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C *-exponential rank of unital simple classifiable
C *-algebras

Qiuwen Luo

Abstract. Let 2 be the class of all unital simple separable amenable Z-stable C *-algebras satisfy-
ing UCT, which are classified by Elliott invariant. In this paper, we proved that any C *-algebra in
2 has C *-exponential rank at most 1 + ¢.

1. Introduction

Let A be a unital C*-algebra and U(A) the unitary group of A. We denote by Uy (A) the
connected component (in norm topology) of U(A) containing the identity 14. It is well
known that an element u in A belongs to Uy(A) if and only if

u =exp 2uihy)exp 2rihy)---exp 2rihy,)

for some natural number n and some self-adjoint elements /1, A5, ..., h, in A.

Based on the conclusion above, the conception of C*-exponential rank, as defined by
Phillips and Ringrose in 1991 (see [30] or Definition 2.24), can be considered. In the past
around three decades, the C *-exponential rank has been studied extensively. For instance,
in [23], Lin proved that every C *-algebra with real rank zero has C*-exponential rank at
most 1 + ¢, Phillips in 1994 showed that the C *-exponential rank of a C *-algebra A can
be arbitrarily large, that is, that for any n there are a unital C*-algebra A and a unitary
u € A which is a product of some number of exponentials but not of n or fewer (see [28]).
Moreover, if A is a unital separable simple Z-stable C *-algebra which has rational tracial
rank at most one, then A has the C *-exponential rank at most 1 + ¢ (see [22]). Further, the
C *-exponential rank plays an important role in the classification of C*-algebras (see [8,
11-13,20,21] and so on).

In [16], a classification theorem is obtained for a class of unital simple separable
amenable Z-stable C *-algebras satisfying UCT. This class of C*-algebras exhausts all
possible values of the Elliott invariant for unital stably finite simple separable amenable
Z-stable C*-algebras. In this paper, we will prove that the C *-exponential rank of a C *-
algebra in this class is at most 1 + ¢.
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According to [15, Theorem 13.50], for any weakly unperforated Elliott invariant (see
Definition 2.18 below) ((G, G4+, u), K, A, r), there is a unital simple C *-algebra A =
lim(Ay, &€,,n+1) in the class NOZ (see [15, Definition 13.6], relevant symbols are shown

in [15, Definitions 2.9, 3.1 and 9.1]) such that
Ell(A) = ((G,G+,u), K, A, r).

The above process of constructing a C *-algebra A from a given weakly unperforated
Elliott invariant is called Elliott—GLN construction in this paper. Our method of proof is
done by modifying Elliott—GLN construction. Furthermore, combining the classification
theorem of Elliott—Gong—Lin—Niu (see [9]) with Theorem 6.7 in this paper, we can obtain
the conclusion that a unital simple separable amenable Z-stable C*-algebra satisfying
UCT naturally has the C*-exponential rank at most 1 4+ ¢. Note that a purely infinite
simple C *-algebra, automatically, has the C *-exponential rank at most 1 + ¢ (see [27]).

2. Notation and preliminaries

This section includes a list of notations and definitions most of which are standard. We list
them here for the reader’s convenience.

Notation 2.1. Let g be a positive integer, we will use S, to denote the collection of all
permutations of {1,...,q}.

Particularly, the permutation corresponding to the mapping {1,...,g}>j — (j+1)
mod(g) € {1,...,q} will be denoted by ¢ € S,.

Notation 2.2. Let n be a positive integer, we will use / ;’ to denote the arc

1 ;
I = {exp(Znit) A <t < i} cT
n n
forall j =1,...,n.
Definition 2.3. Let A;,...,A; be ¢ = 2 elements in the unit circle T. We say that
{Aj :j =1,...,q} is cyclically numbered when there are real numbers r; € R such
that exp(2rwir;) = Aj forall j,ry <---<ryandry —r; < 1. When each r; liesin [0, 1),

wesay that {A; : j = 1,...,q} is naturally numbered.

Notation 2.4. Let L and K be two positive integers. We will use the symbol y = (ck ) :
7Y — 7K (or just y = (ck.1), If there is no ambiguity based on the context) to denote y
is a group homomorphism from Z% to ZX, which is given by a K x L matrix (cg ;) of
integers, where k = 1,..., K, =1,..., L.

Notation 2.5. Let us denote by M, the C *-algebra formed by the g x ¢ complex matrix,
and write I, for the unit element of M.
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Notation 2.6. Let A be a unital C *-algebra. We will write the spectrum of a as sp(a) for
any a € A.

Notation 2.7. Let A be a unital C *-algebra. Denote by A; 4. the self-adjoint part of A.

Definition 2.8 ([31]). A pair (G, G4) is called an ordered Abelian group if G is an
Abelian group, G4 is a subset of G with G + G4 C G4, G4 N (—G4) = {0} and
Gy -Gy =0G.

Define a relation < on G by x < y if y — x belongs to G.

Particularly, the pair (Z, Z 4 ), where Z := {0, 1,2, ...} is an ordered Abelian group.

Definition 2.9 ([31]). An element u in G in an ordered Abelian group (G, G4 ) is called
an order unit if for any g in G there is a positive integer n with —nu < g < nu.

Definition 2.10 ([31]). A triple (G, G+, u), where (G, G4) is an ordered Abelian group
and u is an order unit is called an ordered Abelian group with an (distinguished) order
unit.

Particularly, the triple (R, R4, 1), where R4 := [0, +00) is an ordered Abelian group
with an order unit, and (Ko(A), Ko(A)+, [14]) is also, if A4 is a unital stably finite C *-
algebra.

Definition 2.11 ([31]). Let (G, G+) and (H, H4) be two ordered Abelian groups. A
group homomorphism « : G — H is said to be positive if «(G4) is contained in H.
Write « : (G,G+) — (H, Hy).

Assume now that (G, G, u) and (H, Hy, v) are two ordered Abelian groups with an
order unit. A positive group homomorphism « : G — H is said to be order unit preserving
ifo(u) =v. Writew : (G,G4,u) = (H, Hy,v).

Notation 2.12 ([31]). Suppose that (G, G4, u) is an ordered Abelian group with an order
unit. A state on (G, G4+, u) is a group homomorphism f : (G, G4, u) — (R, R4, 1). The
set of all states on (G, G, u) is denoted by S(G).

Notation 2.13. Let A be a unital stably finite C *-algebra with T'(A) # @. Denote by r4 :
T(A) — S(Ko(A)) the map defined by r4(7)([p]) = ©(p) for all projections p € My, (A)
and forall T € T(A).

Notation 2.14. Let S be a compact convex set. Denote by Aff(S) the space of all real
continuous affine functions on S, that is,

Aff(S) := {f : S — R : f is continuous and
fAx+ A =1)y) =Af(x)+(1=2)f(y) Vx,y € S, €[0,1]}.
In this paper, set
Aff(S)4 :={f € Aff(S) : f(s) >0Vs e S}U{0}.

It is easy to check that (Aff(S), Aff(S)+) is an ordered vector space with the strict (point-
wise) order.
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Notation 2.15. Let A be a unital C*-algebra and let T'(A) denote the simplex of tracial
states of A, a compact subset of A*, the dual of A, with the weak* topology. Particularly,
the tracial states space T(A) is a compact convex set if A is a unital stably finite C *-
algebra with 7'(A) # 0.

Notation 2.16. Let A and B be two C *-algebras and ¢ : A — B be a *-homomorphism.
Then, ¢ induces an affine map T'(p) : T(B) — T(A) defined by T (¢)(t)(a) = t(p(a))
forall 7 € T(B) and a € A. Denote by ¢ : Aff(T(A)) — Aff(T(B)) the contractive linear
map defined by

o*(f)(@) = f(T(p)(r)) forall f € Aff(T(A)) and t € T(B).

Definition 2.17. Let A be a unital C*-algebra. The Elliott invariant of A, denoted by
Ell(A) is the sextuple

Ell(4) := ((Ko(A4), Ko(A)+. [14]). K1(A). T(A). r4).

Definition 2.18. The sextuple ((G, G +,u), K, A, r) is called a weakly unperforated Elliott
invariant, which means that (G, G4, u) is a simple scaled ordered countable Abelian
group with an order unit, K is a countable Abelian group, A is a metrizable Choquet
simplex, and r : A — S(G) is a surjective affine map such that forany g € G

g€ Gy —{0}ifandonlyifr(r)(g) >0 Ve A.

According to [15, Theorem 13.50], we know that for any weakly unperforated Elliott
invariant ((G, G+, u), K, A, r), there is a unital simple C *-algebra A = lim(Ay, & n+1)
—

in the class JVOZ (see [15, Definition 13.6]) such that
Ell(A) = ((G,G+,u), K, A, r).

We write the symbol Ell(4) = ((G, G4+,u), K, A, r), which means that there are an iso-
morphism kg from (K¢(A), Ko(A)+,[14]) to (G, G+, u), an isomorphism k1 from K; (A4)
to K and a continuous affine homeomorphism k7 from A to 7'(A) such that

ralier (1)) (x) = r(v)(ko(x))
forall x € Ko(A) and forall T € A.

Definition 2.19 ([11], [15, Notation 13.1]). Fix a set X. We called a subset with (finite)
multiplicities in X is a collection of elements in X’ which may be repeated finitely many

times. Denote by a~" the subset with multiplicities {a, a, ...,a}.
m
Let A ={a]7™.,a;™,...,a;™ }and B = {a]"",a5"™,....a;""} (some of the m;

(or n;) may be zero which means the element a; does not appear in the set A (of B)). If
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my < njforalll =1,..., L, then we say that A C B. We define

. f,~max{my,n1} ~max{mz,nz} ~max{mp,np}
AU B :={d] ,a, S 4
AN B = {armiﬂ{ml,nl}’ a;min{mz,nz}’ . ’a"’min{ngnL}},
X ~max{m,—n1,0} ~max{mo—ny,0} ~max{my—ny,,0}
A\B := {a] ,a, N },

AUB = {a;(ml-irnl)’a;(mﬁnz)“ a]’:(mL"‘nL)}'

When both A4 and B are ordinary sets, the symbols above yield the same results as the
usual set operations of union, intersection, complement, while for the set of disjoint union
operation is only good for the case A N B = @.

Notation 2.20. Let A be a finite set with multiplicities. We will use the symbol #(A4) to
denote the number of elements in A.
For example, if A = {a7™", a3, ... .a;"""}, then §(4) = my + --- + mp.

Notation 2.21. Let A be a unital sub-homogeneous C *-algebra, that is, the maximal
dimension of irreducible representations of A is finite. We will use Sp(A4) to denote the set
of equivalence classes of all irreducible representation of A and RF(A) to denote the set of
equivalence classes of all (not necessarily irreducible) finite dimensional representations.

Particularly, the set Sp(A) will serve as a base set X’ when we talk about a finite set
with multiplicities.

Notation 2.22. Let A and B be two C *-algebras and let ¢ : A — B be a x-homomorphism.
We will write Sp(¢) to denote the set

Sp(p) := {x € Sp(A4) : kerp C kerx}.

Moreover, when B = M,,, let us use SP(¢) to denote the corresponding equivalence
classes of ¢ in RF(A).

Therefore, if SP(¢) = {x;™', x5, ..., x; ™"}, where x1, x2, ..., xz, are all irre-
ducible representations and m; > O forall/ = 1,2, ..., L, then

Sp(¢) = {x1,x2,...,x} C Sp(4).

So, Sp(¢) is an ordinary set which is a subset of Sp(A), while SP(p) is a set with multi-
plicities, whose elements are also elements of Sp(A).

Note that if ¢, : A — M,, are two x-homomorphisms, then ¢ and i are unitarily
equivalent if and only if SP(¢) = SP(¥).

Notation 2.23. Let A and B be two C*-algebras. If ¢ is a x-homomorphism from A to
B, and m € RF(B), then we will use ¢|, for the composition 7 o ¢.

In the last part of this section, we introduce the conception of C *-exponential rank.

Definition 2.24 ([26,30]). Let A be a unital C *-algebra and let u be an element of Uy (A).
We will define the C *-exponential rank of u, written as cer(u), to be the smallest element
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of the set of symbols {1,1 + ¢,2,2 + ¢, ..., co} (with the obvious order) consistent with
the following restrictions:

n

(i)  cer(u) <nif u is the product u = [[;

Asa

(i) cer(u) < n + ¢ if u is a norm limit of products as in (i).

—1 exp(2nih;) for some hy, ..., h, €

Moreover, define the C *-exponential rank of A as follows:
cer(A) := sup{cer(u) uelUp(A)}ye{l,1 +¢2,2+s¢,.. oo}

If A is non-unital, set cer(A4) := cer(A4™).

3. Elliott—-Thomsen algebras

In this section, we will introduce an important class of sub-homogeneous C *-algebras,
known as Elliott-Thomsen algebras. This class contains the familiar C *-algebras, such as
finite-dimensional C*-algebras, C([0, 1]), C(T) and dimension drop C *-algebras. This
class of C*-algebras is very important. Such as in [5], Elliott used it and some other
building blocks with 2-dimensional spectra to realize any weakly unperforated simple
ordered group with order unit as the Ky-group of a simple ASH-algebra. In addition, we
introduce some simple properties for Elliott—Thomsen algebras, most of which have been
proven or very easy.

Consistent with most literature, for convenience, we do not distinguish between the
symbols M, (C (X)), C(X,My) and C(X) ® M, for some compact Hausdorff space X .

Definition 3.1 ([5, 10]). Let F and E be two finite dimensional C*-algebras and let
Bo, f1 : F — E be two unital x-homomorphisms. Set

A:=C(0.11.E) @, 5, F
= {(f:a) € C(0.11.E) ® F : Bo(a) = f(0). Br(a) = f(1)}.

Denote by € the class of all unital such C*-algebras, and by €y the sub-class of those
C *-algebras A in € such that K;(A) = {0}.

Fact 3.2. Set [ := Cy((0, 1), E). It is clearly that [ is an (closed two-side) ideal in the
Elliott-Thomsen algebra A and satisfies A/l = F. Consequently, the short exact sequence

0>/ —>A—-F—=0

can be obtained.

Let F:=M1®:--®Mpzjand E := My & --- & Mk, where [/] and {k} are two
positive integers depending on another two positive integers 1 </ < Land 1 <k < K,
respectively. Since A is of type I, (that is, any non-zero irreducible representation ¢ : A —
B(#) satisfies K (H#) C ¢(A) (see [24, p. 169])), the set Sp(A) (or the extreme points of
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T (A)) has canonical one-to-one correspondence with the irreducible representations of A4,
which are given by

K
Sp(4) == |_](0. )i U Sp(F).
k=1
where each (0, 1), is the open interval (0, 1) (We use the subscript k to indicate the k-th
copy.) and Sp(F) = {04, ..., 0L }. More precisely, the corresponding irreducible represen-
tation of an element 6; € Sp(F) C Sp(A) is the x-homomorphism

Hgl ZC([O, ]],E) @ﬂo’ﬂl F — M[l]
(fl,...,fK;al,...,aL)r—>a1.

If we use the symbol # to denote ¢t € (0, 1) C Sp(A), then the corresponding irre-
ducible representation of a given element 75 € Sp(A) is the x-homomorphisms

Htk : C([O, 1],E) @,30’,31 F —)M{k}
(f1.--., fxiar,....aL) = fi(2).

Suppose Ko(Bo), Ko(B1) : Z* — ZX are given by matrices (bY ), (b} ;) € Mkxr(Z+),
respectively. Apparently,

L L
ey =Y "bp, 1= by, k=1.....K (3.1
=1 =1
Further, we also have

K
Aff(T(4)) = {(ERI, ki) € P 0.1 Ry) @ RE
k=1

1 L
Ry (0) = {T}Eb,‘;,,[l]-n,

1 &
Re(1) = m;bk,l[l]-rl, k= 1,...,K},

where Ry = R forallk =1,..., K.

