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C �-exponential rank of unital simple classifiable
C �-algebras

Qiuwen Luo

Abstract. Let A be the class of all unital simple separable amenable Z-stable C�-algebras satisfy-
ing UCT, which are classified by Elliott invariant. In this paper, we proved that any C�-algebra in
A has C�-exponential rank at most 1C ".

1. Introduction

Let A be a unital C �-algebra and U.A/ the unitary group of A. We denote by U0.A/ the
connected component (in norm topology) of U.A/ containing the identity 1A. It is well
known that an element u in A belongs to U0.A/ if and only if

u D exp .2�ih1/ exp .2�ih2/ � � � exp .2�ihn/

for some natural number n and some self-adjoint elements h1; h2; : : : ; hn in A.
Based on the conclusion above, the conception of C �-exponential rank, as defined by

Phillips and Ringrose in 1991 (see [30] or Definition 2.24), can be considered. In the past
around three decades, the C �-exponential rank has been studied extensively. For instance,
in [23], Lin proved that every C �-algebra with real rank zero has C �-exponential rank at
most 1C ", Phillips in 1994 showed that the C �-exponential rank of a C �-algebra A can
be arbitrarily large, that is, that for any n there are a unital C �-algebra A and a unitary
u 2 A which is a product of some number of exponentials but not of n or fewer (see [28]).
Moreover, if A is a unital separable simple Z-stable C �-algebra which has rational tracial
rank at most one, thenA has the C �-exponential rank at most 1C " (see [22]). Further, the
C �-exponential rank plays an important role in the classification of C �-algebras (see [8,
11–13, 20, 21] and so on).

In [16], a classification theorem is obtained for a class of unital simple separable
amenable Z-stable C �-algebras satisfying UCT. This class of C �-algebras exhausts all
possible values of the Elliott invariant for unital stably finite simple separable amenable
Z-stable C �-algebras. In this paper, we will prove that the C �-exponential rank of a C �-
algebra in this class is at most 1C ".
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According to [15, Theorem 13.50], for any weakly unperforated Elliott invariant (see
Definition 2.18 below) ..G; GC; u/; K;4; r/, there is a unital simple C �-algebra A D
lim
�!
.An; �n;nC1/ in the class N Z

0 (see [15, Definition 13.6], relevant symbols are shown
in [15, Definitions 2.9, 3.1 and 9.1]) such that

Ell.A/ Š ..G;GC; u/;K;4; r/:

The above process of constructing a C �-algebra A from a given weakly unperforated
Elliott invariant is called Elliott–GLN construction in this paper. Our method of proof is
done by modifying Elliott–GLN construction. Furthermore, combining the classification
theorem of Elliott–Gong–Lin–Niu (see [9]) with Theorem 6.7 in this paper, we can obtain
the conclusion that a unital simple separable amenable Z-stable C �-algebra satisfying
UCT naturally has the C �-exponential rank at most 1 C ". Note that a purely infinite
simple C �-algebra, automatically, has the C �-exponential rank at most 1C " (see [27]).

2. Notation and preliminaries

This section includes a list of notations and definitions most of which are standard. We list
them here for the reader’s convenience.

Notation 2.1. Let q be a positive integer, we will use Sq to denote the collection of all
permutations of ¹1; : : : ; qº.

Particularly, the permutation corresponding to the mapping ¹1; : : : ; qº3j 7! .jC1/

mod.q/ 2 ¹1; : : : ; qº will be denoted by & 2 Sq .

Notation 2.2. Let n be a positive integer, we will use I nj to denote the arc

I nj WD

²
exp.2�it/ W

j � 1

n
6 t <

j

n

³
� T

for all j D 1; : : : ; n.

Definition 2.3. Let �1; : : : ; �q be q > 2 elements in the unit circle T . We say that
¹�j W j D 1; : : : ; qº is cyclically numbered when there are real numbers rj 2 R such
that exp.2�irj /D �j for all j , r1 6 � � � 6 rq and rq � r1 < 1. When each rj lies in Œ0; 1/,
we say that ¹�j W j D 1; : : : ; qº is naturally numbered.

Notation 2.4. Let L and K be two positive integers. We will use the symbol 
 D .ck;l / W
ZL ! ZK (or just 
 D .ck;l /, If there is no ambiguity based on the context) to denote 

is a group homomorphism from ZL to ZK , which is given by a K � L matrix .ck;l / of
integers, where k D 1; : : : ; K, l D 1; : : : ; L.

Notation 2.5. Let us denote by Mq the C �-algebra formed by the q � q complex matrix,
and write Iq for the unit element of Mq .
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Notation 2.6. Let A be a unital C �-algebra. We will write the spectrum of a as sp.a/ for
any a 2 A.

Notation 2.7. Let A be a unital C �-algebra. Denote by As:a: the self-adjoint part of A.

Definition 2.8 ([31]). A pair .G; GC/ is called an ordered Abelian group if G is an
Abelian group, GC is a subset of G with GC C GC � GC; GC \ .�GC/ D ¹0º and
GC �GC D G.

Define a relation 6 on G by x 6 y if y � x belongs to GC.
Particularly, the pair .Z;ZC/, where ZC WD ¹0; 1; 2; : : : º is an ordered Abelian group.

Definition 2.9 ([31]). An element u in GC in an ordered Abelian group .G;GC/ is called
an order unit if for any g in G there is a positive integer n with �nu 6 g 6 nu.

Definition 2.10 ([31]). A triple .G;GC; u/, where .G;GC/ is an ordered Abelian group
and u is an order unit is called an ordered Abelian group with an (distinguished) order
unit.

Particularly, the triple .R;RC; 1/, where RC WD Œ0;C1/ is an ordered Abelian group
with an order unit, and .K0.A/; K0.A/C; Œ1A�/ is also, if A is a unital stably finite C �-
algebra.

Definition 2.11 ([31]). Let .G; GC/ and .H; HC/ be two ordered Abelian groups. A
group homomorphism ˛ W G ! H is said to be positive if ˛.GC/ is contained in HC.
Write ˛ W .G;GC/! .H;HC/.

Assume now that .G;GC; u/ and .H;HC; v/ are two ordered Abelian groups with an
order unit. A positive group homomorphism ˛ WG!H is said to be order unit preserving
if ˛.u/ D v. Write ˛ W .G;GC; u/! .H;HC; v/.

Notation 2.12 ([31]). Suppose that .G;GC; u/ is an ordered Abelian group with an order
unit. A state on .G;GC; u/ is a group homomorphism f W .G;GC; u/! .R;RC; 1/. The
set of all states on .G;GC; u/ is denoted by S.G/.

Notation 2.13. Let A be a unital stably finite C �-algebra with T .A/ ¤ ;. Denote by rA W
T .A/! S.K0.A// the map defined by rA.�/.Œp�/D �.p/ for all projections p 2M1.A/
and for all � 2 T .A/.

Notation 2.14. Let S be a compact convex set. Denote by Aff.S/ the space of all real
continuous affine functions on S , that is,

Aff.S/ WD
®
f W S ! R W f is continuous and

f .�x C .1 � �/y/ D �f .x/C .1 � �/f .y/ 8x; y 2 S; � 2 Œ0; 1�
¯
:

In this paper, set

Aff.S/C WD ¹f 2 Aff.S/ W f .s/ > 0 8s 2 Sº [ ¹0º:

It is easy to check that .Aff.S/;Aff.S/C/ is an ordered vector space with the strict (point-
wise) order.
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Notation 2.15. Let A be a unital C �-algebra and let T .A/ denote the simplex of tracial
states of A, a compact subset of A�, the dual of A, with the weak* topology. Particularly,
the tracial states space T .A/ is a compact convex set if A is a unital stably finite C �-
algebra with T .A/ ¤ ;.

Notation 2.16. Let A and B be two C �-algebras and ' W A! B be a �-homomorphism.
Then, ' induces an affine map T .'/ W T .B/! T .A/ defined by T .'/.�/.a/ D �.'.a//
for all � 2 T .B/ and a 2A. Denote by '] WAff.T .A//!Aff.T .B// the contractive linear
map defined by

'].f /.�/ D f .T .'/.�// for all f 2 Aff.T .A// and � 2 T .B/:

Definition 2.17. Let A be a unital C �-algebra. The Elliott invariant of A, denoted by
Ell.A/ is the sextuple

Ell.A/ WD ..K0.A/;K0.A/C; Œ1A�/; K1.A/; T .A/; rA/:

Definition 2.18. The sextuple ..G;GC;u/;K;4; r/ is called a weakly unperforated Elliott
invariant, which means that .G; GC; u/ is a simple scaled ordered countable Abelian
group with an order unit, K is a countable Abelian group, 4 is a metrizable Choquet
simplex, and r W 4 ! S.G/ is a surjective affine map such that for any g 2 G

g 2 GC � ¹0º if and only if r.�/.g/ > 0 8� 2 4:

According to [15, Theorem 13.50], we know that for any weakly unperforated Elliott
invariant ..G;GC; u/;K;4; r/, there is a unital simple C �-algebra A D lim

�!
.An; �n;nC1/

in the class N Z
0 (see [15, Definition 13.6]) such that

Ell.A/ Š ..G;GC; u/;K;4; r/:

We write the symbol Ell.A/ Š ..G;GC; u/; K;4; r/, which means that there are an iso-
morphism �0 from .K0.A/;K0.A/C; Œ1A�/ to .G;GC; u/, an isomorphism �1 fromK1.A/

to K and a continuous affine homeomorphism �T from4 to T .A/ such that

rA.�T .�//.x/ D r.�/.�0.x//

for all x 2 K0.A/ and for all � 2 4.

Definition 2.19 ([11], [15, Notation 13.1]). Fix a set X. We called a subset with (finite)
multiplicities in X is a collection of elements in X which may be repeated finitely many
times. Denote by a�m the subset with multiplicities ¹a; a; : : : ; a„ ƒ‚ …

m

º.

Let A D ¹a�m11 ; a
�m2
2 ; : : : ; a

�mL
L º and B D ¹a�n11 ; a

�n2
2 ; : : : ; a

�nL
L º (some of the ml

(or nl ) may be zero which means the element al does not appear in the set A (of B)). If
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ml 6 nl for all l D 1; : : : ; L, then we say that A � B . We define

A [ B WD
®
a
�max¹m1;n1º
1 ; a

�max¹m2;n2º
2 ; : : : ; a

�max¹mL;nLº
L

¯
;

A \ B WD
®
a
�min¹m1;n1º
1 ; a

�min¹m2;n2º
2 ; : : : ; a

�min¹mL;nLº
L

¯
;

AnB WD
®
a
�max¹m1�n1;0º
1 ; a

�max¹m2�n2;0º
2 ; : : : ; a

�max¹mL�nL;0º
L

¯
;

A t B WD
®
a
�.m1Cn1/
1 ; a

�.m2Cn2/
2 ; : : : ; a

�.mLCnL/
L

¯
:

When both A and B are ordinary sets, the symbols above yield the same results as the
usual set operations of union, intersection, complement, while for the set of disjoint union
operation is only good for the case A \ B D ;.

Notation 2.20. Let A be a finite set with multiplicities. We will use the symbol ].A/ to
denote the number of elements in A.

For example, if A D ¹a�m11 ; a
�m2
2 ; : : : ; a

�mL
L º, then ].A/ D m1 C � � � CmL.

Notation 2.21. Let A be a unital sub-homogeneous C �-algebra, that is, the maximal
dimension of irreducible representations of A is finite. We will use Sp.A/ to denote the set
of equivalence classes of all irreducible representation ofA and RF.A/ to denote the set of
equivalence classes of all (not necessarily irreducible) finite dimensional representations.

Particularly, the set Sp.A/ will serve as a base set X when we talk about a finite set
with multiplicities.

Notation 2.22. LetA andB be twoC �-algebras and let ' WA!B be a �-homomorphism.
We will write Sp.'/ to denote the set

Sp.'/ WD ¹x 2 Sp.A/ W ker' � ker xº:

Moreover, when B D Mn, let us use SP.'/ to denote the corresponding equivalence
classes of ' in RF.A/.

Therefore, if SP.'/ D ¹x�m11 ; x
�m2
2 ; : : : ; x

�mL
L º, where x1; x2; : : : ; xL are all irre-

ducible representations and ml > 0 for all l D 1; 2; : : : ; L, then

Sp.'/ D ¹x1; x2; : : : ; xLº � Sp.A/:

So, Sp.'/ is an ordinary set which is a subset of Sp.A/, while SP.'/ is a set with multi-
plicities, whose elements are also elements of Sp.A/.

Note that if ';  W A! Mn are two �-homomorphisms, then ' and  are unitarily
equivalent if and only if SP.'/ D SP. /.

Notation 2.23. Let A and B be two C �-algebras. If ' is a �-homomorphism from A to
B , and � 2 RF.B/, then we will use 'j� for the composition � ı '.

In the last part of this section, we introduce the conception of C �-exponential rank.

Definition 2.24 ([26,30]). LetA be a unital C �-algebra and let u be an element of U0.A/.
We will define the C �-exponential rank of u, written as cer.u/, to be the smallest element
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of the set of symbols ¹1; 1C "; 2; 2C "; : : : ;1º (with the obvious order) consistent with
the following restrictions:

(i) cer.u/ 6 n if u is the product u D
Qn
jD1 exp.2�ihj / for some h1; : : : ; hn 2

As:a:;

(ii) cer.u/ 6 nC " if u is a norm limit of products as in (i).

Moreover, define the C �-exponential rank of A as follows:

cer.A/ WD sup
®

cer.u/ W u 2 U0.A/º 2 ¹1; 1C "; 2; 2C "; : : : ;1
¯
:

If A is non-unital, set cer.A/ WD cer.A�/.

3. Elliott–Thomsen algebras

In this section, we will introduce an important class of sub-homogeneous C �-algebras,
known as Elliott–Thomsen algebras. This class contains the familiar C �-algebras, such as
finite-dimensional C �-algebras, C.Œ0; 1�/, C.T / and dimension drop C �-algebras. This
class of C �-algebras is very important. Such as in [5], Elliott used it and some other
building blocks with 2-dimensional spectra to realize any weakly unperforated simple
ordered group with order unit as the K0-group of a simple ASH-algebra. In addition, we
introduce some simple properties for Elliott–Thomsen algebras, most of which have been
proven or very easy.

Consistent with most literature, for convenience, we do not distinguish between the
symbols Mq.C.X//, C.X;Mq/ and C.X/˝Mq for some compact Hausdorff space X .

Definition 3.1 ([5, 10]). Let F and E be two finite dimensional C �-algebras and let
ˇ0; ˇ1 W F ! E be two unital �-homomorphisms. Set

A W D C.Œ0; 1�; E/˚ˇ0;ˇ1 F

D
®
.f I a/ 2 C.Œ0; 1�; E/˚ F W ˇ0.a/ D f .0/; ˇ1.a/ D f .1/

¯
:

Denote by C the class of all unital such C �-algebras, and by C0 the sub-class of those
C �-algebras A in C such that K1.A/ D ¹0º.

Fact 3.2. Set I WD C0..0; 1/; E/. It is clearly that I is an (closed two-side) ideal in the
Elliott–Thomsen algebraA and satisfiesA=I DF . Consequently, the short exact sequence

0! I ,! A! F ! 0

can be obtained.
Let F WDMŒ1� ˚ � � � ˚MŒL� and E WDM¹1º ˚ � � � ˚M¹Kº, where Œl � and ¹kº are two

positive integers depending on another two positive integers 1 6 l 6 L and 1 6 k 6 K,
respectively. Since A is of type I, (that is, any non-zero irreducible representation ' W A!
B.H / satisfies K.H / � '.A/ (see [24, p. 169])), the set Sp.A/ (or the extreme points of
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T .A/) has canonical one-to-one correspondence with the irreducible representations of A,
which are given by

Sp.A/ WD
KG
kD1

.0; 1/k [ Sp.F /;

where each .0; 1/k is the open interval .0; 1/ (We use the subscript k to indicate the k-th
copy.) and Sp.F /D ¹�1; : : : ; �Lº. More precisely, the corresponding irreducible represen-
tation of an element �l 2 Sp.F / � Sp.A/ is the �-homomorphism

…�l W C.Œ0; 1�; E/˚ˇ0;ˇ1 F ! MŒl�

.f1; : : : ; fK I a1; : : : ; aL/ 7! al :

If we use the symbol tk to denote t 2 .0; 1/k � Sp.A/, then the corresponding irre-
ducible representation of a given element tk 2 Sp.A/ is the �-homomorphisms

…tk W C.Œ0; 1�; E/˚ˇ0;ˇ1 F ! M¹kº
.f1; : : : ; fK I a1; : : : ; aL/ 7! fk.t/:

Suppose K0.ˇ0/;K0.ˇ1/ W ZL ! ZK are given by matrices .b0
k;l
/; .b1

k;l
/ 2 MK�L.ZC/,

respectively. Apparently,

¹kº D

LX
lD1

b0k;l � Œl � D

LX
lD1

b1k;l � Œl �; k D 1; : : : ; K: (3.1)

Further, we also have

Aff.T .A// D
²
.R1; : : : ;RK I r1; : : : ; rL/ 2

KM
kD1

C.Œ0; 1�;Rk/˚RL W

Rk.0/ D
1

¹kº

LX
lD1

b0k;l Œl � � rl ;

Rk.1/ D
1

¹kº

LX
lD1

b1k;l Œl � � rl ; k D 1; : : : ; K

³
;

where Rk D R for all k D 1; : : : ; K.

Proposition 3.3 ([15, Proposition 3.5] and [32, Lemma 2.1]). Let F WD MŒ1� ˚ � � � ˚

MŒL�; E WD M¹1º ˚ � � � ˚ M¹Kº and let C �-algebra A WD C.Œ0; 1�; E/ ˚ˇ0;ˇ1 F 2 C .
Then, K1.A/ D ZK= Im.K0.ˇ1/ �K0.ˇ0// and K0.A/ D ker.K0.ˇ1/ �K0.ˇ0// with
positive cone K0.A/ \ ZLC and scale0B@ Œ1�:::

ŒL�

1CA 2 ZL:

Furthermore, if K1.A/ D 0, then ZL=K0.A/ D K1.C0..0; 1/; E// is torsion free.
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Remark 3.4. Let U D .U1; : : : ;UK I IŒ1�; : : : ; IŒL�/ be a unitary inAD C.Œ0; 1�;E/˚ˇ0;ˇ1
F . Then,

ŒU � D Œw1; : : : ; wK � 2 K1.A/ D ZK= Im.K0.ˇ1/ �K0.ˇ0//;

where wk is the winding number of det.Uk.t// 2 C.Œ0; 1�;T / (note that det.Uk.0// D
det.Uk.1// D 1) for any k D 1; : : : ; K.

Proposition 3.5 ([15, Proposition 3.6]). For fixed finite dimensional C �-algebras F WD
MŒ1� ˚ � � � ˚MŒL�;E WDM¹1º ˚ � � � ˚M¹Kº, the C �-algebras C.Œ0; 1�;E/˚ˇ0;ˇ1 F 2 C

is completely determined (up to isomorphism) by the maps K0.ˇ0/;K0.ˇ1/ W ZL ! ZK .

Remark 3.6. According to Proposition 3.5, without loss of generality, we can assume
that

ˇ0 W MŒ1� ˚ � � � ˚MŒL� ! M¹1º ˚ � � � ˚M¹Kº
.a1; : : : ; aL/ 7! .x1; : : : ; xK/

and

ˇ1 W MŒ1� ˚ � � � ˚MŒL� ! M¹1º ˚ � � � ˚M¹Kº
.a1; : : : ; aL/ 7! .y1; : : : ; yK/;

where

xk D diag.a1 ˝ Ib0
k;1
; : : : ; aL ˝ Ib0

k;L
/; yk D diag.a1 ˝ Ib1

k;1
; : : : ; aL ˝ Ib1

k;L
/

for any k D 1; : : : ;K. Unless otherwise stated, we assume that ˇ0; ˇ1 have the good form
as above in the remainder of this paper.

4. Some lemmas

In this section, we will prove some lemmas and collect some known results.

