is any family of subobjects of M, we writeL
G (resp.

P
G) for the direct sum (resp. the sum in M) of all the objects in G . We now

define
j�I;J .M/j WD ¹N 2 fg.M/ j I n � Ann.N/C J for n� 1º;

�I;J .M/ WD
X
j�I;J .M/j:

(3.1)

The definition in (3.1) is motivated by the notion of local cohomology for modules with
respect to a pair of ideals introduced by Takahashi, Yoshino and Yoshizawa in [24]. We
will say that M 2 SR is .I; J /-torsion if �I;J .M/ D M. We will say that M 2 SR is
.I; J /-torsion free if �I;J .M/ D 0. When J D 0, we will denote �I;J simply by �I .

Lemma 3.1. We start with the following result:

(a) For M 2 SR, the family j�I;J .M/j is closed under subobjects and finite sums.
Further, any finitely generated N � �I;J .M/ lies in the family j�I;J .M/j.

(b) �I;J is a left exact functor on SR.

Proof. (a) It is clear that j�I;J .M/j is closed under subobjects. We consider N1, N2 2
j�I;J .M/j, with I n1 � Ann.N1/C J and I n2 � Ann.N2/C J . Then, we have

I n1Cn2 � .Ann.N1/C J /.Ann.N2/C J /

� Ann.N1/ \ Ann.N2/C J � Ann.N1 CN2/C J:
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Hence, j�I;J .M/j is closed under finite sums. Now if N� �I;J .M/ is finitely generated, it
follows from the definition in (3.1) that N lies within a finite sum of objects in j�I;J .M/j.
Since j�I;J .M/j is closed under subobjects and finite sums, the result is now clear.

(b) Let � W M0 ! M be a morphism in SR. For any N0 � M0, the quotient
�.N0/ �M satisfies Ann.N0/ � Ann.�.N0//. Accordingly, if N0 2 j�I;J .M

0/j, then
�.N0/ 2 j�I;J .M/j. This determines a morphism �I;J .�/ W �I;J .M

0/! �I;J .M/. In par-
ticular, if � W M0 ! M is a monomorphism, we have j�I;J .M0/j � j�I;J .M/j. Hence,
�I;J .M

0/ � �I;J .M/.

As defined in [24], we now consider for the pair of ideals .I; J / the set

W .I; J / D ¹p 2 Spec.R/ j I n � pC J for n� 1º:

When J D 0, we note that W .I; J / D V .I /, the set of prime ideals containing I .

Lemma 3.2. Let N 2 SR be finitely generated. Then, Supp.N/ �W .I; J / if and only if
I n � Ann.N/C J for n� 1.

Proof. Since N is finitely generated, it follows from Proposition 2.10 that Supp.N/ D
V .Ann.N//. First, we suppose that I n � Ann.N/ C J . Then, if p 2 Supp.N/, that is,
p � Ann.N/, we see that I n � J C p, that is, p 2W .I; J /.

Conversely, suppose that Supp.N/ � W .I; J /. If p is a prime ideal containing
Ann.N/, then there is np � 1 such that I np � p C J . Since R is noetherian, there are
only finitely many primes minimal over Ann.N/. It follows that we can find n0 � 1 such
that I n

0

� rad.Ann.N//C J . Again since R is noetherian, some power of rad.Ann.N//
lies in Ann.N/ and the result follows.

It follows from Lemma 3.2 that �I;J .M/ is the sum of all finitely generated subobjects
N 2 fg.M/ satisfying Supp.N/ �W .I; J /. We note that this implies Supp.�I;J .M// �
W .I; J /. We will now describe the associated primes of �I;J .M/.

Proposition 3.3. For M 2 SR, we have Ass.M/ \W .I; J / D Ass.�I;J .M//.

Proof. Since �I;J .M/ � M, we have Ass.�I;J .M// � Ass.M/. If p 2 Ass.�I;J .M//,
we consider an R-elementary object L � �I;J .M/ such that Ann.L/ D p. By Lem-
mas 3.1 and 3.2, we see that p 2 Ass.L/� Supp.L/�W .I; J /. Hence, Ass.�I;J .M//�
Ass.M/ \W .I; J /.

Conversely, we take p 2 Ass.M/ \W .I; J / and consider an R-elementary object
L � M such that Ann.L/ D p. Since p 2 W .I; J /, we can take n � 1 such that
I n � p C J D Ann.L/ C J . Hence, L 2 j�I;J .M/j and therefore L � �I;J .M/. This
gives p 2 Ass.�I;J .M//.

If A is an abelian category, we recall (see, for instance, [8, Section 1.1]) that a tor-
sion theory on A consists of a pair .T ; F / of strict and full subcategories such that
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A.X; Y / D 0 for any X 2 T , Y 2 F and any Z 2 A fits into a short exact sequence
0! ZT ! Z ! ZF ! 0 with ZT 2 T and ZF 2 F . Additionally, .T ;F / is said to
be hereditary if the torsion class T is closed under subobjects.

Proposition 3.4. For ideals I , J , the pair .T.S/I;J ;F.S/I;J / of full subcategories of SR,
where

Ob.T.S/I;J / WD ¹M 2 SR j �I;J .M/ DMº

Ob.F.S/I;J / WD ¹M 2 SR j �I;J .M/ D 0º

forms a hereditary torsion theory in SR.

Proof. We consider � WM0 !M00 in SR, where M0 2 T.S/I;J , M00 2 F.S/I;J . We con-
sider N0 2 fg.M0/. Then, Supp.�.N0// � Supp.N0/ � W .I; J / and hence �.M0/ �
�I;J .M

00/ D 0. Now for any M 2 SR, we consider the short exact sequence

0 �! �I;J .M/ �!M �!M=�I;J .M/ �! 0:

By Lemma 3.1, it is clear that �I;J .M/ 2 T.S/I;J . If M=�I;J .M/ … F.S/I;J , there is
some 0 ¤ N 2 fg.M=�I;J .M// such that Supp.N/ � W .I; J /. Then, we have a short
exact sequence

0 �! �I;J .M/ �! N0 �! N �! 0;

where N0 is the preimage of N in M. Then, Supp.N0/ D Supp.�I;J .M// [ Supp.N/ �
W .I; J / and hence N0 � �I;J .M/, which implies that ND 0. Hence, .T.S/I;J ;F.S/I;J /
is a torsion theory on SR. The fact that T.S/I;J is closed under subobjects is also clear
from Lemma 3.2.