Proposition 3.3 ([15, Proposition 3.5] and [32, Lemma 2.1]). Let F := M ® --- @
My, E := My @ -+ @ My, and let C*-algebra A := C([0, 1], E) g, 4, F € €.
Then, Ky(A) = ZX/Im(Ko(B1) — Ko(Bo)) and Ko(A) = ker(Ko(B1) — Ko(Bo)) with
positive cone Ky(A) N Zi and scale

[1]

s k.

(L]

Furthermore, if K1(A) = 0, then ZL / Ko(A) = K1(Co((0, 1), E)) is torsion free.
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Remark 34. LetU = (Uy,...,Uk;]Ipy, ..., I;z)) be aunitary in A = C([0, 1], E) ®pg, 8,
F. Then,
[U] = [wi.....wg] € Ki(4) = ZX /Im(Ko(B1) — Ko(Bo)).

where wy is the winding number of det(Ug (¢)) € C([0, 1], T) (note that det(Uy (0)) =
det(Ux (1)) = 1) foranyk = 1,..., K.

Proposition 3.5 ([15, Proposition 3.6]). For fixed finite dimensional C*-algebras F :=
My @--- @Mz, E :=Mpy & -+ ® Myky, the C*-algebras C([0,1], E) @g, p, F €€
is completely determined (up to isomorphism) by the maps Ko(Bo). Ko(B1) : ZF — ZX.

Remark 3.6. According to Proposition 3.5, without loss of generality, we can assume

that
Bo:Mu@--- &ML > My @ -+ & Mk
(ay,....ap) = (x1,...,Xxk)
and
Br My @--- @Mz) > Myyy & -+ & Mk
(ai,...,ar) > 1, ..., YK),
where

xi = diag(a; ® Ib;?,l’ oar ® Ib;?,L)’ yi = diag(a; ® Ibll,l’ oar ® Ibh)

forany k = 1,..., K. Unless otherwise stated, we assume that 8¢, 81 have the good form
as above in the remainder of this paper.

4. Some lemmas

In this section, we will prove some lemmas and collect some known results.

Lemma 4.1. Let H, G be two self-adjoint elements in My, written as sp(H)={A1,...,A4}
(see Notation 2.6 for the symbol sp(H)) and sp(G) = {n1.. .., ngq}, respectively. If

exp(2riH) = exp(2niG),
then there is a permutation T € Sy (see Notation 2.1) such that
{Xj — Nz()) 1j = 1,...,q} C Z.

Moreover, if
Ag—1 <A <o <Ay
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and
ng—1<m <. <ng,

(consequently, {exp(2mwiAy),...,exp(2wily)} and {exp(2miny), ..., exp(2wing)} are

both cyclically numbered (see Definition 2.3).) then there exist an integer k € {1,...,q}
such that
M =gy = 00 = Agk = Nek(g—k)
= Agkt1 = Ngkgkn — 1 =" =Ag =Nk —1 € Z

(see Notation 2.1 for the symbol ¢ ).
Proof. The proof is trivial. ]

Lemma 4.2. Let {A1,..., A4} and {n1,..., 14} be two finite subsets of the unit circle
T, which are both cyclically numbered. Then, for any © € Sy, we can choose an integer
k e{l,...,q} such that

max {|A; — ekl i =1,....q) <max{|A; —npnl:j =1.....q}.
Proof. The proof is trivial. |

Lemma 4.3 (See the proof of [7, Lemma 3.27]). Let Z := {z1, ..., z4} be a finite subset
of the unit circle T such that zj € ]]{1 (see Notation 2.2) for any j = 1,...,q. Suppose
that (x,y) is a pairin T x T, and write

X = {ul,...,uq+1}={x}uz and y:={v1,...,vq+1}={y}|_lz

(see Definition 2.19), then there exists a permutation T € Sg1 such that

. 4
max{|u; —vepl:j=1...,@@+ 1} < ?,

measured along the circle.
Proof. The proof is trivial. u

Lemma 4.4. Let U and V be two unitaries in My, and let their eigenvalues, counted with
multiplicity, be Ay, ..., g and 11, ..., ng, respectively. Then, there exists a permutation
T € S, such that

max{|A; —nepl:j =1....q} < |U=V|.

Ifboth {A1, ..., Ag} and {n, ..., ng} are cyclically numbered, then t can be chosen
in the form of c* for some integerk € {1,...,q}.

Proof. The first part of the lemma has been demonstrated in the main theorem on [2,
p. 71]. And the second part follows from Lemma 4.2. ]
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Lemma 4.5. Let U be a unitary in C([0, 1], My). Then, for any 0 < & < 1, there exists a
unitary U in C([0, 1], My) such that

() U =u-diag(expmify).....expQrify)) - u*, where fi..... fg € C([0.1])sa.
and u € U(C([0, 1], M,)),

G) U@)e My, has distinct eigenvalues for each t € (0, 1),

(i) T(0) = U(0).T(1) = U(),

(v) |0-Ul<e

(v) foranyt €[0,1], det(U (1)) = det(U(¢)).
Proof. According to [15, Lemma 3.11] (see also [29, Lemma 1.5], and [4, Theorem 4]),
there is a unitary U’ € C([0, 1], M) such that

(1) U’ =u-diag(exp(2migi),...,exp(2wigy)) - u*, where g1,...,84 € C([0, 1])5.q.
and u € U(C([0, 1], My)),

(2) U’(t) € My has distinct eigenvalues for each ¢ € (0, 1),

(3) U'(0) = U(0),U’'(1) = UQ),

@ U -U| <%
Because | U'U* — 1| = |[U" = U| < £, there is a self-adjoint element H" € C([0, 1], M)
with || H'|| < {% such that U'U™ = exp(2wiH’). As U'(0) = U(0), U’(1) = U(1), this
implies exp(2ni H'(0)) = exp(2wiH’(1)) = I,. Combining with the condition || H'|| <
1—86, it is clear that

H'(0)=H'(1)=0cM,. @.1)

Define F(t) := det(exp(Zni%)), which is a continuous function in C([0, 1], T'). On
the one hand, it follows from (4.1) that F(0) = F(1) = 1. On the other hand, we have

det(U' (1)) - det(U* (1)) = (F())? Vi € [0, 1]. 4.2)

Claim. |F —1]| < % -&.
In fact, for a fixed ¢ € [0, 1], write sp(%) ={n1,...,ng} C R and note that | H'|| <
15> then {n1.....ng} C (—7¢7. 167)- Therefore,

det(exp(Zm’ H/q(t()))) - 1‘ =

Combining the arbitrariness of 7, the claim holds.

As F € C([0,1], T), there exists a function 2 € C([0, 1])5.4. With [|]| < % such that
F = exp(2mih). Now, define f; = g; —hfor j =1,...,q, and let U=F. U’, where
F is the conjugate element of F in C*-algebra C([0, 1]). Hence,

|F(t0) — 1] = <X

q
exp(27n' Z 77_1') —1
j=1

U=F U =u-diag(expQrif),... expQ2mify)) - u*,
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which means that the condition (i) holds. Note that

sp(U' (1)) = {exp(2mig1(1)). . ... exp(2migy (1))}

and

sp(U (1) = {exp(2ri - (g1(1) — h(D))). ..., exp(27i - (g4 (1) — h(1)))}.

Therefore, the condition (ii) follows from the fact that U’ (¢) € My has distinct eigenvalues
for each t € (0, 1). According to F(0) = F(1) = 1, the condition (iii) holds. Because

|0 -Ull=|IF-U -U|l<|IF-1|+|U'-U| <&,

the condition (iv) holds. For the condition (v), we have

q q
det(T (1)) = [ | exp(@rei - (g5 (6) — h(1)) = (H exp(2rig; (r))) - (exp(—2xih(1)))"
j=1 =1
= det(U' (1)) - F1(t) ==L det(U(1)),
as desired. [

Remark 4.6. As[15, Remark 3.13], in Lemma 4.5, we may ensure that f1(0),. .., f;(0) €
[0,1) and

Ja(O) =1 < fit) <--- < fq(t)
forany ¢ € (0, 1), which means that {exp(27if1(0)),...,exp(2mif;(0))} C T is cyclically
numbered.

The following lemma is due to Nielsen and Thomsen.

Lemma 4.7 ([25, Lemma 2.2]). Let p; : [0,1] = T,i = 1,...,q be continuous functions
such that the p;(t)’s are mutually distinct for all t € [0, 1]. Assume {p; (0) :i =1,...,q}
is naturally numbered and that {p1(0), ..., pr(0)} ={p1(1), ..., pg(1)}. Let T € Sk such
that

pi(l) = pr»(0), i=1,....q.
Then,
() t=ckforsomek e{l,... q);
(ii)  the winding number of the loop [0,1] >t € ]_[;121 pi(t) € T liesinqZ + k.
Lemma 4.8. Let U and V be two unitaries in C([0, 1], My) satisfying U(0) = V(0),
U(1l) = V(1), and for any t € [0, 1],

det(U(t)) = det(V(1)). 4.3)
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Suppose that {z1, Z2, ..., Zm} is a finite subset of the unit circle T and n is a positive
integer. If forany j = 1,...,n,

tdz1, . ozmy N L) > g, (4.4)
(see Notation 2.20 for the symbol §(-)), then there is a unitary W € C([0, 1], My4m) such
that W(0) = W(1) = Ig4m and

|diag(U.z1. ..., zm) — W diag(V. z1.....z;) W*| < 237”

Proof. The idea of this proof originates from [6, Theorem 4], and in addition, the reader
can also refer to [25, Lemma 2.3]. Because, in the general case, the natural number 7 in
this lemma is large enough, for easy calculation, we use the arc length as the distance
between two points on the unit circle T, which is not fundamentally different from the
classical Euclidean distance.

Obviously, the inequality m > nq holds according to the assumption (4.4). Without
loss of generality, assume

{Zq(j_1)+1,...,Zq(j_l)_HI}C{Zl,...,Zm}ﬁIjn, j=1,...,n. 4.5)

It suffices to show that for some unitary W € C([0, 1], My +4ngq) such that W (0)=W(1)=
Ij4ng and

_ .23
|diag(U. 21, ..., 20g) = W -diag(V, 21, ... 2ng) - W*| < = (46)
n

Once the above is true, the lemma is justified by defining W = diag(l;f/, Ln—ng)-
Now, we will begin to prove (4.6). Firstly, find a small enough 0 < 20 < % such that
forty,1; € [0,1] and |t; — £2]| < 20, we have

b4 b4
[Ut) = U@ < 5- and [[V(n) = V()] < 5. 4.7
2n 2n
Next, choose two unitaries U and 17 in My such that
(1) both U and (7 have distinct eigenvalues, and
sp(U) N {Z1,. . Zng} = sp(U) N{zy,. s Zngy =0;
(2) for U, there is a path P in U(My) satistying P(0) =U@©) = V(©0),P(1)=U
and .
[P@)—U©O)| < 5, Vil 1k (4.8)
n
(3) for (7, there is a path Pin U(M,) satistying I§(O) = (7, F(l) =U(1) = V(1) and

|P(6)—U)| < = Vielo1l. 4.9)
2n
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Foro, P, 1‘§ above, we construct two unitaries U’, V' € C([0, 1], M) as follows:

P(%) if0<t <o,
P (3t ifo <t <20,
U'(ty=qU(E22)  if2o0 <t <1-20,
P2ty if1-20<t<1-o
P9y ifl—o <<,
P(L) if0<t <o,
P (3t ifo <t <20,
and V'(t) = {V(iZZ) if20<1<1-20,
P2ty ifl-20<i<l-o0,
Py fl—o<r<1.
As a consequence,
-0 <Z and |v-v|<Z (4.10)
n n
and
U@)=V'(oc) and U'(1-0)=V'(1-0). 4.11)

Now, we divide into two cases for discussion.

Case 1. If z1, ..., zyq are mutually distinct.
In this case, according to Lemma 4.5, for the restriction element diag(U’, zy, ...,
Zng)|[0,1—0] there is a unitary U € C([o, 1 — 0], Myynq) satisfying

(U-1) there exist a unitary u € C([o, 1 — 0], My1nq) and (¢ + nq) continuous func-
tions iy, ..., hg4ng € C([0,1 —0))sq. wWithh; (o) € [0, 1) forl =1,...,(q +
ng)and hy < -+ < hgynq such that

U = u - diag(exp(2ihy). ....expilging)) - u*,

(U-=2) U (t) € My4nq has distinct eigenvalues for each ¢ € [0, 1 — 0],

(U-3) U(o)=diag(U’'(0),z1,.. .+Zng) and U(l—o0)=diag(U'(1 —0),z1,... v Zng)s
(U-4) U —diag(U", z1, ... zng)ll < Z,

(U-5) forany ¢ € [0,1 — o], det(U (¢)) = det(diag(U’(¢), z1. ... 2 Znq))-

Similar argument applies to the restriction element diag(V’, z1, ..., Zng)l[s,1—0] €
C([0.1 — 0], Mg4ngq), hence, there is a unitary V € C([o, 1 — 0], My4n4) satisfying
(V-1) there exist a unitary v € C([o, 1 — 0], Mg4nq) and (¢ + nq) continuous func-
tions g1,...,8¢+nq €C([0,1 —0])s.q. withg; (o) €[0,1) forall/ =1,...,(q +
nq)and g < --- < g4+ngq such that

V = v -diag(exp(2mig1),....exp(2wigg+nq)) - V™,
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(V-2) V(1) € My 44 has distinct eigenvalues for each ¢ € [0, 1 — o],
(V-3) V(o) = diag(V'(0),z1.. .. .Zng) and V(1 —0)=diag(V'(1—0),z1,... 2 Zng)
(V-4) |V —diag(V'. 21 ... Zng) | < 2,
(V-5) forany 1 € [0, 1 — o], det(V (r)) = det(diag(V'(¢), z1, . . . v Zng))-
On the one hand,

@.11) @.11)

U(o) V(o) and U1 —o0) V(1 —o0).
On the other hand, combining Lemma 4.4 with Remark 4.6, for any ¢ € [0, 1 — o], we
have,

sp(ﬁ(l)) = {exp2mihi(t)),...,expQuihginq(t))}, (4.12)
sp(V (1)) = {exp(2mig1 (1)), ... exp(27igq+nq (1))}, (4.13)

and assume that for an arbitrary ¢y € [0, 1 — 0],

sp(diag(U'(t0), 21, - -+ Zng)) = {A1s ..., Agtng} 4.14)
and
Sp(dlag(V/(t0)7 Zl’ L] an)) = {771» ce nq+nq}a (415)

are all cyclically numbered. Now, noting that /; (o) € [0, 1) (see (U-1)) and g; (o) € [0, 1)
(see (V-1)), we get
hi(0) = gi(0), 1 =1,....(q +nq). (4.16)

Below, we will show that
h(l—0o)=gi(1—-0), [=1,...,(¢ +nq) 4.17)

also hold.
On the one hand, it follows from the assumption (4.3) that

q+nq
det(T (1)) - det(V* 1)< ) exp(2nl 3 ) - g (z))) =1 Vielo1-o]
I=1
Consequently, for all ¢t € [o,1 — o], F(¢t) := Zq+nq(h1(t) — gi(t)) € Z. Note that {h; :
I=1,....(g+ng)}U{g:l=1,...,(¢ +nq)} C C([o,1— o)), thus, the map F(¢) =
Sy 1) — g1(1)) € C([o. 1 — o). So,

Fit)=F() =20 Vieol-0]
Particularly,
q+nq
> (1 —0)—g(l—0)) =0. (4.18)

I=1
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On the other hand, by using Lemma 4.1, there exists an integer kg € {1,..., (¢ + nq)}
such that

hi(1—0) = gckoqy(1 —0)

= = higtngko (1 =0) = &eko (g ng)—k0) (1 =)

= h(g+ng)—ko+1(1 = 0) = & ko (g4nq)—ko+1)(1 —0) — 1
= =hg4ng — Ecko(ging)(1 —0) — 1 € L.