Lemma 4.1. LetH;G be two self-adjoint elements in Mq , written as sp.H/D¹�1; : : : ;�qº
(see Notation 2.6 for the symbol sp.H/) and sp.G/ D ¹�1; : : : ; �qº, respectively. If

exp.2�iH/ D exp.2�iG/;

then there is a permutation � 2 Sq (see Notation 2.1) such that

¹�j � ��.j / W j D 1; : : : ; qº � Z:

Moreover, if
�q � 1 < �1 6 � � � 6 �q
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and
�q � 1 < �1 6 � � � 6 �q;

(consequently, ¹exp.2�i�1/; : : : ; exp.2�i�q/º and ¹exp.2�i�1/; : : : ; exp.2�i�q/º are
both cyclically numbered (see Definition 2.3).) then there exist an integer k 2 ¹1; : : : ; qº
such that

�1 � �&k.1/ D � � � D �q�k � �&k.q�k/

D �q�kC1 � �&k.q�kC1/ � 1 D � � � D �q � �&k.q/ � 1 2 Z

(see Notation 2.1 for the symbol & ).

Proof. The proof is trivial.

Lemma 4.2. Let ¹�1; : : : ; �qº and ¹�1; : : : ; �qº be two finite subsets of the unit circle
T , which are both cyclically numbered. Then, for any � 2 Sq , we can choose an integer
k 2 ¹1; : : : ; qº such that

max
®
j�j � �&k.j /j W j D 1; : : : ; q

¯
6 max

®
j�j � ��.j /j W j D 1; : : : ; q

¯
:

Proof. The proof is trivial.

Lemma 4.3 (See the proof of [7, Lemma 3.27]). Let Z WD ¹z1; : : : ; zqº be a finite subset
of the unit circle T such that zj 2 I

q
j (see Notation 2.2) for any j D 1; : : : ; q. Suppose

that .x; y/ is a pair in T � T , and write

X WD ¹�1; : : : ; �qC1º D ¹xº tZ and Y WD ¹�1; : : : ; �qC1º D ¹yº tZ

(see Definition 2.19), then there exists a permutation � 2 SqC1 such that

max¹j�j � ��.j /j W j D 1; : : : ; .q C 1/º <
4�

q
;

measured along the circle.

Proof. The proof is trivial.

Lemma 4.4. Let U and V be two unitaries in Mq , and let their eigenvalues, counted with
multiplicity, be �1; : : : ; �q and �1; : : : ; �q , respectively. Then, there exists a permutation
� 2 Sq such that

max¹j�j � ��.j /j W j D 1; : : : ; qº 6 kU � V k:

If both ¹�1; : : : ; �qº and ¹�1; : : : ; �qº are cyclically numbered, then � can be chosen
in the form of &k for some integer k 2 ¹1; : : : ; qº.

Proof. The first part of the lemma has been demonstrated in the main theorem on [2,
p. 71]. And the second part follows from Lemma 4.2.
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Lemma 4.5. Let U be a unitary in C.Œ0; 1�;Mq/. Then, for any 0 < " < 1, there exists a
unitary zU in C.Œ0; 1�;Mq/ such that

(i) zU D u � diag.exp.2�if1/; : : : ;exp.2�ifq// � u�, where f1; : : : ; fq 2C.Œ0;1�/s:a:
and u 2 U.C.Œ0; 1�;Mq//,

(ii) zU.t/ 2 Mq has distinct eigenvalues for each t 2 .0; 1/,

(iii) zU.0/ D U.0/; zU.1/ D U.1/,

(iv) k zU � U k < ",

(v) for any t 2 Œ0; 1�, det. zU.t// D det.U.t//.

Proof. According to [15, Lemma 3.11] (see also [29, Lemma 1.5], and [4, Theorem 4]),
there is a unitary U 0 2 C.Œ0; 1�;Mq/ such that

(1) U 0 D u � diag.exp.2�ig1/; : : : ;exp.2�igq// � u�, where g1; : : : ; gq 2 C.Œ0; 1�/s:a:
and u 2 U.C.Œ0; 1�;Mq//,

(2) U 0.t/ 2 Mq has distinct eigenvalues for each t 2 .0; 1/,

(3) U 0.0/ D U.0/; U 0.1/ D U.1/,

(4) kU 0 � U k < "
4

.

Because kU 0U � � 1k D kU 0 �U k< "
4

, there is a self-adjoint elementH 0 2 C.Œ0; 1�;Mq/

with kH 0k < "
16

such that U 0U � D exp.2�iH 0/. As U 0.0/ D U.0/, U 0.1/ D U.1/, this
implies exp.2�iH 0.0// D exp.2�iH 0.1// D Iq . Combining with the condition kH 0k <
"
16

, it is clear that
H 0.0/ D H 0.1/ D 0 2 Mq : (4.1)

Define F.t/ WD det.exp.2�i H
0.t/
q
//, which is a continuous function in C.Œ0; 1�;T /. On

the one hand, it follows from (4.1) that F.0/ D F.1/ D 1. On the other hand, we have

det.U 0.t// � det.U �.t// D .F.t//q 8t 2 Œ0; 1�: (4.2)

Claim. kF � 1k < �
8
� ".

In fact, for a fixed t0 2 Œ0;1�, write sp.H
0.t0/
q

/D¹�1; : : : ;�qº �R and note that kH 0k<
"
16

, then ¹�1; : : : ; �qº � .� "
16q

; "
16q

/. Therefore,

ˇ̌
F.t0/ � 1

ˇ̌
D

ˇ̌̌̌
det
�

exp
�
2�i

H 0.t0/

q

��
� 1

ˇ̌̌̌
D

ˇ̌̌̌
exp

�
2�i

qX
jD1

�j

�
� 1

ˇ̌̌̌
<
�

8
� ":

Combining the arbitrariness of t0, the claim holds.
As F 2 C.Œ0; 1�;T /, there exists a function h 2 C.Œ0; 1�/s:a: with khk < "

16
such that

F D exp.2�ih/. Now, define fj D gj � h for j D 1; : : : ; q, and let zU D xF � U 0, where
xF is the conjugate element of F in C �-algebra C.Œ0; 1�/. Hence,

zU D xF � U 0 D u � diag.exp.2�if1/; : : : ; exp.2�ifq// � u�;



C�-exponential rank of unital simple classifiable C�-algebras 1289

which means that the condition (i) holds. Note that

sp.U 0.t// D ¹exp.2�ig1.t//; : : : ; exp.2�igq.t//º

and

sp. zU.t// D ¹exp.2�i � .g1.t/ � h.t///; : : : ; exp.2�i � .gq.t/ � h.t///º:

Therefore, the condition (ii) follows from the fact that U 0.t/ 2Mq has distinct eigenvalues
for each t 2 .0; 1/. According to F.0/ D F.1/ D 1, the condition (iii) holds. Because

k zU � U k D k xF � U 0 � U k 6 kF � 1k C kU 0 � U k < ";

the condition (iv) holds. For the condition (v), we have

det. zU.t// D
qY

jD1

exp.2�i � .gj .t/ � h.t/// D
� qY
jD1

exp.2�igj .t//
�
� .exp.�2�ih.t///q

D det.U 0.t// � xF q.t/
(4.2)
HHHH det.U.t//;

as desired.

Remark 4.6. As [15, Remark 3.13], in Lemma 4.5, we may ensure that f1.0/; : : : ;fq.0/2
Œ0; 1/ and

fq.t/ � 1 < f1.t/ < � � � < fq.t/

for any t 2 .0;1/, which means that ¹exp.2�if1.0//; : : : ;exp.2�ifq.0//º �T is cyclically
numbered.

The following lemma is due to Nielsen and Thomsen.

Lemma 4.7 ([25, Lemma 2.2]). Let pi W Œ0; 1�! T ; i D 1; : : : ; q be continuous functions
such that the pi .t/’s are mutually distinct for all t 2 Œ0; 1�. Assume ¹pi .0/ W i D 1; : : : ; qº
is naturally numbered and that ¹p1.0/; : : : ; pk.0/º D ¹p1.1/; : : : ; pq.1/º. Let � 2 Sk such
that

pi .1/ D p�.i/.0/; i D 1; : : : ; q:

Then,

(i) � D &k for some k 2 ¹1; : : : ; qº;

(ii) the winding number of the loop Œ0; 1� 3 t 2
Qq
iD1 pi .t/ 2 T lies in qZC k.

Lemma 4.8. Let U and V be two unitaries in C.Œ0; 1�;Mq/ satisfying U.0/ D V.0/,
U.1/ D V.1/, and for any t 2 Œ0; 1�,

det.U.t// D det.V .t//: (4.3)
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Suppose that ¹z1; z2; : : : ; zmº is a finite subset of the unit circle T and n is a positive
integer. If for any j D 1; : : : ; n,

].¹z1; : : : ; zmº \ I
n
j / > q; (4.4)

(see Notation 2.20 for the symbol ].�/), then there is a unitary W 2 C.Œ0; 1�;MqCm/ such
that W.0/ D W.1/ D IqCm and

diag.U; z1; : : : ; zm/ �W diag.V; z1; : : : ; zm/W �



 < 23�

n
:

Proof. The idea of this proof originates from [6, Theorem 4], and in addition, the reader
can also refer to [25, Lemma 2.3]. Because, in the general case, the natural number n in
this lemma is large enough, for easy calculation, we use the arc length as the distance
between two points on the unit circle T , which is not fundamentally different from the
classical Euclidean distance.

Obviously, the inequality m > nq holds according to the assumption (4.4). Without
loss of generality, assume

¹zq.j�1/C1; : : : ; zq.j�1/Cqº � ¹z1; : : : ; zmº \ I
n
j ; j D 1; : : : ; n: (4.5)

It suffices to show that for some unitary zW 2 C.Œ0; 1�;MqCnq/ such that zW .0/D zW .1/D
IqCnq and 

diag.U; z1; : : : ; znq/ � zW � diag.V; z1; : : : ; znq/ � zW �



 < 23�

n
: (4.6)

Once the above is true, the lemma is justified by defining W D diag. zW ; Im�nq/.
Now, we will begin to prove (4.6). Firstly, find a small enough 0 < 2� < 1

2
such that

for t1; t2 2 Œ0; 1� and jt1 � t2j < 2� , we have

kU.t1/ � U.t2/k <
�

2n
and kV.t1/ � V.t2/k <

�

2n
: (4.7)

Next, choose two unitaries xU and xxU in Mq such that

(1) both xU and xxU have distinct eigenvalues, and

sp. xU/ \ ¹z1; : : : ; znqº D sp. xxU/ \ ¹z1; : : : ; znqº D ;I

(2) for xU , there is a path xP in U.Mq/ satisfying xP .0/ D U.0/ D V.0/; xP .1/ D xU

and 

 xP .t/ � U.0/

 < �

2n
8t 2 Œ0; 1�I (4.8)

(3) for xxU , there is a path xxP in U.Mq/ satisfying xxP.0/D xxU; xxP.1/D U.1/D V.1/ and

 xxP.t/ � U.1/

 < �

2n
8t 2 Œ0; 1�: (4.9)
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For � , xP , xxP above, we construct two unitaries U 0; V 0 2 C.Œ0; 1�;Mq/ as follows:

U 0.t/ D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

xP . t
�
/ if 0 6 t < �;

xP .2��t
�
/ if � 6 t < 2�;

U. t�2�
1�4�

/ if 2� 6 t < 1 � 2�;
xxP.1���t

�
/ if 1 � 2� 6 t < 1 � �;

xxP. t�1C�
�

/ if 1 � � 6 t 6 1;

and V 0.t/ D

8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

xP . t
�
/ if 0 6 t < �;

xP .2��t
�
/ if � 6 t < 2�;

V . t�2�
1�4�

/ if 2� 6 t < 1 � 2�;
xxP.1���t

�
/ if 1 � 2� 6 t < 1 � �;

xxP. t�1C�
�

/ if 1 � � 6 t 6 1:

As a consequence,
kU � U 0k <

�

n
and kV � V 0k <

�

n
(4.10)

and
U 0.�/ D V 0.�/ and U 0.1 � �/ D V 0.1 � �/: (4.11)

Now, we divide into two cases for discussion.

Case 1. If z1; : : : ; znq are mutually distinct.
In this case, according to Lemma 4.5, for the restriction element diag.U 0; z1; : : : ;

znq/jŒ�;1��� there is a unitary zU 2 C.Œ�; 1 � ��;MqCnq/ satisfying

(U-1) there exist a unitary u 2 C.Œ�; 1 � ��;MqCnq/ and .q C nq/ continuous func-
tions h1; : : : ; hqCnq 2 C.Œ�; 1� ��/s:a: with hi .�/ 2 Œ0; 1/ for l D 1; : : : ; .q C
nq/ and h1 < � � � < hqCnq such that

zU D u � diag.exp.2�ih1/; : : : ; exp.2�ihqCnq// � u�;

(U-2) zU.t/ 2 MqCnq has distinct eigenvalues for each t 2 Œ�; 1 � ��,

(U-3) zU.�/Ddiag.U 0.�/; z1; : : : ; znq/ and zU.1� �/Ddiag.U 0.1� �/; z1; : : : ; znq/,

(U-4) k zU � diag.U 0; z1; : : : ; znq/k < �
2n

,

(U-5) for any t 2 Œ�; 1 � ��, det. zU.t// D det.diag.U 0.t/; z1; : : : ; znq//.

Similar argument applies to the restriction element diag.V 0; z1; : : : ; znq/jŒ�;1��� 2
C.Œ�; 1 � ��;MqCnq/, hence, there is a unitary zV 2 C.Œ�; 1 � ��;MqCnq/ satisfying

(V-1) there exist a unitary v 2 C.Œ�; 1 � ��;MqCnq/ and .q C nq/ continuous func-
tions g1; : : : ;gqCnq 2C.Œ�;1� ��/s:a: with gl .�/2 Œ0;1/ for all l D 1; : : : ; .qC
nq/ and g1 < � � � < gqCnq such that

zV D v � diag.exp.2�ig1/; : : : ; exp.2�igqCnq// � v�;
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(V-2) zV .t/ 2 MqCnq has distinct eigenvalues for each t 2 Œ�; 1 � ��,

(V-3) zV .�/D diag.V 0.�/; z1; : : : ; znq/ and zV .1� �/D diag.V 0.1� �/;z1; : : : ; znq/,

(V-4) k zV � diag.V 0; z1; : : : ; znq/k < �
2n

,

(V-5) for any t 2 Œ�; 1 � ��, det. zV .t// D det.diag.V 0.t/; z1; : : : ; znq//.

On the one hand,

zU.�/
(4.11)
HHHH zV .�/ and zU.1 � �/

(4.11)
HHHH zV .1 � �/:

On the other hand, combining Lemma 4.4 with Remark 4.6, for any t 2 Œ�; 1 � ��, we
have,

sp. zU.t// D ¹exp.2�ih1.t//; : : : ; exp.2�ihqCnq.t//º; (4.12)

sp. zV .t// D ¹exp.2�ig1.t//; : : : ; exp.2�igqCnq.t//º; (4.13)

and assume that for an arbitrary t0 2 Œ�; 1 � ��,

sp.diag.U 0.t0/; z1; : : : ; znq// DW ¹�1; : : : ; �qCnqº (4.14)

and
sp.diag.V 0.t0/; z1; : : : ; znq// DW ¹�1; : : : ; �qCnqº; (4.15)

are all cyclically numbered. Now, noting that hl .�/ 2 Œ0; 1/ (see (U-1)) and gl .�/ 2 Œ0; 1/
(see (V-1)), we get

hl .�/ D gl .�/; l D 1; : : : ; .q C nq/: (4.16)

Below, we will show that

hl .1 � �/ D gl .1 � �/; l D 1; : : : ; .q C nq/ (4.17)

also hold.
On the one hand, it follows from the assumption (4.3) that

det. zU.t// � det. zV �.t//
(4.12)
HHHH
(4.13)

exp
�
2�i �

qCnqX
lD1

.hl .t/ � gl .t//

�
D 1 8t 2 Œ�; 1 � ��:

Consequently, for all t 2 Œ�; 1 � ��, F.t/ WD
PqCnq

lD1
.hl .t/ � gl .t// 2 Z. Note that ¹hl W

l D 1; : : : ; .qC nq/º [ ¹gl W l D 1; : : : ; .qC nq/º � C.Œ�; 1� ��/, thus, the map F.t/DPqCnq

lD1
.hl .t/ � gl .t// 2 C.Œ�; 1 � ��/. So,

F.t/ D F.�/
(4.16)
HHHH 0 8t 2 Œ�; 1 � ��:

Particularly,
qCnqX
lD1

.hl .1 � �/ � gl .1 � �// D 0: (4.18)
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On the other hand, by using Lemma 4.1, there exists an integer k0 2 ¹1; : : : ; .q C nq/º
such that

h1.1 � �/ � g&k0 .1/.1 � �/

D � � � D h.qCnq/�k0.1 � �/ � g&k0 ..qCnq/�k0/.1 � �/

D h.qCnq/�k0C1.1 � �/ � g&k0 ..qCnq/�k0C1/.1 � �/ � 1

D � � � D hqCnq � g&k0 .qCnq/.1 � �/ � 1 2 Z:

Hence, it follows from (4.18) that &.l/ D l hold for all l D 1; : : : ; .q C nq/. That is,
hl .1 � �/ D gl .1 � �/ hold for all l D 1; : : : ; .q C nq/.

Now, for t0 2 Œ�; 1� �� above. By Lemma 4.4, (U-4) and (4.14), there exists an integer
Nk 2 ¹1; : : : ; .q C nq/º such that

max
®ˇ̌
�l � exp

�
2�i � g

&
Nk.l/
.t0/

�ˇ̌
W l D 1; : : : ; .q C nq/

¯
<
�

2n
: (4.19)

Similarly, by Lemma 4.4, (U-4) and (4.15), there exists an integer Ok 2 ¹1; : : : ; .q C nq/º
such that

max
®ˇ̌
�l � exp

�
2�i � h

&
Ok.l/
.t0/

�ˇ̌
W l D 1; : : : ; .q C nq/

¯
<
�

2n
: (4.20)

Claim. There exists an integer Qk such that

max
®ˇ̌
�l � �& Qk.l/

ˇ̌
W l D 1; : : : ; .q C nq/

¯
<
4�

n
: (4.21)

According to Lemma 4.2, to prove the claim, it is sufficient to show that there exists a
permutation � 2 SqCnq such that

max
®ˇ̌
�l � ��.l/

ˇ̌
W l D 1; : : : ; .q C nq/

¯
<
4�

n
:

Note that ¹z1; : : : ; znqº D ¹�1; : : : ; �qCnqº \ ¹�1; : : : ; �qCnqº. Write

X WD ¹x1; : : : ; xqº D ¹�1; : : : ; �qCnqºn¹z1; : : : ; znqº;

Y WD ¹y1; : : : ; yqº D ¹�1; : : : ; �qCnqºn¹z1; : : : ; znqº

(see Definition 2.19) and note that ].X/ D ].Y/ D q. According to (4.5), for a fixed
l D 1; : : : ; q, the set

Zl WD ¹zl ; zqCl ; : : : ; z.n�1/qClº

satisfies z.j�1/qCi 2 I nj for any j D 1; : : : ; n. Now, for the pair .xl ; yl / 2 X � Y, write

Xl WD ¹�1; : : : ; �nC1º D ¹xlº tZl and Yl WD ¹�1; : : : ; �nC1º D ¹ylº tZl :

By using Lemma 4.3, there exists a permutation �l 2 SnC1 such that

max
®ˇ̌
�s � ��l .s/

ˇ̌
W s D 1; : : : ; .nC 1/

¯
<
4�

n
:
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Note that

X D

qG
lD1

Xl and Y D

qG
lD1

Yl :

Hence, there exists a permutation � 2 SqCnq such that

max
®ˇ̌
�l � ��.l/

ˇ̌
W l D 1; : : : ; q C nq

¯
<
4�

n
;

which proves the claim.
Combining (4.19), (4.20) and (4.21), for t0 2 Œ�; 1 � �� above there exists an integer

k 2 ¹1; : : : ; .q C nq/º such that

max
®ˇ̌

exp.2�igl .t0// � exp
�
2�ih&k.l/.t0/

�ˇ̌
W l D 1; : : : ; .q C nq/

¯
<
5�

n
: (4.22)

Thus, we can define a path pt0
l
W Œ0; 1�! T satisfying pt0

l
.0/D exp.2�igl .t0//; p

t0
l
.1/D

exp.2�ih&k.l/.t0// and

jp
t0
l
.s/ � p

t0
l
.0/j <

5�

n
8s 2 Œ0; 1�:

In addition, note that (4.16). Now, for each l D 1; : : : ; .q C nq/, set

pl .s/ D

8̂̂<̂
:̂

exp.2�ihl .3.� � t0/s C t0// if 0 6 s < 1
3
;

exp.2�igl .3.t0 � �/s C 2� � t0// if 1
3
6 s < 2

3
;

p
t0
l
.3s � 2/ if 2

3
6 s 6 1:

Consequently, a path P on the unit circle T can be obtained by defining

P W Œ0; 1�! T ;

s 7!

qCnqY
lD1

pl .s/:

Note that P.0/D P.1/D exp.2�i
PqCnq

lD1
hl .t0//. Let us denote byW the winding num-

ber of the loop P . According to the definition of P , first, we have

jW j 6
5�
n
� .q C nq/

2�
D
5q � .1C n/

2n
:

Since &k.l/ D .l C k/mod.q C nq/ 2 ¹1; : : : ; .q C nq/º, by using Lemma 4.7, we have
W 2 .q C nq/ZC k, and so,

min¹k; .q C nq/ � kº 6 jW j:

Thus,

min¹k; .q C nq/ � kº 6 jW j 6
5q � .1C n/

2n



C�-exponential rank of unital simple classifiable C�-algebras 1295

holds. Hence, the open minor arc I with endpoint exp.2�ihl .t0// and exp.2�ih&k.l/.t0//
satisfies

].I \ ¹exp.2�ih1.t0//; : : : ; exp.2�ihqCnq.t0//º/ 6
5q � .1C n/

2n
:

Thus, by (4.4), we get

].I \ ¹I nj W j D 1; : : : ; nº/ 6
5.1C n/

2n
:

It follows that

max
®ˇ̌

exp
�
2�ih&k.l/.t0/

�
� exp.2�ihl .t0//

ˇ̌
W l D 1; : : : ; .q C nq/

¯
<
2�

n
�

�
5.1C n/

2n
C 2

�
<
14�

n
:

Combining (4.22), we can show that

max
®
j exp.2�ihl .t0// � exp.2�igl .t0//j W l D 1; : : : ; .q C nq/

¯
<
19�

n
:

Consequently,

diag.U 0.t/; z1; : : : ; znq/ � .uv�/.t/ � diag.V 0.t/; z1; : : : ; znq/ � .vu�/.t/


 < 19�

n

for any t 2 Œ�; 1� ��. Here, both u and v are elements in U.C.Œ�; 1� ��;MqCnq//. Recall
that

diag.U 0.�/; z1; : : : ; znq/
(U-3)
HHHH zU.�/

(U-1)
HHHH u.�/ � diag.exp.2�ih1.�//; : : : ; exp.2�ihqCnq.�/// � u�.�/;

diag.V 0.�/; z1; : : : ; znq/
(V-3)
HHHH zV .�/

(V-1)
HHHH v.�/ � diag.exp.2�ig1.�//; : : : ; exp.2�igqCnq.�/// � v�.�/

and

diag.U 0.1 � �/; z1; : : : ; znq/
(U-3)
HHHH zU.1 � �/

(U-1)
HHHH u.1 � �/ � diag.exp.2�ih1.1 � �//; : : : ; exp.2�ihqCnq.1 � �/// � u�.1 � �/;

diag.V 0.1 � �/; z1; : : : ; znq/
(V-3)
HHHH zV .1 � �/

(V-1)
HHHH v.1 � �/ � diag.exp.2�ig1.1 � �//; : : : ; exp.2�igqCnq.1 � �/// � v�.1 � �/:
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Note that

diag.U 0.�/; z1; : : : ; znq/
(4.11)
HHHH diag.V 0.�/; z1; : : : ; znq/;

diag.exp.2�ih1.�//; : : : ; exp.2�ihqCnq.�///
(4.16)
HHHH diag.exp.2�ig1.�//; : : : ; exp.2�igqCnq.�///

and

diag.U 0.1 � �/; z1; : : : ; znq/
(4.11)
HHHH diag.V 0.1 � �/; z1; : : : ; znq/;

diag.exp.2�h1.1 � �//; : : : ; exp.2�ihqCnq.1 � �///
(4.17)
HHHH diag.exp.2�ig1.1 � �//; : : : ; exp.2�igqCnq.1 � �///:

Thus,

diag.U 0.�/; z1; : : : ; znq/ D .uv�/.�/ � diag.V 0.�/; z1; : : : ; znq/ � .vu�/.�/

and

diag.U 0.1� �/;z1; : : : ; znq/D.uv�/.1� �/ � diag.V 0.1� �/;z1; : : : ; znq/ � .vu�/.1� �/:

By using [1, Proposition 4.4], there is a path xQ W Œ0; ��! U.MqCnq/ with xQ.0/ D IqCnq
and xQ.�/ D .uv�/.�/ such that

diag.U 0.�/; z1; : : : ; znq/ D xQ.t/ � diag.V 0.�/; z1; : : : ; znq/ � xQ�.t/ 8t 2 Œ0; ��:

For same reason, there is a path xxQ W Œ1 � �; 1� ! U.MqCnq/ with xxQ.1/ D IqCnq and
xxQ.1 � �/ D .uv�/.1 � �/ such that

diag.U 0.1 � �/; z1; : : : ; znq/

D
xxQ.t/ � diag.V 0.1 � �/; z1; : : : ; znq/ � xxQ�.t/ 8t 2 Œ1 � �; 1�:

Now, define

zW .t/ D

8̂̂<̂
:̂
xQ.t/ if 0 6 t < �;
.uv�/.t/ if � 6 t < 1 � �;
xxQ.t/ if 1 � � 6 t 6 1:

Evidently, zW .0/ D zW .1/ D IqCnq . According to (4.8) and (4.9), it is easy to check

diag.U 0; z1; : : : ; znq/ � zW � diag.V 0; z1; : : : ; znq/ � zW �


 < 20�

n
:

It follows from (4.10) that

diag.U; z1; : : : ; znq/ � zW � diag.V; z1; : : : ; znq/ � zW �


 < 21�

n
<
23�

n
:



C�-exponential rank of unital simple classifiable C�-algebras 1297

Case 2. If for some j D 1; : : : ;n, the set ¹zq.j�1/C1; : : : ; zq.j�1/Cqº D ¹z1; : : : ; znqº \ I nj
satisfies that there exist two elements zq.j�1/Cl1 ; zq.j�1/Cl2 2 I

n
j such that zq.j�1/Cl1 D

zq.j�1/Cl2 .
In this case, we can choose to replace ¹zq.j�1/C1; : : : ; zq.j�1/Cqºwith ¹z0

q.j�1/C1
; : : : ;

z0
q.j�1/Cq

º� I nj , where z0
q.j�1/C1

; : : : ; z0
q.j�1/Cq

are mutually distinct. Thus, the problem

now transforms into Case 1. That is, there is a unitary zW 2 C.Œ0; 1�;MqCnq/ satisfying

diag.U; z01; : : : ; z
0
nq/ �

zW � diag.V; z01; : : : ; z
0
nq/ �

zW �


 < 21�

n
:

Note that 

diag.z1; : : : ; zqCnq/ � diag.z01; : : : ; z
0
qCnq/



 < 2�

n
:

Thus, 

diag.U; z1; : : : ; znq/ � zW � diag.V; z1; : : : ; znq/ � zW �


 < 23�

n
:

Hence, (4.6) also holds in this case, as desired.

Lemma 4.9. LetF ,E be two finite dimensionalC �-algebras andADC.Œ0;1�;E/˚ˇ0;ˇ1
F be a Elliott–Thomsen algebra. Suppose U is an element in U0.A/, then there is a uni-
tary V such that

det.V .t// D det.U.t// 8t 2 Sp.A/

and cer.V / D 1.

Proof. Let F WD MŒ1� ˚ � � � ˚MŒL�; E WD M¹1º ˚ � � � ˚M¹Kº. Suppose the two group
homomorphisms

K0.ˇ0/ D .b
0
k;l /;K0.ˇ1/ D .b

1
k;l / W K0.F / D ZL ! K0.E/ D ZK

are induced by ˇ0; ˇ1 W F ! E, respectively, and set

.bk;l / WD .b
1
k;l / � .b

0
k;l / D K0.ˇ1/ �K0.ˇ0/:

Write U D .U1; : : : ; UK Iu1; : : : ; uL/. It follows from Lemma 4.5, for each k D 1; : : : ;K
and a (fixed) small enough " > 0 there is a unitary Uk 2 C.Œ0; 1�;M¹kº/ such that

(1) UkDuk � diag.exp.2�if k1 /; : : : ;exp.2�if k
¹kº
// �u�

k
where uk2U.C.Œ0;1�;M¹kº//

and f k1 ; : : : ; f
k
¹kº
2 C.Œ0; 1�/s:a:,

(2) Uk.t/ 2 M¹kº has distinct eigenvalues for each t 2 .0; 1/,

(3) Uk.0/ D Uk.0/;Uk.1/ D Uk.1/,

(4) kUk � Ukk < ",

(5) for any t 2 Œ0; 1�, det.Uk.t// D det.Uk.t//.



Q. Luo 1298

Let U D .U1; : : : ;UK Iu1; : : : ; uL/. Note that for any l D 1; : : : ; L, the unitary ul 2 MŒl�

have the form

ul D Oul � diag
�
exp.2�i�l1/; : : : ; exp

�
2�i�lŒl�

��
� Ou�l ;

where Oul 2 U.MŒl�/ and �l1; : : : ; �
l
Œl�
2 Œ0; 1/. Without loss of generality, for any k D

1; : : : ; K, assume®
f k1 .0/; : : : ; f

k
¹kº.0/

¯
D
®
.�lj /

�b0
k;l W l D 1; : : : ; LI j D 1; : : : ; Œl �

¯
:

And, set ®
zk1 ; : : : ; z

k
¹kº

¯
WD
®
.�lj /

�b1
k;l W l D 1; : : : ; LI j D 1; : : : ; Œl �

¯
;

then there exist ¹kº integers mk1 ; : : : ; m
k
¹kº

such that®
f k1 .1/; : : : ; f

k
¹kº.1/

¯
D
®
zk1 Cm

k
1 ; : : : ; z

k
¹kº Cm

k
¹kº

¯
:

Now, write
Qhl WD Oul � diag

�
��l1; : : : ;��

l
Œl�

�
� Ou�l ; l D 1; : : : ; L;

and then, Qh WD . Qh1; : : : ; QhL/ 2 Fs:a:. Note that

exp.2�i Qhl / � ul D ul � exp.2�i Qhl / D IŒl�; l D 1; : : : ; L

and, for all k D 1; : : : ; K, both …k.ˇ0. Qh// and …k.ˇ1. Qh// are elements in .M¹kº/s:a:
satisfying

exp.2�i �…k.ˇ0. Qh/// � Uk.0/ D Uk.0/ � exp.2�i �…k.ˇ0. Qh/// D I¹kº;

exp.2�i �…k.ˇ1. Qh/// � Uk.1/ D Uk.1/ � exp.2�i �…k.ˇ1. Qh/// D I¹kº;
(4.23)

where …k is the quotient map from E D M¹1º ˚ � � � ˚M¹Kº to M¹kº. Evidently, for an
arbitrary k D 1; : : : ; K,

sp.…k.ˇ0. Qh/// D
®
.��lj /

�b0
k;l W l D 1; : : : ; LI j D 1; : : : ; Œl �

¯
.� R/;

sp.…k.ˇ1. Qh/// D
®
.��lj /

�b1
k;l W l D 1; : : : ; LI j D 1; : : : ; Œl �

¯
.� R/:

For convenience, we renumber the elements in both sp.…k.ˇ0. Qh/// and sp.…k.ˇ1. Qh///,
written as ¹�k1 ; : : : ; �

k
¹kº
º � R and ¹#k1 ; : : : ; #

k
¹kº
º � R, respectively. Now, we can arbi-

trarily choose ¹kº continuous real-valued functions Qgk1 ; : : : ; Qg
k
¹kº

such that®
Qgk1 .0/; : : : ; Qg

k
¹kº.0/

¯
D
®
�k1 ; : : : ; �

k
¹kº

¯
and

®
Qgk1 .1/; : : : ; Qg

k
¹kº.1/

¯
D
®
#k1 ; : : : ; #

k
¹kº

¯
:

Set
zHk WD uk � diag

�
Qgk1 ; : : : ; Qg

k
¹kº

�
� u�k ; k D 1; : : : ; K
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and then, zH WD . zH1; : : : ; zHK/ 2 C.Œ0; 1�; E/s:a:. Obviously, . zH I Qh/ 2 As:a: and

ŒU �D ŒU�D ŒU � exp.2�i. zH I Qh//�D 0 2 K1.A/D ZK= Im.K0.ˇ1/�K0.ˇ0//: (4.24)

Note that for each k D 1; : : : ; K, we have

det.Uk.t/ exp.2�i zHk.t/// D exp
�
2�i

¹kºX
sD1

.f ks .t/C Qg
k
s .t//

�
:

Thus, the function det.Uk.�/ exp.2�i zHk.�/// 2 C.Œ0; 1�;T / and

det.Uk.0/ exp.2�i zHk.0///
(4.23)
HHHH det.Uk.1/ exp.2�i zHk.1///:

We can calculate that the winding number of det.Uk.�/ exp.2�i zHk.�/// is

�k WD w.det.Uk.t/ exp.2�i zHk.t////

D

¹kºX
sD1

.f ks .1/C Qg
k
s .1// �

¹kºX
sD1

.f ks .0/C Qg
k
s .0//

D

¹kºX
sD1

.f ks .1/ � f
k
s .0//C

¹kºX
sD1

. Qgks .1/ � Qg
k
s .0//

D

¹kºX
sD1

.zks Cm
k
s / �

LX
lD1

Œl�X
jD1

b0k;l�
l
j C

¹kºX
sD1

#ks �

¹kºX
sD1

�ks

D

LX
lD1

Œl�X
jD1

b1k;l�
l
j �

LX
lD1

Œl�X
jD1

b0k;l�
l
j C

¹kºX
sD1

mks C

LX
lD1

Œl�X
jD1

b1k;l .��
l
j /

�

LX
lD1

Œl�X
jD1

b0k;l .��
l
j /

D

¹kºX
sD1

mki :

Hence, by using Remark 3.4 and (4.24), we get

.�1; : : : ; �K/ 2 Im.K0.ˇ1/ �K0.ˇ0//.� ZK/: (4.25)

That is, there exists an element .�1; : : : ; �L/ 2 ZL such that

LX
lD1

�l � bk;l D �k ; k D 1; : : : ; K: (4.26)

Now, for each l D 1; : : : ; L, defining

�lj WD

´
�l1 C �l if j D 1;

�lj if j D 2; : : : ; Œl �:
(4.27)
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We see at once the matrix hl WD Oul � diag.�l1; : : : ; �
l
Œl�
/ � Ou�

l
is an element in .MŒl�/s:a:

with exp.2�ihl / D ul , and hence write h WD .h1; : : : ; hL/ 2 Fs:a:. Then, for each k D
1; : : : ;K, both…k.ˇ0.h// and…k.ˇ1.h// are elements in .M¹kº/s:a: satisfying exp.2�i �
…k.ˇ0.h///D Uk.0/ and exp.2�i �…k.ˇ1.h///D Uk.1/, where…k is the quotient map
from E D M¹1º ˚ � � � ˚M¹Kº to M¹kº. Evidently,

sp.…k.ˇ0.h/// D ¹.�
l
j /
�b0

k;l W l D 1; : : : ; LI j D 1; : : : ; Œl �º;

sp.…k.ˇ1.h/// D ¹.�
l
j /
�b1

k;l W l D 1; : : : ; LI j D 1; : : : ; Œl �º:

For convenience, we renumber the elements in sp.…k.ˇ0.h///and sp.…k.ˇ1.h///, written
as ¹xk1 ; : : : ; x

k
¹kº
º and ¹yk1 ; : : : ; y

k
¹kº
º, respectively. It follows from Lemma 4.1 that we can

assume ®
f ks .0/ � x

k
s ; f

k
s .1/ � y

k
s W k D 1; : : : ; KI s D 1; : : : ; ¹kº

¯
� Z; (4.28)

and hence,
P¹kº
sD1.f

k
s .0/ � x

k
s / and

P¹kº
sD1.f

k
s .1/ � y

k
s / are two integers.

Claim. We have
¹kºX
sD1

.f ks .1/ � y
k
s / D

¹kºX
sD1

.f ks .0/ � x
k
s / 2 Z:

Note that

¹kºX
sD1

xks D

LX
lD1

Œl�X
jD1

�lj b
0
k;l

(4.27)
HHHH

LX
lD1

Œl�X
jD1

�lj b
0
k;l C

LX
lD1

�lb
0
k;l ;

¹kºX
sD1

yks D

LX
lD1

Œl�X
jD1

�lj b
1
k;l

(4.27)
HHHH

LX
lD1

Œl�X
jD1

�lj b
1
k;l C

LX
lD1

�lb
1
k;l ;

thus,

¹kºX
sD1

.yks � x
k
s / D

LX
lD1

Œl�X
jD1

�lj � bk;l C

LX
lD1

�l � bk;l
(4.26)
HHHH

¹kºX
sD1

.f ks .1/ � f
k
s .0//:

That is,
¹kºX
sD1

.f ks .1/ � y
k
s / D

¹kºX
sD1

.f ks .0/ � x
k
s / 2 Z; (4.29)

which proves the claim.
For each k D 1; : : : ; K, set ak WD

P¹kº
sD1.f

k
s .1/ � y

k
s / D

P¹kº
sD1.f

k
s .0/ � x

k
s / 2 Z.

For any s D 1; : : : ; .¹kº � 1/, we can arbitrarily choose the real-valued function gks on the
closed interval Œ0; 1� only satisfying

gks .0/ D x
k
s and gks .1/ D y

k
s :
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For the case s D ¹kº, let

gk
¹kº.t/ WD

¹kºX
iD1

f ks .t/ �

¹kº�1X
sD1

gks .t/ � ak :

For the ¹kº functions gk1 ; : : : ; g
k
¹kº
2 C.Œ0; 1�/s:a:, it is evident that

(1) gk
¹kº
.0/ D xk

¹kº
and gk

¹kº
.1/ D yk

¹kº
,

(2)
P¹kº
sD1 g

k
s .t/ D

P¹kº
sD1 f

k
s .t/ � ak 8t 2 Œ0; 1�.

Now, we can define Gk WD uk � diag.gk1 ; : : : ; g
k
¹kº
/ � u�

k
for any k D 1; : : : ; K. It follows

from 1 thatG WD .G1; : : : ;GK Ih1; : : : ; hL/ 2As:a: and det.exp.2�iG.t///D det.U.t//D
det.U.t//, for any t 2 Sp.A/, which is clear from 2. Therefore, set V D exp.2�iG/, as
desired.

Remark 4.10. If we write V D .V1; : : : ;VK Iv1; : : : ; vL/, then vl D ul for all l D 1; : : : ;L
and Vk.0/D Uk.0/;Vk.1/D Uk.1/ for all k D 1; : : : ;K, which are clear from the process
of the proof.

5. Elliott–GLN construction

It has been showed in [15, Theorem 13.50] for any weakly unperforated Elliott invariant
..G; GC; u/; K;4; r/, there is a unital simple C �-algebra A D lim

�!
.An; �n;nC1/ in the

class N Z
0 such that

Ell.A/ Š ..G;GC; u/;K;4; r/:

We will modify the construction—mainly we will modify the definition of �-homomor-
phism �n;nC1, now we will call it `n;nC1. Therefore, it is necessary for us to recall the
part concerning the treatment of groups in the Elliott–GLN construction, as well as to
introduce the construction of C �-algebras An.

Now, fix a weakly unperforated Elliott invariant ..G;GC; u/;K;4; r/. It is important
to point out that we do not make the two assumptions thatG is torsion free orK is a trivial
group.

Fact 5.1. Below, we will present the construction on the level of groups in Elliott–GLN
construction.