Definition 3.5. Let M 2 SR, and let I;J �R be ideals. Then, for any i � 0, the i -th local
cohomology object H i

I;J .M/ of M 2 SR with respect to .I; J / is given by the i -th right
derived functor of �I;J , that is, H i

I;J .M/ WD Ri�I;J .M/.
When J D 0, we set H i

I WD H
i
I;0.M/ and refer to H �I .M/ as the local cohomology

objects with respect to I .

We will now show that if M 2 SR is .I; J /-torsion, thenH i
I;J .M/D 0 for i > 0. This

will be achieved by a sequence of steps. We will start by showing that the torsion theory
.T.S/I;J ;F.S/I;J / satisfies the property that the torsion part of an injective in SR is still
an injective.

Lemma 3.6. Let E 2 SR be an injective object. Then, for any ideal I � R, �I .E/ D
�I;0.E/ is also an injective object in SR.

Proof. We will show that for any finitely generated M 2 SR and any subobject N �M,
a morphism � W N! �I .E/ extends to a morphism  WM! �I .E/. Since SR is locally
noetherian, it has a set of finitely generated generators. Accordingly, it will follow from
Baer’s criterion [23, Proposition V.2.9] that �I .E/ is injective.
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Since �.N/ � �I .E/ � E is finitely generated, we can choose t � 1 such that

I t�.N/ D 0. Since E is injective, the morphism N
�
�! �I .E/ ,! E extends to a morphism

 0 W M! E. In particular, �.N/ �  0.M/. Since M is finitely generated, so is  0.M/.
Applying the version of Artin–Rees lemma proved in [6, Proposition D1.8], we can find
c � 1 such that for all n � c, we have

I n 0.M/ \ �.N/ D I n�c.I c 0.M/ \ �.N// � I n�c�.N/: (3.2)

Putting nD t C c, it follows from (3.2) that I tCc 0.M/\ �.N/ � I t�.N/D 0. We now
note that

�.I tCcM \N/ � �.N/;

�.I tCcM \N/ �  0.I tCcM \N/ �  0.I tCcM/ � I tCc 0.M/:
(3.3)

Accordingly, it follows from (3.3) that �.I tCcM \N/ � I tCc 0.M/ \ �.N/ D 0. Now
since

I tCcM \N D Ker.I tCcM˚N �!M/;

I tCcMCN D Im.I tCcM˚N �!M/;

the morphism 0 ˚ � W I tCcM ˚ N ! �I .E/ induces �0 W I tCcM C N ! �I .E/ such
that �0 j I tCcM D 0 and �0 j N D �. Again since E is injective, there exists  WM! E

extending I tCcMCN
�0

�! �I .E/ ,! E. We now see that

I tCc .M/ D  .I tCcM/ D �0.I tCcM/ D 0

whence it follows that  .M/ � �I .E/. This proves the result.

The next step is to make use of the directed sets zW .I; J / defined in [24, Section 3] as
follows: the elements of zW .I; J / are ideals K � R satisfying I n � K C J for n� 1.
ForK,K 0 2 zW .I; J /, we will say thatK �K 0 ifK �K 0. We observe that each zW .I; J /

is filtered.

Lemma 3.7. Let M 2 SR. Then, �I;J .M/ D lim
�!K2 zW .I;J /

�K.M/.

Proof. We set N WD lim
�!K2 zW .I;J /

�K.M/ and consider some N0 2 fg.N/. Since zW .I; J /

is filtered, we choose K 2 zW .I; J / such that N0 � �K.M/, that is, Km � Ann.N0/
for some m � 1. Since K 2 zW .I; J /, we may choose n � 1 such that I n � K C J .
Then, Imn � Km C J � Ann.N0/C J and hence N0 � �I;J .M/. Conversely, we con-
sider some N00 2 fg.�I;J .M//. Then, we have I l � Ann.N00/ C J for some l � 1.
Then, Ann.N00/ 2 zW .I; J /, and we have N00 � �Ann.N00/.M/. Accordingly, we have
fg.�I;J .M// D fg.N/ and hence �I;J .M/ D N because SR is locally noetherian.

Proposition 3.8. Let E2 SR be an injective object. Then, for any ideals I;J �R, �I;J .E/
is also an injective object in SR.
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Proof. Since E 2 SR is injective, it follows from Lemma 3.6 that �K.E/ is injective
for each K 2 zW .I; J /. We now consider some finitely generated M 2 SR, a subobject
N � M and a morphism � W N ! �I;J .E/. By Lemma 3.7, we know that �I;J .E/ D
lim
�!K2 zW .I;J /

�K.E/. Since zW .I; J / is filtered and N � M is finitely generated, we can

find K0 2 zW .I; J / such that � factors through �K0.E/. Since �K0.E/ is injective, we
now have  0 WM! �K0.E/ extending N! �K0.E/. Composing with the canonical map
�K0.E/! lim

�!K2 zW .I;J /
�K.M/ D �I;J .E/, we obtain an extension of � W N! �I;J .E/

to a morphism  WM! �I;J .E/. Since SR is a locally noetherian category, it now follows
from Baer’s criterion (see [23, Proposition V.2.9]) that �I;J .E/ is injective.

Lemma 3.9. Let M 2 SR be an .I; J /-torsion object. Then, its injective hull E.M/ is also
.I; J /-torsion.

Proof. Since E.M/ is injective, Proposition 3.8 implies that �I;J .E.M// is also injective
in SR. Accordingly, we have a direct sum decomposition E.M/ D �I;J .E.M//˚N. We
already know that M 2 SR is an .I; J /-torsion object, and it is clear from the definition
in (3.1) that M lies inside the torsion part of E.M/. Then, M\N D 0. But M is essential
in E.M/, whence it follows that N D 0, that is, E.M/ D �I;J .E.M//.

Proposition 3.10. Let M 2 SR be an .I; J /-torsion object. Then,H i
I;J .M/D 0 for i > 0.