Hence, it follows from (4.18) that ¢(/) = [ hold for all [ = 1, ..., (¢ + nq). That is,
hi(1—0)=g;(1—0)holdforalll =1,...,(q + ngq).

Now, for ty € [0, 1 — 0] above. By Lemma 4.4, (U-4) and (4.14), there exists an integer
k e{l,....(q + nq)} such that

. b
max{|A; — exp(27i -gg,;(l)(to))} l=1....(g+nq)} < oPe (4.19)

Similarly, by Lemma 4.4, (U-4) and (4.15), there exists an integer ke {1,....(q +nq)}
such that

; b4
max{|n; — exp(2mi 'hg,;(l)(to))| =1,....(¢ +ng)} < 2 (4.20)
Claim. There exists an integer k such that

4
max{|ll—n§,;(1)| l=1,....(g+nqg)} < - 4.21)
According to Lemma 4.2, to prove the claim, it is sufficient to show that there exists a
permutation T € Sy 4,4 such that
4
max{|k1 — 7’},:(1)| =1,...,(q +nq)} < o
Note that {z1,...,Zng} = A1, ... Aggng)t N AN, - .., Ng4ng). Write
X = {X],...,Xq} = {/‘{1,...,)tq+nq}\{21,...,2nq},
Yi={y,....ygt =1{m.-. .. ng4ngt\{Z1.- - .. Zngq}

(see Definition 2.19) and note that §(X) = #(¥) = ¢. According to (4.5), for a fixed
[=1,...,q,the set

Zy =121, Zg+1, - - Z(n—1)g+1}
satisfies z(j_1)g+i € I}’ forany j = 1,...,n. Now, for the pair (x;, y;) € X x Y, write

X1 :={p1,-- pn+1} ={x;}U0Z; and ¥Y;:={vy,...,vp1} = {} U Z;.

By using Lemma 4.3, there exists a permutation t; € S, 41 such that

4
max{|us —v,l(s)| s=1,...,(n+ 1)} < 7]1
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Note that

q q
X=||x and ¥=]|]¥.
=1 =1

Hence, there exists a permutation T € Sy 4,4 such that

4
max{|A; —neqp| :{ =1.....q + nq} < %,

which proves the claim.
Combining (4.19), (4.20) and (4.21), for ty € [0, 1 — o] above there exists an integer
ke{l,...,(g + nqg)} such that

5
max{|exp(27ig; (o)) — exp(2ih iy (o)) 1 = 1,....(q +nq)} < 7” (4.22)

Thus, we can define a path plt" :[0,1] — T satisfying p;" (0) = exp(2mig;(t0)), p;"(l) =
exp(2rwih k(o)) and

5m
PI'$) = PO < — Vs €[0.1].

In addition, note that (4.16). Now, foreach/ = 1,..., (g + ng), set

exp(Rrih;(3(o —to)s + tg)) if0<s <1,
pi(s) = § exprigi(3(to — 0)s + 20 — 1p)) if% <s < %,
p’(3s—2) if2<s<l.

Consequently, a path P on the unit circle T can be obtained by defining

P:[0,1]—T,
g+nq

s> l_[ Di(s).

=1

Note that P(0) = P(1) = exp(2ni Z;’:ln 7 hy(tg)). Let us denote by W the winding num-

ber of the loop P. According to the definition of P, first, we have

5
W @tng) _5q-(+n)

W<
2 2n

Since ¢*(1) = (I + k)mod(q + nq) € {1,...,(q + nq)}, by using Lemma 4.7, we have
W € (q +nq)Z + k, and so,

min{k, (g + nq) —k} < |W|.

Thus,
5¢-(1+n)

min{k, (¢ +nq) —k} < Wl < ——
n
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holds. Hence, the open minor arc / with endpoint exp(27ih;(t0)) and exp(27wih k(o))

satisfies
. . 5g-(1+n
B O fexp (@it (o). . exp(@rity tng o)) < L0 .
Thus, by (4.4), we get

< 5(1+n)'

8N4 =1,....n)) >

It follows that

max{|exp(27ih k() (t0)) — expmihy(t0))| : 1 = 1.....(q + nq)}

2 5(1
<_ﬂ.(<_+">+2)<14_¢
n 2n n

Combining (4.22), we can show that

197
max{| exp(2mih;(t9)) — exp(2migi(to))| : 1 = 1,....(q +nq)} < —

Consequently,

|diag(U’ (1), z1. . ... Zng) — (uv™)(t) - diag(V'(t). 21, . .. . Zng) - (VU™ (@) < 1’%

forany ¢ € [0, 1 — o]. Here, both u and v are elements in U(C ([0, 1 — 0], Mg4n4))- Recall
that

diag(U'(0), 21, . ... Zng)

= (o)
u(o) - diag(exp(2ihi(0)). . ...exprihg4nq(0))) - u*(0),
diag(V'(0),21,- -+ Zng)

=2 (o)

(V-1)

(U-D

v(0) - diag(exp(2ig1(0)). ... exp(2Tigg1ng (0)) - v (0)

and

diag(U'(1 —0),21,.-+,2Znq)

22 J(1-o0)

(U-1)

u(l —o) - diag(expQnihi(1 —0)),...,exprihg4ng(1 — 0))) - u*(1 — 0),
diag(V'(1 = 0),z1,...,2nq)
(V-3)

V({1 —o0)

v(l — o) - diag(exp(2migi(1 — 0)),....exp2rigg4+nq(l —0))) - v*(1 — o).
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Note that
diag(U’(0). 21, ... Zng)
LD diag(V'(0), 21, - - -, Zng),
diag(exp(2mihi(0))....,exp2uihgynq(0)))
Al diag(exp(2mig1(0))....,exp2rigy+nq(0)))
and
diag(U'(1 —0),21,...,2nq)
L1 diag(V'(1 —0),21,...,Znq),
diag(exp(2rhi(1 —0)),...,exprihgynqe(1 —0)))
a1 diag(exp(2igi1(1 —0)),...,exp(2rigg4nq(1 — 0))).
Thus,

diag(U’(0), z1, ..., Zng) = (uv*)(0) - diag(V'(0), z1, . . ., Zng) - (Vu™)(0)

and

1296

diag(U'(1—0),z1,...,2ng)=wv*)(1 —0) -diag(V'(1 —0),21,...,2Znq) - (u™)(1 —0).

By using [1, Proposition 4.4], there is a path Q : [0, 0] — U(My4nq) With Q(0) = I;4nq

and Q (o) = (uv*)(o) such that

diag(U'(0), 21, ..., 2ng) = Q(t) -diag(V'(0), 21, ..., 2Zng) - Q*(t) V¥t €0,0].

For same reason, there is a path é ([ —o0,1] > UMg4nq) with Q:(l) = Ij4nq and

Q:(l —0) = (uv*)(1 — o) such that
diag(U'(1 —0),z1,...,2Znq)
= Qz(z) dlag(V/(l - U),Z], .. 7an) : Qz*(t) Vl € [1 — 0, 1]

Now, define

(1) if0<rt <o,
W(t)={ uv*)(t) ifo<t<l—o,
o(t) ifl—o<t<1.

Evidently, W (0) = W (1) = Iy4nq. According to (4.8) and (4.9), it is easy to check

~ ~ 20
||diag(U’,zl, ceenZng) — W -diag(V' 21, ..., Zng) - W*|| < —n.
n
It follows from (4.10) that
. ~ . ~ 2lr 23w
||d1ag(U,zl, s Zng) — W -diag(V,z1,....20q) - W || < — < —.

n n
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Case 2. Ifforsome j =1,...,n,theset{zg(j—1)+1.-- -+ Zq(j—1)+q) ={Z1,-- - Zng} NI}
satisfies that there exist two elements zy(; 1)+, Zg(j—1)+1, € I/." such that zg(j—1)41, =
Zg(j— .

q(j—1)+1

In this case, we can choose to replace {zg(j—1)+1.- - -»Zg(j—1)+¢ )} With {Zc;(j—l)+1 ey
/ n / / ot
Zq(j—1)+q} C Ij , Where Za(—1)+1° 2 Zg(j—1)+q AT€ mutually distinct. Thus, the problem

now transforms into Case I. That is, there is a unitary W € C([0, 1], My 1nq) satisfying

~ ~ 21
|diag(U, 2}, ..., 2h) = W - diag(V, 2},...,z)) - W*| < ==
n
Note that
. . , , 2
”dlag(zl, ...y Zg4ng) —diag(zy, ..., Zq+nq)|| < -
Thus,
~ ~ 23
Hdiag(U,zl, ceisZng) — W -diag(V,z1,...,2Znq) - W*H <2
n
Hence, (4.6) also holds in this case, as desired. [

Lemma4.9. Let I, E be two finite dimensional C*-algebras and A = C([0,1], E) @, s,
F be a Elliott-Thomsen algebra. Suppose U is an element in Uy(A), then there is a uni-
tary V such that

det(V(t)) = det(U(¢)) Vt € Sp(A)

and cer(V) = 1.
Proof. Let F :=M[;1 @ --- @ M|z}, E := My, © -+ @ Mykj. Suppose the two group
homomorphisms
Ko(Bo) = (b)), Ko(B1) = (b ) = Ko(F) = Z* — Ko(E) = Z*
are induced by By, B1 : F — E, respectively, and set
(i) = (b} ) = (Bf) = Ko(B1) = Ko(Bo).

Write U = (Uy,...,Ug;uy,...,ur). It follows from Lemma 4.5, foreachk = 1,..., K
and a (fixed) small enough & > 0 there is a unitary U, € C([0, 1], Myxy) such that

(1) Uy =uy -diag(exp(2rif¥),... exp(2mi f{’;})) -} where g €U(C([0, 1], Myry))

and ff..... fiy € C([0.1])s.a.s

(2) Ug(t) € My has distinct eigenvalues for each ¢ € (0, 1),

(3) Uk (0) = Uk (0), Uk (1) = Uk(1),

@) U = Ukl <,

(5) forany t € [0, 1], det(Ug (1)) = det(Ug (2)).
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LetU = (Uy,..., Ug:uy,...,uz). Note that forany / = 1,..., L, the unitary u; € My
have the form

u; = 1 - diag(exp(2riAl), .. .,exp(2nikf”)) 47,

where 1i; € U(Mpp) and )Lll, .. ,)Lfl] € [0, 1). Without loss of generality, for any k =
1,..., K, assume

(FEO. . fE @) = ()™ =1 L j = 1)

And, set )
~b .
{h 2y =0 R =1L =1 1),
then there exist {k} integers m’l‘ e ml{‘k} such that
k k k k k k
{fl (1), coey j‘{k}(l)} == {Zl + ml, “ o ’Z{k} + m{k}}.
Now, write

hy =y - diag(—Ay. ... =Afy) -ar. I=1.....L,
and then, b= (h~1, ... ,ﬁL) € Fy .. Note that
exp(2m’};1)-ul=ul-exp(2ni}~zl)=l[1], l=1,....L

and, for all k = 1, ..., K, both Hk(ﬂo(ﬁ)) and Hk(,Bl(ﬁ)) are elements in (Myx})s.q.
satisfying
exp(27i - T (Bo(h))) - Ug (0) = U (0) - exp(2ri - Mg (Bo(h))) = Igay.
exp(2mi - T(Br(h)) - Ug (1) = Uk (1) - exp(2i - e (B1 () = Lygy,

where Il is the quotient map from E = My @ --- @ My to Myy. Evidently, for an
arbitrary k = 1,..., K,

(4.23)

(T (Bo()) = {(—ADy ™1 1 = 1. Li j = 1..... I]}(CR).
sp(Tg (B1 () = {(=AL) Pkt s 1 =1, L j = 1,..., [[]}(C R).

For convenience, we renumber the elements in both sp(I1x (,30(h~))) and sp(T1x (B (ﬁ))),
written as {6%, ..., G{kk}} C R and {0%, ..., z9{kk}} C R, respectively. Now, we can arbi-

trarily choose {k} continuous real-valued functions g’f e grfk) such that

{g'f(O),...,gfk}(O)} = {oF,. ..,9{"k}} and {g'f(l),...,gfk}(l)} = {vf,.. .,ﬁfk}}.

Set
Hy = uk-diag(glf,...,gfk})-uz, k=1,....K
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and then, H := (ﬁl, e FIK) € C([0, 1], E)s.4.. Obviously, (ﬁ; ﬁ) € Ag 4. and
[U] = [u] = U expri(H:h)] =0 € Ky (4) = Z¥ /Im(Ko(B1) — Ko(Bo)). (4.24)
Note that foreachk = 1,..., K, we have

{k}
det(Uy (7) exp(2i Hy (1)) = exp(an ko +z (r)))

s=1

Thus, the function det(Ug (-) exp(27i Hi () € C([0, 1], T) and

(4.23)

det(U (0) exp(2i Hy (0))) det(Uy (1) exp(2i Hi(1))).
We can calculate that the winding number of det(Uy (-) exp(27i Hi (1)) is

Ve 1= w(det(Ug (1) exp(2mi Hy (1))))

{k} {k}
= > (fFW + gk = (ko) + g0y

s=1 s=1

{k} {k}
=D (W = £FO) + ) (@1 - g 0)

s=1 s=1

{k} L {k} {k}
=> @ +mh) ZZbk,A’JrZﬁ" 29"

s=1 I=1j=1

L [I] L [I] {k} L

=33 b A= b A +Zm +ZZbk,( Aby

I=1j=1 I=1j=1 I=1j=1

L [
=33 R (A

I=1j=1
{k}

_ k
=3 k.
s=1

Hence, by using Remark 3.4 and (4.24), we get

(v1,...,vx) € Im(Ko(B1) — Ko(Bo))(C Z5). (4.25)
That is, there exists an element (®1,...,Ur) € ZL such that
L
Zﬂl'bk,l:‘}kv k=1,...,K. (4.26)

Now, foreach ! = 1,..., L, defining

j 1 ieos .
A ifj=2,....[]
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We see at once the matrix h; := 1 -diag(nll, e nf”) -1 is an element in (My;))s.q.
with exp(2zih;) = uy, and hence write i := (hy,...,hy) € Fs4.. Then, for each k =
I,..., K, both ITx (Bo(h)) and I (B1(h)) are elements in (Myk})s.q. satistying exp(27i -
I (Bo(h))) = Ur(0) and exp(27i - T (B1(h))) = Ui (1), where Iy is the quotient map
from E = My, @ - - @ My to M, Evidently,

sp(ITk(Bo(h)) = {(h) ™kt sl =1, Ls j=1,.... [}

(T (B () = () ™kt sl =1, Li j = 1. [I]}.