Step 1. [15, 13.9]. Let G1 � Aff.4/ be a countable dense subgroup with at least three
Q-linearly independent elements and let H D G ˚G1. Define

HC WD ¹.g; f / 2 G ˚G
1
W r.�/.g/C f .�/ > 0 8� 2 4º [ ¹.0; 0/º:

And, the order unit u 2 G when regarded as .u; 0/ 2 G ˚G1 DH is also an order unit of
HC. Note that Tor.H/D Tor.G/, and G is a relatively divisible subgroup ofH , that is, if
g 2 G;h 2 H and m 2 Zn¹0º such that g D mh, then there is g0 2 G such that g D mg0.
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Step 2. It was shown that H=Tor.H/ is a simple dimension group [15, 13.9]. Hence, we
can obtain the commutative diagram of groups [15, Lemma 13.24]:

D1� _

��

� �
1;2jD1 // D2� _

��

� � // � � �
� � // Tor.H/� _

��

H1

��


1;2
// H2

��

// � � � // H

��

H 01

 01;2
// H 02

// � � � // H=Tor.H/;

where Hn D Dn ˚H 0n is a finitely generated Abelian group with Dn D Tor.Hn/. Write
H 0n D Zpn D Hn=Tor.Hn/.pn > 3/ and define

.Hn/C WD ..ZCn¹0º/˚ Tor.Hn/ [ .0; 0//˚ Zpn�1C ;

where ZC is the set of natural numbers ¹0; 1; 2; : : : º, then 
n;nC1 is a positive group
homomorphism. Moreover, we can guarantee that Hn has an order unit un 2 .Hn/C such
that 
n;1.un/ D .u; 0/ for all positive integers n. That is, 
n;nC1 W .Hn; .Hn/C; un/!
.HnC1; .HnC1/C; unC1/ (see Definition 2.11).

Step 3. From Step 2, we can obtain the commutative diagram of groups [15, 13.26]:

G1� _

��


1;2jG1 // G2� _

��

// � � � // G� _

��

H1

��


1;2
// H2

��

// � � � // H

��

H1=G1
z
1;2
// H2=G2 // � � � // H=G;

where Gn WD Hn \ 

�1
n;1.G/ is a relatively divisible subgroup of Hn and .Gn/C WD

.Hn/C \Gn.
Note that u 2 G �H , thus bothHn andGn share the same order unit un. BecauseGn

is a relatively divisible subgroup ofHn, hence,Hn=Gn is a finitely generated free Abelian
group, written as Hn=Gn WD Zln . Obviously, the conclusion that Tor.Gn/ D Tor.Hn/ D
Dn � Gn holds, so, the quotient map Hn ! Hn=Gn induces the map

�n W Hn=Tor.Hn/ D Zpn ! Hn=Gn D Zln :

Step 4. (see the end of [15, 13.26]) The groupK is written as the inductive limit of finitely
generated Abelian groups, as follows:

K1
�1;2
��! K2

�2;3
��! � � � ! Kn

�n;nC1
����! � � � ! K:

To avoid ambiguity, we replace the subscript “n” with the subscript “?”.
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Fact 5.2. Let ..H?; .H?/C; u?; G?/;K?/ be a 5-tuple of groups satisfying

(i) H? is a finitely generated Abelian group, written as H? D Tor.H?/˚ Zp? D
˚
p?
eD1H

e
? , where p? is a positive integer greater than or equal to 3 depending on

the subscript “?”, and

H e
? D

´
Z˚ Tor.H?/ if e D 1;

Z if e D 2; : : : ; p?I

(ii) G? is a proper relatively divisible subgroup of subgroup ofH? with Tor.H?/ �
G?. Consequently, Tor.G?/D Tor.H?/, andH?=G? is a finitely generated free
Abelian group, written as Zl? ;

(iii) set .H?/C WD ..ZCn¹0º/˚ Tor.H?/ [ .0; 0//˚ Zp?�1C , and define .G?/C WD
G? \ .H?/C;

(iv) both H? and G? share the same order unit u? 2 .H?/Cn¹0º;

(v) K? is a finitely generated Abelian group.

Now, we will construct a separable C �-algebra A? such that

..K0.A?/;K0.A?/C; Œ1A? �/; K1.A?// Š ..G?; .G?/C; u?/;K?/:

Fact 5.3. Step 1. Write

u? D ..Œ?; 1�; �?/; Œ?; 2�; : : : ; Œ?; p��/ 2 H? D

p?M
eD1

H e
? ;

where �? is an element in Tor.H?/ � H 1
? , and for each e D 1; : : : ; p?, the element Œ?; e�

is a positive integer depending on the indices “?” and “e”. Thus, we can obtain a finite
dimensional C �-algebra

F? WD MŒ?;1� ˚ � � � ˚MŒ?;p?�:

Step 2. Because Tor.H?/ � G?,H?!H?=G? induces a quotient �? WH?=Tor.H?/DW
Zp? ! H?=G? DW Zl? . Write �? D .b?j;e/ (see Notation 2.4).

Step 3. Now, choose two l? � p? matrices .b?;0j;e /, .b
?;1
j;e / with entries in positive integers

satisfying .b?;1j;e /� .b
?;0
j;e /D .b

?
j;e/. Note u? 2G?. Thus, �?.Œ?; 1�; Œ?; 2�; : : : ; Œ?;p��/D 0.

Consequently,
Pp?
eD1 b

?;0
j;e � Œ?; e� D

Pp?
eD1 b

?;1
j;e � Œ?; e� for any j D 1; : : : ; l?. Set

¹?; j º WD

p?X
eD1

b
?;0
j;e � Œ?; e� D

p?X
eD1

b
?;1
j;e � Œ?; e�; j D 1; : : : ; l?;

and define a finite dimensional C �-algebra

E? WD M¹?;1º ˚ � � � ˚M¹?;l?º:
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Step 4. Furthermore, we can choose two unital �-homomorphisms ˇ?;0; ˇ?;1 W F? ! E?
such that K0.ˇ?;0/ D .b

?;0
j;e / and K0.ˇ?;1/ D .b

?;1
j;e /, respectively.

Notice: We have freedom to choose a sufficiently large positive integer M , and replace
b
?;0
j;e , b?;1j;e by b?;0j;e CM , b?;1j;e CM , respectively. Note that the number

.b
?;1
j;e CM/ � .b

?;0
j;e CM/ D .b

?;1
j;e / � .b

?;0
j;e / D .b

?
j;e/:

That is, we can guarantee that

min
®
b
?;0
j;e ; b

?;1
j;e W j D 1; : : : ; l?I e D 1; : : : ; p?

¯
is large enough. In addition, both ˇ?;0 and ˇ?;1 could have good forms (see Remark 3.6).

Step 5. Define
AC;? WD C.Œ0; 1�; E?/˚ˇ?;0;ˇ?;1 F? 2 C0:

Step 6. Fix a topological space X? with the base point Ox?, which is a connected finite CW
complex with dimension three and the cohomology groups

H 2.X?/ D Tor.H?/; H 3.X?/ D Tor.K?/ and H 1.X?/˚H
3.X?/ D K?:

(For the concrete form of X?, readers can refer to [15, 13.27].)

Step 7. Fix a projection P? in M1.C.X?// with rank.P?/ D Œ?; 1� and ch1.P?/ D �? 2
H 2.X?/ D Tor.H?/. It is natural to obtain a C �-algebra P?M1.C.X?//P?. And define
a C �-algebra

.P?M1.C.X?//P?/jOx?
WD
®
a 2 P?.Ox?/M1P?.Ox?/ W 9a 2 P?M1.C.X?//P? such that a.Ox?/ D a

¯
:

Because rank.P?/ D Œ?; 1�, .P?M1.C.X?//P?/jOx? Š MŒ?;1�. Fix a �-isomorphism j?
from .P?M1.C.X?//P?/jOx? to MŒ?;1�.

Step 8. Define

AeX;? WD

´
P?M1.C.X?//P? if e D 1;

MŒ?;e� if e D 2; : : : ; p?

and AX;? WD A1X;? ˚ A
2
X;? ˚ � � � ˚ A

p?
X;?.

Step 9. Define

A? WD
®
. Nf I a; a2; : : : ; ap?/ 2 C.Œ0; 1�; E?/˚ A

1
X;? ˚ A

2
X;? ˚ � � � ˚ A

p?
X;? W

Nf .0/ D ˇ?;0..j?.a.Ox?//; a2; : : : ; ap?//; Nf .1/ D ˇ?;1..j?.a.Ox?//; a2; : : : ; ap?//
¯
:

Fact 5.4. In addition, for later convenience, we will introduce more symbols and facts.
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(1) Let us assume that

I? WD
®
. Nf I a; a2; : : : ; ap?/ 2 A? W a D 0 and ae D 0; e D 2; : : : ; p?

¯
;

J? WD
®
. Nf I a; a2; : : : ; ap?/ 2 A? W

Nf D 0; a.Ox?/ D 0 and ae D 0; e D 2; : : : ; p?
¯
;

I? C J? WD
®
. Nf I a; a2; : : : ; ap?/ 2 A? W a.Ox?/ D 0 and ae D 0; e D 2; : : : ; p?

¯
:

We see at once that I?, J? and I? C J? are (closed two-side) ideals of A?, and

AC;? D A?=J? D C.Œ0; 1�; E?/˚ˇ?;0;ˇ?;1 F? 2 C0;

AX;? D A?=I? D

p?M
eD1

AeX;?;

F? D A?=.I? C J?/:

Denote by …J;? W A? ! AC;?, …I;? W A? ! AX;? and …q
? W A? ! F? the corresponding

quotient maps.
Note that

..K0.AX;?/;K0.AX;?/C; Œ1AX;? �/; K1.AX;?//
D ..H?; .H?/C; u?/;K?/;�

.K0.A
1
X;?/;K0.A

1
X;?/C; Œ1A1X;? �/; K1.A

1
X;?/

�
D ..Z˚ Tor.H?/; .ZCn¹0º/˚ Tor.H?/ [ ¹.0; 0/º; .Œ?; 1�; �?//;K?/:

(2) Set

xI? D ¹. Nf I a/ 2 AC;? W a D 0ºI

xJ? D ¹.a; a2; : : : ; ap?/ 2 AX;? W a.Ox?/ D 0 and ae D 0; e D 2; : : : ; p?º:

Note that xI? and xJ? are ideal for AC;? and AX;?, respectively, and satisfy AC;?=xI? D
AX;?= xJ? D F?. Denote by …q

C;? W AC;? ! F?; …
q
X;? W AX;? ! F? the corresponding

quotient maps.
(3) The quotient maps involved above satisfy the following commutative diagram:

A?

…I;?

��

…
q
?

!!

…J;?
// AC;?

…
q
C;?

��

AX;?
…
q
X;?

// F?:

(5.1)
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(4) It is clear that

Sp.I?/ D
l?G
jD1

.0; 1/?;j ; Sp.J?/ D X?n¹Ox?º;

Sp.AC;?/ D Sp.I?/ t Sp.F?/; Sp.AX;?/ D Sp.J?/ t Sp.F?/;

Sp.F?/ D ¹�?;1; : : : ; �?;p?º D Sp.AX;?/ \ Sp.AC;?/;

Sp.A?/ D Sp.I?/ t Sp.AX;?/ D Sp.J?/ t Sp.AC;?/ D Sp.AX;?/ [ Sp.AC;?/:

We can also see that Sp.AX;?/ D X? [ Sp.F?/, with �?;1 2 Sp.F?/ identified with Ox? 2
X? D Sp.A1X;?/.

(5) In general, 0?;j ; 1?;j … Sp.AC;?/, but belong to the set RF.AC;?/ (see Nota-
tion 2.22), that is, both 0?;j and 1?;j correspond to a finite-dimensional representation
of AC;? (also, of A?), respectively. Precisely,

0?;j D
°
�
�b

?;0
j;1

?;1 ; : : : ; �
�b

?;0
j;p?

?;p?

±
and 1?;j D

°
�
�b

?;1
j;1

?;1 ; : : : ; �
�b

?;1
j;p?

?;p?

±
(5.2)

for any j D 1; : : : ; l?.
(6) Note that

Aff.T .F?// D Rp? and Aff.T .E?// D Rl? :

As K0.ˇ?;0/ D .b
?;0
j;e / and K0.ˇ?;1/ D .b

?;1
j;e /, hence,

ˇ
]
?;0 W R

p? ! Rl? ;

w? D .w?;1; : : : ;w?;p?/ 7! .z0?;1; : : : ; z
0
?;l?
/

and

ˇ
]
?;1 W R

p? ! Rl? ;

w? D .w?;1; : : : ;w?;p?/ 7! .z1?;1; : : : ; z
1
?;l?
/;

where for any j D 1; : : : ; l?,

z0?;j D
1

¹?; j º

p?X
eD1

b
?;0
j;e Œ?; e� � w?;e and z1?;j D

1

¹?; j º

p?X
eD1

b
?;1
j;e Œ?; e� � w?;e:

(7) For any j D 1; : : : ; l?, let …?;j be the quotient map from E? D M¹?;1º ˚ � � � ˚
M¹?;l?º to M¹?;j º. Evidently, the induced map …]

?;j is just the j -th coordinate projection
onto Rl? .

(8) Obviously,
Aff.T .AX;?// D C.X?;R/˚Rp?�1
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and

Aff.T .A?// D
²
.G?;1; : : : ; G?;l? I g?; g?;2; : : : ; g?;p?/

2

l?M
jD1

C.Œ0; 1�;Rj /˚ C.X?;R/˚Rp?�1 W

G?;j .0/ D …
]
?;j .ˇ

]
?;0.g?//; G?;j .1/D…

]
?;j .ˇ

]
?;1.g?//; j D1; : : : ; l?

³
;

by writing g?;1 WD g?.Ox1/ 2 R and g? WD .g?;1; : : : ; g?;p?/ 2 Rp? , and where Rj D R
for all j D 1; : : : ; l?.

6. Main theorem

Lemma 6.1. Let X1 be a connected finite CW complex with dimension at most three,
with the base point Ox1, such that the cohomology groups H 2.X1/ and H 3.X1/ are finite,
and let ¹x1; x2; : : : º � X1n¹Ox1º be a countable dense subset in X1. Suppose that P1 is a
projection in M1.C.X1//, then for any finite set F� U0.P1M1.C.X1//P1/, " > 0 there
exists a natural number N such that we have the following.

If X2 is a connected finite CW complex with dimension at most three, with the base
point Ox2, such that the cohomology groups H 2.X2/ and H 3.X2/ are finite, and for any
˛ 2 KK.C.X1/;C.X2//C with rank.˛.Œ1C.X1/�// > N , then there exist a projectionQ 2
M1.C.X2// with ˛.ŒP1�/D ŒQ� and a unital �-homomorphism WP1M1.C.X1//P1!
QM1.C.X2//Q satisfying

(i) KK. / D ˛,

(ii) for any u 2F, there exists a self-adjoint element h 2QM1.C.X2//Q such that

k .u/ � exp.2�ih/k < ":

Proof. It is obvious that for some positive integer l such that u 2 U0.P1Ml .C.X1//P1/

for any u 2 F. Note that the following inductive sequence:

Ml .C.X1//
�1;2
��! M2Š�l .C.X1//! � � �MnŠ�l .C.X1//

�n;nC1
����! M.nC1/Š�l .C.X1// � � � ! A;

where

�n;nC1 W MnŠ�l .C.X1//! M.nC1/Š�l .C.X1//

f 7! diag.f .x/; f .xn/; : : : ; f .xn/„ ƒ‚ …
n

/:

Let A D lim
�!
.MnŠ�l .C.X1//; �n;nC1/, according to [17] (or [18]), then A is real rank zero,

hence, cer.A/ 6 1C " (see [23]). It means that for each u 2 F there are a positive integer
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n0.u/ and a self-adjoint element h 2 �1;n0.u/.P1/Mn0.u/Š�l .C.X1//�1;n0.u/.P1/ such that
�1;n0.u/.u/ 2 �1;n0.u/.P1/Mn0.u/Š�l .C.X1//�1;n0.u/.P1/, k�1;n0.u/.u/� exp.2�ih/k< ".

Now, set n0 D max¹n0.u/ W u 2 Fº and let N D n0Š � .13l/.

(1) It follows from ˛ 2 KK.C.X1/; C.X2//C and rank.˛.Œ1C.X1/�// > N that there
exists a �-homomorphism � W C.X1/ ! M13.C.X2// with KK.�jC0.X1// D

˛jC0.X1/. Now, we can consider �-homomorphisms � ˝ idn0Š�l WMn0Š�l .C.X1//!

MN .C.X2// and .�˝ idn0Š�l / ı�1;n0 WMl .C.X1//!MN .C.X2//, and obtain the
conclusion KK..� ˝ idn0Š�l / ı �1;n0/ D ˛.

(2) Because ˛.Œ1C.X1/�/ 2 K0.C.X1//, if write N0 D rank.˛.Œ1C.X1/�// > N > n0Š �
13, then there exists a projection Q0 2 M1.C.X2// with rank.Q0/ D N0. It is
evident that we can guarantee that Q0 has the form Q1 ˚ 1n0Š�13 from [19, Theo-
rem 1.2 of Chapter 9]. Now, we can define a �-homomorphism

� W C.X1/! Q1M1.C.X2//Q1
f 7! f .Ox1/Q1:

Set
Q D diag.1N ;Q1; : : : ;Q1„ ƒ‚ …

l

/;

which is a projection in M1.C.X2//. Let rank.Q1/DN1 WDN0 �n0Š � 13, then rank.Q/D
xN DN C l �N1 D l �N0 >N . If we consider the �-homomorphismƒ WD ..� ˝ idn0Š�l / ı
�1;n0/˚ .�˝ idl / WMl .C.X1//!QM1.C.X2//Q and let  WDƒjP1Ml .C.X1//P1 , com-
bining the definition of �, it is easy to check that  satisfies the conditions appearing in
this lemma, as desired.

Notation 6.2. For convenience, we write

SP. jOx2/ D
®
Ox�Oc1 ; x

�$1
1 ; : : : ; x

�$M
M

¯
: (6.1)

(See Notation 2.22 for the symbol SP. jOx2/, which is a set with multiplicities.)

Remark 6.3. According to [23,26], in fact, we can guarantee that the self-adjoint element
h 2 �1;n0.P /Mn0Š�l .C.X1//�1;n0.P / with finite spectrum. Hence, for the self-adjoint ele-
ment h 2QM1.C.X2//Q, too. Accurately speaking, by [19, Theorem 1.2 of Chapter 9],
h can have the form

h D �1q1 C � � � C � xN q xN ;

where xN D rank.Q/, �1; : : : ; � xN 2 Œ0; 1/ and q1; : : : ; q xN are mutually orthogonal rank
one projections with q1 C � � � C q xN D Q.

Now, we will begin to formally explore how to obtain a C �-algebra A2 and a �-
homomorphism from A1 to A2 by a given C �-algebra A1 with the form in Fact 5.3.
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Fact 6.4. Given two 5-tuples

..H1; .H1/C; u1; G1/;K1/ and ..H2; .H2/C; u2; G2/;K2/

with the conditions in Fact 5.2 (with the index “?” replaced by the indices “1” and “2”,
respectively. In the remainder of the article, in most cases, we will omit similar statement).
On the one hand, recall that there exist a finite dimensional C �-algebra E1 D M¹1;1º ˚
� � �M¹1;l1º and a C �-algebra with the following form:

A1 WD

²
. Nf I a; a2; : : : ; ap1/ 2 C.Œ0; 1�; E1/˚ P1M1.C.X1//P1 ˚

p1M
eD2

MŒ1;e� W

Nf .0/ D ˇ1;0..j1.a.Ox1//; a2; : : : ; ap1//; Nf .1/ D ˇ1;1..j1.a.Ox1//; a2; : : : ; ap1//
³

(6.2)

such that
Ell.A1/ Š ..G1; .G1/C; u1/;K1/:

Now, fix the C �-algebra A1 and set K0.ˇ1;0/ D .b
1;0
j;e /, K0.ˇ1;1/ D .b

1;1
j;e /. Hence,

Aff.T .F1// D Rp1 and Aff.T .AX;1// D C.X1;R/˚Rp1�1; (6.3)

and

Aff.T .A1//D
²
.G1;1; : : : ; G1;l1 I g1; g1;2; : : : ; g1;p1/

2

l1M
jD1

C.Œ0; 1�;Rj /˚ C.X1;R/˚Rp1�1 W

G1;j .0/ D …
]
1;j .ˇ

]
1;0.g1//; G1;j .1/ D …

]
1;j .ˇ

]
1;1.g1//; j D 1; : : : ; l1

³
;

(6.4)

by writing g1;1 WD g1.Ox1/ 2 R and g1 WD .g1;1; : : : ; g1;p1/ 2 Rp1 , and where Rj D R for
all j D 1; : : : ; l1 (see (8) in Fact 5.4).