Proof. By Lemma 3.9, we know that the injective hull of an .I; J /-torsion object is also
.I; J /-torsion. By Proposition 3.4, we know that the torsion class T.S/I;J is closed under
both quotients and subobjects. Accordingly, we can obtain a resolution M! E� consist-
ing of injective objects that are .I; J /-torsion. Therefore, applying the functor �I;J leaves
this sequence unchanged. By definition, the cohomology of the resolution E� vanishes in
positive degrees, and this proves the result.

Corollary 3.11. Let M 2 SR. Then,

(a) H i
I;J .M/ Š H

i
I .M=�I;J .M// for i > 0.

(b) H i
I;J .M/ is .I; J /-torsion for any i � 0.

Proof. By Proposition 3.10, we know thatH i
I .�I;J .M//D 0 for i > 0. The result of (a) is

now clear from the long exact sequence of cohomologies obtained by applying �I;J .__/
to the short exact sequence 0! �I;J .M/!M!M=�I;J .M/! 0. To prove (b), we
note that H �I;J .M/ are, by definition, the homology objects of �I;J .E�/, where M! E�

is an injective resolution. Since each �I;J .E�/ lies in the hereditary torsion class T.S/I;J ,
so does its subquotient H �I;J .M/.
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4. Associated primes of local cohomology objects

In this section, we study finiteness conditions on local cohomology objects and their asso-
ciated primes. We give a condition for the set of associated primes of the local cohomology
object H �I;J .__/ with respect to an ideal pair .I; J / in an abstract module category to be
finite. For M 2 SR, we say that a 2 R is a non-zero divisor on M if aM W M! M is a
monomorphism.

Lemma 4.1. Let a 2 R be a zero divisor on M 2 SR. Then, a lies in some associated
prime of M.

Proof. By definition, we know that Ker.aM/¤ 0. Using Proposition 2.3, we pick a prime
ideal p 2 Ass.Ker.aM// � Ass.M/. Then, p D Ann.L/ for some R-elementary object
L � Ker.aM/ �M. Then, a 2 Ann.Ker.aM// � Ann.L/ D p.

Lemma 4.2. Let I; J � R be ideals, and let M 2 SR be a finitely generated object such
that �I;J .M/ D 0. Then, I contains a non-zero divisor on M.

Proof. Suppose that all elements of I � R are zero divisors on M. By Lemma 4.1,
I �

S
p2Ass.M/ p. Since M is finitely generated, Ass.M/ is finite by Corollary 2.6. By

prime avoidance, there is some p0 2 Ass.M/ such that I � p0. Hence, p0 2W .I; J /.
Now since p0 is an associated prime of M, there is anR-elementary object 0¤L�M

such that p0DAnn.L/. Then, Supp.L/DV .p0/�W .I;J / and hence L��I;J .M/D 0,
which is a contradiction.

For any M in SR and subobjects M0, M00 �M, we set

.M00 WM0/ WD ¹a 2 R j Im.aM0/ �M00º:

It is clear that any such .M00 WM0/ is an ideal in R.

Lemma 4.3. Let N�M in SR, and let K�M=N be a finitely generated subobject. Then,
there exists a finitely generated subobject K0 �M such that

(1) The quotient map � WM�M=N restricts to an epimorphism � 0 W K0� K.

(2) Ann.K/ D .N W K0/.

Proof. We put K00 WD ��1.K/ � M. Since finitely generated subobjects of K00 form a
filtered system and �.K00/ D K, we can find K0 2 fg.K00/ such that �.K0/ D K. This
proves (1). To prove (2), for any a 2 R, we consider the commutative diagram

K0
aK0
�����! K0

�0

�����! M

� 0

??y � 0

??y ??y�
K

aK
�����! K

�
�����! M=N:
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If a 2 Ann.K/, that is, aK D 0, we get � ı �0 ı aK0 D � ı aK ı �
0 D 0, which gives

Im.aK0/ � Ker.�/ D N, that is, a 2 .N W K0/. Conversely, if a 2 .N W K0/, we get
� ı aK ı �

0 D 0. Since � 0 is an epimorphism and � is a monomorphism, we get aK D 0 or
a 2 Ann.K/.

Proposition 4.4. Let M 2 SR be finitely generated, and let I; J � R be ideals. Suppose
that i � 0 is such that H j

I;J .M/ is finitely generated for all j < i . Then, for any finitely
generated N � H i

I;J .M/ such that N � JH i
I;J .M/, the collection Ass.H i

I;J .M/=N/ is
finite.

Proof. For i D 0, we know that H 0
I;J .M/ D �I;J .M/ � M is finitely generated, and

the result is clear. We will proceed by induction on i . By Corollary 3.11, we know that
H
j
I;J .M/ Š H

j
I;J .M=�I;J .M// for j > 0. Also, we know that �I;J .M=�I;J .M// D 0.

Accordingly, we may suppose that M 2 SR is finitely generated with �I;J .M/D 0, and it
follows from Lemma 4.2 that we can find a 2 I which is a non-zero divisor on M.

By Corollary 3.11, we know thatH i
I;J .M/ is .I;J /-torsion, that is, �I;J .H i

I;J .M//D

H i
I;J .M/. Since N � H i

I;J .M/ is finitely generated, it follows from Lemma 3.1 that
I t � Ann.N/C J for some t > 0. Accordingly, we have atN � JN. We now consider
the short exact sequence

0 �!M
at

�!M �!M=atM �! 0: (4.1)

Applying �I;J .__/ to (4.1), the long exact sequence of derived functors gives us

H l
I;J .M/

at

�! H l
I;J .M/ �! H l

I;J .M=a
tM/ �! H lC1

I;J .M/
at

�! H lC1
I;J .M/ (4.2)

for every l � 0. Since SR is locally noetherian, the collection of finitely generated objects
in SR is closed under extensions, subobjects and quotients (see [23, Section V.4.2]). Since
H
j
I;J .M/ is finitely generated for all j < i , it follows from (4.2) that H l

I;J .M=a
tM/ is

finitely generated for l < i � 1.
Since atN � JN, we also have the following diagram where the top row is exact and

the vertical morphisms are epimorphisms

H i�1
I;J .M/

�
�����! H i�1

I;J .M=a
tM/

ı
�����! H i

I;J .M/
�WDat

�����! H i
I;J .M/

�

??y ??y� 0
H i
I;J .M/=N

x�WDxat

�����! H i
I;J .M/=JN:

We now observe that Ker.x�/ D ��1.JN/=N. This gives us the short exact sequence

0 �! H i�1
I;J .M=a

tM/=ı�1.N/ D .Im.ı/CN/=N �!