For convenience, we renumber the elements in sp(Ilg (Bo(k)))and sp(I1x (81 (h))), written
as {x’l‘, .. ,xfk}} and {y’f, e, yfk}}, respectively. It follows from Lemma 4.1 that we can
assume

RO —xk fFy -y k=1, K;s=1,... {k}} cz, (4.28)

and hence, Z{k}l (f¥(0) — x*) and Z{k}l (f*(1) — yk) are two integers.
Claim. We have

k) {ky
Y =yH = (fFo) -k ez
s=1 s=1
Note that
k) L 1 - l
doxi =) mibly ZZ’\ bk1+zmbk1’
s=1 I=1j=1 I=1j=1
k) L 1 , - l
Z)’s ZZ bkl ZZ’\ bkl"*'Z:“lbkl’
s=1 I=1j=1 I=1j=1
thus,
i L (4.26)
Z(yf—xf)=22ﬂ bk1+2m biy == Z(f"(l)—f (0)).
s=1 I=1j=1
That is,
k) {k
Y M —yH =Y (fFo-xhH ez, (4.29)
s=1 s=1

which proves the claim.
k k
Foreach k = 1,.... K, setar := Y\ (fk(1) — yby = 2 (K (0) — k) €.
Forany s =1,...,({k} — 1), we can arbitrarily choose the real-valued function gs on the
closed interval [0, 1] only satisfying

gfO) =xF and gF(1) =)k
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For the case s = {k}, let

{k} {k}—1
g =Y ff)- > gt —a.
i=1 s=1

For the {k} functions g’f, ... ,g{‘k} € C([0, 1])s.q., it is evident that
(1) gfk}(O) = x?k} and g?k}(l) = J’fk}’

@ X gk = X8 fF0) —ap v e 0.1,
Now, we can define Gy := uy -diag(g’f, e, gfk}) -u,‘: forany k = 1, ..., K. It follows
from 1 that G := (Gq,...,Gk;hy,... . hp) € Ag4. and det(exp(2wiG(t))) = det(U(t)) =
det(U(?)), for any ¢ € Sp(A), which is clear from 2. Therefore, set V = exp(27iG), as
desired. ]

Remark 4.10. If we write V = (V1,...,Vk;vy,...,vp), thenv; = u; foralll =1,...,L
and Vi (0) = U (0), Vi (1) = Ux (1) forall k = 1,. .., K, which are clear from the process
of the proof.

5. Elliott—-GLN construction

It has been showed in [15, Theorem 13.50] for any weakly unperforated Elliott invariant
(G, G4+,u), K, A, r), there is a unital simple C*-algebra A = lim(A,, &,,n+1) in the
—

class N such that
Ell(A) = ((G,G4+,u), K, A, r).

We will modify the construction—mainly we will modify the definition of *-homomor-
phism &, ,+1, now we will call it £, , 1. Therefore, it is necessary for us to recall the
part concerning the treatment of groups in the Elliott—-GLN construction, as well as to
introduce the construction of C *-algebras 4,,.

Now, fix a weakly unperforated Elliott invariant ((G, G4+, u), K, A, r). It is important
to point out that we do not make the two assumptions that G is torsion free or K is a trivial

group.
Fact 5.1. Below, we will present the construction on the level of groups in Elliott—-GLN

construction.

Step 1. [15, 13.9]. Let G' C Aff(A) be a countable dense subgroup with at least three
Q-linearly independent elements and let H = G @& G'. Define

He={(g.f)€G @G :r(1)(g) + f(x) > 0 Vr € A} U{(0.0)}.

And, the order unit u € G when regarded as (#,0) € G & G! = H is also an order unit of
H_ . Note that Tor(H) = Tor(G), and G is a relatively divisible subgroup of H, that is, if
g € G,h € H and m € Z\{0} such that g = mh, then there is g’ € G such that g = mg’.
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Step 2. 1t was shown that H/ Tor(H ) is a simple dimension group [15, 13.9]. Hence, we
can obtain the commutative diagram of groups [15, Lemma 13.24]:

D[ Y12l T L TorJ(jH)
H, /23 H, [I
H| H/Tor(H),

where H, = D, @ H), is a finitely generated Abelian group with D, = Tor(H,). Write
H) = 7P = H,/Tor(H,)(p, = 3) and define

(Ha)+ 1= (Z+\{0}) ® Tor(Hy,) U (0,0)) & Z4"~",

where Z is the set of natural numbers {0, 1,2, ...}, then y, ,41 is a positive group
homomorphism. Moreover, we can guarantee that H, has an order unit u, € (Hy)+ such
that y,, oo (un) = (u, 0) for all positive integers n. That is, y, n+1 @ (Hu, (Hp)+, Un) —
(Hp+1, (Hp41)+, Un41) (see Definition 2.11).

Step 3. From Step 2, we can obtain the commutative diagram of groups [15, 13.26]:

Gf 71216, Gf T\
H —  H, H

H /G 25 Hy )Gy —— - — s H/G,

where G, := H, Ny, 1(G) is a relatively divisible subgroup of H, and (G,)4 :=
(Hn)+ N Gy

Note that u € G C H, thus both H,, and G,, share the same order unit u,,. Because G,
is a relatively divisible subgroup of H,, hence, H, / Gy is a finitely generated free Abelian
group, written as H, /G, := Z" . Obviously, the conclusion that Tor(G,) = Tor(H,) =
D, C G, holds, so, the quotient map H,, — H, /G, induces the map

7tn : Hy/ Tor(Hy) = ZP" — H, /G, = Z'.

Step 4. (see the end of [15, 13.26]) The group K is written as the inductive limit of finitely
generated Abelian groups, as follows:

X122 X2,3 Xn,n+1
Ki =K, ~—> .- > K, —> ... > K.

9 “ ’

To avoid ambiguity, we replace the subscript “n” with the subscript “x
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Fact 5.2. Let ((H., (Hy)+,u4, Gy), K,) be a 5-tuple of groups satisfying

(i)  H, is a finitely generated Abelian group, written as H, = Tor(H,) & Z?* =
EBf “HZ, where p, is a positive integer greater than or equal to 3 depending on
the subscript “x”, and

HS =

*

Z & Tor(H,) ife =1,
Z ife=2,..., px;

(i) G, is a proper relatively divisible subgroup of subgroup of H, with Tor(H,) C
G.. Consequently, Tor(G,) = Tor(H,), and H, /G, is a finitely generated free
Abelian group, written as Z!*;

(i) set (Hy)+ = ((Z+\{0}) & Tor(H,) U (0,0)) & Zi*_l, and define (G,)+ =
G. N (H*)+§

(iv) both H, and G, share the same order unit u, € (H,)+\{0};

(v) K, is afinitely generated Abelian group.

Now, we will construct a separable C *-algebra A, such that

((Ko(A4). Ko(Ax) +. [14,]). K1(44)) = (G4, (Gu) 1. ux). Ky).

Fact 5.3. Step 1. Write
D+
e = (. 1. 7). [*.2]..... [*. p]) € H, = @D H?,
e=1

where 7, is an element in Tor(H,) C H]}, and foreache = 1, ..., p., the element [, e]
is a positive integer depending on the indices “x” and “e”. Thus, we can obtain a finite
dimensional C *-algebra

Fo:=Mp11® - @ M, p,]-

Step 2. Because Tor(Hy) C Gy, H. — H,. /G, induces a quotient 7, : H./ Tor(H,) =
7P — H,/G, =: Z'. Write 7, = (bj*,e) (see Notation 2.4).

Step 3. Now, choose two [, X p, matrices (b* 0) (b* 1) with entries in positive integers

satisfying (b)) — (b*") = (b},). Note u, EG* Thus, 7. ([*, 1], [*.2], . ... [*, ps]) = 0.

pt
el]e

Px

P ]e -[*,e]forany j =1,. l*.Set

Consequently, - [*, e]

{x, /}_Zb*o [x,e] = Zb*l [x.el, j=1,... 1,

and define a finite dimensional C *-algebra

Ey:=Mp1 @ Mg,y
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Step 4. Furthermore, we can choose two unital *-homomorphisms B, o, B«,1 : Fx — Ex
such that Ko (B.,0) = (b;;o) and Ko(B+,1) = (b/.*’;l), respectively.

Notice: We have freedom to choose a sufficiently large positive integer M, and replace
b0 pr! by bj*’;o + M, b5+ M, respectively. Note that the number

J.e’ "J.e > e

by + M) — (b7 + M) = (b)) — (b)) = (b],).

e e

That is, we can guarantee that

min{b"’0 byl =1,... l;e= L....ps}

Jj.e’"j.e
is large enough. In addition, both B, ¢ and B.,; could have good forms (see Remark 3.6).

Step 5. Define
AC,,, = C([O, 1], E*) eaﬂ*,()’ﬂ*,l F, € €.

Step 6. Fix a topological space X, with the base point X, which is a connected finite CW
complex with dimension three and the cohomology groups

H?(X,) = Tor(H,), H?*(X,)=Tor(K,) and H(X.)® H3*X,)=K,.

(For the concrete form of X,, readers can refer to [15, 13.27].)

Step 7. Fix a projection P, in Moo (C(X,)) with rank(P,) = [x, 1] and ch;(Py) = T« €
H?(X,) = Tor(H,). It is natural to obtain a C*-algebra P,Muo(C (X)) Ps. And define
a C*-algebra
(P+Moo(C (X)) Py)ls,
= {a € P.(R:)Moo Pu(X,) : 3a € PuMoo(C(X.)) Py such that a(X.) = a}.
Because rank(P,) = [*, 1], (P«Moo(C (X)) Pi)lz, = M[4,1]. Fix a *-isomorphism j,
from (PxMoo(C (X)) Py)lz, to M, 1.

Step 8. Define
e P,Moo(C(X4)) Py ife=1,
AX *x = .
’ Ms e] ife=2,..., p«

and Ay, 1= Ay, © A, & - ® AY,.
Step 9. Define
A* = {(f, a,dp, ... ,ap*) € C([Ov 1]7 E*) @ A)lf,* 69 A)zf,* @ T @ A)p(:* :
F©0) = Buo((e(@®a). az.....ap)), f(1) = Bun((u(@R)). a2, .. ap,))}

Fact 5.4. In addition, for later convenience, we will introduce more symbols and facts.
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(1) Let us assume that

L={(f;a.as,....ap,) € Ax :a=0anda, =0, e =2,..., p.},
J*:={(f_;a,a2,...,ap,)eA*:sz,a(i,,)anndae =0,e=2,....p:}.

Lo+ Jo:={(f;a.az,....ap,) € A :a(R,) =0anda, =0, e =2,...., p,}.

We see at once that /,, J, and I, + J, are (closed two-side) ideals of A, and

AC,* = A*/J* = C([07 1]7 E*) 69,3*,0,,3*,1 F* S \60»

p*
AX,* == A*/I* = @A)e(,*a

e=1

Fo = A/ (L + J0).

Denote by [y, : Ax — Acs, Hy 4 : Ax — Ax . and 117 : A, — F, the corresponding

quotient maps.
Note that

((Ko(Ax +), Ko(Ax )+, 14y, ], K1(Ax %))
= ((Hs, (Hi)+,us), Ky,
((Ko(Ax ). Ko(Ak D4 [Lay D K1(4,)
= ((Z ® Tor(H,), (Z+\{0}) & Tor(H,) U {(0,0)}, ([*. 1], 7x)). K,).

(f;a) € Ac,» 1a = 0};

I, =
. ap,) € Ax .« :a(Xy) =0anda, =0, e =2,..., p.}.

{
7, {(a,as,..

x =

Note that I, and J, are ideal for Ac . and Ay ., respectively, and satisfy Ac /I, =
Ax «/Js = F.. Denote by TI¢, , : Ac,x — Fi, 11§, : Ax,» — F, the corresponding

quotient maps.
(3) The quotient maps involved above satisfy the following commutative diagram:

Ij«
A, — Ac,»

5.1
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(4) It is clear that

l‘k
Sp(1) = |_|(0.Dujr Sp(J) = X\,
j=1
Sp(Ac,») = Sp(1.) USp(Fy), Sp(Ax,) = Sp(J.) USp(F.),
Sp(F*) = {9*,1» ceey 9*,1)*} = Sp(AX,*) N SP(AC,*),
Sp(44) = Sp(Ix) U Sp(Ax,») = Sp(J+) USp(Ac,x) = Sp(Ax,+) U Sp(Ac.+).
We can also see that Sp(Ax,.) = X. U Sp(F,), with 6, 1 € Sp(F,) identified with X, €
X, = Sp(Ay ).
(5) In general, O, ;, 1. ; ¢ Sp(Ac,«), but belong to the set RF(Ac, ) (see Nota-

tion 2.22), that is, both 0O ; and 1, ; correspond to a finite-dimensional representation
of Ac,. (also, of A,), respectively. Precisely,

Nb*,o wa,O ~b;’11 Nb*,l
’ } (5.2)

L Js1 J:Px R P
0ny = {000 00 and Ly = {0000

forany j =1,..., /.
(6) Note that

Aff(T(F,)) = RP* and Aff(T(E.)) = R'*.
As Ko(Bx,0) = (b;’eo) and Ko(B4,1) = (b;’el), hence,

Bty R > RE,

Wi = (W*,l, ce ,W*,p*) = (Zg,l, ce ,Zg,l*)
and
ﬁ . RP* er
ﬁ*,l . g )
Wa = (Waloon o Wap,) > (20 1o zh ),
where forany j = 1,..., 1,

1 &, 1 &,
zg,j = — ij”eo[*,e] “W4,e and zi’j = —F ij,;l [*, €] Wie.
xJj = xJj =

(7) For any j = 1,..., [, let I, ; be the quotient map from E, = My, 1} @ -+ ®
My, 1, to My, j3. Evidently, the induced map H’i’ ; 18 just the j-th coordinate projection
onto R’*.

(8) Obviously,

Aff(T(Ax,)) = C(X,.R) @ RP+~!
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and

Aff(T(A,)) = {(G*,l, cos Gl 8y 8520 -+ 8wupy)

e
< @C([O’ 1.R;) ® C(X,.,R) @ R?*" :
j=1

Gy (©) = T (B 4(g2)), Gy D =TI (B (g0 j=1.. .. z*},

by writing g.,1 = g«(X1) € R and g, 1= (g+,1,-- .. &+,p,) € RP*, and where R; = R
forall j =1,...,1L.

6. Main theorem

Lemma 6.1. Let X1 be a connected finite CW complex with dimension at most three,
with the base point X1, such that the cohomology groups H*(X,) and H3(X,) are finite,
and let {x1,x2, ...} C X1\{X1} be a countable dense subset in X. Suppose that Py is a
projection in Moo (C(X1)), then for any finite set § C Uy(P1Moo(C(X1)) P1), € > O there
exists a natural number N such that we have the following.

If X5 is a connected finite CW complex with dimension at most three, with the base
point X, such that the cohomology groups H?(X») and H3(X,) are finite, and for any
a € KK(C(X1),C(X2))4 withrank(a([1¢(x)])) = N, then there exist a projection Q €
Moo (C(X2)) with a([P1]) = [Q] and a unital x-homomorphism ¥ : P1Muo(C(X1)) P1 —
OMuo(C(X3))Q satisfying

0 KK@W)=aq,

(ii) foranyu € ®, there exists a self-adjoint element ) € QMo (C(X2)) Q such that

[V (u) — exprih)| < e.

Proof. Tt is obvious that for some positive integer / such that u € Up(P1M;(C(X1))P1)
for any u € . Note that the following inductive sequence:

Onn+1

M; (C(X1)) o2, M1 (C(X1)) = - Mp1 (C(X1)) —— M@p1y(C(X1)) -+ — A,
where

Pnnt+1 : Mpri (C(X1)) = M4y (C(X1))
S diag(f(x), f(xn), ..., f(xn)).
Let A = li_I)n(Mn!.l(C(Xl)), ®n.n+1), according to [17] (or [18]), then A is real rank zero,

hence, cer(A4) < 1 4 ¢ (see [23]). It means that for each u € § there are a positive integer
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no(u) and a self-adjoint element /1 € ¢1 o) (P1)Mug @1 (C(X1))P1,n0a) (P1) such that
P1,n00u) (1) € P1.n0(u) (P1)Ming a1 (C(X1))P1,m0a0) (P1), 191,n0(u) () — expril)|| <&

Now, set ng = max{no(u) : u € F}and let N = no!- (13]).

(1) It follows from o € KK(C(X1), C(X2))+ and rank(a([1c(x,)])) = N that there
exists a x-homomorphism § : C(X;) — M3(C(X2)) with KK(§|cyx,)) =
o|cy(x,)- Now, we can consider *-homomorphisms § ® id, 1.1 : My 17 (C(X1)) —
Mpy (C(X2)) and (§ ® idpg11) © P10, : M (C(X1)) = My (C(X>2)), and obtain the
conclusion KK ((§ ® idy1.1) © @1,09) = .