For convenience, let

B WD max
®
b
1;0
j;e ; b

1;1
j;e W j D 1; : : : ; l1; e D 1; : : : ; p1

¯
;

M WD max¹Œ1; 1�; : : : ; Œ1; p1�º:

On the other hand, let 
 W .H1; .H1/C; u1/ ! .H2; .H2/C; u2/ be a group homo-
morphism with 
.G1/ � G2 and � be a group homomorphism from K1 to K2. Note that

.Tor.H1// � Tor.H2/. So, the map 
 W H1 ! H2 induces a positive homomorphism


 0 D .ck;e/ W Z
p1 WD H1=Tor.H1/! Zp2 WD H2=Tor.H2/:
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Using (ii) in Fact 5.2 and the following commutative condition 
.G1/ � G2, we naturally
obtain a group homomorphism

z
 D .ds;j / W Z
l1 WD H1=G1 ! Zl2 WD H2=G2

and the commutative diagram

Zp1

�1D.b
1
j;e/

��


 0D.ck;e/
// Zp2

�2D.b
2
s;k
/

��

Zl1
z
D.ds;j /

// Zl2

(6.5)

Set

C1;2 WD min¹ck;e W e D 1; : : : ; p1; k D 1; : : : ; p2º;

B2 WD min
®
b
2;0
s;k
; b
2;1
s;k
W k D 1; : : : ; p2; s D 1; : : : ; l2

¯
and

D WD max
®
2; jds;j j W s D 1; : : : ; l2; j D 1; : : : ; l1

¯
:

Below, we will show that when C1;2 and B2 is sufficiently large, the construction can go
through under our requirements.

Lemma 6.5. Suppose 
 and � be given as Fact 6.4 and let A1 be the given C �-algebra
(see (6.2)). If F is an arbitrary non-empty finite subset of U0.A1/, then for any " > 0 and
0 < ı < 1 there exist a positive integer T with T > 1

ı
and a finite set Y WD ¹y1; : : : ; yM º �

X1n¹Ox1º, which is ı-dense in X1, satisfying the following property.
If

C1;2 >
2

"
�max

®
13;N; c0 C c

0
1;1; c

0
1;2; : : : ; c

0
1;p1

¯
; (6.6)

B2 > max
²
L1; : : : ; Ll2 ;

2

"
�

BDMp1l1

p2

³
; (6.7)

where

$ WD $1 C � � � C$M ; (6.8)

c0 WD Oc C$ D Oc C$1 C � � � C$M ; (6.9)

c01;e WD .T � 1/ �

l1X
jD1

b
1;0
j;e ; e D 1; : : : ; p1; (6.10)

Ls WD BDl1 �

p1X
eD1

Œ1; e�C jb2s;1j �

�
$ � Œ1; 1�C .T � 1/ �

l1X
jD1

¹1; j º

�
; s D 1; : : : ; l2;

(6.11)
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and N , Oc and $1; : : : ; $M (see (6.1)), which are all positive integers, are obtained by
using Lemma 6.1, then there are a C �-algebra A2 with the form in Fact 5.3 and a �-
homomorphism ` W A1 ! A2 such that

(i) K0.`/ D 
 jG1 ; K1.`/ D �;

(ii) Y [ ¹. t
T
/1;j W j D 1; : : : ; l1; t D 1; : : : ; .T � 1/º � SP.`j�2;1/;

(Note that �2;1 D Ox2 2 Sp.A2/.)

(iii) Sp.F1/ D ¹�1;1; : : : ; �1;p1º � SP.`jx/ holds for any x 2 Sp.A2/;

(iv) let‚ be a �-homomorphism fromF1 toF2 withK0.‚/D 
 0D .ck;e/ (see (6.5)),
and…q]

1 and…q]
2 the affine maps induced by…q

1 WA1! F1 and…q
2 WA2! F2,

respectively (See Notation 2.16 and (5.1)). Then,

‚].…q]
1 .G1// �…

q]
2 .`

].G1//


 < ";

for all G1 2 Aff.T .A1// (see (6.4)) with kG1k 6 1;

(v) there exist two contractive linear and order preserving maps �1 from
Aff.T .F1// to Aff.T .A1// and �2 from Aff.T .F2// to Aff.T .A2// such that

�2.‚].w1// � `].�1.w1//

 < "
for all w1 D .w1;1; : : : ;w1;p1/ 2 Aff.F1/ D Rp1 with kw1k 6 1;

(vi) for any U 2 F, there is a self-adjoint element H 2 A2 such that k`.U / �
exp.2�iH/k < ".

(See Notation 2.23 for the symbols both `j�2;1 and `jx , and see also Notation 2.22 for the
symbol SP.`jx/.)

Proof. Set
F1
WD
®
…1
X;1.U / W U 2 F

¯
;

where …1
X;1 is given by the composition of …I;1 W A1 ! AX;1 (see (5.1)) and the quo-

tient map …1
X W AX;1 D ˚

p1
eD1A

e
X;1 ! A1X;1 D P1M1.C.X1//P1. Without loss of gen-

erality, we assume for any U 2 F � U0.A1/, sp.U / D T . Thus, for an arbitrary U D
.U1; : : : ; Ul1 Iu; u2; : : : ; up1/ 2 F (with u 2 F1), we have� l1[

jD1

sp.Uj /
�
[ sp.u/ D T : (6.12)

Now, fix a sufficiently large positive integer n with

n >
46�

"
: (6.13)

For the integer n, we can define a set RU WD ¹r 2 ¹1; : : : ;nº W I
n
r \ sp.u/¤;º.¤;/. Thus,

for any r 2RU there exists yr 2 X1n¹Ox1º such that I nr \ sp.u.yr //¤ ;. Now, fix one yr
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for each r 2RU and define Y01 WD
S
U2F¹yr 2X1n¹Ox1º W r 2RU º, which is a finite subset

with multiplicities in X1n¹Ox1º. If Y01 is already ı-dense in X1, then let Y1 be an ordinary
set corresponding to Y01. Otherwise, add a finite number of elements in X1n¹Ox1º to Y01
such that the new Y01 is ı-dense in X1. Further, Let Y1 be an ordinary set corresponding
to the new Y01. Combining the assumption (6.12), it is clear that there is a positive integer
T with 1

T
< ı such that for any U D .U1; : : : ; Ul1 Iu; u2; : : : ; up1/ 2 F � U0.A1/ and for

any r D 1; : : : ; n, one of the following properties holds:

(a0) I nr \ sp.Ui . tT // ¤ ; for some pair .t; j / 2 ¹1; : : : ; .T � 1/º � ¹1; : : : ; l1º;

(b0) I nr \ sp.u.y// ¤ ; for some element y 2 Y1.

Step 1. Construct the C �-algebra A2.
Recall 
 is a positive group homomorphism from H1 D ˚

p1
eD1H

e
1 to H2 D ˚

p2
kD1

H k
2

and H 1
1 D Z˚ Tor.H1/ and H 1

2 D Z˚ Tor.H2/. Let

c1;1 W Z
i11;1
��! H 1

1

i1;1
��! H1



�! H2

x�2;1
��! H 1

2

x�12;1
��! Z

q2;1 W Z
i11;1
��! H 1

1

i1;1
��! H1



�! H2

x�2;1
��! H 1

2

x�12;2
��! Tor.H2/

q2;2 W Tor.H1/
i11;2
��! H 1

1

i1;1
��! H1



�! H2

x�2;1
��! H 1

2

x�12;2
��! Tor.H2/;

where i1;1, i11;1 and i11;2 are natural embedding, x�2;1, x�12;1 and x�12;2 are quotient maps.
Now, we get a group homomorphism, writing

�
c1;1 0
q2;1 q2;2

�
, from H 1

1 D Z ˚ Tor.H1/ to
H 1
2 D Z˚ Tor.H2/. Applying Lemma 6.1 to F1 in place of F and noting C1;2 >N , thus

we can choose a topological space X2 with the base point Ox2 and with the conditions in
Lemma 6.1 such that

(1) H 2.X2/ D Tor.H2/, H 3.X2/ D Tor.K2/ and H 1.X2/˚H
3.X2/ D K2;

(2) there exist a projectionQ1 2M1.C.X2// and a unital �-homomorphism 1 from
P1M1.C.X1//P1 to Q1M1.C.X2//Q1 satisfying

(2-a) K0. 1/ D
�
c0 0

q2;1 q2;2
�
; K1. 1/ D �;

(2-b) for any u 2 F1, k 1.u/� exp.2�ih1/k < "
4

for some self-adjoint element
h1 2 Q1M1.C.X2//Q1.

Let SP. 1jOx2/ D ¹Ox
�Oc0

1 ; Ny
�$ 01
1 ; : : : ; Ny

�$ 0K
K º, (see Notation 2.22), where ¹ Ny1; : : : ; NyKº �

X1n¹Ox1º. Then, set

Y WD Y1 [ ¹ Ny1; : : : ; NyKº D ¹y1; : : : ; yM º.� X1n¹Ox1º/;

which is ı-dense in X1. Obviously, for the above positive integer T and the set Y, we still
have for anyU D .U1; : : : ;Ul1 Iu;u2; : : : ;up1/2F�U0.A1/ and for any I nr , r D 1; : : : ;n,
one of the following properties holds:

(a) I nr \ sp.Uj . tT // ¤ ; for some pair .t; j / 2 ¹1; : : : ; .T � 1/º � ¹1; : : : ; l1º,

(b) I nr \ sp.u.y// ¤ ; for some element y 2 Y.
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Now, applying Lemma 6.1 to F1 in place of F, we can choose another projection Q 2
M1.C.X2// and a unital �-homomorphism

 W P1M1.C.X1//P1 ! QM1.C.X2//Q (6.14)

satisfying

(1) SP. jOx2/D¹Ox
�Oc
1 ;y

�$1
1 ; : : : ;y

�$M
M ºwhere all Oc;$1; : : : ;$M are positive integers;

(2) K0. / D
�
c0 0

q2;1 q2;2
�

and K1. / D �;

(3) for any u 2 F1, there is a self-adjoint element h 2 QM1.C.X2//Q such that

k .u/ � exp.2�ih/k <
"

4
: (6.15)

Now, recall (6.8) and (6.9), that is,

$ D $1 C � � � C$M and c0 D Oc C$ D Oc C$1 C � � � C$M :

Consequently,
rank.Q/ D c0 � Œ1; 1�; (6.16)

and
 ] W C.X1;R/! C.X2;R/

g1 7! g2;
(6.17)

where

g2. Ox2/ D
1

c0

�
Oc � g1.Ox1/C

MX
mD1

$m � g1.ym/
�
:

It follows from the path-connectivity of the topological space X1 that there exists a
path ym.!/ in X1 such that ym.0/ D Ox1; ym.1/ D ym for any ym 2 Y. Hence, for any
! 2 Œ0; 1� and ym 2 Y, there is an �-isomorphism %m;! from P1.ym.!//M1.C.ym.!///
P1.ym.!// to MŒ1;1�. Moreover, we can guarantee that the �-isomorphism %m;! satisfies

(1) %m;0 D j1;

(2) the �-isomorphism %m;! could be chosen to be continuously depending on ! by
using the fact that the interval Œ0; 1� is contractible.

Consequently, for any a2P1M1.C.X1//P1, the function Œ0; 1�3! 7! %m;!.a.ym.!/// 2

MŒ1;1� is a path in MŒ1;1� with %m;0.a.ym.0///D a1 and %m;1.a.ym.1///D %m;1.a.ym//,
where a1 WD j1.a.Ox1//. That is, for any ym 2 Y, we have

j1.a.Ox1// DW a1 �h %m;1.a.ym//:

Define a unital �-homomorphism:

� W P1M1.C.X1//P1 ! M$ �Œ1;1�.� MŒ2;1�/

a 7! diag.%1;1.a.y1//˝ I$1 ; : : : ; %M;1.a.yM //˝ I$M /:
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Consequently,
a1 ˝ I$ �h �.a/: (6.18)

and
�] W C.Œ0; 1�;R/! R

g1 7!
1

$

MX
mD1

$m � g1.ym/:
(6.19)

As c1;1 > C1;2 >
2
"
� .c0 C c

0
1;1/ (see (6.6)), set

c001;1 WD c1;1 � .c0 C c
0
1;1/ > 0 and c1 WD c

0
1;1 C c

00
1;1: (6.20)

Consequently,
c1;1 D c0 C c1 D Oc C$ C c

0
1;1 C c

00
1;1: (6.21)

Now, let P2 WD diag.Q; Ic1�Œ1;1�; Ic1;2�Œ1;2�; : : : ; Ic1;p1 �Œ1;p1�/, which is also a projection in
M1.C.X2// and set A1X;2 WD P2M1.C.X2//P2. Evidently,

Œ2; 1� WD rank.P2/ D c0 � Œ1; 1�C c1 � Œ1; 1�C
p1X
eD2

c1;e � Œ1; e� D

p1X
eD1

c1;e � Œ1; e�: (6.22)

For convenience, define a unital �-homomorphism

x� W AX;1 D

p1M
eD1

AeX;1 ! A1X;2 D P2M1.C.X2//P2

.a; a2; : : : ; ap1/ 7! diag. .a/; a1 ˝ Ic1 ; a2 ˝ Ic1;2 ; : : : ; ap1 ˝ Ic1;p1 /;

where a1 D j1.a.Ox1//. Without loss of generality, we can fix an identification j2 of
P2M1.C.X2/P2/jOx2 with MŒ2;1� and assume that for any a 2 A1X;1,

 .a/.Ox2/ D diag.a1 ˝ I Oc ; �.a//: (6.23)

Further, set

Œ2; k� WD

p1X
eD1

ck;e � Œ1; e�; k D 2; : : : ; p2 (6.24)

and AkX;2 WD MŒ2;k�. Note that

AX;1 D

p1M
eD1

AeX;1 D P1M1.C.X1//P1 ˚
� p1M
eD2

MŒ1;e�

�
and set

AX;2 WD

p2M
kD1

AkX;2 D P2M1.C.X2//P2 ˚
� p2M
kD2

MŒ2;k�

�
;

F2 WD MŒ2;1� ˚ � � � ˚MŒ2;p2�:
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Then, according to the information above and recall c1 D c01;1 C c
00
1;1 (see (6.20)), we can

define a unital �-homomorphism:

� W AX;1 D

p1M
eD1

AeX;1 ! AX;2 D

p2M
kD1

AkX;1

.a; a2; : : : ; ap1/ 7! .b; b2; : : : ; bp2/;

by

b D x�.a; a2; : : : ; ap1/ D diag. .a/; a1 ˝ Ic1 ; a2 ˝ Ic1;2 ; : : : ; ap1 ˝ Ic1;p1 /; (6.25)

bk D diag.a1 ˝ Ick;1 ; a2 ˝ Ick;2 ; : : : ; ap1 ˝ Ick;p1 /; k D 2; : : : ; p2; (6.26)

where a1 D j1.a.Ox1//. Note that K0.�/ D 
 and K1.�/ D �. And by (6.23), set

b1 WD j2.b.Ox2// D diag
�
a1 ˝ I Oc ; �.a/; a1 ˝ Ic1 ; a2 ˝ Ic1;2 ; : : : ; ap1 ˝ Ic1;p1

�
2 MŒ2;1�:

(6.27)
Below, we continue to construct A2. Because the left side of the following commutative
diagram (see (6.5))

Zp1

�1D.b
1
j;e/

��


 0D.ck;e/
// Zp2

�2D.b
2
s;k
/

��

Zl1
z
D.ds;j /

// Zl2

is given, that is, the group homomorphism �2 D .b
2
s;k
/ W Zp2 ! Zl2 is fixed. Now, choose

two l2 � p2 matrices .b2;0
s;k
/ and .b2;1

s;k
/ with entries in positive integers satisfying

.b
2;1
s;k
/ � .b

2;0
s;k
/ D .b2s;k/ (6.28)

and the condition (6.7). Note that the order unit u1 D ..Œ1; 1�; �1/; Œ1; 2�; : : : ; Œ1; p1�/ is an
element in G1, so �2.
 0.Œ1; 1�; : : : ; Œ1; p1�// D 0. According to (6.22) and (6.24), define

¹2; sº W D

p2X
kD1

b
2;0
s;k
� Œ2; k� D

p1X
eD1

p2X
kD1

b
2;0
s;k
� ck;eŒ1; e�

D

p2X
kD1

b
2;1
s;k
� Œ2; k� D

p1X
eD1

p2X
kD1

b
2;1
s;k
� ck;eŒ1; e�; s D 1; : : : ; l2 (6.29)

and
E2 WD M¹2;1º ˚ � � � ˚M¹2;l2º: (6.30)
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Further, by Remark 3.6, we can choose two unital �-homomorphisms with good form
ˇ2;0; ˇ2;1 W F2 ! E2 such that K0.ˇ2;0/ D .b

2;0
s;k
/ and K0.ˇ2;1/ D .b

2;1
s;k
/. Now, define

A2 WD

²
. NgIb; b2; : : : ; bp2/ 2 C.Œ0; 1�; E2/˚

p2M
kD1

AkX;2 W

Ng.0/ D ˇ2;0..j2.b.Ox2//; b2; : : : ; bp2//; Ng.1/ D ˇ2;1..j2.b.Ox2//; b2; : : : ; bp2//
³
:

We see at once that A2 has the form in Fact 5.3 and

Aff.T .F2// D Rp2 ; Aff.T .AX;2// D C.X2;R/˚Rp2�1;

and

Aff.T .A2// D
²
.G2;1; : : : ; G2;l2 I g2; g2;2; : : : ; g2;p2/

2

l2M
sD1

C.Œ0; 1�;Rs/˚ C.X2;R/˚Rp2�1 W

G2;s.0/ D …
]
2;s.ˇ

]
2;0.g2//; G2;s.1/ D …

]
2;s.ˇ

]
2;1.g2//; s D 1; : : : ; l2

³
;

by writing g2;1 WD g2.Ox2/ 2 R and g2 D .g2;1; : : : ; g2;p2/ 2 Rp2 , and where Rs D R for
all s D 1; : : : ; l2 (see (8) in Fact 5.4).

Step 2. Construct the �-homomorphism ` W A1 ! A2.
To construct the map ` W A1! A2, note that for any .f1; : : : ; fl1 Ia; a2; : : : ; ap1/ 2 A1

and the element Œ0; 1� 3 ! 7! fj .
t
T
� !/ 2 M¹1;j º can be viewed as a path in M¹1;j º con-

necting fj .0/ and fj . tT / for any pair .j; t/ 2 ¹1; : : : ; l1º � ¹1; : : : ; .T � 1/º. Furthermore,
by using

01;j D
°
�
�b

1;0
j;1

1;1 ; : : : ; �
�b

1;0
j;p1

1;p1

±
.see (5.2)/;

and setting a1 D j1.a.Ox1//, we get

fj .0/ D diag
�
a1 ˝ I

b
1;0
j;1
; : : : ; ap1 ˝ I

b
1;0
j;p1

�
�h fj

�
t

T

�
:

Noting that c01;e D .T � 1/ �
Pl1
jD1 b

1;0
j;e (see (6.10)) and according to the condition (6.6),

we get
c001;e WD c1;e � c

0
1;e > 0; e D 2; : : : ; p1: (6.31)

Note that ¹1; j º D
Pp1
eD1 b

1;0
j;e � Œ1; e� for any j D 1; : : : ; l1, so

c WD .T � 1/ �
l1X
jD1

¹1; j º D

p1X
eD1

c01;e � Œ1; e�: (6.32)
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Further, define a unital �-homomorphism

„ W C.Œ0; 1�; E1/ D

l1M
jD1

C.Œ0; 1�;M¹1;j º/! Mc

Nf D .f1; : : : ; fl1/ 7!

diag
�
f1

�
1

T

�
; : : : ; f1

�
T � 1

T

�
; : : : ; fl1

�
1

T

�
; : : : ; fl1

�
T � 1

T

��
:

(6.33)
Consequently,

diag
�
a1 ˝ Ic01;1 ; : : : ; ap1 ˝ Ic01;p1

�
�u diag.f1.0/; : : : ; f1.0/„ ƒ‚ …

T�1

; : : : ; fl1.0/; : : : ; fl1.0/„ ƒ‚ …
T�1

/ �h „. Nf / (6.34)

and
„] W ˚

l1
jD1C.Œ0; 1�;Rj /! R

xG1 D .G1;1; : : : ; G1;l1/ 7!
1

c
�

l1X
jD1

T�1X
tD1

¹1; j º �G1;j

�
t

T

�
;

(6.35)

where Rj D R for all j D 1; : : : ; l1.
Now, by using (6.34) and noting that c1 D c01;1 C c

00
1;1 (see (6.20)), we want to modify

b D diag
�
 .a/; a1 ˝ Ic1 ; a2 ˝ Ic1;2 ; : : : ; ap1 ˝ Ic1;p1

�
.see (6.25)/

to
b0 D diag

�
 .a/;„. Nf /; a1 ˝ Ic001;1 ; : : : ; ap1 ˝ Ic001;p1

�
:

And note that  .a/ 2QM1.C.X2//Q (see (6.14)) and rank.Q/D c0 � Œ1; 1� (see (6.16)),
thus there exists a unitary p in C.Œ0; 1�; P2M1.C.X2//P2/ such that

(1) p D diag.Q;w/ for some w 2 C.Œ0; 1�;M
c1�Œ1;1�C

Pp1
eD2 c1;e �Œ1;e�

/;

(2) p.0/ D b0 and p.1/ D b (see (6.31)).