Ker.x�/ D ��1.JN/=N �! ��1.JN/=.Ker.�/CN/ �! 0;

(4.3)
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where we have used Ker.�/D Im.ı/. Since JN � N is finitely generated, so is its subob-
ject ��1.JN/=Ker.�/. Then, the quotient ��1.JN/=.Ker.�/CN/ of ��1.JN/=Ker.�/
is also finitely generated.

On the other hand, we have the short exact sequence

0 �! Im.�/ \ ı�1.N/ D Ker.ı/ \ ı�1.N/ �! ı�1.N/
ı
�! ı.ı�1.N// �! 0: (4.4)

By assumption, H i�1
I;J .M/ is finitely generated, and hence so is its subquotient Im.�/ \

ı�1.N/. Also since N is finitely generated, so is ı.ı�1.N//�N. Again since SR is locally
noetherian, it follows from (4.4) that ı�1.N/ is finitely generated. Additionally, we note
that

ı.JH i�1
I;J .M=a

tM// � J ı.H i�1
I;J .M=a

tM// � JH i
I;J .M/ � N

+

JH i�1
I;J .M=a

tM/ � ı�1.N/:

We now put K WD H i�1
I;J .M=a

tM/=ı�1.N/ and P WD Ker.x�/. By the induction assump-
tion, we see that Ass.K/ is a finite set. Since ��1.JN/=.Ker.�/C N/ is finitely gener-
ated, from the short exact sequence (4.3), it now follows from Proposition 2.4 that Ass.P/
is finite.

Since N is finitely generated, so is its image � 0.N/. To prove the result, it now suffices
to show that

Ass.H i
I;J .M/=N/ � Ass.P/ [ Ass.� 0.N//:

Accordingly, we choose some prime ideal p 2 Ass.H i
I;J .M/=N/nAss.P/. Then, there is

an R-elementary object L � H i
I;J .M/=N such that p D Ann.L/. Applying Lemma 4.3,

we can choose a finitely generated subobject L0 � H i
I;J .M/ such that � W H i

I;J .M/!

H i
I;J .M/=N restricts to an epimorphism L0� L and .N W L0/ D Ann.L/ D p. We now

consider the short exact sequence

0 �����! P \ L �����! L
x�jLDxat

�����! xatL �����! 0:

By Proposition 2.4, we get Ass.L/ � Ass.P \ L/ [ Ass.xatL/ � Ass.P/ [ Ass.xatL/.
Since p 2 Ass.L/ does not lie in Ass.P/, we obtain p 2 Ass.xatL/ D Ass.xat�.L0// D
Ass.� 0atL0/.

We know that atL0 � L0 is finitely generated. Again since H i
I;J .M/ is .I; J /-torsion,

it follows that atCsL0 � JL0 � JH i
I;J .M/ � N for some s � 1. But since .N W L0/ D p,

we get atCs 2 p, that is, a 2 p. Again since p D .N W L0/, we obtain atL0 � N and hence
� 0atL0 � � 0.N/. Then, p 2 Ass.� 0atL0/ � Ass.� 0.N//.

Theorem 4.5. Let M 2 SR be finitely generated, and let I; J � R be ideals. Sup-
pose that i � 0 is such that H j

I;J .M/ is finitely generated for all j < i . Suppose that
JH i

I;J .M/ is finitely generated. Then, for any finitely generated N � H i
I;J .M/, the

collection Ass.H i
I;J .M/=N/ is finite.
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Proof. Since N and JH i
I;J .M/ are both finitely generated, so is N C JH i

I;J .M/. By
Proposition 4.4, it now follows that Ass.H i

I;J .M/=.N C JH
i
I;J .M/// is finite. We now

consider the short exact sequence

0 �! .NC JH i
I;J .M//=N �! H i

I;J .M/=N �! H i
I;J .M/=.NC JH

i
I;J .M// �! 0:

(4.5)
Since .NC JH i

I;J .M//=N is finitely generated and Ass.H i
I;J .M/=.NC JH

i
I;J .M/// is

finite, the result follows by applying Proposition 2.4 to the short exact sequence (4.5).

Corollary 4.6. Let M 2 SR be finitely generated, and let I;J �R be ideals. Suppose that
i � 0 is such that H j

I;J .M/ is finitely generated for all j < i . Suppose that JH i
I;J .M/ is

finitely generated. Then, the collection Ass.H i
I;J .M// is finite.

Proof. This follows directly from Theorem 4.5 by setting N D 0.

We conclude this section with the following fact, which extends a result of Brodmann,
Rotthaus and Sharp [11].

Proposition 4.7. Let M2 SR be such that the collection � of maximal elements in Ass.M/
is finite. Let I � R be an ideal. Suppose that for each p 2 �, there is np > 0 such that
I npMp D 0. If n WD max¹np j p 2 �º, then I nM D 0.

Proof. We consider some N 2 fg.M/. It is clear that .I nN/p � I nMp D 0. Since SR is
locally noetherian, we know that I nN � N is finitely generated. From (2.2), we see that
for each p 2 �, we have

.I nN/ D Ker..I nN/ �! .I nN/p D 0/ D
[
t2Rnp

Ker..I nN/
t
�! .I nN//: (4.6)

Since the union on the right-hand side of (4.6) is filtered, we can find sp 2 Rnp such
that sp 2 Ann.I nN/. Let K � R be the ideal generated by the collection ¹spºp2�. It
is clear that K � Ann.I nN/. Since K is not contained in any of the prime ideals in
�, and � is finite, it follows from prime avoidance that we can choose an element
r 2 Kn

S
p2� p. From Lemma 4.1, it is clear that r must be a non-zero divisor on M.

But multiplication by r is zero on the subobject I nN �M. Hence, I nN D 0. It follows
that I nM D

S
N2fg.M/ I

nN D 0.