(2) Because a([1c(x,)]) € Ko(C(X1)), if write Ng = rank(([1c(x,)])) = N = no!-
13, then there exists a projection Q¢ € Moo (C(X2)) with rank(Qg) = Np. It is
evident that we can guarantee that Q¢ has the form Q; & 1,,1.13 from [19, Theo-
rem 1.2 of Chapter 9]. Now, we can define a *-homomorphism

n:C(X1) > 01Mao(C(X2)) 01
f = f(X)01.

Set
Q = diag(lN, Ql, ey Ql)»
~———
l
which is a projection in Moo (C(X3)). Letrank(Q1)=N1:= Ny —no!- 13, thenrank(Q) =
N =N +1-N; =[Ny = N.If we consider the *-homomorphism A := ((§ ® id,g11) 0

P1,n0) ® (N ®id;) : M;(C(X1)) > OMoo(C(X2))Q and let ¥ := Al pym,(c(xy)) P, » COM-
bining the definition of 7, it is easy to check that v satisfies the conditions appearing in
this lemma, as desired. [

Notation 6.2. For convenience, we write

SP(¥lz,) = {&7€. X7 L xp ™M) 6.1)
(See Notation 2.22 for the symbol SP(v|;,), which is a set with multiplicities.)

Remark 6.3. According to [23,26], in fact, we can guarantee that the self-adjoint element
h € ¢1,no(P)My1.1(C(X1))P1,n, (P) with finite spectrum. Hence, for the self-adjoint ele-
ment ) € OMy(C(X2))Q, too. Accurately speaking, by [19, Theorem 1.2 of Chapter 9],
b can have the form

h=Xiq1 +-+ A5y,

where N = rank(Q), A1, ... ,A5 €[0,1) and qi, ..., qy are mutually orthogonal rank
one projections with q; + -+ +q5 = 0.

Now, we will begin to formally explore how to obtain a C*-algebra A, and a *-
homomorphism from A; to A, by a given C *-algebra A; with the form in Fact 5.3.
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Fact 6.4. Given two 5-tuples

((Hy, (H1)4,u1,G1), K1) and  ((Hz, (H2)+.u2,G2), K>)

with the conditions in Fact 5.2 (with the index “x” replaced by the indices “1” and “2”,
respectively. In the remainder of the article, in most cases, we will omit similar statement).
On the one hand, recall that there exist a finite dimensional C*-algebra E1 = My 13 ®
.-+ My 1,y and a C *-algebra with the following form:

D1
Ay = {(f; a,da,...,dp) € C([0,1], E1) @ PiMoo(C(X1))P1 & @M[l,e] :
e=2
ﬂmZﬂwmﬂﬂhﬁﬂbuq%ﬂﬁﬂnZﬂumﬂﬂ@»ﬂbuw%M}

(6.2)

such that
Ell(Al) = ((Gl, (G1)+, ul), Kl)

Now, fix the C*-algebra A; and set Ko(B1,0) = (bl.l”eo), Ko(B1,1) = (b;”el). Hence,

Aff(T(Fy)) = R?' and Aff(T(Ax.1)) = C(X;.R) @ R?1~1, (6.3)

and

Aff(T(Ay)) = {(Gl,l, oG8, 81,2, -5 81,p1)

I
e@Pc(o.1].R) & C(X1.R) @R~ -

j=1
Gu@=nhwhm»6um=nhwhm»j=LmJ}

6.4)

by writing g1,1 := g1(X1) € Rand g1 := (g1,1. ..., &1,p,) € R?!, and where R; = R for
all j =1,...,1 (see (8) in Fact 5.4).
For convenience, let
B = max{b}”eo,b},’el J = 1,...,]1,6 = 1,...,p1},

M = max{[1,1],...,[1, p1]}-

On the other hand, let y : (Hy, (H1)+,u1) — (Ha, (H2)4, u3) be a group homo-
morphism with y(G1) C G2 and y be a group homomorphism from K; to K». Note that
y(Tor(H1)) C Tor(H>). So, the map y : H; — H, induces a positive homomorphism

Y = (Cke) : ZP' := Hy/ Tor(H,) — Z7* := Hy/ Tor(Hs).



Q. Luo 1310

Using (ii) in Fact 5.2 and the following commutative condition y(G1) C G,, we naturally
obtain a group homomorphism

7= (ds;): Z" := H\/G, — L := H,/ G,
and the commutative diagram
gp V=D g
m1=(b},) m=(b2;) (6.5)

zh — ., 7h

y=(ds,;)
Set
Cip:=min{ck.:e=1,....,p1. k=1,..., p2},
B, = min{bi’,?,bi’kl ck=1,....p2. s =1.....1}
and

J)::max{2,|ds,j| s=1,...,L, j= 1,...,11}.

Below, we will show that when € » and B, is sufficiently large, the construction can go
through under our requirements.

Lemma 6.5. Suppose y and y be given as Fact 6.4 and let Ay be the given C*-algebra
(see (6.2)). If & is an arbitrary non-empty finite subset of Uy(A1), then for any ¢ > 0 and

0 < 6 < 1 there exist a positive integer T with T > % and a finite set Y :={y1,...,ym} C
X1\{X1}, which is §-dense in X1, satisfying the following property.
If
2 ! i /
Cip2> " -max{13, N.co + €] 1.¢] 5.+ € p, }- (6.6)
%2>max{L1,...,le,%-Mplll}, 6.7)
€ P2
where
wi=w;+ -+ WM, (6.8)
o =C+wm=Cc+w + -+ M, (6.9)
I
he=T=1-Y b7 e=1..0p, (6.10)
j=1
p1 I
Ly:= 800 Y [Lel + b2, (w A4+ (T =1 Z{l,j}), s=1... b,
e=1 j=1

(6.11)
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and N, ¢ and w1, ..., Wy (see (6.1)), which are all positive integers, are obtained by
using Lemma 6.1, then there are a C*-algebra A, with the form in Fact 5.3 and a *-
homomorphism £ . Ay — A, such that

i) Ko =vyle,, Ki(€) = x;

() YU{(F)j:j=1....h,t=1...(T —1)} CSP(l|g,,);
(Note that 92’1 = )22 € Sp(Az))

(ii)) Sp(F1) ={01,1,-...01,p,} C SP({|x) holds for any x € Sp(A>);

(iv) let ® be a x-homomorphism from Fy to F with Ko(®) =y" = (cg..) (see (6.5)),
and l'[‘fii and l'[gii the affine maps induced by H'{ A1 — Frand Hg Ay = F,
respectively (See Notation 2.16 and (5.1)). Then,

|ef (% (&) — NG| <e.

forall & € Aff(T(Ay)) (see (6.4)) with ||G1|| < 1;

(v)  there exist two contractive linear and order preserving maps I'y from
Aff(T (Fy)) to Aff(T (A1) and Ty from AfE(T (F3)) to Aff(T(Az)) such that

| T2(@F (w1)) — Ty (w1))]| <&

forallwy = (Wi,1,...,W1,p,) € Aff(F1) = RP" with |wy|| < 1;
(Vi) for any U € &, there is a self-adjoint element H € A, such that |[L(U) —
expriH)| < e.

(See Notation 2.23 for the symbols both L|g, , and €|y, and see also Notation 2.22 for the
symbol SP({|x).)

Proof. Set

&' = {x,(U): U € F},
where H)l(,l is given by the composition of I1;; : Ay = Ax,1 (see (5.1)) and the quo-
tient map I} : Ay, = @5;1‘4;(,1 — A}(,l = P;My(C(X1))P;. Without loss of gen-
erality, we assume for any U € & C Uy(A1), sp(U) = T. Thus, for an arbitrary U =

(U, ..., Uz, ... up,) € & (withu € 1), we have
I
( U SP(Uj))U sp(u) = T. (6.12)
j=1
Now, fix a sufficiently large positive integer n with
46
n> 2% (6.13)
€

For the integer n, we can define aset Ry :={r € {1,...,n}: I} Nsp(u) # @}(# @). Thus,
for any r € Ry there exists y, € X1 \{X;} such that 7 N'sp(u(y,)) # 9. Now, fix one y,
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foreach r € Ry and define ¥} := Jyeglyr € X1\{X1} : 7 € Ry}, which is a finite subset
with multiplicities in X;\{X1}. If ¥] is already é-dense in X, then let ¥; be an ordinary
set corresponding to ¥}. Otherwise, add a finite number of elements in X;\{X1} to ¥}
such that the new ¥ is §-dense in X;. Further, Let ¥; be an ordinary set corresponding
to the new ¥} . Combining the assumption (6.12), it is clear that there is a positive integer
T with % < §suchthatforany U = (Uy,..., U iu,ua, ... up,) € & C Up(A1) and for
any r = 1,...,n, one of the following properties holds:

@) I 0sp(Ui(5)) # 0 for some pair (¢, j) € {1,.... (T =)} x{1,....[I1};
®) I Nsp(u(y)) # 9 for some element y € Y.

Step 1. Construct the C*-algebra A,.
Recall y is a positive group homomorphism from Hy = @21 Hf to Hy = GB,file
and H} = Z & Tor(H,) and H)} = Z & Tor(H>). Let

i i1,1 y 2,1 Ty
c11:72Z—> H! > H — Hy—> Hy —> 7

i1 . - =1
111 1 it y 72,1 1 T22
q,1:2Z— H — Hy - H, — H, — Tor(H>)

il i 7 7l
q2,2 : TOI'(H]) 1—2> Hll i) H1 l) Hz 12—1> Hzl —2—2> TOI'(Hz),

where iy,1, if ; and ij , are natural embedding, 7,1, 7, ; and 7, , are quotient maps.
Now, we get a group homomorphism, writing ( fi;:i qg , ), from H, = Z & Tor(H,) to
H) =7 & Tor(H,). Applying Lemma 6.1 to ! in place of & and noting €1, > N, thus
we can choose a topological space X, with the base point X, and with the conditions in
Lemma 6.1 such that
(1) HZ(Xz) = TOI'(Hz), H3(X2) = TOI'(Kz) and Hl(Xz) &) H3(X2) = Kz;
(2) there exist a projection Q1 € Moo (C(X>2)) and a unital x-homomorphism v/; from
P1Moo(C(X1)) P1 t0 Q1Moo (C(X2)) Q1 satisfying
@) Ko(n) = (g a22): Ki(¥1) = 15
(2-b) foranyu € !, ||v1 (1) —expmiby)|| < % for some self-adjoint element

b1 € Q1M (C(X2))01.

Let SP(¥1]3,) = (87¢, 777", .... 7x X}, (see Notation 2.22), where {J1, ..., jx} C
X1\{X1}. Then, set

Y=Y UF..... 0k = 1.y (€ X1\ K1),

which is 6-dense in X;. Obviously, for the above positive integer 7 and the set ¥, we still
haveforany U = (Uy,..., U ;1 Uz, ... up, ) € § CUp(Ar) andforany 1), r =1,...,n,
one of the following properties holds:

(@) I Nsp(U; (%)) # @ for some pair (7, j) € {1,....(T — 1)} x{1,.... 11},

(b) I Nsp(u(y)) # @ for some element y € Y.
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Now, applying Lemma 6.1 to &! in place of &, we can choose another projection Q €
Moo (C(X32)) and a unital x-homomorphism

¥ 1 P1Moo(C(X1)) P1 = OMeo(C(X2)) 0 (6.14)

satisfying
(1) SP(Y|3,)={&7¢, 7™ ., Var My whereall é, @y, . .., wa are positive integers;

@) Ko(¥) = (&) q2,) and K1 () = 13
(3) forany 1 € &', there is a self-adjoint element ) € QM (C(X>)) QO such that

. g
[¥ () —exp(2rih)|| < T (6.15)
Now, recall (6.8) and (6.9), that is,

w=w;+ -+ wy and C0=6+w:6+w1++wM

Consequently,
rank(Q) = ¢o - [1, 1], (6.16)
and 4
:C(X1,R) - C(X2,R
¥ C(X1.R) (X2,R) 6.17)
g1 — 22,
where
1 M
g2(X2) = a(é'gl(il) + ) om 'gl(Ym))-
m=1

It follows from the path-connectivity of the topological space X that there exists a
path y,,(w) in X; such that y,,(0) = X1, ym(1) = ym for any y,, € Y. Hence, for any
w €[0,1] and y,, € ¥, there is an *-isomorphism @, from P (¥m(®)) Moo (C(¥m(®)))
P1(ym(®)) to M[y,1;. Moreover, we can guarantee that the *-isomorphism g, ., satisfies

(1) om0 =J1;

(2) the *-isomorphism o, 4 could be chosen to be continuously depending on w by

using the fact that the interval [0, 1] is contractible.

Consequently, for any a € P1Moo(C (X)) P1, the function [0, 1]3® > om0 (a(ym(w))) €

Myy,1; is a path in My, 1) with 0m,0(a(ym(0))) = a1 and gm,1(@(ym(1))) = om1(a(ym)).
where a1 := j;(a(X1)). That is, for any y,, € ¥, we have

j1(aXy) =t ar ~p om1(a(ym)).
Define a unital x-homomorphism:

Q : PtMo(C(X1)) Pt = Meg.1,11(C Mp2,17)
a > diag(er,1(a(y1) ® lwy, ... om1(a(ym)) & Ly, ).
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Consequently,
a; ® Iy ~p Q(a). (6.18)

and
Qf: C([0,1.,R) > R

M
1 (6.19)
g1 - Z @m + 21 (Ym)-
m=1
Asciy > Cpp > 2 (co + cf ) (see (6.6)), set
ciyi=cia—(co+cy) >0 and ¢y :=cp, +cf;. (6.20)
Consequently,
cii=cotc=¢+w e 4y (6.21)
Now, let P, := diag(Q. Ie,.(1,11: ley 51,2 - - - » 1oy, -[1,p1])> Which is also a projection in

Moo (C(X2)) and set Ay , 1= P2Moo(C(X2)) P2. Evidently,

P1 D1
2. 1] :=rank(Py) = co- [ 1] +c1 - [L1]+ Y cre-[le] =) cre-[le]l. (6.22)

e=2 e=1

For convenience, define a unital *-homomorphism

pP1
¢: Ax1 =@ A5, > Ay, = P2Mao(C(X2)) P,

e=1

(a,az,...,ap) > diag(¥(a),a; @ Lo, a2 @le 5, ... ap, ® 161,,;1)»

where a1 = ji(a(X1)). Without loss of generality, we can fix an identification j, of
PrMoo(C(X2) P2) |z, with M 1] and assume that for any a € A}( 1>

¥(a)(X2) = diag(a; ® Iz, Q(a)). (6.23)
Further, set
12
[2.k]:=) cre-[le]. k=2.....p (6.24)
e=1

and A§(,2 := M| ). Note that

D1 D1
Avy = @D A5, = PMa(CXD) P, & (EB M[l,e])
e=1

e=2

and set

p2 p2
Axa = A%, = PaMoo(C(X2)) P2 @ (@ M[z,k]),
k=1 k=2

Fr :=Mp11 @ © M p,).
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Then, according to the information above and recall ¢; = ¢} | + ¢ ; (see (6.20)), we can
define a unital *-homomorphism:

D1 D2
¢:Ax1 =P Ay, — Ax2 = P A,

e=1 k=1

(a,az,....ap,) = (b,ba,....bp,),
by

b=¢(a,as,.. Sap) =diag(Y¥(a),a; ®le, a2 @Iy, ... ap, ® Icl,pl)’ (6.25)
by = diag(a; ® Ick,l,az ® Ick’z, s dp ® Icw1 ), k=2,...,p2, (6.26)

where a; = ji(a(X1)). Note that Ko(¢p) = y and K1(¢) = x. And by (6.23), set

bl = J2(b(§2)) == diag(al ® I@, Q(a)y ai ® Icl , a2 ® IC1’27 s ’apl ® I ) € M[Z,l]'
(6.27)
Below, we continue to construct A,. Because the left side of the following commutative

diagram (see (6.5))

C1,p1

y'=(cke)

gp LTk gp,
m1=(b],) m=(b} ;)

Zh — 5 7h
7=(ds.)

is given, that is, the group homomorphism 7, = (b2 ) : ZP> — 7" is fixed. Now, choose

two [y X p, matrices (b2 ,? ) and (b2 k) with entries in positive integers satisfying
(bg) = (b)) = (b3) (6.28)

and the condition (6.7). Note that the order unit uy = (([1, 1], 71),[1,2],...,[l, p1]) isan
element in G1, so w2 (y'([1, 1], ..., [1, p1])) = 0. According to (6.22) and (6.24), define

D2 P11 D2
{2,s}:=2bi’£-[2k DD b ckellie]
= e=1k=1
P P2
Z ,j [2.k] = Zstk ccrelliel, s=1,....1 (6.29)
e=1k=1

and
E2 = M{Z,l} b---D M{z,lz}. (630)
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Further, by Remark 3.6, we can choose two unital *-homomorphisms with good form
B2,0, B2,1 1 F» — E5 such that Ko(B2,0) = (bsz”]?) and Ko(B2,1) = (bszkl) Now, define

D2
Ay = {(g; b.by.....bp,) € C([0.1]. E2) @ @ A% , :
k=1

2(0) = B2,0((G2(b(X2)), b2, . .., bp,)), (1) = B2,1((2(b(R2)), b2, ... 'vbpz))}'
‘We see at once that A, has the form in Fact 5.3 and
Aff(T(F,)) = RP?,  Aff(T(Ax2)) = C(X2,R) @ R7>7!,

and

Aff(T(A2)) = {(G2,1w-~7G2,lz;g27g2,2,---’g2,p2)

I
€ @ C(0,1,Ry) & C(X2,R) @ RP2-1 .

s=1

Ga,s(0) = TI5 [ (BE 1(92)), Ga,s (1) = T ((BE [ (g2). s = L... .,zz},

by writing g1 := g2(X2) € Rand g2 = (82,1, ---.82,p,) € RP2, and where R; = R for
alls = 1,...,/, (see (8) in Fact 5.4).