Hence, we can define a unital �-homomorphism ' from A1 to AX;2 as follows:

' W A1 ! AX;2

f D .f1; : : : ; fl1 I a; a2; : : : ; ap1/ 7! .b0; b2; : : : ; bp2/;

by

b0 D diag
�
 .a/;„. Nf /; a1 ˝ Ic001;1 ; : : : ; ap1 ˝ Ic001;p1

�
; (6.36)

bk D diag
�
a1 ˝ Ick;1 ; : : : ; ap1 ˝ Ick;p1

�
; k D 2; : : : ; p2; (6.37)
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where Nf D .f1; : : : ; fl1/ 2 C.Œ0; 1�; E1/ D ˚
l1
jD1C.Œ0; 1�;M¹1;j º/ and a1 D j1.a.Ox1//.

(Note that, here, b2; : : : ; bp2 are the same as (6.26), respectively.) As a consequence,

b01 WD j2.b0.Ox2//
(6.23)
HHHH diag

�
a1 ˝ I Oc ; �.a/;„. Nf /; a1 ˝ Ic001;1 ; : : : ; ap1 ˝ Ic001;p1

�
: (6.38)

Further, it is clear that K0.'/ D 
 jG1 ; K1.'/ D � and

'] W Aff.T .A1//! Aff.T .AX;2// D C.X2;R/˚Rp2�1

G1 D . xG1I g1; g1;2; : : : ; g1;p1/ 7! .g2; g2;1; : : : ; g2;p2/;
(6.39)

where

g2.x/
(6.17)
HHHH
(6.35)

1

Œ2; 1�

�
c0Œ1; 1�� 

].g1/.x/Cc �„]. xG1/C
p1X
eD1

c001;eŒ1; e��g1;e

�
8x2X2;

g2.Ox2/
(6.19)
HHHH
(6.38)

1

Œ2; 1�
�

�
Œ1; 1�. Oc � g1;1 C$ ��

].g1//Cc �„]. xG1/C
p1X
eD1

c001;eŒ1; e� � g1;e

�
;

g2;k
(6.37)
HHHH

1

Œ2; k�

p1X
eD1

ck;eŒ1; e� � g1;j ; k D 2; : : : ; p2:

Now, to define `, we will connect

ˇ2;0.b
0
1; b2; : : : ; bp2/ and ˇ2;1.b

0
1; b2; : : : ; bp2/

in E2 D˚
l2
sD1M¹2;sº (see (6.30)). Evidently, it is enough for each s D 1; : : : ; l2 to connect

…2;s.ˇ2;0.b
0
1; b2; : : : ; bp2// and …2;s.ˇ2;1.b

0
1; b2; : : : ; bp2// in M¹2;sº, where …2;s is the

quotient map from E2 to M¹2;sº. This is equivalent to construct the �-homomorphism
…2;s ı ` W A1 ! C.Œ0; 1�;M¹2;sº/. Note that

…2;s.ˇ2;0.b
0
1; b2; : : : ; bp2//

�u diag
�
�.a/˝ I

b
2;0
s;1
; „. Nf /˝ I

b
2;0
s;1
; a1 ˝ I�0s;1 ; : : : ; ap1 ˝ I�0s;p1

�
(6.40)

and

…2;s.ˇ2;1.b
0
1; b2; : : : ; bp2//

�u diag
�
�.a/˝ I

b
2;1
s;1
; „. Nf /˝ I

b
2;1
s;1
; a1 ˝ I�1s;1 ; : : : ; ap1 ˝ I�1s;p1

�
; (6.41)

where

�0s;e D

´
b
2;0
s;1 � . Oc C c

00
1;1/C

Pp2
kD2

b
2;0
s;k
� ck;1 if e D 1;

b
2;0
s;1 � c

00
1;e C

Pp2
kD2

b
2;0
s;k
� ck;e if e D 2; : : : ; p1

(6.42)

and

�1s;e D

´
b
2;1
s;1 � . Oc C c

00
1;1/C

Pp2
kD2

b
2;1
s;k
� ck;1 if e D 1;

b
2;1
s;1 � c

00
1;e C

Pp2
kD2

b
2;1
s;k
� ck;e if e D 2; : : : ; p1:
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Thus,

�1s;e � �
0
s;e

(6.28)
HHHH

´
b2s;1 � . Oc C c

00
1;1/C

Pp2
kD2

b2
s;k
� ck;1 if e D 1;

b2s;1 � c
00
1;e C

Pp2
kD2

b2
s;k
� ck;e if e D 2; : : : ; p1:

(6.43)

Fix an s D 1; : : : ; l2. Now, for each j D 1; : : : ; l1, let

d 0s;j D

´
jds;j j if ds;j ¤ 0;

2 if ds;j D 0:

According to the proof of [15, Lemma 13.15], define a unital �-homomorphism

~s W C.Œ0; 1�; E1/ D

l1M
jD1

C.Œ0; 1�;M¹1;j º/! C
�
Œ0; 1�;MPl1

jD1 d
0
s;j �¹1;j º

�
Nf D .f1; : : : ; fl1/ 7! diag.Fs;1; : : : ; Fs;l1/;

for any j D 1; : : : ; l1, where

Fs;j .!/ D

8̂̂<̂
:̂
fj .!/˝ Ijds;j j if ds;j > 0;

fj .1 � !/˝ Ijds;j j if ds;j < 0;

diag.fj .!/; fj .1 � !// if ds;j D 0:

Obviously, ~s. Nf /.0/ and ~s. Nf /.1/ only depend on Nf .0/ and Nf .1/. Of course, we also
have

~
]
s W

l1M
jD1

C.Œ0; 1�;Rj /! C.Œ0; 1�;R/

xG1 D .G1;1; : : : ; G1;l1/ 7!
1Pl1

jD1 d
0
s;j � ¹1; j º

�

� X
¹j Wds;j>0º

jds;j j¹1; j º �G1;j .!/

C

X
¹j Wds;j<0º

jds;j j¹1; j º �G1;j .1 � !/

C

X
¹j Wds;jD0º

¹1; j º � .G1;j .!/CG1;j .1 � !//

�
;

(6.44)

where Rj D R for all j D 1; : : : ; l1.
Note that for any . Nf I a1; : : : ; ap1/ 2 AC;1 D C.Œ0; 1�; E1/˚ˇ1;0Iˇ1;1 F1, we have

.~s. Nf //.0/ �u diag
�
a1 ˝ I�0s;1 ; : : : ; ap1 ˝ I�0s;p1

�
and

.~s. Nf //.1/ �u diag
�
a1 ˝ I�1s;1 ; : : : ; ap1 ˝ I�1s;p1

�
;
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where, for any e D 1; : : : ; p1,

�0s;e D
X

¹j Wds;j>0º

jds;j jb
1;0
j;e C

X
¹j Wds;j<0º

jds;j jb
1;1
j;e C

X
¹j Wds;jD0º

�
b
1;0
j;e C b

1;1
j;e

�
;

�1s;e D
X

¹j Wds;j>0º

jds;j jb
1;1
j;e C

X
¹j Wds;j<0º

jds;j jb
1;0
j;e C

X
¹j Wds;jD0º

�
b
1;0
j;e C b

1;1
j;e

�
:

Consequently,

l1X
jD1

d 0s;j � ¹1; j º D

p1X
eD1

�0s;e � Œ1; e� D

p1X
eD1

�1s;e � Œ1; e�: (6.45)

Noting that the diagram (6.5) is commutative, for all e D 1; : : : ; p1, we get the following
equalities:

�1s;e � �
0
s;e D

p2X
kD1

ds;j � b
1
j;e D

p2X
kD1

b2s;k � ck;e D

p2X
kD1

b
2;1
s;k
� ck;e �

p2X
kD1

b
2;0
s;k
� ck;e (6.46)

hold. On the one hand, by the assumption (6.7), we get

max
®
�0s;e; �

1
s;e W s D 1; : : : ; l2I e D 1; : : : ; p1

¯
< BDl1 <

B � p2"

2
: (6.47)

On the other hand, for each s D 1; : : : ; l2,

¹2; sº D

p2X
kD1

b
2;0
s;k
� Œ2; k� > B2 �

p2X
kD1

Œ2; k� > B2p2: (6.48)

Thus, combining (6.45), (6.47) with (6.48),

l1X
jD1

d 0s;j � ¹1; j º < BDMp1l1 < B2p2 < ¹2; sº:

This means that the C �-algebra C.Œ0; 1�;MPl1
jD1 d

0
s;j �¹1;j º

/ can be regarded as a corner of

the C �-algebra C.Œ0; 1�;M¹2;sº/. Now, for each e D 1; : : : ; p1, let

�0s;e WD �
0
s;e � �

0
s;e and �1s;e WD �

1
s;e � �

1
s;e: (6.49)

Consequently, combining (6.47) again with (6.48),

min
®
�0s;e; �

1
s;e W e D 1; : : : ; p1

¯
> B2p2 �BDl1 > 0:

Thus, we can rewrite (6.40) and (6.41), respectively, as follows:

…2;s.ˇ2;0.b
0
1; b2; : : : ; bp2//

�u diag
�
.~s. Nf //.0/;�.a/˝ I

b
2;0
s;1
; „. Nf /˝ I

b
2;0
s;1
; a1 ˝ I�0s;1 ; : : : ; ap1 ˝ I�0s;p1

�
(6.50)
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and

…2;s.ˇ2;1.b
0
1; b2; : : : ; bp2//

�u diag
�
.~s. Nf //.1/;�.a/˝ I

b
2;1
s;1
; „. Nf /˝ I

b
2;1
s;1
; a1 ˝ I�1s;1 ; : : : ; ap1 ˝ I�1s;p1

�
:

(6.51)

By using (6.20), (6.43) and (6.46), we get

�0s;e � �
1
s;e D

´ �
b
2;1
s;1 � b

2;0
s;1

�
� .$ C c01;1/ if e D 1;�

b
2;1
s;1 � b

2;0
s;1

�
� c01;e if e D 2; : : : ; p1:

Now, for an arbitrary s D 1; : : : ; l2, the construction of …2;s ı ` will be divided into two
cases.

Case 1. b2;1s;1 > b
2;0
s;1 . That is, b2s;1 D b

2;1
s;1 � b

2;0
s;1 > 0.

In this case, obviously, �0s;e > �1s;e holds for each e D 1; : : : ; p1. And according
to (6.18) and (6.34), for any f D .f1; : : : ; fl1 I a; a2; : : : ; ap1/ 2 A1, and set a1 WD
j1.a.Ox1//; Nf WD .f1; : : : ; fl1/ 2 C.Œ0; 1�; E1/, then we have

diag.�.a/;„. Nf //˝ I
b
2;1
s;1�b

2;0
s;1

�h diag.a1; : : : ; a1„ ƒ‚ …
$

; f1.0/; : : : ; f1.0/„ ƒ‚ …
.T�1/

; : : : ; fl1.0/; : : : ; fl1.0/„ ƒ‚ …
T�1

/˝ I
b
2;1
s;1�b

2;0
s;1

�u diag
�
a1 ˝ I$Cc01;1 ; a2 ˝ Ic01;2 ; : : : ; ap1 ˝ Ic01;p1

�
˝ I

b
2;1
s;1�b

2;0
s;1
: (6.52)

Note that

l1X
jD1

d 0s;1 � ¹1; j º C$Œ1; 1� � b
2;0
s;1 C c � b2;0s;1 C

p1X
eD1

�0s;e � Œ1; e�

(6.45)
HHHH
(6.42)

�
b
2;0
s;1 � . Oc C c

00
1;1/C

p2X
kD2

b
2;0
s;k
� ck;1

�
� Œ1; 1�C$Œ1; 1� � b

2;0
s;1 C c � b2;0s;1

C

p1X
eD2

�
b
2;0
s;1 � c

00
1;e C

p2X
kD2

b
2;0
s;k
� ck;e

�
� Œ1; e�

(6.32)
HHHH . Oc C$ C c01;1 C c

00
1;1/Œ1; 1� � b

2;0
s;1 C

p1X
eD2

c01;eŒ1; e� � b
2;0
s;1 C

p2X
kD2

ck;1Œ1; 1� � b
2;0
s;k

C

p1X
eD2

c001;eŒ1; e� � b
2;0
s;1 C

p1X
eD2

p2X
kD2

ck;eŒ1; e� � b
2;0
s;k

(6.21)
HHHH
(6.31)

p1X
eD1

p2X
kD1

b
2;0
s;k
� ck;eŒ1; e�

(6.29)
HHHH ¹2; sº
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and
l1X
eD1

d 0s;1 � ¹1; eº C$Œ1; 1� � b
2;1
s;1 C c � b2;1s;1 C

p1X
eD1

�1s;1 � Œ1; e� D ¹2; sº:

For convenience, for an arbitrary s D 1; : : : ; l2, define

˙s;0 WD diag.a1; : : : ; a1„ ƒ‚ …
$

; f1.0/; : : : ; f1.0/„ ƒ‚ …
T�1

; : : : ; fl1.0/; : : : ; fl1.0/„ ƒ‚ …
T�1

/˝ I
b
2;1
s;1�b

2;0
s;1
;

˙s;1 WD diag.�.a/;„. Nf //˝ I
b
2;1
s;1�b

2;0
s;1

D diag
�
%1;1.a.y1//˝ I$1 ; : : : ; %M;1.a.yM //˝ I$M ;

f1

�
1

T

�
; : : : ; f1

�
T � 1

T

�
; : : : ; fl1

�
1

T

�
; : : : ; fl1

�
T � 1

T

��
˝ I

b
2;1
s;1�b

2;0
s;1
;

Æs WD diag.�.a/;„. Nf //˝ I
b
2;0
s;1
;

Ès WD diag
�
a1 ˝ I�1s;1 ; : : : ; ap1 ˝ I�1s;p1

�
.see (6.49)/:

Hence, we can rewrite again (6.40) and (6.41) in the following form:

…2;s.ˇ2;0.b
0
1; b2; b3; : : : ; bp2// D Us;0 � diag..~s. Nf //.0/;˙s;0;Æs;Ès/ �U�s;0

and

…2;s.ˇ2;1.b
0
1; b2; b3; : : : ; bp2// D Us;1 � diag..~s. Nf //.1/;˙s;1;Æs;Ès/ �U�s;1;

respectively, where Us;0;Us;1 2 U.M¹2;sº/. Recalling that

c D .T � 1/ �
l1X
jD1

¹1; j º

(see (6.32)), we can define a �-homomorphism

˙s W A1 ! C.Œ0; 1�;M$ �Œ1;1�Cc/˝M
b
2;1
s;1�b

2;0
s;1

.f1; : : : ; fl1 I a; a2; : : : ; ap1/ 7! diag
�
%1;!.a.y1.!///

˝ I$1 ; : : : ; %M;!.a.yM .!///˝ I$M ;

f1

�
1

T
� !

�
; : : : ; f1

�
T � 1

T
� !

�
; : : : ;

fl1

�
1

T
� !

�
; : : : ; fl1

�
T � 1

T
� !

��
˝ I

b
2;1
s;1�b

2;0
s;1
:
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Obviously, .˙s.f //.0/ D ˙s;0; .˙s.f //.1/ D ˙s;1 and

˙]s W Aff.T .A1//! R

G1 D . xG1I g1; g1;2; : : : ; g1;p1/ 7!
1

$ � Œ1; 1�C c

�

�
Œ1; 1�

MX
mD1

$m � g1.ym.!//

C

l1X
jD1

T�1X
tD1

¹1; j º �G1;j

�
t

T
� !

��
;

(6.53)

where
xG1 D .G1;1; : : : ; G1;l1/ 2 Aff.T .C.Œ0; 1�; E1///:

Now, for an arbitrary s D 1; : : : ; l2, fix a unitary Us 2 C.Œ0; 1�;M¹2;sº/ such that Us.0/D

Us;0 and Us.1/ D Us;1, and define

…2;s ı ` W A1 ! C.Œ0; 1�;M¹2;sº/

.f1; : : : ; fl1 I a; a2; : : : ; ap1/ 7! Us � diag..~s. Nf //.!/; .˙s.f //.!/;Æs;Ès/ �U�s :

Case 2. b2;1s;1 < b
2;0
s;1 . That is, b2s;1 D b

2;1
s;1 � b

2;0
s;1 < 0.

In this case, �0s;e < �
1
s;e holds for each e D 1; : : : ; p1. Similar to Case 1, for any f D

.f1; : : : ; fl1 Ia; a2; : : : ; ap1/ 2 A1, set a1 WD j1.a.Ox1//, Nf WD .f1; : : : ; fl1/ 2 C.Œ0; 1�;E1/
and define

ż
s;0 D diag

�
%1;1.a.y1//˝ I$1 ; : : : ; %M;1.a.yM //˝ I$M ;

f1

�
1

T

�
; : : : ; f1

�
T � 1

T

�
; : : : ; fl1

�
1

T

�
; : : : ; fl1

�
T � 1

T

��
˝ I

b
2;0
s;1�b

2;1
s;1
;

ż
s;1 D diag.a1; : : : ; a1„ ƒ‚ …

$

; f1.0/; : : : ; f1.0/„ ƒ‚ …
T�1

; : : : ; fl1.0/; : : : ; fl1.0/„ ƒ‚ …
T�1

/˝ I
b
2;0
s;1�b

2;1
s;1
;

zÆs D diag.�.a/;„. Nf //˝ I
b
2;1
s;1
;

zÈs D diag
�
a1 ˝ I�0s;1 ; : : : ; ap1 ˝ I�0s;p1

�
.see (6.49)/:

Then, we rewrite (6.40) and (6.41) as follows:

…2;s.ˇ2;0.b
0
1; b2; b3; : : : ; bp2// D

zUs;0 � diag
�
.~s. Nf //.0/; ż s;0; zÆs; zÈs

�
� zU�s;0

and

…2;s.ˇ2;1.b
0
1; b2; b3; : : : ; bp2// D

zUs;0 � diag
�
.~s. Nf //.1/; ż s;1; zÆs; zÈs

�
� zU�s;1;
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respectively, where zUs;0; zUs;1 2 U.M¹2;sº/. Recalling that c D .T � 1/ �
Pl1
jD1¹1; j º

(see (6.32)), we can define another �-homomorphism

ż
s W A1 ! C.Œ0; 1�;M$ �Œ1;1�Cc/˝M

b
2;0
s;1�b

2;1
s;1

.f1; : : : ; fl1 I a; a2; : : : ; ap1/

7! diag
�
%1;1�!.a.y1.1 � !///˝ I$1 ; : : : ;

%M;1�!.a.yM .1 � !///˝ I$M ;

f1

�
1

T
� .1 � !/

�
; : : : ; f1

�
T � 1

T
� .1 � !/

�
; : : : ;

fl1

�
1

T
� .1 � !/

�
; : : : ; fl1

�
T � 1

T
� .1 � !/

��
˝ I

b
2;0
s;1�b

2;1
s;1
:

Obviously, . ż s.f //.0/ D ż s;0, . ż s.f //.1/ D ż s;1 and

ż ]
s W Aff.T .A1//! R

G1 D . xG1I g1; g1;2; : : : ; g1;p1/ 7!
1

$ � Œ1; 1�C c

�

�
Œ1; 1�

MX
mD1

$m � g1.ym.1 � !//

C

l1X
jD1

T�1X
tD1

¹1; j º �G1;j

�
t

T
� .1 � !/

��
;

(6.54)

where xG1D .G1;1; : : : ;G1;l1/ 2Aff.T .C.Œ0;1�;E1///. Now, for an arbitrary sD 1; : : : ; l2,
fix a unitary zUs 2 C.Œ0; 1�;M¹2;sº/ such that zUs.0/D zUs;0 and zUs.1/D zUs;1, and define

…2;s ı ` W A1 ! C.Œ0; 1�;M¹2;sº/

.f1; : : : ; fl1 I a; a2; : : : ; ap1/ 7!
zUs � diag..~s. Nf //.!/; . ż s.f //.!/; zÆs; zÈs/ � zU�s :

On the one hand, recall that

' W A1 ! AX;2

.f1; : : : ; fl1 I a; a2; : : : ; ap1/ 7! .b0; b2; : : : ; bp2/:

On the other hand, for each s D 1; : : : ; l2, let Vs 2 C.Œ0; 1�;M¹2;sº/ is a unitary satisfying

Vs D

´
Us if b2;1s;1 > b

2;0
s;1 ;

zUs if b2;1s;1 < b
2;0
s;1 :

Now, we can define the �-homomorphism as follows:

` W A1 ! A2

f D .f1; : : : ; fl1 I a; a2; : : : ; ap1/ 7! .„1; : : : ; „l2 Ib
0; b2; : : : ; bp2/;

(6.55)
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where, for any s D 1; : : : ; l2,

„s.!/ D

´
Vs.!/ � diag

�
.~s. Nf //.!/; .˙s.f //.!/;Æs;Ès

�
� V�s .!/ if b2;1s;1 > b

2;0
s;1 ;

Vs.!/ � diag
�
.~s. Nf //.!/; . ż s.f //.!/; zÆs; zÈs

�
� V�s .!/ if b2;1s;1 < b

2;0
s;1 ;

(6.56)
and Nf D .f1; : : : ; fl1/ 2 C.Œ0; 1�; E1/.