5. Spectral sequences for local cohomology type functors on SR

In this section, we will show that we can construct spectral sequences for “local cohomol-
ogy type” functors on SR by creating an axiomatic setup similar to Àlvarez Montaner,
Boix and Zarzuela [2]. Our main tools will be the properties of injective hulls of R-
elementary objects proved in Section 2. We will then exhibit three different situations
where this axiomatic setup can be used to obtain spectral sequences.
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Let P be a finite poset, and let Fun.P; SR/ denote the category of systems of objects
in SR indexed over P . We suppose from now on that S has enough projectives. Then, it
follows from Artin and Zhang [6, Lemma D3.2] that SR has enough projectives. Then,
we know that Fun.P;SR/ has enough projectives and Fun.P op;SR/ has enough injectives
(see, for instance, [25, Section 2.3]). We also note that Fun.P; SR/ and Fun.P op; SR/ are
Grothendieck categories.

For any functor G 2 Fun.P op; SR/, we consider the complex .C �.G/; @�/ given by

C k.G/ WD
Y

p0<p1<���<pk

G.p0/ @k D

kC1X
jD0

.�1/j @kj W C
k.G/ �! C kC1.G/;

where @kj is induced by deleting the j -th term in the sequence ¹p0 < p1 < � � � < pk <

pkC1º. Because P is a finite poset, it follows from the proof of [20, Lemma A.3.2] that
this complex computes the derived functor of the inverse limit over P , that is, for any
G 2 Fun.P op; SR/, we have H i .C �.G// D Ri limp2P G.p/.

Similarly, for any functor F 2 Fun.P;SR/, we consider the complex .C�.F/; @�/ given
by

Ck.F/ WD
M

p0<p1<���<pk

F.p0/ @k D

kC1X
jD0

.�1/j @
j

k
W CkC1.F/ �! Ck.F/;

where @j
k

is induced by deleting the j -th term in the sequence ¹p0 < p1 < � � � < pk <

pkC1º. Then, it follows from [20, Section B.1.2] that this complex computes the derived
functor of the direct limit over P , that is, for any F 2 Fun.P;SR/, we haveHi .C�.F//D
Li colimp2P F.p/.

From now onwards, we fix an ideal I � R. We suppose that I may be expressed
as I D I˛1 \ � � � \ I˛k , where I˛1 ; : : : ; I˛k are ideals of R. As in [2, Section 2], we
let P denote the finite poset whose elements are all the possible different sums of the ide-
als I1; : : : ; In, ordered by reverse inclusion. By yP , we will mean the poset yP D P [ ¹1 yP º
obtained by adding a final element 1 yP to P (even if P already has a final element). The
Alexandrov topology on P (see [2, Section 2.2.1]) is that whose open sets U � P satisfy
the property that if p 2 U and p � q, then q 2 U . If P has the Alexandrov topology, we
know (see [2, Lemma 2.9]) that the basic open set Œp;1 yP /D¹q 2P j q �pº is contractible
for each p 2 P .

For any p 2 P , we will denote by Ip the sum of ideals corresponding to p 2 P . We
now fix an ideal J and an additive functor ‰Œ�� W SR ! Fun. yP ; SR/ that satisfies the
following conditions analogous to [2, Setup 4.3].

(1) For each p 2 yP , the functor ‰p WD ‰Œ��.__/.p/ W SR ! SR is left exact and
preserves direct sums.

(2) Let L 2 SR be an R-elementary object. Let E.L/ 2 SR be the injective hull of L,
and let p WD Ann.N/. Then, for any maximal ideal m in R, there are objects
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X.L;m/ and Y.L;m/ 2 SR such that for p 2 yP , we have

‰p.E.L//m D

8̂̂<̂
:̂
X.L;m/ if p 2W .Ip; J / and p � m;

Y.L;m/ if p …W .Ip; J / and p � m;

0 otherwise:

(3) For any p � q, the natural transformation ‰p ! ‰q satisfies, for any R-
elementary object L 2 SR and maximal ideal m,

‰p.E.L//m �! ‰q.E.L//m

D

8̂̂<̂
:̂

idX.L;m/ if ‰p.E.L//m D X.L;m/ D ‰q.E.L//m;

idY.L;m/ if ‰p.E.L//m D Y.L;m/ D ‰q.E.L//m;

0 otherwise:

We also set‰ WD‰1 yP W SR! SR. Moreover, for i � 0 and any M 2 SR, we let Ri‰Œ��.M/
denote the direct system of derived functors ¹Ri‰p.M/ºp2P .

Lemma 5.1. Let M 2 SR be such that the localization Mm D 0 for every maximal ideal
m � R. Then, M D 0.

Proof. We consider any M0 2 fg.M/. Since localization is exact, we have inclusions
M0m ,! Mm D 0 and hence M0m D 0 for each maximal ideal m. Since M0 is finitely
generated, it follows from Proposition 2.10 that Supp.M0/ D V .Ann.M0//. Hence, we
have V .Ann.M0// D �, that is, M0 D 0. Since SR is locally noetherian, M is the sum of
all its finitely generated subobjects. Hence, M D 0.

Lemma 5.2. Let E 2 SR be an injective object. Then, the complex

C�.‰Œ��.E// �! ‰.E/ �! 0

is exact.

Proof. Since localizations are exact, it follows from Lemma 5.1 that it suffices to show
that C�.‰Œ��.E//m ! ‰.E/m ! 0 is exact for each maximal ideal m. Since E 2 SR is
injective, we know from Theorem 2.8 that E can be expressed as a direct sum of injective
hulls of R-elementary objects. Since ‰Œ�� and C� preserve direct sums, it now suffices to
check that C�.‰Œ��.E.L///m!‰.E.L//m! 0 is exact for each maximal ideal m, where
L 2 SR is an R-elementary object and E.L/ its injective hull. We now set p WD Ann.L/.
The rest of the proof now follows exactly as in [2, Lemma 4.4].

Theorem 5.3. Let S be a strongly locally noetherian Grothendieck category, and let R be
a commutative noetherian ring. Then, for any M 2 SR, we have a spectral sequence

E
�i;j
2 D Li colimp2P Rj‰Œ��.M/ H) Rj�i‰.M/:



A. Banerjee and S. Kour 1216

Proof. For M 2 SR, we consider an injective resolution 0!M! E�. We now consider
the following bicomplex D�;� that is concentrated in the “second quadrant.”