Step 2. Construct the *-homomorphism £ : A} — A,.

To construct the map £ : A; — A, note that for any (f1,..., fi,;a,dz2,....ap,) € Ay
and the element [0, 1] 3 @ > f;(4 - @) € My, jy can be viewed as a path in My, ;} con-
necting f;(0) and fj(%) for any pair (j,¢) € {1,...,[1} x{1,...,(T — 1)}. Furthermore,
by using

1,0 1,0
~b}|

s ij,p]
01,]‘:{91,1' coeen Oy } (see (5.2)),

and setting a; = ji(a(X1)), we get
. t
£ (0) = d1ag(a1 ® Ib},’lo’ cooap ® Ib},’ﬁl) ~n [ (7)

Noting that ¢} , = (T — 1) - Z§1=1 bj-l”eo (see (6.10)) and according to the condition (6.6),
we get
Clei=Cle—C1,>0, e=2,....pi. (6.31)

Note that {1, j} = Y"2L p".[1,e]forany j = 1,....I;,s0

e=1%j,e

I D1
=T -1 {ljt=> ¢, [lel (6.32)
j=1 e=1
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Further, define a unital *-homomorphism

I
E:C([0.1]. Er) = @ C(0.1]. Mgy, ;1) — M,
j=1
f: (f1»~~'9ﬁ1)'_>
1 T — Tr—1
(2 () (B ()

(6.33)
Consequently,

diag(a1 ®IC'1,1"“’aP1 ®IC;,p1)
~y diag(f1(0), ..., £1(0), ..., f1,(0),.... f1,(0)) ~, E(f) (6.34)

T-1 T-1

and ,
Ef:@,C(0.1.R)) > R
I T—-1

= 1 (6.35)
Gy =(G1,1,....G1 1)~ . Z Z{l,j}-Gl,j(%),

j=11t=1
where R; = Rforall j =1,...,/;.
Now, by using (6.34) and noting that ¢; = C/1,1 + c’l’,1 (see (6.20)), we want to modify
b = diag(y (a), a1 ® I, a2 @Iy, ... .ap, ® Icl,pl) (see (6.25))
to
b = diag(w(a), E(f),a1 ® Icﬁ',l’ ceylp, ® Ic/l/,pl)'

And note that ¥ (a) € QMo (C(X3)) 0 (see (6.14)) and rank(Q) = ¢o - [1, 1] (see (6.16)),
thus there exists a unitary p in C([0, 1], P2Mx(C(X32)) P) such that
(1) p = diag(Q, w) for some w € C([0, 1],M
(2) p(0) = b’ and p(1) = b (see (6.31)).

Hence, we can define a unital *-homomorphism ¢ from A4; to Ay, as follows:

cl-[1,1]+25;2cl,e~[1,e]);

9: A1 — Axp
f =1 finasan,...ap) > (B, ba, ... byy),

b =diag(Y(a), E(f), a1 ® Ly ooovap @ Icll”pl)» (6.36)
b =diag(a; ® Loy ,.....ap, ® Ick,pl), k=2,...,pa (6.37)
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where f = (fi..... fi,) € C([0.1]. E1) = &}, C([0.1]. Myy;3) and a1 = ji(a(Z1)).
(Note that, here, b», ..., by, are the same as (6.26), respectively.) As a consequence,

bl = ia(b(%2)) 225 ding(a1 ® 1o, (@), E(), a1 ® Ly, ap, By, ). (638)
Further, it is clear that Ko(¢) = y|g,, K1(¢) = x and
o"  Aff(T (A1) — Aff(T(Ax2)) = C(X2,R) @ R?>7!

_ (6.39)
& = (G1: g, 81,2, 7g1,p1) = (g2~g2,1a ce ,gz,pz),

where

o0 22 L (Colt Dy o) e BHGO 4D el ene) Ve

e=1
©19 1 = o
e20) - G ([Ll](é-gl,l+w-szﬁ(g1>)+c-a”(Gl)+Zc'{,e[l,e]-gl,e),
e=1
(6.37)
S22k = A k] che[l el-gij. k=2.....p2.

Now, to define £, we will connect

,Bz,o(bll, bz, ey bpz) and ,32,1(b, s bz, ey bpz)

in £, = €B§2=1M{2,s} (see (6.30)). Evidently, it is enough for each s = 1,. .., /, to connect
Hz,s(ﬁz’o(b/l, bz, ey bpz)) and Hz,s(ﬂz,l(b/l, bz, ey bpz)) in M{Z,s}s where H2,s is the
quotient map from E; to My, ). This is equivalent to construct the *-homomorphism
Myso0f: A — C([0, 1], Mgz 53). Note that

[2,5(B2,0(b1, b2, ...,bp,))

~u diag(Qa) ® T20. E(F) ® Tp20.a1 ® Lo ..., ® Ty, ) (6.40)
and
25 (B2,1(b1, b2, ..., bp,))
~u diag(Q(a) ® 1,21, E(f) @ Lza.a1 ® 11 . ap, ® Ly, ). (6.41)
where
2,0 .
0 _ bs, (C+C )+Z Sk ccx ife=1, 6.42)
s,e A .
bsz,lo' ! +Z sk *Cke ife=2,...,p1
and
2,1 a .
1 _ bsy - (C+611)+Z Sk sk ife =1,
e b?ll Cle+ZII¢)22b52k *Ck,e ife=2,...,p1.
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Thus,

2 N p 2 : —
10, £ {bs’l SCH el )+l by ek ife=1, (6.43)

bsz’l -ci”e + Z/{iz bf’k “Che ife=2,...,p1.
Fixans = 1,...,l5. Now, foreach j = 1,...,1;, let

g Jldsyl ifds #0,
> 2 if dg,; = 0.

According to the proof of [15, Lemma 13.15], define a unital *-homomorphism

I
Oy 1 C([0. 1] E1) = @D €([0. 1. My, 3p) — € ([0. 1], M

! .
j=1 Zjlzld;,]»{l,j})

f = (fl,...,fll) (d diag(Fs’l,...,Fs,ll),

forany j = 1,...,/1, where

f](a)) ® I|ds,j‘ if ds,j > 0,
Fs j(w) = fj(l —w)® Ilds,jl if ds,j <0,
diag(f;(w), f;(1 —w)) ifds; =0.

Obviously, Qs ( £)(0) and Qs (f)(1) only depend on f(0) and f(1). Of course, we also
have

I
Of - P (0. 11.R;) — C([0.1].R)

J=1

_ 1
G, =(G11,....G1 ) — -
1 Zj-l=1 ds/,j AL}
Y lde 1.} G () (6.44)
{Jj:ds,;>0}
+ > s l{1j} -Gl - )
{Jj:ds,j<0}
-%Z{HHQMHQNWﬁ
{J:ds,;j=0}

where R; = R for all j_: 1,..., 1.
Note that for any (f;ai,...,ap,) € Ac,i = C([0,1], E1) ©g, 4;8,, F1, we have

Qs(fN(O) ~y diag(a1 ® Lo .. ap, ®Lg )

and .
Qs (NA) ~y diag(a1 ® Ill';,l’ .o, ap, RI 1 ),

Hs,py
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where, foranye = 1,..., p1,
Moo= D ldejlbid+ D7 ldsjlbie + > (b2 +b;),
{Jj:ds,j>0} {Jj:ds,j <0} {Jj:ds,j=0}
1,1 Lo 1,0 1,1
Pee= D ldsylbi + Y ldejlbit+ Y (b b)),
{j:ds,j>0} { ds,] <0} {Jj:ds S, =0}
Consequently,
D1
Zd A1, J}—Zﬂse [Lel=> pui,-[le] (6.45)
e=1 e=1
Noting that the diagram (6.5) is commutative, foralle = 1, ..., p1, we get the following
equalities:

p2 p2 p2 p2
1 0 1 2 2,0
Hse = Hge = Z ds,; -bj,e = Z bs,k “Cke = Z bs © " Cke Z bs,k “Cke (6.46)
= = k=1 k=1

hold. On the one hand, by the assumption (6.7), we get

B .
max{ug,e,,u;,e:s=1,...,12;e=1,...,p1}<£i)ll < zng. (6.47)
On the other hand, foreachs = 1,...,1[5,
D2 D2
(2.5} =Y b2 [2.k] > By Y [2.k] > Bapo. (6.48)
k=1 k=1

Thus, combining (6.45), (6.47) with (6.48),
1
Dod);{1j} < BDMpily < Bapy < {2.5}.

This means that the C *-algebra C(]0, 1], M 11 ) can be regarded as a corner of

1dg {17}
the C*-algebra C([0, 1], M¢2 51). Now, for each e=1,...,p1let
v;),e = A('),e - Mg,e and vsl,e = é‘sl,e - /L;,e' (6.49)

Consequently, combining (6.47) again with (6.48),
min{v?,. v}, e =1,...,p1} > Brpr — BDI; > 0.

s,e’ se

Thus, we can rewrite (6.40) and (6.41), respectively, as follows:

IT5 ¢ (,BZ,O(b, Jbo, ..., bpz))
o diag((QS(f_))(O)’ G Ibsz,lo, E(f_) ® Ibf’?’ @ ® Iv?,l seeendp @ Iv?m)
(6.50)
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and

HZ,S(,BZ,I(b/ Jbo, ..., bpz))
~u diag(Qs(/ND). Q@) @ Lzt E() @ Lyzt.ar @y oty DL,y ).
6.51)

By using (6.20), (6.43) and (6.46), we get

) (@ +cpy) ife=1,
)-ci’e ife=2,...,p1.

Now, for an arbitrary s = 1, ..., [, the construction of I, s o £ will be divided into two
cases.

Case 1. bszl1 = b20 That is, bsz1 = b2 —p>0 > 0.

s,1 =
In this case, obviously, v S e = vs . holds for each e =1, ..., p;. And according
to (6.18) and (6.34), for any f = (f1,.... fi,;a, a2, ... ,apl) € A, and set a; =
j1(a(X)), f == (f1,.... f1;) € C(]0, 1], Ey), then we have

diag(Q(a), E(f)) ® Lza_20
~p diag(ay,....ay, f1(0),..., f1(0),..., f,(0),.... f1,(0)) ® Tyzi_p20
5,1 s,1

w (T-1) T-1
~u diag(a1 ® Iw_,_c/“ ,a2 ® 10/1,2’ colp ® Icll,pl) ® Ibsz’,ll_bsz’,lo. (6.52)

Note that

5 D1
dldl AL j+ w15 e by + Y v, e
ji=1

—ﬂ( @+l )+stk ckl)-[1,1]+w[1,1]-b§;{’+c-b§;1°

642)
+Z( cle+zbsk cke)'[l’e]
632) 3
== 4w +cp,y DL by +che[1 e]- by +ch’1[1’l]'b§:’?
e=2 =
P P2
~|—Zc AL D203 S el - 20
e=2k=2

P1
6.21 6.29
e §:§ b2 crell o] 2= (2,5}

6.31
O30 =
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and

I D1
dodl, {ley+ w1 1]-b7 +e-b + ) vl [le] ={2.5}
e=1 e=1

For convenience, for an arbitrary s = 1, ..., /5, define

<>s,0 = diag(al,...,al,fl(O),...,fl(O),...,fll(O),...,fll(O)) ®Ib2,1_b2,0,
N——— 5,1 5,1
w T—-1 T-1

Os.1 = diag(R(a). E(/)) ® Lza_y20

_ diag(gl,l(a(yl)) ® Lo 011 (€ (7310)) ® Loy

f(?)f( . ),...,le(F),---,ﬁl(T))®Ib3;:—bz;1°’

3 1= diag(Q(a). E(/)) ® L2,

Js 1= diag(a; ® Ivsl’l, cedp ® Iv}’pl) (see (6.49)).
Hence, we can rewrite again (6.40) and (6.41) in the following form:

I, (B20(b. b2, b3, ... . bp,)) = Uy, - diag((Qs(1))(0). 00, 35 Ts) - UL g

and

Mo s (B2,1(b}, b2, ba, ... bp,)) = Us1 - diag((Qs(f))(1), Os1, s, Ts) - Uy 1

respectively, where Uy 0, Us,1 € UMy 4). Recalling that

I
c=(T-1)-) {lj}

j=1
(see (6.32)), we can define a x-homomorphism

Os 1 A1 = C([0,1], Mgp[1,1]4¢) ® Mbsz,’ll_bsz,’lo

(f,-. fipa,az, ... ap,) = diag(gl,w(a(yl(w)))

® ley AR QM,a)(a(yM(CU))) ® Iva

1 T-1
f](T'w),...,fl( T -a)),...,

1 T-1
71 (T.w),...,fl1 (Ta))) ®Ibf,'llfbi’1°'
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Obviously, (¢s(f))(0) = Os,0, (Os(f))(1) = Os,1 and
OF L AFF(T(41)) — R

& = (Gl;glagl,Z»u-»gl,pl) =

w-[1,1]+¢
M
(003 @1 (653
m=1
LT T—1 P
+ o2 AL} -Gy (7 w))
j=11t=1

where B
G =(Gi1,1,....Gy1 ) € Af(T(C([0, 1], E1))).

Now, for an arbitrary s = 1,. .., [, fix aunitary Uy € C([0, 1], My 1) such that U, (0) =
Us,0 and Us(1) = Uy,1, and define
Mys0l: A1 — C([0,1],M2,53)
(flv s fl1;a»a2’ s »ap1) = Us - dlag((Q’)s(f))(a)), (Os(f))(w)v s, -KS) ' u:
Case 2. bsz,’l1 < bsz,’l0 . That is, bsz,1 = bi’l1 — bi’lo < 0.
In this case, v?’e < vslge holds foreach e = 1,..., p;. Similar to Case I, for any f =

(f17""ﬁ1;a7a27~~'7a171) € Al,Setal :=j1((1()21)), f:: (flv--'iﬁl) € C([091]’E1)
and define

$s0 = diag(Ql,l(a(yl)) ®lwys...om1(a(ym)) ® Loy,

1 T-1 1 T-1
f](?),...,fl( T )’”"fll(T)"“’fll(T))®Ibs2,’10_bx2,’1l’
Osi1 = diag(ay, ... a1, f1(0)..., f1(0)...., f,(0)..... f1,(0) ® L2o 21,
D e — 5,1 5,1
w T—-1 T-1

diag(Q(a), E(/)) @ Tz,

diag(a1 & Ivf,l U Iv?,pl) (see (6.49)).