It is easy to verify that the conditions (i), (ii) and (iii) hold for the map `.

Step 3. Show that the map ` satisfies the condition (iv).

Step 3-1. Compute the function `] W Aff.T .A1//! Aff.T .A2//.
For an arbitrary G1 D .G1;1; : : : ; G1;l1 I g1; g1;2; : : : ; g1;p1/ 2 Aff.T .A1//, set xG1 WD

.G1;1; : : : ;G1;l1/ 2 Aff.T .C.Œ0; 1�;E1/// and g1;1 WD g1.Ox1/ 2R. For each s D 1; : : : ; l2,
if b2;1s;1 > b

2;0
s;1 , then by (6.53) and (6.56), define

G2;s W Œ0; 1�! R

! 7!
1

¹2; sº

�� l1X
jD1

d 0s;j ¹1; j º

�
� ~

]
s.
xG1/.!/

C
�
b
2;1
s;1 � b

2;0
s;1

�
.$ � Œ1; 1�C c/ �˙]s.G1/.!/

C b
2;0
s;1 � .Œ1; 1�$ ��

].g1/C c �„]. xG1//

C

p1X
eD1

�1s;eŒ1; e� � g1;e

�
;

(6.57)

and if b2;1s;1 < b
2;0
s;1 , then by (6.54) and (6.56), define

G2;s W Œ0; 1�! R

! 7!
1

¹2; sº

�� l1X
jD1

d 0s;j ¹1; j º

�
� ~

]
s.
xG1/.!/

C
�
b
2;0
s;1 � b

2;1
s;1

�
.$ � Œ1; 1�C c/ � ż ]s.G1/.!/

C b
2;1
s;1 � .Œ1; 1�$ ��

].g1/C c �„]. xG1//

C

p1X
eD1

�0s;eŒ1; e� � g1;e

�
:

(6.58)

And, for any s D 1; : : : ; l2, by using (6.50) and (6.51), we get

G2;s.0/ D …
]
2;s

�
ˇ
]
2;0

�
…
q]
2 .`

].G1//
��

and G2;s.1/ D …
]
2;s

�
ˇ
]
2;1

�
…
q]
2 .`

].G1//
��
:

(6.59)
Thus, from (6.57), (6.58), (6.59) and the definition of ` (see (6.55)), we have

`] W Aff.T .A1//! Aff.T .A2//

G1 D .G1;1; : : : ; G1;l1 I g1; g1;2; : : : ; g1;p1/ 7! .G2;1; : : : ; G2;l2 I g2; g2;2; : : : ; g2;p2/;
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where g2; g2;2; : : : ; g2;p2 are the same as (6.39), respectively. That is,

g2.x/ D
1

Œ2; 1�

�
c0Œ1; 1� �  

].g1/.x/C c �„]. xG1/

C

p1X
eD1

c001;eŒ1; e� � g1;e

�
8x 2 X2; (6.60)

g2.Ox2/ D
1

Œ2; 1�
�

�
Œ1; 1�. Oc � g1;1 C$ ��

].g1//C c �„]. xG1/

C

p1X
eD1

c001;eŒ1; e� � g1;e

�
; (6.61)

g2;k D
1

Œ2; k�

p1X
eD1

ck;eŒ1; e� � g1;e; k D 2; : : : ; p2; (6.62)

where xG1 WD .G1;1; : : : ; G1;l1/ 2 Aff.T .C.Œ0; 1�; E1/// and g1;1 WD g1.Ox1/ 2 R.

Step 3-2. Complete the proof of Step 3.
Recall that ‚ is a �-homomorphism from F1 to F2 with K0.‚/ D 
 0 D .ck;j / (see

(6.5)). Thus,
‚] W Rp1 D Aff.T .F1//! Rp2 D Aff.T .F2//;

w1 D .w1;1; : : : ;w1;p1/ 7! .w2;1; : : : ;w2;p2/;
(6.63)

where

w2;k D
1

Œ2; k�
�

p1X
eD1

ck;eŒ1; e� � w1;e; k D 1; : : : ; p2: (6.64)

Of course, we also have

…
q]
1 W Aff.T .A1//! Aff.T .F1//

.G1;1; : : : ; G1;l1 I g1; g1;2; : : : ; g1;p1/ 7! .g1.Ox1/; g1;2; : : : ; g1;p1/

and
…
q]
2 W Aff.T .A2//! Aff.T .F2//

.G2;1; : : : ; G2;l2 I g2; g2;2; : : : ; g2;p1/ 7! .g2.Ox2/; g2;2; : : : ; g2;p1/:

Now, for an arbitrary G1 D .G1;1; : : : ; G1;l1 I g1; g1;2; : : : ; g1;p1/ 2 Aff.T .A1// with
kG1k 6 1, set xG1 D .G1;1; : : : ; G1;l1/ 2 Aff.T .C.Œ0; 1�; E1/// and g1;1 WD g1.Ox1/ 2 R.
Apparently,

‚].…
q]
1 .G1// D ‚

].g1;1; : : : ; g1;p1/ D . Pw2;1; : : : ; Pw2;p2/;

…
q]
2 .`

].G1// D …
q]
2 .
xG2I g2; g2;2; : : : ; g2;p2/ D . Rw2;1; : : : ; Rw2;p2/;
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where xG2 WD .G2;1; : : : ; G2;l2/ 2 Aff.T .C.Œ0; 1�; E2///, and for any k D 1; : : : ; p2,

Pw2;k D
1

Œ2; k�

p1X
eD1

ck;eŒ1; e� � g1;e;

Rw2;k D

´
g2.Ox2/ if k D 1;

g2;k if k D 2; : : : ; p2:

According to (6.62), for all k D 2; : : : ; p2,

Pw2;k D Rw2;k :

Note that ' WA!B is a �-homomorphism, then '] WAff.T .A//!Aff.T .B// is, induced
by ', contractive (see Notation 2.16). Thus, by using (6.6) and (6.22) and noting that
G1 D .G1;1; : : : ; G1;l1 I g1; g1;2; : : : ; g1;p1/ 2 Aff.T .A1// with kG1k 6 1, we have

‚].…q]

1 .G1// �…
q]
2 .`

].G1//




D j Pw2;1 � Rw2;1j

(6.61)
HHHH

1

Œ2; 1�

ˇ̌̌̌ p1X
eD1

c1;eŒ1; e� � g1;e

�

�
Œ1; 1�. Oc � g1;1 C$ ��

].g1//C c �„]. xG1/C
p1X
eD1

c001;eŒ1; e� � g1;e

�ˇ̌̌̌
(6.21)
HHHH
(6.31)

1

Œ2; 1�

ˇ̌̌̌
$Œ1; 1� � .g1;1 ��

].g1//C c
0
1;1Œ1; 1� � .g1;1 �„

]. xG1//

C

p1X
eD2

c01;eŒ1; e� � g1;e

ˇ̌̌̌

<
1

Œ2; 1�

�
2.$ C c01;1/Œ1; 1�C

p1X
eD2

c01;eŒ1; e�

�
< ";

as desired.

Step 4. Show that the map ` satisfies the condition (v). (The idea of this proof originates
from [15, 13.18].)

Step 4-1. Construct the two maps �1 and �2.
Define

�1 W Aff.T .F1//! Aff.T .A1//

w1 D .w1;1; : : : ;w1;p1/ 7! .G1;1; : : : ; G1;l1 I g1; g1;2; : : : ; g1;p1/;
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where

g1.x/ D w1;1 8x 2 X1; (6.65)

g1;e D w1;e; e D 2; : : : ; p1; (6.66)

G1;j .!/ D .1 � !/ �…
]
1;j .ˇ

]
1;0.w1//C ! �…

]
1;j .ˇ

]
1;1.w1// 8! 2 Œ0; 1�; (6.67)

and …]
1;j is induced by the quotient map …1;j W E1 ! M¹1;j º for any j D 1; : : : ; l1.

Similarly, define

�2 W Aff.T .F2//! Aff.T .A2//

w2 D .w2;1; : : : ;w2;p2/ 7! .G2;1; : : : ; G2;l2 I g2; g2;2; : : : ; g2;p2/;
(6.68)

where

g2.x/ D w2;1 8x 2 X2; (6.69)

g2;k D w2;k ; k D 2; : : : ; p2; (6.70)

G2;s.!/ D .1 � !/ �…
]
2;s.ˇ

]
2;0.w2//C ! �…

]
2;s.ˇ

]
2;1.w2// 8! 2 Œ0; 1�; (6.71)

and …]
2;s is induced by the quotient map …2;s W E2 ! M¹2;sº for any s D 1; : : : ; l2.

Step 4-2. Complete the proof of Step 4.
Recall that if S is a compact convex set, then define

Aff.S/C WD ¹f 2 Aff.S/ W f .s/ > 0 8s 2 Sº [ ¹0º .see Notation 2.14/:

It is easy to check that �1 and �2 are both contractive linear and order preserving maps.
Thus, for an arbitrary w1 D .w1;1; : : : ;w1;p1/ 2 Aff.F1/ D Rp1 with kw1k 6 1, we have

�2.‚
].w1//

(6.63)
HHHH �2.w2;1; : : : ;w2;p2/

(6.68)
HHHH . PG2;1; : : : ; PG2;l2 I Pg2; Pg2;2; : : : ; Pg2;p2/;

where

Pg2.x/
(6.64)
HHHH
(6.69)

1

Œ2; 1�
�

p1X
eD1

c1;eŒ1; e� � w1;e 8x 2 X2; (6.72)

Pg2;k
(6.64)
HHHH
(6.70)

1

Œ2; k�
�

p1X
eD1

ck;eŒ1; e� � w1;e; k D 2; : : : ; p2; (6.73)

PG2;s.!/
(6.71)
HHHH .1 � !/ �…

]
2;s.ˇ

]
2;0.‚

].w1///C ! �…
]
2;s.ˇ

]
2;1.‚

].w1///; ! 2 Œ0; 1�:

(6.74)

Of course, we also have

�1.w1/ D .G01;1; : : : ; G
0
1;l1
I g01; g

0
1;2; : : : ; g

0
1;p1

/ 2 Aff.T .A1//;
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where

g01.x/
(6.65)
HHHH w1;1 8x 2 X1; (6.75)

g01;e
(6.66)
HHHH w1;e; e D 2; : : : ; p1; (6.76)

G01;j .!/
(6.67)
HHHH .1 � !/ �…

]
1;j .ˇ

]
1;0.w1//C ! �…

]
1;j .ˇ

]
1;1.w1// 8! 2 Œ0; 1�: (6.77)

Further, by setting G 01 WD �1.w1/ D .G
0
1;1; : : : ; G

0
1;l1
I g01; g

0
1;2; : : : ; g

0
1;p1

/ 2 Aff.T .A1//
and xG01 WD .G

0
1;1; : : : ; G

0
1;l1
/ 2 Aff.T .C.Œ0; 1�; E1///, we get

`].�1.w1// D `].G 01/ D `
].G01;1; : : : ; G

0
1;l1
I g01; g

0
1;2; : : : ; g

0
1;p1

/

D . RG2;1; : : : ; RG2;l2 I Rg2; Rg2;2; : : : ; Rg2;p2/;

where

Rg2.x/
(6.60)
HHHH

1

Œ2; 1�

�
c0Œ1; 1� � w1;1 C c �„]. xG01/

C

p1X
eD1

c001;eŒ1; e� � w1;e

�
8x 2 X2; (6.78)

Rg2;k
(6.62)
HHHH

1

Œ2; k�

p1X
eD1

ck;eŒ1; e� � w1;e; k D 2; : : : ; p2 (6.79)

and for each s D 1; : : : ; l2, if b2;1s;1 > b
2;0
s;1 , then, for any ! 2 Œ0; 1�,

RG2;s.!/
(6.57)
HHHH

1

¹2; sº

�� l1X
jD1

d 0s;j ¹1; j º

�
� ~

]
s.
xG01/.!/

C
�
b
2;1
s;1 � b

2;0
s;1

�
.$ � Œ1; 1�C c/ �˙]s.G

0
1/.!/

C b
2;0
s;1 � .Œ1; 1�$ ��

].g1/C c �„]. xG01//

C

p1X
eD1

�1s;eŒ1; e� � w1;e

�
(6.80)

and if b2;1s;1 < b
2;0
s;1 , then, for any ! 2 Œ0; 1�,

RG2;s.!/
(6.58)
HHHH

1

¹2; sº

�� l1X
jD1

d 0s;j ¹1; j º

�
� ~

]
s.
xG01/.!/

C
�
b
2;0
s;1 � b

2;1
s;1

�
.$ � Œ1; 1�C c/ � ż ]s.G

0
1/.!/

C b
2;1
s;1 � .Œ1; 1�$ ��

].g1/C c �„]. xG01//

C

p1X
eD1

�0s;eŒ1; e� � g1;e

�
: (6.81)
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Below, we will show that

�2.‚].w1// � `].�1.w1//


<


. PG2;1; : : : ; PG2;l2 I Pg2; Pg2;2; : : : ; Pg2;p2/ � . RG2;1; : : : ; RG2;l2 I Rg2; Rg2;2; : : : ; Rg2;p2/

 < ":

Firstly,

Pg2;k
(6.73)
HHHH
(6.79)

Rg2;k ; k D 2; : : : ; p2:

Secondly, according to (6.72), (6.78) and w1 D .w1;1; : : : ;w1;p1/ 2 Aff.F1/ D Rp1 with
kw1k 6 1, and recalling that c D

Pp1
eD1 c

0
1;e � Œ1; e� (see (6.32)), then for any x 2 X2

jPg.x/ � Rg.x/j D
1

Œ2; 1�

ˇ̌̌̌ p1X
eD1

c1;eŒ1; e� � w1;e

�

�
c0Œ1; 1� � w1;1 C c �„]. xG01/C

p1X
eD1

c001;eŒ1; e� � w1;e

�ˇ̌̌̌
(6.31)
HHHH
(6.21)

1

Œ2; 1�

ˇ̌̌̌ p1X
eD1

c01;eŒ1; e� � .w1;e �„
]. xG01//

ˇ̌̌̌
<

2

Œ2; 1�

p1X
eD1

c01;eŒ1; e� < ":

Finally, for each s D 1; : : : ; l2, if b2;1s;1 > b
2;0
s;1 , then, for any ! 2 Œ0; 1�,ˇ̌

…
]
2;s.ˇ

]
2;0.‚

].w1/// � RG2;s.!/
ˇ̌

(6.74)
HHHHH
(6.80)

1

¹2; sº

ˇ̌̌̌ p2X
kD1

p1X
eD1

b
2;0
s;k
ck;e Œ1; e� � w1;e �

�� l1X
jD1

d 0s;j ¹1; j º

�
� ~
]
s. xG
0
1/.!/

C
�
b
2;1
s;1 � b

2;0
s;1

�
.$ � Œ1; 1�C c/ �˙]s.G 01/.!/

C b
2;0
s;1 � .Œ1; 1�$ ��

].g1/C c �„]. xG01//C
p1X
eD1

�1s;e Œ1; e� � w1;j

�ˇ̌̌̌
(6.45)
HHHHH
(6.32)

1

¹2; sº

ˇ̌̌̌ p1X
eD1

�1s;e Œ1; e�.w1;e � ~
]
s. xG
0
1/.!//

C
�
b
2;1
s;1 � b

2;0
s;1

�
$Œ1; 1�.w1;1 �˙]s.G 01/.!//

C
�
b
2;1
s;1 � b

2;0
s;1

� p1X
eD1

c01;e Œ1; e�.w1;e �˙
]
s.G
0
1/.!//

C b
2;0
s;1 Œ1; 1�$.w1;1 ��

].g1//C b
2;0
s;1

p1X
eD1

c01;e Œ1; e�.w1;e �„
]. xG01//

ˇ̌̌̌
<

2

¹2; sº

� p1X
eD1

�1s;e Œ1; e�C b
2;1
s;1$Œ1; 1�C b

2;1
s;1

p1X
eD1

c01;e Œ1; e�

�
<

2

¹2; sº

� p1X
eD1

B2 � p2"

2
Œ1; e�C b

2;1
s;1$Œ1; 1�C b

2;1
s;1

p1X
eD1

c01;e Œ1; e�

�
.see (6.47)/

< ":
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Similarly, if b2;1s;1 < b
2;0
s;1 , thenˇ̌

…
]
2;s

�
ˇ
]
2;0.‚

].w1//
�
� RG2;s.!/

ˇ̌
< " 8! 2 Œ0; 1�:

For the same reason,ˇ̌
…
]
2;s

�
ˇ
]
2;1.‚

].w1//
�
� RG2;s.!/

ˇ̌
< " 8s D 1; : : : ; l2; ! 2 Œ0; 1�:

Thus, for any s D 1; : : : ; l2, ! 2 Œ0; 1�, we haveˇ̌
PG2;s.!/ � RG2;s.!/

ˇ̌
D

1

¹2; sº

ˇ̌
.1 � !/ �…

]
2;s

�
ˇ
]
2;0.‚

].w1//
�
C ! �…

]
2;s

�
ˇ
]
2;1.‚

].w1//
�
� RG2;s.!/

ˇ̌
<
.1 � !/ � j…

]
2;s.ˇ

]
2;0.‚

].w1/// � RG2;s.!/jC! � j…
]
2;s.ˇ

]
2;1.‚

].w1/// � RG2;s.!/j

¹2; sº
<";

as desired.