� � � // C1.‰Œ��.E
1// //

OO

C0.‰Œ��.E
1// //

OO

0

� � � // C1.‰Œ��.E
0// //

OO

C0.‰Œ��.E
0//

OO

// 0

(5.1)

Here, we writeD�l;k WDCl .‰Œ��.Ek// to facilitate cohomological notation. As in [2, The-
orem 4.6], we can now consider the two spectral sequences associated with the first and
second filtrations of this bicomplex. Since the l-th column of this complex is given by
D�l;� D Cl .‰Œ��.E

�// and P is finite, the columns of this bicomplex vanish for l � 0

and hence both spectral sequences converge. Further, by Lemma 5.2, the rows of this
bicomplex are exact up to the 0-th position, and the cohomologies at the 0-th position are
given by ‰.E�/. It follows that the common abutment of these two spectral sequences is
given by the cohomology groups of the complex

0 �! ‰.E0/ �! ‰.E1/ �! � � � : (5.2)

Since 0! M! E� is an injective resolution, it is clear that the cohomologies of (5.2)
are given by R�‰.M/. Taking the cohomology of the columns of (5.1), one obtains
E
�i;j
1 D Ci .Rj‰Œ��.M//. Now applying the cohomology of the rows of (5.1), we finally

obtain the spectral sequence

E
�i;j
2 D Li colimp2P Rj‰Œ��.M/ H) Rj�i‰.M/:

This proves the result.

In the following three subsections, we will now apply the formalism above to three
separate contexts in order to obtain spectral sequences of derived functors. The first of
these will be the local cohomology objects in SR with respect to a pair of ideals .I; J /.

5.1. Spectral sequences for �I;J W SR ! SR

We continue with the ideal I D I˛1 \ � � � \ I˛k and the partially ordered set P consisting
of all possible sums of the ideals ¹I˛1 ; : : : ; I˛k º as defined above. For an ideal J � R and
p 2 P , we set ‰p.__/ WD �Ip ;J .__/ and ‰ WD �I;J .

Lemma 5.4. Let K, J � R be ideals. Then, the functor �K;J preserves direct sums.

Proof. We consider a collection ¹Mˇ ºˇ2B of objects in SR and set M WD
L
ˇ2B Mˇ .

From the definition in (3.1), it is evident that �K;J .M/ �
L
ˇ2B �K;J .Mˇ /. On the other
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hand, we consider N 2 fg.M/ such thatKn � Ann.N/C J for n� 1. Since N is finitely
generated, we must have N�M1˚ � � � ˚Mr for some finite subcollection ¹M1; : : : ;Mrº

of objects from ¹Mˇ ºˇ2B . Let �l WM1˚ � � � ˚Mr!Ml denote the canonical projections
for 1 � l � r . We now note that

Kn � Ann.N/C J � Ann.�l .N//C J for n� 1 ) �l .N/ � �K;J .Ml /

for each 1� l � r . We now note that N� �1.N/˚ � � � ˚ �r .N/�M1˚ � � � ˚Mr , which
gives N �

Lr
lD1 �K;J .Ml / �

L
ˇ2B �K;J .Mˇ /.

Lemma 5.5. Let L 2 SR be an R-elementary object, and let p WD Ann.L/. LetK � R be
an ideal. If p …W .K; J /, then we have �K;J .E.L// D 0.

Proof. Since L� E.L/ is an essential subobject, we see that it follows from Corollary 2.7
that Ass.E.L//D Ass.L/D ¹pº. We are given p …W .K;J /. By Proposition 3.3, we now
have Ass.�K;J .E.L///DAss.E.L//\W .K;J /D�. It follows that �K;J .E.L//D 0.

Lemma 5.6. Let L 2 SR be an R-elementary object, and let p WD Ann.L/. LetK � R be
an ideal.

(a) Suppose that p 2W .K; J /. Then, we have �K;J .E.L// D E.L/.

(b) If p 6� m for some maximal ideal m, then E.L/m D 0.

Proof. (a) Since p D Ann.L/ and p 2W .K; J /, we have Kn � Ann.L/C J for n� 1.
It follows from the definition in (3.1) that L is .K; J /-torsion. By Lemma 3.9, it follows
that the injective hull E.L/ is also .K; J /-torsion, that is, �K;J .E.L// D E.L/.

(b) Since L is finitely generated, we know that Supp.L/ D V .Ann.L// D V .p/.
Accordingly, if p 6� m, then Lm D 0. By Proposition 2.14, we know that E.L/m is the
injective hull of Lm, and hence E.L/m D 0.

Proposition 5.7. For any M 2 SR, we have a spectral sequence

E
�i;j
2 D Li colimp2P H

j

Œ��;J
.M/ H) H

j�i
I;J .M/:

Proof. This follows directly from Lemmas 5.4, 5.5 and 5.6 and Theorem 5.3.

5.2. Generalized local cohomology objects on SR

Let V be an R-module. By [6, Section B4], we know that ˝RV W SR ! SR has a right
adjoint HomR.V;__/. The bifunctor HomR.__;__/ W .R�Mod/op � SR! SR is left exact
in both variables and satisfies HomR.R;M/DM for any M 2 SR. The right derived func-
tors of HomR.V; __/ are denoted by Ext�R.V; __/. If V , W are R-modules, it also follows
from the adjunction that HomR.V ˝R W; __/ Š HomR.V;HomR.W; __//.
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Given an R-module V and any ideal K � R, we denote by VK the inverse system
given by VK WD ¹V=KtV ºt�1. We now set

�VK W SR �! SR M 7! lim
�!
t�1

HomR.V=K
tV;M/: (5.3)

It is immediate from (5.3) that �VK is left exact, and we denote by H �VK .__/ the right
derived functors of �VK .

Proposition 5.8. Let V be an R-module, and let K � R be an ideal. Then, for any
M 2 SR, we have

H i
VK
.M/ D lim

�!
t�1

ExtiR.V=K
tV;M/ i � 0:

Proof. For the sake of convenience, we set F i .M/ WD lim
�!t�1

ExtiR.V=K
tV;M/ for any

M2 SR. From the definition in (5.3), it follows thatH 0
VK
.M/DF 0.M/. The derived func-

tors ¹H �VK .__/º give a family of cohomological ı-functors that is universal. Similarly, for
each t � 1, the derived functors ¹Ext�R.V=K

tV;__/º are universal ı-functors on SR. Since
filtered colimits in SR are also exact, we see that ¹F �º is also a family of ı-functors. For
any injective E 2 SR, the derived functor ExtiR.V=K

tV;E/ vanishes for i > 0, and hence
so does F i .E/. It follows that ¹F �º is a universal ı-functor and since F 0 DH 0

VK
, we must

have F i D H i
VK

for every i .