3, =
I, =
Then, we rewrite (6.40) and (6.41) as follows:

I5,5(B2,0(b1, b2, b3, ...,bp,)) = Us,0 -diag((@s(f_))(O), Os.00 s, :Fs) : ﬂ;k,o

and

o5 (B2,1 (b} b2, b3, ... bpy)) = Uso - diag((Qs(F)(1), s, 35, Ty) - ULy
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respectively, where ﬂs,o, ﬂs,l € U(Myz,53). Recalling that ¢ = (7 — 1) - Z_§1=1{1» j}
(see (6.32)), we can define another *-homomorphism

Os t A1 = C([0, 1], Mg[1,1]4¢) ® Mbsz’lo_bsz’ll
(fis--os frsa,az, ..., ap,)
> ding(11-0 0011 = 0)) 8 T

oM, 1—-w(a(ym (1 — ) @ 1y,
1 T —1
fl(T-(l—a))),...,fl( T -(l—a))),...,

i, (% (11— a))), oSy (% (1= a)))) ® Ibf,’lo—bsz,’ll'

Obviously, ($s(f))(0) = 5.0, (Os(f))(1) = $s.1 and
OF L Aff(T (A1) — R

G1 = (G1;81, 812, 81,p)) =

w-[1,1]+¢
M
(003 @ 1m0 (6:54)
m=1
Iy T-1 {
+; ;{1,1}-61,,(7 a —w))),

where G; = (G 1,. ..,Gy11,) € Aff(T(C([0,1], E1))). Now, for an arbitrary s = 1,..., 1,

fix a unitary U € C([0, 1], My2 ) such that U;(0) = Uy, and Us(1) = Uy, 1, and define
HZ,S © E . Al g C([()’ 1]5M{2,S))
(frooos fi@an, ... ap,) o> U - diag(Qs () (@), (G (NN (@), 35, Ts) - Us.
On the one hand, recall that
A1 —> Ax2
(fl, . ,fll;a,dz,... ,Clpl) = (b/,bz, . ..,bpz).
On the other hand, foreach s = 1,...,/5,let Vs € C([0, 1], My, 1) is a unitary satisfying
gy U i =
Uy ifbyy < b2y
Now, we can define the *x-homomorphism as follows:
{: A1 g A2

, (6.55)
f = (fl""?ﬁ1;a’a2""’ap1)H (h],...,h[z;f) 5b2""7bp2)»
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where, forany s = 1,..., 15,

Vs(©) - diag(Qs (@), (95 (@), 35, Ts) - Vi(@) 77 =
Vs(@) - diag((Qs(N)@). (Os(N(®). 35, Ts) - Vi (@) if by <

b2,0
hy(w) = .
{ by,
_ (6.56)
and f = (f1,..., fr,) € C([0,1], E).

It is easy to verify that the conditions (i), (ii) and (iii) hold for the map £.
Step 3. Show that the map £ satisfies the condition (iv).

Step 3-1. Compute the function £% : Aff(T'(4,)) — Aff(T(A3)).

For an arbitrary &1 = (G1,1,....G11,; 81, 81,2, ---,81,p;) € Aff(T(41)), set G, :=
(Gi1,...,G1 ) € AE(T(C([0,1], E1))) and g1,1 :=g1(X1) e R.Foreachs = 1,...,/,
if b2 = b7, then by (6.53) and (6.56), define

s,1°

Gays:[0.1] > R
1 I B
> - . oot
© 2,5} ((jzlds,f{l’l}) Q;(G1)(w)
+ (B2 =2 (@ 11+ 04 (G  (657)
+ bsz,’lo ' ([1, 1]ZD' . Q#(gl) +c- E#(Gl))

D1
+ ) viellel -gl,e),
e=1

andif b2 < b}, then by (6.54) and (6.56), define

s,1°

GZ,S : [07 1] - R
1 il ~
- r 2 oot
N {2,s}((j=1ds’f“’f}) (G (w)

+ (b2~ b)) (@ (L 1]+ 0)- $HG) () (658)
+b3) - (L 1]w - QF(g1) + e BH(G1))

D1
+ nge[19e] 'gl,e)-
e=1

And, forany s = 1, ..., /5, by using (6.50) and (6.51), we get

Ga,s(0) = T15 (B3 o (5*(€H(®1)))) and  Gas(1) = 15 (B3, (T2 (¢F(61))).
(6.59)
Thus, from (6.57), (6.58), (6.59) and the definition of £ (see (6.55)), we have

0% AE(T(A;)) — AfF(T(A42))
@1 = (Gl,17 DRI Gl,ll;g17g1,2’ ... 7g1,p1) = (G2,17 DRI G2,12; g27 g2,23 sy g2,p2),
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where g2, 822, ..., &2, p, are the same as (6.39), respectively. That is,

1 _
£a(0) = g (@oll. 11 WHEN () + ¢ 24G)
P1
+ ) el [le]- gl,e) Vx € Xa, (6.60)
e=1
o i o
ealia) = 1 ([1, 1@ guq + - 24e) + ¢ ZHG)
P1
+ ZC’{,e[l,e]‘gLe), (6.61)
e=1
1 D1
824 = 57 D ckellel gre, k=2,....pa, (6.62)
U e=1

where (_;1 = (Gl,la ey Gl,h) € Aff(T(C([O, 1], El))) and 81,1 ‘= gl(ﬁl) e R.

Step 3-2. Complete the proof of Step 3.
Recall that ® is a *-homomorphism from F; to F> with Ko(®) =y’ = (cx,;) (see
(6.5)). Thus,
Of : R”! = Aff(T(Fy)) — R?? = Aff(T(F»)),
(6.63)
w1 = (Wl,l» . ,Wl,pl) = (W2,1, e ,Wz,pz),

where
1 12
Wk = G ~;ck,e[1,e] Wie. k=1....pa. (6.64)
Of course, we also have
%% : Aff(T (A1) — AIF(T(F))

(G11s---.G1,1,581: 81,2+ - -, 81,p)) F (81(X1), 81,2, - -+ 81,p1)

and
% : Aff(T(Az)) — AIf(T(F))

(Gz,l, cees G2,122g2, 82,2, .. ,gz,pl) = (gz(fiz), 82,2, .. »g2,p1)-

Now, for an arbitrary &1 = (G1,1,..., G115 81, 81,2, -+ &1,p,) € Aff(T(A1)) with
161l < 1, set G1 = (Gi,1,- .., Gryy) € AF(T(C([0, 1], E£1))) and g1,1 := g1(R1) € R.
Apparently,

QM (1)) = OF(g11v. .2 81.p1) = (Wats ... s Wapy),

N4 &) = M9 (Gai g2, 8200 -+ 82.p0) = (Wats .. W2 py).
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where G, = (G2,1,....Ga,) € Af(T(C([0, 1], Ez))), and forany k =1, ..., pa,

. 1
Wo gk = 2K ;Ck,e[l,e] “gles
. gz()’iz) lfk = 1,
Wok = .
82k ifk=2,..., p>.
According to (6.62), forallk =2,..., pa,
Wk = Wa k.

Note that ¢ : A — B is a x-homomorphism, then ¢¥ : Aff(T'(4)) — Aff(T(B)) is, induced
by ¢, contractive (see Notation 2.16). Thus, by using (6.6) and (6.22) and noting that
@'1 = (Gl,la ey Gl,ll 1 81,81,25- -+ gl,pl) (S Aff(T(Al)) with ||@’1 || < 1, we have

|©f (% () — ¥ (eh ()|

= |Wa, —\x’z,1|
(661
([1 G- g1y + - 2@ + e BHE) + 3 elll.el- gu)‘
e=1
(621)

[1.1]- (g1,1 — Q%(g1) + ¢} 1[1. 1] (g1.1 — EXG1))

D1
+> e Ml e] gre
e=2

631 2, 1]’

1 P1
< m(Z(W + Cll’l)[l, 1] + Zc;’e[l,e]) <&

e=2
as desired.

Step 4. Show that the map ¢ satisfies the condition (v). (The idea of this proof originates
from [15, 13.18].)

Step 4-1. Construct the two maps I'; and I';.
Define

wi=Wii,....Wi,p) = (Gr1, ... G17,:81. 81,2, -5 81,1 )s
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where
gi(x) =wy1 Vx e Xy, (6.65)
gl,ezwl,ev 822 "7p19 (666)
G1j(@) = (1 —w)- 10} (/3 owWi) +w- n’ (,311(W1)) Yo €[0,1],  (6.67)

and l'In is induced by the quotient map I ; : £y — My jyforany j =1,...,1;.
Slmllarly, define

T, AFE(T(F»)) — Aff(T(A2))

(6.68)
wo = (Wa,1,....,W2 p,) = (G2,1,....G2,1,:82,82,2, -, 82,p,)s
where
2(x) =wa1 Vx € Xs, (6.69)
&2k =Wok, k=2,...,pa, (6.70)

G, s(w) =(l-ow)- H (/32 o(WZ)) +ow- Hz 5(132 1(W2)) Yo € [0,1], (6.71)

and Hg’s is induced by the quotient map Il 5 : E» — My 3 forany s =1,..., /.

Step 4-2. Complete the proof of Step 4.
Recall that if S is a compact convex set, then define

Aff(S) 4 :={f € Aff(S) : f(s) >0Vs € S}U{0} (see Notation 2.14).

It is easy to check that I'y and I'; are both contractive linear and order preserving maps.

Thus, for an arbitrary wy = (Wy,1,..., W1 p,) € Aff(F1) = RP! with |w] < 1, we have
6.63
T2(0F(w1)) 222 Ty (Wa 1. ... Wap,)
6.68) - . .. .
( (Gz,l,'--,G2,12§g2,g2,2,---,gz,pz),
where
(6.64)
fa¥) [2 q che[l e]-wie Vxe X, (6.72)
) 664 1
_ . 1 . =2,... .
gZ,k (6.70) [2,k] ;Ck,e[ se] W1,87 k ) sp27 (6 73)
. (6.71)
G2 .() (11— ) T (B} 4 (©F(w1)) + 0 - TT§ (85, (OF(w1), @ €[0,1].

(6.74)

Of course, we also have

Ty(wi) = (G .- Gy 1818120+ 81,p,) € AIT(T (A1),
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where
g0 == Wy, Vxe Xy, (6.75)
e Wi, e=2,....p1, (6.76)
Gl (@) L (1—w)- T (B W) + 0T (B (w1) Vo e[o.1]. (6.77)

Further, by setting & := I'1(w1) = (G} ;,..., G} R 1218105581, p,) € A(T (A1)
and G| := (G} o Gi’ll) € Aff(T(C(]0, 1], E1))), we get

C(Ty(w) = /(&) = 4G] 1..... Gl 81 81081 p)
= (G2,17 ey Gz,lz; g27 g2,25 ceey gz,pz)v

where
. 6.60 1 _
8o (x) =2 coll. 1]- w1 + ¢ BHG))
2,1]
P1

+Zci’,e[1,€]-wl,e) Vx € Xa, (6.78)
. (6.62)
k= k]che[l el Wie. k=2.....p (6.79)

and foreachs = 1,...,1[5, 1be211 > bszlo, then, for any w € [0, 1],

G (@) £ s}((Z AL J})-oﬁ(é;xa))

+ (b2 = b2 (@ - [1.1] + ) - OH(G ) (@)
+037 - (1. 1]w - Q(g1) + - BHGY))

P1
+ > i lle] ‘Wl,e) (6.80)
e=1

and if b2 11 < b0 then, for any w € [0, 1],

sl’

Gaslo) 22 s}((z 0 ) -G @)

+ (b2 = b2 (@ - [1, 1] 4+ 0) - OHE]) (@)
+ bsz,,ll (L 1]w - Q#(gl) +c- E#(éi))

D1
+ Y ) llel 'gl,e)- (6.81)

e=1
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Below, we will show that
| T2(®F (wi)) — 4Ty (w1)) |
< || (Gz,la ceey GZ,lz; gZ’ g2,2» D) gz,pz) - (G2,17 ceey G2,lz; §27 g2,2’ ceey g2,p2)” <eé.

Firstly,
. (673 .
k=2,...,p.
82,k 679 82,k ) » P2
Secondly, according to (6.72), (6.78) and wy = (W1,1,...,W1,p,) € Aff(F;) = R?! with
wi] <1, and recalling thatc = ) 2", €l [1, €] (see (6.32)), then for any x € X

800 — 8(0)] = ——

D1
Z Cl,e[]’ e - Wi,e
e=1

pi
- (Co[l, 1]-wi1 +c¢- 4G + Zci’,e[l,e] 'Wl,e)‘

e=1

D1

Z crellie]- (Wie —E 2H(G} ))‘ 2] che[l e] <e.

e=1

6.31) 1

621 [2,1]

Finally, foreach s = 1,..., 1, if sz 11 > b>? then, for any w € [0, 1],

s,1°
!Hﬁ,s(ﬁﬁ,()(@ﬁ(wl))) — G ()]

D2 D1 I
6.74 . —
E()g()i {2 S} Z st kae[l e] Wle — ((Z dé,j{lvj}) Og(Gi)(w)
k=1e=1 j=1

+ (02 02D (@ (1L 1]+ ) - 05 (] (@)

D1
+ bi’lo (1, 1w - Qﬂ(gl) +c- E#(Gi)) + Z Vsl,e[lve] ‘Wl,j)‘

e=1

(645
“632) {2 s}

Zuseu el(wi.e — Q4G ()
=1
+ (b2 = b2y )w[l w11 — OFE)) (@)

+ (b3 = b2Y) Z ¢l o[l elWie — OK(&)) (@)

e=1

D1
+ 020w (wi,g — QFe) + 520 Y ¢ [l el(wie - :ﬁ(G;))‘
e=1

2

P1 P1
2,1 2,1
<G S}(E g ellie) + by w111+ b7y ) :ci,e[l,e])
’ e=1 e=

P
< {223} (Z By '2]725[ e] + bs | Lo1,1] + bs | Z 1 ell, e]) (see (6.47))
’ e=1

<é&.
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Similarly, if bsz”ll < bi,l() , then
5, (B 5 (©F(w1))) — Gas(@)| <& Vo €0, 1].
For the same reason,
5, (51 (©F(w1)) = Gaoy(@)| <& Vs=1....., w €0, 1].
Thus, forany s = 1,...,[,, w € [0, 1], we have

| Gz,s (a)) - GZ,S (w) |

- ﬁ (1 =) - 15, (B30 (©F(w1))) + @ - TT5 (85, (©F(w1)) = G2 ()]

_(-o) T (B (©F(w1))) — Gas(@)|+ - [TTE (BE | (©F(w1))) — Gas(@)] .
(2,5} ’

as desired.

Step 5. Show that the map £ satisfies the condition (vi).