Step 5. Show that the map ` satisfies the condition (vi).
For an arbitrary element U D .U1; : : : ; Ul1 Iu; u2; : : : ; up1/ 2 F � U0.A1/, set u1 WD

j1.u.Ox1// and xU WD .U1; : : : ;Ul1/2C.Œ0;1�;E1/. So, the element…J;1.U /D.U1; : : : ;Ul1 I

u1; : : : ; up1/ D . xU I u1; : : : ; up1/ 2 U0.AC;1/. By using Lemma 4.9, there is a unitary
V 0 2 AC;1, written V 0 D .V1; : : : ; Vl1 Iu1; : : : ; up1/, such that cer.V 0/ D 1 and

det.V 0.x// D det..…J;1.U //.x// 8x 2 SP.AC;1/:

Write V D.V1; : : : ;Vl1 Iu;u2; : : : ;up1/which is a unitary inA1 and let xV WD.V1; : : : ;Vl1/2
C.Œ0; 1�; E1/. Set

`.U / D `.U1; : : : ; Ul1 Iu; u2; : : : ; up1/ D .X1; : : : ;Xl2 I x; x2; : : : ; xp2/; (6.82)

`.V / D `.V1; : : : ; Vl1 Iu; u2; : : : ; up1/ D .Y1; : : : ;Yl2 I z; x2; : : : ; xp2/; (6.83)

where x; z 2 U.A1X;2/ D U.P2M1.C.X2//P2/. According to the definition of ` (see
(6.55)), we get

Xs.!/ D Vs.!/ � diag..~s. xU//.!/;Xus .!// � V
�
s .!/;

Ys.!/ D Vs.!/ � diag..~s. xV //.!/;Y v
s .!// � V

�
s .!/;

where

Xus .!/ D

´
diag..˙s.U //.!/;Æs;Ès/ if b2;1s;1 > b

2;0
s;1 ;

diag.. ż s.U //.!/; zÆs; zÈs/ if b2;1s;1 < b
2;0
s;1 ;

and

Y v
s .!/ D

´
diag..˙s.V //.!/;Æs;Ès/ if b2;1s;1 > b

2;0
s;1 ;

diag.. ż s.V //.!/; zÆs; zÈs/ if b2;1s;1 < b
2;0
s;1 :

For all s D 1; : : : ; l2, let

Zs.!/ WD Vs.!/ � diag..~s. xV //.!/;Xus .!// � V
�
s .!/ 8! 2 Œ0; 1�: (6.84)
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Step 5-1. We have the following claim:

Z D .Z1; : : : ; Zl2 I x; x2; : : : ; xp2/ 2 A2 (6.85)

and there exists a self-adjoint element yH D .H1; : : : ;Hl2 Ih; h2; : : : ; hp2/ 2 A2 such that

Z � exp.2�i yH/


 < "

2
:

For the first part of the claim, by setting x1 D j2.x.Ox2//, it is sufficient to show that
for any s D 1; : : : ; l2,

Zs.0/ D …2;s.ˇ2;0.x1; : : : ; xp2// and Zs.1/ D …2;s.ˇ2;1.x1; : : : ; xp2//;

where …2;s is the quotient map from E2 to M¹2;sº. As `.U / is an element in A2, the
equality

Xs.0/ D Vs.0/ � diag..~s. xU//.0/;Xus .0// � V
�
s .0/ D …2;s.ˇ2;0.x1; : : : ; xp2//

holds. And note that

Zs.0/ D Vs.0/ � diag..~s. xV //.0/;Xus .0// � V
�
s .0/;

and ~s. xV /.0/ and ~s. xV /.1/ only depends xV .0/ and xV .1/. It follows from Remark 4.10
that .~s. xU//.0/ D .~s. xV //.0/. Hence, we have

Zs.0/ D Xs.0/ D …s;2.ˇ2;0.x1; : : : ; xp2//; s D 1; : : : ; l2:

For the same reason,

Zs.1/ D Xs.1/ D …s;2.ˇ2;1.x1; : : : ; xp2//; s D 1; : : : ; l2:

Thus, the conclusion Z 2 A2 is proved.
We begin to prove the second part of the claim, that is, there is a self-adjoint element

yH 2 A2 such that kZ � exp.2�i yH/k < "
2

. From cer.V 0/ D 1, there exists a self-adjoint
element H 0 D .H 01; : : : ;H

0
l1
I h01; : : : ; h

0
p1
/ 2 AC;1 such that

V 0 D .V1; : : : ; Vl1 Iu1; : : : ; up1/

D exp.2�i.H 01; : : : ;H
0
l1
I h01; : : : ; h

0
p1
// D exp.2�iH 0/: (6.86)

Particularly,
ue D exp.2�ih0e/; e D 1; : : : ; p1: (6.87)

Recall that Œ0; 1� 3 ! 7! %m;!.u.ym.!/// is an element in U.C.Œ0; 1�;MŒ1;1�// with
%m;0.u.ym.0/// D u1 and %m;1.u.ym.1/// D %m;1.u.ym// for each ym 2 Y. Thus, there
exists a self-adjoint element h00m 2 C.Œ0; 1�;MŒ1;1�/ such that h00m.0/D h

0
1; %m;1.u.ym//D

exp.2�ih00m.1// and 

%m;!.u.ym.!/// � exp.2�ih00m/


 < "

4
:
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Recall that c D .T � 1/ �
Pl1
jD1¹1; j º (see (6.32)). Choose a self-adjoint element

diag.H1;1.!/; : : : ;H1;.T�1/.!/; : : : ;Hl1;1.!/; : : : ;Hl1;.T�1/.!// 2 C.Œ0; 1�;Mc/

such that for any pair .j; t/ 2 ¹1; : : : ; l1º � ¹1; : : : ; .T � 1/º,

exp.2�iHj;t .0// D Uj .0/ and




exp.2�iHj;t .!// � Uj

�
t

T
� !

�



 < "

4
: (6.88)

Set
Ã WD diag.h001.1/˝ I$1 ; : : : ; h

00
M .1/˝ I$M /

and
Ä WD diag.H1;1.1/; : : : ;H1;.T�1/.1/; : : : ;Hl1;1.1/; : : : ;Hl1;.T�1/.1//;

then
diag.exp.2�iÃ/; exp.2�iÄ// D diag.�.a/;„. xU//: (6.89)

Now, according to (6.37) and (6.38), define a self-adjoint element h D .h1; : : : ; hp2/ in
F2 D ˚

p2
kD1

MŒ2;k� with

hk D

´
diag

�
h01 ˝ I Oc ;Ã; Ä; h01 ˝ Ic001;1 ; : : : ; h

0
p1
˝ Ic001;p1

�
if k D 1;

diag
�
h01 ˝ Ick;1 ; : : : ; h

0
p1
˝ Ick;p1

�
if k D 2; : : : ; p2:

(6.90)

Once again, using the same means as above to connect …2;s.ˇ2;0.h// and …2;s.ˇ2;1.h//.
For each s D 1; : : : ; l2, if b2;1s;1 > b

2;0
s;1 , then define

Hs.!/ WD Vs.!/ � diag..~s. xH 0//.!/;˙hs .!/;Æ
h
s ;È

h
s / � V

�
s .!/ 2 C.Œ0; 1�;M¹2;sº/;

where

˙hs W Œ0; 1�! M$ �Œ1;1�Cc ˝M
b
2;1
s;1�b

2;0
s;1

! 7! diag.h001.!/˝ I$1 ; : : : ; h
00
M .!/˝ I$M ;

H1;1.!/; : : : ;H1;.T�1/.!/; : : : ;

Hl1;1.!/; : : : ;Hl1;.T�1/.!//˝ I
b
2;1
s;1�b

2;0
s;1

and Æhs D diag.Ã; Ä/˝ I
b
2;0
s;1

, Èhs D diag.h01 ˝ I�1s;1 ; : : : ; h
0
p1
˝ I�1s;p1 /.

If b2;1s;1 < b
2;0
s;1 , then define

Hs.!/ WD Vs.!/ � diag..~s. xH 0//.!/; żhs .!/; zÆ
h
s ;
zÈhs / � V

�
s .!/ 2 C.Œ0; 1�;M¹2;sº/;

where

żh
s W Œ0; 1�! M$ �Œ1;1�Cc ˝M

b
2;0
s;1�b

2;1
s;1

! 7! diag.h001.1 � !/˝ I$1 ; : : : ; h
00
M .1 � !/˝ I$M ;

H1;1.1 � !/; : : : ;H1;.T�1/.1 � !/; : : : ;

Hl1;1.1 � !/; : : : ;Hl1;.T�1/.1 � !//˝ I
b
2;0
s;1�b

2;1
s;1

and zÆhs D diag.Ã; Ä/˝ I
b
2;1
s;1

, zÈhs D diag.h01 ˝ I�0s;1 ; : : : ; h
0
p1
˝ I�0s;p1 /.
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By means above, we obtain a self-adjoint element .H1; : : : ;Hl2 Ih1; : : : ; hp2/ in AC;2.
Below, we will show

.Z1; : : : ; Zl2 I x1; : : : ; xp2/ � exp.2�i.H1; : : : ;Hl2 I h1; : : : ; hp2//



 < "

4
: (6.91)

First, we have
xk

(6.87)
HHHH exp.2�ihk/; k D 2; : : : ; p2: (6.92)

Next, by writing u1 D j1.u.Ox1//, we get

x1 WD j2.x.Ox2//
(6.38)
HHHH diag

�
u1 ˝ I Oc ; �.u/;„. xU/; u1 ˝ Ic001;1 ; : : : ; up1 ˝ Ic001;p1

�
:

Recalling that h1 HH diag.h01 ˝ I Oc ;Ã;Ä; h01 ˝ Ic001;1 ; : : : ; h
0
p1
˝ Ic001;p1 / (see (6.90)), we have

x1
(6.87)
HHHH
(6.89)

exp.2�ih1/: (6.93)

Further, recall that, for any s D 1; : : : ; l2,

Zs.!/ D Vs.!/ � diag..~s. xV //.!/;Xus .!// � V
�
s .!/ 8! 2 Œ0; 1� .see (6.84)/

and

Xus .!/ D

´
diag..˙s.U //.!/;Æs;Ès/ if b2;1s;1 > b

2;0
s;1 ;

diag.. ż s.U //.!/; zÆs; zÈs/ if b2;1s;1 < b
2;0
s;1 :

From (6.88), we get

kZs.!/ � exp.2�iHs/k <
"

4
; s D 1; : : : ; l2:

Hence, we have completed the proof of (6.91).
Below, let’s proceed to prove this claim. Recall that,

k .u/ � exp.2�ih/k <
"

4
.see (6.15)/;

for some self-adjoint element h 2 QM1.C.X2//Q. And note that

…1
X;2.…I;2.`.U ///

(6.82)
HHHH x

(6.36)
HHHH diag

�
 .u/;„. xU/; u1 ˝ Ic001;1 ; : : : ; up1 ˝ Ic001;p1

�
2 U.A1X;2/;

where…1
X;2 is the quotient map fromAX;2 toA1X;2DP2M1.X2/P2, xU D .U1; : : : ;Ul1/2

C.Œ0;1�;E1/. Let us assume that NhD diag.h;Ä;h01˝ Ic001;1 ; : : : ;h
0
p1
˝ Ic001;p1 / 2 .A

1
X;2/s:a:D

.P2M1.X2/P2/s:a:. But h1 D j2. Nh.Ox2// may be not true. Below, we will modify Nh to
h 2 .A1X;2/s:a: such that h1 D j2.h.Ox2//. Note that

…1

X;2.…I;2.`.U /// � exp.2�i Nh/


 D 

x � exp.2�i Nh/



 < "

4
: (6.94)
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Further, recall j2.x.Ox2// D x1 D exp.2�ih1/ (see (6.93)). Thus,

exp.2�ih1/ � exp.2�i � j2. Nh.Ox2///


 < "

4
: (6.95)

According to Remark 6.3 and the construction of P2 (with rank.P2/D Œ2; 1�), the element
Nh 2 P2M1.C.X2//P2 has the form NhD x�1q1 C � � � C x�Œ2;1�qŒ2;1�, where x�1; : : : ;x�Œ2;1� 2
Œ0; 1/;q1; : : : ;qŒ2;1� are mutually orthogonal rank one projections with q1C � � � C qŒ2;1� D
P2. As h1 2 MŒ2;1�, write sp.h1/ D ¹�1; : : : ; �Œ2;1�º. Combining (6.95) with Lemma 4.1,
there exist integers n1; : : : ; nŒ2;1� such that jx�i � .�i C ni /j < "

4
for any i D 1; : : : ; Œ2; 1�.

Write
h D �1q1 C � � � C �Œ2;1�qŒ2;1�:

Thus, j2.h.Ox2//D h1. Now, define yH D .H1; : : : ;Hl2 Ih; h2; : : : ; hp2/. It is easy to check
that yH 2 .A2/s:a: and 

Z � exp.2�i yH/



 < "

2
;

which completes the proof of the claim.

Step 5-2. Complete the proof of Step 5.
Recall that `.U / D .X1; : : : ;Xl2 I x; x2; : : : ; xp2/ (see (6.82)) and Z D .Z1; : : : ; Zl2 I

x; x2; : : : ; xp2/ (see (6.85)), where

Xs.!/ D Vs.!/ � diag..~s. xU//.!/;Xus .!// � V
�
s .!/;

Zs.!/ D Vs.!/ � diag..~s. xV //.!/;Xus .!// � V
�
s .!/

and

Xus .!/ D

´
diag..˙s.U //.!/;Æs;Ès/ if b2;1s;1 > b

2;0
s;1 ;

diag.. ż s.U //.!/; zÆs; zÈs/ if b2;1s;1 < b
2;0
s;1 :

An easy computation shows that the elements

diag
�
.~s. xU//.!/; .˙s.U //.!/

�
and diag

�
.~s. xU//.!/; . ż s.U //.!/

�
are exactly both in C.Œ0; 1�;ML0s

/, where

L0s D

p1X
eD1

�0s;eŒ1; e�C jb
2
s;1j �

�
$Œ1; 1�C .T � 1/

l1X
jD1

¹1; j º

�

< BDl1

p1X
eD1

Œ1; e�C jb2s;1j �

�
$Œ1; 1�C .T � 1/

l1X
jD1

¹1; j º

�
D Ls :

Thus, because the condition (6.7) holds, which implies B2 > max¹Ls W s D 1; : : : ; l2º, for
any s D 1; : : : ; l2, either

].I nr \ sp.diag.Æs;Ès/// > Ls
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or
].I nr \ sp.diag.zÆs; zÈs/// > Ls :

By using Lemma 4.8, (6.13) for each sD 1; : : : ; l2, there is a unitaryWs 2C.Œ0;1�;M¹2;sº/
such that

kXs �WsZsW
�
s k <

23�

n
<
"

2

and Ws.0/ D Ws.1/ D I¹2;sº.
Set W D .W1; : : : ; Wl2 IP2; IŒ2;2�; : : : ; IŒ2;p2�/, which is an element in U.A2/, and let

H D W yHW �. So, we get

k`.U / � exp.2�iH/k < ":

Thus, the �-homomorphism ` satisfies the condition (vi), as desired.

Fact 6.6. Let us assume that

..Hn; .Hn/C; un; Gn/;Kn/ and ..HnC1; .HnC1/C; unC1; GnC1/;KnC1/

be two 5-tuples with the conditions in Fact 5.2. And the homomorphisms both 
n;nC1
and �n;nC1 satisfy the conditions in Fact 6.4, respectively. In this time, the commutative
diagram (6.5) becomes the following form:

Zpn

�nD.b
n
j;e/

��


 0n;nC1D.c
n;nC1
k;e

/
// ZpnC1

�nC1D.b
nC1
s;k

/

��

Zln
z
n;nC1D.d

n;nC1
s;j /

// ZlnC1

:

(6.96)

Now, set
Cn;nC1 WD min

®
c
n;nC1
k;e

W e D 1; : : : ; pnI k D 1; : : : ; pnC1
¯

and
BnC1 WD min

®
b
nC1;0
s;k

; b
n;1
s;k
W k D 1; : : : ; pnC1I s D 1; : : : ; lnC1

¯
:

It is a simple matter to guarantee that Cn;nC1 is larger enough passing to a subsequence.
Combining Fact 5.1 and Lemma 6.5, we can obtain the following main theorem in this
paper.

Theorem 6.7. For a given weakly unperforated Elliott invariant ..G; GC; u/; K;4; r/,
then there exists a simple C �-algebra A D lim

�!
.An; `n;nC1/ such that

cer.A/ 6 1C "

and Ell.A/ Š ..G;GC; u/;K;4; r/.
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Proof. We will prove it by induction.

(I) Through the 5-tuple ..H1; .H1/C; u1; G1/; K1/, we fix a C �-algebra A1 with
the form in Fact 5.3. Because A1 is separable, there are finite sets F1;k ; k D

1;2; : : : ; such that F1;1�F1;2�� � ��U0.A1/, and the countable set
S1
kD1F1;k

is dense in U0.A1/.

(II) Set F1 WD F1;1, which is finite set contained U0.A1/, and let "1 D ı1 D 1
21

.
From Lemma 6.5, there exist a 5-tuple, without loss of generality, written

..H2; .H2/C; u2; G2/;K2/

and the diagram (6.96) satisfying the following property.
If C1;2;B2 are large enough, then there exist a C �-algebra A2 with the form
in Fact 5.3 and a �-homomorphism `1;2 W A1 ! A2 such that K0.`1;2/ D

1;2jG1 ; K1.`1;2/ D �1;2, and for any U 2 F1 there is a self-adjoint element
H 2 A2 such that k`1;2.U / � exp.2�iH/k < 1

21
.

(III) Now, assume that we have obtained the diagram below

A1
`1;2
��! A2

`2;3
��! � � �

`n�1;n
����! An:

we will obtain AnC1 and `n;nC1 by induction. Because An is separable, there
are finite sets Fn;k ; k D 1; 2; : : : ; such that Fn;1 � Fn;2 � � � � � U0.An/, and
the countable set

S1
kD1 Fn;k is dense in U0.An/.

Set FnD
Sn
iD1 `i;n.Fi;.nC1/�i /, and let "nD ınD 1

2n
. From Lemma 6.5, there

exist a 5-tuple, without loss of generality, written ..HnC1; .HnC1/C; unC1;
GnC1/;KnC1/ and the diagram (6.96) satisfying the following property.
If Cn;nC1;BnC1 are large enough, then there are a C �-algebra AnC1 with
the form in Fact 5.3 and a �-homomorphism `n;nC1 W An ! AnC1 such that
K0.`n;nC1/D 
n;nC1jGn ;K1.`n;nC1/D �n;nC1, and for any U 2Fn there is a
self-adjoint element H 2 An such that k`n;nC1.U /� exp.2�iH/k < 1

2n
hold.

At the same time, by using (iv) and (v) in Lemma 6.5, we also obtain the following approx-
imate intertwining diagram:

Aff.T .A1//

…
q]
1

��

`
]
1;2
// Aff.T .A2//

…
q]
2

��

// � � � // Aff.T .An//

…
q]
n

��

`
]
n;nC1
// Aff.T .AnC1//

…
q]
nC1

��

// � � �

Aff.T .F1//
‚
]
1;2

//

�1

SS

Aff.T .F2//

�2

SS

// � � � // Aff.T .Fn//
‚
]
n;nC1

//

�n

SS

Aff.T .FnC1// //

�nC1

SS

� � �

Thus, by using [15, Remark 13.10 and Proposition 13.5], we obtain a C �-algebra A D
lim
�!
.An; `n;nC1/, which satisfies

cer.A/ 6 1C "
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and ..K0.A/;K0.A/C; Œ1A�/; K1.A/; T .A/; rA/ Š ..G;GC; u/;K;4; r/, as desired.

Corollary 6.8. For a given weakly unperforated Elliott invariant ..G; GC; u/; K;4; r/,
then there exists a C �-algebra A D lim

�!
.An; `n;nC1/ 2 N Z

0 such that

cer.A/ 6 1C "

and Ell.A/ Š ..G;GC; u/;K;4; r/.

Proof. It follows from [15, Theorem 13.50] and Theorem 6.7.

Theorem 6.9. Let A be a unital separable simple amenable Z-stable C �-algebras which
satisfy the UCT. Then, cer.A/ 6 1C ".

Proof. By [14], A is either stably finite or purely infinite. If A is purely infinite, then
by [27], cer.A/ 6 1C " (see also [23, 34]). If A is stably finite, by [3, 33], A satisfies the
condition Tqd .A/ D T .A/ ¤ ;. By [9, Theorem 4.10], gTR.A/ 6 1. Now, the theorem
follows from Corollary 6.8 and [16, Corollary 29.9].

Acknowledgments. The author would like to express most sincere gratitude to his adviser
Professor Guihua Gong for helpful discussion, and to Professor Yuanhang Zhang and
Chunguang Li for improving the readability of this paper.
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