In order to understand the functor �VK better, we define, for any ideal K � R and
M 2 SR,


K.M/ WD
\
a2K

Ker.aM WM �!M/ D

n\
iD1

Ker.ai;M WM �!M/;

where ¹a1; : : : ; anº is a set of generators for K.

Lemma 5.9. Let K � R be an ideal and M 2 SR. Then, 
K.M/ D HomR.R=K;M/.

Proof. If ¹a1; : : : ; anº is a set of generators for K, we note that R=K D .R=a1R/˝R
� � � ˝R .R=anR/ and hence

HomR.R=K;M/ D HomR.R=a1R;HomR.R=a2R; : : : ;HomR.R=anR;M///:

Therefore, it suffices to check the result for a principal ideal K D .a/. In that case,
R

a
�! R ! R=aR ! 0 is a free presentation of R=aR, and it follows from [6, (B4.2)]

that

0 �! HomR.R=aR;M/ �! HomR.R;M/ ŠM
HomR.R;aM/DaM
������������! HomR.R;M/ ŠM

is exact. The result is now clear.
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From Lemma 5.9 and the definition in (3.1), it now follows that for any ideal K � R,
we have

�K.M/ WD �K;0.M/ D
[
t�1


Kt .M/ D lim
�!
t�1

HomR.R=K
t ;M/: (5.4)

For the rest of this subsection, we suppose that V is a finitely generated R-module. We
note here the following fact.

Lemma 5.10. Let V be a finitely generated R-module. Then, the functor HomR.V; __/ W
SR ! SR preserves filtered colimits.

Proof. Let ¹Mˇ ºˇ2B be a filtered system of objects in SR. We will show that

SR

�
N˝R V; lim

�!
ˇ2B

Mˇ

�
D SR

�
N;HomR

�
V; lim
�!
ˇ2B

Mˇ

��
D SR

�
N; lim
�!
ˇ2B

HomR.V;Mˇ /
� (5.5)

for any N 2 SR. Since SR is locally noetherian, any object of SR may be expressed as a
filtered colimit of its finitely generated subobjects. Accordingly, it suffices to check (5.5)
for N 2 SR finitely generated. If N is finitely generated, we have

SR

�
N; lim
�!
ˇ2B

HomR.V;Mˇ /
�
D lim
�!
ˇ2B

SR.N;HomR.V;Mˇ // D lim
�!
ˇ2B

SR.N˝R V;Mˇ /:

(5.6)
From (5.5) and (5.6), we see that it suffices to check

SR

�
N˝R V; lim

�!
ˇ2B

Mˇ

�
D lim
�!
ˇ2B

SR.N˝R V;Mˇ /

for N 2 SR finitely generated. But we are given that V is a finitely generated R-module,
that is, a quotient of Rn for some n � 1. Then, N ˝R V is a quotient of Nn and hence
N˝R V is finitely generated in SR. The result is now clear.

Proposition 5.11. Let V be a finitely generated R-module andK � R an ideal. Then, for
any M 2 SR, we have �VK .M/ D HomR.V; �K.M//. In particular, �VK preserves direct
sums.

Proof. Since V is finitely generated, it follows from (5.3), (5.4) and Lemma 5.10 that

�VK .M/ D lim
�!
t�1

HomR.V=K
tV;M/ D lim

�!
t�1

HomR.V;HomR.R=K
t ;M//

D HomR.V; lim�!
t�1

HomR.R=K
t ;M//

D HomR.V; �K.M//:

The last statement is clear from Lemma 5.10 and from the fact that �K D �K;0 preserves
direct sums.
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Lemma 5.12. Let R! R0 be an extension of k-algebras. For any R-module W and any
N 2 SR0 , we have an isomorphism

HomR0.W ˝R R
0;N/ Š HomR.W;N/:

Proof. We write W as the cokernel R.Y / ! R.X/ ! W ! 0 of free modules. Then,
W ˝R R

0 is expressed as the cokernel R0.Y / ! R0.X/ ! W ˝R R
0 ! 0. By defini-

tion (see [6, (B4.2)]), HomR.W;N/ is given as the kernel of the induced map NX D

HomR.R
.X/;N/!HomR.R

.Y /;N/DNY . Similarly, HomR0.W ˝R R
0;N/ is also given

by the kernel NX D HomR0.R
0.X/;N/! HomR0.R

0.Y /;N/ D NY .

Lemma 5.13. Let R! RŒT �1� be the localization of R with respect to a multiplicatively
closed subset T . Then, for any finitely generated R-module V and any M 2 SR, we have

HomR.V;M/T Š HomRŒT�1�.VT ;MT /:

Proof. Applying Lemma 5.12, we know that HomRŒT�1�.VT ;MT /Š HomR.V;MT /. We
have noted before that the localization MT is given by a filtered colimit. Since V is a
finitely generated R-module, we know from Lemma 5.10 that HomR.V; __/ preserves
filtered colimits. We now have HomR.V;MT / Š HomR.V;M/T .

We now return to the ideal I D I˛1 \ � � � \ I˛k and the partially ordered set P consist-
ing of all possible sums of the ideals ¹I˛1 ; : : : ; I˛k º as before. We fix J D 0 and a finitely
generated R-module V . For p 2 P , we set ‰p.__/ WD �VIp .__/ and ‰ WD �VI .

Lemma 5.14. Let L 2 SR be an R-elementary object, and let p WD Ann.L/. Let K � R
be an ideal.

(a) If p …W .K; 0/ D V .K/, then we have �VK .E.L// D 0.

(b) Suppose that p2W .K;0/DV .K/. Then, we have �VK .E.L//DHomR.V;E.L//.

Proof. (a) Since p … W .K; 0/ D V .K/, we see that it follows from Lemma 5.5
that �K.E.L// D �K;0.E.L// D 0. Further, since V is finitely generated, we have by
Proposition 5.11 that �VK .E.L// D HomR.V; �K.E.L/// D 0.