For an arbitrary element U = (Uy,..., Uy su,uz, ..., up,) € & C Ug(A1), setu; :=
ji(u(xy))and U := (Uy,..., U, )eC([0.1], Ey). So, theelement I1;  (U)=(Uy,...,Uy,;
UL, .o Up) = ((7; Ui, ..., up) € Up(Ac,1). By using Lemma 4.9, there is a unitary
V' e Ac,y, written V' = (Vi,..., Vi ;u1, ..., up, ), such that cer(V’) = 1 and

det(V'(x)) = det((TL;1(U))(x)) Vx € SP(Ac,1).
Write V=(V1,...,Viiu,uz, ..., up, ) whichis a unitary in A; and let V:z(Vl, L W)e
C([0,1], Eq). Set
LU) =Ly, ....Uu,up, .o up) = (X, X2, X2, 0004 Xp,), (6.82)
LV =LV, ... Viswug, oo up) = (Y, .00, Y5300, .00, Xp,)s (6.83)
where 1,3 € U(A}lm) = U(P2Muo(C(X2))P2). According to the definition of £ (see
(6.55)), we get
Xs(@) = Vy(o) - diag((Vy (U))(w). X¥ (@) - V§ (),
Ys(w) = Vs(0) - diag((Os(V)) (@), Y (@) - Vi (),

where
X (0) = {diag((gs(v»(w), 3.7 i)
’ diag((0s(U))(@). 3. Fy) i b <
and
V() = {diag((QS(V)xw), 2070 b >0
diag($s (V) (@), 35.Fs) i b7 < b2
Foralls =1,...,1, let

Zs(0) := Vs(w) - diag((Qs (V) (@), X*(0)) - VF(w) Yo €10,1]. (6.84)
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Step 5-1. We have the following claim:
Z=(Zy,....21,;x,X2,...,Xp,) € A2 (6.85)
and there exists a self-adjoint element H = (Hy,....Hp9,ha, ... hp,) € A; such that
||Z —exp(2niﬁ)” < g

For the first part of the claim, by setting x; = j>(x(X3)), it is sufficient to show that
forany s = 1,...,10,

Zs(0) = Mz s(B20(x1,...,Xp,)) and  Zg(1) = o 5(B2,1(x1, ..., Xp,)),

where I, ¢ is the quotient map from Ej to My, 3. As £(U) is an element in A, the
equality

X5(0) = V5(0) - diag((Vs(U))(0), X¥(0) - V7 (0) = M2 s(B2,0(x1, ..., Xp,))
holds. And note that
Z5(0) = Vs(0) - diag((Vs(V))(0), X¥(0)) - V;(0).

and Qy(V)(0) and Qg (V)(1) only depends V (0) and V (1). It follows from Remark 4.10
that (O (U))(0) = (Vs(V))(0). Hence, we have

ZS(O) = XS(O) = HS,Z(,BZ,O(Xla L) axpz))a § = 15 cee 12'
For the same reason,

Zs(l) = Xs(l) = Hs’z(ﬁz,l(xl, . ..,xpz)), S = 1, ...,12.

Thus, the conclusion Z € A, is proved.

We begin to prove the second part of the claim, that is, there is a self-adjoint element
H € A, such that |Z — exp(Zniﬁ)H < £. From cer(V') = 1, there exists a self-adjoint
element H' = (H’,...,Hl’l;h’l,...,h;,l) € Ac,1 such that

V/= (Vl,...,Vll;ul,...,um)
= expQ2ui(Hy, ..., Hj ;... hy,)) = expQriH’). (6.86)
Particularly,
ue = exp(2wihl), e=1,...,p1. (6.87)

Recall that [0, 1] > @ = Qm,0(1(ym(@))) is an element in U(C([0, 1], M[y,17)) with

Om,0((¥m(0))) = u; and 0pm,1 (W(Ym (1)) = 0m,1 (1 (ym)) for each y,, € Y. Thus, there
exists a self-adjoint element /), € C([0, 1], My 17) such that i, (0) = h', 0m,1 (1 (ym)) =
exp(2wih), (1)) and

Jom.o @ (m(@)) — exp@rity)] < =
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Recall thate = (T — 1) - Z_i-;l{l, J } (see (6.32)). Choose a self-adjoint element
diag(Hl,l(U))» s Hl,(T—l)(a))» ) Hll,l(a))a e Hll,(T—l)(w)) € C([Ov 1]7 MC)
such that for any pair (j,z) € {1,..., 01} x{1,...,(T — 1)},

exp(2riH;1(0) = U;j(0) and || expiHjq () — U (% a)) < 2 (6.88)
Set
G = diag(h{(1) ® Iy, ..., hy (1) @ 1y,)
and
0 :=diag(H11(1), ..., Hy,(r-1y(1), ..., Hy, 1 (1), ..., Hy (r—1y (1)),
then
diag(exp(27i 8), exp(27id)) = diag(Q(a), E(V)). (6.89)

Now, according to (6.37) and (6.38), define a self-adjoint element & = (hy, ..., hp,) in
Fy = @72 Mp ) with

’ Pl
diag(h’1 ®Ick,1""’h;71 ®Ick’p1) itk =2,...,ps.

_ {ouag(h’1 ® 1. 8.0.1 @y oo by @y ) ifk =1, 6.90)

Once again, using the same means as above to connect I, s(B82,0(h)) and I1, s(B2,1(h)).

Foreachs = 1,...,15,if bsz’l1 > bf,l()’ then define

H;() := Vs(o) - diag(Qs (")) (@), 0% (@), 27, 78) - V(@) € C([0, 1], Mgz ),
where
Ot 0,11 — Mg [1,1]4c ® Mbsz,’ll—bf,’lo
o > diag(h] (@) ® Iy, ..., h (©) ® I,
Hy(w),....,Hir-n(w),...,
Hj (@), ..., Hy (r-1n(@) ® Lpza_p20
and 2" = diag(3, ) ® L0, Tt = diag(h, ® Lty ® Ly ).

If bsz,’l1 < bsz,’l0 , then define

Hy() := Vs () - diag(Qs(H) (@), O (@), 31, T8) - V(@) € C([0, 1] M.,
where
O 10.1] = My 1,174 ® Mjzo_p2.
o > diag(h|(1 —®) @ Iy, .... hy (1 — ®) @ Iy, ,
Hi(1-w),....H q-n(l -w),...,
H,.(1-w),....H, 0-n(l-w) ® Ibf’,:)_bi,ll

and 5? = diag(Z}7 ) ® Ibsz’ll’ :ifvl = diag(h’l ® Iv;)’1 e h;l ®Lo ).

Vs,p1
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By means above, we obtain a self-adjoint element (H1, ..., Hy,: hi,...,hp,) in Acp.
Below, we will show

&
[(Z1..... Ziix1. .. xp,) —expQui(Hy, ... Hyshy, .. hyy)|| < T (6.91)

First, we have
(6.87)

Xk expmihg), k=2,...,ps. (6.92)
Next, by writing #1 = j; (u(X1)), we get

(6.38)

x1 :=j2(2(X2)) diag(u1 QI Q) EWU), u1 ® IC’{,l’ ceUp ®© Ici',pl )
Recalling that 7y = diag(h} ® I;, 5,8,k ® Ty oeees h;l ® Ic/l/pl) (see (6.90)), we have

(6.87)
! (6.89)

exp(2mihy). (6.93)

Further, recall that, forany s = 1,..., 1[5,
Zs(w) = Vs(w) - diag((Qs (V) (@), X¥(w)) - Vi(w) VYo €[0,1] (see (6.84))

and

)

diag((0s(U)) (@), 25, 7T,)  if b2 =
<

X¥(0) = ~ < =
(@) { diag(0s(U)(@). 35, ) if b7y

2,0
bs,l
2,0
by -

From (6.88), we get
na@ywmammm<z,s=L“”u

Hence, we have completed the proof of (6.91).
Below, let’s proceed to prove this claim. Recall that,

Il () — exp(2i )| < Z (see (6.15)),

for some self-adjoint element ) € QMo (C(X2)) Q. And note that

(6.82)

Iy, (I 2(4(U)))

&

636) . —
— diag(y (). E(U),u; ® Ly veeeitip ® I”i,,m) € U(Ay,).

where HJIK,Z is the quotient map from Ay » to A}m = P;Muo(X3) Pa, U= (Ur,....,Uy) €

C([0,1], Ey). Let us assume that ) = diag(h, 8,7} ® Ly oooiih, ® Ly )€ (AY 5)sa. =
- ? Pl ? -

(P2Moo(X2) P2)s.q.. But by = jo(§(X2)) may be not true. Below, we will modify ) to

he (A}(’z)s.a_ such that 1; = j>(H(X2)). Note that

[Tk (M7 2(£U))) —exprib)| = ||z — exp(2mib) | < 2 (6.94)
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Further, recall jo(x(X2)) = x1 = exp(2mwihy) (see (6.93)). Thus,
. .. Tn &
||exp(2mh1) —exp(27i - j2(H(X2))) H < T (6.95)

According to Remark 6.3 and the construction of P, (with rank(P,) = [2, 1]), the element
h € PsMuo(C(X>)) P, has the form h = qu + .+ 1[2,1]q[2,1], where A1, . .. ,1[2,1] €
[0,1),q1,...,q[2,1] are mutually orthogonal rank one projections with q; + -+ 4+ q[2,1] =
P>. As hy € M|y 1], write sp(h1) = {A1, ..., A[2,17}. Combining (6.95) with Lemma 4.1,
there exist integers n1, ..., n[3,1] such that A — (A +ni)| < Zforanyi =1,....[2,1].
Write
bh=Aliq1 + -+ Apdp.a)-
Thus, j>(H(X2)) = hy. Now, define H = (Hy,...,Hy b, ha, ... hp,). Itis easy to check
that H € (A2)s.4. and
||Z —exp(2m’ﬁ)|| < g

which completes the proof of the claim.

Step 5-2. Complete the proof of Step 5.
Recall that {(U) = (X1,..., X2, X2,...,Xp,) (see (6.82))and Z = (Z4, ..., Z},;
X, X2,...,Xp,) (see (6.85)), where
Xs(w) = V(o) - diag(Qs (0))(w), XY (®)) - V5 (w).
Zs(w) = V(o) - diag((Os (V) (@), X (0)) - V; (w)

and
diag((0s(U)) (@), 2y, 7Ty) i b2 = p20

s,1°

X*(w) = % s <
s (@) {diag((os(U))(w),:s,‘rs) if by < by

An easy computation shows that the elements

diag((Q5(0))(@), (¢s(U))(@)) and  diag((Qs(D))(@), ($s(U))(@))

are exactly both in C([0, 1], My ), where

p1 h
L= S el + Bl (w4 -0 3 00.5))

e=1 j=1
D1 I
< 80L S el + 92, (w[l, 4+ (7 - 1)2{1,1}) 1,
e=1 j=1
Thus, because the condition (6.7) holds, which implies B, > max{Ls:s = 1,...,[5}, for
any s = 1,...,[,, either

ﬁ(lr" N sp(diag(s, Ts))) > Ls
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or
#(I" N sp(diag(3y, T))) > L.

By using Lemma 4.8, (6.13) foreach s = 1... ., [, there is a unitary W; € C([0, 1], M2,53)
such that 23
T &
IXs =W ZW| < — < 5
n 2
and W (0) = Wi(1) = Iz 5.
Set W = (Wh..... Wi P2, I 21, - ... 1j2,p,]), Which is an element in U(43), and let

H =WHW*. So, we get
[€(U) —expQriH)| < &.
Thus, the x-homomorphism £ satisfies the condition (vi), as desired. [

Fact 6.6. Let us assume that

((Hna(Hn)+7unaGn)aKn) and ((Hn+la(Hn+1)+aun+l,Gn+1)»Kn+l)

be two 5-tuples with the conditions in Fact 5.2. And the homomorphisms both y, ;11
and y,,,+1 satisfy the conditions in Fact 6.4, respectively. In this time, the commutative
diagram (6.5) becomes the following form:

’ n,n+1
yn,n+1:(ck e
2 7, Pn+1

7,Pn
- ) (6.96)

Zln s Zln+1
Punr1=(dg 7+

Now, set
Cont1 i= min{cZ”ZJrl ce=1,....pnik=1,....ppy1}
and
%n-l-l = min{bg’zl’o,b;"’kl k=1,..., Pn+1s S =1,..., ln+1}.
It is a simple matter to guarantee that €, , 4 is larger enough passing to a subsequence.
Combining Fact 5.1 and Lemma 6.5, we can obtain the following main theorem in this
paper.
Theorem 6.7. For a given weakly unperforated Elliott invariant (G, G4+, u), K, A, r),
then there exists a simple C*-algebra A = lim(Ap, £ 1) such that
—

cer(A) <1+¢

and El(A) = (G, G4, u), K, A, 7).
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Proof. We will prove it by induction.

O Through the 5-tuple ((Hy, (H1)+,u1,G1), K1), we fix a C*-algebra A; with
the form in Fact 5.3. Because A, is separable, there are finite sets ;1 x, k =
1,2,...,suchthat §1,1 C &1, C---CUp(A1), and the countable set Uzozl B1.k
is dense in Up(A41).

()  Set F1 := F1,1, which is finite set contained Up(A;), and let &; = §; = zil
From Lemma 6.5, there exist a 5-tuple, without loss of generality, written

((Hp, (H2)4,u2,G2), K»)

and the diagram (6.96) satisfying the following property.

If €12, B, are large enough, then there exist a C *-algebra A, with the form
in Fact 5.3 and a *-homomorphism £;» : A — A, such that Ko({1) =
v1.2l6,, K1(€1,2) = )12, and for any U € F; there is a self-adjoint element
H € Ay such that |[£1,(U) —expQriH)|| < 5r.

(III) Now, assume that we have obtained the diagram below

R

we will obtain A, and £, ,4, by induction. Because A, is separable, there

are finite sets §, .,k = 1,2, ..., suchthat F, 1 C Fu2 C -+ C Up(An), and

the countable set U}i":l &n .k is dense in Up(A4p).

Set Fn = Ui in(Fi.n+1)—i), and lete, = 8, = zi,, From Lemma 6.5, there

exist a 5-tuple, without loss of generality, written ((Hy+1, (Hp+1)+, Un+1,

Gpn+1), Ky+1) and the diagram (6.96) satisfying the following property.

If €, n+1, Bpt1 are large enough, then there are a C*-algebra A,y; with

the form in Fact 5.3 and a *-homomorphism £, ,+1 : An — An+1 such that

KO(Zn,n+1) = Vn,n+1 |G,,a Ky (Zn,n+1) = Xn,n+1, and for any U € %'n there is a

self-adjoint element H € A, such that ||{, ,4+1(U) —expriH)| < zln hold.
At the same time, by using (iv) and (v) in Lemma 6.5, we also obtain the following approx-
imate intertwining diagram:

# o

n,n+1

L
AFF(T (A1) —2 AFF(T(A2)) —— - —— AFF(T(An)) —=5 AFE(T(Ang1)) — -+
n#| | n#| | gt | | T né | | Tat

Aft(T (F1)) T) Aff(T(F2)) ——---—— Aff(T(Fy)) T) Aff(T(Fp41)) —— -+

1,2 ®Vl,n+1

Thus, by using [15, Remark 13.10 and Proposition 13.5], we obtain a C *-algebra A =
lim(Ay, £,,,+1), which satisfies
—

cer(A) <1+¢
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and ((Ko(A), Ko(A)+, [14]), K1(A), T(A),r4) = ((G,G+,u), K, A, r), as desired. =

Corollary 6.8. For a given weakly unperforated Elliott invariant (G, Gy, u), K, A, r),
then there exists a C*-algebra A = im(Ap, €y nt1) € JVOZ such that

cer(A) < 1+e¢
and Ell(A) = ((G,G+,u), K, A, r).
Proof. 1t follows from [15, Theorem 13.50] and Theorem 6.7. [

Theorem 6.9. Let A be a unital separable simple amenable Z-stable C*-algebras which
satisfy the UCT. Then, cer(A) < 1 + ¢.

Proof. By [14], A is either stably finite or purely infinite. If A is purely infinite, then
by [27], cer(A) < 1 + ¢ (see also [23,34]). If A is stably finite, by [3,33], A satisfies the
condition Ty 4(A) = T(A) # @. By [9, Theorem 4.10], gTR(A) < 1. Now, the theorem
follows from Corollary 6.8 and [16, Corollary 29.9]. ]
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