(b) Since p 2 W .K; 0/ D V .K/, it follows from Lemma 5.6 that �K.E.L// D
�K;0.E.L// D E.L/. Since V is finitely generated, we have by Proposition 5.11 that
�VK .E.L// D HomR.V; �K.E.L/// D HomR.V;E.L//.

Lemma 5.15. Let L 2 SR be an R-elementary object, and let p WD Ann.L/. Let K � R
be an ideal. If p 6� m for some maximal ideal m, then �VK .E.L//m D 0.

Proof. If p … W .K; 0/ D V .K/, we already have �VK .E.L// D 0 by Lemma 5.14 (a).
Otherwise, suppose p 2W .K; 0/D V .K/. Then, Lemma 5.14 (b) gives us �VK .E.L//D
HomR.V;E.L//. Because V is finitely generated, applying Lemma 5.13 gives us

�VK .E.L//m D HomRm
.Vm;E.L/m/
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for any maximal ideal m. Since p 6� m, we have by Lemma 5.6 that E.L/m D 0, which
shows that �VK .E.L//m D 0.

Proposition 5.16. Let V be a finitely generated R-module. Then, for any M 2 SR, we
have a spectral sequence

E
�i;j
2 D Li colimp2P H

j
VIp
.M/ H) H

j�i
VI

.M/:

Proof. This follows directly from Lemmas 5.14 and 5.15 and Theorem 5.3.

5.3. Generalized Nagata ideal transforms on SR

We let V be a finitely generated R-module and K � R be an ideal. We define the
generalized Nagata ideal transform �VK on SR as follows:

�VK W SR �! SR M 7! lim
�!
t�1

HomR.K
tV;M/:

It is immediate that the functor �VK is left exact. Since V is finitely generated, it is also
clear from Lemma 5.10 that�VK preserves direct sums. We now need the following result.

Lemma 5.17. Let E 2 SR be an injective object. Then, the functor HomR.__; E/ W
R �Mod! SR is exact.

Proof. We already know that HomR.__; E/ is left exact. Let V 0 ,! V be an inclusion
of R-modules. We will show that HomR.V; E/ ! HomR.V

0; E/ is an epimorphism.
Accordingly, we set M 2 SR to be the cokernel HomR.V;E/! HomR.V

0;E/!M! 0.
In this section, we have assumed that S has enough projectives. We choose an epimor-

phism P�M in S with P2 S projective. This induces an epimorphism P˝R�M˝R

in SR. Also, we know that composing the structure map M˝ R ! M of M 2 SR with
the morphism MDM˝ k!M˝R induced by the unit gives the identity in S. Accord-
ingly, M˝ R !M is an epimorphism in SR, since the underlying morphism in S is an
epimorphism. We now have an epimorphism P˝R�M˝R�M in SR.

Since P 2 S is projective, the adjoint isomorphism SR.P˝R;__/Š Sk.P;__/ shows
that P˝R 2 SR is projective. Hence, the following sequence is exact:

SR.P˝R;HomR.V;E// �! SR.P˝R;HomR.V
0;E// �! SR.P˝R;M/ �! 0:

(5.7)
Since k is a field, the inclusion V 0 ,! V induces a monomorphism .P ˝ R/ ˝R V

0 D

P ˝ V 0 ! P ˝ V D .P ˝ R/ ˝R V . Since E 2 SR is injective, it now follows that
SR..P ˝ R/ ˝R V; E/ ! SR..P ˝ R/ ˝R V

0; E/ is an epimorphism. Using (5.7), we
now have SR.P˝R;M/ D 0, which shows that M D 0.

Using Lemma 5.17, we see that if E 2 SR is an injective object, then

0 �! HomR.V=K
tV;E/ �! HomR.V;E/ �! HomR.K

tV;E/ �! 0
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is exact for any t � 1. Taking filtered colimits, we have a short exact sequence

0 �! �VK .E/ D lim
�!
t�1

HomR.V=K
tV;E/ �! HomR.V;E/ �! lim

�!
t�1

HomR.K
tV;E/

D �VK .E/ �! 0: (5.8)

For our setup with I D I˛1 \ � � � \ I˛k and J D 0, we now set ‰p WD �VIp .__/ for each
p 2 P and ‰ WD �VI .

Lemma 5.18. Let L 2 SR be an R-elementary object, and let p WD Ann.L/. Let K � R
be an ideal.

(a) If p 2W .K; 0/ D V .K/, then we have �VK .E.L// D 0.

(b) If p …W .K; 0/ D V .K/, we have �VK .E.L// D HomR.V;E.L//.

Proof. (a) If p 2W .K; 0/ D V .K/, it follows from Lemma 5.14 (b) that

�VK .E.L// D HomR.V;E.L//

Accordingly, the short exact sequence in (5.8) gives us �VK .E.L// D 0.
(b) If p … W .K; 0/ D V .K/, it follows from Lemma 5.14 (a) that �VK .E.L//D 0.

Accordingly, the short exact sequence in (5.8) gives us �VK .E.L// D HomR.V; E.L//.
This proves the result.

Lemma 5.19. Let L 2 SR be an R-elementary object, and let p WD Ann.L/. Let K � R
be an ideal. If p 6� m for some maximal ideal m, then �VK .E.L//m D 0.

Proof. If p 2 W .K; 0/, we already know from Lemma 5.18 (a) that �VK .E.L//D 0.
Otherwise, suppose that p … W .K; 0/, so that it follows from Lemma 5.18 (b) that
�VK .E.L// D HomR.V;E.L//. Because V is finitely generated, applying Lemma 5.13
gives us �VK .E.L//m D HomRm

.Vm; E.L/m/ for any maximal ideal m. Since p 6� m,
we have by Lemma 5.6 (b) that E.L/m D 0, which shows that �VK .E.L//m D 0.

Proposition 5.20. Let V be a finitely generated R-module. For any M 2 SR, we have a
spectral sequence

E
�i;j
2 D Li colimp2P Rj�VIp .M/ H) Rj�i�VI .M/:

Proof. This follows directly from Lemmas 5.18 and 5.19 and Theorem 5.3.
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